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Abstract

Two-dimensional (2-D) phase field is a significant output of several remote sensing

applications including interferometric synthetic aperture radar (InSAR). This field

is a modulo 2-π phase value of observed signal which means that the values are

offset in an interval resulting in measurements as a fraction of a complete cycle.

This phase field is termed as wrapped phase. Phase unwrapping is the process of

removing this ambiguity and reconstructing the phase field for better interpretation

of the data. Phase unwrapping is one of the most prominent research topics in

digital image processing and extensive work has been done in the field during the

last couple of decades. 2-D phase unwrapping, in particular, is a key step and

among the most significant sources of error in the analyses of SAR interferograms.

Many novel techniques have been developed for 2-D phase unwrapping, most of

which are formulated as a mathematical optimization problem. These techniques

serve their purpose in cases where the signal is coherent and smooth, but perform

poorly in noisy and faulty regions. SNAPHU, in particular, is a very elegant

algorithm which relies on statistical cost-functions and network-flow optimization

techniques. SNAPHU provides a higher degree of flexibility in setting up the

unwrapping problem since the cost-functions are generalized objective functions

which can be adjusted according to requirements. SNAPHU performs well in

general but sometimes provides poor results in the regions with discontinuities.

That is why efforts have been made during the current research work to generate

a new algorithm, which relies on the SNAPHU solver routine and at the same time

improves results by enhancing cost-functions with additional parameters. In the

best case scenario, the new algorithm should improve results. On the other hand,

if the new parameters are not reliable, it should produce results which are as good
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as the existing algorithm.

The purpose of the current study is to assess various phase unwrapping algorithms

(particularly SNAPHU) and then develop a method to improve the cost function.

The study is divided mainly into two parts. The first part deals with the extraction

of additional parameters, which reflects the phase gradient in local neighborhood.

The aim is to locate edges where phase gradient is changing abruptly at the same

time estimate phase gradients in smoother regions of the interferogram. This step

involves the use of signal processing techniques (Windowed Fourier Transforma-

tion). Standard edge detection techniques are used to finalize the output from this

stage. It is observed that edges can be detected in wrapped phase field and accu-

racy improves if the input parameters are set up on a case basis. The second step

is to efficiently include these edges in terms of cost-functions such that unwrapped

results improve in both faulty and non-faulty regions.

The new proposed algorithm has a good theoretical basis but the goal is to imple-

ment a time efficient solver routine. The algorithm has been tested on simulated

data and has performed well. Real life interferograms are not thoroughly investi-

gated and only a few examples have been shown to prove the workability of the

algorithm. The computation time is reasonable in cases where the size of the data

is small; however under given time constraints of thesis duration, the algorithm

remains computationally expensive for large data sets. The computational time

greatly improves if prior information is used to set up the problem.



Preface

This thesis work is done for the purpose of completion of Master of Science (Ge-

omatics) degree at TU Delft, The Netherlands. By the end of my first year, I

was looking for a good master’s thesis topic. During Microwave remote sensing

class, Prof. Ramon Hanssen expressed his view that his section has some good mas-

ter’s thesis options. I pursued the idea of doing my research work at Mathematical

Geodesy and Positioning section which later became the Department of Geoscience

and Remote sensing at the Faculty of Civil Engineering and Geosciences. I was

particularly interested in work where I would be more involved with theoretical

and mathematical analysis. After some talks, Dr. Andrew Hooper, supervisor

of my thesis work, proposed a topic related to phase unwrapping algorithms. I

studied this topic during my course work and this field appealed to me. Finally, I

started working on it by early October 2011.

With respect to Geomatics masters, Radar remote sensing covers the complete

spectrum extensively i.e. data acquisition, processing and application of Geo-

information. The capabilities of the field have a wide gamut and new possibilities

are coming up. So far, it has been used for geodetic measurement of the nat-

ural environment particularly deformation monitoring of surface over large areal

extents caused by several geological activities such as earthquakes, volcanoes etc.

But more recent research indicates that it can be a useful technique for monitoring

of the urban environment too. The future of the field is promising and that is one

of the motivations behind the current research work. The thesis is more focused

on the data processing part of geo-information. Data is acquired by a satellite and

after some initial processing phase unwrapping comes into the picture, which is

the focus of this thesis.
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Chapter 1

Introduction

This chapter will provide general introduction about motivation and research work

presented in this document

Our environment is constantly changing and in the modern times, it’s an absolute

necessity to measure these changes, for the reasons of general welfare of human

society or may be just out of curiosity. Making these observations is not always

trivial, since they occur at different scales, different locations and are of differ-

ent nature so specific techniques are required to monitor these changes. Remote

sensing is the branch that measures these changes by collecting the information

from a distance. Geodesy is the discipline that deals with measurements related

to the Earth. Some specific branches of Geodesy are optical remote sensing, laser

remote sensing, radar remote sensing etc. In the present context, radar remote

sensing is under consideration. In this field, images are taken from a radar satellite

revolving around the Earth. These images are then processed to extract required

information.
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1.1 Background

The Earth subsurface is constantly going through geological or other changes which

sometimes cause the uplift or subsidence of the surface. Interferometric synthetic

aperture radar (InSAR) is a specific application that deals with measurement of

these deformations. This method is capable of measuring deformation at very

large areal extents. Recent advances in the technique improved the accuracies up

to sub-centimeter level. In this technique, two images are taken at different epochs

and output of processing of these images is termed as an interferogram. This in-

terferogram contains information about the deformation, topography, atmospheric

signal along with noise. A typical example of an interferogram is shown in Fig.

1.1.

Figure 1.1: An example of an interferogram of Izmit earthquake occured in 1999.
The fault occurred during this earthquake is shown as a line.(Credits:
NASA/University of Oxford)
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From Fig. 1.1, the deformation of surface is visible in terms of fringes. One peculiar

thing to notice is that both sides have different sequence of colors i.e. one side is

red-to-blue and other side is blue-to-red as one moves away from the fault which is

shown as thick black lines. This means that one side of the surface is going away

from the radar satellite and other side is coming towards the satellite.

The magnitude of this deformation can be estimated by counting the number of

fringes on both sides. One fringe corresponds to half a cycle of wavelength of the

signal used to acquire the data as

∂θ = −4π

λ
∂∆R (1.1)

where phase difference is ∂θ and path length difference is ∂∆R (Hanssen, 2001).

One cycle difference corresponds to 2π, which is equivalent to half the wavelength

of the signal.

This process of counting fringes is phase unwrapping and this should be done

automatically and mathematically. Phase unwrapping is very critical for deforma-

tion measurement since wrong unwrapping results will lead to wrong estimation

of deformation. That is why phase unwrapping is a widely studied topic and is

considered of utmost importance in InSAR field.

A measured phase value, by definition, is modulo 2π i.e. values are wrapped in an

interval. Generally this interval is (−π, π). This introduces ambiguity in the mea-

surement. Phase unwrapping is the process of estimating this ambiguity. Phase

unwrapping problem have been studied for more than 2 decades. Some of earliest

works in this field were done by Hunt (1979) and Goldstein et al. (1988) which

put the problem formulation into a mathematical perspective. Some of the other

notable works in the field are done by Ghiglia and Romero (1989), (1994), (1996);

Ghiglia and Pritt (1998); Zebker and Lu (1998); Chen and Zebker (2000a), (2001),

(2002a), (2002b). General introduction to these formulations and algorithms are

given in Chapter 2.
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1.2 Problem formulation and research objective

Chen (2001) proposed an algorithm to solve phase unwrapping problem which

is called SNAPHU. SNAPHU is a very efficient algorithm which formulates the

phase unwrapping problem as a maximum a posteriori probability (MAP) esti-

mation problem. MAP is a mode1 of posterior distribution2. So MAP provides a

point estimate of an unobserved quanity given a certain event. This MAP problem

is then transformed into cost functions and solved using network flow approaches.

Details of this algorithm is provided in Chapter 3.

The cost functions are objective functions which upon optimization provide an

unwrapped solution. But in regions where there is abrupt change in phase, or

there are faults, the algorithm sometimes provides wrong solutions which can be

identified by visual inspection (Fig. 5.9). Solving this problem becomes the objec-

tive of current research: Improving SNAPHU cost functions such that unwrapped

solution improves in both faulty and smooth regions.

The research objective of the study is:

Improvement of statistical cost functions used in SNAPHU by incor-

porating additional parameters to improve phase unwrapping algorithm.

To fulfill this objective, research questions are formulated as:

Reaserch question

How can the statistical cost functions used in SNAPHU be improved using addi-

tional parameters which gives an improved solution?

This question can then be further divided into two sub-questions:

Question I Can a faulty/non-faulty location be detected in an interferogram

using edge and pattern recognition techniques?

1mode of a probability distribution function is the value x at which the function takes maxi-
mum value.

2posterior distribution of a random event is conditional probability that is assigned once the
event has taken place.
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Question II How to incorporate this information in terms of cost function which

can be used in SNAPHU to solve for the unwrapped interferogram?

These questions are addressed in subsequent sections of this report. Question I is

addressed in detail in Chapter 4. Queston II is discussed in brief in Chapter 3 and

in detail in Chapter 4.

Fault detection is done using Windowed Fourier Transformation and edge detection

techniques. At the same time, phase gradient (section: 2.2.2) information is also

extracted using same technique. This information is then included in SNAPHU

by making new cost functions. At the end of the report, results are shown and

further recommendations are made.

1.3 Scope of study

The objective of current study is to develop a new unwrapping algorithm which

provides better cost functions. These cost functions are then used as an input

for SNAPHU which works as a solver routine. Since SNAPHU is being used as a

solver, new cost functions are formulated in the same way as generated by SNA-

PHU itself. Working on improvement of SNAPHU solver routine is beyond the

scope of current study.

SNAPHU deals with both topography and deformation. Current study is only

focused on cost functions in deformation mode. These cost functions can be gen-

erated using different programming tools such C, C++ or MATLAB. MATLAB is

used to implement new method of cost function generation.

1.4 Outline

This report is mainly divided in three major sections. First chapter deals with

explanation of phase unwrapping algorithms and general philosophy behind un-

wrapping techniques. Simulated data examples are given wherever necessary. Sub-
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sequent chapters deal with signal processing where fault detection algorithm is

worked out. Final chapters include details about how the cost functions are incor-

porated in SNAPHU.

Initially the proposed algorithm is tested with simulated data only. Once the sim-

ulated data provided satisfactory results, a few real interferograms are unwrapped.

In the case of simulated data, it is possible to provide a quantitative estimate of

quality of unwrapped solution. On the other hand, real life data are checked visu-

ally and some manual calculation are made to check the performance. At the end

of report conclusions are provided and recommendations are made.



Chapter 2

Phase Unwrapping Algorithms

Fundamental idea behind phase unwrapping is elaborated in the beginning. In later

section, state-of-the art algorithms are explained.

2.1 Introduction

In active remote sensing, a signal is generated from a source and then the reflected

or backscattered signal is collected at the receiver. Usually this signal is an os-

cillating wave with one or more frequencies. The phase of a signal is defined as

fraction of a wave cycle that has elapsed relative to the origin. So the phase, by

definition, is modulo 2π meaning the values are wrapped in an interval (−π,π).

This phase is termed as wrapped phase since integer number of cycles is missing

from it. The wrapped phase is denoted as φw which is a defined as:

φw = W {φa} = mod {φa + π, 2π} − π,with (2.1)

φa = 2πk + φN (2.2)

φNǫ[−π, π) (2.3)

where W is wrapping operator, φa is the absolute phase of the signal, k is integer

9
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Figure 2.1: Example of a simulated wrapped and unwrapped phase field. The scale is
in radians. Wrapped phase field is obtained by removing inter number of
cycles from unwrapped phase.

ambiguity number and φN is additive phase noise (Hanssen, 2001).

The process of retrieving integer ambiguity k is phase unwrapping. In the most

general and least restrictive sense, phase unwrapping is an impossible problem

since integer number of cycles are missing from the phase (Ghiglia and Romero,

1996). Several methods have been developed for estimation of unambiguous phase

which results into unwrapped phase (φ). So unwrapped phase (φ) is defined as the

phase which is obtained by phase unwrapping process. It is a trivial procedure to

wrap an absolute/unwrapped phase. On the contrary, unwrapping this wrapped

field is of utmost importance, being one of the most significant sources of error

(Chen, 2001). A better idea about wrapped and unwrapped phase field can be

understood from Fig. 2.1.

Several algorithms and heuristics have been developed to solve the problem of

phase unwrapping. The general approach and assumptions are elaborated in fol-

lowing section.

2.2 General method and assumption

The most important assumption that is taken for phase unwrapping problem for-

mulation is that Nyquist sampling criterion is satisfied.
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2.2.1 Nyquist criterion

The first and foremost assumption is that Nyquist1 criterion is satisfied for most,

though not necessarily complete, part of the phase field (Chen, 2001). This means

that aliasing is avoided for most part of the signal space and smoothness is ex-

pected. Only at a physical discontinuity, eg. a fault due to earthquake, there is

not sufficient sampling and the criterion is not satisfied.

This assumption becomes the foundation of the phase unwrapping problem. Under

this assumption, it can be presumed that modulus of the wrapped phase difference

between two neighboring pixels is not more than half a cycle (i.e. π) almost every-

where. Before going into the details of implications of Nyquist criterion, general

unwrapping approach is discussed in following section.

2.2.2 Reconstruction of phase from phase gradients

The general approach for unwrapping process is to estimate phase gradients (dif-

ferences) between two neighboring pixels and reconstruct the unwrapped phase

from phase gradient field by integrating gradients over the complete phase field

(Hunt, 1979). If the difference between two pixels is known, phase values can be

obtained by adding the gradient to one of pixels to estimate the unwrapped values

of another pixel. So phase unwrapping is generally done by first estimating these

gradients.

Now the mathematical expression for phase gradients is derived. The coordinate

convention that is used throughout this thesis is shown in Fig. 2.2.

The phase difference of wrapped phase φw array of size M ×N at a random point

on a grid (i, j) are defined in both x and y direction of 2-D phase field as:

1Nyquist sampling: If the highest frequency in a signal is B, then a sampling rate of 2B sample
per unit distance is sufficient to reconstruct the complete signal.
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j,x

i,y

Figure 2.2: Coordinate convention followed in the current thesis. (i, j) are in accor-
dance with standard matrix coordinate system. (x, y) are image coordi-
nates.

∆φ
w,(y)
i,j =







W{φw
i+1,j − φw

i,j} i = 0, ..,M − 2; j = 0, .., N − 1,

0 otherwise
(2.4)

∆φ
w,(x)
i,j =







W{φw
i,j+1 − φw

i,j} i = 0, ..,M − 1; j = 0, .., N − 2,

0 otherwise
(2.5)

where W is wrapping operator and φw is wrapped phase. Similarly phase gradients

for any phase field can be calculated.

An example of 1-D unwrapping

A simple 1-D phase unwrapping example is given in Fig. 2.3 to get better idea

about Nyquist criterion and phase unwrapping in general. The phase values are

shown as a fraction of a cycle. On the arrows, the phase jump is shown. A peculiar

situation arises at the location of the arrow where the modulus of phase jump is

more than 0.5. Since we assume that Nyquist criterion is satisfied, this phase
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Figure 2.3: Example of 1-D wrapped and unwrapped array. (a) Wrapped phase values
shown as a fraction of a cycle (b) Unwrapped phase values obtained under
Nyquist criterion.

jump is offset to 0.25 from -0.75 by adding one cycle. Once the phase jumps are

calculated, a simple integration is done by adding the phase jumps from left to

right. The phase differences can be more than half a cycle in a real life situation

and the assumption of Nyquist sampling does not hold any more. For example,

if the phase jump is 1.25 instead of 0.25, a complete cycle will be missing in the

unwrapped estimate. Moreover, since integration is done pixel-by-pixel, the error

will propagate to the complete array.

There is nothing much that can be done in 1-D case, but in case of 2-D unwrapping,

the gradient is in both x and y directions. Here, further mathematical tools can

be used to mitigate this situation where error propagates to the complete phase

field. The techniques are further explained in next section.

2.2.3 Conservative and non-conservative field

A vector field is said to be conservative if the integration from one point to another

point is path independent. A conservative field is necessarily an irrotational field

meaning the curl over a closed loop is vanishing. The phase field is a measured

physical quantity which can be considered as a potential or scalar field (Chen,

2001). Mathematically, a scalar field φ is irrotational if curl of the field is equal to

zero as:

∇×∇φ = 0 (2.6)
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Figure 2.4: Irrotational field. The δ values are phase gradients, in clock-wise order.
The summation of these gradients is equal to zero in an irrotational field.

where ∇ is gradient operator as:

∇ = (
∂

∂x
i+

∂

∂y
j) (2.7)

where i and j are unit vectors in x and y directions respectively.

True phase gradient∇φ is unknown and has to be estimated with wrapped gradient

∇φw (Hanssen, 2001).

Eq. (2.4) can be further understood by Fig. 2.4. The values shown are phase

values and closed loop integral is identically equal to zero. Mathematically, the

evaluation of smoothness is given as:

ri,j = ∆φ
w,(x)
i,j +∆φ

w,(y)
i,j+1 −∆φ

w,(x)
i+1,j −∆φ

w,(y)
i,j

i = 0, ..,M − 1 j = 0, .., N − 1 (2.8)

where r is termed as a residue and its values can be 0, -1 or 1 (Goldstein et al.,

1988).

The observed signal is not necessarily conservative throughout the phase field.

This is caused by noise and undersampling. If the condition of irrotational field

doesn’t hold, the integration becomes path dependent and unwrapped phase is not
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(a)

(b) (c)

Figure 2.5: Path dependence in irrotational field. (a) The 2x2 pixel phase field is
not conservative since the sum of residues does not vanish. (b) and (c)
are unwrapped solutions, but integration is done by different paths. As
observed, the final unwrapped result is not the same and depends on choice
of path.

unique any more. Fig. 2.5 further shows how the solution is path dependent.

Goldstein et al. (1988) indicated in his work that if unequal number of positive and

negative gradients occurs in a loop (in Fig. 2.4 the cycle is a loop), the residues

do not vanish. This problem must be dealt with since only one true unwrapped

solution is possible. To deal with path dependence, the residues are discharged by

connecting them making cuts that serve as barriers for integration process.

Significant work has been done during last couple of decades on phase unwrap-

ping problem in InSAR. Following section provides details about some noteworthy

works.

2.3 Previous formulations and Algorithms

Several attempts have been made to solve the problem of phase unwrapping in

various fields eg. SAR interferometry (InSAR)(Goldstein et al. (1988); Ghiglia

and Pritt (1998); Costantini (1996); Chen (2001)), MRI scanning (Szumowski
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et al. (1994); Moon-Ho Song et al. (1995); Ching et al. (1992)) etc. In this section,

some major and widely accepted methods for SAR interferometry are explained.

One common attribute to all the algorithms is that phase gradients are estimated

rather than direct unwrapped phase values. These gradients are then integrated

to calculate unwrapped phase values.

These mathematical formulations and algorithms can mainly be divided into three

sections:

• Branch cut algorithms (2.3.1)

• Lp norm framework (2.3.2)

• Network flow algorithms (2.3.3)

2.3.1 Branch-cut algorithm

Branch-cut method of phase unwrapping was first introduced by Goldstein et al.

(1988). This algorithm identifies residues and connects them using branch-cuts.

By Eq. (2.8), if the value of a residue (r) is +1, it is considered as positively

charged, and if it is −1, it is considered as negatively charged. The branch-cuts

connect positive and negative charges in such a way that a cut is ’charge free’.

These cuts serve as a fence for the integration. This way, the inconsistency of the

solution is avoided and a final unique unwrapped field is achieved independent of

integration path. Fig. 2.6 shows the location of a branch cut. As observed, a

branch-cut is a cut drawn from one residue to another via shortest path. The goal

is to minimize the total length of the cuts since these are the only locations where

a phase discontinuity (a jump of more than half a cycle) is allowed. Shortest path

ensures that the number of these locations is kept to a minimum which is purely

a mathematical assumption and no real world physical interpretation is made.

In the original paper, Goldstein et al. (1988) proposed a selection of a random

residue and then a 3x3 search box is created to look for further residues. If a

residue is found, it is connected to an existing residue via a cut. If the cut is

neutral, it is considered complete and next residue is selected and same steps are

repeated. If a residue is not found, the size of the box is increased to 5x5 and same
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Figure 2.6: Example of a branch-cut. The phase values are shown as a fraction of a
cycle. Residues are mostly 0. Positive and negative residues are connected
by a line. This line serves as barrier and integration is not allowed over
this cut.

steps are taken. In a nutshell, all residues are connected producing charge-free cuts,

hence the solution is consistent, and probable locations of the discontinuities are

estimated. Since integration is not allowed over a cut, these are the only locations

where a phase jump of more than half a cycle is allowed. Finally, to minimize the

length of the cuts, if boundary of the field is encountered, the tree is connected to

the boundary and deemed neutral, considering the boundary to be superconduct-

ing.

This algorithm had several shortcomings. The most prominent one was that the

residues are not checked as visited/non-visited. So the same residues are visited

multiple number of times. Also, in areas of high noise (dense residues), the cuts

have dendritic appearance, and hence are called trees. These dense cuts may iso-

late some parts of the field, resulting into holes in the unwrapped solution (Zebker

and Lu, 1998).

Following the same philosophy of neutralizing residues, minimum spanning tree
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Figure 2.7: Nodes and arcs representation of a phase field. a,b,c,d are pixels. E is an
arc and V is node. A complete phase field can be represented in terms of
nodes and arcs accordingly.

approach is developed which is described in following section. Earlier attempt was

made by Ching et al. (1992) for MRI data which was adapted by Chen (2001) for

InSAR phase unwrapping.

2.3.1.1 Minimum Spanning Tree

An improved version of branch-cut algorithm is developed by (Chen, 2001) which

uses Minimum Spanning Tree (MST) approach. This problem is well studied in

graph theory. A graph is an abstract representation of a set of objects where

some pairs of the objects are connected by links. The interconnected objects

are represented by mathematical abstractions called vertices, and the links that

connect some pairs of vertices are called arcs2 (Trudeau, 1993). Reader is directed

to Ahuja et al. (1993) for detailed study of the problem. Only general outlines are

provided here.

A phase field is defined in terms of nodes and arcs where an arc is the edge that

divides two neighbouring pixels and node is intersection point of arcs. Fig. 2.7

shows this representation.

These nodes and arcs are represented as a connected, weighted, undirected graph

G = (V,E), where V is set of all the nodes and E is set of all the arcs. A function

2It should be noted that arcs are generally termed as edges in graph theory, but since edge is
used in a different sense in later sections, the connection between vertices is termed as arc here.
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w : E → R assigns weight w(e) to each arc e. The minimum spanning tree T of

graph G is achieved by minimizing:

w(T ) =
∑

eǫT

w(e) (2.9)

Prim’s3 is used to solve for T . Chen (2001) proposed Algorithm 1 to solve for a

minimum spanning tree problem.

Algorithm 1 MST algorithm pseudo code

Start
Choose one charge as root of tree T
while T doesn’t not contain all charges do

Start
Find the shortest Euclidean path λ from any node on T to a charge

not on T incorporate λ into T , and set arc distance λ to zero
End

end while
integrate phase

End

Once this tree is generated, the branches are considered as branch-cuts. Unwrap-

ping is then done by flood-fill4 method (Goldstein et al., 1988). One major advan-

tage of this method is that it generates tree, which is, by definition, loop-free. So

it is guaranteed that the final unwrapped solution will be complete without holes.

2.3.2 Lp norm optimization

Another method of phase unwrapping is formulating the problem as a polynomial

optimization problem. This method was proposed by Ghiglia and Romero (1996).

Some attempts were made earlier as L2 norm (lease square) optimization (Takajo

3Prim’s algorithm is a greedy algorithm which is used to find a minimum spanning tree of
network. Reader is directed to (Chen, 2001) or (Ahuja et al., 1993) for further details.

4flood-fill integration method finds connected pixels without a branch-cut along the arcs
between them and unwrapping is done under the assumption that Nyquist sampling criterion is
fulfilled.
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and Takahashi (1988); Ghiglia and Romero (1994)). Lp norm optimization ap-

proach was a more general method which combined the earlier methods. General

discussion of the approach is given here.

In this approach, the objective is minimizing the difference between wrapped phase

differences (∆φw) and unwrapped phase differences (∆φ)((2.5)) under Lp norm ap-

proach. For an M×N grid from Eq. (2.5), general Lp norm optimization objective

is defined as:

minimize{
M−2
∑

i=0

N−1
∑

j=0

w
(y)
i,j |φi+1,j − φi,j −∆φ

w,(y)
i,j |p

+
M−1
∑

i=0

N−2
∑

j=0

w
(x)
i,j |φi,j+1 − φi,j −∆φ

w,(x)
i,j |p} (2.10)

where w is the weight, indices x and y represent gradients in respective directions

and p is the scale of optimization.

It is to be noted that Eq. (2.10) is a generic optimization criterion which is

independent of the solving method. It is possible that same optimization criterion

is used for guiding the unwrapping process but different methods are used for

optimization process. This may result into completely different solutions (Chen,

2001).

A particular case of p = 2 was solved by Ghiglia and Romero (1994) using fast

transformation (discrete cosine transformation). Only after this, a general Lp

norm optimization was proposed.

In Lp norm optimization, no gradients are explicitly dropped, so usually the un-

wrapped solution is smooth and generally not congruent. A non-congruent solution

means that the difference between wrapped and unwrapped gradients is not al-

ways integer number of cycles. Though some attempts were made again to enforce

congruence after optimization (Ghiglia and Pritt, 1998), but this is done at the

expense of Lp norm estimate. In any case, the congruence is not ensured before
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the optimization and is not a part of the solving methods.

Ghiglia and Romero (1994) derived relationship of Lp norm optimization and pre-

vious branch-cut algorithm. They concluded that for p = 0, Eq. (2.10), gives

a a value which is equal to sum of number of samples for which wrapped and

unwrapped gradients are not equal. So L0 case minimizes the sum of cut lengths

which is, in fact, equivalent to branch-cut/minimum spanning tree method of un-

wrapping.

These developments relied upon one fundamental idea: defining the problem as

an optimization problem. Chen (2001) further explored the idea and took the

optimization objective beyond polynomial optimization and created a more general

optimization objective which is discussed later.

2.3.3 Network-flow algorithms

Lp norm optimization approach put the unwrapping problem in a mathematical

perspective, but it didn’t suggest any method to solve the problem. Network

flow theory overcomes this issues. Network flow theories are widely studied in

computer science and one major advantage of these algorithms is that along with

optimization objectives, they provide means of solving the objective functions.

Idea of network-flow optimization is not new to SAR interferometry. Some implicit

network-optimization models were given in 1990’s (Pritt, 1996) but first explicit

attempt was made by Costantini (1996, 1998). In this model, a grid of each 2x2

pixels is represented as a node and phase gradients are represented as arcs5 (Fig.

2.7). Using the notation of branch-cut method, a positive residue is denoted as

surplus and a negative residue is denoted as demand. General minimum cost flow

problem is formulated in the following section.

5An edge and arc are different naming convetions of same quantities. Arc is a commonly
used term in Network theory and edge is more common term in Graph theory. For the sake of
simplicity, edges in graph theory are referred as arcs.
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2.3.3.1 Minimum-cost flow optimization

A brief mathematical model is described in this section. Consider same graph

G(V,E) again with source (supply) sǫV (+1 residue nodes) and sink (demand)

tǫV (-1 residue nodes) where arc (p, q)ǫE has capacity6 k(p, q) > 0, and flow7

χ(u, v) ≥ 0 and cost8 C(u, v), which is constant in present case. Say total supply

is A (sum of positive residues) and total demand is B (sum of negative of residues).

The minimum-cost flow problem is formulated as:

minimize

{

∑

E

C(u, v).χ(u, v)

}

(2.11)

under the constraints

χ(u, v) ≤ k(u, v) (2.12)

χ(u, v) = −χ(v, u) (2.13)
∑

wǫV

χ(u, w) = 0 for all u 6= s, t (2.14)

A = B (2.15)

In words, flow is taken from supply nodes to demand nodes along the arcs on a

network such that total cost is minimum. A robust algorithm is developed for the

solution of minimum cost flow problem by Goldberg (1997). Costantini (1998) also

concluded that Eq. (2.11) is equivalent to Eq. (2.10) when p = 1. So minimum

cost flow is a specific case of Lp norm optimization where p = 1. This method

not only provides a mathematical formulation, but a method to solve makes it a

practical approach.

6capacity: maximum allowed flow through an arcs
7flow: amount of flow through an arc
8cost: cost of unit flow through an arc
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Figure 2.8: Example of an MST and MCF solution. Blue line is an MST solution
where the total cost of the flow is 12. Red line is one of the probable
solutions given by MCF optimization where total cost of flow is 6.

Comparison between MCF and MST

If all the costs along the arcs on a grid are same, minimum cost flow (MCF) and

minimum spanning tree (MST) produce same results. They differ only if the costs

are different. So assigning cost is a way of guiding the flow which ultimately be-

comes the branch cuts. An example of how different costs produce different results

is shown in Fig. 2.8. The number written on an arc is an assigned cost (C) of

flow associated with that particular arc. Total flow (χ) on the network is one,

since there is only one supply node (A) and one demand node (B) with unit flow

generation at supply node.

Blues lines (zig-zag structure) is a possible solution based on MST. The total cost

of flow is 12 in this case. The red line (2 long straight lines connecting residues)

is a possible MCF solution where the total cost of flow is 6. Thus, different cost

will force the flow through different arcs which will result into different unwrapped

solution.

MCF and MST generally provides different results. In some cases, MST is a
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better solution and sometimes MCF gives a better solution. If proper weights are

assigned, MCF is more likely to produce better results since more reliable gradients

are given higher weight. Nevertheless, both approaches are purely mathematical

and no relation to physical reality is incorporated in the formulation and solution

of the problem.

2.3.3.2 SNAPHU

SNAPHU is another network flow optimization based algorithm. Here a brief in-

troduction is given. Chapter 3 provides details about this algorithm. Chen (2001)

incorporated network-flow optimization with more general cost functions. Rather

than using only polynomial optimization objective (Eq. (2.10)), he used more

general optimization objective functions. He formulated the phase unwrapping

problem as a maximum a posteriori probability (MAP) estimation problem. Ad-

ditionally, congruence is incorporated within the algorithm, which was not the case

in Lp norm optimization.

The use of SNAPHU in current context is very important since external cost

functions can be generated and then can be given as an input to SNAPHU. So ap-

plication specific new cost functions can be generated and optimized with different

settings.



Chapter 3

Statistical Models and Non-linear

Optimization

Chen and Zebker (2000b) proposed a phase unwrapping algorithm based on statis-

tical models and non-linear optimization1. In this approach, the phase unwrapping

is considered as a maximum a posteriori probability estimation (MAP) problem.

MAP is a Bayesian statistical approach to calculate a point estimate of a posterior

probability distribution where posterior distribution is a conditional probability

which is assigned after relevant evidence is taken into account (Dekking, 2005).

This approach assigns maximum likelihood value to a random variable based on

empirical data. For a probability distribution function (PDF) of the vector of

observables αǫRm which is parameterized as fα(α|β), with βǫRn unknown. The

maximum likelihood value of β is defined as

β̂ = argmax
βǫRn

fα(α|β). (3.1)

A model of the statistical characteristics of the interferogram phase and its rela-

tion to the quantities such as image intensity or image coherence was developed.

1Non-linear optimization is the process of solving a system of equalities and inequalities,
collectively termed constraints, over a set of unknown real variables, along with an objective
function to be maximized or minimized, where some of the constraints or the objective function
are nonlinear (Bertsekas, 1998)

25
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Given a 2-D wrapped phase field Φw 2, the minimization of this objective function

results into Φ̂, which is an estimate of absolute phase Φa, where Φ̂ maximizes

the total conditional probability density functions (PDF) f(Φ|Φw). By definition,

MAP distribution function can be any function which makes the problem set up

very flexible.

MAP puts the unwrapping problem is terms of a more general mathematical opti-

mization objective. Then MAP distribution functions are mapped to cost functions

which are then used to solve the problem over a discrete wrapped phase field. Us-

ing this statistical model, non-linear network flow optimization problem is solved

to find the unwrapped solution. The critical information developed in the complete

algorithm is the development of the objective function, which assigns appropriate

value to a probable solution. The more robust these objective functions are, the

better the final solution is. Of course, development of these functions depends

greatly on the probabilistic relation of physical quantities to the mathematical

models.

3.1 MAP distribution functions

MAP distribution functions are objective functions that allow a greater flexibility

in creating the optimization objective. Instead of dealing with phase values di-

rectly, the unwrapped phase derivatives ∆Φ are estimated, given wrapped phase

derivative ∆Φw (Chen, 2001). Further assumption is taken that the PDF f(Φ|Φw)

is separable, meaning individual unwrapped gradients ∆φ are statistically inde-

pendent from each other given their wrapped counterparts ∆φw. This assumption

of independence is, in fact, not strictly correct though (Chen, 2001). This is to

be noted that upper and lower case letters are not random variables but their

specific instances. f(−) represents a random variable eg. f(Φ|Φw) is equivalent to

fΦ|Φw(Φ|Φw).

A general unwrapped PDF is shown in Fig. 3.1. This illustration represents the

2Captial letters denote complete array and small letters denote individual instances.
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Figure 3.1: Example of an unwrapped gradient PDF. f(∆φ) takes only values which
are integer offset from wrapped gradient ∆φw under the assumption of
congruence. The shape of PDF is general and doesn’t represent the real
shape of MAP PDFs used in SNAPHU (Chen, 2001).

general idea behind the PDFs. Random variable f(∆φ) takes values at points

where the unwrapped solution is integer number of cycles offset from the wrapped

gradients (∆φw).

Now the objective of the optimization problem is defined as:

f(∆Φ|∆Φw) = maximize

{

∏

κ

f(∆φ|∆φw)

}

(3.2)

κ represents that multiplication is taken over all the row-wise and column-wise

gradients. f(∆φ|∆φw) is an individual instance of a MAP PDF.

Eq. (3.2) is a maximization problem. Generally, it is more convenient to deal with

minimization problems. Also, multiplication is a costly operation (Chen, 2001).

So the objective is transformed into:

minimize

{

−
∑

κ

log(f(∆φ|∆φw))

}

(3.3)

Thus, MAP distribution functions are negative logarithms of the unwrapped gra-
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dient PDFs:

gκ(∆φκ,∆φw
κ ) = −

∑

κ

log(f(∆φκ|∆φw
κ )) (3.4)

where gκ is a single MAP PDF.

The unwrapped values follow the assumption of congruence, i.e. the unwrapped

gradient is offset to wrapped gradient by only integer number of cycles. So g

is a probability mass function rather than a density function. f(∆φ|∆φw) is a

conditional probability mass distribution, which can be further simplified as:

f(∆φ|∆φw) =











f∆φ(∆φ)
∞∑

l=−∞

f∆φ(∆φw+2lπ)
if ∆φ = ∆φw + 2kπ ,

0 otherwise

(3.5)

Where k and l are integers. The denominator is independent of ∆φ so has no

effect on minimization problem of Eq. (3.3). So Eq. (3.5) can be written as:

gκ(∆φκ,∆φw
κ ) = −log(f(∆φκ)) for ∆φκ ≡ ∆φw + 2kπ (3.6)

The Eq. (3.6) is the MAP distribution function. It depends on f(∆φ) so a good

knowledge of f(∆φ) is important.

From Eq. (3.6), each arc has a PDF assigned to it. These PDFs are discrete

functions at integer offset values. It means that different between an unwrapped

phase and its wrapped counterpart is integer number of cycles. For a MAP esti-

mate, solution benefits from inclusion of additional information. Intensity I and

coherence γ are available for all the SAR interferograms. So Eq. (3.6) becomes

gk(∆φ,∆φw) = −log(f(∆φ|I, γ)) for∆φk ≡ ∆φw + 2kπ (3.7)

where I is average intensity of SAR images used to create the interferogram and

γ is the magnitude of interferogram complex correlation coefficient. The local

coherence is the cross-correlation coefficient of SAR image pair estimated over a

few pixels in both range and azimuth directions. Coherence γ is calculated as:
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γ =
E {y1y∗2}

√

E {|y1|2}E {|y2|2}
(3.8)

where y1 and y2 are complex values of pixels of SAR images and E is expected

value of a function (Hanssen, 2001).

It should be noted that the shape of MAP PDF varies throughout the interfero-

gram, since each phase gradient has a different I and γ values.

Theoretically, a MAP PDF can be any function. In SNAPHU, these PDFs are

Gaussian or Gaussian-like functions. Gaussian-like functions are combination of

a Gaussian function joined with a shelf-like region. Also it should be noted that

logarithm of a Gaussian function is a parabolic function.

SNAPHU formulated the phase unwrapping problem as MAP estimation prob-

lem. MAP PDFs described here provides mathematical basis of the optimization

problem. Once the problem is set up, SNAPHU solved the MAP PDFs using cost

function approach which are described in following section.

3.2 Deformation and MAP cost functions

One of the many prime interests of SAR interferometry is study of deformation.

Deformation is displacement of ground or objects on ground between two different

epochs. These time instances are acquisition times of two SAR images which are

used to create an interferogram. Deformation can be caused by several phenom-

ena such as earthquake, volcanic activity, glacial activities, subsidence, etc. It is

assumed that the signal acquired is deformation signal along with noise i.e.

φsignal = φdefo + φnoise (3.9)

∆φsignal = ∆φdefo +∆φnoise. (3.10)

Under the assumption that only deformation signal is present in an interferogram,

signal is independent of intensity I. Further, the functions behave similar in both

range and azimuth directions since there is no physical difference in terms of de-
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formation in both directions (Chen, 2001). So Eq. (3.7) becomes:

gκ(∆φ,∆φw) = −log(f(∆φκ|γ) for∆φκ ≡ ∆φw + 2kπ. (3.11)

So, from Eq. (3.11), deformation mode cost functions are only functions of γ. Chen

(2001) assumed a direction correlation between coherence γ and deformation which

is a weak assumptions. It was assumed that coherence is low at the locations of

phase discontinuities which is true but low coherence can be caused by several

other reasons eg. vegetation or water bodies. SNAPHU estimates phase jumps at

these location which sometimes result into wrong unwrapped solution which can

be visually inspected. This is the reason behind current research work: to find a

better physical quantity which reflects the probability of a branch cut and then

use that information to create new cost functions for better unwrapped solution.

Now, the statistics for deformation model is developed. Important point to be

noted here is that MAP functions are assigned values empirically and certain

parameters are adjusted by analyzing the unwrapped results.

First, a threshold coherence value, γmin is selected. Above this value of coherence,

cost functions are parabolic, negative logarithms of Gaussian noise PDF, centered

at zero (dashed line in Fig. 3.2). For the locations where coherence is less than

selected γmin, the PDF is defined in 3 different regions which is combination of

parabolic and shelf-like regions (solid line in Fig. 3.2).

g(∆φ) =
∆φ2

σ2
∆φ

for γ ≥ γmin (3.12)

In the situations where γ is less than γmin, the cost function is:

g(∆φ) =



















∆φ2

σ2

∆φ

if |∆φ| ≤ ∆φcrit

gd if ∆φcrit < |∆φ| ≤ ∆φmax

(|∆φ|−|∆φmax|)2

Ctailσ
2

∆φ

if |∆φ| > ∆φmax

(3.13)

Where

|∆φcrit| =
√

gdσ2
∆φ (3.14)



3.3. SNAPHU SOLVER ROUTINE 31

co
st

-ΔΦ
max

ΔΦ
max

ΔΦ

σΔΦ

g
d

Figure 3.2: The MAP cost functions in both cases where γ ≥ γmin and γ ≤ γmin .
Solid line is for the case where γ < γmin. Otherwise its a dashed line
(Chen, 2001).

Here, Ctail is a constant. γmin, gd and ∆φmax are assigned values empirically.

3.3 SNAPHU solver routine

SNAPHU uses network-flow optimization approach to solve for the unwrapped

phase. A brief description is already provided in Chapter 2. Here, SNAPHU al-

gorithm is described in a bit more detail. The reader is referred to Ahuja et al.

(1993) and Chen (2001) for further explanation.

Within SNAPHU, the first solution is produced using either L0(minimum spanning

tree, section: 2.3.1.1) or L1 (minimum cost flow, section: 2.3.3.1) optimization in-

stead of directly solving with cost functions. L0 and L1 optimizations are explained

in Chapter 2. This improves the efficiency of the problem since the first solution

is fast to obtain. Only after that, iteratively a Dynamic cost cycle canceling algo-

rithm is used to further improve the quality of solution to estimate the maximum

probable solution.

SNAPHU uses this approach of first estimation to make the solver computationally

efficient. The L0 approach works well in high coherence areas where residues are

not dense. But in residue rich areas, the algorithm doesn’t provide a good solution
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with respect to minimum-cost flow approach. It should be noted that the network

is originally optimized with respect to L0 metric, and then it is possible to improve

this network with respect to minimum-cost flow approach that is, in fact, L1 met-

ric based. Detailed analysis of cycle-canceling is out of current context. Reader

is suggested to go through Ahuja et al. (1993) and Chen and Zebker (2000a) for

more elaboration. As evident from the name itself, cost-cycle canceling is based

on cycles (i.e. loops) iteratively augmenting flow in closed loops, and adjusting

cost of flow.

The use of SNAPHU in present research work is as a tool that maximizes the

total conditional probability density function i.e. f(Φ|Φw). MST and MCF are

only starting points of the solution which gives a quick first estimate. Then the

problem ultimately converges towards the final objective. So the final solution can,

in fact, be completely different than MST or MCF. Also, final solution depends on

the first estimates. Strikingly different solutions are produced depending on first

solution being MST or MCF based.

3.4 Analysis of unwrapping algorithm using SNA-

PHU

The purpose of current study is to improve SNAPHU. But first, it needs to be es-

tablished that improved cost functions is one of the ways to achieve better solution.

Methodology adopted for testing is to create simulated data and then unwrap it

with different settings in SNAPHU. Then create new cost functions, and test the

effect of these functions on unwrapping algorithms.

SNAPHU has a versatile solver routine. It solves the networks using MST, MCF

and cost-cycle canceling algorithms. Additional flags can be passed to stop the

solver at only MST and MCF solution without going into cost-cycle canceling.

The capability of inputting external cost functions enables a user to test the un-

wrapping algorithm’s sensitivity towards different costs. This feature is exploited

in detail in following section with descriptions about how cost functions are gen-
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Figure 3.3: Example of simulated data. (i)Top left is unwrapped phase (ii) Top right is
wrapped phase (iii) Bottom left is same unwrapped phase but 30o standard
deviation noise is also added (iv) similarly wrapped phase with noise. Scale
is in radians.

erated and input in SNAPHU. A few examples are shown below.

Example 1 First example is a deformation pattern caused by a fault running

through an area. This deformation pattern is shown in Fig. 3.3.
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location of the phase jumps
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Figure 3.4: Phase jumps in the simulated data. These are the locations where phase
gradient is more than half a cycle. These locations are obtained from true
unwrapped solution and are shown on a wrapped solution.

Since the data is simulated, it is possible to know the locations of the phase jumps.

From a true unwrapped solution, the locations are identified where the difference

between two pixels in more than half a cycle. Examples of these jumps are shown

in Fig. 3.4(page: 34) where the image is zoomed in to make these locations visible.
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location of residues
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Figure 3.5: Residues in the simulated data are shown as black and white dots. Black
dots correspond to −1 and white dots correspond to +1 residue. These are
the locations where closed loop integral of phase gradients is not vanishing.
It is observed that residues generally occur in pairs.

Residues are important information to observe. The concept of residues is ex-

plained in Fig. 2.4 (page: 14). Example of residues is shown in Fig. 3.5. Here

also, only a small part of the interferogram is shown. In the Fig. 3.5, the white

dots are positive residues and black dots are negative residues. Generally when

residues occur due to noise, they occur in pairs. So most likely, the branch cut will

directly connect them along the arc between the two residues. It is observed that

in cases where there is a phase jump because of real discontinuity eg. fault due to

earthquake, residues don’t occur in pairs. Connecting them is a major issue that

makes the unwrapping problems difficult to address.

Now, this simulated unwrapped phase is wrapped and then unwrapped with SNA-

PHU. The minimal SNAPHU configuration file is shown in Appendix A. For

detailed settings, reader is referred to (SNAPHU configuration file). The main

point to be noted in this file is that no input cost file is defined. So cost func-

tions are created by SNAPHU itself. It is possible to set own functions which are

discussed later in this example.
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branch cuts made by SNAPHU
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Figure 3.6: Branch cuts made by SNAPHU. Dark red line is the location of the real
fault where there are true phase jumps. Black lines are branch cuts esti-
mated by SNAPHU. It can be observed that SNAPHU branch cuts don’t
represent the real location of the discontinuity.

This unwrapped result is shown in Fig. 3.6. The real location of the fault is

shown as a dark red line. The black lines are the lines where SNAPHU predicted

the branch cuts. It can be observed that the branch cuts estimated by SNAPHU

don’t coincide with real phase jumps which resulted into a a wrong unwrapped

solution.

The errors are shown in Fig. 3.7 and Fig. 3.8. Scale is number of cycles.

From Fig. 3.7, it can be seen that there are large zones of error in unwrapped

solution which is a direct consequence of mislocating the branch cuts. One point

to be mentioned here is that no coherence information is additionally supplied for

unwrapping. But as elaborated in previous chapter, its not a very reliable source

of information. The numbers of pixels with error values are shown in Fig. 3.8 as a

bar graph. It is observed that about 8% of the total pixels are wrongly unwrapped.
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errors in estimated phase (scale is number of cycles)
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Figure 3.7: Error of the unwrapped solution generated by SNAPHU with respect to
true unwrapped solution. Scale is number of cycles.
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Figure 3.8: Number of pixels with error values. x -axis is number of cycles.
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Figure 3.9: Example of cost function parameters. The figure is not to scale and pro-
vides a general idea about the shape of the objective functions. Number
1-4 represent the columns as shown in Table: 3.1

The wrong unwrapped solution provided by SNAPHU is direct consequence of

wrong estimation of cost functions. It is possible to generate external cost functions

and then optimize them using SNAPHU. Since the true locations of phase jumps

are known already from the simulated unwrapped solution, new cost functions

are generated using this information. From Fig. 3.9, there are 4 parameters that

are used to set up these cost functions. So for each arc, there are 4 parameters

describing the shape of the function.

The 4 parameters shown in Fig. 3.9 are explained in Table: 3.1.

The location of the phase jumps are known using simulated true unwrapped solu-

tion. The cost functions are set in such a way that there is maximum probability

of having a branch-cut at locations of true phase jumps. A SNAPHU configuration

file is changed and input external costfile is set provided.

Now, again SNAPHU is used to find unwrapped solution. The resulted unwrapped
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First column mean value of the Gaussian cost function, the
location where peak is occurring

Second column sigsq, variance of the Gaussian part of the
cost functions

Third column values at which cost soars proportional to the
square of the values exceeding this value

Fourth column this value is called laycost in SNAPHU, val-
ues where shelf like region starts

Table 3.1: Setting up the cost functions for SNAPHU. Each arc has 4 parameters which
defines the shape of these functions.

solution is shown in Fig. 3.10.

The error plot of the new unwrapped solution is shown below.

From Fig. 3.11 and Fig. 3.12, the significance of the cost functions can be under-

stood. Improved cost functions provide better results. Initially, about 8% of pixels

were wrongly unwrapped when no cost functions were provided to SNAPHU. But

when better cost functions are generated using true simulated data, only about

0.1% is pixels are wrongly unwrapped.

Example 1 establishes that results produced by SNAPU greatly depend on cost

functions. In this example, new cost functions are generated using simulated data

where locations of phase jumps were known. Since in real like interferograms, true

locations of phase jumps are not known, the location of phase jumps needs to be

estimated using some other technique.

The technique adopted for current study is Fourier analysis which is explained in

next chapter.
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branch cuts made by SNAPHU
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Figure 3.10: The unwrapped solution generated by SNPAHU using external cost func-
tions which are generated using true simulated unwrapped solution. Since
the locations of true phase jumps are known, function is set such that it is
more probable to have a branch-cut at the location of true phase jumps.
Using this information, cost functions are generated which provides im-
proved results.
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Figure 3.11: The error of the unwrapped solution using externally created cost func-
tions.
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Figure 3.12: The number of pixels with error values of the unwrapped solution using
manually created cost fucntions.
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Chapter 4

Edge detection and Cost function

generation

Edge detection is a widely studied topic in various fields. Edges can be loosely

defined as locations where a certain property of an image changes eg. brightness,

coherence etc. Canny edge detector is one the most used method of edge detection.

Reader is directed to Canny (1986) for details about the technique.

For the purpose of current study, edges are defined as locations of phase disconti-

nuity. Generally, phase varies smoothly throughout a coherent interferogram. At

a location of a physical discontinuity, the phase changes abruptly. These locations

are critical in terms of phase unwrapping problem. A branch-cut should be put at

these locations to avoid integration since integration is done under Nyquist sam-

pling criterion and non branch-cut locations are smooth. But before edge detection

technique is applied, the interferogram needs to be transformed into phase gradient

map. This is done by Windowed Fourier Transformation (WFT). WFT is referred

as band-limited or time limited Fourier transformation also. The techniques are

quite old but using this technique for phase pattern analysis to locate faults is

rather new. Phase gradients (∆φ, Eq: (2.5)) is calculated by computing difference

between two neighboring pixels. These measurements include noise which makes

a wrong estimate of the gradients. A better estimate of phase gradient can be ob-

tained by including the neighboring pixels and then using this to find the locations

43



44CHAPTER 4. EDGE DETECTION AND COST FUNCTION GENERATION

of discontinuity. Fourier analysis technique is suitable here since it is less sensitive

to noise. Qian et al. (2005) and Kemao (2007) proposed WFT which is described

below.

4.1 Windowed Fourier Transformation

WFT is a tool to analyze local frequencies in an interferogram. These frequencies

are visible in terms of fringe pattern. Further, fringe frequencies are directly

proportional to phase gradients. At regions where there is high fringe rate directly

infers high phase gradients. Generally, the pattern is expected to change smoothly

throughout an interferogram. Now, the mathematical development of WFT is

elaborated as shown by Kemao (2007).

A general complex interferometric phase pattern can be written as:

φc(i, j) = exp(ι.φw(i, j)) (4.1)

where ι =
√
−1, φc(i, j) is complex phase at a point (i, j) onM×N grid and φw(i, j)

is wrapped phase at same location. Local frequencies (instantaneous frequencies)

are expressed as:

ωx(x, y) =
∂φw(x, y)

∂x
(4.2)

ωy(x, y) =
∂φw(x, y)

∂y
(4.3)

where ωx(x, y) and ωy(x, y) are local phase gradients. Phase distribution in a

window around a pixel (i, j) can be estimated as:

φw(x, y) ≈ ωx(i, j)(x− j) + ωy(i, j)(y − i) + φw(i, j). (4.4)

The transformation equations of WFT are given as:
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F = F(x, y, j, i) =

∫ ∞

−∞

∫ ∞

−∞

φc(x, y)h
∗
j,i,ξ,ηdx dy (4.5)

φc(x, y) =
1

4π2

∫ ∞

−∞

∫ ∞

−∞

∫ ∞

−∞

∫ ∞

−∞

F(j, i, ξ, η)hj,i,ξ,ηdξdηdjdi (4.6)

where F is Fourier spectrum of phase φc, h is Fourier basis function, ∗ represents

complex conjugate of a function. The windowed Fourier element h is:

hj,i,ξ,η = h(x− j, y − i) exp(ιξx+ ιηy) (4.7)

The Fourier basis function is infinite in spatial extent. On the other hand, the

WFT basis function is limited because of limited size of the window function. So F
provides local frequencies which are not possible to see in normal Fourier spectrum.

The transformation is called Gabor Transformation if h(x, y) is a Gaussian window

(Kemao, 2007) as:

h(x, y) = exp(−x2/2σ2
x − y2/2σ2

y) (4.8)

where σx and σy are standard deviation of Gaussian function in x and y directions

respectively. The Gaussian window is normalized such that ||h(x, y)||2 = 1.

On the basis of this transformation method, two techniques are developed:

• Windowed Fourier filtering

• Windowed Fourier ridges

4.1.1 Windowed Fourier filtering(WFF)

In this technique, the Fourier spectrum is limited and then inverse WFT is per-

formed. The threshold (thr) is set by user. The equations for the transformation

are shown next.
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F̄(x, y) =
1

4π2

∫ ∞

−∞

∫ ∞

−∞

∫ ηh

−η1

∫ ξh

−ξ1

F̄(ξ, η, j, i)hj,i,ξ,ηdξdηdjdi (4.9)

where

F̄(j, i, ξ, η) =







F if |F(j, i, ξ, η)| ≥ thr,

0 if |F(j, i, ξ, η)| < thr,
(4.10)

where F̄ denoted the threshold spectrum. It should be noted that the frequencies

in the Eq. (4.9) are not (−∞,∞). Instead, they are [−ξ1, ξh] and [−η1, ηh] for x

and y directions respectively. So the spectrum [ξ, η] ∈ [ξ1, ξh] × [η1, ηh]. This is

done to save the processing time if the maximum and minimum frequencies are

known. Also, [ξ1, ξh]× [η1, η2] ⊆ [−π, π]× [−π, π], since the Fourier basis functions

exp(ιξx+ ιηy) is cyclic and repeats outside this interval.

For example, the window size aroung a pixel (i, j) is 10× 10 is chosen. Its Fourier

spectrum is infinite in spatial extent. But the window size of h, the windowing

function is chosen 3 times that of the spectrum window, since a 3σx and 3σy will

contain 99.5 of the total energy.

Windowed Fourier Filtering (WFF) step iteratively convolves the complex wrapped

phase map with different window functions with different frequencies. A smooth

pattern in the phase map should have a high correlation with one of these win-

dows. The magnitude of this correlation values is termed as Fourier Correlation

Coefficient (FCC). Since it is a correlation value, the interval of values is (0, 1).

At the location of phase discontinuities, FCC values are low.

Example 1 The wrapped phase simulated data is shown in Fig. 4.1.

Now the WFT technique is implemented on this data. The window size is 10× 10

in both x and y directions. The values of ξ ∈ [−2, 2] and η ∈ [−2, 2] with a

jump of 0.1 and threshold is set to 3. The final resulted FCC is shown in Fig.

4.2. The ends of the faults also have very low values of FCC. The signal is sub

sampled here and resolution is low to cover high deformation rate in these regions.

The prime location of interest is low values at the fault. If there is noisy signal

in some part of the interferogram, it will also have low values. Noisy here refers

to the fact that there is no smooth pattern in deformation so no fringes. From

the analysis of the FCC map, the values are high in the regions where there is
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Simulated wrapped phase
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Figure 4.1: Example of simulated wrapped phase. Size is 400 × 400. Area has a
fault running across it. Rest of the interferogram is smooth. 20o standard
deviation noise is added.

Fourier Spectrum Amplitde

 

 

50 100 150 200 250 300 350 400

50

100

150

200

250

300

350

400

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

Figure 4.2: The Fourier Correlation Coefficient map of Fig. 4.1. Scale is (0, 1). The
regions with the fault have smaller values and regions with a pattern have
higher.
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edges detected by canny edge detector

 

 

Figure 4.3: Edges detected by Canny Edge detector in Fig. 4.2. The amplitude is low
in a band near the fault so 2 lines are detected. Post processing is required
to finally make one edges out of 2 lines. The corners of the interferograms
are also detecting edges because of insufficient sampling. These edges need
to be dropped.

a smooth deformation signal. On the other hand, near the fault, the values are

comparatively smaller. This is critical information in terms of phase unwrapping.

If the signal is smooth, there should be less probability of having a branch cut

and vice-versa. This information can be used to assist in setting up better cost

functions.

To detect edges in this MAP, standard edge detection techniques can be used. For

the current analysis, Canny Edge Detector was used. Detailed description of the

technique is provided by Canny (1986).

In Fig. 4.3, the edges detected in FCC are shown. Further processing is required

to use these edges which are addressed in later part of this chapter.
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4.1.2 Windowed Fourier Ridges

Window Fourier Ridges (WFR) is another technique based on WFT. First the

mathematical development is shown. Then the interpretation is given with ex-

amples. Consider a pixel (i, j) in the interferogram. The fringe pattern in the

neighborhood of this pixel is most similar to one of the WFT elements with a

particular ξ and η. This WFT element is referred as a ridge (R). The values of

these ξ and η are taken as local frequencies at (i, j). Since the similarity can be

shown as amplitude of the spectrum, the local frequencies can be found out by:

[ωx(i, j), ωy(i, j)] = argmax
ξ,η

|F(i, j, ξ, η)| (4.11)

So the local frequencies take the values of WFT elements frequencies. Now ridge

and phase values are:

R(i, j) = |F [i, j, ωx, ωy]|, (4.12)

θ(j, i) = angle{F [i, j, ωx, ωy]}+ ωx(i, j)j + ωy(i, j)i. (4.13)

In WFR techniques, IWFT is not required. The values of ωx and ωy can then

be used to find phase discontinuities. For most part of the interferogram, fringes

change smoothly. Its only near the faults where there is an abrupt change in local

phase gradients. To extract edges, again, standard edge detection techniques are

used. In this case, Sobel Edge detector is used. Sobel provides location where

gradient is more than set threshold. Local frequencies are shown in the Fig. 4.4

and Fig. 4.5.

Frequencies ωx and ωy are equal to phase gradients. This can be then used in

formulation of cost function since they provide a better estimate than previous

phase gradient concept introduced in SNAPHU. The new function based on phase

gradient is formulated in next chapter.
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local frequencies in X direction
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Figure 4.4: Local frequencies in X direction using WFR technique. Scale is radians
per pixel in x direction.
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Figure 4.5: Local frequencies in Y direction using WFR techniques. Scale is radians
per pixel in y direction.
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4.2 Edge detection and processing

The edges detected have certain artifacts. For example, in Fig. 4.3, there are two

lines. Similarly in the edges detected by local phase gradients, there are certain

errors. These errors are mainly disconnected lines. The reason can be inaccurate

thresholding or actual signal. This needs to be handled since the branch cuts

should not be put across a discontinuity.

This requires feature extraction from the image (edges in current case). Snapping

of the objects and healing the edges is an extensively studied topic particularly by

GIS specialists (personal talks with Dr. Hugo Ledoux, OTB research institute, TU

Delft). Estimating linear features is the first step. Edge detectors provide zigzag

looking edges since phase discontinuities are not detected precisely. A general

schematic of edge connection algorithm is shown in Fig. 4.6.
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Input edges

Break the edges in smaller parts such that there are no nodes

Select a threshold. Objects with size bigger than this
threshold are considered for fitting a straight line

Drop the objects with high root-mean-
sqaure error with respect to line fitting.

Iteratively check one by one, if two lines are match-
ing in terms of angle and distance between them.
Connect them if it is within acceptable limits

Figure 4.6: General schematic of edge connection problem.

4.3 New cost functions

After exploring the possible parameters which are better indicative of phase dis-

continuities, new cost functions need to be set up. To reiterate previous cost

functions for deformation mode in SNAPHU from Eq. (3.7), page: 28,

gκ(∆φ,∆φw) = −log(f(∆φ|I, γ)) for∆φκ ≡ ∆φw + 2kπ
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Figure 4.7: Example Cost functions in deformation mode. It is shelf-like region
throughout the probable solution in location where edges are detected
(solid lines). On the other hand, dashed line is cost function for smooth
region. The offset and standard deviation for dashed line is calculated from
phase gradient ωx,y

Following the same philosophy, new MAP PDFs are generated using estimated

phase gradients and FCC. Mathematically, they can be defined as:

gκ(∆φ,∆φw) = −log(f(∆φ)|FCC, ωx,y) for∆φκ ≡ ∆φw + 2kπ (4.14)

where κ represents PDF for one arc and k is integer. Eq. (4.14) creates new

optimization objective functions. These functions behave different in different

locations. The region where edges are detected, it is more likely that branch cut

should be put. Since the number of offset cycles is unknown, all the possible values

are equally likely. Hence, the function is flat shelf- like region as shown in Fig. 4.7.

On the other hand, the locations where phase gradient is smooth, it is less likely to

have a phase jump. Hence the shape of the PDF at these locations is a parabolic

function, centered at wrapped phase gradient. Standard deviation is empirically

adjusted using the FCC since FCC indicates the quality of the estimated gradients.

The PDF of Eq. (4.14) is then transformed into cost functions as explained in

section 3.2 . Once new cost functions are generated, SNAPHU can be used to find

the unwrapped solution.
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Chapter 5

Results and discussions

After development of new cost functions, it is required to test if the new cost

functions are providing satisfactory results or not. Testing is done in two stages.

First stage is testing with simulated data and then real data are tested in second

stage.

First, the simulated data example is given in following section.

5.1 Testing with simulated data

An example of simulated wrapped phase is shown in Fig. 5.1.

First the signal processing step is done to calculate Fourier Correlation Coefficient

(FCC; section: 4.1.1, page: 45) and estimated local phase gradients ωx,y. The plot

is shown in Fig. 5.2 and Fig. 5.3.

The FCC plot is shown in Fig. 5.4. The values of FCC is high in the areas

where there is a smooth pattern in the interferogram. Along the fault across the

interferogram, the values are rather small.

Now, the edge detection is applied to both of them separately. There isn’t enough

gradient in ωx,y domain. But edges in FCC domain seem reasonable. The edges

are shown in Fig. 5.5. These edges have certain artifacts due to edge correction
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simulated wrapped phase
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Figure 5.1: Example of simulated data which will be processed with new proposed
algorithm. Scale is in radians.

frequency in X direction
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Figure 5.2: Local phase gradients in X direction
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frequency in Y direction
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Figure 5.3: Local phase gradients in Y direction

Fourier spectrum amplitude
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Figure 5.4: Fourier correlation coefficient (FCC). The values are high in smooth regions
of the interferogram. Along the fault, the values are smaller. Since noise
is added in the simulated data, the maximum value of FCC is this map is
not reaching 1 which is maximum allowed value of FCC.
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edges detected by canny edge detector
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Figure 5.5: Edges detected on FCC domain. The small artifacts are due to morpho-
logical operations performed on the edges for post processing.

techniques applied. Morphological operations1 are used to post process the image

for edge corrections.

The new cost functions are set up as mentioned in previous chapter. Now phase

unwrapping is done using these new cost functions. Result is shown in Fig. 5.6.

It is oberved that results are improved over the case where cost functions are

generated by SNAPHU itself. Also, SNAPHU is producing outputs with lower

estimation of deformation.

The error plot of the unwrapped solution is given in Fig. 5.7. About 2% of the

pixels are wrongly unwrapped.

5.2 Testing with real data

Now one example of a real interferogram phase unwrapping is given. The size

of the interferogram chosen is comparatively smaller than real life interferograms.

The results are tested by visual inspection and some manual calculations.

1Morpholocal operations are theory and techniques in digital image processing based on set
theory, topology etc. Reader is referred to Serra (1982) for further reading about these operations.
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Figure 5.6: Unwrapped solution. (a) is unwrapped by cost functions generated by
SNAPHU itself.(b) is unwrapped with new cost functions. The big error
at lobes is unavoidable since the signal is aliased in original simulated
signal. It is observed that SNAPHU smoothens the unwrapped solution
and underestimates the deformation.

errors in estimated phase (scale is number of cycles)
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Figure 5.7: True error in the unwrapped solution. Since the data is simulated, it is
possible to get a quantitative estimate of errors.
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Figure 5.8: An example of real life interferogram. The arrows show locations of 2
pixels which are used for testing of unwrapped result. There are 8 cycles
difference between these two locations.

The example chosen here is shown in Fig. 5.8.

This is then unwrapped with SNAPHU where cost functions are generated by

SNAPHU itself. The output is shown in Fig. 5.9. The black lines shown in here

are are branch-cuts made by SNAPHU.

In the resulted, unwrapped solution, the difference between pixels pointed by ar-

rows is approximately 3 cycles which is clearly the direct consequence of branch

cuts being put at wrong locations. The branch cuts are crossing the smooth fringe

pattern which is undesirable since unwrapped solution will have phase jumps are

these locations. Visually inspecting, there are no phase jumps at these locations.

Now, new cost functions are generated and unwrapping done again. The result

of new unwrapped solution is shown in Fig. 5.10. Here, new branch cuts are not

going across fringes so smooth part of the interferogram doesn’t have any phase

jumps which is desirable.

The difference between two pixels highlighted in Fig. 5.8 here is about 7 cycles
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branch cuts made by SNAPHU
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Figure 5.9: The unwrapped solution provided by SNAPHU. Branch cuts are also shown
as black lines. As seen, SNAPHU is putting branch cuts across the smooth
fringes.

unwrapping using new cost  functions
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Figure 5.10: The unwrapped solution provided by SNAPHU after setting up new cost
functions. Branch cuts are also shown. As seen, now the SNAPHU is
putting branch cuts which are not crossing smooth fringes.
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which is in better agreement with manual calculations. There are about 8 fringes

between these two pixels so there should be about 8 cycles difference in unwrapped

phase too. The unwrapping process depends greatly on input parameters which

need to set empirically per interferogram. Edge detection in case of simulated

data performs better if FCC is used for edge detection since the phase gradient

is varying smoothly. On the other hand, real life data showed better results in

detecting edges from phase gradients.

5.3 Limitations

It is not always possible to detect edges. It happens in cases where the fringe

pattern is not changing abruptly and rather there is a smooth transition. Vi-

sual inspection of these types of simulation gives a better idea. Fig. 5.11 shows

examples of cases where edge detection techniques didn’t work.

These examples show that new method is promising. The shortcomings in terms of

failure of edge detection can’t be handled using Windowed Fourier Transformation

method. Other techniques which might are not tested here and are left for future

work.
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Figure 5.11: Example of cases where it is hard to detect edges since the fringe pattern
remains smooth along the fault. Left images are simulated data and right
images are their FCC. Since there is no clearly visible change in phase
along the fault, the technique didn’t work.
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Chapter 6

Conclusion and

Recommendations

The research objective at the beginning of the study was:

Improvement of statistical cost functions using additional parame-

ters to improve phase unwrapping algorithms.

Based on the study conducted as a master’s thesis, certain conclusions and recom-

mendations are made which is given in following sections.

6.1 Conclusion

Under the light of the research objective, a new algorithm is proposed which gen-

erates improved cost functions for SNAPHU. This new method is based on estima-

tion of phase gradients and discontinuities in phase gradients. It is observed that

it is feasible in cases where the interferogram is less noisy and there are clearly

visible phase discontinuities. On the other hand, there are cases in which the new

method is not estimating phase discontinuities. These interferograms have smooth

transition of wrapped phase over faults. Nevertheless, theoretical basis is stronger
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than previously used in SNAPHU which was based only on coherence values.

Detected edges sometimes have certain artifacts due to processing steps. Post pro-

cessing is required to finalize the results from edge detection techniques. This post

processing requires specific attention as per interferogram and the method is not

generalized for all the cases. A general schematic is proposed which is common to

all the cases though but input parameters needs to set up separately for each case.

The new algorithm is tested with both simulated and real data. Simulated data

makes it possible to quantitatively assess the unwrapped solution. Once the re-

sults are acceptable, real data examples are tested. Since real data examples can’t

provide a mathematical estimate of quality, they are inspected visually and some

manual calculations.

The goal was to develop a time efficient algorithm but under the given time con-

straints of thesis duration, algorithm still remain computationally expensive. The

proposed algorithm iteratively estimates the phase gradients using different Fourier

window functions. This procedure is computationally expensive and computation

time increases with number of steps occurring during iteration. If the Fourier ba-

sis function is used according to the interferograms under consideration, the steps

taken during iteration can be decreased and this increases efficiency of the algo-

rithm. A generally low phase gradient interferogram doesn’t require to be tested

for high gradients. If the Fourier function is set to estimate lower gradients only,

considerable amount of time can be saved.

The new proposed algorithm can be further improved by considering some more

factors. A few recommendations are given in next section.

6.2 Recommendations

Several recommendations are made in this section:

1. WFT is not the only method that can give phase gradients and edges de-
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tections. There are several other techniques which are based on Fuzzy logic

(Tyan and Wang, 1993), Neural Networks (Waldemark et al., 2000), Wavelet

transformation (Waldemark et al., 2000), etc. These techniques were not

thoroughly inspected during current study. These techniques might provide

a faster way for phase gradient analysis. It is recommended to check these

options for further study.

2. Phase gradient estimation and edge detection step is slow. Nested iterations

can be used to improve the speed. First, a coarse estimation can be made

and then finer estimation at location where there is more likelihood of edge

detection. At the same time, coarse estimation of phase gradients can be

made.

3. MATLAB is used as a programming tool for the current study which is not a

fast solver. Code efficiency will increase if algorithm is implemented in C or

C++. An independent solver routine completely developed and optimized

in C should be more computationally efficient.

4. SNAPHU works only on a regular grid. Recently, efforts have been made

for unwrapping of sparse grids too (Agram and Zebker, 2009). A sparse grid

is where the phase is not sampled at a regular interval in space. General

principles of phase gradient estimation should be applicable in the case of

sparse grid too. It is recommended to test proposed method for unwraping

on a sparse grid too.
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Appendix A

SNAPHU configuration file

# snaphu configuration file

#############################################

# File input and output and runtime options #

#############################################

# See section below for file format configuration options.

# Input file name

INFILE snaphu.in

# Output file name

OUTFILE snaphu.out

# Input cost file (for statistical costs). If costs are read from this

# file, many of the other parameters will be ignored (string).

# COSTINFILE snaphu.costinfile

COSTOUTFILE snaphu.costoutfile

# Statistical-cost mode (TOPO, DEFO, SMOOTH, or NOSTATCOSTS)
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STATCOSTMODE DEFO

################

# Valid data formats:

#

# COMPLEX_DATA: complex values: real, imag, real, imag

# ALT_LINE_DATA: real values from different arrays, alternating by line

# ALT_SAMPLE_DATA: real values from different arrays, alternating by sample

# FLOAT_DATA: single array of floating-point data

#

INFILEFORMAT COMPLEX_DATA

#OUTFILEFORMAT ALT_LINE_DATA

OUTFILEFORMAT FLOAT_DATA

#corr file

CORRFILEFORMAT FLOAT_DATA

#MAXFLOW 6

CS2SCALEFACTOR 15

# End of snaphu configuration file

This file contains the required input flags for the unwrapping operation.
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