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Direct Continuous-Time LPV System Identification of Li-ion Batteries
via L1-Regularized Least Squares

Yang Wang and Riccardo M.G. Ferrari

Abstract— Accurate identification of lithium-ion battery pa-
rameters is essential for estimating battery states and managing
performance. However, the variation of battery parameters over
the state of charge (SOC) and the nonlinear dependence of
the open-circuit voltage (OCV) on the SOC complicate the
identification process. In this work, we develop a continuous-
time LPV system identification approach to identify the SOC-
dependent battery parameters and the OCV-SOC mapping. We
model parameter variations using cubic B-splines to capture
the piecewise nonlinearity of the variations and estimate sig-
nal derivatives via state variable filters, facilitating CT-LPV
identification. Battery parameters and the OCV-SOC mapping
are jointly identified by solving L1-regularized least squares
problems. Numerical experiments on a simulated battery and
real-life data demonstrate the effectiveness of the developed
method in battery identification, presenting improved perfor-
mance compared to conventional RLS-based methods.

I. INTRODUCTION

Electric vehicles (EVs) have gained widespread utilization
owing to low-carbon policies and sustainable transportation
demands [1], [2]. Lithium-ion (Li-ion) batteries are increas-
ingly deployed in EVs for their enhanced energy density,
energy efficiency, and extended service life [3]. Accurate
identification of battery parameters is essential for reliable
EV operation, as they are fundamental to estimating battery
state of charge (SOC) and state of health (SOH), two critical
measures for ensuring EV safety and efficiency [4].

Battery parameters are physical quantities that naturally
exist in the continuous-time (CT) models derived from phys-
ical laws. To retrieve these physical parameters, a CT model
is eventually required from the data, even though a discrete-
time (DT) model is first obtained. As the concentrations
of lithium ions in the battery cell evolve during charging
and discharging, the battery parameters exhibit variations
over the state of charge (SOC). In addition, the open circuit
voltage (OCV) of the battery changes with the SOC with a
nonlinear relation [3], [S], complicating the battery param-
eter identification task. To address these problems, existing
approaches mostly adopt discrete-time (DT) recursive least
squares (RLS) based online identification methods [6], [7].
These approaches construct a DT model of the battery,
iteratively update the model parameters using the incoming
data, and transform the identified DT model into a CT
model to retrieve the battery parameters. Although they track
parameter variations, RLS-based methods fail to incorporate
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functional dependencies of the parameters on the SOC,
making the parameters and the SOC misaligned with each
other. Moreover, the transformation between the DT model
and the CT model adds discretization errors, lowering the
identification accuracy [8].

An alternative approach is to formulate a linear parameter-
varying (LPV) model and conduct continuous-time system
identification to identify the LPV model parameters. This
approach explicitly models battery parameters as functions
of the SOC, resolving the misalignment problem in the
RLS-based methods. In addition, CT system identification
omits the transformation between the DT and the CT
model, simplifying the identification process and avoiding
discretization errors. Some attempts are made in the litera-
ture. [9] developed a local CT-LPV method to identify the
SOC-dependent battery parameters, in which the parameters
are considered constants at individual SOC points and are
identified by applying a linear time-invariant CT method.
The local approach is restricted by the number of local
models and cannot capture the transient behavior between the
working points where the local models are identified. [10]
devised a global subspace-based LPV system identification
to identify the SOC-dependent battery parameters. However,
this method requires the OCV-SOC mapping measured via
offline tests, which are inapplicable to installed batteries.
[11] developed a CT-LPV method to identify temperature-
dependent battery parameters with the simplified refined
instrumental variable method. This approach, nevertheless,
only modeled the internal resistance as a variable parameter
while treating the dynamic parameters as constants, limiting
the model accuracy.

In this work, we develop a novel CT-LPV system identifi-
cation method to jointly identify the SOC-dependent battery
parameters and the OCV-SOC mapping. This method models
the battery parameters as functions of the SOC and identifies
the CT battery parameters directly from the sampled data
without relying on a DT model. The dynamic behavior and
static OCV are distinctly represented in the input-output (I0)
model of the battery derived by latent variable elimination
in a latent variable representation. We model the SOC-
dependent battery parameters with cubic B-splines to reflect
their piecewise nonlinearity and estimate the time-derivatives
of signals from sampled data using a state variable filter
(SVF) method. Finally, the battery parameters and the OCV-
SOC mapping are jointly identified by solving L1-regularized
least-squares problems.

Contributions The contributions of the paper are summa-
rized as follows:
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o We develop a CT-LPV system identification method to
identify the SOC-dependent battery parameters and the
OCV-SOC mapping;

o The battery parameters and the OCV curve are modeled
with cubic B-splines for enhanced estimation;

o The battery parameters and the OCV curve are identified
by solving L1-regularized least squares problems;

o The proposed method is validated on a simulated battery
and real-life data, compared with existing methods.

The rest of this paper is structured as follows. Section II
introduces the battery model used to model Li-ion batter-
ies. Section III presents the proposed CT-LPV method for
identifying battery parameters and the OCV-SOC mapping.
Section IV demonstrates the results of the proposed method
on a simulated battery and real-life data. Section V concludes
this study.

II. MODEL DESCRIPTION OF LI-ION BATTERIES

Li-ion batteries are commonly modeled with a first-order
equivalent circuit model (ECM), as shown in Figure 1.

R,(SOC) _ib_o
[ |
OCV(SOC)  Ry(SOC) 1
Ci(50C) Vi
O
Fig. 1. Equivalent circuit model

This model comprises an internal resistor R, a resistor-
capacitor network R;C7, and a voltage source wv,.. Ry
models the internal resistance of the battery, R, C represents
the battery’s polarization process, and v, emulates the open-
circuit voltage (OCV) of the battery. The current ¢; and the
voltage vy, are the model’s input and output, and the charging
direction is defined as the positive direction. The continuous-
time state-space equations of the ECM can be written as:

) S v _ i
v1(t) = D) 1(t) + ACO) i (t) (1)
vp(t) = v1(t) + Ro(2)ip(t) + voe(2(t)), (2)

where 71 (2(¢)) := R1(z(t))C1(2(¢)) is the time constant of
the battery, z(t) is the state of charge (SOC) and v; € R is
the polarization voltage across the RC pair. In this model, the
battery parameters Ry, R1,C7 and the OCV wv,. vary with
the SOC of the battery. The SOC is defined as the amount
of charge in the battery in relation to its total capacity. It is
computed via coulomb counting as:

t
1
A0 ==00)+ [ grgendn O

where z(to) is the initial SOC at time ¢y, C' is the battery
capacity in Ampere-hour (Ah), and 3600 is a factor to convert

Ah into Coulombs.

During the identification process, we adopt the following
assumptions on the SOC and the intersample behavior of the
battery input.

Assumption 1 (Zero-order-hold input) The battery input
is generated with a zero-order-hold (ZOH) mechanism.

Assumption 2 (Zero-order-hold SOC) The state of charge
of the battery is constant during sampling intervals.

Assumption 3 (Constant temperature and age) The am-
bient temperature and the battery age are unchanged during
the data collection experiments.

Assumption 1 can be adopted for batteries employed in EVs
equipped with digital processors. Assumption 2 is used for
SOC varying slowly and a sufficiently fast sampling rate. It is
commonly adopted in the literature [6], [9], [12]. Assumption
3 is used to keep simplicity and focus on the essence of the
proposed CT-LPV identification method.

The physical parameters of the ECM provide represen-
tative values that help us to understand the battery status,
and by examining the variation of these parameters, they are
critically used to estimate the state of charge and the state
of health of the battery.

The aim of this study is to identify the SOC-dependent
battery parameters Ry, R;, 7 and the static OCV-SOC map-
ping v, from the sampled input and output data {is, v} of
the battery.

III. CONTINUOUST-TIME LINEAR PARAMETER SYSTEM
IDENTIFICATION OF LI-ION BATTERIES

To identify the SOC-dependent battery parameters and the
OCV-SOC mapping, we first construct an input-output (IO)
model of the battery, then utilize cubic B-splines to parame-
terize model parameters, and finally formulate a regularized
least squares problem to identify the battery parameters.

A. Input-output model of the LPV battery system

The traditional Laplace transform-based approach is inap-
plicable to derive the IO model of the LPV battery system.
To derive an 10 model of the system (1)(2), we write the
system in a latent variable representation form [13] as:

Rr(§vi(t) = Rw (§w(?) “4)
d

where £ := - is a differential operator, R;, € R***[¢] and

Ry € R?*2[¢] are polynomial matrices:

R(§) = [“ﬁ(;“”} , Rw (&) = [

1
N AEIG)
-1 ’

—1 Ro(x(t))

and vy (t) and w(t) := [vp(t) — voe(t), ip(t)]T € R? are the
latent and the manifest variables respectively.

In this form, we can always find suitable elementary row
operations, represented by a unimodular matrix M (§) [14],
such that by multiplying M (£) by Rz (&), Rw (§), it holds:
R. Rﬂ

mer© | mvel= R o
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where R} € R[¢] and Riy, R, € RY*2[¢] are transformed

polynomial matrices and the (2,1) block matrix is zero.
From the polynomial matrices in (5), we can find the

manifest behavior, with the latent variable eliminated as:

Ry (&)w(t) = 0. (6)
It can be shown that the unimodular matrix
0 1
M(E) = [ 1 ] )
L NE0)

gives the form (5) for the battery system. By using (6), we
can write an 10 model of the battery system (1)(2) as:

Eup(t) = ax(z(t))vp(t) + &E(bo(2(t))in(t))+
b1 (2(t))in(t) + Evoc(2(t)) — ar(2(£))voc(2(t)),  (8)

where a1, bg, by are the IO model parameters, and they are
related to the battery parameters as:

1
al(z(t)) - 77’1(Z(t)) 9
bo(2(t)) = Ro(z(t)) (10)
ety = D ERGD)

By identifying the SOC-dependent 10 model parameters, we
can retrieve the battery parameters using the above relations.

B. Cubic B-splines for model parameterization

To identify the SOC-dependent IO model parameters, we
parameterize the parameter variations with cubic B-splines.
A cubic B-spline is a piecewise polynomial function capable
of representing a wide range of functional variations with
a low-order model. As noted in the literature, the battery
parameters exhibit piecewise nonlinearity over the SOC [6],
[15], and thus the cubic spline is suitable for modeling these
characteristics. The 10 model parameters and the OCV term
in (8) can be modeled with cubic splines as:

h
P(2(t) =Y cpgi(2(1), (12)
i=1
where P € {a1, bo, b1, Voe, G100} are the model parameters,
gi(z(t)) is the spline basis evaluated at z(t), ¢% is the i-th
control point of the parameter P, and h is the total number
of the spline bases. The basis function g; is defined over a
non-decreasing knot vector Z = [z, ..., zn+3], Where zg <
- < zp43 are knots of the spline. Define p € Z>( the
degree of the spline. p = 3 for a cubic spline. The spline
basis g; can be computed recursively via the de Boor-Cox
formula [16] as:

z(t) — z

gipla() = T
1+p i

gip—1(2(1))+

Cubic B-spline First order derivative Second order derivative Third order derivative

3 10 200

1000

5 100
,
° 0 0 0
1 5 -100 -1000
10 -200

-2000

0 05 10 0.5 170 0.5 10 0.5 1

Fig. 2. Cubic B-spline and its first to third-order derivatives. Red triangles
represent knot positions and mark the derivatives’ discontinuities.

A p-th degree spline is (p — 1)-th order continuous. The d-th
order derivative of a p-degree spline can be computed as:
(d) _ p (d—1)
9ip (2(1) = mgi,p—l (2(t)—

b (d—1)

— Gz, (15)
A G)

The third-order derivative of the cubic spline is a piecewise
constant function, with discontinuities occurring at the knot
positions, as shown by an example in Figure 2. To mitigate
overfitting to measurement noise, in the sequel, we will
utilize this feature to regularize the smoothness of splines.
With the model parameters represented with cubic splines
(12), we can write the IO model (8) in a regression form as:

Eup(t) = 0" (t)e, (16)
where ¢ € R5" is a data vector:
o(t) = [(gvs)(t) £(gin)(t) (gin)(t) E9(z(1)) g(z(t))}T(,1 )
g(2(t)) € R" is a vector of all spline bases:
9(2(1)) = [91(2(1)), ..., gn(2(D))],

(gup), (gip) € R in (17) are vectors of g;u, and g;i; for
i € Z", and c € R°" are the spline control points of the IO
model parameters:

(18)

c= [CL Cl; chl C;roc C;lrlvoc] ! ) (19)
in which cp € R" is a vector of ¢k, in (12).

Since SOC z(t) is a weighted integration of current iy (3),
there can be coefficients ¢; and ¢y such that (gip)(t)c; =
€g(z(t))co for all t. To avoid redundancy in the data vector
(17), we perturb z(t) with a small Gaussian noise, e.g., with
a standard deviation of 1 x 1074, to improve the numerical
stability. This perturbation acts on the scheduling signal and
does not affect the identification result. Hereafter, we denote
by Z(t) the perturbed SOC.

C. State variable filter for time-derivative estimation

Time-derivatives are essential in CT system identification.
A state variable filter (SVF) is a continuous-time low-pass
filter enabling prefiltered derivatives of signals from sampled
data [17]. A zero-order SVF has an operator form as:

Zitp+1 — 2(1) )
————gir1p-1(2(1)), (13) I
Zitp+1 — Rit1 P F(g) (5 + V)n’ (20)
where where v € Ry is the cut-off frequency and n € Zxq is
oy = d b E S El) <z (14) the order of the system, n = 1 in our problem. Denote
JOEET =0 otherwise by F;(§) = & F(€) the j-th order SVF, f;(t) the impulse
2349
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response of F;(£). Then, the j-th order derivative of vy can
be computed as Fj[vp](t) := f;(t) * vp(t), where * is the
continuous-time convolution operator. With the SVFs applied
to all signals in model (16), we can write the IO model with
prefiltered signals as:

Fi[w)(t) = Flg] " (t)e
where F[¢](t) € R" is a prefiltered data vector:

F[g](t) = [Folguve](t) Filgis](t) Folgis)(t)
Filg)(2(8)) FolglZ®))]", (22)

and Fylgup] is the prefiltered vector of (gv,) in (17); other
components in (22) are defined similarly.

As SVFs are implemented over CT signals and the
data vy(t),45(t), g(2(t)) are only available as discrete-time
samples, the sampled data {(gvs)(tx), (gis)(tr), g(tr)} are
interpolated into CT signals before conducting the filtering.
According to assumptions 1 and 2, we apply ZOH interpo-
lation to sampled data to implement SVFs.

2n

D. Regularized least squares for parameter identification

Using the prefiltered 10 battery model (21), we can
identify the spline control points of the IO model parameters
by solving a least squares problem as:

mgn | F1[Vo,m] — F®m]c| 7, (23)

where || - || is the Frobenius norm, Fi[V,,,] € R™ and
F[®,,] € R™*5h) are the vectors of the prefiltered output
F1[vp](t) and the data Fy[¢](¢):

Filop](t1) Fi[g] " (t1)

5 F 1 [q)m] = 5
Fi[e]" (tm)

(24)
and Fi[vp)(tx), F1[¢](tx) are the sampled data of the
continuous-time signals Fy[vp](t), F1[¢](t) and at the time
instant tg, k € Z7*.

To prevent cubic splines from overfitting measurement
noise, we regularize the smoothness of the splines in the
least squares problem (23). The highest-order derivatives of
the splines are piecewise constant functions, as illustrated
in Figure 2. The smoothness of the splines increases as the
size of the discrepancies between the piecewise segments
decreases. This can be achieved by imposing the sparsity
on the finite difference of the spline derivatives with an L1-
regularization. Specifically, we write an L1-regularized least
squares problem for identifying the battery parameters as:

Fl [%,m] = :
Fy[op] (tm)

3
min | B [Vbm] = Fl®mlellr + Y NlIDG caynlly (25)

m
i=1

where \;,i € Z3 are the regularization coefficients, || - |1
is the L1-norm, ¢4yn € {Cq,, Coy, Cp, } are the spline control
points of the dynamic parameters of the IO model (19), D €
R(Mm=1)Xm ig 4 finite difference matrix and ng) e Rm*h gre

the third order derivatives of the cubic spline basis functions:

1 1 gg(%)
99 (Z2)
D= , G® = . . (26)
1 -1 S
9 (zm)

where ¢(®)(Z;) is computed by (15), and {2;} is an ordered
sequence of SOC. The L1-regularization ||-||; in (25) imposes
most elements of the vectors to be zero.

To ensure the control points of the OCV spline ¢, in the
derivative term £v,. consistent with that in the bilinear term
a1V, in the IO model (8), we utilize the dynamic parameter
Cdyn 1dentified from (25) and re-identify c,,. by solving the
following regularized least squares problem:

min [|[W,, — (F1[G] _FO[&leDCvoc HF‘F)‘4”DG52)C%C ll1

27)
where U, = Fy[Vom] — FI®SM(Eayn), FIRNM] €
R™*(3h) are the first 3h columns of F[®,,] in (23), (Cayn) €
R3" are vectors of Cayn, and a1 = G, Cq, is the identified
parameter a;. This problem represents all OCV terms with a
single set of control points, ensuring consistent v, through-
out the IO model (8). By solving the regularized least squares
problem, we can regularize the smoothness of v,. as well.

In the next section, we validate the efficacy of the CT-LPV
method in identifying battery parameters and the OCV-SOC
mapping on a simulated battery and real-life battery data.

IV. NUMERICAL EXPERIMENTS ON A SIMULATED
BATTERY AND REAL-LIFE DATA
We first validate our approach on a simulated battery and
then apply the method to real-life battery data.
A. Validation on a simulated battery

To validate the effectiveness of the CT-LPV method in
SOC-dependent parameter identification, we generated a sim-
ulated battery with the following variable battery parameters:

Ro(2) = 0.03cos(0.32 + 2) + 0.04/(1 + 2002*%) + 0.1

Ri(2) = 0.3sin(0.1z + 2) + 0.6/(1 + 200z*%) — 0.1
T1(2) = cos(2z + 1) +sin(bz + 1) + 18
Voe(2) = 0.03(1.5 — 2) =% 4+ 0.1log(z + 0.01) + 3.

These parameters are designed according to real-life battery
parameters (Figure 9 in [6]) to emulate real battery behavior.
To validate the developed method to identify battery param-
eters and the OCV-SOC mapping from dynamic discharge
data, we excited the simulated battery with the Dynamic
Stress Test (DST) profile, a current profile that mimics
the real-life driving conditions of electric vehicles. The
current and voltage of the simulated battery are contami-
nated with measurement noise, with a standard deviation of
0.01, estimated from real-life battery measurement data. The
generated current, voltage, and the computed SOC of the
simulated battery are shown in Figure 3.

As the battery is discharged from 80% to depletion, we
selected the number of segments h — 3 for cubic splines as
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Fig. 3. Generated voltage, current, and the computed SOC of the simulated
battery under the DST profile.

80, so that one segment of the spline represents 1% SOC.
We set the cut-off frequency of SVFs as v = 1 x 1073,
The regularized least squares problems (25) and (27) are
solved in MATLAB with the cvx toolbox [18]. The LI1-
regularization coefficients \; in the least squares problems
are tuned and set as A\; = 3 x 107%, Xy =5 x 1077, A3 =
5x 107%, Ay = 2 x 107°. To compare the developed CT-
LPV method with an RLS-based method, we applied the
discrete-time fixed-memory recursive least squares (FMRLS)
[6] method to identify the battery parameters. To evaluate the
performance of the identification results, we utilize the root
mean square error (RMSE) and the Variance-Account-For
(VAF) [19] metrics:

RMSE = S (y(te) — G(tk))?

(28)
m+1
_, var(y(ty) — 9(tk))
VAF = (1 var(j(tr)) ) x 100, 29)

where y is the actual value and g is the identified value of
the model. A higher VAF indicates a better fit to the data.
By applying the CT-LPV method and the FMRLS method
to the simulated battery, we obtained the identified parame-
ters shown in Figure 4. From the figure, we see that the CT-
LPV method achieves a smooth curve in the parameters over
the SOC, and the identified parameters are consistent with the
actual parameters. The FMRLS method contains significant
oscillations in the parameters, which are due to the lack of
functional dependence on the SOC. On the contrary, the CT-
LPV approach enables such a dependence and thus achieves
smooth parameters. The RMSEs of the identified parameters
by the two methods are tabulated in Table I. From the
table, we see that the CT-LPV approach presented significant
improvements in the accuracy of the parameters compared
to the FMRLS method. The simulation result indicates that
the CT-LPV method is more beneficial than the RLS-based
method in identifying the SOC-dependent battery parameters.
With the efficacy of the CT-LPV method validated in
simulation, we apply our approach to real-life battery data.

B. Validation on real-life battery data

We adopted the real-life battery data from the CALCE
dataset [20]. The test data was collected from an NMC

0 0 20 30 0 50 60 70 80 0 0 20 30 0 50 60 70 80
SOC (%)

SOC (%)

S0C (%)

Fig. 4. Identified battery parameters of the simulated battery by our CT-
LPV method and the FMRLS method.

TABLE I
RMSE OF THE IDENTIFIED PARAMETERS OF THE SIMULATED BATTERY

Algorithms Ry Ry 1 Voe
CT-LPV 5.17 x 1075 0.0029 0.0025 0.0015
FMRLS [6] 0.0031 0.0138 0.7352 0.0114

battery, and the battery tests were conducted at a controlled
temperature of 25°C. The tested battery is discharged with
a US06 test profile from 80% SOC until depletion. The
collected voltage, current, and the computed SOC of the
tested battery are shown in Figure 5.

i T T T T T T T

T T |
?:w i ;""rwrwv [t g Ll o Ul o ” ' Nf
£ ‘;E

5 I I I I I I I I
0 1000 2000 3000 1000 5000 6000 7000 8000 9000 10000
Time (s)

2 T T T T T T T T T T

I | 1 | | | I |
0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000
Time (s)

T

Il Il Il Il Il Il Il Il Il
0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000
Time (s)

Fig. 5. Measured voltage, current, and the computed SOC of the NMC
battery under the US06 profile.

We applied the CT-LPV method and the FMRLS method
to the collected dataset. Since the battery is discharged from
80% to depletion, we selected the number of segments h — 3
for cubic splines as 80, so that one segment of the spline
represents 1% SOC. The cut-off frequency of the SVFs was
1 x 10~%. The battery parameters identified by two methods
are shown in Figure 6. We can see from the figure that our
approach presents smoother and less oscillatory estimates of
the battery parameters compared to the FMRLS method. The
CT-LPV method also effectively tracks the OCV curve as
validated by the OCV values obtained from offline OCV
tests. This result verifies the consistency of the OCV-SOC
mapping identification.

With the battery parameters identified by the CT-LPV
method, we examine the predictability of the identified
battery model on a new test dataset. We predicted the
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Fig. 6. Identified battery parameters of the NMC battery by our CT-LPV
method and the FMRLS method.

battery voltage under a BJDST test profile and compared
the predicted value with the actual measurements taken from
the battery. The predicted terminal voltage and the prediction
error of the model on the test dataset are shown in Figure
7. The RMSE of the voltage prediction is 8.5039 mV, and
the VAF of the prediction is 99.74%, improved over that
of the FMRLS method, as shown in Table II. The accurate
prediction of the terminal voltage on a test dataset validates
the battery parameters identified by our CT-LPV method.
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Fig. 7. Terminal voltage prediction of the battery model identified by CT-
LPV method on the BJDST test dataset.

TABLE I
RMSES OF THE TERMINAL VOLTAGE PREDICTION OF THE IDENTIFIED
BATTERY MODELS ON THE BIDST DATASET

Algorithms RMSE (mV) VAF (%)
CT-LPV 8.5039 99.74
FMRLS [6] 31.6888 96.63

V. CONCLUSIONS

In this paper, we develop a continuous-time LPV system
identification method to identify the SOC-dependent battery
parameters and the OCV-SOC mapping of Li-ion batteries.
The CT-LPV model is parameterized with cubic B-splines,
and the time-derivatives of signals are estimated with the
state variable filter. The battery parameters and the OCV
function are jointly identified by solving L1-regularized
least squares problems. Validation on a simulated battery
and real-life battery data demonstrates that the CT-LPV

method achieves a better performance than the RLS-based
method in terms of parameter smoothness and accuracy.
The battery parameters identified by the CT-LPV approach
present an accurate prediction of battery voltage on a test
dataset. In future work, we will leverage the identified battery
parameters to estimate the SOC and SOH based on dynamic
discharge data.
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