ON UNIFORM DISTRIBUTION OF SEQUENCES IN
GFlg, x] AND GF {q, z}.

By H. G. MEUER AND A. DIyrksma

1. Introduction and preliminaries. Let & = GFlg, z] denote the ring of
polynomials in the indeterminate z over an arbitrary finite field GF(q) of
q elements. If A and M are any two elements of ® with deg M > 0, let A (M)
be the uniquely determined element of & such that deg A(M) < deg M and
A = AM) (mod M).

J. H. Hodges [2; 55] defined the uniform distribution of a sequence 8 = (4,)
of elements of ® as follows. Let M be any element of & with deg M = m > 0.
For any B e ® and integer n > 1 define 8(n, B, M) as the number of terms among
Ay,4,, -+, A, such that 4,(M) = B(M). Then the sequence 6 is said to be
uniformly distributed modulo M in & if

1.1 limn™'0(n, B, M) = ¢™ forall Be®.
The sequence 8 is said to be uniformly distributed ¢n & if (1.1) holds for every
Me®withdeg M =m > 0.

Let & = GF{q, 2} denote the extension field of & consisting of all the expressions

o= E cx’ (ci e GF(g)).
If o has this representation and ¢,, # 0, then we define deg & = m. We extend
this definition by writing deg 0 = — . The integral and fractional parts of «,
denoted by [o] and ((e)) respectively, are defined by

m -1
[a] = Z;) e’y (@)= 2 ea'
It follows from the definition, that, for & and 8in @', we have [a + 8] = [a] + [8].
Wesay o =g (mod1)if e = 8+ A, where 4 ¢ . It follows that a ¢ ' is con-
gruent modulo 1 to a unique 3, namely 8 = ((@)), such that deg 8 < 0.

L. Carlitz [1; 190] defined the uniform distribution of a sequence 8 = («;)
of elements of & in the following way. For any 8e & and any positive integers
n and k, define 6,(n, 8) as the number of terms among e , a3, * - - , @, such that
deg ((@: — B)) < —k. Then the sequence 8 is uniformly distributed modulo 1
in @' if
(1.2) limn™6,(n, B) = ¢* forall k¥ and Be &.
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An element « & ®' is said to be irrational if it is not an element of GF(q, 2), i.e.,
if it cannot be written as a quotient A/B with A and B in ®. Well known is

Kronecker’s criterion for irrationality: If & = > ™ _. c.&’, then « is irrational
if and only if

C_y C_g e Coy
(1.3) C-2 s G e

C—y Coy—1 *°° Co2e1

for infinitely many s > 0.

The aim of this paper is to extend some of the results of L. Carlitz and J. H.
Hodges. To do this we introduce a mapping of ® onto the set of nonnegative
integers I. Let r be a one-to-one correspondence between GF(g) and the set
{0,1, .-+, g — 1} such that 7(0) = 0. We extend the domain and range of =
to ® and I by defining 7(@,2" + 12" + + -+ + @12 + o) = 7(a,)¢" + 7(@0-1)q" !
+ .-+ + 7(a1)q + 7(a,). Clearly  is a one-to-one correspondence between ®
and I. Then the sequence I' = (C;) = (+7'(¢ — 1)) consists of all elements of ®,
all occurring exactly once. Hence we have ordered the elements of ®. We
remark that I' is uniformly distributed in ® (compare [2; 62-63]).

S. Uchiyama [5] has given a criterion for uniform distribution of a sequence
in I. Using the mapping r, we can give a simple criterion for uniform distribution
in ®. See §2 (Theorem 1).

In §3 we prove that (C.a) is uniformly distributed modulo 1 in &’ if and only
if « is irrational (Theorems 2 and 3). We furthermore prove that ([C;«]) is
uniformly distributed in ® if and only if « is irrational or « = A/B with 4, Be ®,
deg A < deg B, a # 0 (Theorem 4). We remark that L. Carlitz [1; 191] and
J. H. Hodges [2; 65] have already proved that these sequences are weakly uni-
formly distributed, i.e., they have proved that for these sequences the limits
in (1.1) and (1.2) exist if n tends to infinity along the subsequence n =
¢'(t = 1,2, ---). (We note that for & the concept of “weakly uniformly distri-
buted’’ defined in [2] is not, in general, the analog of this concept as defined
for & in [1]). Furthermore, we observe that Theorem 4 is the complete analog
of Hodges’ Theorem 4.2.

2. Criterion for uniform distribution in ®. J. H. Hodges [2] gave a necessary
condition for uniform distribution of a sequence in ®. L. Kuipers [3] modified
this condition to a necessary and sufficient one. We will give a somewhat less
complicated criterion using the mapping 7. To prove this criterion we use the
concept of uniform distribution in I. I. Niven [4] defined this for a sequence
¥ = (a,) of elements of I as follows. Let jand m > 2 be any elements of I and
define ¥(n, j, m) to be the number of elements among a, , @z, - -+ , a, satisfying
a; = j (mod m). Then the sequence ¥ is said to be uniformly distributed modulo
min I if
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lim n ¥ (n, j, m) = m™*

S. Uchiyama [5] proved the following criterion: ¥ = (a,) is uniformly distributed
modulo m in [ if and only if

forall jel.

2.1) limn™ > exp (2ntha;/m) =0 for h=1,2,--- ,m — 1,

n—0 i=1

For the sake of brevity we shall use the following notation. Let M be any poly-
nomial of degree m. Then we define for any Ae ®and he I,

ex(4, h) = exp [2mihr(A(M))/q").
TaEOREM 1. The sequence 6 = (A.) of elemenis of ® is uniformly distributed
modulo M in ® if and only f

limn™ Y ey(Ad; k) =0 for h=1,2,--+,9" — 1.

n—rco i=1

Proof. Let ¥ = (7(A:(M))) and B be an arbitrary element of ®. Then
A; = B (mod M) is equivalent to A,(M) = B(M) or +(4;(M)) = r(B(M)).
Hence

\I,(nr T(B(M))’ qm) = 0(”; B, M).

Therefore the sequence 0 is uniformly distributed modulo M in @ if and only if ¥
is uniformly distributed modulo ¢” in I. Hence Theorem 1 is a direct consequence
of 8. Uchiyama’s criterion (2.1). This completes the proof.

3. Uniform distribution of (C;a) and ([C;a]).

TuEOREM 2. LetT' = (C,) = (" '(i — 1)) and let a ¢ &' be irrational. Then
the sequence § = (C;a) is uniformly dustributed modulo 1 in &'.

Proof. Let k be any positive integer and let 8 = Y_*__,, bz’ be an arbitrary
element of . Then since & = Y ™ _, ¢;’ is irrational, there exists an integer
s > ksuch that (1.3) holds. If 4 = a,&" + @, 2" ' 4+ -+ +ao,withr > s — 1,
satisfies the inequality

@3.1) deg ((Aa — B)) < —Fk,

then the coefficients a, , @, , - - - , a, satisfy

-y + -0+ aC, = by — (@Cosey + o+ a0,y)

G2 W + ot Gk = b — (@ + o+ ae,)

i1+ 0 F CiCoir =€ = (Alosmpmy + 0+ GCi)

@yC—, + cec + AeiCze41 = €4 — (anc—za + e + arc—r—l)7
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wheree;e GF(q) (t = 1,2, - - - , s — k) are arbitrary. If s = k, then the equations
of (3.2) containing e; vanish. Using Cramer’s rule, it follows that we may write

o = Co,0 + Co,s0s + s + Co, 0y

a, = c1.0 + cl,cac + + cl.rar

Gs—1 = Cs—1,0 + Cs—1,s0s + -+ Cs—1,rCy

where ¢;,; ¢ GF(g). Here the coefficients ¢;o (? = 0,1, --+ , s — 1) depend on
€ 5,8, -+ , €.y , while the coeflicients ¢,,; with j = s, 8 + 1, -+, r are inde-
pendent of ¢, , €5, -+ , €, . Moreover if {e/, e}, --- , e/_,} differs from {e; ,
€, *++ , e} then the corresponding set of coeflicients {c} o, ¢/ o *** , Cly 0}
differs from {co,0, €10, *** 5 Ca-1,0}. Therefore the solutions A of (3.1) are of
the form

A=ag +az+ -+ az
= (Coo F €1,08 + + o0+ €01, 0@ ) + @uCoss F €10T F ot F €2
+ -+ acort ezt o Feny 2
+ a2’ + a2t oo 40
Hence
33) A=G +al,+auFui+ - +aF, +az' +a.e + - +a,

where F, ,F,,y, + -+, F, are fixed polynomials of degree < s — 1, @, , @Gs11, *** , Gy
may be chosen arbitrarily in GF (q) and where @, is a polynomial with coefficients
dependingone; e, -+ ,e,_;. Sincethereare ¢’ ™" different sets {e;, ez, « -+ , €41}
there are ¢°~* different polynomials G, and t = 1,2, -+, ¢*™*

Now 6,(n, 8) equals the number of polynomials among C, , C;, -+ , C, which
are of the form (3.3); i.e., 6,(n, B) is the number of polynomials of the form (3.3)
with

(3'4) T(A) = T(ar)qr + M + T(aa)q‘ + T(arFr + et + a,F. + Gt) S n—1

Suppose first that
(B5) n—1=bg +bg '+ - +bg" +@—D¢" + -+ (g— D),
where 0 < b; < qg—1@E=s8+1,---,71),ie,n = aq’ for some integer a.

Since t & {1, 2, --- , ¢}, we observe by comparing the equations (3.4) and
(3.5) that

T Y R )

8~k

agq

—k

q n.

0x(n, B)

I

I
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Let now n be arbitrary; then
lak(nr ﬁ) - q_knl .<_ qa_k)
from which the theorem follows. This completes the proof.

TaEOREM 3. 0 = (C.a) 18 uniformly duistributed modulo 1 in & if and only
if a s irrational.

Proof. In Theorem 2 we have shown that if « is irrational, then 6 is uniformly
distributed modulo 1 in ®'. Suppose now that @ = A/B where A and B belong
to ® and set deg B = b. We may, and do, suppose that (4, B) = 1. If 6is uni-
formly distributed modulo 1 in &', then we get from (1.2) with &k = b 4+ 1 and
g8=0,

lim n™'6,(n, 0) = ¢~°7%.

n—o

Ifdeg ((CA/B)) < —b — 1, thereexist Fe @ and 6e &' such thatdegs < —b — 1
and

CA/B =F + 3,
or

CA — FB = Bs.
Since CA — FB e ® and deg (Bd) < —1, it follows that § = 0 and B divides C.
Conversely, if B divides C, then deg ((CA/B)) = —o < —b — 1. Thus

deg ((CA/B)) < —b — 1if and only if C = 0 (mod B). Since the sequence
T' = (C;) is uniformly distributed modulo B in ® (compare [2; 62-63]), it follows
that

lim 7" 0,,,(n, 0) = limn"'I'(n, 0, B) = ¢”* # ¢,

n—o n—o

We have thus arrived at a contradiction, and hence the theorem is proved.

TaEoREM 4. Let T = (C,) be as above. Then ¥ = ([C.a]) is uniformly distri-
buted in & if and only if « is trrational or « = A/B where A, Be ®, a % 0 and
a=degA<b=degB.

Proof. The proof is divided into three parts: (I) « is irrational; (II) o =
A/B,A,Be®anda > b; (III) « = A/B,A,Be ®and a < .

I (a s érrational). Let M be any polynomial of degree m > 0. Then o/M
i irrational and according to Theorem 2, § = (C;o/M) is uniformly distributed
modulo 1in ®. Hence if D ¢ ® with d = deg D < m, then for k > 0,

(3.6) lim n™6,(n, D/M) = ¢

n—®

If
3.7 deg ((Cia/M — D/M)) < —k
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then there exist F ¢ ® and 6 ¢ ' such that deg 6 < —k and

Cia/M —D/M =F + 3
or

Cia = FM 4+ D + M3,

and hence [C;a] = D (mod M) if & > m. Conversely, if [Cia] = D (mod M),
then (3.7) holds for k = m. Because of this equivalence we have that

0..(n, D/M) = ¥(n, D, M).
From this and (3.6) it follows that

limn ¥, D, M) = ¢ ™.

n—o

II (o = A/B;a >1b). If Bdivides C;, then obviously [C;A/B] = 0 (mod 4).
Conversely if [C;A/B] = 0 (mod 4), then there exist F ¢ ® and 6 ¢ ® such that
deg 6 < Oand

C.A/B=FA 4+
or
C; — FB = éB/A.
Since deg 6B/A < 0, it follows that C; = FB or C; = 0 (mod B). This implies

that [C;A/B] = 0 (mod A) if and only if C; = 0 (mod B). Since T' = (C,) is
uniformly distributed modulo B in ®, we get

limn ¥, 0, A) = lim»n™'I'(n, 0, B) = ¢* > ¢"°,

n—o n—o

which implies that the sequence ¥ is not uniformly distributed in &.
III (e = A/B; a <b). By definition ¥(n, D, M) is the number of elements
among C, , C,, - -+, C, which satisfy the equation

3.8 [XA/B] = D(M) (mod M).
X, satisfies (3.8) if and only if it satisfies
(3.9) [XA/Bl = D(M) + E.M (mod AM)

where E, is a polynomial of degree < a, alsot = 1,2, -+, ¢°. We now discuss
for a moment equation (3.9) where ¢t and D(M) are fixed. Let X, satisfy (3.9).
Let F be a polynomial of degree < b — a and let H be an arbitrary polynomial.
Then also

(3.10) X, + HBM + F
is a solution of (3.9). On the other hand, if X, and X, satisfy (3.9), then
[(Xo — X)A/B] =0 (mod AM).
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Hence (X, — X,)A/B = HAM + §, where § ¢ ® with deg 6 < 0. Therefore
Xo— X, = HBM + 6B/A. WesetF = 6B/A. ThendegF < b — a, and since
F =X, — X, — HBM, we have F ¢ & Thus if (3.9) has a solution X, , then
the other solutions are given by (3.10), where H is arbitrary and F is arbitrary
but deg F < b — a. Hence there are ¢’ ~* solutions of degree < b -+ m, and we
may assume deg X, < b 4 m.

. b —
Since there are ¢°*" g

polynomials of degree < b + m, it follows that ¢**™: ¢*™* =

¢"*™ equations of the form (3.9) are solvable. On the other hand, there are

¢" different polynomials D(M) and ¢ different polynomials E, , so that there
are ¢"** different equations of the form (3.9), and hence all are solvable.

Now we want to determine ¥'(n, D, M), the number of terms among C, ,

C;, -+, C, which are solutions of (3.9) for fixed { and D(M). In other words,

we want to determine the number of polynomials of the form (3.10) with

7(Xo+HBM + F) <n— 1

Let HBM = G, + G, wheredeg G, < b+ mand Gy = d, 2" + -+ + dyom™™
with r = deg HBM (if H = 0 so that r = — «, then G; = 0). Then

(Xo+ F + HBM) = 7(d)q + -+ + 7(dpsn)d"™ + 7(Xo + F + G).

Here F and H are arbitrary with deg F < b — a. BM is fixed, while G, depends
on the choice of H. In fact, if we compare the coefficients of H, BM and @, ,
we conclude that there is a one-to-one correspondence between the polynomials
Hand G,. If n = eg”*™, we get as in the proof of Theorem 2, that

¥'(n, D, M) = ng"""".
Sincete {1,2, --- , ¢°}, we get
¥(n, D, M) = ¢"V'(n, D, M) = ng" ™.
From this it follows after some calculation that
[¥(n, D, M) — ng™"| < ¢’

for all n, so that the sequence is uniformly distributed in ®. This completes
the proof.

4. Complementary sequences. Let 8 = (A4,) be a subsequence of I' = (C;) =
(r7'(¢ = 1)). If 6 5 T, then we denote by 6* the complementary sequence of 6,
which is a subsequence of T and consists of all elements of T which do not belong
to 6. Here 6* may be finite or infinite. We recall that I' is uniformly distributed
in & (compare [2; 62-63]). We now prove the following theorem.

THEOREM 5. Let 0 = (A,) be an infinite subsequence of T' = (r (¢ — 1)).
Let A(n, 6) denote the number of terms A; with +(4,) < n. If s = lim sup
n'A(n, 0) < 1 and 6 is uniformly distributed modulo M, then 6* is also uniformly
distributed modulo M.
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Proof. Since lim sup n'A(n, §) < 1, the sequence §* is infinite. For the
sake of brevity we write k; = A(n, 0) and k, = n — A(n, ) = A(n, 6%). Then
ki/n < (1 4 s)/2 and ko/n > (1 — 8)/2if n is sufficiently large. For any poly-
nomial B we have

6*(ky , B, M) = T'(n, B, M) — 6(k, , B, M)
or
4.1)  k;'0*(ks, B, M) = n'T'(n, B, M)
+ (ku/ks) {n""T(n, B, M) — k6(k, , B, M)}.

Here (k,/ks) < (1 4+ s)/(1 — s) if n is sufficiently large. As k, tends to infinity
through the sequence of all positive integers, then obviously n and k, tend to
infinity through subsequences of the sequence of all integers. Since I' and 6
are uniformly distributed modulo M, the second term in the right-hand side
of (4.1) tends to zero. Hence

lim k;'0*(k, , B, M) = limn™'T'(n, B, M) = ¢ ™,

kg— n—o

which proves the theorem.

REFERENCES

1. L. Caruirz, Diophantine approximation in fields of characteristic p, Trans. Amer. Math.
Soe., vol. 72(1952), pp. 187-208.

2. J. H. HopagEes, Uniform distribution in GF[q, x], Acta Arithmetica, vol. XII (1966), pp.
55-75.

3. L. Kuirers, A remark on Hodges’ paper on uniform distribution in Galots fields (Abstract
presented by title), Notices Amer. Math. Soc., vol. 15(1968), p. 120.

4. I. N1veN, Uniform disiribution of sequences of integers, Trans. Amer. Math. Soc., vol.
98(1961), pp. 52-61.

5. 8. UcHivaMa, On the uniform distribution of sequences of integers, Proc. Japan Acad., vol.
37(1961), pp. 605-609.

TecuNiscae HogescrooL DELFT
DEevrT, NETHERLANDS



