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Abstract. The field of external aerodynamics encompasses various engineering disciplines
with a significant impact on wind energy technology. Aerodynamic investigations provide
insights not only into the characteristics of individual blades or standalone wind turbines but
also into entire wind farms. As advancements in wind turbine design continue, understanding
the interactions between turbines in close proximity becomes crucial, presenting a multi-
body problem. Researchers require efficient and accurate tools to comprehensively study such
dynamics. This paper presents a hybrid Eulerian-Lagrangian solver designed to leverage the
strengths of Eulerian solvers in resolving boundary layers and Lagrangian solvers in convecting
wakes downstream without introducing significant numerical diffusion. The solver adeptly
handles multi-body simulations, allowing the construction of independent Eulerian meshes that
communicate seamlessly through Lagrangian particles. In this way, the computational study of
multibody problems does not require very large and dense meshes. Validation in single-body
cases has already been conducted, with this paper demonstrating the solver’s application to a
pair of cylinders in different configurations. A comparative performance analysis is carried
out against pure Eulerian solvers. The results highlight that the hybrid solver efficiently
reproduces the accuracy of the Eulerian solver, demonstrating its effectiveness in handling
complex aerodynamic simulations.

1. Introduction
Researchers are dedicated to identifying strategies that enhance the efficiency of wind farms and
amplify power output without substantially expanding the physical footprint of these farms. It
is evident that a comprehensive understanding of wind energy necessitates moving beyond the
examination of individual blades or standalone turbines. Wind turbines are integral components
of a larger system—the wind farm. The interaction between turbines within the wind farm results
in a significant change in the airflow dynamics as compared to a standalone wind turbine. As
a result, understanding a wind farm’s dynamics falls within the domain of multibody problems.
It is crucial for researchers to come up with efficient but also accurate methodologies to study
such problems.

Aerodynamic problems can typically be studied experimentally and numerically. However,
in the context of multibody problems, experiments can be prohibitively expensive in terms of
both time and money, so often, numerical simulations are preferred. In numerical simulations,
the Eulerian approach is often employed, such as Finite Volumes and Finite Elements, and the
solid bodies can be fully resolved [1], or they can be modeled as actuator disks [2], to reduce
the computational cost. On the other hand, Lagrangian methods are often used, like the Vortex
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Particle Methods (VPM), which offer accelerated solutions, often sacrificing the boundary later
resolution. Finally, the Blade Element Method (BEM) is a commonly used low-fidelity method
that provides fast results in wind turbine simulations [4].

In the past two decades, a numerical approach gaining increasing attention—and the focus
of this paper—is the coupled Eulerian-Lagrangian method. This approach seeks to harness the
strengths of both Eulerian and Lagrangian solvers to create a tool capable of accurately resolving
boundary layers (via the Eulerian solver) and efficiently evolving the wake downstream without
introducing numerical diffusion. Numerous research groups have contributed to the development
of hybrid methods in recent years [5, 6, 7, 8]. Pasolari et al. [5] coupled OpenFOAM with a VPM
for conducting 2D simulations, Billuart et al. [6] developed a weak coupling approach between
a body-fitted velocity-pressure solver and a Vortex Particle-Mesh method in two dimensions,
Papadakis et al. [7] integrated a compressible Eulerian solver (MaPFlow) with a Lagrangian
solver using a Vortex Particle-Mesh technique and Stock et al. [8] coupled a high-order spectral
finite difference method with an open-source VPM. The specific methodology addressed in this
paper corresponds to the hybrid solver developed by Pasolari et al. [5]. In that paper, the authors
showcase the demonstration and validation of this hybrid solver. Validation is performed using
a 2D flow around a sole cylinder case at low Reynolds numbers (Re = 550). This serves as a
robust validation scenario for the hybrid solver’s capabilities.

A great advantage of the hybrid solver is its efficient way on handling multibody problems.
It allows for the creation of very narrow Eulerian meshes for each body independently, with
the Lagrangian solver serving to interconnect them. This approach proves to be not only highly
practical but also elegant in its treatment of multibody simulations. A more detailed explanation
of this methodology will be provided in the next section, and for a deeper understanding, readers
are encouraged to refer to the reference paper [5].

In the specific context of this paper, the hybrid solver is extended to simulate multibody
problems. The methodologies employed for this extension are thoroughly presented, followed
by a comprehensive validation process. Validation is carried out through various scenarios
involving the 2D flow around a pair of cylinders. These cylinders are arranged in two different
configurations to assess the solver’s robustness. Firstly, the two cylinders are positioned in a
tandem arrangement with two cases to be tested: one where the two cylinders are positioned
very close (L = 1.5D), where L is the horizontal distance of their centers, and D is the diameter
of the cylinder; and one where they are further apart (L = 3.0D). Then, the two cylinders are
positioned in a staggered arrangement (one on top of the other). Similarly, two cases are tested:
one where their distance is close (T = 1.5D), where T is the vertical distance of the centers of the
cylinders, and one where they are further apart (T = 3.0D). In both cases above, the scenario
where the cylinders are very close tests the most extreme case where the two meshes overlap in a
very large part and serves as validation for the solver’s ability to handle such extreme scenarios.
All the hybrid run for Re = 200 and the results are compared with the corresponding results
obtained from pure Eulerian simulations.

2. The hybrid solver
The hybrid solver strategically leverages the strengths and mitigates the weaknesses of both
Eulerian and Lagrangian solvers, which complement each other in a synergistic manner.
Specifically, Eulerian solvers excel at resolving flows near solid surfaces without requiring a vast
number of elements, thanks to the introduction of anisotropic elements. However, they introduce
significant artificial diffusion, making them less efficient in resolving the far-field region. On the
other hand, Lagrangian solvers, and more specifically VPM that is used here, cannot capture
phenomena occurring close to the body but can efficiently evolve the solution in regions where
convective terms dominate.

The foundation of the specific hybrid solver lies in the Domain Decomposition method,
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initially proposed by Daeninck [9], later refined by Stock et al. [8], and successfully applied
in Palha et al. [10]. The fluid domain is decomposed as illustrated in Figure 1. The Eulerian
solver resolves the region in proximity to the solid boundary to capture vorticity generation and
viscous phenomena on the solid surface, while the Lagrangian solver is responsible for evolving
the wake downstream. This approach ensures that the advantages of each solver can be fully
exploited.

Figure 1: The decomposition method used in the hybrid Eulerian-Lagrangian solver.

2.1. The Eulerian solver
In the hybrid framework of this project, the Eulerian component relies on OpenFOAM v9
[11]. OpenFOAM, being open-source, provides the flexibility to implement new solvers and
modify existing ones, making it widely embraced in both research and academia. Specifically,
the pimpleFOAM solver within OpenFOAM is employed for the hybrid solver presented in
this project. PimpleFOAM is an intrinsic OpenFOAM solver designed to address transient,
incompressible laminar, and turbulent flows. Notably, it employs the PIMPLE loop to facilitate
the coupling of the velocity and pressure fields, ensuring the mass conservation.

2.2. The Lagrangian solver
In the Lagrangian part of the hybrid solver, the Vortex Particle Method (VPM) is utilized.
VPM operates by assigning Lagrangian particles to carry the vorticity of the flow—an essential
quantity closely connected to the aerodynamic forces exerted on the studied body. This
characteristic makes VPMs highly favored in the field of external aerodynamics.

In the equations presented in this section, the following symbols are used:

u : velocity field,

ω : vorticity field,

x : position,

Γ : circulation,

r : distance,

σ : core radius,

ez : unit vector in the z-direction.



The Science of Making Torque from Wind (TORQUE 2024)
Journal of Physics: Conference Series 2767 (2024) 052006

IOP Publishing
doi:10.1088/1742-6596/2767/5/052006

4

Additionally, the subscripts p and ∞ correspond to the particle and freestream conditions,
respectively.

VPM relies on the vorticity-velocity formulation of the Navier-Stokes (N-S) equations, as
illustrated in Eq. 1:

∂ω

∂t
+ (u ·∇)ω = (ω ·∇)u+ ν∇2ω in 3D (1a)

∂ω

∂t
+ (u ·∇)ω = ν∇2ω in 2D (1b)

In two-dimensional flows, the vortex stretching term is zero and so it can dropped off the
equations, while the vorticity has only one non-zero component, rendering it a scalar. To
discretize the flow field, vortex particles are employed, and frequently, a finite core is attributed
to the initially singular particles. This practice aims to mitigate the occurrence of spiky solutions
that can arise from the use of Dirac’s functions. The induced velocity and vorticity fields are
computed as the summation of the induced fields by each particle, expressed as shown in Eq. 2:

up(x) = − 1

2π

∑
p

gσ(|x− xp|)
|x− xp|2

(x− xp)× ezΓp + u∞ (2a)

ωp(x) =
∑
p

ζσ(|x− xp|)Γp (2b)

Here, the Gaussian kernel is used as the smoothing function and so, the participating functions
in Equations 2 are:

gσ(r) =
1

2πσ2

1− e
−

r2

2σ2

 (3a)

ζσ(r) =
1

2πσ2
e
−

r2

2σ2 (3b)

While VPMs traditionally deal with inviscid flows, advancements have been made to
incorporate diffusion effects. By employing Chorin’s Viscous Splitting Algorithm [12], the
evolution of particles is carried out in two discrete steps:

∂ω

∂t
+ u · ∇ω = 0 convection step (4a)

∂ω

∂t
− ν∇2ω = 0 diffusion step (4b)

The convection of particles is executed using the 4th order Runge-Kutta method [13], while
diffusion is addressed through the implementation of a Vortex Redistribution Method [14]. This
method involves redistributing the particles to ensure they do not accumulate in specific regions
of the flow due to flow strain. This preventive measure serves to mitigate inaccuracies that
might otherwise arise from such accumulations.
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2.3. Coupling strategy
The two component solvers are coupled in a two-way fashion, with their coupling occurring only
once within a specific time-step. This coupling approach is referred to as weak coupling.

As illustrated in Figure 1, the Eulerian domain is notably narrow compared to typical
strategies in Computational Fluid Dynamics (CFD). Consequently, appropriate boundary
conditions must be applied. In this context, the vortex particles contribute boundary conditions
to the Eulerian boundary by computing the induced velocity field and pressure gradient using
the unsteady Bernoulli equation (Eq. 5). This process constitutes the first coupling step of
the two solvers.

∇p̄ = −(
∂u

∂t
+ (u · ∇)u+ ν∇2u), p̄ = p/ρ (5)

As previously highlighted, Lagrangian solvers often lack accuracy in resolving regions close to
boundary layers, rendering their solutions in proximity to solid bodies less reliable. To address
this limitation, the Eulerian solution is employed for correction purposes. Particularly, within
the interpolation region depicted in Figure 1, the Eulerian solution of the vorticity field is
exported and then interpolated onto the vortex particles. This corrective step, constituting the
second coupling step of the two solvers, enhances the accuracy of the Lagrangian solution in
the vicinity of the solid body.

2.4. Handling multibody cases
This solver is adept at handling multi-body simulations in an elegant manner. In particular, as
depicted in Figure 2, each cylinder can be treated as an independent OpenFOAM case, solved
separately. Particles covering the entire computational domain establish connections between
different regions, providing boundary conditions for each separate case. This approach enables
the acceleration of simulations by assigning each Eulerian case to a different CPU core.

Figure 2: Multi-cylinder problem of independent cylinder cases interconnected by the particles.

3. Validation cases
The validation of the solver will be conducted through a series of tests involving different
configurations of two cylinders. Initially, the two cylinders are positioned in tandem arrangement
(Figures 3a and 3b). Then, the two cylinders are positioned in staggered arrangement (Figures 3c
and 3d). The cases illustrated in Figures 3a and 3c, are both extreme cases, where the Eulerian
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meshes of the two cylinders overlap in a large part, which makes these cases very important for
the validation of the solver. In all the cases the Reynolds number is set to Re = 200. The mesh
that is used is comprised solely by hexaedra and it is illustrated in Figure 4. The parameters
for the Eulerian solver, the Lagrangian solver and the general simulation parameters are mutual
for all the cases, summarized in Table 1.

(a) Tandem arrangement, L = 1.5D. (b) Tandem arrangement, L = 3.0D.

(c) Staggered arrangement, T = 1.5D. (d) Staggered arrangement, T = 3.0D.

Figure 3: The configurations of the validation cases.

Table 1: Global simulation parameters.

Parameter Symbol Value Dimension
Kinematic viscosity ν 0.005 kg/(m · s)
Cylinder’s radius R 0.5 m

Eulerian mesh density Ncells 11040 −
Eulerian’s domain radius RE 1.0 m
Eulerian time-step ∆tE 0.005 s

Vortex particles spacing h 0.027 m
Diffusion and convection time step ∆tc = ∆td 0.005 s
Interpolation domain offset from Eulerian boundary dbdry 3 · h m

4. Results and discussion
4.1. Tandem arrangement
For the tandem arrangement of the two cylinders, the results are compared with the
corresponding results obtained by Skonecki et al.[15] that used STAR-CCM+ for their
simulations, and by Meneghini et al.[16] where a Finite Element code was used. Table 2
summarizes the results for both cases in tandem arrangement, comparing the mean drag
coefficient and the Strouhal number of the current method with the bibliographical results.
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Figure 4: The Eulerian mesh used for the hybrid simulations.

It can be seen that the results of the hybrid solver show a great agreement with the references,
for both the front cylinder (denoted with the subscript F ) and the rear cylinder (denoted with
the subscript R). Figure 5a, illustrates the vorticity field for the two tandem arrangements.
It can be observed that the vorticity that is produced in the first cylinder, can accurately be
convected to the rear cylinder, and then downstream, without any inaccuracies to be added,
neither in the case that the two cylinders are placed very close. Finally, Figure 6a, shows the
aerodynamic coefficients over time, for both the front and rear cylinders.

Table 2: Results for tandem arrangement.

Method
C1 (L = 1.5D) C2 (L = 3.0D)

Cd,F StF Cd,R StR Cd,F StF Cd,R StR

Skonecki et al.[15] 1.09 0.170 -0.20 0.170 1.02 0.129 -0.12 0.129
Meneghini et al.[16] 1.06 0.167 -0.18 0.167 1.00 0.125 -0.08 0.125
Present Hybrid 1.06 0.167 -0.18 0.167 1.00 0.128 -0.13 0.128

4.2. Staggered arrangement
For the staggered arrangement, the results are compared with the same references. Table 3
summarizes the results for both cases in staggered arrangement, comparing the mean drag
coefficient and the Strouhal number of the current method with the bibliographical results. For
both the upper cylinder (denoted with the subscript U) and the lower cylinder (denoted with
the subscript L), the mean drag coefficient, as well as the Strouhal number, fall between the
results obtained from the references. Figure 5a, illustrates the vorticity field, while Figure 6a,
shows the aerodynamic coefficients over time, for both the upper and lower cylinders.

Table 3: Results for staggered arrangement.

Method
C3 (T = 1.5D) C4 (T = 3.0D)

Cd,U StU Cd,L StL Cd,U StU Cd,L StL

Skonecki et al.[15] 1.55 0.201 1.57 0.204 1.56 0.214 1.56 0.214
Meneghini et al.[16] 1.32 - 1.32 - 1.34 0.174 1.34 0.174
Present Method 1.46 0.209 1.48 0.197 1.41 0.198 1.41 0.198
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(a) Tandem arrangement.

(b) Staggered arrangement.

Figure 5: Screenshots of the vorticity field for the tandem and the staggered arrangements using
the hybrid solver.

4.3. Conclusions and Future Aims
The results presented above demonstrate the capability of the proposed hybrid solver to handle
multibody problems, producing outcomes consistent with pure Eulerian solvers. Even in cases
where the two meshes overlap significantly (such as when the cylinders are placed very close to
each other), the results align with existing literature. The versatility of this approach allows
for the extension of the problem to incorporate additional cylinders and, subsequently, multiple
moving bodies, establishing it as a robust tool in the field of Computational Fluid Dynamics
(CFD). While a detailed comparison of the solver’s computational efficiency is beyond the scope
of this paper, it is worth noting that, given the small number of elements in Eulerian meshes
and the utilization of GPUs for particle calculations, the solver demonstrates high efficiency.

It’s worth noting that the current solver has also been tested in dynamic mesh simulations [17].
A future goal for the solver is to merge multibody simulations with dynamic mesh simulations.
This would enable simulations that approach the complexity of wind farm scenarios, assessing
the efficiency and accuracy of the current solver in such cases, which are precisely what it was
originally developed for. Moreover, conducting a comparison of the solver’s efficiency against
conventional Eulerian solvers is necessary. This comparison would be extensive, considering
various factors such as time-steps and mesh sizes for both the proposed and conventional solvers,
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(a) Aerodynamic coefficients for the tandem arrangement.

(b) Aerodynamic coefficients for the staggered arrangement.

Figure 6: Aerodynamic coefficients for the tandem and the staggered arrangements using the
hybrid solver.

the computational domain’s length in the conventional solver, and the Lagrangian particles’ size
and Eulerian subdomain size in the proposed solver, as well as the hardware used in both
instances, since conventional CFD can run in parallel on CPUs, while the hybrid approach
utilizes GPUs. Taking all these factors into account will allow for a fair comparison between the
solvers.
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