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Abstract

Jellyfish exhibit one of the highest efficiencies observed in the animal kingdom, operating in the optimal
Strouhal number range, despite their limited anatomy and morphology. Compared to other swimmers,
such as salmon, the cost of transport of jellyfish can be up to 3:5 times smaller Gemmell et al. (2013).
To understand their high efficiency, several numerical models have been developed. However, current
numerical models that combine kinematics and hydrodynamics are limited by geometric simplifications,
reduced dimensionality, and the absence of velar kinematics, complicating efficiency research. Accurate
representation of realistic jellyfish kinematics, characterised by complex, time-varying geometry and
active velar control, remains difficult. In particular, no validated fully three-dimensional model exists
that simultaneously captures the full bell geometry and actively controlled velar kinematics of the Sarsia
tubulosa jellyfish. This absence limits the ability to investigate efficiency metrics and three-dimensional
vortex dynamics accurately.

This study presents the development, validation, and benchmarking of a new three-dimensional numer-
ical model of Sarsia tubulosa, implemented in the computational fluid dynamics solver WaterLily. The
geometry is represented using displacing control points connected by non-uniform rational B-splines
(NURBS), enabling biologically accurate reconstruction of the bell, including active control of the (velum)
kinematics. The Cartesian grid, combined with BDIM, avoids remeshing and enables the implementa-
tion of time-dependent kinematics by updating the signed distance function, reducing computational
costs. Hydrodynamic forces are computed by integrating the pressure and viscous stresses over the
body surface, where these stresses are obtained from the numerical solution of the incompressible
NavierïStokes equations. This avoids the analytical thrust and drag approximations commonly used in
reduced-order approaches.

Model validation against experimental and numerical literature data demonstrated moderate agreement
in both kinematics and dynamics. Normalised root-mean-square errors (NRMSE) of 0:113 were obtained
for cavity volume and velar opening diameter, while force and velocity comparisons yielded values of
0:203 and 0:170, respectively. A velocity overshoot was observed during steady-state swimming, which
is consistent with previous rigid-body medusan models. This problem was attributed to the absence
of tentacle-induced drag and fluidïstructure interaction phenomena, such as elasticity and passive dy-
namics. Applying prescribed kinematics was found to idealise the problem, as experimental jellyfish
constantly adjust kinematics during swimming to achieve optimal vortex formation.

Kinematic variation studies found an optimal duty cycle in the range 0:4 < 
 < 0:5 for minimising the
cost of transport (COT), whereas the biologically observed duty cycle is 0:2. This suggests that natural
swimming is not optimised solely for energetic efficiency. In this study, the cost of transport was generally
estimated to be low. Extended gliding intervals produced unrealistically low cost-of-transport values,
indicating that inaccuracies in the force computation influence efficiency trends. Sensitivity analyses
on the forces acting in this model confirmed that steady swimming behaviour is predominantly drag-
controlled and tentacle-induced drag is not modelled. The absence of elastic force contribution in the
cost definition lowers the cost of transport.

Overall, the developed model provides a computationally efficient three-dimensional framework for in-
vestigating trends and phenomena in Sarsia tubulosa swimming. It captures key hydrodynamic trends
and vortex-formation phenomena, although modelling compromises were required for numerical feasibil-
ity. These compromises, combined with the use of rigid-body equations of motion, idealised kinematics,
and the omission of elastic effects and tentacle dynamics, limit full physical realism to evaluate efficiency
metrics. Recommendations for future work include improved force modelling, assessment of symmetry
effects on vortex dynamics in 3D, higher-order geometric representations, and incorporation of passive
elastic velum motion and tentacle effects.
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� Kinematic viscosity [-]
� Phase (t=T ) [-]
� Density [kg/cm3]
� Shear stress tensor [-]
! vorticity strength [-]

b Solid domain [-]

f Fluid domain [-]
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���������1�S�X�M�Z�E�X�M�S�R
�-�H�O�O�\�I�L�V�K �F�R�P�E�L�Q�H �X�Q�L�T�X�H �D�Q�D�W�R�P�L�F�D�O �V�W�U�X�F�W�X�U�H�V �Z�L�W�K �V�R�P�H �R�I �W�K�H �K�L�J�K�H�V�W �S�U�R�S�X�O�V�L�Y�H �H�I�I�L�F�L�H�Q�F�L�H�V �U�H�F�R�U�G�H�G
�L�Q �W�K�H �D�Q�L�P�D�O �N�L�Q�J�G�R�P�� �L�Q �W�H�U�P�V �R�I �V�F�D�O�H�G �V�Z�L�P�P�L�Q�J �V�S�H�H�G �D�Q�G �F�R�V�W �R�I �W�U�D�Q�V�S�R�U�W ���%�D�O�G�Z�L�Q �	 �%�D�W�W�L�V�W�D��
�������� �� �+�R�R�Y�H�U �H�W �D�O������������ ���� �5�K�\�W�K�P�L�F �E�H�O�O �F�R�Q�W�U�D�F�W�L�R�Q�V �D�Q�G �W�K�H �J�H�Q�H�U�D�W�L�R�Q �R�I �Y�R�U�W�H�[ �U�L�Q�J�V �D�U�H �F�K�D�U�D�F�W�H�U��
�L�V�W�L�F �R�I �M�H�O�O�\�I�L�V�K �V�Z�L�P�P�L�Q�J�� �-�H�O�O�\�I�L�V�K �X�V�H �I�O�X�L�G���G�\�Q�D�P�L�F �L�Q�W�H�U�D�F�W�L�R�Q�V �V�X�F�K �D�V �V�X�F�W�L�R�Q �W�K�U�X�V�W�� �S�D�V�V�L�Y�H �H�Q�H�U�J�\
�U�H�F�D�S�W�X�U�H�� �D�Q�G �Y�L�U�W�X�D�O �Z�D�O�O �H�I�I�H�F�W�V �I�R�U �O�R�F�R�P�R�W�L�R�Q ���&�R�V�W�H�O�O�R �H�W �D�O������������ �� �'�D�E�L�U�L �H�W �D�O������������ ���� �7�K�L�V �I�R�U�Z�D�U�G
�P�R�W�L�R�Q �L�V �D�F�K�L�H�Y�H�G �Z�K�L�O�H �K�D�Y�L�Q�J �O�L�P�L�W�H�G �P�X�V�F�O�H �W�K�L�F�N�Q�H�V�V �D�Q�G �P�L�Q�L�P�D�O �Q�H�X�U�D�O �F�R�P�S�O�H�[�L�W�\ ���&�R�V�W�H�O�O�R �H�W �D�O����
�������� �� �3�D�U�N �H�W �D�O������������ ����

�$�O�W�K�R�X�J�K �M�H�O�O�\�I�L�V�K �O�R�F�R�P�R�W�L�R�Q �L�Q�Y�R�O�Y�H�V �F�R�P�S�O�H�[ �I�O�X�L�G�±�V�W�U�X�F�W�X�U�H �L�Q�W�H�U�D�F�W�L�R�Q�V �W�K�D�W �F�D�Q �E�H �F�K�D�O�O�H�Q�J�L�Q�J �W�R
�P�R�G�H�O�� �W�K�H�L�U �D�Q�D�W�R�P�\ �D�Q�G �D�F�F�H�V�V�L�E�L�O�L�W�\ �I�R�U �R�E�V�H�U�Y�D�W�L�R�Q �P�D�N�H �W�K�H�P �L�G�H�D�O �U�H�V�H�D�U�F�K �V�X�E�M�H�F�W�V�� �(�[�L�V�W�L�Q�J �M�H�O��
�O�\�I�L�V�K �U�H�V�H�D�U�F�K �F�R�Q�F�H�U�Q�V �W�K�H �Q�X�P�H�U�L�F�D�O �P�R�G�H�O�O�L�Q�J �R�I �K�\�G�U�R�G�\�Q�D�P�L�F�V �D�Q�G �W�K�H �G�H�Y�H�O�R�S�P�H�Q�W �R�I �E�L�R�P�L�P�H�W�L�F
�S�U�R�S�X�O�V�L�R�Q �V�\�V�W�H�P�V ���&�R�V�W�H�O�O�R �H�W �D�O������������ �� �)�U�D�P�H �H�W �D�O������������ �� �;�L�D�R �H�W �D�O������������ ���� �$�O�W�K�R�X�J�K �D�G�Y�D�Q�F�H�V �L�Q
�D�Y�D�L�O�D�E�O�H �F�R�P�S�X�W�D�W�L�R�Q�D�O �I�O�X�L�G �G�\�Q�D�P�L�F�V ���&�)�'�� �P�H�W�K�R�G�V �D�Q�G �P�R�G�H�O�O�L�Q�J �K�D�Y�H �E�H�H�Q �P�D�G�H�� �G�H�V�L�J�Q�L�Q�J �D�F��
�F�X�U�D�W�H �M�H�O�O�\�I�L�V�K �P�R�G�H�O�V �U�H�P�D�L�Q�V �G�L�I�I�L�F�X�O�W�� �*�H�Q�H�U�D�O �F�K�D�O�O�H�Q�J�H�V �D�U�H �P�R�G�H�O �J�H�R�P�H�W�U�\ �F�R�Q�V�W�U�X�F�W�L�R�Q�� �F�R�Q�Y�H�U��
�J�H�Q�F�H �U�H�O�L�D�E�L�O�L�W�\�� �V�L�P�X�O�D�W�L�R�Q �W�L�P�H �D�Q�G �P�R�Y�L�Q�J �E�R�G�L�H�V �W�K�D�W �U�H�T�X�L�U�H �D�G�D�S�W�L�Y�H �P�H�V�K �U�H�I�L�Q�H�P�H�Q�W �R�U �L�P�P�H�U�V�H�G
�E�R�X�Q�G�D�U�\ �P�H�W�K�R�G�V ���3�D�U�N �H�W �D�O������������ ���� �$�V �D �U�H�V�X�O�W�� �D �G�H�W�D�L�O�H�G �X�Q�G�H�U�V�W�D�Q�G�L�Q�J �R�I �K�R�Z �V�S�H�F�L�I�L�F �N�L�Q�H�P�D�W��
�L�F�V �D�Q�G �D�F�W�L�Y�H �I�O�R�Z �F�R�Q�W�U�R�O �V�W�U�D�W�H�J�L�H�V �F�R�Q�W�U�L�E�X�W�H �W�R �W�K�H�L�U �K�L�J�K �V�Z�L�P�P�L�Q�J �H�I�I�L�F�L�H�Q�F�\ �U�H�P�D�L�Q�V �L�Q�F�R�P�S�O�H�W�H
���&�R�V�W�H�O�O�R �H�W �D�O������������ ����

���������/�R�S�[�P�I�H�K�I �+�E�T
�$ �O�L�P�L�W�D�W�L�R�Q �D�F�U�R�V�V �W�K�H �O�L�W�H�U�D�W�X�U�H �L�V �W�K�H �D�E�V�H�Q�F�H �R�I �D �Q�R�Q���V�L�P�S�O�L�I�L�H�G �W�K�U�H�H���G�L�P�H�Q�V�L�R�Q�D�O �����'�� �E�H�O�O �P�R�G�H�O�� �Z�L�W�K
�D �V�H�S�D�U�D�W�H�O�\ �P�R�Y�L�Q�J �E�H�O�O �P�D�U�J�L�Q�� �$�O�O �U�H�V�H�D�U�F�K �D�S�S�O�L�H�V �V�L�P�S�O�L�I�L�F�D�W�L�R�Q �L�Q �V�R�P�H �Z�D�\�� �H�L�W�K�H�U �W�K�U�R�X�J�K �V�K�D�S�H
�V�L�P�S�O�L�I�L�F�D�W�L�R�Q ���D�V�V�X�P�L�Q�J �D �J�H�R�P�H�W�U�L�F �S�D�U�D�P�H�W�H�U�L�V�D�W�L�R�Q�� �R�U �U�H�G�X�F�H�G �G�L�P�H�Q�V�L�R�Q�D�O�L�W�\�� �'�H�W�D�L�O�H�G �P�R�U�S�K�R�O�R�J�L��
�F�D�O �D�F�F�X�U�D�F�\�� �L�Q �W�H�U�P�V �R�I �K�D�Y�L�Q�J �D �I�O�D�S �D�Q�G �W�H�Q�W�D�F�O�H�V�� �L�V �O�D�F�N�L�Q�J�� �D�O�W�K�R�X�J�K �V�H�Y�H�U�D�O �V�L�P�S�O�L�I�L�H�G �R�S�W�L�R�Q�V �K�D�Y�H
�E�H�H�Q �S�U�H�V�H�Q�W�H�G �D�Q�G �G�L�V�F�X�V�V�H�G��

�7�K�H �I�O�R�Z���F�R�Q�W�U�R�O �P�H�F�K�D�Q�L�V�P �R�I �W�K�H �M�H�O�O�\�I�L�V�K �E�H�O�O �P�D�U�J�L�Q �K�D�V �E�H�H�Q �P�R�G�H�O�O�H�G �D�V �E�R�W�K �D�F�W�L�Y�H �D�Q�G �S�D�V�V�L�Y�H
�D�F�U�R�V�V �V�W�X�G�L�H�V�� �$�V �D �U�H�V�X�O�W�� �V�H�Y�H�U�D�O �P�R�G�H�O�V �H�[�L�V�W�� �H�L�W�K�H�U �H�P�S�O�R�\�L�Q�J �D�F�W�L�Y�H �F�R�Q�W�U�R�O �Y�L�D �S�U�H�V�F�U�L�E�H�G �N�L�Q�H��
�P�D�W�L�F�V �R�U �S�D�V�V�L�Y�H �F�R�Q�W�U�R�O �Y�L�D �I�O�X�L�G���V�W�U�X�F�W�X�U�H �L�Q�W�H�U�D�F�W�L�R�Q�� �1�R �D�F�F�X�U�D�W�H ���' �P�R�G�H�O�� �L�Q�F�O�X�G�L�Q�J �Y�H�O�X�P �F�R�Q�W�U�R�O��
�L�V �F�X�U�U�H�Q�W�O�\ �D�Y�D�L�O�D�E�O�H�� �:�L�O�V�R�Q �D�Q�G �(�O�G�U�H�G�J�H ���������� �� �F�U�H�D�W�H�G �D �V�L�P�S�O�L�I�L�H�G �P�R�G�H�O �D�Q�G �V�W�D�W�H�G �W�K�D�W �S�D�V�V�L�Y�H
�F�R�Q�W�U�R�O �L�V �P�R�V�W �H�I�I�L�F�L�H�Q�W�� �+�R�Z�H�Y�H�U�� �W�K�H �L�Q�I�O�X�H�Q�F�H �R�I �E�H�O�O �P�D�U�J�L�Q �N�L�Q�H�P�D�W�L�F�V �R�Q �W�K�H �S�U�R�S�X�O�V�L�Y�H �H�I�I�L�F�L�H�Q�F�\ �R�I
�M�H�O�O�\�I�L�V�K �K�D�V �Q�R�W �E�H�H�Q �D�V�V�H�V�V�H�G �Z�L�W�K �D�Q �D�F�F�X�U�D�W�H ���' �P�R�G�H�O��

�$�F�K�L�H�Y�L�Q�J �D �Y�D�O�L�G�D�W�H�G ���' �Q�X�P�H�U�L�F�D�O �M�H�O�O�\�I�L�V�K �P�R�U�S�K�R�O�R�J�\ �P�R�G�H�O �W�K�D�W �F�D�Q �E�L�R�O�R�J�L�F�D�O�O�\ �D�F�F�X�U�D�W�H�O�\ �P�L�P�L�F
�M�H�O�O�\�I�L�V�K �N�L�Q�H�P�D�W�L�F�V�� �L�Q�F�O�X�G�L�Q�J �D �N�L�Q�H�P�D�W�L�F �F�R�Q�W�U�R�O �P�H�F�K�D�Q�L�V�P �I�R�U �E�H�O�O �D�Q�G �Y�H�O�X�P �P�R�W�L�R�Q�� �Z�R�X�O�G �E�H �D�Q �D�G��
�Y�D�Q�F�H�P�H�Q�W �L�Q �F�X�U�U�H�Q�W �P�R�G�H�O�O�L�Q�J �D�S�S�U�R�D�F�K�H�V�� �'�H�W�H�U�P�L�Q�L�Q�J �W�K�H �R�S�W�L�P�D�O �N�L�Q�H�P�D�W�L�F�V �W�R �D�F�K�L�H�Y�H �W�K�H �K�L�J�K�H�V�W
�S�U�R�S�X�O�V�L�Y�H �H�I�I�L�F�L�H�Q�F�\ �Z�R�X�O�G �S�U�R�Y�L�G�H �Q�H�Z �L�Q�V�L�J�K�W�V �L�Q �W�K�L�V �I�L�H�O�G �R�I �U�H�V�H�D�U�F�K�� �,�Q �S�D�U�W�L�F�X�O�D�U�� �W�K�H �L�Q�I�O�X�H�Q�F�H�V �R�I
�S�H�U�L�R�G�L�F �Y�D�U�L�D�W�L�R�Q �D�Q�G �J�O�L�G�L�Q�J �L�Q�W�H�U�Y�D�O�V �R�Q �H�I�I�L�F�L�H�Q�F�\ �K�D�Y�H �Q�R�W �E�H�H�Q �V�W�X�G�L�H�G�� �$�V �H�[�S�H�U�L�P�H�Q�W�D�O �K�\�G�U�R�G�\��

��



�Q�D�P�L�F �G�D�W�D �L�V �D�Y�D�L�O�D�E�O�H �I�R�U �K�\�G�U�R�P�H�G�X�V�D�H �L�Q �&�R�O�L�Q �D�Q�G �&�R�V�W�H�O�O�R ���������� ���� �L�W �L�V �V�W�U�D�L�J�K�W�I�R�U�Z�D�U�G �W�R �F�K�R�R�V�H
�W�K�L�V �W�\�S�H �R�I �M�H�O�O�\�I�L�V�K�� �6�S�H�F�L�I�L�F�D�O�O�\�� �W�K�H�6�D�U�V�L�D �W�X�E�X�O�R�V�D�V�S�H�F�L�H�V �L�V �F�K�R�V�H�Q�� �7�R �D�Y�R�L�G �W�K�H �F�R�P�S�O�H�[�L�W�\ �R�I
���V�H�P�L���� �S�D�V�V�L�Y�H �E�H�O�O �P�D�U�J�L�Q �P�R�G�H�O�O�L�Q�J�� �W�K�H �F�K�R�L�F�H �L�V �P�D�G�H �W�R �F�R�Q�W�U�R�O �E�H�O�O �P�R�W�L�R�Q �D�F�W�L�Y�H�O�\�� �$�V �D �U�H�V�X�O�W��
�W�K�H �P�R�G�H�O �F�D�Q�Q�R�W �D�G�H�T�X�D�W�H�O�\ �F�D�S�W�X�U�H �S�D�V�V�L�Y�H �H�I�I�H�F�W�V�� �L�Q�F�O�X�G�L�Q�J �Y�H�O�X�P �G�H�I�R�U�P�D�W�L�R�Q �G�U�L�Y�H�Q �E�\ �W�K�H �V�X�U��
�U�R�X�Q�G�L�Q�J �I�O�R�Z�� �3�U�H�V�H�Q�W �V�W�X�G�L�H�V �K�D�Y�H �L�Q�Y�H�V�W�L�J�D�W�H�G �W�K�H �L�Q�I�O�X�H�Q�F�H�V �R�I �5�H�\�Q�R�O�G�V �Q�X�P�E�H�U�� �I�U�H�T�X�H�Q�F�\ �D�Q�G
�G�X�W�\ �F�\�F�O�H �Y�D�U�L�D�W�L�R�Q�� �Z�K�H�U�H�D�V �S�H�U�L�R�G�L�F �Y�D�U�L�D�W�L�R�Q �D�Q�G �J�O�L�G�L�Q�J �L�Q�W�H�U�Y�D�O�V �K�D�Y�H �Q�R�W �E�H�H�Q �D�G�G�U�H�V�V�H�G�� �+�R�Z��
�H�Y�H�U�� �&�R�O�L�Q �D�Q�G �&�R�V�W�H�O�O�R ���������� �� �H�[�S�H�U�L�P�H�Q�W�D�O�O�\ �I�R�X�Q�G �W�K�D�W �W�K�H�V�H �N�L�Q�H�P�D�W�L�F�V �D�U�H �F�R�Q�W�L�Q�X�R�X�V�O�\ �D�G�M�X�V�W�H�G �L�Q
�M�H�O�O�\�I�L�V�K �V�Z�L�P�P�L�Q�J��

���������7�G�S�T�I
�7�K�H �F�R�U�H �R�E�M�H�F�W�L�Y�H �R�I �W�K�L�V �U�H�V�H�D�U�F�K �L�V �W�R �G�H�Y�H�O�R�S �D �Y�D�O�L�G�D�W�H�G �Q�X�P�H�U�L�F�D�O �P�R�G�H�O �R�I�6�D�U�V�L�D �W�X�E�X�O�R�V�D�W�R
�K�H�O�S �X�Q�G�H�U�V�W�D�Q�G �W�K�H �N�L�Q�H�P�D�W�L�F �D�Q�G �I�O�X�L�G �G�\�Q�D�P�L�F�V �S�K�H�Q�R�P�H�Q�D �X�Q�G�H�U�O�\�L�Q�J �S�U�R�O�D�W�H �M�H�O�O�\�I�L�V�K �O�R�F�R�P�R�W�L�R�Q��
�7�K�L�V �S�U�R�M�H�F�W �D�L�P�V �W�R �P�R�G�H�O �W�K�H ���' �V�K�D�S�H �D�Q�G �N�L�Q�H�P�D�W�L�F�V �R�I�6�D�U�V�L�D �W�X�E�X�O�R�V�D�� �V�L�P�L�O�D�U �W�R �S�U�H�Y�L�R�X�V �Z�R�U�N �R�I
�%�D�O�G�Z�L�Q �D�Q�G �%�D�W�W�L�V�W�D ���������� ���� �&�R�O�L�Q �D�Q�G �&�R�V�W�H�O�O�R ���������� ���� �'�D�Q�L�H�O ���������� ���� �0�F�+�H�Q�U�\ �D�Q�G �-�H�G ���������� ���� �6�D�K�L�Q
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�Z�K�L�F�K �V�K�R�X�O�G �E�H �D�F�F�R�X�Q�W�H�G �I�R�U �G�X�U�L�Q�J �U�H�V�H�D�U�F�K�� �'�D�E�L�U�L �H�W �D�O�� ���������� �� �T�X�D�Q�W�L�W�D�W�L�Y�H�O�\ �H�Y�D�O�X�D�W�H�G �W�K�H �W�K�U�X�V�W
�S�U�R�G�X�F�W�L�R�Q �P�H�F�K�D�Q�L�V�P�V�� �7�K�H�\ �D�S�S�O�L�H�G �W�K�H �Z�D�N�H �Y�R�U�W�H�[ �U�L�Q�J �Y�R�O�X�P�H �U�H�O�D�W�L�Y�H �W�R �W�K�H �H�M�H�F�W�H�G �I�O�X�L�G �Y�R�O�X�P�H �D�V
�D �T�X�D�Q�W�L�I�L�F�D�W�L�R�Q �R�I �W�K�H �Y�R�U�W�H�[ �J�H�Q�H�U�D�W�L�R�Q�� �7�K�H�V�H �Y�R�O�X�P�H�V �Z�H�U�H �G�H�U�L�Y�H�G �I�U�R�P �P�H�D�V�X�U�L�Q�J �W�K�H �V�X�E�X�P�E�U�H�O�O�D�U
�V�X�U�I�D�F�H �I�U�R�P �Y�L�G�H�R �D�Q�D�O�\�V�L�V�� �7�R�J�H�W�K�H�U �Z�L�W�K �'�D�Q�L�H�O ���������� ���� �W�K�H �D�Q�W�L�F�L�S�D�W�L�R�Q �L�V �P�D�G�H �W�K�D�W �Y�R�O�X�P�H �L�V �W�K�H
�P�R�V�W �X�V�H�I�X�O �L�Q�G�H�[ �R�I �V�Z�L�P�P�L�Q�J �W�K�U�X�V�W �L�Q �I�L�H�O�G �P�H�D�V�X�U�H�P�H�Q�W�V�� �$ �U�H�F�H�Q�W�O�\ �L�G�H�Q�W�L�I�L�H�G �S�K�H�Q�R�P�H�Q�R�Q �L�Q�Y�R�O�Y�H�V
�D �U�H�G�X�F�W�L�R�Q �L�Q �I�O�R�Z �Y�H�O�R�F�L�W�\ �F�D�X�V�H�G �E�\ �Y�R�U�W�L�F�L�W�\ �F�D�Q�F�H�O�O�D�W�L�R�Q �E�H�W�Z�H�H�Q �V�W�D�U�W�L�Q�J �D�Q�G �V�W�R�S�S�L�Q�J �Y�R�U�W�L�F�H�V�� �Z�K�L�F�K
�D�U�L�V�H�V �I�U�R�P �V�X�E�R�S�W�L�P�D�O �V�W�U�R�N�H �W�L�P�L�Q�J ���+�R�R�Y�H�U �H�W �D�O������������ ���� �7�K�L�V �V�X�J�J�H�V�W�V �W�K�D�W �V�R�P�H �I�R�U�P �R�I �V�W�U�R�N�H �W�L�P�L�Q�J
�T�X�D�Q�W�L�I�L�F�D�W�L�R�Q �L�V �U�H�T�X�L�U�H�G �L�Q �W�K�H �N�L�Q�H�P�D�W�L�F�V �P�R�G�H�O��

�+�H�U�V�F�K�O�D�J �D�Q�G �0�L�O�O�H�U ���������� �� �D�Q�G �:�L�O�V�R�Q �D�Q�G �(�O�G�U�H�G�J�H ���������� �� �X�V�H�G �D �µ�N�L�Q�H�P�D�W�L�F �5�H�\�Q�R�O�G�V �Q�X�P�E�H�U�¶ �D�V
�J�L�Y�H�Q �L�Q�(�T�X�D�W�L�R�Q �������� �S�U�R�Y�L�G�L�Q�J �D �P�H�D�V�X�U�H �R�I �L�Q�H�U�W�L�D�O �Y�H�U�V�X�V �Y�L�V�F�R�X�V �H�I�I�H�F�W�V �D�U�L�V�L�Q�J �I�U�R�P �W�K�H �P�R�W�L�R�Q �R�I
�W�K�H �E�H�O�O�� �0�F�+�H�Q�U�\ �D�Q�G �-�H�G ���������� �� �T�X�D�Q�W�L�I�L�H�G �E�H�O�O �N�L�Q�H�P�D�W�L�F�V �L�Q �W�H�U�P�V �R�I �I�L�Q�H�Q�H�V�V �U�D�W�L�R�� �P�D�U�J�L�Q �D�Q�J�O�H �D�Q�G
�V�Z�L�P�P�L�Q�J �V�S�H�H�G�� �'�D�E�L�U�L �H�W �D�O�� ���������� �� �T�X�D�Q�W�L�I�L�H�G �N�L�Q�H�P�D�W�L�F�V �W�K�U�R�X�J�K �F�D�Y�L�W�\ �Y�R�O�X�P�H �D�Q�G �Y�H�O�D�U �G�L�D�P�H�W�H�U
�D�V �D �I�X�Q�F�W�L�R�Q �R�I �W�L�P�H��

Rek =
�U body D

�
����������

����



�+�\�G�U�R�G�\�Q�D�P�L�F �D�Q�G �)�O�X�L�G���6�W�U�X�F�W�X�U�H �,�Q�W�H�U�D�F�W�L�R�Q �0�R�G�H�O�O�L�Q�J
�7�K�H �V�Z�L�P�P�L�Q�J �N�L�Q�H�P�D�W�L�F�V �R�I �M�H�O�O�\�I�L�V�K �J�H�Q�H�U�D�W�H �W�K�U�X�V�W �W�K�U�R�X�J�K �L�Q�W�H�U�D�F�W�L�R�Q �Z�L�W�K �W�K�H �V�X�U�U�R�X�Q�G�L�Q�J �I�O�X�L�G �G�\��
�Q�D�P�L�F�V�� �7�K�H�V�H �L�Q�W�H�U�D�F�W�L�R�Q�V �K�D�Y�H �E�H�H�Q �P�R�G�H�O�O�H�G �L�Q �Y�D�U�L�R�X�V �Z�D�\�V�� �'�D�Q�L�H�O ���������� �� �D�Q�G �0�F�+�H�Q�U�\ �D�Q�G �-�H�G
���������� �� �P�R�G�H�O�O�H�G �W�K�H �V�X�P �R�I �W�K�U�X�V�W�� �G�U�D�J�� �D�G�G�H�G���P�D�V�V ���D�F�F�H�O�H�U�D�W�L�R�Q�� �I�R�U�F�H�� �D�Q�G �U�H�D�F�W�L�R�Q �I�R�U�F�H�V �D�U�L�V�L�Q�J
�I�U�R�P �E�R�G�\ �P�R�W�L�R�Q �D�V �L�Q�(�T�X�D�W�L�R�Q �������� �0�F�+�H�Q�U�\ �D�Q�G �-�H�G ���������� �� �F�D�O�F�X�O�D�W�H�G �W�K�H�V�H �I�R�U�F�H�V �W�K�U�R�X�J�K �P�D�W�K�H��
�P�D�W�L�F�D�O �H�T�X�D�W�L�R�Q�V �R�I �W�K�H �E�H�O�O �V�K�D�S�H �D�Q�G �N�L�Q�H�P�D�W�L�F�V�� �7�K�H �U�H�V�X�O�W�L�Q�J �V�Z�L�P�P�L�Q�J �Y�H�O�R�F�L�W�\ �L�V �F�R�P�S�X�W�H�G �Q�X�P�H�U��
�L�F�D�O�O�\ �X�V�L�Q�J �D �Y�D�U�L�D�E�O�H���R�U�G�H�U �$�G�D�P�V�±�%�D�V�K�I�R�U�W�K�±�0�R�X�O�W�R�Q �V�R�O�Y�H�U�� �&�R�P�S�D�U�H�G �W�R �H�[�S�H�U�L�P�H�Q�W�D�O �U�H�V�X�O�W�V�� �W�K�L�V
�P�H�W�K�R�G �U�H�V�X�O�W�V �L�Q �T�X�L�W�H �D�F�F�X�U�D�W�H �S�U�H�G�L�F�W�L�R�Q�V �I�R�U �S�U�R�O�D�W�H �M�H�O�O�\�I�L�V�K�� �+�R�Z�H�Y�H�U�� �L�W �D�S�S�O�L�H�V �S�U�H�V�F�U�L�E�H�G �P�R�W�L�R�Q�V
�D�Q�G �G�R�H�V �Q�R�W �V�R�O�Y�H �I�R�U �W�K�H �I�O�X�L�G �H�T�X�D�W�L�R�Q�V�� �P�D�N�L�Q�J �L�W �D �U�H�G�X�F�H�G���R�U�G�H�U �P�H�W�K�R�G�� �,�W �Z�D�V �D�O�V�R �Q�R�W�H�G �E�\ �&�R�O�L�Q
�D�Q�G �&�R�V�W�H�O�O�R ���������� ���� �'�D�Q�L�H�O ���������� ���� �D�Q�G �0�F�+�H�Q�U�\ �D�Q�G �-�H�G ���������� �� �W�K�D�W �W�K�L�V �P�H�W�K�R�G �P�D�\ �R�Y�H�U�H�V�W�L�P�D�W�H
�W�K�H �M�H�O�O�\�I�L�V�K �G�\�Q�D�P�L�F�V��

T + D + A + F = 0 ����������

�2�W�K�H�U �P�R�G�H�O�V �G�R �L�Q�F�O�X�G�H �W�K�H �V�W�H�S �R�I �Q�X�P�H�U�L�F�D�O�O�\ �V�R�O�Y�L�Q�J �V�L�P�S�O�L�I�L�H�G �1�D�Y�L�H�U���6�W�R�N�H�V �H�T�X�D�W�L�R�Q�V �W�K�D�W �J�R�Y�H�U�Q
�K�\�G�U�R�G�\�Q�D�P�L�F�V�� �6�L�P�S�O�L�I�L�F�D�W�L�R�Q�V �W�K�U�R�X�J�K �D�V�V�X�P�L�Q�J �D�Q �L�Q�F�R�P�S�U�H�V�V�L�E�O�H�� �Y�L�V�F�R�X�V �I�O�R�Z �R�I �D �1�H�Z�W�R�Q�L�D�Q �I�O�X�L�G
�D�U�H �J�H�Q�H�U�D�O�O�\ �X�V�H�G ���%�D�M�F�D�U �H�W �D�O������������ �� �+�R�R�Y�H�U �H�W �D�O������������ �� �0�L�O�H�V �	 �%�D�W�W�L�V�W�D���������� �� �3�D�U�N �H�W �D�O������������ ����
�7�K�H�V�H �D�V�V�X�P�S�W�L�R�Q�V �D�U�H �J�H�Q�H�U�D�O�O�\ �D�F�F�H�S�W�D�E�O�H �I�R�U �O�R�Z�H�U �0�D�F�K �Q�X�P�E�H�U�V�� �Z�K�L�F�K �L�V �W�K�H �F�D�V�H �I�R�U �M�H�O�O�\�I�L�V�K
��� 0:5���� �D�V �L�W�V �Y�H�O�R�F�L�W�\ �L�V �V�L�J�Q�L�I�L�F�D�Q�W�O�\ �O�R�Z�H�U �W�K�D�Q �W�K�H �V�S�H�H�G �R�I �V�R�X�Q�G �W�K�U�R�X�J�K �Z�D�W�H�U�� �7�K�H �1�D�Y�L�H�U���6�W�R�N�H�V
�H�T�X�D�W�L�R�Q�V �I�R�U �D�Q �L�Q�F�R�P�S�U�H�V�V�L�E�O�H �Y�L�V�F�R�X�V �I�O�R�Z �D�U�H �V�K�R�Z�Q �L�Q�(�T�X�D�W�L�R�Q �������D�Q�G�������� �U�H�V�S�H�F�W�L�Y�H�O�\ �U�H�S�U�H��
�V�H�Q�W�L�Q�J �W�K�H �F�R�Q�V�H�U�Y�D�W�L�R�Q �R�I �P�D�V�V �D�Q�G �P�R�P�H�Q�W�X�P�� �7�K�H �P�D�V�V �F�R�Q�V�H�U�Y�D�W�L�R�Q �H�T�X�D�W�L�R�Q �H�Q�V�X�U�H�V �W�K�D�W �I�O�X�L�G
�G�H�Q�V�L�W�\ �U�H�P�D�L�Q�V �F�R�Q�V�W�D�Q�W ���L�Q�F�R�P�S�U�H�V�V�L�E�L�O�L�W�\���� �Z�K�L�O�H �W�K�H �P�R�P�H�Q�W�X�P �H�T�X�D�W�L�R�Q �G�H�V�F�U�L�E�H�V �K�R�Z �I�O�X�L�G �P�R�W�L�R�Q
�H�Y�R�O�Y�H�V �L�Q �U�H�V�S�R�Q�V�H �W�R �S�U�H�V�V�X�U�H�� �Y�L�V�F�R�X�V�� �D�Q�G �L�Q�H�U�W�L�D�O �I�R�U�F�H�V��

r � u = 0 ����������

� 0

�
@u
@t

+ u � r u
�

= �r p + � r 2u + f ����������

�1�X�P�H�U�L�F�D�O �V�R�O�Y�H�U�V �D�U�H �D�Y�D�L�O�D�E�O�H �W�R �F�R�P�S�X�W�H �W�K�H �1�D�Y�L�H�U���6�W�R�N�H�V �H�T�X�D�W�L�R�Q�V�� �Z�K�L�F�K �Z�L�O�O �E�H �D�G�G�U�H�V�V�H�G �E�H�O�R�Z��
�,�Q �D�G�G�L�W�L�R�Q �W�R �W�K�H �I�O�X�L�G �P�R�G�H�O�� �W�K�H �V�W�U�X�F�W�X�U�H �D�O�V�R �U�H�T�X�L�U�H�V �P�R�G�H�O�O�L�Q�J�� �G�H�S�H�Q�G�L�Q�J �R�Q �W�K�H �D�S�S�O�L�H�G �D�S�S�U�R�D�F�K��
�,�Q �V�W�U�X�F�W�X�U�H �P�R�G�H�O�O�L�Q�J�� �W�Z�R �P�D�L�Q �D�S�S�U�R�D�F�K�H�V �D�U�H �X�V�H�G�� �N�L�Q�H�P�D�W�L�F �D�Q�G �G�\�Q�D�P�L�F�� �.�L�Q�H�P�D�W�L�F �P�R�G�H�O�V��
�X�V�H�G �L�Q �%�D�M�F�D�U �H�W �D�O�� ���������� ���� �S�U�H�V�F�U�L�E�H �P�R�W�L�R�Q �G�L�U�H�F�W�O�\ �D�Q�G �D�S�S�O�\ �L�W �W�R �W�K�H �I�O�X�L�G �Z�L�W�K�R�X�W �V�R�O�Y�L�Q�J �V�W�U�X�F�W�X�U�D�O
�H�T�X�D�W�L�R�Q�V�� �7�K�X�V�� �R�Q�O�\ �W�K�H �1�D�Y�L�H�U���6�W�R�N�H�V �H�T�X�D�W�L�R�Q�V �Q�H�H�G �W�R �E�H �V�R�O�Y�H�G�� �'�\�Q�D�P�L�F �P�R�G�H�O�V�� �X�V�H�G �L�Q �+�R�R�Y�H�U
�H�W �D�O�� ���������� �� �D�Q�G �3�D�U�N �H�W �D�O�� ���������� ���� �V�R�O�Y�H �V�W�U�X�F�W�X�U�D�O �I�R�U�F�H �H�T�X�D�W�L�R�Q�V �W�R �G�H�W�H�U�P�L�Q�H �E�R�G�\ �G�H�I�R�U�P�D�W�L�R�Q �D�Q�G
�U�H�V�S�R�Q�V�H�� �D�Q�G �F�R�X�S�O�H �W�K�H �U�H�V�X�O�W�V �W�R �W�K�H �I�O�X�L�G �H�T�X�D�W�L�R�Q�V��

�0�H�W�K�R�G�V �X�V�L�Q�J �S�U�H�V�F�U�L�E�H�G �P�R�W�L�R�Q �R�Q�O�\ �U�H�T�X�L�U�H �D �V�R�O�Y�H�U �I�R�U �W�K�H �1�D�Y�L�H�U���6�W�R�N�H�V �H�T�X�D�W�L�R�Q�V�� �$�O�E�H�Q �H�W �D�O��
���������� �� �X�W�L�O�L�V�H�G �D ���' �Y�R�U�W�H�[���V�K�H�H�W �P�R�G�H�O �W�R �V�L�P�X�O�D�W�H �W�K�H �I�O�X�L�G �I�O�R�Z �D�U�R�X�Q�G �W�K�H �M�H�O�O�\�I�L�V�K �E�H�O�O �G�X�U�L�Q�J �V�Z�L�P��
�P�L�Q�J�� �7�K�L�V �P�R�G�H�O �D�F�F�X�U�D�W�H�O�\ �F�D�S�W�X�U�H�V �Y�R�U�W�H�[ �G�\�Q�D�P�L�F�V�� �7�K�H�\ �D�V�V�X�P�H�G �D�Q �L�Q�Y�L�V�F�L�G �I�O�R�Z �D�Q�G �X�V�H�G �D
�E�R�X�Q�G �D�[�L�V�\�P�P�H�W�U�L�F �Y�R�U�W�H�[ �V�K�H�H�W �D�V �D �E�R�X�Q�G�D�U�\ �F�R�Q�G�L�W�L�R�Q �I�R�U �W�K�H �E�H�O�O �V�X�U�I�D�F�H�� �U�H�S�U�H�V�H�Q�W�L�Q�J �D �G�L�V�F�R�Q��
�W�L�Q�X�L�W�\ �L�Q �I�O�X�L�G �Y�H�O�R�F�L�W�\�� �)�R�U �W�K�H �D�Q�D�O�\�W�L�F�D�O �D�V�V�X�P�S�W�L�R�Q���E�D�V�H�G �E�H�O�O �P�R�G�H�O�� �W�K�H�\ �D�S�S�O�L�H�G �D �S�R�W�H�Q�W�L�D�O���I�O�R�Z
�P�R�G�H�O�� �W�K�X�V �D�V�V�X�P�L�Q�J �Q�R �Y�R�U�W�L�F�L�W�\�� �%�D�M�F�D�U �H�W �D�O�� ���������� �� �D�S�S�O�L�H�G �D ���' �V�H�P�L���L�P�S�O�L�F�L�W �P�H�W�K�R�G �I�R�U �S�U�H�V�V�X�U�H��
�O�L�Q�N�H�G �H�T�X�D�W�L�R�Q�V ���6�,�0�3�/�(�� �D�O�J�R�U�L�W�K�P�� �G�H�V�F�U�L�E�H�G �E�\ �%�D�O�L�J�D �D�Q�G �3�D�W�D�Q�N�D�U ���������� �� �D�V �D �F�R�Q�Y�H�F�W�L�R�Q���G�L�I�I�X�V�L�R�Q
�S�U�R�E�O�H�P �V�R�O�Y�H�U�� �7�K�L�V �P�H�W�K�R�G �G�L�Y�L�G�H�V �W�K�H �G�R�P�D�L�Q �R�I �L�Q�W�H�U�H�V�W �L�Q�W�R �W�K�U�H�H���Q�R�G�H �W�U�L�D�Q�J�X�O�D�U �H�O�H�P�H�Q�W�V�� �&�R�Q��
�W�U�R�O �Y�R�O�X�P�H�V �D�U�H �J�H�Q�H�U�D�W�H�G �E�H�W�Z�H�H�Q �W�U�L�D�Q�J�O�H �F�H�Q�W�U�R�L�G�V �D�Q�G �X�V�H�G �L�Q �F�R�Q�V�H�U�Y�D�W�L�R�Q �H�T�X�D�W�L�R�Q�V�� �%�D�O�L�J�D �D�Q�G
�3�D�W�D�Q�N�D�U ���������� �� �V�W�D�W�H�G �W�K�D�W �W�K�L�V �P�H�W�K�R�G �L�V �P�D�L�Q�O�\ �D�S�S�O�L�F�D�E�O�H �I�R�U ���' �S�U�R�E�O�H�P�V�� �6�D�K�L�Q �D�Q�G �0�R�K�V�H�Q�L
���������� �� �D�S�S�O�L�H�G �D�Q �D�[�L�V�\�P�P�H�W�U�L�F �J�H�R�P�H�W�U�L�F�D�O�O�\ �F�R�Q�V�H�U�Y�D�W�L�Y�H �D�U�E�L�W�U�D�U�\ �/�D�J�U�D�Q�J�L�D�Q���(�X�O�H�U�L�D�Q ���$�/�(�� �I�R�U�P�X��
�O�D�W�L�R�Q�� �R�E�H�\�L�Q�J �W�K�H �J�H�R�P�H�W�U�\ �F�R�Q�V�H�U�Y�D�W�L�R�Q �O�D�Z�� �,�Q �W�K�L�V �P�H�W�K�R�G�� �W�K�H �P�H�V�K �I�R�O�O�R�Z�V �W�K�H �L�Q�W�H�U�I�D�F�H �E�H�W�Z�H�H�Q
�W�K�H �I�O�X�L�G �D�Q�G �V�R�O�L�G �E�R�X�Q�G�D�U�\ �D�Q�G �W�K�H �J�R�Y�H�U�Q�L�Q�J �H�T�X�D�W�L�R�Q�V �D�U�H �G�L�V�F�U�H�W�L�V�H�G �R�Q �D�Q �X�Q�V�W�U�X�F�W�X�U�H�G �P�R�Y�L�Q�J �D�Q�G
�G�H�I�R�U�P�L�Q�J �P�H�V�K�� �*�H�P�P�H�O�O�� �'�D�E�L�U�L�� �H�W �D�O�� ���������� �� �V�W�D�W�H�G �W�K�D�W �W�K�L�V �P�H�W�K�R�G �H�Q�D�E�O�H�V �F�R�Q�W�U�R�O �R�I �S�D�U�D�P�H�W�H�U�V
�R�I �W�K�H �Q�X�P�H�U�L�F�D�O�O�\ �V�L�P�X�O�D�W�H�G �R�U�J�D�Q�L�V�P�V�� �D�Q�G �L�V�R�O�D�W�L�Q�J �V�S�H�F�L�I�L�F �H�I�I�H�F�W�V �E�H�F�R�P�H�V �S�R�V�V�L�E�O�H�� �2�S�S�R�V�L�W�H�O�\��
�6�R�W�L�U�R�S�R�X�O�R�V �D�Q�G �<�D�Q�J ���������� �� �V�W�D�W�H�G �L�W �L�V �F�X�P�E�H�U�V�R�P�H �I�R�U �S�U�R�E�O�H�P�V �Z�L�W�K �O�D�U�J�H �G�H�I�R�U�P�D�W�L�R�Q�V�� �:�L�O�V�R�Q
�D�Q�G �(�O�G�U�H�G�J�H ���������� �� �X�V�H�G �D ���' �Y�L�V�F�R�X�V �Y�R�U�W�H�[ �S�D�U�W�L�F�O�H �P�H�W�K�R�G �W�R �V�R�O�Y�H �W�K�H �I�O�X�L�G �I�O�R�Z �I�R�U �L�W�V �S�U�H�V�F�U�L�E�H�G
�P�R�W�L�R�Q�V �P�R�G�H�O�� �$�F�F�R�U�G�L�Q�J �W�R �(�O�G�U�H�G�J�H ���������� ���� �W�K�L�V �P�H�W�K�R�G �V�R�O�Y�H�V �W�K�H �1�D�Y�L�H�U���6�W�R�N�H�V �H�T�X�D�W�L�R�Q�V �X�V�L�Q�J
�D �I�U�D�F�W�L�R�Q�D�O �V�W�H�S �S�U�R�F�H�G�X�U�H�� �9�R�U�W�L�F�L�W�\ �L�V �F�D�U�U�L�H�G �E�\ �S�D�U�W�L�F�O�H�V �W�K�D�W �L�Q�W�H�U�D�F�W �Z�L�W�K �R�Q�H �D�Q�R�W�K�H�U�� �H�[�F�K�D�Q�J�L�Q�J
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�V�W�U�H�Q�J�W�K �W�R �V�L�P�X�O�D�W�H �F�R�Q�Y�H�F�W�L�R�Q �D�Q�G �G�L�I�I�X�V�L�R�Q�� �6�O�L�S �D�O�R�Q�J �W�K�H �E�R�G�\ �L�V �F�R�U�U�H�F�W�H�G �E�\ �L�Q�W�U�R�G�X�F�L�Q�J �D �Y�R�U�W�H�[
�V�K�H�H�W �D�Q�G �G�L�I�I�X�V�L�Q�J �L�W �L�Q�W�R �Q�H�D�U�E�\ �S�D�U�W�L�F�O�H�V�� �3�D�U�W�L�F�O�H�V �D�U�H �U�H�J�X�O�D�U�O�\ �U�H�P�H�V�K�H�G �W�R �D �&�D�U�W�H�V�L�D�Q �J�U�L�G �W�R �P�D�L�Q��
�W�D�L�Q �F�R�Q�V�L�V�W�H�Q�F�\�� �7�K�H �.�H�O�Y�L�Q�¶�V �F�L�U�F�X�O�D�W�L�R�Q �W�K�H�R�U�H�P �L�V �H�Q�I�R�U�F�H�G �E�\ �U�H�F�R�Y�H�U�L�Q�J �F�L�U�F�X�O�D�W�L�R�Q �O�R�V�W �W�R �W�K�H �E�R�G�\��
�7�K�H �P�H�W�K�R�G �L�V �Y�D�O�L�G�D�W�H�G �Z�L�W�K �L�Q�V�H�F�W���L�Q�V�S�L�U�H�G �I�O�D�S�S�L�Q�J �D�Q�G �I�L�V�K���O�L�N�H �V�Z�L�P�P�L�Q�J �F�D�V�H�V ���(�O�G�U�H�G�J�H���������� ����

�7�K�H �P�H�W�K�R�G�V �W�K�D�W �D�V�V�X�P�H �S�D�V�V�L�Y�H �E�H�O�O �P�R�W�L�R�Q �J�H�Q�H�U�D�O�O�\ �D�S�S�O�\ �)�6�, �P�H�W�K�R�G�V�� �Z�K�H�U�H �W�K�H �V�W�U�X�F�W�X�U�D�O �H�T�X�D��
�W�L�R�Q�V �V�K�R�X�O�G �E�H �V�R�O�Y�H�G �L�Q �D�G�G�L�W�L�R�Q �W�R �W�K�H �1�D�Y�L�H�U���6�W�R�N�H�V �H�T�X�D�W�L�R�Q�V�� �7�K�H �,�P�P�H�U�V�H�G �%�R�X�Q�G�D�U�\ �0�H�W�K�R�G
���,�%�0�� �L�V �D �I�O�X�L�G �V�R�O�Y�H�U �I�U�D�P�H�Z�R�U�N�� �$�Q �H�[�D�P�S�O�H �R�I �W�K�H �P�H�W�K�R�G �L�V �G�H�V�F�U�L�E�H�G �E�\ �6�R�W�L�U�R�S�R�X�O�R�V �D�Q�G �<�D�Q�J
���������� �� �D�Q�G �X�V�H�G �L�Q �+�R�R�Y�H�U �H�W �D�O�� ���������� �� �D�Q�G �3�D�U�N �H�W �D�O�� ���������� ���� �Z�K�L�F�K �V�R�O�Y�H�V �W�K�H �1�D�Y�L�H�U���6�W�R�N�H�V �H�T�X�D��
�W�L�R�Q�V �R�Q �D �I�L�[�H�G �E�D�F�N�J�U�R�X�Q�G �J�U�L�G�� �7�K�H �P�H�W�K�R�G �U�H�S�U�H�V�H�Q�W�V �V�W�U�X�F�W�X�U�D�O �L�Q�W�H�U�D�F�W�L�R�Q�V �W�K�U�R�X�J�K �L�Q�G�H�S�H�Q�G�H�Q�W
�V�X�U�I�D�F�H �P�H�V�K�H�V �W�K�D�W �D�U�H �D�F�F�R�X�Q�W�H�G �I�R�U �L�Q �W�K�H �J�R�Y�H�U�Q�L�Q�J �H�T�X�D�W�L�R�Q�V �R�I �W�K�H �J�U�L�G�� �7�K�L�V �P�H�W�K�R�G �F�R�X�S�O�H�V �W�K�H
�W�Z�R �E�\ �D�S�S�O�\�L�Q�J �I�R�U�F�H�V �I�U�R�P �W�K�H �V�W�U�X�F�W�X�U�H �W�R �W�K�H �I�O�X�L�G�� �7�K�H �I�O�X�L�G �D�Q�G �V�W�U�X�F�W�X�U�H �H�T�X�D�W�L�R�Q�V �F�D�Q �E�H �V�R�O�Y�H�G
�W�K�U�R�X�J�K �G�L�I�I�H�U�H�Q�W �V�R�O�Y�H�U�V �Z�L�W�K�L�Q �W�K�L�V �I�U�D�P�H�Z�R�U�N�� �+�R�R�Y�H�U �H�W �D�O�� ���������� �� �D�S�S�O�L�H�G �D�Q �,�%�0 �Z�K�H�U�H �)�6�, �L�V �G�H��
�V�F�U�L�E�H�G �L�Q �D�Q �(�X�O�H�U�L�D�Q �I�U�D�P�H �D�Q�G �V�W�U�X�F�W�X�U�D�O �G�H�I�R�U�P�D�W�L�R�Q�V �D�Q�G �V�W�U�H�V�V�H�V �L�Q �D �/�D�J�U�D�Q�J�L�D�Q �I�U�D�P�H�� �$ �I�L�Q�L�W�H
�G�L�I�I�H�U�H�Q�F�H �I�R�U�P�X�O�D�W�L�R�Q �L�V �X�V�H�G �I�R�U �I�O�X�L�G �P�R�G�H�O�O�L�Q�J �D�Q�G �D �I�L�Q�L�W�H �H�O�H�P�H�Q�W �I�R�U�P�X�O�D�W�L�R�Q �I�R�U �V�W�U�X�F�W�X�U�D�O �P�R�G�H�O�O�L�Q�J
�L�Q ���'�� �D�O�O�R�Z�L�Q�J �I�R�U �S�D�V�V�L�Y�H �V�W�U�X�F�W�X�U�D�O �G�H�I�R�U�P�D�W�L�R�Q�� �3�D�U�N �H�W �D�O�� ���������� �� �V�R�O�Y�H�G �W�K�H �I�O�X�L�G �J�R�Y�H�U�Q�L�Q�J �H�T�X�D�W�L�R�Q�V
�X�V�L�Q�J �W�K�H �I�X�O�O�\ �L�P�S�O�L�F�L�W �G�H�F�R�X�S�O�L�Q�J �P�H�W�K�R�G �D�V �G�H�V�F�U�L�E�H�G �E�\ �.�L�P �H�W �D�O�� ���������� ���� �9�H�O�R�F�L�W�\ �D�Q�G �S�U�H�V�V�X�U�H �D�U�H
�G�H�F�R�X�S�O�H�G �D�Q�G �V�R�O�Y�H�G �V�H�S�D�U�D�W�H�O�\�� �D�O�O�R�Z�L�Q�J �I�R�U �D �P�R�U�H �H�I�I�L�F�L�H�Q�W �V�R�O�X�W�L�R�Q �W�R �W�K�H �S�U�R�E�O�H�P�� �7�K�H �V�R�O�L�G �P�R�W�L�R�Q
�H�T�X�D�W�L�R�Q �L�V �G�H�U�L�Y�H�G �E�\ �W�K�H �H�Q�H�U�J�\ �P�H�W�K�R�G �D�Q�G �V�R�O�Y�H�G �X�V�L�Q�J �D�Q �L�W�H�U�D�W�L�Y�H �P�H�W�K�R�G�� �$�J�D�L�Q�� �W�K�H �I�O�X�L�G �L�V �V�R�O�Y�H�G
�L�Q �D�Q �(�X�O�H�U�L�D�Q �G�R�P�D�L�Q �D�Q�G �W�K�H �V�W�U�X�F�W�X�U�H �L�Q �D �/�D�J�U�D�Q�J�L�D�Q �G�R�P�D�L�Q�� �3�D�U�N �H�W �D�O�� ���������� �� �D�S�S�O�L�H�G �W�K�H �Q�R���V�O�L�S
�F�R�Q�G�L�W�L�R�Q �D�W �W�K�H �E�R�X�Q�G�D�U�L�H�V �R�I �W�K�H �F�R�P�S�X�W�D�W�L�R�Q�D�O �G�R�P�D�L�Q�� �7�K�H �G�R�P�D�L�Q �Z�D�V �V�F�D�O�H�G �Z�L�W�K �W�K�H �G�L�D�P�H�W�H�U
�R�I �W�K�H �M�H�O�O�\�I�L�V�K�� �7�K�H�\ �F�R�Q�G�X�F�W �F�R�Q�Y�H�U�J�H�Q�F�H �V�W�X�G�L�H�V �E�\ �D�V�V�H�V�V�L�Q�J �W�K�H �I�L�Q�H�Q�H�V�V �U�D�W�L�R �D�Q�G �Y�H�O�R�F�L�W�L�H�V �I�R�U
�G�L�I�I�H�U�H�Q�W �G�R�P�D�L�Q�V �D�Q�G �J�U�L�G �V�L�]�H�V�� �$ ���' �S�H�Q�D�O�W�\ �,�%�0 �L�V �X�V�H�G �L�Q �3�D�U�N �H�W �D�O�� ���������� ���� �7�K�L�V �P�H�W�K�R�G �V�H�S�D�U�D�W�H�V
�D �P�D�V�V�O�H�V�V �D�Q�G �D �P�D�V�V�L�Y�H �S�D�U�W �R�I �W�K�H �L�P�P�H�U�V�H�G �E�R�X�Q�G�D�U�\ �D�Q�G �O�L�Q�N�V �W�K�H�P �W�K�U�R�X�J�K �D �Y�L�U�W�X�D�O ���V�W�L�I�I�� �V�S�U�L�Q�J
�Z�L�W�K �G�D�P�S�L�Q�J�� �7�K�L�V �V�S�U�L�Q�J �L�V �J�L�Y�H�Q �D �µ�S�H�Q�D�O�W�\�¶ �I�R�U�F�H �W�R �H�Q�I�R�U�F�H �W�K�D�W �W�K�H �P�D�V�V�L�Y�H �D�Q�G �P�D�V�V�O�H�V�V �S�D�U�W�V �K�D�Y�H
�W�K�H �V�D�P�H �O�R�F�D�W�L�R�Q �D�Q�G �Y�H�O�R�F�L�W�\�� �3�D�U�N �H�W �D�O�� ���������� �� �X�V�H�G �D �I�U�D�F�W�L�R�Q�D�O �V�W�H�S �P�H�W�K�R�G �W�R �V�R�O�Y�H �W�K�H �I�O�X�L�G �P�R�W�L�R�Q
�H�T�X�D�W�L�R�Q�� �Z�K�L�F�K �G�H�F�R�X�S�O�H�V �F�R�X�S�O�H�G �W�H�U�P�V �D�Q�G �G�L�Y�L�G�H�V �W�L�P�H �V�W�H�S�V �L�Q�W�R �I�U�D�F�W�L�R�Q�D�O �W�L�P�H �V�W�H�S�V �W�R �L�P�S�U�R�Y�H
�F�R�P�S�X�W�D�W�L�R�Q�� �,�W �X�V�H�V �W�K�H �V�X�E�G�L�Y�L�V�L�R�Q �I�L�Q�L�W�H �H�O�H�P�H�Q�W �P�H�W�K�R�G�� �G�H�V�F�U�L�E�H�G �L�Q �&�L�U�D�N �H�W �D�O�� ���������� ���� �W�R �V�R�O�Y�H �W�K�H
�V�R�O�L�G �P�R�W�L�R�Q �H�T�X�D�W�L�R�Q�� �7�K�H �H�T�X�D�W�L�R�Q�V �D�U�H �F�R�X�S�O�H�G �E�\ �D�G�G�L�Q�J �D �P�R�P�H�Q�W�X�P �I�R�U�F�H �W�H�U�P��

�%�D�O�G�Z�L�Q �D�Q�G �%�D�W�W�L�V�W�D ���������� �� �D�Q�G �+�H�U�V�F�K�O�D�J �D�Q�G �0�L�O�O�H�U ���������� �� �X�V�H�G �W�K�H �,�%�0 �G�H�Y�H�O�R�S�H�G �E�\ �3�H�V�N�L�Q ���������� ��
�L�Q ���'�� �,�P�S�O�L�F�D�W�L�R�Q �R�I �W�K�H �,�%�0�� �D�V �G�H�V�F�U�L�E�H�G �E�\ �3�H�V�N�L�Q ���������� ���� �D�S�S�O�L�H�V �D�Q �(�X�O�H�U�L�D�Q �I�U�D�P�H �I�R�U �W�K�H �I�O�X�L�G
�D�Q�G �D �/�D�J�U�D�Q�J�L�D�Q �I�U�D�P�H �I�R�U �W�K�H �V�W�U�X�F�W�X�U�H�� �7�K�H�V�H �I�U�D�P�H�V �D�U�H �F�R�X�S�O�H�G �W�K�U�R�X�J�K �L�P�S�O�L�F�L�W�O�\ �H�Q�I�R�U�F�L�Q�J �W�K�H
�G�\�Q�D�P�L�F �D�Q�G �N�L�Q�H�P�D�W�L�F �E�R�X�Q�G�D�U�\ �F�R�Q�G�L�W�L�R�Q�V �R�Q �W�K�H �L�P�P�H�U�V�H�G �V�W�U�X�F�W�X�U�H �W�K�U�R�X�J�K�(�T�X�D�W�L�R�Q �������D�Q�G����������
�(�T�X�D�W�L�R�Q �������H�Q�I�R�U�F�H�V �W�K�H �Q�R���V�O�L�S �F�R�Q�G�L�W�L�R�Q �E�\ �P�D�N�L�Q�J �W�K�H �V�W�U�X�F�W�X�U�H �Y�H�O�R�F�L�W�\��@X

@t (s; t)�� �P�D�W�F�K �W�K�H �O�R�F�D�O
�I�O�X�L�G �Y�H�O�R�F�L�W�\ �R�Q �W�K�H �V�W�U�X�F�W�X�U�H �O�R�F�D�W�L�R�Q���(�T�X�D�W�L�R�Q ���������G�H�V�F�U�L�E�H�V �W�K�H �I�R�U�F�H �R�I �W�K�H �V�W�U�X�F�W�X�U�H �R�Q �W�K�H �I�O�X�L�G
�W�K�U�R�X�J�K �W�K�H �I�R�U�F�H �S�H�U �X�Q�L�W �O�H�Q�J�W�Kf (r; t )�� �L�P�S�O�L�F�L�W�O�\ �U�H�S�U�H�V�H�Q�W�L�Q�J �W�K�H �G�\�Q�D�P�L�F �E�R�X�Q�G�D�U�\ �F�R�Q�G�L�W�L�R�Q �W�K�U�R�X�J�K
�D �I�R�U�F�H �V�X�P�� �,�Q �E�R�W�K �H�T�X�D�W�L�R�Q�V�� �D ���' �'�L�U�D�F �G�H�O�W�D �I�X�Q�F�W�L�R�Q �L�V �X�V�H�G �W�R �W�U�D�Q�V�O�D�W�H �T�X�D�Q�W�L�W�L�H�V �E�H�W�Z�H�H�Q �W�K�H
�I�U�D�P�H�Z�R�U�N�V�� �D�Q�G �V �L�V �D �V�W�D�W�H �I�X�Q�F�W�L�R�Q �U�H�S�U�H�V�H�Q�W�L�Q�J �W�K�H �N�L�Q�H�P�D�W�L�F �V�W�D�W�H��

@X
@t

(r; t ) =
Z

u(x; t) � (x � X (r; t )) dx ����������

F(x; t) =
Z

f (r; t ) � (x � X (r; t )) dr ������������

�:�D�W�H�U�/�L�O�\���M�O�� �D�Q �L�Q�F�R�P�S�U�H�V�V�L�E�O�H �Y�L�V�F�R�X�V �I�O�R�Z �V�R�O�Y�H�U�� �X�V�H�V �W�K�H �%�R�X�Q�G�D�U�\ �'�D�W�D �,�P�P�H�U�V�L�R�Q �0�H�W�K�R�G�� �,�W �L�V
�L�P�S�O�H�P�H�Q�W�H�G �D�V �G�H�V�F�U�L�E�H�G �E�\ �:�H�\�P�R�X�W�K �D�Q�G �)�R�Q�W ���������� �� �D�Q�G �F�D�Q �E�H �D�S�S�O�L�H�G �W�R ���' �D�Q�G ���' �S�U�R�E�O�H�P�V��
�,�W �L�V �D�Q �L�Q�F�R�P�S�U�H�V�V�L�E�O�H �Y�L�V�F�R�X�V �I�O�R�Z �V�R�O�Y�H�U �W�K�D�W �L�P�S�O�H�P�H�Q�W�V �W�K�H �I�L�Q�L�W�H �Y�R�O�X�P�H �P�H�W�K�R�G�� �7�K�H �V�R�O�Y�H�U �G�R�H�V
�Q�R�W �D�S�S�O�\ �D �V�W�U�X�F�W�X�U�H �V�R�O�Y�H�U �W�K�D�W �F�D�Q �D�F�F�R�X�Q�W �I�R�U �W�K�H �S�D�V�V�L�Y�H �H�O�D�V�W�L�F �E�H�K�D�Y�L�R�X�U �R�I �W�K�H �V�W�U�X�F�W�X�U�H�� �,�Q�V�W�H�D�G��
�L�W �X�V�H�V �S�U�H�V�F�U�L�E�H�G �P�R�W�L�R�Q �E�\ �D�S�S�O�\�L�Q�J �V�L�J�Q�H�G �G�L�V�W�D�Q�F�H �I�X�Q�F�W�L�R�Q�V �D�Q�G �P�D�S�S�L�Q�J �R�I �W�K�H �V�R�O�L�G �E�R�X�Q�G�D�U�\ �W�R
�D �Q�H�Z �O�R�F�D�W�L�R�Q �H�Y�H�U�\ �W�L�P�H �V�W�H�S�� �7�K�X�V�� �P�R�W�L�R�Q�V �D�U�H �G�H�I�L�Q�H�G �W�K�U�R�X�J�K �I�X�Q�F�W�L�R�Q�V �L�Q�V�W�H�D�G �R�I �E�H�L�Q�J �D �U�H�V�X�O�W
�R�I �D �V�W�U�X�F�W�X�U�D�O �H�T�X�D�W�L�R�Q�� �7�K�H �I�O�X�L�G �Y�H�O�R�F�L�W�L�H�V �D�W �W�K�H �V�R�O�L�G �E�R�X�Q�G�D�U�\ �D�U�H �H�T�X�D�O�L�V�H�G �W�R �W�K�H �V�R�O�L�G �Y�H�O�R�F�L�W�L�H�V��
�F�U�H�D�W�L�Q�J �D �V�L�Q�J�O�H �H�T�X�D�W�L�R�Q �W�K�D�W �L�V �Y�D�O�L�G �R�Y�H�U �W�K�H �H�Q�W�L�U�H �V�S�D�F�H�� �7�K�H �E�H�Q�H�I�L�W �R�I �W�K�L�V �P�H�W�K�R�G �L�V �W�K�H �S�R�V�V�L�E�L�O�L�W�\
�R�I ���' �V�L�P�X�O�D�W�L�R�Q�V�� �$ �O�L�P�L�W�D�W�L�R�Q �R�I �W�K�L�V �P�H�W�K�R�G �L�V �W�K�D�W �H�O�D�V�W�L�F�L�W�\ �F�D�Q�Q�R�W �E�H �P�R�G�H�O�O�H�G �D�V �W�K�H �V�R�O�L�G �H�T�X�D�W�L�R�Q�V
�D�U�H �Q�R�W �L�P�S�O�H�P�H�Q�W�H�G �L�Q �W�K�H �P�H�W�K�R�G�� �,�W �Z�R�X�O�G �U�H�T�X�L�U�H �S�U�H�V�F�U�L�E�H�G �N�L�Q�H�P�D�W�L�F�V �W�R �Z�R�U�N�� �7�K�L�V �V�L�P�S�O�L�I�L�H�V �W�K�H
�S�U�R�E�O�H�P �V�L�J�Q�L�I�L�F�D�Q�W�O�\�� �D�V �Q�R �)�6�, �K�D�V �W�R �E�H �F�R�P�S�X�W�H�G�� �Z�K�L�O�H �D�F�F�X�U�D�F�\ �P�D�\ �E�H �S�U�H�V�H�U�Y�H�G �E�\ �G�L�J�L�W�L�V�L�Q�J
�D�F�W�X�D�O �M�H�O�O�\�I�L�V�K �N�L�Q�H�P�D�W�L�F�V �I�U�R�P �H�[�S�H�U�L�P�H�Q�W�D�O �Z�R�U�N��
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�$ �W�\�S�L�F�D�O �T�X�D�Q�W�L�I�L�F�D�W�L�R�Q �R�I �I�O�R�Z�V �L�V �W�K�H �5�H�\�Q�R�O�G�V �Q�X�P�E�H�U�� �,�W �F�D�Q �E�H �X�V�H�G �W�R �G�H�W�H�U�P�L�Q�H �W�K�H �I�O�R�Z �U�H�J�L�P�H
�R�I �D �I�O�X�L�G �D�Q�G �U�H�S�U�H�V�H�Q�W�V �W�K�H �E�D�O�D�Q�F�H �E�H�W�Z�H�H�Q �L�Q�H�U�W�L�D�O �D�Q�G �Y�L�V�F�R�X�V �I�R�U�F�H�V�� �3�D�U�N �H�W �D�O�� ���������� �� �V�W�D�W�H�G
�W�K�D�W �5�H�\�Q�R�O�G�V �Q�X�P�E�H�U�V �R�I ���� �W�R �������� �D �V�W�D�W�H �L�Q �Z�K�L�F�K �E�R�W�K �L�Q�H�U�W�L�D�O �D�Q�G �Y�L�V�F�R�X�V �I�R�U�F�H�V �D�U�H �S�U�H�V�H�Q�W�� �D�U�H
�U�H�S�U�H�V�H�Q�W�D�W�L�Y�H �R�I �Q�D�W�X�U�D�O �M�H�O�O�\�I�L�V�K �V�Z�L�P�P�L�Q�J�� �+�H�U�V�F�K�O�D�J �D�Q�G �0�L�O�O�H�U ���������� �� �D�J�U�H�H�G �Z�L�W�K �W�K�L�V �D�Q�G �V�W�D�W�H�G
�W�K�D�W �R�U�J�D�Q�L�V�P�V �G�R �Q�R�W �X�V�H �U�H�F�L�S�U�R�F�D�O �P�H�W�K�R�G�V �R�I �O�R�F�R�P�R�W�L�R�Q �E�H�O�R�Z �D �5�H�\�Q�R�O�G�V �Q�X�P�E�H�U �R�IO(1)�� �7�K�H�\
�G�H�I�L�Q�H �W�K�H �5�H�\�Q�R�O�G�V �Q�X�P�E�H�U �D�V �D �I�X�Q�F�W�L�R�Q �R�I �W�K�H �D�Y�H�U�D�J�H �I�R�U�Z�D�U�G �Y�H�O�R�F�L�W�\�� �J�L�Y�H�Q �L�Q�(�T�X�D�W�L�R�Q ����������
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�'�D�E�L�U�L �H�W �D�O�� ���������� ���� �3�D�U�N �H�W �D�O�� ���������� ���� �D�Q�G �6�D�K�L�Q �H�W �D�O�� ���������� �� �S�U�H�V�H�Q�W�H�G �D �I�R�U�P�X�O�D�W�L�R�Q �I�R�U �W�K�H �Y�R�U�W�H�[
�I�R�U�P�D�W�L�R�Q �W�L�P�H �D�V �L�Q�(�T�X�D�W�L�R�Q ���������� �7�K�L�V �L�Q�G�L�F�D�W�H�V �W�K�H �Y�R�U�W�H�[ �I�R�U�P�D�W�L�R�Q �S�U�R�F�H�V�V �E�\ �W�K�H �H�M�H�F�W�H�G �I�O�X�L�G�� �,�W �L�V
�W�K�H �I�U�D�F�W�L�R�Q �E�H�W�Z�H�H�Q �M�H�W �Y�H�O�R�F�L�W�\ �D�Q�G �G�L�D�P�H�W�H�U �L�Q�W�H�J�U�D�W�H�G �R�Y�H�U �W�L�P�H��
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�'�D�E�L�U�L �H�W �D�O�� ���������� �� �D�S�S�O�L�H�G �Y�R�U�W�H�[ �I�R�U�P�D�W�L�R�Q �W�L�P�H���Q�X�P�E�H�U �D�V �G�H�I�L�Q�H�G�� �E�X�W �H�[�S�U�H�V�V�H�V �L�W �L�Q �P�H�D�V�X�U�H�G �W�H�U�P�V��
�,�W �D�O�V�R �S�U�H�V�H�Q�W�V �D �J�R�Y�H�U�Q�L�Q�J �H�T�X�D�W�L�R�Q �W�R �G�H�U�L�Y�H �D �O�R�F�R�P�R�W�L�Y�H �I�R�U�F�H �H�V�W�L�P�D�W�L�R�Q�� �Z�K�L�F�K �L�V �O�D�W�H�U �X�V�H�G �I�R�U
�T�X�D�Q�W�L�I�L�F�D�W�L�R�Q�� �7�K�L�V �H�T�X�D�W�L�R�Q �L�V �J�L�Y�H�Q �L�Q �L�W�V �P�R�V�W �J�H�Q�H�U�D�O �I�R�U�P �L�Q���������� �Z�K�H�U�HI �L�V �W�K�H �L�G�H�Q�W�L�W�\ �P�D�W�U�L�[��C�$�0

�L�V �W�K�H �D�G�G�H�G �P�D�V�V �F�R�H�I�I�L�F�L�H�Q�W��UV �L�V �W�K�H �Y�H�O�R�F�L�W�\ �R�I �W�K�H �Y�R�U�W�H�[ �Z�D�N�H�� �D�Q�GVv �L�V �W�K�H �Y�R�O�X�P�H �Z�K�L�F�K �F�D�Q �E�H
�F�D�O�F�X�O�D�W�H�G �I�U�R�P �W�K�H �H�M�H�F�W�H�G �I�O�X�L�G��
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�0�R�G�H�O�O�L�Q�J �$�V�V�X�P�S�W�L�R�Q�V �D�Q�G �/�L�P�L�W�D�W�L�R�Q�V
�7�R �F�U�H�D�W�H �D �Q�X�P�H�U�L�F�D�O �P�R�G�H�O �I�R�U �Z�K�L�F�K �W�K�H �V�W�U�X�F�W�X�U�H �D�Q�G �I�O�X�L�G �G�\�Q�D�P�L�F�V �F�D�Q �E�H �V�R�O�Y�H�G�� �V�H�Y�H�U�D�O �D�V�V�X�P�S��
�W�L�R�Q�V �D�Q�G �V�L�P�S�O�L�I�L�F�D�W�L�R�Q�V �K�D�Y�H �W�R �E�H �P�D�G�H�� �E�R�W�K �L�Q �N�L�Q�H�P�D�W�L�F �D�Q�G �K�\�G�U�R�G�\�Q�D�P�L�F �P�R�G�H�O�O�L�Q�J�� �7�K�L�V �O�L�P�L�W�V
�W�K�H �D�F�F�X�U�D�F�\ �D�Q�G �U�H�O�L�D�E�L�O�L�W�\ �R�I �W�K�H �U�H�V�X�O�W�V�� �'�D�E�L�U�L �D�Q�G �*�K�D�U�L�E ���������� �� �D�V�V�H�V�V�H�G �W�K�H �L�Q�I�O�X�H�Q�F�H �R�I �N�L�Q�H�P�D�W�L�F
�D�S�S�U�R�[�L�P�D�W�L�R�Q�V �R�Q �W�K�H �D�F�F�X�U�D�F�\ �R�I �V�Z�L�P�P�L�Q�J �G�\�Q�D�P�L�F�V �L�Q �M�H�O�O�\�I�L�V�K �P�R�G�H�O�O�L�Q�J�� �,�W �V�W�D�W�H�V �W�K�D�W �W�K�H �D�S�S�U�R�[��
�L�P�D�W�L�R�Q �R�I �W�K�H �D�S�H�U�W�X�U�H �D�U�H�D �L�V �V�L�J�Q�L�I�L�F�D�Q�W�O�\ �O�H�V�V �L�Q�I�O�X�H�Q�W�L�D�O �W�K�D�Q �W�K�H �D�S�S�U�R�[�L�P�D�W�L�R�Q �R�I �W�K�H �E�H�O�O �Y�R�O�X�P�H��
�,�W �D�O�V�R �V�W�D�W�H�V �W�K�D�W �W�K�H �K�H�P�L���H�O�O�L�S�V�R�L�G �D�V�V�X�P�S�W�L�R�Q �L�V �R�Q�O�\ �Y�D�O�L�G �L�Q �W�K�H �U�H�O�D�[�H�G �V�W�D�W�H�� �'�D�E�L�U�L �H�W �D�O�� ���������� ��
�I�R�X�Q�G �W�K�D�W �D �F�R�Q�V�W�D�Q�W �Y�H�O�D�U �D�S�H�U�W�X�U�H �Z�R�X�O�G �U�H�V�X�O�W �L�Q �V�L�J�Q�L�I�L�F�D�Q�W �E�D�F�N�Z�D�U�G�V �P�R�W�L�R�Q �R�I �W�K�H �D�Q�L�P�D�O �G�X�U�L�Q�J
�W�K�H �U�H�I�L�O�O�L�Q�J �S�K�D�V�H�� �D�Q�G �L�V �W�K�H�U�H�I�R�U�H �Q�R�W �D �Y�D�O�L�G �D�V�V�X�P�S�W�L�R�Q��

�$ �N�H�\ �O�L�P�L�W�D�W�L�R�Q �L�Q �V�W�X�G�L�H�V �V�X�F�K �D�V �%�D�M�F�D�U �H�W �D�O�� ���������� �� �L�V �W�K�H �L�P�S�O�H�P�H�Q�W�D�W�L�R�Q �R�I �S�U�H�V�F�U�L�E�H�G �P�R�W�L�R�Q�� �Z�K�L�F�K
�S�U�H�Y�H�Q�W�V �W�K�H �P�R�G�H�O �I�U�R�P �F�D�S�W�X�U�L�Q�J �V�W�U�X�F�W�X�U�D�O �I�H�H�G�E�D�F�N �U�H�V�X�O�W�L�Q�J �I�U�R�P �I�O�X�L�G �I�R�U�F�H�V�� �3�D�V�V�L�Y�H �H�O�H�P�H�Q�W�V
�V�X�F�K �D�V �W�H�Q�W�D�F�O�H�V �D�Q�G �R�U�D�O �D�U�P�V �D�U�H �R�P�L�W�W�H�G �L�Q �P�R�V�W �P�R�G�H�O�V �W�R �D�Y�R�L�G �W�K�H�L�U �Q�H�J�D�W�L�Y�H �L�Q�I�O�X�H�Q�F�H �R�Q �Y�R�U�W�H�[
�J�H�Q�H�U�D�W�L�R�Q ���)�H�L�W�O �H�W �D�O������������ �� �0�L�O�H�V �	 �%�D�W�W�L�V�W�D���������� ���� �7�Z�R���G�L�P�H�Q�V�L�R�Q�D�O�L�W�\ �L�V �D �O�L�P�L�W�D�W�L�R�Q �R�I �P�R�G�H�O�V �V�X�F�K
�D�V �%�D�O�G�Z�L�Q �D�Q�G �%�D�W�W�L�V�W�D ���������� ���� �0�L�O�H�V �D�Q�G �%�D�W�W�L�V�W�D ���������� ���� �D�Q�G �:�L�O�V�R�Q �D�Q�G �(�O�G�U�H�G�J�H ���������� ���� �+�H�U�V�F�K�O�D�J
�D�Q�G �0�L�O�O�H�U ���������� �� �V�W�D�W�H�G �W�K�D�W �Y�R�U�W�H�[ �G�\�Q�D�P�L�F�V �G�L�I�I�H�U �E�H�W�Z�H�H�Q �D ���' �P�R�G�H�O �D�Q�G �W�K�H �R�U�J�D�Q�L�V�P ���I�R�U �R�E�O�D�W�H
�M�H�O�O�\�I�L�V�K����
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�D�Q �L�Q�F�R�P�S�U�H�V�V�L�E�O�H�� �Y�L�V�F�R�X�V �I�O�R�Z �R�I �D �1�H�Z�W�R�Q�L�D�Q �I�O�X�L�G�� �%�D�M�F�D�U �H�W �D�O�� ���������� �� �D�O�V�R �D�V�V�X�P�H�G �D �O�D�P�L�Q�D�U �I�O�R�Z
�V�R �W�K�D�W �Q�R �D�Y�H�U�D�J�L�Q�J �R�U �I�L�O�W�H�U�L�Q�J �R�I �W�K�H �1�D�Y�L�H�U���6�W�R�N�H�V �H�T�X�D�W�L�R�Q�V �L�V �U�H�T�X�L�U�H�G�� �+�H�U�V�F�K�O�D�J �D�Q�G �0�L�O�O�H�U ���������� ��
�V�W�D�W�H�G �W�K�D�W �W�K�H �,�% �P�H�W�K�R�G �E�\ �3�H�V�N�L�Q ���������� �� �L�V �O�L�P�L�W�H�G �L�Q �U�H�V�R�O�Y�L�Q�J �W�K�H �V�K�H�G�G�L�Q�J �R�I �Y�R�U�W�H�[ �V�W�U�X�F�W�X�U�H�V �I�R�U
�5�H> ���������� �$�O�W�H�U�Q�D�W�L�Y�H �P�H�W�K�R�G�V �W�K�D�W �E�H�W�W�H�U �K�D�Q�G�O�H �V�K�D�U�S �E�R�X�Q�G�D�U�L�H�V �D�W �K�L�J�K�H�U �5�H �Z�R�X�O�G �E�H �Y�D�O�X�D�E�O�H
�I�R�U �H�[�S�O�R�U�L�Q�J �O�D�U�J�H�U���V�F�D�O�H �G�\�Q�D�P�L�F�V�� �6�D�K�L�Q �H�W �D�O�� ���������� �� �D�V�V�X�P�H�G �V�Z�L�U�O���I�U�H�H �D�[�L�V�\�P�P�H�W�U�L�F �1�D�Y�L�H�U���6�W�R�N�H�V
�H�T�X�D�W�L�R�Q�V�� �'�D�E�L�U�L �H�W �D�O�� ���������� �� �G�R �Q�R�W �L�Q�F�O�X�G�H �U�H�V�L�V�W�L�Y�H �I�O�X�L�G �G�\�Q�D�P�L�F �I�R�U�F�H�V �L�Q �W�K�H�L�U �P�R�G�H�O�� �D�V �W�K�H �U�H�T�X�L�U�H�G
�P�H�D�V�X�U�H�P�H�Q�W�V �R�I �W�K�H �R�U�D�O �F�D�Y�L�W�\ �D�Q�G �Y�H�O�D�U �N�L�Q�H�P�D�W�L�F�V �F�R�X�O�G �Q�R�W �E�H �R�E�W�D�L�Q�H�G �I�U�R�P �D �Y�L�H�Z �W�K�D�W �F�R�Q�W�D�L�Q�H�G
�W�K�H �I�X�O�O �H�[�X�P�E�U�H�O�O�D�U �V�X�U�I�D�F�H�� �7�K�H �R�X�W�H�U �V�X�U�I�D�F�H �S�U�R�I�L�O�H �L�V �Q�H�F�H�V�V�D�U�\ �W�R �H�V�W�L�P�D�W�H �E�R�W�K �Y�L�V�F�R�X�V �G�U�D�J �D�Q�G
�W�K�H �D�F�F�H�O�H�U�D�W�L�R�Q �U�H�D�F�W�L�R�Q ���D�G�G�H�G �P�D�V�V�� �R�I �W�K�H �D�Q�L�P�D�O �E�R�G�\�� �$�Q �D�V�V�X�P�S�W�L�R�Q �W�K�D�W �K�D�V �E�H�H�Q �H�[�S�H�U�L�P�H�Q�W�D�O�O�\
�V�X�S�S�R�U�W�H�G �L�V �W�K�D�W �Y�R�U�W�H�[ �U�L�Q�J �I�R�U�P�D�W�L�R�Q �G�R�H�V �Q�R�W �D�I�I�H�F�W �W�K�H �U�H�I�L�O�O�L�Q�J �S�K�D�V�H �L�Q �K�\�G�U�R�P�H�G�X�V�D�H�� �W�K�H�U�H�I�R�U�H��
�W�K�H �U�H�I�L�O�O�L�Q�J �I�O�R�Z �P�D�\ �E�H �W�U�H�D�W�H�G �D�V �D �X�Q�L�I�R�U�P �L�Q�I�O�R�Z ���'�D�E�L�U�L �H�W �D�O������������ �� �'�D�Q�L�H�O���������� ����

����



�������������1�S�H�I�P �:�E�P�M�H�E�X�M�S�R
�0�X�O�W�L�S�O�H �V�W�X�G�L�H�V �Y�D�O�L�G�D�W�H �W�K�H�L�U �Q�X�P�H�U�L�F�D�O �M�H�O�O�\�I�L�V�K �P�R�G�H�O �X�V�L�Q�J �H�[�S�H�U�L�P�H�Q�W�D�O �G�D�W�D �R�I �V�K�D�S�H�� �N�L�Q�H�P�D�W�L�F�V
�D�Q�G �K�\�G�U�R�G�\�Q�D�P�L�F�V�� �7�K�L�V �G�D�W�D �L�V �R�I�W�H�Q �H�[�W�U�D�F�W�H�G �I�U�R�P �Y�L�G�H�R �D�Q�D�O�\�V�L�V�� �G�L�U�H�F�W �P�H�F�K�D�Q�L�F�D�O �W�H�V�W�L�Q�J �R�U �I�O�R�Z
�Y�L�V�X�D�O�L�V�D�W�L�R�Q �W�H�F�K�Q�L�T�X�H�V�� �7�K�H �G�D�W�D �V�H�U�Y�H�V �D�V �E�H�Q�F�K�P�D�U�N�V �I�R�U �D�V�V�H�V�V�L�Q�J �W�K�H �D�F�F�X�U�D�F�\ �R�I �P�R�G�H�O �J�H�R�P�H�W�U�\��
�L�Q�S�X�W �P�R�W�L�R�Q�� �D�Q�G �I�O�X�L�G �U�H�V�S�R�Q�V�H��
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�D�Q�G �P�R�Y�H�P�H�Q�W�V �R�I �V�F�\�S�K�R�P�H�G�X�V�D�H�� �7�K�H �D�X�W�K�R�U�V �D�Q�D�O�\�V�H�G �W�K�H �Y�H�O�R�F�L�W�L�H�V �R�I �V�H�O�H�F�W�H�G �S�R�L�Q�W�V �D�O�R�Q�J �W�K�H �E�H�O�O
�F�R�Q�W�R�X�U �D�Q�G �S�U�H�V�H�Q�W�H�G �W�K�H�V�H �U�H�V�X�O�W�V�� �6�L�P�L�O�D�U�O�\�� �'�D�E�L�U�L �D�Q�G �*�K�D�U�L�E ���������� �� �G�H�Y�H�O�R�S�H�G �D �S�L�[�H�O���E�D�V�H�G �V�H�D�U�F�K
�D�O�J�R�U�L�W�K�P �W�R �U�H�F�R�Q�V�W�U�X�F�W �V�F�\�S�K�R�P�H�G�X�V�D�Q �V�K�D�S�H �D�Q�G �P�R�W�L�R�Q �I�U�R�P �Y�L�G�H�R �I�U�D�P�H�V�� �*�H�P�P�H�O�O �H�W �D�O�� ���������� ��
�X�V�H�G �Y�L�G�H�R �U�H�F�R�U�G�L�Q�J�V �R�I �V�F�\�S�K�R�P�H�G�X�V�D�H �W�R �G�H�W�H�U�P�L�Q�H �V�Z�L�P�P�L�Q�J �N�L�Q�H�P�D�W�L�F�V�� �0�F�+�H�Q�U�\ �D�Q�G �-�H�G ���������� ��
�P�H�D�V�X�U�H�G �E�H�O�O �G�L�D�P�H�W�H�U�� �K�H�L�J�K�W�� �P�D�U�J�L�Q �D�Q�J�O�H�� �D�Q�G �V�Z�L�P�P�L�Q�J �V�S�H�H�G �I�U�R�P �U�H�F�R�U�G�L�Q�J�V �R�I �O�L�Y�H �M�H�O�O�\�I�L�V�K�� �3�D�U�N
�H�W �D�O�� ���������� �� �X�V�H�G �W�K�H�V�H �G�D�W�D �W�R �Y�D�O�L�G�D�W�H �D ���' �Q�X�P�H�U�L�F�D�O �P�R�G�H�O�� �,�Q �D�G�G�L�W�L�R�Q�� �3�D�U�N �H�W �D�O�� ���������� �� �V�H�O�H�F�W�H�G
�P�D�W�H�U�L�D�O �S�D�U�D�P�H�W�H�U�V �V�X�F�K �D�V �W�H�Q�V�L�R�Q �D�Q�G �E�H�Q�G�L�Q�J �P�R�G�X�O�L�� �E�D�V�H�G �R�Q �W�K�H �P�H�F�K�D�Q�L�F�D�O �P�H�D�V�X�U�H�P�H�Q�W�V
�U�H�S�R�U�W�H�G �E�\ �'�H�P�R�Q�W �D�Q�G �*�R�V�O�L�Q�H ���������� �� �D�Q�G �0�H�J�L�O�O �H�W �D�O�� ���������� ���� �'�H�P�R�Q�W �D�Q�G �*�R�V�O�L�Q�H ���������� �� �S�U�H�V�H�Q�W�H�G
�V�W�D�W�L�F �P�H�F�K�D�Q�L�F�D�O �S�U�R�S�H�U�W�L�H�V �R�I �W�K�H �E�H�O�O �V�W�U�X�F�W�X�U�H �R�I �K�\�G�U�R�P�H�G�X�V�D�H �W�K�U�R�X�J�K �Q�R�Q���G�H�V�W�U�X�F�W�L�Y�H �W�H�V�W�L�Q�J �R�I �W�K�H
�P�H�V�R�J�O�H�D�� �0�H�J�L�O�O �H�W �D�O�� ���������� �� �D�S�S�O�L�H�G �H�[�S�H�U�L�P�H�Q�W�D�O �V�D�P�S�O�H �W�H�V�W�L�Q�J �W�R �J�D�W�K�H�U �P�H�V�R�J�O�H�D�Q �I�L�E�U�H �S�U�R�S�H�U�W�L�H�V
�R�I �D �K�\�G�U�R�P�H�G�X�V�D�Q �M�H�O�O�\�I�L�V�K��
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�7�U�R�R�O�L�Q�� �H�W �D�O�� ���������� �� �X�V�H�G ���' �S�D�U�W�L�F�O�H �L�P�D�J�H �Y�H�O�R�F�L�P�H�W�U�\ �W�R �Y�L�V�X�D�O�L�V�H �¶�I�R�R�W�S�U�L�Q�W�V�¶ �R�I �W�K�H �R�U�J�D�Q�L�V�P�� �H�Q��
�D�E�O�L�Q�J �Z�D�N�H �G�\�Q�D�P�L�F�V �W�R �E�H �F�D�S�W�X�U�H�G �L�Q �K�L�J�K �V�S�D�W�L�R���W�H�P�S�R�U�D�O �U�H�V�R�O�X�W�L�R�Q�� �,�W �V�W�D�W�H�V �W�K�D�W ���' �S�D�U�W�L�F�O�H �L�P�D�J�H
�Y�H�O�R�F�L�P�H�W�U�\ �K�D�V �W�K�H �S�U�R�E�O�H�P �W�K�D�W �W�K�U�X�V�W �D�Q�G �G�U�D�J �F�D�Q�Q�R�W �E�H �V�H�S�D�U�D�W�H�G�� �Z�K�L�O�H �W�K�H �E�R�G�\ �H�[�S�H�U�L�H�Q�F�H�V �E�R�W�K
�W�K�U�X�V�W �D�Q�G �G�U�D�J�� �6�H�S�D�U�D�W�L�R�Q �Z�R�X�O�G �U�H�T�X�L�U�H �D ���' �Y�L�V�X�D�O�L�V�D�W�L�R�Q�� �6�R �R�Q�H �F�D�Q �V�H�H �I�O�R�Z �D�F�F�H�O�H�U�D�W�L�R�Q�V �D�U�R�X�Q�G
�W�K�H �E�H�O�O�� �E�X�W �L�W �F�D�Q�Q�R�W �E�H �V�D�L�G �K�R�Z �P�X�F�K �L�V �W�K�U�X�V�W �D�Q�G �K�R�Z �P�X�F�K �L�V �G�U�D�J�� �)�O�R�Z �Y�L�V�X�D�O�L�V�D�W�L�R�Q �G�D�W�D �I�U�R�P
�'�D�E�L�U�L �H�W �D�O�� ���������� �� �D�Q�G �'�D�E�L�U�L �H�W �D�O�� ���������� �� �S�U�R�Y�L�G�H�G �G�H�W�D�L�O�H�G �I�L�H�O�G �D�Q�G �O�D�E �P�H�D�V�X�U�H�P�H�Q�W�V �R�I �V�F�\�S�K�R��
�D�Q�G �K�\�G�U�R�P�H�G�X�V�D�H�� �7�K�H�V�H �L�Q�F�O�X�G�H �G�\�H �Y�L�V�X�D�O�L�V�D�W�L�R�Q�V �R�I �Y�R�U�W�H�[ �U�L�Q�J �V�W�U�X�F�W�X�U�H�V�� �E�H�O�O �V�K�D�S�H �H�Y�R�O�X�W�L�R�Q��
�D�Q�G �I�O�R�Z �V�H�S�D�U�D�W�L�R�Q�� �:�L�O�V�R�Q �D�Q�G �(�O�G�U�H�G�J�H ���������� �� �X�V�H�G �W�K�L�V �H�[�S�H�U�L�P�H�Q�W�D�O �G�D�W�D �W�R �U�H�F�U�H�D�W�H �N�L�Q�H�P�D�W�L�F�V �W�R
�V�L�P�X�O�D�W�H �D�Q�G �F�R�P�S�D�U�H �Y�R�U�W�H�[ �I�R�U�P�D�W�L�R�Q �D�Q�G �W�K�U�X�V�W �L�Q �D �E�L�R�L�Q�V�S�L�U�H�G �P�R�G�H�O�� �$�O�E�H�Q �H�W �D�O�� ���������� �� �X�V�H�G �W�K�H
�H�[�S�H�U�L�P�H�Q�W�D�O �G�D�W�D �R�I �'�D�E�L�U�L �H�W �D�O�� ���������� �� ���E�H�O�O �G�L�D�P�H�W�H�U�� �W�R �F�R�P�S�D�U�H �W�K�H �V�L�P�X�O�D�W�L�R�Q �U�H�V�X�O�W�V �R�I �L�W�V �Y�R�U�W�H�[��
�V�K�H�H�W �P�R�G�H�O�� �$�G�G�L�W�L�R�Q�D�O�O�\�� �W�K�H�\ �F�R�P�S�D�U�H�G �W�K�H �U�H�V�X�O�W�V �Z�L�W�K �R�W�K�H�U �Q�X�P�H�U�L�F�D�O �V�L�P�X�O�D�W�L�R�Q �U�H�V�X�O�W�V�� �X�V�L�Q�J �W�K�H
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�S�U�H�V�H�Q�W�H�G �D�Q �H�[�D�P�S�O�H �R�I �Q�X�P�H�U�L�F�D�O�O�\ �V�R�O�Y�L�Q�J �R�S�W�L�P�D�O �F�R�Q�W�U�R�O �S�U�R�E�O�H�P�V �J�R�Y�H�U�Q�H�G �E�\ �W�K�H �F�R�P�S�U�H�V�V�L�E�O�H
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�W�K�H �V�Z�L�P�P�L�Q�J �R�I �D �V�F�K�R�R�O �R�I �I�L�V�K ���:�D�Q�J �H�W �D�O������������ ���� �D�Q�G �I�R�U �G�H�W�D�L�O�H�G �D�F�W�L�Y�H �I�O�R�Z �F�R�Q�W�U�R�O �D�W �W�K�H �V�P�D�O�O
�V�F�D�O�H �R�I �I�O�R�Z �L�Q�V�W�D�E�L�O�L�W�L�H�V �D�Q�G �V�H�S�D�U�D�W�L�R�Q ���5�D�E�D�X�O�W �H�W �D�O������������ ���� �,�W �L�V �V�W�D�W�H�G �W�K�D�W �U�H�L�Q�I�R�U�F�H�P�H�Q�W �O�H�D�U�Q�L�Q�J
�L�V �V�L�J�Q�L�I�L�F�D�Q�W�O�\ �P�R�U�H �D�S�S�O�L�F�D�E�O�H �W�R �F�O�R�V�H�G���O�R�R�S �I�O�R�Z �F�R�Q�W�U�R�O �V�\�V�W�H�P�V�� �0�H�F�D�Q�Q�D �H�W �D�O�� ���������� �� �U�H�V�H�D�U�F�K�H�G
�W�K�H �S�H�U�I�R�U�P�D�Q�F�H �R�I �Y�D�U�L�R�X�V �'�5�/ �D�O�J�R�U�L�W�K�P�V �L�Q �I�O�X�L�G �G�\�Q�D�P�L�F�V �S�U�R�E�O�H�P�V �D�Q�G �V�K�R�Z�H�G �W�K�D�W �3�U�R�[�L�P�D�O �3�R�O�L�F�\
�2�S�W�L�P�L�V�D�W�L�R�Q �K�D�V �H�V�W�D�E�O�L�V�K�H�G �G�R�P�L�Q�D�Q�F�H �R�Y�H�U �R�W�K�H�U �D�O�J�R�U�L�W�K�P�V �D�F�U�R�V�V �D �Z�L�G�H �U�D�Q�J�H �R�I �E�H�Q�F�K�P�D�U�N�V��
�5�D�E�D�X�O�W �H�W �D�O�� ���������� �� �V�W�X�G�L�H�G �D �F�L�U�F�X�O�D�U �F�\�O�L�Q�G�H�U �Z�L�W�KRe = 100�� �L�Q �W�K�H �O�D�P�L�Q�D�U �I�O�R�Z �U�H�J�L�P�H�� �Z�K�L�F�K �L�V �O�D�W�H�U
�F�R�P�S�D�U�H�G �W�R �D �F�D�V�H �Z�L�W�KRe = 1000�� �L�Q �W�K�H �O�R�Z���W�X�U�E�X�O�H�Q�F�H �I�O�R�Z �U�H�J�L�P�H �L�Q �5�H�Q �H�W �D�O�� ���������� ���� �)�R�U �W�K�H �I�L�U�V�W
�F�D�V�H�� �V�X�F�F�H�V�V�I�X�O �L�P�S�O�H�P�H�Q�W�D�W�L�R�Q �R�I �'�5�/ �Z�D�V �D�O�U�H�D�G�\ �D�F�K�L�H�Y�H�G�� �Z�K�H�U�H�D�V �I�R�U �W�K�H �O�D�V�W �F�D�V�H�� �L�W �Z�D�V �Q�H�Z�O�\
�D�F�K�L�H�Y�H�G �L�Q �5�H�Q �H�W �D�O�� ���������� ���� �$�V �W�K�L�V �L�V �W�K�H �R�U�G�H�U �R�I �P�D�J�Q�L�W�X�G�H �R�I �W�K�H �5�H�\�Q�R�O�G�V �Q�X�P�E�H�U �F�K�D�U�D�F�W�H�U�L�V�W�L�F
�R�I �W�K�H �M�H�O�O�\�I�L�V�K �F�D�V�H�� �W�K�H �D�S�S�O�L�F�D�W�L�R�Q �R�I �'�5�/ �P�D�\ �E�H �S�R�V�V�L�E�O�H �I�R�U �V�K�D�S�H �R�S�W�L�P�L�V�D�W�L�R�Q �R�U �D�F�W�L�Y�H �I�O�R�Z �F�R�Q�W�U�R�O��
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�W�K�H �L�Q�S�X�W �S�R�Z�H�U�� �+�R�Z�H�Y�H�U�� �*�H�P�P�H�O�O �H�W �D�O�� ���������� �� �D�Q�G �6�D�K�L�Q �H�W �D�O�� ���������� �� �V�W�D�W�H�G �W�K�D�W �W�K�L�V �T�X�D�Q�W�L�I�L�F�D�W�L�R�Q
�R�Y�H�U�O�R�R�N�V �S�D�V�V�L�Y�H �H�Q�H�U�J�\ �U�H�F�D�S�W�X�U�H �S�K�H�Q�R�P�H�Q�D �D�Q�G �L�J�Q�R�U�H�V �Y�L�V�F�R�X�V �H�I�I�H�F�W�V�� �D�V �W�K�H �U�H�O�D�[�D�W�L�R�Q �S�K�D�V�H �L�V
�Q�R�W �L�Q�F�O�X�G�H�G �L�Q �W�K�L�V �S�U�R�W�R�F�R�O��
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�6�D�K�L�Q �H�W �D�O�� ���������� �� �V�W�D�W�H�G �D �S�R�Z�H�U �F�R�H�I�I�L�F�L�H�Q�W �D�V �D �T�X�D�Q�W�L�I�L�F�D�W�L�R�Q �I�R�U �V�Z�L�P�P�L�Q�J �S�H�U�I�R�U�P�D�Q�F�H�� �D�V �J�L�Y�H�Q �L�Q
�(�T�X�D�W�L�R�Q ���������� �7�K�L�V �L�V �D �Q�R�Q���G�L�P�H�Q�V�L�R�Q�D�O�L�V�D�W�L�R�Q �R�I �W�K�H �S�R�Z�H�U �U�H�T�X�L�U�H�G �E�\ �W�K�H �K�\�G�U�R�P�H�G�X�V�D�H �D�V�V�H�V�V�H�G
�L�Q �W�K�L�V �S�D�S�H�U�� �,�W �L�V �Q�R�Q���G�L�P�H�Q�V�L�R�Q�D�O�L�V�H�G �E�\ �G�L�Y�L�G�L�Q�J �L�W �E�\ �W�K�H �I�O�X�L�G �G�H�Q�V�L�W�\�� �D�Y�H�U�D�J�H �M�H�O�O�\�I�L�V�K �Y�H�O�R�F�L�W�\ �D�Q�G
�W�K�H �P�D�[�L�P�X�P �E�H�O�O �G�L�D�P�H�W�H�U��
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���������6�I�W�I�E�V�G�L �S�R �7�E�V�W�M�E �X�Y�F�Y�P�S�W�E
�$ �V�H�W �R�I �O�L�W�H�U�D�W�X�U�H �Z�D�V �J�D�W�K�H�U�H�G �U�H�J�D�U�G�L�Q�J �W�K�H �W�\�S�H �R�I �M�H�O�O�\�I�L�V�K �W�K�D�W �Z�L�O�O �E�H �P�R�G�H�O�O�H�G �L�Q �W�K�L�V �U�H�V�H�D�U�F�K�� �$
�I�H�Z �S�D�S�H�U�V �G�H�V�F�U�L�E�H �W�K�H �E�H�K�D�Y�L�R�X�U �R�I �W�K�H�6�D�U�V�L�D �W�X�E�X�O�R�V�D�� �)�L�U�V�W�O�\�� �/�L�S�L�Q�V�N�L �D�Q�G �0�R�K�V�H�Q�L ���������� ���� �6�D�K�L�Q
�D�Q�G �0�R�K�V�H�Q�L ���������� ���� �D�Q�G �6�D�K�L�Q �H�W �D�O�� ���������� �� �G�H�V�F�U�L�E�H �W�K�H �F�R�Q�V�W�U�X�F�W�L�R�Q �D�Q�G �L�P�S�O�H�P�H�Q�W�D�W�L�R�Q �R�I �D�Q �D�[�L�V�\�P��
�P�H�W�U�L�F �D�S�S�U�R�D�F�K �R�I �W�K�L�V �W�\�S�H �R�I �M�H�O�O�\�I�L�V�K �D�Q�G �H�Y�D�O�X�D�W�H �L�W�V �J�H�Q�H�U�D�O �V�Z�L�P�P�L�Q�J �E�H�K�D�Y�L�R�X�U�� �6�D�K�L�Q �H�W �D�O�� ���������� ��
�H�Y�D�O�X�D�W�H�V �M�H�O�O�\�I�L�V�K �S�U�R�S�X�O�V�L�R�Q �E�D�V�H�G �R�Q �L�W�V �Y�H�O�R�F�L�W�\�� �)�U�R�X�G�H �H�I�I�L�F�L�H�Q�F�\ �D�Q�G �Y�R�U�W�H�[ �I�R�U�P�D�W�L�R�Q�� �Z�K�H�U�H�D�V �/�L�S��
�L�Q�V�N�L �D�Q�G �0�R�K�V�H�Q�L ���������� �� �I�R�F�X�V�H�V �P�D�L�Q�O�\ �R�Q �W�K�H �L�Q�I�O�X�H�Q�F�H �R�I �W�K�H �Y�H�O�X�P �R�Q �Y�R�U�W�H�[ �I�R�U�P�D�W�L�R�Q �D�Q�G �W�U�D�L�O�L�Q�J
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�M�H�W�� �(�[�S�H�U�L�P�H�Q�W�D�O�O�\ �G�H�U�L�Y�H�G �Y�H�O�R�F�L�W�L�H�V�� �D�F�F�H�O�H�U�D�W�L�R�Q�V �D�Q�G �S�R�V�L�W�L�R�Q�V �R�I �V�H�Y�H�U�D�O �M�H�O�O�\�I�L�V�K �W�\�S�H�V�� �L�Q�F�O�X�G�L�Q�J
�6�D�U�V�L�D �7�X�E�X�O�R�V�D�� �D�U�H �S�U�H�V�H�Q�W�H�G �L�Q �&�R�O�L�Q �D�Q�G �&�R�V�W�H�O�O�R ���������� ���� �%�D�O�G�Z�L�Q �D�Q�G �%�D�W�W�L�V�W�D ���������� �� �X�V�H�V �D ���'
�Q�X�P�H�U�L�F�D�O �P�R�G�H�O �W�R �H�[�S�O�R�U�H �K�R�Z �D�G�M�X�V�W�L�Q�J �W�K�H �M�H�O�O�\�I�L�V�K�¶�V �G�X�W�\ �F�\�F�O�H �L�Q�I�O�X�H�Q�F�H�V �L�W�V �S�U�R�S�X�O�V�L�Y�H �H�I�I�L�F�L�H�Q�F�\��
�P�H�D�V�X�U�H�G �L�Q �W�H�U�P�V �R�I �F�R�V�W �R�I �W�U�D�Q�V�S�R�U�W �D�Q�G �Y�H�O�R�F�L�W�\�� �7�K�L�V �S�D�S�H�U �X�V�H�V �W�K�H�6�D�U�V�L�D �W�X�E�X�O�R�V�D�V�S�H�F�L�H�V �P�R�U�H
�D�V �D �J�X�L�G�H�O�L�Q�H �I�R�U �V�H�W�W�L�Q�J �X�S �L�W�V �P�R�G�H�O�� �7�K�H �D�F�W�X�D�O �P�R�G�H�O �X�V�H�G �L�Q �W�K�H �Q�X�P�H�U�L�F�D�O �V�L�P�X�O�D�W�L�R�Q�V �U�H�J�D�U�G�V �D
�M�H�O�O�\�I�L�V�K �R�I1 �>�P�@ �W�K�D�W �E�H�K�D�Y�H�V �L�Q �E�H�W�Z�H�H�Q �W�K�H �S�U�R�O�D�W�H �D�Q�G �R�E�O�D�W�H �M�H�O�O�\�I�L�V�K �U�D�Q�J�H��

�$�Q �D�Q�D�O�\�W�L�F�D�O �P�H�W�K�R�G �W�R �P�R�G�H�O�6�D�U�V�L�D �W�X�E�X�O�R�V�D�Z�D�V �F�R�Q�V�W�U�X�F�W�H�G �E�\ �'�D�Q�L�H�O ���������� �� �D�Q�G �L�P�S�O�H�P�H�Q�W�H�G �L�Q
�&�R�O�L�Q �D�Q�G �&�R�V�W�H�O�O�R ���������� ���� �&�R�O�L�Q �D�Q�G �&�R�V�W�H�O�O�R ���������� ���� �D�Q�G �0�F�+�H�Q�U�\ �D�Q�G �-�H�G ���������� ���� �7�K�H�V�H �V�W�X�G�L�H�V �D�S�S�O�\
�W�K�H �K�H�P�L���H�O�O�L�S�V�R�L�G �V�K�D�S�H �D�V�V�X�P�S�W�L�R�Q �D�Q�G �G�H�V�F�U�L�E�H �D�Q�D�O�\�W�L�F�D�O �P�H�W�K�R�G�V �W�R �F�R�P�S�X�W�H �I�R�U�F�H �F�R�Q�W�U�L�E�X�W�L�R�Q�V
�V�X�F�K �D�V �W�K�U�X�V�W�� �G�U�D�J �D�Q�G �D�G�G�H�G �P�D�V�V�� �7�K�H�V�H �P�H�W�K�R�G�V �F�D�Q �E�H �X�V�H�G �W�R �Y�H�U�L�I�\ �W�K�H �R�U�G�H�U �R�I �P�D�J�Q�L�W�X�G�H
�R�I �W�K�H �U�H�V�X�O�W�V �L�Q �W�K�L�V �U�H�S�R�U�W�� �%�D�O�G�Z�L�Q �D�Q�G �%�D�W�W�L�V�W�D ���������� �� �D�Q�G �'�D�Q�L�H�O ���������� �� �D�O�V�R �L�Q�W�U�R�G�X�F�H �P�H�W�K�R�G�V �W�R
�F�R�P�S�X�W�H �H�I�I�L�F�L�H�Q�F�\ �P�H�W�U�L�F�V �V�X�F�K �D�V �F�R�V�W �R�I �W�U�D�Q�V�S�R�U�W �D�Q�G �)�U�R�X�G�H �H�I�I�L�F�L�H�Q�F�\ �I�R�U�6�D�U�V�L�D �W�X�E�X�O�R�V�D��

�7�K�H �G�H�W�H�U�P�L�Q�H�G �G�X�W�\ �F�\�F�O�H �R�I�6�D�U�V�L�D �W�X�E�X�O�R�V�D�W�H�Q�G�V �W�R �G�L�I�I�H�U �L�Q �W�K�H �O�L�W�H�U�D�W�X�U�H�� �6�D�K�L�Q �H�W �D�O�� ���������� �� �D�S�S�O�L�H�V
�D �G�X�W�\ �F�\�F�O�H �R�I0:4�� �3�H�Q�J �D�Q�G �$�O�E�H�Q ���������� �� �I�R�X�Q�G �W�K�D�W�6�D�U�V�L�D �W�X�E�X�O�R�V�D�V�K�R�Z�V �R�S�W�L�P�D�O �S�H�U�I�R�U�P�D�Q�F�H
�I�R�U �D �G�X�W�\ �F�\�F�O�H �R�I0:5�� �F�R�P�S�D�U�H�G �W�R �D �Y�D�O�X�H �U�D�Q�J�L�Q�J �E�H�W�Z�H�H�Q0:1 < 
 < 0:2 �I�R�X�Q�G �E�\ �%�D�O�G�Z�L�Q �D�Q�G
�%�D�W�W�L�V�W�D ���������� �� �D�Q�G �&�R�O�L�Q �D�Q�G �&�R�V�W�H�O�O�R ���������� ���� �%�D�O�G�Z�L�Q �D�Q�G �%�D�W�W�L�V�W�D ���������� �� �I�L�Q�G�V �D �G�X�W�\ �F�\�F�O�H �P�R�V�W �I�L�W �I�R�U
�R�S�W�L�P�L�V�L�Q�J �W�K�H �S�U�R�S�X�O�V�L�Y�H �H�I�I�L�F�L�H�Q�F�\�� �W�R �E�H0:4 < 
 < 0:5�� �7�K�L�V �U�D�Q�J�H �R�I �G�X�W�\ �F�\�F�O�H�V �V�K�R�Z�V �L�P�S�U�R�Y�H�P�H�Q�W
�S�R�V�V�L�E�L�O�L�W�L�H�V �Z�K�H�Q �D�S�S�O�\�L�Q�J �G�L�I�I�H�U�H�Q�W �G�X�W�\ �F�\�F�O�H�V �L�Q �V�X�F�F�H�V�V�L�Y�H �F�\�F�O�H�V�� �$ �U�H�F�R�P�P�H�Q�G�D�W�L�R�Q �L�V �P�D�G�H �W�K�D�W
�I�X�W�X�U�H �Z�R�U�N �V�K�R�X�O�G �Y�D�U�\ �W�K�H �P�R�W�L�R�Q �F�\�F�O�H �S�H�U�L�R�G �L�Q �V�X�F�F�H�V�V�L�Y�H �F�\�F�O�H�V �D�Q�G �L�Q�Y�H�V�W�L�J�D�W�H �W�K�H �L�Q�I�O�X�H�Q�F�H �R�I
�J�O�L�G�L�Q�J �W�L�P�H�� �*�O�L�G�L�Q�J �W�L�P�H �L�V �W�K�H �D�G�G�L�W�L�R�Q�D�O �S�H�U�L�R�G �E�H�W�Z�H�H�Q �F�\�F�O�H�V �G�X�U�L�Q�J �Z�K�L�F�K �W�K�H �M�H�O�O�\�I�L�V�K �U�H�P�D�L�Q�V
�V�W�D�W�L�R�Q�D�U�\�� �,�W�V �N�L�Q�H�P�D�W�L�F�V �D�U�H �S�D�X�V�H�G �I�R�U �D �P�R�P�H�Q�W �E�H�I�R�U�H �W�K�H �Q�H�[�W �F�\�F�O�H �E�H�J�L�Q�V�� �&�R�P�S�D�U�L�Q�J �W�K�H�V�H
�U�H�F�R�P�P�H�Q�G�D�W�L�R�Q�V �W�R �W�K�H �H�[�S�H�U�L�P�H�Q�W�D�O �G�D�W�D �S�U�H�V�H�Q�W�H�G �L�Q �&�R�O�L�Q �D�Q�G �&�R�V�W�H�O�O�R ���������� ���� �Z�K�L�F�K �V�K�R�Z�H�G �W�K�D�W
�W�K�H �G�X�W�\ �F�\�F�O�H �D�Q�G �P�R�W�L�R�Q �S�H�U�L�R�G �P�D�\ �Y�D�U�\ �S�H�U �P�R�W�L�R�Q �F�\�F�O�H�� �I�R�U�P�V �D �J�R�R�G �I�R�X�Q�G�D�W�L�R�Q �I�R�U �D �V�W�X�G�\ �R�Q �G�X�W�\
�F�\�F�O�H �D�Q�G �S�H�U�L�R�G �Y�D�U�L�D�W�L�R�Q�� �,�W �U�D�L�V�H�V �W�K�H �T�X�H�V�W�L�R�Q �R�I �Z�K�H�W�K�H�U �L�W �L�V �D�Q �D�S�S�O�L�F�D�W�L�R�Q �W�R �L�P�S�U�R�Y�H �O�R�F�R�P�R�W�L�Y�H
�H�I�I�L�F�L�H�Q�F�\��
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�1�I�X�L�S�H�S�P�S�K�]

�7�K�L�V �F�K�D�S�W�H�U �J�L�Y�H�V �D�Q �R�Y�H�U�Y�L�H�Z �R�I �W�K�H �P�H�W�K�R�G�R�O�R�J�L�H�V �D�S�S�O�L�H�G �L�Q �W�K�L�V �V�W�X�G�\�� �7�K�H �P�H�W�K�R�G�V �D�Q�G �V�R�I�W�Z�D�U�H
�X�V�H�G �W�R �G�H�V�L�J�Q �W�K�H �P�R�G�H�O �D�U�H �D�G�G�U�H�V�V�H�G�� �D�Q�G �W�K�H �Y�D�O�L�G�D�W�L�R�Q �D�Q�G �E�H�Q�F�K�P�D�U�N�L�Q�J �D�S�S�U�R�D�F�K�H�V �D�U�H �G�L�V��
�F�X�V�V�H�G�� �7�K�H �I�L�U�V�W �V�H�F�W�L�R�Q �F�O�D�U�L�I�L�H�V �W�K�H �&�)�' �V�R�I�W�Z�D�U�H �:�D�W�H�U�/�L�O�\�� �7�K�H �V�H�F�R�Q�G �V�H�F�W�L�R�Q �S�U�H�V�H�Q�W�V �W�K�H �D�S�S�O�L�H�G
�P�H�W�K�R�G�V �X�V�H�G �W�R �J�H�Q�H�U�D�W�H �D �E�L�R�O�R�J�L�F�D�O�O�\ �D�F�F�X�U�D�W�H �M�H�O�O�\�I�L�V�K �V�K�D�S�H �D�Q�G �P�R�W�L�R�Q�� �V�X�L�W�D�E�O�H �I�R�U �&�)�' �V�L�P�X�O�D��
�W�L�R�Q�V�� �7�K�H �W�K�L�U�G �V�H�F�W�L�R�Q �G�H�V�F�U�L�E�H�V �W�K�H �P�H�W�K�R�G�V �D�Q�G �D�V�V�X�P�S�W�L�R�Q�V �X�V�H�G �W�R �F�R�Q�V�W�U�X�F�W �W�K�H �M�H�O�O�\�I�L�V�K �J�H�R�P�H�W�U�\��
�7�K�H �I�R�X�U�W�K �V�H�F�W�L�R�Q �G�L�V�F�X�V�V�H�V �W�K�H �D�S�S�O�L�H�G �V�L�P�X�O�D�W�L�R�Q �I�U�D�P�H�Z�R�U�N �D�Q�G �W�K�H �L�P�S�O�H�P�H�Q�W�D�W�L�R�Q �R�I �P�R�W�L�R�Q �H�T�X�D��
�W�L�R�Q�V �W�R �F�R�P�S�X�W�H �W�K�H �Y�H�O�R�F�L�W�\ �R�I �W�K�H �Q�X�P�H�U�L�F�D�O �M�H�O�O�\�I�L�V�K �P�R�G�H�O�� �0�R�G�H�O �D�Q�G �V�L�P�X�O�D�W�L�R�Q �V�L�P�S�O�L�I�L�F�D�W�L�R�Q�V �D�U�H
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�D�Q�G �W�K�H �D�E�L�O�L�W�\ �W�R �P�D�S �L�W �I�U�R�P ���' �W�R ���'�� �,�Q �W�K�H �S�U�H�V�H�Q�W �Z�R�U�N�� �W�L�P�H���G�H�S�H�Q�G�H�Q�W �V�H�W�V �R�I �F�R�Q�W�U�R�O �S�R�L�Q�W�V �D�U�H
�X�V�H�G �W�R �U�H�S�U�R�G�X�F�H �W�K�H �E�H�O�O �G�H�I�R�U�P�D�W�L�R�Q �R�I�6�D�U�V�L�D �W�X�E�X�O�R�V�D�� �*�3�8 �F�R�P�S�D�W�L�E�L�O�L�W�\ �F�D�Q �D�F�F�H�O�H�U�D�W�H �V�L�P�X�O�D�W�L�R�Q�V
�R�I �M�H�O�O�\�I�L�V�K �P�R�W�L�R�Q �L�Q ���'�� �)�L�Q�D�O�O�\�� �W�K�H �R�S�H�Q���V�R�X�U�F�H �D�F�F�H�V�V�L�E�L�O�L�W�\ �D�Q�G �R�Q�O�L�Q�H �V�X�S�S�R�U�W �E�H�Q�H�I�L�W �W�K�L�V �V�W�X�G�\ �D�Q�G
�V�L�P�S�O�L�I�\ �I�X�W�X�U�H �U�H�V�H�D�U�F�K��

���������8�L�I �2�Y�Q�I�V�M�G�E�P �.�I�P�P�]�h�W�L �1�S�H�I�P
�7�K�H �D�[�L�V�\�P�P�H�W�U�L�F�D�O �M�H�O�O�\�I�L�V�K �P�R�G�H�O �D�Q�G �P�H�W�K�R�G�V �G�H�V�F�U�L�E�H�G �L�Q �/�L�S�L�Q�V�N�L �D�Q�G �0�R�K�V�H�Q�L ���������� ���� �6�D�K�L�Q �D�Q�G
�0�R�K�V�H�Q�L ���������� ���� �D�Q�G �6�D�K�L�Q �H�W �D�O�� ���������� �� �V�H�U�Y�H�G �D�V �D �U�H�I�H�U�H�Q�F�H �I�R�U �F�R�Q�V�W�U�X�F�W�L�Q�J �W�K�L�V �M�H�O�O�\�I�L�V�K �V�K�D�S�H �D�Q�G
�N�L�Q�H�P�D�W�L�F�V�� �6�D�K�L�Q �H�W �D�O�� ���������� �� �P�R�G�H�O�O�H�G�6�D�U�V�L�D �W�X�E�X�O�R�V�D�D�Q�G �S�U�H�V�H�Q�W�H�G �L�W�V �N�L�Q�H�P�D�W�L�F �S�U�R�I�L�O�H �D�V �L�Q�)�L�J��
�X�U�H �������� �Z�K�L�F�K �Z�D�V �G�L�J�L�W�L�V�H�G �I�U�R�P �U�H�F�R�U�G�L�Q�J�V �R�I �V�Z�L�P�P�L�Q�J �M�H�O�O�\�I�L�V�K���)�L�J�X�U�H �������S�U�H�V�H�Q�W�V �W�K�H �N�L�Q�H�P�D�W�L�F
�V�H�W�W�L�Q�J�V �D�W �F�H�U�W�D�L�Q �W�L�P�H �V�W�H�S�V �L�Q �W�K�H �P�R�W�L�R�Q �F�\�F�O�Hf 0; 1; 2; 3; 4; 5; 6; 7; 8; 9g T

10 �� �$�O�R�Q�J �Z�L�W�K �W�K�H�V�H �W�L�P�H �Y�D�U�L��
�D�W�L�R�Q�V�� �V�R�P�H �F�K�D�U�D�F�W�H�U�L�V�W�L�F �S�D�U�D�P�H�W�H�U�V �G�H�I�L�Q�L�Q�J �W�K�H �J�H�R�P�H�W�U�\ �D�Q�G �N�L�Q�H�P�D�W�L�F�V �R�I�6�D�U�V�L�D �W�X�E�X�O�R�V�D�Z�H�U�H
�V�W�D�W�H�G���7�D�E�O�H �������V�K�R�Z�V �W�K�H�V�H �F�K�D�U�D�F�W�H�U�L�V�W�L�F �S�D�U�D�P�H�W�H�U�V�� �Z�K�H�U�H �5�H�\�Q�R�O�G�V �D�Q�G �6�W�U�R�X�K�D�O �Q�X�P�E�H�U�V �Z�H�U�H
�F�R�P�S�X�W�H�G �Z�L�W�K �W�K�H �J�L�Y�H�Q �H�T�X�D�W�L�R�Q�V�� �7�K�H�V�H �F�K�D�U�D�F�W�H�U�L�V�W�L�F �S�D�U�D�P�H�W�H�U�V �Z�H�U�H �X�V�H�G �W�R �F�R�Q�V�W�U�X�F�W �W�K�H �J�H�R�P��
�H�W�U�\ �D�Q�G �V�L�P�X�O�D�W�L�R�Q �H�Q�Y�L�U�R�Q�P�H�Q�W �D�F�F�R�U�G�L�Q�J�O�\�� �7�K�H�V�H �Q�X�P�E�H�U�V �Z�H�U�H �X�V�H�G �W�R �G�H�I�L�Q�H �W�K�H �O�H�Q�J�W�K�� �Y�H�O�R�F�L�W�\
�D�Q�G �W�L�P�H �V�F�D�O�L�Q�J��

�0�D�[�L�P�X�P �'�L�D�P�H�W�H�U Dmax 1:25 cm
�$�Y�H�U�D�J�H �7�U�D�Q�V�O�D�W�L�R�Q�D�O �9�H�O�R�F�L�W�\Uavg 2:42 cm

s
�0�R�W�L�R�Q �&�\�F�O�H �3�H�U�L�R�GT 1:00 s
�5�H�\�Q�R�O�G�V �1�X�P�E�H�URe = Uavg D max

� 302 �
�6�W�U�R�X�K�D�O �1�X�P�E�H�USt = D max

Uavg T 0:52 �

�7�D�E�O�H ���������&�K�D�U�D�F�W�H�U�L�V�W�L�F �S�D�U�D�P�H�W�H�U�V �R�I �W�K�H�6�D�U�V�L�D �W�X�E�X�O�R�V�D�P�R�G�H�O�� �U�H�S�U�R�G�X�F�H�G �I�U�R�P �6�D�K�L�Q �H�W �D�O�� ���������� ��

�7�K�H �N�L�Q�H�P�D�W�L�F �S�U�R�I�L�O�H�V �L�Q�)�L�J�X�U�H �������Z�H�U�H �F�R�S�L�H�G �E�\ �W�U�D�Q�V�I�R�U�P�L�Q�J �W�K�H �F�X�U�Y�H�V �L�Q�W�R �V�H�S�D�U�D�W�H �V�H�W�V �R�I �F�R�Q�W�U�R�O
�S�R�L�Q�W�V�� �(�D�F�K �F�R�Q�W�U�R�O �S�R�L�Q�W �P�R�Y�H�V �D�F�F�R�U�G�L�Q�J �W�R �W�K�H �N�L�Q�H�P�D�W�L�F �S�U�R�I�L�O�H�V �R�Y�H�U �W�L�P�H�� �7�K�H �U�H�V�X�O�W �Z�D�V �D �P�D�W�U�L�[
�R�I �F�R�Q�W�U�R�O �S�R�L�Q�W�V �G�H�I�L�Q�L�Q�J �W�K�H �M�H�O�O�\�I�L�V�K �V�K�D�S�H �D�W �H�D�F�K �W�L�P�H �V�W�H�S �L�Q �W�K�H �P�R�W�L�R�Q �F�\�F�O�H�� �7�K�L�V �V�H�W �R�I �F�R�Q�W�U�R�O
�S�R�L�Q�W�V �Z�D�V �Q�R�W �V�P�R�R�W�K �L�Q �W�L�P�H �D�Q�G �V�S�D�F�H �G�X�H �W�R �G�L�V�F�U�H�W�L�V�D�W�L�R�Q �G�L�V�F�U�H�S�D�Q�F�L�H�V�� �+�R�Z�H�Y�H�U�� �:�D�W�H�U�/�L�O�\ �U�H��
�T�X�L�U�H�V �V�P�R�R�W�K�Q�H�V�V �D�Q�G �F�R�Q�W�L�Q�X�L�W�\ �L�Q �L�W�V �V�L�P�X�O�D�W�L�R�Q �J�H�R�P�H�W�U�L�H�V�� �W�K�H�U�H�I�R�U�H�� �D�G�M�X�V�W�P�H�Q�W�V �D�Q�G �R�S�W�L�P�L�V�D�W�L�R�Q�V
�Z�H�U�H �U�H�T�X�L�U�H�G�� �7�R �R�E�W�D�L�Q �D �I�X�Q�F�W�L�R�Q�D�O �W�L�P�H���Y�D�U�\�L�Q�J �E�H�O�O �V�K�D�S�H �V�X�L�W�D�E�O�H �I�R�U �W�K�H �:�D�W�H�U�/�L�O�\ �&�)�' �V�R�O�Y�H�U�� �W�K�H
�I�R�O�O�R�Z�L�Q�J �V�W�H�S�V �Z�H�U�H �W�D�N�H�Q��

���� �$�F�F�X�U�D�W�H �V�F�D�O�L�Q�J �D�Q�G �G�L�V�F�U�H�W�L�V�D�W�L�R�Q�� �6�L�Q�F�H �:�D�W�H�U�/�L�O�\ �L�V �D �Q�R�Q���G�L�P�H�Q�V�L�R�Q�D�O �V�R�O�Y�H�U�� �W�K�H �L�Q�S�X�W �Z�D�V
�V�F�D�O�H�G �D�F�F�R�U�G�L�Q�J�O�\�� �7�K�H �J�H�R�P�H�W�U�\ �Z�D�V �G�L�V�F�U�H�W�L�V�H�G �L�Q�W�R �D �O�D�U�J�H�U �V�H�W �R�I �F�R�Q�W�U�R�O �S�R�L�Q�W�V �W�R �L�P�S�U�R�Y�H �W�K�H

����



�G�H�I�L�Q�L�W�L�R�Q �R�I �W�K�H �V�L�J�Q�H�G �G�L�V�W�D�Q�F�H �I�X�Q�F�W�L�R�Q��

���� �(�Q�I�R�U�F�L�Q�J �W�K�H �F�R�Q�V�H�U�Y�D�W�L�R�Q �R�I �P�D�V�V�� �,�Q �W�K�H �W�Z�R���G�L�P�H�Q�V�L�R�Q�D�O �F�D�V�H�� �W�K�L�V �Z�D�V �D�F�K�L�H�Y�H�G �E�\ �P�D�L�Q�W�D�L�Q��
�L�Q�J �D �F�R�Q�V�W�D�Q�W �J�H�R�P�H�W�U�L�F �D�U�H�D�� �,�Q �W�K�H �W�K�U�H�H���G�L�P�H�Q�V�L�R�Q�D�O �F�D�V�H�� �D �F�R�Q�V�W�D�Q�W �J�H�R�P�H�W�U�L�F �Y�R�O�X�P�H �Z�D�V
�P�D�L�Q�W�D�L�Q�H�G�� �%�R�W�K �Z�H�U�H �H�Q�I�R�U�F�H�G �Z�L�W�K �D �F�R�U�U�H�F�W�L�R�Q �D�O�J�R�U�L�W�K�P��

���� �8�S�V�D�P�S�O�L�Q�J �R�I �F�R�Q�W�U�R�O �S�R�L�Q�W �V�H�W�V�� �7�K�H �F�R�Q�W�U�R�O �S�R�L�Q�W �V�H�W�V �Z�H�U�H �X�S�V�D�P�S�O�H�G �W�R �S�U�H�Y�H�Q�W �H�[�F�H�V�V�L�Y�H
�J�H�R�P�H�W�U�L�F �F�K�D�Q�J�H �E�H�W�Z�H�H�Q �W�L�P�H �V�W�H�S�V��

���� �*�H�R�P�H�W�U�\ �F�K�D�Q�J�H �F�R�Q�W�L�Q�X�L�W�\�� �(�D�F�K �F�R�Q�W�U�R�O �S�R�L�Q�W �Z�D�V �F�R�Q�V�W�U�D�L�Q�H�G �W�R �P�R�Y�H �Z�L�W�K �D �F�R�Q�W�L�Q�X�R�X�V �S�R�V�L��
�W�L�R�Q�� �Y�H�O�R�F�L�W�\ �D�Q�G �D�F�F�H�O�H�U�D�W�L�R�Q�� �$ �V�P�R�R�W�K�L�Q�J �D�O�J�R�U�L�W�K�P �Z�D�V �D�S�S�O�L�H�G��

�������������6�I�W�G�E�P�M�R�K �E�R�H �(�M�W�G�V�I�X�M�W�E�X�M�S�R
�$�V �G�H�V�F�U�L�E�H�G �L�Q�V�H�F�W�L�R�Q �������� �Q�R�Q���G�L�P�H�Q�V�L�R�Q�D�O�L�V�D�W�L�R�Q �R�I �W�K�H �V�L�P�X�O�D�W�L�R�Q �S�D�U�D�P�H�W�H�U�V �L�V �U�H�T�X�L�U�H�G �W�R �G�H�I�L�Q�H
�W�K�H �V�L�P�X�O�D�W�L�R�Q �D�S�S�U�R�S�U�L�D�W�H�O�\�� �7�K�H �P�D�[�L�P�X�P �E�H�O�O �G�L�D�P�H�W�H�U �R�I1:25 �>�F�P�@ �Z�D�V �X�V�H�G �D�V �W�K�H �F�K�D�U�D�F�W�H�U�L�V�W�L�F
�O�H�Q�J�W�K�� �7�K�H �P�D�[�L�P�X�P �E�H�O�O �G�L�D�P�H�W�H�U �L�Q �:�D�W�H�U�/�L�O�\ �X�Q�L�W�V �Z�D�V �G�H�I�L�Q�H�G �D�V �D �I�X�Q�F�W�L�R�Q �R�I �W�K�H �J�U�L�G �V�L�]�HD = 2 p��
�7�K�L�V �U�H�V�X�O�W�H�G �L�Q �W�K�H �O�H�Q�J�W�K �V�F�D�O�H �J�L�Y�H�Q �L�Q�(�T�X�D�W�L�R�Q ��������

l � = L
D

Dmax
=

2p

1:25
L ����������

�6�L�P�L�O�D�U�O�\�� �W�K�H �D�Y�H�U�D�J�H �Y�H�O�R�F�L�W�\ �Z�D�V �X�V�H�G �W�R �V�F�D�O�H �W�K�H �Q�X�P�H�U�L�F�D�O �Y�H�O�R�F�L�W�\ �L�Q �:�D�W�H�U�/�L�O�\�� �,�W �Z�D�V �Q�R�W�H�G �W�K�D�W
�W�K�H �D�Y�H�U�D�J�H �Y�H�O�R�F�L�W�\ �L�V �D �S�R�V�W���S�U�R�F�H�V�V�L�Q�J �S�D�U�D�P�H�W�H�U �L�Q �6�D�K�L�Q �H�W �D�O�� ���������� �� �D�Q�G �Q�R�W �W�K�H �Y�H�O�R�F�L�W�\ �V�F�D�O�H
�X�V�H�G �W�R �G�H�I�L�Q�H �W�K�H�L�U �V�L�P�X�O�D�W�L�R�Q �H�Q�Y�L�U�R�Q�P�H�Q�W�� �+�R�Z�H�Y�H�U�� �L�Q �W�K�H �D�E�V�H�Q�F�H �R�I �W�K�L�V �V�F�D�O�H�� �W�K�H �D�Y�H�U�D�J�H �Y�H�O�R�F�L�W�\
�Z�D�V �D�S�S�O�L�H�G�� �%�\ �G�H�I�L�Q�L�Q�J �W�K�H �:�D�W�H�U�/�L�O�\ �Y�H�O�R�F�L�W�\ �V�F�D�O�H �D�VU = 1 �� �W�K�H �U�H�V�X�O�W�L�Q�J �Y�H�O�R�F�L�W�L�H�V �L�Q �:�D�W�H�U�/�L�O�\ �Z�H�U�H
�R�Q �W�K�H �V�D�P�H �Y�H�O�R�F�L�W�\ �V�F�D�O�H �D�V �6�D�K�L�Q �H�W �D�O�� ���������� ���� �7�R �W�U�D�Q�V�I�R�U�P �Y�H�O�R�F�L�W�\ �G�D�W�D �L�Q�W�R �:�D�W�H�U�/�L�O�\ �X�Q�L�W�V�� �W�K�H
�V�F�D�O�L�Q�J �L�Q�(�T�X�D�W�L�R�Q �������Z�D�V �D�S�S�O�L�H�G��

u� = u
U

Uavg
����������

�7�K�H �W�L�P�H �V�F�D�O�H �Z�D�V �G�H�I�L�Q�H�G �D�V �W�K�H �I�U�D�F�W�L�R�Q �R�I �W�K�H �F�K�D�U�D�F�W�H�U�L�V�W�L�F �Y�H�O�R�F�L�W�\ �V�F�D�O�H �D�Q�G �W�K�H �F�K�D�U�D�F�W�H�U�L�V�W�L�F
�O�H�Q�J�W�K �V�F�D�O�H�� �7�R �Q�R�Q���G�L�P�H�Q�V�L�R�Q�D�O�L�V�H �W�K�H �S�H�U�L�R�G �J�L�Y�H�Q �L�Q �6�D�K�L�Q �H�W �D�O�� ���������� ���� �L�W �Z�D�V �P�X�O�W�L�S�O�L�H�G �E�\ �W�K�L�V �W�L�P�H
�V�F�D�O�H�� �D�V �S�U�H�V�H�Q�W�H�G �L�Q�(�T�X�D�W�L�R�Q �������� �7�K�H �U�H�V�X�O�W �L�V �D �S�H�U�L�R�G �L�Q �F�R�Q�Y�H�F�W�L�Y�H �W�L�P�H �X�Q�L�W�V�� �Z�K�L�F�K �F�D�Q �W�K�H�Q �E�H
�W�U�D�Q�V�O�D�W�H�G �W�R �W�K�H �D�F�W�X�D�O �Q�X�P�H�U�L�F�D�O �W�L�P�H �R�I �W�K�H �V�R�O�Y�H�U �E�\ �P�X�O�W�L�S�O�\�L�Q�J �L�W �E�\ �W�K�H �:�D�W�H�U�/�L�O�\ �W�L�P�H �V�F�D�O�H2p

U ��

t i = T
Uavg

Dmax
=

2:42
1:25

T ����������

�7�K�H �F�R�Q�W�U�R�O �S�R�L�Q�W�V �Z�H�U�H �Q�R�Q���G�L�P�H�Q�V�L�R�Q�D�O�L�V�H�G �E�\ �P�X�O�W�L�S�O�\�L�Q�J �W�K�H �F�R�R�U�G�L�Q�D�W�H�V �E�\ �W�K�H �O�H�Q�J�W�K �V�F�D�O�H�� �7�K�H
�U�H�V�F�D�O�H�G �F�R�Q�W�U�R�O �S�R�L�Q�W �V�H�W�V �Z�H�U�H �D�V�V�L�J�Q�H�G �W�R �W�K�H �F�R�Q�W�U�D�F�W�L�R�Q �D�Q�G �H�[�S�D�Q�V�L�R�Q �S�K�D�V�H�V �D�F�F�R�U�G�L�Q�J �W�R �W�K�H
�G�H�I�L�Q�L�W�L�R�Q �L�Q �6�D�K�L�Q �H�W �D�O�� ���������� ���� �7�K�H �I�L�U�V�W �I�R�X�U �V�H�W�V �U�H�S�U�H�V�H�Q�W �W�K�H �F�R�Q�W�U�D�F�W�L�R�Q �S�K�D�V�H�� �D�Q�G �W�K�H �O�D�V�W �V�L�[ �V�H�W�V
�W�K�H �H�[�S�D�Q�V�L�R�Q �S�K�D�V�H�� �7�K�H �J�H�R�P�H�W�U�\ �Z�D�V �G�L�V�F�U�H�W�L�V�H�G �L�Q�W�R �D �O�D�U�J�H�U �V�H�W �R�I �F�R�Q�W�U�R�O �S�R�L�Q�W�V �W�R �U�H�G�X�F�H �W�K�H �P�R��
�W�L�R�Q �S�H�U �W�L�P�H �V�W�H�S �E�\ �L�P�S�O�H�P�H�Q�W�L�Q�J �D �S�L�H�F�H�Z�L�V�H���O�L�Q�H�D�U �D�U�F���O�H�Q�J�W�K �S�D�U�D�P�H�W�U�L�V�D�W�L�R�Q�� �7�K�L�V �S�D�U�D�P�H�W�U�L�V�D�W�L�R�Q
�D�G�G�H�G �D�G�G�L�W�L�R�Q�D�O �F�R�Q�W�U�R�O �S�R�L�Q�W�V �Z�L�W�K�R�X�W �D�O�W�H�U�L�Q�J �J�H�R�P�H�W�U�L�F �S�U�R�S�H�U�W�L�H�V�� �V�X�F�K �D�V �W�K�H �Y�H�O�D�U �N�L�Q�H�P�D�W�L�F�V��

�7�K�H �L�Q�L�W�L�D�O �V�H�W �F�R�Q�V�L�V�W�H�G �R�IM cps �F�R�Q�W�U�R�O �S�R�L�Q�W�V�� �Z�K�L�F�K �Z�H�U�H �L�Q�F�U�H�D�V�H�G �W�RNcps �Z�K�L�O�H �S�U�H�V�H�U�Y�L�Q�J �W�K�H �R�U�L�J�L�Q�D�O
�F�R�Q�W�U�R�O �S�R�L�Q�W�V�� �W�K�H�U�H�E�\ �U�H�W�D�L�Q�L�Q�J �W�K�H �I�X�O�O �J�H�R�P�H�W�U�\ �R�I �W�K�H �Y�H�O�X�P�� �(�D�F�K �V�H�J�P�H�Q�W �O�H�Q�J�W�Kl i �E�H�W�Z�H�H�Q �W�Z�R
�F�R�Q�W�U�R�O �S�R�L�Q�W�V �Z�D�V �G�H�U�L�Y�H�G �D�O�R�Q�J �Z�L�W�K �W�K�H �W�R�W�D�O �D�U�F �O�H�Q�J�W�KL =

P
l i �� �(�D�F�K �V�H�J�P�H�Q�W �U�H�F�H�L�Y�H�Gni =

(Ncps � M cps ) l i
L �Q�H�Z �S�R�L�Q�W�V�� �P�H�D�Q�L�Q�J �W�K�D�W �O�R�Q�J�H�U �V�H�J�P�H�Q�W�V �U�H�F�H�L�Y�H�G �P�R�U�H �S�R�L�Q�W�V�� �7�K�H �D�O�J�R�U�L�W�K�P �H�Q�V�X�U�H�G

�W�K�D�W �W�K�H �L�Q�L�W�L�D�O �F�R�Q�W�U�R�O �S�R�L�Q�W�V �U�H�P�D�L�Q�H�G �E�\ �U�H�W�D�L�Q�L�Q�J �W�K�H �I�L�U�V�W �F�R�Q�W�U�R�O �S�R�L�Q�W �R�I �H�D�F�K �S�R�O�\�O�L�Q�H�� �$�G�G�L�W�L�R�Q�D�O
�F�R�Q�W�U�R�O �S�R�L�Q�W�V �Z�H�U�H �W�K�H�Q �D�G�G�H�G �D�W �X�Q�L�I�R�U�P �I�U�D�F�W�L�R�Q�D�O �S�R�V�L�W�L�R�Q�V �D�O�R�Q�J �H�D�F�K �V�H�J�P�H�Q�W�� �S�D�U�D�P�H�W�U�L�V�H�G �I�R�U
s 2 (0; 1) �W�K�U�R�X�J�K�(�T�X�D�W�L�R�Q ��������

cpnew = (1 � s)p0 + sp1 ����������

����



�$�G�G�L�W�L�R�Q�D�O�O�\�� �W�K�H �R�U�G�H�U �R�I �W�K�H �F�R�Q�W�U�R�O �S�R�L�Q�W�V �Z�D�V �U�H�Y�H�U�V�H�G �W�R �R�E�W�D�L�Q �D �:�D�W�H�U�/�L�O�\���D�S�S�U�R�S�U�L�D�W�H �J�H�R�P�H�W�U�\
�G�H�I�L�Q�L�W�L�R�Q�� �7�K�H �R�U�G�H�U�L�Q�J �Z�D�V �U�H�T�X�L�U�H�G �W�R �E�H �F�R�X�Q�W�H�U���F�O�R�F�N�Z�L�V�H �V�R �W�K�D�W �W�K�H �I�O�R�Z �Z�D�V �G�H�I�L�Q�H�G �R�X�W�V�L�G�H �W�K�H
�J�H�R�P�H�W�U�\ �U�D�W�K�H�U �W�K�D�Q �L�Q�V�L�G�H��

�������������1�E�W�W �'�S�R�W�I�V�Z�E�X�M�S�R
�7�R �H�Q�I�R�U�F�H �P�D�V�V �F�R�Q�V�H�U�Y�D�W�L�R�Q�� �D�Q �D�U�H�D�� �D�Q�G �Y�R�O�X�P�H���F�R�U�U�H�F�W�L�R�Q �D�O�J�R�U�L�W�K�P �Z�D�V �D�S�S�O�L�H�G�� �,�Q �W�K�H �W�Z�R��
�G�L�P�H�Q�V�L�R�Q�D�O �F�D�V�H�� �D�U�H�D �Z�D�V �F�R�Q�V�H�U�Y�H�G�� �L�Q �W�K�H �W�K�U�H�H���G�L�P�H�Q�V�L�R�Q�D�O �F�D�V�H�� �Y�R�O�X�P�H �Z�D�V �F�R�Q�V�H�U�Y�H�G�� �6�L�Q�F�H
�W�K�H �V�L�P�X�O�D�W�L�R�Q �D�V�V�X�P�H�V �L�Q�F�R�P�S�U�H�V�V�L�E�O�H �I�O�R�Z �Z�L�W�K �F�R�Q�V�W�D�Q�W �G�H�Q�V�L�W�\�� �P�D�V�V �F�R�Q�V�H�U�Y�D�W�L�R�Q �U�H�G�X�F�H�V �W�R �W�K�H
�S�U�H�V�H�U�Y�D�W�L�R�Q �R�I �J�H�R�P�H�W�U�L�F �D�U�H�D �����'�� �R�U �Y�R�O�X�P�H �����'���� �7�K�H �D�U�H�D �R�U �Y�R�O�X�P�H �R�I �W�K�H �I�L�U�V�W �F�R�Q�W�U�R�O �S�R�L�Q�W �V�H�W �Z�D�V
�X�V�H�G �D�V �W�K�H �U�H�I�H�U�H�Q�F�H �Y�D�O�X�H�� �,�Q �W�K�H �W�Z�R���G�L�P�H�Q�V�L�R�Q�D�O �F�D�V�H�� �W�K�H �D�U�H�D �Z�D�V �F�R�P�S�X�W�H�G �X�V�L�Q�J �W�K�H �V�K�R�H�O�D�F�H
�I�R�U�P�X�O�D ���*�D�X�V�V�¶�V �D�U�H�D �I�R�U�P�X�O�D���� �J�L�Y�H�Q �L�Q�(�T�X�D�W�L�R�Q �������� �7�K�L�V �I�R�U�P�X�O�D�� �G�H�U�L�Y�H�G �I�U�R�P �W�K�H �W�U�D�S�H�]�R�L�G�D�O �U�X�O�H��
�L�V �V�X�L�W�D�E�O�H �I�R�U �F�R�P�S�O�H�[ �S�R�O�\�J�R�Q�D�O �J�H�R�P�H�W�U�L�H�V�� �V�X�F�K �D�V �W�K�H �M�H�O�O�\�I�L�V�K �E�H�O�O��

A =
1
2

jx1y2 + x2y3 + � � � + xn y1 � (y1x2 + y2x3 + � � � + yn x1)j ����������

�)�R�U �W�K�H �W�K�U�H�H���G�L�P�H�Q�V�L�R�Q�D�O �F�D�V�H�� �W�K�H �Y�R�O�X�P�H �Z�D�V �F�R�P�S�X�W�H�G �D�V �W�K�H �V�R�O�L�G �R�I �U�H�Y�R�O�X�W�L�R�Q �R�I �W�K�H �L�Q�V�W�D�Q�W�D�Q�H�R�X�V
�D�U�H�D �D�E�R�X�W �W�K�H �D�[�L�V �R�I �V�\�P�P�H�W�U�\�� �7�K�H �J�H�R�P�H�W�U�\ �Z�D�V �G�H�I�L�Q�H�G �E�\ �O�L�Q�H�D�U �1�8�5�%�6 �E�H�W�Z�H�H�Q �F�R�Q�W�U�R�O �S�R�L�Q�W�V��
�7�K�H �H�Q�F�O�R�V�H�G �Y�R�O�X�P�H �F�R�X�O�G �W�K�H�U�H�I�R�U�H �E�H �F�D�O�F�X�O�D�W�H�G �X�V�L�Q�J �W�K�H �P�H�W�K�R�G �R�I �G�L�V�N�V �I�R�U �V�R�O�L�G�V �R�I �U�H�Y�R�O�X�W�L�R�Q��
�H�Q�F�O�R�V�H�G �E�\ �W�K�H�V�H �O�L�Q�H�D�U �V�S�O�L�Q�H�V�� �D�V �J�L�Y�H�Q �L�Q�(�T�X�D�W�L�R�Q ��������

V =
�
3

N � 1X

i =1

(x i +1 � x i )(y2
i + yi yi +1 + y2

i +1 ) ����������

�$ �J�H�R�P�H�W�U�L�F �F�R�U�U�H�F�W�L�R�Q �D�O�J�R�U�L�W�K�P �Z�D�V �W�K�H�Q �D�S�S�O�L�H�G �W�R �P�L�Q�L�P�L�V�H �W�K�H �G�H�Y�L�D�W�L�R�Q �L�Q �D�U�H�D �R�U �Y�R�O�X�P�H �U�H�O�D�W�L�Y�H
�W�R �W�K�H �U�H�I�H�U�H�Q�F�H �I�U�D�P�H�� �7�K�H �I�L�U�V�W �I�U�D�P�H �R�I �W�K�H �F�R�Q�W�U�R�O �S�R�L�Q�W �V�H�W �V�H�U�Y�H�G �D�V �W�K�H �U�H�I�H�U�H�Q�F�H �J�H�R�P�H�W�U�\�� �)�R�U
�H�D�F�K �V�X�E�V�H�T�X�H�Q�W �I�U�D�P�H�� �W�Z�R �F�K�D�U�D�F�W�H�U�L�V�W�L�F �T�X�D�Q�W�L�W�L�H�V �Z�H�U�H �H�Y�D�O�X�D�W�H�G�� �$ �V�F�D�O�L�Q�J �I�D�F�W�R�U �G�H�I�L�Q�H�G �D�V �L�Q
�(�T�X�D�W�L�R�Q �������� �Z�K�H�U�HV0 �G�H�Q�R�W�H�V �W�K�H �U�H�I�H�U�H�Q�F�H �Y�R�O�X�P�H ���R�U �D�U�H�D �L�Q ���'�� �D�Q�GV �W�K�H �L�Q�V�W�D�Q�W�D�Q�H�R�X�V �Y�D�O�X�H��
�7�K�H �F�H�Q�W�U�R�L�G �R�I �W�K�H �F�R�Q�W�U�R�O �S�R�L�Q�W �V�H�W �L�Q �O�R�Q�J�L�W�X�G�L�Q�D�O �D�Q�G �W�U�D�Q�V�Y�H�U�V�D�O �G�L�U�H�F�W�L�R�Q�V �L�V �F�R�P�S�X�W�H�G�� �D�V �G�H�I�L�Q�H�G �L�Q
�(�T�X�D�W�L�R�Q ���������� �$ �Q�H�Z �F�R�Q�W�U�R�O �S�R�L�Q�W �V�H�W �Z�D�V �W�K�H�Q �J�H�Q�H�U�D�W�H�G �E�\ �V�F�D�O�L�Q�J �W�K�H �S�U�H�Y�L�R�X�V �F�R�Q�W�U�R�O �S�R�L�Q�W�V �D�E�R�X�W
�W�K�H �F�H�Q�W�U�R�L�G �X�V�L�Q�J �W�K�H �I�D�F�W�R�U� V �� �D�V �J�L�Y�H�Q �L�Q�(�T�X�D�W�L�R�Q ����������

� V =

r
V0

V
����������

c =
1

Ncps

N cpsX

n =1

in ; in 2 (x; y) ������������

cpnew = c + � V (cpold � c) ������������

�(�T�X�D�W�L�R�Q �������D�Q�G�(�T�X�D�W�L�R�Q ���������Z�H�U�H �L�P�S�O�H�P�H�Q�W�H�G �W�R �H�Q�I�R�U�F�H �P�D�V�V �F�R�Q�V�H�U�Y�D�W�L�R�Q���)�L�J�X�U�H �������V�K�R�Z�V
�W�K�H �H�Y�R�O�X�W�L�R�Q �R�I �W�K�H �M�H�O�O�\�I�L�V�K �J�H�R�P�H�W�U�\ �Y�R�O�X�P�H �G�L�Y�L�G�H�G �E�\ �W�K�H �L�Q�L�W�L�D�O �Y�R�O�X�P�H�� �R�Y�H�U2 �P�R�W�L�R�Q �F�\�F�O�H�V�� �7�K�H
�Y�D�O�X�H �R�Q �W�K�H �\���D�[�L�V �U�H�S�U�H�V�H�Q�W�V �W�K�H �F�R�Q�V�H�U�Y�D�W�L�R�Q �H�U�U�R�U�� �Z�K�L�F�K �L�V �W�K�H �I�U�D�F�W�L�R�QV

V0
�� �7�K�L�V �P�H�D�Q�V �W�K�D�W �W�K�H

�P�D�[�L�P�X�P �Y�R�O�X�P�H �H�U�U�R�U �H�T�X�D�O�V0:0020�>���@�� �1�R�W�H �W�K�D�W �W�K�H�V�H �Y�R�O�X�P�H�V �Z�H�U�H �F�R�P�S�X�W�H�G �D�I�W�H�U �D�S�S�O�L�F�D�W�L�R�Q �R�I
�W�K�H �V�P�R�R�W�K�L�Q�J �D�Q�G �X�S�V�D�P�S�O�H �D�O�J�R�U�L�W�K�P�V �D�Q�G �D�U�H �W�K�H�U�H�I�R�U�H �D�Q �D�S�S�U�R�S�U�L�D�W�H �P�H�D�V�X�U�H �I�R�U �W�K�H �F�R�Q�V�H�U�Y�D�W�L�R�Q
�R�I �Y�R�O�X�P�H��

����



�)�L�J�X�U�H ���������7�K�H �U�H�D�O�L�V�H�G �H�Q�I�R�U�F�H�P�H�Q�W �R�I �P�D�V�V �F�R�Q�V�H�U�Y�D�W�L�R�Q�� �7�K�H �I�U�D�F�W�L�R�Q �E�H�W�Z�H�H�Q �W�K�H �L�Q�V�W�D�Q�W�D�Q�H�R�X�V �Y�R�O�X�P�HV �D�Q�G �W�K�H
�U�H�I�H�U�H�Q�F�H �Y�R�O�X�P�HV0 �� �F�R�P�S�X�W�H�G �D�Wt = 0 �� �R�Y�H�U �D �W�L�P�H �U�D�Q�J�H �R�I2 �P�R�W�L�R�Q �F�\�F�O�H�V�� �H�[�S�U�H�V�V�H�G �D�V �W�K�H �S�K�D�V�H� ��

�������������9�T�W�E�Q�T�P�I �'�S�R�X�V�S�P �4�S�M�R�X �7�I�X�W
�7�K�H �Q�X�P�E�H�U �R�I �F�R�Q�W�U�R�O �S�R�L�Q�W �V�H�W�V �Z�D�V �X�S�V�D�P�S�O�H�G �W�R �V�P�R�R�W�K �W�K�H �P�R�W�L�R�Q �F�\�F�O�H�� �7�K�H �Q�X�P�E�H�U �R�I �X�S�V�D�P��
�S�O�H�V �Z�D�V �D�O�V�R �Y�D�U�L�H�G �W�R �F�R�Q�W�U�R�O �W�K�H �S�U�H�V�F�U�L�E�H�G �N�L�Q�H�P�D�W�L�F�V�� �V�X�F�K �D�V �W�K�H �G�X�W�\ �F�\�F�O�H�� �S�H�U�L�R�G�L�F �Y�D�U�L�D�W�L�R�Q �D�Q�G
�J�O�L�G�L�Q�J �W�L�P�H�� �7�K�H �G�X�W�\ �F�\�F�O�H �L�V �G�H�I�L�Q�H�G �D�V �L�Q�(�T�X�D�W�L�R�Q ���������I�R�U �W�K�H �S�U�H�V�H�Q�W �V�W�X�G�\�� �,�W �G�U�L�Y�H�V �W�K�H �Q�X�P�E�H�U
�R�I �X�S�V�D�P�S�O�H�V �D�G�G�H�G �S�H�U �P�R�W�L�R�Q �S�K�D�V�H�� �$�G�G�L�W�L�R�Q�D�O �X�S�V�D�P�S�O�L�Q�J �I�U�D�P�H�V �Z�H�U�H �D�G�G�H�G �W�R �W�K�H �F�R�Q�W�U�D�F�W�L�R�Q
�R�U �H�[�S�D�Q�V�L�R�Q �S�K�D�V�H�� �G�H�S�H�Q�G�L�Q�J �R�Q �W�K�H �G�X�W�\ �F�\�F�O�H�� �Z�K�L�O�H �W�K�H �W�L�P�H �U�D�Q�J�H �U�H�P�D�L�Q�H�G �F�R�Q�V�W�D�Q�W�� �7�K�H �D�G��
�G�L�W�L�R�Q�D�O �I�U�D�P�H�V �Z�H�U�H �D�G�G�H�G �E�\ �L�Q�W�H�U�S�R�O�D�W�L�Q�J �E�H�W�Z�H�H�Q �W�K�H �F�R�Q�W�U�R�O �S�R�L�Q�W �S�R�V�L�W�L�R�Q�V �L�Q �W�K�H �R�U�L�J�L�Q�D�O �I�U�D�P�H�V��
�$ �W�K�L�U�G���R�U�G�H�U �V�S�O�L�Q�H �L�Q�W�H�U�S�R�O�D�W�L�R�Q �Z�D�V �D�S�S�O�L�H�G �W�R �R�E�W�D�L�Q �F�R�Q�W�L�Q�X�R�X�V �S�R�V�L�W�L�R�Q�� �Y�H�O�R�F�L�W�\�� �D�Q�G �D�F�F�H�O�H�U�D�W�L�R�Q
�E�H�W�Z�H�H�Q �W�K�H �F�R�Q�W�U�R�O �S�R�L�Q�W�V�� �(�D�F�K �F�R�Q�W�U�R�O �S�R�L�Q�W �Z�D�V �K�D�Q�G�O�H�G �L�Q�G�L�Y�L�G�X�D�O�O�\ �I�R�U �W�U�D�Q�V�O�D�W�L�R�Q�D�O �D�Q�G �U�D�G�L�D�O �S�R��
�V�L�W�L�R�Q�� �3�H�U�L�R�G�L�F �Y�D�U�L�D�W�L�R�Q �D�Q�G �J�O�L�G�L�Q�J �W�L�P�H �Z�H�U�H �D�O�V�R �L�P�S�O�H�P�H�Q�W�H�G �W�K�U�R�X�J�K �I�U�D�P�H �X�S���V�D�P�S�O�L�Q�J�� �Z�K�L�F�K
�Z�L�O�O �E�H �H�[�S�O�D�L�Q�H�G �L�Q�V�X�E�V�H�F�W�L�R�Q ������������ �7�K�H �U�H�V�X�O�W �R�I �W�K�L�V �X�S�V�D�P�S�O�L�Q�J �D�O�J�R�U�L�W�K�P �L�V �D�Q �H�[�W�H�Q�V�L�Y�H �V�H�W �R�I
�J�H�R�P�H�W�U�\���G�H�I�L�Q�L�Q�J �F�R�Q�W�U�R�O �S�R�L�Q�W�V �I�R�U �W�K�H �M�H�O�O�\�I�L�V�K �P�R�W�L�R�Q �F�\�F�O�H��


 =
Tcontr

Tcontr + Texp
������������

�������������7�Q�S�S�X�L�M�R�K �S�J �'�S�R�X�V�S�P �4�S�M�R�X �4�E�X�L�W
�$�Q �H�[�S�R�Q�H�Q�W�L�D�O �V�P�R�R�W�K�L�Q�J �D�O�J�R�U�L�W�K�P �Z�D�V �X�V�H�G �W�R �D�F�T�X�L�U�H �W�K�H �F�R�Q�W�L�Q�X�R�X�V �P�R�W�L�R�Q �R�I �H�D�F�K �F�R�Q�W�U�R�O �S�R�L�Q�W
���2�S�S�H�Q�K�H�L�P �	 �6�F�K�D�I�H�U���������� ���� �$�Q �D�U�U�D�\x0 �D�Q�G �D �V�P�R�R�W�K�L�Q�J �S�D�U�D�P�H�W�H�U� = 0 :25 ���K�L�J�K�H�U� �P�H�D�Q�V
�O�H�V�V �V�P�R�R�W�K�L�Q�J�� �D�Q�G �V�P�D�O�O�H�U �Y�D�O�X�H�V �P�H�D�Q �J�U�H�D�W�H�U �V�P�R�R�W�K�L�Q�J�� �D�U�H �S�D�V�V�H�G �L�Q�W�R �W�K�H �I�X�Q�F�W�L�R�Q�� �D�Q�G �W�K�H �I�L�U�V�W
�Y�D�O�X�H �L�V �V�D�Y�H�G�� �7�K�H �I�R�O�O�R�Z�L�Q�J �Y�D�O�X�H�V �L�Q �W�K�H �D�U�U�D�\ �D�U�H �V�P�R�R�W�K�H�Q�H�G �X�V�L�Q�J�(�T�X�D�W�L�R�Q ���������� �,�Q �W�K�L�V �S�U�R�E�O�H�P��
�W�K�H �L�Q�S�X�W �D�U�U�D�\ �U�H�S�U�H�V�H�Q�W�V �W�K�H �S�D�W�K �R�I �D �V�L�Q�J�O�H �F�R�Q�W�U�R�O �S�R�L�Q�W �L�Q �R�Q�H �G�L�U�H�F�W�L�R�Q��st � 1 �L�V �V�X�E�V�W�L�W�X�W�H�G �L�Q�W�Rst

�F�R�Q�W�L�Q�X�R�X�V�O�\ �V�R �W�K�D�W �W�K�H �I�R�U�P�X�O�D �R�Ist �L�V �I�X�O�O�\ �H�[�S�U�H�V�V�H�G �L�Q �W�H�U�P�V �R�Ix t �� st �L�V �D �Z�H�L�J�K�W�H�G �D�Y�H�U�D�J�H �R�I �W�K�H
�L�Q�S�X�W �D�U�U�D�\x t �D�Q�G �W�K�H �S�U�H�Y�L�R�X�V �V�P�R�R�W�K�H�G �V�W�D�W�L�V�W�L�Fst � 1�� �(�D�F�K �G�D�W�D �S�R�L�Q�Wx t �U�H�Y�H�D�O�V �D�Q �H�[�S�R�Q�H�Q�W�L�D�O�O�\ �G�H��
�F�U�H�D�V�L�Q�J �Z�H�L�J�K�W �R�Q �R�E�V�H�U�Y�D�W�L�R�Q�V �I�X�U�W�K�H�U �L�Q �W�K�H �S�D�V�W ���I�R�U�Z�D�U�G �V�P�R�R�W�K�L�Q�J���� �(�[�S�R�Q�H�Q�W�L�D�O �V�P�R�R�W�K�L�Q�J �D�S�S�O�L�H�V
�D �Z�H�L�J�K�W�H�G �P�R�Y�L�Q�J �D�Y�H�U�D�J�H �L�Q �Z�K�L�F�K �P�R�U�H �U�H�F�H�Q�W �R�E�V�H�U�Y�D�W�L�R�Q�V �F�D�U�U�\ �J�U�H�D�W�H�U �Z�H�L�J�K�W�� �7�K�H �S�K�D�V�H �O�D�J
�U�H�V�X�O�W�L�Q�J �I�U�R�P �I�R�U�Z�D�U�G �V�P�R�R�W�K�L�Q�J �Z�D�V �U�H�G�X�F�H�G �E�\ �D�G�G�L�Q�J �D �E�D�F�N�Z�D�U�G �S�D�V�V �W�R �W�K�H �I�R�U�Z�D�U�G���V�P�R�R�W�K�H�Q�H�G
�Y�D�O�X�H�V�� �D�V �L�Q�(�T�X�D�W�L�R�Q ���������� �7�K�H �U�H�V�X�O�W �L�V �D �I�R�U�Z�D�U�G���E�D�F�N�Z�D�U�G�V �V�P�R�R�W�K�H�Q�H�G �F�R�Q�W�U�R�O �S�R�L�Q�W �S�D�W�K�� �Z�L�W�K
�U�H�G�X�F�H�G �S�K�D�V�H �O�D�J �F�R�P�S�D�U�H�G �W�R �R�Q�H���V�L�G�H�G �V�P�R�R�W�K�L�Q�J��

s0(t) = �x (t) + (1 � � )s0(t � 1) ; t > 0 ������������

s1(t) = �s 0(t) + (1 � � )s1(t + 1) ������������

�7�K�H �U�H�V�X�O�W�L�Q�J �F�R�Q�W�U�R�O �S�R�L�Q�W �S�D�W�K�V �Z�H�U�H �W�X�U�Q�H�G �L�Q�W�R �D �I�X�Q�F�W�L�R�Q �R�I �W�L�P�H �E�\ �L�Q�W�H�U�S�R�O�D�W�L�Q�J �W�K�H�P �R�Y�H�U �W�K�H �Q�R�Q��
�G�L�P�H�Q�V�L�R�Q�D�O �W�L�P�H �U�D�Q�J�H�� �7�K�H �W�L�P�H �V�F�D�O�H �Z�D�V �D�S�S�O�L�H�G �E�\ �G�L�Y�L�G�L�Q�J �W�K�H �Q�R�Q���G�L�P�H�Q�V�L�R�Q�D�O �S�H�U�L�R�G �R�I �W�K�H
�P�R�W�L�R�Q �F�\�F�O�HT�� �P�X�O�W�L�S�O�L�H�G �E�\ �W�K�H �Q�X�P�E�H�U �R�I �F�\�F�O�H�Vncycle �� �E�\ �W�K�H �Q�X�P�E�H�U �R�I �I�U�D�P�H�Vnf r �� �7�K�H �U�H�V�X�O�W �L�V �D
�V�H�W �R�I �F�R�Q�W�U�R�O �S�R�L�Q�W �S�R�V�L�W�L�R�Q �I�X�Q�F�W�L�R�Q�V�� �E�R�W�K �I�R�U �[�� �D�Q�G �\���F�R�R�U�G�L�Q�D�W�H�V�� �W�K�D�W �D�U�H �D�O�O �G�H�S�H�Q�G�H�Q�W �R�Q �W�K�H �Q�R�Q��
�G�L�P�H�Q�V�L�R�Q�D�O �W�L�P�Ht i �� �7�K�H�V�H �I�X�Q�F�W�L�R�Q�V �Z�H�U�H �S�X�W �W�R�J�H�W�K�H�U �L�Q�W�R �D�Q �D�U�U�D�\ �W�R �G�H�I�L�Q�H �W�K�H �I�X�O�O �M�H�O�O�\�I�L�V�K �J�H�R�P�H�W�U�\
�D�W �D �F�H�U�W�D�L�Q �W�L�P�Ht�� �7�K�H �P�D�W�U�L�[ �L�V �J�L�Y�H�Q �D�V �L�Q�(�T�X�D�W�L�R�Q ����������

����



CP set (t) =
�
cp1;x (t) cp2;x (t) � � � cpn � 1;x (t) cpn;x (t)
cp1;y (t) cp2;y (t) � � � cpn � 1;y (t) cpn;y (t)

�
������������

�7�R �F�U�H�D�W�H �W�K�H �D�F�W�X�D�O �J�H�R�P�H�W�U�\�� �D �Q�R�Q���X�Q�L�I�R�U�P �U�D�W�L�R�Q�D�O �%���V�S�O�L�Q�H ���1�8�5�%�6�� �F�X�U�Y�H �Z�D�V �X�V�H�G �W�R �F�R�Q�Q�H�F�W �W�K�H
�F�R�Q�W�U�R�O �S�R�L�Q�W�V�� �,�Q �D�G�G�L�W�L�R�Q �W�R �W�K�H �F�R�Q�W�U�R�O �S�R�L�Q�W �D�U�U�D�\�� �D �1�8�5�%�6 �F�X�U�Y�H �U�H�T�X�L�U�H�V �D �N�Q�R�W�V �D�Q�G �Z�H�L�J�K�W�V �D�U�U�D�\��
�$�V �W�K�H �F�R�Q�W�U�R�O �S�R�L�Q�W�V �Z�H�U�H �G�L�J�L�W�L�V�H�G �V�R �W�K�D�W �W�K�H�\ �D�U�H �O�R�F�D�W�H�G �H�[�D�F�W�O�\ �R�Q �W�K�H �M�H�O�O�\�I�L�V�K �E�R�X�Q�G�D�U�\�� �W�K�H �Z�H�L�J�K�W�V
�D�U�U�D�\ �L�V �V�L�P�S�O�\ �D �R�Q�H�V �Y�H�F�W�R�U �R�I �O�H�Q�J�W�K2 � Ncps ��

W =
�
1 1 � � � 1 1
1 1 � � � 1 1

�
������������

�7�K�H �N�Q�R�W �D�U�U�D�\ �Z�D�V �G�H�I�L�Q�H�G �D�V �D�Q �R�S�H�Q �X�Q�L�I�R�U�P �%���V�S�O�L�Q�H �N�Q�R�W �Y�H�F�W�R�U�� �F�R�P�E�L�Q�L�Q�J �H�Y�H�Q�O�\ �V�S�D�F�H�G �L�Q�W�H�U�Q�D�O
�N�Q�R�W�V �Z�L�W�K �F�O�D�P�S�H�G �V�W�D�U�W �D�Q�G �H�Q�G �N�Q�R�W�V�� �,�Q �W�K�H �S�U�H�V�H�Q�W �F�D�V�H�� �D �V�S�O�L�Q�H �G�H�J�U�H�H �R�Ip = 1 �Z�D�V �H�P�S�O�R�\�H�G�� �U�H��
�V�X�O�W�L�Q�J �L�Q �D �O�L�Q�H�D�U �S�L�H�F�H�Z�L�V�H �F�X�U�Y�H �W�K�D�W �L�VCp� 1 = C0���F�R�Q�W�L�Q�X�R�X�V�� �&�R�Q�V�H�T�X�H�Q�W�O�\�� �W�K�H �F�X�U�Y�H �L�V �F�R�Q�W�L�Q�X�R�X�V
�L�Q �S�R�V�L�W�L�R�Q �E�X�W �Q�R�W �L�Q �V�O�R�S�H�� �P�H�D�Q�L�Q�J �W�K�D�W �V�K�D�U�S �J�H�R�P�H�W�U�L�F �F�R�U�Q�H�U�V ���K�L�J�K �F�X�U�Y�D�W�X�U�H �D�U�H�D�V�� �P�D�\ �R�F�F�X�U �D�W
�W�K�H �F�R�Q�W�U�R�O �S�R�L�Q�W�V�� �7�K�H �F�R�P�S�O�H�W�H �N�Q�R�W �Y�H�F�W�R�UK �L�V �J�L�Y�H�Q �L�Q�(�T�X�D�W�L�R�Q �����������3�H�W�H�U�V�R�Q���������� ���� �,�W �F�R�Q�V�L�V�W�V
�R�Ip + 1 �U�H�S�H�D�W�H�G �N�Q�R�W�V �D�W �W�K�H �V�W�D�U�W �D�Q�G �H�Q�G �R�I �W�K�H �S�D�U�D�P�H�W�H�U �G�R�P�D�L�Q�� �F�R�U�U�H�V�S�R�Q�G�L�Q�J �W�R �W�K�H �F�O�D�P�S�H�G
�E�R�X�Q�G�D�U�L�H�V�� �D�Q�G �X�Q�L�I�R�U�P�O�\ �G�L�V�W�U�L�E�X�W�H�G �L�Q�W�H�U�L�R�U �N�Q�R�W�V�� �7�K�H �P�X�O�W�L�S�O�L�F�L�W�\p + 1 �D�W �W�K�H �E�R�X�Q�G�D�U�L�H�V �F�O�D�P�S�V �W�K�H
�I�L�U�V�W �D�Q�G �O�D�V�W �F�R�Q�W�U�R�O �S�R�L�Q�W�V�� �7�K�H �F�O�D�P�S�H�G �N�Q�R�W �F�R�Q�I�L�J�X�U�D�W�L�R�Q �H�Q�V�X�U�H�V �W�K�D�W �W�K�H �F�X�U�Y�H �V�W�D�U�W�V �D�W �W�K�H �I�L�U�V�W
�F�R�Q�W�U�R�O �S�R�L�Q�W �D�Q�G �H�Q�G�V �D�W �W�K�H �O�D�V�W�� �L�Q�V�W�H�D�G �R�I �D�S�S�U�R�D�F�K�L�Q�J �W�K�H�P��

K =

0

@0; : : : ; 0
| {z }

p+1

; k2; : : : ; kN cps � 1; 1; : : : ; 1
| {z }

p+1

1

A ������������

�7�K�H �L�Q�W�H�U�L�R�U �N�Q�R�W�V �D�U�H �G�H�I�L�Q�H�G �X�Q�L�I�R�U�P�O�\ �R�Y�H�U �W�K�H �S�D�U�D�P�H�W�H�U �L�Q�W�H�U�Y�D�O[0; 1]�� �D�V �J�L�Y�H�Q �L�Q�(�T�X�D�W�L�R�Q ���������� �7�K�L�V
�X�Q�L�I�R�U�P �V�S�D�F�L�Q�J �H�Q�V�X�U�H�V �F�R�Q�V�L�V�W�H�Q�W �S�D�U�D�P�H�W�H�U�L�V�D�W�L�R�Q �D�O�R�Q�J �W�K�H �F�R�Q�W�U�R�O �S�R�O�\�J�R�Q�� �*�H�Q�H�U�D�O�O�\�� �K�L�J�K�H�U���R�U�G�H�U
�V�S�O�L�Q�H�V �L�P�S�U�R�Y�H �D�F�F�X�U�D�F�\ �D�Q�G �U�H�G�X�F�H �W�K�H �Q�X�P�E�H�U �R�I �F�R�Q�W�U�R�O �S�R�L�Q�W�V �U�H�T�X�L�U�H�G�� �+�R�Z�H�Y�H�U�� �I�R�U �F�R�P�S�X�W�D�W�L�R�Q�D�O
�U�H�D�V�R�Q�V�� �G�L�V�F�X�V�V�H�G �L�Q�V�X�E�V�H�F�W�L�R�Q ������������ �W�K�L�V �Z�D�V �Q�R�W �D�S�S�O�L�H�G �L�Q �W�K�L�V �P�R�G�H�O��

ki =
i � p

Ncps � p
; i = 2 ; : : : ; Ncps � 1: ������������

�������������1�E�T�T�M�R�K �X�S ���(
�7�K�H �P�D�S�S�L�Q�J �I�X�Q�F�W�L�R�Q�D�O�L�W�\ �L�Q �:�D�W�H�U�/�L�O�\ �Z�D�V �X�V�H�G �W�R �W�X�U�Q �W�K�H �1�8�5�%�6 �F�X�U�Y�H �L�Q�W�R �D �W�K�U�H�H���G�L�P�H�Q�V�L�R�Q�D�O �E�R�G�\��
�I�L�W �I�R�U �W�K�H �:�D�W�H�U�/�L�O�\ �&�)�' �V�L�P�X�O�D�W�L�R�Q ���:�H�\�P�R�X�W�K���������� ���� �8�V�L�Q�J �W�K�H �P�D�S�S�L�Q�J �I�X�Q�F�W�L�R�Q �L�Q�(�T�X�D�W�L�R�Q ���������� �W�K�H
�S�D�U�D�P�H�W�U�L�F �1�8�5�%�6 �F�X�U�Y�H �Z�D�V �U�R�W�D�W�H�G �D�U�R�X�Q�G �D�Q �D�[�L�V �R�I �V�\�P�P�H�W�U�\�� �D�Q�G �D ���' �3�D�U�D�P�H�W�U�L�F �%�R�G�\ �U�H�V�X�O�W�H�G��
�7�K�L�V �P�D�S�S�L�Q�J �I�X�Q�F�W�L�R�Q �W�U�D�Q�V�I�R�U�P�V �W�K�H �F�X�U�Y�H �I�U�R�P �W�K�H ���' �[���V�S�D�F�H �W�R �W�K�H ���'� ���V�S�D�F�H�� �Z�K�L�F�K �L�V �D�S�S�U�R�S�U�L�D�W�H
�I�R�U �:�D�W�H�U�/�L�O�\ �V�L�P�X�O�D�W�L�R�Q�V�� �7�K�H �F�R�G�H �E�O�R�F�N �E�H�O�R�Z �Z�D�V �D�S�S�O�L�H�G �W�R �J�H�Q�H�U�D�W�H �W�K�H �N�Q�R�W�V �D�Q�G �Z�H�L�J�K�W�V �D�U�U�D�\��
�W�K�H �1�8�5�%�6 �F�X�U�Y�H �D�Q�G �W�K�H ���' �E�R�G�\�� �$ �Y�L�V�X�D�O�L�V�D�W�L�R�Q �R�I �W�K�H �U�H�V�X�O�W�L�Q�J �J�H�R�P�H�W�U�\ �L�V �S�U�H�V�H�Q�W�H�G �L�Q�)�L�J�X�U�H ��������
�7�K�H �P�D�S�S�L�Q�J �I�X�Q�F�W�L�R�Q �L�Q�(�T�X�D�W�L�R�Q ���������Z�D�V �X�V�H�G �W�R �J�H�Q�H�U�D�W�H �W�K�H �T�X�D�U�W�H�U �J�H�R�P�H�W�U�\�� �Z�K�H�U�H�D�V �W�K�H �I�X�O�O ���'
�J�H�R�P�H�W�U�\ �U�H�T�X�L�U�H�V �D�Q �R�I�I�V�H�W ��D �� �I�R�Ux2 �D�Q�Gx3�� �7�K�L�V �R�I�I�V�H�W �L�V �U�H�T�X�L�U�H�G �W�R �D�Y�R�L�G �W�K�H �G�R�P�D�L�Q �E�R�X�Q�G�D�U�L�H�V
�I�U�R�P �F�X�W�W�L�Q�J �W�K�H �J�H�R�P�H�W�U�\��

rev�Bmap : (x1; x2; x3) 7!
�

x1;
q

x2
2 + x2
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�� �F�M�Q�i�b�n�p�2�+�i�Q�`�U�T�,�,�A�M�i�- �L�+�T�,�,�A�M�i�V �4 �p�+���i�U�x�2�`�Q�b�U�T�Y�R�V�-�U�L�+�T�@�T�@�R�= �y �\ �+�Q�H�H�2�+�i�U�`���M�;�2�U�y�X�y�- �R�X�y�-
�H�2�M�;�i�?�4�L�+�T�@�T�Y�R�V�V�(�k�,�2�M�/�@�R�) �, �6�H�Q���i�e�9�(�)�V�-�Q�M�2�b�U�T�Y�R�V�V,!

��

�� �r�2�B�;�?�i�b �4 �Q�M�2�b�U�h�-�b�B�x�2�U�+�T�b�-�k�V�V
�� �F�M�Q�i�b �4 �6�H�Q���i�e�9�X�U�F�M�Q�i�b�n�p�2�+�i�Q�`�U�/�2�;�-�b�B�x�2�U�+�T�b�-�k�V�V�V
�� �+�m�`�p�2 �4 �L�m�`�#�b�*�m�`�p�2�U�+�T�b�-�F�M�Q�i�b�-�r�2�B�;�?�i�b�V
�� �`�2�p�n�K���T�U�t�-�i�V�4 �a���(�U�t�(�R�)�V�-�?�v�T�Q�i�U�t�(�k�)�- �t�(�j�)�V�)
�� �#�Q�/�v �4 �S���`���K�2�i�`�B�+�"�Q�/�v�U�+�m�`�p�2�c�K���T�4�`�2�p�n�K���T�-�M�/�B�K�b�4�j�V

����



���D���4�X�D�U�W�H�U �*�H�R�P�H�W�U�\�� ���E���)�X�O�O �*�H�R�P�H�W�U�\��

�)�L�J�X�U�H ���������7�K�H �F�R�Q�V�W�U�X�F�W�H�G �W�K�U�H�H���G�L�P�H�Q�V�L�R�Q�D�O �J�H�R�P�H�W�U�L�H�V �R�I�6�D�U�V�L�D �W�X�E�X�O�R�V�D�L�Q �W�K�H �S�U�H�V�H�Q�W �P�R�G�H�O�� �7�K�H �U�H�G �D�U�H�D �U�H�S�U�H�V�H�Q�W�V �W�K�H
�O�R�F�D�W�L�R�Q �Z�K�H�U�H �W�K�H �V�L�J�Q�H�G �G�L�V�W�D�Q�F�H �I�X�Q�F�W�L�R�Q �H�T�X�D�O�V0��

�������������4�V�I�W�G�V�M�F�M�R�K �/�M�R�I�Q�E�X�M�G�W
�7�K�H �M�H�O�O�\�I�L�V�K �P�R�W�L�R�Q �Z�D�V �S�U�H�V�F�U�L�E�H�G �W�K�U�R�X�J�K �D �N�L�Q�H�P�D�W�L�F �F�R�Q�W�U�R�O �D�O�J�R�U�L�W�K�P�� �L�Q �Z�K�L�F�K �D �V�H�T�X�H�Q�F�H �R�I �J�H�R�P��
�H�W�U�\ �I�U�D�P�H�V �L�V �W�U�D�Q�V�I�R�U�P�H�G �L�Q�W�R �D �F�R�Q�W�L�Q�X�R�X�V�� �W�L�P�H���G�H�S�H�Q�G�H�Q�W �P�R�W�L�R�Q�� �7�K�H �D�G�M�X�V�W�D�E�O�H �N�L�Q�H�P�D�W�L�F �S�D�U�D�P�H��
�W�H�U�Vf 
; T 1; T2; Tgg �D�U�H �L�Q�W�U�R�G�X�F�H�G �E�\ �P�R�G�L�I�\�L�Q�J �W�K�H �G�L�V�W�U�L�E�X�W�L�R�Q �R�I �W�K�H�V�H �I�U�D�P�H�V�� �L�Q�V�W�H�D�G �R�I �F�K�D�Q�J�L�Q�J �W�K�H
�J�H�R�P�H�W�U�\�� �7�K�L�V �D�S�S�U�R�D�F�K �H�Q�D�E�O�H�V �V�\�V�W�H�P�D�W�L�F �Y�D�U�L�D�W�L�R�Q �R�I �G�X�W�\ �F�\�F�O�H�� �F�\�F�O�H �S�H�U�L�R�G�� �D�Q�G �J�O�L�G�L�Q�J �E�H�K�D�Y�L�R�X�U��

�%�D�V�H �I�U�D�P�H �F�R�Q�V�W�U�X�F�W�L�R�Q�� �7�K�H �L�Q�L�W�L�D�O �P�R�W�L�R�Q �L�V �G�H�I�L�Q�H�G �E�\ �W�K�H �V�H�W �R�I10 �U�H�I�L�Q�H�G �I�U�D�P�H�V �I�U�R�P �6�D�K�L�Q �H�W �D�O��
���������� ���� �F�R�Q�V�L�V�W�L�Q�J �R�I4 �F�R�Q�W�U�D�F�W�L�R�Q �I�U�D�P�H�V �D�Q�G6 �H�[�S�D�Q�V�L�R�Q �I�U�D�P�H�V�� �F�R�U�U�H�V�S�R�Q�G�L�Q�J �W�R �D �E�D�V�H�O�L�Q�H �G�X�W�\
�F�\�F�O�H �R�I
 = 0 :4�� �7�R �R�E�W�D�L�Q �D �V�P�R�R�W�K �U�H�S�U�H�V�H�Q�W�D�W�L�R�Q �R�I �W�K�H �P�R�W�L�R�Q�� �H�D�F�K �L�Q�W�H�U�Y�D�O �E�H�W�Z�H�H�Q �I�U�D�P�H�V �L�V
�U�H�I�L�Q�H�G �E�\ �D �W�K�L�U�G���R�U�G�H�U �L�Q�W�H�U�S�R�O�D�W�L�R�Q�� �7�K�H �Q�X�P�E�H�U �R�I �X�S�V�D�P�S�O�H�V �E�H�W�Z�H�H�Q �H�D�F�K �I�U�D�P�H �L�Vnup ��

�'�X�W�\ �F�\�F�O�H �P�R�G�L�I�L�F�D�W�L�R�Q�� �7�K�H �G�X�W�\ �F�\�F�O�H
 �� �G�H�I�L�Q�H�G �D�V �W�K�H �U�D�W�L�R �R�I �F�R�Q�W�U�D�F�W�L�R�Q �W�L�P�H �W�R �W�R�W�D�O �F�\�F�O�H �W�L�P�H��
�L�V �D�S�S�O�L�H�G �E�\ �D�G�M�X�V�W�L�Q�J �W�K�H �Q�X�P�E�H�U �R�I �F�R�Q�W�U�D�F�W�L�R�Q �X�S�V�D�P�S�O�H�V �D�F�F�R�U�G�L�Q�J �W�R

ncontr =
10
 � nexp

4
; ������������

�Z�K�H�U�Hnexp �U�H�P�D�L�Q�V �H�T�X�D�O �W�Rnup �� �1�R�W�H �W�K�D�W�� �D�V �W�K�H �L�Q�L�W�L�D�O �F�R�Q�W�U�D�F�W�L�R�Q �W�R �H�[�S�D�Q�V�L�R�Q �V�H�W�W�L�Q�J �L�V �Q�R�W ������������
�W�K�H �I�U�D�F�W�L�R�Q �R�I10

4 �Z�D�V �U�H�T�X�L�U�H�G�� �7�K�H �F�R�Q�W�U�D�F�W�L�R�Q �D�Q�G �H�[�S�D�Q�V�L�R�Q �S�K�D�V�H�V �Q�R�Z �F�R�Q�V�L�V�W �R�I4ncontr �D�Q�G6nexp

�I�U�D�P�H�V�� �U�H�V�S�H�F�W�L�Y�H�O�\�� �7�K�L�V �L�V �G�H�I�L�Q�H�G �R�Q �W�K�H �X�Q�L�I�R�U�P �W�L�P�H �U�D�Q�J�H0 ! T1��

�&�R�Q�V�H�F�X�W�L�Y�H �S�H�U�L�R�G �P�R�G�L�I�L�F�D�W�L�R�Q�� �7�K�H �U�H�I�H�U�H�Q�F�H �S�H�U�L�R�GT1 �G�H�I�L�Q�H�V �W�K�H �E�D�V�H �S�H�U�L�R�G �R�I �W�K�H �P�R�W�L�R�Q �F�\�F�O�H��
�7�R �D�S�S�O�\ �D �Y�D�U�\�L�Q�J �F�R�Q�V�H�F�X�W�L�Y�H �S�H�U�L�R�G�� �W�K�H �Y�D�U�L�D�E�O�HT2 �Z�D�V �L�Q�W�U�R�G�X�F�H�G�� �7�R �D�F�T�X�L�U�H �W�K�H �F�R�U�U�H�F�W �N�L�Q�H�P�D�W�L�F�V
�I�R�U �W�K�L�V �F�R�Q�V�H�F�X�W�L�Y�H �F�\�F�O�H�� �W�K�H �Q�X�P�E�H�U �R�I �X�S�V�D�P�S�O�L�Q�J �I�U�D�P�H�V �Z�D�V �V�F�D�O�H�G �Z�L�W�KT1��

(nup )T2 =
T2(nup )T1

T1
: ������������

�7�K�L�V �H�Q�V�X�U�H�V �W�K�D�W �E�R�W�K �F�\�F�O�H�V �U�H�P�D�L�Q �N�L�Q�H�P�D�W�L�F�D�O�O�\ �F�R�Q�V�L�V�W�H�Q�W �Z�K�L�O�H �G�L�I�I�H�U�L�Q�J �L�Q �G�X�U�D�W�L�R�Q�� �7�K�H �F�R�P�E�L�Q�H�G
�P�R�W�L�R�Q �L�V �W�K�H�U�H�I�R�U�H �G�H�I�L�Q�H�G �R�Y�H�U �W�K�H �L�Q�W�H�U�Y�D�O0 ! (T1 + T2)��

�*�O�L�G�L�Q�J �L�Q�W�H�U�Y�D�O�� �$ �J�O�L�G�L�Q�J �L�Q�W�H�U�Y�D�O �R�I �G�X�U�D�W�L�R�QTg �L�V �L�Q�F�R�U�S�R�U�D�W�H�G �E�\ �U�H�S�H�D�W�L�Q�J �W�K�H �I�L�U�V�W �I�U�D�P�H �L�Q�)�L�J�X�U�H ������

ng;f r =
Tg

T1
nf r ������������

�W�L�P�H�V�� �Z�K�H�U�Hnf r �L�V �W�K�H �Q�X�P�E�H�U �R�I �W�R�W�D�O ���L�Q�W�H�U�S�R�O�D�W�H�G�� �I�U�D�P�H�V �G�H�I�L�Q�L�Q�JT1�� �7�K�L�V �J�H�Q�H�U�D�W�H�V �D �S�H�U�L�R�G �Z�L�W�K
�Q�R �G�H�I�R�U�P�D�W�L�R�Q �E�H�W�Z�H�H�Q �F�R�Q�V�H�F�X�W�L�Y�H �F�\�F�O�H�V�� �7�K�H �W�R�W�D�O �W�L�P�H �D�U�U�D�\ �L�V �H�[�W�H�Q�G�H�G �D�F�F�R�U�G�L�Q�J�O�\�� �W�R �D �I�X�O�O �F�\�F�O�H
�G�X�U�D�W�L�R�Q �R�I0 ! (T1 + Tg)�� �7�K�L�V �F�D�Q �D�O�V�R �E�H �F�R�P�E�L�Q�H�G �Z�L�W�K �D �Y�D�U�\�L�Q�J �F�R�Q�V�H�F�X�W�L�Y�H �S�H�U�L�R�G�� �Z�K�L�F�K �U�H�T�X�L�U�H�V
�W�K�H �W�L�P�H �D�U�U�D�\ �W�R �E�H0 ! (T1 + Tg + T2 + Tg)��

�)�L�Q�D�O �F�R�Q�W�U�R�O���S�R�L�Q�W �U�H�S�U�H�V�H�Q�W�D�W�L�R�Q�� �7�K�H �F�R�P�S�O�H�W�H �V�H�T�X�H�Q�F�H �R�I �I�U�D�P�H�V �L�V �F�R�Q�F�D�W�H�Q�D�W�H�G �R�Y�H�U �P�X�O�W�L�S�O�H
�F�\�F�O�H�V �D�Q�G �V�P�R�R�W�K�H�G �W�R �H�Q�V�X�U�H �F�R�Q�W�L�Q�X�L�W�\ �R�I �P�R�W�L�R�Q�� �$ �X�Q�L�I�R�U�P �W�L�P�H �Y�H�F�W�R�U �L�V �W�K�H�Q �F�R�Q�V�W�U�X�F�W�H�G �R�Y�H�U

����



�W�K�H �I�X�O�O �G�X�U�D�W�L�R�Q�� �D�Q�G �W�K�H �L�Q�W�H�U�S�R�O�D�W�H�G �F�R�Q�W�U�R�O���S�R�L�Q�W �W�U�D�M�H�F�W�R�U�L�H�V �D�U�H �H�Y�D�O�X�D�W�H�G �W�R �R�E�W�D�L�Q �W�K�H �P�D�W�U�L�[ �R�I
�L�Q�W�H�U�S�R�O�D�W�L�R�Q �I�X�Q�F�W�L�R�Q�VCP set (t)�� �D�V �G�H�I�L�Q�H�G �L�Q�(�T�X�D�W�L�R�Q ����������

�7�K�L�V �I�R�U�P�X�O�D�W�L�R�Q �H�Q�D�E�O�H�V �L�Q�G�H�S�H�Q�G�H�Q�W �D�Q�G �F�R�P�E�L�Q�H�G �Y�D�U�L�D�W�L�R�Q �R�I �G�X�W�\ �F�\�F�O�H�� �F�R�Q�V�H�F�X�W�L�Y�H �F�\�F�O�H �S�H�U�L�R�G�V
�D�Q�G �J�O�L�G�L�Q�J �L�Q�W�H�U�Y�D�O�V�� �Z�K�L�O�H �P�D�L�Q�W�D�L�Q�L�Q�J �D �F�R�Q�V�L�V�W�H�Q�W �J�H�R�P�H�W�U�L�F �G�H�V�F�U�L�S�W�L�R�Q �R�I �W�K�H �M�H�O�O�\�I�L�V�K �P�R�W�L�R�Q�� �7�K�H
�I�X�O�O �F�R�G�H �L�V �D�Y�D�L�O�D�E�O�H �L�Q �W�K�H �U�H�S�U�R�G�X�F�L�E�L�O�L�W�\ �U�H�S�R�V�L�W�R�U�\�� ��

�7�K�L�V �D�O�J�R�U�L�W�K�P �Z�D�V �Y�D�O�L�G�D�W�H�G �I�R�U �I�L�Y�H �F�D�V�H�V �L�Q �Z�K�L�F�K �W�K�H �L�Q�V�W�D�Q�W�D�Q�H�R�X�V �Y�R�O�X�P�H �H�Q�F�O�R�V�H�G �E�\ �W�K�H �E�H�O�O �D�Q�G
�Y�H�O�X�P�� �U�H�I�H�U�U�H�G �W�R �D�V �W�K�H �R�U�D�O �F�D�Y�L�W�\ �Y�R�O�X�P�H�� �Z�D�V �R�E�V�H�U�Y�H�G�� �)�R�U �H�D�F�K �F�D�V�H�� �D �G�L�I�I�H�U�H�Q�W �N�L�Q�H�P�D�W�L�F �V�H�W�W�L�Q�J
�Z�D�V �Y�D�U�L�H�G�� �Z�L�W�K �W�K�H �L�Q�L�W�L�D�O �S�H�U�L�R�G �I�L�[�H�G �D�WT1 = 1 �� �7�K�H �I�L�U�V�W �F�D�V�H �U�H�S�U�H�V�H�Q�W�V �W�K�H �E�D�V�H�O�L�Q�H �V�L�P�X�O�D�W�L�R�Q �Z�L�W�K
�D �G�X�W�\ �F�\�F�O�H �R�I
 = 0 :4�� �,�Q �W�K�H �V�H�F�R�Q�G �F�D�V�H�� �W�K�H �G�X�W�\ �F�\�F�O�H �Z�D�V �V�H�W �W�R
 = 0 :2�� �)�R�U �W�K�H �W�K�L�U�G �D�Q�G �I�R�X�U�W�K
�F�D�V�H�V�� �N�L�Q�H�P�D�W�L�F�V �Z�H�U�H �P�R�G�L�I�L�H�G �I�R�U �D �V�K�R�U�W�H�U �S�H�U�L�R�GT2 = 0 :5 �D�Q�G �D �J�O�L�G�L�Q�J �L�Q�W�H�U�Y�D�OTg = 0 :5�� �U�H�V�S�H�F�W�L�Y�H�O�\��
�,�Q �W�K�H �I�L�Q�D�O �F�D�V�H�� �W�K�H �Y�D�U�L�D�W�L�R�Q�V �L�QT2 �D�Q�GTg �Z�H�U�H �F�R�P�E�L�Q�H�G���)�L�J�X�U�H �������S�U�H�V�H�Q�W�V �W�K�H �U�H�V�X�O�W�L�Q�J �Y�R�O�X�P�H�V
�R�Y�H�U �W�K�H �S�K�D�V�H �Q�R�U�P�D�O�L�V�H�G �E�\ �W�K�H �I�L�U�V�W �S�H�U�L�R�GT1�� �7�K�H �F�D�V�H�V �Z�L�W�K �W�K�H �V�D�P�H �G�X�W�\ �F�\�F�O�H�V �H�[�K�L�E�L�W �V�L�P�L�O�D�U
�E�H�K�D�Y�L�R�X�U �G�X�U�L�Q�J �W�K�H �I�L�U�V�W �S�H�U�L�R�G�� �Z�K�H�U�H�D�V �W�K�H �G�X�W�\ �F�\�F�O�H �Y�D�U�L�D�W�L�R�Q �R�I
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T1 = 1 [ s]; 
 = 0 :4��
 = 0 :2 �Y�D�U�L�D�W�L�R�Q��T2 = 0 :5 [s]; 
 = 0 :4 �Y�D�U�L�D�W�L�R�Q��Tg = 0 :5 [s]; 
 = 0 :4�� �Y�D�U�L�D�W�L�R�Q �D�Q�G �F�R�P�E�L�Q�H�G

T2 = 0 :5 [s]; Tg = 0 :5 [s]; 
 = 0 :4 �Y�D�U�L�D�W�L�R�Q��
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�D�G�M�X�V�W�H�G �D�V �V�K�R�Z�Q �L�Q �W�K�H �F�R�G�H �E�H�O�R�Z�� �S�D�V�V�L�Q�J �W�K�H �N�L�Q�H�P�D�W�L�F�V ���D�F�F�H�O�H�U�D�W�L�R�Qa0 �D�Q�G �Y�H�O�R�F�L�W�\v0�� �W�R �W�K�H
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�U�D�G�L�D�O �G�L�U�H�F�W�L�R�Q�V�� �D�V �W�K�H �I�O�R�Z �G�H�Y�H�O�R�S�V �P�R�V�W�O�\ �L�Q �W�K�H �W�U�D�Q�V�O�D�W�L�R�Q�D�O �G�L�U�H�F�W�L�R�Q�� �7�K�H �U�H�V�X�O�W�L�Q�J �G�R�P�D�L�Q �V�L�]�H
(3D; D; D ) �L�V �V�P�D�O�O�� �J�L�Y�H�Q �W�K�D�W �W�K�H �T�X�D�U�W�H�U �M�H�O�O�\�I�L�V�K �J�H�R�P�H�W�U�\ �K�D�V �D �U�D�G�L�D�O �O�H�Q�J�W�K �R�ID

2 �D�Q�G �W�K�H �Y�R�U�W�L�F�H�V
�G�H�Y�H�O�R�S �E�H�\�R�Q�G �W�K�H �W�U�D�Q�V�O�D�W�L�R�Q�D�O �O�H�Q�J�W�K �R�I3D �� �$�S�S�O�\�L�Q�J �W�K�L�V �V�P�D�O�O �G�R�P�D�L�Q �V�L�]�H �Z�D�V �Y�L�D�E�O�H �I�R�U �X�V�L�Q�J �W�K�H
�%�L�R�W���6�D�Y�D�U�W �E�R�X�Q�G�D�U�\ �F�R�Q�G�L�W�L�R�Q�V ���:�H�\�P�R�X�W�K �	 �/�D�X�E�H�U���������� ���� �7�K�H �D�F�W�X�D�O �V�L�P�X�O�D�W�L�R�Q �Z�D�V �J�H�Q�H�U�D�W�H�G �L�Q
�W�K�H �%�L�R�W�6�L�P�X�O�D�W�L�R�Q �F�R�P�P�D�Q�G�� �Z�K�L�F�K �L�P�S�O�H�P�H�Q�W�V �W�K�H �%�L�R�W���6�D�Y�D�U�W �E�R�X�Q�G�D�U�\ �F�R�Q�G�L�W�L�R�Q�V��
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�7�K�H �%�L�R�W���6�D�Y�D�U�W �E�R�X�Q�G�D�U�\ �F�R�Q�G�L�W�L�R�Q�V �D�V �G�R�F�X�P�H�Q�W�H�G �E�\ �:�H�\�P�R�X�W�K �D�Q�G �/�D�X�E�H�U ���������� �� �Z�H�U�H �L�P�S�O�H��
�P�H�Q�W�H�G�� �7�K�H �H�T�X�D�W�L�R�Q�� �J�L�Y�H�Q �L�Q�(�T�X�D�W�L�R�Q ���������� �X�S�G�D�W�H�V �W�K�H �Y�H�O�R�F�L�W�\ �R�Q �W�K�H �G�R�P�D�L�Q �E�R�X�Q�G�D�U�L�H�V �Z�L�W�K
�W�K�H �Y�R�U�W�L�F�L�W�\ �L�Q�V�L�G�H �W�K�H �G�R�P�D�L�Q�� �,�Q �W�K�H �H�T�X�D�W�L�R�Q��! �L�V �W�K�H �Y�R�U�W�L�F�L�W�\ �V�W�U�H�Q�J�W�K �D�Q�Gr �L�V �W�K�H �G�L�V�W�D�Q�F�H �E�H�W�Z�H�H�Q
�W�K�H �Y�R�U�W�H�[ �D�Q�G �W�K�H �Y�H�O�R�F�L�W�\ �D�W �O�R�F�D�W�L�R�Q�[�� �7�K�H �H�T�X�D�W�L�R�Q �R�U�L�J�L�Q�D�W�H�V �I�U�R�P �D�Q �D�Q�D�O�R�J�\ �E�H�W�Z�H�H�Q �W�K�H �Y�R�U�W�H�[
�D�[�L�V �D�Q�G �W�K�H �H�O�H�F�W�U�L�F �F�X�U�U�H�Q�W �L�Q �P�D�J�Q�H�W�L�V�P�� �,�W �D�V�V�X�P�H�V �W�K�D�W �W�K�H �Y�H�O�R�F�L�W�\ �I�L�H�O�G �D�U�R�X�Q�G �D �Y�R�U�W�H�[ �D�[�L�V �E�H��
�K�D�Y�H�V �V�L�P�L�O�D�U�O�\ �W�R �D �P�D�J�Q�H�W�L�F �I�L�H�O�G �D�U�R�X�Q�G �D �F�X�U�U�H�Q�W���F�D�U�U�\�L�Q�J �Z�L�U�H�� �7�K�H �%�L�R�W���6�D�Y�D�U�W �E�R�X�Q�G�D�U�\ �F�R�Q�G�L�W�L�R�Q�V
�Z�H�U�H �D�S�S�O�L�H�G �W�R �W�K�H �Q�R�Q���V�\�P�P�H�W�U�L�F�D�O �S�O�D�Q�H�V �R�I �W�K�H �G�R�P�D�L�Q��
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�$�V �W�K�H �M�H�O�O�\�I�L�V�K �V�W�D�U�W�V �P�R�Y�L�Q�J �I�U�R�P �U�H�V�W�� �W�K�H �L�Q�L�W�L�D�O �I�O�R�Z �F�R�Q�G�L�W�L�R�Q�VUf f �Z�H�U�H �V�H�W �W�R0 �I�R�U �H�D�F�K �G�L�U�H�F�W�L�R�Q�� �7�K�L�V
�P�H�D�Q�V �W�K�D�W �W�K�H �V�L�P�X�O�D�W�L�R�Q �V�W�D�U�W�V �Z�L�W�K �D �V�W�D�W�L�R�Q�D�U�\ �E�D�F�N�J�U�R�X�Q�G �I�O�R�Z�� �Z�K�L�F�K �L�V �X�S�G�D�W�H�G �Z�L�W�K �W�K�H �F�R�P�S�X�W�H�G
�M�H�O�O�\�I�L�V�K �D�F�F�H�O�H�U�D�W�L�R�Q �D�Q�G �Y�H�O�R�F�L�W�\ �L�Q �V�X�E�V�H�T�X�H�Q�W �W�L�P�H �V�W�H�S�V�� �7�K�H �J�U�L�G �U�H�V�R�O�X�W�L�R�QD = 2 p �Z�D�V �G�H�I�L�Q�H�G �Z�L�W�K
�W�K�H �F�R�Q�Y�H�U�J�H�Q�F�H �V�W�X�G�\ �L�Q�V�X�E�V�H�F�W�L�R�Q ������������ �7�K�H �N�H�U�Q�H�O �Z�L�G�W�K �Z�D�V �V�H�W �W�R� = 2 �� �Z�K�L�F�K �L�V �D�G�G�U�H�V�V�H�G �L�Q
�V�X�E�V�H�F�W�L�R�Q ������������

����



�$ �V�\�P�P�H�W�U�\ �E�R�X�Q�G�D�U�\ �F�R�Q�G�L�W�L�R�Q �Z�D�V �D�S�S�O�L�H�G �W�R �W�K�H �¶�F�X�W���R�I�I �E�R�X�Q�G�D�U�L�H�V�¶ �R�I �W�K�H �E�R�G�\ �W�R �U�H�G�X�F�H �F�R�P�S�X�W�D��
�W�L�R�Q�D�O �F�R�V�W�V�� �:�L�W�K �W�K�H�V�H �V�\�P�P�H�W�U�\ �S�O�D�Q�H�V�� �R�Q�O�\ �D �T�X�D�U�W�H�U �R�U �K�D�O�I �R�I�6�D�U�V�L�D �W�X�E�X�O�R�V�D�Q�H�H�G�V �W�R �E�H �V�L�P�X�O�D�W�H�G
�I�R�U �W�K�H ���' �D�Q�G ���' �F�D�V�H�V�� �U�H�V�S�H�F�W�L�Y�H�O�\�� �7�K�H �V�\�P�P�H�W�U�\ �D�U�R�X�Q�G �W�K�H �[���D�[�L�V �L�P�S�O�L�H�V �W�K�D�W �D �V�\�P�P�H�W�U�\ �F�R�Q�G�L��
�W�L�R�Q �V�K�R�X�O�G �E�H �D�S�S�O�L�H�G �R�Q �W�K�Hy = 0 �E�R�X�Q�G�D�U�\ �D�V �L�Q�)�L�J�X�U�H �������� �7�K�L�V �F�R�Q�G�L�W�L�R�Q �V�K�R�X�O�G �D�O�V�R �E�H �D�S�S�O�L�H�G
�R�Q �W�K�Hz = 0 �E�R�X�Q�G�D�U�\�� �7�K�H �V�\�P�P�H�W�U�\ �F�R�Q�G�L�W�L�R�Q �U�H�S�O�D�F�H�G �W�K�H �%�L�R�W�6�D�Y�D�U�W �E�R�X�Q�G�D�U�\ �F�R�Q�G�L�W�L�R�Q �R�Q �W�K�H�V�H
�V�\�P�P�H�W�U�\ �S�O�D�Q�H�V�� �7�K�H �F�R�G�H �E�O�R�F�N �E�H�O�R�Z �V�W�D�W�H�V �K�R�Z �W�K�H �V�\�P�P�H�W�U�\ �E�R�X�Q�G�D�U�\ �F�R�Q�G�L�W�L�R�Q �F�D�Q �E�H �D�S�S�O�L�H�G �L�Q
�:�D�W�H�U�/�L�O�\ �V�L�P�X�O�D�W�L�R�Q�V�� �7�K�L�V �F�R�Q�G�L�W�L�R�Q �H�Q�I�R�U�F�H�V �Q�R �I�O�R�Z���Y�R�U�W�L�F�H�V �W�K�U�R�X�J�K �W�K�H �E�R�X�Q�G�D�U�L�H�V�� �D�Q�G �W�K�H �Q�R�U�P�D�O
�Y�H�O�R�F�L�W�\ �D�W �W�K�H �E�R�X�Q�G�D�U�\ �H�T�X�D�O�V �]�H�U�R�� �,�Q �W�K�L�V �F�R�G�H �E�O�R�F�N��Ti �D�Q�Gsgni �U�H�S�U�H�V�H�Q�W �U�H�I�O�H�F�W�L�R�Q�V �R�I �W�K�H �Y�R�U�W�H�[
�D�F�U�R�V�V �W�K�H �E�R�X�Q�G�D�U�\�� �7�K�H �F�R�P�E�L�Q�H�GT12 �H�Q�V�X�U�H�V �W�K�D�W �W�K�H �E�R�X�Q�G�D�U�\ �L�V �D�O�V�R �H�Q�I�R�U�F�H�G �Z�K�H�U�Hy = z = 0 �� �7�R
�Y�D�O�L�G�D�W�H �W�K�H �D�F�F�X�U�D�F�\ �R�I �W�K�L�V �V�\�P�P�H�W�U�\ �F�R�Q�G�L�W�L�R�Q�� �V�L�P�X�O�D�W�L�R�Q �I�U�D�P�H�Z�R�U�N�V �Z�L�W�K �D �I�X�O�O �P�R�G�H�O�O�H�G �J�H�R�P�H�W�U�\
�D�Q�G �Z�L�W�K �W�K�H �V�\�P�P�H�W�U�\ �D�V�V�X�P�S�W�L�R�Q�V �Z�H�U�H �F�R�P�S�D�U�H�G���)�L�J�X�U�H �������D�S�U�H�V�H�Q�W�V �W�K�H �I�R�U�F�H�V �R�Q �D �K�D�O�I ���' �M�H�O�O�\��
�I�L�V�K �Z�L�W�K �V�\�P�P�H�W�U�\ �E�R�X�Q�G�D�U�\ �F�R�Q�G�L�W�L�R�Q�V �F�R�P�S�D�U�H�G �W�R �W�K�R�V�H �R�Q �D �I�X�O�O ���' �M�H�O�O�\�I�L�V�K���)�L�J�X�U�H �������E�G�R�H�V �V�R �I�R�U
���'�� �)�L�J�X�U�H �������F�R�Q�I�L�U�P�V �W�K�H �D�F�F�X�U�D�F�\ �R�I �W�K�L�V �P�H�W�K�R�G �I�R�U ���' �D�Q�G ���'�� �,�W �V�K�R�X�O�G �E�H �Q�R�W�H�G �W�K�D�W �F�H�U�W�D�L�Q �Y�R�U�W�H�[
�G�\�Q�D�P�L�F�V �P�D�\ �E�H �P�L�V�V�L�Q�J �Z�K�H�Q �D�S�S�O�\�L�Q�J �W�K�H �V�\�P�P�H�W�U�\ �F�R�Q�G�L�W�L�R�Q�V�� �,�P�S�O�H�P�H�Q�W�L�Q�J �V�\�P�P�H�W�U�\ �E�R�X�Q�G�D�U�\
�F�R�Q�G�L�W�L�R�Q�V �K�D�O�Y�H�G �W�K�H �G�R�P�D�L�Q �V�L�]�H �L�Q ���' �D�Q�G �T�X�D�U�W�H�U�H�G �L�W �L�Q ���'�� �W�K�H�U�H�E�\ �U�H�G�X�F�L�Q�J �F�R�P�S�X�W�D�W�L�R�Q�D�O �F�R�V�W�V��
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���D���7�Z�R���G�L�P�H�Q�V�L�R�Q�D�O ���E���7�K�U�H�H���G�L�P�H�Q�V�L�R�Q�D�O

�)�L�J�X�U�H ���������&�R�P�S�D�U�L�V�R�Q �R�I �Q�R�Q���G�L�P�H�Q�V�L�R�Q�D�O �I�R�U�F�H�V �E�H�W�Z�H�H�Q �D �I�X�O�O �M�H�O�O�\�I�L�V�K �P�R�G�H�O �D�Q�G �D �K�D�O�I���T�X�D�U�W�H�U �J�H�R�P�H�W�U�\ �Z�L�W�K �D �V�\�P�P�H�W�U�\
�E�R�X�Q�G�D�U�\ �F�R�Q�G�L�W�L�R�Q �U�H�S�O�D�F�L�Q�J �W�K�H �R�W�K�H�U �K�D�O�I���T�X�D�U�W�H�U�� �&�R�P�S�D�U�L�V�R�Q�V �D�U�H �J�L�Y�H�Q �I�R�U �E�R�W�K �W�K�H �W�Z�R���G�L�P�H�Q�V�L�R�Q�D�O �D�Q�G �W�K�U�H�H���G�L�P�H�Q�V�L�R�Q�D�O

�F�D�V�H�V��

�7�K�H �V�F�D�O�H �R�I �W�K�H �V�L�P�X�O�D�W�L�R�Q �L�V �G�H�I�L�Q�H�G �E�\ �W�K�H �F�K�D�U�D�F�W�H�U�L�V�W�L�F �Y�H�O�R�F�L�W�\U�� �5�H�\�Q�R�O�G�V �Q�X�P�E�H�URe�� �D�Q�G �Q�X��
�P�H�U�L�F�D�O �Y�L�V�F�R�V�L�W�\� �� �$�V �V�W�D�W�H�G�� �W�K�H �O�H�Q�J�W�K �V�F�D�O�H �L�V �G�H�I�L�Q�H�G �E�\D = 2 p �D�F�F�R�U�G�L�Q�J �W�R�(�T�X�D�W�L�R�Q �������� �7�K�H
�F�K�D�U�D�F�W�H�U�L�V�W�L�F �Y�H�O�R�F�L�W�\ �L�V �V�H�W �W�RU = 1 �� �P�H�D�Q�L�Q�J �W�K�D�W �� �Y�H�O�R�F�L�W�\ �X�Q�L�W �L�Q �:�D�W�H�U�/�L�O�\ �H�T�X�D�O�V �� �Y�H�O�R�F�L�W�\ �X�Q�L�W
�R�I2:42 �>cm

s �@�� �7�R �V�F�D�O�H �U�H�V�X�O�W�L�Q�J �Y�H�O�R�F�L�W�L�H�V�� �W�K�H �V�F�D�O�L�Q�J �L�Q�(�T�X�D�W�L�R�Q �������Z�D�V �D�S�S�O�L�H�G�� �Z�K�H�U�HUavg �L�V �W�K�H
�F�K�D�U�D�F�W�H�U�L�V�W�L�F �Y�H�O�R�F�L�W�\ �J�L�Y�H�Q �L�Q �6�D�K�L�Q �H�W �D�O�� ���������� ���� �7�K�H �Q�X�P�H�U�L�F�D�O �Y�L�V�F�R�V�L�W�\ �L�Q �:�D�W�H�U�/�L�O�\ �L�V �F�R�P�S�X�W�H�G �W�R
�P�D�W�F�K �W�K�H �L�Q�S�X�W �5�H�\�Q�R�O�G�V �Q�X�P�E�H�URe = 302 �>���@�� �W�K�U�R�X�J�K �V�R�O�Y�L�Q�J�(�T�X�D�W�L�R�Q ����������

� =
UD
Re

������������

�:�D�W�H�U�/�L�O�\ �X�V�H�V �D �Q�R�Q���G�L�P�H�Q�V�L�R�Q�D�O �L�Q�S�X�W �W�L�P�H�� �Z�K�L�F�K �Z�D�V �L�Q�W�U�R�G�X�F�H�G �L�Q�(�T�X�D�W�L�R�Q �������� �6�L�P�X�O�D�W�L�R�Q �G�X�U�D�W�L�R�Q
�Z�D�V �G�H�I�L�Q�H�G �D�V �D �P�X�O�W�L�S�O�H �R�I �F�\�F�O�H�V�� �V�R �W�K�H �Q�R�Q���G�L�P�H�Q�V�L�R�Q�D�O �W�L�P�Ht i �L�V �Q�R�Z �G�H�I�L�Q�H�G �L�Q[0; ncycle ]�� �:�L�W�K�L�Q
�W�K�H �V�R�O�Y�H�U�� �W�K�L�V �L�V �F�R�Q�Y�H�U�W�H�G �W�R �D �Q�X�P�H�U�L�F�D�O �W�L�P�Ht�� �Z�K�L�F�K �L�V �D�O�V�R �W�K�H �X�Q�L�W �R�I �W�K�H �W�L�P�H �V�W�H�S� t�� �&�R�Q�Y�H�F�W�L�Y�H
�W�L�P�H �X�Q�L�W�V �Z�H�U�H �F�R�Q�Y�H�U�W�H�G �L�Q�W�R �Q�X�P�H�U�L�F�D�O �W�L�P�H �Z�L�W�K �W�K�H �V�F�D�O�L�Q�J �L�Q�(�T�X�D�W�L�R�Q ���������� �7�K�H �D�S�S�U�R�S�U�L�D�W�H �W�L�P�H
�V�W�H�S �Z�D�V �G�H�W�H�U�P�L�Q�H�G �Z�L�W�K �D �F�R�Q�Y�H�U�J�H�Q�F�H �V�W�X�G�\ �J�L�Y�H�Q �L�Q�V�X�E�V�H�F�W�L�R�Q ������������
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�7�R �F�K�H�F�N �W�K�H �D�F�F�X�U�D�F�\ �R�I �W�K�H �V�F�D�O�L�Q�J �S�D�U�D�P�H�W�H�U�V�� �D �F�R�P�S�D�U�L�V�R�Q �L�V �P�D�G�H �E�H�W�Z�H�H�Q �W�K�H �G�L�P�H�Q�V�L�R�Q�O�H�V�V
�S�D�U�D�P�H�W�H�USt �X�V�H�G �L�Q �W�K�L�V �V�L�P�X�O�D�W�L�R�Q �D�Q�G �J�L�Y�H�Q �L�Q �6�D�K�L�Q �H�W �D�O�� ���������� ���� �7�K�H �U�H�V�X�O�W�L�Q�J �6�W�U�R�X�K�D�O �Q�X�P�E�H�U �L�Q
�W�K�L�V �V�L�P�X�O�D�W�L�R�Q �V�H�W�X�S �Z�D�V0:52�� �H�T�X�D�O �W�R �W�K�H �S�U�R�Y�L�G�H�G �Y�D�O�X�H��
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�������������7�M�K�R�I�H �(�M�W�X�E�R�G�I �*�Y�R�G�X�M�S�R �E�R�H �/�I�V�R�I�P �;�M�H�X�L
�$ �Q�X�P�H�U�L�F�D�O�O�\ �D�S�S�U�R�S�U�L�D�W�H �J�H�R�P�H�W�U�\ �U�H�T�X�L�U�H�V �D �Z�H�O�O���G�H�I�L�Q�H�G �V�L�J�Q�H�G �G�L�V�W�D�Q�F�H �I�X�Q�F�W�L�R�Q �W�K�D�W �L�V �V�H�Q�V�L�W�L�Y�H �W�R
�Q�X�P�H�U�L�F�D�O �V�H�W�W�L�Q�J�V�� �7�K�H �V�L�J�Q�H�G �G�L�V�W�D�Q�F�H �I�X�Q�F�W�L�R�Q ���6�'�)�� �U�H�S�U�H�V�H�Q�W�V �W�K�H �E�R�G�\ �Z�L�W�K�L�Q �:�D�W�H�U�/�L�O�\ �E�\ �D�S�S�H�Q�G��
�L�Q�J �D �V�L�J�Q�H�G �Y�D�O�X�H �W�R �H�D�F�K �G�R�P�D�L�Q �F�H�O�O�� �7�K�H �N�H�U�Q�H�O �Z�L�G�W�K� �L�V �D �P�H�D�V�X�U�H �R�I �W�K�H �D�U�H�D �Z�K�H�U�H �I�O�X�L�G �D�Q�G �V�R�O�L�G
�H�T�X�D�W�L�R�Q�V �R�Y�H�U�O�D�S�� �7�K�H �S�R�O�\�O�L�Q�H �G�H�J�U�H�H �L�V �W�K�H �G�H�J�U�H�H �R�I �W�K�H �F�X�U�Y�H �G�H�V�F�U�L�E�L�Q�J �W�K�H �M�H�O�O�\�I�L�V�K �V�K�D�S�H�� �7�K�H
�L�Q�I�O�X�H�Q�F�H �R�I �W�K�H�V�H �S�D�U�D�P�H�W�H�U�V �R�Q �W�K�H �J�H�R�P�H�W�U�\ �L�V �G�L�V�F�X�V�V�H�G�� �D�V �L�V�V�X�H�V �R�F�F�X�U�U�H�G �G�X�U�L�Q�J �W�K�H �F�R�Q�V�W�U�X�F�W�L�R�Q
�R�I �W�K�L�V �P�R�G�H�O �W�K�D�W �U�H�T�X�L�U�H�G �W�K�H �H�D�U�O�L�H�U �G�H�V�F�U�L�E�H�G �V�L�P�S�O�L�I�L�F�D�W�L�R�Q�V��

�6�L�J�Q�H�G �G�L�V�W�D�Q�F�H �I�X�Q�F�W�L�R�Q ���6�'�)���� �,�Q �:�D�W�H�U�/�L�O�\�� �V�R�O�L�G �E�R�G�L�H�V �D�U�H �U�H�S�U�H�V�H�Q�W�H�G �E�\ �D �V�L�J�Q�H�G �G�L�V�W�D�Q�F�H �I�X�Q�F��
�W�L�R�Qd(x; t)�� �Z�K�L�F�K �U�H�W�X�U�Q�V �W�K�H �V�K�R�U�W�H�V�W �G�L�V�W�D�Q�F�H �I�U�R�P �D �J�U�L�G �O�R�F�D�W�L�R�Qx �W�R �W�K�H �E�R�G�\ �V�X�U�I�D�F�H�� �Z�L�W�K �W�K�H �V�L�J�Q
�L�Q�G�L�F�D�W�L�Q�J �Z�K�H�W�K�H�Ux �O�L�H�V �L�Q�V�L�G�H �R�U �R�X�W�V�L�G�H �W�K�H �E�R�G�\�� �$ �Y�D�O�X�H �R�Id < 0 �O�L�H�V �L�Q�V�L�G�H �W�K�H �E�R�G�\��d > 0 �L�Q
�W�K�H �I�O�X�L�G�� �D�Q�Gd = 0 �R�Q �W�K�H �E�R�G�\ �E�R�X�Q�G�D�U�\�� �6�D�P�S�O�L�Q�Jd(x; t) �R�Q �W�K�H �J�U�L�G �W�K�H�U�H�I�R�U�H �G�H�I�L�Q�H�V �W�K�H �P�R�Y�L�Q�J
�E�R�X�Q�G�D�U�\ �D�V �W�K�H �V�H�W �R�Ix �Z�K�H�U�Hd = 0 �D�Q�G �F�D�Q �G�H�V�F�U�L�E�H �F�R�P�S�O�H�[�� �W�L�P�H���G�H�S�H�Q�G�H�Q�W �J�H�R�P�H�W�U�L�H�V�� �7�K�H
�3�D�U�D�P�H�W�U�L�F�%�R�G�L�H�V �H�[�W�H�Q�V�L�R�Q �L�V �D�S�S�U�R�S�U�L�D�W�H �I�R�U �W�K�L�V �D�S�S�U�R�D�F�K �E�H�F�D�X�V�H �D �S�D�U�D�P�H�W�U�L�V�H�G �V�K�D�S�H �H�Q�D�E�O�H�V
�H�I�I�L�F�L�H�Q�W �H�Y�D�O�X�D�W�L�R�Q �R�Id(x; t) �I�U�R�P �D �V�P�D�O�O �V�H�W �R�I �J�H�R�P�H�W�U�L�F �S�D�U�D�P�H�W�H�U�V�� �7�K�L�V �M�H�O�O�\�I�L�V�K �P�R�G�H�O �X�V�H�V �D �E�R�G�\
�V�X�U�I�D�F�H �F�R�Q�V�W�U�X�F�W�H�G �I�U�R�P �V�S�O�L�Q�H �F�X�U�Y�H�V �W�K�U�R�X�J�K �S�U�H�V�F�U�L�E�H�G �F�R�Q�W�U�R�O �S�R�L�Q�W�V�� �6�R �P�R�G�L�I�\�L�Q�J �W�K�H �F�R�Q�W�U�R�O���S�R�L�Q�W
�O�R�F�D�W�L�R�Q�V ���D�Q�G �W�K�H �V�S�O�L�Q�H �G�H�I�L�Q�L�W�L�R�Q �X�V�H�G �W�R �F�R�Q�Q�H�F�W �W�K�H�P�� �D�O�W�H�U�V �W�K�H �V�X�U�I�D�F�H �J�H�R�P�H�W�U�\ �D�Q�G �W�K�H �U�H�V�X�O�W�L�Q�J
�G�L�V�W�D�Q�F�H �I�L�H�O�Gd(x; t)�� �+�H�Q�F�H�� �P�R�Y�L�Q�J �W�K�H �F�R�Q�W�U�R�O �S�R�L�Q�W�V �U�H�V�X�O�W�V �L�Q �D �E�R�G�\ �W�K�D�W �P�R�Y�H�V �Z�L�W�K�L�Q �W�K�H �I�O�X�L�G �G�R��
�P�D�L�Q�� �7�K�H ���' �V�L�J�Q�H�G �G�L�V�W�D�Q�F�H �I�X�Q�F�W�L�R�Q �I�R�U �W�K�L�V �M�H�O�O�\�I�L�V�K �J�H�R�P�H�W�U�\ �L�V �V�K�R�Z�Q �L�Q�)�L�J�X�U�H �������D�W �W�K�H �L�Q�L�W�L�D�O �W�L�P�H
�V�W�H�S �R�I �W�K�H �V�L�P�X�O�D�W�L�R�Q�� �1�H�J�D�W�L�Y�H �U�H�G �Y�D�O�X�H�V �L�Q �W�K�H �E�R�G�\ �D�Q�G �S�R�V�L�W�L�Y�H �E�O�X�H �Y�D�O�X�H�V �L�Q �W�K�H �I�O�X�L�G �D�U�H �R�E�V�H�U�Y�H�G��
�7�K�H �R�E�V�H�U�Y�H�G �Z�K�L�W�H �O�L�Q�H �V�K�R�Z�V �W�K�H �E�R�G�\ �E�R�X�Q�G�D�U�\��

�)�L�J�X�U�H ���������7�Z�R���G�L�P�H�Q�V�L�R�Q�D�O �V�O�L�F�H �R�I �W�K�H �W�K�U�H�H���G�L�P�H�Q�V�L�R�Q�D�O �G�R�P�D�L�Q �Z�L�W�K �V�L�J�Q�H�G �G�L�V�W�D�Q�F�H �Y�D�O�X�H�V �R�I �W�K�H �J�H�R�P�H�W�U�\�� �D�Wt i = 0 ��

�7�K�H �N�H�U�Q�H�O �Z�L�G�W�K �L�V �D �P�H�D�V�X�U�H �R�I �W�K�H �U�H�J�L�R�Q �Z�K�H�U�H �I�O�X�L�G �D�Q�G �V�R�O�L�G �F�R�O�O�L�G�H�� �W�K�X�V �Q�H�D�U �W�K�H �O�R�F�D�W�L�R�Q �Z�K�H�U�H
�W�K�H �V�L�J�Q�H�G �G�L�V�W�D�Q�F�H �I�X�Q�F�W�L�R�Q �H�T�X�D�O�V0�� �7�K�L�V �L�V �V�K�R�Z�Q �L�Q�)�L�J�X�U�H �������D�V �W�K�H �V�P�R�R�W�K �U�H�J�L�R�Q ��� ���� �Z�L�W�K �W�K�H
�V�R�O�L�G
 b �D�Q�G �I�O�X�L�G
 f �D�W �W�K�H �U�H�V�S�H�F�W�L�Y�H �L�Q�V�L�G�H �D�Q�G �R�X�W�V�L�G�H �R�I �W�K�H �U�H�J�L�R�Q�� �7�K�H �N�H�U�Q�H�O �Z�L�G�W�K �L�V �U�H�T�X�L�U�H�G �W�R
�P�D�W�F�K �W�K�H �I�O�X�L�G �D�Q�G �V�R�O�L�G �H�T�X�D�W�L�R�Q�V�� �,�Q�F�U�H�D�V�L�Q�J �W�K�H �N�H�U�Q�H�O �Z�L�G�W�K �U�H�V�X�O�W�V �L�Q �D �O�D�U�J�H�U �U�H�J�L�R�Q �Z�K�H�U�H �S�U�H�V�V�X�U�H

����



�G�L�I�I�H�U�H�Q�F�H�V �E�H�W�Z�H�H�Q �V�R�O�L�G �D�Q�G �I�O�X�L�G �F�D�Q �E�H �¶�V�P�H�D�U�H�G�¶ �D�Q�G �Z�R�U�N�V �D�V �D �I�L�O�W�H�U �I�R�U �S�U�H�V�V�X�U�H �S�H�D�N�V�� �$ �V�P�D�O�O
�N�H�U�Q�H�O �Z�L�G�W�K �L�V �J�H�Q�H�U�D�O�O�\ �P�R�U�H �D�F�F�X�U�D�W�H �I�R�U �U�D�S�L�G �J�H�R�P�H�W�U�\ �F�K�D�Q�J�H�V�� �E�X�W �L�W �D�O�V�R �L�Q�F�U�H�D�V�H�V �O�R�F�D�O �S�U�H�V�V�X�U�H
�S�H�D�N�V �E�H�F�D�X�V�H �W�K�H �V�R�O�Y�H�U �K�D�V �D �V�P�D�O�O�H�U �U�H�J�L�R�Q �W�R �F�R�P�S�H�Q�V�D�W�H �I�R�U �W�K�H�P�� �,�W �L�V �W�K�H�U�H�I�R�U�H �E�H�V�W �W�R �F�K�R�R�V�H
�D �U�H�O�D�W�L�Y�H�O�\ �V�P�D�O�O �N�H�U�Q�H�O �Z�L�G�W�K�� �Z�L�W�K �U�H�G�X�F�H�G �S�U�H�V�V�X�U�H �S�H�D�N�V �Z�K�L�O�H �P�D�L�Q�W�D�L�Q�L�Q�J �D�F�F�X�U�D�F�\�� �)�R�U �W�K�H�V�H
�V�L�P�X�O�D�W�L�R�Q�V�� �D �N�H�U�Q�H�O �Z�L�G�W�K �R�I �� �J�U�L�G �F�H�O�O�V �Z�D�V �G�H�H�P�H�G �D�F�F�H�S�W�D�E�O�H �I�R�U �D�F�F�X�U�D�W�H �J�H�R�P�H�W�U�\ �G�H�V�F�U�L�S�W�L�R�Q��

�)�L�J�X�U�H ���������6�F�K�H�P�D�W�L�F �R�Y�H�U�Y�L�H�Z �R�I �W�K�H �U�H�J�L�R�Q �E�H�W�Z�H�H�Q �W�K�H �V�R�O�L�G �D�Q�G �I�O�X�L�G �E�R�X�Q�G�D�U�L�H�V�� �U�H�S�U�R�G�X�F�H�G �I�U�R�P �/�D�X�E�H�U �H�W �D�O�� ���������� ���� �7�K�H
�N�H�U�Q�H�O �Z�L�G�W�K� �D�Q�G �W�K�H �E�R�X�Q�G�D�U�\ �V�P�R�R�W�K�L�Q�J �U�H�J�L�R�Q �D�U�H �V�K�R�Z�Q��

�'�X�U�L�Q�J �W�K�H �F�R�Q�V�W�U�X�F�W�L�R�Q �R�I �W�K�L�V �Q�X�P�H�U�L�F�D�O �P�R�G�H�O�� �V�H�Y�H�U�D�O �S�U�R�E�O�H�P�V �R�F�F�X�U�U�H�G �L�Q �W�K�H �V�L�J�Q�H�G �G�L�V�W�D�Q�F�H �I�X�Q�F��
�W�L�R�Q �W�K�D�W �G�H�I�L�Q�H�G �W�K�H �J�H�R�P�H�W�U�\�� �3�U�R�E�O�H�P�V �W�K�D�W �R�F�F�X�U�U�H�G �Z�H�U�H �J�K�R�V�W �J�H�R�P�H�W�U�\ �F�H�O�O�V �D�Q�G �L�Q�V�L�G�H���R�X�W �J�H�R�P��
�H�W�U�\ �S�D�U�W�V�� �H�V�S�H�F�L�D�O�O�\ �D�U�R�X�Q�G �W�K�H �I�O�D�S�� �7�K�L�V �O�H�G �W�R �D�G�M�X�V�W�P�H�Q�W�V �L�Q �W�K�H �J�H�R�P�H�W�U�\ �G�H�I�L�Q�L�W�L�R�Q �W�R �V�R�O�Y�H �W�K�H�V�H
�S�U�R�E�O�H�P�V�� �$ �G�H�J�U�H�H���� �S�R�O�\�Q�R�P�L�D�O �Z�D�V �X�V�H�G �W�R �F�R�Q�Q�H�F�W �W�K�H �F�R�Q�W�U�R�O �S�R�L�Q�W�V�� �U�H�V�X�O�W�L�Q�J �L�Q �D �O�L�Q�H�D�U �F�R�Q�Q�H�F�W�L�R�Q��
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�M�H�O�O�\�I�L�V�K �Y�H�O�X�P�� �7�K�H�V�H �S�D�U�D�P�H�W�H�U�V �F�D�Q �E�H �F�R�P�S�X�W�H�G �I�U�R�P �W�K�H �J�H�R�P�H�W�U�\ �F�R�Q�W�U�R�O �S�R�L�Q�W�V�� �7�K�H �F�D�Y�L�W�\ �Y�R�O��
�X�P�H �F�D�Q �E�H �F�R�P�S�X�W�H�G �E�\ �H�Y�D�O�X�D�W�L�Q�J �W�K�H �Y�R�O�X�P�H �H�Q�F�O�R�V�H�G �E�\ �W�K�H �L�Q�Q�H�U �F�R�Q�W�U�R�O �S�R�L�Q�W�V�� �X�V�L�Q�J�(�T�X�D�W�L�R�Q ��������
�7�K�H �Y�H�O�D�U �R�S�H�Q�L�Q�J �G�L�D�P�H�W�H�U �L�V �W�Z�L�F�H �W�K�H �G�L�V�W�D�Q�F�H �I�U�R�P �W�K�H �\���D�[�L�V �W�R �W�K�H �R�X�W�H�U�P�R�V�W �F�R�Q�W�U�R�O �S�R�L�Q�W �R�Q �W�K�H
�Y�H�O�X�P�� �7�K�H �I�L�Q�D�O �Y�D�O�L�G�D�W�L�R�Q �F�R�Q�V�L�V�W�H�G �R�I �F�R�P�S�D�U�L�Q�J �W�K�H �U�H�V�X�O�W�L�Q�J �E�D�V�H �F�D�V�H �G�\�Q�D�P�L�F�V �W�R �W�K�R�V�H �S�U�H�V�H�Q�W�H�G
�L�Q �&�R�O�L�Q �D�Q�G �&�R�V�W�H�O�O�R ���������� �� �D�Q�G �6�D�K�L�Q �H�W �D�O�� ���������� ����

�������������4�E�V�E�Q�I�X�V�M�G �7�X�Y�H�] �(�I�W�M�K�R
�$�Q �R�E�M�H�F�W�L�Y�H �R�I �W�K�L�V �U�H�V�H�D�U�F�K �Z�D�V �W�R �D�S�S�O�\ �W�K�H �G�H�Y�H�O�R�S�H�G �Q�X�P�H�U�L�F�D�O �P�R�G�H�O �L�Q �D �S�D�U�D�P�H�W�U�L�F �V�W�X�G�\�� �L�Q �Z�K�L�F�K
�V�H�O�H�F�W�H�G �N�L�Q�H�P�D�W�L�F �S�D�U�D�P�H�W�H�U�V �D�U�H �Y�D�U�L�H�G �W�R �L�G�H�Q�W�L�I�\ �H�I�I�L�F�L�H�Q�W �D�F�W�X�D�W�L�R�Q �V�H�W�W�L�Q�J�V �I�R�U�6�D�U�V�L�D �W�X�E�X�O�R�V�D�� �V�H�F��
�W�L�R�Q �������G�L�V�F�X�V�V�H�G �D �V�H�W �R�I �V�L�P�L�O�D�U �V�W�X�G�L�H�V�� �U�H�J�D�U�G�L�Q�J �V�Z�L�P�P�L�Q�J �S�H�U�I�R�U�P�D�Q�F�H ���F�R�P�S�X�W�D�W�L�R�Q�� �R�I�6�D�U�V�L�D
�W�X�E�X�O�R�V�D�� �%�D�V�H�G �R�Q �W�K�H �L�G�H�Q�W�L�I�L�H�G �O�L�P�L�W�D�W�L�R�Q�V �D�Q�G �U�H�F�R�P�P�H�Q�G�D�W�L�R�Q�V �L�Q �W�K�H�V�H �V�W�X�G�L�H�V�� �D �E�H�Q�F�K�P�D�U�N �V�W�X�G�\
�Z�D�V �G�H�I�L�Q�H�G �W�R �D�V�V�H�V�V �D �Q�H�Z �V�H�W �R�I �N�L�Q�H�P�D�W�L�F �S�D�U�D�P�H�W�H�U�V�� �7�K�L�V �U�H�V�H�D�U�F�K �L�Q�Y�H�V�W�L�J�D�W�H�V �W�K�H �L�Q�I�O�X�H�Q�F�H �R�I
�G�X�W�\ �F�\�F�O�H �Y�D�U�L�D�W�L�R�Q�� �V�X�F�F�H�V�V�L�Y�H �P�R�W�L�R�Q �S�H�U�L�R�G �Y�D�U�L�D�W�L�R�Q �D�Q�G �J�O�L�G�L�Q�J �L�Q�W�H�U�Y�D�O�V �R�Q �W�K�H �S�U�R�S�X�O�V�L�Y�H �S�H�U�I�R�U��
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�P�D�Q�F�H �R�I�6�D�U�V�L�D �W�X�E�X�O�R�V�D�� �$ �V�H�W �R�I �V�L�P�X�O�D�W�L�R�Q �P�D�W�U�L�F�H�V �L�V �G�H�I�L�Q�H�G �W�R �S�U�H�V�H�Q�W �W�K�H �V�L�P�X�O�D�W�L�R�Q�V �F�R�Q�G�X�F�W�H�G
�I�R�U �W�K�H�V�H �V�W�X�G�L�H�V��

�$ �V�H�W �R�I12 �G�X�W�\ �F�\�F�O�H �Y�D�U�L�D�W�L�R�Q �F�D�V�H�V ��1 ! 12�� �Z�D�V �G�H�I�L�Q�H�G �D�V �L�Q�)�L�J�X�U�H �������� �Z�L�W�K �Q�R �S�H�U�L�R�G�L�F �Y�D�U�L�D�W�L�R�Q
�D�Q�G �J�O�L�G�L�Q�J �W�L�P�H �L�Q�F�O�X�G�H�G �L�Q �W�K�H �N�L�Q�H�P�D�W�L�F�V�� �7�K�H �)�L�J�X�U�H �V�K�R�Z�V �Z�K�L�F�K �G�X�W�\ �F�\�F�O�H �L�V �V�L�P�X�O�D�W�H�G �L�Q �H�D�F�K
�V�L�P�X�O�D�W�L�R�Q �F�D�V�H�� �&�D�V�H1 �L�V �L�G�H�Q�W�L�F�D�O �W�R �W�K�H �E�D�V�H �F�D�V�H �Z�L�W�K �D �G�X�W�\ �F�\�F�O�H �R�I0:40 �>���@�� �&�D�V�H�V2 ! 8 �K�D�Y�H �D
�K�L�J�K�H�U �G�X�W�\ �F�\�F�O�H�� �Z�K�H�U�H�D�V �F�D�V�H�V9 ! 12 �K�D�Y�H �D �O�R�Z�H�U �G�X�W�\ �F�\�F�O�H�� �%�D�O�G�Z�L�Q �D�Q�G �%�D�W�W�L�V�W�D ���������� �� �V�W�D�W�H�G
�W�K�D�W �G�X�W�\ �F�\�F�O�H�V �R�I0:4 ! 0:5 �R�I�I�H�U �J�R�R�G �S�R�V�V�L�E�L�O�L�W�L�H�V �I�R�U �L�Q�F�U�H�D�V�H�G �S�U�R�S�X�O�V�L�Y�H �H�I�I�L�F�L�H�Q�F�\�� �Z�K�L�F�K �Z�L�O�O �E�H
�D�V�V�H�V�V�H�G �Z�L�W�K �W�K�H�V�H �V�L�P�X�O�D�W�L�R�Q �F�D�V�H�V��

�)�L�J�X�U�H ���������6�H�Y�H�Q �E�D�V�H �F�D�V�H�V �Z�L�W�K
 = 1 ! 12 �V�L�P�X�O�D�W�H�G �W�R �G�H�W�H�U�P�L�Q�H �D�Q �R�S�W�L�P�D�O �G�X�W�\ �F�\�F�O�H �R�I�6�D�U�V�L�D �W�X�E�X�O�R�V�D��

�7�K�H �V�L�P�X�O�D�W�L�R�Q �P�D�W�U�L�F�H�V �L�Q�)�L�J�X�U�H ���������V�K�R�Z �W�K�H �Y�D�U�L�D�W�L�R�Q�V �R�I �W�K�H �S�H�U�L�R�G ���)�L�J�X�U�H ���������D�� �D�Q�G �J�O�L�G�L�Q�J �W�L�P�H
���)�L�J�X�U�H ���������E�� �W�K�D�W �Z�H�U�H �V�L�P�X�O�D�W�H�G�� �6�L�P�X�O�D�W�L�R�Q�V �Z�H�U�H �F�R�Q�G�X�F�W�H�G �R�Q �W�K�H �U�D�Q�J�H �R�I �G�X�W�\ �F�\�F�O�H�V �G�H�H�P�H�G
�R�S�W�L�P�D�O ���I�R�U �S�U�R�S�X�O�V�L�Y�H �L�P�S�U�R�Y�H�P�H�Q�W�V�� �E�\ �%�D�O�G�Z�L�Q �D�Q�G �%�D�W�W�L�V�W�D ���������� ���� �$�Q�R�W�K�H�U �P�D�W�U�L�[�� �L�Q�)�L�J�X�U�H ����������
�U�H�S�U�H�V�H�Q�W�V �W�K�H �V�L�P�X�O�D�W�L�R�Q �V�H�W�X�S �I�R�U �J�O�L�G�L�Q�J �L�Q�W�H�U�Y�D�O �D�Q�G �S�H�U�L�R�G �Y�D�U�L�D�W�L�R�Q��

���D���9�D�U�L�D�W�L�R�Q �R�I �V�X�F�F�H�V�V�L�Y�H �S�H�U�L�R�G�V ���E���9�D�U�L�D�W�L�R�Q �R�I �J�O�L�G�L�Q�J �W�L�P�H

�)�L�J�X�U�H �����������6�L�P�X�O�D�W�L�R�Q �P�D�W�U�L�F�H�V �S�U�H�V�H�Q�W�L�Q�J �W�K�H �F�R�Q�G�X�F�W�H�G �V�L�P�X�O�D�W�L�R�Q�V �Z�L�W�K �W�K�H �D�S�S�O�L�H�G �N�L�Q�H�P�D�W�L�F �Y�D�U�L�D�W�L�R�Q�V�� �V�W�X�G�L�H�G �Z�L�W�K �W�K�H
�S�U�H�V�H�Q�W �P�R�G�H�O��

�)�L�J�X�U�H �����������6�L�P�X�O�D�W�L�R�Q �P�D�W�U�L�[ �S�U�H�V�H�Q�W�L�Q�J �W�K�H �V�L�P�X�O�D�W�L�R�Q�V �F�R�Q�G�X�F�W�H�G �Z�K�H�U�H �Y�D�U�\�L�Q�J �V�X�F�F�H�V�V�L�Y�H �S�H�U�L�R�G�V �D�Q�G �J�O�L�G�L�Q�J �W�L�P�H �D�U�H
�F�R�P�E�L�Q�H�G��

�7�R �D�V�V�H�V�V �W�K�H �S�U�R�S�X�O�V�L�Y�H �H�I�I�L�F�L�H�Q�F�\ �R�I �W�K�H �M�H�O�O�\�I�L�V�K �L�Q �H�D�F�K �F�D�V�H�� �D�Q �D�S�S�U�R�S�U�L�D�W�H �S�D�U�D�P�H�W�H�U �Z�D�V �G�H�I�L�Q�H�G��
�$�O�W�K�R�X�J�K �W�K�H �Q�R�Q���G�L�P�H�Q�V�L�R�Q�D�O �Y�H�O�R�F�L�W�\ �R�I �W�K�H �M�H�O�O�\�I�L�V�K �F�H�Q�W�U�H �R�I �P�D�V�V �Z�D�V �D�Q �D�S�S�U�R�S�U�L�D�W�H �P�H�D�V�X�U�H �I�R�U
�S�U�R�S�X�O�V�L�R�Q�� �L�W �G�R�H�V �Q�R�W �L�Q�F�O�X�G�H �W�K�H �F�R�V�W �R�I �W�K�L�V �S�U�R�S�X�O�V�L�R�Q�� �7�K�H �F�R�V�W �R�I �W�U�D�Q�V�S�R�U�W�� �D�V �G�H�I�L�Q�H�G �E�\ �%�D�O�G�Z�L�Q
�D�Q�G �%�D�W�W�L�V�W�D ���������� �� �D�Q�G �%�D�O�H �H�W �D�O�� ���������� ���� �Z�D�V �X�V�H�G �D�V �D �U�H�I�H�U�H�Q�F�H �W�R �G�H�I�L�Q�H �D �V�L�P�L�O�D�U �F�R�V�W �R�I �W�U�D�Q�V�S�R�U�W

����



�L�Q �:�D�W�H�U�/�L�O�\�� �7�K�H �F�R�V�W �R�I �W�U�D�Q�V�S�R�U�W �Z�D�V �J�L�Y�H�Q �D�V �W�K�H �I�U�D�F�W�L�R�Q �R�I �L�Q�S�X�W ���F�R�Q�W�U�D�F�W�L�R�Q�� �S�R�Z�H�U �D�Q�G �J�H�Q�H�U�D�W�H�G
�Y�H�O�R�F�L�W�\�� �R�U �V�L�P�L�O�D�U�O�\�� �W�K�H �Z�R�U�N �G�L�Y�L�G�H�G �E�\ �S�R�V�L�W�L�R�Q �F�K�D�Q�J�H�� �%�D�O�G�Z�L�Q �D�Q�G �%�D�W�W�L�V�W�D ���������� �� �G�H�I�L�Q�H�G �W�K�H �F�R�V�W
�R�I �W�U�D�Q�V�S�R�U�WCOT �D�V �L�Q�(�T�X�D�W�L�R�Q ���������� �X�V�L�Q�J �W�K�H �F�R�Q�W�U�D�F�W�L�R�Q �S�R�Z�H�U �D�Q�G �Q�R�Q���G�L�P�H�Q�V�L�R�Q�D�O�L�V�L�Q�J �L�W �Z�L�W�K �D �V�H�W
�R�I �F�K�D�U�D�F�W�H�U�L�V�W�L�F �S�D�U�D�P�H�W�H�U�V�� �2�Q�O�\ �W�K�H �V�W�H�D�G�\���V�W�D�W�H �V�Z�L�P�P�L�Q�J �S�H�U�I�R�U�P�D�Q�F�H �Z�D�V �H�Y�D�O�X�D�W�H�G�� �H�[�F�O�X�G�L�Q�J
�V�W�D�U�W���X�S �H�I�I�H�F�W�V��

COT =

P N
j =1 jFj jjUj j

N ( 1
T )2V �u
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�7�R �D�F�T�X�L�U�H �D �V�L�P�L�O�D�UCOT �L�Q �:�D�W�H�U�/�L�O�\���(�T�X�D�W�L�R�Q ���������Z�D�V �X�V�H�G�� �7�K�L�V �V�F�D�O�L�Q�J �X�V�H�V �W�K�H �W�L�S �Y�H�O�R�F�L�W�\ �D�Q�G
�K�\�G�U�R�G�\�Q�D�P�L�F �F�R�Q�W�U�D�F�W�L�R�Q �I�R�U�F�H �W�R �F�D�O�F�X�O�D�W�H �W�K�H �L�Q�S�X�W �S�R�Z�H�U�� �7�K�L�V �D�V�V�X�P�H�V �W�K�D�W �W�K�H �I�R�U�F�H �H�[�H�U�W�H�G �E�\
�W�K�H �M�H�O�O�\�I�L�V�K �R�Q �W�K�H �V�X�U�U�R�X�Q�G�L�Q�J �I�O�X�L�G �H�T�X�D�O�V �W�K�H �I�R�U�F�H �H�[�H�U�W�H�G �E�\ �W�K�H �I�O�X�L�G �R�Q �W�K�H �E�R�G�\�� �7�K�H �W�L�S �Y�H�O�R�F�L�W�\
�L�V �F�R�P�S�X�W�H�G �D�V �W�K�H �S�R�V�L�W�L�R�Q �F�K�D�Q�J�H �R�I �W�K�H �F�R�Q�W�U�R�O �S�R�L�Q�W �R�Q �W�K�H �Y�H�O�X�P �H�G�J�H�� �G�L�Y�L�G�H�G �E�\ �W�K�H �W�L�P�H �V�W�H�S��
�7�K�H �S�R�Z�H�U �H�T�X�D�O�V �D �P�X�O�W�L�S�O�L�F�D�W�L�R�Q �R�I �I�R�U�F�H �E�\ �W�L�S �Y�H�O�R�F�L�W�\�� �Z�K�L�F�K �L�V �W�K�H�Q �G�L�Y�L�G�H�G �E�\ �W�K�H �P�H�D�Q �I�R�U�Z�D�U�G
�Y�H�O�R�F�L�W�\ �R�I �W�K�H �F�H�Q�W�U�H �R�I �P�D�V�V �W�R �R�E�W�D�L�Q �W�K�H �F�R�V�W �R�I �W�U�D�Q�V�S�R�U�W�� �7�L�S �Y�H�O�R�F�L�W�\ �Z�D�V �F�D�O�F�X�O�D�W�H�G �D�V �W�K�H �F�K�D�Q�J�H
�L�Q �S�R�V�L�W�L�R�Q �R�I �W�K�H �R�X�W�H�U �Y�H�O�X�P �F�R�Q�W�U�R�O �S�R�L�Q�W �S�H�U �W�L�P�H �V�W�H�S�� �D�V �L�Q�(�T�X�D�W�L�R�Q ���������� �7�K�H �L�Q�V�W�D�Q�W�D�Q�H�R�X�V �S�R�Z�H�U
�L�V �F�R�P�S�X�W�H�G �E�\ �P�X�O�W�L�S�O�\�L�Q�J �W�K�H �W�L�S �Y�H�O�R�F�L�W�\ �E�\ �W�K�H �W�U�D�Q�V�O�D�W�L�R�Q�D�O �I�R�U�F�H�� �D�V �L�Q�(�T�X�D�W�L�R�Q ���������� �7�K�H �I�U�D�F�W�L�R�Q

1
(UD )2 �F�D�Q �E�H �D�S�S�O�L�H�G �W�R �Q�R�Q���G�L�P�H�Q�V�L�R�Q�D�O�L�V�H �W�K�L�V �F�R�V�W �R�I �W�U�D�Q�V�S�R�U�W�� �7�K�H �Q�R�Q���G�L�P�H�Q�V�L�R�Q�D�O�L�V�D�W�L�R�Q �L�V �W�K�H
�V�D�P�H �D�V �X�V�H�G �I�R�U �W�K�H �I�R�U�F�H�� �D�V �W�K�H �W�Z�R �Y�H�O�R�F�L�W�L�H�V �F�D�Q�F�H�O �R�X�W�� �7�K�H �F�R�V�W �R�I �W�U�D�Q�V�S�R�U�W �L�V �W�K�H�U�H�I�R�U�H �P�H�D�V�X�U�H�G
�D�V �D �Q�R�Q���G�L�P�H�Q�V�L�R�Q�D�O�L�V�H�G �I�U�D�F�W�L�R�Q �E�H�W�Z�H�H�Q �P�H�D�Q �L�Q�S�X�W �S�R�Z�H�U �D�Q�G �P�H�D�Q �I�R�U�Z�D�U�G �Y�H�O�R�F�L�W�\�� �&�D�V�H���V�S�H�F�L�I�L�F
�D�G�M�X�V�W�P�H�Q�W�V �W�R �W�K�L�V �D�S�S�U�R�D�F�K �P�D�\ �E�H �U�H�T�X�L�U�H�G �Z�K�H�Q �H�Y�D�O�X�D�W�L�Q�J �W�K�H �H�I�I�H�F�W�V �R�I �J�O�L�G�L�Q�J �L�Q�W�H�U�Y�D�O�V �D�Q�G �O�R�Q�J�H�U
�S�H�U�L�R�G�V��

utip = k
cp tip (t + � t) � cp tip (t)

� t
k ������������

Pinst = utip jFx j ������������

COT =
�Pinst

�u
������������

�6�L�P�L�O�D�U �W�R �%�D�O�G�Z�L�Q �D�Q�G �%�D�W�W�L�V�W�D ���������� ���� �W�K�H �V�W�H�D�G�\���V�W�D�W�H �V�Z�L�P�P�L�Q�J �Z�D�V �X�V�H�G �I�R�U �W�K�H �H�Y�D�O�X�D�W�L�R�Q �R�I �W�K�H
COT�� �7�K�L�V �V�W�H�D�G�\���V�W�D�W�H �L�V �P�D�U�N�H�G �E�\ �W�K�H �E�O�X�H �D�U�H�D �L�Q�)�L�J�X�U�H ���������D�� �7�R �L�G�H�Q�W�L�I�\ �W�K�H �I�L�U�V�W �F�\�F�O�H �Z�L�W�K
�V�W�D�W�L�V�W�L�F�D�O�O�\ �¶�F�R�Q�Y�H�U�J�H�G�¶ �V�L�J�Q�D�O�V�� �W�K�H �D�O�J�R�U�L�W�K�P �L�Q�$�S�S�H�Q�G�L�[ �$�Z�D�V �X�V�H�G�� �7�K�L�V �D�O�J�R�U�L�W�K�P �L�G�H�Q�W�L�I�L�H�V �W�K�H
�W�L�P�H �V�W�H�S �D�W �Z�K�L�F�K �D �V�L�J�Q�D�O �L�V �V�W�D�W�L�V�W�L�F�D�O�O�\ �V�W�D�W�L�R�Q�D�U�\�� �E�D�V�H�G �R�Q �S�H�U�L�R�G�L�F �P�H�D�Q �D�Q�G �V�W�D�Q�G�D�U�G �G�H�Y�L�D�W�L�R�Q��
�7�K�H �P�H�D�Q �Y�H�O�R�F�L�W�\�u �R�I �W�K�H �E�O�X�H �D�U�H�D �Z�D�V �X�V�H�G �I�R�UCOT �F�R�P�S�X�W�D�W�L�R�Q�V�� �6�L�P�L�O�D�U�O�\�� �W�K�H �I�X�O�O�\ �H�Y�R�O�Y�H�G
�L�Q�V�W�D�Q�W�D�Q�H�R�X�V �I�R�U�F�H �Z�D�V �X�V�H�G �I�R�UPinst �F�R�P�S�X�W�D�W�L�R�Q�� �7�K�H�U�H�I�R�U�H�� �W�K�HCOT �G�R�H�V �Q�R�W �L�Q�F�O�X�G�H �V�W�D�U�W���X�S
�H�I�I�H�F�W�V�� �D�Q�G �W�K�H �H�I�I�L�F�L�H�Q�F�\ �P�H�W�U�L�F �Z�D�V �D�S�S�O�L�H�G �W�R �W�K�H �V�W�H�D�G�\���V�W�D�W�H �P�R�W�L�R�Q �R�I�6�D�U�V�L�D �W�X�E�X�O�R�V�D��

����



��
�6�I�W�Y�P�X�W

�7�K�L�V �F�K�D�S�W�H�U �S�U�H�V�H�Q�W�V �W�K�H �U�H�V�X�O�W�V �D�F�T�X�L�U�H�G �Z�L�W�K �W�K�H �G�H�Y�H�O�R�S�H�G �P�R�G�H�O�� �7�K�H �G�H�I�L�Q�H�G �E�D�V�H �F�D�V�H �D�Q�G �D�S�S�O�L�H�G
�P�H�W�K�R�G�V �Z�H�U�H �L�Q�W�U�R�G�X�F�H�G �L�Q�V�H�F�W�L�R�Q �������� �6�H�F�W�L�R�Q�V ������ �D�Q�G ������ �G�H�P�R�Q�V�W�U�D�W�H �W�K�H �Q�X�P�H�U�L�F�D�O �D�Q�G �S�K�\�V�L�F�D�O
�D�J�U�H�H�P�H�Q�W �R�I �W�K�L�V �P�R�G�H�O �D�Q�G �W�K�H �U�H�V�H�D�U�F�K �L�W �V�X�S�S�R�U�W�V�� �7�K�H �E�D�V�H �F�D�V�H �U�H�V�X�O�W�V �D�U�H �G�L�V�F�X�V�V�H�G �L�Q �6�H�F�W�L�R�Q ��������
�L�Q�F�O�X�G�L�Q�J �W�K�H �I�R�U�F�H �G�H�F�R�P�S�R�V�L�W�L�R�Q �D�Q�G �Z�D�N�H �E�H�K�D�Y�L�R�X�U �L�Q �W�K�L�V �P�R�G�H�O�� �6�H�F�W�L�R�Q ������ �S�U�H�V�H�Q�W�V �W�K�H �U�H�V�X�O�W�V �I�R�U
�G�X�W�\ �F�\�F�O�H �Y�D�U�L�D�W�L�R�Q�� �,�Q �6�H�F�W�L�R�Q �������� �W�K�H �U�H�V�X�O�W�V �R�I �W�K�H �N�L�Q�H�P�D�W�L�F �Y�D�U�L�D�W�L�R�Q �V�W�X�G�L�H�V �D�U�H �S�U�H�V�H�Q�W�H�G�� �L�Q�F�O�X�G�L�Q�J
�S�H�U�L�R�G�L�F �Y�D�U�L�D�W�L�R�Q�� �J�O�L�G�L�Q�J �L�Q�W�H�U�Y�D�O �D�G�G�L�W�L�R�Q �D�Q�G �D �F�R�P�E�L�Q�D�W�L�R�Q�� �,�Q �W�K�L�V �Z�R�U�N�� �W�K�H�V�H �V�W�X�G�L�H�V �Z�H�U�H �X�V�H�G
�W�R �E�H�Q�F�K�P�D�U�N �W�K�H �P�R�G�H�O �F�D�S�D�E�L�O�L�W�L�H�V�� �7�K�L�V �Z�R�U�N �V�K�R�X�O�G �H�[�S�R�V�H �P�R�G�H�O�O�L�Q�J �S�U�R�E�O�H�P�V �D�Q�G �X�Q�F�H�U�W�D�L�Q�W�L�H�V��
�Z�K�L�F�K �D�U�H �S�U�H�V�H�Q�W�H�G �L�Q �6�H�F�W�L�R�Q �������� �7�K�H �R�E�V�H�U�Y�H�G �U�H�V�X�O�W�V �D�Q�G �S�U�R�E�O�H�P�V �Z�L�O�O �E�H �G�L�V�F�X�V�V�H�G �D�Q�G �F�R�P�S�D�U�H�G
�W�R �W�K�H �O�L�W�H�U�D�W�X�U�H �L�Q�F�K�D�S�W�H�U ����

���������2�Y�Q�I�V�M�G�E�P �:�I�V�M�h�G�E�X�M�S�R
�7�K�H �F�R�Q�Y�H�U�J�H�Q�F�H �V�W�X�G�L�H�V �U�H�J�D�U�G�L�Q�J �W�K�H �Q�X�P�H�U�L�F�D�O �V�H�W�W�L�Q�J�V �D�U�H �J�L�Y�H�Q �E�H�O�R�Z�� �&�R�Q�Y�H�U�J�H�Q�F�H �V�W�X�G�L�H�V �U�H��
�J�D�U�G�L�Q�J �J�U�L�G �V�L�]�H�� �W�L�P�H �V�W�H�S �D�Q�G �G�R�P�D�L�Q �V�L�]�H �Z�H�U�H �F�R�Q�G�X�F�W�H�G��

�������������+�V�M�H �7�M�^�I
�$ �J�U�L�G �F�R�Q�Y�H�U�J�H�Q�F�H �V�W�X�G�\ �Z�L�W�K �J�U�L�G �V�L�]�H�VD 2 f 16; 32; 40; 48; 56; 64; 128g �Z�D�V �F�R�Q�G�X�F�W�H�G�� �Z�K�H�U�H �W�K�H �L�Q�V�W�D�Q��
�W�D�Q�H�R�X�V �K�\�G�U�R�G�\�Q�D�P�L�F �I�R�U�F�H �V�L�J�Q�D�O �Z�D�V �F�R�O�O�H�F�W�H�G �G�X�U�L�Q�J �V�W�H�D�G�\���V�W�D�W�H �V�Z�L�P�P�L�Q�J�� �7�K�H �U�H�V�X�O�W�L�Q�J �5�0�6�(
�R�I �W�K�H �Q�R�Q���G�L�P�H�Q�V�L�R�Q�D�O �I�R�U�F�H �U�H�O�D�W�L�Y�H �W�R �W�K�H �I�L�Q�H�V�W �J�U�L�G �V�R�O�X�W�L�R�QD = 2 7�� �Z�K�L�F�K �Z�D�V �X�V�H�G �D�V �W�K�H �U�H�I�H�U�H�Q�F�H
�V�R�O�X�W�L�R�Q�� �L�V �V�K�R�Z�Q �L�Q�)�L�J�X�U�H �������D�� �7�K�H �U�H�V�X�O�W�V �L�Q�G�L�F�D�W�H �D �W�U�H�Q�G �R�I �G�H�F�U�H�D�V�L�Q�J �5�0�6�( �Z�L�W�K �L�Q�F�U�H�D�V�L�Q�J �J�U�L�G
�V�L�]�H�� �+�R�Z�H�Y�H�U�� �J�U�L�G �L�Q�G�H�S�H�Q�G�H�Q�F�H �L�V �Q�R�W �D�F�K�L�H�Y�H�G �Z�L�W�K�L�Q �W�K�H �W�H�V�W�H�G �U�D�Q�J�H�� �7�K�H �L�Q�V�W�D�Q�W�D�Q�H�R�X�V �I�R�U�F�H �V�L�J��
�Q�D�O �R�Y�H�U �� �P�R�W�L�R�Q �F�\�F�O�H �L�V �S�U�H�V�H�Q�W�H�G �L�Q�)�L�J�X�U�H �������E�I�R�U �Y�D�U�\�L�Q�J �J�U�L�G �V�L�]�H�� �W�R �L�O�O�X�V�W�U�D�W�H �W�K�H �H�U�U�R�U���L�Q�G�X�F�L�Q�J
�G�L�I�I�H�U�H�Q�F�H�V�� �7�K�H �F�R�D�U�V�H�V�W �J�U�L�G �V�L�]�H�V �R�I16 ! 32 �H�[�K�L�E�L�W �G�H�Y�L�D�W�L�R�Q�V �L�Q �I�R�U�F�H �P�D�J�Q�L�W�X�G�H�� �S�K�D�V�H �D�Q�G �Q�R�L�V�H��
�7�K�H �L�Q�W�H�U�P�H�G�L�D�W�H �J�U�L�G �V�L�]�H�V48 ! 64 �F�D�S�W�X�U�H �W�K�H �P�D�L�Q �I�R�U�F�H �F�K�D�U�D�F�W�H�U�L�V�W�L�F�V �D�Q�G �F�\�F�O�H �V�W�U�X�F�W�X�U�H�� �$ �5�0�6�(
�R�I0:08 �Z�D�V �R�E�V�H�U�Y�H�G �E�H�W�Z�H�H�QD = 2 6 �D�Q�G27�� �7�K�L�V �L�V �D�W�W�U�L�E�X�W�H�G �W�R �G�L�I�I�H�U�H�Q�F�H�V �L�Q �S�H�D�N �U�H�J�L�R�Q�V �E�H�W�Z�H�H�Q
�W�K�H�V�H �J�U�L�G �V�L�]�H�V�� �Z�K�H�U�H �W�K�H �I�R�U�F�H �V�L�J�Q�D�O �I�R�UD = 2 6 �V�O�L�J�K�W�O�\ �R�Y�H�U�V�K�R�R�W�V�� �&�R�Q�V�L�G�H�U�L�Q�J �W�K�H �F�R�P�S�X�W�D�W�L�R�Q�D�O
�F�R�V�W�V �D�Q�G �S�X�U�S�R�V�H �R�I �W�K�H �S�U�H�V�H�Q�W �V�W�X�G�\�� �W�K�H �J�U�L�G �V�L�]�H �R�ID = 2 6 �Z�D�V �V�H�O�H�F�W�H�G�� �7�K�H �5�0�6�( �R�I0:08�Z�D�V �F�R�Q��
�V�L�G�H�U�H�G �D�F�F�H�S�W�D�E�O�H �I�R�U �W�K�H �S�U�H�V�H�Q�W �Y�D�O�L�G�D�W�L�R�Q �D�Q�G �E�H�Q�F�K�P�D�U�N�L�Q�J �V�W�X�G�\�� �D�O�W�K�R�X�J�K �L�W �P�X�V�W �E�H �D�F�F�R�X�Q�W�H�G
�I�R�U �Z�K�H�Q �L�Q�W�H�U�S�U�H�W�L�Q�J �W�K�H �U�H�V�X�O�W�V�� �7�K�H �F�K�R�L�F�H �U�H�S�U�H�V�H�Q�W�V �D �F�R�P�S�U�R�P�L�V�H �E�H�W�Z�H�H�Q �Q�X�P�H�U�L�F�D�O �D�F�F�X�U�D�F�\
�D�Q�G �F�R�P�S�X�W�D�W�L�R�Q�D�O �I�H�D�V�L�E�L�O�L�W�\�� �'�L�I�I�H�U�H�Q�F�H�V �L�Q ���S�H�D�N�� �I�R�U�F�H �P�D�J�Q�L�W�X�G�H �L�Q�I�O�X�H�Q�F�H �G�H�U�L�Y�H�G �G�\�Q�D�P�L�F�V �D�Q�G �H�I��
�I�L�F�L�H�Q�F�\ �P�H�W�U�L�F�V�� �7�K�H�U�H�I�R�U�H�� �W�K�H �S�U�H�V�H�Q�W�H�G �U�H�V�X�O�W�V �U�H�J�D�U�G�L�Q�J �Y�D�O�L�G�D�W�L�R�Q �D�Q�G �H�I�I�L�F�L�H�Q�F�\ �H�Y�D�O�X�D�W�L�R�Q �L�Q�F�O�X�G�H
�D�Q �H�U�U�R�U �U�H�V�X�O�W�L�Q�J �I�U�R�P �W�K�H �Q�X�P�H�U�L�F�D�O �V�H�W�W�L�Q�J�V��

�������������(�S�Q�E�M�R �7�M�^�I
�7�K�H �G�R�P�D�L�Q �V�L�]�H �Z�D�V �H�[�D�P�L�Q�H�G �E�\ �F�R�P�S�D�U�L�Q�J �W�K�H �K�\�G�U�R�G�\�Q�D�P�L�F �I�R�U�F�H �I�R�U �D �F�D�V�H �Z�L�W�K �G�R�P�D�L�Q �V�L�]�H
(3D; D; D ) �D�Q�G(6D; D; D )�� �,�Q�)�L�J�X�U�H �������� �W�K�H �L�Q�V�W�D�Q�W�D�Q�H�R�X�V �I�R�U�F�H �V�L�J�Q�D�O�V �I�R�U �E�R�W�K �G�R�P�D�L�Q �V�L�]�H�V �D�U�H
�J�L�Y�H�Q�� �,�W �Z�D�V �R�E�V�H�U�Y�H�G �W�K�D�W �G�L�I�I�H�U�H�Q�F�H�V �L�Q �I�R�U�F�H �D�U�H �V�P�D�O�O�� �$�V �D �U�H�V�X�O�W�� �W�K�H �5�0�6�( �R�I �W�K�H �G�R�P�D�L�Q �V�L�]�H
(3D; D; D )�� �U�H�O�D�W�L�Y�H �W�R �W�K�H �V�R�O�X�W�L�R�Q �I�R�U �W�K�H �G�R�P�D�L�Q �V�L�]�H(6D; 2D; 2D) �H�T�X�D�O�V0:04�� �7�R �F�R�P�S�X�W�H �D�F�F�X�U�D�W�H
�G�\�Q�D�P�L�F �S�D�U�D�P�H�W�H�U�V �I�U�R�P �W�K�H �P�R�G�H�O�� �W�K�H �V�P�D�O�O�H�V�W �G�R�P�D�L�Q �V�L�]�H �L�V �D�S�S�U�R�S�U�L�D�W�H�� �7�K�H �D�F�F�X�U�D�F�\ �R�I �W�K�L�V

����



���D���5�R�R�W �P�H�D�Q �V�T�X�D�U�H �H�U�U�R�U ���E���,�Q�V�W�D�Q�W�D�Q�H�R�X�V �K�\�G�U�R�G�\�Q�D�P�L�F �I�R�U�F�H �R�Y�H�U �� �P�R�W�L�R�Q �F�\�F�O�H

�)�L�J�X�U�H ���������&�R�Q�Y�H�U�J�H�Q�F�H �V�W�D�W�L�V�W�L�F�V �R�I �W�K�H �J�U�L�G �V�L�]�HD �� �7�K�H �U�R�R�W �P�H�D�Q �V�T�X�D�U�H �H�U�U�R�U ���D�� �R�I �W�K�H �K�\�G�U�R�G�\�Q�D�P�L�F �I�R�U�F�H �R�Y�H�U �� �P�R�W�L�R�Q
�F�\�F�O�H ���E���� �Z�L�W�K �U�H�V�S�H�F�W �W�R �W�K�H �I�L�Q�H�V�W �J�U�L�G �V�L�]�H��

�V�P�D�O�O �G�R�P�D�L�Q �V�L�]�H �Z�D�V �D�W�W�U�L�E�X�W�H�G �W�R �W�K�H �X�V�H �R�I �W�K�H �%�L�R�W���6�D�Y�D�U�W �E�R�X�Q�G�D�U�\ �F�R�Q�G�L�W�L�R�Q�V�� �,�W �Z�D�V �R�E�V�H�U�Y�H�G �W�K�D�W
�I�R�U �E�R�W�K �G�R�P�D�L�Q �V�L�]�H�V�� �W�K�H �H�[�S�H�O�O�H�G �M�H�W���Y�R�U�W�H�[ �U�L�Q�J�V �G�H�Y�H�O�R�S�H�G �R�X�W�V�L�G�H �W�K�H �W�U�D�Q�V�O�D�W�L�R�Q�D�O �G�L�U�H�F�W�L�R�Q �R�I �W�K�H
�G�R�P�D�L�Q�� �V�K�R�Z�Q �L�Q�)�L�J�X�U�H ���������� �$ �O�D�U�J�H�U �G�R�P�D�L�Q �V�L�]�H �L�Q �W�K�H �W�U�D�Q�V�O�D�W�L�R�Q�D�O �G�L�U�H�F�W�L�R�Q �L�V �P�R�U�H �D�S�S�U�R�S�U�L�D�W�H
�I�R�U �Y�R�U�W�L�F�L�W�\ �D�Q�G �Z�D�N�H �V�W�X�G�L�H�V�� �7�R �F�R�P�S�X�W�H �W�K�H �S�U�R�S�X�O�V�L�Y�H �P�H�W�U�L�F�V �D�Q�G �H�I�I�L�F�L�H�Q�F�L�H�V�� �W�K�H �G�R�P�D�L�Q �V�L�]�H
(3D; D; D ) �Z�D�V �X�V�H�G�� �)�R�U �Y�R�U�W�L�F�L�W�\ �D�Q�G �Z�D�N�H �V�W�X�G�L�H�V�� �W�K�H �G�R�P�D�L�Q �V�L�]�H(6D; D; D ) �Z�D�V �D�S�S�O�L�H�G��

�)�L�J�X�U�H ���������7�K�H �L�Q�V�W�D�Q�W�D�Q�H�R�X�V �K�\�G�U�R�G�\�Q�D�P�L�F �I�R�U�F�H �V�L�J�Q�D�O �I�R�U �Y�D�U�\�L�Q�J �G�R�P�D�L�Q �V�L�]�H �R�Y�H�U1 �P�R�W�L�R�Q �F�\�F�O�H��

�������������8�M�Q�I �7�X�I�T
�$ �F�R�Q�Y�H�U�J�H�Q�F�H �V�W�X�G�\ �W�R �G�H�W�H�U�P�L�Q�H �D�Q �D�S�S�U�R�S�U�L�D�W�H� t �I�R�U �V�L�P�X�O�D�W�L�R�Q�V �Z�D�V �F�R�Q�G�X�F�W�H�G �Z�L�W�K �W�K�H �Y�D�O�X�H�V
� t = 0 :05; 0:10; 0:15; 0:20; 0:25�� �7�K�H �&�)�/ �U�H�V�W�U�L�F�W�L�R�Q �E�X�L�O�W �L�Q�W�R �:�D�W�H�U�/�L�O�\�� �L�Q �F�R�P�E�L�Q�D�W�L�R�Q �Z�L�W�K �W�K�L�V �F�R�Q�W�U�R�O
�S�R�L�Q�W �D�Q�G �W�K�H �1�8�5�%�6 �P�R�G�H�O�O�L�Q�J �D�S�S�U�R�D�F�K�� �U�H�T�X�L�U�H�V �I�L�Q�H�U �J�U�L�G�V �W�R �E�H �V�L�P�X�O�D�W�H�G �Z�L�W�K �D �W�L�P�H �V�W�H�S �R�I� t =
0:05�� �)�R�U �I�L�Q�H�U �J�U�L�G�V�� �W�K�H �V�S�D�W�L�D�O �V�F�D�O�H �G�H�F�U�H�D�V�H�V �D�Q�G �W�K�H �&�)�/ �U�H�V�W�U�L�F�W�L�R�Q �L�V �Y�L�R�O�D�W�H�G �I�R�U �O�D�U�J�H�U �W�L�P�H �V�W�H�S�V��
�7�K�H�U�H�I�R�U�H�� �L�W �Z�D�V �R�Q�O�\ �S�R�V�V�L�E�O�H �W�R �F�R�Q�G�X�F�W �D �W�L�P�H �V�W�H�S �F�R�Q�Y�H�U�J�H�Q�F�H �V�W�X�G�\ �I�R�U �D �J�U�L�G �V�L�]�H �R�I32�� �7�K�H
�U�H�V�X�O�W�L�Q�J �5�0�6 �H�U�U�R�U�V �D�U�H �S�U�H�V�H�Q�W�H�G �L�Q�)�L�J�X�U�H �������D�Q�G �W�K�H �L�Q�V�W�D�Q�W�D�Q�H�R�X�V �I�R�U�F�H �V�L�J�Q�D�O �L�Q�)�L�J�X�U�H �������E�� �7�K�H
�5�0�6�( �Y�D�O�X�H�V �E�H�F�R�P�H �X�S �W�R0:3 �U�H�O�D�W�L�Y�H �W�R �W�K�H �I�L�Q�H�V�W �W�L�P�H �V�W�H�S�� �7�K�L�V �G�L�I�I�H�U�H�Q�F�H �L�V �D�O�V�R �R�E�V�H�U�Y�H�G �L�Q �W�K�H
�I�L�O�W�H�U�H�G �I�R�U�F�H �V�L�J�Q�D�O�V�� �Z�K�H�U�H �W�K�H �I�R�U�F�H �R�I� t = 0 :05 �L�V �O�D�U�J�H�U �G�X�U�L�Q�J �F�R�Q�W�U�D�F�W�L�R�Q �D�Q�G �H�[�S�D�Q�V�L�R�Q�� �7�K�H �V�D�P�H
�H�U�U�R�U�V �D�U�H �F�R�P�S�X�W�H�G �I�R�U �W�K�H �X�Q�I�L�O�W�H�U�H�G �I�R�U�F�H�V�� �J�L�Y�H�Q �L�Q�$�S�S�H�Q�G�L�[ �%�� �7�K�H �X�Q�I�L�O�W�H�U�H�G �I�R�U�F�H �V�K�R�Z�V �K�L�J�K�H�U
�Q�R�L�V�H �O�H�Y�H�O�V �I�R�U �V�P�D�O�O�H�U �W�L�P�H �V�W�H�S�V�� �Z�K�L�O�H �W�K�H �X�Q�G�H�U�O�\�L�Q�J �I�R�U�F�H �E�D�O�D�Q�F�H �D�O�V�R �F�K�D�Q�J�H�V�� �7�K�L�V �L�Q�G�L�F�D�W�H�V
�W�K�D�W �W�L�P�H���V�W�H�S �F�R�Q�Y�H�U�J�H�Q�F�H �R�I �W�K�H �K�\�G�U�R�G�\�Q�D�P�L�F �I�R�U�F�H �F�R�X�O�G �Q�R�W �E�H �H�V�W�D�E�O�L�V�K�H�G�� �D�V �W�H�P�S�R�U�D�O �U�H�I�L�Q�H�P�H�Q�W
�F�R�Q�V�L�V�W�H�Q�W�O�\ �D�G�M�X�V�W�V �I�R�U�F�H �S�H�D�N�V�� �,�W �L�V �G�L�I�I�L�F�X�O�W �W�R �D�W�W�U�L�E�X�W�H �W�K�L�V �E�H�K�D�Y�L�R�X�U �W�R �D �V�S�H�F�L�I�L�F �S�D�U�W �R�I �W�K�H �P�R�G�H�O�� �,�W
�P�D�\ �E�H �W�K�D�W �W�K�H �S�U�H�V�V�X�U�H �S�H�D�N�V �U�H�V�X�O�W�L�Q�J �I�U�R�P �W�K�H �X�Q�V�W�H�D�G�\ �F�R�Q�W�U�R�O �S�R�L�Q�W �P�R�W�L�R�Q�V �D�U�H �E�H�W�W�H�U �U�H�V�R�O�Y�H�G �I�R�U
�V�P�D�O�O�H�U� t�� �L�Q�G�X�F�L�Q�J �W�K�H �R�E�V�H�U�Y�H�G �K�L�J�K���I�U�H�T�X�H�Q�F�\ �Q�R�L�V�H�� �7�K�H �R�E�V�H�U�Y�H�G �G�L�I�I�H�U�H�Q�F�H �P�D�\ �D�O�V�R �E�H �U�H�O�D�W�H�G
�W�R �W�K�H �D�S�S�O�L�H�G �I�R�U�F�H �I�L�O�W�H�U�� �D�V �W�K�H �V�P�R�R�W�K�L�Q�J �S�D�U�D�P�H�W�H�U� �G�H�S�H�Q�G�V �R�Q �W�K�H �Q�X�P�H�U�L�F�D�O �W�L�P�H �V�W�H�S�� �+�R�Z�H�Y�H�U��
�V�L�Q�F�H �W�K�H �E�H�K�D�Y�L�R�X�U �L�V �R�E�V�H�U�Y�H�G �I�R�U �E�R�W�K �I�L�O�W�H�U�H�G �D�Q�G �X�Q�I�L�O�W�H�U�H�G �I�R�U�F�H�� �W�K�H �I�L�O�W�H�U �L�V �Q�R�W �F�R�Q�V�L�G�H�U�H�G �W�K�H �P�D�L�Q
�F�D�X�V�H�� �7�K�H �I�L�O�W�H�U �P�D�\ �V�X�S�S�U�H�V�V �K�L�J�K���I�U�H�T�X�H�Q�F�\ �R�V�F�L�O�O�D�W�L�R�Q�V �D�Q�G �L�Q�G�X�F�H �D �S�K�D�V�H �O�D�J�� �E�X�W �W�K�H �G�L�I�I�H�U�H�Q�F�H �L�Q
�I�R�U�F�H �E�D�O�D�Q�F�H �L�V �D�O�U�H�D�G�\ �S�U�H�V�H�Q�W�� �7�R �V�L�P�X�O�D�W�H �R�Q �D �J�U�L�G �V�L�]�H �R�ID = 2 6�� �Z�K�L�F�K �Z�D�V �G�H�W�H�U�P�L�Q�H�G �S�U�H�Y�L�R�X�V�O�\��

����



�W�K�H �W�L�P�H �V�W�H�S �L�V �U�H�V�W�U�L�F�W�H�G �W�R� t = 0 :05�� �D�Q�G �W�K�L�V �Z�D�V �W�K�H�U�H�I�R�U�H �X�V�H�G �L�Q �W�K�H �S�U�H�V�H�Q�W �P�R�G�H�O��

���D���5�R�R�W �P�H�D�Q �V�T�X�D�U�H �H�U�U�R�U ���E���,�Q�V�W�D�Q�W�D�Q�H�R�X�V �K�\�G�U�R�G�\�Q�D�P�L�F �I�R�U�F�H

�)�L�J�X�U�H ���������&�R�Q�Y�H�U�J�H�Q�F�H �V�W�D�W�L�V�W�L�F�V �R�I �W�K�H �Q�X�P�H�U�L�F�D�O �W�L�P�H �V�W�H�S� t �� �7�K�H �U�R�R�W �P�H�D�Q �V�T�X�D�U�H �H�U�U�R�U ���D�� �R�I �W�K�H �K�\�G�U�R�G�\�Q�D�P�L�F �I�R�U�F�H
�R�Y�H�U �� �P�R�W�L�R�Q �F�\�F�O�H ���E���� �I�R�U �Y�D�U�\�L�Q�J �W�L�P�H �V�W�H�S� t �� �X�V�L�Q�J �W�K�H �V�P�D�O�O�H�V�W �W�L�P�H �V�W�H�S �D�V �U�H�I�H�U�H�Q�F�H �Y�D�O�X�H��

���������:�E�P�M�H�E�X�M�S�R
�7�K�H �H�[�S�H�U�L�P�H�Q�W�D�O �D�Q�G �Q�X�P�H�U�L�F�D�O �U�H�V�X�O�W�V �J�L�Y�H�Q �L�Q �&�R�O�L�Q �D�Q�G �&�R�V�W�H�O�O�R ���������� ���� �/�L�S�L�Q�V�N�L �D�Q�G �0�R�K�V�H�Q�L ���������� ����
�D�Q�G �6�D�K�L�Q �H�W �D�O�� ���������� �� �Z�H�U�H �X�V�H�G �W�R �Y�D�O�L�G�D�W�H �W�K�L�V �P�R�G�H�O�� �7�K�H�L�U �Q�X�P�H�U�L�F�D�O �U�H�V�X�O�W�V �Z�H�U�H �F�R�P�S�X�W�H�G �X�V�L�Q�J
�D �G�L�I�I�H�U�H�Q�W �P�R�G�H�O�O�L�Q�J �D�S�S�U�R�D�F�K �I�U�R�P �W�K�D�W �H�P�S�O�R�\�H�G �L�Q �W�K�H �S�U�H�V�H�Q�W �U�H�V�H�D�U�F�K�� �7�K�H �P�H�W�K�R�G �G�H�V�F�U�L�E�H�G �E�\
�6�D�K�L�Q �D�Q�G �0�R�K�V�H�Q�L ���������� �� �L�V �D�Q �D�[�L�V�\�P�P�H�W�U�L�F �$�/�( �V�R�O�Y�H�U�� �Z�K�H�U�H�D�V �W�K�L�V �U�H�V�H�D�U�F�K �X�V�H�V �D �I�L�Q�L�W�H �Y�R�O�X�P�H
�D�S�S�U�R�D�F�K �R�Q �D �X�Q�L�I�R�U�P �&�D�U�W�H�V�L�D�Q �J�U�L�G�� �D�V �G�H�V�F�U�L�E�H�G �L�Q�V�H�F�W�L�R�Q �������� �7�K�H �H�[�S�H�U�L�P�H�Q�W�D�O �U�H�V�X�O�W�V �R�I �&�R�O�L�Q
�D�Q�G �&�R�V�W�H�O�O�R ���������� �� �U�H�J�D�U�G �D �G�L�I�I�H�U�H�Q�W���V�L�]�H�G �M�H�O�O�\�I�L�V�K �Z�L�W�KD = 0 :85 �>�F�P�@�� �D�Q�G �W�K�H �Y�D�O�L�G�D�W�L�R�Q �U�H�V�X�O�W�V �Z�H�U�H
�W�K�H�U�H�I�R�U�H �F�R�P�S�X�W�H�G �Z�L�W�K �D �V�F�D�O�H�G �Y�H�U�V�L�R�Q �R�I �W�K�H �E�D�V�H �F�D�V�H��

�������������+�I�S�Q�I�X�V�] �E�R�H �1�S�X�M�S�R �:�E�P�M�H�E�X�M�S�R
�7�R �F�R�Q�I�L�U�P �W�K�H �D�F�F�X�U�D�F�\ �R�I �W�K�H �M�H�O�O�\�I�L�V�K �P�R�W�L�R�Q �F�\�F�O�H�� �W�K�H �M�H�O�O�\�I�L�V�K �V�K�D�S�H���P�R�W�L�R�Q �I�U�D�P�H�V �Z�H�U�H �F�R�P�S�D�U�H�G
�W�R�)�L�J�X�U�H �������E�\ �S�O�R�W�W�L�Q�J �W�K�Hd(x; t) = 0 �F�R�Q�W�R�X�U �R�I �W�K�H �V�L�J�Q�H�G �G�L�V�W�D�Q�F�H �I�X�Q�F�W�L�R�Q�� �W�K�H �E�R�G�\ �E�R�X�Q�G�D�U�\�� �D�W
�W�K�H �V�D�P�H �W�L�P�H �V�W�H�S�V �D�V �L�Q �W�K�H �)�L�J�X�U�H�� �$ �W�Z�R���G�L�P�H�Q�V�L�R�Q�D�O �V�O�L�F�H �R�I �W�K�H �W�K�U�H�H���G�L�P�H�Q�V�L�R�Q�D�O �P�R�G�H�O �Z�D�V �X�V�H�G
�I�R�U �W�K�L�V �Y�L�V�X�D�O�L�V�D�W�L�R�Q�� �7�K�H �F�R�P�S�D�U�L�V�R�Q �R�I �W�K�H �N�L�Q�H�P�D�W�L�F �V�H�W�W�L�Q�J�V �L�V �S�U�H�V�H�Q�W�H�G �L�Q�)�L�J�X�U�H �������� �D�W �W�K�H �W�L�P�H�V
t = f 1; 2; 3; 4; 5; 6; 7; 8; 9gT=10 �D�Q�Gt = f 4; 5; 6; 7; 8; 9gT=10�� �7�K�H �G�D�U�N �U�H�G �G�D�V�K�H�G �O�L�Q�H�V �U�H�S�U�H�V�H�Q�W �W�K�H
�M�H�O�O�\�I�L�V�K �R�X�W�O�L�Q�H �R�I �W�K�L�V �P�R�G�H�O �D�W �W�K�H �J�L�Y�H�Q �W�L�P�H �V�W�H�S�� �Z�K�L�O�H �W�K�H �R�W�K�H�U �O�L�Q�H�V �D�U�H �W�K�H �V�K�D�S�H�V �S�U�H�V�H�Q�W�H�G �L�Q
�W�K�H �S�D�S�H�U�� �7�K�H �O�H�J�H�Q�G �V�K�R�Z�V �Z�K�D�W �F�R�O�R�X�U �F�R�U�U�H�V�S�R�Q�G�V �W�R �W�K�H �J�L�Y�H�Q �W�L�P�H �V�W�H�S�� �,�W �Z�D�V �R�E�V�H�U�Y�H�G �W�K�D�W
�W�K�H �J�H�R�P�H�W�U�\ �R�X�W�O�L�Q�H�V �D�W �H�D�F�K �W�L�P�H �V�W�H�S �D�U�H �V�L�P�L�O�D�U�� �D�O�W�K�R�X�J�K �Y�H�O�X�P �W�K�L�F�N�Q�H�V�V �G�H�Y�L�D�W�H�V�� �7�K�L�V �G�H�Y�L�D�W�L�R�Q
�Z�D�V �D�W�W�U�L�E�X�W�H�G �W�R �W�K�H �W�K�L�F�N�H�U �Y�H�O�X�P �D�S�S�O�L�H�G �L�Q �W�K�H �S�U�H�V�H�Q�W �P�R�G�H�O�� �F�R�P�S�D�U�H�G �W�R �W�K�H �G�L�J�L�W�L�V�H�G �E�H�O�O �V�K�D�S�H �L�Q
�6�D�K�L�Q �H�W �D�O�� ���������� ����
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