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Abstract

Jellyfish exhibit one of the highest efficiencies observed in the animal kingdom, operating in the optimal
Strouhal number range, despite their limited anatomy and morphology. Compared to other swimmers,
such as salmon, the cost of transport of jellyfish can be up to 3:5 times smaller Gemmell et al. (2013).
To understand their high efficiency, several numerical models have been developed. However, current
numerical models that combine kinematics and hydrodynamics are limited by geometric simplifications,
reduced dimensionality, and the absence of velar kinematics, complicating efficiency research. Accurate
representation of realistic jellyfish kinematics, characterised by complex, time-varying geometry and
active velar control, remains difficult. In particular, no validated fully three-dimensional model exists
that simultaneously captures the full bell geometry and actively controlled velar kinematics of the Sarsia
tubulosa jellyfish. This absence limits the ability to investigate efficiency metrics and three-dimensional
vortex dynamics accurately.

This study presents the development, validation, and benchmarking of a new three-dimensional numer-
ical model of Sarsia tubulosa, implemented in the computational fluid dynamics solver WaterLily. The
geometry is represented using displacing control points connected by non-uniform rational B-splines
(NURBS), enabling biologically accurate reconstruction of the bell, including active control of the (velum)
kinematics. The Cartesian grid, combined with BDIM, avoids remeshing and enables the implementa-
tion of time-dependent kinematics by updating the signed distance function, reducing computational
costs. Hydrodynamic forces are computed by integrating the pressure and viscous stresses over the
body surface, where these stresses are obtained from the numerical solution of the incompressible
Navieri Stokes equations. This avoids the analytical thrust and drag approximations commonly used in
reduced-order approaches.

Model validation against experimental and numerical literature data demonstrated moderate agreement
in both kinematics and dynamics. Normalised root-mean-square errors (NRMSE) of 0:113 were obtained
for cavity volume and velar opening diameter, while force and velocity comparisons yielded values of
0:203 and 0:170, respectively. A velocity overshoot was observed during steady-state swimming, which
is consistent with previous rigid-body medusan models. This problem was attributed to the absence
of tentacle-induced drag and fluidi structure interaction phenomena, such as elasticity and passive dy-
namics. Applying prescribed kinematics was found to idealise the problem, as experimental jellyfish
constantly adjust kinematics during swimming to achieve optimal vortex formation.

Kinematic variation studies found an optimal duty cycle in the range 0:4 < < 0:5 for minimising the
cost of transport (COT), whereas the biologically observed duty cycle is 0:2. This suggests that natural
swimming is not optimised solely for energetic efficiency. In this study, the cost of transport was generally
estimated to be low. Extended gliding intervals produced unrealistically low cost-of-transport values,
indicating that inaccuracies in the force computation influence efficiency trends. Sensitivity analyses
on the forces acting in this model confirmed that steady swimming behaviour is predominantly drag-
controlled and tentacle-induced drag is not modelled. The absence of elastic force contribution in the
cost definition lowers the cost of transport.

Overall, the developed model provides a computationally efficient three-dimensional framework for in-
vestigating trends and phenomena in Sarsia tubulosa swimming. It captures key hydrodynamic trends
and vortex-formation phenomena, although modelling compromises were required for numerical feasibil-
ity. These compromises, combined with the use of rigid-body equations of motion, idealised kinematics,
and the omission of elastic effects and tentacle dynamics, limit full physical realism to evaluate efficiency
metrics. Recommendations for future work include improved force modelling, assessment of symmetry
effects on vortex dynamics in 3D, higher-order geometric representations, and incorporation of passive
elastic velum motion and tentacle effects.
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-RXVSHYGXN

1SXMZEXMSR
-HOO\ILVKFRPELQH XQLTXHDQDWRPLFDO VWUXFWXUHV ZLWK VRPHRIWKF
LQ WKHDQLPDO NLQJGRP LQ WHUPV RI VFDOHG VZLPPLQJ VSHHG DQG FR
+RRYHU HW DBK\WKPLF EHOO FRQWUDFWLRQVDQG WKHJIJHQHUDWLRQ
LVWLFRIMHOOVNLVKVZLPPLQJ -HOOVMLVK XVHIOXLG G\QDPLFLQWHUDFW!|
UHFDSWXUH DQG YLUWXDO ZDOO HIITHFWYV IRDBELRHARPR Y OKQVIERVWHO® R F
PRWLRQLVDFKLHYHG ZKLOH KDYLQJOLPLWHG PXVFOHWKLFNQHVVDQGP
SDUNHWDO

$OWKRXIK MHOO\ILVK ORFRPRWLRQ LQYROYHV FRPSOH[ IOXLG*xVWUXFW)
PRGHO WKHLUDQDWRP\DQG DFFHVVLELOLW\IRU REVHUYDWLRQ PDNH Wt
O\ILVKUHVHDUFK FRQFHUQV WKH QXPHULFDO PRGHOOLQJRIK\GURG\QDP
SURSXOVLRQ VI\VWHPV &RYWHOHOHRWHRBODL@WR HW DO $OWKRXJK DGYDQFHV L
DYDLODEOH FRPSXWDWLRQDO IOXLG G\QDPLFV &) PHWKRGV DQG PRGHC
FXUDWH MHOO\ILVK PRGHOV UHPDLQV GLIILFXOW *HQHUDO FKDOOHQJHV
JHQFHUHOLDELOLW\ VLPXODWLRQWLPHDQGPRYLQJERGLHV WKDW UHTX
ERXQGDU\ PHWKRGV 3DUSIVHBWUHY XOW D GHWDLOHG XQGHUVWDQGLQJ RI
LFVDQG DFWLYHIORZ FRQWURO VWUDWHIJLHY FRQWULEXWH WR WKHLU K
&RVWHOOR HW DO

IRS[PIHKI +ET
$OLPLWDWLRQDFURVVWKHOLWHUDWXUHLVWKHDEVHQFHRIDQRQ VLPS(
DVHSDUDWHO\PRYLQJEHOO PDUJLQ $OO UHVHDUFK DSSOLHV VLPSOLILF
VLPSOLILFDWLRQ DVVXPLQJD JHRPHWULF SDUDPHWHULVDWLRQ RUUHG.
FDODFFXUDF\ LQWHUPVRIKDYLQJDIODSDQGWHQWDFOHYV LVODFNLQJ
EHHQ SUHVHQWHG DQG GLVFXVVHG

7TKHIORZ FRQWURO PHFKDQLVP RI WKH MHOO\ILVK EHOO PDUJLQ KDV EHH:
DFURVV VWXGLHYVY $V D UHVXOW VHYHUDO PRGHOV H[LVW HLWKHU HPSO
PDWLFV RUSDVVLYHFRQWURO YLD IOXLG VWUXFWXUHLQWHUDFWLRQ 1R
LV FXUUHQWO\DYDLODEOH :LO¥REDWEBGE OGMUMIPSGOHILHG PRGHO DQG VWD
FRQWUROLV PRVWHIILFLHQW +RZHYHU WKHLQIOXHQFHRIEHOO PDUJLQ
MHOO\ILVK KDV QRWEHHQ DVVHVVHG ZLWK DQ DFFXUDWH '"PRGHO

$FKLHYLQJ D YDOLGDWHG ' QXPHULFDO MHOO\ILVK PRUSKRORJ\ PRGHO V
MHOO\ILVK NLQHPDWLFV LQFOXGLQJD NLQHPDWLFFRQWURO PHFKDQLVP
YDQFHPHQW LQ FXUUHQW PRGHOOLQJDSSURDFKHV 'HWHUPLQLQJWKHRSE
SURSXOVLYHHIILFLHQF\ZRXOG SURYLGH QHZ LQVLJKWV LQ WKLV ILHOG R
SHULRGLF YDULDWLRQ DQG JOLGLQJLQWHUYDOV RQ HIILFLHQF\KDYH QR



QDPLF GDWD LV DYDLODEOH IRU K\GURPHGXVDRDW LY &RQIDQ DIKMEIRRY /BH® @/
WKLV WASH RI MHOO\ILVED 6@ HF WRNEDHFRWIWKW FKRVHQ 7R DYRLG WKH FR
VHPL SDVVLYH EHOO PDUJLQ PRGHOOLQJ WKH FKRLFH LY PDGH WR FRQ
WKH PRGHO FDQQRW DGHTXDWHO\ FDSWXUH SDVVLYH HIIHFWV LQFOXGL
URXQGLQJIORZ 3UHVHQW VWXGLHVY KDYH LQYHVWLIJDWHG WKH LQIOXHQ
GXW\ F\AFOH YDULDWLRQ ZKHUHDV SHULRGLF YDULDWLRQ DQG JOLGLQJ L
HYHU &ROLQ DQG &RV BHHIODLPRHQWDOO\VIRXQG WKDW WKHVH NLQHPDWLFV D
MHOO\NLVK VZLPPLQJ

7TGSTI

7KH FRUH REMHFWLYH RI WKLV UHVHDUFK LV WR G H& BID\RLSD DWYRERIOGRDAD H G
KHOS XQGHUVWDQG WKH NLQHPDWLF DQG IOXLG G\QDPLFV SKHQRPHQD X
7KLV SURMHFW DLPV WR PRGHO WKH 6DKD5H WQBNALRWERDMWR BURYLRXV ZR
%DOGZLQ DQG %DWMOLWDQG &RVWBQDHRO OF+HQU\DQG -HGDKLQ

DQG ORKVHQL DQG 6DKLQ HW Q@ D ELRORJLFDOO\ DFFXUDWH ZD\ E\ YDOL
ZLWK DYDLODEOH H[SHULPHQWDO DQG QXPHULFDO GDWD )XUWKHUPRUH
EHOO NLQHPDWLFV WR LQYHVWLJDWH WKH LQIOXHQFH RI NEQUPDWLF VH
WXEXORKHMH ' PRGHO DQG NLQHPDWLF DOJRULWKP DUH DSSOLHG LQ D VWX
PRGHO SHUIRUPDQFH

$Q H[LVWLQJ ' QXPHULFDO MHOO\ILVK PRGHO GHYHORSHG E\'U $UWXU /L
UHVHDUFK RQ MHOO\ILVK HIILFLHQF\ 7KLV PRGHO QXPHULFDOO\ UHSUHYV
EHOO UHVSRQVLEOH IRU MHOO\ILVK ORFRFR®LRQ W& ROWGDOMR GIMUDOHG
OLWHUDWXUH WKLV PRGHO ZLOO EHDGMXVWHG WR PDWFK NQRZQ EHKDYL
+\GURG\QDPLF VLPXODWLRQV ZLOO EH SHUIRUPHG XVLQJ :DWHU/LO\ D IOF
DQG )RQW

6IWIEVGLSYIWXMSRW
$ PDLQ UHVHDUFK TXHVWLRQ ZDV GHWHUPLQHG EDVHG RQ WKH GHILQHG N

+RZFDQD YDOLGDWHG WKUHH GLPHQVLRQDO QXPHULFDO MHOO\ILVK PR
PRWLYHHIILFLHQF\RI 6DUVLD WXEXORVD"

7KHIROORZLQJ REMHFWLYHV DUH GHILQHG WR DQVZHU WKHPDLQ UHVHDU

'"HVLIJIQ D '"QXPHULFDO PRGHO LQ :DWHU/LO\ WKDW DFFXUDWHO\ GHVF
MHOO\ILVK EHOO

'HYHORS DQG DSSO\DQ DFWLYHNLQHPDWLFVY FRQWURO PHFKDQLVP Wi

&RPELQHWKHGHYHORSHG QXPHULFDOPRGHODQGFRQWURODOJRULW
DNLQHPDWLF YDULDWLRQ VWXG\

SYXPMRI

7KLV UHSRUW SUHVHQWY DQG GLVFXVVHVY WKH PHWKRGV XVHG WR GHYHO
WKHNLQHPDWLF FRQWURO DOJRULWKP DQG WKHUHVXOWY REWDLQHG E\
GDWD DQG FRPSDULVRQ PDWHULDOV DUH LQFOXGHG LEWWSN\E URGWKIXEL!
FRP HYDQYDQGHUZHLGH :DWHU/LO\ 6DUVLD&WKEREWHRYV DS UH/BGI\QWNK D0 B GW
UHYLHZ WKDW DVVHVVHVY WKHFXUUHQW VWDWH RIWKHDUWLQ MHOO\ILVK
RI'WKH MHOO\ILVK ELRPHFKDQLFV QXPHULFDO PRGHOOLQJPHWKRGYV DF\
&KDSWHU GHVFULEHV WKHPHWKRGV XVHGLQ WKLVPRGHOWRGHYHORSV
HQYLURQPHQW ,WDOVRGLVFXVVHV WKHGHVLIJQ RI WKHSDUDPHWHU VW X
UHVHDUFK LQFOXGLQJ QXPHULFDO FRQYHUJHQFH DQG PRGHO YDOLGDWL
GHVFULEHG E\ 6DKLQ HWXVHG LQ WKH IROORZLQJ VWXGLHVY WR DVVHVYV F
DQG ORFRPRWLYHHIILFLHQF\ ,Q &KDSWHU WKHUHVXOWY DUH GLVFXVV
J)LQDOO\ DFRQFOXVLRQ IRU WKLV VWXG\LVY SUHVHQWHG DORQJ ZLWK UH]I



OMXIVEXYVIG6IZ

&MSQIGLERMGW SJ .IPP]IhWLOSGSQSXMSR

%HIRUH SUHVHQWLQJ WKH VWDWH RI WKHDUW WKURXJK D OLWHUDWXUH U
WDEOLVK D EDVLF XQGHUVWDQGLQJ RIMHOO\ILVK FKDUDFWHULVWLFV .H
FRQFHSWVDUHLQWURGXFHG $QDWRPV\UHIHUV WR WKH SK\VLFDO VWUXFYV
LFVGHVFULEH KRZ MHOO\ILVK PRYH WKHLU SK\VLFDO VWUXFWXUHV GXUL
H[SODLQ KRZWKHVHPRYHPHQWY JHQHUDWH WKUXVW IRU MHOO\ILVK ORF|

JAPP]hWL %YREXSQ]

OHGXVDH EHORQJ WR WKH DQLPDO SK\OXP &QLGDULD SDUW RI WKH $QLP
WKH OHGXVR]RD VXESK\OXP ZKLFK H[KLELWYV D ELSKDVLF OLIH F\FOH FRQ
VZLPPLQJ PHGXVD VWDJH OHGXVDHLQ WKH IUHH VZLPPLQJ VWDJH DUH F
&RVWHOOR HWHBFOqQUH S5|WWLQIKIWMGLYHUVLW\RIWKHOHGXVR]RD VXESK)
RlIVLIH VKDSH ERG\GHVLJQDQG SURSXOVLYHPRGH OHDGV WR DQRWKH!
LQLIXUH J)UHTXHQWO\ VWXGLHG FODVVHVY LQ WKHILHOG RINLQHPDWLFV D
]JRD DQG +\GUR]JRD $XUHOLD DXULWD PRRQ MHOO\ILVK LV DQ H[DPSOH"
EHHQ ZLGHO\LQYHVWLJDWHG IURP WKH SRLQW RI YLHZ RI SURSXOVLRQ E
9LOODQXHYD HW DO

OHGXVR]RD MHOO\MLVK VZLP WKURXJK UK\WKPLF FRQWUDFWLRQV RI D PXV
EXWDUHGLVWLQJXLVKHG E\WKH SUHVHQFH +\GUR]RD RUDEVHQFH 6F\S
PRGH RI SURSXOVLRQ $ YHOXP LV D PXVFXODU IODS OLNH VWUXFWXUH F
KDYLQJ D YHOXP W\SLFDOO\ KDYH D SURODWH EHOO VKDSH DSSO\LQJ M
ZKLFK GR QRW KDYH D YHOXP DUH JHQHUDOO\ REODWH DQG RIWHQ XVH D
HW DO 'DQLHO 7KHVH SURSXOVLRQPRGHVDUHIXUWKREGDSOWDLQHG
EHOO VKDSHVY DUH FKDUDFWHULVHG DV D FXUYHG SODWH WHQGLQJ WR KI
UDWLR EHWZHHQ EHOO KHLJKW DQG EHOO GLDPHWHU 3URODWH MHOO\IL\
UDWLR VKDSHG OLNH D URFNHHPPBEDULXHWOBY HW DO

OHGXVDH H[I[KLELW FRRUGLQDWHG ORFRPRWLRQDQGLQWHUDFWLRQ ZLWK
KHDUW RU VNHOHWRQ 6FKDKHAW HRGCL®IY DUH UDGLDOO\ VIPPHWULFDO V
DQGFRQVLVWPRVWO\RIZDWHUDQG PHVRJOHD OHVRJOHD LV UHVSRQVLE
ZLWKRXW JHQHUDWLQJDQ\PHWDEROLF ORVVHVY OLOHV %DWWLVWD

JLIXUHSUHVHQWY WKH DQDWRP\RI D 6F\SKR]JRD 7KH PHVRJOHD ZKLFK VH
VXEXPEUHOODU VXUIDFHV RI WKH EHOO LV VKRZQ ,W KRXVHV VHYHUDO
F\AWHV VWLQJLQJFHOOV PXFRF\WHV PXFXVVHFUHWLRQ VHQVRU\FHOC
HSLWKHOLRPXVFXODU FHOOV 7KH JDVWURGHUPLY WKH LQQHU OD\HU R
ZKHUH GLJHVWLRQ DQG QXWULHQW DEVRUSWLRQ RFFXU ,W FRQWDLQV Q
ZHOO DV DGGLWLRQDO FQLGRF\WHV =DFKDULDK OLWFKHOO



JLIXUH OHGXVDQ 'LYHUVLW\DFURVV WKH PHGXVR]RD VXESK\OXP )LJXUH UHSURGXFHG |

JLIXUH +\GURPHGXVDQ VZLPPLQJEHOODQG PXVFOH ILEHU VWUXFWXUHYV )LIXUH UHSURC

7KH VXEXPEUHOODU VXUIDFH DW WKH LQQHU XQGHUVLGH RI WKH EHOO L'
PXVFOH ILEUHV WKDW FDQ FRQWUDFW WR UHGXFH EHOO YROXPH OHDGL
WKUXVW 5DGLDO ILEUHVY HIWHQG IURP WKH EHOO FHQWUH WR LWV PDUJI
VHQVHRUJDQV DUH ORFDWHG IRUVHQVLQJOLIJKWDQGRULHQWLQJLWYV VZ
GHIRUPDWLRQDQG GLUHFWLQJIORZ *HRPHBPOPDOQRRODIX\HROBQURXSV
FRQVLVW RI HSLWKHOLRPXVFXODU FHOOV XQLTXH WR FQLGDULDQV 7KH
IXQFWLRQV ZLWKLQ DVLQJOHFHOO W\SH 7KRXJKRQO\RQH OD\HU WKLFN
WR LWV ORZ PDVV ,QDGGLWLRQ WR WKLV ORZ PDVV MHOO\ILVK PXVW PR
WKDW LVDFFHOHUDWHG UHSUHVHQWLQIDWKB DIGIEKH QPWV¥ BOQDLYH DD Q
PXVFOHV VHUYH WZR SXUSRVHYV FROWUDFWLOH IXQFWLRQV WR DVVL)\
IRRG GLIHVWLRQ 7KHPHVRJOHD FRQWDLQV HODVWLFILEUHV WKDW KHOS
DIWHU FROQWUDFWLRQ HQDEOLQJ SDVVLYHHQHUJ\UHFDSWXUH 1HXURV}
VLIQDOV IRUPXVFOH FRQWUDFWLRQ O&RPWHW H OMRVMMNBRPDO RQWIRUW HW D(
2Ubo buPV RIWHQ ORFDWHG QHDU WKH FHQWUH XQGHUQHDWK WKH I



APP]JhWL/MRIQEXMGW
7TKHDQDWRPLFDO FRQVWUDLQWY RI MHOO\ILVK VXFK DV PLQLPDO PXVFOF}
HITLFLHQW VZLPPLQJ PRWLYDWHUHVHDUFKLQWR WKHLUNLQHPDWLFV -H
EHOO FROQWUDFWLRQV %DOGZH®OD VWD WWWKWIPRGH RI SURSXOVLRQ IRU (
JURXSV FDQ EHGLVWLQJXLVKHG $URZLQJPRGHRISURSXOVLRQ XVHG E\
PRGH XVHG E\ SURODWH MHOO\ILVK %RWK PRGHWWHDV IS DGINSMBWLYG @&\ J
LOOXVWUDWLQJD FRQWUDFWLRQ DQG UHOD[DWLRQ SKDVH ZLWKLQ WKH \
REVHUYHG LQ WKH FODVVHYV +\GURIROUHIBWRXERIBRBPQ¥HHRQ WKHVH FODVYV
DURZLQJ PRGH RI SURSXOVLRQ LV RIWHQ IRXQG LQ 6F\SKR]J]RD +RZHYHU
+\GUR]RD XVHD URZLQJPRGHRISURSXOVLRQRUDFRPELQDWIZR® RI ERWK
GLVWLQFWLRQEHWZHHQ SURODWHDQGREODWHMHOO\LVKLVJHQHUDOO
&RVWHOORRVWHOORHWBDUL HW D31 JXUHVKRZY KRZ SURODWH MHOO\ILVK
DYHOXP WKDW VKDSHY DQG DFFHOHUDWHY D MHW GXULQJ FRQWUDFWLRC(
VWUXFWXUH DQG LQVWHDG XWLOLVH YRUWH[ HITHFWV D URZLQJ PRGH R
SURODWHDQG REODWH MHOO\NLVKDUH IXUWKHU H[SODLQHG LQ WKLV VHF

JLIXUH :DNH VWUXFWXUH YRUWLFLW\DQG YHORFLW\ YHFWRUV RI $ 5RZLQJOHGXVDHDQG
*HPPHOO 'DELUL HWDO

5RZLQJPRGH RI SURSXOVLRQ
(( WHQVLYH UHVHDUFK KDV EHHQ FRQGXFWHG LQWR KRZ REODWH MHOO\IL
%DMFDU HW RBRVWHOOR HWOEOUL HW DAHPPHOO 'X &ORV HWPBPPHOO
7TURROLQ HW PWQHUDOO\ REODWHORFRPRWLRQLY GHVFULEHG DV D SXOV
WLRQ VWURNHDQG DUHOD[DWLRQ VWURNH UHVSHFWLYHGKHIUQIRWZIHIOD C
VWDWHLV D UHOD[HGDQG IXOO\H[SDQGHG EHOO DIWHU ZKLFK WKH FRQW
LVJHQHUDWHG 7KLVFRQWUDFWLRQ SKDVHLV VKRUWLQ WKHFRQWH[W RI
YRUWH[ EHLQJ H[SHOOHG GRZQVWUHDP 'XULQJD FRQWUDFWLRQ WKH PF
E\SXVKLQJWKHIOXLG WR WKHFHQWUHDQG VWUHWFKLQJWKHILEUHV 7K
EHOO ZKHQ WKH PXVFOH WHQVLRQ GUR'XW LINOWDKY GHIOW DWDRQ SKDVH Z
ORQJHU WKH VWRSSLQJ YRUWH[ LV IRUPHG LQVLGH WKH VXEXPEUHOODU
WKHEHOODQG HQKDQFHV WKUXVW WKURXJK SDVVLYHHQHUJ\UHFDSWXU
WKH VWDUWLQJ YRUWH[LQGXFHV D ZDOO HIIHF&R VXUHOKOHRUHINEEOWLQH G L Q
HW DO 7KHUDWLR RI FRQWUDFWLRQ WLPH WR IXOO F\FOH WLPH ZDV GHI
LQ%»DOGZLQDQG %DAVEWDWMIMHOO\VNLVK HIKLELW ORZ NLQHPDWLF GXW\ F\I
FRPSULVLQJRQO\ RIWKHSXOVDWLRQ F\FOH /RQJHUUHOD[DWLRQ SK
SDVVLYHHQHUJ\UHFDSWXUH E\VSDFLQJ WKH VWDUWLQJDQG VWRSSLQJ)
*HPPHOO 'X &0ORV HWDO



7KHVXEXPEUHOODU PXVFOHVY GULYHFRQWUDFWLRQ SULPDULO\DW WKH E
UHFRLO RI WKH PHVRJOHD UHVWRUHV WKH EHOO VKDRKDBIRDQJ UHOD[DW
7KH UDGLDO PXVFOHY DUH UHVSRQVLEOH IRU GLUHFWLQJ WKH IORZ 7KH
GHIRUPDWLRQ SDWWHUQDV WKHUHVWRIWKHEHOO 7KHGLIITHUHQWO\PR)
LQUHVSRQVHWR IOXLG UHVLVWDQFH FRQWULEXWHV WR YRUWH[ULQJ JH
9LOODQXHYD HW DO

-HW SURSXOVLRQ

7TKHNLQHPDWLF F\FOHRISURODWH MHOO\ILVK EHJLQV ZLWK D UDSLG FRQV
HMHFWLQJZDWHU WKURXJKD QDUURZYHODUDSHUWXUH FUHDWHG WKUR:
JLIXUH%» , 7TKLVH[SXOVLRQJHQHUDWHV DKLJK VSHHG MHWDQGDVWDUWL
PHVRJOHD UHFRLOV DQGIOXLG SDVVLYHOVUHILOOV WKHRLHION\ GXULQJ
,QFRQWUDVW WR REODWH MHOO\ILVK WKH G XWDb RS OMHI (GLURIOW KIHAWMWM B I
FROQOWUDFWLRQDQGUHOD[DWLRQ SKDVHVDUHVLPLODULQ OHQJWK 7KLV I
LQFUHDVLQJHQHUJ\FRVWYV 7RHLWHOXW BOD\VDQLPSRUWDQW UROHLQ UH(
FRVWY _WFRQWUROV DSHUWXUH GLDPHWHU GXULQJ FRQWUDFWLRQ DQG
SUHVVXUH LQ WKH VXEXPEUHOODU FDYLW\ W R7B HFHHDHUWD XWHHWHK 8 DMH3N  GIX
UHOD[DWLRQ OHWWLQJWKHEHOO UHILOODQG VKDSLQJWKHVWRSSLQJY

,JHVSH]JREQMGW SJ .IPP]hWL
5HVHDUFK KDV EHHQ FRQGXFWHG RQ ERWK SURIILWB %HDRRAZAQ ' BMM LV
HW DO DQG REODWH &RVWH®ERWHWHDOD®DUN HW DAMHOO\ILVK OF+HQU\
DQG -HG VLPXODWHG WKH K\GURG\QDPLFV Rl ERWK SDGGOH®HG MHW P
VFULEHG WKH MHOO\ILVK NLQHPDWLFV UHVSRQVLEOH IRU FHUWDLQ K\GU
PRWLRQ ORVW UHVHDUFK DJUHHV RQ WKUHH K\GURG\QDPLF SURFHVVHV >
VXFWLRQ WKUXVW GXULQJEHOO FRQWUDFWLRQ SDVVLYH HQHUJ\UHFDS)\
ERRVW WKDW RFFXUV IROORZLQJDQLQLWLDO EHOO FRQWUDFWLRQ &RVV

6XFWLRQ WKUNYWUDWHG WKURXJKEHOO FRQWUDFWLRQ 5HDUZDUG DFFF
ULQJ GXULQJ EHOO FRQWUDFWLRQ JHQHUDWHYV D KLIJK SUHVVXUH ILHOC
SUHVVXUH ILHOG LV IRUPHG LQ WKH IOXLG VXUURMNQBURIWKM ER20O PDL
SUHVVXUH ILHOG PRYHV I[URP WKH EHOO DSH[ WR WKH PDUJLQ ZKLOH D Q
DSH[ 'DQLHO *HPPHOO &ROLQ &RVWHOOIRGHQWGLDHGWWKDW WKH QHW IR
UHVXOWYV I URP WKH ORZ SUHVVXUH ILHOG DQG QRW WKH KLJK SUHVVXUH
SO\LQJ VXFWLRQ WKUXVW 7KHUHDVRQ IRU WKLV LV WKDW WKH MHOO\ILV
SXOO LWVHOIIRUZDUG

B3DVVLYH (QHUJ\5HFDR¥FXNMHV3GXULQJ WKHUHOD[DWLRQ F\FOH ZKHQ WKH
ZLWKIOXLG 7KLVIOXLGLV SDUWRIWKHVWRSSLQJYRUWH[JHQHUDWHG G
VXEXPEUHOODUFDYLW\GXULQJH[SDQVLRQ 7KLVUHVXOWVLQDYROXPHL
ZLWKLQFUHDVHG IOXLG YHORFLWLHYV SXVKLQJRQ WKHVXEXPEUHOODU V
LLIXUH &RVWHOOR HW@®® *HPPHOO HWIR®XQG WKDW 3(5 GHSHQGYV FRPSOF
WKH GXW\ FA\FOH RIEHOO FRQWUDFWLRQ DV D SDXVH LV UHTXLUHG WR EX
SXVKWKHEHOO IRUZDUG DQG HQDEOH WKH PHGXVD WR ULGH WKH YRUWH]
MHOO\ILVK SXOVDWLRQ F\FOHV DUH VKRUWHU DOORZLQJ PRUH UDSLG D
HQHUJ\ HIILFLHQW DV LW PLQLPLVHYV 3(5 FRQWRRENW HRQD 6HPRPHOW HW D
HWDO DGGHG WKDW WKHHODVWLF SURSHUWLHYV RI WKH MHOO\ILVK EHO
DEOHWRLQFUHDVHRU GHFUHDVH LW

7KH YLUWXDO ZIDVOmQHRIWHHW XWLOLW\ RI MHOO\VMLVK WR LQFUHDVH WKUXV)
RSSRVLQJ YRUWLFHVY WKDW FUHDWH D pYLUWXDO ZDOOY $VWRSSLQJYRU
LQ WKH VDPH ZzD\DV D YLUWXDO YRUWH[ GXULQJ ZDOO HIIHFW SHUIRUPDQ
DFFXPXODWHYV IOXLG DW WKH SURSXOVLYH VXUIDFH JHQHUDWLQJ KLJKH
PDUJLQ 7KHVH KLJK SUHVVXUHV LQFUHDVH WKH WKUXVW IRUFH GXULQJ
*HPPHOO 'X &ORV HWKOLY WKUXVW FRQWULEXWIHRQ LV VKRZQ LQ

$VSHFLDO QRWH VKRXOG EH POCGH 8 ® B\NWHKILYBWHQRPHQRQ FDQ EH XVHG
GUDJ 7KLV FDQ EH DFKLHYHG WKURXJK FDUHIXO WLPLQJ RI WKH NLQHPD



JLIXUH 2EODWH MHOO\MLVK YRUWH[JHQHUDWLRQ 5HG DUHDV UHSUHVHQW VWRSSLQJ YRUW|
%ODFNDUURZVY GHQRWH WKH GLUHFWLRQ RI1OXLG FLUFXODWLRQ *UHHQ DUURZV UHSUHVH
GLIITHUHQW YRUWH[LQWHUDFWLRQV )LIXUHUHSURGXFHGIURP &RVWHOOF

VXEPHUJHG ERG\ UHFRYHULQJDGGHG PDVVNLQHWLFHQHUJ\DQG WKHUHI
LVIXUWKHU H[SODLQHG LQ WKH ZRUN R *LR U DIQRG FHRXFEXA DWQH5V:HHO MR IXWWV\KH C
MHOO\ILVK UHVHDUFK

5RZHUV SURGXFH WKHLU IRUZDUG PRPHQWXP WKURXLKXWKHLP>SDOVHD W LR Q
PHOQWLQJ WKH GHVFULEHG K\GURG\QDPLF HITHFWV 7KH\ SURGXFH WKUX\
WKURXJK VXFWLRQ WKUXVW DQG D YLUWXDO ZzDOO DQG WKH H[SDQVLRQ
HIITLFLHQW 3DOODVGLHV HW DO

-HW SURSXOVLRQLQGXFHV VLPLODU HITHFWV DOWKRXJK LWV PDLQ SURSX
SKHQRPHWHRW H[S ¥ON LRQP RI DFWLYH WKUXVW ZKHUH SXOVHV RIIOXLG DU]
LQIWKHYHOXPUHGXFHVWKHDSHUWXUHGLDPHWHU LQFUHDVLQJWKH SU
D KLJK YHORFLW\IORZ MHW WKURXJK WK$ HOLSIKBHW )SWHH V B E U H LDRIWN\CHD/ D W
XPEUHOODU VXUIDFH ZKLOHPRPHQWXPLVVHQWGRZQVWUHDP DQG WKU >
PDNHVY OHVV XVHRIHQHUJ\UHFDSWXUH GXHWR LWV u T GXW\F\FOH PD
HIILFLHQW &RVWHOXCER. HWHW DHPPHOO 'DELUL HMWDOHG MHWWLQJLV D"
WLRQ WKDW FRXOG LQFUHDVH WKLV HIILFLHQF\ KRZHYHU LW UHTXLUHVE

&RVWHOOR HWB2HYHU REODWH MHOO\ LVKDUH WKHPRUHHQHUJHWI
WKH\ SURGXFH OHVV YHORFLW\DQG LQGXFH KLJKHU IOXLG GLVWXUEDQFH

5H\QROGYV QXPEHU RI MHOO\ILVK

7KH 5H\QROGV QXPEHU 5H RI MHOO\MLVK GHSHQGY RQ WKH W\SH ZKHWKF

DQG OLOOHDSSOLHG 5H\QROGYVY QXPEHUV EHWZHHQ DQG IRUSURODWH
XVHG 5H\QROGYV QXPEHUV EHWZHHQ DQG DQG VWDWHG WKDW WK

UHODWHG WR WKH IRUZDUG YHORFLW\ RI MHOO\ILVK DQG SHDNV DW WKH



QXPEHUV FDQ YDU\ GXULQJ WKH NLQHPDWLF GXW\ F\FOH 2EODWH MHOO\I
WKH\DUH ODUJHU %DO G ZL QRX®G % BWIRIOGNDQXPEHUV EHWZHHQ DQG

REODWH MHOO\ILVK ZKLGMBOGWDNSHWROGY QXPEHU RI IRUWKH REODW
DXULWD $ ORZHU 5H\QROGV QXPEHU UHVXOWYV LQ D ODPLQDU IORZ LQVW]|
WKH IOXLG G\QDPLFV 7KLV FRXOG PDNH D IORZVROYHU PRUH HIILFLHQW L

'EPMHEXMSR SJ XLI2YQIVMGEP .IPP]hWL 1SHIP

3ZIVZMI[ SI1SHIPPMRK %TTVSEGLIW
-HOO\ILVK SURSXOVLRQ KDVEHHQ HIWHQVLYHO\VWXGLHG DFURVV YDULR
HI[SHULPHQWDO DQG FRPSXWDWLRQDO DS §WRDMNHG W KRV WHOORIHWWK PE F
QRWHDVLO\PRGHOOHG DQGLQFRUSRUDWLQJGHWDLOHGELRORJLFDOLQ
IOXLG G\QDPLFV LQVWHDG RIUHO\LQJRQDVVXPHG NLQHPDWLF RUPDWH!

-HOO\ILVKORUSKRORJ\ORGHOOLQJ

&XUUHQW MHOO\LVKPRGHOOLQJFRPPRQO\VLPSOLILHVEHOO PRUSKROR
SURILOHY )RUH[DPSOH %DOGDACO{RRBWIWQEWIDORSHWHG D VHPL HOOLS!
SURILOH SDUDPHWHXDWDMWRIZRHBMYL QLY WKH FHQWUH & LW WH H OGIIQSEIWWK R |
WKH KDOI1ZLGWK RIWKH BAHOOK BIQIKW RI WKH EBEQG 3IMDUWNHW DGGHG

WKH WKLUG GLPHQVLRQ WKURXJK WKH XVHRI D KHPL(HRDWEWQ@RBIO SURILC
SDUDPHWHULVDWLRQV SUHVHQWHG KHUHDOO DVVXPHD FRQVWDQW ILQH (
aDQWGDUH QRW WLPH GHSHQGHQW $Q HOOLSVRLGDO SDUDPHWHULVDWLR
FDO VLPXODWLRQ LPSRVHV OLPLWDWLRQV $ SURODWH MHOO\ILVK PD\ U
SKDVH 'DELUL *KDKREZHYHU LWLV VLIJQLILFDQWO\GLITHUHQW LQ VKDSH |
$FFRUGLQJ WR %DMFDQGWBDUL DQG *KIDWLREODWH MHOO\ILVK GLIITHUV H
VKDSH FRQIHDUPXIGHES SURODWH MHOO\ILVK XQGHUJRHVY VPDOOHU GHIRUPI
LVWKHUHIRUH EHWWHU PRGHOOHG WKURXJK D KHPL HOOLSVRLG WKDQ D

2 2

2 2 2
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$OEHQ HWDGSDUDPHWULVHG WKHEHOO VKDSHDV DWDQJHQWDQJOH IXQF\
S RIWKH EHOO DtQ 6 WXH WIRMWLRQ@KLY GHWHUPLQHY WKHJHRPHWU\ ZLWK |
SDUDPHWAKLFK JRYHUQV WKH NLQHPDWLFV RI WKH EHOO WKURXJK DGMX"

DOVR GHVLIQHG DQDQDO\WLFDO PRGHO DVVXPLQJWKHEHOO WR EHTL

s

(s;t)= 1551 e @)

+RRYHU DQG OLOBDHW+RRYHU HW DOLPSOHPHQWHG D PHWKRG ZKHUH SURC
DUH PRGHOOHG DV D KHPL HOOLSVRLG LQ LWV LQLWLDO VWDWH EXW LW
VWLIIQHVV DQG HQHUJ\ WUDQVIHU %HOO NLQHPDWLFV FDQ QRZ EH TXDQ
GHIRUPDWLRQ RU RVFLOODWLRQ IUHTXHQF\ DQG QRW RQO\ WKURXJK D
LQFUHDVLQJ WKH ELRORJLFDO DFFXUDF\ Rl WKH PRGHO D QOMRRXRIWN RI
HW DO WKH EHOO PDUJLQ FRXOG SDVVLYHO\ GHIRUP XQGHU IOXLG IF
RI XQLIRUP WKLFNQHVV 9LOPRP@XOGYB G WHMO\ILVK E\JDWKHULQJ SRLQW YV
$ VHSDUDWH IOH[LEOH PDWHULDO ZDV XVHG IRUWKH EHOO PDUJLQ WR LQ
WKLV GHIRUPDWLRQ LW DSSOLHG WKH FXUYDWXUH RI WKH H[XPEUHOODL
OLOOHU DQG +RRYHUHW DO WKLV FDQ VWLOO RQO\FDSWXUH SDVVLYH PR"

DQG 'XODUHWDWWHG WK RUGHU SRO\QRPLDOV WR FDSWXUHG YLGH
GHIRUPDWLRQ WR XVHDVLQSXWLQWR FRPSXWDWLRQDO IOXLG G\QDPLF\
IODS PRWLRQ )HLWDQBNOROHY DQG % D WWFIOMGIHG WHQWDFOHV WKURXJK
SRLQWY UHSUHVHQWLQJWKHVWUXFWXUH WHWKHUHG WRJHWKHU E\ D YL
E\%DOGZLQDQG %DWQYE\OWSSHWY DW WKH EHOO PDUJLQ ,QDOO WKUHH S
DGGLQJ WKHVH SDUWLFOHV LQGXFHG YRUWH[ DQG ERXQGDU\ OD\HU LQW!|



SURSXOVLRQ :LOVRQDQGVEGWHGCISSURDFK VLIQLILFDQWO\GLIITHUHQW I
WKH MHOO\ILVKDVD GLPHQVLRQDODUWLFXODWHG V\VWHP RIOLQNHG U
RIVHYHQ EXR\DQW ULJLG HOOLSWLFDO ERGLHV FRQQHFWHG E\ VL[ WRUYV
VWDWHV LW DV QRW ELRORJLFDOO\ UHDOLVWLF EXW ORRVHO\ LQVSLUH
DSSOLHG WR LQYHVWLJDWH SDVVLYH DFWLYH PHFKDQLFDO WUDGH RIIV L

,QJHQHUDO WKHILQHQHVV UDWLR WKHUDWLREHKWIAMVRQENK®OKIHMH&\D D
DTXDQWLILFDWLRQ RIWKHEHOO%RDSH L% D MBbWMRWWHU HW D3®D U N

HWDO 'DELULDQG *KDYXEIJHVWHG WKDW UHO\LQJRQ WKHILQHQHVV UDW
GHVFULEHEHOONLQHPDWLFVDQG WKDWLQFRUSRUDWLQJWKHORFDWLRC(
LFV GHVFULSWLRQ &ROLQD&GEGHSERY WHPRORG PRUSKRORJLFDO YDULDEOH
DUHD UDWLR 7KH\DVVXPHG D FLUFXODU FURVV VHFWLRQ DQG GHILQHG \
WKH YHODUDSHUWXUH GLDPHWHU VTXDUHG DQG WKH EHOO GLDPHWHU VT

h
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$ OLPLWDWLRQ DFURVV WKH OLWHUDWXUH LV WKHLPSOHPHQWDWLRQ RICL
ZLWK D VHSDUDWHO\ PRYLQJ EHOO PDUJLQ $0O0O0 UHVHDUFK DSSOLHV VLP
VKDSH VLPSOLILFDWLRQ RUUHGXFLQJ GLPHQVLRQDOLW\ '"HWDLOHG PRL
DIODSDQG WHQWDFOHV LV QRQH[LVWHQW DOWKRXJK VHYHUDO VLPSOL
FXVVHG

-HOO\ILVK .LQHPDWLFVY ORGHOOLQJ

1XPHULFDO MHOO\MLVK PRGHOV FRPPRQO\LPLWDWH MHOO\MLVK NLQHPDV
WKURXJK LPDJH WUDFNLQJ &RRUGLQDWHG PXVFOH FRQWUDFWLRQDQGP
LFVIRUWKH WKUXVW IJHQHUDWLRQ SURFHVV DQG WKHUHIRUH VHUYH DV D
NLQHPDWLFVDUHJRYHUQHG E\WKHPDWHULDO SURSHUWLHV RI WKH PHVR
HWDO VWDWHG WKDW WKHILEUHVDORQHFDQDFFRXQWIRUWKHHQHUJ\
EUHOODUFDYLW\GXULQJUHOD[DWLRQ ZKLFKZDV FRQILUPHGR\WPKIURXJK Y I
QXPHULFDOPRGHOVLQFRUSRUDWHPDWHULDO SURSHUWLHYV VXFKDV HOTI
G\QDPLFV LQFOXGLQJFRQWUDFWLRQDQG UHFRLO WR UHSOLFDWH WKH I

(DFK NLQHPDWLF PRGHO UHTXLUHV D PHWKRG WKDW FDQ P PRIG WBE H/IGI O O\
VZLPPLQJ K\GURPHGXVDH E\ GLJILWLVLQJ WKH RXWOLQH RI WKH PHGXVDQ
VSOLQH FXUYHV 185%6 %\GLUHFWLQJDODVHUVKHHW WKURXJKWKH FHC
LWV PRYHPHQWYV LQ WKH ODVHU VKHHW WKH K\GURPHGXVD ORFRPRWLRQ
WLVHG EHOO NLQHPDWLFV IRU I[UHH VZLPPLQXKW D RW K GWKWD SITOULDHP HIMY HHIG
DV WKH SHULRG RI RQH F\FOHIUHY WEW VPDDIOLFK SRLQW RI WKH F\FOH HD
ZLWK 6DKLQ DQG OREVHYHQWY WKHLU GHYHORSHG WZR GLPHQVLRQDO D]
PRGHO WR VLPXODWH WBH\SLDRSE X BXIBDRQEZ [LHOG ZDV UHVROYHG XVLQJ D
&)' DSSURDFK XQGHU WKH DVVXPSWLRQ RILQFRPSUHVVLEOH ODPLQDU IC
$[LV\PPHWU\UHGXFHG WKH WKUHH GLPHQVLRQDO SUREOHP WR D PHULGLI
MHW G\QDPLFV +\GURG\QDPLF IRUFHV ZHUH REWDLQHG IURP WKH FRPSX"
RQ WKH EHOO VXUIDFH 7KH WUDQVODWLRQDO PRWLRQ RI WKH PHGXVD ZI
WR WKH MHOO\ILVKYV G\QDPLFV ZLWK 1HZW R QqWHG FRRIQ 8 OB U % R K FQRIPH.\L
FRS\H[SHULPHQWDOO\REVHUYHG MHOO\ILVK NLQHPDWLFV 'DWD GULYHGC
REVHUYHG NLQHPDWLFV KLJKOLJKW WKH SUREOHP RILQVXIILELHQW PRGH
HWDO :LOVRQDQG (OGUHGIHG WKDW WKHVH IODSV VLIQLILFDQWO\ HQK
7KHUHIRUH KDYLQJD VWDQGDUGLVHG NLQHPDWLF PRGHO ODFNLQJ WKLV
SURSHUWLHV RIMHOO\ILVK 7RDFFRXQW |IRGHWVELLL EHGWR.@BIG B\WAE VY BE JH
FKDQJHV LQ KLQJH DQJOHV EDVHG RQ ELRORJLFDO GDWD WKXV DFWLYH
KLQJHV FRXOG EH PDGH SDVVLYHO\ UHVSRQVLYH XVLQJ WRUVLRQ VSULQ.
DQG OLOOHDQG 9LOODQXHYDDHOWR GHVFULEHG LW DV SDVVLYH PRWLRQ 2\
HOV WKH EHOO PDUJLQ PRWLRQ DFWLYHO\ )R U\ B 8 DOHD DW-RHRWK DX@GE VHLC
GHILQH NLQHPDWLF HTXDWLRQV IRUWKH PRWLRQ RIWKHPDUJLQ DQJOH E
DQJOH FDQ WKHQ EHDFWLYHO\DGMXVWHG GXULQJ FRQWUDFWLRQ F\FOH\



JLIXUH 7KH WLPH YDULDWLRQ RI WKHEHOO PRUSKRORJ\IRUWKHIUHH VZLPPLQJ K\GURPHG:
ORZHU DV UHSRUWHG E\ 6DKLQ HW DO

2WKHU PRGHOV DOVR LPSOHPHQW WKH HODVWLF SURSH WBMLYHH\ORISMIG@O \ | L
VSDWLDOO\YDU\LQJ PRGHO LPSOHPHQWLQJDQ HODVWLF PRGXOXV JUDG
OLOOHU DQG +RRYHU HW DO LQLWLDWHG WKH EHOOYV FRQWUDFWLRQ E\ L
WHQVLRQ WR WKH EHOO PDUJLQ ZKLOH WKH H[SDQVLRQ SKDVH LV LQLWLE
WKDW WKH VWRUHG HODVWLF HQHUJ\ GULYHV WKH H[SDQVLRQ RI WKH EH
XVHG E\ '"HPRQW DQG *RBQBQHHJILOO HWIDSBURDFKHG HODVWLFLW\ XVLQJ \
GDPSHUDQDORJLHYV FUHDWLQJD V\VWHP ZLWK XQLIRUP SDUDPHWHUYV DW
%DWWLVWDQG OLOHV DQG % D@/IWIFUMWLVHG WKH KHPL HOOLSVRLG DQG F
WKURXJK YLUWXDO VSULQJV DQG EHDPV ZLWKLQGLYLGXDO HODOMHE SUR:
YDU\LQJVSULQJVWLIIQHVVDFURVYV SRLQWV RI WKH GLVFUHWLVHG KHPL H
FRQILJIXUDWLRQ WKHLQLWLDO KHPL HOOLSVRLG VWDWH WR DFFRXQW |
G\QDPLFDOO\FKDQJLQJWKHVSULQJUHVWLQJOHQJIWKY D@ WHWHQHLG) LW L |
WKHLQIOXHQFHRIHODVWLFPRGXOLDQGIRXQG WKDW WKHEHOO GHIRUPD
EXW QRW WKH EHQGLQJ PRGXOXV 7KH VZLPPLQJ SHUIRUPDQFH ZDV VKR
HODVWLFLW\ DQG DQ RSWLPDO HODVWLFLW\ YDOXH ZDV LGHQWLILHG WK
LOOXVWUDWHY WKDW XVLQJ D SUHVFULEHG NLQHPDWLFV PRGHO FRXOG
MHOO\ILVK +RZHYHU DSSO\LQJ D SDVVLYHO\ UHVSRQVLYH PRGHO UHTX
DSSURDFK VLJQLILFDQWO\LQFUHDVLQJVLPXODWLRQ FRPSOH[LW\DQG W

:KLOH FXUUHQW PRGHOV LQFUHDVLQJO\ FDSWXUH WKH FRXSOLQJ EHWZH|
HODVWLFLW\ DQGIOXLG G\QDPLFV PDQ\DUHFRQVWUDLQHGLQ VRPH ZD\
RU H[FOXGH SDVVLYH HODVWLF PRWLRQ ZKLOH RWKHUV DVVXPH XQLIRUF
DFFXUDWHUHSUHVHQWDWLRQRIEHOO PDUJLQ PRWLRQ ZLWKLQ D IXOO\ W
DOWKRXJK ERWK FRPSRQHQWY KDYH EHHQ H[SORUHG LQGHSHQGHQWO\ $
PDWLFV DUH GLJLWLVHG LQWR QXPHULFDO SRLQWV DQG FRQQHFWHG WKU
RIEHOO PRWLRQ LQFOXGLQJVHSDUDWHEHOO PDUJLQ PRWLRQ 7KLV PH
DV WKH NLQHPDWLFV DUH SUHGHILQHG 7KH FRQVHTXHQFH RI WKLV LV Wk



VR WKH EHOO GRHVY QRW PRYH DV D UHVXOW RI WKH IORZ DURXQG LW 7KL
SDVVLYHHQHUJ\UHFDSWXUH GXULQJ VLPXODWLRQV

'DELULDQG *KDWMWDWHG WKDW HDFK NLQHPDWLF DVVXPSWLRQ LV DVVRFI
ZKLFK VKRXOG EHDFFRXQWHG IRU GXULQJ XD/HWUWRWDEHOL HHIYWDDA D W H |
SURGXFWLRQPHFKDQLVPYV 7KH\DSSOLHG WKHZDNHYRUWH[ULQJYROXPF
DTXDQWLILFDWLRQ RIWKHYRUWH[IJHQHUDWLRQ 7KHVHYROXPHV ZHUH G
VXUIDFH IURP YLGHR DQDO\VLV 7RJHWKH D QWWRKLODWHRQ LV PDGH WKDW
PRVW XVHIXOLQGH[RIVZLPPLQIJWKUXVWLQILHOGPHDVXUHPHQWY $ UHF
DUHGXFWLRQLQIORZYHORFLW\FDXVHGE\YRUWLFLW\FDQFHOODWLRQ E
DULVHVIURP VXERSWLPDO VWURNH WIKRNVNQMIXFTRRMWAVYUWKRDDMOVRPH IRUP RI VYV
TXDQWLILFDWLRQLVUHTXLUHG LQ WKHNLQHPDWLFV PRGHO

+HUVFKODJ DQG OD@EH:ULOVRQ DQG (OGXWEAHW uNLQHPDWLF 5H\QROGV QX
JLYHQIMDQOWLRSGURYLGLQJ D PHDVXUH RILQHUWLDO YHUVXV YLVFERXV HIIH
WKHEHOO OF+HQU\ DTX®D-PVELILHG EHOO NLQHPDWLFVLQ WHUPV RIILQHQF
VZLPPLQJ VSHHG 'DELULXDMWQILHG NLQHPDWLFV WKURXJK FDYLW\ YRO>
DVDIXQFWLRQ RIWLPH

U D
R e = body



+\GURG\QDPLFDQG )OXLG 6WUXFWXUH ,QWHUDFWLRQ ORGHOOLQJ
7KH VZLPPLQJ NLQHPDWLFV RI MHOO\ILVK JHQHUDWH WKUXVW WKURXJK L
QDPLFV 7KHVHLQWHUDFWLRQV KDYH EHHQ PRGHODQIB® EQHPW\LIRXE ZHDGV
PRGHOOHG WKH VXP RI WKUXVW GUDJ DGGHG PDVV DFFHOHUDWLR
IURP ERG\ PRW{RMWIWMRQF+HQU\DQG -HEDOFXODWHG WKHVH IRUFHV WKU
PDWLFDO HTXDWLRQV RIWKHEHOO VKDSHDQG NLQHPDWLFV 7KHUHVXOW
LFDOO\XVLQJD YDULDEOH RUGHU $GDPV+%DVKIRUWK+0RXOWRQ VROYHU
PHWKRG UHVXOWV LQ TXLWH DFFXUDWH SUHGLFWLRQV IRUSURODWH MHO
DQG GRHV QRW VROYH IRUWKH IOXLG HTXDWLRQV PDNLQJLWDUHGXFHG
DQG &RVWHOOBQLHO DQG OF+HQU\DQG WIKDW WKLV PHWKRG PD\ RYHUH
WKH MHOO\ILVK G\QDPLFV

T+D+A+F=0

2WKHU PRGHOV GRLQFOXGH WKH VWHS RI QXPHULFDOO\VROYLQJVLPSOL
K\GURG\QDPLFV 6LPSOLILFDWLRQV WKURXJKDVVXPLQIJDQLQFRPSUHVVI
DUH JHQHUDOO\ XVHG %DMRDXBWUOWWO@OLOHY %DWWRBDODWDN HW DO

7TKHVH DVVXPSWLRQV DUH JHQHUDOO\ DFFHSWDEOH IRU ORZHU ODFK QXP
05 DVLWV YHORFLW\LV VLIQLILFDQWO\ORZHU WKDQ WKHVSHHG RI VR
HTXDWLRQV IRUDQ LQFRPSUHVVLEOH YTXVWRRBDQGR ZUNWIS NKWEZQHO) UHSU
VHOQWLQJ WKH FRQVHUYDWLRQ RI PDVVDQG PRPHQWXP 7KHPDVV FRQVHI
GHQVLW\UHPDLQV FRQVWDQW LQFRPSUHVVLELOLW\ ZKLOHWKHPRPHQ
HYROYHV LQ UHVSRQVH WR SUHVVXUH YLVFRXV DQGLQHUWLDO IRUFHYV

0 @+uru =r p+ r?u+f
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1XPHULFDO VROYHUVDUHDYDLODEOHWRFRPSXWHWKHI1IDYLHU 6WRNHV |
, QDGGLWLRQ WR WKHIOXLG PRGHO WKHVWUXFWXUHDOVRUHTXLUHV PR
,Q VWUXFWXUH PRGHOOLQJ WZR PDLQ DSSURDFKHYV DUH XVHG NLQHPD!'
XVHG LQ %DMFDU BWBWYWFULEH PRWLRQ GLUHFWO\DQG DSSO\ LW WR WKH |
HTXDWLRQV 7KXV RQO\WKH1IDYLHU 6WRNHV HTXDWLRQVQHHG WR EH VR
HWDO DQG3DUNHWDWROYHVWUXFWXUDO IRUFHHTXDWLRQV WR GHWHU
UHVSRQVH DQG FRXSOH WKH UHVXOWYVY WR WKHIOXLG HTXDWLRQV

OHWKRGV XVLQJ SUHVFULEHG PRWLRQ RQO\ UHTXLUH D VROYHU IRU WKH

XWLOLVHG D 'YRUWH[ VKHHW PRGHO WR VLPXODWH WKH IOXLG IORZ
PLQJ 7KLV PRGHO DFFXUDWHO\ FDSWXUHV YRUWH[ G\QDPLFV 7KH\ DVV:
ERXQG D[LV\PPHWULF YRUWH[ VKHHW DV D ERXQGDU\ FRQGLWLRQ IRU WK
WLQXLW\NLQ IOXLG YHORFLW\ )RU WKH DQDO\WLFDO DVVXPSWLRQ EDVH(
PRGHO WKXV DVVXPLQJ QR YRUWLBEWOLHWOMFDVHRLD®SOLFLW PHWKRG |
OLQNHGHTXDWLRQV 6,03/( DOJRULWKP GHVFULEWHD ER2DIOEWD RQ G523 DIV &
SUREOHP VROYHU 7KLV PHWKRG GLYLGHV WKH GRPDLQ RI LQWHUHVW LQ
WURO YROXPHVY DUHJHQHUDWHG EHWZHHQ WULDQJOH FHQWURLGV DQG X
SDWDQNDUVWDWHG WKDW WKLY PHWKRG LV PDLQO\ DSSOLFDEOH IRU "' &

DSSOLHG DQ D[LVA\PPHWULF JHRPHWULFDOO\ FRQVHUYDWLYH DUELW
ODWLRQ REH\LQJ WKH JHRPHWU\ FRQVHUYDWLRQ ODZ ,Q WKLV PHWKRG
WKHIOXLG DQG VROLGERXQGDU\DQG WKHJRYHUQLQJHTXDWLRQVDUHGL
GHIRUPLQJ PHVK *HPPHOO 'DEWODIWHWWRDW WKLV PHWKRG HQDEOHV FR
RI WKH QXPHULFDOO\ VLPXODWHG RUJDQLVPV DQG LVRODWLQJ VSHFLILI
6RWLURSRXORV DQEWD®/HG LW LV FXPEHUVRPH IRU SUREOHPV ZLWK ODU
DQG (OGUHGJKVHG D 'YLVFRXV YRUWH[ SDUWLFOH PHWKRG WR VROYH WEF
PRWLRQV PRGHO $FFRUGLQJ WRLOBHWEGREG VROYHY WKH 1DYLHU 6WRNH
DIUDFWLRQDO VWHS SURFHGXUH 9RUWLFLW\LY FDUULHG E\ SDUWLFOH)\



VWUHQIJWK WR VLPXODWH FRQYHFWLRQ DQG GLIIXVLRQ 60OLS DORQJ WKH
VKHHWDQG GLIIXVLQJLWLQWR QHDUE\ SDUWLFOHYV 3DUWLFOHV DUH UHJ
WDLQ FRQVLVWHQF\ 7KH .HOYLQYV FLUFXODWLRQ WKHRUHP LV HQIRUFHC
7KHPHWKRG LY YDOLGDWHG ZLWKLQVHFW LQVSLUHG IODSSLQJDQG ILVK

7KH PHWKRGV WKDW DVVXPH SDVVLYH EHOO PRWLRQ JHQHUDOO\DSSO\)6
WLRQV VKRXOG EH VROYHG LQ DGGLWLRQ WR WKH 1IDYLHU 6WRNHV HTXD'
%0 LV DIOXLG VROYHU IUDPHZRUN $Q H[DPSOH Rl WKH PHWKRG LV GH\

DQG XVHG LQ +RRYHUDIQ\@ BDUN HW DDKLFK VROYHYV WKH 1DYLHU 6WRI
WLRQV RQ D IL[HG EDFNJURXQG JULG 7KH PHWKRG UHSUHVHQWYV VWUXF\
VXUIDFHPHVKHY WKDW DUH DFFRXQWHG IRULQ WKH JRYHUQLQJHTXDWLR
WZR E\ DSSO\LQJ IRUFHV IURP WKH VWUXFWXUH WR WKH IOXLG 7KH IOXLC
WKURXJK GLITHUHQW VROYHUV ZLWKLQ WK LIVYS SO PHE PN, %ORRYHIHH &, DU
VFULEHG LQ DQ (XOHULDQ IUDPH DQG VWUXFWXUDO GHIRUPDWLRQV DQG
GLIIHUHQFH IRUPXODWLRQ LV XVHG IRUIOXLG PRGHOOLQJDQGDILQLWH H
LQ ' DOORZLQJIRUSDVVLYH VWUXFWXUD @ R®YR GADKAH. IFOQX LIDIRNY MW QI0Q J |
XVLQJ WKH IXOO\LPSOLFLW GHFRXSOLQJ PHWKRTZHDWR EIHW FD Q BHI3 BW.\L R UH
GHFRXSOHG DQG VROYHG VHSDUDWHO\ DOORZLQJIRUD PRUHHIILFLHQW "
HTXDWLRQLV GHULYHG E\WKHHQHUJ\PHWKRGDQG VROYHG XVLQJDQLWH
LQ DQ (XOHULDQ GRPDLQ DQG WKH VWUXFWXUH LQ D DIBIJDLG WK I8 RRDV Q|
FRQGLWLRQ DW WKH ERXQGDULHV RI WKH FRPSXWDWLRQDO GRPDLQ 7Kt
RI WKH MHOO\ILVK 7KH\ FRQGXFW FRQYHUJHQFH VWXGLHV E\ DVVHVVLQ.
GLIIHUHQW GRPDLQV DQGJULG VL]HV $ 'SHQDOWY KhY P\HYWKHRGS LGH BDWND W/
DPDVVOHVV DQG D PDVVLYH SDUW RI WKH LPPHUVHG ERXQGDU\DQG OLQN
ZLWK GDPSLQJ 7KLVVSULQJLVJILYHQD USHQDOW\JIRUFHWRHQIRUFH WK
WKH VDPH ORFDWLRQ DQG YHORWNIME\DID DR WMRIM® O VWHS PHWKRG WR VRO
HTXDWLRQ ZKLFK GHFRXSOHV FRXSOHG WHUPV DQG GLYLGHV WLPH VWH ¢
FRPSXWDWLRQ ,W XVHV WKHVXEGLYLVLRQ ILQLWH HOHPW@&W R & WH R'& HG t
VROLG PRWLRQ HTXDWLRQ 7KHHTXDWLRQV DUH FRXSOHG E\DGGLQJ D PR

%DOGZLQ DQG %DWREWVWDVFKODJ DQGXVHIEOWKH ,%0 GHYHORSHG E\ 3HVNL
LQ ' ,PSOLFDWLRQ RI WKH ,%0 DV GH YV PSLSEHGI Z\DIHNQLIQULDQ IUDPH IRL
DQG D /DJUDQJLDQ IUDPH IRU WKH VWUXFWXUH 7KHVH IUDPHV DUH FRXS
G\QDPLF DQG NLQHPDWLF ERXQGDU\ FRQGLWLRQWRQDWHRIPEHUVHG VW L
(TXDWLRKQIRUFHV WKH QR VOLS FRQGLWLRQ E\ 0s\t). QRIDMKHK WWKUWXE R/FXIICH
IOXLG YHORFLW\ RQ WKH(TWDWE RGN ORAHVLWROH IRUFH RI WKH VWUXFW
WKURXJK WKH IRUF Hf 8 HU IXFBLOAL BPIHVPOWKHSUHVHQWLQJ WKH G\QDPLF ERXQ
DIRUFH VXP ,Q ERWK HTXDWLRQV D ' 'LUDF GHOWD IXQFWLRQ LV XVHG \
IUDPHZRUNV DQGVLVDVWDWHIXQFWLRQ UHSUHVHQWLQJWKHNLQHPDW

z
Ktz uxin x X(n)) dx
@t 7
F(x;t)= f(rt) (x X(rt))dr

:DWHU/LO\ MO DQ LQFRPSUHVVLEOH YLVFRXV IORZ VROYHU XVHV WKH %
LPSOHPHQWHG DV GHVFULEHG E\ :H\ DROGVKDIYEH)BSIWOLHG WR 'DQG ' SUI
 WLVDQLQFRPSUHVVLEOH YLVFRXV IORZ VROYHU WKDW LPSOHPHQWYV WHEK
QRWDSSO\D VWUXFWXUH VROYHU WKDW FDQ DFFRXQW IRU WKH SDVVLYH
LW XVHVY SUHVFULEHG PRWLRQ E\DSSO\LQJ VLIQHG GLVWDQFH IXQFWLRQ
DQHZ ORFDWLRQ HYHU\ WLPH VWHS 7KXV PRWLRQV DUH GHILQHG WKUR?
RI'DVWUXFWXUDO HTXDWLRQ 7KHIOXLG YHORFLWLHVY DW WKH VROLG ER
FUHDWLQJD VLQJOHHTXDWLRQ WKDWLVYDOLGRYHUWKHHQWLUHVSDFH
Rl "VLPXODWLRQYV $OLPLWDWLRQRIWKLYPHWKRGLVWKDW HODVWLFLW
DUHQRW LPSOHPHQWHG LQ WKH PHWKRG ,WZRXOG UHTXLUH SUHVFULEH
SUREOHP VLIJQLILFDQWO\ DV QR )6, KDV WR EH FRPSXWHG ZKLOH DFFXU
DFWXDO MHOO\MLVKNLQHPDWLFV IURP H[SHULPHQWDO ZRUN



$ WA\SLFDO TXDQWLILFDWLRQ RI'lORZV LV WKH 5H\QROGY QXPEHU ,W FDQ
RI'DIOXLG DQG UHSUHVHQWY WKH EDODQFH EHWZHHQ LQHUMWDVOHIQ G Y
WKDW 5H\QROGV QXPEHUV RI WR DVWDWHLQ ZKLFK ERWK LQHUWLDC
UHSUHVHQWDWLYH RI QDWXUDO MHOO\ILVK VZDPBPHE G ZHHUK WKQ B IDGEGVE
WKDW RUJDQLVPV GR QRW XVH UHFLSURFDO PHWKRGV RDARFRARWLRQ EF
GHILQH WKH5H\QROGVY QXPEHU DV D IXQFWLRQ RI WKHXDYWWWRIJH IRUZDUG °

Re, = Vawb

'DELUL HW DO3DUN HW DODQG 6DKLQ HW®PWHVHQWHG D IRUPXODWLRQ IRU
IRUPDWLRQ WILPHWIMRLP KLY LQGLFDWHY WKH YRUWH[IRUPDWLRQ SURFHV\
WKHIUDFWLRQ EHWZHHQ MHW YHORFLW\DQG GLDPHWHU LQWHJUDWHG RY

oSO
o De()

'DELULHWDDSSOLHG YRUWH[IRUPDWLRQ WLPH QXPEHUDV GHILQHG EXW
,WDOVR SUHVHQWY D JRYHUQLQJ HTXDWLRQ WR GHULYH D ORFRPRWLYH
TXDQWLILFDWLRQ 7KLVHTXDWLRQ LV JLYHIDKHUIHWW RRYEFHQTxEWD RO WWUWR |
LVWKHDGGHG PDVWY AR/HWIKH YHH@OWR FLW\ R1 WKW YR WKH[ ZROXIPB @Q&LFK FDQ
FDOFXODWHG IURP WKHHMHFWHG IOXLG

d

Fu= S0+ Cso) Uy (OW (0]

ORGHOOLQJ $VVXPSWLRQV DQG /LPLWDWLRQV

7R FUHDWH D QXPHULFDO PRGHO IRU ZKLFK WKH VWUXFWXUH DQG IOXLG G
WLRQV DQG VLPSOLILFDWLRQV KDYH WR EH PDGH ERWK LQ NLQHPDWLF D
WKH DFFXUDF\DQG UHOLDELOLW)\ RI WKH WHAMX-DOWYW G WKHLD QG HOBULRE N
DSSUR[LPDWLRQV RQ WKH DFFXUDF\RI VZLPPLQJ G\QDPLFV LQ MHOO\ILVK
LPDWLRQ Rl WKH DSHUWXUH DUHD LV VLIJQLILFDQWO\ OHVV LQIOXHQWLD!
,W DOVR VWDWHYV WKDW WKH KHPL HOOLSVRLG DVVXPSWLRQ LV RQO\ YDO
IRXQG WKDW D FRQVWDQW YHODU DSHUWXUH ZRXOG UHVXOW LQ VLJQLILF
WKH UHILOOLQJ SKDVH DQG LV WKHUHIRUH QRW D YDOLG DVVXPSWLRQ

$NHVOLPLWDWLRQLQVWXGLHV VKV KVEKWH%PMEGBRHYWVDAVLRQ RI SUHVFULE]
SUHYHQWYVY WKH PRGHO IURP FDSWXULQJ VWUXFWXUDO IHHGEDFN UHVXO
VXFKDVWHQWDFOHVDQG RUDODUPV DUH RPLWWHG LQ PRVW PRGHOV WR
JHQHUDWLRQ )HLWOUHWD@GDWWLYZRDGLPHQVLRQDOLW\LV D OLPLWDWLR
DV %DOGZLQ DQG %DWWHWWDNR G %DWWRWGWDOVRQ DQG (OGWHGBYIHRKODJ
DQG OLOOHVYWDWHG WKDW YRUWH[ G\QDPLFV GLIITHU EHWZHHQ D 'PRGHO
MHOO\ILVK

%DMFDU HW DKRRYHU HW DOLOHV DQG % DWWRWGVWDUN HW DOO DVVXPHG

DQLQFRPSUHVVLEOH YLVFRXVIORZRID 1HZWRIMMDDRVOXE &S G % DOVMADLW BW
VR WKDWQRDYHUDJLQJ RUILOWHULQJ RI'WKHI1IDYLHU 6WRNHV HTXDWLRC
VWDWHG WKDW WKH ,% PHWKR® ERBWWELLKD UHVROYLQJ WKH VKHGGLQJ RI
5H $OWHUQDWLYH PHWKRGY WKDW EHWWHU KDQGOH VKDUS ERXQGD
IRUH[SORULQJODUJHU VFDOH G\QDPV RV H&EDKALYUIOW DIOH D[LV\PPHWULF 1D
HTXDWLRQV 'DELUGRIYPWLQFOXGHUHVLVWLYHIOXLG G\QDPLFIRUFHV LC
PHDVXUHPHQWY RI WKH RUDO FDYLW\DQG YHODUNLQHPDWLFV FRXOG QR
WKH IXOO H[IXPEUHOODU VXUIDFH 7KH RXWHU VXUIDFH SURILOH LV QHFH"
WKHDFFHOHUDWLRQ UHDFWLRQ DGGHG PDVV RIWKHDQLPDO ERG\ $Q DV
VXSSRUWHG LV WKDW YRUWH[ ULQJ IRUPDWLRQ GRHVY QRW DIIHFW WKH U}
WKHUHILOOLQJIORZ PD\EH WUHDWHG DV D XQRIRU® LQIORZ 'DELUL HW D!



1SHIP :EPMHEXMSR
OXOWLSOH VWXGLHY YDOLGDWH WKHLU QXPHULFDO MHOO\ILVK PRGHO XV
DQG K\GURG\QDPLFV 7KLV GDWD LV RIWHQ HIWUDFWHG IURP YLGHR DQDC
YLVXDOLVDWLRQWHFKQLTXHY 7KHGDWDVHUYHVDVEHQFKPDUNVIRUDV
LOQSXWPRWLRQ DQGIOXLG UHVSRQVH

%DMFDUHW DOSOLHG LPDJH SURFHVVLQJWHFKQLTXHVRQYLGHRUHFRUG
DQGPRYHPHQWV RIVF\SKRPHGXVDH 7KHDXWKRUVDQDO\WHG WKHYHORF
FRQWRXUDQG SUHVHQWHG WKHVH UHVXOW YV GHLYPH.O®RIHG DISE[H O [EQW HCD\W
DOJRULWKP WR UHFRQVWUXFW VF\SKRPHGXVDQ VKDSH DQG PRWLRQ IURF
XVHG YLGHR UHFRUGLQJV RI VF\SKRPHGXVDH WR GHWHUPLQH VZLPPLQJ NI
PHDVXUHG EHOO GLDPHWHU KHLJKW PDUJLQDQJOH DQGVZLPPLQJVSHH!
HW DO XVHG WKHVH GDWD WR YDOLGDWHD 'QXPHULFDO RRIGH® W,IQD G G
PDWHULDO SDUDPHWHUV VXFK DV WHQVLRQ DQG EHQGLQJ PRGXOL EDV}H
UHSRUWHG E\'HPRQW DQ® ORBVIHIQ® O HW' BEPRQW DQG *RVOIWDHVHQWHG
VWDWLF PHFKDQLFDO SURSHUWLHV RIWKHEHOO VWUXFWXUHRIK\GURPH(
PHVRJOHD OHJLOODBBODHG H[SHULPHQWDO VDPSOH WHVWLQJWR JDWKH!
RI D K\GURPHGXVDQ MHOO\ILVK

+\GURG\QDPLF YDOLGDWLRQLQYROYHV FRPSDULQJYRUWH[SDWWHUQV D
7URROLQ HWXWHG 'SDUWLFOH LPDJH YHORFLPHWU\ WR YLVXDOLVH TIR
DEOLQJ ZDNH G\QDPLFV WR EH FDSWXUHG LQ KLJK VSDWLR WHPSRUDO UH\
YHORFLPHWU\ KDV WKH SUREOHP WKDW WKUXVW DQG GUDJ FDQQRW EH VH
WKUXVW DQG GUDJ 6HSDUDWLRQ ZRXOG UHTXLUHD 'YLVXDOLVDWLRQ 6
WKH EHOO EXW LW FDQQRW EH VDLG KRZ PXFK LV WKUXVW DQG KRZ PXFK
'DELUL HW D@ QG 'DELUL HWPDWORYLGHG GHWDLOHG ILHOG DQG ODE PHDVX
DQG K\GURPHGXVDH 7KHVH LQFOXGH G\H YLVXDOLVDWLRQV RI YRUWH] L
DQG IORZVHSDUDWLRQ :LOVRQ DG \WKEYHEIHULPHQWDO GDWD WR UHFU
VLPXODWH DQG FRPSDUH YRUWH[IRUPDWLRQ DQG WKUXVWNVG ® WKRILQV S
H[SHULPHQWDO GDWD R 'IEFHQQ EWDPBIWHU WR FRPSDUH WKH VLPXODWL?F
VKHHW PRGHO $GGLWLRQDOO\ WKH\FRPSDUHG WKH UHVXOWYV ZLWK RWK
LPPHUVHG ERXQGDU\ PHWKRGYBDUG MWHIBOWKH EHOO ILQHQHVV UDWLR DQ
LPHQWDO GDWD SUHVHQWHG E\ & RDHIQ/DYP® &8 BW HR@EBWYHI KRDQ Q @ Q G
&RVWHOORVHG YLGHR UHFRUGLQJV RI VHYHUDO K\GURPHGXVDH WR GHWH
PDWLF SDUDPHWHUV 7KH VWXG\DOVR SUHVHQWY K\GURG\QDPLF GDWD L
WR WKH EHOO

JLIXUH 7LPH KLVWRULHV RI D WKHILQHQHVV UDWLRDQG E YHORFLW\ RUGHWHUPLQHG
PHDVXUHG H[SHULPHQWDOO\DQG UHSRUWHG E\ 8ROLQ DQG &RVWHOOR

+RRYHU HW DYDOLGDWHG WKHLU QXPHULFDO PRGHO DJDLQVW ELRORJLFI
GXVDDQG D K\GURPHGXVD XVLQJGDWD IURPP'EBRRWHO® +HRW DY H

ODWWHU SURYLGHG TXDQWLWDWLYH GDWD RQ VZLPPLQJVSHHG GLVWDQ
D[LDOIRUFHV /LNHZLVH %DOGZ#IRPBQCGHCDIVGVOLW D/NDHW RI MHOO\VILVK VSHF
UDPHWHUV VXFK DV EHOO GLDPHWHU ILQHQHVV UDWLR ITUHTXHQF\ 5H\QF



QXPHULFDO VLPXODWLRQ RXWSXWV LQFOXGLQJ YRUWLFLW\PDSVDQG VZI

2WKHU VWXGLHV VXFK DV *HP P H OBDQ GD*HFPH G @ W ®ORYLGHG YRUWLFLW\
YHORFLW\ILHOG GDWD DFURVV MHOO\ILVK W\SHV XVHIXOIRUYDOLGDWLQ
TXDQWLILHG IOXLG PRWLRQV WKURXJK 'GLIJLWDO SDUWLFOHLPDJH YHORI
PHVKDQG WLPHVWHS UHILQHPHQW &MIOLGDOQEHGRKKNHIQLQXPHULFDO PRGH
DQG RVFLOODWRU\IORZ DURXQG D VSKHUH LQ D F\OLQGULFDO WXEH DV t
W\SH FRQVLGHUHG ZDV PLVVLQJ 7KH\YDOLGDWHG WKHLU ZDNH VWUXFW >
'DELUL HW DO VKRZLQJ FRQVLVWHQF\ 6ZLPPLQJ NLQHPDWLFV ZHUH Y
&ROLQ DQG &RVWHBEOEROLQ DQG &RVWADO®\ +HUVFKODJ FOX WILRQH G
WKDW ZKLOH IORZ SURILOHV DQG VZLPPLQJVSHHGVLQ 'QXPHULFDO PRGF
IRUSURODWH EHOOV VXFK PRGHOV IDLO WR FDSWXUH WKH G\QDPLFV RI
WKH OLNHO\ GLVFUHSDQFLHYVY EHWZHHQ D 'PRGHO DQG WKH 'UHDOLW\ I
KLIKOLJKWV WKH LPSRUWDQFH RI VHOHFWLQJ DSSURSULDWH YDOLGDWLF
PRUSKRORJ\RIWKH QXPHULFDO PRGHO

*HQHUDOO\ UHVHDUFK LY YDOLGDWHG WKURXJKH[SHULPHQWDO UHVXOW\
LV DYDLODEOH IRU YDULRXV MHOO\ILVK W\SHVY ERWK SURODWH DQG REOL
ZLWK D JUDSK RI WKH DVVHVVHG SDUDPHWHU 9DOLGDWLRQ GDWD IRU VK
DYDLODEOH PDNLQJELRORJLFDO DFFXUDWH PRGHOOLQJD YLDEOH RSWL
UHVHDUFK WKHGDWD JLY H QFID6EHK X QHIGV DRLYV GDWILUX SH MK R QMG LQ

WKHFRQWUDFWLRQDQG H[SDQVLRQ SKDVHNLQHPDWLFVIRUERWKD SURO
UHVXOWV DUH VKRZQ UHJDUGLQJ WKH YRUWLFLW\ILHOGY YHORFLW\ FRP
EH XVHG WR YDOLGDWH WKH UHVXOWYVY IURP WKH QXPHULFDO MHOO\ILVK F
MHOO\ILVK PRGHO ZLWK H[SHULP HWDO G® WDY Q) HY RRWHG DRQG &RVWHO

'SRXVSP 4VSFPIQ SJ XLI2YQIVMGEP .IPP]JhWL 1SH

,QWKHSUHFHGLQJVHFWLRQV WKHFRQWURO SUREOHP RI WKH MHOO\ILVK
ZKHWKHU MHOO\ILVK FRQWURO WKH EHOO PDUJLQ DFWLYHO\RU SDVVLYH
ZRXOG UHVXOW LQ WKH PRVW HIILFLHQW SURSXDWVYRYH ARQAMRQR q Q8 IFRE.
WLRQDOO\ PRUHLQWHQVLYH DV WKH SUREOHP UHTXLUHV )6, VROYHUV
GLUHFWO\DVVLIQHG WR WKHIOXLG PRWLRQHTXDWLRQV &RQVLGHULQJYV
SDVVLYH EHKDYLRXU LW PD\EH KDUG WR HPSOR\DFWLYH FRQWURO LQ D E
ILHOG RIIORZ FRQWURO DQG LWV FXUUHQWO\ XVHG DSSOLFDWLRQV FDQ E
QXPHULFDO PRGHO WKDW FRQWUROV WKH IORZ

*PS['SRXVSP 3TXMSRW

3DVVLYH )ORZ &RWQ@WHNRFULEHG E\ -RVKL DQ GLQOWRDAONMHNVKQR HIWHUQDO HQHL
DQG DFWLYHIORZFRQWURO $)& UHTXLUHV HQHUJ\DQG LQYROYHV D FRQ
PHWKRG LV WKH *XUQH\)/$3 ZKLFK LY SHUSHQGLFXODU WR WKH IOXLG IOR
RIWZR FRXQWHU URWDWLQJ YRUWLFHY WKDW KHOS GHOD\IORZ VHSDUDW
QLTXHV PRGLI\ WKH EDVH IORZ PDNLQJ LW PRUH VWDEOH VXSSUHVVLQJ
JURZWK PHFKDQLVPV 'REULQVNWDMHERWRODW WA\SLFDOO\ WKH PRUH VWD
UHFHSWLYH LW LV WR GLVWXUEDQFHY $FWLYH IORZ FDQ WDUJHW VPDOC
DGGHG WKDW WKHDELOLW\RID SDVVLYHGHYLFHWRFRQWURO XQVWHDG
WXUEXOHQFH

$00 SDVVLYH FRQWUROV DUH HIITHFWLYHO\RSHQ ORRS ,Q RSHQ ORRS FR
DFWLYH DFWXDWRU SDUDPHWHUY DUH VHW DW WKH GHVLJQ VWDJH DQG L
D FRQWUROOHU WKDW FDQ ZLWKVWDQG XQH[SHFWHG HQYLURQPHQWDO G
XVHG WR GHVLJQ WKH FRQWUROOHU 7KH GLVWXUEDQFHV LQ IORZ V\VWH
PDGH WR SUHGLFW IOXLG IORZV PDNHDFFXUDWH FRQWURO GHVLJQ GLIIL

$FWLYH )ORZ &aRGWVROLEHG E\ aROOVNVDHAVHIY&RG RI DOWHULQJ D QDWXUD
GHYHORSPHQW SDWKLQWR D PRUH GHVLUHG VW D WH RWIDWVHIG $) R \LIQWORQW
FDWHJRULHY RSHQ DQG FORVHG ORRS 2SHQ ORRS PHWKRGV LQYROYH \
HQHUJ\LQSXWV ZLWKRXW FRQVLGHULQJ WKH VWDWH RI WKH IORZ ILHOG



WKHLQSXWWRDFWXDWRUVEDVHGRQ VHQVRUV 2SHQ ORRSLVJHQHUDOC
VWXGLHV ZKLOH FORVHG ORRSLVOHVV FRPPRQO\XVHG GXH WR LWV FRF
GHILQHG DFWXDWRU LQSXW WKDW GRHV QRW DGDSW WR WKH IORZ VWDW |
FROWURO DOJRULWKP WR DGDSWDFWXDWRULQSXWLQUHDO WLPH &ROO

(YHU\DFWLYHIORZ FRQWURO SUREOHP VWDUWY ZLWK D OLQHDU RU QRQ (
V\VWHPY DUH DQ LGHDOLVDWLRQ RI QRQ OLQHDU UHDO ZRUOG V\VWHPYV
SUDFWLFH OLQHDU FRQWURO LV RIWHQ VXFFHVVIXOO\DSSO&RGONR QRQ
HWDO VWDWHG WKDW RSWLPDO FRQWURO FDQ EHXVHG WR FRQVWUXFW (
WLRQV IRU WKH IXO0 QRQ OLQHDU HTXDWLRQV RIPRWLRQ 2SWLPDO FRQ'
PRGHO RI WKH VA\VWHP 7R DFTXLUH VXFK D PRGHO uVLPSOLILFDWLRQVY
WLRQV VROYDEOH 5HGXFHG RUGHU PRGHOV WKDW FDSWXUH WKH HVVHQ!
H[SHQVH DVVRFLDWHG ZLWK VROYLQJWKHPRGHO RIIHUD VROXWLRQ

%TTPMGEXMSRW SJ*PS['SRXVSP

-RVKL DQG *XMDUBWRKYLGHG DSSOLFDWLRQV RI DFWLYH IORZ FRQWURO L
GLVWULEXWLRQ LQFUHDVLQJOLIW DQGUHGXFLQJGUDJ &RQVLGHULQJV
H[DPSOH RI DEFWLYH IORZ FRQWURO LV WKH DSSOLFDWLRQ RI DISWWHVFULE
NLQHPDWLFV DUH SUHVFULEHG WKURXJK WK RUGHU SRO\QRPLDOV ZLWK
WLPH VWHS 6LPLODUO\ $UHBGEHWMFQLEHG SDUDPHWULF HTXDWLRQV LQ
IXQFWLRQV RI WLPH DQG +HUVFXKWDHDVIFJQE WG FRIPWUDFWLRQ DQG H[SDQVL
GHVFULELQJWKH IRUFHWKDW WKH ERXQGDU\DSSOLHV WR WKH IOXLG

$FURVV WKH MHOO\ILVK PRGHOV FODLPVUHJDUGLQJQRQ OLQHDU YRUWH
VKHGGLQJ *HPPHOO 'DELWLPHWBIGHQGHQW SDUDPHWHULVDWLRQV DQG
EHQ HW DO +RRYHU HW D®UN HW DOFKDUDFWHULVH DQ XQVWHDG\ QRQ O
7KH DSSOLFDEOH IOXLG VWDWH HTXDWLRQV WR WKH DVVHVVHG MHOO\ILV
HTXDWLRQV 3DUN HWHMH DUH QRQ OLQHDU SDUWLDO GLIITHUHQWLDO HTX
SDSHUV SK\VLFDO UHGXFHG RUGHU PRGHOOLQJLV DSSOLHG DFFRPSOL)\
FHVVHVY WKDW FDQ SRWHQWLDOO\ RFFXU WK H WK DWHIFWK R @R/ G PS WWR Q \
DO SUHVHQWHG DQRWKHU H[DPSOH RI 520 GDWD ILWWLQJ ZKLFK LV D
SDSHUV -HOO\ILVK VKDSH DQG NLQHPDWLFV ZHUH ILWWHG WR GDWD DY|
EHQ HW DO %DMFDU HW BBOUVFKODJ OLOMKWLQ HW DO&ROOLV HW DO

SUHVHQWHG DQ H[DPSOH RI QXPHULFDOO\ VROYLQJ RSWLPDO FRQWURO £
1IDYLHU 6WRNHV HTXDWLRQV ,Q WKLV VWXG\ WKH FRQWURO PHFKDQLVP L
GLUHFWLRQ DQGLWLVDSSOLHGDVDIXQFWLRQLQ WKHERXQGDU\FRQGL

'HHS UHLQIRUFHPHQW OHDUQLQJ '5/ FDQ RIIHU D VROXWLRQ WR WKH IO
RSWLPLVDWLRQ RSWLRQ '5/ KDV SUHYLRXVO\ EHHQ XVHG IRU KLJK OHY'}
WKH VZLPPLQJ RI D VFKRRO RI ILVKD Q@QIRHVGBW®DLOHG DFWLYH IORZ FRQV
VFDOH RIORZLQVWDELOLWLHY DQG VHSWUWNWMRIW BHGBEDKDW HMLDORUFH |
LV VLIQLILFDQWO\PRUH DSSOLFDEOHWR FORVHG ORRS WRZHPRIFWHEO V
WKH SHUIRUPDQFH RI'YDULRXV '5/DOJRULWKPV LQIOXLG G\QDPLFV SUREO
2SWLPLVDWLRQ KDV HVWDEOLVKHG GRPLQDQFH RYHU RWKHU DOJRULWK
5DEDXOW HW D@ XGLHG D FLUFX@®PY1BAOLQ W/HB DIDPKL QDU IORZ UHJLPH ZKL
FRPSDUHG WR DREBDMBOZLYKKH ORZ WXUEXOHQFH IORZ UHRWWK@ 5HLV MW
FDVH VXFFHVVIXO LPSOHPHQWDWLRQ RI'5/ZDV DOUHDG\DFKLHYHG ZKH
DFKLHYHG LQ 5HQ H®WDWKLV LV WKH RUGHU RI PDJQLWXGH RI WKH 5H\QRO (
RIWKHMHOO\MLVKFDVH WKHDSSOLFDWLRQRI'S/PDVEH SRVVLEOH IRU VK
7TKHDSSOLFDWLRQ SRVVLELOLWLHV RIUHLQIRUFHPHQW OHDUQLQJDUH D'
LPSOLFDWLRQV ZLOO QRWEHDQ REMHFWLYHLQ WKLV UHVHDUFK

)JhGMIRG] (IhRMXMSRW JSV E 7[MQQMRK .IPP]hWL

AXDQWLI\LQJ WKH VZLPPLQJ HIILFLHQF\ RI MHOO\ILVK LV GLIILFXOW DV D
PHQW RI WKUXVWDQG GUDJ WKHODUJHUDQJHRIEHOO VKD S(HOVWD@G VL]H\
JOHPHQW RIWKUXVWDQG GUDJUHVXOWV IURPWKHVDPH SURSXOVLYH VXL
GHSHQGLQJRQ WKH SKDVH RI WKH VZLPPLQJ VWURNH $V D UHVXOW YDU



ULFVKDYHEHHQ SURSRVHG DFURVV WKH OLWHUDWXUH *HQHUDOO\ HIILF
YHORFLW\DQG FRVW RIWUDQVSRUW &27

(QHUJ\

&2 7=
ODVVO9HORJFLW\

*HPPHOO HW DXVHG &27 DV WKH SHUIRUPDQFH PHWULFIRUHIILFLHQF\ GHIL
PDVVDQG DYHUDJHTYDONRIMRWHPEHOO 'DELUL WWDW®HG WKDW WKLV &27 Ul
HQHUJ\ FRQVXPSWLRQ IRULWY ORFRPRWLRQ +RZHYHU EHFDXVH WKLV P
QRWVFDOHLVRPHWULFDOO\DQG WKXVLVRIPRUHOLPLWHG XWLOLW\LQF
VLIQLILFDQWO\NGLIITHUHQW VLIHV RU SK\VLRORJ\ 7KHREVHUYDWLRQ WKD
DOQRWKHU PLJKW EH DWWULEXWDEOH WR GLITHUHQFHV LQ WKHLU K\GURG\

,Q %DOGZLQ DQG % DWKH.SMWIRUPDQFH PHWULFV XVHG DUH GLPHQVLRQOH
&27 DQG D VZLPPLQJ VSHHG UHSUHVHQWHG E\ WKH LQYHUVH 6WURXKDO C
(TXDWLR®QG 7KH6WURXKDO QXP B/h,UIFRQIE LWMWSRIFWLYHO\ WKH GLPHQ
VZLPPLQJVSHHG EHOO DFWXDWLRQ IUHTXHQF\DQG WKH PD[LPXP GLDPHYV
&27F DQW ZHUH WKH EHOOfV DSSOLHG FRQWUDFWLRQ j'R WAH B YGVFHRQ W U
DQ\Gm ZDV WKH WHPSRUDOO\ DYHUDJHG GLPHQVLRQDO IRUZDUG VZLPPLQ
FRQVLGHUHG +2&HOQRQUELPHQVLRQDOLVHY WKH GDWD SURYLGLQJD &27 F
EHOOYV GULYLQJIUHTXHQF\DQG VL]H DQG WKH IOXLG GHQVLWD $FFRUG
GLPHQVLRQOHVV &27 LV D VXLWDEOH PHWULF IRULQWHUVSHFLILF FRPSD
HW DO DOVR XVHG &27DQG WKH 6WURXKDO QXPEHU WR TXDQWLI\WKH VZ

1 1 1 X

&27= § Taps EF_lJFJHUjJ
fD
St= —
VgLp

3DUNHW DOVWDWHG WKDW WKH )URXGH HIILFLHQF\LV ZLGHO\DGRSWHG D\
E\:LOVRQ DQG (OGUBGIMXDWLRQWKH UDWLR EHWZHHQ WKUXVW PXOWLSO
WKH LQSXW SRZHU +RZHYHU *BDRRHEDXKH® W DPWDWHG WKDW WKLV TXDQV
RYHUORRNYV SDVVLYHHQHUJ\UHFDSWXUH SKHQRPHQD DQG LIQRUHV YLVF
QRW LQFOXGHG LQ WKLV SURWRFRO

_Tu
Froude Pin

6DKLQ HWDWYWDWHG D SRZHU FRHIILFLHQW DV D TXDQWLILFDWLRQ IRU VZ
(TXDWLRQ7KLV LVD QRQ GLPHQVLRQDOLVDWLRQ RI WKHSRZHU UHTXLUHC
LQ WKLY SDSHU ,WLVQRQ GLPHQVLRQDOLVHG E\GLYLGLQJ LW E\WKHIO
WKH PD[LPXP EHOO GLDPHWHU

2P

c,= ——
Tous (%)

6IWIEVGL SR7EVWME XYFYPSWE

$ VHW R OLWHUDWXUH ZDV JDWKHUHG UHJDUGLQJ WKH W\SH Rl MHOO\ILV
IHZ SDSHUV GHVFULEH W K B IEUH\KLIDY WROEDUBRMWMNH/LSLQVNL D Q GEMAKDH Q L

DQGORKVHQLDQG 6DKLQ HWA@HVFULEH WKH FRQVWUXFWLRQDQG LPSOHPH
PHWULFDSSURDFK RI WKLV W\SHRIMHOO\ILVKDQGHYDOXDWHLWV JHQHU
HYDOXDWHY MHOO\ILVK SURSXOVLRQ EDVHG RQ LWV YHORFLW\ )URXGH HI
LQVNL DQG ORKVHFIXVHY PDLQO\RQ WKH LQIOXHQFH RI WKH YHOXP RQ YR!



MHW ([SHULPHQWDOO\ GHULYHG YHORFLWLHY DFFHOHUDWLRQV DQG SF
6DUVLD 7XEXOHRSDHVHQWHG LQ &ROLQ DADDO &RV Y IDQG R DXWWHIMW DV D

QXPHULFDO PRGHO WR H[SORUH KRZDGMXVWLQJ WKH MHOO\MILVK{V GXW\
PHDVXUHG LQ WHUPV RIFRVW RI WUDQVSRUWEDQE IY Bl OVRAELNBR M K LIPVREBIS H U
DV DJXLGHOLQH IRUVHWWLQJ XS LWV PRGHO 7KHDFWXDO PRGHO XVHG |
MHOO\1L>WKORWKDW EHKDYHV LQ EHWZHHQ WKH SURODWHDQG REODWH MHC

$Q DQDOVWLFDO PHWEKRGLW RVIZF/BFER@DVWUXFWHG E\DQQUHPGOHPHQWHG LC
&ROLQDQG &RVW&EHRPMIR) DQG &RVWHIORF+HQU\DQG -AKHVH VWXGLHV DSSO
WKH KHPL HOOLSVRLG VKDSH DVVXPSWLRQ DQG GHVFULEH DQDO\WLFDO
VXFK DV WKUXVW GUDJDQG DGGHG PDVV 7KHVH PHWKRGV FDQ EH XVHG
RI WKH UHVXOWYVY LQ WKLV UHSRUW DADO'®DLAH DQGVRDOLVQWILNMEXFH PHWKR
FRPSXWHHIILFLHQF\PHWULFV VXFKDV FRVW RI WDD QN3 RWXWE DGRV RXGH

7KH GHWHUPLQHG 6&DXUW LFD OYER@KW DR GLITHU LQ WKH OLW HDAOX WY 6DK |
D GXW\ F\BOH3RIQJ DQG $OEHIRXQG BKIDW. D W XEORZRVRSWLPDO SHUIRUPD
IRUD GXW\ BSFGRRIDUHG WR D YDOXH UDQJEQUOXEHRMDIEHEN %DOGZLQ DQG
%DWWLVWDIQG &ROLQ DQG &R VMIHIDGYR. Q DQG % DIW@G VW B XW\ F\FOH PRV W I1
RSWLPLVLQJ WKH SURSXO0M4<Y K HBLFKHQ E\D @ RHERI GXW\ F\AFOHV VKRZV LP S
SRVVLELOLWLHV ZKHQ DSSO\LQJ GLIITHUHQW GXW\ F\FOHV LQ VXFFHVVLYH
IXWXUH ZRUN VKRXOG YDU\ WKH PRWLRQ F\FOH SHULRG LQ VXFFHVVLYH F
JOLGLQJ WLPH *OLGLQJ WLPH LV WKH DGGLWLRQDO SHULRG EHWZHHQ F
VWDWLRQDU\ ,WV NLQHPDWLFV DUH SDXVHG IRUD PRPHQW EHIRUH WKH
UHFRPPHQGDWLRQV WR WKH H[SHULPHQWDO GDWD STKLHKQWKIRG H G WK O M
WKH GXW\ F\FOHDQG PRWLRQ SHULRG PD\YDU\SHUPRWLRQ F\FOH IRUPV I
F\FOH DQG SHULRG YDULDWLRQ ,W UDLVHV WKH TXHVWLRQ RI ZKHWKHU L
HIILFLHQF\



1IXLSHSPSK]

7KLYV FKDSWHU JLYHV DQ RYHUYLHZ RI WKH PHWKRGRORJLHV DSSOLHG LQ
XVHG WR GHVLJQ WKH PRGHO DUH DGGUHVVHG DQG WKH YDOLGDWLRQ D
FXVVHG 7KHILUVW VHFWLRQ FODULILHVY WKH &)'VRIWZDUH :DWHU/LO\ 7K
PHWKRGVY XVHG WR JHQHUDWH D ELRORJLFDOO\DFFXUDWH MHOO\ILVK VK
WLRQV 7KHWKLUG VHFWLRQ GHVFULEHV WKHPHWKRGVDQGDVVXPSWLRC
7TKHIRXUWK VHFWLRQ GLVFXVVHV WKHDSSOLHG VLPXODWLRQ IUDPHZRUN
WLRQV WR FRPSXWH WKH YHORFLW\ RI WKH QXPHULFDO MHOO\MLVK PRGHC
YDOLGDWHG DJDLQVW QRQ VLPSOLILHG FDVHV WR HYDOXDWH WKHLU HIIH
RORJ\RIWKHNLQHPDWLF YDULDWLRQ VWXG\DQG WKHFRPSXWDWLRQ RI S
DQG DOO VXSSRUWLQJDQDO\WVLV VFULSWV XVHG LQ WKLV VWXG\DUH SXEQC
7TKHIXOO LPSOHPHQWDWLRQ LQFOXGLQJ VLPXODWLRQ VFULSWV DQG SR\
KWWSV JLWKXE FRP HYDQYDQGHUZHLGH :DWHU/LO\ 6DUVLD WXEXORVEL

8LI'*(7SPZIV ,;EXIVOMP]

'DWHU/LO\ LV DQ RSHQ VRXUFH &)' VROYHU ZULWWHQ LQ WKH -XOLD SUR
EDFNHQG DJQRVWLFDQG FDQUXQ RQ ERWK &38V DQG *38V HQDEOLQJHIIL
RI KDUGZDUH SODWIRUPV :H\PRXIMWKHUR@WLY GHVLIJQHG WR VLPXODWH X
SUHVVLEOH YLVFRXV IORZVDURXQG PRYLQJDQG GHIRUPLQJERGLHV 7KH
1IDYLHU+6WRNHV HTXDWLRQVRQD XQLIRUP &DUWHVLDQ (UXBWIRKIRYHUQ
DQGTXDWLRQKHWHHSUHVHQWY WKH YHW® R ISWHIV WOWEHDIQ B O G

@ uru= p+ r?

@t

‘DWHU/LO\ DSSOLHV D ILQLWH YROXPH GLVFUHWLVDWLRQ RQ D VWUXFWX
DUUDQJHPHQW LQ ZKLFK YHORFLWLHVY DUH VWRUHG DW FHOO IDFHV DQG
LPSURYHV QXPHULFDO VWDELOLW\DQG DYRLGY SUHVVXUH*YHPRIFLW\ GH
LQWHJUDWLRQ LV SHUIRUPHG XVLQJD IUDFWLRQDO VWHS SURMHFWLRQ F
FRPSXWHG IURP WKH PRPH@WBX® HRQDIWLHRQZKLFK D SUHVVXUH 3RLVVRQ |
VROYHG WR HQIRUFH WKH LQFR PSXLHVIVR @LICH. B3R IFRGRQVHUDIWLRQ LV VRO Y
DJHRPHWULF PXOWLJULG PHWKRG WR DFFHOHUDWH FRQYHUJHQFH :DWF
$00 JHRPHWULF LQSXWV YHORFLWLHVY DQG WLPH VFDOHV PXVW EH DSSL
NLQHPDWLF YLVFRVLW\ RI WKH IOXLG LV DGMXVWHG QXPHULFDOO\ WR PD
5H\QROGV QXPEHU WKDW FKDUDFWHULVHV WKH IORZ

$ NH\IHDWXUH RI :DWHU/LO\LV LWV LPSOHPHQWDWLRQ RI WKH %RXQGDU\
PRXWK <XH ,QVWHDGRIFRQIRUPLQIJWKHFRPSXWDWLRQDO PHVKWR WK



VROLGERGLHVZLWKLQWKHIL[HG &DUWHVLDQJULG 7KHIOXLGDQGVROLG
DFURVV D WKLQ LOWHUIDFH UHWKRQ R/IKWY WMDAWIVWLRQ OD\HU WKH HTXELC
ERG\PRWLRQ WR IOXLG 1DYLHU+*6WRNHV EHKDYLRXU 7KHERG\JHRPHWU\
IXQFWLRQ 6') ZKLFKLV QHJDWLYHLQVLGH WKH VROLGDQG SRVLWLYHL
HQDEOHV WKH FRQVWUXFWLRQ RI FRPSOH[ WLPH GHSHQGHQW JHRPHWUIL
SUHVVXUH ZLWKLQ WKHEOHQGHG IRUPXODWLRQ %' ,0HQIRUFHV WKH FRUL
FRQGLWLRQV DW WKH IOXLG*VROLG LQWHUIDFH 7KLV DSSURDFK DYRLGYV
ERG\ ILWWHG PHVKHY ZKLOH PDLQWDLQLQJVHFRQG RUGHU VSDWLDO DFF

7KHUH DUH VHYHUDO ZD\V WR PRGHO D ERG\LQ :DWHU/LO\ '"HSHQGLQJRQ
DQRSWLPDO PHWKRG FDQ EHDSSOLHG $:DWHU/LO\H[WHQVLRQ WKH 3DU
DQG FDQ EH XVHG WR FRQVWUXFW SDUDPHWULF ERG LHM ELKKLHQADLVRIQU / |
VXSSRUWV WKH GHILQLWLRQ DQG WUDQVIRUPDWLRQ RIHPEHGGHG ERGLH!
WLRQDOLW\WR GHILQHD ERG\XVLQJQRQ XQLIRUPUDWLRQDO % VSOLQHYV
WR PREMHOVLD WXEQPRX¥®LQJ LWV YHODU SURSHUWLHV EKI6\WD BKH R FDH/GUILFEK \
GHILQLWLRQ UHTXLUHV D VHW RI FRQWURO SRLQWV LQ PDWUL[IRUP D ZHlI

7KH VLPXOBWUR QRW >SERGRKWVNYLRQ UHTXLUHV PRGHOOLQJRIWKH FRPSOH]
VFULEHG NLQHPDWLFV *HQHUDWLQJD ERG\ ILWWHG PHVKIRU HDFK WLPH
VLYHDQG FRPSOH[ 7KH &DUWHVLDQ JULG FRPELQHG ZLWK %',0 DYRLGV |
WDWLRQ RI WLPH GHSHQGHQW NLQHPDWLFV E\ XSGDWLQJ WKH VLIJQHG Gl
HIWHQVLRQ VLPSOLILHY JHRPHWU\DQG PRWLRQ LPSOHPHQWDWLRQ E\ S
DQG WKHDELOLW\WR PDS LW IURP "WR ' ,Q WKH SUHVHQW ZRUN WLPH (
XVHGWR UHSURGXFH WK HEBHO/Q B WIREDBMRRBIBQWRILELOLWN\FDQ DFFHOHUDW
RI MHOO\ILVK PRWLRQLQ ' )LQDOO\ WKHRSHQ VRXUFHDFFHVVLELOLW\ |
VLPSOLINIXWXUH UHVHDUFK

8LI2YQIVMGEP .IPP]hWL 1SHIP

7KH D[LVA\PPHWULFDO MHOO\ILVK PRGHO DQG PHWKRGV GH\DKUWLICEBIGGA Q /LS
ORKVHQL DQG 6DKLQ HWLWDWHMUYHG DV D UHIHUHQFH IRU FRQVWUXFWLQJ W
NLQHPDWLFV 6DKL@®R@HIBDHELD WXEXORYVBVHQWHG LWV NLQHPDWLF SU
XUH ZKLFK ZDV GLJLWLVHG IURP UHFRUGLQJXUHSUZH VP Q QI NVHKOHON ILLQYHKP D
VHWWLQJV DW FHUWDLQ WLPHf‘(D;\ZV,EiSiW,E;@?W;Q%PI%WRQQELIV\CKHWKHVH WLPH
DWLRQV VRPH FKDUDFWHULVWLF SDUDPHWHUV G HDQWIQD WXEXIGRWPIH W U\
VWDWBIBOHVKRZY WKHVH FKDUDFWHULVWLF SDUDPHWHUYVY ZKHUH 5H\QRO
FRPSXWHG ZLWK WKHJLYHQ HTXDWLRQV 7KHVH FKDUDFWHULVWLF SDUDF
HWU\DQG VLPXODWLRQ HQYLURQPHQW DFFRUGLQJO\ 7KHVH QXPEHUV Z}
DQG WLPH VFDOLQJ

OD[LPXP 'LDPHWHU Dmax 1:25 | cm
$YHUDJH 7UDQVODWLRQR® 9H O RA2L{ WL
ORWLRQ &\FOH 3HULRTG 1.00 | s

5H\QROGYV IXPEHRE= Yawe Dmax | 307
6WURXKDO 1XP H$,t:Dm¢T 0:52

Uavg

7TDEOH &KDUDFWHULVWLF SHDDWIHWMPEREHMWMHSURGXFHG IURP 6DKLQ HW DO

7TKHNLQHPDWLHA ISIUPRIHOHWHLERSLHG E\WUDQVIRUPLQJWKHFXUYHV LQWR
SRLQWYV (DFKFRQWURO SRLQW PRYHV DFFRUGLQJWR WKHNLQHPDWLF SLU
RIFFRQWURO SRLQWYV GHILQLQJ WKH MHOO\ILVK VKDSH DW HDFK WLPH VW
SRLQWYV ZDV QRW VPRRWK LQ WLPHDQG VSDFH GXH WR GLVFUHWLVDWLR(
TXLUHV VPRRWKQHVVDQG FRQWLQXLWA\LQ LWV VLPXODWLRQ JHRPHWULH)
ZHUH UHTXLUHG 7R REWDLQ D IXQFWLRQDO WLPH YDU\LQJEHOO VKDSH V
IROORZLQJ VWHSYVY ZHUH WDNHQ

$FFXUDWH VFDOLQJDQG GLVFUHWLVDWLRQ 6LQFH :DWHU/LO\LV D Q!
VFDOHG DFFRUGLQJO\ 7KHJHRPHWU\ZDV GLVFUHWLVHG LQWR D ODUJ



GHILQLWLRQ RIWKH VLJQHG GLVWDQFH IXQFWLRQ

(QIRUFLQJ WKH FRQVHUYDWLRQ RIPDVV ,Q WKHWZR GLPHQVLRQDO F
LQJD FRQVWDQW JHRPHWULF DUHD ,Q WKH WKUHH GLPHQVLRQDO FD'
PDLOQWDLQHG %RWK ZHUHHQIRUFHG ZLWK D FRUUHFWLRQ DOJRULWKI

8SVDPSOLQJ RI FRQWURO SRLQW VHWYV 7KH FRQWURO SRLQW VHWYV Z
JHRPHWULF FKDQJH EHWZHHQ WLPH VWHSYV

*HRPHWU\ FKDQJH FRQWLQXLW\ (DFK FRQWURO SRLQW ZDV FRQVWUDI
WLRQ YHORFLW\DQG DFFHOHUDWLRQ $VPRRWKLQJDOJRULWKP ZDV

6IWGEPMRK ERH (MWGVIXMWEXMSR
$V GHVFULEHOML®RQRQ GLPHQVLRQDOLVDWLRQ RI WKH VLPXODWLRQ SDUI
WKH VLPXODWLRQ DSSURSULDWHO\ 7kH PDOH @P X P \E K DHGGD D RHKWHK R U D F
OHQJWK 7KH PD[LPXP EHOO GLDPHWHU LQ :DWHU/LO\ XQLWIV=ZDV GHILQHGC
7KLV UHVXOWHG LQ WKH OF RDWKR®DOH JLYHQ LQ

D iy

Dmax 125

6LPLODUO\ WKHDYHUDJH YHORFLW\ ZDV XVHG WR VFDOH WKH QXPHULFD(
WKH DYHUDJH YHORFLW\ LV D SRVW SURFHVVLQJE®D QB WHWHIH Y KOSFORKLLVD\ A
XVHG WR GHILQH WKHLU VLPXODWLRQ HQYLURQPHQW +RZHYHU LQ WKH D
ZDVDSSOLHG %\GHILQLQJ WKH : DWHL /WEHYHORFAWLYFYEB BRVLWLHV LQ :
RQ WKH VDPH YHORFLW\ VFDOH DARGWKDQ W\R WDRYHORFLW\ GDWD LQWR :D\
VFDOL@XDWLRADV DSSOLHG

u =u

Uavg

7KH WLPH VFDOH ZDV GHILQHG DV WKH IUDFWLRQ RI WKH FKDUDFWHULVW
OHQJWK VFDOH 7R QRQ GLPHQVLRQDOLVH WKHLSHIDRBXOWLG OQHG EL Y/ K
VFDOH DV SUHVXDWHRQ@KH UHVXOW LV D SHULRG LQ FRQYHFWLYH WLPH X
WUDQVODWHG WR WKH DFWXDO QXPHULFDO WLPH RIWKH VROYHU E\ PXOW

= 1Yo _ 242

D max 1:25

7KH FRQWURO SRLQWYV ZHUH QRQ GLPHQVLRQDOLVHG E\ PXOWLSO\LQJ W|
UHVFDOHG FRQWURO SRLQW VHWV ZHUH DVVLJQHG WR WKH FRQWUDFWLF
GHILQLWLRQ LQ 6DKIZBHW. D®W IRXU VHWY UHSUHVHQW WKH FRQWUDFWLR
WKH H[SDQVLRQ SKDVH 7KHJHRPHWU\ZDV GLVFUHWLVHG LQWR D ODUJHL
WLRQ SHU WLPH VWHS E\ LPSOHPHQWLQJD SLHFHZLVH OLQHDU DUF OHQJ
DGGHG DGGLWLRQDO FRQWURO SRLQWV ZLWKRXW DOWHULQJ JHRPHWULF

7KHLQLWLDO VHW,F RRYWUWRBGRLQWY ZKLAKZAKHAIQEUHDBDMHBIWVOR WKH RU
FRQWURO SRLQWV WKHUHE\ UHWDLQLQ$WKH IXOO JHREHWENRQWKZR Y H C
FRQWURO SRLQWYV ZDV GHULYHG DORGJ ZL W KDW K H/ WRPAHIDOV ByUFF € HOH & K
(Neps Meps)s QHZ SRLQWY PHDQLQJWKDW ORQJHU VHIPHQWY UHFHLYHG PRU|
WKDW WKH LQLWLDO FRQWURO SRLQWY UHPDLQHG E\ UHWDLQLQJ WKH IL
FRQWURO SRLQWV ZHUH WKHQ DGGHG DW XQLIRUP IUDFWLRQDO SRVLWLHF
$2(0;1) WKURXXDOWLRQ

CPrew =(1 S)po+ sp1



$GGLWLRQDOO\ WKH RUGHU RI WKH FRQWURO SRLQWYV ZDV UHYHUVHG W
GHILQLWLRQ 7KHRUGHULQJZDV UHTXLUHG WR EHFRXQWHU FORFNZLVH
JHRPHWU\UDWKHU WKDQ LQVLGH

1EWW 'SRWIVZEXMSR
7R HQIRUFH PDVV FRQVHUYDWLRQ DQ DUHD DQG YROXPH FRUUHFWLRQ
GLPHQVLRQDO FDVH DUHD ZDV FRQVHUYHG LQ WKH WKUHH GLPHQVLRQD
WKH VLPXODWLRQ DVVXPHV LQFRPSUHVVLEOH IORZ ZLWK FRQVWDQW GH(
SUHVHUYDWLRQ RIJHRPHWULFDUHD ' RUYROXPH ' 7KHDUHDRUYROX
XVHG DV WKH UHIHUHQFH YDOXH ,Q WKH WZR GLPHQVLRQDO FDVH WKH D
IRUPXOD *DXVVY{V DUHD | RTWMDMVDIDR GHNMHIRUR XOD GHULYHG IURP WKH WULI
LVVXLWDEOHIRUFRPSOH[ SRO\JRQDO JHRPHWULHY VXFKDV WKH MHOO\I

1. .
A= 5 1X1y2 + Xoyz+  + XpYr  (YiXa+ YaXz+  + YpXy)j

JRUWKHWKUHH GLPHQVLRQDO FDVH WKHYROXPH ZDV FRPSXWHG DV WKH
DUHD DERXW WKH D[LV RI VIPPHWU\ 7KH JHRPHWU\ ZDV GHILQHG E\ OLQHLI
7KH HQFORVHG YROXPH FRXOG WKHUHIRUH EH FDOFXODWHG XVLQJ WKH F
HQFORVHG E\ WKHVH OLQHD(UTX®@WML@RHN DV JLYHQ LQ

K 1
3 (Xisz XY+ YiVier + Y1)
i=1

V =

$ JHRPHWULF FRUUHFWLRQ DOJRULWKP ZDV WKHQ DSSOLHG WR PLQLPLVH
WR WKH UHIHUHQFH IUDPH 7KH ILUVW IUDPH Rl WKH FRQWURO SRLQW VH\
HDFK VXEVHTXHQW IUDPH WZR FKDUDFWHULVWLF TXDQWLWLHV ZHUH HY
(TXDWLR@KHWHSHQRWHY WKH UHIHUHQFH YROXPMKRU QUWDQ@WD'QBREV Y|
7KH FHQWURLG RI WKH FRQWURO SRLQW VHW LQ ORQJLWXGLQDO DQG WUD
(TXDWLRQ$ QHZ FRQWURO SRLQW VHW ZDV WKHQ JHQHUDWHG E\ VFDOLQJ \
WKH FHQWURLG X\WL @MW K ¥ QRDRRILUR Q

CPnew = C+ v(CPo C)

(TXDWLRMQGTXDWLRQHUH LPSOHPHQWHG WR HQIRUFRFH POWVHINKRQEVHUYDW I
WKHHYROXWLRQ RI WKH MHOO\ILVK JHRPHWU\ YRQ)PRWGERWQLE\IF G HEY WAKKH L
YDOXH RQ WKH \ D[LV UHSUHVHQWYV WKH FRQVH%&YD?\NLRQ’H—HQRUNKZD(\NFVKKL
PD[LPXP YROXPH HOORU>H@XOBWH WKDW WKHVH YROXPHVY ZHUH FRPSXWH
WKHVPRRWKLQJDQG XSVDPSOHDOJRULWKPVDQGDUHWKHUHIRUHDQ DS
RI'YROXPH



JLIXUH 7KH UHDOLVHG HQIRUFHPHQW RI PDVV FRQVHUYDWLRQ 7KHVUDG® WKHEHWZHHQ V
UHIHUHQF Hy RFBPBEK WG DRWHU D WLP R PRQIAHRRIF\FOHYV H[SUHVVHG DV WKH SKDVH

9TWEQTPI 'SRXVSP 4SMRX 71 XW
7KH QXPEHU RI FRQWURO SRLQW VHWYV ZDV XSVDPSOHG WR VPRRWK WKH |
SOHV ZDV DOVR YDULHG WR FRQWURO WKH SUHVFULEHG NLQHPDWLFV VXI
JOLGLQJ WLPH 7KH GXW\ F\EFDADWLEBRRULOWEHD SUKVHQW VWXG\ W GULYH'
RI XSVDPSOHV DGGHG SHU PRWLRQ SKDVH $GGLWLRQDO XSVDPSOLQJ IU
RU H[SDQVLRQ SKDVH GHSHQGLQJRQ WKH GXW\ F\FOH ZKLOH WKH WLPH
GLWLRQDO IUDPHVY ZHUH DGGHG E\ LQWHUSRODWLQJ EHWZHHQ WKH FRQW
$ WKLUG RUGHU VSOLQH LQWHUSRODWLRQ ZDV DSSOLHG WR REWDLQ FRC
EHWZHHQ WKH FRQWURO SRLOQWYV (DFK FRQWURO SRLQW ZDV KDQGOHG L
VLWLRQ 3HULRGLF YDULDWLRQ DQG JOLGLQJ WLPH ZHUH DOVR LPSOHPF
ZLOO EH H[SOUXEQHBEWDR@KH UHVXOW Rl WKLV XSVDPSOLQJ DOJRULWKP L
JHRPHWU\ GHILQLQJ FRQWURO SRLQWV IRUWKH MHOO\ILVK PRWLRQ F\FOI

Tcontr
TCOI’]'[T + Texp

TQSSXLMRK SJ'SRXVSP4SMRX 4EXLW

$Q HISRQHQWLDO VPRRWKLQJ DOJRULWKP ZDV XVHG WR DFTXLUH WKH FR
2SSHQKHLP 6FKDIH$Q DWYMDQG D VPRRWKLQJ SM2H PKHLWKKHRHDQV

OHVV VPRRWKLQJ DQG VPDOOHU YDOXHV PHDQ JUHDWHU VPRRWKLQJ DU
YDOXH LV VDYHG 7KHIROORZLQJYDOXHV LQ (WK B\WUR® QDVHKILWPRRREOHPH
WKH LQSXW DUUD\ UHSUHVHQWY WKH SDWK RI DV kL QYOHXER @WWRX @/ B 8 LLOOW
FRQWLQXRXVO\VR WK UWWWKE ORHPXDHDVR G st QWIHPRVIKWHG DYHUDJH RI
LQSXWxp DQB\WKH SUHYLRXV VRRRWE ARG & DAVDEN SRWEW OV DQ H[SRQHQWLDC
FUHDVLQJZHLJKWRQ REVHUYDWLRQV IXUWKHU LQ WKH SDVW IRUZDUG VP
D ZHLJKWHG PRYLQJ DYHUDJH LQ ZKLFK PRUH UHFHQW REVHUYDWLRQV F
UHVXOWLQJIURP IRUZDUG VPRRWKLQJ ZDV UHGXFHG E\DGGLQJ D EDFNZD
YDOXHV (DXDWLRQ7KH UHVXOW LV D IRUZDUG EDFNZDUGV VPRRWKHQHG
UHGXFHG SKDVH ODJ FRPSDUHG WR RQH VLGHG VPRRWKLQJ

so()= x ()+(@ st 1);t>0
sit)= so()+ (1 )sa(t+1)

7TKHUHVXOWLQJ FROQWURO SRLQW SDWKV ZHUH WXUQHG LQWR D IXQFWLRC
GLPHQVLRQDO WLPH UDQJH 7KH WLPH VFDOH ZDV DSSOLHG E\ GLYLGLQ.
PRWLRQTF\FX®IWLSOLHG E\ WKH QX EBFAWKIHFQRXPHEWHUMR | IVIDP HWVXOW LV D

VHW RI FRQWURO SRLQW SRVLWLRQ IXQFWLRQV ERWKIRU[ DQG\ FRRUG
GLPHQVLRQDDKWMNVPMHXQFWLRQV ZHUH SXW WRJHWKHU LQWR DQ DUUD\ WR (
DWDFHUWDEZRHVAPWUL[ LV JEIXDYWDRQQ



_ Cpux(t) cpx(t) Chh 1x (1)  Cpnx (1)
CP et (1) = Cpry (t) cpy(t) Ch 1y (1)  Cpay (1)

7R FUHDWH WKH DFWXDO JHRPHWU\ D QRQ XQLIRUP UDWLRQDO % VSOLQH
FRQWURO SRLQWV ,Q DGGLWLRQ WR WKH FRQWURO SRLQW DUUD\ D 185%
$V WKH FRQWURO SRLQWYV ZHUH GLJLWLVHG VR WKDW WKH\DUH ORFDWHG |
DUUD\ LV VLPSO\D RQHWYNEWRU RI OHQJWK

11 11
W= 11

7KH NQRW DUUD\ ZDV GHILQHG DV DQ RSHQ XQLIRUP % VSOLQH NQRW YHFW
NQRWV ZLWK FODPSHG VWDUW DQG HQG NQRWV [>WEBWHASBRWEDVYH D
VXOWLQJLQ D OLQHDU SLEPFHZCOVFRFQXW Y & XARKDW &RQVHTXHQWO\ WKH FXUY
LQ SRVLWLRQ EXW QRW LQ VORSH PHDQLQJWKDW VKDUS JHRPHWULF FRU
WKH FRQWURO SRLQWV 7KHKFRWP $OVHDNIOY RRWQIYHWWBUYRQ ,W FRQVLVWYV

Rp+1 UHSHDWHG NQRWV DW WKH VWDUW DQG HQG Rl WKH SDUDPHWHU GR
ERXQGDULHY DQG XQLIRUPO\ GLVWULEXWHG D QYWHUH. R R XNQERON\L. HAK FHOFDXRCE
ILUVW DQG ODVW FRQWURO SRLQWV 7KH FODPSHG NQRW FRQILJXUDWLR
FRQWURO SRLQW DQG HQGV DW WKH ODVW LQVWHDG RIDSSURDFKLQJ WK

0 1

K= _{z_? (CHE (P lﬂ_z_A
p+1 p+1

TKHLQWHULRUNQRWVDUHGHILQHG XQLIRUWPDVRYMUHTWRMW ERQTKRNWWHU LQ\
XQLIRUPVSDFLQIJHQVXUHV FRQVLVWHQW SDUDPHWHULVDWLRQDORQJ Wk
VSOLQHVLPSURYHDFFXUDF\DQG UHGXFH WKHQXPEHURIFRQWURO SRLQV
UHDVRQV GLWXEWHHROMLROPKLY ZDV QRW DSSOLHG LQ WKLV PRGHO

_ 1 p .
ki Ncps p
IETTMRK XS

7TKHPDSSLQJIXQFWLRQDOLW\ALQ :DWHU/LO\ZDV XVHG WR WXUQ WKH 185%¢
ILWIRUWKH:DWHU/LO\&)'VLPXODWVRQJ WKRMHRPONIS L @ T XDQWHVRIOR ® H Q
SDUDPHWULF 185%6 FXUYH ZDV URWDWHG DURXQGDQ D[LV RIV\PPHWU\ D
7KLV PDSSLQJIXQFWLRQWUDQVIRUPVWKHFXUVEDBRPAXKHK' [ WEBSFURER)Y
IRU:DWHU/LO\ VLPXODWLRQV 7KHFRGHEORFNEHORZ ZDV DSSOLHG WR J
WKH 185%6 FXUYHDQG WKH "ERG\ $ YLVXDOLVDWLRQ RI WIKIKUHVXOWLQJ
7KHPDSSLQJ IXQRPWMRRRROV XVHG WR JHQHUDWH WKHTXDUWHU JHRPHWU'
JHRPHWU\ UHTXLUHVI X ROXY HMWKLYV RIIVHW LV UHTXLUHG WR DYRLG WKH G
IURP FXWWLQJ WKH JHRPHWU\

q
revBnap : (Xi;X2;Xs3) 70 X1; X3+ X3

FMQibnp2+iQMTL+TAM 4 p+ iUx2 QBUTULKTG@R =y \ +QHH2+iU yMy2Ux-y
¢ H2MAR+TYRVVK 2 M@ , 6HQ i@V -QM 2 yBeVIV

r2B;?ib 4 QM2bWBx2U+TEk¥Y
FMQib 4 6HQ iMOFMQibnp2+iQbBAKZY+TKVVV
+m-p2 4 Lm #b*m p2 FHMQ@ib2B;?ibV

“2pnK TUt-iV4 a (UtRV-2vTQilx{ t(j)V)
#Q/v 4 S K2i'B+"Q/vU+Kn H2pnK /B Kty



D4XDUWHU *HRPHWU\ E)XOO *HRPHWU\

JLIXUH 7KH FRQVWUXFWHG WKUHH G L FHDQWLLRQDXOEDMIRRNHBNHIVHHWORM PRGHO 7KH UHG DUHD UH
ORFDWLRQ ZKHUH WKH VLIQHG GLVWDQFH IXQFWLRQ HTXDOV

AVIWGVMFMRK /MRIQEXMGW
7KH MHOO\NLVKPRWLRQ ZDV SUHVFULEHG WKURXJK D NLQHPDWLF FRQWUR
HWU\IUDPHV LV WUDQVIRUPHGLQWRD FRQWLQXRXY WLPH GHSHQGHQW P
WHUWV;T2;Tgg DUH LQWURGXFHG E\PRGLINLQJ WKH GLVWULEXWLRQ RI WKHVF
JHRPHWU\ 7KLVDSSURDFKHQDEOHYV VA\VWHPDWLF YDULDWLRQ RIGXW\ F\F

%DVH IUDPH FRQVMWHXIFQULRIOD O PRWLRQ LVIGHHIQEB &\ WIKRHHWHWRR 6 DKL Q

FRQVLVAVERQWUDFWLR Q6 INBOHWDRG IUDPHY FRUUHVSRQGLQJ WR D
F\FOH RD:4 7R REWDLQ D VPRRWK UHSUHVHQWDWLRQ RI WKH PRWLRQ HE
UHILQHG E\ D WKLUG RUGHU LQWHUSRODWLRQ 7KH QXREHU RI XSVDPSOH

'XW\ F\FOH PRGLIZRBVGXP\Q FGWIHQHG DV WKH UDWLR RI FRQWUDFWLRQ WL
LVDSSOLHG E\DGMXVWLQJWKHQXPEHU RIFRQWUDFWLRQ XSVDPSOHV DF

N _ 10 neyp .
contr — ’
4

ZKHUJg) UHPDLQV Hi[XDIRWR WKDW DV WKH LQLWLDO FRQWUDFWLRQ WR H[
WKH IUDRWARQWRHTXLUHG 7KHFRQWUDFWLRQ DQG H[8R.Q \DL@®®R,SKDVHV QR
IUDPHV UHVSHFWLYHO\ 7KLV LV GHILQHGTRQ WKH XQLIRUP WLPH UDQJH

&RQVHFXWLYH SHULRGHAHRGUHLADWQIR B 8 HWQHRWGWKH EDVH SHULRG RI WKH P
7TRDSSO\D YDU\LQJFRQVHFXWLYHEBWUQRVAI RKHHBUZRBPERAXLUH WKH FRUL
IRUWKLY FRQVHFXWLYH F\FOH WKH QXPEHU RI XSVDPSOLQJIUDPHV ZDV \

Ta(n
(), = 20 ),
1

7KLY HQVXUHVY WKDW ERWK F\FOHVY UHPDLQ NLQHPDWLFDOO\FRQVLVWHQV
PRWLRQLVWKHUHIRUH GHILIQHTG+tRY)HU WKH LQWHUYDO

*OLGLQJLQYVHIUILYTL@JI LQWHUY DY IRQ) BRWPHRUIIRWYHG EV\ UHSH DMWIXQHWKH ILU V!

_TQ
ng;fr —ﬁnfr
WLPHYV AKHWHNKH QXPEHU RI WRWDO LQWHYSROANWHGHWDWHYV O KBHQLRA
QR GHIRUPDWLRQ EHWZHHQ FRQVHFXWLYH F\FOHV 7KH WRWDO WLPH DUU
GXUDWLR@:RITgy) 7KLV FDQDOVREHFRPELQHG ZLWK D YDU\LQJFRQVHFXWIL
WKH WLPH DOURMWTR, E M, + Ty)

J)LODO FRQWURO SRLQW7KHSARRPSHOIHWHMWHRTXHQFH RI ITUDPHV LV FRQFDWH!
F\FOHV DQG VPRRWKHG WR HQVXUH FRQWLQXLW\ RI PRWLRQ $ XQLIRUP"



WKH IXOO GXUDWLRQ DQG WKH LQWHUSRODWHG FRQWURO SRLQW WUDN
LQWHUSRODWEIRQ) X Q¥ \& HRIQUHEIM)L R Q

7KLV IRUPXODWLRQ HQDEOHVY LQGHSHQGHQW DQG FRPELQHG YDULDWLRQ
DQG JOLGLQIJLQWHUYDOV ZKLOH PDLQWDLQLQJ D FRQVLVWHQW JHRPHW
IXOO FRGHLVDYDLODEOHLQ WKHUHSURGXFLELOLWA\UHSRVLWRU\

7KLV DOJRULWKP ZDV YDOLGDWHG IRU ILYH FDVHV LQ ZKLFK WKH LQVWD Q\
YHOXP UHIHUUHG WR DV WKH RUDO FDYLW\ YROXPH ZDV REVHUYHG )RU H
ZDV YDULHG ZLWK WKH L QLWL Y& S HIVL\RVG FID[WIE DM UHVHQWY WKH EDVHOL
D GXW\ F\FOMIR,Q WKH VHFRQG FDVH WKH G X3/0\2F \)FRROHWZID W K WU\ D Q G | R X
FDVHV NLQHPDWLFV ZHUH PRGLTL#B5IRQ® I 8 @ UGVH-S0GEMBRIGY DHOF W LY H O \

,Q WKH ILQDO FDVH VILKMQIPZHOMWEROBIL@AGHSUHVHQWY WKH UHVXOWLQJ |
RYHU WKH SKDVH QRUPDOLVHG EKWREVHY\VAL 8K WIRGVDPH GXW\ F\FOHV H
EHKDYLRXU GXULQJ WKH ILUVW SHULRG ZK HUHDIWWRKHW BY WH G \ F R H LYQDIUW R
VHFRQG SHULRG NLQHPDWLF YDULDWLRQV DUH YLVI,E®@E VKREZFIVH ZLW
FRQVWDQW YIROXPH35RUKFE, YDULDWLRQ LV DOVR YLVLEOH LQ WKLV UDQJt}
GDVKHG EURZQ OLQH &DVH LV WKH FRPELQHG FDVH LQFOXGLQJ JOLGLC
LV YLVLEOH LQ WKK UDQKH BH WKH ILUVW KDOI LV WKH JOLGLQJ LQWHUYD
VKRYWHULRG 7KHVH UHVXOWYV FRQILUP WKDW WKH LPSOHPHQWHG NLQHI
WKH SUHVFULEHG YDULDWLRQV LQ SHULRGLF YDULDWLRQDQG JOLGLQJ S

JLIXUH (YROXWLRQ RI WKH QRQ GLPHQVLRQDOLVHG RUDO FDYLW\ YROXPH IRUILYH NLQH
Ti=1[s]; =0:4 =022 YDULDWH®REs]; =0:4 YDULDWA®RESs; =04 YDULDWLRQ DQG FRPELQHG
T2=0:5[s];Tg=0:5[s]; =0:4 YDULDWLRQ

TMQYPEXMSR *VEQI[SVO
TR FRQVWUXFW WKH VLPXODWLRQ IUDPHZRUN FRQVLGHUDWLRQV UHJDUC
DFFXUDF\ ZHUH UHTXLUHG 7R DYRLG IXOO IOXLG VWUXFWXUH LQWHUDF)
ZHUH DSSOLHG 7KH VLPXODWLRQ VHWXS XVHV D VWDWLRQDU\ TXDUWHU |
WLRQDO WLPH FRPELQHG ZLWK D PRYLQJJULG 7KHJRYHUQLQJ HTXDWLT
DQG UHVWULFWLRQV RIWKHIUDPHZRUN DUH GLVFXVVHG DQG YDOLGDWHC

+SZIVRMRK)UYEXMSRW
2EZMIV 7XSOIW)UYEXMSRW [MXLE1SZMRK +VMH
$Q DFWXDO IRUZDUG PRYLQJ MHOO\MLVK ZRXOG UHTXLUH D ODUJH FRPSXYV
ERG\OHQJWKY SHU VWURNH %DO$SPRYLQUDIWWEVZWB XVHG WR DGGUHVV W

6HH UHSURGXFLELOLYQARBDWRNERRWVWWRO DOJRULWKP



DV WKH GRPDLQ UHPDLQV VPDOO DURXQG WKH MHOO\ILVK DQG WKXV GRH\
RSSRVHV WKH GLUHFWLRQ LQ ZKLFK WKH MHOO\ILVK ZRXOG PRYH WR UH S
DQRQ PRYLQJ MHOO\VNLVK 7KH MHOO\ILVK YHORFLW\DQG DFFHOHUDWLRC
WKURXJK WKH HTXDWLRQV RI PRWLRQ DUH DSSOLHG WR WKH PRYLQJ JUL!
DGMXVWHG DV VKRZQ LQ WKH FRGH EHORZ SDV3LMQ GVKHBRMRADKH. FV D
IOXLG VROYHU 7KH YHORFLW\LV SDVVHG WR WKH VROYHU DV WKH QHZ IDL
ERXQGDU\ FRQGLWLRQ LQ WKH QH[W WLPH WWSTBV \% VOKH. 8 W R WILRDDLUN KI M E
WKH RSSRVLWH GLUHFWLRQ RI LWV VZLPPLQJ PRWLRQ UHVXOWV 7KH DF
XVHG WR XSGDWH WKH IORZ VROYHU HTXDWLRQ E\DGGLQJ WKLV DFFHOHU
(TXDWLRQ7KLY PRGHO VROYHY WKH 1DYLHU 6WRNHV HTXDWLRQV LQ D IU]
DQG DFFH@HUDWLRQ

#BQinKQKnbiZmMQBKBRBb-EBKBK -bBK -bBXi “c
7TKMOBK KK-mMT7THHS5- ++2H 2 %ai @My X )y lda @Yy y XYV

@,
@t

7KH IRUFH DQG YHORFLW\ RI D VLPXODWLRQ ZLWK D QRQ PRYLQJ JULG DC
JLIXUHD@ALJXUH UBVSHFWLYHO\ 7KLV VKRZV WKDW WKHFDVHZLWK D QR
DFFHOHUDWHY ZKHUHDV WKH FDVH ZLWK D PRYLQJ JULG UHDFKHV D VWH
XVLQJ D PDSSLQJ IXQFWLRQ ZzDV QRW DFKLHYHG EHFDXVH LW LQGXFHG O]
WLPH VWHS )RU WKLV UHDVRQ QR FRPSDULVRQ WR DQ DFWXDO IRUZDUG
PRYLQJ JULG LV WKHUHIRUH WKH RQO\ YLDEOH RSWLRQ IRU WKH SUHVHQ
FDVH :LWK D IXOO\PRYLQJEDFNJURXQG JULG GLIIHUHQFHV IURP WKH D
DZD\IURP WKH MHOO\ILVK ZLWK WKH VDPH YHORFLW\ ,QWKHDFWXDO SUR|
I[URP WKH RUDO FDY LW\

(ur)u=r p+r?u ajuprn

D, QVWDQWDQHRXV IRUFH E,QVWDQWDQHRXV YHORFLW\

JLIXUH 7TKHLQVWDQWDQHRXV IRUFHDQG YHORFLW\RYHU PRWLRQ F\FOHVIRUD FDVH ZKHU'
DQGRQH ZKHUH WKHJULG GRHV QRW PRYH 7KH MHOO\ILVK GRHV QRW WUDQVODWH LQ ERWK
WKH MHOO\ILVKLQ SODFH

JUYEXMSRW SJ1SXMSRJSVE6MKMH &SH]
7KH HTXDWLRQV RI PRWLRQ IRUD ULJLG ERG\ZHUH XVHG WR PRGHO WKH V
7KHLQVWDQWDQHRXV K\GURG\QDPLF IRUFH WKDW WKH IOXLG H[HUW
WKHVXP RIWKH SUHVVXUH DQG YLVFRXXDRURQROHVK N ER GR UFHLLY FRP S X
DVWKHLQWHJUDO RIDOO ORFDO SUHVVXUHV RQWKHERG\ DQG WKH YLVFF
ORFDO UDWH RIVWUDLQ WHQVRUV RQ WKH ERG\ 2QO\WKH [ FRPSRQHQW L
MHOO\VILVK 7KH DFFHOHUDWLRQ LV FRPEWXWHIH NEN G O Y IL(W KQIRMDRPHI R U F H
7KH DFFHOHUDWLRQ LV WKHQ XVHG WR FDOFXODWH WKH SRVLWLRQ DQG Y



Z

Fp(t) = p(x;t) n(x;t)dS;
Z@(t)

F (t)= (x;t)n(x;t)dS
@(t)

Fww= Fp(t)+ F (1);

7KHFRUUHVSRQGLQJDFFHOHUDWLRQLV FRPSXWH G\EW & HWLHEQ Q\Jl MWWKKL Y R R U
DFFRUG(TQXDMRRQSGGHG PDVV ZDVPRGHOOHG LPSOLFLWO\E\GLYLGLQJ W|
DGGHG PDVV FRMWILPHMMOKW YROEEBLWLRQ WR WKH DFWXD® YWRBYPHQ+HQF
(TXDWLRQ7KHDGGHG PDVV FRHIILFLHQW ZDV GH U L YHGRVIL\P\L OPHI® W\ R WD\ K
MHOO\ILVK VKDSH LV VLPLODUWRDKHPLVSKHUH ,Q WKHSUHVHQW PRGHO
E\DVVXPLQJ WKDW WKH IOXLG LQ WKH FDYLW\ WUDQVODWHY ZLWK WKH M
(TXDWLRQ'DULHG EGAVDREBI DLW EHLQJI WKH RUD O F D Yo\ WKRIQHRHP Bl VG \
YROXPH *LYHQ WKH JHQHUDO XQFHUWDLQW)\ VXUURXQGLQJ WKLV FRHIIL
DQG LV GLVFXXEWGFVOLRDKH FRPSXWHG DFFHOHUDWLRQ LV VXEVHTXHQW ¢
YHORFLW\DQG SRVLWLRQ RI WK HTMB ®/Q R Q\QKEL QDMLAR-DWHKNWSRKRW LY HO\ 7R
HQVXUH FRPSDWLELOLW\ ZL \WKKGDXAFRHOW DDWLRQ FRPSXWDWLRQ ZDV DG
JLYHQ LQ

Veav
Vcav + Vbody
Fx + amvax;t 1
, I+ am)V
Uy =  aydt
VA
(Uo +

am

ay (t)

tax
2

)dt

Px

*SVGI *MPXIVMRK

‘XHWR WKH JHRPHWU\ VHWXS LQ WKLV VLPXODWLRQ ZKHUH FRQWURO SR
VHUYDWLRQ DQG FRQWLQXLW\ WKH UHVXOWLQJ K\GURG\QDPLF IRUFH ZD
GLPHQVLRQDO VLPXODWLRQV ZKLFKDUHPRUHFRQVWUDLQHG DV WKHUH
QRLVH $ILOWHU ZDV DSSOLHG WR WKH &)' IRUFH WR REWDLQ D VPRRWKH
HUDWLRQ DQG YHORFLW\ $Q H[SRQHQWLDO VPRRWKLQJ ILOWHU ZDV DSS
SHULRGIRUVPRRWKLQJ 7KLVDOJRULWEKRDZWVRWHYHINEGRRWKLRG XBHWRQ
WKLV IRUFH KNXDYWH@R QL KHUH WKH WLPH VWHS LV XVHG DV D IUDFWLRQ RI V
IDFWRU 7KLV ILOWHULQGXFHV D SKDVH ODJ

_t
=1 e0:03%

7JRVKRZWKHLQIOXHQFHRIWKLVIRUFHILOWHULQJ WKHGLUHFWO\FRPSX\
DIJDLQVW WKH ILOPMWBKUHGWRUKRZIVOVKH LQVW D QW D QHRRW Ll R Q FH A § DOKRIY
LQWURGXFHG SKOMHEIODMKRZQ DV WKH FRORXUHG EDU 7KH GLIIHUHQFH EH
ILOWHUHG IRUFH VKRZV WKH QHFHVVLW\ RI WKLY FRQVWUXFWLRQ WR DFT:



JLIXUH 7KH QRQ GLPHQVLRQDO ILOWHUHG DQG QRQ ILOW RBMWGE RQGU RGMHYD B IVPIRRRMW K 1VMQ.J Q
t
FRHIILFLEQW &0~ ZDV LPSOHPHQWHG IRUWKH VPRRWKHG VLIQDO

(SQEMR 7M1 ERH &SYRHEV] 'SRHMXMSRW
7KH VLPXODWLRQ IUDPHZRUN LQ :DWHU/LO\ ZDV GHILQHG E\D VHW RI SDU
UDPHWHU YDOXHV WLPH GHSHQGHQW JHRPHWU\ ERXQGDU\ FRQGLWLRQ
JULG XSGDWLQJ 7KH VLPXODWLRQ IUDPHZRUN ZDV GHILQHG DV LQ WKH |
HWHU WKDW GHILQHY JHRPHWU\DQG GRPDLQ VLIHDQG OHQJWK VFDOLQJ
D=2 $V GLVFXWHHRGMLR@KH PD[LPXP MHOO\ILV RPGIUDFHMHOWONT XBEVGRPDL
VLIHLVD PXOWLSOH RI WKHFKDUDFWHULVWLF OHQJWKDQG ZDV GHWHUPL
LXEVHFWLRQKH GRPDLQ OHQJWK LV WKUHH WLPHY ODUJHU LQ WKH WUD
UDGLDO GLUHFWLRQV DV WKHIORZ GHYHORSYVY PRVWO\LQ WKH WUDQVOD
(3D;D;D) LV VPDOO JLYHQ WKDW WKH TXDUWHU MHOO%IID\Q(GJWRHHNRU\V\KL[F\HD
GHYHORS EH\RQG WKH WU B VEERBWA RQDW IOLH/QUWRDKOI GRPDLQ VL]IH ZDV YLD
%LRW 6DYDUW ERXQGDU\ FRQGLWLRQV 7:KIHAER-WXKO O/ VXKEKODWLRQ ZDV JH!
WKH %LRW6LPXODWLRQ FRPPDQG ZKLFKLPSOHPHQWY WKH %LRW 6DYDU\

.QK BM 4 U.- .- .V
177 4 W-y-yV
bBK 4 "BQiaBKmH iBQMU7QKcBIM-4l .f_2-#Q/vh-K2&K " v- V

7TKH %LRW 6DYDUW ERXQGDU\ FRQGLWLRQV DV GRFXPH@MIE EP SH\IRRXW
PHQWHG 7KH HTXDWIOIRKQ WULRXBEGCOWHY WKH YHORFLW\ RQ WKH GRPDLQ
WKH YRUWLFLW\LQVLGH WKHIGRWPWIK® Y R WKLIH-H VX ¥V WIKRHQBSIWKDQGEH EHWZ
WKH YRUWH[ DQG WKH Y HORHL WT ODMWMLREDRULRIQQDWHY IURP DQ DQDORJ\ E
D[LVDQG WKH HOHFWULF FXUUHQW LQ PDJQHWLVP ,WDVVXPHVY WKDW W|
KDYHV VLPLODUO\WR D PDJQHWLFILHOGDURXQG D FXUUHQW FDUU\LQJ Z|
ZHUH DSSOLHG WR WKH QRQ V\PPHWULFDO SODQHV RI WKH GRPDLQ

z
ux)= Uy + K(r) !(y)dy
r
“0T T
$VWKHMHOO\ILVKVWDUWYV PRYLQJ IURBUHNWH VKR WRIDW K 050 UHRFAVALAR@G 7\
PHDQV WKDW WKH VLPXODWLRQ VWDUWYV ZLWK D VWDWLRQDU\EDFNJURXQC
MHOO\ILVK DFFHOHUDWLRQDQG YHORFLW\ LQ VXE ¥ BTXIH\Q GHWIL® H G/ IMHBR/
WKH FRQYHUJHQVFXEWWEB\LR@KH NHUQHO ZLGWKZ IWKVHARVIWRDGGUHVVHG L
VXEVHFWLRQ



$ VIPPHWU\ ERXQGDU\ FRQGLWLRQ ZDV DSSOLHG WR WKH TEXW RIlI ERXQG
WLRQDO FRVWV :LWKWKHVH V\PPHW U\ SEDUWQH\D \R RBNHIERMD R B/H U LRPUK IODOM |
IRUWKH 'DQG 'FDVHV UHVSHFWLYHO\ 7KH V\PPHWU\DURXQG WKH [ D[L
WLRQ VKRXOG EH DYSOERBQREIDWYKBIWXIUG 7KLV FRQGLWLRQ VKRXOG DOVR ¢
RQ WK ERXQGDU\ 7KH VIPPHWU\ FRQGLWLRQ UHSODFHG WKH %LRW6DYTL
VIPPHWU\ SODQHV 7KHFRGHEORFNEHORZVWDWHY KRZWKHV\PPHWU\ ER
'DWHU/LO\VLPXODWLRQV 7KLV FRQGLWLRQ HQIRUFHV QRIORZ YRUWLFH
YHORFLW\DW WKH ERXQGDU\ HT XD @ VDGR UHBWHK VW @ R’AHHEORFWLRQV R \
DFURVV WKH ERXQGDUT, HKVPRPELWKOW WKH ERXQGDUYEVY DO VARHQIRUFH
YDOLGDWH WKH DFEXUDF\ RI WKLV VIPPHWU\ FRQGLWLRQ VLPXODWLRQ Il
DQG ZLWK WKH V\PPHWU\ DVV XP S WLIKQYW SHIHY FRMSWW KB IRUFHY RQ D KD O
ILVK ZLWK VAIPPHWU\ ERXQGDU\ FRQGLWLRQV FRP S DIXUHVERRAWK R RHRRWD D | X
" )LIXUHFRQILUPV WKHDFFXUDF\RI WKLV PHWKRGIRU 'DQG ' ,WVKRXOC
G\QDPLFV PD\ EH PLVVLQJ ZKHQ DSSO\LQJ WKH V\PPHWU\ FRQGLWLRQV ,F
FRQGLWLRQV KDOYHG WKH GRPDLQ VL]JHLQ 'DQG TXDUWHUHG LW LQ ' Wt

BKTQ"BQia p "i"*BMi2° +iBQM-BK ;2-bvKK2i'v
IBMHBWM®EM+iBbQKK2i vU -hXX\Kb

h -b;M BK ;2Uh-bBx@V V-

h -b;M BK ;2Uh-bBx@V V-

h -n 4BK ;2Uh -bBXx2W V-

2imMBMi2° +iBQMU xXhWhbMBMi2® +iBQMU -XRXW ;b

b;MUBMi2  +iBQMU XKWb;MBMi2  +iBQMU -KXWKV;b

2M/

D7ZR GLPHQVLRQDO E7KUHH GLPHQVLRQDO

JLIXUH &RPSDULVRQ RIQRQ GLPHQVLRQDO IRUFHVY EHWZHHQ D IXOO MHOO\ILVK PRGHO DQG
ERXQGDU\ FRQGLWLRQ UHSODFLQJ WKH RWKHU KDOI TXDUWHU &RPSDULVRQV DUHJLYHQ IR
FDVHV

7KH VFDOH RI WKH VLPXODWLRQ LV GHILQHG EN VORI & K DRECPEGIBULXY WLF Y
PHULFDO YLVFRVIWDWHG WKH OHQJW KD \EP2B MHF R WEAH( QYBNRIER @ K H
FKDUDFWHULVWLF YEHQRPHDQLWYY MWK IBMR YHORFLW\ XQLW LQ :DWHU/LO\ F
RP:42 " @ 7R VFDOH UHVXOWLQJ YHQRERW L RED WIK$HS\OR Wk, K ¥ QVHK H
FKDUDFWHULVWLF YHORFLW\JLYKE8 QEBPBYLBDOWRUFRVLW\ LQ :DWHU/LO\
PDWFK WKH LQSXW 5HR&QREGY @ XWEHR X K XVRWYRQ J

_up
" Re

‘DWHU/LO\XVHV D QRQ GLPHQVLRQDO LQSXW XMLW HRBK PKIO DI RQVBEXRI® XL
ZDV GHILQHG DV D PXOWLSOH RI F\FOHV ty R WMKRZQGRHY [0304RE) QELIMRIQDO WL P
WKH VROYHU WKLV LV FRQYHUWHKGRKR. U QEF R WD R QUYP B RW K H FVALIPYHHYV W |
WLPH XQLWY ZHUH FRQYHUWHG LQWR QX PTH{DLW DRQY K PIFD BISW R SWKLHD WR-DW L
VWHS ZDV GHWHUPLQHG ZLWK D FRXEVBFQYERGWXG\ JLYHQ LQ



t—t-E—t-Z—p

T 'u T T
7R FKHFN WKH DFFXUDF\ Rl WKH VFDOLQJ SDUDPHWHUV D FRPSDULVRQ L
SDUDPHWMNHG LQ WKLV VLPXODWLRQ DQG JLYKIQ WB\6WOXWQ MM QW RXKDO Q-
WKLV VLPXODW IOBRZ) MAMWXS BRWKH SURYLGHG YDOXH

D D 1
Stz — = ——_=_—_=0:52
UT ~ U(TD) 1936 [

TMKRIH(MWXERGI*YRGXMSR ERH/IVRIP ;MHXL
$ QXPHULFDOO\DSSURSULDWH JHRPHWU\UHTXLUHV D ZHOO GHILQHG VLJ
QXPHULFDO VHWWLQJYV 7KHVLJQHG GLVWDQFH IXQFWLRQ 6') UHSUHVHQ
LQJDVLIQHG YDOXH WR HDFK GRP D L BHROHD VIKUHHNRIUWDKIFO ZW IBDVAKK HU H 1 O X |
HTXDWLRQV RYHUODS 7KH SRO\OLQH GHJUHH LV WKH GHJUHH RI WKH FXL
LQIOXHQFH RI WKHVH SDUDPHWHUV RQ WKHJHRPHWU\LV GLVFXVVHG DV L
RI'WKLVPRGHO WKDW UHTXLUHG WKHHDUOLHU GHVFULEHG VLPSOLILFDW

6LJQHG GLVWDQFH IXQeWRWAUGLO\ VROLG ERGLHV DUH UHSUHVHQWHG E\
WLIRQ) ZKLFK UHWXUQV WKH VKRUWHVW LW R IWNEKFHHEIR ® PVIX DUD BHO R E B VR
LQGLFDWLQX GKHWKBVLGH RU RXWVLGH dKMH ERDA L § YD®OHMWRHK GR G\

WKH IOXHG ODRQGWKH ERG\ ERX QG Di(Xjt) FOP WBEBHQULG WKHUHIRUH GHILQHV
ERXQGDU\ DV WKAIKMHWRDQG FDQ GHVFULEH FRPSOH[ WLPH GHSHQGHQW
3DUDPHWULF%RGLHV H{IWHQVLRQ LV DSSURSULDWH IRU WKLV DSSURDFK
HIILFLHQW H YIXQXDMRPRIQVRPIDO O VHW RI JHRPHWULF SDUDPHWHUV 7KLV MF
VXUIDFH FRQVWUXFWHG IURP VSOLQH FXUYHV WKURXJK SUHVFULEHG FRQ
ORFDWLRQV DQG WKH VSOLQH GHILQLWLRQ XVHG WR FRQQHFW WKHP DO
GLVWDQ&KHLHOI®@FH PRYLQJWKHFRQWURO SRLQWYV UHVXOWV LQ D ERG\"
PDLQ 7KH '"VLJQHG GLVWDQFH IXQFWLRQ IRU WK IXWHDOVOWIKN K QHWR BW WAL
VWHS RIWKHVLPXODWLRQ 1HJDWLYHUHG YDOXHVLQWKHERG\DQG SRVL
7KH REVHUYHG ZKLWH OLQH VKRZV WKH ERG\ ERXQGDU\

JLIXUH 7ZR GLPHQVLRQDO VOLFHRI WKH WKUHH GLPHQVLRQDO GRPDLQGZOWK VLIQHG GLV

7KH NHUQHO ZLGWK LV D PHDVXUH RI WKH UHJLRQ ZKHUH IOXLG DQG VROL
WKH VLIQHG GLVWDQF® I KIQIPWLL\R Q@ KiRI2IOADV WKH VPRRW K @ HWIKRWK H

VROLDBQG IOXD®W WKH UHVSHFWLYH LQVLGH DQG RXWVLGH Rl WKH UHJLRQ
PDWFKWKHIOXLG DQG VROLG HTXDWLRQV ,QFUHDVLQJWKHNHUQHO ZLG\



GLITHUHQFHV EHWZHHQ VROLG DQG IOXLG FDQ EH fVPHDUHGY DQG ZRUNV
NHUQHO ZLGWK LVJIJHQHUDOO\PRUH DFFXUDWH IRUUDSLG JHRPHWU\ FKDC
SHDNV EHFDXVH WKH VROYHU KDV D VPDOOHU UHJLRQ WR FRPSHQVDWH IF
DUHODWLYHO\ VPDOO NHUQHO ZLGWK ZLWK UHGXFHG SUHVVXUH SHDNV
VLPXODWLRQV DNHUQHO ZLGWK RI JULG FHOOV ZDV GHHPHG DFFHSWDE

YLIXUH 6FKHPDWLF RYHUYLHZ RI WKH UHJLRQ EHWZHHQ WKH VROLG DQG IOXLGTERXQGDULHV
NHUQHO DIQGMWKKH ERXQGDU\ VPRRWKLQJ UHJLRQ DUH VKRZQ

"XULQJWKHFRQVWUXFWLRQ RI WKLY QXPHULFDO PRGHO VHYHUDO SUREQ
WLRQ WKDW GHILQHG WKHJHRPHWU\ B3UREOHPV WKDW RFFXUUHG ZHUH JK
HWU\ SDUWV HVSHFLDOO\DURXQG WKH IODS 7KLV OHG WR DGMXVWPHQMW
SUREOHPYVY $GHJUHH SRO\QRPLDOZDV XVHGWRFRQQHFWWKHFRQWUROG
+LJKHU RUGHU SRO\QRPLDOV UHVXOWHG LQ HUURUV LQ WKH VLIQHG GLV\
WKHQHZHU YHUVLRQ RI WKH 3DUDPHWUGG KRIGR O VWHH W HQD/E RQIH ZDV VOLJ
WRDYRLGLQVLGH RXWUHJLRQVLQ WKLV WKLQUHJLRQRIWKHJIHRPHWU\
DGGUHVVHG LQ /DXEHU HW DO

6IWIEVGL 1IXLSHSPSK]

7KH GHYHORSHG PRGHO UHTXLUHYV QXPHULFDO EHQFKPDUNLQJDQG SK\VI
VHULHVY RI FRQYHUJHQFH DQG YDOLGDWLRQ VWXGLHV ,Q DGGLWLRQ WHK
SOHPHQWHG NLQHPDWLF DOJRULWKP ZDV HYDOXDWHG WKURXJK VLPXOD\
LGHQWLIV\RSWLPDO DFWXDWLRQ PRGHYV

'SRZIVKIRGI ERH:EPMHEXMSR

, Q&) VWXGLHY QXPHULFDO FRQYHUJHQFHLVDQLPSRUWDQW LQGLFDWRI
&RQYHUJHQFH ZDV DVVHVVHG E\ VIVWHPDWLFDOO\ YDU\LQJ D VHW RI QXP
KDYLRXU GLG QRW VLIJQLILFDQWO\ FKDQJH ZLWK IXUWKHU UHILQHPHQW

VHVVHG E\ FRPSDULQJ VLPXODWLRQ UHVXOWYV ZLWK QXPHULFDO DQG H[SF
IREDUVLD WXEXGRVBXVWHHF®LROKH SUHVHQW PRGHO DGRSWV WKH VKDSH

FKDUDFWHULVWLF SDUDPHWHUV GHIMKHL® B\ bDKLRHMM DOPRGHO SURYLGH!
GDWD WKDW HQDEOH GLUHFW FRPSDULVRQ IRU YDOLGDWLRQ

$ EDVHFDVH FRQILIXUDWLRQ ZDV GHILQHG DQG XVHG IRUWKH FRQYHUJHC
FDVHFRQVLVWV RID '"TXDUWHU GRPDLQ MHOO\ILVK VLPXDIMDBMIHRQ ZLWK \
7KLY EDVH FDVH GRHV QRW LQFOXGH DQ\ NLQHPDWLF YDULDWGRQY WR WK
WKHUHIRUHLGHQWLFDO HQVXULQJWKHFRPSDUDELOLW\

7JRFRQILUP WKHQXPHULFDO FR Q@Y IBRPHDQBH IV} K HDIVW D GG & WG RML P H VW H

6HH *LW+XE3XNMVRAHWULF%RGLHY MO ,VVXH



YHORF LW\ W FDDog
LQLWLDO| Y:H QR 6 D)W \
GXW\ F\FOH| 040
ILUVW SHUTLR G00
VHFRQG SHY L RI®O
JOLGLQJ L @WHQODOD O

7TDEOH .LQHPDWLF VHWWLQJV RI WKHEDVHFDVH 7KHVHDUH WKHVDPHNLQHPDWLF VHV

t ZHUH YDULHG 7R YHULI\WKH DSSURSULDWH YDOXHV WKH EDVH FDVH ZI
I[URP! 27 GRPDLQ VLEHZIQYRR3;1;1) D DQG PD[LPXP WL P H:25V H®I URKH
WLPHVWHS LQ :DWHU/LO\VLPXODWLRQVLVJHQHUDOO\GHWHUPLQHGLQW
/HZ\ &)/ VWDELOLW\FRQGLWLRQ ,Q :DWH U I\ Wi L) VZIKHSJHHPHQWH G L
WKH PD[LPXP DGYHFWLQJYHORFLW\LQDVLQJOHthMLGBR®DG RN PDES8MND
ERXQG RQ WKH WLPH VWHS VL]H DQG FDQ EH YDULHG 7KH ILOWHUHG IRU
DQG XVHG IRUWKH FRQYHUJHQFH FKHFN DV LW VHUYHV DV WKH EDVLV IRL
DQG SRVLWLRQ Rl WKH FHQWUH RI PDVV 7KH URRW PHDQ VTXDUH HUURU
(TXDWLRQ@KHJHY WKHLQVWDQWDQHRXV IR U HLR/IW/KKHH WH. FHXUCHDQWF HRYQD DX G
LV WKH LQVWDQWDQHRXV IRUFH RI WKH VLPXODWLRQ ZLWK WKH ILQHVW S
LOHFWLRQ

S

I_J
szl (f; fr5)?
N

rmse(f) =

7KH EDVH FDVH ZLWK FRQYHUJHG QXPHULFDO VHWWLQJV ZDV XVHG WR YI
VWXGLHV WKHLQSXW NLQHPDWLFV DQG UHVXOWLQJ G\QDPLFV ZHUH FRP
PLQJK\GURPHGXVDH LQ &ROLQ DME MRIWWE)OORVXOWYV LQ /LSLQVNL DQG 0
6DKLQ DQG ORKVHRQG 6DKLQ HW D®&H SUHVFULEHG NLQHPDWLFV ZHUH YDC
FRPSDULQJ JHRPHWU\ IUDPHV GXULQJ RQH PRWLRQ F\FOH WRAMKRVH SUH
JHRPHWU\DQG PRWLRQ DFFXUDF\DIWHU DSSO\LQJ WKH VPRRWKLQJDQG ¢
SRLQWV ZDV REVHUYHG DQG TXDQWLILHG )RU TXDQWLILFDWLRQ SXUSRV
URU 1506( ZDV DSSOLHG ZKLFK LV WKH 506( QRUPDOL\F)GDENMRH VLIQDO
7KLV TXDQWLILHVY DPSOLWXGH DQG SKDVH GLITHUHQFHYV +RZHYHU LW FD¢

Ap
t=1 (Y1 Y21)2

NRMSE (y) = T

1;max yl;min

7KH LQVWDQWDQHRXV RUDO FDYLW\ YROXPH DQG WKH YHODU RSHQLQJ GL
SDUHG WR WKH YDOXHV JLYHQ LQ /LSTRNRUDQGDRKWMHYROXPH LV WKH YRC
LQVLGH WKH MHOO\ILVKYV FDYLW\ 7KH YHODU RSHQLQJ GLDPHWHU LV WK
MHOO\ILVK YHOXP 7KHVH SDUDPHWHUY FDQ EH FRPSXWHG IURP WKH JHR
XPHFDQEHFRPSXWHGE\HYDOXDWLQJWKHYROXPH HQFORDMARQVKH LQC
7KH YHODU RSHQLQJ GLDPHWHU LV WZLFH WKH GLVWDQFH IURP WKH \ D[L
YHOXP 7KHILQDO YDOLGDWLRQ FRQVLVWHG RIFRPSDULQJWKH UHVXOWL
LQ &ROLQ DQG &R \VD/HEOEDRKLQ HW DO

4EVEQIXVMG 7XYH] (IWMKR
$QREMHFWLYHRIWKLYUHVHDUFKZDVWRDSSO\WKHGHYHORSHG QXPHUL
VHOHFWHG NLQHPDWLF SDUDPHWHUV DUH YDULHG 8\MIRUMGIBDQWMEXPB RVBLHQ'
WLRQGLVFXVVHG D VHW RI VLPLODU VWXGLHY UHJDUGLQJ \6DUPPIINJI SHU
WXEXORMDYPHG RQWKHLGHQWLILHG OLPLWDWLRQVDQG UHFRPPHQGDWLRC
ZDV GHILQHG WR DVVHVV D QHZ VHW RINLQHPDWLF SDUDPHWHUV 7KLV U
GXW\ F\FOH YDULDWLRQ VXFFHVVLYH PRWLRQ SHULRG YDULDWLRQ DQG .



PDQFH6RUVLD WXEXEBRVD VLPXODWLRQ PDWULFHV LV GHILQHG WR SUHVH(
IRUWKHVH VWXGLHYV

$ VHW2RG XW\ F\FOH YDULDWI2RRDADEHM QHGIDWHEZLWK QR SHULRGLF YDUL
DQG JOLGLQJ WLPH LQFOXGHG LQ WKH NLQHPDWLFV 7KH )LIJXUH VKRZV Z
VLPXODWLRQ ARLVH GDOMALFDO WR WKH EDVH PRBVH DL VERDHEKWYXHF\PFOH RI
KLIKHU GXW\ F\FOH 3AKHI2KDWY HDVBIRZHU GXW\ F\FOH %D O G ZWDDWH3E% D W'
WKDW GXW\FAFOQOBWRRIHU JRRG SRVVLELOLWLHV IRULQFUHDVHG SURSXOV
DVVHVVHG ZLWK WKHVH VLPXODWLRQ FDVHV

JLIXUH 6HYHQ EDVH FDV¥HV ZI2ZWKPXODWHG WR GHWHUPLQH D6@E S IV ADXE &EEARNP\FOH R

7KH VLPXODWLRQWPIXWH MKRZLVMKH YDULDWLRPMRUWKHDRIBUWIRGLQJ WLPH
JLIXUH WHKDW ZHUH VLPXODWHG 6LPXODWLRQV ZHUH FRQGXFWHG RQ W
RSWLPDO IRU SURSXOVLYH LPSURYHPHQWYV £Q R\W IO PR WXIWBHYLDQV W LV W
UHSUHVHQWYV WKH VLPXODWLRQ VHWXS IRUJOLGLQJLQWHUYDO DQG SHUI

DO9DULDWLRQ RIVXFFHVVLYH SHULRGV E9DULDWLRQ RI'JOLGLQJ WLPH

JLJXUH 6LPXODWLRQ PDWULFHVY SUHVHQWLQJ WKH FRQGXFWHG VLPXODWLRQV ZLWK WKH D
SUHVHQW PRGHO

JLIXUH 6LPXODWLRQPDWUL[SUHVHQWLQJ WKH VLPXODWLRQV FRQGXFWHG ZKHUH YDU\LQ
FRPELQHG

7R DVVHVV WKH SURSXOVLYH HIILFLHQF\RI WKH MHOO\ILVKLQ HDFK FDVH
$OWKRXIJK WKH QRQ GLPHQVLRQDO YHORFLW\ RI WKH MHOO\ILVK FHQWUH
SURSXOVLRQ LWGRHVY QRW LQFOXGH WKH FRVW RI WKLY SURSXOVLRQ 7k
DQG %DWWL\DWEB %DOH HW EZOV XVHG DV D UHIHUHQFH WR GHILQH D VLPLOI



LQ :DWHU/LO\ 7KH FRVW RI WUDQVSRUW ZDV JLYHQ DV WKH IUDFWLRQ RI L
YHORFLW\ RUVLPLODUO\ WKH ZRUN GLYLGHG E\ SRVL®HIRQ F&DNKH FRD\WU
RIWUDQUBRVYWDXDWLRXVLQIJWKHFRQWUDFWLRQ SRZHUDQG QRQ GLPHQ

RI FKDUDFWHULVWLF SDUDPHWHUV 2QO\ WKH VWHDG\ VWDWH VZLPPLQJ
VWDUW XS HIITHFWYV

PNy o .

COT = j=1 IR U

N (+)2Vu

7R DFTXLUH COMLPQODWHUITXKDOWLR@DV XVHG 7KLV VFDOLQJ XVHV WKH WLS
K\GURG\QDPLF FRQWUDFWLRQ IRUFH WR FDOFXODWH WKH LQSXW SRZHU
WKH MHOO\ILVK RQ WKH VXUURXQGLQJIOXLG HTXDOV WKH IRUFH H[HUWH
LV FRPSXWHG DV WKH SRVLWLRQ FKDQJH RI WKH FRQWURO SRLQW RQ WK
7KH SRZHU HTXDOV D PXOWLSOLFDWLRQ RIIRUFH E\ WLS YHORFLW\ ZKLF
YHORFLW\RI WKH FHQWUH RI PDVV WR REWDLQ WKH FRVW RI WUDQVSRUW
LQ SRVLWLRQ RIWKHRXWHU YHOXP FR QWA B RT QML WD QRHD\QW IR X VDS/RI
LV FRPSXWHG E\ PXOWLSO\LQJ WKH WLS YHORRIWD ®W\L\WRHKMUDQVE®DRQR Q
wsyy FDQ EH DSSOLHG WR QRQ GLPHQVLRQDOLVH WKLV FRVW RI WUDQVSR
VDPHDV XVHG IRUWKHIRUFH DVWKHWZR YHORFLWLHYV FDQFHO RXW 7KH
DVDQRQ GLPHQVLRQDOLVHG IUDFWLRQ EHWZHHQ PHDQLQSXW SRZHUDQ

DGMXVWPHQWY WR WKLYV DSSURDFKPD\EHUHTXLUHG ZKHQHYDOXDWLQJ\
SHULRGYV

katip (t+ ti CPyp (1) K

Utip
Pinst = Utiijxj
Pinst

u

COT =

6LPLODU WR %DOGZLQ D QW KWDWWWHIDVAN D/ WDWH VZLPPLQJ ZDV XVHG IRU WK
COT 7KLV VWHDG\ VWDWH LV PDUNHGIRUWKH7BROODGHRQWH.D\ VQKH ILUVW F\F
VWDWLVWLFDOO\ fFRQYHUJHGESSHQGDNY WKHGE ORIV WEPRILQ WKP LGHQ
WLPH VWHS DW ZKLFK D VLJQDO LV VWDWLVWLFDOO\ VWDWLRQDU\ EDVH(
7KH PHDQ YHORRPLKH EOXH DUHD 2OV BKRAHSSXVWVRDWLRQV 6LPLODUO\ WKH I.
LOQOVWDQWDQHRXV IRWPRH EB?P SOVWMGWRRQ 7IKOUHMKIRHWH ORMHLQFOXGH VWD
HITHFWV DQG WKH HIILFLHQF\ PHWULF ZDV D S SE@MUURVE B/ R WEOHORWIBD G\ VWD



6IWYPXW

7KLVFKDSWHU SUHVHQWV WKHUHVXOWVDFTXLUHGZLWKWKHGHYHORSHC
PHWKRGV ZHUH LOMABR/GERBHGEW QR QV DQG GHPRQVWUDWH WKH QXPHL
DIJUHHPHQWRIWKLVPRGHODQGWKHUHVHDUFKLWVXSSRUWY 7KHEDVHF
LQFOXGLQJWKHIRUFHGHFRPSRVLWLRQDQG ZDNHEHKDYLRXULQ WKLV PF
GXW\F\FOHYDULDWLRQ ,Q6HFWLRQ WKHUHVXOWY RIWKHNLQHPDWLF
SHULRGLF YDULDWLRQ JOLGLQJ LQWHUYDO DGGLWLRQ DQG D FRPELQDMW
WR EHQFKPDUN WKH PRGHO FDSDELOLWLHY 7KLV ZRUN VKRXOG H[SRVH F
ZKLFKDUH SUHVHQWHG LQ 6HFWLRQ 7KHREVHUYHG UHVXOWV DQG SUR
WR WKH OLWKDBWMNUH LQ

2YQIVMGEP :IVMhGEXMSR

7KH FRQYHUJHQFH VWXGLHV UHJDUGLQJ WKH QXPHULFDO VHWWLQJV DUF
JDUGLQJJULG VL]IH WLPHVWHSDQG GRPDLQ VLIHZHUH FRQGXFWHG

+VMH 7M"7I

$JULGFRQYHUJHQFH VWHR Gf 73240218 8664 148 YDV FRQGXFWHG ZKHUH WKH L
WDQHRXV K\GURG\QDPLF IRUFH VLJQDO ZDV FROOHFWHG GXULQJ VWHDG\
RIWKHQRQ GLPHQVLRQDO IRUFHUHODWR2Y H WIRFW B B VDQHVGAVDIMWE N R 6 KWL
VROXWLRQ LM YXBHQ7ZKRH UHVXOWV LQGLFDWH D WUHQG RI GHFUHDVLQJ 5
VL]JH +RZHYHU JULG LQGHSHQGHQFH LY QRW DFKLHYHG ZLWKLQ WKH WHYV
QDO RYHU PRWLRQ F\FOHM LXWEUHREHQYMHGQRIULG VL]JH WR LOOXVWUDWH
GLIIHUHQFHV 7KH FRDUMH\ZYH[KLE VW]EMRIDWLRQV LQ IRUFH PDJQLWXGF
7KHLQWHUPHGL 8V H64 BDG WIXJHW WKH PDLQ IRUFH FKDUDFWHULVWLFV DQG
R0:08 ZDV REVHUYHCGDERWEZ BB Q7KLY LV DWWULEXWHG WR GLITHUHQFHV LQ S
WKHVH JULG VL]HV ZKHUH VK2 NROIEH WLO\OMDYCHIRWK RRWY &RQVLGHULQJ W
FRVWV DQG SXUSRVHRIWKH SUH VIHER XDWX\GH OM K MV HIGL GOv0BI RS I(FARIQ
VLGHUHG DFFHSWDEOH IRUWKH SUHVHQW YDOLGDWLRQ DQG EHQFKPDUN
IRUZKHQ LQWHUSUHWLQJ WKH UHVXOWYV 7KH FKRLFH UHSUHVHQWYV D FR
DQG FRPSXWDWLRQDO IHDVLELOLW\ 'LIIHUHQFHV LQ SHDN IRUFHPDJQL
ILFLHQF\ PHWULFV 7KHUHIRUH WKH SUHVHQWHG UHVXOWV UHJDUGLQJ Y
DQ HUURU UHVXOWLQJIURP WKH QXPHULFDO VHWWLQJV

(SQEMR 7M"I
7KH GRPDLQ VL]H ZzDV H[DPLQHG E\ FRPSDULQJ WKH K\GURG\QDPLF IRUF}
(3D;D;D) bQ@GD;D;D) ,QLIJXUH WKH LQVWDQWDQHRXV IRUFH VLJQDOV IRU ER
JLYHQ ,W ZzZDV REVHUYHG WKDW GLIIHUHQFHV LQ IRUFH DUH VPDOO $V D
(3D;D;D) UHODWLYH WR WKH VRO XWER 2D;I Y MTKHDER PIIRLERWIS)IWH DFFXUDW I
G\QDPLF SDUDPHWHUV IURP WKH PRGHO WKH VPDOOHVW GRPDLQ VL]H L'



D5RRW PHDQ VTXDUH HUURU E,QVWDQWDQHRXV K\GURG\QDPLFIRUFHRYHU PRWL!

JLIXUH &RQYHUJHQFH VWDWLVWLFXR IURRMIRHGBGQ VY PXDIWVAKHUK\RBW RG\QDPLF IRUFH RYHU PF
F\FOHH ZLWK UHVSHFW WR WKH ILQHVW JULG VL]H

VPDOO GRPDLQ VL]H ZDVDWWULEXWHG WR WKH XVHRIWKH %LRW 6DYDUW
IRUERWK GRPDLQ VL]HV WKH H[SHOOHG MHW YRUWH[ ULQJV GHYHORSHG
GRPDLQ VKRZ@WK $ ODUJHU GRPDLQ VL]HLQ WKH WUDQVODWLRQDO GL!
IRU YRUWLFLW\ DQG ZDNH VWXGLHV 7R FRPSXWH WKH SURSXOVLYH PHW
(3D;D;D) ZDV XVHG )RU YRUWLFLW\ DQG ZD N H6DWXG LADV WEKSIOARIBDLQ VL]H

JLIXUH 7KH LQVWDQWDQHRXV K\GURG\QDPLF IRUFH VLUPRWLURQ FOROHQJ GRPDLQ VL]

8MQI 7XIT
$ FRQYHUJHQFH VWXG\ WR GHWHUPRQMLIPXOBWURQVLDDWHFRQGXFWHG ZL
t = 0:050:10,0:15,0:20,0:25 7KH &)/ UHVWULFWLRQ EXLOW LQWR :DWHU/LO\ LQ FR
SRLQW DQG WKH 185%6 PRGHOOLQJDSSURDFK UHTXLUHV ILQH¥ JULGV WF
005 JRUILQHU JULGY WKH VSDWLDO VFDOH GHFUHDVHV DQG WKH &)/ UHVW
7KHUHIRUH LW ZDV RQO\ SRVVLEOH WR FRQGXFW D WLPH32WHRKBHRQYHUJ
UHVXOWLQJ506 HUUR U\ DIXHUSDE 8MXWMH® VY DQWDQHRAIXUVRUFEWLIQDO L
506( YDOXHV EHFFOBHUKM® DWRLYH WR WKH ILQHVW WLPH VWHS 7KLV GLIIHU}
ILOWHUHG IRUFH VLJQDO V=BRHIWHODKH HRIUGXRIQJ FRQWUDFWLRQ DQG H[S
HUURUV DUH FRPSXWHG IRU WKH X¥8 8D QGILIHE MRUEBWHUWMNE QRIUFH VKRZV
QRLVH OHYHOV IRU VPDOOHU WLPH VWHSV ZKLOH WKH XQGHUO\LQJ IRUF
WKDW WLPH VWHS FRQYHUJHQFH RI WKH K\GURG\QDPLFIRUFHFRXOG QRW
FRQVLVWHQWO\DGMXVWV IRUFH SHDNV ,W LV GLIILFXOW WR DWWULEXWH
PD\EH WKDW WKH SUHVVXUH SHDNV UHVXOWLQJIURP WKH XQVWHDG\FRQYV
VPDOOHUWQGXFLQJ WKH REVHUYHG KLJK IUHTXHQF\ QRLVH 7KH REVHUYHG
WR WKH DSSOLHG IRUFHILOWHU D\GW&HQY®RRY KLIQH G R RIDEHRDUW LP H VW
VLQFH WKH EHKDYLRXULVREVHUYHG IRUERWK ILOWHUHGDQG XQILOWHU
FDXVH 7KHILOWHUPD\VXSSUHVV KLJK IUHTXHQF\RVFLOODWLRQV DQG L
IRUFH EDODQFH LV DOUHDG\ SUHVHQWD 7RV ZRX B0 WHVREHIWHMALBLWDIHE BUH Y



WKH WLPH VWHS LU\ YJHAWLQ EWHKE WRDY WKHUHIRUH XVHG LQ WKH SUHVHQ'

D5RRW PHDQ VTXDUH HUURU E.QVWDQWDQHRXV K\GURG\QDPLF IRUFH

JLIXUH &RQYHUJHQFH VWDWLVWLFV RI W KHKEXRRINL PBIO @/ DXRIWHISUKNGW RG\QDPLF IRUFH
RYHU PRWLRQ FREOMHDU\LQJ WLRWLMWMNHSEKH VPDOOHVW WLPH VWHS DV UHIHUHQFH Y|

"EPMHEXMSR

7KH H[SHULPHQWDO DQG QXPHULFDO UHVXOW V/LISLH)Y NQ R R G I0R R QIERELR VW
DQG 6DKLQ HW RBUH XVHG WR YDOLGDWH WKLV PRGHO 7KHLU QXPHULFDO
DGLIIHUHQW PRGHOOLQJDSSURDFK IURP WKDW HPSOR\HG LQ WKH SUHVH
6DKLQ DQG ORKVHQLDQ D[LV\PPHWULF $/( VROYHU ZKHUHDV WKLV UHVHD!
DSSURDFK RQ D XQLIRUP &DUWHVLDBFWLREQG RN B FHULLFEHBMDI UHVXO WV
DQG &RVWHOWORIDUG D GLITHUHQW B I=]H85 MAHO@® \ LYVE WKWK DOLGDWLRQ UH
WKHUHIRUH FRPSXWHG ZLWK D VFDOHG YHUVLRQ RI WKH EDVH FDVH

+ISQIXV]ERH1SXMSR :EPMHEXMSR

7R FRQILUP WKH DFFXUDF\ RI WKH MHOO\ILVK PRWLRQ F\FOH WKH MHOO\II
WRLIJXUHE\ SORWWEXQU=WKRHRQWRXU RI WKH VLIQHG GLVWDQFH IXQFWLRQ
WKHVDPHWLPHVWHSVDVLQWKH)LIXUH $WZR GLPHQVLRQDO VOLFHRI\
IRUWKLY YLVXDOLVDWLRQ 7KHFRPSDULVRQ RI WKINHQ@HP DM HRAWLHVAW L C
t = £1;2,3;4;5;6;7;8,99T=10 D QtG= f4;5;6;7;8,99T=10 7KH GDUN UHG GDVKHG OLQHV UHS!
MHOO\ALVK RXWOLQH RI WKLV PRGHO DW WKH JLYHQ WLPH VWHS ZKLOH W
WKH SDSHU 7KH OHJHQG VKRZV ZKDW FRORXU FRUUHVSRQGV WR WKH JL
WKH JHRPHWU\ RXWOLQHV DW HDFK WLPH VWHS DUH VLPLODU DOWKRXJK
ZDVDWWULEXWHG WR WKHWKLFNHU YHOXP DSSOLHGLQ WKHSUHVHQW PR
6DKLQ HW DO

7KHWKLFNHU YHOXP DGMXVWYV RUDO FDYLW\ YROXPHDQG YHODU RSHQLAQ.
PDWLF YDOLGDWLRQ FRQFHUQHGWKHRUDO FDYLWA\YROXPHDQG YHODUR:
PRGHO ZHUH FRPSDUHG WR WKRVH UHSRUWHG)EVUXUBH Q@KLIXQE ORKVHQL
SUHVHQW WKH FRPSDULVRQ RI WKHQRQ GLPHQVLRQDO RUDO FDYLW\YRO
WLYHO\ 7KH VROLG UHG OLQHVY UHSUHVHQW WKH :DWHU/LO\ FRPSXWHG S
GDWD IURP /LSLQVNL DQG ,@RBEXBK®ID EHQRWHY WKH PD[LPXP EBQOO GLDPHYV
WKH YHODU RSHQLQJ GLDPHWHU 7KH URRW PHDQ VTXDUH HUURU EHWZFE
WLRQ GDWD QRUPDOLVHG E\ WKH VI0AB>-O@ DTXKIH Y HRWWHR/SHRQLEM V&R D P H W
DVLPLODU GHYLDWLRQ DOVRIKDY 1@ JMTXQ VL PFGERUDWH 1506( FRQILUPV Wi
DJUHHPHQW EHWZHHQ WKHPHWKRGY +RZHYHU GHYLDWLRQV EHWZHHQ W
WKDW LQ /LSLQVNL DQGZKRIKKHDQH DWWULEXWDEOH WR VLPSOLILFDWLRQV
UHVXOWLQJNLQHPDWLFV
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