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EVEN FOURIER MULTIPLIERS AND MARTINGALE
TRANSFORMS IN INFINITE DIMENSIONS

IVAN S. YAROSLAVTSEV

ABSTRACT. In this paper we show sharp lower bounds for norms of even ho-
mogeneous Fourier multipliers in £(LP(R%; X)) for 1 < p < oo and for a UMD
Banach space X in terms of the range of the corresponding symbol. For ex-
ample, if the range contains ai,...,any € C, then the norm of the multiplier
exceeds |la1R? + -+ + aNR?Vllﬁ(L”(RN;X))’ where R, is the corresponding
Riesz transform. We also provide sharp upper bounds of norms of Banuelos-
Bogdan type multipliers in terms of the range of the functions involved. The
main tools that we exploit are A-weak differential subordination of martingales
and UMD? constants, which are introduced here.

1. INTRODUCTION

Martingale transform norms play a significant role in Fourier multiplier theory
e.g. to obtain sharp bounds for different kinds of Fourier multipliers. The most
natural is the norm of a transform T_; 1y, which is defined as follows: for a discrete
martingale f = (f,)n>0 we set

(1.1) (T—11yf), = fo+ D_(=1)*(fr = fr-1)-
k=1

Due to the fundamental work [8] of Burkholder, the norm of this operator acting
on scalar-valued LP-integrable martingales is known to be equal to p* — 1 (where
p* := max{p, % ). For this reason p* — 1 appears naturally as an upper bound
of the Hilbert transform (see Burkholder [9]), and of Bafuelos-Bogdan type mul-
tipliers (which are also known as Léuvy multipliers, see Banuelos and Bogdan [4],
and Barfiuelos, Bielaszewski, and Bogdan [3]). Therefore it is reasonable to extend
such multipliers to the so-called UMD Banach spaces, which are defined in the fol-
lowing way: X is called a UMD Banach space if for some (equivalently, for all)
1 < p < oo the operator T{_; ;3 defined by (1.1) is bounded as an operator on the
space of all X-valued LP-martingales (an equivalent classical definition is given in
(2.1), the equivalence can be shown by [8, Lemma 2.1]); the corresponding norm of

T(_1,1y is then called the UMDZ{,_M} constant of X and is denoted by 5;7}1’1}. It
turns out that the UMD property is necessary and sufficient for the boundedness of
the Hilbert transform on LP(R; X) (see Bourgain [6] and Garling [13]). Moreover,
the UMD property is equivalent to the boundedness of all Mihlin multipliers on
LP(R%; X) (see McConnell [22] and Bourgain [7]), and that of Bafiuelos-Bogdan
multipliers on LP(R¢; X) (see [27]) for d > 2; furthermore, only in UMD Banach
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2 IVAN S. YAROSLAVTSEV

spaces can nontrivial even homogeneous Fourier multipliers be bounded (see Geiss,
Montgomery-Smith, and Saksman [14]). In the latter two approaches the norm of
the martingale transform TY(_; ;) is of big importance as a sharp upper (respec-
tively, lower) bound. The main goal of this article is to consider the norm of a
more general martingale transform 7’4 depending on a bounded set A C C (instead
of just {—1,1}), and to extend the assertions from [27] and [14] towards assertions
depending on A. We will show that T4, which is defined analogously to T{_ 1,
(see Theorem 3.4), is bounded if and only if X is a UMD Banach space, and that
the corresponding norm is comparable with the UMD;{,_l’l} constant; we call this
norm the UMD;]4 constant of X and denote it by ﬂé x- The basic properties of
UMD;,4 constants are discussed in Proposition 3.1. One of these properties is pretty
obvious: 6:_1,( < Bﬁfx if A C As, and it is connected to the following open prob-

lem: whether B;_XM} = ﬂﬁx for any symmetric set A of diameter 2 (e.g. for the
unit disk). This is known to be true in the scalar-valued and in the Hilbert space-
valued setting (see [17, Corollary 4.5.15]). As we will see later in Remark 4.7, this
problem affects the lower bound of the Beurling-Ahlfors transform in the infinite
dimensional case.

Using properties of UMD;‘ constants we extend the estimate from [14, Proposi-
tion 3.4] and prove that the norm |75, £(Lr(r4;x)) of a Fourier multiplier 7}, with
even homogeneous symbol m : R? — C continuous on R¢ \ {0} is bounded from

below by 6;?(m‘Rd\{°}), where Ran(m|ga\ o) is the range of m on R%\ {0}. The

sharpness of this estimate follows from Example 4.11, where we show in particular
that

(12) ||041R% + e + adRZH,C(LP(]R’i;X)) = 6;570')1(’”"0“1}’

where R; is the corresponding Riesz transform.
Another interesting family of multipliers was introduced by Banuelos and Bogdan
in [4]. This family is defined through the symbol in the following way

_ Jra(1 —cos(€ - 2))p(2)V(d2) + 3 [gaa (€ - 0)*9(0)(d0)
Jra(L = cos(§ - 2)V(d2) + 5 [gar (€ 0)21(d0)

where V is a Lévy measure, p is a bounded measure on the unit sphere S?1,
¢ € L®(R?) and ¢ € L>(S91). In [4], and later more generally in [3] it was
shown that if [|@|eo, [|]lcc < 1, then [Tl £(prrayy < p* —1. In [27] this result was
generalized to the UMD space case and it was proven that ||, | (1 ra;x)) < BBX
(here D is the unit disk in C). In the current article we will show that if both ¢
and 1 have values in a bounded set A C C, then

(1.3) ITonll oo a0y < Bpixs

and the sharpness of these estimates again follows from (1.2).

An important tool for proving (1.3) is so-called A-weak differential subordina-
tion of martingales. This is generalization of the notion of weak differential sub-
ordination which was introduced in [27], and can be characterized in the case
of discrete martingales in the following way: an X-valued martingale (gn)n>0 is
A-weakly differentially subordinated to an X-valued martingale (f,)n>0 if there
exists an adapted sequence (a,)n>0 with values in A such that go = aofo and

m(§) , EeRY,
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In — 9n—1 = an(fn — fn—1) for each n > 1. If this is the case, then due to Theorem
3.10 below

Ellgall” < (B x)PEllfal”, 0 >0,
where Bﬁ x is the UMD;;1 constant of X. An analogous statement holds for purely
discontinuous martingales, see Theorem 3.12.

We wish to give the reader a short historical overview on types of martingale
transforms different from (1.1). The first progress in this direction in the scalar-
valued case was done by Choi in [12], where he in fact worked with the martingale

transform T’ 13. The norm of such a martingale transform equals ﬁz{,?}él} (which

approximately equals £ + %log(1+§72), see [12, Theorem 4.3]), and is called the
Choi constant. Further, Banuelos and Osgkowski in [2] analyzed the norm of Ty, g}
in the scalar case for arbitrary b, B € R, and gave sharp lower and upper bounds of
Fourier multipliers, similar to those presented in Theorem 4.1 and 4.8, in terms of
this norm. Finally, in [17] Hytonen, van Neerven, Veraar, and Weis working with
UMD spaces introduced the UMD constant in a different way: they used all the
numbers a € C such that |a| = 1 instead of just —1 and 1. (This definition will be
used further in the paper). Even though in the scalar-valued case it does not give a
significant advantage (see [17, Corollary 4.5.15]), it leads to more general assertions
in infinite dimensions, in particular to assertions on transforms of type Tp.

In the end we wish to point the reader’s attention to the fact that although this
paper provides extensions of well-known results from [2—4, 12, 14], the direction of
these extensions is new even in the scalar-valued case.

Acknowledgment — The author would like to thank Mark Veraar for posing the
question concerning generalization of UMD constants and for his useful suggestions,
in particular for showing Remark 4.16. The author thanks Tuomas Hytonen for
a short fruitful discussion on the topic of the paper, Wolter Groenevelt for discussing
Example 4.15, and Alex Amenta for his helpful comments.

2. PRELIMINARIES

In the sequel we set the scalar field K be either R or C, unless stated otherwise.
A Banach space X over K is called a UMD Banach space if for some (equivalently,
for all) p € (1,00) there exists a constant S > 0 such that for every N > 1,
every martingale difference sequence (d,,)Y_; in LP(Q; X), and every scalar-valued
sequence (g, )_, such that |e,| = 1 for each n =1,..., N we have
N o 1 N L
(2.1) (IEHZ endy, ) < B(EHZdn )
n=1 n=1
The least admissible constant 3 is denoted by 3, x and is called the UMD, constant
or, if the value of p is understood, the UMD constant of X. It is well-known that
UMD spaces obtain a large number of useful properties, such as being reflexive.
Examples of UMD spaces include all finite dimensional spaces and the reflexive
range of Li-spaces, Besov spaces, Sobolev spaces and Schatten class spaces. FEx-

ample of spaces without the UMD property include all nonreflexive Banach spaces,
e.g. L1(0,1) or C([0,1]). We refer the reader to [10, 17, 23, 24] for details.

Let X be a Banach space, F be a filtration, (f,),>0 be an X-valued local mar-
tingale. For each n > 1 we define df,, := fn — fn—1, dfo == fo. Let 1 < p < oc.
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An X-valued martingale (fy,)n>0 is called an LP-integrable martingale (or just
an LP-martingale) if f, € LP(Q; X) for each n > 0, and there exists a limit
foo = limy 500 fr in LP(2; X). We will denote the linear space of all X-valued
LP-integrable F-martingales by M3%(X,F). Notice that M3*(X,F) is a Banach
space with the norm

[(Fr)nzollmge x5y = [ foollLr@ix) = Hm [l fallLeoix)-

For simplicity we will omit F and denote M3*(X,F) by M{*(X). Details on
Mgis(X) can be found in [17, Section 3.1].

A random variable r : Q — {—1, 1} is called a Rademacher variable if

Definition 2.1 (Paley-Walsh martingale). Let X be a Banach space. A discrete
X -valued martingale (fn)n>0 is called Paley-Walsh if fo is a constant, and if there
exist a sequence of independent Rademacher variables (rn)n>1, a function ¢, :
{=1,1}""1 — X for each n > 2 and ¢ € X such that df, = rnédn(ri,...,"n_1)
for each n > 2 and df; = r1¢;.

Remark 2.2. Let X be a Banach space over R, 1 < p < co. Then 3, x can be
represented as a norm of a certain operator acting on M$* (which is finite if and
only if X has the UMD property). Namely, if we fix a Paley-Walsh filtration F =
(Fn)n>0 generated by a countable sequence of independent Rademacher random
variables and fix a martingale transform T(_; 1y acting on an X-valued F-martingale

[ = (fn)n>0 as follows:
d(T—1,13f)n = (=1)"dfn, n >0,
then || Ty 113 | 2 (x)) = Bp,x (see [8] and Theorem 3.4 below).

3. UMD;;‘ CONSTANTS

3.1. Definition and basic properties. Let X be a Banach space over the scalar
field K, 1 < p < 00, A C K (recall that K is either R or C). Then we define the
UMD;‘ constant 61‘3 x € ]0,00] of X as the least nonnegative number § such that
for each LP(Q; X)-valued martingale difference sequence (d,,)"_; and any sequence
(en)N_; with values in A

p) 5

N . N
(3.1) (B> enda]| )" < B (][> dn
n=1 n=1

Let us outline basic properties of UMD;‘ constants. Recall that

Conv(A) is the convex hull of a set A,

A is a closure of a set A,

Diam(A) is the diameter of A, i.e. sup,, ,,cala1 — a2,

Conj(A) :={a: a € A} is the conjugate of A,

A14+As ={a € K:a=aj+as for some a; € Ay, as € Az} is the Minkowski
sum of sets A1, As C K.

Proposition 3.1. Let X be a Banach space, 1 <p < oo, A, A1, As CK, b, BER
be such that b < B. Then the following holds:
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(i) ;S‘( = Z(;?HJ(A) |a\5‘4 for each a € K. In particular, we have that

—_A Conj(A
ﬁp,X — 6})7 j(A) _ 6;74,
.. Conv(A
(i) B;?,X :Bp,X “
11l onv(A;) C Conv(As), then < . In particular, 1f A1 C Aa,
iii) If Conv(A Conv(A,), then By < B2%. I icular, if Ay C A
A A
then Bpé( < 5}7;{.
) If A is unbounded, then (3.} = oo
) If A= {a} consists of one point, then ﬂ;:l,x = |al.
o pAI4A A
(vi) Bz < B +B7%
i)

(vii IfA is bounded then
1. A )
(3.2) max{fDlam(A)Bp,X, sup |a|} < By x <supla|Byx, ifK=C,
™ acA acA
B-1b B-b B+b .
63 w2l w8} < g < Dl o PN ko

where b =infoca a, B = sup,c4 a in the case K =R. In particular, if A is
bounded and contains at least two points, then B:X 1s finite if and only if
Bp,x is finite, i.e. if and only if X has the UMD property.

(viii) For any scalar field K

6{ 11} |B+b|

(3.4) max{ 5

Dot o 1BI} < gl < P

(iX) ;)4,X = ;,X* .

(x) Let (Ap)n>1 be such that A, C K for each n > 1. If (A,)n>1 is increasing
and U, A, = A, then ,6’;47}( Va ﬂ;l,x asn — 0o. If (Ay)n>1 is decreasing, the
sets (An)n>1 are bounded, and N, A, = A, then 5:3'( N ﬁ}?,x as n — 00.

For the proof we will need the following technical lemma, proven in [17, Propo-
sition 4.2.10]. Recall that D = {a € C: |a| < 1} is the unit disk in C.

Lemma 3.2. Let K=C. Then
Bl < By =Box < AN,

Proof of Proposition 3.1. (i), (iv) and (v) follow directly from the definition given
n (3.1), while (ii) and (vi) follow from (3.1) and the triangle inequality. (iii) can
be derived from (ii) and (3.1). Let us show (vii)-(x).

(vii): First assume that K = C. The inequality ﬁéx < sup,ea |alBp, x follows
from (i), (iii), the fact that A C sup,c 4 |a|D, where D is the unit disk in C, and the
fact that 53)( = Bp.x by (2.1). The inequality B]‘:X > sup,e 4 |a| follows from (3.1).

Let us now show that 5]‘;‘7)( > L1Diam(A)B, x. Due to (ii) we may assume that A
is convex and closed. Let a1, as € A be such that |a; —az| = Diam(A). Then by (iii)
we know that 8 > L%, Further, gl%p*} > 12l g7 ndeed, for each
LP(; X)-valued martingale difference sequence (d,)Y_; and any {—1,1}-valued

sequence (g,)Y_,
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3 )
2 — n*n

N o —a P\ 3
(EHZ 12 “endn )
n=1
N
1 a; — ag a1 + as
B> 5 (5 )
( 22 5 T
_ py L
Jrz (al a2 al;ra2>dn )p
1 ay + as a] — as N
Sz(E”;( > T2 6”>d” )
N 1
1 ar+as ap —as N
Q) ( e
+2( Z 2 2

1)

where (x) follows from the definition of 6;7“)1(’“2} and the fact that

(3.5)

{ahaz}(

a1 + az a1*a2€ a1+a27€11*02€€{a as)
9 ) ) 2 9 1,82

for each ¢ € {—1,1}. By Lemma 3.2 we have that 6;;(1’1} > %Bp,)@ therefore due
to all the estimates above

Dlam( )

Bty > playet > Bl > D1am< )Bp.x-

Now turn to the proof of (3.3). The lower bound of ﬁz{)f))’(B} follows analogously

the lower estimate of ﬂﬁx in (3.2), but we now use that ﬁ;—Xl’l} = Bp,x since K = R.
The upper bound follows analogously the upper bound in [12, Theorem 4.1].

(viii) can be shown analogously (3.3).

(ix): The proof is similar to the one of [17, Proposition 4.2.17(2)].

(x): Without loss of generality by (ii) we can assume that the sets (Ap)n>1
are convex and closed. Moreover, we can assume that all the sets are bounded
(otherwise the statement is evident). Let us prove the first part, the second will
follow analogously. From the one side, by (iii) ,8 < BA for each n > 1. From
the other side, by compactness of (A,),>1 and A for any fixed 6 > 0 there exists
Ns > 1 such that A C A,, + éD for each n > Ns (recall that D is the unit disk in
C). Then by (i) and (vi), for each n > Nj

A A, D
prX g /B;D,X + 65})7)('
Due to (iii), the sequence (5;,4)'()7121 is monotone, so according to the arguments

above it must converge to 5p x- g

Remark 3.3. The inequality presented in Lemma 3.2 is not known to be sharp.
Moreover, it is an open problem, which was posed to the author by Jan van Neerven
and Mark Veraar, whether one has that ﬁfi B{ L1 The issue is not only in

the proper theoretical proof or disproof of the equality ﬁg x = 5;;’1}, but also
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in the fact that the UMD constants BBX and 5;;(1’1} are not properly computed
except the case of LI(S) for ¢ € [p,2] if p < 2, and ¢q € [2,p] if p > 2 (then both
BRX and ﬂ;_XM} are known to be p* — 1, see [17, Proposition 4.2.22]; notice that
this includes the case of LP(S) and the Hilbert space-case).

This question is connected to a precise geometric definition of BE” x and ﬂ;}l’l}
(and ﬂﬁx for a general set A C K) in terms of the unit ball of X; then both

623 y and 6;;;’1} would be efficiently computable on a machine with an acceptable
accuracy (for a simple or well-discovered finite dimensional space X, e.g. X = £2°),
and the problem could be solved.

Concerning this problem we wish to notice that in the case of A = {0,1} and X
being a Hilbert space, 6;‘7  has a series representation (see [12, Theorem 4.3]). It
remains open whether such a series representation is possible for a general space X
or for a general set A.

The following theorem is similar to Remark 2.2 and [8, Lemma 2.1], and illus-
trates that Bﬁx can be expressed as a norm of a certain martingale transform.
Recall that Ext(A) is the set of all extreme points of a convex set A, i.e. all the
points a of A such that A\ {a} remains convex. Notice that Conv(Ext(A)) = A.

Theorem 3.4 (A-martingale transform). Let 1 < p < oo, X be a Banach space,
A C K be closed, convez, and bounded. Let (al)n>0 be a sequence with values in
Ext(A) such that (a))n>n is dense in Ext(A) for each N > 0. Consider a linear
operator T on Mgis(X) such that for each X-valued LP-martingale f = (fn)n>0
one has that

n
(Taf)n = apfo+ Y _ aidfi, n>0.
i=1
Assume that there exists a sequence (ry)n>1 of independent Rademacher random
variables such that ry is F,-measurable and independent of F,_1 for each n > 1.

Then || Tal| comaex)) = Borx -
Remark 3.5. The natural example of A is a closed convex polygon with vertices
ay,...,any € C. Then the set of vertices is exactly the set of extreme points, and

(a),)n>0 from Theorem 3.4 can be taken as a periodic sequence involving all the
numbers ai,...,an.

Proof of Theorem 3.4. Without loss of generality assume that A contains at least
two points, and that X has the UMD property (which guarantees that T4 # cI for
some ¢ € K and that 0 < 6;‘7 < 00; otherwise by (v) and (vii) from Proposition 3.1
the same machinery can be applied in the case of T4 = ¢l or ﬁ;ﬁx =00). Fix § > 0.
By the definition of B:X there exists a filtration G = (G, )m>1, an X-valued LP-

integrable G-martingale difference sequence (d,)m>0, a sequence (£,,)M_, with
values in A such that

M P\ ¥ M P\ F
(3.9) (B 32 emda )" > (575 = 01 (] 2 au )"

By [17, Theorem 3.6.1], (du,)m>0 can be chosen of the Paley-Walsh type. Since A is
convex, closed and bounded, there exists J > 1 for each m = 1,..., M there exist

Amts- s Am.g € [0,1], €mis.. emy € Ext(A) such that e = 37 1 A jm.j
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with ijl Am,; = 1. Then by the triangle inequality we have that

M py L J M M
P
(EH Z 5mdm ) S Z H )\k,ik <EH Z é\TrL,imdm
m=1 1, tm=1k=1 m=1

and therefore due to the fact that

J M M J
> IIwa=11 > Ma=t

i1, ing=1k=1 k=1i1,....ipa=1

1
P\p
)

and the inequality (3.6), there exists a {1,...,.J}-valued sequence (i,,)M_, such

that
M . M .
(B3 cnznal)" > @ =) (] X au )"

Now by an approximation argument and the fact that ( 7 )n>N is dense in Ext(A)
for each N > 0 we can find a subsequence (a], ), such that a), =¢,; ;,, for
each m = 1,..., M. Then by the special property of the filtration (F,,)n>0 (Wthh
contains a Paley-Walsh filtration) there exists a Paley-Walsh X-valued F-martingale
difference sequence (dn)n>0 such that dnm has the same distribution as d,, for each
m=1,...,M,and d, = 0 if n ¢ {n1,...,nm}. Let (fn)n>0 be an F-martingale

such that df,, = d,, for each n > 0. Then by (3.6) we have that
1 1
EI(Taf)oolP)? > (Byix = 6)(Ell foolP)7-

Therefore since § was arbitrary, ||Ta|lcoma(x)) = ﬂéx' 1Tall copmais(x)) < 5{;4,)(
follows from the definition of Bﬁ x- O

Remark 3.6. Notice that for a fixed space X and fixed 1 < p < oo one has that
(b,B) — ﬂgf’)’(B} is a convex function in (b, B) € R?. Indeed, due to Theorem 3.4
together with Remark 3.5 (and also by Example 4.11) we know that there exists a
fixed Banach space Y and a fixed operator T' € L(Y"), depending only on X and p,

such that
{b B} _ H b Jr B

H £y
which implies the convexity in (b, B)—varlable due to the convexity of the norm
|l - llz(vy and the linearity of the operator (b, B) BT_bT + HTBI as an operator
from R? to L(Y).

In particular, due to the symmetry of the function ¢ — 8,
that ﬁz{)fxac"ra} > B;Xa 2} for each a,c € R and that ﬁz{)fxac+a} monotonically
increases in ¢ > 0 for each fixed a € R.

{e—acta} we deduce

3.2. A-Burkholder function and A-weak differential subordination. In the
current subsection we introduce the A-Burkholder function and A-weak differential
subordination, and show the main results of the subsection, Theorem 3.10 and
3.12 (the latter one is the main tool for proving Theorem 4.8). Throughout this
subsection A C K is convex, bounded, closed, and contains at least two points. We
will start with the following proposition.

Proposition 3.7. Let X be a Banach space, 1 < p < oo, A C K. Then the
following statements are equivalent:
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(i) X is a UMD Banach space;
(i) there exist > 0 and U : X x X — R such that z — U(z + z,y + €z) is
a concave function in z € X for each x,y € X and e € A, and

Ulz,y) > [yll” = Bll=)”, =,y € X.
If this is the case, then the smallest admissible 8 equals the UMD]‘;l constant ﬁﬁx.

Proof. The proof is analogous to the one presented in [17, Theorem 4.5.6] and [27],
while instead of the Burkholder function we will construct its version which depends
on A as well. For each z,y € X we define S(z, y) as a set of all pairs (f, g) of discrete
martingales such that

(1) fo=z, 90 =y

(2) there exists N > 0 such that df,, =0, dg, =0 for n > N;

(3) (dgn)n>1 = (endfn)n>1 for some sequence of scalars (e,)n>1 such that

en, € A for each n > 1.

Then we define U : X x X — RU {+o0o} as follows:

(3.7) U(z,y) := sup{E(llgoo|I” = (Bpix )" fooll”) = (£:9) € Sl 9)}-
The rest of the proof repeats the one given in [17, Theorem 4.5.6], except the proof
of the fact that U(z,y) < oo for each x,y € X. Let us show this separately.

First notice that U(x,ax) < 0 for each z € X, a € A, since x — U(x,ax) is
a symmetric concave function such that U(0,0) < 0 (the latter holds due to the
definition of Bﬁx). Now fix z,y € X and prove that U(z,y) < oo. For some

fixed pair a;,as € A define z = 2222 and v = 24

po—n e Then since the mapping
w = U(z + w,a1z + asw) is concave in w € X, and due to the fact that z + u =«
and a1z + asu =y,
U(z,y) +U(z —u,a1z2 — agu) = U(z + u,a12 + agu) + U(z — u, a1z — agu)
(38) <2U(z,a12) <0,
which means that both terms on the left hand side of (3.8) are finite. O

We will call the function U defined by (3.7) the A-Burkholder function, which
coincides with the Burkholder function in the case of A = {¢ € K : |¢| = 1}
considered in [27] (the Burkholder function, which is also known as the Bellman
function, is widely used, see e.g. [17], [27] and [26]). The following proposition
demonstrates basic properties of the A-Burkholder function. Recall that if E is a
linear space over a scalar field K, then a function f : E x E — R is called biconcave
if both maps = — f(x,y) and x — f(y,z) are concave in x € E for each y € E.
Let us outline basic properties of the A-Burkholder function.

Proposition 3.8. Let U : X x X — R be as defined in (3.7). Then
(A) U(z,-) is convex for each x € X ;
(B) for any different ai,as € A the function V : X x X — R, defined in the
following way

(3.9) V(z,y) = U(

s biconcave;

(C) U and V are continuous;

(D) if X is finite dimensional, then U and V are a.s. Fréchet differentiable on
X x X;

T—Y AT —aiy
2 2

)’ ‘T7y€X’
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(E) the function z — V(JU+01Z, y—!—@z) is concave in z € X for each c1,co € K
such that 24=41% ¢ A,

C1—C2

Proof. (A) follows from the definition (3.7) of U, the fact that @ — ||z||? is a convex
function on X, and the fact that the suprimum of convex functions is a convex
function.

(B) holds due to the fact that t — U(z+z,y+¢2) is a concave function in z € X
for each z,y € X and ¢ € {a1,az}.

To prove (C) we will need to use the fact that V is biconcave. By [25, Proposi-
tion 3.2] any measurable biconcave function on X x X is continuous. Therefore we
only need to prove that V is measurable. To this end we have to show measurability
of U, which follows from the fact that U can be rewritten as a supremum over a
countable family of continuous functions (since all the martingales in S(z,y) can
be assumed to be Paley-Walsh by [17, Theorem 3.6.1], and therefore by a density
argument we can fix a countable subset of S(z,v)). Hence V is measurable due to
the definition (3.9), and consequently V' is continuous (we also recommend a dif-
ferent proof of [25, Proposition 3.2] presented in [1], but this proof works only for
finite dimensional spaces X).

To prove that U is continuous it is sufficient to use the following “back to U”
transform, which follows from the definition of V' given in (3.9):

2y — 2xa; 2y — 2xaq

(3.10) Ulz,y) = V( ) 2,y € X.

az—a; ' az—a
Since this transform is continuous linear, U is continuous as a combination of a con-
tinuous linear transform and a continuous function.

(Alternatively, one can show continuity of U and V' without using such compli-
cated techniques, e.g. by applying the fact that U and V are bounded from below
and by generalizing [5, Theorem 2.14] to biconcave functions.)

(D) can be shown analogously to the similar assertion from [27]: first we show
the a.s. Fréchet differentiability of V' by applying [19, Proposition 3.1], and further
we prove the same for U using the “back to U” transform (3.10) and applying the
fact that this transform is linear.

(E) holds since by (3.9) and Proposition 3.7 the function

x—y+z(c1 —ca) asx —ary+ z(aze; — a102)>
2 ’ 2

is concave in z € X if % € A. O

2 V(e +az,y+cez) = U(

Let X be a Banach space, (fr)n>0 and (gn)n>0 be two X-valued martingales.
Then (gn)n>0 is called A-weakly differentially subordinated to (fn)n>0 (or simply

w,A *
(gn)n>0 < (fn)n>o0) if for each z* € X*, 7%}’;”; € A as. for all m > 1 and
E;gi:i € A a.s., where we set % € Afor any A C K, and § = signc- oo for any ¢ # 0

(we wish to pay your attention that sign ¢ here will not not play any role later).

Theorem 3.9. Let X be a Banach space, A C K, (fn)n>0 and (gn)n>0 be two

A
X -valued martingales such that (gn)n>o0 w<< (fr)n>0- Then there exists an adapted
A-valued sequence (an)n>0 such that a.s. go = aogo and dg, = andf, for each
n>1.
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Proof. The statement of the theorem is analogous to the similar assertion in [27].
O

Theorem 3.10. Let X be a Banach space. Then X is a UMD Banach space if
and only if for some (equivalently, for all) 1 < p < co and A C K there exists
a constant B > 0, depending only on X, p, and A, such that for all X -valued local

w,A
martingales (fn)n>0 and (gn)n>0 With (gn)n>0 <K (fn)n>0 one has that
Ellgnll” < BPE[| full?, n = 0.
If this is the case, then the least admissible B equals the UMD]‘;1 constant 5;1,)(-

Proof. The proof is similar to the one presented in [27], but here one has to apply
the A-Burkholder function from (3.7) and Proposition 3.8. |

Now we turn to the continuous time case. Let X be a Banach space. A martingale
M : R4 xQ — X is called purely discontinuous if both [Re(M, z*)] and [Im(M, 2*)]
are pure jump processes for each x* € X* (where [N] is a quadratic variation of a
martingale N : Ry x Q@ — R, see [20, 26, 27]).

Let 1 < p<oo, M, N : Ry xQ — X be two purely discontinuous LP-mar-
tingales. N is A-weakly differentially subordinated to M (or N w<<A M) if for each
¥ € X* a.s. for each t > 0, % € A, where again we set % € A for any
A CK, and § = signc- oo for any ¢ # 0, and where AM; := M; —lims 0 M(;_s5)v0
exists since every X-valued local martingale has a cadlag (continue & droite, limite
a gauche) version (see [27]).

Remark 3.11. Let K=R, —co < b < B < 00, A = {b, B}. Then analogously to
[2, Theorem 1.6] one can show that N is A-weakly differentially subordinated to
M if and only if for each z* € X* a.s.

b+ B B-b
(3.11) d[<N— +TMx>] < dKTM,x*ﬂ.
The following theorem is an extension of the similar one presented in [27].

Theorem 3.12. Let X be a UMD Banach space, 1 < p < 0o, A C K, M, N :

A
R4 x Q — X be purely discontinuous LP-martingales such that N w<< M. Then for
each t >0

(3.12) E||N,

|7 < (B x )VE[| M7

For the proof we will need the following lemma, which is analogous to the one
given in [27].

Lemma 3.13. Let X be a UMD Banach space, A C K, M, N : Ry xQ — X

be purely discontinuous local martingales such that N w<<A M. Then there exists a
set Qo of full measure such that for each w € Qg and for each t > 0 the vectors
AM,;(w) and AN (w) are collinear and there exists a(t,w) € A such that AN (w) =
a(t,w)AM;(w).

Proof of Theorem 8.12. The proof is analogous to [27], but here one needs to apply
Lemma 3.13. (]
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Remark 3.14. It remains open what is a proper definition of A-weak differential
subordination in the case of continuous martingales M and N. From the one hand,

it is more natural to set that N u%<A M if there exists a progressively measurable
process a : Ry x  — A such that Ny = agMy + fg as dMy in a weak sense, where
the integral is well-defined due to the fact that M is continuous. If this is the case,
then the analogue of Theorem 3.12 for continuous martingales follows immediately
from an approximation of a by simple processes, discretization and Theorem 3.10.
On the other hand, such a definition at least in the case of A = {a € K: |a| =
1} does not seem to be useful (see Section 5 in [27]). A more useful definition,
which extends the two given in [2] and [26], can be characterized in the case of
K =R by (3.11). But then it is unknown whether Theorem 3.12 holds for general
martingales M and N and such a definition of A-weak differential subordination,
since it remains open whether the properties of the A-Burkholder function, which
have been discussed and developed in [2], hold for any UMD Banach space X.
Moreover, it remains unclear how to extend this definition to the case K = C.

4. EVEN FOURIER MULTIPLIERS

It turns out that UMD;4 constants play an important role in Fourier multiplier
theory. Namely, the norm of even Fourier multipliers in L?(R¢; X) can be bounded
by ﬂ;ﬁx from below, where A = Ran(m|Rd\{O}) is the range of m. Furthermore, the
norms of the so-called Banuelos-Bogdan multipliers can be bounded by Bﬁ  from
above, where A is the range of the corresponding functions ¢ and ¢ from (4.3).
Notice that if Ran(m|ge\ {03) C R (resp. Ran(¢) URan(¢)) C R), then X in Theo-
rem 4.1 (resp. in Theorem 4.8) can be considered over R.

Let us recall some basic definitions. Let d > 1 be a natural number, S(R?) be
a space of Schwartz functions on R?. For a Banach space X with a scalar field
C we define S(R?) ® X as the space of all functions f : R — X of the form
= Zszl fr @, where fi,..., fr € S(RY) and x1,...,2x € X. Notice that for
each 1 < p < oo the space S(R?) ® X is dense in LP(R%; X).

Let m : RY — C be measurable and bounded. We define a linear operator T,
acting on S(R?) ® X in the following way:

Tn(f@x)=F Y(mF(f) =z, feSRY),zeX,

where the Fourier transform F and the inverse Fourier transform F~1 are defined
as follows:

FD0) = oy [ swan, fes@Y.ter?,
FHH®) :/ W fu)du, f e S(RY),te R
Rd

The operator T,, is called a Fourier multiplier, while the function m is called the
symbol of T,,,. If X is finite dimensional or Hilbert then 7, can be extended to a
bounded linear operator on L?(R%; X). The general question is whether one can
extend T, to a bounded operator on LP(R?; X) for a general 1 < p < oo and a
given space X and what is then the corresponding norm of T;,,. Here we show sharp
lower and upper bounds for ||T,|| for special classes of m and X with the UMD
property in terms of UMD;‘ constants of X.

In this section we set § =0 for each c € C.
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4.1. Lower bounds. The following theorem is a variation of [14, Proposition 3.4].
Recall that function f : R? — C is homogeneous if f(cz) = f(z) for each ¢ > 0 and
r € R

Theorem 4.1. Let 1 < p < oo, X be a Banach space, m : R? — C be an even
homogeneous function such that m|ga\ (o} is continuous. Let A := Ran (m\Rd\{O}) -
C. Then we have that || Tyl z(Le(ra;x)) = B;:X. In particular, if X is not a UMD

space and m is not a constant, then Ty, is unbounded on LP(R%; X).
For the proof we will need several intermediate steps.
Lemma 4.2. Let S € L(R?) be a linear bounded invertible operator. Then
1Tl ezr®a;x)) = 1 Tmos |l c(rr wa; x)) -

Proof. This follows from [14, (7)]. O

Let T := (-7, 7], m : Z% — C. Then we define Fourier multiplier 75 acting on
a function f: T¢ — X in the following way

(T f)(0) ==Y f(R)e' ™ m(k), 6T,

kezd
where
A 1 .
k) = —Hk0£0)do, k ez
F4) = s [ e 10000, ke
The following lemma demonstrates that if m(k) = m(k) for each k € Z¢, then
Tl = IITwll; it was initially shown in the scalar-valued case in [21], and in

the vector-valued case in [15] and in [14]. A simple proof can be found in [17,
Corollary 5.7.6].

Lemma 4.3. Let X be a Banach space, 1 < p < 0o, m : R? — C be homogeneous
such that m|ga\ (o} is continuous. Let m : Z% — C be such that m(k) = m(k) for
each k € Z¢, where
1
m(0) = m(0) == ——+ m(s)ds.
1B(0, )| 50,1
Then
1Tl 2Lr®asx)) = 1Tl coe(rax))-
The following lemma is similar to [14, Lemma 3.3].

Lemma 4.4. Let 1 < p < 0o, X be a Banach space, m : R? — C be homogeneous
such that m|Rd\{O} is continuous, and let Q = T¢. For each k > 1 define Ej, as the
closure of the finite trigonometric polynomials

J
O (1,...,00) = > Dh(01,...,0k)xy,
j=1

with x, € X and

J_ i00,01) . ille,0k) J
=D D e etltlad

INA L €Z
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where only finitely many O[lenwlk € C are nonzero, and a%1:~~7€k =0ifl, =0. Let
TE . LP(Q¥) — LP(QF) be given by

J
(TE®)O1, 00 =D ( 30 -+ 3 mlb)er 0 efetag Y,

J=1 £,z RV

for all £y,...,0, € Z*. Then one has that

n

> k(6. 0k)

k=1

<N Tl 2 e (ra;xy)
LP(Q";X)

> (TEL) (61, ..., 01)
k=1

Lr(Qm™;X)
Proof. The proof is essentially the same as the one of [14, Lemma 3.3], but to cover
all continuous symbols m (instead of m|Rd\{0} € C!, as was assumed in the original
proof), we need to change the last step. Therefore we will not repeat the whole
original proof, but only present the revised last step.

Let £¥ C Z7 be the set of all £ € Z¢ such that af ,  , # 0 for some
je{l,....,J} and ¢y,..., 01 € Z% Then 0 ¢ £* and £ is bounded. Now
let £F C Z4 be such that LF = Uai 7,50(61 U---U/). Then L* is bounded

as well. Let R := sup,_z [|¢||. In the end of the proof of [14, Lemma 3.3] one
needed to show that [m(( A + .+ 0 1AL +0) —m(l)] - 0as A —
for each fixed ¢y1,...,0,_1 € Lk uniformly in ¢ € £F. Without loss of generality
assume that A > 2k2R%. Let OF C R? be as follows: OF := L£F 4 ﬁf’“ Then OF
is a compact that does not contain {0}, and therefore m|p» is continuous, hence
uniform continuous. Therefore, since

[ AT 4l AT < ATYRR, 0y, ..l € LF,

Im(6 AR 4+l AT+ ) — m(0)] — 0 as A — oo uniformly in ¢ € LF for
each 01, ...,0,_1 € L* by uniform continuity of m on OF. O

Lemma 4.5. Let X be a Banach space, 1 < p < o0, dy > di, m; : R" — C,
ms : R%2 — C be such that

mo(x1,...,xq,) =mi(z1,...,2q,) for each (zi,...,14,) € R,
Then || Tm, [l 2(or®ar;x)) = 1 Tmall 2(Lr @2, x)) -
Proof. The proof is analogous to the one given in [15, Theorem 2.5.16]. O

Proof of Theorem 4.1. The given proof is the modification of the one of [2, Theo-
rem 1.4]. First fix {a1,...,ax} = Ax C A and show that

1Tonll 2 e e x)) = 5;45«

By Lemma 4.5 we can extend the dimension and assume that d := d + K by
adding K coordinates so that m does not depend on the last K coordinates. Since
m|ga\ (o} is homogeneous and continuous, and by the fact that the unit sphere in R?
is compact, there exist unit vectors eq,...,ex in R% such that m(ex) = ay, for each
k=1,...,K. Without loss of generality we may assume that (ex)X | are linearly
independent (otherwise we can change the last K coordinates of the vectors (ex )X,
to make them linearly independent, and later renormalize them). By Lemma 4.2
we can find an appropriate transform S of R¢ such that (ex)i_, will be the first K
basis vectors of R%, i.e. (mo S)(ex) = ay foreach k=1,... K.
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Fix e > 0. By (3.1) and [17, Theorem 3.6.1] there exists an X-valued Paley-

Walsh martingale (f,,))_, and coefficients (b, )Y_, with values in Ax such that

"> (8% — PRI fx P

(4.1) IEHZb df,

Let (r,)N_; be a Rademacher sequence, ¢,, : {—1,1}""! — X foreachn=1,...,N
be such that df,, = rpé(r1,...,7n—1) for each n=1,..., N.

Now let Q@ = T¢. For each n = 1,...,N define R, : Q@ — R as follows:
R, (01,...,04) = sign(fy)), where s(n) is such that s(n) = k if b, = ax. De-
fine function f: QY — X as follows:

f( ZR (bn Rl( )ﬂ"anfl(gn_l))a

for each 0%,...,0N € Q. Notice that (T7R,)(0) = b, R, (0) foreach n =1,...,N
due to the fact that R, (0) depends only on 6, fQ R, (6)df = 0, and the fact
that m(jes(n)) = b for any j € Z\ {0}. Therefore by Lemma 4.3 and 4.4

(4.2) | Tmllzer@a;x)) = 1Tl o(orra;x))
- SN bR (0™) e (R1(0Y),. .., Rt (67 )) | oo .x)
10 B (0™ (Ra (61, - Ru—1(07))[| o ()

Now notice that after renormalization of Q¥ , (R,,(6™))}_, are independent Rademacher’s,
and therefore

)

Hi bR (0) 6 (R1 (6. R (6"71))|

N
p p
:EH b, df,
Lr(QN;X) ngo 4

_E p
LP(QN:X) HfN” ’

HZR oa(Ra(0Y), .. Rua 0 )|

and so by (4.1) and (4.2)

1Tl oo raixy) > Bk — e

Since € > 0 was arbitrary and due to Proposition 3.1(x) (we can choose (An)n>1

such that Conv(Ay) * Conv(A) as N — oo by choosing a dense sequence (a,,)3,
in A), the desired holds. O

Our first corollary will be about the so-called Beurling-Ahlfors transform, which
is denoted by B.A and is defined as follows:

1 f(w) 2
B =— [ ——=d C ~R°.
BAnE) =~ [ s ze
Corollary 4.6. Let X be a Banach space, 1 < p < co. Then
IBA|l (e r2;x)) = B x

Proof. Tt is well-known (see [17, p. 493]) that BA is a Fourier multiplier with
a symbol m(z) = £, z € C ~ R?. Therefore Conv(Ran(m)) = D, and the statement
follows from Theorem 4.1 and Proposition 3.1(ii). (]



16 IVAN S. YAROSLAVTSEV

Remark 4.7. The norm of the Beurling-Ahlfors transform even in the scalar-valued
case remains an open problem (see Iwaniec conjecture e.g. in [17, Problem O.1]).
Corollary 4.6 together with [14, Corollary 3.2] gives us the following general esti-
mates

D —1,1

o x < IBAlczr®2x)) < 2/3;,;( }v
which is a semiextension (up to the conjecture on equality of BB y and [3;;(1’1}, see
Remark 3.3) of the known due to [14] estimate

—1,1 —-1,1
B < IBAlco@aixy < 281371

4.2. Upper bounds. In the current subsection we will show sharp upper bounds
for Fourier multipliers with symbols of the form (4.3), which generalize [2, The-
orem 1.7] to the UMD space case and give more precise estimates for the results
from [27], which now depend on the range of ¢ and ¢ from (4.3).

Let V be a Lévy measure on R?, that is V({0}) =0, V # 0 and

/ (|z* A1)V (dz) < oo.
Rd

Let & > 0 be a finite Borel measure on the unit sphere S4~! C R?. Finally let
A C C be bounded, closed, and convex (these assumptions do not restrict the
generality), ¢ € L>°(R%;C) and ¢ € L>(S%~!;C) be with values in A. The symbol
of the subsection is

(43) m(e) = Jrall = 0s(€ 2)o(2)V(d2) + 3 Jgar (€-0)%9(0)u(d0)
| ol — con(E - )20V (02) 1 Jou-r € - OF ()

where we assume ¢ = 0 for each c € C.

Theorem 4.8. Let X be a UMD Banach space, A C C, ¢ € L¥(R?) and ¢ €
L>°(897Y) be with values in A. Then the Fourier multiplier T,, with a symbol m
given in (4.3) has a bounded extension on LP(RY; X) for 1 < p < oo. Moreover,
then for each f € LP(R% X)

(4.4) [T 1l o g x) < BixcI1f 1| 1o (ras x) -

Proof. First of all symmetrize ¢, ¢, V, and p as it was done in [3]. Notice that
the new ¢* and ¥* still take values in A, since they are convex combinations of
the former ¢ and ¢ (for instance, ¢*(§) = %@QS(S) + I_Tk(g)(b(—f) for some
k(&) € [~1,1] for each & € R%). The rest of the proof is analogous to the ones given
in [27], [4], and [3], but one needs to use A-weak differential subordination, namely

Theorem 3.12, instead of weak differential subordination. (Il

, EeRY,

4.3. Examples. Now we will present some examples of Fourier multipliers with
symbols of the form (4.3). It turns out that Theorem 4.1 is applicable for many of
them.

Example 4.9. The following examples of Fourier multiplier satisfying (4.3) are
similar to the ones given in [2-4, 27]. Let ¢ € L>(S971) be with values in A C C.
Then for both symbols

_ Jsaa [(€-0)[*1(0) p(d0)

(45) M) = S sy §ER ac 0.2
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S In(L 4 (£-0)72)9(0) ()

m , IS Rd,
O e m( s € 0) D) ¢
we have that ||Tp, [ £(Lrre;x)) < BA,X.
Example 4.10. [2, (1.27)] Let d = 2n, a € (0,2]. If
2L g2as?
4ot 2
m(&) c “ £ ERY,

G G G+ Gl

then || Tonll2(Lr(ra;x)) = ﬂig’g} (“<” follows from Theorem 4.8, “>” follows from
Theorem 4.1).

Example 4.11. Let a € (0,2], a1,...,aq4 € C. Let (ej)?zl be an orthonormal

basis of RY, 1 = 8¢, + ... + 6ey, ¥(ej) = a; for each j = 1,...,d. Then m from

(4.5) becomes

a6+ +agl€al®

m(§) = PR o
Rl

and one has || Ty, || Lr (e, x) = BZ{)E,"“’““’} (“<” follows from Theorem 4.8, while “>”

, EeRY

follows from Theorem 4.1). In particular |la; R} 4 - 4+ aaR3|| Lr (re; x) = ,BIE:I;(""’%},
where R; is the corresponding Riesz transform.

This also means that the bounds provided in both Theorem 4.1 and Theorem 4.8
are sharp.

Example 4.12. Let o € (0,2], ¢ > 0. Let

_ ISt d
me(8) = c+ &+ 4 €l ceRL

Then || T, || 2(Lrresx)) = ﬁ;)o)’(l}. To show this first notice that by Example 4.11
we may assume that ¢ > 0, and that then due to Lemma 4.2 we have that
| Tom. |l £(Lrre;x)) does not depend on c. Let

_ (ST
ST [P TR L

Then by Example 4.11 || Tasllz(prra+1;x)) = @570),(1}7 and hence by [15, Theorem

2.5.16] for a.e. fixed 441 € R

M(€) ¢ e R7

0,1
[Ty y1e leer @y < 1ol ooy = B

80 || Tom, |l 2 (e me;x)) < ﬂ;?)’(l} for each ¢ > 0 since the norm does not depend on c.
On the other hand by Example 4.11 and analogously to [17, Proposition 5.5.2],

0,1
B < 1 Too |2 (or sy < T ll(noqgsx)-

Example 4.13. Let p be a probability measure on (0,2], a1,...,aq € C. If

ar&i|® + -+ aqléal® d
. = d R
(4.6) m() /ae(o,z] &> + -+ -+ |€al® plda), £ <R,

then |1l Le (e, x) = ﬂz{f;(’“"ad}: “<” follows from Example 4.11 and the triangle

inequality, and “>” follows from Theorem 4.1.
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Remark 4.14. Notice that for each ¢ € C
(a1 + )& |* 4+ (aa + )|€al®  ar]&|™ + - + aql€al®
&> + ‘Hﬁd\o‘ a4+ el
Therefore for m defined by (4.6)

¢, €cRY\ {0}

HTm + CI”LP(Rd;X) = ||Tm+0||LP(Rd;X)

Example 4.15. Let d =2, 0 < u < v < 2, p be the uniform distribution on (u, v].
Define k : (0,00) — R in the following way

log(++1)
K}(t) = o ey
log(t—v)
Then by Example 4.13 we have that if

m(f):a1<1+ (:gj:)>+a2<1+ (:2)) ¢ € RY,

then || T, || e (re,x) = [3{ vazt particular if a; = 1, as = 0, and v = 0, then

t>0.

1og2—1og(‘£2‘z +1)

_ [€1] d

m(f)*1+ 1 |§2‘u 9 EGR )
0g(|gl\v)

is such that ||T | pr@ex) = ﬂ;o)’(l}. Moreover, by Remark 4.14 one gets that
T + CI”LP R4 X) = HT7n+cHLP(Rd X)) — BC7C+ for any c € C.

Remark 4.16. The reader might think that any even homogeneous Fourier mul-
tiplier is of the form (4.3) for some ¢ and ) such that ||@|co, [|¥]lcc < c0. Unfortu-
nately this is not true, and there are bounded even homogeneous Fourier multipliers
which are unbounded on LP(R?) for any p # 2. Nonconstructively this fact was
shown in [11, pp. 59-60] in the case d > 3. Here we construct such a symbol in the
general case d > 2. Let
lel?+e ;\m?
m(é’) — 6 €4l 5 é-l 7é 07
0, §&1=0.

Fix p # 2 and assume that ||T;,||z(zrra)y) < 00. Then by [15, Theorem 2.5.16]
e diggl?
for a.e. fixed £; € R\ {0} a multiplier with a symbol ¢’ I€al® “" is bounded on

LP(R9~1). But this contradicts with the Hormander theorem (see Lemma 1.4 and
Theorem 1.14 in [16]). Thus ||Tr, | z(Lr(re)) = 0o for any p # 2.

Remark 4.17. Let p € (1,2) U (2,00), d > 2. In this case any Fourier multiplier
T, with C* even homogeneous symbol m is bounded on L?(R?; X) with X having
the UMD property due to the Mihlin multiplier theorem [15, Theorem 6.2.7] and
its generalization to the UMD space case [17, Theorem 5.5.10] (in fact the C'°°-
condition can be weakened a lot: due to Theorem 3.1 and Corollary 4.1 in [18] it is
sufficient to have m|ga\ 10} € C’L%H’l). Nevertheless, by the latter remark it is not
true that T, is bounded on LP(R?) for a general bounded even homogeneous m.
Therefore it is not true that 7}, is bounded on LP(R?) with a general continuous
even homogeneous m. Indeed, assume that ||}, | z(»re)) < oo for any continuous
even homogeneous m. Then by the closed graph theorem, m — T,, is a bounded
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operator, and ||Ty| z(zrre)) < C|mlle for some C' > 0. But hence the same
estimate holds for a general bounded even homogeneous m: if (m,,),>¢ is a sequence
of continuous even homogeneous functions such that m,, — m pointwise as n — oo
and ||mn /oo < [|m]|s, then for any Schwartz function f: R% — C

| Ton fll LRy < linrgigf | Ton,, fllLe ey < CllfllLe ey,

which contradicts with Remark 4.16.

(1]
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