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Multi-Objective Design of a Decentralized Structured H∞-based
Controller for Longitudinal Helicopter Flight Dynamics

T. Capra ∗, S. Theodoulis †,M.D. Pavel‡
Delft University of Technology, P.O Box 5058, 2600GB Delft, The Netherlands

This paper introduces a multi-objective design approach for an Attitude Command-Attitude
Hold (ACAH) and vertical velocity flight control system for the MBB Bo-105 helicopter
longitudinal model. The design employs a decentralized structured H∞ dynamic controller
using a PI-based and feed-forward control architecture, similar to the PID-based architecture
commonly used in rotorcraft flight control design. The proposed design methodology integrates
multi-objective approaches within the framework of structured H∞ control design. The
uncertain model verifies the controller’s performance under different flight configurations for
a helicopter at 40 kts, using 𝜇-analysis which assesses robustness against model uncertainties.
The multi-objective approach is employed in the control design process to tune parameters that
balance handling qualities with robustness and stability. The performance of the resulting flight
control system is investigated and evaluated against the required closed-loop time/frequency-
domain criteria, as defined by ADS-33. The resulting design achieves Level 1 handling qualities,
for which the advantages and limitations of the proposed methodology are discussed.

I. Nomenclature

𝐴, 𝐵, 𝐶 = state-space matrices
𝑑𝑖 , 𝑑𝑜 = disturbance input/output vector
𝑒 = model following error signal
𝐹𝑥 = body longitudinal 𝑋 component of the resultant force acting on the vehicle
𝐹𝑧 = body normal 𝑍 component of the resultant force acting on the vehicle
𝐺 = linear helicopter model
𝐻𝑥,𝑦 = hard constraint performance with index 𝑥, 𝑦
𝐼𝑦𝑦 = pitch moment of interia
𝐾 = control system transfer functions, representing the controller dynamics in the system
𝐿, 𝑀 = real matrices characterising complex regions
𝑚 = mass
𝑀𝑢, 𝑀𝑤 , 𝑀𝑞 , 𝑀𝜃 , 𝑀𝛿𝑐𝑜𝑙 , 𝑀𝛿𝑙𝑜𝑛 = moment derivatives normalized by moments of inertia
𝑀𝑦 = body lateral 𝑀 component of the resultant moment acting on the vehicle
𝑛 = measurement noise vector
𝑞 = body rotational pitch rate
𝑆𝑖 , 𝑆𝑜 = input/output sensitivity function
𝑆𝑥,𝑦 = soft constraint performance with index 𝑥, 𝑦
𝑇𝑖 , 𝑇𝑜 = input/output complementary sensitivity function
𝑇𝑟𝑒 𝑓 = reference model
𝑇𝑥→𝑦 = transfer function from 𝑥 to 𝑦
𝑢 = input vector
𝑉𝑧 = helicopter body vertical velocity
𝑊 = weighting filter
𝑋𝐶𝐺 = longitudinal center of gravity position
𝑋𝑢, 𝑋𝑤 , 𝑋𝑞 , 𝑋𝜃 , 𝑋𝛿𝑐𝑜𝑙 , 𝑋𝛿𝑙𝑜𝑛 = 𝑋 force derivatives normalized by helicopter mass
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𝑦 = measured output vector
𝑍𝐶𝐺 = vertical center of gravity position
𝑍𝑢, 𝑍𝑤 , 𝑍𝑞 , 𝑍𝜃 , 𝑍𝛿𝑐𝑜𝑙 , 𝑍𝛿𝑙𝑜𝑛 = 𝑍 force derivatives normalized by helicopter mass
𝜁 = damping ratio
𝛿𝑐𝑜𝑙 , 𝛿𝑙𝑜𝑛 = helicopter inputs: collective and longitudinal cyclic
𝛿𝑐𝑜𝑙,𝑐𝑚𝑑 , 𝛿𝑙𝑜𝑛,𝑐𝑚𝑑 = actuator inputs: commanded collective and longitudinal cyclic
𝜃 = helicopter attitude pitch
𝜔𝑛 = natural frequency

II. Introduction

The development of rotorcraft has been a long and challenging process involving simulation, analysis, and design
iterations. Control systems and handling qualities have required significant attention from both designers and pilots.

Due to the dynamic instability of rotorcraft during flight, artificial stability augmentation or a full authority flight control
system is necessary to meet stability and handling requirements [1–3]. Developments such as fly-by-wire and electronic
stabilization systems have improved rotorcraft handling qualities [4–6]. Several techniques have been investigated to
address the challenges of controllability in rotorcraft [7].

Enhancing rotorcraft handling qualities (HQ) for desirable characteristics in the time/frequency domain is specified
in guidelines such as ADS-33E-PRF [6] and stability characteristics in the MIL documents [8]. However, complex flow
phenomena generated by rotor blades can significantly affect helicopter dynamics, such as irregular flows from vortex
interaction and downwash caused by the main rotor on the tail surface [9]. The uncertainty in these unstable dynamics,
particularly for agile helicopters, makes the development of flight control laws a serious technical challenge, limiting
control system design solutions in terms of both handling quality performance and robustness against uncertainties.

In essence, there are many robust control methods that can account for system uncertainties by incorporating
their worst-case conditions in the design phase, aiming to design a control system that remains stable with adequate
stability margins and meets performance objectives [10]. The implementation of robust control for rotorcraft vehicles
varies across studies in methodology, using multivariable robust control theories such as LQG/LTR, H∞, H2, etc., for
control law tuning in [11–15], which are industry standards [10]. This is due to the advantages these methods offer,
enabling trade-offs between performance, stability, and robustness through the optimization of weighted signal/transfer
function norms. Recent studies have developed techniques aimed at either integrating handling requirements [16–18]
or accounting for model uncertainty [13, 19] in control design for helicopter models. The most recent method
accomplishing both [20, 21] using a 2-step optimization approach optimising model following structure and control
attenuation in which the controller is robustified using a multi-model approach. Recent advances in non-smooth
optimization techniques, where the non-convexity issue has been resolved and incorporated in MATLAB functions
systune() and hinfstruct(), allow for multi-modal/multi-objective control design [22]. By leveraging multivariable robust
control theory through signal-based optimization, it is possible to achieve lower-order and simpler fixed-structure
controllers optimized with multiple objectives for both HQ criteria and robustness against uncertainty, often approaching
the robustness of unstructured/full-order controllers. However, controller order reduction often leads to a loss of
robustness without specialized order reduction techniques, as demonstrated in [23–26].

In this paper, an Attitude Command-Attitude Hold (ACAH) and vertical velocity flight control system for the MBB
Bo-105 helicopter is presented. The paper focuses exclusively on the longitudinal model, which was developed based on
a multi-objective approach using closed-loop transfer functions to design for robustness [23, 27]. Reference models
are employed in model-following methods to enforce HQ objectives, serving as a trade-off between performance and
robustness. The helicopter model utilises the bare airframe dynamics of the Bo-105 helicopter, which entails steady-state
longitudinal flapping and one-dimensional inflow dynamics with actuators. The control structure used is decentralized
Proportional-Integral-like (PI-like) control with a feedforward control element. This structure combines feedback
control for stability and robustness against model uncertainties with feedforward control to achieve the necessary
HQ objectives. Additional design objectives were established in the form of H∞ constraints between the reference
models and the actual system response, minimum disk-based stability margins, and minimization of disturbances at the
input/output (I/O) to the control signal and measured output of the plant. The controller addresses flight speeds around
40 knots at sea level altitude. This approach uses robust control theory for the H∞ constraints combined with structured
singular value (SSV) analysis to assess the robustness of the design against parametric uncertainties.
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This paper is organized as follows. Section III introduces the helicopter model. Section IV details the closed-loop
controller architectures and design methodology, describing the objectives implemented. Section V looks at the results
and analysis of the performance of the resulting design in both the time and frequency domains. The conclusions are
presented in Section VII.

III. Bo105 Helicopter Model
The MBB Bo-105 longitudinal helicopter was selected due to its well-known dynamic instability, which poses

challenges and limitations to robustness in the design of control laws. An analysis of the Bo-105 bare airframe dynamics
[18, 28] shows that an unstable phugoid mode is present across the flight envelope. Additionally, there are local
right-half-plane (RHP) zeros in the collective control channel (𝛿𝑐𝑜𝑙), with the presence of a transmission zero near
the marginal stability plane at −0.015 in all of the channels when linearizing, as shown in Fig. (1). This figure shows
phugoid poles in the RHP at 0.1 ± 0.29𝑖, as well as the heave and pitch subsidence in the stable left-half-plane at −0.43
and −1.1, respectively. The existence of RHP poles imposes fundamental limitations because they introduce unstable
open-loop behavior, which increases the difficulty of ensuring stability and robustness in the control system’s design.
Additionally, RHP poles and zeros restrict the controller’s ability to simultaneously achieve high performance (e.g., fast
tracking or disturbance rejection) and robustness against uncertainties, as these elements constrain achievable gain and
phase margins.

The helicopter dynamics are represented in the design process by a linear time-invariant model, given by Eq. (1).
Here, 𝑥 = [𝑢 𝑤 𝑞 𝜃]𝑇 is the state vector and 𝑢 = [𝛿𝑐𝑜𝑙 𝛿𝑙𝑜𝑛]𝑇 is the control input. The vector 𝑢 comprises the collective
and longitudinal inputs, in that order. 𝐴, 𝐵, and 𝐶 are the stability, control, and output matrices, respectively. The
measurement vector 𝑦 comprises the measurements of the attitude angle 𝜃, body-axis angular velocity 𝑞 and the vertical
velocity 𝑉𝑧 . The model used is an analytical model based on [29–31], which is reduced to only the longitudinal mode.
These matrices represent the 3 degrees of freedom (DoF) rigid-body dynamics (𝑢,𝑤,𝑞) of the helicopter without the
horizontal tail forces. The quasi-steady inflow of the main rotor is represented by a first-order model whose time
constant is set to 0.1 s. This augmentation leads to a simplified 5th-order non-linear longitudinal helicopter model,
which includes inflow dynamics to trim the thrust coefficient and steady-state longitudinal flapping. This model is solved
to determine the operating equilibrium point, which satisfies the equilibrium condition ( ¤𝑥 = 𝑓 (𝑥, 𝑢) = 0) for straight and
steady horizontal flight. Linearizing the model at these points provides the state-space matrices 𝐴, 𝐵 and 𝐶 in Eq. (1),
assuming the non-dimensional inflow remains constant. Finally, a second-order actuator dynamics model of the Bo-105
helicopter (𝜔𝑛 = 50 rad/s,𝜁 = 0.95) described in [32] is augmented in each of the collective and longitudinal control
channels.

𝐺𝐴𝐹 : ¤𝑥 = 𝐴𝑥 + 𝐵𝑢 𝑦 = 𝐶𝑥 (1)

Fig. 1 Open-loop pole-zero plot of longitudinal bare-frame helicopter model at 40 kts
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IV. Flight Control Design

A. Design Layout
The transfer function I/O relationships used for decentralized control design are shown in Fig. (2). The actuator

model 𝐺𝑎𝑐𝑡 consists of second-order transfer functions with 𝜔𝑛 = 50 rad/s and 𝜁 = 0.95, applied to both input channels
[32]. The two-degrees-of-freedom controller has two outputs and five inputs, since it includes both the reference and
the measured signals of the controlled variables: vertical velocity, pitch rate, and pitch, respectively 𝑉𝑧 , 𝑞, 𝜃. The
external signals are the disturbances at the input 𝑑𝑖 composed of 𝑑𝛿𝑐𝑜𝑙,𝑐𝑚𝑑

, 𝑑𝛿𝑙𝑜𝑛,𝑐𝑚𝑑
and at the output 𝑑𝑜 composed of

𝑑𝑉𝑧
, 𝑑𝑞 , 𝑑𝜃 as well as the sensor noise 𝑛 composed of 𝑛𝑉𝑧

, 𝑛𝑞 , 𝑛𝜃 . Other signals involved in the controller design are the
reference tracking signals 𝑉𝑧𝑟𝑒 𝑓

and 𝜃𝑟𝑒 𝑓 , the disturbed outputs 𝑦, composed of the measurements for 𝑉𝑧 , 𝑞, 𝜃 and the
actuator inputs, which are the commanded inputs 𝑢 composed of 𝛿𝑐𝑜𝑙,𝑐𝑚𝑑 , 𝛿𝑙𝑜𝑛,𝑐𝑚𝑑 as the controller outputs.

Fig. 2 Longitudinal helicopter controller I/O layout

B. Control Layout
The autopilot structure used here is decentralized as shown Fig. (3). This structure, consist of three key components.

Firstly, the feed-forward injection 𝐾𝑖𝑛 𝑗 using a second-order transfer functions to adjust the input signal 𝑢 based on the
reference signals 𝑉𝑧𝑟𝑒 𝑓

and 𝜃𝑟𝑒 𝑓 . The structure of 𝐾𝑖𝑛 𝑗,𝑉𝑧
and 𝐾𝑖𝑛 𝑗, 𝜃 is as follows:

𝐾𝑖𝑛 𝑗 (𝑠) =
𝑧1𝑠 + 𝑧0

𝑠2 + 𝑝1𝑠 + 𝑝0
(2)

Fig. 3 Longitudinal helicopter control structure
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The second components are the first-order transfer functions 𝐾𝑐, which act as a PI-like controllers though the integrator
with a low-pass filter with frequency of 𝜔𝑐. This is used for tracking the reference signals 𝑉𝑧𝑟𝑒 𝑓

and 𝜃𝑟𝑒 𝑓 in the autopilot
loop. The structure of 𝐾𝑐,𝑉𝑧

and 𝐾𝑐, 𝜃 is as follows:

𝐾𝑐 (𝑠)
𝑠

=
𝐾𝑝𝑠 + 𝐾𝑖

𝑠
· 𝜔𝑐

𝑠 + 𝜔𝑐
(3)

Final component is the static output gain 𝐾𝑞 which stabilizes the phugoid mode of the helicopter, improving the damping
and transient response. The order of the tuned controller was determined after successive iterations in which the
controller order of 𝐾𝑐 and 𝐾𝑖𝑛 𝑗 was increased incrementally. These iterations revealed that the performance of the
controller increased with increased order until the robustness and handling qualities performance leveled off.

C. Design Specifications
The flight control laws for robust control in the following sections are designed to fulfill a series of hard constraints

which are bounded by max𝐻𝑖, 𝑗 < 1 and soft constraints which are optimised by minimising max 𝑆𝑖, 𝑗 using the signals
in Fig. (2) for the specified design points. The hard constraints involve the minimum necessary stability at the I/O of the
plant, broken-loop-at-a-time, and pole placement constraint [33]. The soft constraints involve various I/O disturbance
rejection and control attenuation shown in Eq. (4) for the vertical velocity and attitude control. Furthermore, reference
tracking for the vertical velocity and attitude control described in Eq. (5). The individual transfer functions are taken
from Eq. (4) and Eq. (5) matrices, which are used to separately bound the vertical velocity and attitude control loops
and optimize the robustness of the controller. [

𝑦

𝑢

]
=

[
𝑆𝑜 𝑆𝑜𝐺

𝐾𝑆𝑜 𝑇𝑖

]
·
[
𝑑𝑜

𝑑𝑖

]
(4)

[
𝑒𝑉𝑧

𝑒𝜃

]
= (𝑇𝑜 − 𝑇𝑟𝑒 𝑓 ) ·

[
𝑉𝑧𝑟𝑒 𝑓

𝜃𝑟𝑒 𝑓

]
(5)

1. Hard Constraints
For the stability margin requirement, minimum robust disk-based stability margins are applied at each of the actuator

inputs 𝑢 for commanded collective 𝛿𝑐𝑜𝑙,𝑐𝑚𝑑 and commanded longitudinal 𝛿𝑙𝑜𝑛,𝑐𝑚𝑑 , and at each of the helicopter outputs
𝑦 for vertical velocity 𝑉𝑧 , pitch rate 𝑞, and pitch 𝜃, broken loop-at-a-time. The margins can be assessed by breaking the
loop at set points in the control loop to guarantee robustness to simultaneous gain and phase variations, unlike classical
gain and phase margins [34]. These constraints can be written in terms of the open-loop transfer functions 𝐿 associated
with each of the five channels computed at each input or outputs. To define the symmetric disk-based stability margins,
the constraint for 𝑖𝑡ℎ input/output is written as:

𝐻1,𝑖 =
𝛼𝑚𝑎𝑥

2

�������� 𝐼 − 𝐿𝐼 + 𝐿

��������
∞
≤ 1 (6)

Given the parameters 𝛼𝑚𝑎𝑥 which is the disk size for the guaranteed minimum gain [𝛾𝑚𝑖𝑛, 𝛾𝑚𝑎𝑥] and phase margins
[𝜙𝑚𝑖𝑛, 𝜙𝑚𝑎𝑥] written as [34]:

[𝛾𝑚𝑖𝑛, 𝛾𝑚𝑎𝑥] =
[
2 − 𝛼𝑚𝑎𝑥
2 + 𝛼𝑚𝑎𝑥

,
2 + 𝛼𝑚𝑎𝑥
2 − 𝛼𝑚𝑎𝑥

]
(7)

[𝜙𝑚𝑖𝑛, 𝜙𝑚𝑎𝑥] =
[
− arccos

(
1 + 𝛾𝑚𝑖𝑛𝛾𝑚𝑎𝑥
𝛾𝑚𝑖𝑛 + 𝛾𝑚𝑎𝑥

)
, arccos

(
1 + 𝛾𝑚𝑖𝑛𝛾𝑚𝑎𝑥
𝛾𝑚𝑖𝑛 + 𝛾𝑚𝑎𝑥

)]
(8)

The minimum required classical margins of ±6 dB/±45 deg from a MIL document in [8] which are used as a standard
for stability margins in flight control system design. With the minimum phase margins being the limiting parameter for
the size of the disk 𝛼𝑚𝑎𝑥 = 0.82 in systematic case which results in ±7.6 dB/±45 deg for the constraint.

For the pole-placement requirement described in the HQ criteria for low speed flight and longitudinal modes, in
terms of stability is a reasonable demand that the system’s closed poles lie in a particular subset of the complex plane D
for the design point at 40 kts.
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This guarantees certain criteria, such as sufficient damping and stable RHP-poles. The damping ratio is set to 0.35, with
a minimum decay rate of 0, to meet HQ objectives defined using the ADS-33 criteria [6]. The maximum frequency of
100 rad/s for the poles is bounded in the region of the complex plane to avoid dynamics faster than the sampling rate,
which is assumed to be 100 Hz. Here, 𝐿 = 𝐿𝑇 and 𝑀 are real matrices that can characterize a variety of regions on the
complex plane [35]. Such a region is defined as:

𝐻2,1 : D = {𝑧 ∈ C : 𝑓D (𝑧) = 𝐿 + 𝑧𝑀 + 𝑧𝑀𝑇 < 0} (9)

2. Soft Constraints
The disturbance rejection requirements involve rejecting plant I/O disturbances toward the measured output. The

output disturbance rejection is defined by the output sensitivity transfer function 𝑆𝑜 from the output disturbance 𝑑𝑜 to the
measured output 𝑦. These constraints are established based on the analysis in [36] which uses HQ criteria and through
experimentation establishing recommend guidelines for the output disturbance sensitivity. The disturbance rejection
peak 𝐷𝑅𝑃 and disturbance rejection bandwidth 𝐷𝑅𝐵 are used to evaluate the handling and hold characteristics for each
output channel. These parameters are defined as follows:

𝜔 (𝑆𝑜 = −3 dB) = 𝐷𝑅𝐵 rad/s, | |𝑆𝑜 | |∞ = 𝐷𝑅𝑃 dB (10)

The specifications on disturbance rejection are defined and enforced with the weighting function 𝑊𝑆𝑜 . The transfer
functions from 𝑇𝑑𝑉𝑧→𝑉𝑧

and 𝑇𝑑𝜃→𝜃 are subject to the required specifications for the vertical velocity and attitude
channels, shown in Table 1 for the hold characteristics.

Table 1 Disturbance rejection guidelines [36]

Pitch (𝜃) Vertical velocity (𝑉𝑧)
𝐷𝑅𝐵 rad/s ≥ 0.5 1.0
𝐷𝑅𝑃 dB ≤ 5.0 5.0

The low-frequency gain must be reduced to reject disturbances in this range for the respective hold modes and to limit
signal amplification. Therefore, the inverted weighting function𝑊−1

𝑆𝑜
is chosen such that the low-frequency attenuation

converges to −40 dB. The constraints are written as:

𝑆1,1 =
����𝑊𝑆𝑉𝑧

𝑇𝑑𝑉𝑧→𝑉𝑧

����
∞ (11)

𝑆1,2 =
����𝑊𝑆𝜃𝑇𝑑𝜃→𝜃

����
∞ (12)

The input disturbance rejection is defined as 𝑆𝑜𝐺, the transfer function from the input disturbance 𝑑𝑖 to the measured
output 𝑦. Similarly, control signal attenuation is defined as the transfer function from the output disturbance 𝑑𝑜 to the
control output 𝑢. To align the system’s I/O relationships across different operating points, the system’s plant can be
re-scaled, allowing the functions 𝑆𝑜𝐺 and 𝐾𝑆𝑜 to be normalized. The re-scaling of the direct control (DC) gains in the
open-loop system leads to specific results for the 𝐾𝑆𝑜 functions, ensuring that the transfer functions 𝑇𝑑𝑉𝑧→𝛿𝑐𝑜𝑙,𝑐𝑚𝑑

and
𝑇𝑑𝜃→𝛿𝑙𝑜𝑛,𝑐𝑚𝑑

maintain a consistent value of 0 dB at a frequency of 0 rad/s, as mentioned in [23]. For input disturbance
rejection, the re-scaling is inverted as the I/O relationships are reversed. Additionally, due to normalization, similar
weights can be applied for the input and output disturbance rejection. Although, for𝑊 ′

𝑆𝜃
, the roll-off is altered compared

to𝑊𝑆𝜃 to match the slope of the re-scaled 𝑆𝑜𝐺 function. The constraints are written as:

𝑆2,1 =

������𝑊𝑆𝑉𝑧
𝑇𝑑𝛿𝑐𝑜𝑙,𝑐𝑚𝑑

→𝑉𝑧

������
∞

(13)

𝑆2,2 =

������𝑊 ′
𝑆𝜃
𝑇𝑑𝛿𝑙𝑜𝑛,𝑐𝑚𝑑

→𝜃

������
∞

(14)

For the control signal attenuation for the feedback loop is defined as 𝐾𝑆𝑜, represented by 𝑇𝑑𝑉𝑧→𝛿𝑐𝑜𝑙,𝑐𝑚𝑑
and

𝑇𝑑𝜃→𝛿𝑙𝑜𝑛,𝑐𝑚𝑑
, the inverted weighting filters are adjusted so that the transfer functions are bounded, limiting the peak

values and high frequency gains. The low frequencies are limited by gains of 10 dB for both channels to provide
robustness to output multiplicative uncertainty for output related the corresponding disturbance input.
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With sufficient roll-off at frequencies of 10 rad/s and 20 rad/s for the control signal attenuation of the vertical velocity
and attitude control channels, respectively. Furthermore, high-frequency gains are attenuated at −40 dB in order to
ensure reduced control effort at high frequencies limiting the effect of sensor noise on the controller. The following
constraints are written as:

𝑆3,1 =
����𝑊𝐾𝑆𝑉𝑧

𝑇𝑑𝑉𝑧→𝛿𝑐𝑜𝑙,𝑐𝑚𝑑

����
∞ (15)

𝑆3,2 =
����𝑊𝐾𝑆𝜃𝑇𝑑𝜃→𝛿𝑙𝑜𝑛,𝑐𝑚𝑑

����
∞ (16)

The input tracking is defined as 𝑇𝑖 , the transfer function from input disturbance 𝑑𝑖 to the controller output 𝑢. These
transfer functions, represented by 𝑇𝑑𝛿𝑐𝑜𝑙,𝑐𝑚𝑑

→𝛿𝑐𝑜𝑙,𝑐𝑚𝑑
and 𝑇𝑑𝛿𝑙𝑜𝑛,𝑐𝑚𝑑

→𝛿𝑙𝑜𝑛,𝑐𝑚𝑑
, are constrained to enforce low-frequency

input open-loop crossover. The weighting functions limit the input tracking to provide robustness against uncertainties at
the actuator input. For the weighting functions in the 𝛿𝑐𝑜𝑙,𝑐𝑚𝑑 channel are 3 rad/s and for the 𝛿𝑙𝑜𝑛,𝑐𝑚𝑑 channel 15 rad/s
are limited to 0 dB. With high-frequency gains of −40 dB in order to ensure a good attenuation of control disturbances
at high frequencies at the input. The following constraints are written as:

𝑆4,1 =

������𝑊𝑇𝛿𝑐𝑜𝑙,𝑐𝑚𝑑
𝑇𝑑𝛿𝑐𝑜𝑙,𝑐𝑚𝑑

→𝛿𝑐𝑜𝑙,𝑐𝑚𝑑

������
∞

(17)

𝑆4,2 =

������𝑊𝑇𝛿𝑙𝑜𝑛,𝑐𝑚𝑑
𝑇𝑑𝛿𝑙𝑜𝑛,𝑐𝑚𝑑

→𝛿𝑙𝑜𝑛,𝑐𝑚𝑑

������
∞

(18)

The model following method is used to focus on time-domain transient responses. In which, a lower-order equivalent
system (LOES) for the collective to height rate response from the HQ criteria is used to evaluate the vertical velocity
response characteristics for desirable reference tracking performance, written as:

𝑇𝑟𝑒 𝑓 ,𝑉𝑧
=
𝐾𝑒

−𝜏𝑉𝑧𝑒𝑞
𝑠

𝑇𝑉𝑧𝑒𝑞
𝑠 + 1

(19)

The parameters which relate directly to meet the level 1 HQ criteria for the LOES for vertical velocity response are
shown in Table 2 using the model following structure.

Table 2 Parameters for the model following of 𝑇𝑟𝑒 𝑓 ,𝑉𝑧

Parameter Description Value
𝜏𝑉𝑧𝑒𝑞

Time delay 5 ms
𝑇𝑉𝑧𝑒𝑞

Time constant 1.0 s

The pitch control (ACAH) has reference following requirements for rise time and closed-loop shaping for level
1 handling qualities for 𝑇𝑜, the signal for the reference tracking performance. The LOES is formulated based on
approximations seen in [2], written as:

𝑇𝑟𝑒 𝑓 , 𝜃 =
𝜔2
𝑛𝑒

−𝜏𝜃𝑒𝑞 𝑠

𝑠2 + 2𝜁𝜔𝑛𝑠 + 𝜔2
𝑛

(20)

The parameters which meet the level 1 HQ criteria are described in Table 3 using the model following structure, where
the quickness requirement is the limiting constraint and the delay bounds phase-lag in the closed-loop bandwidth of the
handling requirements.

Table 3 Parameters for the model following of 𝑇𝑟𝑒 𝑓 , 𝜃

Parameter Description Value
𝜏𝜃𝑒𝑞 Time delay 7.5 ms
𝜁 Damping ratio 1
𝜔𝑛 Natural frequency 4.5 rad/s

The targeted HQ criteria for the phase delay 𝜏𝑝𝜃 is 0.05 s with a bandwidth 𝜔𝐵𝑊𝜃
of 6.3 rad/s and the response speed

𝑞𝑝𝑘
𝜃𝑝𝑘

of 1.6 s−1.
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The delay’s for both channels can be linearized using a first-order approximation for the constraint. To ensure compliance
with HQ criteria, low steady-state error is achieved through limiting the H∞ norm of the weighted reference error signal
at low frequencies, bounding the transfer functions 𝑇𝑉𝑧𝑟𝑒 𝑓

→𝑉𝑧
and 𝑇𝜃𝑟𝑒 𝑓→𝜃 . Furthermore, to ensure that the frequency

domain response are followed at low to mid-frequencies, attenuation is required of −40 dB at 1 rad/s applied to both
channels with a roll-off relaxing the constraint at higher frequencies where matching is less critical. The following
constraints are written as:

𝑆5,1 =

������𝑊𝑇𝑉𝑧
(𝑇𝑉𝑧𝑟𝑒 𝑓

→𝑉𝑧
− 𝑇𝑟𝑒 𝑓 ,𝑉𝑧

)
������
∞

(21)

𝑆5,2 =
����𝑊𝑇𝜃 (𝑇𝜃𝑟𝑒 𝑓→𝜃 − 𝑇𝑟𝑒 𝑓 , 𝜃 )

����
∞ (22)

V. Results & Analysis
The synthesized controller was obtained after tuning the five control gains 𝐾𝑖𝑛 𝑗,𝑉𝑧

, 𝐾𝑖𝑛 𝑗, 𝜃 , 𝐾𝑐,𝑉𝑧
, 𝐾𝑐, 𝜃 , 𝐾𝑞 to meet

the soft and hard design specifications described above. The solution was derived using the systune() function in the
MATLAB Control Design Toolbox, which handles multi-objective design problems [22, 37, 38]. In this approach, the
soft design constraints 𝑆𝑖, 𝑗 are minimized while ensuring that the hard constraints 𝐻𝑖, 𝑗 are satisfied, as detailed in
[21, 27]. Along with the controller gains, the function returns two scalar values: max(𝐻𝑖, 𝑗 ) = 1 and max(𝑆𝑖, 𝑗 ) = 0.9,
which verify whether the constraints are satisfied by the controller. The synthesized structured H∞ controller is
expressed as follows:

𝐾𝑖𝑛 𝑗,𝑉𝑧
=

0.056𝑠 − 0.30
𝑠2 + 12.24𝑠 + 54.04

𝐾𝑖𝑛 𝑗, 𝜃 =
−46.87𝑠 + 26.46
𝑠2 + 11.36𝑠 + 46.16

𝐾𝑐,𝑉𝑧
=

0.064𝑠 + 0.066
𝑠 + 5.45

𝐾𝑐, 𝜃 =
−11.09𝑠 − 5.67

𝑠 + 4.87
𝐾𝑞 = −1.97

(23)

A. Stability Requirements
In Fig. (4) and (5), the disk-based gain and phase margins as functions of frequency are shown for each of the

helicopter inputs and outputs. The minimum classical gain margins are approximately ±12 dB or greater for all inputs
and outputs, which is well above the 6 dB objective. In contrast, the minimum classical phase margins are ±45 deg or
greater that are on target, as the hard constraint only guarantees ±7.6 dB and ±45 deg of classical margins.

(a) Nyquist stability region for inputs (loop-at-a-time) (b) Nyquist stability region for outputs (loop-at-a-time)

Fig. 4 Nyquist plots with symmetric stability regions for the inputs/outputs (loop-at-a-time) of open loops for
the design point at 40 kts
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(a) Nichols stability region for inputs (loop-at-a-time) (b) Nichols stability region for outputs (loop-at-a-time)

Fig. 5 Nichols plots with symmetric stability regions for the inputs/outputs (loop-at-a-time) of open loops for
the design point at 40 kts

As shown in the figure the exclusion regions are highlighted in which the broken open-loop transfer functions are
avoided indicating robustness against perturbations for combinations of phase and gain margins, meeting the disk
based stability requirements set. Additionally, Fig. (6) shows the hard requirement on the pole-location for D-stability,
ensuring that all poles in the closed-loop system are stable left-hand plane with sufficient damping in accordance with
the HQ criteria. The same can be said for the zero locations which indicate minimum-phase behaviors and no RHP
cancellations. Although, their are poles close to the marginal plane which have an impact the robustness of the controller
design elaborated further in the analysis.

Fig. 6 Closed-loop pole-zero plot for the design point at 40 kts

B. Closed-loop Transfer Functions
The five different closed-loop transfer functions that are constrained to assess the frequency-domain characteristics

of the closed-loop system are shown in Fig. (7) for the 2-DoF controller. To attenuate I/O disturbances acting on both
the plant input and output, 𝑆𝑜 and 𝑆𝑜𝐺 signals are minimized at low frequencies. Furthermore, it can be seen that the
𝐾𝑆𝑜, 𝑇𝑖 and 𝑇𝑜 signals have adequate roll-off at high frequencies to attenuate the high frequency measurement noise.
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(a) Soft constraint on𝑇𝑑𝑉𝑧→𝑉𝑧
(output disturbance

sensitivity on 𝑉𝑧)
(b) Soft constraint on 𝑇𝑑𝜃→𝜃 (output disturbance
sensitivity on 𝜃)

(c) Soft constraint on 𝑇𝑑𝛿𝑐𝑜𝑙,𝑐𝑚𝑑
→𝑉𝑧

(input distur-
bance sensitivity on 𝑉𝑧)

(d) Soft constraint on 𝑇𝑑𝛿𝑙𝑜𝑛,𝑐𝑚𝑑
→𝜃 (input distur-

bance sensitivity on 𝜃)

(e) Soft constraint on 𝑇𝑑𝑉𝑧→𝛿𝑐𝑜𝑙,𝑐𝑚𝑑
(output dis-

turbance sensitivity on 𝛿𝑐𝑜𝑙,𝑐𝑚𝑑)
(f) Soft constraint on 𝑇𝑑𝜃→𝛿𝑙𝑜𝑛,𝑐𝑚𝑑

(output distur-
bance sensitivity on 𝛿𝑙𝑜𝑛,𝑐𝑚𝑑)

(g) Soft constraint on 𝑇𝑑𝛿𝑐𝑜𝑙,𝑐𝑚𝑑
→𝛿𝑐𝑜𝑙,𝑐𝑚𝑑

(input
disturbance sensitivity on 𝛿𝑐𝑜𝑙,𝑐𝑚𝑑)

(h) Soft constraint on 𝑇𝑑𝛿𝑙𝑜𝑛,𝑐𝑚𝑑
→𝛿𝑙𝑜𝑛,𝑐𝑚𝑑

(input
disturbance sensitivity on 𝛿𝑙𝑜𝑛,𝑐𝑚𝑑)

Fig. 7 Overview of the designs of soft constraints related to disturbance rejection and signal attenuation
frequency responses for the design point at 40 kts (blue: inverted weights𝑊−1, red: designed solution)
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The closed-loop transfer functions of the 2-DoF controller design are shown in Fig. (8). It can be seen that 𝑇𝑜 −𝑇𝑟𝑒 𝑓
has a high peak in the mid-frequency range and is low in the low-frequency which results in low steady-state error
from sufficient integral action of the controller. This peak is reshaped with the feedforward controller, leading to the
controlled system requiring more control effort in this frequency range without affecting the robustness of the feedback
control. Furthermore, bounding the 𝑇𝑜 − 𝑇𝑟𝑒 𝑓 function in Fig. (8) to be small at lower frequencies will reduce the error
between the reference model and the output of the system at lower to mid-frequencies. A trade-off takes place where
the peak of 𝑇𝑜 − 𝑇𝑟𝑒 𝑓 is limited as much as possible in the mid-frequency range, while minimizing functions 𝐾𝑆𝑜 the
required control effort in the from the reference tracking and 𝑇𝑖 the input tracking so the signals have adequate roll-off at
higher frequencies.

(a) Soft constraint on 𝑇𝑉𝑧𝑟𝑒 𝑓
→𝑉𝑧

− 𝑇𝑟𝑒 𝑓 ,𝑉𝑧
(refer-

ence tracking)
(b) Soft constraint on 𝑇𝜃𝑟𝑒 𝑓→𝜃 −𝑇𝑟𝑒 𝑓 , 𝜃 (reference
tracking)

Fig. 8 Overview of the designs of soft constraints related model following frequency responses for the design
point at 40 kts (blue: inverted weights𝑊−1, red: designed solution)

C. Handling Quality Requirements
The performance of the resulting design is evaluated against the quickness and bandwidth of the attitude response

which are the requirements that are enforced using a model following approach for the longitudinal helicopter model.
The quickness criterion, defined by ADS-33, uses amplitude step inputs to assess the rate at which the controller
converges to the target attitude while minimising overshoot using the peaks as metrics 𝑞𝑝𝑘

𝜃𝑝𝑘
. Fig. (9) shows the results

obtained using the designed system in the time domain, which can be compared with the theoretical performance of the
reference model. As can be seen, responses remain close to the targets defined by the reference models. This indicates
that the combination of the reference model tracking approach leads to a consistent response of the flight control system
solution in the time domain. Furthermore, the responses exhibit inter-axis decoupling between the channels, despite
the absence of constraints directly associated with decoupling requirements. However, the risk of actuator saturation
remains, which is a problem for the attitude quickness requirement. As shown in Fig. (9b), the attitude command
quickness is 𝑞𝑝𝑘

𝜃𝑝𝑘
= 1.8 s−1 meeting level 1 required for mission task elements (MTE) and attitude target acquisition

(> 1.6 s−1) requirement for 1 deg attitude changes.
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(a) 1.0 m/s step response of 𝑉𝑧𝑟𝑒 𝑓 (b) 1.0 deg step response of 𝜃𝑟𝑒 𝑓

Fig. 9 Step responses in the time domain

The bandwidth handling criteria assess the accuracy of the reference tracking in the frequency domain using two
parameters: the phase delay 𝜏𝑝𝜃 and bandwidth 𝜔𝐵𝑊𝜃

. The bandwidth of the ACAH response types is the minimum
between the frequency at which the phase is at −135 deg and the frequency at which the gain is 6 dB greater than at the
crossover frequency 𝜔180. The phase delay 𝜏𝑝𝜃 is defined according to Eq. (24) in terms of the crossover frequency
𝜔180 and the phase shift at twice the crossover frequency Δ𝜙2𝜔180 . The application of this criterion to the designed
flight control system from reference models is shown in Fig. (10), meeting level 1 handling requirements and closely
matching the reference point [6].

𝜏𝑝𝜃 =
Δ𝜙2𝜔180

57.3(2𝜔180)
(24)

(a) Vertical velocity LOES response requirements (b) Bandwidth requirements for small-amplitude attitude

Fig. 10 Model following frequency domain HQ requirement
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D. Robustness Analysis
To investigate robustness against uncertainties, an uncertain model of the helicopter was derived from the design

model by defining a ±20 % uncertainty for all stability and control derivatives in matrices 𝐴 and 𝐵 of Eq. (1), with a
breakdown of the uncertain derivatives with the most significant contributions. The robustness of the resulting controller
is assessed using an SSV or 𝜇 analysis, as shown in Fig. (11) [24].

Fig. 11 Structured singular value analysis for the design point at 40 kts (stability and control derivatives)

The upper bound peak value is equal to 0.9988 at a critical frequency of 0 rad/s at the design velocity when all of
the uncertainty is applied, indicating that robust stability for the uncertainty is guaranteed. This corresponds to the
controller being capable of handling 100/(0.9988) = 100.12 % of the uncertainty. Therefore, for values less than 1, the
controller is robustly stable against the specified parametric uncertainty. The uncertainty in the longitudinal 𝑋 and
moment 𝑀 derivatives significantly affect the phugoid dynamics, which are the major contributing factors towards the
robustness limitations at 0 rad/s. In contrast, the normal 𝑍 derivatives affecting the heave subsidence, which is already
stable in the open loop and has a less significant cumulative contribution to robust stability.

Furthermore, parametric uncertainties can be added directly into the nonlinear model using MATLAB’s ureal()
and linearized using ulinearize() to obtain an uncertain linear model for variations in mass and moment of inertia
(𝑚 ± 10 %, 𝐼𝑦𝑦 ± 10 %) combined with variations in the center of gravity position both normally and longitudinally
(𝑍𝐶𝐺 , 𝑋𝐶𝐺 ± 0.05 m) from the nominal model. Additionally, multiplicative uncertainties in the aerodynamic forces
and moments were added (𝐹𝑥 ± 20 %, 𝐹𝑧 ± 20 %, 𝑀𝑦 ± 20 %). This introduces uncertainties in the force/moment
derivatives and operating points, which allows for the robustness of the resulting controller to be assessed at various
flight configurations. The 𝜇 analysis, shown in Fig. (12), demonstrating that the system is robustly stable against the
parametric changes in the configuration and the uncertainty in the aerodynamic forces and moments, with a tolerance
up to 100/(0.238) = 420 %. This results shows that the controller is robustly stable against shifts in centre of gravity
positions, uncertainty in the forces 𝑋, 𝑍 and moment 𝑀 as well as the changes in the mass and moment of inertia. This
indicates that the limitation to the robustness of the autopilot are stability and control derivatives which significantly
affect the phugoid dynamics of the helicopter.

Fig. 12 Structured singular value analysis for the design point at 40 kts (configuration and forces/moments)
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VI. Non-linear simulations
To showcase the robustness of the controller, nonlinear Monte Carlo simulations were performed, as shown in

Fig. (13), by varying uncertain parameters used for Fig. (12), which corresponds to the 𝜇 analysis. The following
simulations use a series of step-wise reference signals where the altitude is ℎ = 0 m to assess the non-linear performance.
The reference signal profiles allow for flight coverage around the design point. In the simulation, uncertainties in the
force/moment derivatives and operating points were introduced in the nonlinear 3-DoF longitudinal helicopter model.
The commanded maneuvers were designed to stay within the limitations of actuators for the nominal model.

It can be seen that even for large vertical velocity changes and pitch angles, the control effort remains small, and
the response accurately follows the reference signal. This is evident in the first 25 seconds, where the step functions
were individually applied. Both steps converge to the reference signal; however, parametric uncertainty introduces
notable variations in the vertical velocity response, particularly in terms of overshoot, while rise times remain consistent.
Despite this, the ACAH response remains stable and consistent throughout the simulation, even under uncertainty.

Furthermore, while uncertainties influence the response, the controller is still able to accurately track the reference
signal, albeit with some degradation in performance as uncertainty increases. This degradation is most evident in
the vertical velocity control during simultaneous reference commands with the pitch channel for 5 deg steps. The
steady-state error is approximately 0.1 m/s, which is relatively small. However, due to the non-linear coupling dynamics,
greater variations occur in the final 30 seconds of the simulation for 15 deg step reference inputs.

To conclude, the simulation verified the results of the 𝜇 analysis in the time domain, assuming that changes in the
stability of the model are negligible as a function of velocity.
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(a) Tracked output signal 𝜃 (pitch attitude)

(b) State output signal 𝑞 (pitch rate)

(c) Tracked output signal 𝑉𝑧 (vertical velocity)

(d) Control signal 𝛿𝑐𝑜𝑙,𝑐𝑚𝑑 (desired collective)

(e) Control signal 𝛿𝑙𝑜𝑛,𝑐𝑚𝑑 (desired longitudinal)

Fig. 13 Nonlinear simulation (green: reference, red: nominal parameter run, blue: 50 uncertain parameter
runs)
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VII. Conclusion
This paper introduced a flight control architecture combining robust control theory as a method for tuning controllers

to meet HQ requirements. The design methodology adopts a multi-objective approach to balance trade-offs between
robustness and performance in the controller design using the frequency domain. The proposed methodology uses simple
structured controllers that can be gain-scheduled and/or applied in multi-modal methods to obtain robust controllers.
Various soft and hard constraints were systematically applied, resulting in a 2-DoF longitudinal controller with desired
properties for reference tracking, disturbance rejection at the plant inputs and outputs, sensor noise attenuation, control
signal attenuation, and disk-based stability margins. Additionally, 𝜇 analysis verified the robustness of the controller
against various parametric uncertainties.

This methodology is limited by the designer’s experience in handling the trade-offs between robustness and
performance to meet HQ requirements and ensure the constraint parameters are properly tuned. Despite this limitation,
the methodology simplifies the design process. Future work could focus on better understanding the connection between
helicopter design limitations and control law design in terms of robustness and performance in meeting HQ requirements.

The next steps include testing the methodology on a higher fidelity nonlinear model of the helicopter to confirm
the results obtained by applying the selected ADS-33 and stability criteria to the linear model. As a gain-scheduled
controller and/or multi-model approaches can be used to account for nonlinear phenomena across the flight envelope. In
addition, to development of the control architecture to take into account higher-order rotor dynamics, rotor flow state
aerodynamics and aero-elasticity. Furthermore, robust control design under the constraints of actuator authority limits
using anti-windup schemes also needs investigation.
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