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Investigation of higher spanwise Helmholtz resonance modes in
slender covered cavities
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Cavity aeroacoustic noise is relevant for aerospace and automotive industries and widely
investigated since the 1950s. Most investigations so far consider cavities where opening length and
width are of similar scale. The present investigation focuses on a less investigated setup, namely
cavities that resemble the door gaps of automobiles. These cavities are both slender �width much
greater than length or depth� and partially covered. Furthermore they are under influence of a low
Mach number flow with a relatively thick boundary layer. Under certain conditions, these gaps can
produce tonal noise. The present investigation attempts to reveal the aeroacoustic mechanism of this
tonal noise for higher resonance modes. Experiments have been conducted on a simplified geometry,
where unsteady internal pressures have been measured at different spanwise locations. With
increasing velocity, several resonance modes occur. In order to obtain higher mode shapes, the
cavity acoustic response is simulated and compared with experiment. Using the frequency-filtered
simulation pressure field, the higher modes shapes are retrieved. The mode shapes can be interpreted
as the slender cavity self-organizing into separate Helmholtz resonators that interact with each other.
Based on this, an analytical model is derived that shows good agreement with the simulations and
experimental results. © 2010 Acoustical Society of America. �DOI: 10.1121/1.3473698�

PACS number�s�: 43.28.Ra, 43.25.Gf, 43.28.Hr �AH� Pages: 1668–1678
I. INTRODUCTION

Cavity geometries under influence of a grazing flow can
produce aeroacoustic noise. The mechanism for this noise is
dependent on the cavity geometry and flow properties. In
literature, most focus has been on certain geometry types
�various non-slender cavities� due to their relevance in aero-
space and automotive industries.

In the aircraft industry, most focus has been put on open
shallow cavities. These cavities resemble aircraft weapon
bays and landing gear wheel wells.1 An example outside the
aircraft industry is the noise from the pantograph recess in
trains.2 Deep cavity resonance has also been a topic of inter-
est, for example in side branches of pipe systems.3,4 Covered
cavity geometries have been investigated in detail, where the
cavity often behaves like a Helmholtz resonator. For example
Dequand et al.5,6 investigated the resonance lock-on ampli-
tude of several rectangular Helmholtz resonator geometries
under a thin boundary layer flow. Examples of applications
are the sound generation in flute like instruments,7–9 the buf-
feting of open car sunroofs and side windows10,11 and Helm-
holtz resonators used in acoustic liners.12

The current investigation concerns a special setup rel-
evant in the automobile industry, the tonal noise from auto-
mobile gaps. These covered cavities are slender �width much
larger than length or depth� and under influence of a low
Mach number flow �M �0.1� with a relatively thick bound-
ary layer. Both slenderness and a thick boundary layer re-
duce the resonance response of a cavity. Howe’s theory13
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indicated that an increased aspect ratio modifies the imped-
ance, thereby reducing resonance. Kooijman et al.14 showed
that by increasing the boundary layer momentum thickness
compared to the opening length, the instability of the open-
ing shear layer is reduced. In fact, in general door gaps only
show a passive response to the flow, although there are cases
where a resonance lock-on can occur.

Door gap structures have not been examined in great
detail, although quite some investigations on geometries of
this kind can be found in literature. For example Nelson15,16

experimentally analyzed a Helmholtz resonator with laser
Doppler velocimetry, where an opening slot of 600 by 10
mm was excited by a grazing flow of 16 to 27 m/s. In addi-
tion, Henderson17,18 presented benchmark experimental data
of a resonator with a 460 by 8 mm slot with a thick boundary
layer flow of 45 to 60 m/s. Mongeau et al.19 show experi-
mental results of a 25 cm wide cavity that resembles a door
gap, including a seal fixture, where the cavity showed a pas-
sive response to the outside flow.

The current investigation is set up to investigate the
acoustic resonance behavior over a wide range of velocities
in order to reveal a multitude of acoustic resonance modes,
with special focus on resonances with spanwise variations
that occur. Spanwise modes have been identified in shallow
cavities in a large eddy simulation of a weapon bay by
Larchevêque,20 corresponding to simple spanwise room
modes. For covered cavities, Henderson mentioned the pos-
sible existence of modes with spanwise variation. But the
pressure excitations were measured at a single spanwise lo-
cation and it was therefore not possible to identify these
modes. Mongeau observed passive low amplitude spanwise

modes which were not coupled to higher amplitude excita-
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tions. Therefore they do not correspond to spanwise varying
resonance modes observed in the current research.

In the present investigation experiments, simulations and
analytical studies are combined. First experiments have been
conducted on a simplified cavity geometry, where unsteady
internal pressures have been measured at different spanwise
locations. In order to obtain the experimentally observed
higher mode shapes, the cavity acoustic response is simu-
lated and compared with experiment. Using the frequency-
filtered simulation pressure field, the higher modes are iden-
tified and an analytical model is derived. Sections III and IV
give the experimental flow run setup and results. The nu-
merical acoustic response test is described in Sec. V. The
analytical model is derived and compared with the flow run
experimental results in Sec. VI.

II. THEORY: CAVITY RESONANCE MODES

This section briefly explains the aeroacoustic mecha-
nisms possible in the investigated setup. A cavity volume can
act as an acoustic resonator to an excitation source in the
cavity neck region.

The excitation can either be due to a feedback mecha-
nism of the perturbed shear layer or due to passive excitation
by the pressure fluctuations in the turbulent flow21 �turbulent
rumble�. In case of feedback, the shear layer can roll up into
discrete vortices impinging on the opening trailing edge co-
herently �a Rossiter mode�,1 or exhibit a flapping shear layer
motion. In the low Mach number limit, a feedback mode
corresponds to excitation at a fixed Strouhal number Sr
= f� /U�, with f the frequency, � the slot opening length and
U� the free stream velocity. If the excitation frequency is
close to a resonance frequency, lock-on can occur and the
system can resonate. In case of turbulent rumble the reso-
nance should effectively be independent of velocity.

The resonance method can either be of a Helmholtz type
or of a standing wave type. In Helmholtz-like resonance the
mass of air in the cavity is coherently compressed and ex-
panded. The equation for a Helmholtz resonator is22

fH =
c

2�
� S

VL�
. �1�

Here V is the cavity volume, S is the cavity neck surface
area and L� is the corrected vertical length of the cavity neck.
The relation between the real vertical cavity neck height L
and L� is L�=L+ l, where l is an end correction factor to
account for the added resonating mass above and below the
opening. For non-slender openings it is based on the surface
area l��S, whereas in the slotted opening of the current
investigation, it is assumed to be related to the opening
length only l�� and independent of the slot width W.12

Besides Helmholtz-like excitation, where the air in the
cavity is coherently pressurized and expanded, standing
wave patterns inside the cavity can emerge. The combined
effect of all acoustic pressure waves in the cavity volume can
create a standing pattern consisting of a fixed number of
sinusoidal waves between opposite cavity boundaries. The
frequencies for a rectangular box of dimensions Lcav, D, W

22
are
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III. EXPERIMENTAL SETUP

The experimental geometry consists of a rectangular
cavity partially closed off by a rigid overhang from the lead-
ing edge of the cavity. The cavity opening is subjected to a
flow with a thick �compared to the opening length �� flat
plate boundary layer profile. The aspect ratio of the cavity is
large, W /��1.

For the experiments the vertical tunnel �V-tunnel�, lo-
cated at Delft University of Technology in the Netherlands
was used. The V-tunnel is a tunnel with an open test section
and a vertical outflow though a circular opening, 0.6 m in
diameter. Due to the high contraction ratio of the settling
chamber the quality of the airflow is high �low turbulence�
and the tunnel is relatively silent.

The model used in the windtunnel is a cavity embedded
in a splitter plate which has an elliptic nose cone. Figure 1
gives the dimensions of the cavity and Fig. 2 shows a pho-
tograph of the splitter plate with the embedded cavity. The
expected Helmholtz resonance frequency is around 800 Hz
and expected base resonance onset velocity is 25 m/s. This is
in the velocity range of the used vertical windtunnel �0 to 47
m/s� and is also an interesting velocity to resemble a car door
gap �typical car highway speeds�.

The boundary layer develops on the first section of the
plate. By adjusting the length of the splitter plate and the
location of trip wires the boundary layer is controlled in a
precise and reproducible way. In the setup used for this pub-
lication, the splitter plate upstream flat plate section is set to
0.7 m and a 1 mm high zigzag type turbulator strip is located
10 cm from the splitter plate nose.

The cavity itself is constructed out of thick-walled alu-
minum to ensure enough rigidity to prevent fluid-structure
resonance effects. Interchangeable parts are used to alter the
neck geometry. The cavity neck is equipped with sharp edges
and a leading edge overhang, as depicted in Fig. 1.

The maximum spanwise width of the cavity is set to 0.5
m, which is smaller than the 0.6 m width of the splitter plate
itself. This leaves 5 cm on both sides �shown in Figs. 1 and
2� to ensure that the end effects of the outlet �the shear layer

FIG. 1. Cavity dimensions.
of the outlet jet� will not reach the cavity region. In this way
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the flow speed and boundary layer shape remain constant
along the whole span of the cavity. The current experiments
also include runs with a reduced cavity width of 0.3 m by
closing one side with blocks in both the interior and opening.
This reduced setup is used to evaluate the effect of the total
span on the resonance behavior.

FIG. 2. �Color online� The windtunnel model.
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First the cavity has been closed off to determine the
boundary layer characteristics. These are measured with a
constant temperature hotwire probe. The velocity magnitude
in the boundary layer is measured at 25 different heights
�with uneven spacing, most measurements in the lower re-
gions�, for 4 different flow speeds �20, 24, 30 and 40 m/s�
and 3 spanwise locations �center, quarter and edge of cavity,
see Fig. 1�.

Flow runs with open cavity have been performed to
measure the flow induced sound pressure levels inside the
cavity. The velocity is increased incrementally, up to the
wind tunnel limit of approximately 47 m/s. The open cavity
flow run experiments use 3 pressure transducers. These are
located at different spanwise locations �center, quarter, and
edge� on the floor of the cavity, as indicated in Fig. 1.

IV. EXPERIMENTAL RESULTS

In this section the obtained experimental results of the
boundary layer properties and cavity internal pressure fluc-
tuations are presented. The cavity measurement data are split
into the full span �0.5 m� and reduced span �0.3 m� results.

A. Boundary layer profiles

The boundary layer measurement results are used to
check the boundary layer height, shape and fluctuations. This
will allow reproducibility of setup conditions for future ex-
periments and simulations. Also, the measurements are used
to check that the flow properties are constant across the en-
tire span.

The profiles for the mean and root mean squared �RMS�
fluctuation profiles of velocity magnitude �more accurately
the vector addition of the streamwise and vertical velocity
component� are given in Fig. 3 for the center location
�middle of the cavity neck opening, 25 cm from the opening
edge�. The other two locations, quarter �12.5 cm from the
opening edge� and edge have similar boundary layer proper-
ties. The figures show that the boundary layer properties re-

FIG. 3. Experimental boundary layer mean �top� and
rms �bottom� profiles of velocity magnitude.
Jong and Bijl: Higher resonance modes in slender covered cavities
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main similar during the flow sweep. There is a mild thick-
ness decrease with increasing velocity due to Reynolds
effects.23

The following integral properties are displayed in Table
I: the displacement thickness ��, the momentum thickness �,
the shape factor H and the height at 99% of the mean flow
�99.

23 The displacement thickness ��, momentum thickness
�, and shape factor H are defined as:

�� = 	
0

� �1 −
ū

Ue
�dy , �3�

� = 	
0

� ū

Ue
�1 −

ū

Ue
�dy , �4�

H =
��

�
, �5�

where Ue is the velocity outside the boundary layer and ū the
local mean velocity magnitude at height y. The table includes
boundary layer data for 3 different spanwise locations to in-
dicate the consistency across the span.

B. Full cavity span flow runs, 0.5 m width

Now that the boundary layer properties are known, the
cavity flow induced resonance can be investigated. The cav-
ity resonance is measured for 2 span widths, 0.5 m and 0.3
m.

This section presents the full 0.5 m span results and the
next section the 0.3 m reduced span ones.

The flow velocity is increased incrementally. The inter-
nal probe sound pressure levels of these velocity sweeps are
gathered in spectrograms and given in Fig. 4 for all 3 probe
locations. The frequency of the excitation is shown at the
vertical axis and the free stream velocity on the horizontal
one. The amplitude of the excitation in dB is indicated by
level. The figure shows several resonating modes with in-
creasing velocity and increasing frequency. The first reso-
nance is visible at all probe locations whereas for the higher
modes some are not. This indicates a spanwise variation in
the higher resonance modes.

From Fig. 4 it is found that all the center points of the
excitation modes show a linear relation between frequency
and velocity. The Strouhal number Sr= fL /U� corresponding
to this is approximately 0.3, indicating that all modes are

1

TABLE I. Overview of boundary layer properties, center/quarter/edge loca-
tion in span as indicated in Fig. 1.

Flow velocity
�m/s� Location �� � H

�99

�mm�

20 Center 2.46 1.80 1.36 15.4
24 Center 2.40 1.75 1.37 14.9
24 Quarter 2.50 1.80 1.39 15.2
24 Edge 2.43 1.78 1.37 14.9
30 Center 2.46 1.79 1.38 15.9
40 Center 2.24 1.64 1.37 13.6
excited by the first stage hy-drodynamic mode. No excita-
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tions of the second stage hydrodynamic mode �Sr�0.7� are
present, although low amplitude onsets of resonance for this
Strouhal number can be observed in the upper left part of the
figures as light horizontal lines.

Figure 5 shows the pressure time series of the three cav-
ity probes at four different resonance modes. Some reso-
nances do not show excitations of some of the probes, indi-
cating the presence of pressure nodes at that location. Also
for the higher modes the excitations of the probes can be of
opposite phase.

In Fig. 5 it can be seen that in the base resonance all
probes are in phase with each other and have similar excita-
tion amplitudes. This observation enables us to identify the
base mode as a Helmholtz resonance. Using Eq. �1� and the
experimental excitation frequency of around 800, the resona-
tor added length is found to be l=1.8�.

Even though the acoustic pressure amplitudes can be
around 120 dB, it can be calculated that the energy transfer
from flow to acoustics is low.5 In Fig. 5 the maximum acous-
tic pressure amplitude is 
p
=30 Pa and 
p
=100 Pa for the
22 and 42 m/s case respectively. The estimated acoustic ve-
locity amplitude 
uac
 in the neck region for a lumped mass
system can be estimated by:


uac

U0

�
1

U0

V

�0S
�d�

dt
� =

1

U0

V

�0Sc2�dp

dt
�

=
1

U0

Lcav

�

2�fD

c


p

�0c

, �6�

with S=�W the area of the neck opening and V=LcavDW the
cavity volume. Here we used dp=c2d� with c the speed of
sound.

Substituting f =800 Hz, U0=22 m /s, 
p
=30 Pa will
give 
uac
 /U0�1·10−2 and substituting f =1600 Hz, U0

=42 m /s, 
p
=100 Pa will give 
uac
 /U0�3·10−2. The low
acoustical amplitude makes the lock-on hard to predict.24

The higher modes are not simple pure standing waves
according to Eq. �2�, because standing waves that match the
observed spanwise pressure variations do not match the ob-
served frequencies. This is indicated in Table II, where fre-
quencies of standing wave modes that match the phases and
node locations indicated in Figs. 4 and 5 are compared to the
experimentally observed frequencies. � is the standing mode
wavelength. Note that in this table the coherently excited
base mode does not match any standing wave mode shape.
The exact mechanism for the higher modes is not known yet
based on the current experimental information. This is why
in the next section the effect of a smaller span is investigated
to reveal the influence of the total spanwise width.

C. Effect of a smaller span on the flow induced
response

In order to investigate the higher modes with spanwise
variation in more detail, flow runs with a reduced span of 0.3
m are conducted. All other dimensions remained the same
compared to the 0.5 m span experiments. The spectrograms
of the flow induced response for the edge probe is given in

Fig. 6. The modes are all excited by the first stage Rossiter
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mode. The most noticeable differences compared to the 0.5
m span runs of the lower graph of Fig. 4 are the lower base
mode resonance amplitude and location of the higher modes
in the diagram.

The base mode has a frequency of around 800 Hz, which
is the same as for the 0.5 m span cavity. This confirms that
the slender Helmholtz added length l of Eq. �1� is indepen-
dent of the cavity width W. By comparing the higher modes
in the lower graph of Fig. 4 with Fig. 6, a distinct influence

(a)

(b)

(c)
of the spanwise width can be observed. The higher modes
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are shifted to larger velocities and have higher frequencies.
For example the second mode shifted from 26 m/s, 900 Hz to
28 m/s, 1000 Hz and the third mode shifted from 28 m/s,
1100 Hz to 34 m/s, 1400 Hz. The shifts cause less modes to
appear in the used velocity interval of 10 m/s to 47 m/s. The
smaller span runs reveal strong dependence of the higher
mode excitation frequency on the spanwise length. The next
section describes an experimental and numerical acoustic re-
sponse test that will be used to obtain the exact mode shape

FIG. 4. �Color online� Spectrograms of the three inter-
nal pressure transducers, full 0.5 m span runs, level by
sound pressure �dB�.
of the observed modes.
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V. ACOUSTIC RESPONSE TEST

This section describes the numerical and the experimen-
tal acoustic response test �ART�. An acoustic response test
provides the acoustic reaction of the cavity setup in the ab-
sence of flow. The numerical simulation is used to obtain the
exact mode shapes of the cavity resonances. The experimen-
tal ART is used to validate the numerical results.
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TABLE II. Comparison flow run mode frequencies with pure standing wave
modes.

Mode
Exp. freq.

�Hz�

Shape matching
st. wave number

nst=2W /�

St. wave freq.
�Hz�

1 830 n/a n/a
2 900 1 340
3 1050 2 680
4 1300 3 1020
5 1600 4 1360
6 1900 5 1700
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A. ART setup

In an ART external speakers emitting a white noise sig-
nal are used to excite the cavity in the absence of flow. Mi-
crophones inside and outside gather the sound pressure level
data.
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FIG. 5. Pressure time series of the three cavity internal
probes for some of the observed modes.
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The excitation of the cavity can be quantified using the
complex transfer function. This is the complex ratio of the
sound pressure spectrum inside the cavity to a reference out-
side the cavity. The resulting complex function in frequency
is divided by the complex transfer function of a closed cavity
where both the main and reference probe are outside. This
last extra step provides a frequency dependent scaling to
compensate for transfer losses of sound from the speaker
toward the cavity region.

Two important properties of Helmholtz resonators are
the resonance frequency fH and the quality factor, Q. The
resonance frequency is the frequency at which the strongest
resonance might occur. The Q-factor describes the sharpness
of the resonance peak �as a function of frequency� and can be
related to the acoustic impedance of the resonator. The qual-
ity factor is defined as:

Q =
fH

f2 − f1
, �7�

with f1 and f2 frequencies at half the amplitude of the reso-
nance frequency, where f1	 fH and f2
 fH.

The experimental and numerical complex transfer ratios
are compared with an analytical model for a resonator in
order to obtain the resonance frequency fH and quality factor
Q. The analytical model is fitted with the results using a L2
vector fit in both phase and magnitude. The analytical ex-
pression for the transfer magnitude �H�f�� is10

�H�f�� =
1

k��1 − �f/fH�2�2 + 4D2�f/fH�2
�8�

with k the system stiffness and D the damping. The quality
factor is related to the damping by Q=1 /2D.

B. Numerical scheme; The Lattice Boltzmann Method

The numerical ART is obtained using the Lattice Boltz-
mann Method �LBM�.25 LBM is an alternative numerical
method to traditional CFD for simulating complex fluid
flows. Unlike conventional methods based on macroscopic
continuum equations, the LBM starts from mesoscopic ki-
netic equations, i.e., the Boltzmann equation, to determine
macroscopic fluid dynamics. The commercial LBM based
package PowerFLOW is used.

The Lattice Boltzmann equation has the following form:

f i�x� + c�i�t,t + �t� − f i�x�,t� = Ci�x�,t� , �9�

where f i is the particle distribution function moving in the ith
direction, according to a finite set of the discrete velocity
vectors c�i : i=0, . . . ,N�. c�i�t and �t are space and time in-
crements respectively. In the low frequency and long-
wavelength limit, for a suitable choice of the set of discrete
velocity vectors, one can recover the compressible Navier-
Stokes equations through the Chapman-Enskog expansion
for Mach numbers less than �approximately� 0.4.25 By recov-
ering the compressible Navier-Stokes equations, including an
ideal gas equation of state, LBM also inherently recovers
acoustics. Some fundamental aeroa-coustic capabilities of
the scheme have been studied before, such as wave propaga-

26,27
tion and compressible behavior. In these cases the code
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has proven itself capable of correctly simulating these acous-
tics related problems. Examples of the use of the Lattice
Boltzmann scheme in acoustics are simulation of radiation
from waveguides,28 acoustic pulses in flows and duct
aeroacoustics,29 and side branches.27

It should be noted that in the current paper the LBM
method is only used for an acoustic response without mean
flow, whereas full non-linear flow simulations are possible.
Other options to simulate the ART are also possible, such as
the boundary element method or finite element method. The
authors are planning to perform flow simulations as well in a
separate investigation in the future, and therefore LBM is
chosen as method of preference.

C. Numerical setup

Both the simulated and experimental ART has the same
setup and two-step approach of Sec. V A. The full cavity 3d
model is included in the simulation and there is no flow
present. Two speakers, each with their own independent
white noise signal, are used in the numerical setup. Both are
positioned at a distance of 2 m from the cavity �same as in
experiment� and are relatively close to each other �30 cm
between speaker centers�. Both the experimental and numeri-
cal setup included 2 speakers to ensure excitation of the
modes with spanwise variation.

The LBM is solved on a grid composed of cubic volu-
metric elements, and variable resolution is allowed, where
the grid size changes by a factor of two for adjacent reso-
lution regions. Figure 7 gives the resolution regions around
the neck of the cavity and speakers. The finest region is
located at the sharp edges of the cavity neck and is 8
cells/mm in resolution. This resolution setting has been cho-
sen based on mesh convergence tests on a similar geometry
performed by the authors. In addition, the experimental ART
is used to validate the simulation setup. In both the experi-
mental and numerical ART the cavity probes are located in
the center on the cavity floor.

D. Comparison ART experiment and simulation

This section presents the ART results in order to validate

FIG. 7. Acoustic response test simulation setup. The resolution region
boundaries are indicated by white contours. Across these boundaries the
linear resolution is increased by a factor of 2, with the finest region having
8 cells/mm. Two speakers, each with their own white noise signal are sus-
pended 2 m above the cavity. Left figure gives 3d view of domain with
speakers in top of figure and cavity slot below, right figure shows a vertical
slice through cavity.
the numerical simulation using the experimental ART. Figure
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8 shows the phases and magnitudes of the experimental and
numerical ART. For both the experimental and numerical
ART, the microphones are positioned at the quarter location
in span, as indicated in Fig. 1. Table III shows the resonance
frequency and quality factor of the complex transfer ratio fits
described in Sec. V A. Due to the probe quarter location in
the cavity some higher modes cannot be captured in this
figure. The sound pressure level of the remaining higher
mode around 1600 Hz is significantly lower and therefore
not clearly distinguishable. Both in experiment and simula-
tion there is a second dominant mode at around 3800 Hz that
is not indicated in the figure because it is out of the range of
interest.

According to Table III, the base resonance frequency is
within 5% of the experimental results. The acoustic non-
compactness of the aperture causes high radiation losses,
which accounts for the low observed Quality factors com-
pared to compact aperture resonators.24 The similarity be-
tween the experimental and numerical base resonance fre-
quency and quality factor validate the use of an acoustic
response test simulation to obtain the acoustic properties of
slender cavities.

E. ART simulation band-filtered mappings

The previous section showed that the LBM simulations
can predict the acoustic response of the investigated simpli-
fied slender cavities. The acoustic simulation results are now
used to investigate the observed behavior in experimental
flow runs by band-filtering the pressure signal of the ART
simulation. In this way maps of acoustic pressure intensity
are obtained to check for the acoustic cavity behavior around
the higher resonant modes.

Figure 9 shows the result of band-filtering the cavity
pressure spectra around the most prominent modes observed
in the experimental flow runs. This is displayed in a vertical
plane through the resonator center. The used bandwidth is 25
Hz. The pressure maps correspond well to the pressure nodes
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FIG. 8. Acoustic response test experiment and simulation results o

TABLE III. Experimental and simulation resonance frequency and quality
factor.

fH

�Hz� Q-factor

Simulation, sharp edges 803 5.0
Experiment, sharp edges 828 5.9
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and phase of the flow experiment probes in Fig. 5. The shape
of the modes can be viewed as the cavity subdividing itself
into regions acting as separate Helmholtz resonators that in-
teract with each other. The locations corresponding to the
end masses of the Helmholtz resonators are then indicated in
the figures by the low sound pressure regions and the loca-
tions of the Helmholtz resonator volumes themselves are in-
dicated by the high sound pressure regions. In the next sec-
tion an analytical model of the resonance frequency based on
coupled Helmholtz resonators is derived based on these ob-
servations.

As mentioned in Sec. V D, the ART complex transfer
ratio shows a secondary dominant excitation at around 3800
Hz, an excitation which is not observed in the flow experi-
ments. The band-filtered pressure map of Fig. 10 shows the
mechanism for this secondary peak. Instead of a Helmholtz
mode, this is a vertical cavity standing wave mode.

VI. ANALYTICAL MODEL OF MULTIPLE HELMHOLTZ
RESONATORS

A lumped mass analytical model of the higher resonance
modes is derived using the hypothesis that spanwise sections
act as separate coupled Helmholtz resonators. In this section
the resonance frequency of a system of n spanwise resona-
tors is determined and compared with the experimentally ob-
served acoustic modes and simulation ART results.

A. Model derivation

The derivation of the lumped mass analytical model for
the multiple Helmholtz resonator mode frequency is related
to the derivation of the normal Helmholtz resonator fre-
quency model. It is based on mass conservation in the reso-
nator bodies and momentum conservation in the cavity open-
ings and inter-resonator sections. The equations of a coupled
system are explained in this section by using a setup of two
spanwise resonators, see Fig. 11. In this figure m, S indicate
the masses and surface areas of the moving air columns, V
the volumes of the resonator sections and W the widths of the
inter-resonator and resonator sections. It is assumed that
inter-resonator coupling occurs only within the cavity;
acoustic coupling outside the cavity is neglected. Coherent
compression is assumed within each resonator body.

The integral mass conservation law applied to one reso-
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complex transfer function ratio magnitude �left� and phase �right�.
nator volume can be written as:
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d

dt
	 	 	

V

�dV = −	 	
S

�u� · n�dS , �10�

where S is a control surface enclosing V and n� is the outer
normal of S. Using a linear approximation and assuming uni-
form density � and velocity u and harmonic disturbances,
Eq. �10� can be rewritten for the left and right resonator,

FIG. 9. �Color online� ART simulation band-filtered pressure signals in the
cavity on a vertical plane through the cavity neck opening in dB for 825,
925, 1050, 1325, 1575, and 1925 Hz, respectively. Level bandwidth is 20
dB, frequency bandwidth 25 Hz. 3d isosurfaces of constant sound pressure
level are included. The cavity opening slot is located on top toward the
viewer.
respectively, as:
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i�
V1

c2 p1 = − �0u1S1 − �0u3S3, �11�

i�
V2

c2 p2 = − �0u2S2 + �0u3S3. �12�

The only difference between a completely separate reso-
nator and the coupled system is the right hand term �0u3S3.

Application of the momentum law in a resonator neck
opening yields in linear approximation:

�0
�u

�t
= −

�p

�x
. �13�

Assuming harmonic disturbances will give the following
equations for the left and right resonator neck opening:

i��0u1 =
p1

L1�
, �14�

i��0u2 =
p2

L2�
. �15�

Here L�=L+ l is the modified height of the oscillation
mass in the cavity neck, as also used in Eq. �1�. Application
of the momentum law on the coupled mass in the center
section yields:

i��0u3 =
p1 − p2

W3
. �16�

The two mass conservation Eqs. �11� and �12� and the
three momentum conservations Eqs. �14�–�16� yield the fol-
lowing system:

FIG. 10. �Color online� ART simulation band-filtered pressure signals in the
cavity on a vertical plane through the cavity neck opening in dB for the
3800 Hz excitation standing wave mode. Level bandwidth is 20 dB, fre-
quency bandwidth 100 Hz.

m1,S1 m2,S2

m3,S3

V1 V2

W2W3W1
FIG. 11. Two coupled spanwise Helmholtz resonators.
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�
i�

V1

c2 �0S1 0 0 �0S3

1 − i��0L1� 0 0 0

0 0 i�
V2

c2 �0S2 − �0S3

0 0 1 − i��0L2� 0

1 0 − 1 0 i��0W3

��p1

u1

p2

u2

u3

�
= 0� . �17�

The geometric setup of the model of Fig. 11 depends on
the width W3 and area S3 of the inter-resonator section and
width of the resonator section W1. The influence of these
parameters on the frequency response is investigated by in-
troducing the non-dimensionalized width 1=W1/W and 3

=W3/W, and non-dimensionalized effective area �=S3 /A,
where A is the cross sectional area of the cavity. The model
is assumed to be geometrically symmetric so that W1=W2,
V1=V2, S1=S2 and L1�=L2�=L�.

Solving the system of Eq. �17� for f =� /2� yields an
expression for the natural frequency:

f2 =
c

2�
� S

VL�
+

E

W2 , �18�

where

E = � 2�

13
� . �19�

Compared to the resonance frequency of a single Helm-
holtz resonator �Eq. �1�� there is an additional term depend-
ing on the spanwise length W.

The natural resonance frequency for a system of arbi-
trary number of resonators in the cavity span n=1,2 ,3 , . .
can be found by organizing the the section width into a num-
ber of the dual resonator systems of Eq. �18� with reduced
total span W /n−1. This will give:

fn =
c

2�
� S

VL�
+

E�n − 1�2

W2 . �20�

For n=1, Eq. �1� is retrieved.
Using spanwise integration of the ART results bandfil-

tered cavity volume shown in Fig. 9, the magnitudes of 1,
2 can be estimated. This will give 1� /1�, 3�2 /�. Note
that due to the gradual change in span, the widths of the
inter-resonator and resonator sections do not add up to the
total spanwise width exactly, but partly overlap. Filling in
will give:

fn =
c

2�
� S

VL�
+ ����n − 1�

W
�2

, �21�

with � of order 1, accounting for variations in resonator ef-
fective cross-section and widths. The used lumped mass
model derivation indicates that n interacting Helmholtz reso-
nators are present in the span. It should be noted however
that Eq. �21� can also be interpreted as combination of Helm-

holtz resonance and spanwise planar wave modes.
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B. Comparison of model with experiment

The derived analytical model for multiple Helmholtz
resonators of Eq. �21� is compared with the experimental
flow run results in Table IV. When �=0.97 is chosen, a good
match with the experimentally obtained modes can be found.

Table IV includes flow run data from the 0.3 m and 0.5
m span cavity flow run experiments. The base Helmholtz
resonance effective length L� is set to match the base reso-
nance frequency. The analytical resonance frequencies are all
within a few percent of the observed experimental values.
This result is obtained by using only one chosen variable �
and thus the analytical model seems to be able to describe
the observed physical behavior.

VII. CONCLUSIONS

In this paper the aeroacoustic response of slender cov-
ered cavities has been presented. In the investigated geom-
etries several aeroacoustic resonances occur. The base reso-
nance mechanism is of a simple slender Helmholtz type. The
higher resonances show spanwise variations that do not cor-
respond to pure simple standing wave modes. All observed
resonances are excited by the first stage hydrodynamic mode.

The acoustic response �no flow� of the geometry is simu-
lated using a Lattice Boltzmann method. This simulation is
validated by comparing it with an experimental acoustic re-
sponse test. The acoustic simulations revealed the mecha-
nism for the higher resonance modes of the flow experiments
by frequency band-filtering the simulation pressure signal in
the entire cavity internal volume. The cavity higher modes
with spanwise variation can be interpreted as spanwise sec-
tions that act as separate Helmholtz resonators interacting
with each other.

A lumped mass analytical model for the coupled resona-
tor sections is derived based on the experimental and numeri-
cal results that matches the observed mode frequencies well.
The resonance frequency depends on the cavity total span-
wise width. In the limit of one resonator, the original slender

TABLE IV. Comparison analytical model multiple Helmholtz resonators
with flow run higher mode frequencies, �=0.97. Large �0.5 m� and small
�0.3 m� span flow experiments included.

Large span �0.5 m�
no. of sections

Analytical freq.
�Hz�

Exp. freq.
�flow-run based�

�Hz�

1 830 �set� 830
2 897 900
3 1074 1050
4 1318 1300
5 1597 1600
6 1897 1900

Small span �0.3 m�
no. of sections

1 830 �set� 830
2 1006 1000
3 1408 1420
Helmholtz equation is retrieved.
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