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Learning Low-Dimensional Strain Models of Soft Robots by Looking at
the Evolution of Their Shape with Application to Model-Based Control

Ricardo Valadas∗,1, Maximilian Stölzle∗,1,2, Jingyue Liu1, Cosimo Della Santina1

Abstract— Obtaining dynamic models of continuum soft
robots is central to the analysis and control of soft robots, and
researchers have devoted much attention to the challenge of
proposing both data-driven and first-principle solutions. Both
avenues have, however, shown their limitations; the former
lacks structure and performs poorly outside training data,
while the latter requires significant simplifications and extensive
expert knowledge to be used in practice. This paper introduces
a streamlined method for learning low-dimensional, physics-
based models that are both accurate and easy to interpret.
We start with an algorithm that uses image data (i.e., shape
evolutions) to determine the minimal necessary segments for
describing a soft robot’s movement. Following this, we apply
a dynamic regression and strain sparsification algorithm to
identify relevant strains and define the model’s dynamics. We
validate our approach through simulations with various planar
soft manipulators, comparing its performance against other
learning strategies, showing that our models are both com-
putationally efficient and 25x more accurate on out-of-training
distribution inputs. Finally, we demonstrate that thanks to the
capability of the method of generating physically compatible
models, the learned models can be straightforwardly combined
with model-based control policies.

I. INTRODUCTION

Continuum soft robot’s inherent compliance and embod-
ied intelligence make them promising candidates for close
collaboration between humans and robots and contact-rich
manipulation [1], [2]. Modeling their dynamical behavior [3]
with computationally tractable models is important for many
applications, such as efficient simulation [4], model-based
control [5], state estimation [6], and co-design [7].

Developing such (low-dimensional) dynamic models is
challenging and is an active area of research [3], [8].
The use of data-driven approaches has been extensively
investigated in this context [8]–[11]. These learned mod-
els exhibit poor extrapolation performance [12], a lack of
interpretability and (physical) structure preventing us from
directly leveraging closed-form control solutions such as the
PD+feedforward [5]. Instead, researchers had to fall back to
computationally expensive planning methods such as Model
Predictive Control (MPC) [8], [10].

The traditional avenue established by the robotics and
continuum dynamics communities has been to derive the
dynamical model directly from first principles [3], [5], [13],
[14] which provides physical interpretability and structure
at the cost of needing substantial expert knowledge, for
example in the selection of the proper kinematic approx-
imations (e.g., Piecewise Constant Curvature (PCC) [15],
Piecewise Constant Strain (PCS) [13], Geometric Variable
Strain (GVS) [14]). Suboptimal choices or even errors in
applying this modeling procedure can lead to significant
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Fig. 1: Overview of the proposed methodology with the key con-
tributions (Kinematic Fusion and Dynamic Regression and Strain
Sparsification) highlighted in orange. Inputs: We consider N Carte-
sian pose measurements χ distributed along the soft robot backbone,
for example, obtained using Computer Vision (CV) techniques from
video recordings as inputs. Kinematic Fusion: We apply an itera-
tive procedure that involves (i) computing the robot configuration q
using Piecewise Constant Strain (PCS) inverse kinematics, and (ii),
to avoid overly complex and high-dimensional models, we merge
adjacent segments with similar strains across the dataset into one
segment of constant strain. Dynamic Identification: We identify
the PCS dynamic model by iteratively regressing coefficients using
linear least squares and further reduce the model complexity by
neglecting insignificant strains. Output: The identified dynamic
model has a Lagrangian structure suitable, for example, for model-
based control applications.
issues like inaccurate predictions and overly complex mod-
els. This hinders the democratization of soft robots, as only
specialized research labs possess the required expertise [16].

Very recently, there has been a community push towards
integrating physical structures and stability guarantees into
learned models (e.g., Lagrangian Neural Networks [17],
residual dynamical formulations [18], [19], or oscillatory
networks [20]) which combine benefits from both worlds:
they are learned directly from data which reduces the expert
knowledge that is needed but at the same time exhibit a
physical structure that can be exploited for model-based
control and stability analysis. This work positions itself in
this new trend of research, specifically focusing on deriving
kinematic and dynamic models for continuum soft robots in
a data-driven way.

Indeed, deriving reduced-order kinematic representations
remains the core challenge in physics-based modeling. Pre-
vious works have relied heavily on the modeling engineer’s
intuition and experience to make decisions on the number
of PCS segments, the length of each segment, and which
strains to consider [21]. However, these decisions are not
straightforward and could easily result in models that are
higher-dimensional than necessary, or that important strains
are ignored based on a wrong intuition [22]. Very recently,
Alkayas et al. [4] proposed a data-driven algorithm to iden-
tify the optimal discrete GVS [14] strain basis of continuum
soft robots via Proper Orthogonal Decomposition (POD).
However, the discrete strain basis requires careful numerical
integration at runtime, and identifying the dynamical param-
eters (e.g., stiffness, damping coefficients) of the soft robot
relies upon solving a nonlinear least-squares problem that is
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not always well behaved [23].
This paper proposes to solve these challenges by intro-

ducing an end-to-end approach that can automatically learn
both a PCS kinematic parametrization and the corresponding
dynamical model, including its dynamic parameters directly
from image/Cartesian pose data. First, a kinematic fusion
algorithm aims to minimize the Degrees of Freedoms (DOFs)
of the PCS kinematic model while preserving a desired
shape reconstruction accuracy for the given discrete shape
measurements in Cartesian space. In contrast to previous
work [4], we do not necessitate prior knowledge about strain
discontinuities. Secondly, an integrated strategy is proposed
to simultaneously sparsify the strains of the PCS model and
estimate the parameters of the dynamical model with closed-
form linear least-squares. Contrary to common symbolic
regression approaches such as SINDy [24], we crucially
preserve the (physical) structure of the Euler-Lagrangian
dynamics as derived according to the PCS model. This
feature allows the derived dynamical model to be subse-
quently rapidly deployed within established model-based
controllers [5].

We verify the approach in simulation in a diverse set of
scenarios, including different robot topologies and the per-
formance when measurement noise is present. Impressively,
the method is able to accurately perform long-horizon (7 s)
shape predictions when being trained on 4 s of trajectory
data. We benchmark the proposed approach against several
state-of-the-art dynamical model learning approaches (e.g.,
Neural ODEs (NODEs), Coupled Oscillator Network (CON),
Lagrangian Neural Networks (LNNs)). On the training set,
our proposed method exhibits a 70 % lower shape prediction
error than the best-performing baseline method (NODE).
However, we find that the difference is even greater in extrap-
olation scenarios (i.e., actuation sequences and magnitudes
unseen during training). Here, our proposed method reduces
the shape prediction error on the test set by 96 % compared
to the best performing Machine Learning (ML) baseline
(NODE). Finally, we demonstrate how the Lagrangian struc-
ture of the identified dynamical model allows us to easily
design a model-based controller that is effective at regulating
the shape of the soft robot.

A video attachment presents the research idea & method-
ology and contains supplementary plots and animations of
the results presented in the paper.1

II. PRELIMINARIES

In the following, we will provide some background on
the PCS kinematic model and the derivation of soft robot
dynamics following a Lagrangian approach, which are two
fundamental topics for this research paper.

A. Piecewise Constant Strain (PCS) Kinematics
The PCS model [13] describes the kinematics of contin-

uum soft robots by assuming that the six elemental local
backbone strains (shear, axial, bending, twist) are piecewise
constant across ns segments but variable in time. We remark
that other popular kinematic models for soft robots, such as
Piecewise Constant Curvature (PCC) [15], are often times a
special case of the PCS model.

For the planar case, the configuration of the ith segment
is referred to as qi = [κbe,i σsh,i σax,i]

⊤ ∈ R3, where
κbe,i, σsh,i, σax,i are the bending, shear, and axial strains,
respectively, and i ∈ {1, . . . , ns}. Therefore, the config-
uration of the entire soft robot is defined as q ∈ Rnq ,
where nq = 3ns. We also have access to closed-form
expressions for the forward and inverse kinematics of a single
constant strain segment [23]. As a consequence, forward

1https://youtu.be/dfO-PhDIiHI

and inverse kinematics for the entire planar PCS soft robot
can be implemented using an iterative procedure starting
at the proximal end without having to resort to differential
(inverse) kinematic techniques. Namely, the forward kine-
matics π : Rnq → SE(2) allow us to compute the pose
χj = [px,j py,j θj ]

⊤
= ϑ(q, sj), where sj ∈ [0, L] is

the backbone abscissa/coordinate, L is the length of the
entire continuum structure in an undeformed configuration,
px,j , py,j ∈ R and θj are the positions and orientations at
point s, respectively. Given N poses along the backbone, we
can also define the inverse kinematic mapping ϱ : 3N×N →
nq that provides us with the configuration q = ϱ(χ, s) in
closed-form. Here, qi will describe the configuration of the
ith constant strain segment connecting the i − 1th and the
ith markers with associated poses χi−1 and χi. This means
that ns = N − 1 in order that ρ can be bijective.

B. Lagrangian Dynamics
The Lagrangian of a mechanical system as a function

of the configuration q ∈ Rnq and the corresponding time
derivative q̇ ∈ Rnq can be expressed as

L(q, q̇) = T (q, q̇)−U(q) = 1

2
q̇⊤ M(q) q̇︸ ︷︷ ︸
T (q,q̇)

− 1

2
q⊤Kq −

∫
G(q) dq︸ ︷︷ ︸

U(q)

,

(1)
where T (q, q̇), U(q) are the kinetic and potential energy
of the system, respectively, and M(q) ≻ 0 ∈ Rnq×nq is
referred to as the mass matrix. G(q) ∈ Rnq contribute
the gravitational forces and K ∈ Rnq×nq represents the
linear elastic stiffness of the system. Subsequently, the Euler-
Lagrangian equation can be leveraged to derive the Equations
of Motion (EOM) of continuum soft robots as [5], [17]

∂2L
∂q̇2

q̈ +
∂2L
∂q ∂q̇

q̇ − ∂L
∂q

+Dq̇ = τ (2)

where we are also considering the generalized dissipative
forces Dq̇ and the actuation torques τ ∈ Rnq . In this work,
we assume, without loss of generality, that both the stiffness
matrix K = diag(k1, . . . , knq) and the damping matrix D =
diag(d1, . . . , dnq) ⪰ 0 are diagonal.

III. METHODOLOGY

In this work, we propose a strategy for automatically iden-
tifying low-dimensional strain models for continuum robots
directly from shape trajectories, as outlined in Figure 1. We
assume that we have access to the poses of N markers along
the backbone that represent a discretized shape description
of the soft robot. In this work, we primarily focus on the
planar case, where we extract SE(2) poses using computer
vision techniques. However, the proposed Kinematic Fusion
approach, along with the Dynamic Regression and Strain
Sparsification strategy, can be extended to 3D scenarios with
SE(3) inputs. While obtaining consistent and unoccluded
SE(3) poses solely from vision-based information in 3D
can be challenging, it is feasible [25]. Additionally, SE(3)
pose measurements can always be acquired through other
proprioceptive [26] or exteroceptive methods, such as motion
capture systems.

The goal is now to identify kinematic and dynamical
models that allow (a) to represent the shape with ns PCS
segments [13], where necessarily the final ns ≪ N , and
(b) to predict the future shape evolution of the soft robot.
We tackle this task by (i) identifying a low-dimensional
parametrization (e.g., number of constant strain segments,
the length of each segment, etc.) of the kinematics over a
series of static snapshots and (ii) identifying the parameters
of the Lagrangian model and simultaneously eliminating
strains from the model that do not have a significant effect
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Inputs

(b) Dynamic Regression & Strain Sparsification Scheme

Fig. 2: Panel (a): Schematic of the kinematic fusion algorithm. As inputs serve a sequence of N discrete poses along the backbone of
the soft robot. Next, we execute inverse kinematics in closed form with a ns = N − 1 segment PCS model to identify the (unmerged)
configuration of the robot. Initially, each constant strain segment connects two neighboring backbone poses. Subsequently, we compute a
strain similarity measure d̄i,i+1 between each pair of adjacent segments. If segments exhibit a similar strain (i.e., the metric falls below
a threshold h), we merge them into one constant strain segment. This process is repeated until no more merging is possible, resulting in
a kinematic model with (hopefully) fewer segments: 1 ≤ ns ≤ N − 1. Panel (b): Schematic of the dynamic model identification process
that simultaneously regresses the dynamic parameters and neglects unimportant strains. Based on a ns-segment PCS model, a library of
basis functions is constructed to parameterize the system’s Lagrangian and EOM. A regression framework is established on a dataset of
configuration-space positions q̇(k), velocities q̇(k), accelerations q̈(k), and actuation torques τ(k) that estimates the dynamic parameters
π̂+ with closed-form, linear least squares. Strains that exhibit a stiffness higher than a predefined threshold are neglected, prompting
adjustments to the basis functions. Subsequently, this procedure is repeated until all strain stiffnesses lie below the threshold.

on the shape evolution. We refer to component (i) as the
Kinematic Fusion algorithm as it is an iterative approach
to merge parts of the backbone that exhibit a similar strain
into constant strain segments. The component (ii), named
Dynamic Regression & Strain Sparsification algorithm, is
an iterative procedure that, at each iteration, first regresses
in closed-form the coefficients of the dynamic using linear
least-squares and then eliminates strains from the dynamic
model if the stiffness associated with a strain exceeds a
given threshold. The intuition here is that strain would
oscillate at very high frequencies, which are usually not
relevant for practical control, and that it would take very
high forces to introduce a significant deflection in the strain.
The output of our approach is low-dimensional kinematic and
dynamical models that preserve the physical & PCS strain
model structures.

A. Kinematic Fusion
As previously introduced, the algorithm is provided for

each training dataset sample k ∈ {1, . . . , T} with N pose
measurements χ and associated backbone abscissas s ∈ RN

distributed along the backbone of the soft robot. Therefore,
we initialize at l = 1: 1N = N and 1χ = χ, where l ∈ N≥1
denotes the iteration index.

At the beginning of each iteration, we leverage the closed-
form inverse kinematics to compute the configuration lq =
ρ(lχ, ls) of a lns = lN − 1 segment PCS model. We now
compute between each of the total lns−1 segment pairs, the
following normalized strain similarity measure

ld̄i,i+1 =
1

T

T∑
k=1

∥∥∥∥ lqi+1(k)− lqi(k)

qmax − qmin

∥∥∥∥
2

, ∀i ∈ {1, lns−1}, (3)

where
qmin = min

i∈Nn,k∈NT

qi(k), qmax = max
i∈Nn,k∈NT

qi(k), (4)

are the minimum and maximum configuration values across
the dataset, respectively. This normalization is necessary as
strains usually exhibit vastly different magnitudes. For exam-
ple, the bending strains are usually more than one order of
magnitude larger than the axial strains. We keep all segment
pairs with ld̄i,i+1 > h, where h is a tunable threshold, sepa-
rate. Oppositely, we merge all neighboring/adjacent segments
with ld̄i,i+1 ≤ h into one single segment of constant strain. If
indeed ∃ i ∈ {N

lns
| ld̄i,i+1 < h}, then then kinematic model

is reduced to l+1ns segments, where l+1ns < lns. As a final
step of the iteration, we now subsample the Cartesian poses
l+1χ and the associate backbone coordinates l+1s such that
they only contain the tip of each of the fused segments.

The kinematic fusion step is repeated with l = l + 1 for
nkf − 1 iterations until no more merging is possible, which
can occur either if nkf

d̄i,i+1 > h ∀i ∈ {1, nkf
ns − 1} (i.e.,

the strain similarity measure is larger than h for every pair
of segments) or the model gets reduced to a single segment
(i.e., nkf

ns = 1). We illustrate the kinematic fusion algorithm
in Fig. 2(a), and an example of the thresholding is visualized
in Fig. 3(a).

B. Dynamic Identification: Dynamic Regression & Strain
Sparsification

After obtaining a kinematic model with the Kinematic Fu-
sion algorithm, we can employ the identified parametrization
as a foundation for deriving a dynamic model. First, we
symbolically derive the basis functions of the PCS dynamical
model. Subsequently, we implement an iterative procedure to
(i) regress dynamic coefficients with linear least squares and
(ii) identify strains that can be neglected and remove them
from the dynamical model.

1) Parametrization of the PCS Dynamic Model with Basis
Functions: In order to easily regress the dynamic parameters
with linear least squares, we first derive the PCS dynamics
for a ns segment soft robot from first principle [3], [5],
with all rotational and linear strains taken into account, and
subsequently parametrize both the Lagrangian and Euler-
Lagrangian equations as a linear combination of monomial
basis function.

L(q, q̇) =
nf∑
j=1

πjfj(q, q̇), τ =

nψ∑
j=1

π+
j Ψj(q, q̇, q̈) ∈ Rnq , (5)

where fj : Rnq × Rnq → R denotes each of the basis
functions, and π ∈ Rnf the corresponding coefficients.
Analog, we derive symbolically the EOM using an Euler-
Lagrangian approach (see Section II-B) and now state the
corresponding basis functions as ψ(q, q̇, q̈) ∈ RnΨ×nq with
ψj : Rnq × Rnq × Rnq → Rnq such that

τ =

nf∑
j=1

[
πj

(
∂2fj
∂q̇2

q̈ +
∂2fj
∂q ∂q̇

q̇ − ∂fj
∂q

)]
+Dq̇, (6)
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where π+ =
[
π⊤ d⊤

]⊤ ∈ Rnψ contains the associated
coefficients and consists of π and the damping coefficients
d = diag(D) ∈ Rnq .

2) Regression of Dynamic Parameters: In order to es-
timate the dynamic coefficients, we formulate the lin-
ear regression problem as T = Xπ+, which accommo-
dates the dataset of positions, velocities, and accelerations
X = [Ψ(q(1), q̇(1), q̈(1))⊤, ...,Ψ(q(T ), q̇(T ), q̈(T ))⊤]⊤ ∈
RTnq×nψ and the corresponding actuation inputs T =
[τ⊤(1), . . . , τ⊤(T )] ∈ RTnq . We solve this optimization
problem with linear least squares, which minimizes the
residual error as min∥T −X π+∥2

2 and allows us to identify
the dynamic model coefficients in closed form as

π̂+ = (X⊤ X )−1 X⊤T . (7)
3) Sparsification of Strains: This dynamic identification

method offers the advantage of having interpretable results,
as each estimated coefficient has some physical meaning
within the PCS dynamic derivation. Specifically, among
those we can extract the estimated stiffness matrix K̂ =
diag(k̂1, . . . , k̂nq

), allowing us to assess the importance of
each strain through its stiffness magnitude k̂e. A strain
with high stiffness usually exhibits low displacement, ap-
proximating rigid behavior. Therefore, such strain can be
considered non-essential and neglected in the dynamics. We
define a maximum allowable stiffness kmax

e ∈ R≥0 for each
strain/configuration variable as a function of the maximum
Elastic and Shear moduli Emax, Gmax ∈ R≥0. For example,
in the planar case and for constant cross sections of area Ac
and second moment of inertia Ic, this can be conveniently
done as

kmax
be = IcE

max, kmax
sh = AcG

max, kmax
ax = AcE

max. (8)
Given these maximum stiffnesses, the e-th strain is ne-

glected if its estimated stiffness lies above the threshold
k̂e > kmax

e . Therefore, the e-th strain is removed as a
configuration variable q = q\qe, and its influence on the dy-
namics needs to be eliminated as well. We update the Euler-
Lagrange basis functions as Ψ = lim(qe,q̇e,q̈e)→0 Ψ(q, q̇, q̈).
Any columns that turn into all-zeros are also removed, and
the coefficient vector π+ is updated accordingly by removing
the corresponding rows. A similar procedure applies to the
Lagrangian basis functions f and their coefficients π.

This procedure of regressing dynamic coefficients and
sparsifying strains, as presented in Sections III-B.2 and
III-B.3, respectively, is the number of strains/configuration
variables converges (i.e., remains constant). We stress that the
(likely) computationally expensive operation of symbolically
deriving the library of basis function only needs to be once
at the beginning as we subsequently update the library by
taking the limit at the end of each iteration.

IV. VALIDATION

To validate the proposed approach, we verify the kinematic
and dynamic regression algorithms separately. We test the
kinematic fusion algorithm on simulated continuum soft
robots that behave according to the PCS and Piecewise
Affine Curvature (PAC) model. Subsequently, we compare
the dynamic prediction performance of the proposed method
against multiple ML baseline methods on various PCS soft
robots. Finally, we demonstrate how the regressed methods
can be used in a plug-and-play fashion within a closed-form,
model-based setpoint regulation framework.

A. Experimental Setup
1) Evaluation Cases: Case 1: 1S PCS, Case 2: 2S PCS

and Case 3: 3S PCS represent one-, two- and three-segment
planar PCS soft robots (ns ∈ {1, 2, 3}), respectively, with
configurations q ∈ Rnq where nq ∈ {3, 6, 9} and actuation

τ ∈ R3, R6, R9, assuming full actuation. Case 4: 1S PCS
H-SH is a one-segment PCS robot with high shear stiffness
three orders of magnitude larger than in Case 1. Case 5: 2S
PCS H-AX/SH is a two-segment PCS robot, where the 1st
segment has a significantly increased axial stiffness and 2nd
segment an increased shear stiffness w.r.t Case 2. Case 6:
1S PAC considers a one-segment PAC robot whose curvature
can be described by an affine function [27].

2) Dataset Generation: In order to illustrate the end-to-
end nature of our proposed method, we generate the datasets
as short video sequences of the soft robot’s movement.
Therefore, we mimic a camera placed parallel to the robot’s
plane of motion to capture the soft robot’s ground-truth
dynamics. At each time step, we render an image of the
soft robot that contains N = 21 equally distant, visually
salient features. In the real world, this could be achieved by
attaching markers to the soft robot that allows tracking of
points along the backbone across time [28]. We simulate
the robot’s ground-truth dynamics using the planar PCS
simulator presented in [23].

For Cases 1 to 4, we include eight trajectories with
randomly sampled initial conditions in the training set. We
consider stepwise actuation sequences for which we ran-
domly sample a torque every 10 ms. Each trajectory produces
a 0.5 s video captured at 1000 Hz. For Case 6, since the
PAC simulator only accounts for kinematics, we generate an
image sequence featuring the robot in 500 randomly selected
configurations. As the test set, an additional trajectory with
7 s duration is generated by applying a sinusoidal actuation
sequence with τ = a1 sin (ω1t)+ a2 cos (ω2t) ∈ Rnq , where
a1 and a2 are random amplitudes, and ω1 and ω2 are random
frequencies.

3) Backbone Shape Detection from Images: To apply
our proposed model identification method, we first extract
the motion of several Cartesian-space samples along the
robot’s backbone. As we consider a planar problem setting
and rendered images of the soft robot’s shape, the goal
is to extract the SE(2) poses of N cross-sections along
the robot. To satisfy the assumption behind the Kinematic
Fusion algorithm, the number of extracted poses N should
be significantly larger than the expected number of PCS
segments required to model the robot’s behavior accurately:
N ≫ ns. We leverage the OpenCV library for detecting the
soft robot contour (findContours) and extracting pose
measurements along its backbone (minAreaRect). Each
frame is binarized, and the contours of cross-sections are
identified. This allows the extraction of the center position
(px,j , py,j) and orientation θj of each cross-section (also
referred to as marker). As in our case, the markers are
equally distant, we compute, without loss of generality, the
backbone abscissa as sj = j−1

N L. For T video frames, this
results in a time sequence of SE(2) poses {χ(1), ..., χ(T )},
χj =

[
χ⊤

1 . . . χ⊤
N

]⊤ ∈ R3N , and j ∈ {1, . . . , N}. We
leverage a Savitzky-Golay filter (3rd-order, window length
25) to estimate the associated pose velocities χ̇ and velocities
χ̈.

4) Evaluation metrics: To evaluate the models quanti-
tatively, we introduce position and orientation task-space
metrics. We use a Cartesian-space Mean Absolute Error
(MAE) measuring the deviation of the estimated from the
actual robot body shape, given by

ebody
p =

T∑
k=1

N∑
j=1

∥p̂j(k)− pj(k)∥2

NT
, ebody
θ =

T∑
k=1

N∑
j=1

|θ̂j(k)− θj(k)|
NT

,

(9)

where p̂i(k) and θ̂i(k) ∈ R are the estimated position and
orientation of point i along the structure, respectively, while
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pi(k) and θi(k) are the ground-truth counterparts. These
metrics give the average pose error across all T frames
of a trajectory and all N cross-sections tracked along the
robot, enabling a good evaluation of the kinematic model by
capturing how well it represents the overall shape of the soft
robot structure.

In addition, we consider an end-effector Cartesian-space
MAE given by

eee
p =

1

T

T∑
k=1

∥p̂ee(k)− pee(k)∥2, eee
θ =

1

T

T∑
k=1

|θ̂ee(k)− θee(k)|,

(10)
where p̂ee(k) = p̂N (k) ∈ R2 and θ̂ee(k) ∈ R are the
estimated end-effector position and orientation, respectively,
with pee(k) and θee(k) being the ground-truth counterparts.
This metric is particularly useful for assessing the obtained
dynamic models with a control perspective, as the accuracy
of the end-effector predictions is crucial for effective control
in task space.

B. Kinematic Fusion Results
1) Cases 1, 2 and 3: Figs. 3(a) & 3(b) presents the

average strain distances between the adjacent segment pairs
for Cases 2-3, as the result of the first and final iteration of
the kinematic fusion algorithm. The plots for Cases 2 and
3 reveal one and two peaks, respectively, revealing where
we need to separate segments in the kinematic model. The
strain distance threshold h is a hyperparameter that trade-
offs model complexity with model accuracy. For common
soft robots that exhibit a PCS-like behavior, we recommend
choosing h such as that the segmented model exhibits
isolated peaks in the strain distance metric, as visible in
Fig. 3. The number of segments and respective lengths for
the resulting models obtained with a threshold of h =
0.2 are presented in the third column of Table I and by
comparing to the second column, it is easily visible that our
algorithm almost perfectly identified the segment lengths. As
a consequence of the correct identification of the number
of segments and segment lengths, the identified kinematic
model also accurately captures the shape of the robot with
the position errors below 0.2 % of the robots’ length, as it
can be seen from the body shape reconstruction errors stated
in the first three rows of Table I. We remark that the error can
be further reduced by using a finer discretization of backbone
pose markers (i.e., increasing N ).

TABLE I: Kinematic fusion results: The second and third columns
contain the actual and estimated segment lengths, respectively. The
Cartesian pose error between the actual and estimated backbone
shape is stated in the third and fourth columns, respectively. Case
6 represents a one-segment PAC soft robot of total length 150mm
and can be, therefore, not be represented with a (one-segment) PCS
model.

Case Actual segment
lengths L [mm]

Estimated segment
lengths L̂ [mm] ebody

p [mm] ebody
θ [rad]

1: 1S PCS [100] [100] 0.082 6.38 × 10−3

2: 2S PCS [70, 100] [68, 102] 0.240 1.15 × 10−2

3: 3S PCS [50, 100, 60] [52.5, 94.5, 63.0] 0.210 9.67 × 10−3

6: 1S PAC [150] [7.5, 105.0, 37.5] 0.746 8.92 × 10−2

2) Case 6: Even though the kinematics of many contin-
uum soft robotic manipulators can be described by PCS/PCC
kinematics, other continuum soft robots can only be de-
scribed by piecewise constant models in the limit N → ∞
as they exhibit polynomial curvature [28], [29] or even
more generally GVS [14]. This is particularly the case when
external or gravitational forces dominate the elastic and
actuation forces [5]. In order to verify that our approach is
also able to identify effective models in such situations, we

test the kinematic fusion algorithm on the case of an affine
curvature robot [27] and plot the resulting average strain
distances in Fig. 3(c). Indeed, the strain distance plot no
longer exhibits clear, isolated peaks (i.e., a single solution).
Therefore, we formulate a Pareto front in Fig. 3(d) (by
varying the strain distance threshold h) that describes the
tradeoff between the number of PCS segments (i.e., the
DOF of the kinematic model) and the shape reconstruction
accuracy. Analyzing and exploiting this tradeoff allows the
user to choose their sweetspot between model complexity
and performance. In this case, we find that three segments
represent a suitable compromise between model complexity
and shape reconstruction accuracy as it exhibits a position
error of only 0.5 % of the robot’s length.

C. Dynamic Model Identification Results
1) Verification of Dynamical Regression: We verify the

dynamical regression algorithm on one and two-segment
PCS robots (i.e., Cases 1 & 2) both with and without
measurement noise. After regressing the dynamic parameters
on the training set, we perform a rollout on the test set
and compare the resulting predicted trajectory with the
ground truth. To confirm that the dynamic regression is also
effective when applied to real-world data, we apply in some
experiments Gaussian noise that mirrors measurement noise
as we would encounter it for motion capture data, computer
vision detection errors, etc., to the poses included in the
training set (i.e., χ̃ = χ + N (0, σn)). For Case 1, we
sample the noise from a normal distribution with standard
deviations 0.5 mm and 1◦ for the position and orientation
measurements, respectively. Analog, we define the standard
deviation of the noise for Case 2 as 0.1 mm and 0.5◦.

The results are reported in Tab. II (top four rows), and the
rollout of Case 2 is included in Fig. 4. We also present a
sequence of stills of the rollout of Case 2 in Fig. 5. We
conclude that even though the dynamical parameters are
regressed on only 4 s of robot motion data, the dynamical
predictions are extremely accurate on the long horizon of 7 s
(most control algorithms such as MPC operate on a much
smaller horizon). The position error for the experiments
not involving noise stays below 5 % in both cases. When
noise is present in the training data, the position error is
roughly tripled. Still, we observe that the error is mostly
related to the transient terms and model converges during
the slower sequences of the trajectory to the ground truth.
Most importantly, the learned model, even when trained on
noisy data, remains stable, as shown in Fig. 4.

2) Verification of Strain Sparsification: Next, we verify
that the strain sparsification algorithm can detect and elim-
inate strains that do not have a significant effect on the
dynamics and can be, therefore, neglected to reduce the
model complexity. For this purpose, we apply the integrated
Dynamic Regression and Strain Sparsification algorithm to
Cases 4 & 5, which exhibit no shear strain and no axial
strain (1st-segment) & no shear strain (2nd-segment), respec-
tively. We define the maximum elastic and shear modulus as
Emax = 100MPa which leads to the stiffness thresholds for
each segment Kmax

j = diag(12.6 Nm2, 168 N, 126 kN). For
example, in Case 4, after determining the dynamic parame-
ters during the first iteration, the algorithm detects that the
estimated shear stiffness K̂sh = 1200 N > Kmax

sh = 168 N.
Therefore, the shear strain is eliminated from the dynamic
model, and the dynamic parameters are newly regressed
during the next iteration. Similarly, the algorithm correctly
neglects the axial strain for the 1st segment and the shear
strain for the 2nd segment of Case 5. We visualize the test
set rollouts for Cases 4 & 5 in Fig. 6 and report the error
metrics in the last three rows of Tab. II. The results show that
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(a) 2S PCS: Strain distances
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(b) 3S PCS: Strain distances
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(c) 1S PAC: Strain distances
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(d) 1S PAC: Kinematic Pareto Front

Fig. 3: Kinematic Fusion Results: Panels (a) & (b): Average strain distances between pairs of adjacent segments for Cases 2 & 3.
The poses of 20 markers along the manipulators are tracked, resulting in 19 pairs of segments to be evaluated for strain similarity. The
threshold is represented by a dashed line, and the background shading marks the resulting segments (separate segments are shaded in
different colors). Panel (c): Average strain distances between segments after the first iteration of the kinematic fusion algorithm for Case
6. Panel (b): Pareto front that describes the trade-off between the DOF of the kinematic model (i.e., the number of segments) and the
shape reconstruction error for Case 6. The blue and orange lines represent the average kinematic body position error ebody

p and the body
orientation error ebody

θ , respectively. The strain distance threshold h that is used for separating segments is plotted on the upper x-axis.

in Case 4, the model without shear even exhibits a slightly
smaller position error than the model that includes all strains.
A possible explanation could be that with the Lagrangian
being parametrized by fewer basis functions, the coefficients
for the remaining strains can be more accurately regressed.
If we compare Case 2 and Case 5 (both two-segment PCS
robots), Case 5 exhibits significantly increased position and
orientation errors. Still, we notice that the model predictions
are usable, in particular for shorter horizons.

TABLE II: Dynamic regression results: End-effector position and
orientation errors eee

p , eee
θ for the obtained dynamic models evalu-

ated on the 7 s sinusoidal test set trajectory. In some cases, we add
artificial measurement noise to the training data. For Case 4, we
present two variants of the learned model: in the first instance, we
report the performance of a model that neglects strains as suggested
by the dynamic sparsification algorithm. For completeness, we
furthermore also state the performance of a model that considers
all strains. In Case 5, the 1st segment only exhibits bending and
shear strains (i.e, no axial strain), and the 2nd segment only exhibits
bending and axial strains (i.e., no shear strain)

Case Meas. Noise Model Strains eee
p [mm] eee

θ [rad]

1: 1S PCS ✗ All 4.89 0.113
1: 1S PCS ✓ All 13.7 0.307

2: 2S PCS ✗ All 5.22 0.138
2: 2S PCS ✓ All 16.8 0.135

4: 1S PCS H-SH ✗ No shear 4.57 0.099
4: 1S PCS H-SH ✗ All 5.14 0.116

5: 2S PCS H-AX/SH ✗ (✓, ✓, ✗, ✓, ✗, ✓) 17.9 0.305
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Fig. 4: Verification of the dynamical model with noise for a
two-segment PCS soft robot (Case 2). The dotted lines denote
the ground-truth (GT) trajectory. The blue lines refer to the first
segment, while the orange lines are associated with the second
segment.

TABLE III: Results for learning dynamics of a two-segment PCS
soft robot (Case 2). We report the position (ebody

p ) and orientation
(ebody
θ ) metrics that capture the mean shape error averaged over all

time steps. The shape error is computed by considering the dynam-
ical evolution of three marker poses with sj ∈ {68, 119, 170} mm.
We report the metrics for a rollout of the dynamics on both a 0.5 s
sequence on the training set and the entire (i.e., 7 s) test set.

Method Train ebody
p Train ebody

θ Test ebody
p Test ebody

θ

NODE 10.4mm 0.27 rad 245.6mm 12.22 rad
LNN [17] 550.8mm 5.16 rad ∞ ∞
CON [20] 12.9mm 0.24 rad 789.5mm 29.49 rad

PCS Regression (Ours) 3.1 mm 0.04 rad 9.8 mm 0.13 rad

D. Benchmarking of Identified Dynamical Model against ML
Baselines

We benchmark the derived dynamical model of Case 2
(i.e., a two-segment planar PCS soft robot) against several
models trained using machine learning approaches. Specif-
ically, we consider various learning-based approaches that
range from completely data-driven (e.g., NODE) over ap-
proaches that take into account the structure of Lagrangian
systems (e.g., LNN, CON). To keep the comparison fair, we
define the inputs for all methods as the Cartesian poses χj ∈
R3 and the corresponding time derivative χ̇j of N discrete
markers along the backbone. Furthermore, we also provide
the actuation torques τ ∈ R6 as a dynamic model input.
Therefore, the total model input exhibits a dimensionality
of R6N+6. The task of the dynamic model is to predict
the acceleration χ̈(k) ∈ R3N . We tried supplying all 21
markers, which our method also has access to, to the baseline
approaches. However, this proved to be infeasible as the
problem would become too high-dimensional in terms of the
numbers of inputs and outputs, and the baseline approaches
would overfit the training set. Therefore, we settled to give
the baseline methods access to the pose measurements of
N = 3 markers distributed along the backbone of the robot
at sj ∈ {68, 119, 170} mm, where s = 170mm corresponds
to the end-effector.

a) Implementation of Baseline Methods: The NODE
is parametrized by a six-layer Multilayer Perceptron (MLP)
with hidden dimension 256 and hyperbolic tangent activation
function that predicts based on the input (χ(t), χ̇(t), τ(t))
the acceleration χ̈. We remark that with this strategy, we
already infuse the prior knowledge that the time derivative
of the pose is the velocity, which would not be the case
in a naive implementation of a NODE. CONs [20] allow
for learning of (latent) dynamics of Lagrangian systems
with strong stability guarantees (global asymptotic stability
/ input-to-state stability) by leveraging a network of damped
harmonic oscillators that are coupled by a hyperbolic po-
tential. In order to allow for arbitrary placement of the
global asymptotically stable equilibrium point, we learn a

Authorized licensed use limited to: TU Delft Library. Downloaded on July 04,2025 at 14:10:22 UTC from IEEE Xplore.  Restrictions apply. 



(a) t = 0.0 s (b) t = 1.4 s (c) t = 2.8 s (d) t = 4.2 s (e) t = 5.6 s (f) t = 7.0 s

Fig. 5: Sequence of stills for the test rollout of the regressed dynamic model trained on the two-segment PCS dataset (Case 2). The blue
and red dots represent the ground truth and estimated shape of the soft robot, respectively. The orange line represents the shape estimated
by a model trained on a training set with added measurement noise.
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(a) Case 4: End-effector pose
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(b) Case 5: End-effector pose

Fig. 6: Verification of the strain sparsification algorithm on a one-
segment PCS robot with shear modulus (Case 4) and on a two-
segment PCS robot where the 1st segment exhibits high axial
stiffness and the second segment high shear stiffness. We roll out
both the ground truth (dotted line) and the learned (solid line) model
dynamics from the same initial condition and for a given sinusoidal
actuation sequence. Verification of the model obtained for Case
4 on a sinusoidal trajectory. The dotted line denotes the ground-
truth trajectory, while the green and orange lines correspond to the
models trained with and without noise, respectively.
linear coordinate transformation into the latent coordinates
z = W χ + b ∈ R9, ż = Wχ̇. LNNs learn the components
of the Lagrangian L(χ, χ̇) = 1

2 χ̇⊤M(χ)χ̇ − U(χ) such as
the mass matrix M(χ) ≻ 0 ∈ R9×9, the potential energy
U(χ) ∈ R, the damping matrix D ⪰ 0 ∈ R9×9 and
the actuation matrix A ∈ R6×9 and subsequently derive
the EOM as M(χ)χ̈ + ∂L

∂χ∂χ̇ χ̇ + ∂U
∂χ + Dχ̇ = Aτ using

autodifferentiation. We regard A and D as trainable weights
and parametrize M(χ) and U(χ) with six-layer MLPs with
hidden dimension 256 (softplus activation). We leverage the
Cholesky decomposition to make sure that M(χ), D ≻ 0.

b) Training: The first loss term is a Mean Squared
Error (MSE) between the predicted ˆ̈χ(k) and actual acceler-
ation χ̈(k). Additionally, we roll out the trajectories over a
horizon of 0.3 s and add loss terms that compute the MSE
error between the predicted states (χ̂(k+r), ˆ̇χ(k+r)) and the
labels (χ(k+r), χ̇(k+r)), where r is the index of the rollout
step. As training LNNs is computationally very demanding
due to the need to differentiate w.r.t. both inputs and neural
network parameters, we had to reduce the training rollout
horizon.

c) Results: We present the benchmarking results in
Fig. 7 and Table III. We report the performance for rollouts
on both the training and the test set. All methods, except
for LNN, are able to predict the Cartesian-space evolution
of the markers attached to the soft robot backbone decently
accurately over the training set trajectory. Still, the our
proposed method exhibits an 70 % to 80 % lower error than
NODE and CON [20]. As LNN does not exhibit any stability
guarantees and it is trained on a relatively short horizon, it
diverges from the ground-truth trajectory after roughly 0.15 s.
As shown in panels (b) and (d) of Fig. 7, the axial actuation
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(d) Test: Actuation torques

Fig. 7: Benchmarking of the proposed method against various
machine learning baselines on a PCS soft robot consisting of two
segments (Case 2): We train the baseline methods on the dynamical
evolution of the Cartesian SE(2) poses of three markers distributed
over the backbone of the soft robot with a total length of 170mm.
The upper and lower rows visualize the rollout of all methods on
the training and the test set, respectively. The first column shows the
evolution end-effector pose. The last column displays the actuation
torques that were used to generate the datasets.
forces on the validation set are one order of magnitude higher
than in the training set. Therefore, these axial forces can be
considered to be out-of-distribution for the trained models.
Our proposed method is amazingly able to exhibit very good
performance still, while all baseline methods are no longer
able to predict the dynamic evolution of the system. LNN
even becomes fully unstable after a few milliseconds, and we
are, therefore, not able to report test errors for this method.

E. Demo of Model-based Control

To demonstrate how the derived models can be used in a
plug-and-play fashion for model-based control, we simulate
the closed-loop dynamics of a simulated two segment PCS
soft robot (Case 2) with configuration q ∈ R7 under a P-
satI-D+FF [5], [20], [23] setpoint control policy
τ(t, q) = Ĝ(qd) + K̂qd︸ ︷︷ ︸

Learned feedforward term

+Kp (q
d − q)−Kd q̇ +Ki eint(t)︸ ︷︷ ︸

P-satI-D feedback term [30]

,

(11)
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Fig. 8: Demo of model-based control of a two-segment soft robot
based on the learned dynamical model. We ask the controller to
track a sequence of 7 setpoints qd ∈ R6 which is denoted with
dotted lines. The controller contains a feedforward and feedback
term where the feedforward term compensates for the elastic and
gravitational forces at the setpoint.
where Kp, Ki, Kd ∈ Rn×n are the proportional, integral, and
derivative control gains, respectively. The feedback control
term is a PID-like controller with integral saturation [30] and
the dimensionless gain Υ ∈ R which bounds the integral
error at each time step to the interval (−1, 1) and reduces
the risk of instability for nonlinear systems

eint(t, q) =

∫ t

0

tanh(Υ(qd(t′)− q(t′))) dt′, (12)

Ĝ(q) ∈ R6 and K̂ ∈ R6×6 are the estimated gravitational
forces and stiffness matrix, respectively. We simulate the
closed-loop dynamics with a Tsitouras 5(4) integrator at a
timestep of 0.05 ms. Please note that we use the ground-
truth dynamics as a state transition function.

To verify that the learned model performs well within
the model-based control policy, we create a sequence of 7
randomly sampled setpoints qd(k) ∈ R6. The results in Fig. 8
show that the controller is able to regulate a two-segment
planar soft robot effectively. The tracking of the bending
strain reference is perfect. For the linear strains, we notice
small errors in the feedforward term, but the integral control
is able to compensate for them and drive the system toward
the reference. We stress that the structure and characteristics
of the learned model enabled us to formulate the control
policy in closed form easily, and we did not have to resort
to techniques such as MPC or Reinforcement Learning (RL)
as it would be necessary for other model learning techniques
(e.g., Long Short-Term Memorys (LSTMs), NODEs).

V. CONCLUSION

In this work, we present a data-driven method that
utilizes the PCS strain model to derive low-dimensional
kinematic and dynamic models for continuum soft robots
from discrete backbone pose measurements, outperforming
ML-based models like neural networks by maintaining the
physical robot structure. This enhancement improves data
efficiency and performance beyond the training set, allowing
for direct and effective model-based control design. Future
work will explore expanding this approach to 3D models and
real-world applications, aiming to further refine the actuation
matrix for underactuated systems.
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