Opfimal Ascent
Trajectory tor
Hypersonic Gli@e
Vehicle insertio

Master Thesis Aerospace Engineerin
Matthiin Merjer

4
TUDelft gy






Optimal Ascent
Trajectory tor
Hypersonic Glide
Vehicle insertion

by

Matthiin Meijer

at the Delft University of Technology.

4 “' Accelerating
the future
I U D e I f t of aerospace
Project duration: February, 2025 — November, 2025
Supervisor: Botchu Jyoti  TU Delft Aerospace Engineering
Co-supervisor: Mark Verveld Royal Netherlands Aerospace Centre
Thesis committee: Jian Gou TU Delft Aerospace Engineering

Marc Naeije  TU Delft Aerospace Engineering

Cover: A SpaceX Falcon 9 rocket carrying the NROL-126 mission and 20
Starlink satellite launched from Vandenberg Space Force Station
in California on Saturday, Nov. 30, 2024 (Image credit: SpaceX)






Preface

After seven unforgettable years at Delft University of Technology, my time as a student comes to an
end with this thesis. Throughout these years, | have had the opportunity to grow both personally and
professionally, and this final work represents the culmination of everything | have learned along the
way.

| would first like to express my sincere gratitude to Mark Verveld, my supervisor at NLR, for his in-
valuable guidance and insight throughout this project. His deep understanding of the subject and his
ability to challenge ideas in a constructive way have greatly shaped my thinking and the direction of
this research.

| would also like to thank Botchu Jyoti, my supervisor at TU Delft, for her support, encouragement, and
critical feedback. Her perspective and attention to detail helped me refine my ideas and the writing
process of this report.

Working on this thesis has been very rewarding. | found the topic of optimal ascent guidance for a
hypersonic glide vehicle both fascinating and highly relevant. It represents a very current and impor-
tant challenge within aerospace research. The problem’s complexity and its connection to real-world
applications made this work particularly engaging to explore.

Looking back, | am proud of the experiences, challenges, and growth that the years in Delft have
brought me. This thesis marks the end of an incredible chapter and the beginning of a new one.

Matthijn Meijer
Amsterdam, November 2025

11






Abstract

This thesis presents the development of an open-loop optimization framework for computing the optimal
ascent trajectory of a multi-stage booster, with specific application to the insertion of a Hypersonic Glide
Vehicle (HGV) into its glide phase. The study addresses the challenge of guiding a launch vehicle
through atmospheric and exo-atmospheric regimes while satisfying physical and terminal constraints.
The HGV insertion case provides a relevant example, given the growing interest in boost-glide systems
for both defense and research applications.

The optimization problem is formulated using the Pontryagin Maximum Principle (PMP), enabling an
indirect method that solves the coupled state—costate dynamics with strict boundary conditions. The
ascent is modeled as a 3-DoF point-mass in Cartesian coordinates, taking into account aerodynamic
forces, Earth’s rotation, and path-and-control constraints. This study presents a suitable constraint set
and problem definition for the optimization problem that improves numerical convergence. A multiple-
shooting approach is used to ensure convergence for the nonlinear dynamics, while a homotopy con-
tinuation strategy gradually incorporates aerodynamic and path constraints to improve numerical ro-
bustness. Furthermore, the developed trajectory optimization model allows for the implementation of
arbitrary boosters that include staging and throttle management.

Results demonstrate smooth, dynamically consistent ascent trajectories that meet target insertion con-
ditions required for an efficient HGV glide. In addition, this report introduces various evaluation tech-
niques for the computed trajectories, together with verification methods that ensure their physical accu-
racy. Overall, the work delivers a comprehensive and extensible framework for optimal ascent guidance
under realistic aerodynamic and operational constraints, with direct applicability to modern boost-glide
mission design.
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Introduction

Near-space boosters play a crucial role in delivering payloads to specific position-velocity combinations,
supporting a wide range of applications in both civilian and defense sectors. These boosters operate in
the upper atmosphere and lower space regions, enabling efficient high-speed transport and interception
missions. One prominent example is the boosted Hypersonic Glide Vehicle (HGV), which is initially
launched by a rocket booster to reach a certain altitude and speed. After booster burnout, the HGV
glides and skips through the atmosphere at hypersonic speeds of more than Mach 5. An example of a
near-space booster that inserts a hypersonic glide vehicle is the boost phase of DARPA's HTV-2, seen
below.

Figure 1.1: HTV-2 insertion schematic [1].

Near-space boosters have a diverse range of applications. In the civilian sector, hypersonic vehicles
can serve as a new form of intercontinental passenger and cargo transport. This type of cargo vehi-
cle can enable fast and precise delivery, boosting transportation efficiency. Meanwhile, a hypersonic
passenger vehicle can significantly reduce travel time [2]. In defense and space exploration, near-
space boosters offer capabilities such as intercepting fast-moving targets, including asteroids from
outer space. Their ability to place payloads at precise locations with specific velocity conditions makes
them valuable for a wide range of missions. Throughout this paper, the boosted HGV will serve as the
primary example to analyze the performance, trajectory optimization, and terminal conditions of these
boosters.

To ensure the successful operation of most autonomous flight vehicles, a well-designed guidance, navi-
gation, and control (GNC) sub-system is essential. Given the model uncertainties and complex physical
effects encountered at high Mach numbers, the methods used must be capable of ensuring mission
success while compensating for any inaccuracies in the model assumptions [3].

For every application and type of vehicle, the ascent trajectory will look different. However, in general,
the full trajectory of launch vehicles consists of similar phases. These are illustrated in figure 1.2a for
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2 Chapter 1. Introduction

the specific case of an HGV. This study focuses on the trajectory from launch through booster ascent
to the point at which the hypersonic-glide vehicle is inserted into its glide back toward Earth.

Exoatmospheric

1

/

\
4

/" Apogee \\ % Glide Phase
/ A\
’ A =<
4 ~
§ /I \\ B T 15
= / N =
= / \ £
< ! Boost ; £
,’ Phase Terminal
1 Dive 1
1 |
L .
Range
(a) HGV total flight scenario.[4] (b) Three dimensional boosted HGV Path [5].

Figure 1.2: Boosted HGV trajectory example.

During this ascent trajectory, it is important to consider the necessary terminal conditions of the trajec-
tory to ensure the success of the rest of the mission. For instance, in the case of the HGV, the ascent
phase is followed by the glide phase, as can be seen in figure 1.2a. Therefore, the booster’s ascent tra-
jectory must satisfy specific terminal conditions to deliver its payload properly. These conditions, in turn,
directly influence the dynamics of the earlier phases, making them essential for accurately modeling
the entire trajectory. This approach will be further elaborated later.

1.1. Background

Assignment Description NLR

This thesis research is conducted at the Royal Netherlands Aerospace Centre (NLR), whose goal is
to develop the optimal open-loop ascent trajectory of a booster, with possible closed-loop applications
in mind, using an indirect optimization method. So, a primary requirement is that the solution is found
analytically. This is crucial because, an analytical solution facilitates easy future integration into other
simulation environments, avoiding the computational burden of direct numerical optimization and pro-
viding greater insight for sensitivity studies. Furthermore, the model should be a 3-DoF model, prefer-
ably with a rotating Earth. Finally, the rocket model must be arbitrary to enable optimization for various
launch vehicles.

Goal of Research

The goal of this research is to find the optimal ascent trajectory of the boost phase of a hypersonic glide
vehicle using an indirect optimization method. As mentioned before, the research will use an arbitrary
booster model to allow for the implementation and optimization of different booster types. The research
will also verify that the computed optimal ascent trajectory produces accurate results by verifying the
physical accuracy and comparing it to other direct optimization models. Additionally, the research will
evaluate the obtained results with a sensitivity analysis.

Document outline

The report is structured into 10 chapters. Chapter 2 presents the ascent optimization problem of this
study. Also, the studied literature and the state-of-the-art in the field of boost phase trajectory optimiza-
tion will be given. Further, it highlights the specific case study for the HGV. This chapter will present
the novelty in the field of ascent optimization for an HGV, which will form the basis of the developed
research questions. Following this novelty, Chapter 3 defines the research objectives, requirements,
and questions. Chapter 4 describes the stakeholder analysis of NLR. This is to ensure that this study
satisfies their requirements and expectations. Chapters 5, 6, and 7 discuss the research methodology,
including modeling approaches and optimization methods used. The methodology used here is also
based on a methodology trade-off that has been made during the literature study phase of this research.
This trade-off can be found in the Appendix. Chapter 8 presents the results of the made optimization
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model by comparing different cases with each other. Furthermore, chapter 9 presents a sensitivity
analysis and a verification of all the obtained results. Lastly, chapter 10 gives the final conclusion and
recommendations for future research.






The Ascent Optimization Problem

The optimization of the ascent guidance of near-space boosters is a very important part of mission
design. Near-space boosters are key to transporting payloads to exact position-velocity targets, serving
various purposes in both the civilian and defense sectors. The trajectory of the boost phase of near-
space boosters is significantly different in comparison to the ascent trajectory of other launch vehicles.
First of all, these boosted ascent phases follow a sub-orbital trajectory. In contrast, when a launch
vehicle inserts a satellite into orbit, a part of the booster must reach and maintain orbital velocity around
Earth. These two trajectories differ in key parameters like final altitude, velocity, and flightpath angle.

The goal of this chapter is to present the state-of-the-art in the field of trajectory optimization of near-
space boosters, upon which the novelty of this work and the corresponding research gap are identified.
In the next chapter, the research requirements and questions will be elaborated based on this novelty.

2.1. State-of-the-art

This chapter will explore how the boost phase for near-space boosters is modeled in existing literature
(like boosted HGVs and Ground-Based Midcourse Defense vehicles). This includes the modeling of
the rocket and its environment. Furthermore, the boost phase of an HGV is examined as a specific case
study because it aligns well with the application and is currently a widely researched topic in the field.
Chapter 2.2, discusses the different flight conditions the HGV goes through, because of its influence
on the final conditions of the boosted ascent.

Additionally, the chapter will examine the methods used to optimize these trajectories, highlighting
different approaches found in research. Finally, these findings will be analyzed and reflected upon at
the end of the chapter, providing a foundation for the methodology used in this study.

2.1.1. Modeling of Launch Vehicle

Before a trajectory can be optimized, a detailed model of the launch vehicle’s dynamics must first be
established. This involves defining the equations of motion (EOM) that describe the system’s behavior,
which depend on the chosen reference frame and the required level of detail for accurately capturing
the motion. Additionally, the booster itself must be characterized, specifying the type of booster used,
its thrust capabilities, and the extent of thrust vectoring, which directly impacts the rocket’s controllability.
Finally, external forces acting on the vehicle must be considered, particularly aerodynamic forces that
induce drag and lift on the vehicle. This plays a crucial role in shaping the vehicle’s flight path.

Equations of Motion

There are various methods and reference frames used to describe the dynamics of a launch vehicle.
This section presents the two most commonly used approaches in literature for modeling the motion of
near-space booster trajectories. The dynamics of the hypersonic glider and its launch vehicle are often
modeled as a point mass while still accounting for angular orientation, such as the angle of attack.

The first dynamical model that is prominent in literature is described by Yu Li (et. al) [6], Kai An (et. al)
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6 Chapter 2. The Ascent Optimization Problem

[7], and Si-Yuan (et. al) [8]. Here, the launch vehicle is modeled to fly in a vertical plane over a spherical,
non-rotating Earth. The motion is described using a spherical coordinate system. The following figure
2.1 gives a schematic of this dynamical model.

— X

Figure 2.1: Schematic of vertical motion of launch vehicle.[9]

Here, T is the thrust, « is the angle of attack, and ~ is the flightpath angle. Further, m is the mass, g is
the acceleration due to gravity, and V represents the velocity vector.

Earth’s gravity can also be chosen to be modeled as a sphere. Then only one variable is necessary
to describe the gravitational acceleration, which is its position vector [8]. Li Yu (et. al.) presents
more dynamical models like this, applied to boosted HGV trajectories [10] [11]. In these descriptions,
the point mass can move in three-dimensional spaces with the equations of motion presented in a
Cartesian framework.

However, another option is to also express these equations in spherical coordinates [12]. In this case,
the three-dimensional point mass also has a heading angle (), latitude (¢), and longitude () that
describe the state of the system [12]. Here, it is possible to take into account the influence of Earth’s J;
perturbations. Then, there are two different terms that describe the Earth’s gravitational acceleration
considering its oblateness (g, and g,). These can be described using the following relations [12]. In
these equations, R, is Earth’s radius.

3 (Re)’

gT:% [1_2‘]2 (f) (3sin2¢—1)] (2.1)
2

5o =22, (RE) sin g cos 6 (2:2)

Furthermore, the Earth’s rotation is also implemented in these equations of motion. It is, of course,
possible to use a model where the rotation of the earth is taken into account, but not its oblateness.
This can be done to simplify the dynamics model of the booster.

Control of the launch vehicle

The controllability of a launch vehicle is determined by factors such as thrust and angle of attack, which
appear in the equations of motion. In the literature, various scholars define their booster models, speci-
fying the thrust capabilities and control conditions during the booster’s ascent. These definitions directly
influence the launch conditions and the extent to which the rocket can be maneuvered. The papers
mentioned in this section describe models used in the literature to characterize near-space boosters
for vehicles like boosted HGVs and ground-based midcourse boosters.

Yu Li et al. model the launch vehicle as a Minuteman lll, a three-stage solid rocket booster [6]. Each
stage ignites sequentially, cutting off and separating to shed inert mass. The thrust, mass flow rate,
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and specific impulse for each motor are assumed to be constant. Li applies the same Minuteman ll|
booster in other research focused on HGV ascent trajectory optimization [10] [11].

Si-Yuan Chen et al. also consider a solid-propelled booster with two stages [8]. To simplify the structure,
this booster lacks a thrust termination system, meaning the fuel must be entirely consumed before
burnout.

Kai An et al. define the control variable for a boosted HGV trajectory as the pitch angle, with no thrust
variation [7]. This limitation aligns with the characteristics of a solid rocket booster, where thrust cannot
be actively throttled.

J.R. Gottlieb et al. take a different approach by optimizing both the ascent trajectory and the booster
of the HGV [13]. Their model also employs a solid rocket booster, reinforcing the prevalence of such
systems in trajectory optimization research.

Both the work presented by S. Ann and Y. Jung control the flight path angle of a ground-based mid-
course booster by only altering the thrust direction and not the throttle [14] [15]. Thus, indicating that
the research does not cover the ability of thrust variation.

Furthermore, the paper by W. Chen et al. and N. Li et. al. optimize the trajectory of a booster de-
signed to intercept hypersonic targets [16] [17]. These booster models use a solid propellant thruster.
Therefore, the only control variables are the angle of attack and engine activation. Also, the paper by
J. Lukacs et. al., which uses a ground-based midcourse vehicle, uses a booster with a solid propel-
lant [18]. A ground-based midcourse vehicle is a rocket launched from the ground that is designed to
intercept a target during the midcourse phase of its trajectory.

However, in the paper by G. Wu et al., throttle is one of the control variables [19]. In the paper, the
ascent trajectory of an HGV is optimized to minimize fuel usage. Therefore, this does allow for the
implementation of liquid propellant thrusters. However, the vehicle starts midcourse, and the used
optimization approach makes it not able to be implemented for the use case of the research of this
thesis. This will be discussed later in this chapter.

The literature demonstrates that extensive research has been conducted on the use of solid rocket
boosters for the boost phase of an HGV. As a result, the primary control variable in these studies is
the angle of attack of the launch vehicle and the duration of the coasting phase. Since solid rocket
boosters do not allow for thrust modulation, the thrust level cannot be used to steer the vehicle in
a desired direction. Instead, the controllability in the reviewed papers comes primarily from thrust
vectoring, which influences the angle of attack and, consequently, the overall state and trajectory of the
booster.

Aerodynamic forces
To model the ascent of a rocket accurately, it is essential to account for the aerodynamic forces acting
on the launch vehicle. In literature, different levels of detail can be found to approximate these forces.

At the most basic level, aerodynamic lift and drag are expressed through constant coefficients that are
combined with dynamic pressure and a reference area [7]. A higher level of fidelity can be achieved by
incorporating altitude-dependent air density models, ranging from simple exponential approximations
to more detailed standard atmosphere models such as the 1976 U.S. Standard Atmosphere [20, 21].

In more advanced treatments, the aerodynamic coefficients themselves are not considered constant.
Some works assume that lift and drag coefficients depend only on the angle of attack [22], while others
extend this by making them a function of both angle of attack and Mach number [6]. This allows for
more realistic modeling of the aerodynamic behavior of launch vehicles during ascent.

The paper by J.R. Gottlieb uses Missile DATCOM to make Aerodynamic calculations [13]. Missile
DATCOM is an aerodynamic prediction tool designed to estimate the aerodynamic characteristics of
flight vehicles over a wide range of speeds and atmospheric conditions. The need for such a tool was
recognized in the late 1970s by the Tri-Service Committee on Missiles and Projectile Aerodynamics,
leading to the development of a structured method for aerodynamic analysis. The program was devel-
oped to provide engineers with reliable estimates of forces, moments, and stability derivatives based
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on vehicle geometry and flight conditions [23]. Gottlieb used the tool to generate tables of aerodynamic
coefficients, which are used for the trajectory modeling [13].

2.2. Case study: Insertion of the HGV

As mentioned earlier, in particular the boost phase of an HGV is examined. For the case of an HGV,
the goal of its ascent is to reach the right altitude and speed for an optimal glide. In contrast, for
orbital insertions, the focus is on achieving the necessary velocity and height for a stable orbit. A
hypersonic boost-glide vehicle re-enters along a trajectory with a high lift-to-drag ratio, meaning its
maximum downrange is not solely determined by the shutdown parameters. Instead, optimizing both
the boost and glide phases together is essential for maximizing the missile’s range [6]. Further, the
re-entry phase of an HGV is different compared to more conventional re-entry trajectories. An HGV
has smaller velocities compared to re-entry vehicles that have been in orbit, like the space shuttle. The
latter vehicle has the goal of getting rid of lots of energy by banking. However, an HGV has the goal of
maintaining and conserving its energy with the goal of increasing its range, for instance.

For a Hypersonic Glide Vehicle (HGV) to successfully complete its mission, it must enter the atmo-
sphere under precise conditions. This requires an optimal insertion point where the HGV transitions
from the boost phase to its skip-glide descent. The terminal conditions of the boost phase, defined by
its height, velocity, and flight path angle, directly determine whether the vehicle can initiate its intended
maneuver. Once separated from the booster, the HGV initially follows a ballistic re-entry, as it is re-
leased outside the atmosphere. However, once the atmosphere gets denser, thermal or mechanical
failure should be avoided by staying within the defined re-entry corridor. Deviating from this path can
lead to excessive heating or structural stress, making the vehicle uncontrollable. While re-entry con-
straints are less critical in the exoatmospheric phase, a precise insertion is crucial. If the vehicle enters
with an incorrect velocity or flight path angle, it may fail to execute its maneuver upon atmospheric
entry, significantly impacting its performance and survivability.

2.2.1. Heat flux and mechanical load constraint

The HGV has a maximum heat load that it is able to withstand during re-entry. This maximum heat
load therefore determines one of the constraints of the re-entry corridor of the vehicle’s descent. The
Chapman cold-wall stagnation heat flux equation can be used to make an estimation of the heat flux
on the HGV during re-entry. This equation is given by [24]:

Cl p 1/2 V Cc2
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Here, g. is an estimation of the heat flux experienced by a spacecraft during re-entry. It considers
factors such as the nose radius (R ), atmospheric density (p), sea-level density (pg), spacecraft velocity
(V), and circular velocity at re-entry (V). Further, ¢; is the heat flux constant and ¢, the heat flux
exponent. The cold-wall method provides a more conservative estimation of the heat flux compared to
a hot-wall model, making it suitable for initial design considerations and ensuring a safe re-entry [24].
When the maximum allowable heat flux is known, this equation can be rewritten in order to obtain the
corresponding air density. This equation can be seen below [20]:

n demax Ve ™y T
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In this equation, n will have different values based on the type of boundary layer of the airflow. Further-
more, the cosponsoring altitude can be determined following the computed air density. Considering a
range of velocities, we can generate a height-velocity (h-V) constraint line of the re-entry corridor [20].

Furthermore, the re-entry vehicle also has a maximum mechanical load that it is able to withstand. The
equations presented below allow for calculating the forces acting on a vehicle due to drag and lift [20].
VATT N2
’[’Lg = —-—— (2.5)
mgo
Here, the load factor (n,) is calculated based on the drag force (A), lift force (N), vehicle mass (m),
and gravitational acceleration at sea level (go). This load factor represents the total aerodynamic force
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experienced by the vehicle, normalized by its weight. The equation can be rewritten to the following

equation.
1 VO3 +C% (2.6)

Ng max = ipgvzsref mgo

This maximum load factor is a critical constraint for safe re-entry, as exceeding it can lead to structural
damage.

By rearranging this equation when the maximum allowable load factor n, ... is known, it is possible
to solve for the corresponding air density (p,):

mgo
VQSTef CJQV + 031

2.7)

Pg = 2ng,maaf

This equation allows us to determine the air density that the vehicle can safely encounter for a given
velocity and maximum load factor. Furthermore, since air density is related to altitude, this calculation
effectively translates the maximum load factor constraint into an altitude constraint. Just like for the
stagnation heat flux, a h-V line can be determined for the re-entry corridor for the maximum allowable
mechanical load [20].

The following figure 2.2, shows an overview of the loads dependent on the altitude of the re-entry
vehicle. It can be seen that during re-entry, usually there is first a peak of the thermal load and then
then mechanical load [20]. Next to these constraints, potentially also a maximum temperature limit can

be considered for the HGV.

Figure 2.2: Re-entry loads.[20]

The presented equations above will not need to be modeled for the HGV during the ascent trajectory
of this study. However, it shows all the factors the boost phase needs to consider in order to facilitate
a proper insertion of the HGV.

2.2.2. Soft constraint

If a re-entry vehicle makes a gliding entry, it will glide slowly down. Therefore, the vehicle will have
a small flight path angle. In this case, the vehicle will fly in an equilibrium glide condition. So, the
Hypersonic Glide Vehicle is in a state were it descends at a nearly constant flight path angle, maintaining
a balance between lift and weight. The flight path angle directly affects this condition, as changing this
parameter will effect the amount of lift on the vehicle [20]. When the HGV enters the atmosphere at
high speeds it decelerates due to aerodynamic drag. However, as explained, at the same time, the
vehicle also generates lift to pitch up and leave the atmosphere [25]. So, the equilibrium glide condition
is the theoretical ceiling under which no skipping occurs and therefore defines what is called the soft
constraint. However, in some re-entry scenarios, exceeding this constraint may be intentional to initiate
a skipping maneuver, allowing the HGV to momentarily leave the dense atmosphere before continuing
its glide.

2.2.3. Re-entrty corridor

All the different constraints mentioned form the re-entry corridor. The HGV needs to stay within this
corridor during its descent flight. The proper insertion of the HGV plays a crucial role in this process.
The boost phase of the HGV needs to have the right terminal conditions in order to deliver the HGV
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into its re-entry corridor. Figure 2.3, shows the different path constraints that the re-entry vehicle shall
not cross. This creates the re-entry corridor that the vehicle needs to stay within.
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Figure 2.3: Altitude-Velocity re-entry corridor. [25]

In literature, this re-entry corridor is also frequently presented in an alternative way. An energy-drag or
velocity-drag diagram shows the same corridor but presented by different parameters.
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Figure 2.4: Drag-velocity curve. [26]

2.2.4. Final conditions of the HGV boost phase

The paper by J. Bradt et. al. [27] determines the descent trajectory of a hypersonic glider. In the work
it can be seen that the HGV first makes a ballistic flight before it initiates its glide trajectory. After the
ballistic flight, the vehicle will begin its skip or glide trajectory. The optimal insertion point for this phase
varies depending on the type of Hypersonic Glide Vehicle, as different applications and vehicle designs
require distinct descent trajectories and re-entry corridors. However, inserting the HGV into its ballistic
re-entry trajectory under the right conditions, starting from an exoatmospheric environment, is a crucial
step in the success of the entire mission. Therefore, dependent on the mission, the boost phase of the
HGV will have a certain final condition for its velocity, altitude and flight path angle, so the HGV can
optimally start on its descent.

2.3. Guidance methods for near-space booster trajectories

The guidance of a rocket refers to the system and algorithms that determine its trajectory to ensure
it reaches its intended target or orbit. Ascent guidance is very important for a launch vehicle, since it
provides the essential commands to steer the vehicle to its desired target [28]. Within the guidance of
launch vehicle’s a distinction can be made between closed-loop guidance and open-loop guidance.
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Open-loop guidance:

In open-loop guidance, the system follows a predetermined trajectory without real-time corrections, as
there is no feedback mechanism. The control action is independent of the system’s output, meaning
that once the launch occurs, no adjustments are made to the trajectory.

While guidance methods for the exoatmospheric phase are efficient and reliable, relying on open-loop
guidance during the atmospheric flight phase has contributed to costly launch delays. This happens
when the actual wind profile deviates significantly from the average profile used to determine the attitude
control program [29].

Closed-loop guidance:

In closed-loop guidance, the control input depends on the system’s output, meaning it continuously
monitors the current state, such as position and velocity, and adjusts control inputs accordingly. This
approach is essential for maintaining an optimal trajectory in the presence of dispersions [12]. By
feeding the process output back to the input, the control action dynamically responds to real-time flight
conditions to ensure the final objective is reached. Using feedback, the system continuously refines
the trajectory, improving accuracy and robustness.

When an open-loop guidance optimization problem relies entirely on numerical optimization algorithms,
the problem can become computationally intensive to solve. Integrating these algorithms into a closed-
loop guidance system with a fast enough update rate to ensure robustness is quite challenging [30].

As a compromise, a common methodology is to operate in ‘open-loop’ mode during the high dynamic
pressure portion of flight and then, based on a pre-determined time or event, switch to a closed-loop
vacuum guidance scheme which operates on the premise that aerodynamic forces can be neglected.

2.3.1. Optimization methods for the ascent trajectory used in literature

The trajectory of a launch vehicle can be optimized in order to minimize or maximize a certain objective.
There are many different methods to solve such an optimal control problem and compute the optimal
trajectory. During this optimization, boundary conditions also need to be taken into account. This
includes the initial conditions, terminal conditions, and path constraints that the trajectory needs to
satisfy. These initial and terminal conditions can be defined based on the desired trajectory of the
launch vehicle. Furthermore, how the path constraints can be determined will be elaborated further in
chapter 5.

There are two different approaches to solving an optimization problem. This is achieved by either
using a direct or indirect method to compute an optimum. Indirect and direct optimization methods
are two fundamental approaches to solving optimal control problems, each with distinct characteristics
and advantages. Indirect methods solve the necessary optimality conditions derived from Pontryagin’s
Maximum Principle (PMP), which states that an optimal control must maximize the Hamiltonian function.
This function is a combination of the system dynamics and costates that represents the total cost of
the system. In contrast, direct methods discretize the control problem and solve it numerically as a
nonlinear optimization problem.

As stated previously, indirect methods are based on principles from the calculus of variations and Pon-
tryagin’s Maximum Principle. The Hamiltonian function helps to derive the necessary conditions for
optimality. Once these conditions are established, the optimal control solution can be obtained either
analytically or numerically, often using Newton’s method. Newton’s method is an iterative technique
that finds a solution by repeatedly using the function’s gradient to move closer to the point where it
equals zero. To solve the resulting boundary value problems, also techniques like the multiple shoot-
ing method are commonly applied. Indirect methods typically yield highly accurate solutions but require
solving complex differential equations and boundary conditions [31]. More details about the previously
described indirect method, as well as the numerical techniques used to obtain a solution from it, are
further elaborated in chapter 6. In contrast, direct methods transform the optimal control problem into
a nonlinear programming problem (NLP), which involves finding the best solution to a set of nonlinear
equations and constraints. Instead of deriving necessary conditions explicitly, the control and state
variables are discretized and optimized numerically. A key advantage of this approach is that there is
no need to manually derive the necessary conditions for optimality. However, direct methods often pro-
vide less precise solutions than indirect methods. Additionally, these methods are computationally less
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effective and may struggle with multiple local minima, sometimes converging to a suboptimal solution
rather than the true global solution [31].

In the papers discussed in Section 2.1.1, various methods are used to compute the optimal trajectory
for a boost phase. All the studies reviewed apply direct optimization methods to determine the ascent
trajectory.

Yu Li et al. optimize the ascent trajectory of the boost phase to maximize the downrange distance
[6]. They use a direct shooting method in combination with Sequential Quadratic Programming (SQP)
to solve the optimization problem. In two additional papers, Yu Li et al. again use an SQP solver to
optimize the boosted flight phase of an HGV, this time focusing on maximizing either crossrange or
downrange [10] [11].

J.R. Gottlieb et al. perform a coupled optimization of both design parameters of the booster carrying the
HGV and the trajectory of the booster itself. They apply a direct optimization approach using a Genetic
Algorithm [13]. However, they note that this method has a long convergence time and, because it relies
on a stochastic process of population evaluation, it does not guarantee repeatability. This means that
each optimization may produce slightly different solutions, making sensitivity analysis more difficult.

Kai An et al. aim to minimize the terminal time of the boost phase, meaning the time required to reach a
specified terminal height. They use a numerical Legendre-Gauss-Radau (LGR) orthogonal collocation
method, which, like the other approaches, falls under direct optimization [7].

Si-Yuan Chen et al. seek to maximize the velocity at the solid rocket shut-off point by implementing
a burn-coast-burn strategy for the boost phase. Their research employs a pseudospectral method to
compute the reference trajectory. This is another direct optimization approach, showing that indirect
methods are not commonly used for this phase of flight [8]. Further, also W. Chen et. al. use a pseu-
dospectral method to optimize their trajectory. Only in this case for a booster capable of intercepting
hypersonic targets [16]. The same goes for N. Li et. al., who utilize the pseudospectral methods, but
compare it to other direct optimization methods [17].

Furthermore, S. Ann and J. Jung minimize the flight time to a certain terminal state. This minimization
is done with an indirect optimization method. However, this trajectory starts midcourse and does not
take aerodynamic forces into account [14] [15]. Therefore, this approach lacks the applicability to a
trajectory in an endoatmospheric environment starting from Earth’s surface.

The paper by G. Wu et al. uses the particle swarm method for the optimization of the ascent trajectory
[19]. This is a direct optimization method that is very effective at finding the global optimum of a problem.
However, the high computational load would make it ineffective for implementation in a robust closed-
loop guidance system. Furthermore, this method makes sensitivity analysis of the obtained result very
challenging.

Overall, the reviewed studies consistently apply direct optimization methods for computing the optimal
ascent trajectory of an HGV. Furthermore, when an analytical method was used, it was applied inap-
propriately and for an exoatmospheric environment, making it inadequate for the context of this thesis
research.

2.4. Conclusion

In the reviewed literature, there is a notable absence of indirect optimization approaches and throttle
control strategies for the open-loop guidance of the boost phase of a hypersonic glide vehicle (HGV).

When throttle control is considered, the optimization method employed is typically a direct method like
the particle swarm optimization. While effective in some cases, this approach is generally computation-
ally intensive and does not leverage the analytical structure offered by indirect methods.

Indirect optimization techniques have only been used twice in the reviewed studies. However, both
instances apply to midcourse guidance starting in an exoatmospheric environment. As such, these
methods are not suited for modeling ground-based ascent trajectories that include atmospheric effects.

Furthermore, in all studies focusing on boosted HGV ascent, the vehicles rely on solid rocket boosters,
and the trajectory optimization is carried out using direct methods. This reveals a specific gap in the
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literature: the absence of indirect optimization for throttleable, ground-launched HGVs with atmospheric
flight. Addressing this gap represents a key novelty of this work and will be further discussed in the
next section.

2.5. Takeaways
Underneath, a table can be found that summarizes all the essential information found in the most
important papers of this chapter. The content of this table will be further elaborated in this section.
Additionally, a more detailed version of this table, including the advantages and disadvantages of the
approaches used by the scholars in their papers, can be found in Appendix A.

Table 2.1: Summary of research on ascent trajectory optimization and booster models.

Author

Research Objective

Used Optimization Method

Booster Model

Source

Yu Li et al

Optimizes the ascent trajectory of
the boost phase to maximize the
downrange distance.

Direct shooting method in
combination with Sequen-
tial Quadratic Programming
(SQP).

The Launch Vehicle is a
Minuteman Ill, a three-
stage solid rocket booster.

(6]

Yu Li et al

Optimizes the ascent trajectory of
the boost phase to maximize the
crossrange distance.

A SQP solver to optimize the
boosted flight phase.

The Launch Vehicle is a
Minuteman [ll, a three-
stage solid rocket booster.

(10]

Yu Lietal

Optimizes the ascent trajectory of
the boost phase to maximize the
downrange distance.

A SQP solver to optimize the
boosted flight phase.

The Launch Vehicle is a
Minuteman Ill, a three-
stage solid rocket booster.

(1]

Si-Yuan
Chen
al.

et

The goal is to maximize the veloc-
ity at the solid rocket shut-off point.

The research uses a pseu-
dospectral method to compute
the reference trajectory. This
is another direct optimization
approach.

Solid-propelled booster
with two stages.

(8]

Kai An et
al.

The goal is to minimize the terminal
time of the boost phase, meaning
the time required to reach a speci-
fied terminal height.

A numerical Legendre-Gauss-
Radau (LGR) orthogonal collo-
cation method is used.

The booster is defined to
have no thrust variation.

(7]

J.R. Got-
tlieb et al.

optimize both the ascent trajectory
and the booster of the HGV.

A direct optimization approach
using a Genetic Algorithm is
applied.

The model employs a solid
rocket booster.

[13]

S. Ann

Starting midcourse in an exoat-
mospheric environment, and mini-
mizes a certain time to reach a ter-
minal state.

An indirect  optimization
method is used to compute
the reference guidance.

The booster is defined to
have no thrust variation.

[14]

Y. Jung

Starting midcourse in an exoatmo-
spheric environment and minimiz-
ing a certain time to reach a termi-
nal state.

An  indirect  optimization
method is used to compute
the reference guidance.

The booster is defined to
have no thrust variation.

[19]

Optimizes the fuel usage of the as-
cent trajectory of an HGV

A particle swarm method is
used for the trajectory opti-
mization.

The booster is defined to
have thrust variation and a
controllable angle of attack.

[19]

W. Chen

Optimizes the trajectory to inter-
cept hypersonic targets.

Optimization is based on the
direct pseudospectral method.

The rocket is a three-stage
solid booster.

[16]

N. Li

Optimizes the trajectory to inter-
cept hypersonic targets, using a
combination of performance indica-
tors like maximum terminal veloc-
ity, fuel consumption, and lateral
range.

Optimization compares the
pseudospectral method and
the hp-ARPM method.

Uses angle of attack, bank
angle, and engine activa-
tion as control variables.

[17]
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J. Lukacs | Optimizes a combination of mini-| Optimization uses a direct-| The used rocket model has |[18]
mal time until reaching a terminal | method-based approach that | a fixed thrust profile.
condition, maximizing terminal ve-| converts the optimization prob-
locity, and path length of the trajec-| lem into a nonlinear program-
tory of a ground-based Midcourse | ming problem.

vehicle.

Limitations of the shown research

All the papers focus on optimizing the boost-phase trajectory of near-space boosters using a solid rocket
booster. Consequently, the angle of attack and coasting time are the only available control variables
in the ascent trajectory optimization. This inherently limits the optimization process to solid rocket
boosters. In contrast, if liquid propellant boosters were used, thrust could be controlled, introducing
another control variable. However, none of the reviewed studies address the optimization of a ground-
based boost trajectory with a liquid-propellant booster.

Furthermore, all studies apply a direct numerical optimization method to determine the optimal boost-
phase trajectory. As highlighted by J.R. Gottlieb et al. [13], these numerical approaches often result
in long computation times. Additionally, because they rely on numerical solvers, the repeatability and
precision of the final solution cannot always be guaranteed. This lack of consistency makes it difficult
to perform sensitivity analyses, as the solutions may vary across different optimization runs.

Another major limitation of numerical optimization methods is their computational effectiveness, partic-
ularly when applied in a closed-loop guidance system. Although direct methods, such as the particle
swarm optimization techniques used in the paper by G. Wu, are effective at finding a global optimum,
they come with a high computational cost [19]. As noted by Fl. Richard et al. [30], numerical methods
are computationally intensive, making them challenging to implement in robust closed-loop guidance
strategies, especially in an endoatmospheric environment where aerodynamic forces significantly im-
pact the booster. In contrast, if the open-loop ascent trajectory were analytically solved, it could be
easily integrated into a closed-loop system, ensuring robustness. Therefore, the models and numeri-
cal methods used in the reviewed literature are less suitable for real-time closed-loop applications in
endoatmospheric scenarios.

Novelty

A key advantage of analytical solutions is their ability to facilitate rapid sensitivity analysis. Since an
analytical approach provides mathematical expressions that describe how outputs depend on input
parameters. If there are explicit equations for the ascent trajectory that directly show the dependence
on aspects like thrust or aerodynamic forces, it is possible to instantly calculate sensitivities using
mathematical differentiation. In contrast, numerical methods sometimes lack explicit equations and
instead require running multiple full-scale simulations with slightly altered parameters (e.g., varying
thrust) to determine sensitivity. Alternatively, when sensitivities are possible to be computed directly,
as in the pseudospectral method, they may vary at each iteration and collocation point. Therefore,
these approaches are computationally inefficient, requiring significant processing time and power.

The numerical methods used in previous studies are computationally inefficient and suffer from difficul-
ties in ensuring convergence, particularly in endoatmospheric ascent. By employing an indirect method,
where computations can be made analytically to solve the optimization problem, computation time can
be reduced from minutes to seconds. This efficiency not only makes the optimization process faster
but also enables real-time implementation in a closed-loop guidance system or the ability to be im-
plemented in a more detailed simulation environment. Developing a method that supports closed-loop
applications and the implementation in a wider range of simulation environments also aligns with NLR’s
research objectives, making this approach particularly relevant. Further discussion of this objective is
provided in Chapter 4.

Furthermore, by introducing thrust as a control variable, different booster types can be incorporated
into the optimization process. When thrust is a controllable parameter, the optimization is no longer
limited to solid rocket boosters, but it can also be applied to liquid-propellant boosters. This expands
the range of booster models that can be optimized, making the approach more versatile for different



2.5. Takeaways 15

mission requirements and vehicle configurations. This flexibility allows for the evaluation of more launch
vehicle designs, helping in both the possibilities of design decisions and guidance strategies.

Key considerations

In conducting this research, several important challenges must be taken into account. First, the nonlin-
ear nature of aerodynamic forces introduces significant complexity in the indirect optimization process,
as it limits the ability to obtain a fully analytical solution. This requires the incorporation of numerical
techniques or hybrid optimization approaches. Additionally, the success of indirect methods strongly
depends on the availability of accurate initial guesses. Poor initial guesses may lead to numerical di-
vergence or convergence to suboptimal solutions, making the development of a reliable initialization
strategy essential. Finally, formulating the correct set of optimality conditions and analytically express-
ing the full mathematical problem requires careful attention, as a poor formulation highly influences the
overall convergence and feasibility of the optimization problem. These considerations are discussed in
more detail throughout in Appendix B. Here, different approaches for applying the indirect optimization
method to a rocket ascent trajectory are analyzed and traded off to determine which best aligns with
the research objectives and requirements, that are discussed in chapters 3 and 4.






Research Objective

Based on the findings from the literature review in Chapter 2, this chapter further defines the research
objective. The following sections outline the study’s goals and the specific research requirements that
will be addressed.

3.1. Research Objective

The objective of this research is to compute the optimal ascent trajectory of the boost phase of a
hypersonic glide vehicle (HGV) using an indirect optimization method.

3.2. Research Requirements

First of all, the research approach must allow the implementation and optimization of the trajectory of
different booster types. This gives the following requirement that the research needs to comply with:

» "The booster dynamics shall be modeled using an arbitrary booster model, allowing for the imple-
mentation and optimization of different booster types.”

Second, to ensure the validity and applicability of the computed optimal ascent trajectory, itis necessary
to verify that the research produces accurate results. This can be achieved by comparing the optimized
trajectory to other optimization methods and verifying the physical accuracy. This gives the second
requirement:

» "The optimal trajectory shall be verified, to ensure the research produces accurate results.”

Additionally, understanding the sensitivity of the indirect optimization method is crucial. Evaluating how
initial inputs influence the outputs is important for assessing their practical use in ascent trajectory
planning. This gives the last requirement of the research:

 "The sensitivity of the optimization method shall be evaluated.”

3.3. Research Questions

3.3.1. Main Research Question
How can an indirect optimization method be applied to compute the optimal ascent trajectory
of an HGV boost phase while accommodating different booster models with variable thrust?

3.3.2. Subquestions
1. How can the dynamic model of the booster be verified to ensure the model is physically accurate?

2. What methods can be used for the evaluation of the optimization problem?

3. How effective is the implemented indirect optimization method for ascent trajectory planning in
terms of sensitivity and its ability to find an optimal solution?

17
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By addressing these research questions, the research aims to fulfill the research objective and require-
ments. Ultimately, this helps contribute to the understanding of optimal ascent trajectory planning for
the boost phase of near-space boost vehicles.



Stakeholder Analysis

Stakeholder analysis is an essential step in understanding the interests, expectations, and influence of
key parties involved in a project. In this study, the primary stakeholders include the customer, the end
user, and the funder. For this research, all these roles are fulfilled by the Royal Netherlands Aerospace
Centre (NLR). As both the funder and the primary beneficiary of the study, NLR plays a central role in
defining the objectives and requirements of the research.

4.1. NLR's Expectations and Requirements

NLR has specific expectations regarding the outcome of this study. The primary goal is to develop
an open-loop model that computes the optimal ascent guidance of a booster, given certain terminal
conditions. This optimization has to be done using an indirect optimization method. Furthermore, the
application of the boost phase of an HGV works as a good novel case study for this problem. The
model must be designed to facilitate further advancements in closed-loop applications, aligning with
NLR’s broader research objectives.

One key reason for developing this model is that an analytically solved open-loop guidance solution
is easier to integrate into a closed-loop system compared to a directly solved model. As mentioned in
chapter 2, the computational cost of direct optimization methods makes it challenging to implement into
a robust closed-loop model or other more detailed simulation environments, while also incorporating
aerodynamic forces. Since the simulation has to be applicable for a wide variety of applications, the
Ascent Trajectory has to be able go through the entire atmosphere.

Additionally, NLR requires the model to be applicable to arbitrary rocket configurations. This requires
the inclusion of variable thrust capabilities within the booster model, allowing for the analysis of a
greater variety of existing and future booster concepts. The potential threats and capabilities of HGV
technologies can therefore be studied and better understood from a defense perspective.

By meeting these requirements, the research will contribute to NLR’s current efforts in studying the
capabilities of hypersonic glide vehicle technologies. This broader research goal therefore matches
with the research gap found in chapter 2.

4.2. Priorities of features

In chapter 2, the different aspects that are necessary or could possibly be used in the optimization of
the trajectory were explained. These features correspond to the requirements that NLR desires for the
research. Features refer to the available options that can be implemented within the dynamic model,
vehicle control scheme, and the targeted performance criteria of the optimization. In this, the realization
of some features is more important than others. Therefore, based on NLR’s preference, these features
are prioritized below in table 4.1.
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Table 4.1: Priorities of possible features.

No. Feature

Aerodynamic forces
Constraints

Rotating Earth

Angle of Attack control
Staging

Closed-loop

Sensitivity analysis
Variable thrust
Computational efficiency

NO OO WN =

The table reflects that it is first important to create a booster model that is physically accurate. There-
fore, a sufficient implementation of aerodynamic forces, constraints, and a realistic dynamic model is
most important. Following this, the table presents basic vehicle control options, such as angle of attack
and staging. Here too, the importance of closed-loop applicability emerges, showing the need for the
model to be suitable for broader simulation use in the future. The final three features in the table, 'sen-
sitivity analysis’, 'variable thrust’, and ‘computational efficiency’, refer to the ability to perform efficient
sensitivity analyses, implement various booster models, and enable broader simulation capabilities.

I's important to note that, according to the previously described novelty and the requirements men-
tioned above, the HGV is explicitly the highlighted case. For an HGV, it's generally desirable that the
boost phase maximizes its range so that the total trajectory of the HGV is maximized. Therefore, the
optimization goal will primarily be maximizing the booster’s range. However, sometimes it’'s also de-
sirable for the HGV not to maximize its range, but to fly to specific terminal conditions. Therefore, it's
important that the developed optimization model has the ability to both maximize the range and fly to a
defined terminal condition. The optimization model will be based on the previously mentioned research
objective and requirements, and the above-mentioned stakeholder expectations of NLR.



Flight Dynamics

To answer the main research question: "How can an indirect optimization method be applied to compute
the optimal ascent trajectory of an HGV boost phase while accommodating different booster models
with variable thrust”, a working dynamical and optimization model must be established. This will be
implemented in MATLAB.

The Methodology trade-off table, shown in Figure B.1 in the appendix serves as a useful reference for
selecting an initial strategy and methodology to guide this research. The first step is to model the rocket
dynamics. Following the insights from the trade-off table, the papers by Yu Li et al. [10] [11], provide
a strong foundation for this part of the work. This chapter will discuss the specific details of how the
rocket dynamics are modeled.

The discussed literature in chapter 2 presents different methods on how to model the dynamics of
the launch vehicle. Based on the trade-off and research requirements, it is decided that a Cartesian
coordinate system is best applicable to this research, as will also be further elaborated in chapter 6.

5.1. Reference Frames

In order to express the motion of the launch vehicle, it is important to have a good understanding of
the different reference frames that can be used for this. The five different frames that are used in this
research to describe the orientation and motion of the launch vehicle are the Body frame, Aerodynamic
frame, Earth-Centered Earth-Fixed Frame, the Vehicle-carried frame, and the perifocal frame.

5.1.1. Body frame

The body-fixed reference frame has its origin located at the center of mass of the launch vehicle [32].
Since the booster in this study is modeled as a point mass, the body frame is positioned at the location
of the point mass. A schematic of the body-fixed frame is shown below. The frame is indicated by the

red axes and labeled with the letter “p”.

As shown in figure 5.1, the x-axis of the body frame is aligned with the forward direction of the vehicle.
In this research, the x-axis also defines the thrust direction. This makes the body-fixed reference frame
a convenient choice for describing the thrust direction of the launch vehicle.
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Figure 5.1: Body-fixed frame [32].

5.1.2. Aerodynamic frame

Then there is the aerodynamic reference frame. The aerodynamic reference frame is aligned with
the velocity vector of the vehicle. As shown in Figure 5.1, the aerodynamic frame points in the same
direction as the blue velocity vector. Specifically, the x-axis of the aerodynamic frame is aligned with the
velocity vector. This means that, when expressing the velocity in this frame, it only has an x-component.
The angle of attack («) and sideslip angle (3) define the orientation of the aerodynamic frame relative
to the body-fixed frame. These angles are also used as control variables for the rocket's guidance,
making them essential for describing the thrust orientation in the aerodynamic frame.

5.1.3. Earth-Centered Earth-Fixed Frame
The Earth-Centered, Earth-Fixed (ECEF) frame represents positions in Cartesian coordinates (X, Y,
Z), relative to the center of the Earth. The positive X-axis points towards the point where the equator

intersects the prime meridian at 0° latitude and 0° longitude. A schematic of this frame is shown below
[33].

Figure 5.2: ECEF reference frame [33].

The ECEF frame is useful for describing the position and orientation of the spacecraft relative to the
Earth’s surface. It accounts for Earth’s rotation. If Earth’s rotation is not considered, this frame is
referred to as the Earth-Centered Inertial (ECI) frame.
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5.1.4. Vehicle-Carried Frame

The vehicle-carried reference frame, like the body-fixed frame, is located at the point mass representing
the vehicle’s position. However, it has a different orientation. This frame is also known as the North-
East-Down (NED) frame. It uses the Cartesian coordinates (x;North, y;East, z;Down) to represent
position relative to a local origin. Typically, the NED frame’s local origin is positioned above the Earth’s
surface [33].

Origin meridian ~

Figure 5.3: NED reference frame [34].

The NED frame is useful for describing the gravity vector acting on the vehicle. This is because gravity
points toward the center of the Earth, which is also the center of the ECEF frame. As a result, the
gravity vector aligns with the "down” direction of the NED frame.

5.1.5. Perifocal coordinate system

Lastly, there is the perifocal frame. The perifocal frame is a coordinate system used for describing an
orbit. It is a Cartesian frame fixed in space and centered at the focus of the orbit, with its zy-plane
coinciding with the orbital plane.

An orbital frame is a coordinate system defined by the geometry of an orbit using Keplerian elements.
The position of the spacecraft is given by the radius vector r, which points from the center of the Earth to
the satellite. The inclination i describes the tilt of the orbital plane with respect to the equatorial plane,
while the right ascension of the ascending node 2 defines the angle from a fixed inertial reference
direction to the line where the orbital plane intersects the equator [35]. Together with other orbital
elements such as the argument of periapsis w and the true anomaly v (also sometimes denoted with
), these parameters uniquely describe the orientation and shape of the orbit, as seen in the next figure
[36].

Z
o Orbit
\

@, Satellite
__________ P 8 Pli;'rigee
w

) L2 i Equator

Ascending node

G

Figure 5.4: Orbital frame [36].
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This framework is not only useful for satellites in closed orbits but also for sub-orbital trajectories. Sub-
orbital trajectories intersect Earth’s surface and therefore have a periapsis that is smaller than Earth’s
radius. However, the Keplerian elements still provide an efficient way to describe the flight path and its
direction, making them very practical for analyzing and comparing different launch and re-entry paths.

The z-axis of the perifocal frame, denoted p, points from the focus through periapsis, while the y-axis,
g, lies in the orbital plane at 90° true anomaly to p- The z-axis, w, is normal to the orbital plane in the
direction of the orbital angular momentum vector h [37]. Underneath, a schematic can be seen of this
frame.
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Figure 5.5: Perifocal frame [37].

Together, p, ¢, and @ form the perifocal frame, which can be used for expressing orbital motion and
transforming it to an inertial system such as ECI [37].

5.2. Modeling the Dynamics

To model the physical behavior of the booster, its motion is described using a 3 degrees of freedom (3
DoF) approach. This means the booster can translate freely along the three Cartesian axes (X, y, z),
describing its position in space. In addition to its position, the orientation of the booster also plays an
important role in defining its motion.

5.2.1. 3-DoF Equations of Motion

The ECI frame describes the dynamics of the vehicle in Cartesian coordinates. Yu Li et al. [10] demon-
strated that this is an effective approach for modeling the dynamics of a booster. Another option is to
model the dynamics using the ECEF frame. However, using the ECI frame to describe the equations
of motion allows the derivation of the rocket’s optimal control in an elegant manner, as will be shown in
Chapter 6. Therefore, this research also adopts the Cartesian coordinates in the ECI frame to describe
the motion of the vehicle. The next section explains how the different forces acting on the booster are
modeled.

Gravity

One of the biggest forces acting on the launch vehicle is gravity. The gravitational force depends on
the distance from the Earth and is a function of the gravitational parameter ; = 3.986 x 10'* m3/s? [38].
The direction of the gravitational force is straightforward to model: in the ECI frame, it points opposite to
the unit vector of the vehicle’s position, which is the same as the "down” direction in the vehicle-carried
frame.

The gravitational force on the launch vehicle in the inertial frame is expressed as [39]:

Fof= oy (5.1)

r[?
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Thrust

As explained earlier, the thrust vector points in the same direction as the body. Therefore, by knowing
the orientation of the body in the ECI frame, the thrust direction can also be described in this frame. If
the body’s orientation is described by the unit vector I, the thrust force in the ECI frame is given by:

T= Tmug ' Ib (52)
Here T,,., represents the magnitude of the thrust force.

Aerodynamic relations

The aerodynamic forces acting on the vehicle depend on the dynamic pressure and air density. How
the air density is modeled will be discussed later in this chapter. The magnitudes of the aerodynamic
forces can be expressed as:

1

A = 3pV;2SreiCa(Mach, o) (5.3)
1

N = iprSrefCN(Mach, a) (54)

Here, V.. is the Earth’s relative velocity. This can be calculated like [40]:
V,=V —wg Xr (5.5)

In this equation, wy represents Earth’s rotational speed, which is 7.2921159 x 10~%rad/s [41]. It is im-
portant to take Earth’s rotation into account when considering aerodynamic forces. Earth’s atmosphere
rotates with the Earth due to gravity and friction with the surface. Therefore, this affects the magnitude
of the rocket’'s aerodynamic forces.

The aerodynamic forces on the booster depend on both the angle of attack and the Mach number. The
angle of attack dependence introduces a higher level of complexity than using constant lift and drag
coefficients. However, it does more accurately explain the aerodynamic forces on the rocket.

The aerodynamic coefficients are defined as:
CN(Q,M)ZCN(X(M)'Q (56)

Cala, M) =Ca, (M) +Cn(a, M) -sinc (5.7)

The Mach number dependence is also implemented and will be discussed in section 5.4. The values
of Cn(a, M) and Cy, (M) will be obtained from a dataset, which will then be curve-fitted to derive an
analytical relation for the aerodynamic coefficients [42]. This analytical form is important for formulat-
ing the indirect optimization method. As will be seen in Chapter 6, the co-state equations are highly
dependent on the analytical expressions of the aerodynamic forces and their coefficients. Since the
rocket in this study is assumed to be axisymmetric, a simple aerodynamic relation depending only on
Mach number and angle of attack, as given above, is sufficient.

Launch Vehicle Mass

The mass of the launch vehicle has a significant impact on its motion. The total mass can be divided
into several components: the structural mass, payload mass, and propellant mass. These components
are combined into the total launch vehicle mass at ¢t = 0, denoted as my. After all propellant has been
consumed and the rocket enters its coasting phase, the mass becomes:

m(ty) =mo — my(to)

where m,, is the propellant mass.

The time evolution of the mass also depends on the rocket’'s mass flow rate, which is described by
equation 5.28. The mass of the vehicle over time is given by the following relation [9]:

(5.8)

m(t) =mo — [mdt, whilem,(t) >0
m(t) = mo —mp(to), whenm,(t) =0



26 Chapter 5. Flight Dynamics

Here, m, (t¢) represents the full propellant mass available at the start of the flight. This relation shows
that the rocket’s mass decreases as propellant is consumed, and remains constant once the propellant
is depleted. Furthermore, between burn phases, the rocket jettisons the dead mass of the previous
stage, discarding significant portions of structural mass during flight. So, the start of each burn phase
will have a new initial mass.

Lastly, when the rocket engine throttles, the mass flow rate increases or decreases, directly affecting
the rate of propellant depletion and thus the rocket's mass over time. This will be further discussed in
Chapter 6.6.

5.2.2. Dynamical Model

The full equations of motion for the rocket are obtained by summing all the forces acting on the vehicle
and dividing by its mass to compute the acceleration. Integrating this acceleration yields the velocity
and, subsequently, the position of the booster. The equations of motion are described as follows [43]:

P=V (5.9)
- 1
Ve (Fa +ASTHN) (5.10)
m=—n r (5.11)
gOIsp

5.2.3. Modeling the Body Orientation

In a 3-DoF model, the equations of motion describe the translation of the vehicle’s center of gravity,
without accounting for its attitude. The direction of the booster’s velocity is characterized by the angle
of attack, which is the angle between the velocity vector and the longitudinal axis of the rocket in the
body frame, and the flight path angle, which is the angle between the velocity vector and the local
horizontal in the inertial frame. This chapter presents two methods that have been investigated during
the research in order to model the orientation of the rocket. Furthermore, it will be explained which of
these methods are applied in the different parts of the research.

Skid-to-turn
First of all, there is the skid-to-turn method. Here, the goal is to steer the vehicle by controlling its attitude
relative to the incoming flow, using aerodynamic incidence angles. With the skid-to-turn method, the
rocket’s dynamics do not rely on rolling its lifting surfaces to generate lateral forces that initiate a turn.
In STT mode, the roll angle is typically held constant or left uncontrolled. This principle is important
because lateral accelerations in the aerodynamic frame directly cause the velocity vector to change
its direction. The rate at which this velocity vector rotates with respect to the inertial frame can be
expressed as a rotational rate vector w, s, defined by:

wap = = [0 V. )"

- (5.12)

Here V is the magnitude of the velocity vector in the aerodynamic frame, and Vy and V. are the lat-
eral acceleration components. This equation is derived from the derivative of the velocity vector. In
other words, the change in direction of the velocity vector is directly proportional to the applied lateral
acceleration.

In this approach, the quaternions are applied to describe the booster’s attitude using four Euler param-
eters. A quaternion is a hypercomplex number that describes the orientation of an object in a reference
frame by defining both a rotation axis and the rotation around this axis. Four parameters are needed:
three for the axis definition and one for the rotation itself [20]. As shown below, the imaginary part
contains the axis parameters and the real part corresponds to the rotation [44]:

a=qo+qi+qe) +qsk (5.13)
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a=[q0,q1,2, ] (5.14)

This representation is closely related to the axis-angle formulation of 3D rotations. By Euler’s rotation
theorem, any rotation can be described by a unit vector and an angle, which directly map to the four
quaternion components. Figure 5.6 illustrates this concept [45].
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Figure 5.6: Quaternions schematic description [45]

Given axis—angle parameters (0, &, g, %), the quaternion is defined as [45]:

q= (CIO7(I1»(]27(IS) (515)

qo = cos (Z) , g1 = Zsin (Z) , g2 = ¢sin (g) , g3 = Zsin (Z) (5.16)

Here, qo depends only on the rotation angle, while (¢, g2, ¢3) represent the axis scaled by a common
factor. The norm of a rotation quaternion is always unity [45].

A key advantage of quaternions is that they avoid gimbal lock, which occurs when two gimbal axes
align, reducing the system’s degrees of freedom and preventing smooth rotation adjustments [46]. For
this reason, quaternions are commonly used in aerospace dynamics. They are also computationally
efficient, reducing the reliance on trigonometric functions.

In this case, the quaternions are used to represent the orientation of the velocity vector relative to the
inertial frame during a skid-to-turn maneuver. This is achieved by combining the aerodynamic rotational
rate with the Euler parameter kinematic differential equation [47]:

. 1
Qafzi'B(Qaf)'waf (517)
where
—q1 —92 —gqs3
B = qo —q3 q2 (518)
q3 g0 —q1
—q2 q1 qo0
Qaf = / q'af dt
a0 (5.19)
= [qu q1,492, Q3}

Integrating this relation yields the updated quaternion, which describes the orientation of the aerody-
namic frame with respect to the ECEF frame (or the ECI frame if Earth’s rotation is neglected). The
corresponding direction cosine matrix (DCM) is expressed in terms of the Euler parameters as [47]:

@B+aE -6 -6 2(q192 + q0q3) 2(q193 — qoq2)
DCM = | 2(q1q2 — qog3) @ —ai+a — a3 2(q2q3 + qoq1) (5.20)
2(q193 + q092) 2(q2q3 — qoq1) a3 — 43 — 43 + 43
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Thus, once the body acceleration, angle of attack, and sideslip are known, quaternion kinematics pro-
vide the orientation of both velocity and body frames with respect to an inertial frame.

Finally, combining quaternions for orientation with Cartesian coordinates for position yields a complete
and efficient vehicle state description. This dynamical model follows the block scheme in Figure 5.7.
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Figure 5.7: Overview of the modeled dynamical system

In this scheme, the vehicle’s dynamics are driven by inputs such as angle of attack and sideslip. These
inputs determine the transformation between aerodynamic, body, and vehicle-carried frames and the
ECEF or ECI frame through the DCMs.

Zero-sideslip formulation

The next method that is used to define the body orientation is based on the "fly into the wind” maneuver.
The vehicle body axis frame {1,,1,,1.} defines the rocket’s orientation in flight. In this method, the
frame is defined to enforce zero sideslip, meaning the vehicle always flies such that its symmetric plane
lies in the plane formed by the body axis 1, and the Earth-relative velocity vector V.. This principle is
called the fly into the wind maneuver, which ensures the rocket rolls about its longitudinal axis 1, to
cancel sideslip when crosswinds are present. Effectively, the rocket orients itself to align with the
relative airflow, nullifying the sideslip angle 8 = 0 [40].

The unit vectors defining the frame are constructed as follows. The body x-axis is aligned with 1,. The
body y-axis is defined as

1\/,, X 1b
— " 7 5.21
Y= Ty, x L] ©21)
where 1y, = V,./||V,|| is the unit vector of the Earth relative velocity [40]. The body z-axis completes
the right-handed system as

1L=1,x1, (5.22)

The body-normal unit vector 1,, is then given by

(11, X Vr)

—_— a>0 5.23
Lxv @0 (5.23)

1n:1bx
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with « the angle of attack. For o < 0, to avoid a sudden 180° flip, 1,, is redefined as

(VT X ]-b)
In =1p X 77t 5.24
T Vi o2
A more robust definition of 1,, valid for both o > 0 and a < 0, is
1 1
1, = et (5.25)
Sin &«

which avoids discontinuities when « changes sign, since 1y, and 1, may cross over.

The paper by P. Lu et. al. gives an expression for the aerodynamic vectors working on the booster [43].
These are based on the magnitude of the aerodynamic forces given in 5.3 and 5.4.

A=-A1, N=N-1, (5.26)

Here, A and N represent the aerodynamic axial and normal forces, respectively. The vector 1,, de-
scribes the body’s normal axis.
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Figure 5.8: Booster body frame with relative velocity. [40]

Using the zero sideslip formulation in combination with defining the aerodynamic relations in this way
is particularly helpful for the indirect optimization method. Once the thrust direction and the magnitude
of the Earth’s relative velocity are known, so is the complete body orientation I, and the aerodynamic
forces. It enables a clean analytical formulation of the optimality condition, using the primer vector
theory, which will be further discussed in Chapter 6. This elegant way of obtaining the optimal body axis
rotation simplifies the optimization problem. Therefore, this method is adopted in the final optimization
model.

In summary, the fly into the wind principle ensures that the vehicle adjusts its roll such that the sideslip
angle remains zero. The entire body orientation is then fully defined by 1,, 1,, and 1., guaranteeing a
body frame aligned with the velocity vector, eliminating sideslip. The only downside is that the rocket
may perform more excessive roll maneuvers compared to a scenario where the sideslip is not set to
zero [40].

The STT approach could potentially also be applied within the indirect optimization framework. How-
ever, incorporating quaternion kinematics and rotation matrices makes it considerably more complex
to derive the optimality conditions and corresponding control laws compared to the fly into the wind
principle. Moreover, the indirect optimization of ascent trajectories using the fly into the wind approach
is well established in the literature, whereas significantly fewer studies address the STT method. As a
result, more robust boundary and optimality conditions are readily available for implementation in this
study. As will be further explained in chapter 6.5, such well-defined conditions are crucial for ensuring
convergence of the optimization model. Nevertheless, the skid-to-turn approach is not disregarded
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fully in this study. For verification purposes, a Monte Carlo model is developed that generates multiple
ascent trajectories based on randomized angle of attack and sideslip inputs. In this context, the STT
model is applied because it provides a straightforward way to introduce random control variations. This
application will be further discussed in chapter 9.

5.3. Control Variables

The optimization problem consists of five different control variables: the body axis rotation (two-dimensional),
engine throttle, the coasting period, and the engine burn time.

The first control variable is the body axis rotation, which defines the orientation of the thrust vector with
respect to the inertial frame. Through the equations of motion, this directly influences the direction of
the acceleration of the rocket. When the "fly into the wind” maneuver is used, the body axis rotation is
defined by its roll angle and the angle of attack. The body axis rotation, therefore, also influences the
lift and drag of the rocket. This is because of the dependency of the angle of attack on the aerodynamic
coefficients.

The second control variable is the coasting period, which represents the duration between successive
propulsion phases. During this period, the rocket follows a purely ballistic trajectory without thrust.
Adjusting the length of the coast has huge effects on the shape and terminal conditions of the trajectory.

Variable thrust can be realized by the throttling of the engine. This is possible for boosters with liquid
propellant. Varying the thrust will add another control variable and therefore enhance the control capa-
bilities of the rocket. In the equations of motion, it can be seen that the thrust level has a direct effect
on the acceleration of the launch vehicle.

When the thrust is a control variable, the engine throttle can be described with variable n. With this new
variable, the magnitude of the dimensionless thrust can be calculated with [43]:

T—n. [Tyac + AT (1)) (5.27)

m(t) - go
Here, AT (r) < 0 is the thrust loss inside the atmosphere as a function of altitude through the depen-
dence on ambient pressure. The magnitude of the full vacuum thrust is described with 7T;,,.. The thrust
level is therefore bounded by 0 < T' < T,,.. Furthermore, m(t) is the mass of the booster at a time t.
Lastly, as seen before, gy is the gravitational acceleration on the surface of the Earth. In a similar way,
the mass flow rate of the booster can be described with the following relation [43]:
TULLC

m=— 5.28
ngO : Isp(pambient) ( )

In this equation, I, (pamsient) IS the specific impulse of the engine of the booster. Generally, it is a
function of ambient pressure.

Furthermore, when the engine is able to throttle, it is also able to cut off the engine early if this is deemed
more efficient. This means the engines will stop producing thrust before all propellant is burned. This
adds the last control variable, namely the burn time of the stage.

5.4. Environmental Models

In this study, the aerodynamic data are represented by analytical expressions rather than directly relying
on discrete lookup tables. This choice is necessary because the indirect optimization method, based
on the Pontryagin Maximum Principle, requires analytical expressions in the equations of motion to
evaluate the optimality conditions. Also, the derived costates have terms based on these environmen-
tal models. These require analytical descriptions, as will be discussed in chapter 6. Further, when the
dynamics are expressed as continuous functions, the optimizer can compute gradients more efficiently
and reliably. This improves the convergence behavior of the solver, since the gradient information
can be obtained directly from smooth functional forms instead of through the discontinuous steps as-
sociated with table look-ups. The studied literature on indirect optimization methods did not clarify the
methods used to determine the analytical expressions for the different environmental and aerodynamic
parameters. Therefore, this section will explain how these can be obtained.
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The downside of this approach is that the aerodynamic data must be approximated, and thus the exact
fidelity of the original dataset is not fully preserved. However, the effect of these approximations on the
overall trajectory solution is minimal. For the optimization objective considered in this work, the level
of accuracy provided by the analytical fits is sufficiently detailed and does not compromise the validity
of the results greatly.

Equations 5.6 and 5.7 show the aerodynamic relations used in this study. As can be seen in these
equations, C'y, and Cy_ are dependent on the Mach number of the rocket. The Mach number is the
ratio between the velocity and the speed of sound of an object [48]:

SRS

(5.29)

However, the speed of sound is dependent on the temperature of the medium. The speed of sound
can be computed with the following equation [48]:

a4 = \/Yheat * R- TK (530)

Here, v1q¢ IS the ratio of specific heats, R is the gas constant, and T is the absolute temperature. Now,
in order to compute the Mach number, the temperature needs to be determined. The temperature is
dependent on the altitude of the rocket.

In this work, the temperature—altitude relation is derived from the U.S. Standard Atmosphere 1976
dataset [21]. Tabulated values of temperature as a function of altitude up to 100 km are taken from
here. The tabulated data are first stored as altitude—temperature pairs. To enable the use of this
relation in the indirect optimization method, where analytical expressions are required, the dataset is
transformed into continuous functional forms.

Two approaches are compared. The first uses a cubic spline interpolation, which provides a smooth
curve that passes exactly through the tabulated data points. This ensures high fidelity but results in a
piecewise-defined function that is less convenient for analytical derivations.

The second approach is a polynomial fit of degree 11, applied to the entire altitude range (0—100 km).
This produces a single analytical expression for temperature as a function of altitude. This gives a
full analytical expression. The fitting accuracy is evaluated by comparing the polynomial results with
the tabulated values, showing that the maximum deviation remains small. Although the polynomial
fit introduces an approximation, the error is minimal compared to the scale of the problem, and the
smooth analytical form significantly improves numerical convergence of the optimizer compared to
using discrete table look-ups. Furthermore, it forms a great solution for the necessity to form analytical
expressions to be used in the costate definitions. Underneath a figure can be seen, showing both the
11-degree polynomial compared to the cubic spline interpolation.
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100 - Temperature vs Altitude: Cubic spline vs Polynomial fit
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Figure 5.9: Analytical Pressure-Altitude formulation.

This figure clearly shows that the polynomial does not perfectly match the U.S. Atmosphere 1976 data,
but that it is able to make a pretty close approximation. When the temperature is known following the
altitude, the local atmospheric scale height can also be computed [20].
R Tk
go

Hs(:ale =

(5.31)

With this parameter and the altitude of the rocket, the air density in this study is determined with the
following relation [20].

P e e (5.32)

Furthermore, since the Mach number can now be determined, it can be used in the computation of the
aerodynamic forces. For this study, the following table is used to explain the Cy,, and C4_ coefficients
of the rocket in relation to the Mach number.

Table 5.1: Aerodynamic coefficients as a function of Mach number.

Mach 0O | 065|069 |074|0.75|085|0.89 090|095 |100 | 104 | 114|119
Ca, 0.650|0.650|0.650|0.672|0.678 |0.734|0.756 | 0.761|0.789|0.817 | 0.839 | 0.895 | 0.923
Cn, [1/deg]|0.240|0.240|0.253|0.267 | 0.270|0.291 | 0.296 | 0.296 | 0.299 | 0.300 | 0.300 | 0.299 | 0.297

1.20 | 1.25| 140 | 1.50 | 1.60 | 1.80 | 2.00 | 2.20 | 2.50 | 3.00 | 4.00 | 5.00
0.929/0.919/0.892|0.873|0.855|0.818|0.781|0.744|0.689 | 0.597 | 0.597 | 0.597
0.297 (0.294 | 0.283 |0.273|0.263 |0.243 | 0.225|0.210|0.192 | 0.174 | 0.150 | 0.135

In this work, the coefficients Cy,, and C4,, are modeled as a function of Mach number. The next step
is to form an analytical expression for this tabular data. The aerodynamic data show a characteristic
trend in which the coefficient remains nearly constant at low Mach numbers, exhibits a distinct peak in
the transonic regime, and then asymptotically approaches a constant value at higher Mach numbers.
A polynomial fit was initially attempted, but this method was unable to reproduce the correct physical
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behavior. In particular, a polynomial cannot capture both the local transonic bump and the asymptotic
flattening of the coefficient at higher Mach numbers, and instead introduces oscillations.

The coefficients C, and C4,, are modeled in MATLAB with a function that combines a high-Mach
asymptote, a smooth low-to-high Mach transition, and a transonic peak. A least-squares objective is
then defined as the difference between the model and the data, and the parameters are estimated
through nonlinear fitting using MATLAB’s fminsearch algorithm. The resulting function can be evalu-
ated at any Mach number and provides a smooth analytical expression for Cy . (M).

Compared to the polynomial approximation, the fitted parametric model achieves smaller errors across
the full Mach range, guarantees smoothness of the function, and preserves the correct asymptotic
behavior. The resulting analytical expressions for Cn, (M) and Cy_ are therefore well-suited for use
within the indirect optimization method. Underneath, both the plots can be seen for the analytical
expressions formed for the Cn (M) and Cy4_, coefficients. Here, it can be seen that the polynomial fit

is not sufficient to use for the approximation.
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Following the fminsearch, the analytical expressions are extruded and implemented in the aerodynam-
ics of the MATLAB model.

Lastly, the ambient pressure as a function of altitude is modeled using data from the U.S. Standard
Atmosphere 1976 [21]. This is required because the thrust produced by a rocket engine depends not
only on the chamber pressure and nozzle geometry but also on the surrounding ambient pressure. At
lower altitudes, where ambient pressure is high, the effective thrust is reduced. Conversely, at higher
altitudes, the ambient pressure decreases and the thrust approaches the ideal vacuum value. In the
present model, the thrust correction is included through the term [49]:

AT = Ac - pambients
Here, A, is the nozzle exit area. The effective thrust then becomes
T =Tyac - n — AT,

with T,4c the vacuum thrust and 7 the throttle. By using the U.S. Standard Atmosphere 1976 for the
ambient pressure-altitude relation, this correction can be applied across the full ascent trajectory.

A polynomial fit of the logarithm of pressure versus altitude is constructed, resulting in an analytical
expression that can be directly evaluated within the equations of motion. The figure below shows the
result of this polynomial fit. Here, the red dots present the data from the U.S. Standard Atmosphere
1976 [21] and the blue line the fitting function.

«10Pressure vs Altitude (U.S. Standard Atmosphere, 1976)
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(a) Pressure-altitude profile. (b) Logarithmic pressure-altitude relation.

Figure 5.12: Analytical pressure—altitude formulation.

The derived analytical expressions of the different functions explained in this section can be found in
Appendix D.

5.5. Constraints

Throughout the trajectory, the rocket is bounded by certain path and control constraints. These define
the maximum control actuation that the booster is able to deliver, and within what bounds the ascent
trajectory needs to be.

Path constraints

Similarly to how the HGV has a maximum allowable mechanical load during its re-entry trajectory, as
discussed in chapter 2.2, there are also similar path constraints for the ascent trajectory. First, there is
the overload constraint or bending load constraint. This aims to assure flight safety, since it is important
to restrict the normal overload [50]. If the load on the launch vehicle is too high, the structure of the
body of the launch vehicle can mechanically fail. The normal and axial overloads can be calculated as
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follows [51]:

m-g

_T-A
Nx ~ Tmg

N,, = |T sin(a)+N|
{ ’ (5.33)
Here, T is the thrust produced by the booster itself, NV the lift force, and « the angle of attack of the
booster. Further, A denotes the axial aerodynamics force (or the drag force). Both the normal overload
(NV.,) and the axial overload (V) should not exceed the maximum allowable overload.

Second, there is the maximum dynamic pressure that the launch vehicle is able to withstand. This
constraint aims to ensure the stability of the vehicle structure [50]. Therefore, the dynamic pressure
on the rocket has to remain below its maximum allowable dynamic pressure. This constraint can be
defined with the following equation [7]:

1
q= §PV2 < Ymaz (534)

Furthermore, during the boost phase of a launch vehicle, generally the heat flux does not exceed its
maximum limitation [7]. Therefore, this heat flux constraint is not considered as a path constraint for
the ascent trajectory.

Control constraints

Lastly, the booster is subjected to certain control constraints. This is because the control actuation
of the booster is limited by the physical limitations of its thrust vectoring capabilities. So, a maximum
angle of attack and angle of attack rate are defined. These maximum angles are defined in the following
relations:

in <a< ;
{aﬂllll — (6% — amdx (5.35)

Qmin S « S Qmax






Guidance and Optimization

As outlined in the previous chapters, the indirect optimization method is selected for the optimization
of the ascent trajectory. The Methodology trade-off of figure B.1, shows that particularly the approach
described in the work of P. Lu et al. [43] [42], is relevant for this study and aligns well with the research
objectives.

As can be read in the appendix, the indirect optimization method was chosen over direct approaches
due to its higher computational efficiency and superior capability for sensitivity analysis. The method
allows efficient evaluation of how parameter variations affect the optimal solution, while avoiding the
heavy computational load and discretizations required by direct methods. Following the requirements
stated in chapters 3 and 4, the indirect method is a more effective choice for the research objectives in
this study.

This chapter will first dive deeper into how the indirect optimization method exactly works. Afterwards, it
will explain how this method is applied to the ascent optimization problem of this study. It is divided into
two parts: the atmospheric part and the vacuum part of the trajectory. Finally, the terminal conditions
of the optimization problem are defined. So, the goal of this chapter is to explain how the optimization
of the ascent trajectory is determined.

6.1. The Indirect Optimization Method

In this section, an overview of the indirect method for solving optimal control problems (OCPs) is pro-
vided. Specifically, optimal control problems of dynamic systems that are time-dependent. OCPs focus
on determining the control input that optimizes a given performance measure while adhering to spe-
cific boundary constraints, as well as state and control limitations. The Pontryagin’s Maximum Principle
(PMP) is a method that uses calculus of variations to solve such an OCP. Let x and u represent the
state and control vectors, respectively. The OCP can be formulated as follows [52]:

Minimize: J = ¢(x(t;), 7, 2(to), to) + /:f L(w,u, t)dt, (6.1)
Subject to: & = f(x, u, 1), (6.2)

W (z(to), to) =0, (6.3)

D(x(ty), tr) =0, (6.4)

37
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Here .J represents the cost functional, ¢ denotes the terminal cost, and L(x,u,t) is the running cost,
with ¢y typically set to zero. Equation 6.2 describes the system’s equations of motion (EOMs). Indi-
rect methods must also satisfy the boundary constraints ¥ and &, as given in equations 6.3 and 6.4,
respectively. Additionally, constraints on states and control inputs along the trajectory are considered
later. Applying this principle to Eq. 6.1 results in a set of conditions that, when met, identify a potential
optimal solution. These conditions, known as the First-Order Optimality Conditions, combine with the
existing constraints to define the Hamiltonian Boundary-Value Problem [53]. The Hamiltonian function
is given by [52]:

H = L(z,u,t) + pT (t) f(z, u, 1), (6.5)

where pT'(t) represents the co-state vector, which has the same dimension as z. The associated co-
state dynamics are defined as:

. oH1"
p=— [&J . (6.6)
For cases where the control is unbounded, the optimal control law «* can be derived using [52]:

OH

S =0 (6.7)

The co-state boundary conditions at the initial and final times are given by:

p(to) = g ©8)
__9¢ ®

where 1y and vy are constant Lagrange multipliers used to enforce these boundary conditions. In
problems with a free final time, the following additional condition must be met [52]:

¢ r® _
(H+8{H7&>Lt_0 (6.10)

f

These equations define the necessary conditions for optimality, forming a well-defined two-point bound-
ary value problem (TPBVP) that can be solved using numerical methods such as MATLAB’s bvp4c
solver [54].

Furthermore, it can happen that the control inputs appear linearly in the Hamiltonian; this is known as
bang-bang control. This is a control strategy often observed in certain optimal control problems. In
such cases, the optimal control typically switches between two extreme values: an upper and a lower
bound. Instead of gradually varying, the control "jumps” directly from one bound to the other, resulting
in a discontinuous control profile. A situation where the control takes on a value between these bounds
is known as a singular control arc. However, in optimal control, singular arcs are generally undesirable,
as they complicate the solution process. Therefore, the optimal control is often designed to assume
only the extreme values, leading to the characteristic bang-bang behavior [55].
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Figure 6.1: Schematic of bang-bang control [52].

Of course, it is also possible that the system is bounded by path constraints or that the input of the
control is bounded. Control constraints are typically expressed as inequalities of the form:

C(u,t) < 0. (6.11)

To enforce these constraints, the control law is determined by setting C = 0 at the constraint boundary.
In the standard approach, the Hamiltonian with the control constraints leads to the modified expression
[52]:

H=L+p'f+ulcC, (6.12)

Here . represents the multipliers associated with the control constraints. These additional terms modify
the equations of motion for the co-states along constrained arcs [52]. In the optimization model of this
study, these control constraints mean, for instance, a limitation on the magnitude of the angle of attack of
the rocket. All the physical control constraints on the rocket were elaborated in chapter 5.5. Next to this,
path constraints also impose restrictions on the system states and controls throughout the trajectory.
They are given by [52]:

S(z,u,t) <0. (6.13)

The presence of these constraints complicates the boundary-value problem (BVP) by introducing corner
conditions in the co-states and splitting the trajectory into multiple segments. To determine the control
history along constrained arcs, the time derivatives of the path constraints are computed to obtain
an explicit dependence on the control variable. If this occurs at the ¢ derivative, the Hamiltonian is
augmented accordingly [52]:

H=L+p"f+plsa (6.14)

An example of finding the control history along constraints arcs can be seen with the path constraint on
the dynamic pressure on the booster, which will be discussed in section 6.6. Here, the control variable
is the thrust level, which is adapted in order not to exceed the path constraint. The formulation from
equation 6.14 ensures that both control and path constraints are satisfied while optimizing the system’s
trajectory according to PMP. By incorporating multipliers for these constraints, the method accounts for
discontinuities in the co-states and maintains feasibility across constrained arcs.

In summary, in the context of the rocket ascent problem, the abstract constraints correspond to physi-
cal limitations of the vehicle and its environment. The control constraint C(u,t) represents bounds on
control inputs such as the magnitude of the angle of attack or thrust level, while the path constraint
S(z,u,t) captures flight envelope limits like dynamic pressure ¢q,v, Or constraining the angle of attack
multiplied with the dynamic pressure to prevent structural failure. Furthermore, the actual implemen-
tation of these control and path constraints into the optimization model will be elaborated in section
6.3.2.
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6.2. Optimization Objective

In this section, the optimization problem of this study will be defined, following the theory presented
in the previous section. The approach by P. Lu offers an effective framework for applying this method
to compute the optimal control inputs for the booster’s ascent trajectory [43]. Another paper by P. Lu
adopts the same approach and provides a more detailed and comprehensive elaboration of this same
method [40]. Therefore, this approach provides a solid foundation for this research focused on finding
the optimal solution. The first and most crucial objective is to determine the optimal control input that
guides the direction of the launch vehicle. This section will further elaborate on how this optimization
is realized.

In chapters 3 and 4, it is explained what the final optimization should solve. The ascent trajectory is
optimized in alignment with the HGV’s mission objective. There are many possible objectives that an
HGV can have. However, in the scope of this study, two of the most applicable scenarios will be focused
on.

As presented in chapter 4, often the goal of an HGV is to maximize its range. To maximize the overall
mission range, the booster delivering the HGV also has to be optimized to maximize its own range.
So, the range maximization of the rocket is the first objective. However, the objective of an HGV is not
always to maximize range. In such cases, the booster must deliver the HGV to specific final conditions
that best enable its glide trajectory towards a target. The aim is therefore to reach these conditions as
quickly as possible, minimizing the overall flight time. Therefore, the optimization program created in
this study will aim to solve both of these situations.

It is also necessary for the HGV to be delivered with a negative flight path angle. This angle, however,
must not be too steep; if it is excessively negative, the vehicle will leave its designated corridor and risk
burning up. Therefore, the negative terminal flight path angle causes the rocket to end its flight in a
descent trajectory. For this trajectory that ends in a descent, a maximum range inherently corresponds
to a maximum terminal velocity. So, no greater range can be achieved if no higher feasible terminal
velocity is possible under the same final conditions. The verification of this proposition will be shown
later in Chapter 9.

How this objective can be optimized is elaborated in the next sections of this chapter. Here, the opti-
mization is split into the atmospheric and vacuum parts of the trajectory.

6.3. Optimality of the Atmospheric Ascent

The atmospheric ascent is the first part of the trajectory that contains the burn of the first stage. This
is therefore a fixed final time problem, since the propellant burn time is known. Only when the rocket
throttles does the burn time change. However, as will be explained in chapter 6.6, the throttle profile
is determined outside the optimization loop discussed in this section. Therefore, even in cases where
throttling occurs, the total burn time remains predefined, and the problem can still be treated as a
fixed-final-time formulation.

The trajectory of the first stage is an endo-atmospheric flight. For the optimization problem, first a
performance index needs to be chosen that has to be minimized. As previously discussed, the objective
is to maximize the range and thus the terminal velocity of the trajectory. As can be seen in the verification
chapter of this report, maximization of the orbital energy at the terminal point also leads to maximizing
the terminal velocity. Therefore, the performance index that needs to be minimized is [43]:

1
J=¢(r;, Vyty) = o Vi (6.15)

For this research, first the body axis orientation is optimized, while the thrust level is not varied. There-
fore, the mass (m(t)) is treated as a prescribed function of time, since the mass flow rate is constant.
Therefore, mass is not treated as a state variable and does not appear in the Hamiltonian function.

The Hamiltonian function is defined following the Equations of Motion and the objective function pre-
sented in chapter 5. The Hamiltonian function looks as follows[43]:

(TT_nA> 1, + %1,, +ulS(r, V,t)+p(1{1, — 1) (6.16)

H=pl'V+p{|g+
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The objective function is based on a specific terminal cost, picked such that the range of the trajectory
is maximized. Therefore, the Hamiltonian is solely based on the state and costate equations, since
only a running cost is part of the Hamiltonian, which in this optimization is absent. This Hamiltonian
function will be used to find the optimal control I; to have maximum terminal velocity. In the Hamiltonian
function, "u (I1'I, — 1)” is a constraint function, which basically tells that 7, is a unit vector. So, I, needs
to be normalized in order to satisfy:

L] =1 (6.17)

Furthermore, "ul - S(r, V)" is the part of the function that presents the path constraints. This part of
the Hamiltonian function will be elaborated on later in this chapter.

Lastly, the co-states of the system are presented by "p,” and "p,”.
position and velocity, respectively.

These are the co-states of the

6.3.1. Co-state Equations

Next, it is essential to determine the co-state dynamics of the system. The costates have no actual
physical meaning. However, they provide important boundary conditions and influence the formulation
of the Hamiltonian equation. The co-state dynamics can be derived using equation 6.6.

For clarity, a simplified representation of the co-states is provided below, normalized by mass and
neglecting the aerodynamic forces acting on the booster [56]:

OH 1 3pLr

Pr=—"-=—py— (6.18)
ar B [P
) OH
e (6.19)

However, in the optimization problem of this research, aerodynamic forces cannot be neglected. There-
fore, the co-state dynamics are more complex within the scope of this work. By incorporating aerody-
namic forces and applying the previously discussed environmental models, which depend on the posi-
tion of the booster, the derivative of the Hamiltonian with respect to the state is given by the following
expression [40]:

. 1 3ap1)b 1 2 OV
pr = ﬁpv — l - +apz)b <T qun + — A Op ‘/5 OA,JWach W

r

AV
—+ Apon (Np7 — 2V C V2 C’N Mach a)

+prE X {apvb|:<CA+ oV VCA Mach) V,+ - CA@ V2 aa:l

ov
— apon | Cn + == V2C V, + - o y2 o (6.20)
pvn N QVT N,Mach Na oV -
. 1
pv = — prt+ Cp Apub (CA + 27‘/;« ‘/;CA,Mach> — Gpyn (CN + 2‘/7 V CN ]L[ach)
1 Cos o C,V,
- - = - - 1,. .
+ 2(apvbCAa apanNa) sin o Vr‘| 2Sina(apvbCAa apanNa) b (6 21)

The definitions of the parameters used here are consistent with those introduced earlier in this report.
However, there are a couple of new parameters, which are defined in the following way [40].

8;) aT POSrefRO

r = 7. T = —, = ;
Pr=" or C m(t)
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and the following expressions are introduced:

A = V?SrefROpOCApr N, — ererefROpOCNpr
P 2m(t) ’ rr 2m(t) ’
~0Cy _ 9Cn
CAoz* da CNoz* oo’

oC oC
Camach = 6M73A;:h’ CNMach = 8M73Nc:h’

Apyb = P\T/lb =Dv COS((I) - Ot), Apyn = pgln =Ppv sin(<I> - a)-
From the velocity relation
V, =V —wg xr,
The variation of the angle of attack with respect to velocity can be written as

o _ 1
OV V.sina

(cosal, —1p).

For this reason, it is useful to have algebraic relations, as defined in chapter 5.4. This way, the aerody-
namic and Mach-dependent relations of the environmental models, together with their derivatives, can
be used in the indirect optimization method. Some of the relations presented above are included in Ap-
pendix D, as their full expressions are too lengthy to list here. Furthermore, algebraic relations support
convergence of the problem by providing the optimizer with more accurate gradient information.

6.3.2. Constraint formulation in the Indirect Method
Following chapter 5, the control input of the booster is limited and the booster is limited to path con-
straints that it can not exceed in order to have a feasible trajectory.

Control and Path constraints
The constraints influence the Hamiltonian function, as can be seen in equation 6.12. The constrained
optimal control input of the angle of attack looks as follows:

*

Q€ [_amaz7amam} (622)

The angle of attack does not show bang-bang control behavior, since it does not appear linear in the
Hamiltonian function. Therefore, the Hamiltonian function is defined as below:

H=1L+ pr + /Ll(_a - O‘m(m) + HZ(Q - O‘m(m) (623)

These multipliers (1) can be either active or inactive (1 = 0), depending on the angle of attack.

0, a2 amae

= {aH - (6.24)
Do’ Q= Qmax
0, Qa2 Qmagz

Lo = { on - (6.25)
T Dda QO = Qmax

These relations basically make the Hamiltonian function go to zero when the angle of attack is at its
maximum. Therefore, automatically limiting the angle of attack can get an even higher magnitude.

Next, there are the path constraints. In literature, one of the most prominent path constraints for launch
vehicles is the product of dynamic pressure and the angle of attack. Like defined in the research of P.
Lu as [40]:

l4a] < Qa (6.26)

This constraint is based on the dynamic pressure constraint that is defined in equation 5.34. So, this
Q. path constraint is implemented in the current model of this research. In equations 6.14 it can be
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seen how a path constraint influences the Hamiltonian function. The constraint function can be defined
in the following way.

Si=q-a—Qa<0 (6.27)

The control I, appears in this path constraint through the angle of attack («). So, when the constraint
is active, S; = 0. In this case the control of the angle of attack can be found by:

o= e (6.28)

Here, "¢” is the dynamic pressure of the rocket at a certain time (¢).

As will be explained later, the dynamic pressure constraint is also implemented [40]:
52 =4 — Qmazx <0 (629)

Using the engine throttle to enforce this constraint is the most efficient strategy [40]. However, there is
a separate section dedicated to the implementation of this constraint.

6.3.3. Primer Vector theory
The following relations present a possible way to define the state of the ascent of a booster [57].

% = H - {g(r)‘; Fu} (6.30)

Here, I' is the thrust per unit mass. In this case, where the state is defined in such a way that the
body axis orientation (/) only enters the Hamiltonian as a part of the derivative of the velocity. The
optimal body axis orientation (I, ) is the one that maximizes the Hamiltonian, within the set of admissible
controls. This can therefore be defined as [57]:

=2 (6.31)
P

Therefore, the optimal body axis rotation can be determined by computing the unit vector of the velocity
costate vector. This unit vector is called the primer vector. It presents a very elegant way to compute
the full body orientation, together with the equations 5.21 and 5.24.

When aerodynamic forces are incorporated into the equations of motion, the optimal orientation of the
body axis can still be determined using the primer vector. However, it will be slightly different due to
a correction needed for the aerodynamic forces. The optimal control problem can be found by solving
equation 6.7. This gives the optimality condition for this research:

OH
— =0 6.32
o1, (6.32)
This ensures that the Hamiltonian is maximized with respect to the body-axis direction. Following the
work of P. Lu et. al [43], it can be concluded that the optimal thrust vector lies in the plane spanned by
the primer vector p, and the Earth relative velocity vector V.. This is illustrated schematically below in
figure 6.2.
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Figure 6.2: Body axes and primer vector[43].

After much differentiation and algebraic operation, the optimal body-axis direction can thus be ex-
pressed as a linear combination of these two vectors [43]:

17 = a1py, + 2V, (6.33)

where ¢; and ¢, are scalar functions of the state and co-state variables. As atmospheric density de-
creases during flight, the influence of drag diminishes, leading to ¢c2 — 0, and the optimal body-axis
vector aligns solely with the primer vector p,. Therefore, in this case, the optimal body axis is computed
just like in equation 6.31.

Furthermore, since the zero sideslip method (’Fly into the wind” maneuver) is used for modeling the
body orientation, the symmetric plane of the body axis is aligned with the Earth’s relative velocity vec-
tor. Therefore, when aerodynamic forces are active on the rocket, the problem reduces to a one-
dimensional search within the plane formed by p, and V.. This highly simplifies the problem. In sum-
mary, the Hamiltonian is maximized when I, lies in the plane between the primer vector and the relative
velocity vector. So, the calculation of the primer vector from the velocity costate, combined with the
determination of the optimal angle of attack, directly provides the full body axis rotation.

The work of P. Lu shows how exactly this optimal angle of attack can be found, following 0H/d«. This
leads to the following optimality condition [43]:

tan(® — ) (T — A+ No) — (Aq + N) =0 (6.34)

Here @ is the angle between the vectors p, and V,.. Further, A, and N, are the derivatives of the
aerodynamic forces with respect to «. This equation must be solved numerically for the angle of attack
«. This is done with the Newton-Raphson method, seen in the algorithm of the pseudocode below.
This formulation now explicitly includes aerodynamic forces, making the solution applicable to the more

realistic case of a launch vehicle flying through the atmosphere. Once "«a” is known, the optimal body-
axis orientation is computed directly from the following analytical relation [43]:

1 = (sina) 1+ <sin(<1> —a)) 1v. (6.35)

sin ¢ sin ¢

This approach, shown by P. Lu [43], provides a computationally efficient method for determining the
optimal body orientation. It reduces the problem to computing the unit vector of the velocity costate
and solving a nonlinear equation for "a”. This avoids the need to compute the full derivative of the
Hamiltonian with respect to the control variable, as described in equation 6.7. Therefore, this gave the

rationale for defining the Equation of Motion and force equations, as presented in chapter 5.
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The pseudocode underneath gives the algorithm that is implemented in MATLAB, which is used to
compute the optimal body axis rotation. The full code implementation of the computation algorithm for
the angle of attack can be found in Appendix C.

Algorithm 1 Computation of « and I, pseudocode

1: procedure Calculate_Alpha(py, V, T, p, gdyn, P, Qprev)
2:

11:

12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24:
25:
26:
27:

py -V
lpv V]
® + arccos(cos D)
Vinag < [[V||

cosd +

Set Amax, Qstep_max, and Q. from defined parameters

a, <0
for:=1to 10 do

Compute Cy, Cq, A, Ay, AL, N, N, from (V, p, )
F+tan(® —a,) (T — A+ Na) — (Ao + N)

oF
dF +— —
< Oa

Oy =y — =
* * dF +e
end for
Oy < C”p(a*; —Qmax, amax)
if |gayn - @] < Qq then
Qlconstrained S Olx
else
Qg < Qa/Qdyn
Qlconstrained < S'Qn(a*) : Inln(aq, atnax)
end if
A < Oionstrained — Oprev
if A > astep_max then
A < Ostep_max
else if A < —Oéstep_max then
A <~ —Qstep_max
end if
o 4 aprev + A
return (o, @)

28: end procedure

Require: Inputs: V,., py

29:
30:

31: Iy < aq -

a) <

sin(a)
cos(a) — cos(P) cos(P — )
%
P2
Vi
Pv_ 4 by -

Ipv |l [Vl

cos ® «+ clip(cos @, —1,1)

> Newton iterate for optimal «

> analytic derivative

> AOA constraint
> AoA & Dynamic pressure constraint

> AOA rate constraint

As shown in the algorithm, the derivatives of the aerodynamic forces with respect to the angle of attack
are required. To obtain their analytical expressions, the derivatives of the aerodynamic coefficients with
respect to the angle of attack are also needed. Their expressions are provided in Appendix D.

The algorithm computes the angle of attack using ten iterative loops of the Newton—Raphson method.
It was found that the algorithm typically converges to a solution within about five iterations. However, to
ensure numerical robustness and guarantee convergence, ten iterations were selected. This way, no
numerical instabilities or divergence were observed, even for rapidly changing control profiles. Increas-
ing the number of Newton—Raphson iterations significantly affects the overall computation time of the
optimal atmospheric trajectory solution, as the above algorithm is executed at every time step within
each new iteration of the atmospheric solution process. The solution process of the entire atmospheric
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trajectory is further described in Chapter 7.2. Since no changes in the trajectory were observed when
the number of iterations was increased (to for example fifteen), ten iterations were deemed sufficient.

It can be seen that in this algorithm, the control and path constraints on the booster are also included
With aumax, @step max, aNd Q. Here, aprey is the angle of attack of the previous time step in the trajectory.
This way, the angle of attack rate constraints can be enforced. All the constraints are enforced outside
of the Newton-Raphson loop. Therefore, enforcing the constraints does not influence the convergence
or numerical stability of the computation of the angle of attack.

6.3.4. Takeaway of Atmospheric Ascent Optimality

In summary, this section established the full formulation of the atmospheric ascent optimization problem.
The optimization objective was defined to maximize the terminal velocity, from which the correspond-
ing Hamiltonian and co-state dynamics were derived. The necessary control and path constraints were
identified and formulated, ensuring that the vehicle’s physical limits are respected throughout the trajec-
tory. Furthermore, the methodology for determining the optimal body-axis orientation was developed
for both vacuum and atmospheric flight conditions, accounting for aerodynamic effects in the latter.
Finally, the computational algorithm used to determine the optimal angle of attack and body-axis ori-
entation was presented, providing the foundation for the atmospheric ascent solution discussed in the
next chapter.

6.4. Analytical Vacuum Optimal Ascent Solution

Since only a fraction of the trajectory takes place within the endo-atmospheric environment, an optimal
trajectory must also be determined for the remaining exo-atmospheric vacuum phase. Because the
rocket consists of multiple stages, the solution must account for both a burn phase of the remaining
stage as well as the coasting phases. As discussed previously, the latter implies that the coasting
duration acts as a control variable in the optimal guidance problem.

Following the requirements, the booster model shall allow for throttling. A liquid-propellant booster can
cut off its engine before the propellant is fully depleted. This introduces an additional control variable:
the burn time of the second stage. This section will therefore address the optimization of the guidance
for the remaining stage, the optimal coasting time, and the optimal burn time. How these sections of
the optimized trajectory are tied together in one total trajectory is explained in the next chapter 7.

When coast phases and multiple burns are introduced, the optimal control problem becomes signifi-
cantly more challenging and highly sensitive. This increased sensitivity arises mainly from two factors:
long coast arcs amplify even small deviations in the initial conditions at the start of the coast, and the
final stage typically provides much lower thrust acceleration, making it difficult to perform substantial
trajectory corrections [40]. Therefore, for the vacuum ascent, the optimization problem needs to be
defined such that it facilitates faster and more reliable convergence to a solution. This is achieved by
choosing a method that provides a closed-form solution to the greatest extent possible.

6.4.1. Burn arc solution

For the burn arc solution, the Analytical Vacuum Optimal Ascent Solution method is used, presented
by P. Lu et. al [43]. The main building blocks of this method are: the linear gravity approximation,
closed-form solutions of the costate dynamics, and closed-form solutions of the state equation using
quadrature formulas. At the start of each guidance cycle, let ry denote the dimensional position vector.
The gravitational acceleration is then approximated as a linear function of r [43]:

g—— (“f) r= i (6.36)

where u g is Earth’s gravitational parameter. Furthermore, w; is called the Schuler frequency. Introduc-
ing go = pg/ré as the gravitational acceleration at ro, we normalize distance by rq, time by \/ro/go,
and velocity by ,/rogo. For vacuum flight (A = N = 0), the nondimensional equations of motion are
[43]:
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=V (6.37)

V=—r+T(7)I (6.38)

Using nondimensional equations of motion improves convergence because it scales the variables to
comparable magnitudes, reducing numerical ill-conditioning in the optimizer. This prevents certain
states from dominating the solution and allows the optimization algorithm to explore the search space
more efficiently. Here, T'(7) is the normalized thrust, T'(7) = Tyac/(m(7)go) with 7 the dimensionless
time.

The Hamiltonian is given by equation 6.16, only the Aerodynamic forces in this equation can be re-
moved. P. Lu et. al. present a closed-form solution of the costates derived from the non-dimensional
equations of motion and the Hamiltonian. This close form solution is [43]:

[pV(T)} _ [COSng siang] [pvo] _ () {on} (6.39)

—pr(T) —sintly cosTlz| |—pro —Pro

Here py( and p, are the initial costates. Then, quadrature thrust integrals are used to obtain a closed-
form solution of the state [43].

1(r) = /O "1y (O cosCT(Q)C,  Iu(r) = /0 "Ly (¢)sin CT(Q)dC (6.40)

The thrust integrals I.(7) and I;(7) represent the accumulated effect of the time-varying thrust, pro-
jected along cosine and sine weightings of the primer direction. They capture how the thrust history
influences the state, allowing equation 6.41 to express »(7) and V(7) in a closed form solution [43].

[5(@))} =) [Qﬂ +T() ng] (6.41)

with

I'(r) =

|:Sil’l’7'13 —(:05713} (6.42)

cosTls sinTls

The thrust integrals I, and I, cannot be expressed in a simple closed form, so they must be evaluated
numerically, meaning the integral is approximated by summing function values at selected points rather
than solving it exactly. A common approach is Milne’s rule. Milne’s rule approximates the integral of a
function by replacing it with a polynomial that passes through a set of equally spaced sample points and
then integrating that polynomial exactly. The result is a weighted sum of the function values at those
points, ensuring high-order accuracy for smooth functions. The weights are obtained by integrating
the basis functions used to approximate the curve between the data points, and therefore depend only
on the locations of those points, not on the function values [58]. This makes the integrals practical to
compute and insert back into the state solution. Here, 704 is the dimensionless time remaining until
the end of the engine burn. The parameter § = 70g0/4 is simply a subdivision of this interval into four
equal parts, which is required by Milne’s rule to evaluate the integral using five evenly spaced points.
Milne’s rule gives [43]:

I;(Ttogo) = % [71;(0) 4 321;(8) + 121;(20) + 32I;(30) + 71;(49)], i=¢,s (6.43)

Given the above method, the final state and costate have become functions of p,o and p,.q. Therefore,
the terminal conditions that need to be satisfied are functions of the unknowns po, pro, and 7g,. This
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makes the optimization problem a root-finding problem. Furthermore, how the terminal conditions are
defined will be explained later in this chapter.

Underneath a pseudo code can be found on how exactly the above closed form solutions are calculated,
given a certain input for p,o, pro, and Togo.

Algorithm 2 Second Stage Vacuum Propagation with Milne Quadrature

Require: Inputs: p,o, pro, Thnal, 70, Y0, Mo, M, go, Tvac
1. I+ I3 > identity matrix
2: Xg [7’0;’[}0]
3 h+— Tfina|/4
4: 7. « linspace(0, Tinal, 5)

fork=1to5do
6: t « 7(k)

o

nooame | Sy ]
8: A(t) ( )[pvo; *prO]

o pv(t) ( )1:3;

10: pR(t) ( )4 -6

11 p(t) <—pv( )/ v @)

12: (t) < mo — Mmit;

13: T(t) < Tvac/(m(t)go)
I

)
14: (1, k) < p(t) cos(t)T'(t)
15: I.(:, k) < p(t)sin(t)T(t)
16: end for

17: I < 22 (T1(:, 1) + 321.(:, 2) + 121,.(:, 3) + 32I,(:,4) + TI.(:,5))
18: Iy + 2B (TI.(:, 1) + 321, (:,2) + 121;(:,3) + 321;(:,4) + 7I.(:,5))

19: t < Tfinal

20: Q(t)

costl sintl
—sintl costl

sintl —costl/
21: I(t) « costl sintl
22 X(t) <+ Q)Xo + T(t)[1; L]

This pseudocode is based on the MATLAB code of the state and co-state propagation during the burn
arc of the analytical vacuum solution. This code can be found in Appendix C.

In summary, the methodology described above provides a formulation that enables the derivation of a
closed-form solution for the state and costate evolution during the burn arc of the vacuum phase. This
closed-form solution is achieved through the use of non-dimensional equations of motion, the linear
gravity approximation, and the inclusion of thrust integrals.

6.4.2. Coast Arc solution

Then the coast trajectory needs to be optimized. This means particularly that the coasting duration
needs to be optimized. This section will first explain how the optimal coasting time is determined, and
then how the state and costate are propagated during the coast.

In order to optimize the coast and burn period of a booster, a switching function is needed. Optimizing
the coasting time of a booster helps to decide when to apply thrust or remain in a coasting phase. In the
case of P. Lu, this decision between maximum thrust and zero thrust depends on the switching function
[42]. So, the switching function determines the switching between burn and coast arcs. The Hamilto-
nian of the optimization problem can be rewritten in order to separate the parts of the Hamiltonian that
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are dependent and independent of the thrust. The Hamiltonian then looks as follows [59]:
H=Hy+T-S (6.44)

Here, H, is the part of the Hamiltonian that is independent of the thrust. For a free final time problem,
the Hamiltonian is identically zero along the optimal trajectory [60]:

H(t)=0, toy<t<t;

Further, the switching function S is the partial derivative of the Hamiltonian with respect to thrust. This
function S determines when to use the booster’s thrust and when to coast. During the coasting phase,
the thrust of the booster is zero (T' = 0). The Hamiltonian is maximized following the relation [60]:

T,
T — max S > 0 (6.45)
0 S <0

The thrust switches on or off at certain switching points, t;. The switching function at each switching
point is zero:

Here, n is the number of free switching points. So, at each switching point, S = 0 and therefore
Hy = 0. Determining these switching times will lead to solving the optimal coasting period [60]. These
conditions ensure that the transition between powered flight and coasting is determined optimally, with
the switching function acting as an indicator for when thrust should start or stop.

As an application, consider a launch vehicle with multiple stages. After the first stage has burned
to completion, the second stage does not necessarily need to ignite immediately. Instead, it may be
optimal to insert a coast period during which the vehicle follows a ballistic trajectory before starting the
second stage burn. The duration of this coast arc is not fixed in advance but is determined as part of
the optimization problem.

The necessary condition for finding the ignition time ¢, of the second stage reduces simply to [60]:
Hy(t1) =0 (6.46)

This condition provides a direct way to determine the start of the next burn without requiring integration
of additional co-states. In this way, the optimal coasting period can be identified, which improves the
overall performance of the ascent trajectory by avoiding inefficient or premature ignition of the next
stage.

During a coast arc, the state of the booster is propagated using Keplerian motion, while the costates
are propagated in the same manner as the vacuum burn arc solution explained previously. As seen in
the requirements for the hypersonic glide vehicle (HGV), it's important that it is inserted with a negative
flight path angle to ensure proper entry into the atmosphere. This makes the inclusion of a final coast
phase necessary, which is a new aspect introduced in this research, compared to the studied literature.
As a result, the optimization problem formulated here explicitly includes a final coast, in contrast to the
analytical framework of P. Lu et al. [40], where such a terminal coast is not present. Therefore, when
a two-stage rocket is used, the trajectory consists of two burn arcs and two coast arcs.

Coast arc propagation

The coast arcs are propagated by using the initial position and velocity together with the coasting time,
which is determined by the optimization model. The coast arc is propagated using Keplerian motion. In
trajectory optimization, it is significantly more efficient to use the closed-form Keplerian solution instead
of directly integrating the equations of motion. Numerical integration of the Newtonian dynamics is
computationally expensive in contrast with a Keplerian formulation. The Keplerian formulation offers a
closed-form solution for coast arcs, providing an exact relation between the initial state (r¢, vo) and the
future state without the need for numerical integration.
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In the optimization, each coast arc is defined by the state at its start, ry, vy, and the coast duration
At. This is an input from the optimizer, as will be seen in chapter 7. From these, the specific angular
momentum h, = rg X v (with b, = ||h,]||) is computed, which remains constant throughout the coast
[35]. The eccentricity vector follows as [35]:

h,
e = W0Xda X0 el (6.47)
i o]

where 1 is the gravitational parameter. Using vis—viva, the semi-major axis is [35]:

-1
o = ( 2 ”V"”2> (6.48)

[lroll H

To propagate the coast, it is important to first determine the initial true anomaly 6,. Using p = h2?/u and
ro = ||lro||. Here, p is the semi-latus rectum. This can be computed with the following equation.

0y = arccos(mi/u)_ro), (6.49)

ery

Next, the true anomalies from the second point up to the final point of the coast need to be determined.
The true anomaly of the first point is known, and the coast duration is given as an input by the optimizer.
To compute the true anomalies, first the mean anomaly and the eccentric anomaly need to be computed.

The eccentric anomaly F is an auxiliary angle used in elliptical orbits, defined geometrically in the orbital
ellipse to simplify the relation between time and position. The mean anomaly M, is a measure of time
along the orbit, increasing linearly with time from perigee [35]. The eccentric anomaly can be visualized
in the figure below.

Figure 6.3: Eccentric Anomaly in orbital frame [35]

Here e is the orbital eccentricity. Furthermore, the mean anomaly can be computed with the following
relation [35].

Ma = a,0 +n- (tN - t0>, n = \/73 (650)
a

So, n gives the mean motion of the angular rate at which the satellite moves along its orbit, which is
based on the orbital period. This is then used to compute the mean anomaly at a certain time.

The eccentric anomaly can then be computed with the following equation [35]:

E®Y = M, (t) + e - sin E®) (6.51)
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This is an iterative process. First, an initial guess for E(*) needs to be given. In this study, an initial
guess of 7 is provided. Following the equation, a new value for the eccentric anomaly is computed. This
loop is continued until the eccentric anomaly is converged to a certain value, and |E¢*+D — E®)| < ¢

Once the eccentric anomaly is determined, the true anomaly can be computed. This is done with the
following equation.

0 = 2arctan( %fz tan %) (6.52)
Next, with r» = P the position and velocity in the PQW (perifocal) frame are [37]:
1+ ecosf
7 cos v, cos — vgsin @
Tpqw = |7siné |, vy = ﬂesin@, vg = hﬁ(1+ecos9)7 Vpqw = |Ursinf +vgcosf| . (6.53)
0 a a 0

Finally, the state in the perifocal frame needs to be transformed to the ECI frame. This can be done
with the following rotation matrix [37]:

cos§) cosw —sin) sinw cosi —cos€ sinw —sin€) cosw cosi  sin§2 sin g
Rpaw_7 = |sin{ cosw + cosQ sinw cosi —sin{) sinw + cos{2 cosw cosi —cosf) sin1 (6.54)
sinw sin¢ CcosSw sin ¢ CcoS1?

In this matrix, Q2 is the right ascension of the ascending node, i the inclination, and w the argument of
perigee. This matrix is equivalent to the rotation matrix Rpqw_; = [&é D h, ]. Here, the eccentricity
direction, & = e/e, is the same direction as the PQW x-axis, as can be seen in figure 5.5. Then, the
angular momentum direction, l{a = h,/h,, is the PQW z-axis. Lastly, the cross product between these
vectors gives the last axis, p = h, x é.

The pseudocode of the iterative process of finding the eccentric anomaly and computing the position
and velocity in the perifocal frame can be seen below.

Algorithm 3 True—anomaly and state computation along the coast

Require: time grid {t;}Y.), Moo, n, €, ha, 4
1. fori=0to N do
2: ]\/[a,i <~ Ma,O +n (tz - tO)

3 E+r > initial guess
4 repeat
5 Enew <+ My ; +esinE
6 § < |Enew — E|
7 E < Enew
8 until § < ¢ or iterations exceed max
9 0; 2arctan(1/%tan %)
2

10: 7 7}1‘1/“

1+ ecosb;
1: v,w—ﬂesinﬁi; v9<—ﬁ(1+ec039¢)

hq hq
12: Tpqwi < [ricosB;, risind;, 0]7
13: Voqw,i < [Vrcosb; — vgsinb;, v, sinb; + vy cosb;, 0]7
14: end for

Here, N is the number of points in the coast. This pseudocode gives a representation of how, in
MATLAB, the closed-form solution is computed for the state during the coast, given the initial conditions
and the coast duration ¢;. The computed state and costate at the end of the coast need to satisfy
Hy(ty) = 0 in order to have an optimal coast. How the full state and co-state are propagated can be
found in Appendix C, here the MATLAB code can be examined.
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6.4.3. Takeaway of Vacuum Ascent Optimality

This section developed the analytical guidance solution for the vacuum phase. For the burn arc, the
objective was defined, and the state and costate equations were derived using a linear gravity approx-
imation and non-dimensional equations of motion. By using the thrust integrals presented in equation
6.43, a closed-form solution can be obtained. For the coast arc, the method to determine the optimal
coasting time was explained, using the part of the Hamiltonian that is independent of thrust, as shown
in equation 6.46. Furthermore, the state and costate propagation was described using Keplerian mo-
tion. The algorithms for the propagation of the state and costate across both the burn and coast arcs
were also presented. The main goal of this section was to demonstrate that, with the presented meth-
ods, closed-form solutions can be achieved for both the burn and coast arcs. How these two parts are
combined into one complete trajectory is explained in Chapter 7.

6.5. Boundary Conditions

Logically, the trajectory is bounded by initial and final conditions. First of all, the initial position of
the booster is located at the launch site where the trajectory simulation starts. More specifically, the
simulation is assumed to start at an altitude of 100 meters above the launch site. The rocket first
flies straight up to account for tower clearance. The velocity and mass at the end of this short vertical
segment are then used as the initial conditions for the rest of the ascent and guidance. This means
that the initial conditions of the state are fixed. Consequently, the initial conditions of the co-state are
free and therefore yet undetermined [61].

Atthe end of the trajectory, the booster must meet the prescribed terminal conditions on its state. These
constraints ensure a correct insertion of the HGV into its re-entry corridor, as explained in chapter 2.2.
Consequently, the boost trajectory is designed and optimized subject to these fixed terminal conditions.
As described in equation 6.9, the trajectory also has specified transversality conditions. These follow
from the defined terminal conditions and the objective function. Furthermore, when there are & < 6
scalar terminal conditions, this means there are 6 — & transversality conditions [62].

At the end of the trajectory, the HGV needs to be inserted. This means that it needs to have a certain
specified altitude and flightpath angle. Furthermore, the HGV also needs to be inserted into a certain
desired direction. Lastly, depending on the objective, the HGV needs to be inserted with either a
maximum velocity (to ensure maximum range) or a specified velocity.

6.5.1. Reduced Transversality Conditions Approach

Defining the terminal and transversality conditions properly is a very important task in solving the op-
timization problem. This definition can have a huge influence on the outcome and convergence of
the optimizer. The approach by B. Pan [62] provides a robust method for this. The paper addresses
the long-standing difficulty of defining the transversality conditions in indirect optimal guidance. More
specifically, in defining the reduced transversality conditions (RTCs). The reduced transversality condi-
tions are the transversality conditions (as defined in equation 6.9), but then with the unknown constant
multiplier v removed. This unknown constant multiplier can be removed by algebraically redefining
the transversality conditions and thereby eliminating them from the equation. Removing the unknown
constant multiplier simplifies the optimization problem, since there are fewer variables that need to be
solved.

The key insightin B. Pan’s approach is that, for launch insertion and orbital-transfer problems, the termi-
nal constraints almost always fix a subset of the six classical orbital elements (a, ¢, i, Q,w, ) and leave
the others free. Writing the terminal requirements in orbital elements cleanly separates constrained and
free variables. This is something that is messy or absent when defining the terminal requirements using
Cartesian coordinates. Pan defines the RTCs systematically by determining which final orbital elements
are free. Every free orbital element yields one RTC. RTCs are analogous to the usual transversality
conditions for the same problem when the terminal constraints are expressed with orbital elements
rather than Cartesian states [62].

During this study, it was found that defining the terminal requirements in Cartesian coordinates creates
the risk of constraint redundancy. This means that removing a constraint would not change the solu-
tion of the optimization. Having unnecessary constraints also greatly affects the convergence of the
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optimization problem. Pan’s orbital-element method avoids this by providing a pre-compiled, indepen-
dent set of RTCs, one per free element. This reduces the problem complexity and improves numerical
robustness and speed by preventing unnecessary or ill-defined constraints. It was found that when the
approach by B. Pan [62] was adopted in the optimization problem, it greatly improved the convergence
and speed of the optimization compared to using Cartesian coordinates.

6.5.2. Definition of terminal requirements

As explained before, the trajectory needs to meet specified terminal conditions. One of these conditions
is that it needs to fly in a certain desired direction. Because the terminal conditions are expressed in
orbital elements, the terminal direction of the trajectory is specified by the inclination i, i.e., the angle
between the final orbital plane and the Earth’s equatorial plane. In addition to the orbital-plane direction,
a terminal constraint on the following parameters needs to be imposed: (i) the altitude, expressed via
the position magnitude ||r||; (ii) the terminal flight—path angle ~; and (iii) the terminal speed ||V f|.

Previously, the optimization problem and objective have been defined, resulting in the Hamiltonian
given in equation 6.16. As mentioned before, for the endo-atmospheric initial stage boost, the Hamil-
tonian is the same for different terminal cost objectives, since only the running cost is included in the
Hamiltonian definition. Therefore, with the first endo-atmospheric burn arc, the optimal law for body-
axis rotation is similar if the problem is posed to maximize terminal orbital energy with a fixed final
time or to minimize flight time with a free final time [40]. However, this is not the case for the termi-
nal transversality conditions, since the terminal cost objective is present in the transversality condition
(equation 6.9). Therefore, the defined terminal requirements will influence the burn arc and coast arc
of the analytical vacuum optimal ascent solution.

Two possible approaches to defining the terminal requirements of the analytical vacuum optimal ascent
solution are investigated in this study. The first approach is by defining the terminal requirements,
such that the objective is to minimize the flight time. In this case, the terminal velocity can still be
maximized (in order to maximize the range) by sequentially adapting the terminal desired velocity until
no higher feasible velocity is possible anymore. This approach is similar to the one by P. Lu [40], where
sequentially parameters are adjusted until the desired orbital energy is met. The second approach is
by defining the requirements such that the objective is to maximize the orbital energy. Both approaches
yield the same result, as can be seen in the verification in chapter 9. However, they use other methods
to arrive at these results. The defined terminal conditions and reduced transversality conditions of both
approaches can be found below.

To start, the first approach has four terminal conditions: the terminal flightpath angle ~, the terminal
inclination ¢, the terminal magnitude of the position vector |r|, and the terminal magnitude of the velocity
vector |v|. The terminal conditions are [62]:

riry — 7}’ (6.55)

ViV, —v;? (6.56)

1] (rf x V§) = |rf x V| cosi* (6.57)
r}er — Vi sinyg (6.58)

This gives four scalar constraints that prescribe the a, 7, e, and 6 [62]. This leaves the w and () free.
Based on these free orbital parameters, the RTCs are determined. The last 2 scalar constraints of the
reduced transversality conditions are [62]:

T
(prf Xry+ Pv; X Vf) hayf (659)
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.
(Prf XTf+ Py, X Vf) 1. (6.60)

The second approach has three terminal conditions: the terminal flightpath angle ~, the terminal incli-
nation 4, and the terminal magnitude of the position vector |r|. Furthermore, the terminal cost of this
approach is to maximize orbital energy. The given terminal conditions and transversality conditions are
[40]:

%r’ffrf —~ %T;Q:o (6.61)

1 (rf x Vy) — |Irf x Vy|lcosi* =0 (6.62)

iV — ryVysingf =0 (6.63)

(Vipe,) 15 = (5hpv,) VP + (55 Vi) (VF = rype,) =0 (6.64)
Vipy, — Vi =0 (6.65)

(WG, Pr,) 0G4 (ry x 1n)] + (WG ppv,) [hG (Ve x 1x)] =0 (6.66)

Ultimately, approach one is chosen for the final optimization program developed in MATLAB. Following
the requirements, it is necessary for the ascent trajectory to maximize its range. However, on some
occasions, it might be desired to let the booster fly to a certain specified terminal state. In this case,
the first approach can be used, since it allows for defining a specified terminal speed. Then it is not
necessary to sequentially find the maximum possible velocity. With this approach, one optimization
code package is able to solve both simulation scenarios.

6.5.3. Terminal Hamiltonian

Lastly, the optimization problem of the analytical vacuum optimal ascent solution is a free final time
problem. As described in section 6.4, the coasting time and burn time can have variable length. Of
course, in the case of range maximization, it is expected that the stages burn all their propellant. The
terminal condition for the Hamiltonian (equation 6.10) is used to solve the optimal burn and coasting
times. For the objective function described previously, this yields the following relation that makes
the final constraint H(rr) > 0 [40]. This condition is numerically difficult to enforce because it can
have a great mismatch in numerical scaling. For minimum—time problems, the costate dynamics are
homogeneous, so the problem is not influenced by any positive scaling of the costate:

p(r) — &p(7), k>0,

which leaves the optimal control and the state trajectory unchanged. Consequently, once the terminal
constraints and reduced transversality conditions are satisfied, one can always rescale p so that the
endpoint Hamiltonian takes its required value [40]. This makes the condition of equation 6.10 unnec-
essary and can harm the convergence of the optimizer. A robust replacement is to fix the scale of the
costate by a normalization constraint [43]:

(o)l =1,

Therefore, enforcing that the magnitude of the costate vector is constant.

6.6. Engine Throttle

It has been shown by A. Calise that intermediate thrust levels are not feasible both within the atmo-
sphere and in a vacuum for virtually every circumstance that might be encountered in any practical
application [63]. In the context of rocket ascent optimization, these intermediate thrust levels corre-
spond to throttle settings between maximum and minimum thrust. Calise proved that it does not exist
for any physically valid trajectory, since it does not satisfy the first-order necessary conditions for op-
timality following the Hamiltonian. For this conclusion, it is assumed that the vehicle always flies at a
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positive angle of attack and that the only control variables are the throttle and the body axis orientation
[63].

As a result, the optimal thrust profile is of bang-bang type, meaning the thrust switches between its
maximum and minimum values [63]. In practical rocket systems, however, true bang-bang control is
not implemented because of hardware and flight constraints. Engine throttling cannot change instan-
taneously without causing structural loads or instability, and many engines have limited throttle range
or restart capability. Once the main engines are shut down, restarting them is generally not desirable.
Therefore, the available propellant is burned completely during the initial burn phase, after which the
vehicle follows a coast phase whose duration is determined as part of the optimization [60].

Because of this reason, the throttle is thus mainly used as a constraint-enforcing variable, to keep the
dynamic pressure below a prescribed limit,

qdyn < ¢max-

In the dynamic pressure constraint S = ¢ — gnax < 0, the body-axis direction I, influences how ¢
changes over time. By expressing ¢ = %p(r)Vf, a first-order approximation can be used to predict
q(t + ¢) and derive a simple closed-loop throttle law that limits how quickly ¢ increases. This method
is well-suited for onboard guidance since it only requires local information and can be tuned to avoid
throttle oscillations while keeping ¢ < ¢max.

The engine throttle n(t) can be treated as a prescribed time-varying command primarily used to en-
force the dynamic pressure constraint during the endo-atmospheric phase. In this case, the throttle is
determined externally and therefore not treated as a control variable within the optimization. Outside
the atmosphere, the dynamic pressure is negligible, and the throttle scheduling for ¢ enforcement is
not required.

When deciding how much throttle to use at the current time ¢, the goal is to ensure that the dynamic
pressure g does not exceed its maximum allowable value ¢,,., in the next small time step §. By using
the following relation, the throttle can be computed such that the dynamic pressure ¢ does not exceed
its maximum allowable value [43].

Qmax — q(t) - bq(s A
< =
n(t) — aq(s 77q

where a, and b, are coefficients that describe how ¢ changes with time and throttle.

The actual throttle command is then determined according to [43]:

Tprb if Mg > Tprb
=9 Nq> if Tlmin < Mg < Tlprb
Nmin, i Mg < Mmin
where 7, is usually the maximum allowable throttle prescribed and 7,,;, is the minimum allowable
throttle of the boost phase. For this study 7y, is set at 1 and 7., at 0. In practice, if the dynamic
pressure is well below its limit, the throttle remains at the nominal value n,,. When the pressure

approaches gy, the throttle is reduced to 7,. If the pressure limit still cannot be satisfied within the
allowed throttle range, the engine operates at its minimum setting 7,y .

The coefficients in the above equation are derived in the following way:
ag=p (Ve (1)),

1
b= V2 (V) + p (Ve (A+ B+C+ D)),
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Here, the building blocks (A, B, C, D) are defined the like:

Ara
Azfgjba
m
1
B:—ﬁr,
Nra
C= d g-[nv
m
D:—wExV,

where Ag.; and Ngpag are the aerodynamic froces, m is the mass, I, and I,, are the body and normal
unit vectors, r is the position vector and wg the Earth rotation vector. Furthermore, the ”jitter” parameter
0 also needed to be tuned in this study. When different booster models are used, it is possible that
this parameter needs to be tuned again. However, for the booster model used in this study, the jitter
parameter was found using trial and error. This booster model will be presented in chapter 8. A value
between 0.8 — 1.2 gave good results. A higher 6 damps the throttle too extensively, while a lower
value produces very extreme and oscillating jitter behavior. The extreme oscillating, bang—bang like,
throttle can, in principle, be more efficient. However, rapid or extreme throttle oscillations are generally
impossible and undesirable for real engines due to hardware limits and structural concerns.

The throttle thus serves mainly as an atmospheric constraint enforcement mechanism; it is active when
q approaches g, and is unnecessary outside the atmosphere where dynamic pressure is negligible.
However, the bang-bang characteristic of the optimal thrust profile also allows for an early engine cut-
off when this is beneficial for the mission objective, such as in cases where the goal is not to maximize
the range. This is implemented in the optimization model, as previously discussed.

Because the first stage is modeled as a fixed-final-time burn, reducing the throttle lowers the mass
flow. For the same scheduled burn duration, this means less propellant is consumed when the engine
is throttled, which is not desired because the stage should deplete its propellant. To avoid leaving
propellant unused, the MATLAB model produced in this study applies a time correction whenever the
throttle is reduced. The burn time is lengthened according to the reduced mass flow so that the total
propellant consumed matches the amount that would have been expelled at nominal throttle. In this way,
the first stage always burns its available propellant to depletion even when throttling is commanded.
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Since answering the main research question requires finding an optimal ascent trajectory using an in-
direct method, a key focus of this research is developing a method capable of determining an optimal
guidance solution for the rocket. Analytical solutions to the PMP indirect method are only feasible for
highly simplified problems that allow for closed-form expressions. Simulations showed that incorporat-
ing aerodynamic effects significantly increases the system'’s complexity, making a full analytical solution
unfeasible. As identified in the ranked priorities of Chapter 4, modeling aerodynamic forces is essential
for an accurate ascent trajectory simulation. Therefore, to provide a meaningful answer to the research
question, this chapter provides the numerical process of finding an optimal solution. As explained in
the methodology trade-off in the appendix, a hybrid analytical-numerical approach is used. This hybrid
method is based on the information provided in chapter 6, and the numerical methods explained in this
chapter.

One of the biggest challenges in this study is making sure the developed MATLAB optimization code
is able to converge to a solution. This chapter will provide an approach to how this is realized. The
optimization consists of three parts. First, there is the vacuum trajectory. Secondly, there is the endo-
amtospheric optimization. And last, there is the process of tying these two optimizations together.
Therefore, this chapter is divided into three sections that explain these aspects of the optimization.

7.1. Computing the vacuum solution

In order to solve the entire optimization problem, first a vacuum solution needs to be found. This
trajectory consists of two burn and coast arcs. Chapter 6 explained how these arcs are propagated.
As explained in the previous chapter, the initial condition for the state is set, and the goal is to fly to a
specific final condition. Section 6.5 defines the terminal and transversality conditions that the trajectory
must satisfy to optimally reach a specified inclination, flight-path angle, altitude, and velocity. The
final velocity is then adjusted sequentially to find the maximum range. In this optimization, the optimal
coasting times and burn times need to be found. The main goal is to maximize the range of the booster.
Here, it can be expected that all propellant is depleted.

Therefore, as a basic sanity check, the total propellant burn time should be consistent with the stage
flight time. If the target point does not require the maximum feasible velocity, some propellant may
remain. So the second—stage burn time is treated as a control variable, and the cutoff time is chosen
by the optimizer. It should be noted that in this specific case, the first stage is assumed to burn to
depletion and is therefore not a control variable. As will be explained in section 7.3, the transition
from the atmospheric to the vacuum model is triggered once a predefined altitude is reached, beyond
which aerodynamic forces can be reasonably neglected. This transition occurs during the coast phase
between the two stages. Therefore, the second stage of the trajectory is assumed to fly in a vacuum.
If the first—stage burn time were free, the optimizer might select an unrealistically short first—stage burn
to switch too quickly to the vacuum phase. To prevent this modeling bias, the first stage is fixed to burn
to depletion, and only the second—stage burn time is treated as a control variable.

57
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The trajectory consists of four different segments. Each of these segments is propagated from an initial
state and costate given by the optimizer. The goal is to satisfy the terminal and transversality conditions,
together with the optimality conditions for the coast time and the final time, so that the solution is optimal.
However, next to this the optimizer needs to produce one continuous trajectory. Therefore, the endpoint
of one segment of the trajectory needs to be equal to the starting point of the next segment. To ensure
this, continuity conditions are used. These continuity conditions look as follows:

- + _
YCoastl - ycoast1 - 07
- + _
YStageg - ystageg - 07

- + —
ycoastg - yvsoastg =0.

Adding these additional requirements ties the whole optimization together into one continuous solution.
The following figure schematically describes these continuity conditions.

Burn subarc
_ Coast subarc
PoPp—
To T1 T2 T3 T4 Ts T6

Figure 7.1: Multiple Shooting Formulation for N-burn Problem [59].

Now, the optimization problem consists of six unknowns for the initial conditions of the costate values
pyv and pg, two unknowns for the coasting times, one unknown for the final burn time, and 12 unknowns
for each of the three nodes from which the trajectory segments are propagated. This gives a total of 45
unknowns. Then, there are four terminal conditions, two transversality conditions, two conditions for
the optimal coast duration (equation 6.46), one condition for the terminal Hamiltonian (equation 6.5.3),
and 12 continuity conditions for each of the nodes. This makes the dimensions of the zero-finding
problem 45.

This approach is similar to the one by P. Lu et. al [40]. However, that trajectory consists of two burn
arcs and only one coast arc. The optimization method in this study has the possibility of adding a final
cost. This increases the number of control variables and the dimensions of the zero-finding problem.

In order to optimize the trajectory and solve all the unknown variables while also satisfying the required
conditions, the fmincon optimizer is used in MATLAB. This optimizer is used because of the possibility
of defining both an objective function and a constraint function. Compared to other fast solvers such as
fsolve, patternsearch, and 1sqnonlin, the fmincon solver is better suited for this problem because
it can handle both equality and inequality constraints directly. In contrast, fsolve and lsqnonlin are
designed only for unconstrained root-finding problems. This gives fmincon a great advantage since
the optimization problem can be described more effectively. The patternsearch method, although ro-
bust for discontinuous problems, is derivative-free and therefore significantly slower and less efficient
for problems with many control variables, like the 45 unknowns in the problem of this study. Similarly,
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1sqgnonlin minimizes the sum of squared residuals and is less flexible for problems with complex non-
linear constraints. In contrast, fmincon is the most effective choice for solving the constrained optimal
trajectory problem compared to the previously mentioned optimizers.

In this study, the continuity constraints and the four terminal conditions are enforced as constraint
functions. The objective function is the residuals of the transversality conditions (seen in equations
6.59 and 6.60), the two optimal-coast—time conditions, and the terminal Hamiltonian condition. This
setup gave the best convergence and the most accurate results. The fmincon solver was configured
with tight convergence tolerances. The Function Tolerance is set at 7¢,, = 10—8, which makes the
optimization stop when the change in the objective function becomes smaller than the tolerance. The
Optimality Tolerance is given a value of 7, = 10~2. This makes the optimization stop when the gradient
of the optimality falls below the specified threshold. Further, the ConstraintTolerance is 7., = 107°.
This defines the maximum allowed residual for all constraints. For the launch scenario discussed in
Chapter 8.3, the residual array of the zero-finding problem converged to 3.93 x 10~7. All terminal and
continuity constraints were satisfied with errors smaller than 10~°. These results show that the optimizer
reached a stable and consistent solution.

The optimization starts by providing the optimizer with the 45 initial guesses for the unknowns. The
given initial guess for the burn time of the second stage is its total maximum burn time. For the coast
durations, a guess of 50 seconds is given. The multiple shooting optimization model showed not to be
sensitive to the initial guess of the burn time, coast duration, and the initial costates. Last, an initial
guess needs to be given for the 3 nodes. Unlike the other initialization choices, the guesses for the
shooting nodes are crucial for convergence. For this initialization, the method of Lu et al. [40] cannot be
used. This formulation employs a different number of trajectory arcs and targets orbital insertion of the
final stage. This mismatch in phase structure and terminal objective makes their guess incompatible
with the present problem. The following section will explain how these initial nodes are guessed.

Shooting nodes initial guess
The nodes are guessed by approximating the path as a ballistic trajectory, starting from an impulsive
shot. From the starting location, the initial position rq is known. The initial speed is approximated as
the impulsive shot equal to the sum of the stage AV’s from the rocket equation,

AV = Ipigoln—2l AV, =Lpagoln— 0l oy~ AV + AT,

mo,1 — Mp,1 mo,1 — Mp2

With this vy at ro = ||ro]|, the specific orbital energy and semi-major axis follow from [35]:

EZ%US—%, a:f%.

All points are assumed to lie in the target orbital plane, which is the final required inclination. From the
terminal conditions, the final radius r and the terminal flight-path angle ~; are known. Since the orbital
energy is constant, the terminal speed can be computed.

/ 2
vf = 25+i.
Ty

The specific angular momentum of the trajectory is then [35]:
he = TfvfcCOsYy,

Furthermore, the semi-latus rectum and eccentricity are computed in the following way.

h,2
p = —, e = J1-L
" a
And the apogee and perigee radii follow from:
- p _ p
Ty = , rp =
1—e¢ 1+e
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The third and last shooting node is the start of the final coast. For the initial guess, this node is assumed
to be located at the apogee of the trajectory. Here, true anomaly 65 = «, radius r3 = r,. The speed at
the apogee follows from the vis-viva equation [35]:

o 2p p
V3 = _— = —.
T3 a

Then the guess for the first two nodes needs to be determined. The true anomaly of the initial location
is computed with the following relation [35].

p/ro—1
(&
Nodes 1 and 2 are placed one-third and two-thirds of the way in true anomaly between 6, to «:

01 = 6o+ (7 — o), 0 = 0o+ 2(m — 0o).

At each 6; (: = 1, 2), the radius and speed are

costly =

S N
¢ 1+ ecosb;’ ! rooa

The corresponding position and velocity in the perifocal frame and ECI frame are constructed with the
relations that are elaborated in chapter 6.4.2.

Then the initial guesses for the costates need to be made for every shooting node. The velocity costates
are set equal to the unit vectors of the velocity at each of the nodes.

Vi .
Pvi = 77— (’L = 17273)5
[[vill

Lastly, the position costates are initialized as small constants, like:
pri = 1073 1, 1, 1]7.

This gives three nodes (r;, v;, pv,i, Pr,:) that lie on the same conic defined by &, «q, p, and e, with Node
3 at apogee and Nodes 1-2 evenly spaced in true anomaly between the start geometry and apogee.

7.2. Computing the atmospheric ascent solution

The goal of the atmospheric part of the trajectory is to optimally fly to a certain condition from where the
remaining vacuum part of the trajectory is optimized. This condition consists of specified values of the
costate. How this point is determined will be explained later in the chapter. In this study, three different
approaches are investigated to compute a solution of the atmospheric trajectory.

First of all, for all these different approaches the equations of motion (equations 5.9 and 5.10) are first
made non-dimensional. This improves convergence of the optimization because it scales the variables
to comparable magnitudes. The non-dimensional equations of motion are [64]:

r =1V,
, 1
V= —Sr + (T Al + N1,

So the variables are nondimensionalized to improve conditioning. Distances are scaled by the Earth
radius r.: T = r/r.. Velocities are made non-dimensional using the characteristic speed v. = |/rcgo:
V = V/v,. Time is scaled by t, = \/r./go: t = t/t.. Forces are scaled by the instantaneous weight
m(t) - go: F = F/(m(t)go) [64]. The mass flow rate is nondimensionalized with the same time scale:
m =1 - +/Te/go0 [40].

The problem is posed as a boundary-value problem: the initial state is known and the terminal require-
ments define the boundary conditions. The initial costates are unknown and are treated as optimization
variables. For a trial set of costates, the trajectory is propagated and, at each time step, the optimal
body-axis direction is computed using the primer-vector theory (see Section 6.3.3). The optimization
then needs to find the initial costates so the terminal conditions are satisfied. How this is done will be
discussed, following the three investigated approaches.
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Approach 1

For the first approach of finding the optimal initial costate values, the developed MATLAB model used
a collocation method. At times, this produced singular Jacobian matrices, which made the problem
unsolvable. However, this issue did not occur with the shooting method. The shooting method is
implemented with the fmincon solver. The fmincon solver allows constraint functions, which are used
to enforce the boundary conditions. This makes it a very effective solver to use for the optimization
problem. The decision variables are the initial costates. For each guess, the optimal body-axis direction
is computed (via the primer-vector logic), and the state is propagated by integrating the equations of
motion with an ODE solver. The optimizer repeats this process until the terminal conditions are met
without violating the constraints. A drawback is that the method is very sensitive to the initial guess
supplied to fmincon, which can make convergence to a feasible solution difficult.

To address the convergence issue, a homotopy approach is applied. In this approach, a simpler prob-
lem that is easy to solve is gradually transformed into the full problem of interest. For example, a
vacuum solution is obtained first; then atmospheric effects are introduced step by step. This strategy is
useful for problems with aerodynamics, where strong nonlinearities make the optimal solution difficult
to find.

A homotopy parameter A € [0, 1] is introduced to transition from the simplified problem (A = 0) to the
full problem (A = 1) by adding complexity in small increments [65]. In this procedure, the solution
obtained at the homotopy step & is used as the initial guess for step & + 1. In this study, four homotopy
runs are performed in sequence: (1) gradually introduce aerodynamics, (2) add Earth rotation, (3) add
control constraints, and (4) add path constraints. For this approach, the aerodynamic homotopy was
implemented using ten equally sized increments, while the remaining homotopy loops each used five
increments. This staged procedure initially improved convergence for the atmospheric case; however,
as additional homotopy stages were included, the method again encountered difficulties converging to
a feasible solution.

Approach 2

A second solution strategy adopts a multiple shooting formulation inspired by Lu et al. [40]. Multiple
shooting breaks the trajectory into short sections, so errors from a rough initial guess don’t grow over
long times. The solver can adjust each section separately, which reduces sensitivity and makes the
whole problem easier to solve. The time interval [t, ] is split into N sub-intervals of equal length
At = (t§ — to)/N with nodes t;, = to + kAt, k = 0,..., N. At each node an unknown vector y;, € R*"

is introduced that stacks state and costate, y;, = (2}, ka)T Treating {y;}_, as independent variables
breaks the long propagation into short segments [40].

The differential equations y’ = f(¢,y) are approximated over each subinterval by a second—order cen-
tral difference at the mid—point ¢;,_, o = tx_1 + At/2 [66]:

1

— (g —yr—1) = f(tk-—1/27

At

Y Yr1
5 :

Rearranging defines the per—segment residual

Y + Yk—1

Ee(yk,yk-1) = yp —yr—1 — A- f(tk1/27 5

) =0, k=1,...,M.

For instance, with the given equations of motion and the finite difference formulation, the residuals of
the state will be computed like:

E](:) = (Tk;Jrl,c — ’I’k,l,c) — 2A¢t - Vk,c (71)

,C

E;(C‘Q = (Pbt1,c — 2rhe + Thot,c) — AP [— @i e + (P — Aacek) Toke + Nace,k Inoc] (7.2)
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Here At is the node spacing, rj . and vy . are the position and velocity components at node k, g is the
gravity factor (g = 1/||r%||® in the nondimensional model), p the (dimensionless) thrust magnitude,
Aace,r; and Naee i, the axial and normal aerodynamic accelerations, and I, ;. ., Iy, k.. the c-components
of the body-axis and normal-direction unit vectors at node k. The finite difference method (FDM) helps
to further simplify the equations of motion for the optimizer.

Together with the boundary conditions at the ends, By(yg) = 0 and By (yn) = 0, all constraints are
collected into a single nonlinear system.

EY)=0, Y = (o} - o) eROVHD,

The goal is to drive the residual array E(Y") to zero. This then enforces both the dynamics via the finite
difference relations and the boundary conditions.

First, the algebraic system E(Y") = 0 was solved with a modified Newton iteration. The control variables
are all the 2n(N + 1) points in the Y array. At iteration j, the search direction Az, solves the linearized
system [67]:

OE(Y;_1)] "

| B,

A line—search parameter o; € (0, 1] is then chosen to guarantee a decrease of the residual norm, and
the unknowns are updated as [67]:

ij:—|:

Yj = Yj1+o;- Azj.

The Jacobian is computed by numerical differencing: each decision variable is perturbed slightly to
observe the change in the residual vector E(Y'). For variable Y}, the (4, j) entry of the Jacobian is
approximated by [68]:

8E(Yj,1) N Ei(Y—Fé‘e]‘) - Ei(Y—aej)
oY - 2¢e

For the optimization, an initial guess is also necessary. The initial guess is here a reference trajectory.
A good initial guess is very important in order to make this approach a nice continuous trajectory. The
reference trajectory chosen is the first stage trajectory of the initially produced vacuum solution. From
this solution, N + 1 evenly spaced points of the state and costate are taken. This serves as a robust
initial guess.

For vacuum trajectories, the multiple—shooting scheme converged much more robustly than the first
approach. However, once aerodynamic effects were included, the modified Newton iterations became
too slow to be a feasible approach for the optimization. The strong nonlinearities and repeated Jacobian
evaluations greatly increased the computation time. Therefore, instead of the developed Modified
Newton method, the residual matrix is solved using the fmincon optimizer.

Using fmincon together with the reference trajectory and homotopy loops consistently produced con-
verged solutions to the optimization problem. For this approach, the same homotopy pattern and num-
ber of increments were used as in the first approach. This worked better than the previous approaches.
However, when the trajectory was checked for physical accuracy, a mismatch appeared between the
change in momentum (mass times velocity) and the time—integral of the applied forces. The cause
was small but nonzero entries in the residual vector E(Y). Even with tight optimality and constraint
tolerances, fmincon can accept a solution while some residuals have not fully gone to zero. It can be
seen in equation 7.2, that when the residual is not zero, a state is picked that does not exactly match
the equations of motion. These remaining errors accumulate along the trajectory and lead to an im-
pulse mismatch. Increasing the number of increments in the homotopy loop helped mitigate this issue,
although it did not completely resolve it.

Approach 3

The last approach has been investigated. Like the second method, it uses a multiple—shooting setup.
The decision vector is again a stacked array Y that contains the state and costates at all shooting points.
The key difference is how the dynamics are enforced: instead of forming finite—difference residuals, the
method propagates the state and costate forward from each shooting point over a short segment of
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length ¢/N, where t is the first—stage flight time and N is the number of segments. This makes the
propagation similar to the first approach, but only over short, fixed time windows.

Because each segment is short and many iterations are needed in fmincon, a simple Euler integrator
is used instead of a full ODE solver. This is sufficient for the small step size and is more efficient for
repeated evaluations. The step update uses the costate dynamics given in 6.20, 6.21, and the non-
dimensional state equations described in chapter 7.2 to compute the next values from the current ones.
The algorithm below shows how this is done using the Euler integration.

Algorithm 4 Single Euler time step update

Require: current state (r, v, pv, pr, m), control «, step At, parameters

: (I‘7 ‘-’a va pRa m)

Tpext <~ I + At -1 DI =V
Vhext < V+ At - v

Pv,next < Pv + At - py

Prnext < Pr + At - Pr

Mnext < M + At -1 > 1 < 0 during burn
return (rnexh Vnext; PV next; PR,next, mnext)

NoahRrwedh-=2

Since the state is directly propagated with the equations of motion, this method is less prone to the
impulse balance errors observed in the second approach. As shown earlier, the first approach, which
also propagated the dynamics, did not suffer from this problem. In these equations of motion, for each
time step the optimal body axis rotation is computed following the methodology presented in chapter
6.3.3.

Furthermore, this approach again applies a homotopy strategy. It starts from a reference trajectory
that is the first stage path obtained from the initial vacuum solution. From this reference, N nodes are
selected, and from each node the state and costate are propagated over one short segment. In the first
homotopy loop, the computed trajectory matches the vacuum reference. The homotopy level is then
increased step by step, and after each step the previous solution is used as the initial guess for the next
optimization. The goal remains to ensure that the terminal point of the first stage trajectory satisfies the
specified end conditions. However, compared to the previous approaches, this method required only a
single homotopy loop for the aerodynamic effects, using ten incremental steps to achieve a stable and
converged solution. This reduction in homotopy steps significantly decreased the overall computation
time of the optimization.

In the multiple—shooting method, each segment is propagated independently. To make a single contin-
uous trajectory, the end of one segment must equal the start of the next. This is enforced by continuity
constraints. For two consecutive segments this gives

+ - + - _
Yi = Yis1 =0, Yit1 — Vit =0,

where y,j is the state—costate at the end of segment k and y, is the state—costate at the start of seg-
ment k. In the optimization, these continuity residuals need to be driven to zero. Now, the optimization
problem consists of 6 unknowns for the initial pyo and pgro, and 12 - (N) unknowns for the node place-
ments. Then, there are 6 constraints for the terminal py x and prx, and 12 - (V) continuity conditions
that need to be satisfied.

In the optimization problem, it was found that treating the continuity conditions as the constraint func-
tions and the terminal conditions as the objective function produced the most accurate results. Here,
the optimization proceeded to the next homotopy loop once the constraint tolerance of 10~'2 and the
optimality tolerance of 10~7 were satisfied. Typically, each homotopy loop required about 3 to 5 iter-
ations of fmincon, corresponding to approximately 1,060 to 1,590 function evaluations. As a result,
each homotopy step was computed efficiently, leading to a fast overall computation of the atmospheric
solution.

In the reviewed literature, no example was found of solving the atmospheric ascent optimization with
fmincon coupled to a multiple—shooting scheme that propagates from shooting points and enforces
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continuity at their junctions. This approach performed best among all methods tested. It converges
reliably and produces accurate results. The solution meets the specified terminal costate conditions
and yields a physically feasible trajectory. The physical feasibility is confirmed in Chapter 9.

7.3. Combining the Atmospheric and Vacuum algorithm
The last part of the optimization is combining the atmospheric solution and the vacuum solution together.

The first part of the trajectory is, of course, the first stage. To solve the first stage trajectory, an initial
guess is needed before it can be solved. This initial guess is generated by computing the entire vacuum
trajectory. From the entire vacuum trajectory, only the points are taken from the first stage. This first
stage vacuum solution serves as a great initial guess that leads to convergence of the atmospheric
solution. As explained before, the terminal conditions of the first stage atmospheric solution are the six

initial costate values of the first coast.

After the previously described homotopy process, the atmospheric burn arc is solved. However, due
to the influence of aerodynamic forces on the booster, its altitude and velocity at the terminal point are
lower than in the initial vacuum-based estimate. Therefore, from this terminal point of the burn arc, a
new vacuum solution needs to be generated. Apart from some changes, this optimization works in the
same way as the computation of the initial vacuum solution discussed in chapter 7.1. However, the
initial conditions are now set at the end of the first stage, and there is one burn arc less. Therefore,
the dimension of the zero finding problem is now 33, since the shooting node and the 12 continuity

conditions of the end of the first stage are no longer present.
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As mentioned previously, the maximum velocity is found by sequentially adapting the final velocity. If
a certain terminal velocity satisfies the set terminal conditions and gives a feasible solution, a for loop
can be used to iteratively increase the final velocity until no feasible solution is possible anymore. Then
the maximum velocity and the maximum range have been found. In figure 7.2, a schematic can be
found. This schematic explains how the different code files work together in order to find the optimal
trajectory.

A check needs to be performed to ensure that the complete atmospheric and vacuum solutions form
a continuous trajectory. The continuity of the state variables is straightforward to achieve, as the ini-
tial boundary conditions of the vacuum solution are directly taken from the final state output of the
atmospheric solution. The costate at the end of the first stage vacuum solution serves as the terminal
objective function of the atmospheric optimization. If, after the full optimization of both the atmospheric
and vacuum solutions, a slight offset remains between the costates at the interface between the two
solutions, a new atmospheric optimization can be performed with an adjusted objective for the terminal
costates (py x and pry). In the case presented in chapter 8, this procedure is performed twice, similar
to the iterative cycle described by P. Lu [40]. It should be noted, however, that a mismatch in costates
does not affect the physical feasibility of the overall trajectory. Ensuring continuity in the state variables
is the primary requirement for a feasible solution.

Not all launch vehicles have a first stage that reaches altitudes where aerodynamic forces can be
neglected. Especially for launch vehicles that make a sub-orbital flight. For example, the booster used
to launch the HTV-2 hypersonic glide vehicle is the Minotaur rocket [69]. This rocket has a relatively
short first stage that is likely to end while aerodynamic forces are still significant. When this is the case,
in the vacuum solution this portion of the coast is propagated using the standard equations of motion
up to an altitude at which aerodynamic forces can reasonably be neglected. In this work, an altitude of
60 km is chosen as the point beyond which aerodynamic forces are neglected, since above this altitude
the atmospheric density is sufficiently low to not have a major influence on the trajectory. So far, with the
selected terminal conditions used in the simulations presented in chapter 8, corresponding to common
HGV insertion conditions at around 100 km altitude, there have been no cases in which the coast phase
is too short and the second burn still occurs within the atmosphere. However, if such scenarios are to
be considered in future work, adaptations to the model are required. A potential approach would be
to introduce two extra homotopy loops, one for the first coast phase and one for the second burn, to
gradually incorporate aerodynamic effects throughout those segments.

The drawback of this current approach, with a clear intersection between the atmospheric and vacuum
solution, is that it may introduce a sharp transition in the optimization between the atmospheric and
vacuum segments of the coast. As a potential improvement, the entire first coast could instead be
solved using the homotopy approach applied to the atmospheric trajectory. This refinement will be
considered in the recommendations for future research section.

For the fmincon optimizations in the different code files, the sequential quadratic programming (SQP)
algorithm has been selected. This algorithm has proven effective in finding optimized trajectories and,
ultimately, in maximizing the terminal velocity. In the future, the SQP algorithm of fmincon can be
converted to C++, which allows an even faster computation time for the optimization. It should be
noted, however, that if the rocket model is modified, the parameters of the fmincon optimizer may
need to be tuned. In particular, certain launch scenarios, especially those involving high inclinations,
can cause difficulties with convergence.






Results

This chapter presents the results of the optimization model developed in MATLAB, as described in the
previous chapter. First, the constant parameters used in the simulation are summarized. Then, the
optimized trajectory and the key flight characteristics are presented.

Three different scenarios are compared. The first is a maximum-range trajectory launched from Van-
denberg in a retrograde direction. This is chosen because it is the only available reference trajectory for
a hypersonic glide vehicle boost phase found during this study. The second is a maximum-range trajec-
tory launched from Kourou in a prograde direction, representing a more conventional launch scenario.
Finally, a third scenario considers a Kourou launch with a trajectory that does not maximize range, to
highlight how the optimizer adjusts the trajectory in order to dissipate energy compared to the second
scenario.

8.1. Constant parameters

First, a booster model is selected. Hypersonic glide vehicles are conventionally launched using inter-
continental ballistic missiles, such as the Minuteman or the Minotaur rocket. However, detailed spec-
ifications of these rockets are largely not publicly available. The Minotaur IV rocket was used for the
launch of the HTV-2 during DARPA'’s flight tests in 2010 and 2011. The boost phase of this trajectory is
analyzed in detail by Wright [70], where information on the booster model is also provided. In this study,
a simplified booster model is used. Due to time constraints, the MATLAB framework currently supports
only two-stage booster configurations, although the optimization method itself can be extended to three
or more stages. Since the Minotaur uses three stages, the present analysis considers two of them to
construct the booster model.

Table 8.1: Rocket parameters used for the booster model [70]

Parameter Stage1  Stage 2
Thrust T' [N] 2,224,908 289,199
Specific impulse I, [s] 282 300
Propellant mass m,, [kg] 45,370 7,070
Dry mass m, [kg] 3,620 640
Burn time tpym [S] 56.4 72
Mass flow . [kg/s] 804.8 98.2

Section 8.2 further discusses the differences in stage velocities and total range between the booster
configurations of the reference case and the current study.

The engine used in the Minotaur rocket is the SR-118. For the exit diameter of the first stage a nozzle
diameter of 1600 mm is taken. Furthermore, the payload mass is chosen to be 1000 kg [70]. This is the
mass of the HGV.

67
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The aerodynamic characteristics of the booster depend on the reference area, which is chosen to be
Sref =2.2 m2. Since the diameter of the Minotaur rocket is not specified in the literature examined for
this study, the surface area is estimated based on the diameter of the Minuteman Il rocket [71]. As
the Minuteman Il is the predecessor of the Minotaur, it provides a suitable reference for this parameter.
Furthermore, the aerodynamic coefficients of the lift and the drag forces on the booster are defined by
the fit curves and polynomials, defined in chapter 5.4.

Then, the control and path constraint parameters need to be defined. These can be found in the
following table.

Table 8.2: Constraint parameters for the ascent trajectory

Parameter Value Unit Source
Maximum angle of attack oy, 25 deg [13]
Maximum rate of change of « 10 deg/s [13]
Qo limit 1.4364 x 10° Pa-deg [40]
Maximum dynamic pressure gua., 5.0 x 10° Pa [72]

It should be noted that following the requirements in chapter 4, the booster model is arbitrary. It can be
quickly adapted in order to generate new trajectories with other rockets.

8.2. Maximum Range Vandenberg Launch scenario

For the first case, a maximum-range trajectory is computed with a launch from Vandenberg Air Force
Base (VAFB) in California. Although retrograde launches are less conventional for standard missions,
this choice follows the analysis by Wright [70] of the HTV-2 test flight, which also used a retrograde
trajectory from VAFB. The launch site is located at a latitude of 34.75° and a longitude of —120.52°.

The booster must satisfy the following terminal conditions in order to properly inject the hypersonic glide
vehicle (HGV) into its glide phase:

Table 8.3: Terminal trajectory conditions for the VAFB launch

Parameter Value Unit
Altitude 100 km

Flight path angle -5 deg
Inclination 145  deg

Here, the inclination of 145° is chosen based on the approximate flight direction of the HTV-2 launch
as reported by Wright [70].

Simulating the maximum range trajectory gives the following results:

Table 8.4: Trajectory results for the VAFB launch

Quantity Value Unit
Velocity 6322 m/s
Range 1140.6 km

The range is calculated by determining the angle between the launch location and the final position on
Earth’s surface, and then converting this angle into a distance using a spherical Earth assumption.

The following ground track trajectory plot confirms that the direction of the trajectory in this study is
similar to the direction of the reference trajectory.
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2D Ground Track

Figure 8.1: 2D Ground Track - VAFB Launch.

In contrast, the three-stage Minotaur rocket trajectory analyzed by Wright showed a range of about
1700 km and a terminal velocity of 7.16 km/s [70]. The larger range can be explained by the fact that the
additional stage provides more delta-V to the booster.

The theoretical delta-V of each stage is compared between the two cases. This value is calculated
using the rocket equation shown below, where the subscript i denotes the stage number [49].

AV; = Ipi-go-In— 0 (8.1)

™Mo, — My

Table 8.5: Comparison of stage AV between the reference case and this study.

Reference Configuration Two stage configuration

AV, [km/s] 2.1 42
AVs [km/s] 3.4 N.A.
AV; [km/s] 4.9 4.9
AVy [kmis] 10.4 9.1

Since the table presents the maximum theoretical velocity for each stage, the specific impulse used in
these calculations is taken under vacuum conditions. In the actual reference trajectory, Wright showed
the additional stage produced an actual AV, of approximately 1.6 km/s after the first stage burnout [70].
Furthermore, as seen in the table, the additional theoretical delta-V of the three-stage configuration is
1.3km/s.

This means that, in total, the three-stage Minotaur trajectory achieves more velocity compared to the
two-stage launch considered in this study. Underneath in figure 8.2, a plot can be seen of the magnitude
of the velocity of the booster during the simulated trajectory.

Here it can be seen that in practice, the actual difference in final velocity with the reference case is
closer to 0.84 km/s. Figure 8.2 shows the first stage ends at a velocity of about 2.9km/s. In contrast,
the first stage in the reference case reaches a burnout velocity of only 1.4 km/s, which is significantly
lower [70].
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Figure 8.2: Speed Range plot - VAFB Launch.

First of all, this difference in first stage burnout velocity is caused by the fact that the first stage in the
reference case must accelerate the additional mass of the extra stage of the three-stage configuration.
As shown in table 8.5, this results in a significant loss of velocity. Consequently, in the simulated case
of this study, the lighter overall rocket mass enables the first stage to generate a higher AV

Furthermore, in the reference trajectory, the first two stages are ignited almost back-to-back with virtu-
ally no coasting in between. As a result, the rocket follows a largely vertical path during the early part of
the ascent, which increases gravity losses. As stated in the analyses of Wright, the first stage ends at
a burnout angle of about 87°, and the second stage at about 10° [70]. The reason for the steep ascent
of the first stage in the reference trajectory is the requirement to ensure that the drop zone of the empty
casing remains close to the launch site. As a result, the vehicle must initially fly almost vertically. In this
study, however, the designated drop zones of the stages have not been taken into account. Therefore,
the first stage in the simulated case of this study ends at a flight path angle of 41.5°, and is therefore
able to add more horizontal velocity. This also reduces the difference in final velocity between the two
cases, compared to the additional delta-V of the extra booster.

Additionally, the reference trajectory accounts for performance losses resulting from the lower specific
impulse at lower altitudes. This effect has not yet been incorporated into the current model and is
therefore recommended as an important addition for future research. This also led to the higher final
velocity of the first stage in this study. In summary, the three factors discussed above together explain
the difference in the first stage velocity magnitude.

The reverse occurs when the last stages of both cases are compared. The third stage of the reference
trajectory is the same booster as the second stage in the simulated trajectory of this study. In the
reference case, this booster provides almost 4 km/s of AV [70], whereas in the simulated case it delivers
only about 3.5 km/s. The additional stage in the reference case enables a more optimal flight-path angle
for the ignition of the final stage, as the second stage burn already ends near the target altitude. In
comparison, the final stage of the case of this study needs to put relatively more energy into increasing
altitude rather than increasing horizontal velocity.
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Furthermore, the altitude range plot of the two-stage trajectory looks as follows.
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Figure 8.3: VAFB launch Altitude-range plot.

The different colors of the line segments and the markers indicate the various parts of the trajectory.
From these plots, several similarities with the reference launch trajectory can be observed. This refer-
ence trajectory, denoted as Trajectory B, is provided in Appendix E. First, the part of the trajectory that
covers the largest range is the final coast phase. This is also the case in the reference trajectory.

According to Wright, in the reference case the third stage flies almost horizontally for a large portion of
the trajectory, minimizing gravity losses. This means that the final stage flies near the apogee of the
trajectory. The same behavior can be observed in the optimized trajectory of this study. The last stage
ignites shortly before apogee and completes its burn right after the apogee. At this point, the flight path
angle is close to zero, allowing the booster to maximize its horizontal velocity and thereby extend its
range.

This is also confirmed by the study of L. Gronlund et. al. [73]. This study states that the range of
a suborbital missile is greatest when the final boost occurs near the apogee of the trajectory. At this
point, the vehicle’s vertical velocity is nearly zero, so all of the thrust contributes directly to horizontal
velocity instead of fighting gravity. If the final boost were applied earlier, a portion of the energy would
be wasted on climbing higher, leading to larger gravity losses. By burning near the apogee, these
losses are minimized and the vehicle gains the maximum possible downrange distance. In essence,
this timing ensures that the available energy is used most efficiently to extend the range rather than to
increase altitude. Figure 8.3 follows the same motion. After the initial boost phase, the rocket coasts
upward until reaching the upper part of its trajectory, where the final booster is ignited while the vehicle
is flying almost horizontally.

8.3. Maximum Range Kourou Launch scenario

The second launch scenario is the launch from Europe’s spaceport in Kourou. The launch site is located
at a latitude of 5.16° and a longitude of —52.65°. This launch is eastward in a prograde direction. The
specified terminal conditions for the launch vehicle are given below. These terminal values are typical
for delivering an HGV in its glide corridor.

Table 8.6: Terminal trajectory conditions for the Kourou maximum range launch

Parameter Value Unit
Altitude 100 km

Flight path angle -3 deg
Inclination 10 deg
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Simulating the maximum range trajectory gives the following results:

Table 8.7: Trajectory results for the Kourou maximum range launch

Quantity Value Unit
Velocity  7827.3 m/s
Range 2067.7 km

Furthermore, a three-dimensional representation of the trajectory over the globe is shown in the figure
underneath.
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Figure 8.4: 3D Globe Trajectory - Kourou Launch.

From the results, it can be seen that the final velocity and range are far higher than the previous
launch scenario. This has everything to do with the launch latitude and direction. As mentioned earlier,
the Earth rotates around its own axis, and both the launch direction and latitude determine how this
rotation influences the rocket’s motion. Launching eastward provides a centrifugal boost, since the
rocket’s initial inertial velocity already includes the eastward surface speed of the Earth. The benefit
is strongest near the equator, where the rotational surface speed is highest. The launch from Kourou,
being close to the equator, therefore gains a larger benefit from the velocity component in the eastward
direction than the westward launch from Vandenberg. Overall, this leads to a higher efficiency and
greater final velocity and range.

Figure 8.5 confirms this. It can be seen that the velocity at the end of the first burn is 3.3 km/s. This is
0.4 km/s higher compared to the launch scenario at Vandenberg.
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Figure 8.5: Speed profile Kourou maximum range scenario.

The same effect is also shown in the next figure. Here, the altitude at the end of the first burn is 32.5 km,
which is 2.4 km higher compared to the launch scenario at Vandenberg.
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Figure 8.6: Kourou launch trajectory progression.

Compared to the Vandenberg launch scenario, it can also be seen that an increase in the terminal
velocity also comes with an increase in the apogee altitude of the trajectory. A higher terminal velocity
indicates that the final coast phase has greater orbital energy. This directly corresponds to a larger
semi-major axis, and therefore a higher apogee altitude of the trajectory. Furthermore, because the
final flight path angle is shallower than in the previous Vandenberg launch scenario, the final coast
phase of the trajectory is more horizontal. Consequently, the final boost can be ignited closer to the
apogee, allowing the vehicle to gain more horizontal velocity and thus achieve a greater range. The
influence of the flight path angle on the maximum range will be further discussed in the sensitivity
analysis in the next chapter.

The first optimized coast phase lasts 165.8 s, after which the rocket reaches a nearly vertical orientation
and the final stage is ignited. The final burn lasts 162.7 s and brings the rocket to its specified terminal
conditions. Despite the shorter burn duration, this phase covers a significantly larger downrange dis-
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tance. It should be noted that although the final coast segment may appear linear in the trajectory plot,
this is not the case. The booster performs a ballistic flight described by Keplerian motion. However, be-
cause the velocity in the final coast is close to the circular orbital velocity at the corresponding altitude,
the flight-path angle continues to change, but only gradually compared to the earlier flight phases.
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Figure 8.7: Flight path angle profile for the Kourou maximum range scenario.

Figure 8.7 shows the flightpath angle profile of the Earth relative velocity. Here it can be seen that the
flight path angle ~ is close to zero when the final stage is ignited, confirming the findings of L. Gronlund
[73]. The final stage starts around ¢ = 220s at v = 3.5°, and is burned out around ¢t = 292s aty = —2.9°.
This behavior is also consistent with the study of L. Gronlund et. al. [73], that the final stage is ignited
around the apogee of the trajectory. Furthermore, in the flight data of the suborbital trajectory of the
sounding rocket Scout, a similar strategy can be found, which also showed ignition of its final stage
close to the apogee [74].

Furthermore, a very similar flight path angle profile is shown by F. Morgado et. al. [75] for an optimized
two-stage trajectory. During lift-off, the rocket initially climbs vertically before gradually pitching over
through a gravity turn. Throughout the coast phase, the flight path angle remains slightly positive to
maintain ascent, with a brief horizontal turn before coasting to increase velocity and minimize gravity
losses. This closely matches the behavior observed in the Kourou launch scenario, confirming that the
trajectory follows a comparable optimal guidance strategy.

8.3.1. constraints check
Lastly, the actual steering control and constraints of the booster have been examined. Below, the angle
of attack profiles for both stages are shown.
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Figure 8.8: Angle of Attack profiles for both stages of the Kourou launch.



8.4. Kourou launch scenario for a non-maximum range trajectory 75

From these profiles, it can be seen that during the first stage, the control constraint becomes active at
the 25° constraint limit. Furthermore, as shown in Figure 8.8a, the angle of attack is constrained by the
rate limit during the first two time steps. Consequently, it cannot change by more than ten degrees per
time step. This shows that the vehicle reaches its maximum steering capability during this phase and
that both the angle of attack constraint and the angle of attack rate constraint are saturated.
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Figure 8.9: Thrust level and dynamic pressure - Kourou Launch.

In Figure 8.9, the evolution of the dynamic pressure and thrust level can be observed. A clear peak in
dynamic pressure occurs around ¢t = 32s, after which it decreases rapidly. This behavior results from
the balance between the increasing velocity and the decreasing air density, which respectively raise
and lower the dynamic pressure during ascent. The dynamic pressure constraint is not fully matched,
and the same observation holds for the qa constraint. If the booster would increase its horizontal ve-
locity on a lower altitude, or if strong crosswinds were present, the aerodynamic forces and dynamic
pressure acting on the booster would increase and approach the constraint limits. If the dynamic pres-
sure constraint were to be exceeded, the MATLAB model would reduce the thrust level. Similarly, if the
product of the angle of attack and dynamic pressure exceeded its limit, the optimizer would decrease
the angle of attack, as shown in Algorithm 1. In the upcoming sensitivity analysis, this dynamic pres-
sure limit will be adjusted to evaluate its influence on the throttle behavior. The thrust level increases
steadily throughout the first stage, approaching its maximum value toward the end of the burn.

8.4. Kourou launch scenario for a non-maximum range trajectory

The final scenario analyzed in this study uses the same launch location in Kourou and the same east-
ward launch direction. However, in this case, the trajectory is not optimized for maximum range or
velocity. Instead, the objective is to reach specific terminal conditions. This approach is relevant be-
cause it is not always desirable for the booster to deliver the HGV with maximum speed or range. In
some missions, an excessively high terminal velocity could exceed the desired entry conditions for the
glide vehicle. Therefore, the following terminal conditions are specified with a lower terminal velocity.

Table 8.8: Terminal trajectory conditions for the Kourou non-maximum range launch

Parameter Value Unit
Altitude 105 km

Velocity 6000 m/s
Flight path angle -3 deg
Inclination 10 deg

Ultimately, this resulted in a range of 1500.329 km, which is as expected, lower than that of the maximum
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range trajectory. The range altitude plot of the trajectory looks the following.
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Figure 8.10: Range-Altitude plot Kourou non maximum range scenario.

From this figure, it is clear that the first coast ends at a lower altitude. Consequently, the final burn
starts well before the apogee of the trajectory. Therefore, the second stage loses more energy due to
gravitational losses. The same can be seen in the figure of the flight path angle.
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Figure 8.11: Flight path angle Kourou non maximum range scenario.

The final burn and coast of the trajectory have a flight path angle that is significantly higher compared
to the case of the maximum range trajectory. Here, the final stage starts around t = 101 s at v = 11.5°,
and is burned out around ¢ = 159s at v = 3.7°. The trajectory of this final stage is clearly more vertical
compared to the maximum range case. Energy that could have been put into gaining horizontal velocity
is now lost in gaining altitude.

Furthermore, the second stage is cut off early, with a burn time of 57.5s instead of the 72 s required
to deplete all propellant at full throttle. This means some propellant remains unused to satisfy the
prescribed terminal conditions.

The work by D. Wright also presents a case where a three-stage Minotaur rocket performs an energy
management maneuver to reduce its total energy and achieve a lower terminal velocity [70]. This
energy-management reference trajectory, referred to as Trajectory A, is shown in Appendix E. In that
study, the final stage is also ignited well before the apogee of the trajectory, similar to the results
obtained in this work. Additionally, the reference trajectory includes a dog-leg maneuver to dissipate
excess energy. In this maneuver, the direction of flight is altered near the end of the first stage, causing
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part of the energy to be expended in rotating the plane of the trajectory, thereby reducing the overall
kinetic energy.

Below, the ground track of the trajectory for this scenario is shown. It can be observed that the booster
follows a smooth, continuous path without performing a dog-leg maneuver. This indicates that no addi-
tional energy is dissipated through lateral steering, in contrast to the reference case by D. Wright [70].

2D Ground Track

Figure 8.12: Ground track Kourou non maximum range scenario.

In this study, the engine of the second stage is ignited well before the apogee of the trajectory and cut
off early to dissipate excess energy. In contrast to the reference case, no dog-leg maneuver is required.
The reference trajectory by D.Wright [70] employs solid rocket boosters, which can not be shut down
early, and due to the additional stage, a greater amount of energy needs to be dissipated to achieve
the desired terminal conditions. Thus, this explains the need for the dog-leg maneuver. In principle,
the method used in this study could potentially also generate a dog-leg maneuver, as no restrictions
are imposed on the rocket to prevent such a trajectory. However, this capability should be verified in
future work, for example by evaluating whether energy can be dissipated using a solid rocket booster.

8.5. Summary of the Result findings

With the presented theory, it has been shown that the method can successfully optimize a sub-orbital
trajectory for HGV insertion. The algorithm optimizes body orientation, coast durations, and burn times,
while incorporating a throttle schedule to enforce the dynamic-pressure constraint.

By inspecting the optimizer output, a clear systematic pattern appears in how the two stages are used.
After the first burn the booster coasts toward apogee. Just before the apogee the final stage is ignited
and burns at a near-zero flight-path angle to maximize horizontal velocity and therefore range. After
burnout, the remaining part of the trajectory is the final coast until it meets the required final conditions.
During this flight phase, most of the range is covered, compared to the other flight segments. Con-
versely, when the mission requires dissipating energy, to avoid an excessive terminal velocity or range,
the final burn is started earlier and may be cut off before all propellant is used. The gravitational losses
and an earlier burn termination are used to reduce the vehicle’s final energy.

As mentioned in chapter 7.1, due to the way the optimization problem is defined and solved, for the
latter case the assumption is made that all the propellant of the first stage is burned. Therefore, only the
second stage has a varying burn time. Therefore, in the future the first stage burn time can be added
to the control variables. This analysis can reveal how the optimizer reallocates thrust between stages
when the objective is not range maximization. In other words, it may show whether the solver shifts
more burned propellant to the upper stage to meet specific terminal conditions, and those insights can
guide design or mission trade-offs.

The chosen optimization strategy reliably produces converged solutions, and the MATLAB fmincon
solver delivers results far faster than the modified-Newton methods commonly reported in the literature.
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The model does, however, become more sensitive due to the added final coast phase. This is because
the final coast is the longest and the last phase that also offers no opportunity for corrective control.
Small changes earlier in the trajectory can make meeting terminal conditions more challenging. This
sensitivity is most noticeable for high-inclination launches and has been shown to potentially cause
convergence issues. However, this is rarely problematic for prograde scenarios such as Kourou. The
reduced convergence at higher inclinations is possibly caused by greater sensitivity to small errors
and a smaller benefit from Earth’s rotation. Since the target velocity vector deviates more from Earth’s
rotational direction, smaller steering or thrust errors can lead to larger deviations in the final inclination,
making the solution space smaller and harder to converge. In addition, higher-inclination launches gain
less benefit from Earth’s rotational velocity, requiring more AV and possibly stronger steering to reach
the set terminal conditions. In practice, a retuning of fmincon options, like trying alternative algorithms
and tolerances, can help restore convergence for new launch cases. The tolerances described in
chapter 7.2 are currently used to ensure that the trajectory is converged correctly. However, it is still
essential to check the residuals of the optimality and transversality conditions to assess the validity
of the obtained solution. The maximum number of iterations in the current model is set to 10,000,
although the actual number required is typically much lower, usually less than half of this value. This
high limit ensures that the solver does not terminate prematurely. In chapter 10, future work will be
recommended to help further overcome the sensitivity issue.

Lastly, the results presented in this chapter demonstrate that the theory used in the optimization model
can answer the main research question: “How can an indirect optimization method be applied to com-
pute the optimal ascent trajectory of an HGV boost phase while accommodating different booster mod-
els with variable thrust?” The model is formulated using Pontryagin’s Maximum Principle, and solved
with a shooting method for the vacuum solution, and then augmented with aerodynamics via a homo-
topy continuation. This has been shown to accommodate different booster models with variable thrust
and to successfully solve the optimization problem.



Sensitivity Analysis & Verification

It is important to verify whether the presented results are accurate. In line with two of the three sub-
questions, it is necessary to evaluate the physical accuracy of the trajectory and assess the optimality
of the obtained solution. Therefore, this chapter consists of two sections. The first shows a sensitivity
analysis done on certain parameters used in the optimization. The second presents the verification
steps performed to evaluate the optimal trajectory.

9.1. Sensitivity Analysis

The goal of this section is to help verify the results of the previous chapter by checking whether devia-
tions in certain conditions lead to the expected changes in the outcome. For this analysis, the inclination,
HGV mass, flight path angle, and launch latitude sensitivities are considered. These are especially im-
portant parameters, as they are free variables in the optimization problem that determine key aspects
such as the launch direction, final trajectory, and insertion conditions of the HGV. Further, the inclina-
tion, HGV mass, and latitude serve as effective parameters to verify whether the optimization model
produces physically consistent results, since their influence on the range can be logically reasoned.

In addition to confirming intuitive effects, this analysis also examines less obvious aspects, such as
the influence of the propellant mass fraction of each stage and the effects of the dynamic pressure
constraint and mass flow rate. This sensitivity analysis demonstrates that the optimization model could
potentially also support mission planning or be used to optimize the booster design for specific objec-
tives.

Since many different parameters are involved in the optimization, the six key parameters described
above have been selected for this study. For each of these parameters, the sensitivity gradient has been
evaluated locally around a base case, which is the maximum range trajectory from Kourou discussed in
the previous chapter. All sensitivity analyses are therefore performed relative to this nominal situation.

As presented in the previous chapter, the maximum range Kourou launch scenario has the following
outcome and terminal conditions.

Table 9.1: Summarized Kourou maximum range launch results

Parameter Value Unit
HGV Mass 1000 kg

Altitude 100 km
Flight path angle -3 deg
Inclination 10 deg
Final Velocity 7827.3 m/s
Final Range 2067.7 km
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9.1.1. Inclination Sensitivity
The first sensitivity that has been evaluated is the terminal inclination of the trajectory. This influences
the direction in which the booster flies.

Table 9.2: Sensitivity of the inclination.

Inclination [°] Maximum Range[km]
13 2063.283
7 2071.436

Given the base case, the average local sensitivity gradientis —1.192km/°. So, this means that a smaller
inclination will lead to an increase in range. This result is logical, since a smaller inclination means the
rocket’s trajectory is more aligned with Earth’s eastward rotation. Therefore, the rocket profits more
from this rotation, as its heading is more closely aligned with the Earth’s eastward inertial velocity
component. Ultimately, the rocket needs less AV to reach the set terminal conditions.

9.1.2. HGV Mass Sensitivity
The second sensitivity is the HGV mass. If the mass of the payload increases, this would naturally lead
to a lower range. The following table shows the sensitivity analysis.

Table 9.3: Sensitivity of the payload mass.

HGV Mass [kg] Maximum Range[km]
1010 1973.804
990 2153.272

This gives an average local sensitivity gradient of —8.97km/kg. The direction of this gradient is ex-
pected, as an increase in mass requires more energy to accelerate and propel the rocket along its
trajectory. Consequently, for the same thrust level, the vehicle achieves lower acceleration and overall
performance.

9.1.3. Flightpath angle Sensitivity
The next parameter that is analyzed is the flightpath angle.

Table 9.4: Sensitivity of the flightpath angle.

Flightpath angle [°] Maximum Range[km]
-2.9 2026.9
-3.1 2105.8

This gives an average local sensitivity gradient of —394.01 km/°. So, a slightly steeper and more nega-
tive flightpath angle would increase the range of the booster. This gradient clearly shows that the range
is highly sensitive to the flightpath angle. Therefore, it is an important parameter to consider when plan-
ning the HGV mission. The insertion flight path angle greatly influences the vehicle’s achievable range
and overall trajectory.

However, the effect that this parameter has on the range of the trajectory is less intuitive compared
to the previously analyzed parameters. The terminal flightpath angle has two main effects on the
trajectory that also influence the range. A shallower terminal flightpath angle means that the velocity
component of the trajectory puts more energy into covering horizontal distance. However, a shallower
final flightpath angle also means a lower apogee and a shorter final coast arc. This means covering
less distance. So, a steeper more negative flightpath angle has less horizontal speed but a longer final
coast. Also, changing the final flightpath angle changes the ballistic shape of the trajectory. Therefore,
it is not clear to tell right away what flightpath angle leads to the longest range. The figure underneath
compares the two trajectories of the sensitivity analysis.
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Figure 9.1: Comparison of flightpath angle sensitivity.

When the terminal flight path angle decreases from 3.1° to 2.9°, the final velocity increases slightly from
7825 m/s to 7830 m/s. However, the final coast duration shortens from 166.9s to 157.9 s, showing that
a shallower angle leads to a shorter coast despite the gain in velocity. In this case locally, a steeper
flightpath angle leads to a longer coast time and thus a larger range. Therefore, here the effect of a
bigger apogee outweighs the loss of velocity.

9.1.4. Latitude Sensitivity

The fourth parameter examined is the launch latitude. As discussed earlier, a smaller latitude increases
the influence of Earth’s rotation, since the surface speed is higher when the booster is launched closer
to the equator. The sensitivity analysis yielded the following result:

Table 9.5: Sensitivity of the latitude.

Latitude [°] Maximum Range [km]
6 2033.7
4 2106.3

This corresponds to a local sensitivity gradient of —36.9, km/°, indicating that a decrease in latitude
increases the achieved range. This behavior is expected, as launches closer to the equator receive
a larger eastward inertial velocity from Earth’s rotation. At higher latitudes, this rotational advantage
diminishes, leading to a shorter maximum range. It should be noted that latitude has the opposite effect
for westward launches, since in this case the booster moves against Earth’s rotation. As a result, the
initial inertial velocity from Earth’s rotation acts in the opposite direction. Therefore, the rocket requires
more energy to reach the same terminal velocity as an eastward launch.

9.1.5. Mass fraction Sensitivity

The next sensitivity analysis concerns the propellant mass fraction of the first and second stages. As
shown in Table 8.1, the booster model uses a first-stage propellant mass of 45,371 kg and a second-
stage propellant mass of 7,069 kg. This results in a first-stage propellant mass fraction of 0.8652 relative
to the total propellant mass (and 1 — 0.8652 for the second stage). In this analysis, this ratio is slightly
varied while assuming that the structural mass of both stages remains constant. Since the deviations
are small, the influence of this assumption on the results is expected to be negligible. The sensitivity
analysis resulted in the following table.
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Table 9.6: Sensitivity of the mass fraction.

Mass fraction Maximum Range[km]
0.8662 2022.634
0.8642 2109.102

This shows a local sensitivity gradient of 43.2 km gain in range for every 0.1 percent decrease in the
mass fraction. The effect of varying the propellant mass fraction is not immediately intuitive. Therefore,
this sensitivity analysis provides valuable insight into how adjusting the distribution of propellant be-
tween stages can help optimize the booster configuration to achieve a greater range. The table above
indicates that the booster’s range can be improved by reducing the propellant mass fraction of the first
stage and allocating that mass to the second stage.

The observed increase in range for the configuration with a smaller first-stage propellant mass fraction
can be explained by two main effects. First, shifting propellant to the second stage reduces the amount
of thrust delivered in the dense, lower atmosphere. So, more of the thrusting occurs at higher altitudes
where the air is thinner and drag losses are smaller. Second, the altered mass distribution increases
the total available AV. Following the rocket equation, below the actual AV computations for the two
cases are compared.

Case 0.8662: AV, =4.2813, AV, = 4.89602,
AVtotaI = 9.18 km/s

Case 0.8642: AV; =4.2578, AV, =4.93150,
AViotal = 9.19 km/s

Together, this additional AV combined with reduced drag losses at higher altitude produce the increase
in downrange distance observed.

A similar conclusion is reported by Gottlieb et. al [13]. Gottlieb shows that shifting mass/thrust into the
upper stage reduces drag impulse and improves downrange performance. He also adds to this that the
path of the first stage is influenced by the second stage design characteristics. This finding confirms
the result shown in this sensitivity analysis.

The sensitivity results also indicate a clear coupling between the first and second stages. Changes in
the propellant mass or burn time of one stage directly affect the performance and separation conditions
of the other, influencing parameters such as velocity, altitude, and structural loading at stage separation.
The design effect of the mass fraction can also impact the structural loading, as a higher propellant mass
in the first stage results in greater acceleration in the denser part of the atmosphere, leading to higher
dynamic pressure. In addition, variations in the propellant mass fraction alter the initial conditions for
the second stage, resulting in a different overall trajectory.

A sensitivity analysis like the one shown above could potentially be used to find the optimum mass
fraction for the two-stage booster. However, due to time constraints this was not possible anymore and
is recommended for future research.

9.1.6. Dynamic pressure constraint & mass flow rate Sensitivity

The final sensitivity analysis examines the dynamic pressure constraint. This parameter influences
the throttling of the booster and therefore the thrust level and the mass flow rate of the engine. Since
the dynamic pressure constraint is not violated in the Kourou launch case, the VAFB scenario is used
for this sensitivity study because its ascent showed to encounter higher aerodynamic loading and is
therefore closer to the constraint value. The dynamic pressure limit is lowered to 3.8 x 10° Pa and
3.5 x 10° Pa to evaluate how a tighter constraint affects throttle scheduling, thrust level, and propellant
mass flow. VAFB is chosen specifically because its typical peak dynamic pressures are nearer these
test values, making it the more relevant case to reveal the operational impact of the constraint change.
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The change in the boundary condition gives the following results.

Table 9.7: Sensitivity of the mass fraction.

Dynamic pressure constraint [Pa]

Maximum Range [km]

3.8 x10°
3.5 x10°

1250.4
1486.8

The table shows that the range increases when the throttle is decreased. The local range gradient
between these two points is 7.9 km per 1.0 [kPa] reduction in the constraint value. The following two
figures compare the dynamic pressure and the thrust level of both cases.
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Figure 9.2: Comparison of the throttle between the sensitivity cases.

Here, it is clear that when the dynamic pressure constraint is lower, the engine of the booster has to

apply a lower thrust level.

When the dynamic pressure is 5e5 x 10°[Pal, like in the base scenario in the previous chapter, the
rocket has a range of 1140.6 km. Imposing a throttle to satisfy a lower ¢—limit reduces the propellant
mass flow rate 7i and therefore lengthens the burn time. Therefore, a part of the boost is delivered at
higher, less dense altitudes. This reduces drag losses and can improve downrange performance. This
effect is visible in the comparison figure below. This shows the drag impulse between the two sensitivity

cases.
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It can be seen that when the dynamic pressure constraint is lower, the total impulse drag is also lower.
This is because more of the thrust is applied at a higher altitude with less drag. The lower drag during
the first stage leads to an increase in range at the end of the trajectory.

Since Calise demonstrated within the PMP framework that intermediate thrust levels are not optimal,
as discussed in chapter 6.6 [63], the observed performance improvement suggests that introducing an
intermediate coast phase during the first stage could be beneficial. However, as previously mentioned,
such an approach is considered undesirable due to the physical limitations of booster engines [60].

9.2. Verification

Furthermore, the results obtained in chapter 8 also need to be verified. This section consists of three
parts. First, the physical verification will be discussed. Secondly, the used optimality conditions will be
verified. Last, the numerical verification will be presented.

9.2.1. Physical Verification

The physical verification is very important. This shows whether the obtained results are actually possi-
ble and whether the optimization model does not produce unrealistic or impossible results. Therefore,
each of the phases in the trajectory is verified with energy and impulse balances. The case used for
the verification is the maximum range trajectory that is launched from Kourou, described in chapter 8.3.

First stage verification

The next method of verifying the physical accuracy of the launch vehicle is based on the law of conserva-
tion of momentum. According to this principle, the total external forces acting on the rocket, integrated
over time, must be equal to the change in momentum of the rocket and the expelled propellant. This
means that the total impulse generated by the rocket’s engines and external forces must match the
overall change in momentum of the system, ensuring that no momentum is artificially created or lost
during the simulation. This can be verified with the following relation [49]:

i v m
/ Ftot'dtZ/ dV-m—i—v/ dm 9.1)
0 vo mo

Here, the left side of the equation gives the integrated resulting force on the rocket over time, and the
right side gives the total change in momentum of the rocket and the propellant. The right side and left
side of the equation are plotted and can be seen in the figure below.
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(a) Change in rocket and propellant momentum. (b) Total force integrated over time.

Figure 9.4: Conservation of Momentum verification.

It can clearly be seen that these results match, indicating that the rocket dynamics model in MATLAB
and the optimization framework do not artificially create or lose momentum during the simulation.
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Coast verification
Furthermore, the two coasts are also verified. This is done by using the energy balance. This can be
described with the following equation:

~o(t2)? - m(ta) +m(t2) - g - hitz) (9.2)

ot () +m(t) g bt) = 5

DN =

However, since mass is constant along the coast, this can be reduced to:

Mg = L (v(t2)” — o(t2)?) 9.3)

The first coast starts at a velocity of v; = 3338.1 m/s and ends with a velocity of v, = 2849.8 m/s.
Following equation 9.3, this means that between these points the altitude can increase with Ah =
154 km. The altitude at the first pointis h; = 40 km and ends with an altitude of h, = 194 km. Therefore,
this means that the coast is physically possible.

The second coast starts at a velocity of v3 = 7748.4m/s and ends with a velocity of v, = 7827.3m/s.
Furthermore, the altitude at the first point is h3 = 165.3 km and ends with an altitude of h, = 100 km.
The energy at the start and at the end of the coast is both 3.164 x 107[J]. Therefore, this means that
the coast is physically possible.

Second stage verification

Lastly, the verification of the final stage needs to be done. This verification is also done with the energy
balance. During the final-stage burn, the energy balance differs from the coast because an active thrust
force is present. Consequently, the change in the vehicle’s kinetic and potential energy must equal the
work performed by that thrust. So, the energy balance is based on the equations of motion, described
with equations 6.37 and 6.38.

For the non-dimensional equations of motion, the total energy at a specific point can be computed as
follows.

E(r) = slIV(@I? + 5lle(0)]*. (94)

Note that here the non-dimensional equations of motion are used. This changes the magnitude of
the values used, however, the energy balance should still be zero. Because the gravitational force in
the non-dimensional equations of motion is given by —r, the associated potential energy follows from
integrating this term with respect to position, yielding U (r) = 2.

The time derivative of this balance is:

dE

- =V.V+4rr (9.5)
=V (-r+TL)+rV (9.6)
—V.(T'L), 9.7)

Ultimately, this gives the following energy balance.

E(ry) — E(0) = / N (T () dr 9.8)

The second stage gives the following residual of the energy balance.
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Figure 9.5: Energy balance final stage.

This shows that the Energy balance is practically zero along the trajectory of the second stage.

This means that following the different energy balances and impulse balance, all the segments of the
trajectory are physically possible.

Maximum feasible AV check
The ideal rocket equation relates the change in velocity of a rocket (AV) to the effective exhaust velocity
(ve) and the ratio of the initial mass (m) to the final mass (m¢). It is expressed as [49]:

AV = v, In 0 (9.9)
mpy
Ve :gO’Isp (910)

This equation shows that the maximum achievable AV depends solely on the propellant mass and
the exhaust velocity. For a given rocket, it is physically impossible to exceed the AV predicted by
this equation. Since there are two stages, each producing a certain amount of AV, the following two
computed values will be evaluated in the total speed figure.

mo,1

AVi = I 90 ln< ) = 4.165km/s

mo,1 — mp_l

mo,2

A‘/Q = A‘/l + Isp,2 go 111( ) =9.077 km/s

mo,2 — Mp,2

In figure 9.6 below, this maximum possible AV is highlighted with the dotted red and blue line. Here it
can be seen that the actual velocity of the rocket remains below the maximum achievable AV. Based
on this verification criterion, the optimization model does not produce velocities that are physically
impossible.
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Figure 9.6: Maximum possible AV.

9.2.2. Optimality Verification

The optimization objective is to maximize the range of the booster. During the optimization process,
some methods are used in order to define this optimization objective. These are described in chapter
6 and are based on the studied literature. However, as an additional confirmation, this section verifies
several key assumptions used in the formulation of the optimization problem.

Maximum orbital energy

The first stage uses the premise that the maximum orbital energy also leads to the maximum velocity.
This is verified with the use of a Monte Carlo simulation. Here, random control inputs are given for the
angle of attack and the side slip angle. This follows the dynamics discussed in section 5.2.2. These
trajectories are terminated after a certain amount of time. The final orbital energy and final velocity are
plotted for all the terminal points of the different trajectories. This can be seen in the following figure.
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Figure 9.7: Angle of attack and side slip angle Monte Carlo simulation



88 Chapter 9. Sensitivity Analysis & Verification

Here, the specific orbital energy is computed in the following way.

H 1 2
e=—+4+ -V, (9.11)
Irel 2 Vil
For the Monte Carlo study, 20,000 trajectories were generated. To preserve clarity in the figure, only
a random 1% subset is displayed. The full dataset was used for all quantitative analyses, while the

plotted subset is shown solely to improve the readability of the figures.

This shows there is a linear relation between the terminal orbital energy and the final velocity. Moreover,
when varying key input parameters in the Monte Carlo simulation, such as booster characteristics
or the HGV mass, the same linear relationship consistently emerges. Therefore, confirming that the
assumption was correctly made.

Maximum velocity

The next verification examines the premise that, for trajectories ending in descent, a larger terminal
velocity leads to a larger downrange distance. Physically, a higher terminal speed increases the trajec-
tory’s orbital energy and horizontal velocity, which generally produces a greater range.

Here again, a Monte Carlo simulation is made to verify this assumption. The simulation generates many
ballistic trajectories by randomly sampling burnout speeds vy and flight path angles ~, at a fixed altitude.
For each sample, the initial position and velocity vectors are used to compute the orbital elements, such
as the semi-major axis a, eccentricity e, and true anomaly. Then the magnitude of the range and final
velocities are compared. The terminal point is reached when the trajectory intersects with a certain
set of constant altitudes. From this intersection, the range is determined using the angle between the
burnout and intersect points. The terminal velocity V; is obtained from the vis-viva equation, and the
terminal flight path angle v, is computed from the orbital geometry. Only descending cases with v; < 0
are retained. In this way, the code outputs the relation between range, terminal velocity, and flight path
angle for a large set of possible ballistic flights. Currently, the burnout point is 60km and the intersect
point is 50km. Many more values were to be tested, however, the sampled case here already confirms
the premise that V., corresponds to Range, .. for trajectories that end in descent.
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Figure 9.8: Maximum Range is Maximum Velocity.

This shows there is a clear relation between an increase in velocity and an increase in range. Thus,
for the trajectories that end in descent, maximizing velocity also maximizes range. However, in the
above figure the points have varying terminal flightpath angles. Therefore, it is clearer to analyze
this verification result in a 3D plot with the terminal flightpath angle also on one of the axes. In the
following plot, colors are also added for different values of the flightpath angle to make the figure more
understandable.
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Figure 9.9: Range, Velocity, Flightpath angle Monte Carlo.

The flight-path angle in the 3D plot also confirms the statement made in the sensitivity analysis that
a lower terminal flight-path angle does not automatically yield a larger range. It reflects a trade-off
between a longer coast time (higher apogee) and increased horizontal speed. What effect dominates
depends on the specific trajectory.

Furthermore, the result of this verification is in line with the statement by Gronlund et al. [73] that, for the
suborbital trajectories considered, a maximum-range solution is similar to a minimum-energy solution,
so the two objectives can be used interchangeably.

This verification shows that the maximum range is reached when the terminal velocity is maximized.
Therefore, the assumption made for the vacuum solution optimization is correct.

Sequentially adapting the final velocity

The final verification compares two solution strategies: sequentially finding the maximum feasible ter-
minal velocity and directly optimizing for maximum orbital energy. For the cases examined, both ap-
proaches produce equivalent trajectories, confirming the consistency of the numerical procedure de-
scribed in Chapter 7. For different launch scenario’s the two optimization methods are compared. In
the figure 9.10 below, a single-stage scenario is highlighted.
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Figure 9.10: Verification of finding the maximum velocity
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It can be seen that the trajectories result in the exact same results. In the next figure of the flightpath
angle progression, it can be seen more clearly.

Flight Path Angle vs Time - Maximum Orbital Energy Flight Path Angle vs Time - sequentially adjusted final Velocity

9 90
80 80
70 70
) =)
[} [}
260 260
o [0}
) =)
< <
<50 < 50
© ©
a [+ N
E40F E40F
=y =)
i o
30 30
20 20
10 , , , , , , , , 10 , , , , , , , ,
0 10 20 30 40 50 60 70 80 90 0 10 20 30 40 50 60 70 8 90
Time [s] Time [s]
(a) Maximum Orbital Energy. (b) Sequentially adapting the terminal velocity.

Figure 9.11: Flightpath angle comparison

This shows that both optimization strategies give the same result.

9.2.3. Numerical Verification

Lastly, two verifications are done of the numerical result that was found by the optimization model that
was developed in this study. The goal of this verification is to try and use an alternative optimizer to
see if it yields the same found solution as the optimizer of this study. The optimizer of this verification
is therefore not required to be computationally fast. So, the two verification models used are run on
the server of NLR. Here, 58 cores are available to run the optimization. As will be seen in the following
sections, this additional computing power can be used to verify if the answer found is optimal.

Verification Vacuum Solution

The goal of this verification is to explore the full solution space of the vacuum problem described in
Chapter 6 and to test whether the ‘fmincon’ solution is truly optimal or trapped in a local minimum. To
do this, two global search methods were applied: simulated annealing and a genetic algorithm. These
methods perform broad, population- or temperature-driven searches that are less prone to getting stuck
in local minima than gradient-based optimizers. Both optimizers were executed on the NLR server using
many cores to maximize the chance of finding a better solution if one exists.

Simulated annealing imitates the physical process of cooling a heated metal. The algorithm explores
the design space by moving to nearby candidate solutions and occasionally accepts worse solutions so
it can escape local minima. The willingness to accept worse solutions decreases over time according to
a cooling schedule, so the search becomes more conservative as the algorithm progresses. A genetic
algorithm maintains a population of candidate solutions that evolve over successive generations using
selection, crossover, and mutation operators inspired by natural evolution. Promising solutions are
preferentially selected to produce offspring, crossover recombines information between parents, and
mutation introduces random variation to preserve diversity. Over many generations, the population
tends to converge toward high-quality solutions.

Both methods were implemented in MATLAB, but the genetic algorithm was ultimately selected for the
final optimization. The GA allows direct specification of nonlinear constraint functions, which avoids
the need to define and tune penalty terms by trial and error. Developing the penalty function for the
constraint functions, if done incorrectly, can quickly lead to the optimizer getting stuck in undesired local
minima. This direct handling of constraints makes the GA approach more convenient and efficient for
the current optimization problem.

The population size and maximum number of generations were deliberately set high to let the genetic
algorithm explore the solution space as thoroughly as possible. Furthermore, the computing power of
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the available cores of the NLR server allows for an increase in both population size and generations
while still keeping the computation time moderate. This improves the chance of finding a high-quality
solution.

The following figure shows the progress of the Genetic Algorithm.
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Figure 9.12: Progress Genetic Algorithm Optimizer.

The solution of the Kourou maximum range launch from chapter 8 was verified. The genetic algorithm
returned the same vacuum solution as obtained with fmincon. This agreement increases confidence
that the fmincon result is not a local minimum within the chosen formulation and bounds, since an
independent global search reproduced the same solution.

Verification Atmospheric Solution

The atmospheric solution was verified using a Monte Carlo approach to remove dependence on any
single initial guess. During development, it became apparent that the atmospheric optimizer frequently
became trapped by the initial guesses, so a randomized search was applied to search the solution
space more broadly.

In practice, entries of the Y array are randomly perturbed to generate alternative trajectories. These are
the non-dimensional state and costate values at each shooting point, see Chapter 7. Because these
perturbations are purely stochastic, the Monte Carlo runs are not biased by a particular seed trajectory
and are far less likely to stall in the same local minimum repeatedly. The resulting trajectories are
used to check whether lower objective values exist and to assess the robustness of the atmospheric
optimization routine.

With this Monte Carlo approach, no better atmospheric solution was found. Unfortunately, due to time
constraints no alternative method has been used to verify the atmospheric trajectory.

A complete comparison that jointly optimizes the atmospheric and vacuum phases was not performed,
also due to time constraints. A full combined optimization remains future work and is recommended in
the concluding recommendations for future research. For verification, a fully coupled verification would
provide a more consistent evaluation of the transition between the atmospheric and vacuum phases
and better capture how changes in one phase influence the other. This could lead to new insights into
the trajectory optimality conclusions by confirming whether the separately verified atmospheric and
vacuum phases together form a truly globally optimal trajectory.

9.3. Summary of the Sensitivity and Verification findings

This chapter demonstrates that the sensitivity analyses carried out follow the expected physical be-
havior and agree with examples from the literature. The sensitivity analysis not only confirms intuitive
trends but also reveals less obvious couplings between design choices of the booster and missions
planning choices of the HGV insertion. The optimization model is a useful tool for exploring booster de-
sign and HGV mission planning. Therefore, this also partly answers the last sub-question of this study.
The indirect optimization method has proven to be quite effective for the use of a sensitivity analysis,
because of its ability to quickly produce new trajectories and results. The non-stochastic nature of the
indirect method makes it easy to repeat the same result. Furthermore, the fast computation time makes
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it effective at iterating through different parameter values. However, while this local sensitivity approach
provides valuable insight into how each parameter influences the trajectory near the nominal case, and
how specific booster designs could be improved for the given ascent problem, it does not capture the
full nonlinear behavior of the rocket ascent problem. The results cannot be directly generalized due to
the high nonlinearity of the ascent optimization problem. A broader, global sensitivity analysis would
be required to identify nonlinear interactions not captured in this study.

The verification steps confirm that the assumptions used in the optimization are consistent and that the
computed trajectories are physically feasible. Therefore, the converged solutions of the optimization
model produce trajectories that are physically possible. These verification steps simultaneously answer
the first sub-question of this study. "How can the dynamic model of the booster be verified to ensure
the model is physically accurate?”. The used energy and impulse balance methods have proven to be
effective at proving the physical accuracy of the model. Furthermore, the sensitivity analysis, different
Monte Carlo simulations, and the evaluation of the made assumptions also showed to answer the
second sub-question of the report: "What methods can be used for the evaluation of the optimization
problem?”.

The verification of the numerical solution demonstrates that the vacuum-phase result is not just a local
minimum. Independent global searches reproduced the same solution, increasing confidence in its
optimality within the chosen formulation. For future work, it is recommended to perform a full, coupled
verification that jointly optimizes the atmospheric and vacuum phases, such a combined test would
ensure optimality across the interface and capture any coupling effects between the two models. It is
recommended to apply a completely different numerical approach from the one used in this study to
ensure that the verification of the solution is fully independent. So, the numerical verification does help
to verify the optimality of the found solution of the indirect optimization method, and thereby answer the
last sub-question of this research: "How effective is the implemented indirect optimization method for
ascent trajectory planning in terms of sensitivity and its ability to find an optimal solution?”. Also, the lit-
erature evaluated in chapter 8 confirmed that found results show a trajectory that has the characteristics
of a maximum range trajectory. Therefore, it helps to substantiate the numerical verification.
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Conclusion

The objective of this study has been to compute the optimal ascent trajectory of the boost phase of a
hypersonic glide vehicle using an indirect optimization method.

It has been shown that the developed optimization framework, which combines a vacuum-phase so-
lution with aerodynamics introduced via a homotopy process, provides a robust numerical implemen-
tation of the problem formulated using Pontryagin’s Maximum Principle. This hybrid approach keeps
the structure of the indirect optimality conditions while allowing the solver to progressively introduce
aerodynamic effects, yielding reliable and physically consistent trajectories.

The analytic structure of the indirect optimization comes with practical challenges. A principal draw-
back is its sensitivity to the initial guess. This issue was already found during the literature study. The
solver must satisfy coupled state—costate boundary conditions and transversality relations. Combined
with the increased sensitivity introduced by a long final coast, this can make convergence difficult. The
optimization model uses a shooting and homotopy method in order to tackle this problem. A second
downside is the relative complexity of the problem formulation itself. Deriving the costate equations,
boundary conditions, and correct optimality conditions is complex compared to the problem formula-
tion of other optimization methods. Mistakes in the mathematical setup easily produce infeasible or
physically incorrect solutions. That complexity increases the implementation and debugging burden
compared with many direct methods.

On the positive side, the indirect approach is very efficient once it converges. The method typically finds
high-accuracy solutions far faster than many direct methods, which makes it attractive for use inside
larger simulation environments. Another practical advantage is that path and terminal constraints are
handled naturally through the optimality and transversality conditions. So, there is less need to design
and tune ad hoc penalty functions to enforce feasibility.

The main research question of this study was:

» How can an indirect optimization method be applied to compute the optimal ascent trajectory of
an HGV boost phase while accommodating different booster models with variable thrust?

The methodology presented in chapters 5, 6, and 7 thoroughly addressed this research question. These
chapters elaborate on how the indirect method can be applied to compute the optimal ascent trajectory.
Furthermore, chapter 8 gives the results following the presented methodology used in the MATLAB
model. This clearly shows the model is able to compute an optimal ascent trajectory of an HGV boost
phase while accommodating different booster models with variable thrust.

Combining coasting phases with variable-thrust capability in the indirect optimization presented here
is novel for the literature of the HGV boost-phase optimization that has been found during this study.
Furthermore, the inclusion of a final coast phase is also a new element of this study compared to the
coast and angle of attack optimization literature discussed in Chapter 6.
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Next, this work formulates a suitable constraint set and problem definition for the optimization prob-
lem that improves numerical convergence. Likewise, both the established terminal conditions and the
formulation of complex aerodynamic models in an analytical manner, help the convergence of the nu-
merical model. Also, a new strategy was required to compute the initial guess for the shooting points
for the vacuum solution. The shooting points proposed in the referenced theory proved infeasible for
the trajectories considered here, so they were replaced by a procedure adapted to the present problem
formulation and boundary conditions.

Finally, the developed numerical model, based on a shooting method together with MATLAB'’s fmincon,
provides substantially faster solution times than the modified-Newton approaches reported in the liter-
ature.

The result is that the optimization method produces trajectories that maximize range by coasting until
close to apogee and then performing the final burn almost horizontally to maximize horizontal velocity.
This behavior is consistent with the optimal-range strategy described in other work.

The three sub-questions in this research were:

1. How can the dynamic model of the booster be verified to ensure the model is physically accurate?
2. What methods can be used for the evaluation of the optimization problem?

3. How effective is the implemented indirect optimization method for ascent trajectory planning in
terms of sensitivity and its ability to find an optimal solution?

These sub-questions have been addressed in chapter 9. This section has gone over the whole ver-
ification of the physical accuracy, the evaluation of the made assumptions, and the optimality of the
found solution. This chapter also presented different ways to evaluate the made optimization and its
results in, among other things, the sensitivity analysis. Because of this, the final three sub-questions,
presented in chapter 3 of this study, have been answered.

Finally, the work presented in this study introduces a novel approach to optimizing the boost phase of
hypersonic glide vehicles. Furthermore, due to the flexibility of the developed booster model and the
ease with which terminal conditions can be adjusted, the optimization framework can also be readily
applied to other near-space booster applications.

10.1. Recommendations for future research

Following the conclusions and the final remarks made in chapters 8 and 9, also some recommendations
for future research are made in this section of the report.

10.1.1. Recommended Additions for Dynamical Model

Because this study uses an indirect optimization method, the amount of detailed environmental model-
ing that could be included was limited. At present, the model assumes a spherical Earth. An extension
for future work is to include the oblateness term (the .J; perturbation) in the equations of motion. The
Jo term can be incorporated into the indirect formulation as an additional perturbing acceleration and
implemented using the polynomial or curve-fit gravity strategy introduced in Chapter 5.

Another physical effect not accounted for in the current optimization model is the variation of specific
impulse with ambient pressure (altitude), which here has only been modeled indirectly through a pre-
scribed thrust level. Nozzle performance changes with altitude (leading to over- or under-expansion of
the exhaust) and alters engine efficiency. Including a model for this effect would improve the fidelity
of the propulsion model. Implementing altitude-dependent specific impulse and nozzle flow correction
in future work is recommended, as it can influence mass-flow, burn timing and ultimately the optimal
staging and trajectory solutions.

10.1.2. Recommended Additions Numerical Optimization

As a recommendation for future research, an alternative approach for computing the initial guess of the
shooting nodes for the analytical vacuum solution should be investigated. The present study was limited
by time was not able to compare alternative methods. Yet the importance of a close initial guess for
indirect optimization is well known. A more accurate initialization strategy would keep the solver close
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to a feasible solution and substantially improve convergence reliability, especially for sensitive cases
like with a long final coast. Furthermore, a tailor-made vacuum guess should be generated for the final
coast-burn-coast solution, seen in figure 7.2. Currently, this model uses the same guess as the initial
vacuum solution.

In addition, extending the homotopy procedure to also cover the entire first coast, instead of adding
aerodynamic effects only to part of it, is recommended. A full coast homotopy that gradually intro-
duces aerodynamic forces to the whole coast phase is expected to produce a smoother solution, which
improves the convergence of the optimizer. Implementing these two improvements together should
significantly increase the robustness of the indirect solver.

Lastly, the optimized atmospheric and vacuum solutions should be validated against alternative nu-
merical methods to increase confidence in their optimality. Due to time constraints, this additional
verification was not carried out here, but it is recommended for future work. One promising direction
is reinforcement learning. It can serve both as an independent verifier and as a practical alternative to
the indirect method used in this study. Reinforcement-learning approaches do not require derivation of
costate equations or transversality conditions, and once trained they can produce optimal trajectories
quickly. For these reasons, Reinforcement Learning is worth investigating as part of a future verification
and method-comparison study.

10.2. Final Assessment of Compliance with Project Requirements

This project was carried out to meet the requirements set out by the stakeholder (NLR) in Chapter 4. The
primary mandate was to develop an indirect (PMP-based) optimization model that computes optimal
booster ascent guidance for prescribed terminal conditions, using the boost phase of an HGV as a
representative case study. The work presented in this thesis satisfies these requirements as follows.

+ Arbitrary booster model: The implementation uses a modular, arbitrary booster representation
that can be replaced with minimal effort, meeting the stakeholder requirement for rapid substitu-
tion of vehicle models.

» Physical verification: Key physical effects required by the specification were modeled and val-
idated. The model’s physical accuracy was checked through verification steps, like energy bal-
ances, Monte Carlo perturbations, and alternative optimizer checks.

» Staging and throttle: Multi-stage boosters and variable thrust have been implemented and in-
tegrated into the optimization framework, fulfilling the stakeholder demand to include staging dy-
namics and throttle capability.

» Mission objective: The core objective: maximizing booster range while inserting an HGV under
prescribed terminal constraint, was achieved and demonstrated in the numerical results.

+ Sensitivity analysis: The computed trajectories were verified against independent checks, and
a sensitivity analysis was performed. The findings have also been confirmed with examples found
in the literature.

* Prioritized features: When reviewing the priorities of possible features, presented in chapter 3,
it can be seen that all the desired features have been implemented in the optimization model.

In summary, the developed optimization framework meets the project requirements: it provides a val-
idated, physically consistent, and flexible indirect optimization tool for booster ascent guidance and
HGV insertion. Remaining recommendations for future work will further strengthen the applicability
and robustness of the made model.
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State-of-the-art Overview

Author Research Objective | Used Optimization | Booster Model Advantage Disadvantage Source
Method
Yu Li et al Optimizes the ascent | Direct shooting | The Launch Vehicle | The used method showed | No variable thrust possible | [6]
trajectory of the boost | method in combina- | is a Minuteman |ll, | to be effective in optimizing | in booster model. There-
phase to maximize | tion with Sequential | a three-stage solid | the performance of the HGV | fore, only limited amount of
the downrange dis- | Quadratic Program- | rocket booster. with  nonlinear constraint | booster models can be opti-
tance. ming (SQP). functions. mized. Furthermore, the di-
rect optimization approach is
difficult to perform sensitivity
analysis on.
Yu Lietal | Optimizes the ascent | Direct shooting | The Launch Vehicle | The used method showed | No variable thrust possible | [10]

trajectory of the boost
phase to maximize
the crossrange dis-
tance.

method in combina-
tion with Sequential
Quadratic Program-
ming (SQP).

is a Minuteman I,
a three-stage solid
rocket booster.

to be effective in optimizing
the performance of the HGV
with  nonlinear constraint
functions..

in booster model. There-
fore, only limited amount of
booster models can be op-
timized. Furthermore, the
used optimization approach
is difficult to perform sensitiv-
ity analysis on.




YuLietal | Optimizes the ascent | Direct shooting | The Launch Vehicle | The used method showed | No variable thrust possible | [11]
trajectory of the boost | method in combina- | is a Minuteman |lll, | to be effective in optimizing | in booster model.  There-
phase to maximize | tion with Sequential | a three-stage solid | the performance of the HGV | fore, only limited amount of
the downrange dis- | Quadratic Program- | rocket booster. with  nonlinear constraint | booster models can be op-
tance. ming (SQP). functions. timized.  Furthermore, the

used optimization approach
is difficult to perform sensitiv-
ity analysis on.

Si-Yuan The goal is to max- | The research uses | Solid-propelled The used optimization | No variable thrust possible | [8]

Chen et | imize the velocity at | a pseudospectral | booster with two | method showed to produce | in booster model. There-

al. the solid rocket shut- | method to compute | stages. robust results in the pres- | fore, only limited amount
off point. the reference trajec- ence of dispersion due to the | of booster models can be

tory. This is another closed-loop approach for the | optimized. Furthermore,

direct  optimization second stage of the booster. | the closed-loop method is

approach. only used when aerody-
namic forces are ignored.
The numerical optimization
approach could pose diffi-
culties when implemented
in an endo-atmospheric
closed-loop system.

Kai An et | The goal is to min- | A numerical | The booster is de- | More information about the | No variable thrust possible in | [7]

al. imize the terminal | Legendre-Gauss- fined to have no | trajectory can be obtained by | booster model. So, only lim-
time of the boost | Radau (LGR) or- | thrust variation. influencing the density of col- | ited amount of booster mod-
phase, meaning | thogonal collocation location points. els can be optimized. Fur-
the time required to | method is used. thermore, the initial parame-
reach a specified ters of the state showed to in-
terminal height. fluence the trajectory profile.

The LGR orthogonal colloca-
tion method optimization ap-
proach is difficult for sensitiv-
ity analysis.

J.R.  Got- | Optimizes both the | A direct optimization | The model employs a | The used method showed to | The numerical approach of- | [13]

tlieb et al. ascent trajectory and | approach using a Ge- | solid rocket booster. be successful in the simulta- | ten resulted in long com-

the booster of the
HGV.

netic Algorithm is ap-
plied.

neous vehicle and trajectory
design optimization.

putation times. Therefore,
the repeatability and preci-
sion of the final solution can-
not be guaranteed. This
makes sensitivity analysis
and the implementation in
more detailed simulation en-
vironments difficult.
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S. Ann Starting midcourse | An indirect optimiza- | The booster is de- | The used optimization | It is not possible to im-| [14]
in  exoatmospheric | tion method is used | fined to have no | method is effective to use for | plement a liquid propellant
environment and min- | to compute the refer- | thrust variation. a robust reference trajectory. | thruster. Furthermore, the
imizes a certain time | ence guidance. indirect model used is not
to reach a terminal applied to a ground based
state. ascent incorporating atmo-

spheric effects.

Y. Jung Starting midcourse | An indirect optimiza- | The booster is de- | The used optimization | It is not possible to im-| [15]
in  exoatmospheric | tion method is used | fined to have no | method is effective to use | plement a liquid propellant
environment and min- | to compute the refer- | thrust variation. for a robust reference tra- | thruster. Furthermore, the
imizes a certain time | ence guidance. jectory, which can be used | indirect model used is not
to reach a terminal for predictor-corrector guid- | applied to a ground based
state. ance. ascent incorporating atmo-

spheric effects.

G. Wu Optimizes the fuelus- | A particle swarm | The booster is de- | The particle swarm method | Limited sensitivity analysis | [19]
age of the ascent tra- | method is used for | fined to have thrust | has a big change of finding | possible due to the stochas-
jectory of a HGV the trajectory opti- | variation and control- | the global compared to other | tic nature of the optimization

mization. lable angle of attack. | optimization methods. method. Also computation
time is too slow for broader
simulation implementations.

W. Chen Optimizes the trajec- | Optimization is based | The rocket is a three | The proposed algorithm | No variable thrust possible | [16]

tory to intercept hy-
personic targets.

of the direct pseu-
dospectral method.

stage solid booster.

showed to be effective for
the proposed guidance algo-
rithm.

in booster model. There-
fore, only limited amount of
booster models can be op-
timized.  Furthermore, the
numerical optimization ap-
proach could pose difficul-
ties when implemented in
an endo-atmospheric closed-
loop system.

Table A.1: Extended summary of research on ascent trajectory optimization and booster models.
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N. Li Optimizes the tra- | Optimization com- | Uses angle of attack, | The paper shows a good | No variable thrust as con- | [17]
jectory to intercept | pares the pseu-| bank angle, and | comparison between the two | trol variable. Furthermore,
hypersonic  targets, | dospectral method | engine activation as | direct optimization methods. | the numerical optimization
using a combination | and hp-ARPM | control variable. approach could pose difficul-
of performance indi- | method. ties for sensitivity analysis
cators like maximum and closed-loop implementa-
terminal velocity, fuel tions.
consumption, and
lateral range.

J. Lukacs Optimizes a combina- | Optimization uses a | The used rocket | Unlike gradient-based meth- | No variable thrust possible | [18]

tion of minimal time
until reaching a ter-
minal condition, maxi-
mize terminal velocity
and path length of the
trajectory of a ground-
based Midcourse ve-
hicle.

direct-method-based
approach that con-
verts the optimization
problem in a non-
linear programming
problem.

model has a fixed
thrust profile.

ods, which require accurate
initial guesses, the used opti-
mization method is not highly
sensitive to initial conditions.

in booster model. There-
fore, only limited amount of
booster models can be opti-
mized. Furthermore, the di-
rect optimization approach is
difficult to perform sensitivity
analysis on.

Table A.2: Continued - Extended summary of research on ascent trajectory optimization and booster models.
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Methodology Trade-off

This section presents methods that can be used to compute the optimal ascent trajectory. As described
in the research objective, the goal is to determine which approach is the most effective in achieving an
optimal solution, and to verify whether this solution is accurate. The methods discussed here can be
used to determine this optimum solution and ultimately need to be evaluated based on their ability to
find the global optimum while considering relevant constraints and computational efficiency.

B.1. Modeling approaches of the ascent trajectory

This section presents some reference frames and dynamic models that were not found in the literature
presented in chapter 2. These models and reference frames provide potential other approaches to
define the motion of the launch vehicle.

B.1.1. 3-DoF

To model the physical behavior of the booster, its motion is described using a 3 degrees of freedom (3
DoF) approach. This means the booster can translate freely along the three Cartesian axes (X, y, z),
describing its position in space. In addition to its position, the orientation of the booster also plays an
important role in defining its motion. The direction of the booster’s velocity is characterized by the angle
of attack and the flight path angle. The body frame is fixed to the rocket itself, with its axes aligned
along the vehicle, the x-axis points along the rocket’'s nose. The Earth-centered inertial (ECI) frame, on
the other hand, is a fixed, non-rotating frame centered on Earth, used to describe the trajectory relative
to space. Further, it is also possible to use an Earth-centered Earth-fixed (ECEF) reference system,
which is a non-inertial rotating reference system with the origin at the Earth center of mass.

Quaternions
A quaternion is a hyper complex number that can be used to describe the orientation of an object in a
reference frame. How this works is further elaborated in chapter 5.2.3.

The reason for the use of this type of reference frame is to prevent singularities happening because of
gimbal lock. Gimbal lock happens when the movement of a vehicle causes two of the three gimbal axes
to become aligned. When this occurs, all three axes lie in the same plane, and the system loses one
degree of freedom. This means that it can no longer rotate independently around a certain direction.
Even though any vehicle orientation can still be represented by specific gimbal angles, the system is
unable to smoothly adjust to certain changes in orientation once it reaches this locked state. This issue
is one of the reasons why quaternions are often used instead of gimbals for tracking rotations, as they
do not suffer from gimbal lock [46].

Generalized geocentric inertial coordinate system

This is a system where the coordinate of the vehicle is described by its heading and position on a
sphere. In the GGI system, the motion of a rocket "M” is described by the generalized longitude ),
generalized latitude ¢, and generalized heading angle . As can be seen in the figure below.
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Figure B.1: Generalized geocentric inertial coordinate system.[28]

Here longitude X\ describes the angle between the x-axis and the projection of vector X,,, on Generalized
Equatorial Plane (GEP). Here, X,, is the vector from Cg to M. Latitude ¢, is the angle between X,,
and the GEP. Lastly, the heading angle v, describes the heading of the spacecraft, by the angle of the
local horizontal component Vy; of the current velocity vector w.r.t. the local generalized meridian [28].

The equation of motion of the system are the following,in the work of Qi YU, 2024 [28]:

d\ _ Vcosysinqﬂ

dt Rcosp (B.1)
dg  Vcos~ycost
ok A il it B.2
dt R (8-2)
% = Vsiny (B.3)
P
a4 = —cosacosf — gsinvy (B.4)
dt m
dy Psina gcosy Vcosy
dt  mV v + R (8-5)
diy  Pcosasinf Vcosvsimﬁtanga
— = B.
dt mV cos~y + R (8.6)
dm
—— = —gn B.7
il q (B.7)

Here, R is the distance between Cg and M. Velocity is V relative to the inertial space, m the mass of
the system, ~ the flight path angle, « is the angle of attack, (5 the side slip angle, P is the thrust, and ¢
is the local acceleration of gravity. It is good to note that for these equations aerodynamic forces and
Earth’s rotation are neglected [28].

B.2. Indirect optimization approaches of the control variables

The advantage of analytical solutions is that it is simple to implement and the computation time is
low. However, the downside is that the computed trajectory has possibly a lower fidelity and thus
is less accurate compared to numerical formulations. The main benefit of analytical guidance is its
straightforward approach and rapid computation, making it well-suited for the quick decision-making
required in hypersonic entry. In contrast, numerical methods can be less reliable, as they may either
fail to converge to a solution or require significantly more time to do so [76].
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However, indirect optimization methods can also pose some difficulties. In the paper by Dukeman,
the optimization problem is computed using calculus of variations by solving the states and co-states.
However, no analytical solution can be found of his defined atmospheric state/co-state system. This
is because of the high nonlinearity of the system. Dukeman therefore uses the Runge Kutta method
with ten integration steps to obtain a solution for the guidance. Then, he applies the maximum principle
to the Hamiltonian, and solves this numerically to find the optimal control of the system. Incorporating
aerodynamic forces into the problem significantly increases its sensitivity and computational complexity.
Unlike the vacuum case, where simple and well-defined formulas exist, the full optimization from liftoff
to burnout becomes much harder to solve reliably in real-time [77].

Analytically addressed Optimal control problems are solved using indirect optimization methods, since
this provides an analytical framework. The indirect method is usually based on the calculus of variations
and Pontryagin’s Maximum Principle, as mentioned in chapter 2. It establishes necessary conditions
like adjoint equations and transversality conditions, finds optimal solutions by maximizing the Hamil-
tonian concerning the control, and transforms the original optimal control problem into a multi-point
boundary value problem. It is important to note that a high-quality initial guesses of the adjoints are
required, since the indirect methods can be sensitive the initial guess.

First a simplified scenario can be computed and then with hompotopy procedures the problem can
be gradually made more complex. For instance, first a vacuum solution can be computed. Afterwards,
with a homotopy procedure, atmospheric effects can be gradually introduced. The use of this homotopy,
reduces the sensitivity of initial guesses of the co-states [77]. This will process will be further discussed
later in the chapter.

B.2.1. Hybrid of analytical and numerical algorithm

There are also methods that solve optimal control problems with a hybrid of indirect and direct numer-
ical methods. These methods could be feasible, as long as the computation time stays minimal. At
the foundation of a Hybrid Optimal Control problem is a hybrid system, defined as a system that incor-
porates both continuous and discrete variables [78]. The use of a hybrid method, where a numerical
optimization method is used in combination with an analytical method, has shown to be more suitable
for real-time applications than a purely numerical approach [79]. A hybrid optimization method can
be used when solving the state and co-state equations in Pontryagin’s Maximum Principle becomes
too complex or impractical. In such cases, numerical techniques are employed to approximate the
solution, allowing for a more feasible optimization process while still having the advantages of PMP.
Therefore, systems that are too complex to solve algebraically, such as those involving highly nonlinear
aerodynamic force equations, can still be addressed using numerical methods.

There are many different numerical methods that can be used for a hybrid analytical numerical ap-
proach. Therefore, some important hybrid optimization methods that are used frequently in literature
are discussed in this section.

Direct Shooting method

The direct shooting method is a technique used to solve problems by first making an initial guess for
the starting conditions. It then simulates the system step by step, using numerical calculations to track
the movement. If the outcome does not match the desired result, the starting conditions are adjusted,
and the process is repeated until the correct solution is found. While this method is easy to implement,
it works best for problems where high accuracy is not critical. This is because it is highly dependent on
the initial guess. If the guess is far from the correct solution, the method may not converge, requiring
adjustments or different starting points. Furthermore, it is possible that no solution is found due to
singularities or numerical errors accumulating over integration. Highly nonlinear or unstable systems
require an initial guess close to the optimal solution, which can be difficult to obtain [80].

Method of Collocation

Collocation is a method used to find an approximate solution to differential equations by dividing the
time period into smaller intervals. The solution is represented using simple functions like polynomials
within each interval. The unknown values in these functions are found by ensuring the solution is
continuous at the points where the segments meet, and the time derivatives of the functions satisfy the
differential equations at certain points within each segment [79]. In practice, the collocation method
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is implemented by first selecting a grid that divides the problem’s domain into sub-intervals. Within
each sub-interval, a polynomial approximation is used to represent the solution. A set of collocation
points is chosen, typically based on well-known numerical schemes such as Gauss, Radau, or Lobatto
points. The differential equation is then enforced at these collocation points, generating a system
of nonlinear algebraic equations. These equations are solved using numerical techniques such as
Newton’s method, direct shooting method or other iterative solvers. The method effectively transforms
the continuous differential equation into a discrete numerical problem that can be efficiently handled
by computers. By refining the grid or increasing the polynomial degree, accuracy can be improved,
though this may also increase computational cost [81].

In [82], itis also noted that direct collocation enables the imposition of a complex set of path constraints.
Furthermore, it is shown that Pseudospectral collocation method is the most effective and offers the
greatest accuracy. The Legendre Pseudospectral Method is a collocation method, that combines ele-
ments of both indirect and direct numerical approaches, transforming the optimal control problem into
a nonlinear programming problem for faster convergence. The user defines the equations of motion,
constraints, and objectives based on the specific problem [76]. In the pseudospectral method, the state
and control functions are approximated using Legendre polynomials based on interpolation at specific
collocation points. This method is mainly well suited for approximating smooth functions, integrations
and differentiations [83]. However, also this method still has the issue that a good initial guess greatly
influences the rate of convergence and the probability of getting a good result [84].

Direct Multiple Shooting Method

A Variation of the presented methods above is the multiple shooting method. Itis an enhanced shooting
method, developed to address the stability and convergence issues that can arise, particularly in long
or sensitive trajectory optimization problems. Instead of solving for the entire time interval from a single
starting point, the method splits the differential equations into smaller intervals [85]. In each sub-interval,
the shooting method is applied, treating each sub-interval as an independent boundary value problem.
This approach is more stable than direct shooting because the problem is split into parts, reducing the
accumulation of numerical errors. However, it comes with the trade-off of higher computational costs,
and like the direct shooting method, a good initial guess is still essential for success [85]. In order
to reduce the complexity of state and co-state a Multiple shooting method can be used. Specifically,
using just one additional intermediate shooting point, along with the initial shooting point, can greatly
decrease the sensitivity to the initial guesses for the co-states [77].

The Newton method can be used to iteratively solve a system of equations. Therefore, it is able to
solve the problem of the collocation, and the multiple shooting method. Newton’s Method iteratively
refines a guess by adjusting it proportionally to the function’s rate of change and inversely to its accelera-
tion, ensuring convergence towards critical points by preventing overshooting and handling non-convex
problems. The logic behind this approach is that a long, steep incline in a function will not be close to
a critical point, so the improvement should be large. Further, a shallow incline that is rapidly expiring
is likely to be near a critical point, so the improvement should be small [86].

Figure B.2, gives an example of how all these methods can be used to solve a hybrid optimization
problem.
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* Guess Initial Costates : Po and Qo
* Guess Initial Value of RL10 Cutoff Time
and Axial Acceleration Limit Onset Time

* Set Collocation parameters pyi, qyjand ggs to zero,

-

| * Update final time to meet final mass constraint
* Newton Iterations on P and Q, to Satisfy Terminal Conditions
and conirol consiraints,

* Update Collocation Parameters. ]

[*‘ Update RL10 Cutoff time, and Axial Acceleration limit onsct ]
time,

Figure B.2: Example of hybrid method computational procedure [29].

In Ref. [29], RL10 cutoff stands for the cutoff time of one of the boosters of the launch vehicle. It can
be seen that A. J. Calise et. al. [29], used a collocation method in combination with a Newton method
to iteratively solve the co-state equations that follow from the Hamiltonian defined in Eq. 6.5.

B.3. Control variables

Chapter 5.3 discussed the different control variables that can be used to shape the rockets trajectory.
Different papers focus on optimizing differnt control variables.

Forinstance, the paper by P. Lu [42], optimizes the trajectory of a launch vehicle with three stages. Here
an important focus is on optimizing the coast times. The burn times of the first two stages are fixed.
However, the coast and burn times of the third stage need to be optimized. In the papers presented in
this section [42] [59] [60], the mass flow rate is also part of the state equations of the dynamic model
of the system. This means that also the throttle of the rocket is a control variable. Furthermore, in this
presented example the state takes on the following form i (t) = [, V,7n], and has the co-states p,., p,,,
p,,, for the position, velocity and mass flow respectively.

B.4. Boundary Conditions

The optimization problem of the ascent trajectory of the boost phase is bounded by different kind of
constraints. These constraints give information about the initial conditions and final conditions of the
booster. Furthermore, it provides insights into the boundaries within which the booster’s trajectory
must remain. All these boundry conditions create what is called a boundary value problem. In previous
sections in this chapter many different strategies are discussed to solve these kind of problems. Solving
this optimal control problem with a shooting method combined with a homotopy procedure is a popular
method to solve a boundary-value problem [77]. Later in this chapter, the homotopy procedure will be
further elaborated. The rest of this section will go deeper into the initial conditions, final conditions and
path constraints that the ascent trajectory of the booster is exposed to.

B.4.1. Initial Conditions

Logically, the trajectory of the booster will start with its initial conditions. The initial conditions of the
booster state are fairly self-explanatory. Using a spherical non-rotation earth reference frame, the initial
conditions of the booster can be described the following way:

Vo 0
_ | Yo | _ Yo
X0 = ho = 0 (BS)

Ro 6378 -10%m
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The initial conditions of the height and velocity are naturally zero. However, different ascent trajectories
might require a different initial condition for the flight path angle (v,). Further, the initial condition for R,
is equal to the radius of the earth which is 6.378km [87].

For the co-states the initial conditions are a little bit more complicated. When the initial conditions of the
state are fixed it means that the initial conditions of the co-state are free and therefore yet undetermined
[61]. This also follows from the equation for the initial condition of the co-state of Eq. 6.8. Itis important
to be aware of this when working with the Pontryagin’s Maximum Principle, since it affects the process
of solving the state and co-state equations.

B.4.2. Terminal Conditions

The boost phase also has certain terminal conditions. These are the final conditions that the state of
the booster need to satisfy. For instance, in order to properly insert an HGV in its re-entry trajectory
or to reach a certain target at a specified velocity. This means that the boost phase has certain fixed
terminal conditions. Similarly like the initial conditions, when one of the parameters of the state has
fixed terminal conditions, it means that the co-state of this parameter is free. Further, if the terminal
condition of a certain state is free, it means that the terminal condition of this co-state is zero. This
all follows from the transversality conditions presented by Eq. 6.9. From this equation it also follows
that when it is desired to minimize or maximize a certain terminal value the state, the co-state of this
parameter has a value of one at the terminal condition [61].

For the specific case of a Hypersonic Glide Vehicle, the terminal conditions of the booster are influenced
by the initial conditions of the HGV’s descent maneuver. Therefore, it must begin its maneuver from an
optimal entry point, requiring certain initial conditions for a successful skip and glide descent. These
conditions like, height, velocity, and flight path angle, are determined by the terminal state of the boost
phase. Once separated from the booster, the HGV first undergoes a ballistic re-entry since it is released
in exoatmospheric conditions. Like previously discussed in chapter 2.2, to ensure a controlled descent,
the HGV must remain within its designated re-entry corridor. Otherwise, excessive heat and mechanical
stress could lead to failure. While re-entry constraints, both soft and hard, have minimal impact during
the exoatmospheric phase, proper insertion remains critical. If the vehicle enters with excessive velocity
or an incorrect flight path angle, it may be unable to execute its intended maneuver upon reaching
atmospheric conditions, risking thermal or structural failure. The limits of these constraints and the
optimal conditions for the HGV to initiate its glide-skip trajectory will differ per mission and per vehicle.
Dependent on this, the boost phase of the HGV will require certain terminal conditions for the height,
velocity and flight path angle to facilitate the proper insertion of the HGV into its descent trajectory.

B.4.3. Constraints

Apart from the initial and final conditions being constraint, it can also be the case that the trajectory
of the rocket is bounded by certain path and control constraints. These define the maximum control
actuation that the booster is able to deliver and between what bounds the ascent trajectory needs to
be. In chapter 5.5, these different constraints have been further elaborated.

B.5. Homotopy

Homotopy is a technique used for solving complex optimization problems. Here, a simpler, more easily
solvable problem is gradually transformed into the complex problem of interest. For instance, first a
vacuum solution can obtained, after which atmospheric effect can be introduced to compute the real
solution. Homotopy procedures can be especially helpful when solving problems including atmospheric
effects, because the non-linearity makes solving the optimal solution challenging.

An example of such a homotopy method is achieved by introducing a homotopy parameter ), which
transitions between a simplified version of the problem (A = 0) and the full optimization problem (A = 1).
As ) increases in small increments, additional complexities are introduced [65]. For ascent optimiza-
tion, this approach is beneficial when applying Pontryagin’s Maximum Principle and solving co-state
equations using the Shooting Method or Newton’s Method. Homotopy can therefore be used to help
achieve the final research objective, by starting to solve a simplified optimization problem and gradually
transforming it into the desired optimization problem.
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B.6. Methodology Trade-off

A trade-off has been made between the different papers that propose methods to solve the optimization
problem. This includes the theory and methodology discussed in Chapters ?? and ??. The trade-off
is based on several features that are important for this research, which are summarized and prioritized
in Table 4.1 in Chapter 4. In short, the comparison looks at which features each method supports and
how well they fit with the overall goals of the research. These features reflect the different aspects that
can be included in the optimized trajectory.

In the table the different features can be seen, that all are given a score for each of the studied papers.
The worst score is presented with symbol ", the second to worst score with ”-”, the second to best
score wit "+, and the best possible score is given by "++”. The meaning and scoring of all the different

features will be further discussed after table B.1.

Table B.1: Trade-off table of papers on modeling approaches, control variables, and optimization techniques.

Features
Paper Guidance Method Dynamic modeling Control variables Optimization method
Rotating| Aero- Con- | Variable | Staging | Angle | Sensi- | Closed-| Comp.
Earth | dynamic| straints | Thrust of tivity loop Effi-
Com- Attack | Analy- | Possi- | ciency
plexity sis bility
Yu Li [6] Four order Runge-Kutta - ++ ++ - - ++ - + -
intergration with SQP.
Yu Li [10] Four order Runge-Kutta ++ ++ ++ - - ++ - + -
intergration with SQP.
Yu Li [11] Four order Runge-Kutta ++ ++ ++ - - ++ - + -
intergration with SQP.
Si-Yuan Chen [8] | Pseudospectral method. - - ++ - ++ ++ - + -
K. An [7] LGR collocation method. - ++ ++ - - ++ - -
J. Gottlieb [13] Genetic Algorithm. - ++ ++ - ++ ++ - - -
S. Ann [14] Indirect optimization ++ - ++ - - ++ + ++ +
method.
Y. Jung [15] Indirect optimization ++ - + - ++ ++ + ++ +
method.
W. Chen [16] Pseudospectral method. - ++ ++ - - ++ - -
N. Li[17] Pseudospectral & - ++ ++ - - ++ - + -
Hp-arm method.
J. Lukacs [18] Directmethod based - - + - - ++ - + -
approach.
G. Wu [19] Particle Swarm method. - ++ ++ ++ - ++ - - -
G. Dukeman [77] | Indirect optimization with ++ + ++ - - ++ + ++ +
shooting method.
G. Dukeman [60] | Indirect optimization with - - ++ - ++ ++ + ++ +
shooting method.
K. Mall [54] Indirect optimization - ++ - - - ++ + ++ +
method, with a Giuseppe
solver.
B. Pan [59] Indirect optimization - - + - ++ ++ + ++ +
method, with multiple
shooting method.
P. Lu [43] Indirect optimization ++ ++ ++ ++ - ++ + ++ +
method, with forward
difference.
P. Lu [42] Indirect optimization - ++ - - ++ ++ + ++ +
method, with multiple
shooting method.
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A. Calise [29] Hybrid analytical and ++ ++ ++ - - ++ + ++

numerical approach.

M. Leung [79] Hybrid analytical and - ++ + - - ++ + ++

numerical approach.

First, there are the different features related to the dynamic modeling of the booster. This includes the
level of detail used to represent the booster’s environment. For example, regarding the inclusion of a
"Rotating Earth,” the highest score (++) is given when Earth’s rotation is included in the model, and the
lowest score (—) is assigned when it is neglected. Next, the feature "Aerodynamic complexity” refers to
how detailed the modeling of aerodynamic forces is. The lowest score is given when no aerodynamic
forces are included. A slightly better score is assigned when aerodynamic coefficients are assumed to
be constant. A higher score is given when the coefficients depend on parameters like Mach number
and velocity. The best score is awarded when aerodynamics are modeled as a function of both Mach
number and angle of attack. Finally, the treatment of constraints on the booster is considered. The
lowest score is given when no constraints are applied to the ascent. A slightly better score is assigned
when only initial and terminal conditions are defined. A higher score is given when either path or
control constraints are included. The highest score is reserved for cases where both path and control
constraints are present in the model.

Then there are the different control variable features: variable thrust, staging, and angle of attack. In
the table, the lowest score is given when a specific type of control variable is not used or optimized in
the paper. Conversely, the highest score is given when the control variable is both used and optimized
in the study. It should be noted that variable thrust inherently allows for the possibility of coasting,
since the thrust control variable can be reduced to zero, meaning the booster is coasting. Staging,
as a control variable, also enables coasting, but with the added feature that a stage of the booster is
separated during this phase to reduce the overall mass of the vehicle.

For the feature of sensitivity analysis, the lowest score is given to direct optimization methods that typ-
ically have a high computational load. These methods often lack direct mathematical expressions to
describe how changes in input affect the output, making sensitivity analysis difficult. The next lowest
score is assigned to direct methods that do allow for some mathematical expression of sensitivity, such
as pseudospectral methods, which use KKT conditions. However, the sensitivity can vary between
time steps or collocation points, making the analysis less consistent. A higher score is given to indi-
rect methods that are solved numerically. These methods have explicit expressions for sensitivities,
though they still need to be evaluated using numerical techniques. An advantage here is that, unlike
in pseudospectral methods, the sensitivities do not vary across different points in the solution. The
highest score is given to indirect methods that are solved fully analytically. In these cases, sensitivities
can be determined directly by analytically evaluating the explicit expressions, offering consistent and
immediate results. However, such fully analytical solutions are not found in the literature presented in
the table.

For the feature of sensitivity analysis, the worst score has been given to direct optimization methods
that generally have a high computational load. For these method usually there are no direct mathemat-
ical expressions that can describe the sensitivity of certain input on output values. The second to worst
score is given to direct methods that do have a possibility of mathmetically expressing the sensitivty,
like pseudospectral methods (through KKT-conditions), however, can have a different sensitivities at
different iterations step. Like with the pseudospectral method the sensitivity can differ per collocation
point. The second to best score is given to indirect methods that are solved with numerical methods.
Here, explicit expression are present of the sensitivities, however, also needs to be solved using nu-
merical methods. The upside is, with this method there are no collocation points that have different
sensitivities. The best score is given to indirect methods that are solved full analytically. Here, sensitiv-
ities are also instantly found through analtucally calculating the present explicit sensitivity expressions.
The latter is only not present in the literature in the table.

When considering closed-loop possibilities and computational efficiency, comparing specific papers
and methods becomes challenging due to the variety of factors influencing computational time and
load. These factors include available computing power and the complexity of the dynamics involved.
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Rather than comparing individual methods directly, it is more effective to evaluate how each method
inherently addresses the optimization problem. In general, it is more computationally efficient to define
and solve a problem analytically than to search for an optimal solution at every integration step. As a
result, nonlinear programming (NLP) problems are typically less efficient than indirect methods. Indi-
rect methods leverage the optimality conditions directly, solving the analytically derived system for the
necessary conditions for optimality, which reduces the problem to a root-finding issue. In contrast, NLP
methods approximate the optimal conditions at each time step, which adds computational complexity.
However, indirect methods are not the only viable option for more complex closed-loop simulations.
Depending on the specific problem, particularly if there are many state and co-state equations to solve,
numerical methods can also lead to longer computation times as well. Despite this, the potential of
indirect methods to solve problems as analytically as possible makes them inherently promising for
computational efficiency. In the evaluation table, the highest score is reserved for guidance laws that
approach the optimal trajectory fully analytically through a closed-form solution. However, none of the
methods presented in the reviewed literature achieve a completely analytical approach. Therefore, the
next highest score is given to solutions that are partially analytical, so indirect methods combined with
numerical solving techniques. On the other end of the scale, the lowest score is assigned to direct
methods with high computational demands, such as genetic algorithms or particle swarm optimization.
In between these extremes are direct methods that iteratively converge to an optimal solution but are
not as computationally intensive as the aforementioned techniques. Furthermore, due to the higher
computational load of some direct optimization methods, they are difficult to implement in closed-loop
simulation environments. As a result, these methods receive the lowest score for the feature "Closed-
loop possibilities”. A better score is given to direct methods that have been shown in literature to
be suitable for closed-loop guidance. The highest score is awarded to indirect methods, thanks to
their generally higher computational efficiency, which makes them more suitable for implementation in
closed-loop guidance without significantly affecting the overall computation time of the simulation.

B.6.1. Conclusion of methodology

From table B.1 it can be seen that there is no clear presented methodology used in the studied literature
that is able to perfectly model and optimize all desired features. Therefore, the research has to create
a combination of the different methodologies, and pick the desired features that are presented in the
different studies.

First, the papers by S. Ann [14], Y. Jung [15], and P. Lu et al. [43] [42] demonstrate promising results
for the optimization methods used. In terms of closed-loop applicability, computational efficiency, and
sensitivity analysis, the indirect optimization methods applied in these studies stand out as particularly
effective. As such, the indirect approach presented in these papers provides a solid foundation for
selecting an appropriate optimization method for this research.

Furthermore, the paper by G. Dukeman et al. [60] offers a useful strategy for incorporating staging
into the optimization process. Meanwhile, P. Lu et al. [43] present a strong method for implementing
variable thrust as a control input. A combination of insights from these papers forms a strong starting
point for developing the methodology to implement control variables within this research.

Additionally, the same work by P. Lu et al. [43] provides a comprehensive framework for modeling
all the desired features of the booster dynamics while applying an indirect optimization method that
performs well across the evaluated features.

In conclusion, the indirect optimization method discussed in Section B.2 proves to be well-suited for
achieving the desired features of this research, presented in table B.1. The approach presented by P. Lu
et al. [43] serves as a strong example of how this method can be effectively implemented. Furthermore,
the control variable features described in Section B.3 are well addressed in the previously mentioned
literature, providing valuable guidance for incorporating them into the current study.

B.6.2. Key considerations

Several key considerations must be addressed for the continuation of the research. First, it is crucial to
account for gimbal lock. This can significantly impact simulations depending on the type of reference
frame and dynamic model used. When gimbal lock is a concern, careful selection of the initial conditions
for the booster simulation is essential. Incorrect initial conditions can lead to singularities, which may
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result in the failure of the simulation. Singularities are especially common in coordinate systems such
as spherical coordinates. In such cases, slight adjustments to the initial conditions might be necessary
to avoid these issues.

The implementation of certain features can limit the ability to include others, especially when specific
performance of the optimization method is required. For example, introducing staging as a control
variable may cause the solution to become discretized, due to the sudden drop in mass when a stage is
jettisoned. This can make it difficult to find a single converged solution to the optimal control problem. In
other words, certain features can influence each other and affect the overall outcome of the optimization.

Additionally, the nonlinearity of aerodynamic forces is an important factor to consider. This nonlinearity
can complicate the use of indirect optimization methods, as it may prevent the problem from being
solved analytically. To address this, a homotopy procedure can be employed. This approach gradually
increases the complexity of the rocket’s dynamic model and aerodynamics within the simulation. By
doing so, it helps identify the limitations of the indirect optimization method and allows for the determi-
nation when a hybrid optimization approach might be required.



MATLAB Code-snippets

C.1. Optimal Angle of Attack Computation

function alpha = Optimal_AoA(params, mk, Phi, Vr_nd, rho, CN_alpha, CA_alpha, alpha_prev)

4

2 params.homotopy_pathcon = 1;

3

4 alpha_max = deg2rad(params.alpha_max); % hard AoA cap

5 alpha_step_max = deg2rad(params.alpha_step_max_deg);

6

7 % --- dimensionless thrust & speeds ---

8 T = params.T_1 / (mk * params.gO); % dimensionless thrust

9 Vr_mag = norm(Vr_nd); % nondim relative speed magnitude

10

1 % --- Newton solve for unconstrained alpha_star ---

12 alpha_star = 0;

13 for iter = 1:10

14 C_N = CN_alpha * alpha_star;

15 C_A = CA_alpha + C_N * sin(alpha_star);

16

17 % dC_A/dalpha and d"2C_A/dalpha”2 (chain rule applied)

18 C_A_alpha = CN_alpha * sin(alpha_star) + CN_alpha * alpha_star * cos(
alpha_star);

19 C_A_alpha_prime = 2*%CN_alpha * cos(alpha_star) - CN_alpha * alpha_star * sin(

alpha_star) ;

20

21 gbar_nd = 0.5 * rho * Vr_mag~2 * params.S_ref; % nondimensional dynamic pressure *
area term

22

23 N = gbar_nd * C_N / (mk*params.gO0);

24 N_alpha = gbar_nd * CN_alpha / (mk*params.g0);

25 A = gbar_nd * C_A / (mk*params.gO);

26 A_alpha = gbar_nd * C_A_alpha / (mk*params.g0);

27 A_alpha2 = gbar_nd * C_A_alpha_prime / (mk*params.g0);

28

29 F = tan(Phi - alpha_star)*(T - A + N_alpha) - (A_alpha + N);

30 dF = -tan(Phi - alpha_star)#*A_alpha - A_alpha2 - N_alpha

31 - (1 / (cos(alpha_star - Phi)~2)) * (T - A + N_alpha);

32

33 alpha_star = alpha_star - F / (dF + le-12);

34 end

35

36 % --- hard cap first ---

37 alpha_star = min(max(alpha_star, -alpha_max), alpha_max);

38

39 % —--- dynamic-pressure * alpha constraint ---

40 Vr_dim_mag = Vr_mag * params.V_scale; % dimensional speed magnitude
41 q_dyn = 0.5 * rho * Vr_dim_mag~2; % [Pal] if rho in kg/m~3 and V_scale in m/s
42

43 if abs(q_dyn * alpha_star) <= params.Q_alpha

44 alpha_constrained = alpha_star; % constraint inactive

115
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45 else

46 % project to active constraint, with homotopy on the projection

47 alpha_q = params.Q_alpha / q_dyn;

48 alpha_constrained = sign(alpha_star) * min(alpha_q, alpha_max) * params.
homotopy_pathcon

49 + (1 - params.homotopy_pathcon) * alpha_star;

50 end

51

52 % —--- per-step rate limiting (max Alalphal| per node step) ---

53 if nargin < 8 || isempty(alpha_prev)

54 alpha_ratelimited = alpha_constrained;

55 else

56 delta = alpha_constrained - alpha_prev;

57 if delta > alpha_step_max, delta = alpha_step_max; end

58 if delta < -alpha_step_max, delta = -alpha_step_max; end

59 alpha_ratelimited = alpha_prev + delta;

60 end

61

62 % --- final safety clip to alpha_max ---

63 alpha = min(max(alpha_ratelimited, -alpha_max), alpha_max);

64 end
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C.2. Analytical Vacuum Solution - Burn Arc Propagation

function [R_tot_1, V_tot_1, pV_tot_1, pR_tot_1] =
% Settings

N = params.N; Y Number of time steps
tau_final = params.t_burn_1 / params.T_scale;
tau_vec = linspace(0, tau_final, N+1);

% Storing of values

r_store = zeros(3, N+1);
v_store = zeros (3, N+1);
pV_tot_1 = zeros(3, N+1);
pR_tot_1 = zeros(3, N+1);

% Initial conditions

r0 = params.r_O;

v0 = params.v_0;

X0 = [r0; vO0];

pV0 = Lambda_opt(1:3);
pRO = Lambda_opt (4:6);
I = eye(3);

% Precompute thrust integrals incrementally

m0 = params.mO_1;

m_dot = params.m_dot_1;
g0 = params.gO;

T = params.T_1;

Ic = zeros(3,1);

Is = zeros(3,1);

for i = 1:N+1

tau_vec(i);

% Costate rotation

Omega_tau = [cos(tau)*I, sin(tau)*I;
Lambda_tau = Omega_tau * [pVO; -pROJ;

tau =

pV_tau = Lambda_tau(1:3);
I_p = pV_tau / norm(pV_tau);
m_tau = mO - m_dot * tau;
T_tau = T / (m_tau * g0);
Ic_dot = zeros(3, 5);
Is_dot = zeros(3, 5);
h = tau / 4;
for k = 1:5
Ic_dot(:,k) I_p * cos(tau) * T_tau;
Is_dot(:,k) = I_p * sin(tau) * T_tau;
end
tau_grid = linspace(0, tau, 5);
h_local = tau / 4;
Ic_dot = zeros(3, 5);
Is_dot = zeros(3, 5);
for k = 1:5
t_k = tau_grid(k);
Omega_k = [cos(t_k)*I, sin(t_k)*I;
Lambda_k = Omega_k * [pVO; -pRO];
pV_k = Lambda_k(1:3);
I_p_k = pV_k / norm(pV_k);
m_k = m0O - m_dot * t_k;
T_k =T / (m_k * g0);
Ic_dot(:,k) = I_p_k * cos(t_k) * T_k;
Is_dot(:,k) = I_p_k * sin(t_k) * T_k;
end
Ic =
Ic_dot(:,4) + 7*xIc_dot(:,5));
Is =

Is_dot(:,4) + 7*Is_dot(:,5));

-sin(tau)*I,

-sin(t_k)*I,

trajectory_tot_stagel (params, Lambda_opt)

cos (tau)*I];

cos(t_k)*I];

(2 * h_local / 45) * (7xIc_dot(:,1) + 32*xIc_dot(:,2) + 12*xIc_dot(:,3) + 32%*

(2 * h_local / 45) * (7*Is_dot(:,1) + 32%Is_dot(:,2) + 12xIs_dot(:,3) + 32x*
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68
69
70
71
72
73
74
75
76
77
78
79
80
81
82
83
84
85
86 end

% Propagate state

Omega_tau = [cos(tau)*I, sin(tau)*I; -sin(tau)*I,
Gamma_tau = [sin(tau)*I, -cos(tau)*I; cos(tau)*I,
X_tau = Omega_tau * X0 + Gamma_tau * [Ic; Is];
r_store(:, i) = X_tau(1:3);

v_store(:, i) X_tau(4:6);

Lambda_tau =
pV_tau =
pR_tau =

Omega_tau * [pVO; -pROJ;
Lambda_tau(1:3);
-Lambda_tau(4:6);

pV_tot_1(:, i)
pR_tot_1(:, i)
end

pV_tau;
pR_tau;

% Convert to dimensional
R_tot_1 = r_store;
V_tot_1 = v_store;

cos (tau)*I];
sin(tau)*I];
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r0 Lambda_opt (8:10) * params.L_scale;
vO = Lambda_opt(11:13) * params.V_scale;
pVO0 = Lambda_opt (14:16);
pRO = Lambda_opt (17:19);

t0 = 0;

t_final = Lambda_opt(7)*params.T_scale; % Total coast time [s]
tau_final = Lambda_opt (7); % Dimensionless coast time

dt_step = t_final / params.N; % Spacing between points [s]
dtau_step = dt_step / params.T_scale;

%

% Angular momentum:

h_vec = cross(r0, v0); % Vector

h_mag = norm(h_vec);

r_mag_0 = norm(r0);

% Eccentricity
e_vec = (cross(v0, h_vec)/params.mu) - rO/r_mag_O;
e = norm(e_vec);

% Semi major axis (from Vis-viva)
a = (params.mu/2) / ((params.mu/r_mag_0) - (norm(v0)~2/2));

% Mean motion (average angluar rate of motion along a keplerian path)
n = sqrt(params.mu / a~3);

p = h_mag~2/params.mu;

% Unit vectors

e_unit = e_vec / norm(e_vec);
h_unit = h_vec / norm(h_vec);
p_unit = cross(h_unit, e_unit);

% Rotation matrix from PQW to inertial
R = [e_unit, p_unit, h_unit]; % 3x3 matrix

% True Anomaly at tO
% theta_rad_O = acos(((h_mag~2/params.mu) - r_mag_0) / (r_mag 0 * e));
theta_rad_0 = atan2(dot(r0, p_unit), dot(r0, e_unit));

% Eccentric anomaly at tO
E_0 = 2 * atan(tan(theta_rad_0/2)/ sqrt((1+e)/(1-e)));

% Mean anomaly at tO
M_O0 = E_O - exsin(E_0);

% Delta Mean anomaly: (elliptical orbit)
dM = n * (t_final - t0);

% New Mean Anomaly (elliptical orbit)
M_coast = M_O + dM;

% Time vector for coast phase
t_vec = tO:dt_step:t_final;
N_points = length(t_vec);

%% Computation Eccentric anomaly
% Preallocate arrays for position and velocity vectors

r_log = zeros(3, N_points);
v_log = zeros(3, N_points);

R_tot_coast = zeros(3, N_points);
V_tot_coast = zeros(3, N_points);

% Convergence threshold
tol = le-6; 7 Convergence criterion
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70 max_iter = 1000; % Safety stop to prevent infinite loop

71

72 % Iteration counter

73 iter = 0;

74

75 if e > 1

76 disp("coast is hyperbolic, so this function need to be added")
77 end

78

79 % Loop over time and compute position/velocity at each time

80 for i = 1:N_points

81 t_i = t_vec(i);

82

83 % Mean anomaly at time t_i

84 M_i = M_0 + n * (t_i - t0);

85

86 % Solve Kepler's equation for E_i using Newton-Raphson
87 E_i = pi; % Initial guess

88 iter = 0;

89 while true

90 E_new = M_i + e * sin(E_i);

91 err = abs(E_new - E_i);

92 E_i = E_new;

93 iter = iter + 1;

94 if err < tol

95 % disp('Coast solver converged')

96 break;

97 elseif iter > max_iter

98 % disp('Coast solver did not converge')

99 break;

100 end

101 end

102

103 % True anomaly _i

104 theta_i = 2 * atan(sqrt((1+e)/(1-e)) * tan(E_i/2));

105

106 % Radius r_i

107 r_mag_i = (h_mag~2 / params.mu) / (1 + e*cos(theta_i));
108

109 % Position in PQW

110 r_pqw_i = r_mag_i * [cos(theta_i); sin(theta_i); 0];
Et

12 % Velocity in PQW

13 v_r_i = (params.mu / h_mag) * e * sin(theta_i);

114 v_theta_i = (params.mu / h_mag) * (1 + e * cos(theta_i));
115 v_paqw_i = [v_r_i * cos(theta_i) - v_theta_i * sin(theta_i);
116 v_r_i * sin(theta_i) + v_theta_i * cos(theta_i);
17 0];

18

119 % Rotate to inertial frame

120 r_log(:, i) = R * r_pqw_i;

121 v_log(:, i) = R * v_pqw_i;

122

123 R_tot_coast(:,i) = r_log(:, i) / params.L_scale;

124 V_tot_coast(:,i) = v_log(:, i) / params.V_scale;

125 end

126
127 %% Propagate costates
128 pV_tot_coast = zeros(3, N_points);

129 pR_tot_coast = zeros(3, N_points);

130

131 tau_vec = O:dtau_step:tau_final;

132

133 for i = 1:N_points

134 t = tau_vec(i);

135

136 [pV_tau, pR_tau] = propagate_costates(params, pVO, pRO, t);
137

138 pV_tot_coast(:, i) = pV_tau;

139 pR_tot_coast(:, i)
140

pR_tau;
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121

end

function [pV_tau, pR_taul = propagate_costates(params, pVO, pRO, t)

I = eye(3);

Omega_tau

= [cos(t)*I, sin(t)*I; -sin(t)*I, cos(t)*I];

Lambda_O_tau = [pVO; -pROJ;

Lambda
pV_tau
pR_tau

end

Omega_tau * Lambda_O_tau;
Lambda (1:3) ;
-1 * Lambda(4:6);






Analytical Expressions of
Environmental Models

This appendix presents the fitted functions and polynomial expressions used in the trajectory model.

D.1. Polynomial Fit for Temperature (7'(h))
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D.2. Fitted Expression for Normal Force Coefficient (Cy,_(M))
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D.4. Polynomial Fit for Atmospheric Pressure (P(h,))
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D.5. Derivatives of Coefficients with Respect to Mach number
Derivative Normal Force Coefficient Cy
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dCy

Ca _ i, () sin(a) + acos(a)] 08)
ddocé;A = Cp, (M) [2cos(a) — asin(a)] (D.9)
Cx _ ey (M) (D.10)
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Figure E.1: Reference trajectories of the boost phase of the HTV-2 [70].
(Note: vertical scale is stretched w.r.t the horizontal scale)
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