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Abstract

In this report a new enriched finite volume method is introduced. This method will be particularly use-
ful for fluid-structure interaction problems. In engineering many problems are in the domain of fluid-
structure interaction. Examples of these are water in sea locks, blood flowing in vessels and sailing
ships. Fluid problems are usually solved with the finite volume method (FVM), and structures in this
fluid flow are handled by discretizing the fluid flow around this structure. The mesh therefore needs to
be conforming around the structure, and remeshing is needed when the the structure is moving over
time. Remeshing is a computationally expensive process, therefore in FEM a method called enriched
FEM is developed, which removes the need for remeshing. Enriched FEM uses so-called enrichment
functions; these enrichment functions decouple the structure from the mesh. This concept is imple-
mented in the finite volume method to get an enriched FVM. In order to come up with this method; FVM
and enriched FEM are compared to see if the concepts of enriched FEM can be implemented in FVM.
The FE method that is used is the discontinuous Galerkin (DG) method, which is a method that uses
components of FEM and FVM. It discretizes equations as in FEM, but the elements are connected
using flux functions as in FVM. DG is used to develop a high-order FVM and to introduce enrichments
in FVM. The result of this thesis is a method which can implement enrichment functions in FVM, such
that remeshing is no longer needed. The method is compared with conforming FVM and enriched DG,
and it uses less computational power than both methods. The method also recovers the optimal con-
vergence rate for a non-conforming FVM discretization. The enrichment functions are decoupled from
the FVM discretization, therefore the method can be added to existing FVM solvers without changing
the non-enriched part. The method is tested on a problem where waves are generated in a box.



Introduction

In this report an enriched finite volume method is introduced. This new method will be used for problems
with fluid-structure interfaces, also called fluid-structure interaction problems. This type of problems de-
scribes the interaction of a movable or deformable structure with a fluid flow. They are crucial in many
fields of engineering and physics. Examples are blood flowing through vessels, ships sailing in wa-
ter or bridges. Finite Volume Methods (FVMs) are the current standard for solving the fluid dynamic
equations, because of their low computational cost and ease of implementation. On the other hand
there is the finite element method (FEM). Both methods divide a so-called domain into finite-sized cells
that have simple shapes like triangles or quadrangles. FVM is based on conservation: what goes into
a cell must leave the cell such that conservation is guaranteed, therefore it is widely used for fluid
problems. In FEM the equations that are solved are taken for each cell and an approximation of the
solution is made by a polynomial function. This gives an approximate solution for one element, and
the contributions of all elements together give the solution of the problem. In standard FVM, discon-
tinuities like a fluid-structure interface, are usually addressed by conforming the discretization around
the discontinuity. Remeshing is needed when the discontinuity changes over time, which is computa-
tionally an expensive process. In FEM discontinuities can be addressed with a special type of FEM
called enriched FEM. Enriched FEM does not have the need for remeshing as it is locally enriching
the FE approximation functions with so-called enrichment functions. The objective of this thesis is to
implement these enrichment functions in FVM.

Much effort has been made by researchers to get better and more efficient numerical algorithms to solve
fluid problems with fluid-structure interfaces. When an object is immersed in a fluid two types of FVMs
are used. The first one is conforming FVM in which the mesh is fitted around the structure [1, 2, 3].
The second approach is non-conforming FVM; where an uniform grid is used with the object immersed
in that grid. One of the latter methods is the cull-cell method, which uses a uniform grid over most of
the domain with the cells cut into a smaller irregular cell in any cell intersected by the discontinuity.
The method was developed for potential flow problems [4, 5, 6] and it is well described by Ingram et al.
[7]. Later the same method was applied to the Euler equations in multiple dimensions and the shallow
water equations [8, 9, 10, 11], low speed incompressible flows [12, 13] and flows with moving material
interfaces [14, 15]. A second often used non-conforming FVM is the immersed boundary method (IBM),
which was developed by Peskin in a study on blood flow through the heart [16]. Later it was used in
many fluid-structure interaction problems [17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27]. The immersed
boundary method deals with structures that do not occupy volume. It uses fibers in 2D and membranes
in 3D, and it models the effect of those on the fluid motion. A rigid body can only be modelled as a
collections of fibers, therefore the structural response of a rigid body cannot be captured well. In order
to solve this issue the immersed domain method (IDM) is developed, where the structural response
is modelled accurately [28, 29, 30, 31]. Another method that is well suited for conservative problems,
like fluid problems is the discontinuous Galerkin (DG) method. Itis a hybrid method between FVM and
FEM, as it discretizes equations as in FEM and assembles elements together using flux functions as
in FVM. DG is an active field of research. It has been used to solve all kinds of problems, including the
Navier-Stokes equations [32, 33, 34], convection-diffusion problems [35, 36, 37], oil recovery problems
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[38], stokes flow [39, 40] and the shallow water equations [41, 42, 43]. DG can be raised to higher poly-
nomial orders by using high-order polynomials as shape functions [44, 45, 46]. Using higher-order DG
shape functions in FVM is a natural choice as FVM can be considered as a subset of DG [34]. Much
research has been done for both FEM and FVM, but little effort has been done to combine the two
methods to get a high-order FVM. Xiu Ye came up with a method that combines the two by using linear
DG shape functions in FVM to solve elliptic problems. He used piece-wise polynomial trial functions
from discontinuous Galerkin to get a discontinuous finite volume (DFV) method [47]. Later he used this
method to the Stokes flow problem [48, 49]. Another method that combines aspects from both FVM
and FEM is the finite volume element (FVE) method; this method uses the control volume approach
from FVM and the equations are discretized using finite element spaces [50, 51]. In this report the
concepts of enrichment functions will be implemented in the FVM. The enriched finite element method
came from work by Melenk and Babuska on partition of unity methods [52, 53]. Moes et al. started to
use this method for crack propagation problems under the name XFEM [54]. The concepts of enriched
FEM have been applied to FVM by Jamshidi and Fallah to solve dynamic crack propagation in solids
using a method that they call the extended Finite Volume Method (EFVM) [55]. The second method
where enriched FEM is introduced in FVM is for flow simulations for reservoir engineering applications
[56].

What has never been considered is: the use of enrichment functions from enriched FEM using DG in the
finite volume method. The result is an enriched FVM, where the discontinuities can be decoupled from
the grid. Many fluid solvers nowadays use FVM, because of its ease of implementation and the fact that
the method is conservative by construction. For fluid-structure interaction with moving structures over
time, the mesh needs to be regenerated around the discontinuity to have a conforming mesh. These
enrichment functions can be used without changing the standard FVM grid, so the already written fluid
solvers can be kept and discontinuities can be described with the use of enrichment functions on top of
the FVM. The steps that are taken to get a new enriched FVM are the following: first of all an overview
is made of existing methods on how they discretize differential equations; these methods are FVM and
DG. The method to introduce enrichments in FVM follows from this. Those enrichments can be higher
order shape functions or discontinuous enrichment functions. The concepts are first introduced for a
simple linear advection problem. Later, to add some practical relevance to this work, the method is
applied to a set of equations called the shallow water equations. This is a set of equations for fluid
motion where the vertical scale is much smaller than the horizontal scale. The practical problem is
a box in which waves are generated using a wave generator. This wave generator is a horizontally
moving wave board, which moves in a sinusoidal motion to generate waves. This wave board is a
strong discontinuity in the domain as there is no water on one side of the board and the waves are
generated on the other sides of the board.



An Enriched Finite Volume Method

The finite volume method (FVM) and discontinuous Galerkin (DG) method are used in this section to
discretize the 1D linear advection. This is done to find the connection between both methods. The
equation is given by

dq  0dq

at "o
where q is a conserved quantity like mass, momentum or energy. This quantity is moving with a positive
advection velocity c. The chapter starts by discretizing this equation with FVM, afterwards with DG; the
next step is to outline the connection between the methods. Followed by a higher-order finite volume
method, and an enriched finite volume method. The newly found method is tested in the end for a
practical example: the shallow water equations.

=0, 2.1)

2.1. Comparing discretizations for the linear advection equation
The first numerical method is the finite volume method. FVM divides the domain in cells and in each
cell a constant function value of q is assumed. It is therefore 1st-order accurate. FVM uses flux ap-
proximations of g on each cell boundary to connect different cells.

k1 k2 k3 ka k5

Ax

Figure 2.1: Schematic of the full 1D mesh. This mesh divides the domain in 5 cells: k1-k5. The equation is discretized for an
element k, with its neighbours k-1 and k+1. The elements are connected by an upwind flux for this linear advection equation.

The equation is discretized on a finite volume cell k, as visualized in Figure 2.1. This discretization
starts with the integral formulation of the equation:

—d +f c—dx— 0. 2.2)

The first term of this integral formulation which is discretized is the spatial derivative, this term is also
called the flux term in FVM. The values on the left and right cell boundaries are calculated using nu-
merical fluxes, which is a mathematical concept used to calculate a quantity flowing through a surface.
Different types of fluxes are possible, often central fluxes are used which take the average value of the
cells at the boundary. For the linear advection equation with a positive advection velocity ¢, an upwind
flux is used. The values on the cell faces are calculated using the value of the cell to the left of the cell
face, because q is advecting from left to right. The discretized upwind scheme is given by

dq
]k e Ldx ~ (e~ g, (2.3)
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2.2. The discontinuous Galerkin method 5

The second term is the time derivative. The derivative of the function value is taken to get the time
derivative term. The total upwinding FVM scheme is given by

94k _ _CCIk ~ k-1

at Ax
This equation can be solved with any differential time integration scheme. For example, with the forward
Euler time discretization, an RK4 scheme, or a Crank-Nicholson scheme. No integration scheme is
chosen yet, so the time derivative is kept asitis. This is called a semi-discrete system, as it is discretized
in space but not yet in time. The semi-discrete equation in matrix form for this 5 cell grid in Figure 2.1
is:

(2.4)

q1 1 0 0 0 01[q1
d qz c _1 1 0 0 0 QZ
gl 2lo o -1 1 ollg
qs 0 0 0 -1 1llgs

2.2. The discontinuous Galerkin method

The same linear advection equation is now discretized with the discontinuous Galerkin (DG) method.
This method uses the same discretization procedure as standard FEM, and it is very well suited for
conservative problems as it uses fluxes between different elements. The method was introduced in
1973 by Reed and Hill in a study on neutron transport, and nowadays it is used in a wide variety of
fluid dynamic solvers [33, 57] and solids mechanics solvers [58, 59]. It uses concepts of both FVM
and FEM. DG uses piece-wise linear polynomials in its elements, but contrary to standard FEM, the
polynomials are not continuous along element boundaries. This is visualized in Figure 2.2, where a
standard FEM approximation is compared to a DG approximation [60].

(@) (b)

Figure 2.2: A comparison between standard FEM and DG. A part of a domain is discretized with triangular elements. (a) Standard
FEM is used, which is continuous on element boundaries, (b) DG is used, which is not continuous along element boundaries.

The method is well suited for convection-diffusion problems and for capturing shocks. Contrary to
FEM, it is well suited for hyperbolic problems. Problems with discontinuities or sharp gradients are
another category for which DG is used. It can handle non-uniform grids with different polynomials
approximations on each element. Therefore the method allows for hp—variants, so the grid-size and
approximation order can be varied. There are a couple of advantages of DG with respect to FVM and
standard FEM. DG can, contrary to FVM, easily be raised to a higher-order convergence rate. That is
because in FVM piece-wise constant approximations are used, and in DG higher-order polynomials can
be used. DG is also highly parallelizable, because the solution is not continuous between elements,
DG can easily handle complex geometries, and the method allows for a straightforward treatment of
boundary conditions [61].

The 1D linear advection equation in (2.1) is now discretized with DG. The equation is discretized on an
element k; this element was visualized in Figure 2.1 in the 5-cell example. For this equation a weak
form can be found by multiplying (2.1) with a weight function ¢ and integrating it over the domain Q:
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aqd+f i P 26
Qatq,’)x Qcaxqb x=0. (2.6)

The domain is split into K elements as in standard FEM and a local solution is defined for a particular
element k. The local solutions in each element combined give the global solution of the problem.
Integration by parts is used to reduce the requirement on the order of approximation functions:

0 R ¢
J;{ 6_Z¢dx + [ch)]iL - L cqadx =0. (2.7)

The elements are not connected on element boundaries as in standard FEM. As can be seen in (2.7)
the DG formulation has a boundary term in it (the term in square brackets). To assemble the elements
in DG, the concept of numerical flux is used. Numerical flux is also used in FVM to connect elements.
Different types of flux functions can be used. With FVM upwind flux was used, so that will be used
again. At the left element boundary the value of the cell to the left is used: q(x;) = ¢*~*(Xz), and at
the right element boundary the value of the cell itself: q(xz) = q*(xz). The next step is to define an
approximate solution belonging to some finite vector-valued function space q"(x,t) € V. The weight
functions ¢ are as in standard FEM from the same space as the solution space: ¢ € V". For this
example a linear approximation with the ramp functions is chosen. These functions are given in local
coordinates for an element: & € [-1,1]

1
() =¢=50-¢), <$€[-L1] (2.8)

1
V() =@, =5(1+8,  SEe[-1L1] (2.9)

This gives the total approximation function for each element as:

. 2 1 1
GhED = Y WU = 31— OV 0) + 5 (L + (D). (2.10)
i=1

This approximation function is substituted in the weak form. The weak form must be satisfied for each
weight function in an element k. So it gives j equations, where j = 1, 2 for the 2 linear ramp functions:

XR ggh XR 0d:
j i(j>jdx —JX cqh%dx + [cqh¢j]§f =0 Vj<2 (2.11)
L

The first term in (2.11), with the time derivative, is called the mass term. The integrals in this term
are solved exactly because the approximation function and the weight functions are known analytical
functions. This yields a 2x2 matrix because the weak form is valid for any weight function and the
number of weight functions is 2. When higher-order shape functions are used, often the integral is not
calculated exactly and a numerical quadrature rule is used to approximate it. But for the linear ramp
functions, it is calculated analytically:

& ggh bx o dU(O) [
[ R [IRZGIIG;
du, du, (2.12)

_ A gy et | de | Ax[2/3 1/3]|de | Ax dU
2 )1 |[¥1P2 Y2 dU, 2 |1/3 2/3||au, 27 dt’
dt dt
The second term in (2.11) is called the convection term. The convection term is derived in a similar
way to the mass term, but this one involves the spatial derivatives of the weight functions:
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XR b L 1
[MerZax=y o [ wio L
i i=0 - (2.13)

P1d1 Y2y Uy -1/2 -1/2]|U,
ild = = cKU.
f [¢1¢2 ot Bl T 172 172 ||up] =€
The last term in (2.11) that needs to be discretized is the flux term. As explained before this term is
used to assemble the elements. Therefore it contains the subscripts k and k — 1 for the element itself

and its neighbouring element, as visualized in Figure 2.1. The derivation of this term uses the fact that
both linear shape functions have value 1 at one edge and value 0 at the other edge,

Xr _ _ 4" Xr)b1 (XR) — a" (X1 (X1)
[th¢j]XL - th(XR)¢j(XR) - th(XL)¢j(XL) =c [qh(XI;)(f);(Xi) _ qh(Xi)d);(Xi)

k-1 (2.14)
_ ’”(X)] [—1 0 0] V|
[ (X) c 0 0 1 ch = cFU.

Combining the mass, convection and flux terms gives the semi-discrete system, which can be written
in matrix form as:

Y | FU—ckU=0 215
2 tar ¢ aar=n (2.15)
ﬂ Uk—l
Ax 2/3 1/3]| dt 1 0 o]|”2, —1/2 -172][vy] _[o
1/3 Z/B]lduz “[0 0 1] 3} 12 172 ||uy| T o] (2.16)
dt

The next step is to get a semi-discrete system which can be integrated in time. The matrix equation
given in (2.15) can be rewritten as

by I e

dt |_2c 4 o 2[2/3 1/3] [1 -1/2 -1/2 k

du, =M E-FU= [1/3 2/3| |0 172 -1/2 U"

ar (2.17)
k-1

2c[2 -3/2 —1/2] Ulljk
Ax -1 3/2 -1/2 U(’)<

1
The 5 stencil that was used for the FVM discretization in Figure 2.1 is now used for the DG discretization.
This gives a sparse stencil with 10 DOFs. 2 DOFs for each element; these DOFs represent the nodal
values of each element:

(UEY [—3/2 —-1/2 0 0 0 0 0 0 0 0 1[UEY
Ukt 3/2 -1/2 0 0 0 0 0 0 0 o ||Ukt
uk? 0 2 =3/2 -1/2 0 0 0 0 0 0 |[(uk?
Uk? 0 -1 3/2 -1/2 0 0 0 0 0 0 |[(uk?
du| 2c| o 0 0 2 =3/2 —-1/2 02 0 0 0 ||Uk3
dt|UR| " ax| © 0 0 -1 3/2 -1/2 0 0 0 0 ||uks
U 0 0 0 0 0 2 =3/2 -1/2 0 0 ||ué
U 0 0 0 0 0 -1 3/2 -1/2 0 0 ||uks
Uks 0 0 0 0 0 0 0 2 =3/2 -1/2||uks
[ Uks | | 0 0 0 0 0 0 0 -1 3/2 -172]|uks]
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2.2.1. High-order DG using Legendre polynomials

The linear advection equation, which was used in the previous section as an example to illustrate
piece-wise linear DG, is now used again. This time an approximation with an arbitrary polynomial
order will be used. The polynomials that are used are the Legendre polynomials. This is a set of
polynomials that is orthogonal on a reference domain ¢ € [—1, 1]. The fact that they are orthogonal has
favourable properties for the numerical approximation, because high-order orthogonal approximations
do not produce ill-conditioned system matrices. An ill-conditioned matrix is very sensitive for numerical
errors. Next to that, it also increases computational speed as recursive relations are used to calculate
the polynomials [62]. The shape functions are shown in Figure 2.3. In this figure they are shown up to
5th order, but they can be raised to higher orders than that. The linear shape functions, which were used
before, are also part of these functions. The Legendre polynomials are the derivatives of the shape
functions.The nonlinear shape functions have value 0 at the boundaries; this makes it straightforward
to apply Dirchlet boundary conditions. The Legendre Polynomial of an arbitrary order p is given by

1
L,(§) = E(ZP —1)$Lp—1(§) + (1 +p)Lp—2(S). (2.19)

The shape functions are calculated as

1 1 A
Pi=50-0, Yo=50+, Yi=t1, i=34.p+1 (2.20)
where
1

Y = ﬁ(l‘i(f) —Li—(§). (2.21)

The Legendre Shape Functions

1.0+
0.8 -
0.6

0.4 -

= 02 / )
0.0 &
N>

—0.2 4

wo
w2
w3
— 4
w5

T T T T
-1.00 -0.75 -0.50 -0.25 000 025 050 0.75 1.00
X

—0.4 -

—0.6

Figure 2.3: The Legendre shape functions up to 5th order. This is the set of shape functions that will be used for a high-order
DG method.

The same procedure as for the linear shape functions can now be followed by deriving mass matrix,
convection matrix and flux matrices. But now using the Legendre shape functions. The size of these
matrices depents on the polynomial order used. The shape of the matrices is (p + 1)2. The derivation
of the full DG scheme for the 5 cell example is left out from this report. For high-order DG it is more
convenient to calculate these matrices numerically. A comparison of the 5 cell example, which dis-
cretizes a sine function as an initial condition for the linear advection equation, is given in Figure 2.4.
On the left side the function is discretized with the standard linear shape functions and on the right side
with cubic Legendre shape functions. As it can be seen in this figure, the cubic approximation is better
with the same number of cells.
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Sin(x), Linear Shape Functions Sin(x), Cubic Shape Functions
104 1.00 |
0.75 A
0.5 4 0.50 A
0.25 A
> 0.0 > 0.00
—0.25 A
-0.5 4 —0.50
\ —0.75 A
~101 -1.00 4
0.0 0.2 04 06 08 1.0 0.0 0.2 04 06 08 1.0
X X

(@) (b)

Figure 2.4: A discretization of a sine function with 5 elements. It is discretized with linear shape functions (a); and cubic shape
functions (b). The cubic approximation is better with the same number of cells. The use of the Legendre polynomials in DG gives
therefore a more accurate approximation to the solution of the equation that is solved.

2.3. From discontinuous Galerkin to the finite volume method

DG and FVM are both numerical procedures, that are used to find a numerical approximation to the
solution of a differential equation. They are therefore closely related and In this section it is proved that
FEM with discontinuous elements, as in DG is the same method as FVM. The relation between the
2 methods is that the finite volume method is a piece-wise constant DG method. This holds for any
equation [34], but the proof of this is given by using (2.1). The semi-discrete FVM formulation of the
1D linear advection problem was given in section 2.1 by

dqy Ak — qk-1
—_— =—Cc——. 2.22
dt Ax ( )
For the 5-cell stencil in Figure 2.1. The discretized equation in matrix form is:
Qi1 10 0 0 O]9k
d |9k2 |71 1 0 0 0fjgr
Waw| 2¥lo 0 -1 1 0f[qu
ks 0 0 0 -1 1llgs

The same problem is now discretized with DG, but now with constant shape functions: ¥(x) = ¢(x) =
1. This is similar to FVM as both methods use a constant value in each cell. The weight and approx-
imation function are the same function as before. From the section about DG, the approximation for
the linear advection problem is

U _ 2¢ -1k — Flu 2.24
Ir = Ax [ 1U. (2.24)

The mass (M), convection (K) and flux matrices (F) were defined in the section about DG (section 2.2)
and can be obtained using the constant shape and approximation functions. The same type of flux
is used as previously for FVM and DG, namely upwind flux. There is only 1 shape function, so the
matrices become scalars and they are given by

1
M= f OB =2 (2.25)
L 0@
K = ——d& =0; 2.26
RIS (2.26)
F = [¢pq":R = p(xp)q" (xg) — p(x)q" (x1) = ¢* — ¢ (2.27)

The semi-discrete system for 1 cell is
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dgp  2c gk — gt
kMUK —F) = —c— 1
dt Ax L ] ¢ Ax

This can be put in a matrix form as shown below and it is thereby proved that a piece-wise constant
DG discretization gives exactly the same semi-discrete scheme as FVM:

(2.28)

k1 1 0 0 0  07[qx1
d |9x2 c|71 1 0 0 0flgr
Wawl 2o 0 -1 1 0f|qu
ks 0 0 0 -1 1llgks

2.4. A high-order finite volume method

In the previous section it was proved that FVM is actually a special type of DG. Using this, FVM can
be raised to a higher polynomial order for individual cells. In this section piece-wise linear Lagrangian
shape functions are used in FVM instead of the usual constant approximation in each cell. Afterwards
an arbitrary polynomial order is introduced using Legendre shape functions. The standard upwind FVM
scheme to discretize the linear advection was given in (2.22). Another way to look at this equation is
to see it as a sum of the mass matrix, convection, and flux matrices as in (2.15). Using this the finite
volume method can be raised to a higher order for an arbitrary cell. In Figure 2.5, an 1D grid is given.
The green cell k, will be raised from a constant value to a piece-wise linear approximation, using the
shape functions in (2.8) and (2.9). This gives locally an improved approximation of the solution; this can
be used at locations in the domain with steep gradients. Locally remeshing would also give an improved
solution at those locations, but this approach with higher-order shape functions has the advantage that
nothing has to be changed to the uniform grid. The high-order functions can be added on top of the
standard piece-wise constant approximations, such that the other cells still have the constant FVM
approximation.

ni n2 n3 na n5 né

® ® ® ® o—0

k1 k2 k3 k4 k5

Ax

Figure 2.5: The 1D Grid with 1 high-order cell in green. All blue cells have a constant function value and cell 4 uses a high-order
approximation.

As done before the mass, convection, and flux matrices are set up for this higher-order element:

1 1
S IR I i e LT A (230)
o[ vt [o tla-[iE B e

h _ qh
PO o1, = o006 — 0,00 = [ G G

k-1

_. [—q"-l(xm Lo 0] K

q*(Xg) }c

a;
After deriving all matrices, the total semi-discrete, high-order FVM scheme can be set up. This scheme
can be integrated in time with any time integration scheme. In this scheme ¢*~! is the FVM cell value

at the cell k — 1. g¥ and qf are the nodal values of the higher order cell at the left and right element
edge, respectively.

(2.32)
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k
" N | s L4
x_ dq x|3 3| dt -1 0 0] & 2 2|90
—M— +cFq—-cKq = — +c - =0. (2.33
2 de TATRAT G o g [0 0 1] ok 11 [q{‘ (2.33)
3 34l gt 2

Afterwards the system of matrix equations is solved for the time derivatives of the high-order nodal
values q¥ and g¥. This high-order cell can simply be inserted into the total FVM scheme. With this
method there is no need to change anything to the FVM cells that are not high-order,

dqk 2 1 1 1
de | _2c|3 3 2 2[4
dgf | ¥|1 2f \[1 1le

dt L33 22
1 1

- 1 — —=

_ 22 -1 2 2

S Ax -1 2 o L 1

2 2

q

]_

|

-1 0 0

-1

qk
k
0 0 1] 10
lq{‘
(2.34)
k-1 k—1
qk‘— c[4 =3 —1] qqk
0 = A 0
Ax|-2 3 -1
qx x qx

The total FVM scheme for the example in Figure 2.5 is now set up. The standard constant FVM
approximations are used in all cells, except for one cell where the piece-wise linear approximation
is used (cell k,). This semi-discrete scheme contains the cell values of each cell, but for the high-order
cell it contains the nodal values g,,4 and q,5 displayed in green,

k1 1 0
k2 -1 1
dlggs|_ _cfo0 -1
dt|qns| Ax|[ O O
Ans 0 0
ks 0 0

0
0
1
—4

2
0

0
0
0
3

-3
0

-1

k1
k2
A3
qna
Ans
dks

(2.35)
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The high-order cell is also visualized in Figure 2.6. In this figure a sine function is used as an initial
condition. This sine function is discretized with standard FVM in the left side figure, and in the right side
figure FVM with one higher order, piece-wise linear cell is used. The approximation is more accurate
at this location. This is useful for problems with a steep gradient locally.

Sin(x), Finite Volume Method
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Sin(x), FVM with Piece-Wise Linear Cell
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Figure 2.6: A discretization of a sine function with 5 elements. The exact function is given in black. (a) Discretization with standard
FVM; (b) discretization with a piece-wise linear approximation in the 4th cell. This cell gives locally an improved approximation

of the solution.
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2.4.1. An arbitrary high-order finite volume method

The next step is to add an arbitrary high-order polynomial approximation in the FVM scheme. The
Legendre polynomials, which were introduced in subsection 2.2.1, are used again here. The linear
Legendre shape functions, which were used before are also part of these functions. The same pro-
cedure as used for the linear higher-order shape functions is followed. We start by deriving the mass,
convection, and flux matrices, but this time the Legendre shape functions are used. The green cell
in Figure 2.5, which had a piece-wise linear approximation in the previous section, now has a piece-
wise cubic approximation function. The shape functions for this cell are the first 4 Legendre polynomial
shape functions which were defined in subsection 2.2.1. The higher order FVM scheme is derived
numerically, and it gives the semi-discrete scheme as

[qx1 ] 10 0 0 0 0 0 0][qk1]
T2 -1 1 0 0 0 0 0 O0flqw
Q3 0 -1 1 0 0 0 0 O0ffqks
dfgu|_ _c|l0 0 —-16 15 245 316 1 0f[gu. (2.36)
dt|qy,|” Ax|0 0 —1225 1225 0 775 0 Offqy, '
Ty, 0 0 2214 2214 0 0 0 O0flay,
Gns 0 0 4 -5 245 316 1 O0f[qns
[ s [0 0 0 0 0 0 -1 1flgys!

In this scheme the values g, are the cell values of the normal low order cells. The values q,,4 and g,z
are the nodal values of the green 3th-order cell. And the values gy, and g3 are the coefficients of
the quadratic and cubic shape functions used in the green cell. Those last two values do not have a
physical meaning. The whole set of shape functions needs to be evaluated in order to find values at
each position of the high-order, cubic FVM cell. In Figure 2.7 the high-order FVM is compared with the
standard FVM for the discretization of a sine function.

Sin(x), Finite Volume Method Sin(x), FVM with Piece-Wise Cubic Cell
1.00 4 1.00 4 P
0.75 1 0.75 1 i
0.50 1 0.50
0.25 0.25
£ o000 £ oo
=1 S
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T T T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
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(@ (b)

Figure 2.7: A discretization of a sine function with 5 elements. The exact function is given in black. (a) Discretization with
standard FVM; (b) discretization with a piece-wise cubic approximation in the 4th cell. This cubic approximation gives locally an
accurate representation of the function.

2.5. The enriched discontinuous Galerkin method

In standard FEM and the conforming finite volume method, discontinuities or interfaces are usually han-
dled by remeshing; the mesh is changed to a confirming mesh around the discontinuity. Remeshing is a
computationally expensive process, but remeshing in FEM is no longer necessary with the introduction
of a method called GFEM [63]. This method uses a priori knowledge about the solution of the problem
to improve the standard FEM solution. The discontinuities in these problems can be completely decou-
pled from the mesh so remeshing is no longer needed. The type of enriched FEM that will be used,
is DE-FEM [64]. This is a type of enriched FEM that has the mesh independent nature of enriched
FEM, but contrary to most other enriched methods essential boundary conditions can be applied in the
same way as standard FEM. This works because the functions are local by construction and have no
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value at the element edges. DE-FEM can be used for problems with strong and weak discontinuities.
A strong discontinuity is a jump in the solution and weak discontinuity is a jump in the gradient of the
solution. For now only problems with strong discontinuities are considered, but the method can also be
extended for problems with both strong and weak discontinuities. The enrichment function for strong
discontinuities is visualized in Figure 2.8 on the reference domain [—1,1]. The shape function with a
unit jump is given as

1 .
——(+1), ifé&<xp(d),

e . 2.37

xE&,t) —%(f —1), if&>xp(d), ( !

where x(t) is the discontinuity location in local coordinates.

The strong DE-FEM shape function and its derivative

—_— X
041 — dyldg
0.2
= 00
-0.2
-0.4

100 —075 -050 —025 000 025 050 075 100
£

Figure 2.8: The DE-FEM shape function y used to capture strong discontinuities, and its spatial derivative. A strong discontinuity
in the solution field can be recovered with the unit jump in the shape function. In this figure the jump is at & = 0, but it can be at
any position x in the enriched element.

The total approximation function for the enriched element is the sum of the standard linear shape
functions, and the strong DE-FEM shape function:

u(x,t) = Z P OU; (@) + xS DBD). (2.38)

i€ly

Having this total approximation it is now possible to set up the mass, convection and flux matrices for
an enriched element. Bubnov-Galerkin FEM is used, such that the approximation functions (&) are
the same as the weight functions ¢ (¢). The DE-FEM shape function given in (2.37) is now used as the
third shape function. This gives the following symmetric, enriched matrix:

XR 1 1 (P11 Va1 xP1
M= f Pi(0) b (X)dx = Ax f P©) b, (©)dE = Ax f Pids oy 12| de. (2.39)
XL -1 Yy Yax xx

The convection matrix is constructed using the integral over the approximation functions times the
derivative of the weight functions. That gives the following enriched matrix:

1|1 Yad1 xodi
j PO ©)dE = j btk Wt adlas @40
Yax' xx’
The last matrix for the enriched element is the enriched flux matrix. The flux matrix contains the mul-
tiplication of the approximation functions with the weight functions. The enrichment function y is zero
on element edges. Therefore, the last row is zero. The weight functions ¢, and ¢, are also 0 on the

0¢]( ) 4

K= j e
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right and left edge, respectively, and they have value 1 on the other edge. Upwind flux is used for this
advection problem, and therefore the enriched matrix is given by

R utgq |t
FU = [u" ()¢, (O = W (X)eb; (01L, = [,
uly |11
W] [ -DE D] [-1 0 o ol (2:41)
= [ (D (D| - [u"(-Dp(-D|=[0 0 1 0 U}(
u(Dx (D) u(—1)x(-1) 0 000 [),2

The enriched DG scheme can now be integrated in time using (2.17). This process is equal to the time
integration of the standard DG method, so it is not treated in this section. The enriched DG method is
used in the next section to develop an enriched finite volume method.

2.6. An enriched finite volume method

It was shown that the finite volume method can be raised to a higher order for individual cells. The same
method to introduce high-order cells in the FVM is now used to introduce enrichments in FVM. The cells
with a discontinuity are the cells that will be enriched. In these cells a piece-wise linear approximation
will be used, enriched with the DE-FEM shape function. This gives the following shape functions given
in local coordinates, where T(t) is the position of the discontinuity in the cell in local coordinates:

1
Yo(§) = ¢o(§) = 7(1=5),

1
1(§) = ¢1(9) = ;A +), (2.42)

1 .
_ _ _ -~ + 1), if&<xp(®)
b6 = ba60 =20 = {1 T D

The shape functions for the enriched cell
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Figure 2.9: The 3 shape Functions used in the enriched cell. These 3 are the linear shape functions (), and y,), and the
DE-FEM shape function () to cover strong discontinuities.

The total approximation function for this enriched cell is shown in Figure 2.9. It consists of the two linear
shape functions (1) and the DE-FEM shape function (y):

2
uh§,6) = z YUV + X OB) (2.43)
i=1
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The next step is to get the DE-FEM enriched finite volume scheme. This is done as before for the
high-order FVM by deriving the mass, convection and flux matrices. These matrices are a function
of the discontinuity position in local coordinates xt(t). Bubnov-Galerkin FEM is used and the DE-
FEM enrichment function given in (2.42) is used as the third shape function. This gives the following
symmetric, enriched matrix:

1| Y1 Y1 x (D 2/3 1/3  My5(b)
MO = [ | Wi ate 2O |dE=| 13 23 M), (2.44)
Y (@®  Yax(@) x@®x() M31(t) Ms,(8) Ms3(t)

where entries of the last row and column of the matrix are a function of the position of the discontinuity
in the element:

1, 1 1
My3(t) = M3,(t) = ZXT(t) - ExT(t) ~ 1

1 1 1
Maa(®) = Map(6) = =3 6H(®) = 500 + 1 (2.45)

1, 1
M33(t) = ExT(t) + 5

The convection matrix is constructed using the integral over the approximation functions times the
derivative of the weight functions. That gives the following enriched matrix:

1| Y197 OY x(©)d] =1/2  —=1/2  Ki3(t)
RO=[ [ wd;  weth 200 [de=| 12 12 Kn®|,  (246)
LX) Yx' (1) x(®)x'(©) K31(t) Kza(t) Kzz3(t)

where the last row and column are again a function of the enrichment position:

1
Ki3(t) = K33(t) = EXT(t):

Kaa(t) = ~522(0), (247)
1
K31(t) = K3z = 3

The last term for the enriched element is the enriched flux matrix. This flux matrix is the same matrix as
derived for enriched DG in (2.41). Itis not a function of the discontinuity position, because a character-
istic of DE-FEM is that the function values are 0 on the boundaries. The total semi-discrete, enriched
scheme for the cell with the discontinuity is found with (2.17). Similar to the high-order FVM cells; this
enriched cell can be added to the FVM scheme without changing anything to the existing scheme. It
will add extra enriched DOFs. The physical meaning of these new DOFs is the magnitude of the jump
in the solution field.

2.7. Convergence of the enriched FVM

In numerical methods it is important to analyse the numerical solution. The primary objective of the
numerical solution is that it approaches the exact solution of the differential equation that is solved.
This is called the convergence of the numerical solution and it consists of two main parts: consistency
and stability. Consistency means that the discretization of the differential equation must be consistent
with the original equation. This can be checked by substituting the Taylor series in the discretization to
see if the original differential equation is found. Stability on the other hand implies whether errors grow
or decay at any point during the time integration. Lax equivalence theorem states that if convergence
is met. Stability and consistency are guaranteed [65]. Therefore in this section the convergence of the
enriched FVM is tested with mesh refinement. The convergence properties of numerical methods over
time are hard to estimate as the numerical errors are caused by both spatial and time discretizations.
The goal of the enriched FVM is to add known information about the solution in the formulation. This is
done by adding the DE-FEM shape functions to account for strong discontinuities in the solution. The
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convergence of the method in space is tested. The discretization of a theoretical sine function is used
to measure the convergence properties of this method compared to a standard FVM approximation.
The initial condition that is used has a strong discontinuity in it to see how the addition of the DE-FEM
helps for the convergence properties. The initial condition used is a discontinuous sine function, where
H(x) is the Heaviside step function and k = 1.5 the angular wave number:

flx) = H(% —x) - sin(kx) + H(x — %) -sin(k(x — 1)). (2.48)

A Discontinuous Sine Function
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Figure 2.10: The discontinuous function that is discretized. It is a sine function with a Heaviside step function at x = 0.5. This
function will be discretized with the standard FVM and with the new enriched FVM.

When the meshing is exactly conforming around the discontinuity the convergence rate has a value of
1, which is standard for FVM. But this optimal convergence rate is lost when the discontinuity is not
exactly on the boundary between two elements. In order to regain optimal convergence, DE-FEM is
used. The initial condition coefficients for the standard FVM are calculated using

N

> Ua(gdx = [ Feog@dx (2.49)

*L j=0

XR

This a matrix equation, where the columns are the approximation functions and the rows the weight
functions. For the standard, non-enriched FVM the approximation and weight functions have a value
of one: (Y = ¢ = 1). This simplifies the equation to

L fGodx
S VIR

In the enriched cell 3 coefficients are calculated. 2 of them are the nodal values of the cell, and 1 of
them is the coefficient of DE-FEM shape function. This gives an integral matrix equation, which can be
solved for the coefficients:

xr| Yobo V1o x(®)Po Uy xr [ (X))o
'[ dx U1 = J
U, xL

(2.50)

Vo1 Vi1 x(®)Ps f)ps|dx. (2.51)
ohox() Yix(@® x@©x(®) f(x) P,

The exact solution is known for this manufactured function. The error with respect to the exact solution
is quantified through the L? norm as:
Il = u™1F, 0 (2.52)

The error is plotted for an increasing number of grid points in Figure 2.11. This is done for standard
non-conforming FVM and for the enriched FVM. The enriched FVM has the optimal convergence rate of
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1, which is the same as obtained with conforming FVM. For non-conforming FVM the convergence rate
is almost halved to 0.55. The conclusion from this convergence study is that the DE-FEM enrichment
recovers the optimal convergence for a non-conforming mesh.

Convergence plots of the discretization error

109 + —&— Standard FVM
] —&— Enriched FVM
1071 3
=
= 107¢ 5
|3 Z
2
1077
107% 4

T T T
101 102 103
N

Figure 2.11: Convergence of standard, nonconforming FVM vs enriched FVM. The convergence of the method is plotted with an
increasing number of elements N. The non-conforming FVM has a convergence rate of 0.55, and the enriched FVM recovers
the optimal convergence rate of 1.

2.8. The shallow water equations

FVM, DG and the new enriched FVM are in this section applied to the shallow water equations, which
can be used to simulate waves. The shallow water equations are a simplified subset of the Navier-
Stokes equations. A schematic of this is given in Figure 2.12. The shallow water equations, from now
on abbreviated as SWE, use the assumptions that the water has a constant density, and the vertical
scale is much smaller than the horizontal scale. The SWE consist of 2 conservation of momentum
equations, and the conservation of mass equation:

6u_+ au_+ au_+ an__o
ac T Yax " Vay "9 T

AL R (2.53)
ot "Yox TVay "I98y T ‘
dn Jdhu Ohv

ot T ax Ty T

where u and v are the water velocities, g the gravitational acceleration and n the free surface of the
water. The total water height is the sum of the initial water height and the free surface: h = hy + 1.
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Figure 2.12: A schematic of shallow waver. On the bottom the topography of the bottom of the water is is given h, and on the
top the free surface of the water .

The given SWE can be simplified to 1 dimension by only considering the velocity in the x-direction (u).
This eliminates the second momentum equation and all the terms involving v. This leaves a simplified
set of 2 differential equations:

AL 254
at Oax_ ) ( )
ou, Oh_y 255
ac "9 T (2.55)

This linearized set of equations has an analytical solution and its called the gravity wave solution. For
the free surface 7 it is a wave oscillating in space and in time with constant amplitude 4 and its given

by
n = Aelkxeiktygho (2.56)

The velocity u has exactly the same analytical solution, but scaled by the factor /g /hy:

u= ,h%Ae”‘xe”“ 9ho, (2.57)

2.8.1. Discretization of the SWE

The linear SWE are discretized with FVM using a central difference scheme. The discretization of a
differential equation with FVM was covered in detail in section 2.1. The outcomes are two semi-discrete
equations, one for the water height h, and one for the water velocity u:

oh Ug+1 = Ug-—1
ot T oA (2.58)
ou _ Riey1 — hy—1

In Figure 2.13 a 1D grid is given with 3 cells. The SWE are discretized on this example grid. The
outcome is a semi-discrete system, which can be solved using a time integration scheme. In order to
get a stable solution, the Crank-Nicholson implicit time integration scheme is chosen.

. [0 0 0 0 —;TOx 0 1,

k1 ho ho k1
] he| |00 0 ,? 7ax || ez
L0000 gy 0 i (2.60)
dt [Uk1 0 —5= 0 0 0 0 [{Uk1

we| [ 5 9 o o o ||luka

u 2Ax 2Ax Uu

k3 o L 0 0 0 O

2Ax
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Figure 2.13: The 1D Grid that will be used to demonstrate the FVM and DG discretizations of the SWE. It consists of 3 cells,
which is a very course mesh. In real simulations much more cells will be used to have an accurate representation of the waves.

2.8.2. Crank-Nicholson Time Integration
The semi-discrete system that is obtained with FVM can be solved using any time integration scheme.
The most straightforward choice would be an explicit forward Euler scheme which is 1st-order accurate
in time, or an explicit RK4 scheme, which is 4th order accurate in time. But those explicit schemes are
not stable for a central difference scheme. Therefore, to ensure stability of the system, an implicit
time integration scheme is used for (2.60). The Crank-Nicholson is a combination of the forward and
backward Euler method, because it uses the average function values at time-step n and time-step
n + 1. Itis an implicit method so an algebraic system of equations must be solved to get to integrate
the system over time:
ultl — 1 ou 9%u ou 9%u
kA—tk = E F,?(u,x, t, E, w) + F,?“(u,x, t, E' F) .
For the system in (2.60), the Crank-Nicholson time integration is implemented in the following way. The
system is a matrix equation of the form: @ = Au. The terms at the known, current time step (n) go to
the right hand side, and the solution vector at the new time step (n + 1) to the left hand side [66]. This
gives a matrix equation which is solved for the solution at the next time step, where I is the identity
matrix:

(2.61)

-1
1 1
u;{l+1 = [I — EAtA] [u}{l + EAtAuZ]. (2.62)

2.8.3. SWE with the discontinuous Galerkin method

The linear SWE are now solved with DG for an element k. The discretization of a differential equation
with DG was treated in section 2.2. The system of equations is solved for the variables h and u. The
approximations functions for the water height h, and water speed u are:

2
R = ) k(O ),
i=1
(2.63)

2

() = ) w(OW ).

i=1

In this approximation ;(x) are the shape functions and h;(t) and u;(t) are the coefficients for these
shape functions. The physical meaning of these coefficients is the value of the numerical solution at the
nodes. Using the linear shape functions gives the semi-discrete system of equations for both variables:

dh Ax

— = —h,M'[K - Flu

at 2 (2.64)
du _ Ax M-11K — Flh ’

The next step is to add a discontinuity to the problem to use enrichments. The discontinuous problem,
which is solved, is shown in Figure 2.14. It is a box that is filled with water. The water in this box is put
into motion by the horizontal movement of a waveboard, which is positioned on the left side of the box.
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The waveboard moves from the left boundary of the domain towards the right and back in a sinusoidal
motion. The motion of this board generates waves and creates a discontinuity. On the left side of the
waveboard the water height and water velocity are 0, and on the right side they have a finite value.
This jump in magnitude is a strong discontinuity in the solution field.

A Box with Sinusoidal Wavegenerator

h(x)

Domain

Figure 2.14: Visualization of the discontinuous problem. It is a box filled with water and waves are being generated by the
sinusoidal motion of a waveboard place in the water. The waveboard creates a strong discontinuity in the solution, because the
water height and velocity solutions have a jump at this position.

The problem is first solved with DG, enriched with DE-FEM. A simulation of the problem is made and
shown in Figure 2.15. A wave is being generated by the movement of the waveboard, and this wave
is travelling from left to right through the box. A reflecting boundary condition is set at the right wall, so
when the wave hits that wall constructive interference occurs, and the amplitude of the wave increases.



2.8. The shallow water equations

21

(@) |
(b) |
(© |
(d) |

8.0
0.010
0.005
0.000 —‘/\
—-0.005
-0.010
0 20 40 60 80 100
Domain
30.0
0.010 4
0.005 4
0.000 --'/_\/\,
—0.005 4
—0.010 A
0 20 40 60 80 100
Domain
50.0
0.010 4
0.005 4
0.000 —a/\/\/’\/‘
—0.005 A
—0.010 4
0 20 4‘0 60 80 100
Domain
85.0
0.010 4
0.005 4
0.000 | ~ ,/’ /\
_— ~
~
]
—0.005 4
—0.010 A
0 20 40 60 80 100
Domain

Figure 2.15: The simulation of the SWE where waves are being generated in a box. The problem is solved with an DE enriched
DG method. A snapshot is taken at (a) 8s, (b) 30s, (c) 50s, and (d) 85s. The waves travel from left to right through the box, and

when the right wall is hit constructive interference occurs, therefore the amplitude of the wave increases.



2.8. The shallow water equations 22

The enriched FVM proposed in section 2.6 is also used to solve this discontinuous problem. At the
location of the waveboard, instead of a standard piece-wise constant FVM, approximation a piece-wise
linear approximation with a DE-FEM enrichment will be used. The shape functions (y) and enrichment
functions () were shown in Figure 2.9. The total approximation functions for this enriched cell are
given by

2
h(x,t) = z PYi()h(t) + x(x, ) Br (D),
=1 (2.65)

2
w0 = D (O + X0 O (t).
i=1

The mass, convection and flux matrices were all derived in section 2.6. The total enriched FVM scheme
for the discontinuous cell is given below for the continuity and momentum equations. This is a matrix
multiplication which is solved numerically. Therefore the entries of the semi-discrete matrix are given
as coefficients H,, and U,, instead of numerical values:

k-1
a [H] hoax. Hu Hip Hio Hull®
& hz | = TM [K—F|U, = (Hy1 Hzz Hzz Hyy u;2< )
| Bn | Hz; Hz; Hzz Hay B,
o -1 (2.66)
d uk ghx » Uir Uz Uz Upy hig
dat Uz | = TM [K—FJU, =|Uz1 Uz Uz Uz hk
| By Usy Usy, Usz Usy B;

The enriched finite volume scheme is given for a the FVM discretization around the discontinuity. The
schematic in Figure 2.13 is used with the wave board in cell k,. The scheme is set up for these three
cells of the discontinuous SWE problem. This is a part of the full enriched FVM scheme that is used
to solve the problem. In cell k; and k5 the standard FVM scheme is used and in cell k, the enriched
scheme which was derived in this section,

(k1 o 0 0 0 0 hy O 0 07[hY

hf 0 0 0 0 Hy, Hy Hjs Hy Hg hiz

hz2 0 0 0 0 Hyy Hy, Hys Hy, Hys hz2
i Bn _ 1 0 0 0 0 Hsy Hsy, Hzz Hsy His|| Bn (2.67)
dt|u*| " 2ax| 0 g 0 0 0 0 0 0 0 [[uF| :

ui‘z U11 U12 U13 U14 0 0 0 0 0 ulfz

u]2(2 U21 U22 U23 U24_ O 0 0 0 O uIZCZ

[ By | U3y Usy Uszz Uszy O 0 0 0 0 1lg, 1

A simulation of the enriched FVM for the wave-generaton in a box is made. The results are shown
in Figure 2.16 and they give the same results as the ones obtained with enriched DG. But this time
FVM is used so the approximations are continuous, which gives a smoother simulation. The waves
are generated by the waveboard, and when they hit the reflecting wall on the right, the amplitude of the
waves increases due to interference.
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Figure 2.16: The simulation of the SWE with a sinewave as initial condition. The wave is oscillating due to grativity. A snapshot
is taken at (a) 8s, (b) 30s, (c) 50s, and (d) 85s. The results of this simulation are similar to the simulation made with enriched
DG, but this time it is a smooth, continuous simulation.
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The goal of the enriched FVM is to save computational power by decoupling the discontinuity from the
mesh, such that remeshing is no longer required due to the moving waveboard. The standard mea-
sure for the computational power, is the computational time needed to solve a problem. The conforming
FVM, conforming DG, enriched DG and enriched FVM are compared for the discontinuous SWE prob-
lem. All 4 methods use the same number of elements (N = 100), and the same time-step (dt = 0.01).
The results of this comparison are given in Table 2.1. The method that takes the most CPU time is the
conforming DG method, as a new DG mesh needs to be generated at each time step. The enriched
DG method takes less time as remeshing is no longer needed in this method. The conforming FVM
is about 3 times faster than both DG methods. The reason for this is that the FVM implementation
is piece-wise constant in each cell, therefore it takes less memory. The fastest method for this prob-
lem is the enriched FVM, because it uses the piece-wise constant approximation in each cell, and no
remeshing is needed.

Table 2.1: The computational time required to solve the discontinous SWE problem with 4 different methods. The enriched FVM
is computationally the fastest method to solve this problem, closely followed by the conforming FVM and DG is a factor 3 slower
than the FV methods.

Method CPU Time (s)
Conforming FVM | 23.145
Enriched FVM 18.669
Conforming DG 68.124
Enriched DG 57.938

2.8.4. The nonlinear 3D shallow water equations

The theory that was found about the enriched finite volume method is now applied to the full non-linear
set of SWE to see if the method works in multiple dimensions. This full set of equations was given
in Equation 2.53. This looks like a 2D set of equations, but the third dimension is given by the water
height . This set of equations is discretized using FVM with a multi-dimensional central difference
approximation. With the following boundary conditions, and initial condition:

u(x=0,y,t) =u(x =Ly,y,t) =v(x,y =0,t) =v(x,y = Ly, t) =0, (2.68)
u(x,y,ty) =v(x,y,t) =0, (2.69)

21 21
n(x,y,ty) = A-cos (—x) - cos (—y) . (2.70)

Ly L,

The simulation is run to test the implementation of the full set of SWE. Snapshots of the simulation are
given in Figure 2.17, for SWE with a sinewave as initial condition. The wave is oscillating due to the
gravity and Buoyancy force.
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Figure 2.17: The simulation of the SWE with a sinewave as initial condition. The wave is oscillating due to grativity. A snapshot
is taken at (a) 0.1s, (b) 0.6s, (c) 1.0s, and (d) 1.5s.

The next step is to add the wave-generator in the domain. This is done by changing the boundary
conditions to

u(x =Ly,y,t) =v(x,y =0,t) =v(x,y = Ly, t) =0, (2.71)
u(x,y,ty) = v(x,y,t0) = 1(x,y,to) =0, (2.72)
u(x =0,y,t) = A-sin(wt). (2.73)

A simulation is made of a box filled with water with a wave generator on the left side of the domain.
Snapshots of the simulation are given in Figure 2.18. The results are similar to the linearized set of
equations in Equation 2.54.

FE=TN]
=1

() (d

Figure 2.18: A box with a wave generator on one side of the domain. The sinusoidal motion of the wave generator gives the
wave pattern. A snapshot is taken at (a) 1.0s, (b) 5.0s, (c) 20s, and (d) 30s.
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2.9. Conclusions

This thesis has been concerned with the development of an enriched finite volume method. In order
to get to this new method, different steps were taken. The first one was to get an overview of the
existing methods. The methods that were explored were the finite volume method, the discontinuous
Galerkin method and the enriched finite element method. Learning how these numerical methods
discretize equations is necessary to find their differences and to see how elements of each method can
be used in other methods. In order to do this, a relatively simple differential equation was taken: the
linear advection equation. After discretizing this equation with the different methods, it was shown that
the concepts of enriched FEM can be implemented in the finite volume method using discontinuous
Galerkin. This is an important conclusion of this research. But many more conclusions can be drawn
from this work. The first conclusion from the comparison of the methods is that the finite volume method
is piece-wise constant DG method. This was a starting point for the development of the high-order FVM,
and the enriched FVM. DG is a high-order extension of FVM, which is using a Galerkin least squares
projection instead of the stencil approach from FVM. But this comes with higher computational costs,
that’s why in most fluid solvers use the FVM with its constant cell approximations. With the use of DG,
the FVM solver can be kept untouched, and enrichments like high-order polynomials or discontinuous
enrichment functions can be added.

2.9.1. A high-order finite volume method

In FEM high-order shape functions are introduced using the Legendre shape functions; this is called
pFEM. The legendre shape functions are a set of orthogonal polynomials that is often used in pFEM.
The same set of Legendre polynomials is also implemented in DG to get a high-order DG. This gives
a better approximation of the solution of differential equations. In many problems local remeshing is
needed to have a better approximation at locations where more accuracy is needed. This is for example
due to a steep gradient of the solution in that part of the domain. The solution to this problem is usually
remeshing. One option for this is to have a finer grid for the whole domain, but this takes more memory
as more cell data has to be stored. The other solution is locally remeshing, so only around the more
problematic or “error-prone” area, the mesh is refined. The result is a non-uniform grid, and this grid
needs to be regenerated when the discontinuity is moving over time. The high-order FVM proposed
in this report adds locally a high-order polynomial approximation function. This high-order polynomial
can be added on top of the standard, uniform FVM. The result is an accurate representation of the
solution to a differential equation at location in the domain where that is needed. The addition of these
high-order approximations in the FVM is an enrichment, because information about the solution of the
problem is added in the formulation to locally improve the solution.

2.9.2. An enriched finite volume method

Enriched FEM decouples discontinuities like fluid-structure interfaces from the mesh. Using DG, the
enrichments from FEM can be added to FVM. The result is a new non-conforming FVM: the enriched
finite volume method. The main difference between this method and existing non-conforming FVMs
is that this method decouples the discontinuities from the grid. The cut-cell method is also a non-
conforming FVM, but this method uses an uniform grid and discontinuities like solids, or holes are
added to the formulation by cutting existing cells. The immersed boundary method, which is also a
non-conforming FVM, models discontinuities by using fibers. Therefore the structural response of this
method is not accurate for solids immersed in the fluid. An enriched DG method is already developed,
but DG takes approximately 3 times the CPU time of FVM. The enriched FVM combines both the
computational speed of FVM, and the ability to resolve discontinuities accurately from enriched DG. The
method recovers an optimal spatial convergence rate for a non-conforming discretization in FVM. In this
report the enriched FEM that is considered is DE-FEM for strong discontinuities, but also other enriched
formulations can be used. Examples of this are DE-FEM for both weak and strong discontinuities, or
the enrichment function proposed by Mées with Heaviside step functions [67].

2.9.3. Recommendations for further work

This report introduces the new enriched finite volume method applied to the shallow water equations.
But many more discontinuous problems can be solved using the enriched FVM. Examples of those
are fluid-air interfaces, interaction of fluids with different densities, and also many more fluid-structure
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interaction problems. An interesting further study could be on deformable structures immersed in fluid
flow, where the fluids are solved with FVM and the structures with FEM. Different types of enrichment
functions can be used in the method to solve different problems. The last recommendation is to test the
method on benchmark problems to compare the method on its accuracy and required computational
power. A standard benchmark problem used for FVM and DG is the stokes problem, which is one of
the simplest unsteady problems derived from the Navier-Stokes equations that has an exact solution
[68, 69].



Reflection

This chapter is a reflection on the process that led to an enriched finite volume method. The reflection
is divided into 5 parts. The start of the thesis and literature review, the development of an enriched
finite volume method, the results of this work, the planning, and some personal points of improvement.

3.1. The start of the project and literature study

After following the courses on Numerical Methods, Advanced FEM and its follow-up course Enriched
FEM | developed a strong interest in the field of numerical methods. So a natural choice was to search
for a thesis project in the field of FEM with Alejandro Aragon as supervisor. The first contact was made
by e-mail and a meeting was organized in his office. We discussed the possibilities and the first plan
was to continue the project on an enriched Stokes-Flow solver. But another possibility that Alejandro
came up with was a collaboration project with Peter Wellens from Maritime Engineering. Alejandro
his expertise is enriched FEM and Peters expertise is the finite volume method. Both methods are
mathematical procedures to solve differential equations numerically. And both methods have their
advantages and disadvantages and by comparing the two methods probably a new method could be
developed which uses the beneficial properties of both methods. This sounded like a very interesting
challenge, so | decided to take this project.

The first step was a meeting with both supervisors in which they explained their expectations of the
project and shared some papers which served as a start of the literature research. The literature
research was quite difficult as | only had basic knowledge of numerical methods from the master courses
that | took on these subjects. Also there is much literature available on these methods in which even
more cited papers are cited. So at a certain point | lost track of what to read and what to search
for in literature. | contacted my supervisors and a meeting was set up in which a clearer direction of
literature was pointed out. This helped me finish my literature study, which was a broad study on all
numerical methods available ranging from the Finite Difference Method, Finite Volume Method and
(Enriched) Finite Element Methods to more advanced derivatives of those methods like Discontinuos
Galerkin FEM and Immersed FVM. The literature study was finished by presenting the literature to the
Structural Optimization and Mechanics (SOM) research group. This presentation was held at the start
of the summer holiday in July. The literature study was rewarded by the grade 8.0, which served as a
good motivation to continue with my project.

3.2. The development of an enriched finite volume method

The project started where the literature study ended, namely with a comparison of the numerical meth-
ods available for a simple advection-diffusion problem. The aim of this comparison was to see how
the different methods discretize the same methods on a simple 4 cell grid. The results of this sparked
a great interest for the discontinuous Galerkin method, which was a method that | never used before
that point, but seemed a very promising and active field of research. But at that point for me it was
not clear in which way | could add something new to that method as it was already a hard task to fully
grasp the method. | shared my concern with Peter that | was having difficulties in finding a gap in the
knowledge which | could fill. Peter helped me very much on this point by giving me a set of equations

28
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which are called the Shallow Water Equations (SWE). This is a set of equation with practical relevance
and solves the Navier-Stokes equations for shallow water. A new approach was taken from that point
which was a step-by-step approach to get to results to finish my thesis. Peter provided me with a FVM
code which solves the SWE and my first task was to solve the same problem with a FEM method. This
provided good insight in how both methods can be used to solve a system of equations. The next step
was to solve the same set of equations, but now with a discontinuity. This aim of solving this discontin-
uous problem was to be able to use the concepts of enriched FEM, which is a computationally cheap
method to discretize problems with discontinuities. First an enriched discontinuous Galerkin method
was set up to solve this discontinuous problem and this led to the insight that FVM is actually a special
case of DG. Knowing this the FVM can be raised to a higher order in a straightforward manner using
Legendre polynomials and a high-order FVM was made. But more importantly the concept of enriched
FEM could be brought into the FVM, which led to the development of the enriched FVM.

3.3. The results and the end of the project

After working 12 months on the project. The work and report were finished in April and the reviewing
process started. My report was first review by Peter, who gave feedback on the work to improve the
report. And this improved report was reviewed by Alejandro. At this point | found out that my academic
writing skills were far below expected level, so a lot of improvement was needed to finish the thesis.
After deleting a lot of unnecessary sections, and bringing the academic writing to an acceptable level
green light was given at the start of July. The result of the thesis is a new enriched finite volume method,
which can be used for fluid-structure interaction problems. The method is proved to be more efficient
than conforming FVM and DG. Overal it was an educational process in which | improved my research
skills, reading, writing and programming skills a lot. And the result is an interesting new method, which
can be used for further research.

3.4. Planning and timeline

The literature presentation ended by giving the planning in a Gantt chart. A summary of the steps which
| wanted to take to do the research is the following:

1. Solve a 1D advection-diffusion equation with the Finite Volume Method, FEM Method, Discontin-
uous Galerkin Method.

2. Solve the flexible wall in flow problem with the 3 methods.

3. See which fluid solver is most suited for enrichment functions.
4. Implement the enrichment functions in the fluid solver.
5

. Solve some benchmark problems.

The first step was quickly finished as a big part of this step was already made during the literature study.
But after that the original schedule which was supposed to be from July until the start of February was no
longer followed. It took a long time to fully grasp all the methods that are available on such deep level,
that is actually possible to extend and combine those methods. The flexible wall in flow problem was
replaced by the shallow water equations in which waves were generated using a waveboard. When
this was all finished in February the last three steps were followed. The enrichment functions were first
implemented in DG and afterwards the methods were compared. And the end result are a very easy
to implement high-order FVM and and enriched FVM.

3.5. Personal points of improvement

After a long project it is good to reflect on the work and see on which points | can improve in upcoming
project work. At two points in this project | was really stuck and this could have been prevented.
Engineering is all about project work, so it is important to write down the mistakes that | made during this
project as points of improvement for upcoming projects in industry. My two main points of improvement
are communication with the supervisors, time management and academic writing:
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» Communication with the supervisors can be improved in 2 ways. The first one is to involve the
supervisors more actively in my work. Especially in the first half of the project | only contacted the
supervisors with my problems when it was already too late. | send them a message when | was
really stuck in the project. So it was more or less an emergency call. What would have been way
better and went much better in the second half of the project is to have regular meeting in which
guidance of the supervisors is given. At the end of the project | was really stressed about the
timeline, which led to me not being reasonable in my communication to my supervisors. | must
improve at this point, because this behaviour is not tolerated.

» The second point of improvement is the planning. My original planning was not followed almost
immediately since the start. According to my original planning my thesis would be finished at the
start of February, but in practise it is finished end of June. Although it is hard to have a strict
planning in research a time delay of 4 months is too much.

» The last point of improvement is academic writing. After a revision of my final report by Alejandro
it became evident that my writing skills are far below academic level. Therefore, | was not ready to
graduate. A lot of improvement in the writing style was needed to get the report to an acceptable
level. Academic writing is a point where | still need to improve. The academic writing class given
by my supervisor is very helpful for this.
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