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ALGEBRAIC CONSTRUCTION OF ADAPTIVE COARSE SPACES
FOR TWO-LEVEL SCHWARZ PRECONDITIONERS*

ALEXANDER HEINLEINt AND KATHRIN SMETANAF

Abstract. Two-level domain decomposition preconditioners lead to fast convergence and scala-
bility of iterative solvers. However, for highly heterogeneous problems with a rapidly varying coeffi-
cient function, the condition number of the preconditioned system generally depends on the contrast
of the coefficient function. As a result, the convergence may deteriorate. Enhancing the coarse
space by functions constructed from suitable local eigenvalue problems restores robust, contrast-
independent convergence; these coarse spaces are often denoted as adaptive or spectral coarse spaces.
However, these eigenvalue problems typically rely on nonalgebraic information such that the adap-
tive coarse spaces cannot be constructed from the fully assembled system matrix. In this paper, a
novel algebraic adaptive coarse space which relies on the a-orthogonal decomposition of (local) finite
element (FE) spaces into functions that solve the elliptic PDE with some trace and FE functions
that are zero on the boundary is proposed. In particular, the basis is constructed from eigenmodes
of two types of local eigenvalue problems associated with the edges of the domain decomposition. To
approximate functions that solve the PDE locally, we employ a transfer eigenvalue problem which
has originally been proposed for the construction of optimal local approximation spaces for multiscale
methods. In addition, we make use of a Dirichlet eigenvalue problem that is a slight modification of
the Neumann eigenvalue problem used in the adaptive generalized Dryja—Smith-Widlund (AGDSW)
coarse space. Both eigenvalue problems rely solely on local Dirichlet matrices, which can be extracted
from the fully assembled system matrix, allowing for an algebraic construction. By combining argu-
ments from multiscale and domain decomposition methods, we derive a contrast-independent upper
bound for the condition number. While we restrict ourselves here to a two-dimensional diffusion
problem discretized by low-order FEs on regular meshes, the proposed framework is general, and we
conjecture that the approach can be readily extended, for instance, to other elliptic problems, three
dimensions, or, under mild assumptions, higher-order discretizations. The robustness of the method
is confirmed numerically for a variety of heterogeneous coefficient distributions, including binary ran-
dom distributions and a coefficient function constructed from the SPE10 benchmark. The results are
comparable to those of the nonalgebraic AGDSW coarse space as well as for those cases where the
convergence of the classical algebraic generalized Dryja—Smith-Widlund coarse space deteriorates.
Moreover, the coarse space dimension is the same as or comparable to the AGDSW coarse space for
all numerical experiments.

Key words. domain decomposition methods, multiscale methods, overlapping Schwarz precon-
ditioner, adaptive coarse spaces
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1. Introduction. Domain decomposition methods (DDMs) are a popular class
of methods that yield rapid convergence in the iterative solution of linear systems
of equations arising from PDEs. In particular, if a suitable coarse level is used, then
DDMs have proved to be scalable for a wide range of problems, which, for elliptic prob-
lems, can be shown theoretically by proving an upper bound for the condition number.

Unfortunately, in the presence of strong heterogeneities in certain problem pa-
rameters, the convergence of classical DDMs may deteriorate. For instance, for a
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diffusion problem with a coefficient function that is varying rapidly on possibly sev-
eral nonseparated scales, the condition number may depend on the contrast of the
maximum and minimum values of the coefficient. One way to overcome this issue
is by using adaptive coarse spaces, also known as spectral coarse spaces. These ap-
proaches are based on solving local generalized eigenvalue problems and selecting a
number of eigenfunctions based on a user-chosen tolerance for the eigenvalues. The
selected functions are used to construct coarse basis functions with local support.
Due to the use of spectral information, these coarse spaces typically yield a provable
upper bound of the condition number that is independent of the contrast and de-
pends on the tolerance for the eigenvalues. Hence, adaptive coarse spaces yield robust
convergence. A variety of adaptive coarse spaces has been introduced for nonover-
lapping DDMs [43, 58, 37, 36, 10, 35, 47], most of which consider finite element
(FE) tearing and interconnect—dual primal (FETI-DP) methods, balancing domain
decomposition by constraints (BDDC) methods, and overlapping Schwarz methods
[17, 15, 57, 25, 26, 27, 18, 38, 6].

Even though most of the approaches referenced above are provably robust, none is
algebraic. This means that they cannot be constructed using only the fully assembled
system matrix, requiring new assembly routines or even access to the mesh of the
FE discretization. FETI-DP and BDDC methods are generally not algebraic since
they require local Neumann matrices on the subdomains, which cannot be extracted
from the system matrix. Schwarz methods can be constructed algebraically if the
coarse space can be constructed algebraically. However, the adaptive coarse spaces
mentioned above all require additional information for the definition of the eigenvalue
problems, such as local Neumann matrices or geometric information.

In this paper, we propose, to the best of our knowledge for the first time, an
interface-based adaptive coarse space for two-level overlapping Schwarz precondition-
ers that is robust and that can be constructed algebraically. Relying on the well-known
a-orthogonal decomposition of local FE spaces into functions that solve the PDE nu-
merically with a prescribed trace as a boundary condition and FE functions that are
zero on the boundary, we propose in this paper building the adaptive coarse space
from two local eigenvalue problems associated with each edge of the domain decompo-
sition. To approximate functions that solve the PDE locally, we employ the transfer
eigenvalue problem introduced in [54], which is known from the construction of opti-
mal local approximation spaces [5, 54, 41, 51] for novel types of multiscale methods
that allow full error control even for heterogeneous problems with nonseparated scales
[5, 42, 41, 45, 46, 44, 54]. For the approximation of the functions with zero trace,
we make use of a Dirichlet eigenvalue problem which is a slight modification of the
Neumann eigenvalue problem used in the nonalgebraic adaptive generalized Dryja—
Smith-Widlund (AGDSW) [26, 27, 38] coarse space. The adaptive coarse space is
then built from energy-minimizing extensions of the eigenfunctions. Our new method
is algebraic in the sense that both eigenvalue problems rely solely on local Dirichlet
matrices, which can be extracted from the fully assembled system matrix. We show
that using and combining arguments from these novel types of multiscale methods and
DDMs allows deriving a contrast-independent upper bound for the condition number;
the latter depends only mildly on the structure of the domain decomposition. For
examples of how DDMs have been used to develop and analyze such novel types of
multiscale methods, we refer the reader to [40, 39].

As most application codes generate a fully assembled system matrix, a robust
DDM that solely uses this fully assembled matrix for the construction of the coarse
space, as proposed in this paper, is clearly advantageous. In contrast to, for instance,
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the AGDSW coarse space, which is not algebraic,the suggested approach has the
disadvantage that it requires approximating two eigenvalue problems and is thus more
costly. However, our numerical tests, including the ones in section 8, indicate that
there is a chance that a coarse space only built from the eigenfunctions of the transfer
eigenvalue problem might be robust. As for many other adaptive coarse spaces, our
approach is based on solving eigenvalue problems on small subdomains; here, we
consider a so-called oversampling domain which encloses the edge for which the coarse
space is constructed. While a small oversampling domain (ideally just one layer
of FEs around the edge) is computationally preferred for the construction of the
coarse space, this may lead to unnecessarily large coarse spaces; see, for instance, the
results in subsection 8.2. Finding the sweet spot here can be as challenging as it is in
other adaptive coarse spaces which allow for varying the domain for the extensions,
for instance, in AGDSW. One way to mitigate this issue is by tuning the tolerance
in the construction of the coarse space, as discussed in section 8; however, this is
also not straightforward to do for the just mentioned type of adaptive coarse spaces.
Addressing these challenges is the subject of future work.

Even though we restrict ourselves to two-dimensional diffusion problems dis-
cretized by low-order FEs on regular meshes in this proof of concept, we conjecture
that the proposed methodology can be easily extended to three dimensions, unstruc-
tured meshes, and other elliptic problems, such as linear elasticity and parabolic
problems; cf. the extensions of the related AGDSW method [26, 27] and optimal
local approximation spaces [54, 51, 52].

The adaptive coarse space proposed in this paper belongs to a class of adaptive
coarse spaces which first partition the interface into nonoverlapping components and
compute the eigenvalue problems on these components; cf. the spectral harmonically
enriched multiscale [18], overlapping Schwarz—approximate component synthesis (OS-
ACMS) [25], and AGDSW coarse spaces. All these approaches yield a minimum
number of total degrees of freedom in all local generalized eigenvalue problems since
no degree of freedom appears in more than one eigenvalue problem. Our new method
is most closely related to the AGDSW method. Even though the AGDSW coarse space
contains the generalized Dryja—Smith—Widlund (GDSW) coarse space [13, 14], which
can be constructed algebraically, it is not algebraic since local Neumann matrices
appear in the eigenvalue problems.

Algebraic coarse spaces for overlapping Schwarz methods have recently—and in
parallel to the preparation of this manuscript—also been proposed by Gouarin and
Spillane [21], Spillane [56], Al Daas and Grigori [2], Al Daas and Jolivet [3], and Al
Daas, Jolivet, and Rees [4]. In all cases, the methods can be seen as extensions of
the generalized eigenproblems in the overlaps (GenEO) [57] approach, where local
eigenvalue problems in the overlaps or the overlapping subdomains of the Schwarz
method are solved to compute the coarse space. In order to obtain algebraic coarse
spaces, the authors mostly focus on general linear algebra arguments, such as matrix
splittings and the Sherman—Morrison-Woodbury formula; see also [55, 1] for abstract
descriptions of the GenEO framework. In contrast, our approach is based on a priori
knowledge about the elliptic PDE.

Let us also briefly note that spectral information has also been used to improve
the robustness of algebraic multigrid (AMG) methods [50], for instance, in the spectral
element-based algebraic multigrid (pAMGe) method [11].

The paper is organized as follows. We propose adaptive coarse spaces for DDMs
that can be constructed algebraically in section 5 and derive a bound for the condition
number in section 6. Beforehand, we briefly introduce our heterogeneous diffusion
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model problem in section 2 and review two-level overlapping Schwarz preconditioners
in subsection 3.1 and adaptive coarse spaces in subsection 3.2. In particular, we
also elaborate in section 4 on the challenges that arise when one wishes to construct
adaptive coarse spaces without relying on local discrete variational problems with
Neumann boundary conditions that would require new assembly routines on the local
subdomains. Finally, we discuss the computational realization of the proposed method
in section 7 and demonstrate its robustness numerically in section 8.

2. Problem setting. Let  C R? be a bounded domain with Lipschitz boundary
and a € L (Q) with 0 < amin < @ < Qunar < 00 be a highly heterogeneous coefficient
function, possibly with high jumps. We consider the following variational problem:

(2.1) Find « € Hy(Q): aq(w,v) = f(v) Vo € Hi(Q
where a u, ) .= ol wulxr T T i an
h Q<,>/Q<><V<>>V<>d d /o //

respectively, and £ € L2(2). We equip HJ(2) with the energy norm |«|s, =
(aq(z,))"/?. Due to space limitations, we defer a discussion of the treatment of
Neumann or mixed boundary conditions to a forthcoming paper.

Let 7, be a quasi-uniform triangulation of €2 into triangles or quadrilaterals with
element size h. To simplify the presentation, we assume that the triangulation resolves
the coefficient function, i.e., that « is constant on each element. Then we introduce a
conforming FE space Vg C H}(Q) of dimension Ng, where, for the sake of simplicity,
we consider piecewise linear (P1) or bilinear (Q1) FE spaces. We obtain the following
discrete variational problem:

(2.2) Find u € VY aq(u,v) = f(v) Yo eV,

where f(v) := [, £/(z)v(x)dx for v e V{j. The algebraic version of (2.2) then reads as
follows:

(2.3) Find u e RV : Au=f, where A cRVo*Na £ cRNe,

3. Adaptive coarse spaces for two-level overlapping Schwarz precondi-
tioners.

3.1. Two-level overlapping Schwarz preconditioner. Let €2 be decomposed
into nonoverlapping subdomains €; with maximum diameter H such that = Uf\ir Q,,
Q,;NQ,; =0 for i # j. We assume that the boundaries of the subdomains are Lipschitz
continuous and do not intersect any element of 7,. The domain decomposition in-
terface is given as I' = (J,; (0€2 N 0€2;) \ 9. Then let {QIM be a corresponding
overlapping decomposition of €2 with overlap 6>h. We 1ntroduce associated conform-
ing FE spaces VO, C Hy(€%), i=1,..., M, and introduce operators Ro_,q: : V3§ — VO,
that restrict FE functions in vy to VO, The operators Eqg/_,q : V9 = V3 extend FE
functions in V9 , by zero to FE functions in V8 accordingly. Note that the indices
of the restriction and extension operators Rq_,q; and Eq/_,q here and henceforth
show the domain of the respective FE spaces that the operators map from and to.!
Moreover, in this paper, the indices at the bottom of the FE spaces show the domain

IVery often, the operators RQHQ; and EQ,’L,%Q are denoted by R; and RT in the literature; see,

e.g., [59]. As we will be needing also additional restriction and extension operators, e.g., for FE
spaces on the edges or I', we indicate the domains of the associated FE spaces here.

© 2025 Alexander Heinlein and Kathrin Smetana



Downloaded 04/29/25 to 131.180.130.230 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

Al1174 ALEXANDER HEINLEIN AND KATHRIN SMETANA

that the space is associated with, and a 0 indicates that the functions in the FE space
are zero on the boundary of the respective domain.

Next, we introduce local bilinear forms ag; : VO, x V3, — R and corresponding
local stiffness matrices Ag/, i=1,..., M. We use exact local solvers and thus obtain

0
(31) ag(ui,vi) = aq(Eg;oui, Eg,qui)  Vui,vi € Vo, Aq=Ra,0,AEq o

fori=1,...,M, where RQHQ/ and EQ/*)Q = RQHQ/ are the algebraic counterparts
of R sq and Eor q, respectlvely7 cf. [59]. Followmg, e.g., [59, 49], we introduce

operators P : VY — VY, defined as

(32) ag! (]Biu,vi) :aQ('LL,EQ;*}Q’Ui) for v; € Vg%, i=1,..., M.
We may then define projections

(3.3) Pi=Eq 0P :Vy = Eq_qV3, C VY, i=1,...,M,

with algebraic counterparts P; = EQgL__,QAg(_lRQ_)Q;A, i=1,...,M; see [59]. The

additive Schwarz operator Pag_1 := le\il P; then reads in matrix form as

M M
(3.4) Pus-1:=) Eo0Ag RosoiA=) R oAy Ro oA

=1 i=1

This Schwarz operator is a preconditioned operator M Zé 1A consisting of the one-
level Schwarz preconditioner MAS 1= Zl 1 EQI_MAQ, RQ_,Q/ and the system ma-
trix A. In this one-level Schwarz method, information is only exchanged between
neighboring subdomains through the overlaps, and as a result, the convergence gen-
erally deteriorates for a large number of subdomains; see [49]. As a remedy, one may
add a global coarse space Xy C V.2 Correspondingly, we introduce an interpolation
operator Ey : Xo — V), which expresses functions in X in the FE basis of V. The col-
umns of the algebraic counterpart Eg therefore contain the FE coefficients of the basis
functions of Xy. Introducing the correspondlng restriction operator Ry : V{ — Xo and
its algebraic counterpart Ry = EO , we can define Py = EOPO VQ — By Xy C VQ We
define the operator Py analogously to (3.2), where

(35) ag (UO, 1]0) =aq (Eouo, Eovo) VUQ, vg € Xo, Ag=RyAE)= RoARg,

this means that we also consider the case of an exact coarse solver. We then define
the two-level Schwarz operator [59] Pag_o := Zi\io P;, and its algebraic counterpart
takes the form
1 -1 M -1
(36) PAS_2 = MAS72A = E()AO RoA + Zi—l EQ;_>QAQ, RQ_>QILA
N , - i

coarse level

first level

Different choices of coarse spaces X yield numerically scalable preconditioners,
that is, a condition number bound which is independent of the number of subdomains.
As a result, the convergence of iterative solvers, such as Krylov subspace methods,

2In many publications, the coarse space is denoted by V. However, to avoid confusion with FE
spaces including functions with zero trace, we denote the coarse space here by Xo.

© 2025 Alexander Heinlein and Kathrin Smetana
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with such a two-level Schwarz preconditioner is independent of the number of subdo-
mains as well. However, using a standard Lagrangian FE basis, for X, we obtain the
condition number bound

BT #(Pas—2)=r (M5 5A) <Cmax max (%3) (1 i %

for our model problem (2.1); similar bounds hold for other classical (nonadaptive)
coarse spaces. Here, 7y is the coarse triangulation, which, in our case, coincides with
the nonoverlapping domain decomposition {€2;},_; . Moreover, wr corresponds to
the union of all coarse mesh elements which touch a coarse mesh element 7. Sharper
variants of this estimate can be derived, but the dependence on the contrast of the
coefficient function remains; see [22]. This means that the convergence of a Krylov
subspace method preconditioned with this two-level Schwarz preconditioner might
actually depend on the contrast of the coefficient function «, resulting in very high
iteration counts; cf. also the results in section 8.

3.2. Adaptive coarse spaces. Figure 1 illustrates one of the reasons that the
coefficient contrast may arise in the condition number bound. The energy

(3.8) 20 =aa(")

of the function u plotted in Figure 1 (left) depends only on the minimum value @iy
of the coefficient function « but is independent of the maximum value auax, as its
gradient is zero (hatched green) in the yellow region, where oo = qypax. If we interpolate
the function with piecewise bilinear Lagrangian basis functions (see Figure 1 (right)),
then the interpolant decays to zero within the yellow region (dotted red), and hence
its energy clearly depends on apax- Therefore, in any energy estimate of the coarse
interpolation, which is part of the proof of a condition number bound in the abstract
Schwarz theory [59],

(3.9) |U0|i,Q < C|U|i,§zv

the constant C has to depend on the contrast of o, amax/min. Therefore, in order to
obtain a robust condition number bound, the coefficient function has to be taken into
account in the construction of the coarse space; as we will also observe in section 8,
it is additionally necessary to add one coarse basis function for each high-coefficient
component crossing the domain decomposition interface.

FI1G. 1. For a heterogeneous coefficient function, a Lagrangian coarse interpolation (right; here,
piecewise bilinear) of a low-energy function (left) may have a high energy: Let the yellow elements
correspond to a high coefficient (maz) and the blue part to a low coefficient (tmin). Since the
function itself is constant (marked in hatched green) in the high-coefficient region but varying in the
remaining part, the energy depends on Qmin but not on amaz. The piecewise bilinear interpolation
has a nonzero gradient everywhere such that the energy also depends on aumasz (marked in dotted
red). In this case, the stability constant depends on the contrast of the coefficient function.

© 2025 Alexander Heinlein and Kathrin Smetana
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Adaptive coarse spaces account for variations in the coefficient functions by in-
cluding eigenfunctions of local eigenvalue problems into the coarse space, which is
why they are also denoted as spectral coarse spaces. The term adaptive stems from
the fact that all eigenvalues below a certain tolerance tol can be included in the coarse
space, resulting in a condition number bound of the form

(3.10) K(Pas—2) =k (M5 _,A)<C (1+ tlol)
where C is independent of the contrast of the coefficient function. Hence, the number
of coarse basis functions does not have to be determined beforehand, but it can be
chosen adaptively based on tol.

In this paper, we develop a new adaptive coarse space, consisting of basis functions
which minimize the energy ||ZQZ on each nonoverlapping subdomain given appropri-
ately chosen Dirichlet data on the interface. Energy-minimizing functions are part
of constructing a coarse space with a contrast-independent energy (3.9). Moreover,
constructing the coarse basis by energy minimization is one of the key ingredients
for algebraicity since it does not require the availability of a coarse triangulation. In
particular, the energy-minimizing extension v; = Hpq, 0, (vaq,) from 9€; to Q; for
an FE function vgq, on 0f); is defined as follows: Given some boundary values vagq,
on the interface, the corresponding extension Hyq, 0, (vaq,) solves

ag, (v, w;) =0 Vw; € V3,

. . 2
(3.11) v;= argmin |v[, o vi =vaq, on 0.

v|og, =vaq,
An energy-minimizing extension v = Hp_,o(vr) extends interface values vr into the
interior of each subdomain, with zero Dirichlet boundary conditions on 9€2. In matrix
form, this corresponds to

—1
(3.12) v= (‘AIIIFA”) r,

where we make use of the splitting of the rows and columns corresponding to interior
(I) and interface (I') nodes A = (ﬁﬁ ﬁ;?) and It corresponds to the identity matrix
on I'. Here, as usual, the Dirichlet boundary degrees of freedom are counted as
interior. Due to the Dirichlet boundary conditions in A, the boundary conditions
are then enforced automatically. Note that Arr = diag(Aq, 11) is a block-diagonal
matrix, where Aq, ;s is the matrix corresponding to the interior degrees of freedom in
;. Hence, in a parallel setting, AI_I1 can be applied independently and concurrently
for the subdomains. Moreover, we have that \v|29 = ag,(v,v) = vT Av = v{ Svr,
with the Schur complement S = Arr — Ar IAI_Il Ajr.

Let us now discuss the general idea of adaptive coarse spaces which are based on
an interface partition. To that end, let the interface I be partitioned into edges and
vertices. In our discrete setting, we denote an edge as a set of connected interface FE
nodes which belong to the same two subdomains; two nodes are denoted as connected
if they belong to the same FE. A vertex is an interface FE node which belongs to more
than two subdomains; cf. Figure 2. We then solve a generalized eigenvalue problem
of the form

(3.13) find v € R™¢ such that S, v =pAg:v

for each edge e, where N¢ is the number of degrees of freedom of the interior of
the edge e. Here, S, is a Schur complement corresponding to the two subdomains

© 2025 Alexander Heinlein and Kathrin Smetana
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F1G. 2. Structured domain decomposition with siz subdomains, seven edges (indicated by blue
shaded bozes), and two vertices (indicated by green shaded circles). The vertex V belongs to four
subdomains, €;,$2;,82;,Qm, and the edge e is the set of FE nodes belonging to two subdomains,
Qj, Q.

F1G. 3. For the same configuration as in Figure 1, we consider three different extensions of the
edge values of a function (top left): the zero extension E._,q, (top right), the harmonic extension

with Dirichlet boundary data Hfgehe (bottom left), and a harmonic extension with Neumann bound-

ary data He_,q, (bottom right). The Dirichlet data of the extensions are marked in blue. In general,
only the extension with Neumann boundary data has a guaranteed lower (or equal) energy compared
to the original function; the energy of the other functions may even depend on the contrast.

Q; and Q; adjacent to e, and Age is the restriction of the global matrix A to the
degrees of freedom on the interior of the edge. As mentioned above, Schur complement
matrices correspond to energy-minimizing extensions. In this eigenvalue problem, we
consider such an extension from the edge e into the adjacent subdomains. The specific
definition of S, may vary slightly for different interface-based adaptive coarse spaces,
such as in the boundary conditions in the endpoints of the edge e. Moreover, Agg can
also be replaced by a scaled mass matrix or a lumped version of that.

To construct an adaptive coarse space, the eigenfunctions corresponding to eigen-
values below a user-chosen tolerance tol are selected and extended by zero onto the
remaining interface. Then these functions are extended in an energy-minimizing way
by Hr_.q, resulting in the coarse basis functions.

As will be discussed in section 4 and visualized in Figure 3, eigenvalue problem
(3.13) relates a low-energy extension (S.) and a high-energy extension (Agz). There-
fore, the resulting coarse basis functions corresponding to low eigenvalues capture the
critical components of the coefficient function, resulting in a condition number bound

(© 2025 Alexander Heinlein and Kathrin Smetana
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of the form (3.10), which is independent of the contrast of the coefficient function;
see, for instance, [18, 25, 26].

4. Motivation: Challenges and advantages of robust algebraic precon-
ditioners and key new ideas. Despite the rapid development in adaptive coarse
spaces, the development of algebraic variants, that is, variants that can be constructed
based on the fully assembled system matrix A, has been an open question for a longer
time. For the practical applicability of a solver, this is, however, a desirable property.
In particular, if the solver is algebraic, then it can be used in any FE implementation
which provides the linear system of equations (2.3) as the solver input.

Let us briefly discuss the main challenge, which can be understood similarly to
Figure 1. The left- and right-hand sides of the eigenvalue problem (3.13) correspond
to energies of certain extensions of the edge values into the interior of the adjacent
subdomains. In Figure 3 (top left), we see some function u with an energy |u\ZQ
that does not depend on amnay; the gradient in the yellow region is zero (hatched
green). In addition, three different extensions of the edge values of u are depicted:
The extension on the top right is the extension by zero, and the corresponding energy
clearly depends on .y (dotted red). The matrix on the right-hand side of (3.13)
corresponds to this extension; that is, if we is the discrete vector with the interior
edge values of u, then uéTAééué is the energy of the extension by zero (Figure 3 (top
right)). This extension is algebraic since the matrix can be extracted from A. The
extension on the bottom right is the energy-minimizing extension of u, with Neumann
data on the boundary; of all functions with trace u., this function has the minimum
energy, which is clearly smaller than or equal to the energy of u. Hence, the function
satisfies an energy estimate of the form (3.9) with a constant C' which does not depend
on the contrast of «, %ﬂ‘“‘ This extension is one example of an extension that can
be employed in S, on the left-hand side of (3.13).

Unfortunately, since this extension has Neumann boundary data, the correspond-
ing matrix S, cannot be extracted algebraically from A. An algebraic alternative
to this extension would be the energy-minimizing extension with Dirichlet boundary
data; cf. Figure 3 (bottom left). The Dirichlet submatrix corresponding to both sub-
domains adjacent to the edge e, which is required to compute this extension, can also
be extracted from A. However, the energy of this extension clearly depends on auyax.
Hence, using this algebraic extension in (3.13) would also result in a dependency on
Smax This short discussion explains why the Neumann matrix in (3.13) cannot be
simply replaced by a Dirichlet matrix; this has also been discussed in [25]. It can be
observed that, except for very recent approaches targeting algebraic adaptive coarse
spaces, all early adaptive coarse spaces are based on eigenvalue problems which use
Neumann matrices or information about the coefficient function and geometric infor-
mation. Note that there have also been attempts to heuristically construct algebraic
robust coarse spaces; cf., e.g., [25, 23, 29]. However, no theory has been proved for
these approaches yet, and they might not be robust for arbitrary coefficient functions.

5. An algebraic and robust adaptive coarse space based on optimal lo-
cal approximation spaces. In this section, we propose, to the best of our knowledge
for the first time, an algebraic and robust adaptive interface-based coarse space. As
we will only use Dirichlet matrices in the eigenvalue problems to obtain an algebraic
method, we might miss the constant function in the edge space. However, it is well
known in DDMs that a scalable coarse space has to be able to represent the null space
of the global Neumann operator on each subdomain which does not touch the global
Dirichlet boundary. Therefore, we start with the vertex and the edge spaces
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(5.1) Xyert =span{Hr_,q(Fy_r(1)):V vertex} and
Xconst - Span{HF—KZ (Ee—>F(]-)) ce edge}a

respectively, containing the constant functions on the vertices and edges of the nonover-
lapping domain decomposition {£2; }Z 1. . Here, Ey_.r:Vy — Vr and E._,r: V0
V{ extend the FE function by zero from the vertex V or the edge e to the interface
I, respectively. Recall that indices at the bottom of FE spaces show the domain that
the space corresponds to, and a 0 indicates that the functions in the FE space are zero
on the boundary of the respective domain. Then we enhance the edge space (5.2) by
edge eigenfunctions of the Dirichlet eigenvalue problem introduced in subsection 5.1
and the transfer eigenvalue problem introduced in subsection 5.2.

Note that Xgpsw = Xvert @ Xconst corresponds to the classical GDSW coarse
space. This space is also automatically included in the AGDSW adaptive coarse
space. In particular, the constant edge function corresponds to the zero eigenvalue
in the AGDSW edge eigenvalue problem due to full Neumann boundary data; hence,
the function is always selected as a basis function.

5.1. A Dirichlet eigenvalue problem for the edges. As motivated in section
4, for each edge e C T', we consider a Dirichlet eigenvalue problem which is a slight
modification of the Neumann eigenvalue problem (3.13) used in the AGDSW coarse
spaces; cf. [26, 27]. First, we introduce for a fixed but arbitrary edge e a so-called
oversampling domain €. such that dist(09Q.,e) > ve > 0; see Figures SM2 in the
supplementary material and 4 for illustrations of oversampling domains. In addition,
we introduce F._,q, VO — VQ , which assigns the coefficients of the FE functions
on the edge e to the FE basis functions in Q. whose associated nodes lie on e and
extends by zero on all other nodes in .; see Figure 3 (top right) for an illustration.

We introduce the corresponding inner product b, : V¥ x V0 — R defined as

(53) be(XaC) =aq, (Ee%QeXaEeﬁQeC) VX7C € Veo'

Furthermore, we introduce the inner product d. : V¥ x V0 — R defined as

(5.4) Q) i=an, (H%, (Resex), HIY (ReseQ))  Wx,CE VY,

where é denotes the discrete interior of the edge e and, algebraically, R. ,¢ simply
removes the degrees of freedom associated with the corners of the edge. Moreover,
H BQQ Ve — VQ is defined as

(HBQQ X,v) =0 VUGV&, HBQQ x =0 on 99, HBQQ X =X on ¢é;

hence, the upper index 92, denotes that the harmonic extension has homogeneous
Dirichlet boundary data on 9§, instead of Neumann boundary data; cf. the discussion

in section 4. Finally, we denote by | - |ls, and || - ||a. the respective norms. We may
then consider the following eigenvalue problem: Find (we )7;1( )y € (V2 R*) such that
(55) de(¥{x) = Wb x) vx eV,

We select all ng; . eigenfunctions corresponding to eigenvalues below a chosen toler-
ance tolg;,- and define the space

(5.6) Xair :=span{Hr_,q (Ee_mwg)) e edge,,u(i) < tolgir}-
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Here, E.r : VY — V{ extends the FE function by zero from e to I', and Hr_,q :
V{ — VY is the energy-minimizing extension from the interface into the interior of the
subdomains as introduced in subsection 3.2. An eigenvalue problem similar to (5.5)
has already been considered in [25]; however, alone, it is not generally robust.

We emphasize that none of the operators and matrices involved in (5.5) require
any additional assembly and rely only on matrices that can be extracted from A; see
section 7 for details. However, as can be seen in Table 1, choosing Xg = Xyert ©
Xeonst ® Xair does in general not yield a robust coarse space. To obtain a (provably)
robust coarse space, we introduce a second eigenvalue problem.

5.2. Transfer eigenvalue problem. To obtain a robust coarse space, we ex-
ploit a well-known a-orthogonal decomposition of Vo_,> namely, that every u € Vo,
can be written as

(5.7) u=ugq,,, + uéeyha,
where ug; €V and uq,,, satisfies
(5.8) ag, (ug,,,.v)=0 YweVi and ug,,.loa, =uloq,-

This means that it is an energy-minimizing extension; cf. (3.11). The decomposition
(5.7) is a-orthogonal thanks to (5.8), and hence we have

2
a,Qe"

(5.9) ag, (ug, . ug,,,) =0 and |uli o =lua,,. |2, + ug

e,ha

In our approach, the eigenvalue problem from subsection 5.1 will serve to control
the trace of functions in VS(Z)@ on e. By introducing an eigenvalue problem on the space
of functions that locally solve the PDE

(5.10) Vo ={weVq, : ag, (w,v)=0 YveV] },

e,ha
we can control the trace of functions in Vo_,, on e as well and therefore the traces
of all functions in Vo, on e. The fact that the decomposition is a-orthogonal and
the right-hand side of (5.9) in particular will allow us to combine the contributions
from both eigenvalue problems when deriving the bound for the condition number in
section 6.

The eigenvalue problem we consider on the space of local solutions of the PDE
V... has originally been suggested in a slightly different form in the context of
multiscale and localized model order reduction methods in [54]. In that paper, it
has been introduced to construct interface spaces that yield a provably optimally
convergent static condensation approximation of the solution of the PDE. Similar to
[64], we introduce a suitable inner product (-,-)aq, : Vaa. X Vaq, — R, where we

require that the induced norm || - ||, satisfies
(5.11) allCllon. < vVamnl¢llzzea,) < c2ll¢llon.  for all ¢ € Vaq,,

with constants ¢; and ¢y that are independent of the mesh size and the coefficient «.

Remark 5.1 (discussion of inner product on 052, ). Based on the proof in subsection
6.3, aq,(Hsq, -0, (-); Hoa.—a,(+)) is a natural choice, as it leads to a very simple

3To simplify the notation, we assume here that Q. NN = @; otherwise, Vq, has to be replaced
by Vgeﬂ ={veVy, : v=0 on 9N} here and henceforth.
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bound for the condition number. However, aq_(-,-) cannot be computed algebraically
on Vo, , as it requires the local Neumann matrices on €2.. Instead, we choose

h
5.12 = Omin®77  \X» )
(5.12) (x:Qaa, =« Noo. (G Ozaa.)

which also satisfies (5.11) thanks to || - ||2L2(8Q€) = ﬁncu . ||l22(896), where Npq, denotes
the number of FE nodes on 9€.. Note that a,,, h, and Npq, are only constant
scaling factors which can be included into (-,-)an, or the choice of a suitable tol,.
In the algebraic setting, (estimates of) h and i, may be provided by the user or
have to be estimated within the algorithm; Npq, is known algebraically. Their esti-
mates do not have to be very accurate, though, since constant factors do not affect
eigenmodes or spectral gap size. For instance, h can be estimated roughly from di-
viding the diameter of Q by the square root of the number nodes. For nonuniform
triangulations, h would have to be replaced by the length |0€.| in the equivalence of
the L2- and [2-norms, and the availability of appropriate estimates of |09, | depends
on the regularity and structure of the mesh. Alternatively, one may implement a
strategy to detect the spectral gap in order to identify the eigenfunctions necessary
for robustness; see, for instance, Figure SM1. For higher-order discretizations, poten-
tially with p-refinement, an appropriate scaling of the inner product might be more
involved. We remark that, even though the algebraic choice (5.12) yields a slightly
more complicated condition number bound (see subsection 6.3), a numerical compar-
ison in subsection SM2.2 shows that the coarse spaces corresponding to (5.12) and
aq, (Hoq,—a, (), Hoq.—a, (+)) perform very similarly.

Next, as in [54], we introduce the transfer operator 7' : Vag, — {wle ,w € Vot =
VQe,ha4 defined as T := (Hyq, »0.S)|e for ¢ € Vg, , where the harmonic extension
operator Hpq,q, : Voo, — Va, is defined as

aq, (Hoo, 0, x,v) =0 YweVy  and  Hpo, o, X = x on 9;

cf. subsection 3.2. However, since Xy, introduced in (5.1), already accounts for the
degrees of freedom in the vertices, we wish to only take into account the behavior of the
functions in the interior of e. Therefore, we define the slightly modified transfer opera-
tor T'= (I — Iy )T, where Iy . denotes the restriction of Iy to e and Iy is the interpo-
lation by the nodal functions in X ¢, correspondin% to the vertices. We then consider
the following transfer eigenvalue problem: Find ((;Sel), Ai) € (Vo ., RT) such that

(5.13) be(T (6 |00, ), T(wloa,)) = AP (6L |aq. , wlon, Joa, Yw € Va,,..

We select the eigenfunctions corresponding to the ny, . largest eigenvalues such that
Amere) > tol,, and A(retD) <tol,,. and introduce

(5.14) oD =T(¢W)sq,), i=1,...,dim(Vq,,.),  and
(5.15) Xy = Span{HF*}Q(Ee‘)F(QDg))) ;e edge, PARISS toly }.

We highlight that thanks to (5.12), the calculation of the eigenfunctions of (5.13)
only requires access to the global stiffness matrix A; for further details and the com-
putational realization of (5.13), see section 7.

4Again, for 9Q. N OQ # 0, one needs to replace Vg, by Vaafgze ={v e Vpq, : v=0on N}
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Note that we may also perform a singular value decomposition (SVD) of the
operator T, which reads as T¢ = 3, cW ) () ()aq, for ¢ € Vaq, with orthonor-
mal bases () ¢ V&m = {(w]e — Iy e(wle)),w € Va.,.}, XV € Vaq,, and sin-
gular values ¢ € Rar . Then we have, up to numerical errors, () = VD and
span{gpél), . gpgn)} =span{pM ... @™}, We can thus infer from results of the op-
timality of the SVD that the space A™ = span{gagl), e gpﬁ”)} minimizes || — T ||
among all n-dimensional subspaces of V&yha and hence optimally (in the sense of
Kolmogorov) approximates the range of T and thus nge,ha; see also [5, 48, 54].

Remark 5.2. The direct extension to three-dimensional problems would require
solving corresponding pairs of eigenvalue problems on the interface face; see also the
extension of the AGDSW coarse space to three dimensions [26]. Alternatively, a
different decomposition of the interface [27] or randomization [9] could be employed.

5.3. Complete definition of the adaptive coarse space. Finally, we define
the complete adaptive coarse space Xy as

(516) Xo=Xvept = Xpert D Xeonst © Xgir © X,

where Xyert, Xeonst; Xdir, and Xz, were defined in (5.1), (5.2), (5.6), and (5.15),
respectively.

6. Bound of the condition number. Since we use exact local and coarse
solvers, (3.1) and (3.5), we obtain local stability with constant w = 1; cf. [59, As-
sumption 2.4] and, for the reader’s convenience, Assumption SM1.1. Thanks to [59,
Lemma 3.11 and follow-up discussion] and the proof of [16, Theorem 4.1], we obtain

(6.1) K (Mys_oA) <C3(m+1),

where CZ is the constant in the stable decomposition in Assumption 6.1 below and m €
N is an upper bound for the number of overlapping subdomains 2 that any FE node
in 2 can belong to. Hence, m only depends on the structure of the overlapping domain
decomposition and is, for regular domain decompositions, bounded from above; also,
for domain decompositions generated by mesh partitioners such as METIS [33], m
is generally reasonably small. Therefore, it suffices to bound the constant C3 in the
stable decomposition to obtain a condition number bound.

Assumption 6.1 (stable decomposition [59, Assumption 2.2]). There exists a con-
stant Cp, such that every u € V§ admits a decomposition

M

(62) u = FEoug + Z EQ;A)Q'LLZ
i=1
M
(6.3) such that Zagg (ui, u;) < Clag(u,u).
i=0

6.1. Construction of the stable decomposition. One key novelty of the
present manuscript which is a key ingredient for proving robustness lies in the specific
definition of the coarse component ug. To that end, we define projection operators
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Ndir,e

(6.4) e girvi= Y be(v, )yl YveV? and
=1
Ntr,e 1

(65) He,trv = Z Wbe (U7 SDS))QDS) Yve Vge,ha7
i=1

where ng;r and ny. . denote the number of selected eigenfunctions from the eigen-
problems (5.5) and (5.13), respectively. Note that for all v € V{§ = and v="T(?|aq,),

we have T, v = 7% (]aq, , 6| s0, ) aa. <p(el), where ¢ is the ith eigenfunction of
the transfer eigenvalue problem (5.13). Exploiting the latter and definition (5.14),
goéi) =T S)\QQE), yields the expression of II. ;v in (6.5). Moreover, we introduce
the maps fitting the definitions of the coarse spaces Xg; and Xy, in (5.6) and (5.15):

Mgirv := Hr q(Fer (e.girv)) Yo e VY and
II;,v:= HF_>Q(E6_>F (Heytrv)) Yo € Vge‘ha.

Definition of the coarse interpolation. As we will later use Poincaré’s inequality,
we have to include the constant function in our interpolation. This step will then
introduce the minimum value of the coefficient function oy;, into the estimate, which
is why we already included it on the right-hand side of the transfer eigenvalue problem;
see (5.11). Our final condition number bound will still be robust since the maximum
eigenvalue and, hence, the contrast will not appear. Similarly as in [54], we exploit
that functions which are constant on €2, lie in Vi, ., . We may thus write

e,ha

(6.6) ulg, =g, ... +cula, + uémha, where g, ==uq. .. — cula, € Vo,
and ¢, € R is zero when 9Q, NIN # () and will be selected later otherwise. We define
the coarse interpolation

(6.7) uo := Hroo((Iyu)|r) + Z(UO,Qe,ha + uO{Qe)ha), where
ecl

—

U0,Qc,ha = Htr (mh - IV,euQe,h,Je) + HF—)Q (Eeﬁf‘(cule - IV,eCule))7

U’é,Qe,ha = g (uéc,hJe - IV&”S%C,M |e)7

where Iy, is the interpolation by the nodal functions in X,¢,+ corresponding to the
vertices and Iy . is the restriction of this interpolation to the edge e. To simplify
notations, we assume that ug is already expressed in the basis of V.

Definition of the local components u;,i = 1,...,M. As typical in the proof of
condition number estimates for Schwarz methods, we define

(6.8) ui = Ro o 1" (0i(u —up)), i=1,...,M,

where I"(0;(u — ug)) € V denotes the interpolant of 0;(u — ug) and {6;}}4, is a
partition of unity corresponding to an overlapping decomposition {€2;}M, of Q with
overlap h; hence, it is also a partition of unity on the overlapping domain decom-
position {Q/}M,. In detail, we define 0;(xy,) = 1 in Q;, 0;(x) = 1/m,, on T, and
0;(xp) = 0 otherwise for all FE nodes z},; here, m,, denotes the number of subdomains
that x5, belongs to. This definition ensures (6.2); see, for example, [59, section 3.6]
for the same construction with a slightly different choice of the partition of unity.
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6.2. Bound of the coarse-level and local contributions. The general struc-
ture of the proof follows earlier works, such as [18, 25, 26, 27]. We first prove estimates
for the coarse and local components, as summarized in Lemma 6.2, and then combine
them to the final estimate for C2 in Proposition 6.7. Plugged into (6.1), we obtain
the final condition number estimate. The main step in the proof is finding an upper
bound for the term |E._,q, [(u — uo)|e] \396 This corresponds to upper bounds for
[we,; (u — uo)|2 o, in OS-ACMS [25] or |z¢ 0, (u — u0)|<21,95 in AGDSW [26], respec-
tively. The proof of this bound differs significantly for our new method and is the
central novel contribution of the analysis in this manuscript and the topic of sub-
section 6.3. The remainder of the proof of the bound of the coarse-level and local
contributions, as summarized in Lemma 6.2, is standard. It follows the earlier works
listed above and can, for the reader’s convenience, be found in subsection SM1.1.

LEMMA 6.2 (bound of the coarse-level and local contributions). Let ug and u; be
defined as in (6.7) and (6.8), respectively, and let m. denote the mazimal number of
edges e in a subdomain ;. Then we have

M
(6.9) uolag <2Mulzq+2me D Y [Besa, [(u—uo)l]ls g,
i=1 eCO;
M M
(6.10) D o lwil2 o 18Ul g+ 15me Y > [Besa, [(u—uo)le]l; g, -
=1 i=1eCON;

where E._,q, has been defined in the beginning of subsection 5.1.

6.3. Bound of the extension of (u — ug)|e. To complete the proof of the
bound of the condition number, it thus remains to estimate the term |F._q,[(u —
u0)|e]\§@p. Different from other approaches, we decompose Vg, in an a-orthogonal
way and derive a bound for each part separately. The a-orthogonal decomposition al-
lows combining both parts afterward. In particular, as already indicated in subsection
5.2 and more specifically in (5.7), we exploit that every u € Vi, can be written as

(6.11) u=ugq,,, + ué;e,ha,
where uée _eVy and uq,,, satisfies
(6.12) ag, (ug,,,,v) =0 YveVy and ug,,loe, =ulse,.

Thanks to the definition of the coarse-level contribution (6.7), 4o q, haler = 0 and
e =0 for e # e*, and the linearity of the interpolation operator Iy, we get

n
Up,Q. ha

(6.13) |Ee%QE [(u - UO)‘E] |3Q,_, < 2’EEHQC [(uQe,ha - Ivuﬂe,ha - uO,Qc,ha) |e]

+2’Ee—>ﬂe [(ué 7Ivué' i

e,ha

Next, by exploiting the properties of the eigenvalue problems introduced in subsec-
tions 5.1 and 5.2, we will estimate the terms in (6.13) separately and combine the
estimate at the end by exploiting a-orthogonality, that is,

2

(6.14) |u 39 = |ug, ., 39 + |Usl2h1 a, Q0"
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Bound of the harmonic part. To estimate the terms containing the harmonic part
of u, we will exploit that A, = Span{gaél), . .,<p§”>} minimizes ||T" — Il 4 T|| among
all n-dimensional subspaces of VS(ZJe e (see the last paragraph of subsection 5.2 for the

definition) and that for all v € Vo, :={wlc,w € Vo, }, we have
(6.15) [(v]e = Iy,e(vle)) = eer (v]e — IV,@(U|6))Hbe < Vol [[v]aa, llog. -

This follows from the well-known fact that ||T—1II. ;. T|| = on,,. .+1, as Ay, is the span of
the first n left singular vectors of T'; cf. the Eckart—Young theorem, for instance, in [20]
for the discrete setting; [48, Chapter 4, Theorem 2.2] for infinite-dimensional spaces;
and [5, 54] for the derivation of error bounds for the local and global approximation
error of optimally converging multiscale methods. We may show the following.

PROPOSITION 6.3 (bound of the harmonic part). Let

CQe
(6.16) cpo:= sup [v]og. |2 (00.) o= sup v — |§e|fﬂev19€||L2(Qe)
: te = —_— o=
‘ vEVQeYha HUHHI(QC) ’ e veVge,ha ||VU||L2(QE) ’

where cq, =1 if 00 NIQ =10 and 0 otherwise. Then we have

2 c2 toly (1 +c2)
‘Ee—me (v, y, — Ivug, . — 10,9, ha) lc] . L 702 22 ug, .o
S fe 1

where ¢1 depends on the choice of the bilinear form (-,-)aq, in (5.12); see (5.11).

Proof. By exploiting the definition of ug o, ha in (6.7), the restriction to the edge
e, the linearity of the interpolation operators Iy and Iy ., the definition of U/Q; in
(6.6), and the definition of the inner product b, in (5.3), we obtain

Il

e) - He,tr (U/Q;

‘Ee—me Kuﬂh — hyug, ., — uo,ﬂmha)
a,Qe

e)

—_—
= ‘Ee—me [(uﬂe,ha e IV7€uQe,ha e IV,euQe,ha

2
- (Cule - IV,eCule):|

a,Qe

e) - He,tr (@e]\ia

e — Iy cuq, .

= | (@l — Pyl ol

As ug, e is in Vo, = {wl|e,w € Vg, }, we may then invoke (6.15) and obtain
2
(6.17) ‘Ee—me [(Uﬂk - vua,,, — uo,ﬂe,ha) } <toly|[ua, . loe. I3a, -
ella,ile

To conclude the estimate of the harmonic part of the function, we exploit (5.11)
and choose ¢, in g, = uq,,. — cula., as ¢y, = (1/|Qe]) [, v . if 0NN =0

e,ha

and ¢, =0 otherwise. Now we apply the trace theorem and the Poincaré inequality:

2
‘EHQE [(uﬂh — Iyug,,, — UO,QC,ha) }
ella,Q,
s
<ol Z;m @, ral00. 172 (00,)
1
e 12
StOItrT(HUQe,haHLz(Qﬁ)+HVU enallz2(00))
1
2 2
c;  Olmi ci toly
(6.18)  <toly 5" (L 6 ) [Vug 720, < = (L4 6 ) [un. 0,
1 1

Remark 6.4. Taking the supremum in (6.16) over Vg, shows that ¢, . and ¢, do
not depend on the contrast of the coefficient function.
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Bound of the perpendicular part. By exploiting that the eigenfunctions wél) ,
i=1,...,dim(V?), of (5.5) span V,? and that we select all ng;, . eigenfunctions corre-
sponding to eigenvalues below a chosen tolerance toly;, to define the space Xg4;,., we
obtain by standard spectral arguments for adaptive coarse spaces that

(6.19)

3‘3 + HU - He,dirv

an HU_He,diTv”l%e < ||v_1_[e,clirv|‘§e

[|lv i = ”H&dirv

1
tol g;r
for each v € V; cf., e.g., [37, 57, 25]. Using (6.19), we can show the following result.

PROPOSITION 6.5 (bound of the perpendicular part). We have

2
2

a,Qe"

1 1 1 1
(6.20) ’Eeﬁﬂe [(usze,ha - Ivuszeﬁha - UO,Qe,ha) \e} |usze,ha

<
a,Q2e tozdir

Proof. By exploiting the definition of ué‘)Qe’ha in (6.7), the restriction to the edge
e, the linearity of the interpolation operators Iy and Iy ., the definition of the inner
product b, in (5.3), and (6.19), we obtain

2

1 1 1
‘Eeﬁﬂe [(UQO’M —yug,, . — UO,Qe7ha) |e}

1 1
= ’Ee%ﬂc [((uéfe,hJe - IV,eUQe,hJe) - He,dir(uéfe,hJe - IV,eUQe,hJe))]

a,Qe
2

a,Qe
= ||(uée,ha e Iv’euée,ha e) - He,dir(uée,ha e — IV,e’Ufée,ha €)||127e
(6.19) 1 N N ,
= tOldir HuQe’h{Je - Iv’euﬂe,ha ‘3 Hdc .

A close inspection of the definition of the inner product d. in (5.4) reveals that, as we
have Re%é(uée e — Iyeud )= Reﬂé(uée . le), there holds that

e,ha

ll7, = aq, (HY g, Reoe(ud;

& e)aH?QbeRe—)é(ué

e—r

e))-

1
e — IV,euQ

||u$e,ha

e,ha e,ha e,ha

1 0 . . . Yo19) ) 1 e e .
As ug, . € Vg, and the discrete harmonic extension HZ™), Rese (uQe’ha\e) minimizes

the |- |q,0.-norm among all functions in Vf?e that equal ufge .. on €, we conclude that

2
a,fe" O

elld, < lug

1
e IV,euQ

g .0

e,ha e,ha

Combining the bounds of the harmonic and perpendicular parts. By invoking the
stability result (6.14) and exploiting the estimate (6.13) and Propositions 6.3 and 6.5,
we obtain the following result.

COROLLARY 6.6. We have

2 2
cictoly(14+c¢5,.) 1
|Eesq, [(u—ug)le] |§Qe < 2max{ ° 2 B tolo |u 3,96.

6.4. Complete bound of the condition number. By combining Lemma 6.2
and Corollary 6.6, we obtain the following bound for the condition number.
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PROPOSITION 6.7. Let ug and u;, i = 1,...,M, be defined as in (6.7) and
(6.8), respectively. Let further m. denote the mazimal number of edges e in a sub-
domain Q;, v := max.cr{number of subdomains Q; that satisfy Q; N é # 0}, & =
max;—1, . v{number of Qe such that Q. N Q; # 0}, ¢ := maxeer ¢e, and ¢, =
MaXceT Cp e, Where ¢t and cp o have been defined in (6.16). Then the condition num-
ber can be bounded as r (M 5_,A) < CZ (m+ 1) with

2tols, (1 + c2
(6.21) 2= (20+34mevc~umax{ct or(ltc) 1 })

c " tol gir

in the stable decomposition in Assumption 6.1.

Remark 6.8. The bound in Proposition 6.7 is only mildly affected by the structure
of the domain decomposition via the Poincaré constant ¢, .. As can be seen in (6.18),
the latter is defined on the oversampling domain €2, and it depends on both the size
and the regularity of €2.; see, for example, [13, Lemma 2.2]. We assume that Q. is
relatively small in size, neither very thin nor with a boundary featuring very pointed
parts, and we therefore conjecture that the Poincare constant will only have a minor
effect on the bound.

Remark 6.9. Compared with numerical results in section 8, the condition num-
ber bound (6.21) is pessimistic. However, it correctly states the scalability and the
robustness with respect to coefficient jumps of the coarse space. This is similar to the
bounds in many other adaptive coarse spaces; see, for instance, [18, 25].

Remark 6.10. The bilinear form in Remark 5.1 enabling the algebraic construction
of our coarse space depends on the parameters aunin, b, and Naq_, which are constant
under our assumptions. Whereas Npq, is known algebraically, o, and h may be
provided by the user or have to be estimated. Their estimate does not have to be
very accurate since constant factors do not affect eigenmodes or spectral gap size.

7. Computational realization. In this section, we briefly discuss the algo-
rithmic steps for the algebraic construction of the different components of the two-
level Schwarz preconditioner (3.6) with the adaptive coarse space Xg (5.16). As
Xapsw = Xpert ® Xeonst C Xo (cf. the discussion at the beginning of section 5),
many algorithmic building blocks are the same as in the standard GDSW precondi-
tioner. We thus mainly focus here on the Dirichlet and transfer eigenvalue problems
and refer the reader to [31, 24] for details on the algebraic construction of GDSW
preconditioners.

The main algorithmic components of the two-level precondz'tioner (3.6). Since
EQ' S0 = RQ_>Q/ and EO = RO and thus AQ' RQ_)Q’ ARQ_>Q/ and A() = ROAR
it is sufficient to construct the operators RQ_)Q/ fori=1,. M and Ry.

Nonoverlapping domain decomposition. Let us assume that a nonoverlapping do-
main decomposition Q = U;€); is already given or can be obtained from the sparsity
pattern of the matrix A using a graph partitioner, such as METIS [34].

Restriction operators on the first level. For the first level, the operators Rq_,q; ex-
tract the subvector corresponding to Q2 when applied to a global FE vector. Similarly,
AQ/ Rq 0 ARQ ~q; can be obtalned by extracting the submatrix corresponding
to Q/ from A. Hence, the Rq 0/ never have to be set up explicitly.

To define the action of the operator Rq_,q/, it is sufficient to identify the in-
dex set of the subdomain €. Starting from the nonoverlapping subdomain €2;, the
overlapping subdomain can be constructed recursively by adding layers of FE nodes.
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This can, again, be performed based on the sparsity pattern of A, making use of
the fact that two FE nodes share a nonzero off-diagonal coefficient in A if they are
adjacent.

Computation of the coarse basis functions. The coarse basis functions in terms of
the FE basis functions are stored in the columns of Eg. If we have computed the in-
terface values Eq r of the coarse basis functions, the interior values are then computed
as energy-minimizing extensions from the interface to the interior of the subdomains
Eo;=—-A;}AirEor; cf. (3.11) and (3.12) and the discussion in subsection 3.2.

The steps above require a partition into interior and interface nodes. Based on
their multiplicity in the nonoverlapping domain decomposition, the nodes can be
algebraically categorized as interior (multiplicity 1), edge (multiplicity 2), or vertex
(multiplicity > 2).

Remark 7.1. As mentioned in section 5, we begin the construction of Eq r with a
basis for the vertex and edge spaces Xyert and Xeonst, respectively, spanning the null
space. For a nodal basis, we can simply restrict the vector 1 with only 1 entries to the
vertices and edges. If the basis is not nodal, for instance, for high-order discretizations,
then we assume that a basis of the null space is provided as a user input. This is a
typical requirement for nonstandard null spaces in algebraic preconditioning packages,
such as the AMG and DD packages MueLu [7] and FROSch [30] from Trilinos [32].

7.1. Algebraic construction of coarse edge functions from Dirichlet and
transfer eigenvalue problem.

Construction of €).. Both eigenvalue problems require the oversampling domain
Q). corresponding to each edge e. It can be constructed similarly to the overlapping
subdomains: We start with the FE nodes of the interior of the edge e and extend the
set recursively by layer of FE nodes using the sparsity pattern of A; cf. Figure 4.

Dirichlet eigenvalue problem (5.5). The Dirichlet eigenvalue problems can be writ-
ten as follows: Find (v,u) € RVé x R such that

Se’U :,LtAéé'U

with matrices S, and Agg; see also (3.13). The latter can easily be extracted from A;
it is the submatrix corresponding to the interior edge nodes. The Schur complement
on the left-hand side is given by S, = Az — AéEAiLAEQ, where the index set R
. . RR e

corresponds to the interior nodes of ). except for the interior nodes of e. As Agg, the
matrices A 5, Apgp, and Ag, can be extracted as submatrices of A.

Transfer eigenvalue problem (5.13). The transfer eigenvalue problem can be writ-
ten in the following matrix form: Find (v,\) € RNo2e x R* such that

where T is the matrix corresponding to the transfer operator, Npgq, is the number of
FE nodes on 09, and Isq, € RNS%XN?“@ is the identity matrix on the degrees of
freedom of 0€),. Therefore, let T= ( _Afle?§ Aa.on. ), where Q. and 99, correspond to
the interior nodes of 2. and the nodes on 8062, respectively, correspond to the energy-
minimizing extension from 99, to Q; cf. (3.12). Then T'= Rgq,_,¢T, where é denotes
the discrete interior of e. Again, all matrices involved in the transfer eigenvalue
problem, Agg, AQ?QP, and A()PaQu can be extracted from A, and Rq, ¢ only requires
the index sets of 2, and é.
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Remark 7.2. We can efficiently approximate the space spanned by the leading
singular vectors of the transfer operator T' by using randomization, as suggested in
[9], in the context of localized model reduction. This is helpful since the transfer
eigenvalue problem, which is defined on the nodes of 9., may be significantly larger
than the Dirichlet eigenvalue problem, which is defined on the interior nodes of e.

Orthogonalization of the edge functions. Let us remark that V{ [c N Vo, |e # 0.
Hence, even though the two spaces are a-orthogonal on 2., when restricted to an edge,
the functions from the two spaces may not be linearly independent anymore. In order
to remove (almost) linearly dependent edge functions, we finally orthogonalize the
edge functions for each edge using a proper orthogonal decomposition (POD) [8, 53].

Remark 7.3. The construction of our new algebraic adaptive coarse space requires
additional algorithmic steps compared to nonalgebraic adaptive coarse spaces, such as
[57, 18, 25], but those additional steps are local to Q.. After showing the feasibility of
our new approach in this paper, we will further investigate potential improvements in
terms of the complexity of the algorithm and its computational efficiency, for instance,
using randomized linear algebra for solving the two eigenvalue problems.

8. Numerical results. In this section, we present numerical results demon-
strating the robustness of our new adaptive coarse space introduced in (5.16). In
particular, we consider model problem (2.1) with various heterogeneous coefficient
functions on the computational domain Q= [0,1]2. We discretize using piecewise lin-
ear FEs on a regular mesh. Moreover, we use the preconditioned conjugate gradient
(PCG) method and stop the iteration once ||[M ~'r®)| /| M~ < 1071°. The
overlapping subdomains {Q;}M, are constructed algebraically, that is, by extending
the nonoverlapping subdomains by one layer of FE nodes. In most of our numeri-
cal experiments, we start with nonoverlapping square subdomains, which also yields
square overlapping subdomains. In the results in subsection 8.4, we additionally con-
sider an unstructured nonoverlapping domain decomposition generated using METIS
version 5.0 [33]. Moreover, we keep the tolerances for the selection of eigenfunctions
in the Dirichlet eigenvalue problem tolg;, = 10~ and the tolerance for the POD or-
thogonalization tol, = 107 fixed. The tolerance for the transfer eigenvalue problem
toly, is chosen as 10° in most cases and only varied in a few cases, as reported in the
tables. The algorithms have been implemented and run using MATLAB_R2023a.

We compare the adaptive coarse space proposed in this paper in (5.16) and vari-
ants of it with the classical GDSW and AGDSW coarse spaces. Even though our
theory holds for general coefficient functions, we are mostly interested in testing our
coarse space for difficult configurations, where standard coarse spaces fail: We focus
on discontinuous coefficient functions since they deteriorate convergence more than
continuous coeflicient functions; see also the results in subsection 8.4. Furthermore, it
is well known that high-coefficient components fully contained inside the subdomains
only have a minor influence on the convergence; see, for example, [19]. It has also
been observed that examples where the high-coefficient components do not touch the
Dirichlet boundary are more challenging; this is particularly evident for low numbers
of subdomains. Therefore, except for the realistic coeflicient function in subsection
8.4, we set a low coefficient on the elements which touch the boundary of the domain.

Additional results on the spectra of the eigenvalue problems as well as a compar-
ison of the algebraic and nonalgebraic variants of the transfer eigenvalue problem are
presented in section SM2.
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F1G. 4. Heterogeneous coefficient functions with high-coefficient channels of varying lengths
(left) and comb-type components (right) cutting the interface of a 4 X 4 domain decomposition with
H/h = 10. The interface is depicted as dashed red lines, elements with a = amax are colored in
yellow, and elements with o = amin are colored in dark blue. Oversampling domains Qe of varying
size are depicted: Q2" in light blue, Q3" in pink, QL in light green, and the domain for the extensions
in AGDSW eigenvalue problems in light purple; the discrete interior edge é is plotted in solid red.

TABLE 1
Numerical results for the configuration shown in Figure 4 (left) with cmin = 1, &max = 108; for
the novel Xvycop, Xvor, and Xyopr coarse spaces, we vary the size of Q.. We report the coarse
space dimensions (after/before proper orthogonal decomposition), estimated condition numbers, and
iteration counts. Nondefault tols, is marked in boldface.

‘ Xo H Qe tolyr H dim X ‘ K No. of iterations
XGpsw - - 33/ 33 | 2.7-10° 118
XAGDSW - - 57/ 57 7.4 24

Q2h - 33/ 33 | 2.7-10° 118

Xvep Qsh - 57/ 57 7.2 24
(9744 - 57/ 57 7.2 24

Q2 105 || 93/105 7.6 24

Xver Q5h 10° || 57/ 66 19.0 36
Qf  10° || 57/ 66 19.0 36

o2k 105 || 93/105 7.6 24

" e 108 || 57/ 69 7.6 24
VEDT |l 95k 105 || 57/ 90 7.2 25
QF  10° | 57/ 90 7.2 24

8.1. A first model problem: Channels of varying lengths. As a first model
problem, we consider the coefficient function shown in Figure 4 (left). The results
are listed in Table 1, where, here and elsewhere, the reported condition number is
estimated from the Lanczos process within PCG. The results clearly show the bad
performance of the classical GDSW coarse space; in fact, the condition number of
2.7-10° is close to the contrast amax /Qmin = 109 itself. Due to the moderate number
of subdomains, the resulting iteration count is still moderate, that is, 118. Both the
AGDSW and the new coarse space yield a low condition number below 10 and fast
convergence within 24 or 25 iterations.

In Table 1, we also provide results for only using one of the two eigenvalue prob-
lems, that is, either only the Dirichlet eigenvalue problem (Xvycp) or only the trans-
fer eigenvalue problem (Xvcr). We observe that, once (2, gets too small (Q2"), the
Dirichlet eigenvalue problem fails to detect the high-coefficient channels. The result-
ing coarse space just corresponds to the standard GDSW coarse space. On the other
hand, for this example, the transfer eigenvalue problem alone already yields a robust
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TABLE 2
Numerical results for the configuration shown in Figure 4 (left) with varying amin and dmax =
108 using the classical X gpsw and adaptive Xvepr (Qe = Qgh) coarse spaces. We report the coarse
space dimensions (after/before POD), estimated condition numbers, and iteration counts.

‘ Qmin H Xo tolsr H dim Xy ‘ K No. of iterations
10-2 | Xepsw - 33/33 | 2.7-107 142
Xvepr 10 57/93 7.3 25

1 XGepsw - 33/33 | 2.7-10° 118
Xvepr 104 57/93 7.2 25

102 XGpsw - 33/33 | 2.7-108 95
XvepT 10 57/69 8.5 25

coarse space. However, for Qih, the transfer eigenvalue problem yields unnecessary
eigenmodes for the default tolerance 10°. Table 1 shows that, when increasing the tol-
erance to 10°, those unnecessary eigenmodes are omitted; see also subsection SM2.1.

Furthermore, we observe that there is a significant amount of linearly depen-
dent edge basis functions for the new coarse space; this results from the fact that we
combine the constant function and eigenfunctions from the Dirichlet and transfer ei-
genvalue problem. Due to POD orthogonalization, the total coarse space dimension is
reduced by 12-15. Here, the resulting coarse space dimension of 57 is always optimal,
which can be explained as follows: For each edge, we need at least one (constant)
function and, in case of channels cutting the edge, at least as many functions as chan-
nels. This yields 12 4+ 3 x 12 =48 edge functions. In addition to that, we obtain one
function for each of the nine vertices, resulting in a dimension of 57.

Finally, we report results for varying values of au,;, in Table 2 to investigate
the robustness with respect to the contrast of the coefficient. We observe that the
classical GDSW coarse space is not robust with respect to the coefficient contrast:
The condition number is in the order of the coefficient contrast, and the convergence
deteriorates with decreasing values of amin. For the Xy cpr coarse space, the results
are robust and independent of oy .

8.2. Dimension reduction of the coarse space by enlarging (2.. In sub-
section 8.1, we already observed the influence of the size of €. on the spectra of the
eigenvalue problems. Here, we discuss a second example, which is visualized in Figure
4 (right), where the effect is even stronger and better interpretable.

It can be observed that a single edge function, yielding a coarse space of dimension
33, is sufficient for robustness for this example because there is only a single connected
high-coefficient component cutting each edge. Consequently, in Table 3, even the
classical GDSW coarse yields good results. This can only be detected by the eigenvalue
problem if Q. is large enough to cover this whole high-coefficient component (Q). If
Q. is too small, then the high-coefficient component may appear as either two or three
components cutting the edge for Q2" or Q3" respectively; cf. Figure 4 (right). Also,
when using the two subdomains adjacent to the edge e for the energy-minimizing
extension, as in the AGDSW approach, the component is detected as a whole.

This is also reflected clearly in the numerical results in Table 3. There are 12
edges cut by such a high-coefficient component. While increasing the size of €2, from
Q2 to Q5" or QX the coarse space dimension reduces by 12 or 24, respectively. The
same behavior can be observed for AGDSW when using Q2" Q5" and O as the
extension domain. This effect has already been reported for similar cases in [26].
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TABLE 3
Numerical results for the configuration shown in Figure 4 (right) with amin = 1, &max = 108; for
the X agpsw and the novel X yopr coarse spaces, we vary the size of Q.. We report the coarse space
dimensions (after/before POD), estimated condition numbers, and iteration counts. Nondefault toli,

is marked in boldface.

‘ Xo H Qe tolir H dim X ‘ K No. of iterations ‘

Xapsw - - 33/33 | 24.1 31
Q2k - 57/57 7.1 24

P Q3h - 45/45 | 12.6 26
AGDSW || qH - 33/33 | 24.1 31

- - 33/33 | 24.1 31

Q2 108 57/69 7.1 24

XvepT Qk 10° 45/57 17.1 33
Q108 33/57 | 24.1 31
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F1G. 5. Ezemplary random heterogeneous coefficient functions with 20% (left), 30 % (middle),
and 40 % (right) elements with high coefficients on a 4 X 4 domain decomposition with H/h = 10.
The interface is depicted as dashed red lines, the elements with & = amax are colored in yellow, and
the elements with o = amin are colored in dark blue.

8.3. Random coefficient distributions. In order to validate the theory and
show robustness of our new algebraic approach (Xycpr coarse space) for general
coefficient distributions, we test it on randomly distributed binary coefficient distri-
butions; examples for coefficient distributions with 20 %, 30%, and 40% elements
with high coefficients are shown in Figure 5.

The results are listed in Table 4, and we can draw several conclusions from those
results. First, we generally obtain good convergence for our new algebraic approach
for different ratios of high-coefficient elements and sizes of .. As we already ob-
served before, enlarging €2, reduces the coarse space dimension, which is much more
pronounced for larger ratios of high-coefficient elements; for instance, for 40 % of high-
coefficient elements, the coarse space dimension can be reduced from 155.1 to 59.0 on
average when keeping the tolerances fixed.

Of course, enlarging 2. also increases the computational work for setting up both
eigenvalue problems. As an alternative, we consider the smallest Q. = Q2" and vary
the tolerance for the transfer eigenvalue problem for the tolerance: When increasing
toly from 10% to 105, the coarse space dimension reduces from 162.3 to 119.0. At
the same time, the condition number and iteration count increase moderately: The
maximum iteration count goes up from 34 to 44 and the maximum condition number
from 29.4 to 1879.4. When increasing the tolerance further to 107, we obtain an even
smaller coarse space dimension of 79.9; however, the maximum condition number and
iteration count deteriorate to 9.6-10* and 105, respectively. Obtaining robustness
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TABLE 4
Numerical results for the configurations shown in Figure 5 with randomly distributed coefficient
functions and omin = 1,max = 108 using the novel Xycpr coarse space using varying sizes of
Q. We report the coarse space dimensions (after/before POD), estimated condition numbers, and
iteration counts averaged over 100 runs (mazimum in parentheses). Nondefault toly, are marked in
boldface.

No. of
Olmax Qe tolsr dim X K iterations
Q2h | 105 | 85.7(105)/128.5(150) 12.1 (36.0) 30.1  (36)
20% || Q%M | 10° 62.6(77)/127.3(158) 9.1 (27.9) 27.8 (32)
QI | 10° 62.4(74)/122.3(142) 8.6 (11.6) 275  (31)
Q2k | 10° || 121.6(143)/154.8(176) 20.6 (86.3) 30.0 (41)
30% || Q3 | 10° 70.6(81)/122.7(143) 10.6 (25.5) 27.4  (34)
QI | 10° 62.9(74)/122.4(143) 13.3 (38.4) 27.6  (37)
107 79.9(87)/ 81.2(88) | 1.1-10* (9.6:10%) 51.4 (105)
O2h 10% || 119.0(133)/125.5(136) | 223.9 (1879.4) 34.6  (59)
10% e 10° || 155.1(172)/180.7(200) 17.2  (296.0) 25.5 (33)
¢ 104 || 162.3(179)/190.9(210) 6.7 (29.4) 21.7  (26)
Q3h | 10° 81.3(94)/112.3(126) 11.5 (40.6) 27.3  (34)
Q| 10° 59.0(68)/ 95.2(116) 23.3 (76.9) 32.9  (44)

using the algebraic coarse space depends on an interplay of the hyperparameters of
the method, such as the size of ), and the tolerances.

8.4. Modified SPE10 model problem. Finally, we consider a coefficient func-
tion based on realistic data. In particular, we use heterogeneous coefficient functions
« generated from parts of the 40th layer of the second data set from the 2001 SPE
Comparative Solution Project benchmark [12], employing the pixelwise norm of the
permeabilities as the coefficient function. Notably, this example can be solved robustly
using the classical GDSW coarse space, and no adaptive coarse space is needed. How-
ever, if we convert « into a binary coefficient function by setting all coefficients above
1.0 t0 @max = 10° and all coefficients below 1.0 to amin = 1, then the classical GDSW
coarse space is not robust anymore, resulting in a high condition number of 2.0-10°.
Note that we chose one of the more difficult layers; other layers tested exemplarily
were less challenging for the preconditioners considered. Here, in addition to square
subdomains, we also consider an unstructured domain decomposition into 25 subdo-
mains generated by METIS.

As can be seen from Table 5, for the square subdomains, as expected, the X agpsw
and Xycopr adaptive coarse spaces yield robust results. For small sizes of €., the
dimension of the Xycpr coarse space is quite high; for instance, the coarse space
dimension is 362 for ., = Q2" (and tol;, = 10°). We observe that the coarse space
dimension reduces significantly when increasing tol,; for tol;, = 107, the dimension
is only 147. The same dimension is obtained for ., = Q. While enlarging Q. results
in a better condition number and iteration count, it also increases the computational
cost of the eigenvalue problems. On the other hand, increasing tol;, does not increase
the computational cost; however, the condition number and iteration count grow
moderately.

We also report results for the space Xy cp, where the transfer eigenvalue problem
is completely neglected. While the condition number is contrast dependent for Q2. =
Q2" which shows that the transfer eigenvalue problem is necessary in this case, we

obtain good results for Q. = Qgh and Q. = Q; notably, the dimension of Xvcp is

e

even lower than that of Xagpsw. Note that if the oversampling domain is mostly
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F1G. 6. SPE10 coefficient functions on a 6 X 6 domain decomposition with H/h = 10; the
interface is depicted as dashed red lines. Top: Permeability distribution. Right: Binary distribution
using a threshold of 1: Values > 1 are mapped t0 oumax = 10® and values < 1 to amin = 1.

TABLE 5
Numerical results for the configurations shown in Figure 6; for the novel Xvyop and Xvyepr
coarse space, we vary the size of Qe. We report the coarse space dimensions (after/before POD),
estimated condition numbers, and iteration counts. Nondefault toly, are marked in boldface.

Structured DD METIS DD
‘ Xo H Qe tolsr ‘ dim X ‘ K # its. || dim Xo ‘ K No. of iterations
Original coefficient (without thresholding)
Xepsw | - - | 85/ 8] 206 42 | 88/ 88| 244 39
Binary coefficient (with thresholding)
Xapsw - - 85/ 85 | 2.0-10° 57 || 88/ 88| 3.2-10° 54
XAGDSW - - 93/ 93 19.3 38 | 96/ 96 16.2 36
107 || 147/150 | 1859.0 40 ||160/161 | 9.1-10% 43
Q2h 108 | 262/273 | 122.8 37 |1265/277 | 522.6 36
Xvepr  10° | 362/417 9.3 31 |303/345 9.9 30
Q3h 105 | 191/229 9.3 31 |193/222 8.5 29
QH 105 | 147/176 9.6 31 |[157/192 14.2 31
Q2zh - 87/ 89 | 2.0-10° 57 || 88/ 88| 3.2:10° 54
Xvep Qoh - 90/ 92 19.4 39 || 94/ 96 16.5 37
Qf - 90/ 93 19.4 39 | 94/ 97 16.5 36

covered by high-coefficient elements, then we conjecture a slower decay of the harmonic
extensions of higher-frequency modes on 0f2.. This results in a relatively large Xvcr
space on e; this is the case, for example, for the green vertical edges in Figure 6.

The results for the METIS DD are consistent with the results obtained for the
square subdomains. We observe that even though the number of subdomains is lower
than for the structured case—25 instead of 36—the number of interface components
is slightly higher: We obtain 56 instead of 60 edges and 32 instead of 25 vertices,
respectively. Correspondingly, we obtain larger coarse spaces for unstructured domain
decompositions, which is a typical observation for interface-based coarse spaces.

These results show that our algebraic approach is very robust, but further investi-
gations of choosing the tolerances will be necessary to obtain the optimal coarse space
dimension. This is a common challenge in adaptive coarse spaces; see, for instance,
the discussion in [28]. A full investigation will be the subject of future research.

© 2025 Alexander Heinlein and Kathrin Smetana
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