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Abstract

Owing to the assumed presence of sub-surface oceans, the Galilean satellites - Io, Europa, Ganymede,
and Callisto - are among the most promising candidates for potential extraterrestrial habitats within our
Solar System. To this end, the moons are going to be extensively studied by the upcoming JUICE and
Europa Clipper missions. Ultimately, understanding the dynamics of the Jovian system is a means to
shed light on the general existence and stability of these presumed habitable worlds as well as the
formation and evolution of the entire Solar System. Yet, while the dynamics of Ganymede (in particular
via the orbital phase of JUICE) and Europa (mainly via the various flybys of Europa Clipper) are going to
be observed to an unprecedented level of accuracy, the absence of flybys of Io due to its harsh radiation-
environment results in a significantly imbalanced data set. To stabilise the numerical data inversion,
spaced-based imaging by the camera subsystem of JUICE is crucial to constrain the dynamics of Io.

However, while the analysis of orbital dynamics is usually performed with respect to the centre-of-mass
(COM) of natural satellites, optical space-based astrometry provides measurements of the position of
a body’s centre-of-figure (COF), introducing a discrepancy between the dynamical and observational
model. Explicitly accounting for the offset between the observed centre-of-figure and the propagated
centre-of-mass during ephemeris estimation, however, ensures the consistency of the dynamical and
observational model. In turn, this allows us to assess the extent to which optical space-based astromet-
ric observations might either validate the merely indirectly obtained radio science data or contribute to
the overall orbital solution of Io. Finally, obtaining a measure of the offset between the centre-of-figure
and centre-of-mass yields an entirely new constraint on the interior structure and composition of Io.

In order to quantify the COF-COM-offset, we have simulated optical astrometric observations by JUICE
and subsequently determined the formal uncertainties of the estimated offset using covariance analy-
ses. Using suitably computed a prioir covariance matrices, we have constrained our analyses to the
averaged propagated formal errors of Io that would arise from the radiometric tracking set-up of JUICE
and Europa Clipper. We have found that the contribution of optical space-based astrometry to the
COF-COM-offset of Io and its estimated state highly depends on the observations’ quantity, quality,
and geometry. Thus, an algorithm for the selection epochs at which images are to be simulated based
on the main drivers - the absolute uncertainties and relative geometries of a series of observations -
of the formal errors COF-COM-offset has been developed. However, owing to the largely equatorial
alignment of JUICE with respect to Io - observations of the in-plane contribution have been found to
be obstructed by the brightness of Jupiter. To maximise the scientific return of optical space-based
astrometry, in particular, astrometry during the high-inclination phase has proven beneficial.

Overall, significant constraints of the discrepancy between the centre-of-figure and centre-of-mass and
the orbital solution of Io have been obtained. For an expectable number of about 1300 images being
taken of Io, realistically attainable formal uncertainties in the estimated COF-COM-offset of no more
than 300 metres have been obtained. Furthermore, since notable contributions to the orbital solution
already occur for reasonable radio science true-to-formal-error ratios between two and five, we have
concluded a high likelihood of space-based astrometry contributing to the orbital solution. This potential
of space-based imaging to balance and contribute to the orbital solution of Io thus motivates future
research concerning the offset between the centre-of-figure and centre-of-mass.
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1
Introduction

Since its first observations dating back to prehistoric times, the exploration of Jupiter, the largest planet
in the Solar System, has slowly but steadily accelerated. Galileo Galilei’s discovery of ‘his’ moons of
Jupiter in 1610 shattered the views of the Catholic Church in Italy and Europe - if other celestial objects
apart from Earth were also orbited by natural satellites, could geocentrism still be trusted? However,
essentially removing ‘God’s creation’ from the centre of the universe meant opposing the Church and
thus simultaneously paved the way for both heliocentrism and Galileo’s rise as Antichrist. Nonetheless,
over the past five decades, Jupiter and the Galilean moons - Io, Europa, Ganymede, and Callisto -
have become one of the most frequently studied parts of the Outer Solar System. In particular, owing
to the assumed presence of sub-surface oceans, the Galilean satellites are among the most promising
candidates for potential extraterrestrial habitats within our Solar System. Ultimately, understanding the
dynamics of the Jovian system - a miniature planetary system of its own right - is a means to shed light
on the general existence and stability of these presumed habitable worlds as well as the formation and
evolution of the entire Solar System (e.g. Fuller et al., 2016; Heller et al., 2015; Samuel et al., 2019).
To this end, both the National Aeronautics and Space Administration (NASA) and the European Space
Agency (ESA) have denoted two large science missions, Europa Clipper and JUICE (Jupiter Icy Moons
Explorer), respectively, to the study of the icy moons of Jupiter.

The dynamics of the four Galilean satellites are strongly influenced by the extensive tidal stretching
and squeezing between the moons and Jupiter, exhibiting a unique link between orbital and thermal
energy, capable of uniquely shaping the interior characteristics of the four moons (e.g. Greenberg,
2010; Steinke, 2021). Notably, the tidal coupling between Jupiter and Io - with the latter being the
most volcanically active object in the Solar System due to tidally induced heating (e.g. Davies, 2007;
Peale et al., 1979) - significantly drives the long-term evolution of the Jovian system. In essence, given
a non-rigid body, tidal interactions manifest themselves as elongated tidal bulges (Hussmann et al.,
2010). Owing to the slight eccentricity and inclination of the orbit of Io (and the remaining Galilean
satellites) and the tidal locking causing the rotation rate to equal the orbital mean motion over the
course of one orbit, periodically librating tides are induced (Kaula, 1964). The kinetic energy stored
within these libration tides and the moons’ viscoelastic response subsequently results in friction and
thus dissipation into heat. Hypothetically, while dissipation in Io would dampen the eccentricity of the
orbit - thus counteracting its cause by circularising the motion of Io - the current state of Io on its own
would not be stable and subject to considerable changes in its orbital elements (e.g. Yoder, 1979; Yoder
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and Peale, 1981). Yet, by forcing the orbits of the moons to always be slightly eccentric - owing to the
so-called Laplace resonance between Io, Europa, and Ganymede (e.g. Lainey et al., 2006; Lari, 2018)
- the complex dynamics of the Galilean moons stabilise the overall system (Greenberg, 2010). To this
end, we require highly accurate ephemerides of the Galilean moons to detect long-term effects due
to tidal dissipation - exploiting the thermo-mechanical coupling, these effects can be directly linked to
the tidal heating as well as indirectly to the long-term evolution and interior structure of the satellites
(Greenberg, 2010; Lainey et al., 2004, 2009, 2012).

To date, ephemeris solutions for the Galilean moons are mainly based on optical ground-based as-
trometric observations spanning a period of more than a century, irregularly supplemented by space-
based astrometric images and tracking data from Voyager and Galileo (Jacobson et al., 2000; Lainey et
al., 2004, 2009). Even though old astrometry usually exhibits high associated uncertainties (up to hun-
dreds of kilometres) - owing to their extensive temporal coverage - classical ground-based observations
are crucial for reconstructing the long-term orbital dynamics of the Jovian system (e.g. Dias-Oliveira
et al., 2013; Lainey et al., 2009; Vienne, 2008). Nevertheless, the determination of extremely weak
dynamical effects (such as tidal dissipation) requires significantly more accurate measurements of the
states of the Galilean satellites (e.g. Fayolle et al., 2021). While the dynamics of Ganymede (in par-
ticular via the orbital phase of JUICE) and Europa (mainly via the various flybys of Europa Clipper)
are going to be observed to an unprecedented level of accuracy (Fayolle et al., 2022; Magnanini et al.,
2023), the absence of flybys of Io due to its harsh radiation-environment results in a significantly skewed
data set. Even though we expect significant improvements as a result of the global inversion of exist-
ing ground-based astrometric observations (Fayolle et al., 2023), the combined radio science solution
by JUICE and Europa Clipper is going to greatly dominate the estimation of the moons’ ephemerides
over the missions’ time spans. Given that the state of Io is only indirectly constrained via the Laplace
resonance, correlations between the states of the respective moons make the reconstruction of the
satellites’ dynamics unstable. Thus, to improve the stability of Io’s ephemeris solution, merging the
radio science data from JUICE and Europa Clipper with optical space-based astrometry by the imag-
ing subsystem of JUICE has been suggested to constrain the dynamics of Io (e.g. Dirkx et al., 2017;
Fayolle et al., 2022). A similar approach has previously been used for the ephemeris determination of
the Saturnian satellites using optical data taken by Cassini (e.g. Lainey et al., 2012, 2017, 2020).

However, while the analysis of orbital dynamics is usually performed with respect to the centre-of-
mass (COM) of natural satellites - with spacecraft radio science also being directly sensitive to the
position of the centre-of-mass - optical space-based astrometry provides measurements of the position
of a body’s centre-of-figure (COF) in an absolute reference frame (Pasewaldt et al., 2012). For most
natural satellites - with the Moon being a prominent exception (Smith et al., 1997; Zuber et al., 1994)
- a quantification for the offset between the respective COM and COF is lacking. Yet, given the high
expected accuracy of space-based astrometry, this offset could potentially be one of the most dominant
- but so far unaccounted (Fayolle et al., 2023) - sources of error in the astrometric reduction of space-
based optical data of Io. Furthermore, obtaining a measure of the offset between the centre-of-figure
and centre-of-mass of Io yields an entirely new constraint on the physical state of Io. To date, the
interior structure and composition of Io remain highly debated. While various types of observations
constrain the moon’s interior, they lead to a - sometimes even contradicting - intricate chain of logical
arguments to which the offset between the COF and COM will add a new link. Potentially, a new
constraint might allow us to draw conclusions on the melt fraction of Io’s mantle or variations in crustal
thickness and asymmetry in its internal composition. As outlined by Steinke (2021), exploiting the tidal
coupling between Io and Jupiter, this could, in turn, lead to an improvement in our understanding of
how tidal dissipation, melting, and heat transport interact.
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1.1. Research Objective
As above-outlined, a better understanding of the tidal dissipation inside Io would lead to significant
advances in modelling the evolution and formation of the Jovian system and tidally heated bodies in
general. Yet, the absolute lack of flybys of Io by either JUICE or Europa Clipper results in a significantly
imbalanced data set, highlighting the need for optical space-based astrometric observations of Io to
improve and stabilise current ephemeris-estimations. However, the offset between the centres of figure
and mass, i.e. the discrepancy between what can be measured and what should be the model input,
might have a detrimental effect on the overall achievable uncertainty of space-based imaging and the
orbital solution of Io. To this end, we have formulated the following principal research objective:

The goal of this thesis is to estimate and analyse the discrepancy between the centre-of-figure
and centre-of-mass of Io, and subsequently determine the ability of optical space-based

astrometric observations to contribute to the overall orbital solution.

To reach this objective in a structured way, it is split into several research questions, which shall be
briefly addressed. First, we have to set up an environment that enables us to simulate optical space-
based observations, taking observational and imaging constraints into account. Furthermore, we have
to develop an analytical framework that mimics the error induced by an optical reduction pipeline in order
to derive realistic uncertainties associated with space-based astrometry observations. This forms the
foundation of the following steps. We phrase the following research question:

RSQ 1: How can we simulate optical space-based astrometric observations whilst
simultaneously deriving realistic associated uncertainties?

In all subsequent steps, we will use these simulated space-based observations and their respective
uncertainties within an estimation framework to emulate the effects of the discrepancy between the
centre-of-figure and centre-of-mass of Io to answer the following research questions:

RSQ 2: How can we account for the COF-COM-offset of Io within our dynamical model?

RSQ 3: To what extent will different relative observation geometries and uncertainties of optical
observations influence the formal errors of the estimated COF-COM-offset?

RSQ 4: What is the influence of the radio science quality on the space-based astrometry’s ability
to constrain the estimation of the COF-COM-offset and contribute to the orbital solution?

Ultimately, to place the importance of the potential existence of an offset between Io’s centre-of-figure
and centre-of-mass into a broader scientific context, a final research question is formulated:

RSQ 5: Which insights can a measure of the discrepancy between the centre-of-figure and
centre-of-mass of Io give us on the interior structure of Io?

1.2. Report Outline
To constrain the offset between the centre-of-figure and centre-of-mass and improve the quality of the
orbital solution of Io using optical space-based astrometry, this thesis develops an estimation framework
to account for a potential discrepancy between the imaged centre-of-figure and propagated centre-of-
mass of Io. The main part of this thesis has been written in the form of a scientific paper, presented
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in Chapter 2. In-depth conclusions and recommendations for future work given in Chapter 3 comple-
ment the contents of the paper. Furthermore, to allow a holistic interpretation of the provided results,
additional information is outlined in the appendices to this work. Introductory, the choice of suitable
integrator and propagator settings is delineated in Appendix A, followed by the main verification and
validation steps that have been performed alongside the work on this thesis in Appendix B. In partic-
ular, this entails proving the consistency of the implemented dynamical model including the presence
of the Laplace resonance in Appendix B.1, as well as the validation of optical observation constraints
in Appendix B.2. Subsequently, Appendix B.3 verifies the robustness of the implemented estimation
framework. Finally, in Appendix C, we present additional material that complements the results dis-
cussed in the journal paper.



2
Journal Paper

The core methodology, results and conclusions of this thesis have been written in the form of a scientific
paper to be submitted to the Astronomy and Astrophysics journal. Within this chapter, the manuscript,
adhering to the required template, is provided.
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ABSTRACT

Context. Being among the most promising candidates for potential extraterrestrial habitats within our Solar System, the Galilean
satellites are going to be extensively studied by the upcoming JUICE and Europa Clipper missions. Both spacecraft will provide
intensive amounts of radio science tracking data. Yet, with no scheduled flybys of Io, the resulting radio science data set is going to
be skewed towards the three outer satellites. Thus, to stabilise the numerical data inversion, optical space-based astrometry by the
imaging subsystem of JUICE is crucial to constrain the dynamics of Io. Yet, being sensitive to a body’s centre-of-figure, instead of
the propagated centre-of-mass, space-based imaging introduces a discrepancy between the dynamical and observational model.
Aims. Explicitly accounting for the o↵set between the observed centre-of-figure (COF) and the propagated centre-of-mass (COM)
during ephemeris estimation could however mitigate the influence of the discrepancy on the orbital solution of Io.
Methods. To quantify this, we have performed the inversion of simulated optical astrometric observations by JUICE. Using suitable
a priori covariance matrices, the initial state of Io has been constrained to the expected level of formal uncertainties of a combined
JUICE and Europa Clipper radio science solution. By assessing the contribution of the optical observations to the ephemeris as a
function of the radio science true-to-formal-error ratio, we discuss to which extent space-based imaging could help to either validate
the merely indirectly obtained radio science data or constrain the orbital solution of Io. Main drivers of the formal errors in the o↵set
between the COF and COM have been cast into an algorithm for the selection of optical observation epochs.
Results. The contribution of optical space-based astrometry to the COF-COM-o↵set of Io and its estimated state highly depends on
the observations’ quantity, quality, and geometry. Significant contributions to the orbital solution already occur for reasonable radio
science true-to-formal-error ratios, confirming the initial premise of using optical space-based astrometry to stabilise the imbalanced
radio science data set. Reductions in the obtainable uncertainties for the COF-COM-o↵set range from about 20 to 50 per cent -
depending on the number of observations - using suitable algorithms to select the epochs at which observations are to be simulated.
In particular, observations during the high-inclination phase have proven especially beneficial.
Conclusions. Significant constraints of the discrepancy between the centre-of-figure and centre-of-mass and the orbital solution of Io
have been obtained. This potential of space-based imaging thus motivates future research to stabilise the orbital solution of Io.

Key words. astrometry – centre-of-figure – ephemerides – planets and satellites: Galilean moons – methods: data analysis

1. Introduction

The Galilean satellites are among the most promising candi-
dates for potential extraterrestrial habitats within our Solar Sys-
tem. To investigate the general existence and stability of these
presumed habitable worlds - in particular, the presence of sub-
surface oceans - as well as to shed light on the formation of the
entire Solar System, understanding the evolution of these moons
is crucial (e.g. Fuller et al. 2016; Heller et al. 2015; Samuel et al.
2019). In particular, tidal dissipation and heating - estimable by
meticulously reconstructing the dynamics of the Galilean satel-
lites - are key to the orbital evolution of planetary systems (Dirkx
et al. 2017; Greenberg 2010; Schubert et al. 2004). Hence, the
significant tidal coupling between Jupiter and Io - with the latter
being the most volcanically active object in the Solar System due
to tidally induced heating (e.g. Davies 2007; Peale et al. 1979) -
distinctively drives the long-term evolution of the Jovian system.
Yet, given the complex dynamics of the Galilean satellites due to
the Laplace resonance between Io, Europa, and Ganymede (e.g.

Lainey et al. 2006; Lari 2018), improved ephemerides’ solutions
are necessary to detect the secular signatures of tidal mecha-
nisms (Greenberg 2010; Lainey et al. 2004, 2009, 2012).

To date, ephemeris solutions for the Galilean moons are
mainly based on optical ground-based astrometric observations
spanning a period of more than a century, irregularly supple-
mented by space-based astrometric images and tracking data
from Voyager and Galileo (Lainey et al. 2004, 2009; Lieske
1998; Jacobson et al. 2000). Even though classical ground-based
astrometric observations are indispensable to reconstruct the
long-term orbital dynamics of the Jovian system (e.g. Vienne
2008; Lainey et al. 2009; Dias-Oliveira et al. 2013), the deter-
mination of extremely weak dynamical e↵ects (such as tidal dis-
sipation) requires significantly more accurate measurements of
the states of the Galilean satellites (Fayolle et al. 2021). Thus,
radio science tracking data of both ESA’s upcoming JUICE and
NASA’s Europa Clipper missions will provide highly accurate -
yet indirect - constraints, anticipated to yield pivotal insights into
the dynamics of the Galilean satellites (e.g. Fayolle et al. 2023).

However, while the dynamics of Ganymede (in particular via
the orbital phase of JUICE) and Europa (mainly via the various
flybys of Europa Clipper) are going to be observed to an un-
precedented level of accuracy (Cappuccio et al. 2020; Fayolle
et al. 2022; Magnanini et al. 2023), the absence of flybys of Io
due to its harsh radiation-environment results in a significantly
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skewed data set. Even though we expect significant improve-
ments as a result of the global inversion of existing ground-based
astrometric observations (Fayolle et al. 2023), the combined ra-
dio science solution by JUICE and Europa Clipper is going to
greatly dominate the estimation of the moons’ ephemerides over
the time spans of the missions. With the state of Io only indi-
rectly constrained via the Laplace resonance, the correlations be-
tween the respective moons’ states render the reconstruction of
the satellites’ dynamics unstable, while simultaneously leading
to a rapid increase in the propagated uncertainties of Io outside
of the missions’ time spans. To stabilise the estimation of Io’s
ephemeris solution, merging the radio science data from JUICE
and Europa Clipper with optical space-based astrometry by the
imaging subsystem of JUICE has been suggested to constrain
the dynamics of Io (e.g. Dirkx et al. 2017; Fayolle et al. 2022),
as it has previously been done for the Saturnian satellites using
optical data taken by Cassini (Lainey et al. 2012, 2017, 2020).

In general, space-based imaging of natural satellites has be-
come increasingly popular within the field of astrometry. Recent
applications include observations of Saturn’s satellites by the
Hubble Space Telescope (French et al. 2006), astrometry per-
formed on images of the Martian satellites Deimos and Phobos
taken by the Mars Express mission (Oberst et al. 2006; Will-
ner et al. 2008; Pasewaldt et al. 2012), as well as reductions
of observations taken by Cassini of both Amalthea and Thebe
(Cooper et al. 2006), and a series of Saturnian satellites (Tajed-
dine et al. 2013, 2015). Furthermore, owing to the relative prox-
imity of space-based observers, space-based astrometric obser-
vations yield an unparalleled level of accuracy - compared to
classical astrometry and the observation of mutual phenomena
from Earth - in the order of a mere few kilometres (Tajeddine
et al. 2013, 2015). Besides their low level of formal uncertain-
ties, the di↵erent observation geometries compared to ground-
based observations and the independence of Jupiter’s opposi-
tion make space-based astrometry highly interesting (e.g. Fay-
olle et al. 2023). Overall, space-based imaging has proven essen-
tial in the accurate determination of ephemerides (Gomes-Júnior
et al. 2022; Tajeddine et al. 2015).

However, while the inversion of orbital dynamics is usually
performed with respect to the centre-of-mass (COM) of natural
satellites, optical space-based astrometry yields the position of
a body’s centre-of-figure (COF) in an absolute reference frame
(e.g. Pasewaldt et al. 2012). For most natural satellites - with the
Moon being a prominent exception (Smith et al. 1997; Zuber
et al. 1994) - a quantification for the o↵set between the respec-
tive centre-of-mass and centre-of-figure is lacking. Nevertheless,
given the high expected accuracy of space-based astrometry - up
to one kilometre at times for Cassini (Tajeddine et al. 2015) -
already small o↵sets could potentially be one of the most dom-
inant - but so far unaccounted - sources of error in the astro-
metric reduction of space-based optical data of Io. Thus, even
though the combined tracking data of JUICE and Europa Clip-
per, as well as expected future improvements due to global in-
version strategies will already significantly enhance and balance
the orbital solution of Io (Fayolle et al. 2023), the realistic re-
duction of space-based astrometry is crucial to stabilise the data
inversion. Furthermore, optical observations will yield an inde-
pendent data-subset which might prove beneficial to validate the
merely indirectly constrained radio science solution of Io.

Obtaining a measure of the o↵set between the centre-of-
figure and centre-of-mass of Io furthermore yields an entirely
new constraint on the physical state of Io, potentially allowing us
to draw conclusions on the melt fraction of Io’s mantle or vari-
ations in crustal thickness and asymmetry in its internal com-

position. Exploiting the tidal coupling between Io and Jupiter,
this could, in turn, lead to an improvement in our understand-
ing of how tidal dissipation, melting, and heat transport interact
(Steinke 2021). To date, the interior structure and composition
of Io remain highly debated. Even though various types of ob-
servations constrain the moon’s interior, they are usually a su�-
cient but not necessary condition, leading to a - sometimes even
contradicting - intricate chain of logical arguments to which the
o↵set between the COF and COM will add a new link. Nonethe-
less, it is crucial to find a consistent description of Io’s internal
structure that is in line with all available observations and phys-
ical and chemical laws (Steinke 2021). As of yet, constraints
of the interior of Io have thus mainly been based on inferences
drawn from measurements of both the gravity (e.g. Anderson
et al. 2001; Moore et al. 2007) and magnetic field (Khurana et al.
2011), as well as observations of the topography (Thomas et al.
1998), the ubiquitous volcanoes (Keszthelyi et al. 2007; Davies
et al. 2023), or the oscillation of auroral spots (Roth et al. 2017).

To improve the quality of the orbital solution of Io using op-
tical space-based astrometry and constrain the o↵set between
the centre-of-figure and centre-of-mass, this paper develops an
estimation framework to account for a potential discrepancy
between the imaged centre-of-figure and propagated centre-of-
mass of Io. To this end, space-based astrometric observations
taken by the NavCam of JUICE are simulated. Owing to the
substantial variations in relative observation geometries and for-
mal uncertainties, suitable epoch selection algorithms are imple-
mented and reviewed. Using the results by Fayolle et al. (2023),
the estimated formal errors are constrained to the expected level
of uncertainties of the combined radio science solution of JUICE
and Europa Clipper without having to implement their intricate
tracking set-up. Finally, we discuss how the found results could
either validate the radio science solution or better constrain the
estimated orbital solution and simultaneously shed light on the
formation and interior structure of Io.

Analytical models used for the mathematical description and
propagation of Io’s orbital dynamics are first delineated in Sec-
tion 2, covering gravitational interaction, rotation models, and
the computation of tides. Subsequently, Section 3 gives an out-
line of how space-based optical observations are simulated, fol-
lowed by a brief overview of the relevant foundations of orbit
determination in Section 4 before presenting our results and find-
ings in Section 5. Finally, we discuss the implications of the pro-
vided outcomes on the validation of the radio science solution
and the estimation of the orbit of Io, as well as any arising con-
straints for the satellite’s interior structure, before conclusions
can be drawn in Sections 6 and 7, respectively.

2. Orbital Dynamics and Models

Within this section, we delineate the di↵erent dynamical models
used to propagate the state of Io. Generally, these are largely sim-
ilar to those by Lainey et al. (2004, 2009); Fayolle et al. (2022).
Besides, following the work by Dirkx et al. (2016), the selec-
tion of models has been driven by their potential relevance in
the context of the JUICE mission. In Section 2.1, we give an
outline of the mechanics of gravitationally interacting extended
bodies followed by the models used to describe rotation and tidal
interactions in Section 2.2 and 2.3. Subsequently, we present a
comprehensive overview of the explicit equations of motion that
describe the dynamics of Io in Section 2.4 before briefly high-
lighting any relevant physical characteristics of the Jovian sys-
tem in Section 2.5.
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2.1. Gravitational Interactions

In general, the gravitational acceleration of an arbitrary body i

due to body j can be decomposed into the interactions between
two point masses, between one point mass and an extended body,
and between two extended bodies (Lainey et al. 2004):

r̈i j = r̈ī j̄ + r̈
ī ĵ
+ r̈

î j̄
+ r̈

î ĵ
, (1)

where ri j = ri � r j denotes the vector between the centres-of-
mass of the two bodies, and indexed bars or hats indicate treat-
ment as a ponctual or extended body, respectively. It is common
practice to omit the last term delineating - very small - extended
body interactions (Lainey et al. 2004), an assumption further jus-
tified in the work of Dirkx et al. (2016, 2019). Introducing the
gravitational potential functions Ui and U j of bodies i and j, re-
spectively, the remaining terms can be written as

r̈ī j̄ = µ jrU j̄

⇣
ri j

⌘
, (2a)

r̈
î j̄
= µ jrU

ĵ

⇣
ri j

⌘
, (2b)

r̈
ī ĵ
= �µ jrU

î

⇣
�ri j

⌘
, (2c)

where µ j denotes the gravitational parameter of body j gravita-
tionally interacting with body i. For the explicit expression of the
gravitational potentials, we have
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⇣
ri j
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=

1
ri j

, (3a)

U
ĵ
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C

( j)
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( j)
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sin(m�i j)
⌘
, (3b)

where Rj is the reference radius of the spherical harmonic ex-
pansion (usually the equatorial radius of body j), while �i j and
�i j are latitude and longitude of body i with respect to body j, re-
spectively. Plm denotes the so-called associated Legendre poly-
nomial of degree l and order m, and C

( j)
lm

and S
( j)
lm

are the spherical
harmonic coe�cients associated with body j and are a measure
of the internal mass distribution. In Section 2.5, these properties
are discussed in more detail in the context of the Jovian system.

2.2. Rotation Models

We treat Io to be in a perfectly tidally locked corotant state
around Jupiter (i.e. �(Io, Jupiter) is equal to zero in Eq. 3b), ne-
glecting any periodic variations due to free and forced librations.
While this assumption is in line with the majority of dynamical
models (e.g. Lainey et al. 2004; Lari 2018), recent models some-
times include physical or geometric librations (e.g. Dirkx et al.
2016). Qualitatively, variations in the amplitude of the librations
have an almost identical e↵ect on the orbital evolution as the C20
and C22 gravity field coe�cients. However, given the conceptual
nature of this work, complexifying the model in this particular
aspect can be safely omitted. Besides, assuming the moon to be
in a corotant state, an analytical formulation for the tidal interac-
tions between Jupiter and Io can be found, leading to simplified
expressions for the tidal models.

2.3. Tidal Models

Tidal interactions and tidal dissipation, in particular, have a sig-
nificant influence on the dynamics and long-term thermal-orbital

evolution of the Jovian system (e.g. Lainey et al. 2009; Lari
2018). Physically, tides manifest themselves as deformations of
the shape of a body and hence as variations of its gravity field.
Kaula (1964) has been the first to provide an in-depth analysis
of tidal e↵ects by expanding the gravitational potential delin-
eated in Eq. 3b. Besides this implicit approach, analytical mod-
els that explicitly include tidal interactions and dissipation in the
dynamical model have been developed (Mignard 1979; Lainey
et al. 2007, 2009). In essence, these models incorporate the time
lag �t between the position of the tide-inducing satellite and the
tidal bulge on its primary,

�t =
T arctan(1/Q)

2⇡
, (4)

which is a function of the period of the main tidal excitation
T and the quality factor Q. For tides raised on the primary,
T = ⇡/ (⌦ � ni), while for tides acting on a corotant satellite,
T = 2⇡/ni, where ⌦ and ni are the spin frequency of the primary
and the mean motion of the satellite, respectively (Lainey et al.
2009). The force received by body i of mass mi as a result of the
tides it raises on body j is equal to (Lainey et al. 2007):

F
ī ĵ
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ri j

1
CCCCCA , (5)

where k
j

2, Rj, �t, and ⌦ j are the Love number, equatorial radius
of the body undergoing tidal deformation, the time-lag, and the
angular velocity, respectively. However - since this analytic for-
mulation requires a very high level of consistency between the
orbital, rotational, and tidal dynamics - to correctly account for
the tides raised on a satellite, the final term is usually simplified
using ⌦ j = ri j ⇥ ṙi j/r2

i j
(i.e. essentially assuming the satellite to

be in a corotant state), thus yielding an expression for purely ra-
dial tides. Murray & Dermott (1999) have found that the contri-
bution of librational tides is exactly equal to 4/3 times the energy
dissipated by radial tides, giving:
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where the superposition of radial (3) and librational (4) tides
constitute the total factor (7) within the brackets. Finally, note
that the resulting force is entirely radial, with the periodic con-
tribution of librational tides having been averaged such that the
same amount of energy is dissipated (Lari 2018).

2.4. Equations of Motion

The equations of motions are integrated numerically in a jovi-
centric frame with inertial axis orientation (ECLIPJ2000) using
the TU Delft Astrodynamics Toolbox (tudat)1 with in-depth ex-
planations hereof given by Dirkx et al. (2019, 2022). Based on
the preceding building blocks, a comprehensive expression for
the equation of motion for a satellite i of mass mi around its cen-
tral planet of mass m0 is given by

r̈i = rU0i (ri) � rUi0 (�ri) +
NX

j=1, j,i

rU ji

⇣
r ji

⌘
� rU j0

⇣
�r j

⌘

+
(m0 + mi)

mim0

�
F

ī0̂ � F0̄î

� � 1
m0

NX

j=1, j,i

⇣
F

j̄0̂ � F0̄ ĵ

⌘
,

(7)

1 Documentation: https://tudat-space.readthedocs.io.
Source code: https://github.com/tudat-team/tudat-bundle.
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where Ui j

⇣
ri j

⌘
is the combined gravitational potential (including

the respective gravitational parameter) directly obtained from
Eqs. 1 and 2, and F

ī ĵ
is given by Eq. 5. In particular, when prop-

agating the dynamics of Io using Eq. 7, the following compre-
hensive overview of models have been taken into account:

– the mutual spherical harmonic acceleration between Jupiter
and Io, with Jupiter’s gravity field expanded up to degree 12
and order 0, and that of Io up to degree and order 2,

– the mutual spherical harmonic accelerations between Io and
Europa, Ganymede, and Callisto, with the gravity fields of
all bodies expanded up to degree and order 2,

– the point-mass accelerations exerted by Saturn and the Sun,
– the acceleration exerted on Io due to tidal dissipation in

Jupiter forced by Io,
– the acceleration on Io due to tidal dissipation in Io forced by

Jupiter.

It must be stressed that while we propagate the state of Io, the
trajectory of JUICE stems from the CReMA 5.1 trajectory2, dis-
tributed by ESA in the form of SPICE kernels. Finally, in terms
of celestial bodies, the scope of the analysis has been restricted
to the mere propagation of the state of Io. Given that the orbital
uncertainties of the remaining three Galilean satellites are sig-
nificantly lower, as well as their moderate correlations with the
initial state of Io (Fayolle et al. 2023), taking their states from
the respective SPICE kernels is thus more than justified in the
context of the conceptual nature of this work.

2.5. Physical Characteristics of the Jovian System

To date, the best estimation for the gravity field coe�cients of
the Galilean moons stems from flyby data of the Galileo mis-
sion and are limited to the J2 and C22 coe�cients of each moon
(Schubert et al. 2004). However, as a notion of caution, Dirkx
et al. (2016) mention that while the two coe�cients could be
determined independently for Io, for the other Galilean moons
hydrostatic equilibrium - implying J2 = 10/3 C22 - had to be
assumed. Table 1 gives a comprehensive summary of the gravi-
tational parameter GM and the unnormalised coe�cients J2 and
C22 based on Schubert et al. (2004).

Table 1. Gravity results adapted from Schubert et al. (2004).

Body GM [km
3
s
�2] J2 (⇥106) C22 (⇥106)

Io 5959.91 ± 0.02 1859.5 ± 2.7 558.8 ± 0.8
Europa 3202.72 ± 0.02 435.5 ± 8.2 131.5 ± 2.5
Ganymede 9887.83 ± 0.03 127.53 ± 2.9 38.26 ± 0.87
Callisto 7179.29 ± 0.01 32.7 ± 0.8 10.2 ± 0.3

Concerning the gravity field of Jupiter, the first rigorous data-
reduction of the Juno mission by Iess et al. (2018) has doubled
the number of available zonal field coe�cients to degree 12 -
whilst also greatly reducing the respective uncertainties - which
will be used throughout this work. Not being explicitly stated by
Iess et al. (2018), the value for GM has been taken from Folkner
et al. (2017). On a final note, realise that the tidal properties of
the Galilean moons used in Eqs. 5 and 6 are poorly constrained.
Solely the characteristics of Io have been determined by Lainey
et al. (2009) to k2/Q = 0.015±0.003. In a concurrent analysis,
an estimate of (1.102±0.203)·10-5 has been found for Jupiter’s
2 https://www.cosmos.esa.int/web/spice/spice-for-juice

value of k2/Q. Finally, Lainey et al. (2009) have found the pe-
riod of the main tidal excitation for tides raised on Jupiter by
Io to be equal to 23.3 rad/day, and Lari (2018) gives a value of
203.49 degrees/day for Io’s mean motion.

3. Simulation of Optical Observations

In essence, the overall idea of space-based optical astrome-
try di↵ers only marginally from its Earth-based counterpart:
the position of an imaged celestial body - typically given as
right ascension and declination - is determined with respect to
an absolute reference frame (Arlot 2019). Nonetheless, given
the relative proximity of space-based observers, the two re-
spective data-reduction methods exhibit significant di↵erences.
Hence, this section first delineates the dominant sources of un-
certainty of optical space-based astrometric observations in Sec-
tion 3.1. Finally, Section 3.2 outlines di↵erent types of observa-
tion epoch selection algorithms alongside their respective under-
lying drivers.

3.1. Optical Space-Based Astrometry

According to the model applied by Tajeddine et al. (2013), three
main sources of error constitute the overall uncertainty of space-
based astrometric observations: errors within the pointing cor-
rection (�p), uncertainties related to determining the centre-of-
figure (�c), and the positional accuracy of the spacecraft itself
(�sc). First, �p accounts for the finite accuracy of the astromet-
ric calibration of the orientation and pointing direction of the
camera (Tajeddine et al. 2013). Second - also taking uncertain-
ties within the shape model into account - �c delineates how
well the position of the centre-of-figure can be reduced from the
detectable limb of the satellite. Finally,�sc describes how the un-
certainty in the position of the spacecraft directly propagates into
the accuracy of the state of the moon. For the total observational
uncertainty of space-based imaging expressed in right ascension
↵ and declination �, thus follows (Pasewaldt et al. 2012; Tajed-
dine et al. 2013):

�↵ =
q⇣
�2

p + �
2
c + �

2
sc

⌘
/ cos �, (8a)

�� =
q⇣
�2

p + �
2
c + �

2
sc

⌘
. (8b)

3.1.1. Pointing Uncertainty

In practice, the pointing correction of the imaging subsystem
is achieved using the catalogued positions of imaged reference
stars - such as the Gaia DR2 and EDR3 catalogue (Gaia Collab-
oration 2018, 2021). However, since Tajeddine et al. (2013) base
their applied reduction technique on the actual optical proper-
ties of space-based images (such as the camera’s constant scale
factors or errors in a star’s position due to the projection of the
image from the celestial sphere to the tangential observation
plane of the camera), it falls short of the description of simu-
lated uncertainties. To this end, Melman (2018) has modelled
errors within the pointing correction using a theory for the accu-
racy of a star tracker by Liebe (1995). Thus, the uncertainty �p
can be described as a function of the size of the field of view of
the camera FOV , the achievable subpixel precision of the stars’
position �extraction, and the number of pixels and stars in the field
of view, Npixels and NFOV, respectively:

�p =
FOV · �extraction

Npixels ·
p

NFOV
. (9)
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For Cassini, Tajeddine et al. (2013) report a value of approxi-
mately 0.552 pixels for �extraction, which also seems a reasonable
estimate for the imaging subsystem of JUICE, assuming simi-
lar data-reduction techniques. Since the pointing uncertainty is a
function of the instantaneous number of background stars visible
in the field of view (FOV), no absolute a priori uncertainty for
the pointing correction is readily available. However, given that
the overall uncertainty of space-based imaging will be mainly
dominated by the error within the determination of the centre,
with the �p about one and �sc around two orders of magni-
tude smaller, respectively (Melman 2018). Furthermore, given
the quadratic contributions to the root in Eq. 8, we assume the
number of background stars to be fixed to its average value -
estimated to approximately 800 stars by Melman (2018).

3.1.2. Centre-of-Figure Uncertainty

To determine the uncertainty within the determination of the
centre-of-figure (i.e. how well a given shape model can be fit-
ted to the detectable limb of a satellite), Antreasian et al. (2005)
have developed an expression that gives the uncertainty �c as a
function of the apparent diameter da, and thus the position of the
spacecraft with respect to the imaged satellite:

�2
c = �

2
min + (C · da)2 , (10)

where �min is a fixed weighting factor, and C is a scaling fac-
tor related to the moon’s surface roughness. Originally applied
to Cassini, Antreasian et al. (2005) propose using a value of
0.25 pixels for the minimum weight �min while using a value
of C equal to either 0.02 or 0.01 for heavily cratered or smooth
moons, respectively.

For Cassini, however, Melman (2018) finds poor agreement
between the approach by Antreasian et al. (2005) (using the
therein stated values for �min and C) and the values provided
by Tajeddine et al. (2015) based on a novel but not further de-
lineated limb-fitting scheme, with the found analytic expression
(Eq. 10) yielding too pessimistic results. To this end, we have
used the obtained uncertainties for the five Saturnian moons’
declination by Tajeddine et al. (2015) as provided in the sup-
plementary information3 alongside the moons’ instantaneous ap-
parent diameter to fit the variable parameters within the model
by Antreasian et al. (2005) using a non-linear least-squares algo-
rithm (see Section 4.1). The individual fitted values for the five
Saturnian moons analysed by Tajeddine et al. (2015) are pre-
sented in Table 2, together with the respective coe�cient of de-
termination. An in-depth outline of the fitting process as well as
an analysis of the results can be found in Appendix A.

Table 2. Fitted values for the weighting factor �min and scaling factor
C, as well as the resulting coe�cient of determination R2 for the five
Saturnian moons delineated by Tajeddine et al. (2015).

Moon �min C R2

Tethys 0.087 ± 0.0011 0.00062 ± 0.00014 0.6345
Dione 0.083 ± 0.0010 0.00052 ± 0.00015 0.6735
Rhea 0.076 ± 0.0011 0.00077 ± 0.00009 0.6293
Iapetus 0.086 ± 0.0012 0.0014 ± 0.00013 0.7964
Phoebe 0.141 ± 0.0051 0.0021 ± 0.0011 0.4582

Given that the geometrical specifications of the correspond-
ing field-of-views significantly di↵er between the imaging sub-
3 http://cdsarc.u-strasbg.fr/viz-bin/qcat?J/A+A/575/A73.

systems of Cassini and JUICE (see Table 3), we have to scale the
limb-fitting uncertainty by Tajeddine et al. (2015) using a fac-
tor of FOVNavCam/FOVNAC = 4/0.35 to mimic the results that
would have been expected when using a NavCam-like camera
instead of Cassini’s NAC. Using the averaged parameters given
in Table 2, we find values of 0.095 pixels and 0.0014 for �min
and C, respectively, which are approximately one order of mag-
nitude lower than those originally proposed by Antreasian et al.
(2005). On a final note, realise that this discrepancy in essence
illustrates the level of improvement achieved over a time span of
about ten years within photometric reduction techniques.

Table 3. Comparison of the camera specifications of Cassini’s NAC
(Narrow Angle Camera, Tajeddine et al. 2013) and JUICE’s NavCam
(Navigation Camera, Boutonnet et al. 2018).

Camera Field-of-view [deg] Resolution [pixels]
Cassini NAC 0.35 ÷ 0.35 1024 ÷ 1024
JUICE NavCam 4 ÷ 4 1024 ÷ 1024

3.1.3. Spacecraft Position Uncertainty

Finally, the overall achievable accuracy in the observed position
of the satellite depends on the uncertainties in determining the
spacecraft’s position. According to Tajeddine et al. (2013), the
influence of the spacecraft uncertainty on the uncertainty in the
lateral position of the satellite can be expressed as:

�sc = arcsin
✓�S/C

D

◆
, (11)

where D is the distance between the spacecraft and the satellite,
and �S/C is the total uncertainty in the position of the spacecraft.
For Cassini, Tajeddine et al. (2013) assume a position uncer-
tainty�S/C of 100 metres. Given the largely comparable tracking
equipment of Cassini and JUICE outside of any flyby- or orbital
phases, a position uncertainty of 100 metres seems to be a rea-
sonable approximation for the expected accuracy of JUICE, as
well. Nonetheless, note that the contribution of the uncertainty in
the spacecraft position - about two orders of magnitude smaller
than the limb-fitting error (Melman 2018) - to the overall uncer-
tainty of space-based astrometry is almost entirely negligible.

3.2. Selection of Observation Epochs

Since both the overall uncertainty and the relative geometry of
optical space-based astrometry are a function of the position of
JUICE relative to the one of Io - and thus their respective orbits
- the selection of epochs at which we simulate optical observa-
tions will have a significant impact on the orbital solution. Since
the image-acquisition-planning for the NavCam instrument is
not firmly chosen yet, potential recommendations for an e↵ec-
tive observation scheme are of particular importance. Besides
any influence of the outlined mission design, the changing ob-
servation geometry entails the need to define a set of viability
criteria to dismiss any physically implausible observations, for
instance, due to the presence of either Jupiter or the Sun in the
camera’s FOV. These constraints will be briefly delineated in
Section 3.2.1. Further, in Section 3.2.2, we propose the imple-
mentation of four di↵erent algorithms for the selection of the
epochs at which optical observations are to be simulated.
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3.2.1. Observation Schedule and Constraints

To date, the current mission design of JUICE stipulates an op-
tical space-based astrometric observation schedule covering the
period from Jupiter Orbit Insertion (July 2031) up to Ganymede
Orbit Insertion (December 2034). Within this period, we have
implemented an artificial imaging cadence of one observation
per 30 minutes. However, from an observational point-of-view,
only a limited number of all potential epochs is considered feasi-
ble, as well. As stated by Boutonnet et al. (2018), no images are
to be taken during the 12 hours directly before and after the mo-
ment of closest approach of all lunar flybys performed by JUICE.
Boutonnet et al. (2018) further constrains any observations by
the following geometric conditions:

– a minimum Sun-Spacecraft-Moon angle,
– a minimum Jupiter-Limb-Spacecraft-Moon angle,
– a maximum Sun-Moon-Spacecraft angle (Phase angle).

By limiting the influence of other celestial bodies’ brightness
on the saturation of the digital imagining sensor, both the mini-
mum Sun-Spacecraft-Moon and Jupiter-Limb-Spacecraft-Moon
angles ensure su�cient visibility of background stars in the cam-
era’s FOV. Moreover, since a reasonable part of the visible sur-
face of Io needs to be illuminated by the Sun to avoid erroneous
fits of the satellite’s limb, as well as to avoid loss of contrast
due to imaging into direct sunlight, a maximum phase angle
needs to be introduced (Cooper et al. 2014). While the min-
imum Sun-Spacecraft-Moon angle (30 degrees) and the maxi-
mum Sun-Moon-Spacecraft angle (130 degrees) have been fixed
to constant values, the minimum Jupiter-Limb-Spacecraft-Moon
angle depends on the apparent size of Jupiter. For an imaged size
greater than 4 degrees, the minimum Jupiter-Limb-Spacecraft-
Moon angle has been set to 5 degrees, while a distance to
Jupiter’s limb of 10 degrees is required otherwise. Finally, note
that any other constraints given by Boutonnet et al. (2018) - such
as the minimum number of pixels to be filled by the imaged satel-
lite - have never constrained the observations.

3.2.2. Epoch Selection Algorithms

To investigate the influence of both the overall uncertainty and
the relative geometry of space-based images, we propose four
distinct epoch selection algorithms:

– a randomised approach,
– a geometry-driven approach,
– an uncertainty-driven approach,
– an uncertainty- and geometry-driven hybrid approach.

Trivially, an entire randomised selection - out of the total fea-
sible subset - takes place when using the randomised approach.
Hence, no priority is given to individual epochs, justifying the
omission of any further explanation.

Di↵erent relative observation geometries are crucial to con-
strain the o↵set between a celestial body’s COF and COM (Pase-
waldt et al. 2012). Hence, given a certain number of (planned)
observations, we expect improvements in the estimation of the
formal errors of the COF-COM-o↵set for a diversified set of
observation geometries. Owing to the number of feasible ob-
servations being constrained by the minimum Jupiter-Limb-
Spacecraft-Moon angle (see Section 3.2.1) and the mostly equa-
torial observation geometry of JUICE, the along-track position
of Io will be much less prominently observed than the radial or
normal direction. Thus, to diversify the set of chosen observation
geometries, we introduce a patterned grid of relative observation

angles with the along-track axis of Io over the entire available
range - 0 degrees up to 180 degrees, with values between 180 de-
grees and the ‘full’ circle’s 360 degrees reduced by 180 degrees
due to the periodicity of the cosine. Based on the total number
of observations, the angular spread between two neighbouring
points on the grid is evaluated. The relative geometry of an arbi-
trary epoch is used as initial entry to the grid, with the remaining
entries given by the angular spread. Finally, epochs are selected
based on the distinct points of the geometric grid.

As previously outlined in Section 3.1, the achievable uncer-
tainty of optical space-based astrometric images is closely linked
to the instantaneous observation geometry, in particular, the rela-
tive distance between JUICE and Io. Given otherwise similar es-
timation conditions, higher (absolute) accuracies, by definition,
yield lower estimated formal errors (see Section 4.2). Hence,
even though the exact estimation conditions will vary slightly,
we expect improvements in the estimation of the formal errors
of the COF-COM-o↵set if epochs at which we simulate optical
space-based astrometry with lower associated (absolute) uncer-
tainties are specified. We thus introduce an uncertainty-driven
algorithm selecting the best X epochs purely based on their ex-
pected (metric) uncertainty, with the best X equal to the total
number of observations. However, owing to the operational con-
straints of the NavCam - for instance observations of the ream-
ing three moons for navigational purposes - a random selection
is performed out of the 1.2X most accurate epochs, making our
simulations more realistic and lenient in the choice of epochs.

Finally, we expect synergistic e↵ects by merging the under-
lying ideas of the uncertainty and geometry-driven algorithms
in a so-called hybrid approach. To this end, all feasible epochs
are initially sorted according to their respective (absolute) uncer-
tainty and grouped into N ascending subsets, with N equal to the
ratio between the total number of feasible epochs and simulated
observations. From the most accurate subset onward, the angular
spread is evaluated per subset using an equally-spaced grid iden-
tical to the above-outlined one. However, in contrast to the prior
geometry-driven approach, we permit a maximum allowed error
margin of 10 per cent between the simulated and searched angle
for an epoch to be successfully selected. Subsequently, any re-
maining angles (i.e. relative observation geometries nonexistent
in the current, more accurate subset) are looked for within the
following subset until either the angular grid is depleted or the
iteration has reached the final subset. Given the latter case, the
angular error margin is increased by 10 per cent, and all remain-
ing epochs are re-grouped into M subsets - with M equal to the
ratio of the number of all potentially left and simulated obser-
vations - followed by the next iteration of the algorithm. Whilst
primarily an uncertainty-driven approach, by gradually loosen-
ing the maximum allowed angular error margin, we ensure the
distribution of the epochs’ observation geometries across the en-
tire range of available relative angles with Io’s along-track axis.

4. Determination of Orbits

In this section, we briefly describe how the solution for the orbit
of Io is determined from simulated optical space-based astro-
metric observations. We present the mathematical foundations
of ‘full’ orbit estimation, and generating and propagating co-
variance matrices in Sections 4.1 and 4.2, respectively. Subse-
quently, we argue for and against the use of di↵erent approaches
to model the o↵set between the COF and COM in Section 4.4.
Finally, we discuss how we constrain our analysis to the expected
average level of uncertainty of Io’s radio science solution using
a suitable a priori covariance matrix in Section 4.3.
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4.1. Orbit Estimation

Overall, orbit estimation tries to minimise the residuals between
the observations and the respective numerically computed val-
ues (i.e. the observables predicted by the propagated equations
of motion, see Section 2.4). Using a least-squares algorithm (e.g.

Montenbruck & Gill 2000; Milani & Gronchi 2010), this can
mathematically be defined as finding the set of estimated param-
eters q

lsq that minimises the so-called loss function:

J (q) = ⇢T⇢ = (z � h (q))T (z � h (q)) , (12)

where the vector z contains the computed observables and the
non-linear function h(q) denotes the set of observations at iden-
tical points in time. The vector q usually contains the initial state
x0 and any parameters p of interest that influence the dynami-
cal or observational models (i.e. q =

⇥
x0; p

⇤
). By linearising the

function h(q) with respect to a reference state q
re f we obtain the

observations partials (or design) matrix H, such that:

⇢ ⇡ �z � H�q with H =
@h(q)
@qre f

, (13)

where �q and �z are taken with respect to their respective ref-
erence values q

re f and h

⇣
q

re f
⌘
. Thus, the solution to the least-

squares equation is given by (Montenbruck & Gill 2000):

�q
lsq =

⇣
H

T
WH

⌘�1 ⇣
H

T
W�z

⌘
. (14)

Realise that this equation is usually evaluated in an iterative
process. Finally, we have introduced the weight matrix W to
account for di↵erent levels of observation uncertainties. Usu-
ally, this weight matrix is set as a square diagonal matrix with
Wii = ��2

h,i , implicitly assuming all uncertainties to be uncorre-
lated white noise with a Gaussian distribution.

4.2. Covariance Analysis

Given the conceptual nature of this work, we are mainly inter-
ested in the relative contribution of space-based astrometry to
the orbital solution and the overall ability of optical observations
to constrain the o↵set between the COF and COM of Io (see Sec-
tion 4.4). To this end, the analysis in this work will be restricted
to covariance analyses. Note that we have already implicitly in-
troduced the covariance matrix as the first factor of the linear
least-squares solution (see Eq. 14):

P =
⇣
H

T
WH

⌘�1
. (15)

To obtain the formal errors � j of the estimated parameters at a
later time t, the initial covariance matrix P(t0) can then be used
to compute the covariance at any time t (e.g. Fayolle et al. 2022):

P(t) = [� (t, t0) ; S(t)] P(t0) [� (t, t0) ; S(t)]T . (16)

The state transition and sensitivity matrix - denoted by � (t, t0)
and S(t), respectively - are given by:

� (t, t0) =
@x(t)
@x0

; S(t) =
@x(t)
@p
. (17)

Finally, we have to stress that the results of covariance analyses
must be treated with caution since they are known to provide
an overly optimistic assessment of the found accuracy. It is cru-
cial to distinguish between true and formal errors - only in the

Utopian case that the applied dynamical and observational mod-
els are an ideal representation of reality, any formal errors given
by a covariance analysis would be equal to the true errors of
the system (e.g. Dirkx et al. 2019). For planetary ephemerides,
Jones et al. (2015, 2020) estimate a true-to-formal-error ratio
of about 2-3. However, when estimating dynamical parameters
from tracking data, the additional positional uncertainty of the
respective spacecraft directly propagates into the associated true-
to-formal-error ratios. For the estimation of Mars’ gravity field
from tracking data of the Mars Reconnaissance Orbiter, for in-
stance, Konopliv et al. (2011) have found substantially larger
true-to-formal-error ratios (5-20), while for the second-degree
Love-number they have found a ratio of approximately 10. Fur-
thermore, owing to the tracking data of JUICE and Europa
Clipper predominately obtained during the orbital phase around
Ganymede and the many flybys of Europa, respectively, the ab-
solute lack of flybys of Io leads to a significantly imbalanced
data set. Given the indirect estimation of the state of Io, a sub-
stantial true-to-formal-error ratio of the radio science solution -
potentially even surpassing the above-stated values - could still
be reasonable. Finally, this point is further emphasised by the
fact that - due to the high-accuracy tracking - potentially mis-
modelled dynamical e↵ects will noticeably a↵ect the estimation,
resulting in an even higher true-to-formal errors ratio (Fayolle
et al. 2022).

4.3. Constraining the Solution by Radio Science Uncertainty

Usually, some information on the a priori accuracy of the refer-
ence state used as the initial estimate of the linear least-squares
algorithm is readily available. To incorporate this a priori co-
variance matrix P

�1
0 , Eq. 15 can be slightly expanded and thus

takes the form:

P =
⇣
P
�1
0 + H

T
WH

⌘�1
. (18)

By accounting for prior knowledge of the estimated parameters,
a priori matrices stabilise problems for which the numerical in-
version of H

T
WH becomes strongly ill-posed. For instance, the

indirect determination of Io’s ephemeris via the Laplace reso-
nance (see Section 4.2) poses such a problem.

To constrain the orbit determination of Io to the expected un-
certainty of the radio science solution - omitting the rigorous im-
plementation of the radiometric tracking scheme of JUICE and
Europa Clipper - we want to mimic the resulting (average) prop-
agated formal errors arising from a radiometric tracking set-up
similar to the one presented by Fayolle et al. (2023) within our
a priori knowledge strategy. To this end, we have extended a
method by Lainey et al. (2007), originally used to fit the ini-
tial state of the Martian moons to their respective ephemerides.
In particular, we propose a twofold approach - while the first
step is an exact replica of the approach by Lainey et al. (2007),
the second part slightly extends the scope in order to mimic the
propagated formal radio science errors.

First, we fit the initial state of Io to the NOE-5-20214

ephemerides of the Jovian system using a ‘full’ estimation
framework (see Section 4.1). Following Lainey et al. (2007),
we treat the respective ephemeris states as simulated observables
with no assigned weights to mitigate any discrepancies between
the dynamical model and the ephemeris solution. Second, the
same set-up - now using the updated initial state - is used to
obtain the formal errors of Io’s state using a covariance analy-
sis. However, while no weights are assigned to the observables
4 https://ftp.imcce.fr/pub/ephem/satel/NOE/JUPITER/.
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Fig. 1. Evolution of the formal a priori radio science uncertainties in the
position of Io over the duration of the Jovian orbital phase of JUICE.
Dashed lines indicate the average values by Fayolle et al. (2023).

within the ‘full’ state estimation, we have now iteratively chosen
the observables’ weights such that the resulting (average) prop-
agated formal errors are almost identical to those arising from a
radiometric tracking set-up similar to the one presented by Fay-
olle et al. (2023). Using the therein found average uncertainties
in radial (�R = 1.5 m), along-track (�S = 137 m), and nor-
mal (�W = 387 m) direction of the state of Io, the expressionp

n ⇥ [�R;�S ;�W ] yields a reasonable initial estimate for the
implemented weights, where n is the total number of simulated
observations. Figure 1 visualises the propagated formal errors
(obtained via Eq. 16) of the resulting a priori covariance matrix.

However, it has to be stressed that - using the above-
described strategy - our estimation is limited to the state of Io.
While the computed a priori information accounts for the (static)
uncertainties in the other moons’ states, we merely mimic any
influence that the propagated uncertainties in these states could
have on the covariance of Io. Moreover, we explicitly ignore any
contribution space-based astrometry of Io might have to the so-
lution of the remaining Galilean satellites, potentially leading to
significant decorrelations of the respective initial states. How-
ever, given the conceptual nature of this work, we can reasonably
neglect these influences. Nevertheless, note that the resulting for-
mal errors for Io might be slightly too optimistic.

So far, we have merely considered the formal uncertainties
given by the estimation set-up used by Fayolle et al. (2023).
Yet, as previously highlighted in Section 4.2, we expect the true
errors of Io’s radio science solution to be significantly greater.
Hence, in Section 5.3, we will explicitly analyse the impact of a
non-unity true-to-formal-error ratio on its ability to constrain the
orbital solution of Io. The contribution cq of the a priori informa-
tion to the solution of each estimated parameter will be evaluated
as follows (e.g. Floberhagen 2001; Fayolle et al. 2022):

cq = I � PP
�1
0 , (19)

where I is the identity matrix, while P and P
�1
0 denote the es-

timated and a priori covariance matrix. A cq equal to nought
indicates that the respective parameter’s estimation is based on
the provided a priori information, while a value of unity implies
that it relies solely on the observations.

4.4. Modelling of the COF-COM-Offset of Io

In general, the o↵set between the centre-of-figure (COF) and
centre-of-mass (COM) of a celestial body is expressed as a con-

stant vector in a body-fixed frame. Hence, the mathematical rep-
resentation of the COF-COM-o↵set of Io is de facto perfectly
decoupled from any assumed shape model. While the choice of
the orientation of the body-fixed reference frame is entirely ar-
bitrary, given the previously discussed geometric implications
with the observability of the along-track position of Io (see Sec-
tion 3.2.2), the body-fixed RSW-frame has been found to be
especially suitable to express the COF-COM-o↵set of Io. The
RSW-frame is defined such that the x-axis radially points from Io
to Jupiter (R), the y-axis is tangentially aligned with Io’s along-
track direction (S), and the z-axis normally completes the refer-
ence frame (W). Usually, the o↵set between the COF and COM
enters the equations of motion by way of the gravity field. In par-
ticular, the body-fixed position of any celestial body’s COM with
respect to its COF is related to its unnormalised gravity field co-
e�cients of degree and order one (C10, C11, and S 11 - with S 10
equal to zero, by definition) as follows:

rCOM =
h

RC11 RS 11 RC10
i
, (20)

where R is the mean radius of the celestial body of interest. Re-
arranging Eq. 20 thus yields an expression for the COF-COM-
o↵set in terms of non-zero degree and order one gravity field
coe�cients that can be readily implemented in the dynamical
model of Io (see Section 2). However, owing to the choice of
gravitational, rotational and tidal models, it has been found that a
gravitational representation of the COF-COM-o↵set of Io leads
to issues with the consistency of the dynamical model. To this
end, it is crucial to stress the general assumption of Eq. 20 - in-
stead of the COM, the COF is now being treated as the ‘new’ ori-
gin of the body-fixed frame. Thus, while we obtain a consistent
description of a body’s gravitational dynamics, by shifting the
body-fixed frame-origin to the COF, non-zero degree and order
one gravity field coe�cients introduce an artificial discrepancy
to the implemented analytical tidal model (see Section‚2.3), de-
veloped with respect to a body’s COM. For Io, changing the
origin of the underlying frame indirectly leads to variations in
the energy dissipated into its orbit via the tidal interaction with
Jupiter. For long propagation times, this discrepancy in orbital
energy results in large mismatches in the orbital position. Hence,
we had to discard this modelling approach.

Retaining the underlying idea of modelling the COF-COM-
o↵set of Io as a constant vector in Io’s body-fixed RSW-frame,
instead of altering the properties of the dynamical model, we in-
troduce a di↵erence between the models used within the simula-
tion of observations and state propagation. Thus, while entering
the observation equation, the COF does not influence the dynam-
ical equations of motion. Mathematically, this is expressed as:

r = r̃Io (t) � rsc (tobs) with r̃Io (t) = rIo (t) + R (t) rCOF, (21)

where r is the position of Io’s COF with respect to JUICE. Fur-
thermore, r̃Io (t) and rIo (t) are the position of Io’s COF and
COM, respectively, both being expressed in a frame with iner-
tial orientation. Thus, their relationship is expressed using the
constant o↵set-vector in a body-fixed frame - rCOF - which is
rotated from an Io-fixed to an inertial reference frame using a
suitable rotation matrix R (t). Finally, rsc (tobs) denotes the po-
sition of JUICE, with the di↵erence tobs � t being equal to the
observation’s light-time. In essence, this process explicitly ac-
counts for the o↵set between the observed COF and propagated
COM, unlike the implicit estimation framework typically ap-
plied to space-based astrometric observations. Since the o↵set
between Io’s COF and COM has so far not been estimated, by
design, optical observations are always treated as being taken
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Fig. 2. Flowchart summarising the methodology followed in this work.

with respect to the COF. Yet, any optical observables are im-
plicitly treated as being taken with respect to the imaged body’s
COM introducing a discrepancy between the observation and es-
timation models. However, by explicitly estimating the o↵set be-
tween the COF and COM alongside the initial state of Io, we
eliminate the model-discrepancy, thus potentially improving the
overall orbital solution.

Finally, it has to be reiterated that the results presented in
Section 5 have not been obtained using ‘full’ orbit estimations
but are limited to the formal errors arising from mere covariance
analyses. In particular, we have evaluated the following parame-
ters over a single, global estimation arc:

– initial state in a jovicentric frame,
– o↵set between the COF and COM in a body-fixed frame.

Since we simulate observations of the right ascension and decli-
nation of the celestial position of Io - its COF to be precise - with
respect to JUICE, to estimate the discrepancy between the COF
and COM, the following partials have to be added to the design
matrix (see Section 4.2):

@ (↵, �)
@rCOF

! H. (22)

While the derivation of such partials is far from trivial, con-
ceptually, the estimation of o↵set between the COF and COM
and the estimation of the body-fixed position of a ground-station
are identical. Hence, the required partials are readily available
(see e.g. Montenbruck & Gill 2000).

5. Results

As illustrated by our flowchart in Figure 2, we have initially de-
lineated the di↵erent dynamical models used to propagate the
state of Io (see Section 2). Subsequently, the state of Io has been
fitted to the NOE-5-2021 ephemeris in order to obtain a con-
sistent representation of its dynamics, followed by an outline
of the approach used to constrain our analysis to the averaged
propagated radio science formal errors - that would arise from
a radiometric tracking set-up similar to the one used by Fay-
olle et al. (2023) - via a suitable a priori covariance matrix (see
Section 4.3). An analytical model for the computation of the
uncertainties associated with optical space-based observations
has subsequently been implemented and optimised using past
imagining-data obtained by Cassini (see Section 3.1). By casting
these analytically evaluated uncertainties, the relative observa-
tion geometry, and the observational viability criteria into four
di↵erent types of epoch selection algorithm (see Section 3.2),
we have simulated optical space-based observations that are go-
ing to be used to generate the results of our covariance analyses
discussed within this section. We analyse the formal errors in
the estimation of the o↵set between the COF and COM of Io
obtained using the previously delineated orbit-determination al-
gorithm in Section 5.2, followed by a discussion of the impact
of the true-to-formal-error ratio of the a priori radio science so-
lution on the estimation’s overall ability to constrain the COF-
COM-o↵set and the orbital solution of Io in Section 5.3. First,
however, Section 5.1 outlines the influence of di↵erent observa-
tion geometries on the quality of the obtained orbital solution.
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Fig. 3. Relative and absolute (metric) uncertainty of space-based astrometry in right ascension (RA) and declination (DEC) for all potentially
feasible epochs. Feasibility has been determined according to the previously defined viability criteria (see Section 3.2). The positions to calculate
the distance between JUICE and Io have been taken from the associated SPICE kernel and the propagated orbit, respectively.
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5.1. Contributions of Different Observation Geometries

As discussed in Section 3.2.2, four di↵erent algorithms for
the selection of the epochs at which space-based astrometric
observations are to be simulated have been implemented - a
purely randomised approach, a geometry-driven approach, an
uncertainty-driven approach, and a hybrid approach. To charac-
terise their underlying drivers, we first analyse the overall re-
lationship between the observation geometry and the absolute
optical uncertainty in Section 5.1.1, followed by a detailed dis-
cussion of the general behaviour of the relative observation ge-
ometry in Section 5.1.2. Finally, the respective contributions in
terms of absolute uncertainty and observation geometry are anal-
ysed in Section 5.1.3.

5.1.1. Observation Geometry - Absolute Uncertainties

Constraining the number of potential observations by the previ-
ously discussed observation viability criteria (see Section 3.2.1)
results in a total of about 15,000 feasible - i.e. all constraints be-
ing met - epochs. We can group them into 70 distinct arcs. Over
the entire duration of the Jovian orbital phase of JUICE - not
to be confused with the orbital phase around Ganymede - this
corresponds to a reduction of potential space-based astrometric
observations by about 75 per cent (i.e. space-based astrometry is
only feasible over 25 per cent of the total duration of the orbital
phase around Jupiter).

Given the instantaneous observation geometry, in particu-
lar the distance between JUICE and Io, we simulate an optical
data reduction pipeline for the remaining astrometric observa-
tions using Eq. 8, yielding uncertainties in right ascension and
declination for Io over time, visualised in Figure 3. By defini-
tion (see Eq. 8), errors in right ascension are always greater than
or equal to those in declination, leading to elongated uncertainty
ellipses for inclined orbits of JUICE. Overall, optical uncertain-
ties range from a baseline of around 1.5 arcsec to slightly more
than 3.0 arcsec, or approximately 6 km up to 18 km, expressed
metrically using simple trigonometry. The expected errors are
consistent with the range of values used by Dirkx et al. (2017),
even though these were only rough estimates.

In particular, Figure 3 exhibits two general trends - first,
uncertainties in radians increase with decreasing proximity of
JUICE to Io, and second, the most erroneous relative observa-
tions correspond to the lowest absolute (metric) uncertainties.
Via the apparent diameter of Io, the limb-fitting uncertainty is
indirectly related to the distance to JUICE - the further away one
takes an image, the smaller the diameter and hence the limb-
fitting error. If we had moreover rigorously modelled the num-
ber of background stars, this e↵ect would have been even slightly
more pronounced. More stars are expected to be visible if Io cov-
ers a smaller fraction of the FOV. However, as we distinctively
see in Figure 3, this is more than compensated for in terms of
absolute uncertainties by an antagonistic e↵ect, with closer dis-
tances directly translating to lower metric errors.

5.1.2. Observation Geometry - General Behaviour

As already briefly touched upon in Section 3.2.2, besides the
influence of the distance between JUICE and Io on the overall
error budget, Pasewaldt et al. (2012) have highlighted that dif-
ferent relative observation geometries of the images being taken
are crucial to constrain the o↵set between the COF and the COM.
To this end, we have analysed the relative observation geometry
between JUICE and the body-fixed RSW-frame of Io with each

Fig. 4. Behaviour of the relative observation geometry between JUICE
and the body-fixed axes of Io (radial, along-track, and normal) over the
duration of the Jovian orbital phase. Observations have been filtered
according to the previously defined viability criteria (see Section 3.2).
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Fig. 5. Two-dimensional relative observation geometry of the radial and along-track contributions to the COF-COM-o↵set of Io (in grey). Each
subplot exemplary illustrates the e↵ect of the four proposed epoch-selection algorithms (see Section 3.2.2) using a total of 2,560 simulated
observations. Selected epochs are highlighted as a function of the respective expected uncertainty in the satellite’s right ascension.

of the three subplots in Figure 4 illustrating the observation an-
gle with one individual axis (radial, along-track, or normal) over
time. For vast parts of the orbital stage of JUICE, its orbit will
closely coincide with the orbital plane of the Galilean moons.
The high-inclination phase of JUICE is the only exemption to
this approximation. Over 260 days - from October 2032 to Au-
gust 2033 - the inclination of the spacecraft’s orbit with respect
to the Jovian equatorial plane is steadily increased up to about
22 degrees (Grasset et al. 2013). Hence, the observation angle
with the normal (i.e. out-of-plane) axis of Io is usually equal to
approximately 90 degrees, with values significantly deviating for
non-zero inclinations during the high-inclination phase (see Fig-
ure 4). Outside of the high-inclination phase, we can thus treat
the analysis of our problem as essentially being two-dimensional
and focus on the observability of both the radial and along-track
components of the o↵set.

Qualitatively, over the entire duration of the Jovian orbital
phase, any potential radial contribution to the o↵set between the
COF and COM of Io is observable to at least some degree. Since
relative observation angles never approach the respective blind

spots - either 0 degrees or 180 degrees - by a reasonable margin,
any observation is thus sensitive to radial COF-COM-o↵sets.
Unlike with the normal component, the high-inclination phase is
not discernible from the data, with the angle visually not being
influenced by an additional observation dimension. Moreover,
we cannot observe any relation between the relative observation
geometry and the associated uncertainties.

Neglecting the third dimension outside the previously iden-
tified high-inclination phase, no ‘perfect’ observations (i.e. ob-
servations encompassing a right angle with respect to JUICE)
of the COF-COM-o↵set’s along-track component are ever pos-
sible. The prominently centred white space in Figure 4 rigor-
ously underlines this lack of observations during the planar parts
of the Jovian orbital phase. Given the two-dimensional prob-
lem, these missing epochs correspond to an observation geome-
try with Jupiter, Io, and JUICE almost perfectly linearly aligned
with respect to each other. Since the brightness of Jupiter would
render any of these observations useless, they have been filtered
by the Jupiter-Limb exclusion angle constraint (see Section 3.2).
Only during the high-inclination phase - when JUICE either has
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a top-down or bottom-up view of Io, without Jupiter obstructing
the FOV - ‘perfect’ observations of the along-track contribution
are possible. Thus, the high-inclination phase exhibits signifi-
cantly di↵erent behaviour than the planar parts of the Jovian or-
bital phase. Again, no relation between the relative observation
geometry and the associated uncertainties is discernible.

While any radial or normal contributions to the COF-COM-
o↵set are well observable over the entire duration of the orbital
phase around Jupiter, outside of the high-inclination phase, the
along-track component will be least observable. Since the min-
imum Jupiter-Limb-Spacecraft-Moon angle has motivated our
particular choice of reference frame (see Section 3.2.2), this be-
haviour has already been anticipated. However, by design, this
yields a single, poorly ‘probed’ component of the COF-COM-
o↵set. Hence, circling back to the previously introduced argu-
mentation by Pasewaldt et al. (2012), to best constrain the o↵set
between the centre-of-figure and centre-of-mass of Io, the high-
inclination phase is thus crucial since it allows for a complete
range of di↵erent observation geometries.

5.1.3. Observation Geometry - Epoch Selection Algorithms

The two-dimensional relative observation geometry of the ra-
dial and along-track with respect to JUICE are provided in Fig-
ure 5 for the four proposed epoch-selection algorithms (see Sec-
tion 3.2.2) using an exemplary set of 2,560 observations. Realise
that owing to their lenient implementation, this is no absolute
representation of any of the four methods but serves as a mere
illustration of the overall trends. On a general note, epochs on
the edges of the imaginary square are representative of a per-
fectly planar observation geometry (i.e. epochs outside of the
high-inclination phase). Epochs geared towards the square’s cen-
tre, however, indicate the increasing three-dimensionality of the
problem and thus higher inclinations. Unsurprisingly, no trend in
either uncertainty or geometry is visible within the purely ran-
domised approach.

The geometry-driven approach, however, exhibits a cluster-
ing of observations centred around an observation angle with
the along-track direction of 90 degrees, hence during the high-
inclination phase. These epochs have been identified as essential
to ensure an equally spaced geometric spread of the observations
(see Section 5.1). Besides a clear improvement in the relative ob-
servation geometry of Io, however, we cannot discern any obvi-
ous di↵erences to the randomised algorithm, neither within the
associated uncertainties nor the ratio of observations between the
high-inclination and Jovian orbital phase.

In contrast, the uncertainty-driven method selects a signif-
icant number of epochs outside of the high-inclination phase,
identifiable by the visible grouping of observations along the
edges of the imaginary square. Owing to the underlying algo-
rithm, we conclude that epochs during the planar part of the Jo-
vian orbital phase tend to have substantially lower associated un-
certainties than those during the high-inclination of JUICE. We
can explain this particular trend by two main reasons. First, ow-
ing to the direct relation between the declination of observations
and the respective uncertainty in right ascension (see Eq. 8), any
observation with a non-zero inclination will have a higher un-
certainty given an otherwise identical geometry. When plotted
as a function of the uncertainty in declination - instead of right
ascension as is in Figure 5 - we have observed almost identi-
cal behaviour in the selected range of associated errors, further
underlining this particular argumentation. Second, JUICE will
perform a series of flybys around Callisto towards the end of
the high-inclination phase (Grasset et al. 2013), leading to an

increased mean distance - and thus smaller relative, yet greater
absolute errors - of JUICE with respect to Io.

The proposed hybrid approach is essentially a combination
of the two previously discussed geometry and uncertainty-driven
algorithms (see Section 3.2.2). This relationship is clearly re-
flected in the data shown in Figure 5, as well. Owing to their
favourable uncertainties, the majority of selected epochs still
lie close to the edges of the imaginary square and hence dur-
ing the planar parts of the Jovian orbital phase. Nevertheless, a
significant number of observations is selected during the high-
inclination phase. The associated observation angles are promi-
nently centred around an observation angle with the along-track
direction of 90 degrees, even though they possess a comparably
higher absolute uncertainty.

Finally, we want to highlight that the plotted data of both
the uncertainty-driven and the hybrid approach underline an-
other distinct feature of the problem at hand - on the right side
of the plot, where the corner of the imaginary square should be,
we discern a series of points that one can describe as seemingly
trickling down from the top half of the plot to the lower one.
They all exhibit one of the lowest uncertainties of all feasible
observations whilst simultaneously having a rare, but favourable
- inclined and with close proximity to Io - observation geometry,
making these points particularly beneficial to the estimation.

5.2. Formal Errors in the COF-COM-Offset

To assess how well the individual approaches cope with con-
straining the o↵set between the COF and the COM, we analyse
their respective performances in terms of achievable formal er-
rors as a function of the total number of observations (see Fig-
ure 6). Having limited our work to mere covariance analyses -
instead of performing ‘full’ estimations - the formal errors in the
COF-COM-o↵set are almost entirely independent of the o↵set’s
chosen value within the simulation of observations. Since, from a
probability point of view, a three-dimensional COF-COM-o↵set
of nought is the statistical best guess, a discrepancy of zero has
been implemented and used throughout the entire work. Exploit-
ing the realistic (i.e. slightly lenient) implementation of the re-
spective algorithms, we have performed a rigorous Monte-Carlo
analysis with each of the data points in Figure 6 representing the
average value of 100 di↵erent covariance analyses for individ-
ual combinations of simulated epochs. In particular, two general
trends are observable. First, an increase in the total number of
observations always leads to lower formal errors, independent of
the chosen algorithm, with the hypothetical use of all available
epochs serving as the theoretical overall baseline. Second - triv-
ially - the absolute di↵erence in formal errors between the indi-
vidual approaches is reduced for an increasing number of obser-
vations. Finally, while the relative di↵erences similarly decrease
as a function of the number of observations, Figure 6 shows that
the final ratios nevertheless significantly di↵er from zero, under-
lying the high potential of suitable epoch selection algorithms
even for high numbers of observations.

As a first approximation, the four algorithms can be divided
into two groups based on their achievable formal errors - with the
random and geometry-driven, as well as the uncertainty-driven
and hybrid algorithms performing roughly similarly. This trend
is especially pronounced for the behaviour of the formal errors
in the normal direction. We find that the relative observation ge-
ometry has a negligible e↵ect on the obtainable normal solu-
tion - which confirms our preliminary conclusion drawn in Sec-
tion 5.1. E↵ectively, this decouples the out-of-plane contribu-
tion from that of the in-plane direction. Being essentially purely

Page 13 of 23



Astronomy & Astrophysics

Fig. 6. Three-dimensional Monte-Carlo analysis of the formal errors in
the estimation of the o↵set between the COF and COM for the four
di↵erent selection algorithms in radial (R), along-track (S), and normal
(W) direction as a function of the number of observations. Each data
point represents the average value of 100 distinct covariance analyses.

uncertainty-driven, initial improvements in the estimation of the
normal COF-COM-o↵set lie around 43 per cent (from 3.35 km
to 1.9 km for ten di↵erent observations), with values gradually -
yet slowly - approaching for increasing numbers of observations.
Nonetheless, we can still observe improvement-ratios of approx-
imately 21 per cent (from 290 m to 228 m) and 16 per cent (from
144 m to 121 m) for 2560 and 5120 observations, respectively.

For the two in-plane directions - radial and along-track - we
find that the absolute uncertainty of the individual observations
is the primary driver behind constraining the COF-COM-o↵set,
with the relative observation geometry acting as a secondary cri-
terion. Significant improvements between 30 and 50 per cent (for
10 observations), 27 and 34 per cent (for 1280 observations), and
17 and 18 per cent (for 5120 observations) in radial and along-
track direction, respectively, are observable for the two distinct
groups. Compared to the purely random selection, the geometry-
driven approach performs as expected - lowering the error in the
along-track direction at the almost negligible expense of a mi-
nor decline in the radial uncertainty. The hybrid algorithm, in
comparison with the uncertainty-driven approach, surprisingly,
exhibits an entirely contrary behaviour - significantly lowering
the radial error while slightly raising the along-track one.

While, at first glance, not in line with the prior analysis, this
can however be explained by the presence of the previously high-
lighted - ‘trickling’ - epochs exhibiting one of the highest ac-
curacies whilst simultaneously having a favourable observation
geometry in the chosen (uncertainty-driven) subset of observa-
tions (see Section 5.1.3). Having a similar observation geometry,
not all of those epochs are thus chosen by the hybrid approach,
leading to a slight degradation of the formal error. Nonetheless,
perfectly in line with our prior conclusions, we find that optimis-
ing observation geometry of the selected epochs leads to a more
circularised uncertainty ellipse, with errors in radial and along-
track direction mutually approaching. On a final note, the three-
dimensional ellipse of the hybrid approach, however, is never
spherical but remains oblate in the out-of-plane component.

As of yet, we have indirectly assumed any influence of the
temporal spread of the simulated observations over the time span
of the Jovian orbital phase to be entirely negligible. To test this
hypothesis, we have estimated the formal errors in the o↵set be-
tween Io’s COF and COM for di↵erent numbers of observations
using a purely randomised approach as well as an algorithm that
ensures a reasonable level of temporal spread averaged (see Ta-
ble 4). We find that di↵erences between the formal errors in the
COF-COM-o↵set - with and without implementing an artificial
temporal spread in the selection of epochs - are not greater than
a few metres. Note that the most prominent absolute di↵erence
of 18 metres (R - 20 observations) equals a relative di↵erence
of less than one per cent and therefore negligible. With increas-
ing numbers of observations, the di↵erences either disappear en-
tirely or become insignificant. The initial assumption to omit any
temporal influence on our analysis is thus more than justified.

Concludingly, our analysis of the above-presented results has
highlighted the high level of e↵ectiveness of the hybrid approach
- which will thus be chosen as exclusive epoch selection algo-
rithm for the remaining results. Already low numbers of astro-
metric images (80 observations) yield low formal errors in the
determination of the COF-COM-o↵set of about 1 kilometre -
about one quarter of the number of observations required to ob-
tain comparable uncertainties when randomly selecting epochs.
Notably, for substantially higher numbers of observations, a hy-
brid hypothetical best-case scenario with formal uncertainties of
approximately 200 metres and about 100 metres in the in-plane
and out-of-plane directions, respectively, is achievable. How-
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Table 4. Influence of temporal spread on the quality of the estimation.
Formal errors averaged over 100 di↵erent combinations of randomly
selected epochs for a total of 20 and 2560 observations are given in the
top and bottom of the table, respectively.

Direction Formal Errors with
Time-Spread [km]

Randomised
Formal Errors [km]

Radial (R) 2.920 2.902
Along-Track (S) 3.673 3.677
Normal (W) 2.318 2.319
Radial (R) 0.252 0.252
Along-Track (S) 0.328 0.329
Normal (W) 0.205 0.205

ever, less observations are to be expected. For the four regular
Saturnian moons Tethys, Dione, Rhea, and Iapetus, a total of
5240 astrometric images has been taken (Tajeddine et al. 2015),
equal to an average number of 1310 observations per moon. For
Io, this number would thus translate to realistically attainable
formal uncertainties of no more than 300 metres.

5.3. Impact of the Quality of the Radio Science Solution

So far, our analyses have been constrained to the expected
uncertainty levels for Io’s position based on a joint JUICE-
Europa Clipper radio science analysis. While those are formal
errors, however, recall that Jones et al. (2015, 2020) have esti-
mated a true-to-formal-error ratio of about three for planetary
ephemerides, with higher ratios up to 20 having been found by
Konopliv et al. (2011) for the estimation of Mars’ gravity field
from spacecraft tracking data. Given the limited, indirect deter-
mination of the state of Io from a significantly imbalanced data
set and the ill-posed inversion of the high-accuracy data, substan-
tially greater ratios are to be expected (see Section 4.2). Math-
ematically, we can express the scaling of the formal errors �i

and � j (correlated by a factor ⇢i j) and all associated covariance
elements Pi j of a covariance matrix P(t) of size n ⇥ n as

P(t)! K

h
[� (t, t0) ; S(t)] P(t0) [� (t, t0) ; S(t)]T

i
, (23a)
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p
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p
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The constant factor K is equal to the square of the true-to-formal-
error ratio. Without loss of generality, we can further simplify the
expression for a linearly scaled a priori covariance matrix to

P(t)! [� (t, t0) ; S(t)] [K P (t0)] [� (t, t0) ; S(t)]T . (24)

Any radio science true-to-formal-error ratio is thus incorporated
by linearly scaling the original a priori covariance matrix P0.
This scaled matrix will have two distinct e↵ects on the ability
to constrain the COF-COM-o↵set and the initial state of Io, dis-
cussed in Sections 5.3.1 and 5.3.2, respectively.

5.3.1. Constraining the COF-COM-Offset

The influence of variations in the true-to-formal-error ratio on
the quality of our previous covariance analysis (see Section 5.2)
as a function of the number of observations is shown in Figure 7.
Again, we have performed a Monte-Carlo analysis for 100 dif-
ferent combinations of epochs that have been selected using the
previously outlined hybrid algorithm.

In general, we expect ‘interference’ with the formal errors
of the o↵set between COF and COM as soon as the artificially
increasing a priori errors approach or exceed the estimated val-
ues of the formal uncertainties in the o↵set (for the latter, see
Figure 6) - the estimation of the discrepancy between the COF
and COM spills into that of the initial state, with the estimator no
longer being able to entirely discern between the two e↵ects. The
a priori covariance matrix is not able to constrain the estimation
of the initial state of Io to a point where the solution becomes
sensitive to the COM-COF-o↵set. Hence, space-based astromet-
ric observations begin to improve the overall orbit determination
at the expense of accuracy within the formal errors of the COF-
COM-o↵set, leading to distinct trends in the two in-plane (radial
and along-track) and the out-of-plane (normal) directions.

In-plane direction: For the quality of the o↵set’s radial so-
lution, we observe that an increase in the true-to-formal-error
ratio has no influence, with no row-wise change being observ-
able in Figure 7. Since the average propagated a priori errors of
Io (1.5 metres) are several orders of magnitude lower than the
expected estimated formal errors of the COF-COM-o↵set (rang-
ing from almost 3,000 to 150 metres), even - potentially unre-
alistically - high true-to-formal-error ratios will not lead to any
interference. In contrast, the along-track component is signifi-
cantly a↵ected by changes in the true-to-formal-error ratio. We
find column-wise ‘uncertainty-plateaus’ (this trend is especially
pronounced for true-to-formal-error ratios of 13 and 21, and lim-
ited to regions with lower numbers of observations for higher
ratios). Interference with the a priori covariance matrix causes
an increase of the baseline solution towards which the obtain-
able formal uncertainties converge (see Section 5.2). While this
baseline is originally driven by the maximum number of feasible
epochs it is now a function of the scaled, averaged propagated a

priori along-track error of Io.
Out-of-plane direction: For the normal component - in rel-

ative terms - the e↵ect due to greater true-to-formal-error ratios
becomes less pronounced for increasing numbers of observa-
tions. If only a small amount of images is being taken, scaling of
the average propagated along-normal error (387 metres) begins
to slightly interfere with the COF-COM-o↵set’s estimated un-
certainties. This can already be observed for ratios between three
and five. While we cannot discern the emergence of any vertical
‘uncertainty-plateaus’, in stark contrast to the along-track direc-
tion, similar - but row-wise - behaviour is visible propagating
towards a true-to-formal-error ratio of unity. Hence, while com-
pared to the along-track direction any e↵ects tend to occur for
lower true-to-formal-error ratios, they are less clear-cut and ex-
hibit a significantly lower gradient as a function of increasing
ratio. Finally, for more than 320 observations, any influence of
the true-to-formal-error ratio is reasonably negligible, exhibiting
great resemblance with the radial demeanour.

Yet, if we recall the respective levels of average propagated
a priori errors associated with the along-track and normal di-
rection - 137 and 387 metres - the above-presented results dif-
fer from the intuitively thought demeanour. In particular, higher
formal a priori errors are expected to lead to improve the over-
all orbit determination at greater expenses of accuracy within
the formal errors of the COF-COM-o↵set). As previously out-
lined in Section 5.1.2, the out-of-plane o↵set between Io’s COF
and COM is almost always perfectly (i.e. uncorrelated from the
remaining two directions) observable during the Jovian orbital
phase of JUICE. Thus, given a su�ciently high number of ob-
servations, their information content is dense enough to simul-
taneously constrain the normal position of Io and the associated
component of the COF-COM-o↵set.
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Fig. 7. Formal errors in the estimation of Io’s COF-COM-o↵set as a function of the radio science (RS) true-to-formal-error ratio used as a priori

information and the number of simulated observations. Each data point represents the average value of 100 distinct covariance analyses.

In contrast, given the di�cult observation geometry, the
along-track component is the most intricate observable direc-
tion. Thus, as has already been outlined in Section 5.1, observa-
tions of Io’s along-track position are not only significantly corre-
lated with the along-track component of the COF-COM-o↵set,
but also with the o↵set’s radial component. The radial position’s
correlations, on the other hand, are greatly reduced by the firmly
constrained a priori state of Io. This behaviour is further un-
derlined by the behaviour of the correlation matrices for di↵er-
ent combinations of numbers of observations and radio science
true-to-formal-error ratios shown in Figure 8. In particular, the
increasing correlations between the along-track position of Io
and the two in-plane directions of the COF-COM-o↵set as well
as the inter-correlations of the latter underline the above-stated
caveats. Finally, any observed constant along-track o↵set could
be induced by both the COF-COM-o↵set and errors in the orbital
solution - a constant normal o↵set can only be explained by a

COF-COM-o↵set since errors in the out-of-plane direction (i.e.
inclination) lead to periodic changes. Hence, even for substan-
tial numbers of observations, it is not entirely possible to con-
strain both the position of Io and the along-track contribution to
its COF-COM-o↵set to their prior levels. On a final note, while
the three subplots in Figure 7 visually exhibit highly distinct be-
haviour, they are nevertheless subject to the same overall trend
- even though they highlight entirely di↵erent parts hereof. In a
hypothetical thought experiment, if we take the above-discussed
distinct levels of a priori constraints, as well as the strong cor-
relations within the orbital plane into account, the behaviours of
all three subplots could be seen as de facto stackable - from the
along-track direction at the bottom via the normal component
to the radial contribution at the top. Hence, significantly more
observations would be necessary to constrain the o↵set in along-
track direction as well as the normal or even the radial contribu-
tions.

Fig. 8. Correlations between the Io’s COF-COM-o↵set and its initial state expressed in a body-fixed RSW-frame for 10, 320, and 1280 observations
and radio science true-to-formal-error ratios of 1, 5, and 13. Correlations have been averaged for 100 di↵erent combinations of epochs.
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Fig. 9. Contribution of the optical space-based astrometric observations to the estimation of the initial state of Io as a function of the true-to-formal-
error ratio of the radio science (RS) solution serving as a priori information and the number of simulated observations. Results are provided in
radial (R), along-track (S), and normal (W) directions. Each data point represents the average value of 100 distinct covariance analyses.

5.3.2. Constraining the Initial State of Io

In an ideal world, the orbit of Io is primarily constrained by
the radio science solution, while the COF-COM-o↵set will be
constrained by optical observations. However, given an expected
significant radio science true-to-formal-error ratio, space-based
astrometry has to simultaneously constrain the initial state of Io
and its COF-COM-o↵set. To determine the estimator’s ability
to simultaneously constrain both sets of parameters, we have to
analyse the contribution of the simulated astrometric observa-
tions to Io’s orbital solution. To this end, Figure 9 highlights the
average cq value (see Eq. 19) of Io’s position as a function of the
radio science true-to-formal-error ratio and the number of obser-
vations. Having been obtained simultaneously with the results
presented in Figure 7, each square again represents the average
value of the same 100 di↵erent combinations of epochs.

Unlike the above-described visually distinct behaviours of
the COF-COM-o↵set’s formal error in the in-plane and out-of-
plane directions, changes in the averaged cq values in Figure 9
exhibit a common - though distinctly pronounced - trend in all
three directions. While the bottom-left corner exhibits a value of
approximately nought for cq - indicating no contribution of the
observations to the orbital solution of Io - increasing the true-
to-formal-error ratios and numbers of observations leads to a
growth of the average cq value towards the top-right corner of
each subplot. This demeanour is indicative of the fact that the
contribution of the observations becomes predominant and sig-
nificantly helps to improve the orbital solution of Io, which is
not constrained by the a priori information anymore.

Given the significantly lower radial uncertainty of the radio
science solution, a reasonable contribution of the observations to
the estimation of the initial radial state of Io is only discernible
for unrealistically high true-to-formal-error ratios paired with
high numbers of observations. Owing to the coarser a priori un-
certainties in along-track and normal direction, and their above-
described di↵erent levels of observability, considerable contri-
butions of the observations to the orbit are visible in the along-
track and especially the normal component. If we assume a to-
tal of approximately 1280 images being taken of Io - based on

Cassini’s average moon-wise number of observations (Tajeddine
et al. 2015), see Section 5.2 - we visualise the evolutions of the
formal uncertainties of the state of Io during the Jovian orbital
phase of JUICE for two realistic true-to-formal-error ratios (8
and 13) in Figure 10. In particular, while the radial position is
perfectly constrained by the scaled radio science solution - in-
dicated by the dashed line - and the along-track state exhibits
slight improvements between approximately 400 and 800 me-
tres for two true-to-formal-error ratios, respectively, space-based
astrometry constrains the out-of-plane direction to an average
uncertainty of about 350 metres - comparable to the accuracy
of Io’s radio science solution for a true-to-formal-error ratio of
unity. Overall, the behaviour shown in Figures 9 and 10 is thus
perfectly in line with the above-outlined conclusions (see Sec-
tion 5.3.1).

It has to be stressed that these results are most likely
sketching a too-optimistic scenario since none of the remain-
ing Galilean moons have been propagated alongside Io. In gen-
eral, their respective radio science solutions will exhibit much
lower formal uncertainties. In particular, this holds for Europa
and Ganymede, both strongly coupled with the dynamics of Io
via the Laplace resonance. Thus, by constraining the dynamics
of the remaining moons, the radio science solution might prove
to be more influential on constraining the state of Io than pre-
sented in Figure 9. Potentially this could thus lead to an earlier
and steeper degradation of the COF-COM-o↵set’s formal errors
as a function of the true-to-formal-error ratio of the radio science
solution, alongside a slower conversion with increasing numbers
of observations in Figure 7. In turn, the contribution of the obser-
vations to Io’s orbital solution would be further pushed towards
the top-right corner of Figure 9, yielding a less constrained initial
state of Io. Nevertheless, note that while the e↵ect on the state
of Io due to the Laplace resonance is only indirect - moderately
correlated with the initial state of Io (Fayolle et al. 2023) - higher
true-to-formal-error ratios of Io’s radio science position have a
direct e↵ect. Overall, even without directly taking any orbital un-
certainties of the remaining moons into account, our analysis of
the extent to which space-based astrometry could constrain the
state of Io is still reasonably indicative.
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Fig. 10. Evolution of the formal uncertainties of the orbital solution of Io using a total number of 1280 simulated observations by the NavCam of
JUICE. Dashed lines indicate the average radio science a priori constraints by Fayolle et al. (2023) scaled by the true-to-formal-error ratio.

6. Discussion

Understanding of tidal dissipation provides key insights into the
thermo-orbital evolution of planetary systems, and the formation
of the entire Solar System. For Jupiter, in order to detect secular
signatures of tidal mechanisms, improved orbital solutions of the
Galilean satellites - in particular of Io - are crucial. Thus, since
optical space-based astrometry is pivotal to stabilise and poten-
tially constrain the inversion of the state of Io, within this sec-
tion, we discuss how such observations might either be used to
validate the indirectly obtained radio science solution or directly
contribute to the ephemeris of Io. Subsequently, we analyse any
potential insights into Io’s structure that one might draw based
on the o↵set between the COF and COM. Finally, we briefly
outline how space-based observations of stellar occultations of
Io might possibly supplement optical astrometry.

6.1. Validation and Contribution to the Orbital Solution

Given the low expected formal uncertainties obtained by the ra-
dio science solution used as a priori information to constrain the
estimation of the state of Io (see Section 4.3), the overall sci-
ence return of optical space-based astrometry as stabilising con-
tribution to the orbital solution is at stake. Assuming a moderate
number of observations (no more than approximately 200 im-
ages) as well as a reasonable true-to-formal-error ratio no larger
than five to eight - in essence, all combinations resulting in the
lower left, dark purple parts in all three subplots in Figure 9 - we
have shown that the orbital solution will be entirely dominated
by the radio science solution.

On the one hand, even if we assume a negligible contribu-
tion to the overall orbital solution, we might instead exploit the
information contained in optical space-based astrometry to vali-
date the quality of the radio science solution. Owing to the indi-
rect determination of Io’s orbit from radiometric tracking data, a
validation hereof is particularly critical. To this end, if the prop-
agated - much tighter - error bound of the radio science solu-
tion laid within the much looser bounds of the individual optical
observations, we could validate the radio science solution. As-
suming the validity of the orbital solution, the absence of a sig-
nificant o↵set between the centre-of-figure and centre-of-mass
of Io directly leads to the just outlined congruence between the
two di↵erent error bounds. Yet, the presence of a non-zero o↵-

set between the centre-of-figure and the centre-of-mass could
skew the optical error bounds such that the propagated radio
science uncertainties only partially match them. If this partial
mismatch were to be explained by periodic behaviour due to an
unaccounted COF-COM-o↵set, the radio science solution could
still be validated.

On the other hand, even without perfect knowledge of the
o↵set between the centre-of-figure and centre-of-mass of Io, op-
tical space-based astrometry could contribute to the improve-
ment of the orbital solution. By introducing a non-unity true-
to-formal-error ratio, we artificially increase the error bound as-
sociated with the radio science solution while that of the optical
observations remains untouched. Hence, assuming a reasonably
coarse radio science solution - with a true-to-formal-error ratio
no smaller than about five to eight - parts of the propagated er-
ror are scaled such that they lie outside of the astrometric error
bounds. By definition, any non-intersecting parts of the errors
are deemed unrealistic. In essence, realise that this is a highly
simplified description of the underlying idea of orbit estimation
- any improvements of the orbital solution thus come at the ex-
pense of the radio science solution being not as valid as orig-
inally thought. Nonetheless, we want to stress that this partial
mismatch of the error bounds is di↵erent to the one outlined in
the context of validation of the radio science solution - in particu-
lar, their respective e↵ects due to decreasing true-to-formal-error
ratios in the radio science solution are entirely contrary.

Visually, we can discern any non-negligible contributions
of optical space-based observations to the overall orbital solu-
tion of Io by their increasingly yellowish shading in Figure 9,
thus towards the top-right corner of each subplot. Assuming a
total number of approximately 1280 observations - based on
the average number of observations taken per moon by Cassini
(Tajeddine et al. 2015), see Section 5.2 - minimum radio science
true-to-formal-error ratios of approximately 3-5 and 1-2 for the
along-track and normal direction, respectively, have been found
in order for optical astrometry to have a reasonable contribution
to the ephemeris estimation. However, as previously outlined,
no significant improvements have been found for the radial posi-
tion. Overall, given an anticipated true-to-formal-error ratio for
Io between 3 and 10 (see Section 4.2), we hence expect signif-
icant contributions to the out-of-plane - and to a slightly lesser
extent to the along-track - direction of Io’s ephemeris while the
radial position remains constrained by the a priori constraint.
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On a final note, it has to be stressed that a quantitative def-
inition of the cut-o↵ values for which the contribution of the
optical space-based astrometric observations to the orbital solu-
tion of Io is deemed negligible is subject to several parameters
and thus far from clear-cut. First, the centre-of-figure, unlike the
centre-of-mass, is conceptually merely vaguely defined, leading
to a distinct - yet not quantifiable - noise floor. Second, as already
briefly touched upon (see Section 5.3.2), by constraining the dy-
namics of the remaining moons via a concatenated estimation,
the radio science solution might prove to be more influential on
constraining the state of Io. In particular, due to the Laplace reso-
nance being aligned with the orbital plane, any e↵ects hereof will
mainly a↵ect the in-plane position of Io while the out-of-plane
component remains largely untouched. Third, inaccuracies in the
outlined analytic simulation of image-reduction (see Section 3.1)
will be a further source of influence, with lower accuracies lead-
ing to higher uncertainties - and thus lower levels of contribution
- in all three directions. Finally, the overall quality of the a priori

information used to constrain the estimation of the COF-COM-
o↵set directly propagates into the level of space-based astrom-
etry’s contribution to the estimated state of Io. Thus, as a result
of tighter a priori constraints due to global inversion strategies
- enabling estimation using radio-tracking data of JUICE and
Europa Clipper alongside more than a century of ground-based
astrometry (Fayolle et al. 2023) - the orbital solution of Io will
benefit less form space-based astrometric observations.

6.2. Constraining the Interior Structure of Io

As evidenced by the values that have been found for its low-
degree gravity field coe�cients (see Table 1), Io is thought to be
in hydrostatic equilibrium (Anderson et al. 2001). This conclu-
sion is further underlined by the high level of correspondence be-
tween its observed and theoretical shape (assuming hydrostatic
equilibrium), indicating a stable, balanced shape (Thomas et al.
1998). Thus, obtainable moments of inertia further suggest a dif-
ferentiated interior structure with distinct layers - an iron core,
a mantle, and a silicate crust (Van Hoolst et al. 2020). While
it is commonly argued that the core of Io is molten (e.g. Khu-
rana et al. 2011; Schubert et al. 2004), its radius (with estimates
ranging from 650 to 950 km) and the mass fraction (respectively
between 10 and 20 per cent of the total mass) hereof strongly
depend on the exact - unknown - composition (Steinke 2021).
Finally, given the observability of various mountains, the pres-
ence of a su�ciently strong lithosphere of varying thickness is
assumed (Steinke et al. 2020).

So far, while no indications contradicting the presumed dif-
ferentiated internal structure of Io have been observed, the state
of Io’s mantle remains highly questioned. In particular, the sub-
layer structure and their respective thermal states are subjects
of debate, with conflicting views on the mantle’s melt fraction.
Studies about heat convection and di↵usion within the mantle
suggest a melt fraction of approximately 20 per cent (Steinke
et al. 2020), which is backed by the expected range of 20 to
30 per cent indicated by the eruption temperature of Io’s vol-
canoes (Keszthelyi et al. 2007). However, Khurana et al. (2011)
have argued for the presence of even more significant melt frac-
tions or even the potential existence of a global magma ocean
due to the magnetic field as measured by the Galileo probe, with
high melt fraction again having been repudiated by observations
of Io’s aurora (Roth et al. 2017).

Circling back to the briefly touched link between Io’s inte-
rior and its tidal properties, hosting the bulk of tidal heat pro-
duction, the mantle layer of Io strongly influences the interior

and orbital dynamics (Steinke 2021), yet its exact structure and
composition are not fully understood. To this end, estimations of
the o↵set between the centre-of-figure and centre-of-mass yield
an additional constraint on both the structure and composition
of Io’s mantle layer, crucial for further narrowing down the list
of available interior models. In particular, we have to distinguish
between e↵ects due to two distinct cases - first, the estimated
o↵set di↵ers significantly from zero, or second, no or an almost
negligible o↵set is assumed to be present.

Any significant COF-COM-o↵set arises from an asymmet-
ric distribution of density or material (as strongly pronounced
external topographic features), with internal heterogeneities be-
ing highly dominant given the mass-ratio between the crust and
the mantle layer. Hence, potentially hinting at the presence of
anomalies in a homogeneous, symmetric density distribution due
to solidified silicate, increasing o↵sets could be an indication of
a decreasing melt fraction in the mantle. However, by turning
this argument around, any o↵set could also hint at the existence
of an irregular pattern of regions with a higher melt fraction and
temperature than surrounding areas as a result of irregular heat
transfer through the mantle layer. Thus, significant o↵sets be-
tween the COF and COM generally suggest a more complex,
asymmetric, and less homogeneous internal structure.

Given that significant variations in the conductive crust in-
dicate changes in the crustal thickness of the order of several
kilometres (Van Hoolst et al. 2020; Steinke et al. 2020), such
variations would indeed lead to a certain, yet not overly signif-
icant ‘baseline’ o↵set (i.e. smaller than the above-assumed one,
but still estimable). Assuming an otherwise symmetric distribu-
tion of density over the mantle layer, the estimation of no or an
almost negligible o↵set would thus hint at either di↵erences in
the mineral composition - hence density - of the crust or iso-
static compensation5 of density anomalies within the mantle by
the topography or vice versa. The absence of any significant o↵-
set between the COF and COM is a necessary condition for the
presence of a high melt fraction of silicates within Io’s mantle.
However, we have to stress that this is by no means a su�cient
condition in favour of a greater percentage of magma within Io.
In general, a small o↵set is thus an indication of a more homo-
geneous, symmetric internal structure and composition of Io.

6.3. Influence of Orbital Librations and Tidal Deformation

As outlined in Section 2, the orbital motion of Io is not en-
tirely Keplerian and subject to slight temporal variations, lead-
ing to changes in the gravitational torque of Jupiter and hence
additional librations and tidal deformations (Lainey et al. 2006;
Van Hoolst et al. 2020). Generally, these librations are modelled
as superpositioned contribution to the rotational state of Io - con-
tradicting our initial, simplified assumption of a synchronous ro-
tation. Mathematically, librations directly influence Eq. 21 - the
observation equation for the constant COF-COM-o↵set vector -
by altering the body-fixed-to-inertial rotation matrix. Tidal de-
formations, on the other hand, induce a - so far unaccounted, see
Section 3.1 - discrepancy between the model used to fit the limb
to its imaged counterpart and the actual shape of Io.

As a result of the Laplace resonance, Van Hoolst et al. (2020)
indicate that long-term librations of Io are strongly connected
with the orbital interactions via the other moons - with variations

5 Isostatic compensation refers to the mechanism by which any excess
mass above a specific reference level (such as Earth’s sea level) is coun-
tered by a deficiency in density within the underlying layers, ultimately
achieving a state of isostatic equilibrium (Kearey et al. 2009).
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in eccentricity, semi-major axis, or orbital inclination merely
having a secondary influence. Yet, we have to stress that the li-
bration amplitude is directly linked to the rigidity and viscosity
of Io’s interior structure and composition. In particular, since the
tidal deformation of the crust of Io increases with decreasing
crustal rigidity, conservation of energy dictates the libration am-
plitude to decrease (Jara-Orué & Vermeersen 2014; Van Hoolst
et al. 2013). Thus, exact measurements of the libration ampli-
tude could provide direct insights into the internal structure of
Io. Finally, non-accounted librations could potentially negatively
spill into the estimation of the discrepancy between the centre-
of-figure and centre-of-mass, as well as the optical space-based
orbital solution of Io.

Given an expected order of magnitude for the libration am-
plitude of approximately one kilometre - with exact values
strongly depending on the internal structure and melt fraction
of Io (Van Hoolst et al. 2020) - currently achievable uncertain-
ties of space-based imaging are too coarse to properly constrain
the libration of Io. Still, space-based stellar occultation observed
using the ultraviolet spectrograph (UVS) of either JUICE or Eu-
ropa Clipper could obtain accuracies up to a few metres. While
this high level of accuracy of UVS observations might be prob-
lematic in the context of ephemeris estimation - since the best
available dynamical and shape models of Io are not yet at metre
level - significant advancements in the topography of Io (Abra-
hams et al. 2021) as well as our understanding of librations and
tidal deformations within Io are to be expected. Besides giving
direct insights into the structure of Io’s interior, explicitly ac-
counting for long-term orbital librations could allow a reprocess-
ing of the optical space-based imaging data - potentially yield-
ing further improvements of the orbital solution and estimation
of the centre-of-figure and centre-of-mass o↵set of Io.

7. Conclusions

Improving the orbital solutions of the Galilean satellites to ad-
vance our understanding of the underlying mechanisms of tidal
dissipation is crucial to providing key insights into their thermo-
orbital evolution and the formation of the entire Solar System.
However, while the radio-tracking data of JUICE and Europa
Clipper will constrain the dynamics of Europa, Ganymede, and
Callisto to an unprecedented level of accuracy, the lack of flybys
around Io results in an imbalanced data set. Merging the radio
science data with optical space-based astrometry of Io could thus
stabilise and potentially improve the orbital solution. Obtaining
a measure for the COF-COM-o↵set moreover yields a new con-
straint on Io’s interior structure and composition. Exploiting the
tidal coupling between Io and Jupiter, this could lead to further
improvements in our understanding of tidal interaction.

By explicitly accounting for any potential discrepancy be-
tween the imaged centre-of-figure and propagated centre-of-
mass, we have mitigated the o↵set’s e↵ect on the ephemeris esti-
mation of Io when using optical space-based astrometric obser-
vations. Given the high level of expected accuracy in Io’s radio
science solution (Fayolle et al. 2023; Magnanini et al. 2023), we
have discussed the extent to which astrometric imaging is able
to either validate radio science of Io or constrain its state. The
formal errors in the COF-COM-o↵set and the state of Io have
been estimated from simulated optical space-based astrometry
as a function of the expected number of observations and the
radio science true-to-formal-error ratio (see Section 5.3).

It has been shown that the absolute uncertainties and the rel-
ative observation geometries of a sequence of space-based astro-
metric images are pivotal drivers in constraining the o↵set in the

COF and COM of Io. Hence, an analytic expression to model
the relative uncertainties associated with simulated observations
has been implemented (see Section 3.1) and optimised based on
data provided by Tajeddine et al. (2015). Instead of resorting to
their expected average number of background stars, realistically
accounting for the momentaneous number of visible stars in the
NavCam’s field-of-view would complement the currently used
model for the camera’s pointing uncertainty.

Given the three-dimensional nature of the problem, varia-
tions within the relative observation geometry are crucial to the
estimation of the COF-COM-o↵set (Pasewaldt et al. 2012). We
have found that - owing to the largely equatorial alignment of
JUICE with respect to Io - the observation of the along-track
position of Io is obstructed by the brightness of Jupiter (see
Section 5.1.2). Hence, in order to maximise the scientific return
of optical space-based astrometry, observations taken during the
high-inclination phase of JUICE are indispensable. Adopting a
simultaneously uncertainty- and geometry-driven hybrid algo-
rithm for the selection of epochs at which observations are to be
simulated has thus been found to be essential (see Section 5.2).

To restrain our estimation framework to the formal uncer-
tainty of the radio science solution, we have constrained our co-
variance analysis to the averaged propagated formal errors of
Io that would arise from the rigorous implementation of the ra-
diometric tracking set-up of JUICE and Europa Clipper using
suitable a priori information (see Section 4.3). For the discrep-
ancy between the centre-of-figure and the centre-of-mass, a hy-
pothetical best-case scenario with formal uncertainties of ap-
proximately 200 metres and about 100 metres in the in-plane
and out-of-plane directions, respectively, has subsequently been
found. Translating Cassini’s average number of 1310 observa-
tions per moon to Io, we have obtained realistically attainable
formal uncertainties of no more than 300 metres. Nonetheless,
using the proposed algorithm, our estimation has been limited
to the state of Io. While the a priori covariance matrix accounts
for the (static) uncertainties in the states of the other moons, we
merely mimic any influence that the propagated uncertainties in
these states could have on the covariance of Io and vice versa.
Thus, expanding the dynamical model to all four Galilean moons
would be an insightful complement.

Finally, using a rigorous Monte Carlo analysis, the expected
contribution of optical observations to the estimation of the o↵-
set between the centre-of-figure and the centre-of-mass, as well
as the ephemeris of Io as a function of the expected quality of
the radio science solution, has been assessed (see Sections 5.3).
While the estimation of the COF-COM-o↵set’s radial contribu-
tion has been found to be independent hereof, both the along-
track and out-of-plane direction are distinctly a↵ected by the
radio science true-to-formal-error ratio. Within their ability to
either validate radio science or constrain the orbital solution of
Io, all three components have been found to exhibit compara-
ble demeanour - the state of Io is progressively less constrained
by the radio science a priori information and the contribution
of the optical observations becomes predominant. While the ex-
act value for the radio science true-to-formal-error ratio of the
state of Io is not known, a total of 1280 observations of Io trans-
late to minimum ratios for astrometry to have an observable im-
pact of approximately 3-5 and 1-2 for the in-plane and out-of-
plane directions, respectively. Overall, it is thus highly likely
that space-based astrometry contributes to the orbital solution of
Io. Nonetheless, the potential of optical space-based imaging to
constrain the orbital solution of Io should be further investigated
- for instance by concurrently inverting space-based astrometric
observations of both JUICE and Europa Clipper.
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Appendix A: Optical Space-Based Astrometry - Validation of the Centre-of-Figure Uncertainty for JUICE

Fig. A.1. Moon-wise behaviour of both the fitted analytical model by Antreasian et al. (2005) to the data provided by Tajeddine et al. (2015) for
Cassini as a function of either the apparent diameter or the distance to the respective moon. Data has been scaled to mimic the he results that would
have been expected when using a NavCam-like camera instead of Cassini’s NAC. Stated centre-of-figure uncertainties are thus not representative
for the original accuracy achieved by Cassini, yet they demonstrate how the reduction of NavCam-like images would have performed.
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While highly adapted reduction techniques have been devel-
oped to obtain estimates of the accuracies of space-based images
(Tajeddine et al. 2013, 2015), they fall short of the description
of simulated uncertainties. Thus, an analytical expression hereof
is indispensable in the context of conceptual studies. However,
with the only available analytical model by Antreasian et al.
(2005) merely poorly agreeing with the data obtained by Cassini,
we have fitted the two variable model parameters to imaging data
provided by Tajeddine et al. (2015) for five Saturnian moons -
Tethys, Dione, Rhea, Iapetus, and Phoebe. Figure A.1 visualises
the moon-wise results of this non-linear least-squares fit.

In general, as can be inferred from Figure A.1, the (fitted)
analytical model by Antreasian et al. (2005) is well adapted,
yet the original values for the model parameters yield notable
discrepancies with Cassini’s data. For the four larger moons -
Tethys, Dione, Rhea, and Iapetus, in particular - we obtain high
levels of agreement between the fitted curves and the imaging
data. Phoebe, on the other hand, has a highly irregular shape
that naturally complexifies the limb-fitting process. Hence, since
Cassini has furthermore taken significantly fewer images of this
satellite, Phoebe’s individual fit should be treated with caution.
Still, to obtain a slightly conservative parameter estimate - i.e.
favouring slight overestimation of the formal uncertainty over
too optimistic accuracies - the slightly higher fitted parameters
for Phoebe have explicitly been included in the calculation of
the averaged parameters subsequently being treated as final fit.
Overall, we have found values of 0.095 pixels and 0.0014 for the
weighting factor �min and scaling factor C, respectively.

Given that the apparent diameter of the imaged moon in pix-
els - of which the analytical expression is a function - is a some-
what elusive quantity, we have also visualised the demeanour
of the centre-of-figure uncertainty as a function of the distance
between the spacecraft and the respective moon. For observa-
tions of Io by JUICE, we are especially interested in relative dis-
tances ranging from 0.04e7 to 0.25e7 kilometres, the minimum
and maximum proximity for which optical space-based astrom-
etry has been found to be possible. From Figure A.1, we can
conclude that the obtained fit within this regime is of particular
quality, highlighting the high degree of the underlying potential
of our fitted analytical expression.

On a final note, the artificially introduced scaling factor
of FOVNavCam/FOVNAC = 4/0.35 to mimic the results that
would have been expected when using a NavCam-like camera
instead of Cassini’s NAC needs to be addressed. Realise that
both the obtainable centre-of-figure uncertainty as well as the
respective satellite’s apparent diameter have to be scaled accord-
ingly. Intuitively, while the linear scaling of the (by definition
one-dimensional) apparent diameter is rather straightforward,
one would expect the centre-of-figure uncertainty of the two-
dimensional limb to be scaled by a scaling factor taking both
dimensions of the field-of-view into account. However, owing to
the limb-fitting process being performed iteratively for all hor-
izontally interconnected lines of pixels across the satellite (for
more details, see Tajeddine et al. (2013)), the respective pixel-
wise information content similarly has to be scaled linearly using
the above-stated scaling factor.
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3
Conclusions and Recommendations

Building upon the results and discussion thereof presented in the journal paper (see Chapter 2), within
this chapter we provide detailed conclusions by evaluating how the individual research questions have
been answered and contributed to the overall research objective of the thesis. Furthermore, we thor-
oughly delineate and discuss recommendations for potential future work.

3.1. Conclusions
Within this section, we will address the underlying research objective of this work outlined in Section 1.1.
Providing an answer to all research questions will place this work in the context of the overall research
objective that laid the foundation of this work.

RSQ1: How can we simulate optical space-based astrometric observations whilst simultane-
ously deriving realistic associated uncertainties?
From a simulation point-of-view, optical astrometry can be simulated as angular observations of the
right ascension and declination of a natural satellite with respect to the spacecraft. In essence, this is
comparable to the much more frequently used simulation of angular measurements of ground-based
Very Long Baseline Interferometry (VLBI) observations. However, a dedicated schedule and obser-
vational constraints - e.g. ensuring no images to be taken with a direct view of the Sun or too close
to the limb of Jupiter - have to be implemented upfront as a general feasibility check of all individual
epochs over the total simulation period. To model the error induced by an optical reduction pipeline
and derive realistic uncertainties, an analytic expression to compute the relative uncertainties associ-
ated with simulated observations has been implemented and optimised. To this end, we have fitted
the variable parameters within our analytical expression to the optical (already reduced) data obtained
by Cassini using a least-squares algorithm. However, given that the geometrical specifications of the
corresponding field-of-views significantly differ between the imaging subsystems of Cassini and JUICE,
we had to introduce a scaling factor to mimic the results that would have been expected when using a
NavCam-like camera instead of Cassini’s imaging subsystem.

RSQ2: How can we account for the COF-COM-offset of Io within our dynamical model?
In a body-fixed frame, the offset between the centre-of-figure and centre-of-mass of a celestial body
can be expressed as a constant vector. Hence, mathematically perfectly decoupled from any assumed
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shape model, a straightforward dynamical representation should exist. Usually, the offset between the
COF and COM enters the equations of motion via the gravity field. However, we have shown that a
consistent implementation in the dynamical model can be somewhat cumbersome. In particular, using
the relation between a celestial body’s COM with respect to its COF and its unnormalised gravity field
coefficients of degree and order one has proven to be highly erroneous. While this approach yields
a consistent description of the gravitational dynamics, the COF is now treated as the overall origin
of the body-fixed frame. Yet, we have found that by shifting the frame origin from the COM to the
COF, non-zero degree and order one gravity field coefficients introduce an artificial discrepancy to the
implemented analytical tidal model developed with respect to a body’s COM. For Io, changing the origin
of the underlying frame indirectly leads to variations in the energy dissipated into its orbit via the tidal
interaction with Jupiter resulting in large mismatches in the orbital position over time.

Thus, instead of altering the properties of the dynamical model, we have introduced a difference be-
tween the models used within the simulation of observations and state propagation. While entering the
observation equation, the COF does not influence the dynamical equations of motion. In other words,
optical astrometry data has explicitly been fed into the covariance analyses as unintended observations
of the centre-of-figure. In essence, this process explicitly accounts for the offset between the observed
COF and propagated COM, unlike the implicit estimation framework typically applied to space-based
astrometric observations. Since the offset between the COF and COM has so far not been explicitly
estimated, per definition, optical observations are always taken with respect to the COF. Yet, any op-
tical observables are implicitly treated as being taken with respect to the imaged body’s COM, thus
introducing a discrepancy between the observation and estimation models. However, by explicitly es-
timating the offset between the COF and COM alongside the initial state of Io, we eliminate the model
discrepancy, thus potentially improving the overall orbital solution.

RSQ3: To what extent will different relative observation geometries and uncertainties of optical
observations influence the formal errors of the estimated COF-COM-offset?
We have found that absolute (metric) uncertainties and relative observation geometries space-based
astrometric images are crucial to constrain the estimation of the discrepancy between the centre-of-
figure and centre-of-mass of Io. Unsurprisingly, decreasing uncertainties have been identified as the
primary driver of the offset’s associated formal errors - with potential improvements due to ten suitably
selected observations ranging from 43 per cent in the out-of-plane component up to 50 per cent in
the in-plane directions, respectively. Yet, we have further highlighted that variations in the relative
observation geometry are a pivotal secondary criterion. Owing to the largely equatorial alignment of
JUICE with respect to Jupiter and Io, the observation of the in-plane component of the offset is generally
obstructed by the brightness of the former prominently looming in the NavCam’s field-of-view, while the
normal direction is well covered. The high-inclination phase of JUICE is the only exception that breaks
this pattern owing to a significant out-of-plane orientation.

Since the image-acquisition planning for the NavCam instrument is yet not firmly chosen, potential rec-
ommendations for an effective observation scheme are of particular importance. Hence, in order to
maximise the scientific return of optical space-based astrometry, we have highlighted that - besides an
overall low absolute uncertainty - imaging during the high-inclination phase of JUICE is indispensable
to decorrelate the different contributions to the in-plane offset. Using the proposed uncertainty and
geometry-driven hybrid algorithm for the selection of epochs at which observations are to be simulated,
already low numbers of astrometric images (80 observations) yield low formal errors in the determina-
tion of the COF-COM-offset of about 1 kilometre. In particular, this is about one-quarter of the number
of observations required to obtain comparable uncertainties when randomly selecting epochs. Further-
more, by translating Cassini’s average number of 1310 observations per moon to Io, we have obtained
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realistically attainable formal uncertainties of no more than 300 metres. Finally, we have shown that
an optimised observation geometry yields a more circularised uncertainty ellipse, with errors in radial
and along-track direction mutually approaching, even though the three-dimensional ellipse, however,
will never be spherical but remains oblate in the out-of-plane component.

RSQ4: What is the influence of the radio science quality on the space-based astrometry’s ability
to constrain the estimation of the COF-COM-offset and contribute to the orbital solution?
Owing to the tracking data of JUICE and Europa Clipper predominately obtained during the orbital
phase around Ganymede and the many flybys of Europa, respectively, the indirect estimation of the
state of Io is going to lead to a substantial true-to-formal-error ratio of its radio science solution. In
general, an increasing radio science true-to-formal-error ratio has led to interference with the formal
errors of the offset between the centre-of-figure and centre-of-mass. We have highlighted that the
estimation of the COF-COM-offset spills into that of the initial state, with the estimator no longer being
able to discern between the two effects. Since the a priori radio science solution has been found to no
longer be able to exclusively constrain the estimation of the initial state of Io, space-based astrometric
observations begin to improve the overall orbit determination at the expense of accuracy within the
formal errors of the estimated COF-COM-offset. Owing to the low uncertainty level of the radio science
solution in the radial direction (1.5 metres), the associated component of the COF-COM-offset has
never been affected. However, for moderate numbers of observations, the scaled radio science normal
(387 metres) and along-track errors (137 metres) begin to interfere with the estimated uncertainties
of the COF-COM-offset (between approximately 3,000 to 150 metres for 10 and 5120 observations,
respectively). We have shown that this trend already occurs for true-to-formal-error ratios between 3
and 5 for the out-of-plane direction, and 8 and 13 in the along-track component.

The extent to which optical space-based observations could potentially contribute to the estimation
of the state of Io has been found to significantly depend on the true-to-formal-error ratio of the ra-
dio science solution. Assuming a reasonable true-to-formal-error ratio as well as a moderate number
of observations, we have shown that the orbital solution will be entirely dominated by radio science.
While we have underlined that optical observations could still be valuable to validate the radio science
solution, we have further highlighted that optical space-based astrometry might indeed contribute to im-
provements in the orbital solution, given a sufficiently high true-to-formal-error within the radio science
solution. Assuming a total number of approximately 1280 observations - based on the average moon-
wise number of observations taken by Cassini - minimum radio science true-to-formal-error ratios of
approximately 3-5 and 1-2 for the along-track and normal direction, respectively, have been found in
order for optical astrometry to have a reasonable contribution to the ephemeris estimation. However,
owing to the associated firm radio science constraint, no significant improvements have been found for
the radial position.

RSQ5: Which insights can a measure of the discrepancy between the centre-of-figure and
centre-of-mass of Io give us on the interior structure of Io?
Any significant COF-COM-offset arises from an asymmetric distribution of density or material (as espe-
cially pronounced external topographic features), with internal heterogeneities highly dominant given
the mass ratio between the crust and the mantle layer. Hence, potentially hinting at the presence of
anomalies in a homogeneous, symmetric density distribution due to solidified silicate, increasing offsets
could be an indication of a decreasing melt fraction in the mantle. However, by turning this argument
around, any offset could also hint at the existence of an irregular pattern of regions with a higher melt
fraction and temperature than surrounding areas as a result of irregular heat transfer through the man-
tle layer. Thus, significant offsets between the COF and COM generally suggest a more complex,
asymmetric, and less homogeneous internal structure.
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Given that significant variations in the conductive crust indicate changes in the crustal thickness of the
order of several kilometres, such variations would indeed lead to a certain, yet not overly significant
‘baseline’ offset (i.e. smaller than the above-assumed one, but still estimable). Assuming an otherwise
symmetric distribution of density over the mantle layer, the estimation of no or an almost negligible
offset would thus hint at either differences in the mineral composition - hence density - of the crust or
isostatic compensation (a special form of Archimedes’ principle) of density anomalies within the mantle
by the topography or vice versa. The absence of any significant offset between the COF and COM is
a necessary condition for the presence of a high melt fraction of silicates within Io’s mantle. However,
we have to stress that this is by no means a sufficient condition in favour of a greater percentage of
magma within Io. In general, a small offset is thus an indication of a more homogeneous, symmetric
internal structure and composition of Io.

The goal of this thesis is to estimate and analyse the discrepancy between the centre-of-figure
and centre-of-mass of Io, and subsequently determine the ability of optical space-based astro-
metric observations to contribute to the overall orbital solution.
Improving the orbital solutions of the Galilean satellites is crucial to providing key insights into their
thermo-orbital evolution and the formation of the entire Solar System. To this end, to stabilise the im-
balanced estimation of Io’s radio science ephemeris solution, direct optical space-based astrometry by
the imaging subsystem of JUICE has been suggested to constrain the dynamics of Io. Yet, with the
inversion of orbital dynamics performed with respect to the centre-of-mass of natural satellites, optical
space-based observations of the position of a body’s centre-of-figure introduce a discrepancy between
the observation and estimation model. Thus, explicitly accounting for the offset between the observed
centre-of-figure and the propagated centre-of-mass during ephemeris estimation, however, mitigates
the influence of the discrepancy on the orbital solution of Io when using optical space-based astrometric
observations.

Within this work, we have shown that the absolute uncertainties and the relative observation geometries
of a sequence of space-based astrometric images are pivotal drivers in constraining the offset in the
COF and COM of Io. However, owing to the largely equatorial alignment of JUICE with respect to Io
- the observation of the along-track position of Io has been found to be obstructed by the brightness
of Jupiter. In order to maximise the scientific return of optical space-based astrometry, the benefit of
observations taken during the high-inclination phase of JUICE has been highlighted. Hence, we have
formulated recommendations for an appropriate adaptation of the observation schedule of the NavCam.
If we assume a total of approximately 1280 images being taken of Io - based on Cassini’s average
moon-wise number of observations - realistically attainable formal uncertainties in the estimated COF-
COM-offset of no more than 300 metres have been obtained. For astrometry to have a significant
impact on the ephemeris estimation of Io, this has translated to a true-to-formal-error ratio of the a
priori radio science solution of approximately 3-5 and 1-2 for the in-plane and out-of-plane directions,
respectively. Overall, given an anticipated radio science quality for Io with ratios between three and ten,
we have thus concluded a high likelihood of space-based astrometry contributing to the orbital solution.

3.2. Recommendations for Future Work
The results and conclusions presented in this thesis have already hinted at several interesting points
that could be investigated in the future to further analyse the discrepancy between a celestial body’s
COF and COM. Within this section, these areas of further research shall be briefly addressed.

• This work has exclusively focused on the estimation of the centre-of-figure and centre-of-mass
offset of Io. However, crucial information about the formation and evolution of the Jovian sys-
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tem as well as on the respective interior structure can be expected from the estimation of the
COF-COM-offset in the remaining Galilean satellites. While observations by the laser and radar
altimeter aboard JUICE and Europa Clipper will most likely well-constrain the discrepancies for
Ganymede and Europa, respectively, any offset within Callisto remains unconsidered. Hence, as
a preliminary study of the science return, the methodology developed within this thesis could be
transferred to Callisto. Unlike Io, Callisto is not trapped in orbital resonance with any of the other
moons - whilst potential minor improvements of Io’s orbital solution might thus be cancelled by
the Laplace resonance out over short time spans, Callisto’s ephemeris is much more stable. On
the other hand, since the data used to generate the control point network of Callisto would be
a lot more diverse, this introduces a new source of complexity. Nonetheless, whilst this would
further validate the results and conclusions drawn in this work, it would also underline the general
applicability of the methodology to other satellites or planetary systems.

• So far, we have only taken optical space-based astrometric observation by JUICE into account.
However, these could potentially be combined with observations of Io taken by the imaging sub-
system of Europa Clipper. The presence of two missions in the same planetary system is un-
precedented. Such a study could thus reveal potential observational synergies when combining
the two data sets of space-based astrometry. In particular, the simultaneous observation of Io
from two different points of view could be an interesting feature to investigate further.

• The contribution of the number of visible background stars to the pointing error and hence space-
based astrometric uncertainty could simultaneously benefit from a deeper analysis. In particular,
ways to implement the stars of the Galactic background and their respective brightness based
on a Gaia star catalogue, as well as realistically modelling the light pollution around the edges of
Io’s limb should be further investigated. Even though we have shown that the contribution of the
pointing error to the overall uncertainty is about one order of magnitude lower than the error within
the limb-fitting process, this could nevertheless pave the way for a much more fine-grained and
realistic representation of the uncertainty within optical observations and the selection of epochs.

• Furthermore, a concatenated analysis of the contribution of optical space-based observations to
the orbital solution of Io combined with the estimation of the initial states of the remaining Galilean
satellites - Europa, Ganymede, and Callisto - could be conducted. In essence, this would enable
deeper insights into how propagated uncertainties of the other moons might influence the estima-
tion of the offset between Io’s centre-of-figure and centre-of-mass or how improvements in the
ephemeris estimation might be absorbed within the initial states of the other moons. Investigation
of this effect would be of particular interest for Europa and Ganymede, both strongly coupled with
the dynamics of Io via the Laplace resonance.

• The critically delineated method to constrain the estimation of the orbital solution of Io to the
expected level of Io’s propagated formal errors using suitable a priori covariance matrices - and in
particular all underlying, simplifying assumptions - should be thoroughly validated. So far, we have
not taken any temporal variations - due to, for instance, a densely stacked succession of flybys
- in the obtainable formal uncertainty of the radio science solution into account. Instead, a priori
covariance matrices that mimic the averaged propagated formal errors have been computed. To
this end, the radiometric tracking set-up of both JUICE and Europa Clipper should be rigorously
implemented. Subsequently, comparing the results obtained using our a priori approach and
those arising from such a concatenated state estimation could validate the extent to which the use
of a priori constraints approximates the impact of the radio science solution. Further, realise that
this validation should also be combined with the above-outlined recommendations, if applicable.
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• Finally, no non-state parameters besides the offset between the centre-of-figure and centre-of-
mass have been estimated. Still, we know that the orbital motion of Io is not entirely Keplerian
and subject to slight temporal variations, leading to librations of Io’s rotation. In general, these
librations could be modelled as superpositioned contributions to the rotational model of Io. How-
ever, given the conceptual nature of this thesis, so far, this has been omitted. Yet, simulating and
estimating librations of Io could prove to be a valuable addition to the analysis of the expected sci-
entific return of optical space-based imaging. In particular, since non-accounted librations might
potentially negatively affect the estimation of the offset between the centre-of-figure and centre-
of-mass, as well as the optical space-based orbital solution of Io. Since the currently achievable
uncertainties of space-based imaging are too coarse to properly constrain the librations of Io,
space-based stellar occultations of the ultraviolet spectrograph (UVS) of either JUICE or Europa
Clipper could be simulated. While the high level of accuracy of UVS observations might be prob-
lematic in the context of ephemeris-estimation - since the best available dynamical and shape
models of Io are yet not at metre level - librations with an expected order of magnitude for the
associated amplitude of approximately one kilometre could be neatly estimated. Potentially, this
could allow us to simulate the scientific return of optical space-based imaging in case librations
of Io are taken into account - yielding further improvements in the orbital solution and estimation
of the centre-of-figure and centre-of-mass offset of Io.



A
Integrator and Propagator Selection

To propagate the orbits of the Galilean satellites, their respective equations of motion (as stipulated
in Section 2.4 of the journal paper) have to be integrated over time. Owing to its finite time-step, nu-
merical integration is an approximate representation of reality and thus a trade-off between numerical
precision and computational effort has to be made. In general, two types of numerical errors consti-
tute the achievable accuracy - we distinguish between the so-called rounding and truncation errors.
While the latter builds up over integration time due to the above-outlined approximation of the solution,
the former is a result of the computational limitation in the finite floating-point number representation.
Given the complex nature of the dynamics of the Galilean satellites, small initial offsets due to erro-
neously integrated orbits might become reinforced by the Laplace resonance. Hence, the selection
of a sufficiently accurate numerical integrator is crucial. On the other hand, the maximum achievable
physical accuracy of the propagated orbit is limited by the level of uncertainty within the implemented
dynamical model. With the integration of the orbit and the variational equations being the computational
bottleneck of our estimation framework, using covariance analyses in the context of a rigorous Monte
Carlo analysis poses a significant time-wise challenge, underlining the need for efficient numerical in-
tegration. Thus, a trade-off between the computational effort (i.e. the number of function evaluations)
and the achievable numerical accuracy is crucial, with the individual steps hereof being presented in
Section A.2, extending on a brief discussion on the selection of a benchmark solution in Section A.1.
Finally, Section A.3 provides a concise explanation of our choice of propagator, differing in the way
they express and solve the equations of motion.

A.1. Benchmark Solution
To analyse the integration error associated with different numerical integrators and settings, we have to
benchmark the integrated equations against a reference solution. To this end, the selection of a suitable
benchmark integrator is required. Owing to their predictable behaviour as a function of increasing time-
steps, usually, high-order fixed-step integrators are chosen to establish a benchmark solution. Thus,
we will use a Runge-Kutta 8th-order integrator and subsequently optimise its time-step to minimise the
numerical integration error of the reference solution. To get a reasonable estimate of the achievable
integration error ϵ as a function of the time-step, we will compare two integrations with different nu-
merical accuracies (i.e. two time-steps, ∆t1 and ∆t2 > ∆t1) with one another. Further denoting the
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‘true’ orbital and integrated solution by y(t) and ȳ(t), respectively, we find the following estimate for the
benchmark integration error:

y(t) = ȳ(1)(t) + ϵ (∆t1) ,

y(t) = ȳ(2)(t) + ϵ (∆t2) ,

ȳ(1)(t)− ȳ(2)(t) = ϵ (∆t2)− ϵ (∆t1) ≈ ϵ (∆t2) .

(A.1)

Yet, we have to ensure that the benchmark integrator’s time-step has to be sufficiently small to blur the
line between numerical truncation and rounding errors. Nevertheless, we have to prevent the accumu-
lation of random numerical noise due to an excessive number of integration steps (i.e. a minuscule
time-step). To this end, Figure A.1 visualises the demeanour of the numerical error of a Runge-Kutta
8th-order integrator as a function of the time-step. Thus, for the reference solution to lie within the tran-
sition regime from truncation to rounding errors, we choose a benchmark time-step of 15.0 minutes.

Figure A.1: Benchmark selection (left) and validation (right). Numerical integration errors for the selection have been computed
with respect to the 5.0 minutes solution using an 8th-order Runge-Kutta integrator over the duration of the orbital phase of JUICE
around Jupiter. The chosen integrator’s time-step is indicated by the vertical red line and validated via a forward-backward
propagation of the state of Io, using the state of the forward propagation as the new initial state of the backward propagation.

To validate our choice of benchmark integrator, we perform a forward-backwards propagation of the
state of Io, using the state of the forward propagation as the new initial state of the subsequent backward
propagation. By design, with the exception of numerical integration errors, the initial and final state
of the forward and backward propagation, respectively, should be identical. To this end, Figure A.1
illustrates the differences between the forward and backward propagation. With a final mismatch of a
mere 10 metres, the accuracy and suitability of the chosen benchmark integrator have been validated.

A.2. Comparison of Integrators
A wide variety of different integrators is implemented in the TU Delft Astrodynamics Toolbox (tudat),
in particular Euler, Runge-Kutta, Runge-Kutta-Fehlberg, Dormand-Prince, Adams-Bashforth-Moulton,
and Bulirsch-Stoer integration routines. Without going into too much detail, both the Euler and Bulirsch-
Stoer integrators have been eliminated upfront - while the former is prone to lead to very high integration
errors due to the underlying first-order linearisation, the sparse integration outputs of the latter - typically
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used in combination with extensively long integration times - are not suitable in the context of simulating
optical space-based astrometric observations and orbit determination. By design, the chosen bounds
for the absolute and relative tolerances for variable time-step integrators are rather independent of the
orbital problem at hand. In contrast, the selected time-steps have to be critically evaluated to match the
problem at hand, since for instance, much lower step-sizes are required to capture the fast-changing
dynamics during re-entry flights than the propagation of the much more uniform orbital dynamics of
celestial bodies. Since Lainey et al. (2009) propagated the dynamics of the Jovian system over more
than a century, their time-step of approximately two hours has been chosen as the upper limit, given
our much shorter propagation period. The following integrators and settings have been implemented:

• Runge-Kutta (RK)

– RK4: time-step = [30.0; 40.0; 50.0; 60.0; 90.0; 120.0] min

– RK5: time-step = [30.0; 40.0; 50.0; 60.0; 90.0; 120.0] min

– RK6: time-step = [30.0; 40.0; 50.0; 60.0; 90.0; 120.0] min

– RK7: time-step = [30.0; 40.0; 50.0; 60.0; 90.0; 120.0] min

– RK8: time-step = [30.0; 40.0; 50.0; 60.0; 90.0; 120.0] min

• Runge-Kutta-Fehlberg (RKF)

– RKF4(5): absolute and relative tolerances = [10-14; 10-12; 10-10; 10-8; 10-6; 10-4]

– RKF5(6): absolute and relative tolerances = [10-14; 10-12; 10-10; 10-8; 10-6; 10-4]

– RKF7(8): absolute and relative tolerances = [10-14; 10-12; 10-10; 10-8; 10-6; 10-4]

• Dormand-Prince (DP) - DP8(7): abs. and rel. tolerances = [10-14; 10-12; 10-10; 10-8; 10-6; 10-4]

• Adams-Bashforth-Moulton (ABM)

– variable order and time-step: abs. and rel. tolerances = [10-13; 10-11; 10-9; 10-7; 10-5; 10-3]

– 6th order, variable time-step: abs. and rel. tolerances = [10-13; 10-11; 10-9; 10-7; 10-5; 10-3]

– 8th order, variable time-step: abs. and rel. tolerances = [10-13; 10-11; 10-9; 10-7; 10-5; 10-3]

– 10th order, variable time-step: abs. and rel. tolerances = [10-13; 10-11; 10-9; 10-7; 10-5; 10-3]

– variable order, fixed time-step = [30.0; 40.0; 50.0; 60.0; 90.0; 120.0] min

By grouping the integrators into their respective classes - fixed-step (RK), multi-step (RKF and DP),
as well as variable- and fixed-step multi-stage (ABM), Figure A.2 effectively highlights the different
deviations from our chosen benchmark solution (i.e. the integrator error) corresponding to the above-
outlined integrators and settings. In general, a smaller time-step or stricter tolerance will lead to an
increase in accuracy at the expense of more function evaluations. It becomes evident that within the
three distinct integrator classes, the RK8, DP8(7), and variable order and fixed-step ABM integrator
yield the best results in terms of the achievable integration error and required function evaluations.
While the DP8(7) varies its respective time-step as a function of the absolute and relative tolerances
(e.g. larger time-steps outside of the lunar conjunctions within the Laplace resonance), both the RK8
and ABM integrator provide an equally-spaced integration output over time. Yet, while the demeanour in
terms of number of function evaluations and integration errors of the RK8 and DP8(7) are highly uniform
and exhibit approximately linear behaviour (when visualised in a log-log plot), the behaviour of the ABM
integrator is much more erratic and less predictable (see Figure A.2). In particular, this is underlined
by the significant decrease in integration error for reductions in the time-step from 50 to 40 minutes
and can be explained by the multi-stage nature of the integrator. Moreover, even though the fixed-
step ABM integrator exhibits the lowest number of function evaluations to integrate Io’s equations of
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Figure A.2: Integrator error for different integrators and settings as a function of the number of function evaluations. The above-
stated time-steps and tolerances as well as a Cowell propagator have been used.

motion, it is simultaneously limited to a minimum achievable accuracy of approximately one kilometre.
In comparison with the much lower integration errors of the RK8 and DP8(7) methods, this renders
the fixed-step ABM integrator unsuitable for our problem at hand. Finally, we want to shift our focus
to the change in slope in the demeanour of the DP8(7) integrator for reductions of the absolute and
relative tolerance from 10-12 to 10-14. This kink is indicative of a transition from pure truncation to
numerical rounding error - thus progressively unpredictable integration behaviour for slight various in
the integration time or initial state (as will be performed to ensure the consistency of the dynamical
model, see Appendix B). Hence, even though slightly more function evaluations will be required to
reach a similar numerical accuracy compared to the DP8(7) integrator, a fixed-step-size RK8 integrator
with a time-step of 30minutes has thus been finally selected as the best trade-off between themaximum
position error (approximately 100 metres) and the required number of function evaluations (slightly less
than 106), while at the same time providing a perfectly uniform integration output.

A.3. Selection of Propagators
Finally, a choice of propagator has to be made. So far, all integrations have been performed using the
default Cowell propagator. To this end, tudat allows a choice of the following implemented propagators:

• Cowell,

• Encke,

• Gauss - Keplerian Elements,

• Gauss - Modified Equinoctial Elements (MEE),

• Unified State Model (USM) - Quaternions,

• Unified State Model (USM) - Modified Rodrigues Parameters (MRP),

• Unified State Model (USM) - Exponential Map.
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However, due to Euler’s rotation theorem, some of these propagators exhibit one or more numerical
singularities for certain values of the eccentricity and inclination of the orbit. For instance, propagating
Keplerian elements is numerically singular in the case of perfectly circular (e = 0) or planar (i = 0◦)
orbits, while MEE also exhibits a singularity for zero inclination, effectively ruling out those propagators
for the propagation of the Galilean satellites, since their orbits are too close to (some) of the known
singularities. Moreover, due to the presence of the Laplace resonance, the three inner moons exhibit
significant deviations from their initial Kepler orbits over long integration intervals, greatly reducing the
effectiveness of the Encke formulation. Moreover, a preliminary analysis has shown that neither of the
three USM propagators has led to significant improvements in terms of accuracy or computational effi-
ciency when combined with the chosen RK8 integrator. Hence, since neither of the other propagators
has been proven to be a significantly more accurate or robust option given the problem at hand, and
Cowell’s straightforward implementation, it has been kept as default propagator within this work.



B
Verification and Validation

Within this section of the appendix, we describe the individual steps that have been taken to verify
and validate the dynamical and numerical models that have been implemented over the course of
this work. In particular, we have used various modules of the TU Delft Astrodynamics Toolbox (tudat).
Extensive use has been made of the orbit propagation and estimation features. Besides any readily
implemented and validated functions, we have made use of multiprocessing in Python to enable the
efficient computation of covariance matrices and have further expanded the tudat-toolbox by several
numerical methods developed within the scope of this thesis, including the analytic determination of the
uncertainty optical space-based astrometry and the associated observation schedule and constraints
as presented in Sections 4.1 and 4.3 of the journal paper. First, however, the consistency of the dynam-
ical model - as outlined in Section 2 of the journal paper - has been validated, with the individual steps
hereof being presented in Section B.1, followed by the validation of optical observation constraints in
Appendix B.2. Finally, in Appendix B.3, the extensively used estimation framework (i.e. underlying
covariance analysis) is verified using a deterministic approach.

B.1. Consistency of the Dynamical Model
Owing to the complex dynamical interactions between the four Galilean satellites - in particular, the
presence of the Laplace resonance between Io, Europa, and Ganymede - a correct and consistent
implementation of the overall dynamical model is crucial for an accurate discussion of the results. To
this end, we have fitted Io’s initial position and velocity to the NOE-5-2021 ephemerides of the Galilean
moons and compared its propagated state history to the ephemeris’ reference state. Subsequently, the
presence of the Laplace resonance between the propagated state of Io and the states of Europa and
Ganymede (as taken from their respective SPICE kernels) has been validated based on the correct
representation of the Laplace angle and the oscillation around its mean value. Finally, the agreement
between the propagated state of Io and the trajectory of JUICE (similarly taken from its SPICE kernels)
needs to be shown - this has been done by evaluating the differences in the distance between JUICE
and both Io’s propagated and reference trajectories, as well as the relative angles with the body-fixed
axes of Io over the duration of the orbital phase around Jupiter.

40
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B.1.1. Fit to the NOE-5-2021 ephemerides

Tomitigate the influences of slight modelling mismatches between our delineated dynamical model (see
Section 2 of the journal paper) and the one underlying the computation of the NOE-5-2021 ephemerides
of the Galilean satellites provided by the Institut de Mécanique Céleste et de Calcul des Ephémérides
(IMCCE), we fit the state of Io to (artificial) Cartesian state observations of its ephemeris. The positions
and velocities of the three remaining moons are fixed to their ephemerides’ states. By fitting the prop-
agated state history of Io to its NOE ephemeris, we obtain a good (i.e. consistent with the ephemeris
when propagated) estimate of the initial position and velocity. By design, any minor disagreements
between the two dynamical models will spill into the optimised initial state of Io, minimising the over-
all state difference. These computations have been performed over a time span of 1,270 days - the
duration of the orbital phase of JUICE around Jupiter - with a rate of one simulated observation every
three hours. As initial epoch, we have hence chosen July 1st 2031, the day of the Jupiter Orbit Inser-
tion (JOI) of JUICE. In particular, the difference in the orbital position of Io has been fit. Note that no
weights have been assigned to the Cartesian position observables. A similar approach has been used
by Lainey et al. (2007) to fit the initial states of the Martian moons to their respective ephemerides.

Figure B.1: Residuals between the propagated state of Io (C) and its NOE-5-2021 ephemeris (M) in the absolute difference in
position (top) and selected orbital parameters - the mean anomaly ∆M , the orbital mean motion ∆n, the right ascension of the
ascending node ∆Ω, and the mean longitude ∆λ. The relative difference in the orbital mean motion is given with respect to its
reference state (obtained from the NOE-5-2021 ephemeris).
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In Figure B.1, we show the residuals in the absolute position for Io after having applied the above-
outlined estimation procedure. If not indicated otherwise, residuals have been evaluated by subtracting
the modelled or reference values using the NOE ephemerides (M) from the computed values (C). Be-
sides the difference in position, Figure B.1 furthermore illustrates deviations in the mean anomaly ∆M ,
the orbital mean motion∆n, the right ascension of the ascending node∆Ω, and the mean longitude∆λ.
All presented orbital parameters have been selected due to their relevance in the following calculation
of the Laplace resonance (see Section B.1.2) between Io, Europa, and Ganymede.

We observe that the absolute difference in the orbital position does not exceed a few kilometres and
exhibits symmetric demeanour - maximal deviations towards the temporal bounds of the estimation
and a minimum centred at the mid-point. Overall, the difference in the position of Io as depicted in
Figure B.1 indicates good agreement between the two underlying dynamical models. This preliminary
conclusion is further underlined by the residuals within the remaining orbital parameters - in particular,
the almost constant (relative) offset in the respective orbital mean motions are indicative of a consistent
implementation of any secular dynamics with a period equal to or lower than the duration of the orbital
phase of JUICE around Jupiter. Realise that the (minor) differences in the satellite’s right ascension
of the ascending node are a direct result of the slight variations in the Laplace resonance due to the
difference in the satellites’ position. Furthermore, the behaviour of the difference in the longitude of
Io with respect to Jupiter exhibits approximately periodic behaviour, oscillating around a mean value
of nought hinting at internal compensation of minor modelling mismatches, which is confirmed by the
demeanour of the difference in the mean anomaly of Io. In essence, while any short-term periodic
behaviour is oscillating around a superposed long-term curve - exhibiting a high level of shape-wise
resemblance with that of the right ascension - the average difference is nonetheless equal to zero.

On a final note, it has to be stressed that the assumed modelling uncertainty of the NOE-5-2021
ephemeris itself is of the order of a few kilometres. Hence - assuming the Laplace resonance to
be present in the dynamical model, which we will analyse in the following - the overall, good agree-
ment is more than adequate for the simulation of observations and estimation of the offset between the
centre-of-figure and centre-of-mass of Io.

B.1.2. Presence of the Laplace Resonance in the Dynamical Model

As already highlighted in our journal paper, the Jovian system and the Galilean satellites are distinctively
shaped by the orbital resonance between Io, Europa, and Ganymede. In fact, the Laplace resonance
is the superposition of two distinct resonances, a 1:2 commensurability between Europa and Io and
a second 1:2 resonance between Ganymede and Europa. Given that no flybys are planned around
Io, its radio science solution will mainly be determined indirectly via the dynamics of Europa (via the
various flybys of Europa Clipper) and Ganymede (via the orbital phase of JUICE) - we have to validate
the presence of the Laplace resonance in our dynamical model. In particular, the Laplace resonance is
characterised by the so-called Laplace angle φL as a function of the momentaneous mean longitudes
of the three inner Galilean satellites (Murray and Dermott, 1999):

φL = λI − λE + λG = 180◦, (B.1)

effectively assuming a static resonance. The Laplace angle, however, de facto slightly librates around
a mean value of 180◦ with a period of 2059.622 days, essentially being the main effect of the Laplace
resonance (Lainey et al., 2006), superpositioned by several short-term oscillations.

Furthermore, the two distinct commensurabilities can be described individually by their longitudes of
conjunction θij , with the first and second subscript denoting the particular resonance pair and argument
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of pericenter, respectively. Hence, the resonance between the two inner moons, Io and Europa, can
be characterised by (e.g. Greenberg, 2010; Murray and Dermott, 1999):

θ11 = λ1 − 2λ2 + ω̄1 ≈ 0◦, (B.2a)

θ12 = λ1 − 2λ2 + ω̄2 ≈ 180◦, (B.2b)

again taking slight librations around a mean value - 0◦ or 180◦ - into account. For the commensurability
between Europa and Ganymede, we find (e.g. Greenberg, 2010; Murray and Dermott, 1999):

θ22 = λ2 − 2λ3 + ω̄2 ≈ 0◦, (B.3a)

θ23 = λ2 − 2λ3 + ω̄3 = [0◦; 360◦] , (B.3b)

with θ23 periodically circulating through 360◦. On a final note, we want to stress that the expression for
the Laplace angle given in Eq. B.1 directly follows from the longitudes of conjunction involving Europa’s
argument of pericentre ω̄2, implicitly linking the inner and outer resonance pair.

Figure B.2: Validation of the presence of the Laplace resonance in the computed model (C). The states of Io have been prop-
agated using a fitted initial state and the delineated dynamical model. The overall Laplace angle and the two longitudes of
conjunction of the inner resonance pair (Io and Europa) are compared with their reference values (M) taken from the NOE-5-
2021 ephemerides. Complementary, the behaviour of the two longitudes of conjunction of the outer resonance pair (Europa and
Ganymede) as obtained from the respective ephemerides states (SPICE) is shown.

To validate the presence of the Laplace resonance between the propagated state of Io and the states
of Europa and Ganymede (as taken from their respective SPICE kernels) in our dynamical model, we
compare the propagated stability of the Laplace angle over the period of the orbital phase of JUICE
around Jupiter with the one exhibited by the NOE ephemerides in Figure B.2. Besides, we furthermore
illustrate the behaviour and relative deviations of the two inner longitudes of conjunction between Io
and Europa. Relative differences have been calculated with respect to the NOE-5-2021 ephemerides.
Realise that in order to illustrate the distinct demeanour of the two outer longitudes of conjunction
between Europa and Ganymede, we have opted to visualise their reference values (obtained using the
respective NOE-5-2021 ephemerides) alongside their propagated, inner counterparts.
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Overall, the presence of the Laplace resonance in our model is confirmed by the almost perfect congru-
ence between the propagated and reference resonant argument. Yet, at first glance, while the Laplace
angle indeed librates around a mean value of 180◦, both our dynamical representation, as well as the
one of the reference system, exhibit a period of about 16 months (≈ 487 days), distinctively different
from the outlined 2059.622 days. However, careful analysis leads to the conclusion that this long-term
libration is indeed present - though only poorly visible given the limited time-scale of Figure B.2 - and
superpositioned by a second, prominent oscillation with a period of the above-stated 16 months. Re-
alise the agreement with the period with which θ23 is circulating through 360◦ - thus, presumably, the
driving dynamical effect behind the librations in the Laplace angle. Furthermore, this short-term libra-
tion perfectly agrees with the one exhibited by the NOE reference ephemerides. The demeanour of the
two propagated, inner longitudes of conjunction over time is as expected based on the above-provided
explanations - Figure B.2 clearly illustrates librations around 0◦ for θ11 and around 180◦ for θ12. In rela-
tive terms, the difference between the propagated and reference longitudes of conjunction are perfectly
periodic and (almost) negligible. Hence, we can conclude that Io, Europa, and Ganymede remain in
stable resonance over the duration of the orbital phase of JUICE around Jupiter.

B.1.3. Agreement with the Trajectories of JUICE

Figure B.3: Residuals in the distance between JUICE and both the propagated state of Io (C) and its NOE-5-2021 ephemeris
(M) and the relative angles with the body-fixed axes of Io over the duration of the orbital phase around Jupiter.

Finally, for the simulation of optical space-based astrometry, we have to validate that the trajectory
of JUICE taken from its respective SPICE kernels is in agreement with the propagated state of Io.
Since the optical uncertainty, as well as the observation schedule and constraints, are a function of
the momentaneous observation geometry, a good agreement between the trajectory of JUICE and the
propagated orbit of Io is crucial. To this end, we evaluate and visualise the differences in the distance
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between JUICE and both Io’s propagated and reference trajectories, as well as the relative angles with
the body-fixed axes of Io over the duration of the orbital phase around Jupiter in Figure B.3.

First, as expected, the absolute difference between the trajectory of JUICE and the propagated state of
Io (C) and its NOE-5-2021 ephemeris (M) are perfectly identical to the previously delineated behaviour
for the state of Io in Figure B.1. Even though this is trivial from a purely mathematical point-of-view since
we have taken the state of JUICE from the same reference trajectory, for the sake of completeness, we
nevertheless want to stress that - given a minimum distance between JUICE and Io of approximately
381,492 kilometres - the highlighted difference is reasonably negligible. Second, the differences in the
relative angles between the JUICE-Io observation vector and Io’s three body-fixed axes - radial, along-
track, and normal - exhibit a common trend, with slightly more pronounced offsets towards the end of
the propagation. Yet, entirely independent of the overall trend, the maximum difference never exceeds
0.0006 degrees and can thus be reasonably neglected. Hence, the above-outlined findings validate
the almost perfect agreement of the trajectory of JUICE with the propagated state of Io.

B.2. Validation of Optical Observation Constraints
Given the intricate reduction process of space-based astrometric images, several constraints have to
be met to ensure unbiased observations with low associated uncertainties. The implemented restric-
tions for optical observations using the NavCam of JUICE have been outlined in Section 4.3 of the
journal paper. For the sake of completeness, we have re-stated the entire set of general parameters in
Table B.1. Note that parameters have been chosen such that the images’ number of visible background
stars does not get corrupted by any external influences (e.g. the minimum Sun-Spacecraft-Moon angle)
or to reduce any sources of error within the limb-fitting process (e.g. maximum Sun-Moon-Spacecraft
(phase-)angle). Similarly to any picture taken on Earth, imaging against direct sunlight will cause the
contrast to drop and contours to blur - thus, a too high Sun-Moon-Spacecraft angle would result in
erroneous fits of the moon’s limb (e.g. Cooper et al., 2014).

Table B.1: Assumptions of general parameters for the NavCam, according to Boutonnet et al. (2018).

Parameter Value

Minimum number of pixels to be filled by the moon 5

Maximum fraction of the FOV allowed to be filled by the moon 1/√5

Minimum Sun-Spacecraft-Moon angle 30◦

Minimum Jupiter-Limb-Spacecraft-Moon angle 5◦ for apparent size of Jupiter > 4◦

Maximum Sun-Moon-Spacecraft angle 130◦

Time around closest approach without NavCam ±12 hrs

In addition to the value for the minimum Jupiter-Limb-Spacecraft-Moon angle stated in Table B.1, we
have implemented a secondary constraint stipulating that for an apparent size of Jupiter smaller than
four degrees, a minimum angle of ten degrees has to be met. On a final note, we want to underline that
neither the constraint for the minimum number of pixels to be filled by the moon nor for the maximum
fraction of the FOV allowed to be filled by the moon will never be met for Io - with at least 5.73 and no
more than 15,397 pixels (of the total 1,048,576 - corresponding to a fraction of 1.4 per cent) ever being
filled by the moon - justifying the omission of any further validation of the implementation hereof.



B.2. Validation of Optical Observation Constraints 46

Figure B.4: Relative observation geometries of Io with respect to JUICE. Overall variations in the Sun-Spacecraft-Moon angle,
the Jupiter-Limb-Spacecraft-Moon angle, and the Sun-Moon-Spacecraft angle are given over time. While shaded regions indi-
cate the constraints for the individual angles, (in-)feasible epochs are depicted in red or blue, respectively.
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Having first verified the implementation of the three overall orbital angles - the Sun-Spacecraft-Moon
angle, the Jupiter-Limb-Spacecraft-Moon angle, and the Sun-Moon-Spacecraft angle - using a set of
unit tests, we can subsequently validate the computation of their respective constraints. To this end,
Figure B.4 visualises the behaviour of the three angles with respect to Io over time. The angle between
Jupiter’s limb, JUICE, and Io has been split in two distinct cases, depending on the apparent size of
Jupiter in or outside of the FOV. Shaded parts indicate the overall regions for which individual constraints
are met. Hence, trivially, every epoch’s angular geometry herein must be deemed unfeasible - which
has both visually (see Figure B.4) and analytically been reviewed using a second set of unit tests,
validating the correct implementation of the optical observation constraints.

B.3. Deterministic Verification of the Covariance Analysis
So far, the formal uncertainties arising from covariance analysis have been interpreted as error-free.
Yet, we have to verify whether the formal covariance errors estimated and discussed in Sections 5
and 6 of the journal paper are consistent with the values that would be estimated from real observa-
tions (i.e. including noise) using iterative least-squares orbit determination. While the conceptual study
performed in the journal paper has been restricted to a pure covariance analysis, for the purpose of
verification we have also performed a ‘full’ least-squares estimation (see Section 3.1 of the journal pa-
per) referred to as deterministic simulation in the following. Note that Fayolle et al. (2022) have outlined
an identical deterministic simulation as verification of a covariance analysis, which is where the struc-
ture and methodology of this section have greatly drawn inspiration from. To verify our implemented
estimation framework, the outlined deterministic approach has to obey the same assumption as the
covariance analysis - the perfect agreement between the observational and dynamical models. Hence,
we have to stress that while a deterministic simulation, in essence, allows an assessment of the consis-
tency between the estimated formal and true errors, this analysis must not be seen as validation of how
representative the formal errors are of the true errors (i.e. the determination of a true-to-formal-error
ratio) obtained from real data. Nonetheless, the proposed deterministic verification ensures the cor-
rect implementation of the estimation framework and underlines the robustness of the obtained formal
errors in the context of covariance analysis.

B.3.1. Methodology and Settings

In general, as stated by Fayolle et al. (2022), variations within the values of a set of parameters using
an iterative weighted least-squares estimation routine are given by (e.g. Montenbruck and Gill, 2000)

∆q⃗i =
(
P−1

0 +HT
i WiHi

)−1 (
HT

i Wi∆z⃗i + P−1
0 ∆q⃗0,i

)
, (B.4)

where∆q⃗i and∆z⃗i denote the variation in parameters values and the vector containing the observations
residuals at each iteration i, respectively, and ∆q⃗0,i is the difference between the current parameters
estimates and their a priori values. WhileHi andWi denote the current design and weight matrix, the
overall a priori matrix is given by P0.

As outlined by Fayolle et al. (2022), true errors are directly computed from the difference between their
estimated values and their true parameters’ values assumed in our dynamical model. Optical space-
based observations are modelled with the noise level computed using the derived analytical expression
for space-based astrometric uncertainties (see Section 4.1 of the journal paper). A total of 1280 epochs
at which observations have been simulated have been chosen randomly using the delineated hybrid
algorithm (see Section 4.4 of the journal paper). Furthermore, random three-dimensional offsets be-
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tween the centre-of-figure and centre-of-mass (randomly selected from a Gaussian distribution with a
standard deviation of one kilometre in all three directions) have been taken into account. Estimations
have been performed for a total of 100 different COF-COM-offset combinations. To mimic imperfect
knowledge of the true ephemeris of Io, we have artificially perturbed the initial state using a randomly
selected state inside its multivariate probability distribution multiplied by a scaling factor of five.

B.3.2. Results

No more than ten iterations have been required for the least-squares estimator to reach convergence.
While, at first glance, this seems slightly extensive, note that we have altered the initial state of Io by five
times a randomly selected perturbation within its multivariate probability distribution. With σi,0 being
the formal uncertainty given by the constraining radio science solution, we have de facto perturbed
the state of Io with a new standard deviation of 5σi,0. Since we have not altered the radio science
constraint, this artificially introduced mismatch between the implemented a priori information and the
perturbed state of Io underlines the need for higher numbers of iterations to reach convergence.

Figure B.5: Final observation residuals residuals in right ascension and declination after the weighted least-squares estimation
reached convergence. Black lines indicate the mean of the residuals for each observable, while dashed red lines represent the
standard deviation. The initial state of Io has been constrained by a radio science a priori covariance matrix with a true-to-formal-
error ratio of unity. A total number of 1280 astrometric observations have been simulated.

For a radio science true-to-formal-error ratio of unity, the final observations residuals in right ascen-
sion and declination are provided in Figure B.5. Unsurprisingly, both residuals follow an approximated
Gaussian distribution with almost zero mean. Furthermore, their respective standard deviations lie in
the close vicinity of the averaged noise level of the selected observation epochs (see Section 5.1 of
the journal paper). Increasing the radio science true-to-formal-error ratio to eight (see Figure B.6) does
not notably influence the final observations residuals. We can still observe two approximated Gaussian
distributions centred around a mean value of nought while the associated standard deviations remain
equal to the average noise level of the simulated astrometric observations.

For a radio science a priori true-to-formal-error ratio of unity, Figure B.7 provides the histograms of
the estimated true-to-formal-error ratio in the position, velocity, and COF-COM-offset of Io. It has to
be stressed that we need to distinguish between two distinct true-to-formal-error ratios - the one used
to scale the a priori constraint and the one arising from our parameter estimation. For the latter, all
values lie between zero and eight, with significant differences between the estimated state variables
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Figure B.6: Final observation residuals residuals in right ascension and declination after the weighted least-squares estimation
reached convergence. Black lines indicate the mean of the residuals for each observable, while dashed red lines represent the
standard deviation. The initial state of Io has been constrained by a radio science a priori covariance matrix with a true-to-formal-
error ratio of eight. A total number of 1280 astrometric observations have been simulated.

(zero to eight) and the offset between the COF and COM (zero to four). As highlighted by Fayolle
et al. (2022), the underlying estimation models are nonetheless deemed faultless, with converged true
errors theoretically being representative of the estimated formal uncertainties (i.e. the true error is an
individual of the entire population described by a Gaussian distribution with a standard deviation equal
to the estimated formal error). Furthermore, the deterministic simulation highlights two distinct trends -
one within the true-to-formal-error ratio of the state of Io and one for the COF-COM-offset. While the
obtainable standard deviation for the former is skewed towards two (instead of the ideal value of one),
the standard deviation of the latter lies slightly below unity.

Figure B.7: Distribution of the true-to-formal-error ratio for all estimated parameters. Nine parameters - initial state (3D position,
3D velocity) of Io alongside the COF-COM-offset (constant 3D vector) - were estimated. The initial state of Io has been con-
strained by a radio science a priori covariance matrix with a true-to-formal-error ratio of unity. A total number of 1280 astrometric
observations have been simulated.

We have shown that for low radio science true-to-formal-error ratios - in particular for ratios of unity -
optical space-based observations will only negligibly contribute to the orbital solution of Io (see Sec-
tion 5.3.2 of the journal paper). Perturbing the initial state, however, requires the improvement of the
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initial state solely by the simulated astrometry, and thus only two distinct, relative observables - right
ascension and declination. The formal error - by design unaware of the perturbation - is still dominated
by the tight a priori constraint. Yet, with the formal errors being wronged by the perturbed initial state,
space-based astrometry has to fully constrain the orbital solution. Given the much coarser associated
uncertainties as well as the theoretical negligible contribution to the estimation of the initial state, the
obtained true-to-formal-error ratios in position and velocity (see Figure B.7) are still laudable. Nonethe-
less, we have to note that for low radio science true-to-formal-error ratios, the a priori constraint might
be too tight when dealing with perturbed states and formal errors have to be treated with caution. On
the other hand, as expected, the discrepancy between the centre-of-figure and centre-of-mass has
been estimated to a high level of accuracy, with true-to-formal-error ratios no higher than three. This is
entirely in line with our conclusions on the observations’ ability to constrain the COF-COM-offset (see
Section 5.3.1 of the journal paper) and verifies the robustness of the offset’s estimation.

To confirm these preliminary conclusions and limitations of our estimation framework, we have in-
creased the radio science a priori true-to-formal-error ratio from unity to eight, with Figure B.8 pro-
viding the associated histograms of the estimated true-to-formal-error ratio in the position, velocity, and
COF-COM-offset of Io. As expected - based on the above-outlined explanation - the estimated true-
to-formal-error ratios in the initial state have been reduced by about 30 per cent (from 2.0 to 1.4), with
maximum ratios never exceeding a value of seven. However, this comes at the expense of an increase
in the true-to-formal-error ratio of the estimated COF-COM-offset. While a significant amount of ratios
still lies between zero and one (with total numbers roughly equal to those earlier provided in Figure B.7),
the values located in the tail of the distribution are skewed to notably higher ratios, with the limit value
increased by about a factor two. Yet, this behaviour is perfectly in line with the conclusion delineated
in Section 5.3.2 as well as the above-presented explanations.

Figure B.8: Distribution of the true-to-formal-error ratio for all estimated parameters. Nine parameters - initial state (3D position,
3D velocity) of Io alongside the COF-COM-offset (constant 3D vector) - were estimated. The initial state of Io has been con-
strained by a radio science a priori covariance matrix with a true-to-formal-error ratio of eight. A total number of 1280 astrometric
observations have been simulated.

Using a deterministic approach, we have successfully verified that the formal uncertainties provided by
our covariance analysis are a good representation of the achievable true errors, underlining the robust-
ness of our analysis. Nonetheless, we have to slightly differentiate this statement - with decreasing
quality of the radio science solution, the slight underestimation of the formal errors is shifted from the
two state-parameter sub-sets (position and velocity) to the estimation of the offset between the centre-
of-figure and centre-of-mass skewing the overall distribution towards higher values. Yet, we have found
that this hints at minor issues arising from the tight a priori constraints of our estimation framework.



C
Additional Material

To give the reader an impression of the trajectory JUICE is going to follow whilst orbiting Jupiter, as well
as highlight the distance maintained with Io - with no orbit closer than the semi-major axis of Europa -
Figure C.1 visualises this particular trajectory, covering a total time span of 1,270 days.

Figure C.1: Trajectory of JUICE taken fromSPICE. A total time span of 1,270 days from July 1st 2031 onward is shown. Moments
of closest approach during the flybys of JUICE have been highlighted in purple.
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