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We present a proposal for deterministic quantum teleportation of electrons in a semiconductor nano-
structure consisting of a single and a double quantum dot. The central issue addressed in this Letter is how
to design and implement the most efficient—in terms of the required number of single and two-qubit
operations—deterministic teleportation protocol for this system. Using a group-theoretical analysis, we
show that deterministic teleportation requires a minimum of three single-qubit rotations and two
entangling (/SWAP) operations. These can be implemented for spin qubits in quantum dots using
electron-spin resonance (for single-spin rotations) and exchange interaction (for «/SWAP operations).
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Quantum teleportation is the process whereby a quan-
tum state is transported from one place to another without
moving through the intervening space. This process, pro-
posed by Bennett et al. [1], involves a source particle
(whose quantum state is to be transported) plus two en-
tangled particles at a distant location, one of which is the
target particle (to which the quantum state will be trans-
ferred). The teleportation procedure is then as follows: The
two entangled particles are separated, and one of them is
sent to “Alice,” who also holds the source particle, while
the other is sent to “Bob.” Alice performs a joint measure-
ment on her two particles in the Bell basis and communi-
cates the result to Bob. Depending on this information, Bob
applies one out of four unitary operations to his particle,
which thereby acquires the original quantum state of the
source particle. If Alice can distinguish all four possible
measurement outcomes, the teleportation process can, in
principle, be completed with a 100% success rate and is
called deterministic. If Alice, on the other hand, is only
able to perform a partial measurement on her two particles,
the success probability is less than 1 and teleportation is
probabilistic.

Probabilistic teleportation has been experimentally dem-
onstrated for photons [2] and from one atom to another
within the same molecule [3]. Deterministic quantum tele-
portation has been achieved for optical fields [4] and
atomic ions [5]. Electrons have not been teleported yet.
In recent years, several theoretical proposals have appeared
for quantum teleportation of electrons, using excitons in
coupled quantum dots [6,7], electron spins in a circuit
consisting of normal and superconducting quantum dots
[8], electron-hole pairs in a two-dimensional electron gas
[9], charge qubits in a quantum dot array [10], and en-
tangled electron-photon-electron states [11]. Out of these
proposals, Refs. [6,11] are, in principle, deterministic.

Here we propose the first all-electronic deterministic
teleportation scheme for electron spins in a quantum dot
nanostructure [12]. This choice of system is motivated by:
(i) the high level of control over the number of electrons
confined in quantum dots [13], (ii) recent advances in co-
herent manipulation of single and entangled pairs of spins
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in these structures [14], and (iii) the relative robustness of
the electron spin against decoherence [15]. Compared to
photons and ions, however, the coherence time (T,) of
electron spins in quantum dots—although it has not been
measured yet for a single spin—is expected to be orders of
magnitude shorter and forms the primary limiting factor
for coherent quantum communication processes such as
teleportation. The central question we ask in this Letter,
therefore, is how to design the most efficient, i.e., the least
time-consuming, scheme for deterministic teleportation of
electron spins. To this end, we first examine the teleporta-
tion protocol of Bennett et al. [1] and note that Alice has
some freedom in the choice of her measurement basis: It
does not need to be the Bell basis, any maximally en-
tangled basis will do. We then exploit this freedom to
derive the general form of evolution operators which trans-
form a maximally entangled basis into the standard basis
{10, 11D, 11D, 111}, which is the natural measurement basis
in quantum dots. Our key result is the demonstration that
such an evolution operator (and, hence, Alice’s full mea-
surement) cannot be implemented using less than one
single-spin rotation plus two /SWAP operations.

The Letter is organized as follows. First, we briefly
review the original teleportation protocol [1] and propose
a straightforward implementation of this protocol for
probabilistic teleportation of electron spins in a quantum
dot nanostructure. We then describe how this probabilistic
scheme should be modified in order to be able to achieve
deterministic teleportation and present our proposal. The
Letter ends with a discussion of the various time scales
involved in the teleportation process and a comparison to
the relevant state-of-the-art experimental techniques.

Starting with the scheme of Ref. [1], if the source
particle 1 is a spin-1/2 particle in the (unknown) state
[y = [y = all) + b|]) and the entangled pair (2,3)
also consists of spin-1/2 particles in the singlet state
23y = |8§) = %(IH} — |11)), then the joint state of these

three particles is given by the direct product |23y =
|y ® |2y, Rewriting |42y in terms of the Bell
basis states [b1) = S5 (1)) — D), 162) = (1) + 1ID),
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|53y = L5111 — 1), 1bsy=J5(IMh) +111)) for particles 1
and 2 yields |29y =16\ D) (—alts) — blIs))+

165"} (—alts) + blLs)) + B ) (bI1s) + alls)) + [bS>) X
(=bI13) + alls))]. If Alice measures particles 1 and 2 in the
Bell basis, Bob can reconstruct the original state |¢/) by
applying an appropriate unitary transformation to his
particle 3.

Probabilistic teleportation.—Figure 1 shows an im-
plementation of this protocol for probabilistic teleportation
of electron spins in a nanostructure consisting of two
quantum dots. The electron spins are prepared in their
respective ground states |y = |1) and |>?) =|S)
[16] [Fig. 1(c)]. In order to convincingly demonstrate
successful teleportation, one should be able to initialize
electron 1 in any arbitrary superposition of spin states (not
only the ground state | 1)). This can be achieved by coher-
ently rotating the spin of electron 1 using electron-spin
resonance (ESR) [Fig. 1(d)], which results in |1//(1)) =
all) + b|]). In the measurement depicted in Fig. 1(f),
Alice can only distinguish the singlet from the triplets. If
her measurement outcome is a singlet, which occurs with
probability 1/4, the teleportation process can be completed
successfully. In order to verify that teleportation has indeed
been successful, Bob can apply the inverse coherent rota-
tion of the one used for initialization in Fig. 1(d) to his spin,
which should then be measured with certainty in the |1)
state [Fig. 1(h)]. Note that this scheme is a direct electronic
analogue of the first demonstration of teleportation with
polarization-entangled photons by Bouwmeester et al. [2].

Deterministic teleportation.—In order to achieve deter-
ministic quantum teleportation, Alice has to perform a full
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FIG. 1. Schematic setup for probabilistic quantum teleporta-
tion of an electron spin. (a): Explanation of symbols used,
ESR = electron-spin resonance. (b)—(d): Initialization. (e)—
(f): Joint measurement of spins 1 and 2 in the singlet-triplet
basis. (g): Reconstruction. (h): Readout.

Bell measurement on her two particles. For electron spins
in quantum dots, however, no measurement technique is
available for full Bell measurements: Current techniques
allow one to distinguish singlet from triplets and to per-
form full measurements in the standard basis [17,18]. We
therefore use an idea proposed by Brassard et al. [19],
which consists of first transforming from the Bell basis to
the standard basis and then measuring the spins in the latter
basis [20]. The main part of the following analysis is
devoted to finding the most efficient implementation of
this procedure. We first note that the original protocol in
Ref. [1] is a special case of a more general teleportation
protocol. This general protocol allows Alice to freely
choose her measurement basis, as long as it is a maximally
entangled basis. The reason behind this freedom is that any
maximally entangled basis can be used to measure the
particles 1 and 2 without gaining any information on the
state of the source particle. This freedom can be exploited
to obtain a more efficient sequence of operations for
Alice’s measurement. We now first describe the general
form of a two-qubit operator U € SU(4) which transforms
the standard basis into a maximally entangled basis (in our
teleportation scheme, we need U'). We then derive the
most efficient translation of this general form into single-
qubit rotations and two-qubit (/SWAP) operations [21].

Any operator U € SU(4) which transforms the standard
basis into a maximally entangled basis has one of the forms
U,, U,, or U;, where

U, = K eVimo@o RODuRPmRV(ORP(Q),  (la)
U2 = Kl6(1/4)1'77(0'X®0'X+60'z®a".)

X RV(ORP(2), with e € (0, 1), (1b)
U3 = Kl€(1/4)i77(0'-‘®0-‘+0-’®0'5)R§~l)(/.L)R;Z)(V)
X RM(&RP(9), (Ic)

with K, € SU(2) ® SU(2), o; (i =
ces, RY( ) arotation of qubit 1 by an angle w around axis
n, and u, v, & £, € [0,27). The mathematical proof of
Eq. (1) makes use of the theory of Lie groups and Lie
algebras and relies on the so-called K;AK, decomposition
theorem, which says that every U &€ SU(4) can be decom-
posed as K,e!®7:®0tifoy®o,tivo®o. g with K, K, €
SU(2) ® SU(2) and «, B, v € [0, 27) [22]. The full proof
of Eq. (1) is given in Ref. [23]. Here we proceed to translate
the operators in Eq. (1) into the shortest possible sequence
of single-spin rotations and /SWAP operations. Starting

with the former, RS,I)(a) and quz)(a) are given by

X, y, z) the Pauli matri-

Rg,l)(a) — e*(l/z)iaﬁ-&oal’ quz)(a) — ef(l/z)mlozaﬁ-&’

)
with 7 = (sinf cos¢, sinf sin¢, cosf) a unit vector on the
Bloch sphere [§ € [0, 7), ¢ € [0,27)], ¢ = (0,, 0y, 7),

and / the identity matrix. Equation (2) originates from the
evolution operator Ug(t) = exp[—(i/h) [( Hg(7)d7] and
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corresponds to an ESR pulse applied to a single spin which
is described by the Hamiltonian JH (1) = — %h'yé(z‘) iz
[y is the gyromagnetic ratio and a = —7y [{ B(7)d7].
Similarly, the «/SWAP operation for electron spins in quan-
tum dots originates from the exchange interaction de-
scribed by the Heisenberg Hamiltonian H . (¢) =
(1/n2J(r)¢V - 33, with J(r) the time-dependent ex-
change energy, the energy difference between singlet and
triplets. The time evolution operator Ugy () corresponding
to H (1) or, equivalently, EX(8) = U(1), is given by

e(1/2)ip 0 0 0
0 cos}B) isin(B) 0
0 isinGB) cos(38) 0
0 0 0 e1/2)iB

EX(B) = e_(1/4)i.3

Here B(t) = —h [(J(7)dT. EX(7) represents the SWAP
operation which exchanges the states of two spins. An
interaction switched on for half this time, EX(7/2), is
called the \/SWAP operation.

Regarding U,-U; in Eq. (1), we first note that
exp[(1/4)imo, ® o] cannot be expressed as a single
+/SWAP operation plus rotations. This can directly be seen
from the form of the matrix (v/SWAP)' exp[(1/4)imo, ®
o). U=U; can, however, be expressed in terms of two
+/SWAP operations as

U = /SWAPR!) (1)+/SWAP, 3)

with7i, = (cos¢, sing, 0) [24]. Equation (3) is the optimal
decomposition of Eq. (1) in terms of the number of re-
quired operations [25]. Rewriting U as U' =
—exp[—(1/4)im]U, we find that U’ transforms the stan-
dard basis into the maximally entangled basis

Uil = % (i1l + 111, (4a)
vy = éael‘ﬂm Felll),  (@b)
DI = (e I e, o
1) = 5 01D + 1), (4d)

After Alice has applied U't to her two qubits, the appro-

TABLE 1.

priate unitary transformations which Bob has to perform in
order to reconstruct the original quantum state can be
calculated using the approach in Ref. [26] and are given
by (Q, corresponds to measurement outcome |11), O, to

111, etc.)
0 je~ ¢
0, = <_e,’¢ 160 );

0, = (z)l (1)>,
o= (3 9)

(0 e ¢
Q= <—ieid’ 0 )’

Translating Q; into single-spin rotations in the (x, y) plane
[27], we obtain Q| = Rn¢(77/2)R”$ (m/2)R,,(—m/2) and

similar results for Q,—Q,; see Table I. By applying these
transformations, the original quantum state is recon-
structed and remains available for further processing. In
order to demonstrate that the teleportation process has been
successful, one could perform an analogous experiment as
depicted in Fig. 1(g), where Bob rotates the spin of his
particle after receiving Alice’s message such that it ends up
as | 1) or | |). He should then measure with certainty | 1)
(respectively, | |)). The appropriate rotations Bob needs to
apply in this case are also given in Table I. The quantum
state of the source particle is destroyed in this experiment,
so it cannot be used for further processing. Figure 2 shows
how the setup of Fig. 1 has to be modified for deterministic
teleportation. All steps of the protocol are the same as in
Fig. 1, except for Alice’s measurement in Fig. 1(f), which
now consists of the operation U [Eq. (3)] followed by a
readout of the two spins in the standard basis. Note that this
scheme is, in principle, also suitable for entanglement
swapping [28] if one starts out with two pairs of entangled
spins in separate dots: By bringing together and entangling
one spin of each pair and performing a Bell measurement
on this newly formed pair, the remaining (separated) spins,
which have never met, become entangled.
Feasibility.—In this last section, we discuss the feasi-
bility of the proposed teleportation schemes. We first note
that all of the ingredients (double quantum dots occupied
by two entangled electron spins [13], ESR rotations [29],
+/SWAP operations [14], single-shot readout techniques for
electron spins [17,18,30]) are already available.
Comparing the duration of an ESR rotation ~50 ns for
magnetic fields of 1 mT [31] to the duration of a \/SWAP

Spin rotations in the (x, y) plane which Bob has to apply as a function of Alice’s measurement outcome (first column) in

order to reconstruct the original quantum state (second column) and measure with certainty | 1) (third column) or | |) (fourth column) if
particle 1 has been rotated by an angle p [Fig. (1(d)]. ni denotes the axis in the (x, y) plane perpendicular to 7.

Alice’s result Reconstruction of original state Measure |1) Measure ||)
I Ry, GR,1 (DR, (— ) R, (p) Ry (p + m)
|Tl> Rn(b (g)Rni (g)Rmp (g) Rni(_p + 7T) Rni(_p)
[11) Ry, DR, (= 5R,,(5) R,:(p + ) R,:(p)
In Ry, (= DR, (DR, (D) R,y (=p) Ryy(=p+m)
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FIG. 2. Quantum dot setup for deterministic teleportation of an
electron. See the text for explanation.

operation ~180 ps [14] and assuming a fast readout, we
see that the total time duration of the teleportation process
is determined mainly by the ESR rotations. For the proba-
bilistic scheme, we then find 7., ~ 100 ns (corresponding
to two rotations) and for the deterministic scheme #4o; ~
150-250 ns (depending on whether Bob measures the spin
of his particle or not). Teleportation can thus be completed
within the single-spin relaxation time 7} ~ 1 ms [17].
Whether it can also be completed before decoherence
sets in is as yet unknown. Recent measurements indicate
that 7, is limited by hyperfine interaction in a GaAs
quantum dot and report times 7, ~ 10 ns [14,32].
However, using quantum control techniques such as spin
echo, these times can be extended to >1 us [14]. This
technique has also been employed in one of the teleporta-
tion experiments with ions [5].

In conclusion, we have proposed a scheme for determi-
nistic teleportation of electrons in a quantum dot nano-
structure which involves the shortest possible sequence of
single-spin rotations and two-qubit (/SWAP) operations.
Because of the high level of control over the system, tele-
portation can, in principle, be achieved with a 100% suc-
cess rate at the “push of a button,” as in the experiments
with ions [33]. To actually perform the proposed experi-
ment is challenging, mainly due to the required fast coher-
ent rotations and readout, but does not seem unfeasible.
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