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Abstract

The present work focuses on constructing predictive densities, conditional on a set of features, for one-
dimensional real-valued random variables. We approach the problem in a model-agnostic manner,
aiming for methods that can be applied to arbitrary models without imposing parametric assumptions
on the underlying distribution.

We first present the standard kernel density estimation approach and discuss its limitations. In this
context, the conformal framework, originally developed for prediction intervals, is particularly appealing
due to its finite-sample marginal validity guarantees. We then introduce conformal predictive distribu-
tions, a recent development in the literature that ensures the associated predictive system is marginally
Unif[0, 1] under the Probability Integral Transform (PIT).

However, these distributions tend to be highly fuzzy. As a result, directly applying finite differencing
to conformal predictive distributions produces noisy predictive densities that may obscure important
underlying features.

To address this issue, we propose two solutions. First, Gaussian filtering yields the smoothest densities
and empirically maintains PIT perturbations within a satisfactory range, although no theoretical bounds
on the perturbation are derived. Second, we introduce a new method, termed quantile-matching, which
produces less fuzzy densities while providing a sharp theoretical upper bound on PIT perturbation.

Furthermore, we show that when the number of quantiles is allowed to equal the size of the calibration
set, the distribution induced by quantile-matching coincides with the crisp modification of conformal
predictive distributions, thereby yielding an upper bound on their PIT perturbation as well.

Finally, we evaluate the proposed methods on a large simulated real estate transactions dataset based
on the Hierarchical Trend Model. Our results indicate that the quantile-matching approach outperforms
competing methods across several metrics, including the Mean Absolute Error of the associated tail
means and running time per transaction price.
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1
Introduction

Evaluating risk is a fundamental topic in domains as diverse as finance, healthcare, engineering, and en-
vironmental policy. In all of these fields, decisions are often made with incomplete information, and one
must assess and manage risk to prevent losses or operational disruptions and make better decisions in
a competitive environment. In this sense, for practitioners, predictions should serve as a fundamental
tool for assessing risk and describing uncertainty. Point predictions, which provide a single estimate of
a future value, although common in the industry, do not convey information about uncertainty; recent
research has shifted towards prediction intervals [38] and predictive distributions [23] to address this.

What is a prediction?
To assess future risk and uncertainty, one must use available information in the present to make in-
formed “guesses” about the future. Unlike estimation, which focuses on inferring population parame-
ters, prediction aims to forecast future observations and their characteristics. More formally, let (X,Y )
be a dataset, where each X represents a vector of features and Y represents the random variable of
interest, i.e., the one for which the prediction should be applied, which we shall call the target variable.
In the present thesis, we focus on a real-valued one-dimensional target variable, whereas the features
may be multi-dimensional. Suppose we also have a statistical model relating X and Y , as defined
below [25, Definition 1.2].

Definition 1.1. A statistical model is a family of probability measures {Pθ : θ ∈ Θ} on somemeasurable
space. The set Θ is called the parameter space.

The model can be written as Y ∼ Pθ, θ ∈ Θ, or alternatively fY (y | θ), θ ∈ Θ, where fY is the probability
density function of Pθ. A statistical model can be parametric (θ is finite-dimensional) or nonparametric
(θ is infinite-dimensional).

In prediction problems, the target of study is not a parameter, but the unobserved value of a random
variable. This can include, however, estimating the value of a random parameter attached to a particular
portion of the data. A point prediction refers to a single estimate of a future outcome derived from
observed data and a specified statistical model, which we formalize in the following definition.

Definition 1.2. Let Y be the target variable,X = (X1, X2, . . . , Xp) a vector of features, and f(Y | X, θ)
the conditional distribution of Y givenX and model parameters θ. A point prediction of Y givenX = x is
an estimator Ŷ (x) chosen to minimize the conditional expected value of some loss function L(Y, Ŷ (x))
in the following sense

Ŷ (x) = argmin
ŷ

E[L(Y, ŷ) | X = x].

Example 1.3. The most common loss function is the squared loss L2(Y, Ŷ (x)) := (Y − Ŷ (x))2, which
gives rise to the optimal point prediction Ŷ (x) = E(Y |X = x). Alternatively, if the loss function is
taken to be the absolute loss L1(Y, Ŷ (x)) := |Y − Ŷ (x)|, then the optimal point prediction is given by
Ŷ (x) = median(Y |X = x).

1
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Example 1.4. In the context of quantile regression, which we shall introduce in Chapter 3, the pinball
loss function is defined as [34]

ρα(Y, Ŷ (x)) :=

{
α(Y − Ŷ (x)) if Y − Ŷ (x) > 0

(1− α)(Y − Ŷ (x)) otherwise.

Under ρα(Y, Ŷ (x)), the optimal point prediction is the α-quantile of the target variable’s distribution.

Let us now give a simple example of a point prediction estimate where the optimal point prediction is
found exactly.

Example 1.5. Suppose we have the simple model

Y |X = x ∼ N(2x+ 3, σ2),

where σ2 is known. Then, the optimal point prediction under the squared loss is given by

Ŷ (x) = E(Y |X = x) = 2x+ 3.

The above example, however, is artificial. In practice, the true conditional distribution is unknown, and
we must rely on approximations based on estimating parameters from the data. The following example
illustrates this idea in the linear regression setting.

Example 1.6. Suppose we have n observations and p features expressed as

(Xi1, . . . , Xip, Yi), for i = 1, . . . , n.

Based on this, we formulate the multiple linear regression model as follows, for i, j = 1, . . . , n with i 6= j,

Yi = β0 + β1Xi1 + · · ·+ βpXip + ϵi,

E(ϵi) = 0,

E(ϵiϵj) = 0,

E(ϵ2i ) = σ2,

where β0, . . . , βp and σ2 are unknown parameters to be estimated and ϵi are error terms. Alternatively,
we can use the matrix-vector notation for simplicity

Y = Xβ + ϵ,

E(ϵ) = 0

Cov(ϵ) = σ2In,

where Y = (Y1, . . . , Yn)
T , X is the n × (p + 1) matrix with i-th row Xi = (1, Xi1, . . . , Xip), β =

(β0, . . . , βp)
T is the vector of unknown coefficients, and ϵ = (ϵ1, . . . , ϵn)

T is the stochastic vector of
errors. Least squares estimation of parameters gives [7] the unbiased estimators

β̂ = (XTX)−1XTY

σ̂2 =

∑n
i=1(Yi − Ŷi)

2

n− p− 1
,

where Ŷ = (Ŷ1, . . . , Ŷn)
T is the vector of predicted responses computed as Ŷ = Xβ̂. Then, upon

observing a new features vector Xn+1 = x, we obtain the optimal point prediction estimate in terms of
squared loss

Ŷ (x) = E(Yn+1|Xn+1 = x) = xTE(β̂) = xTβ.

Therefore, the optimal point prediction estimate depends on the unknown β. This is a problem in
practice, since β is unknown. One then has to settle on the estimate Ỹ (x) = xT β̂ which retains good
asymptotic properties, namely that Ỹ (x)→ Ŷ (x) as n→∞ [7].
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From point predictions to prediction intervals and beyond
As we have seen above, optimal point prediction estimates (in the squared loss sense) might not be
computed explicitly when the parameters of the model are not known, and we instead have to rely on
estimates that retain “good” asymptotic properties. Additionally, point predictions fail to retain informa-
tion about prediction uncertainty. A point prediction gives a single estimate, but it does not capture
how confident we are in the prediction we have made. In practice, noise, estimation error, and even
model misspecification can cause the true outcome to vary widely from the single-point prediction, with
important negative consequences. It becomes apparent, then, that uncertainty needs to be quantified,
particularly for high-risk applications such as medicine and finance. For example, a point prediction for
an expected loss of, say, one million euros, gives no insight into the probability that the loss is signif-
icantly higher, say, ten million. These problems, ubiquitous in applied fields, need a better metric for
predicting that captures uncertainty.

Additionally, in the above examples, we have seen predictions made under specific model assumptions.
For instance, in the linear regression setting, we assume unbiasedness of error terms, which does not
necessarily happen in practice. If the underlying model is misspecified, predictions might be mislead-
ing. It is desirable, then, that we develop methods we shall callmodel-agnostic. These methods do not
assume a fixed form of the underlying model, allowing for great flexibility in the relationship between
features and target variables. Model-agnostic prediction methods focus instead on the prediction ac-
curacy itself and are especially useful in high-risk applications when the true underlying models are
unknown.

It is then natural to extend point prediction estimates to prediction intervals, as real-world prediction al-
ways involves a degree of uncertainty. Whereas a single value hides that uncertainty, intervals express
it explicitly, depending on how wide the interval is. Where the risk of loss matters, a range of outcomes
at a given confidence level is preferable. However, even if prediction intervals are superior in this re-
gard to point prediction estimates, uncertainty can still be hidden. For instance, a prediction interval
at a given confidence level does not indicate whether certain values within the interval are more likely
than others. In high-risk settings such as finance, decisions do depend on the shape of the uncertainty,
and with a full predictive distribution, extreme-event probabilities and tail risks can be assessed.

Recent research has increasingly seen interest in predictive distributions [23, 41]. In certain contexts,
however, extending predictive distributions to predictive densities is desirable, and is a current goal of
the present thesis. Firstly, predictive densities provide a qualitative description of the underlying model
that is not readily obtainable from the distribution, such as multimodality, skewness, and tail heaviness.
Such hidden features are easily retrievable from a density, and many practitioners are interested in
them. Secondly, computing non-linear (conditional) expectations of functionals of the target variable
is most easily done using a density. Perhaps of most interest to industry experts, at least within Ortec
Finance, is a model feature update based on the predictive density. Let us explain this idea in more
detail in the context of real estate applications, the primary area of implementation within the company.

Suppose we wish to obtain the predictive distribution of the price of a house with characteristics x :=
(x1, . . . , xp). Assume that one characteristic j is uncertain or completely missing. This situation arises
when features correspond to outdated attributes, such as energy label or condition. Denote then the
uncertain feature by θ := xj and let the remaining fully observed characteristics be

x−j := (x1, . . . , xj−1, xj+1, . . . , xp),

so that, up to permutation, x ∼= (θ, x−j). Given a predictivemodel that produces a house price prediction
ŷ(θ, x−j), define the function h(θ) := ŷ(θ, x−j), which represents the prediction as a function of the
uncertain feature alone.

Let p(θ | x−j) denote some prior distribution encoding our beliefs about the missing characteristic given
the observed features. With access to a predictive density q(y | θ, x−j), describing the uncertainty of the
predicted outcome, conditional on the features, one can then proceed to do posterior inference on the
missing feature. Upon observing a realized house price y, Bayes’ rule yields the posterior distribution
of the uncertain feature:

p(θ | x−j , y) ∝ q(y | θ, x−j) p(θ | x−j).
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Hence, the predictive density acts as a likelihood function that allows the predictionmodel to be inverted,
transforming outcome information into information about missing inputs. The use of a predictive density
is essential, since it assigns a likelihood to each possible observed outcome y. This formulation shows
that predictive densities provide more than uncertainty quantification: they enable probabilistic infer-
ence over latent or missing covariates by serving as likelihood functions within a Bayesian updating
framework. Although this is not a focus of our current thesis, it highlights the relevance of predictive
densities and will most definitely be a topic of further research within Ortec Finance.

Conformal prediction
At the turn of the millennium, a new framework for prediction intervals emerged that has become a
”gold standard” in many applications, including machine learning: conformal prediction [38]. The main
advantage of the framework, compared with standard predictions, is that it provides a finite sample
marginal coverage guarantee. By introducing an additional recalibration step of the model, in which
one adjusts their prediction based on how non-conforming the observations are compared to the pre-
diction made, this framework can, on average, provide well-calibrated prediction intervals, something
that other standard prediction methods are unable to do [38, 27]. The conformal outline also extends
to predictive distributions, where it remains marginally well-calibrated in finite samples. Additionally,
conformal predictions are entirely model-agnostic and achieve desirable results even under model mis-
specification.

Outline of present thesis
We aim to present a unified and coherent framework for properly quantifying uncertainty: first through
conformal prediction intervals, then through conformal predictive distributions. Our overarching goal in
the present work is to extend conformal predictive distributions [39, 40, 41, 23] to be able to retrieve
predictive densities, that is, conditional probability density functions of the target variable of interest,
based on the newly observed feature, which are sufficiently accurate and broadly general. We will stay
within the conformal framework to retain as many of the marginal guarantees inherent to these methods
as possible.

We shall first provide a brief overview of Kernel Density Estimation in Chapter 2, a classical nonpara-
metric method of constructing an unconditional probability density function. This method is based on
the assumption that the observations Y1, . . . , Yn are independent and identically distributed. Hence, it
does not account for any of the model’s features.

We shall then turn our attention towards prediction intervals with features in the model. Prediction in-
tervals give a range within which the future outcome is expected to fall at a given level. They communi-
cate uncertainty in simple terms and allow decision makers to interpret results easily. Model-agnostic
prediction intervals have uses, for example, in medicine, where they have been applied to estimate
changes in lipid and lipoprotein levels [20]. Chapter 3 gives an overview of current conformal predic-
tion interval methods and expands upon the present literature by presenting a proof of the fact that the
Split Conformal Direct Prediction Method [12] is well-calibrated. The conformal prediction framework
has been mainly used to construct prediction intervals [38, 27, 12], but it has also been extended to
construct predictive distributions [41, 40, 39]. This framework is notable in two principal ways: it is
model-agnostic, that is, it does not rely on any parametric assumptions on the underlying model, and
it retains a finite-sample marginal coverage guarantee.

The extension from conformal prediction intervals to conformal predictive distributions [41, 39] is given
in Chapter 4. We adapt the finite-sample marginal coverage guarantee of conformal prediction intervals
to conformal predictive distributions in this chapter, and extend this concept to allow for asymptotic
conformal predictive distributions. This extension is needed to produce true cumulative distribution
functions and to act as a bridge to retrieving predictive densities. We contribute to the existing literature
by providing several results that quantify the distance from the true uniform distribution of the probability
integral transform of asymptotic conformal predictive distributions.

The extension to predictive densities is given in Chapter 5, where we discuss four approaches, including
a novel method we call quantile-matching. Our method essentially functions as a compromise between
a direct finite-differencing approach, which can be fuzzy and can obscure underlying characteristics of
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the predictive density, and a Gaussian filtering approach, which creates the smoothest densities but
damages the marginal calibration inherent in conformal predictive distributions. Our method success-
fully manages to decrease the fuzziness of the raw finite-differenced conformal predictive densities,
while remaining within a reasonable bound from the theoretical Unif[0, 1] distribution in Probability Inte-
gral Transform. Furthermore, we draw a valuable connection between the quantile-matching induced
distribution and the crisp modification of conformal predictive distributions. The quantile-matching
method we propose allows users to choose their quantile resolution, which can be beneficial when
practitioners are more interested in, say, more extreme quantiles. We believe there is room for further
research on our methodology, as it is a promising addition to the literature due to its flexibility and ease
of implementation, especially with standard conformity scores.

Applications to a large simulated dataset of real estate prices are presented in Chapter 6, where the
performance of the different approaches is evaluated across multiple metrics. We find that running
the quantile-matching algorithm is more efficient than running the full conformal prediction distribution
algorithm, particularly in large calibration sizes. It is particularly well-suited for computing tail means,
while maintaining similar performance across various metrics, including the mean integrated squared
error and the continuous ranked probability score.



2
Kernel Density Estimation

The most common choice for estimating density functions is kernel density estimators (KDEs). They
were introduced independently by Parzen [26] and Rosenblatt [28]. The present chapter is dedicated
to presenting the idea behind Kernel Density Estimators and understanding their uses and limitations.

Let us now focus on a set of independent and identically distributed random variables Y1, . . . , Yn with
continuous density function f(y) (except for finitely many points). In this very simple setting, building a
prediction density for a new observation Yn+1 is the same as estimating the density function f(y) at all
points y in a sufficiently large interval for our application. However, even in this simplified setting, the
problem of constructing predictive densities is nontrivial. For starters, Rosenblatt [28] observes that
there is no unbiased estimator for all continuous density functions f(y) for all y ∈ [a, b], irrespective
of the interval [a, b]. Therefore, one needs to consider alternative metrics for the performance of our
prediction densities. Here, we provide a proof of this statement, filling in some gaps in the original
paper [28].

Theorem 2.1. There is no unbiased estimator T (Y,y) of f(y) for all continuous density functions f on
R.

Proof. The proof hinges on an argument by contradiction and the fact that the unordered set {Y1, . . . , Yn}
is a sufficient and complete statistic for the set of all continuous density functions (except for finitely
many points).

To see that this is the case, observe that the likelihood function can be rewritten as

L(y1, . . . , yn | f) =
n∏

i=1

f(yi) =
∏

y∈{y1,...,yn}

f(y).

Define
g({y1, . . . , yn}, f) :=

∏
y∈{y1,...,yn}

f(y), h(y1, . . . , yn) := 1.

Then,L ∼= g·h, so by the Fisher-Neyman factorization theorem (see, for instance, [1]), indeed {Y1, . . . , Yn}
is a sufficient statistic for the problem.

Furthermore, {Y1, . . . , Yn} is also a complete statistic for our problem. This step fills a gap in Rosen-
blatt’s [28] proof, which relies on citing lecture notes from 1950. These lecture notes appear to be lost,
so we reason here independently to complete this step. To proceed, let g(Y1, . . . , Yn) be any symmetric
function of Y1, . . . , Yn mapping to the real numbers. We show directly that the definition of complete-
ness holds: if Efg({Y1, . . . , Yn}) = 0 for all continuous densities f , then g({Y1, . . . , Yn}) = 0 f -a.s.
Suppose that indeed Efg(Y1, . . . , Yn) = 0 for all continuous densities f . To proceed, let us fix a point
(y1, . . . , yn) ∈ Rn. Consider, for each yi, the sequence of density functions (fm,yi)

∞
m=1 defined by

fm,yi
(y) =

m

2
1[yi− 1

m ,yi+
1
m ](y),

6
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each corresponding to a Unif[yi − 1
m , yi +

1
m ] random variable. Next, mix these densities to form the

sequence

fm,(y1,...,yn)(y) :=

n∑
i=1

1

n
fm,yi

(y) =
m

2n
1[y1− 1

m ,y1+
1
m ]∪···∪[yn− 1

m ,yn+
1
m ](y).

For this particular sequence, we have, by assumption,

Efm,(y1,...,yn)
g({Y1, . . . , Yn}) =

∫
Rn

g({x1, . . . , xn})
n∏

i=1

fm,(y1,...,yn)(xi) dx1 · · · dxn

=
(m

2n

)n ∫
Rn

g({x1,. . ., xn})1(∪n
i=1[yi− 1

m ,yi+
1
m ])

n(x1,. . ., xn)d({x1,. . ., xn})

= 0.

Using the Lebesgue differentiation theorem [22], taking the limit in the above, we obtain that, for almost
all (y1, . . . , yn) ∈ Rn, g({y1, . . . , yn}) = 0. This is independent of the underlying density f , as the
integration is done with respect to the Lebesguemeasure, and, consequently, Pf (g(Y1, . . . , Yn) = 0) = 1
for all f . Thus, {Y1, . . . , Yn} is a complete statistic for the problem.

Now, suppose, for the sake of contradiction, that there exists an estimator T (Y, y) such thatET (Y, y) =
f(y) for all continuous f and all y. We may assume, moreover, that the estimator is symmetric in each
component y1, . . . , yn, since the unordered set {Y1, . . . , Yn} is a sufficient statistic for f . Now, observe
that if T (Y, y) is a symmetric estimator of f(y), then also

∫ b

a
T (Y, y)dy is a symmetric estimator of

F (b)− F (a). Moreover, the estimator is unbiased, since, by Fubini’s theorem,

E
∫ b

a

T (Y, y)dy =

∫ b

a

ET (Y, y)dy =

∫ b

a

f(y)dy = F (b)− F (a).

However, F̂n(b) − F̂n(a), where F̂n is the empirical cumulative distribution function, defined as in Def-
inition 3.3, is also an unbiased symmetric estimator of F (b) − F (a). This is easy to see, since in the
case of i.i.d random variables E F̂n(b) =

1
n

∑n
i=1 P(Zi ≤ b) = F (b).Therefore, we obtain that

Ef

(∫ b

a

T (Y, y)dy − (F̂n(b)− F̂n(a))

)
= 0 for all continuous f,

implying that
∫ b

a
T (Y, y)dy = F̂n(b) − F̂n(a) for all a and b and almost all Y1, . . . , Yn, by completeness

of {Y1, . . . , Yn}. This, in turn, implies that F̂n(y) is continuous in y for almost all Y1, . . . , Yn, which leads
to a contradiction.

We conclude that there exists no unbiased estimator for the class of continuous density functions.

The above theorem highlights the inherent difficulty in tracking the performance of predictive densities,
even in simple settings such as independent and identically distributed observations of the target vari-
ables. In pursuit of quantifying this performance, Rosenblatt [28] and Parzen [26] settle for the good
asymptotic properties of Kernel Density Estimators.

We now proceed to describe the technique of Kernel Density Estimation. Firstly, let us note that to esti-
mate the probability density function f(y) given n i.i.d. observations Y1, . . . , Yn, a natural choice starts
from the unbiased estimator of the cumulative distribution function, namely, the empirical cumulative
distribution function, and applying a central difference scheme of the type

f̂n(y) =
F̂n(y + h)− F̂n(y − h)

2h
, (2.1)

where h is chosen suitably (more details on how to choose h are discussed later). Then, what lies at the
basis of the technique is a simple observation Parzen made in [26], namely that (2.1) can be rewritten
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as the weighted average

f̂n(y) =

∫ ∞

−∞

1

h
K

(
y − x

h

)
dF̂n(x) =

1

n

n∑
i=1

1

h
K

(
y − Yi

h

)
, (2.2)

where

K(y) =

{
1
2 , |y| ≤ 1

0, |y| > 1.
(2.3)

Rewriting (2.1) in the form of (2.2) opens up the study of Kernel Density Estimation, by replacing the
representation of K(y) in (2.3) with other functions. In the original works, Rosenblatt [28] and Parzen
[26] investigate suitable choices for h and K(y) so that the representation in (2.2) is asymptotically
unbiased and consistent at every point of continuity y. Furthermore, by varying the size of h with the
sample size n, one would also desire that limn→∞ hn = 0, as to be consistent with the original central
difference scheme framework. Under this condition, we look for choices of K(y) such that

lim
n→∞

Ef̂n(y) = f(y). (2.4)

The sufficient conditions on K are given below. [32]

K(y) ≥ 0 for all y ∈ R (non-negativity), (2.5)
K(y) = K(−y) for all y ∈ R (symmetry), (2.6)

sup
y∈R

K(y) <∞ (uniform boundedness), (2.7)

lim
y→∞

yK(y) = 0 (regular tail behavior), (2.8)∫ ∞

−∞
K(y)dy = 1 (normalization), (2.9)∫ ∞

−∞
y2K(y)dy <∞ (finite second moment). (2.10)

From now on, we shall need these conditions for K. It is convenient to give such functions a suitable
name.
Definition 2.2 (Kernel). A function K satisfying (2.5)-(2.10) is called a kernel.

Observe that
Ef̂n(y) = E

(
1

hn
K

(
y − Y1

hn

))
=

∫ ∞

−∞

1

hn
K

(
y − x

hn

)
f(x)dx. (2.11)

The following theorem, which follows from a broader framework in [5], shows that a kernel implies
asymptotic unbiasedness of estimators of the type described in (2.2).
Theorem 2.3. Let K be a Borel function satisfying (2.5), (2.7) and (2.8) and∫ ∞

−∞
K(y)dy <∞,

and hn a sequence of positive constants satisfying (2.12). Let f satisfy∫ ∞

−∞
|f(y)|dy <∞.

Define the sequence

fn(y) =
1

hn

∫ +∞

−∞
K

(
y − x

hn

)
f(x)dx.

Then, at every point y of continuity of f , we have

lim
n→∞

fn(y) = f(y)

∫ ∞

−∞
K(x)dx



9

Proof. First, observe that, after a change of variables in fn,

fn(y)− f(y)

∫ ∞

−∞
K(x)dx =

∫ ∞

−∞
(f(y − x)− f(y))

1

hn
K

(
x

hn

)
dx.

Now fix δ > 0 and split the region of integration into two parts: |x| ≤ δ and |x| > δ. Then, using the
triangle inequality,∣∣∣∣fn(y)− f(y)

∫ ∞

−∞
K(x)dx

∣∣∣∣ ≤ max
|x|≤δ

|f(y − x)− f(y)|
∫
|z|≤ δ

hn

K(z)dz

+

∫
|x|>δ

(|f(y − x)|+ |f(y)|) 1

hn
K

(
x

hn

)
dx

≤ max
|x|≤δ

|f(y − x)− f(y)|
∫
|z|≤ δ

hn

K(z)dz +

∫
|x|>δ

|f(y − x)|
x

x

hn
K

(
x

hn

)
dx

+ |f(y)|
∫
|x|>δ

1

hn
K

(
x

hn

)
dx

≤ max
|x|≤δ

|f(y − x)− f(y)|
∫ ∞

−∞
K(z)dz +

1

δ
sup

|z|> δ
hn

|zK(z)|
∫ ∞

−∞
|f(x)|dx+ |f(y)|

∫
|z|> δ

hn

K(z)dz.

When one lets n tend to∞, the quantity δ
hn

goes to∞, therefore, by the regular tail behavior property
of (2.8), the second term vanishes, and by the hypothesis that

∫∞
−∞ K(y)dy < ∞, we also get that∫

|z|> δ
hn

K(z)dz goes to 0, and so the third term vanishes. Upon letting δ → 0, by continuity of f at y,
the first term vanishes as well. Therefore, we conclude that

lim
n→∞

fn(y) = f(y)

∫ ∞

−∞
K(x)dx.

Corollary 2.3.1. LetK(y) be a kernel and hn a sequence of positive constants satisfying (2.12). Define
f̂n(y) as in (2.2). Then

lim
n→∞

Ef̂n(y) = f(y).

Proof. In Theorem 2.3, take fn(y) = Ef̂n(y). Using (2.11) and the fact that the kernel is normalized by
(2.9), the conclusion follows.

Another desirable property of the class of kernel density estimators is consistency. In this way, one
can ensure convergence in probability to the true density function. To obtain this, we need one more
condition on the sequence hn, namely that limn→∞ nhn = +∞.

It is convenient to name such a sequence, and the common name in the literature is a sequence of
bandwidths [32].

Definition 2.4 (Bandwidth). A sequence hn satisfying

lim
n→∞

hn = 0 (2.12)

and
lim
n→∞

nhn = +∞. (2.13)

is called a sequence of bandwidths.

We now show that indeed kernels, together with a sequence of bandwidths, make the estimators in
(2.2) consistent [26].

Theorem 2.5. Let K be a kernel and hn a sequence of bandwidths. Then the estimators in (2.2) are
consistent.
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Proof. First, note that
Var(f̂n(y)) =

1

n
Var

(
1

hn
K

(
y − Y1

hn

))
.

Additionally, we have, provided that K2 satisfy the properties in Theorem 2.3, that, as n→∞,

hnE
(

1

hn
K

(
y − Y1

hn

))2

=
1

hn

∫ ∞

−∞
K2

(
y − x

hn

)
f(x)dx→ f(y)

∫ ∞

−∞
K2(x)dx,

in view of Theorem 2.3. Indeed, K2 satisfies non-negativity (2.5) and uniform boundedness (2.7) triv-
ially, and (2.8) is inherited from the regular tail behavior of K combined with its uniform boundedness.
Note also that

∫ +∞
−∞ K2(y)dy ≤ supy∈R K(y)

∫∞
−∞ K(y)dy < ∞, so that all conditions of Theorem 2.3

are satisfied. Additionally, we get from Corollary 2.3.1 and (2.11) that
[
E
(

1
hn

K
(

y−Y1

hn

))]2
→ f2(y)

and consequently, as n→∞,

hn

[
E
(

1

hn
K

(
y − Y1

hn

))]2
→ 0 as n→∞.

Therefore,
lim

n→∞
nhnVar(f̂n(y)) = f(y)

∫ ∞

−∞
K2(x)dx,

and consequently, under condition (2.13), we get limn→∞ Var(f̂n(y)) = 0. Therefore, we have, in terms
of the mean squared error

MSE(f̂n(y), f(y)) := E(f̂n(y)− f(y))2 = Var(f̂n(y)) + (E(f̂n(y))− f(y))2 → 0 as n→∞,

in view of Corollary 2.3.1. Thus, f̂n(y) → f(y) in L2, and so also in probability, making the estimator
consistent.

We have seen above that, under certain assumptions, Kernel Density Estimators have locally good
asymptotic properties. Namely, they are asymptotically unbiased and consistent at every point of con-
tinuity of the underlying density function. However, the scope of density estimation is to have a good
prediction density for every point y in the domain. It becomes evident that we need better criteria for
quantifying the error made by density estimators that take into account their global behavior. Such a
criterion, which is widely used in the literature, is the Mean Integrated Squared Error (MISE) [28, 32].

Definition 2.6 (MISE). The Mean Integrated Squared Error of a density estimator f̂ of f is defined as

MISE(f̂ , f) :=

∫
E(f̂(x)− f(x))2dx =

∫
Var(f̂(x))dx+

∫
(Ef̂(x)− f(x))2dx.

The study of Kernel Density Estimators now translates into appropriate choices of the kernel and the
bandwidths that minimize the mean integrated squared error.

The optimal choice of bandwidths
For this section, we follow the exposition in [32]. For convenience, we can also drop the subscripts hn

and f̂n(x) when it is clear that we are dealing with a sample size of n and that the bandwidth depends
on the sample size. Let us first focus on the bias term in the MISE formula. We can write

Ef̂(x)− f(x) =

∫
1

h
K

(
x− y

h

)
f(y)dy − f(x)

=

∫
K (t) [f(x− ht)− f(x)]dt,



11

after a change of variables t = x−y
h and using the normalization property (2.9) of kernels. Assume

that the true density function is twice continuously differentiable, so that we can use a Taylor series
expansion around x,

f(x− ht) = f(x)− htf ′(x) +
1

2
h2t2f ′′(x) +O(h3). (2.14)

Then, in the bias formula, we get

Ef̂(x)− f(x) = −hf ′(x)

∫
tK(t)dt+

1

2
h2f ′′(x)

∫
t2K(t)dt+O(h3) =

1

2
h2f ′′(x)

∫
t2K(t)dt+O(h3),

(2.15)
since

∫
tK(t)dt = 0 by the symmetry property (2.6) of kernels. Let

k2(K) :=

∫
t2K(t)dt.

Then the integrated bias-squared term can be approximated as∫
(Ef̂(x)− f(x))2dx ≈ 1

4
h4k2(K)2

∫
f ′′(x)2dx (2.16)

We now turn to the integrated variance term. First, note that

Ef̂(x) =
∫

1

h
K

(
x− y

h

)
f(y)dy (2.17)

and

Var(f̂(x)) = 1

n

∫
1

h2
K2

(
x− y

h

)
f(y)dy − 1

n

[∫
1

h
K

(
x− y

h

)
f(y)dy

]2
, (2.18)

which, under the same t change of variable and the Taylor expansion (2.14) approximates as follows,
when n is large and h is small,

Var(f̂(x)) = 1

n

∫
1

h
K2 (t) f(x− ht)dt− 1

n
[f(x) + Ef̂(x)− f(x)]2

=
1

n

∫
1

h
K2 (t) f(x− ht)dt− 1

n
[f(x) +O(h2)]2 (using (2.15))

=
1

nh

∫
(f(x)− htf ′(x) +O(h2))K2(t)dt+O(1/n)

=
1

nh
f(x)

∫
K2(t)dt+O(1/n)

≈ 1

nh
f(x)

∫
K2(t)dt.

Integrating over x and using the fact that f is a density function, we obtain the integrated variance
approximation ∫

Var(f̂(x))dx ≈ 1

nh

∫
K2(t)dt. (2.19)

Combining (2.16) and (2.19) yields the following approximation for MISE.

MISE(f̂ , f) ≈ 1

nh

∫
K2(t)dt+

1

4
h4k2(K)2

∫
f ′′(x)2dx. (2.20)

Observe the bias-variance tradeoff in the above formula. The first term grows like 1
h , whereas the sec-

ond term grows like h4. In other words, the bias can be minimized by choosing a small bandwidth, but
this would lead to a large variance, and vice versa. One has to instead balance both terms simulta-
neously. We may now optimize for the bandwidth that minimizes the approximate value of the MISE.
This lemma was originally stated without proof by Parzen in [26].



12

Lemma 2.7. The optimal value that minimises the MISE approximation in (2.20) is given by

hopt = n−1/5k2(K)−2/5

(∫
K2(t)dt

)1/5(∫
f ′′(x)2dx

)−1/5

. (2.21)

Proof. Let A = 1
n

∫
K2(t)dt and B = 1

4k2(K)2
∫
f ′′(x)2dx Then the optimization problem can be cast

as
min
h>0

Ah−1 +Bh4.

Taking the first derivative with respect to h and setting it to zero yields −Ah−2 +4Bh3 = 0, which gives
the optimal value for h as hopt = A1/5(4B)−1/5. As the second derivative is given by d2

dh2 (Ah−1+Bh4) =

2Ah−3 + 12Bh2 > 0 for all h > 0, hopt = A1/5(4B)−1/5 is a global minimum. Retrieving back A and B
gives exactly the optimum in (2.21).

Note that the formula for the optimal bandwidth comeswith an intrinsic issue: it depends on the unknown
density function itself. However, important conclusions can be drawn from this formula [32]. First, the
optimal bandwidth indeed converges to zero as the sample size increases and also satisfies condition
(2.13) that limn→∞ nhn =∞. However, the rate of convergence to zero is rather slow at a rate of n−1/5.
Additionally, since hopt depends on the term

∫
f ′′(x)dx, which measures the speed of fluctuations in

the underlying density, this indicates that smaller values of h are more appropriate for highly fluctuating
densities.

With the optimal bandwidth value now known, we now move to the problem of choosing an appropriate
kernel.

The optimal choice of kernels
We can now substitute the value of hopt found in (2.21) back into (2.20) to obtain the approximated
MISE

M̂ISE(f̂ , f) =
5

4
n−4/5k2(K)2/5

(∫
K2(t)dt

)4/5(∫
f ′′(x)2dx

)1/5

. (2.22)

All other things being equal, one should choose the kernel that minimizes the quantity

C(K) := k
2/5
2 (K)

(∫
K2(t)dt

)4/5

. (2.23)

Additionally, observe that if k2(K) 6= 1, one can substitute the kernel K by K̃ = k
1/2
2 (K)K(k2(K)1/2t).

Then k2(K̃) = 1 and C(K̃) = C(K). In other words, we can assume without loss of generality that
k2(K) = 1. Then the problem can be reduced to the following optimization problem

min

∫
K2(t)dt

subject to
∫

K(t)dt = 1∫
t2K(t)dt = 1

K(t) = K(−t)
K(t) ≥ 0.

(2.24)

The cast optimization problem is now independent of f , the bandwidth h, and the sample size n.
Epanechnikov [11] and, in a different context, Hodges and Lehmann [18] give the solution to this opti-
mization problem directly. Here, we provide a detailed proof of this fact, as the original papers give the
result as a known fact, without going into details.
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Theorem 2.8. The kernel optimizing (2.24) is given by the Epanechnikov kernel [11]

Ke(t) =

{
3

4
√
5

(
1− 1

5 t
2
)
, −

√
5 ≤ t ≤

√
5

0 otherwise.
(2.25)

Proof. We proceed by using the Lagrange multipliers method with integral (isoperimetric) constraints
[24]. Since the problem we are dealing with does not involve a first-derivative condition on K, the
Lagrange augmented integral becomes, in the unconstrained sense,∫

(K2(t) + λ1K(t) + λ2t
2K(t))dt

and the Euler condition becomes

0 =
d

dK
(K2(t) + λ1K(t) + λ2t

2K(t)) = 2K(t) + λ1 + λ2t
2,

pointwise in t. We can then solve for λ1 and λ2 by plugging in the formula found forK(t) from the Euler
equation

K(t) =
−λ1 − λ2t

2

2
(2.26)

back into the constraints
∫
K(t)dt = 1 and

∫
t2K(t)dt = 1. To ensure that

∫
K(t)dt = 1 and K is

symmetric, we have to truncate the domain of integration on a symmetric interval [−a, a]. Therefore,
the conditions become

−λ1a− λ2
a3

3
= 1,

−λ1
a3

3
− λ2

a5

5
= 1.

Solving this linear system for λ1 and λ2 yields

λ1 =
3(5− 3a2)

4a3
,

λ2 =
15(a2 − 3)

4a5
.

Plugging these values back into (2.26), we get, after simplifying,

K(t) =
3

4a

(
1− t2

a2

)
on [−a, a], (2.27)

and integrating K2(t) to retrieve the objective function yields∫ a

−a

K2(t)dt =
3

8

(
3

a
− 10

a3
+

15

a5

)
.

The last step is to minimize over a to achieve the global minimum. Taking the first derivative and setting
it to zero yields the equation −3a4 + 30a2 − 75 = 0, or, alternatively, −3(a2 − 5)2 = 0. Therefore, the
unique nonnegative solution is a =

√
5. Plugging this back into (2.27) yields exactly the Epanechnikov

kernel in (2.25).
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Comparison of different kernels
It is now illustrative to compare different kernels to the optimal Epanechnikov kernel in terms of their
efficiency [32], which we define below.

Definition 2.9 (Kernel efficiency). The efficiency of a kernel K is defined by

eff(K) =

[
C(K)

C(Ke)

]5/4
, (2.28)

where C(K) is defined as in (2.23).

We scale by the power 5/4 above since, as Kendall explains in [32, Section 3.3.2], for large n, the
MISE will be the same whether we use n observations and the kernel K or whether we use n eff(K)
observations and the kernel Ke. Table 2.1 gives the efficiency of different kernels.

Table 2.1: Comparison of Common Kernel Functions and Their Efficiencies

Kernel K(t) Efficiency

Epanechnikov K(t) =
3

4
√
5

(
1− t2

5

)
|t| ≤

√
5,

0 otherwise 1
Biweight K(t) =

15

16
(1− t2)2 |t| ≤ 1,

0 otherwise 0.9939
Triangular K(t) = 1− |t| |t| ≤ 1

0 otherwise 0.9859
Gaussian K(t) =

1√
2π

e−t2/2 0.9512

Rectangular K(t) =
1

2
|t| ≤ 1

0 otherwise 0.9295

Table 2.1 shows that even though the Epanechnikov kernel is indeed theoretically optimal, the differ-
ences are quite small compared to other kernels. It is desirable then to choose kernels based on
smoothness, and in many practical applications, the normal kernel is preferred.

3 2 1 0 1 2 3
u

0.0

0.2

0.4

0.6

0.8

1.0

K(
u)

Kernel Function Comparison
Rectangular
Gaussian
Triangular
Biweight
Epanechnikov

Figure 2.1: Comparison of the five kernel functions
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Estimating the optimal bandwidth
Since, as we’ve seen before, the optimal bandwidth (2.21) depends on the unknown density, one must
rely on estimating it instead. Put into context, the problem of choosing an appropriate bandwidth is
crucial in Kernel Density Estimation, as it influences the end result significantly more than the choice
of the kernel. Here, we discuss two different approaches for estimating the bandwidth: a subjective
choice and an automated choice. For simple purposes of data exploration, a subjective choice is
often sufficient. However, in high-risk applications, the automated choice is preferable, as it provides a
standardized method for selecting the bandwidth. We once again follow the exposition in [32].

The subjective choice

As a subjective choice, we can start with the parametric assumption that f is normally distributed with
mean µ and variance σ2. Then ∫

f ′′(x)2dx =
3

8
π−1/2σ−5 ≈ 0.212σ−5.

Using a Gaussian kernel and estimating the variance σ from the data gives the estimated optimal
bandwidth in (2.21) as

ĥopt = (4π)−1/10

(
3

8
π−1/2

)−1/5

σ̂n−1/5 ≈ 1.06σ̂n−1/5. (2.29)

A fast approach to estimate the bandwidth under this paradigm is to approximate the standard deviation
by the sample standard deviation and plug it into (2.29). This will work fine in the case of unimodal
distributions that are “somewhat” normal, but it will oversmooth the distribution if the distribution is
multimodal, as

∫
f ′′(x)2dx will be much larger relative to the normal distribution. To adjust for this

issue, the following heuristic change for σ̂ in (2.29) is suggested

A = min(sample standard deviation, interquartile range/1.34),

combined with reducing the factor of 1.06 in (2.29) to 0.9 leading to

ĥSilverman = 0.9An−1/5. (2.30)

This will do well with unimodal densities and will not do too badly with bimodal densities. In most
simulations, Silverman [32] notes that this estimated bandwidth performs well for a wide variety of
parametric underlying distributions. From now on, we shall call the choice of bandwidth as in (2.30)
Silverman’s rule of thumb. Unfortunately, there is no soundmathematical reason to picking the constant
1.34 to divide by in the standard deviation estimation, but rather it is seen through trial-and-error done
by Silverman in [32] that for a wide range of underlying distributions, the MISE of the estimation using
(2.30) as a bandwidth is within 10% of the optimum.

The automated choice: likelihood cross-validation

The regime of cross-validation requires us to introduce another goodness-of-fit criterion, namely the
Integrated Squared Error (ISE).

Definition 2.10 (ISE). For a given density estimator f̂ , the Integrated Squared Error is defined by

ISE(f̂ , f) :=

∫
(f̂(t)− f(t))2dt =

∫
f̂(t)2dt− 2

∫
f̂(t)f(t)dt+

∫
f2(t)dt. (2.31)

Remark 1. Note that, by Fubini’s theorem, E
[
ISE(f̂ , f)

]
= MISE(f̂ , f).

Observe that the density estimator that minimizes the integrated squared error also minimizes

R(f̂) :=

∫
f̂(t)2dt− 2

∫
f̂(t)f(t)dt, (2.32)
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as the last term in the ISE formula depends only on the underlying density f . To be able to solve the
minimization problem without knowing f , we need to replace R(f̂) by an estimator R̂(f̂). Herein lies
the cross-validation principle.

If a random variable X has the same density f as Y1, . . . , Yn and is also independent of them, then

E(f̂(X) |Y1, . . . , Yn) =

∫
f̂(t)f(t)dt,

which is, up to scaling, exactly the second term in R(f̂). Therefore, if we had additional observations
X1, . . . , Xm, we could estimate

∫
f̂(t)f(t)dt by 1

m

∑m
i=1 f̂(Xi), as an estimator of the associated con-

ditional expected value above. Unfortunately, such additional observations are not available, and we
rely on the cross-validation principle. Let us define f̂−i to be the density estimator obtained from all
observations Y1, . . . , Yn except for the i-th. We can then replace Xi with Yi and f̂ with f̂−i and apply
the conditional expectation principle above with these estimated densities instead. We now work with
n− 1 observations instead of n, leading to the estimated value for R(f) as

R̂(f̂) =

∫
f̂(t)2dt− 2

n

n−1∑
i=1

f̂−i(Yi). (2.33)

Minimizing R̂(f̂) is now possible as it depends entirely on the estimated densities. Choosing an optimal
bandwidth that minimizes R̂(f̂) is possible once we choose a specific kernel. Additionally, the use of n
instead of n− 1 in the denominator of (2.33) stems from a heuristic argument in the literature [32] that
the difference is small for large n.

Finally, we point out that cross-validation is a computationally expensive method, as it requires recom-
puting the density estimator n times and then solving an optimization problem. While for small sample
sizes this might be feasible (n < 10000), in the context of large samples, an appropriate approach is to
select a small subsample to compute the cross-validated bandwidth on, and then apply it to the original
dataset.

Examples
We conclude this chapter by showcasing some examples of kernel density estimation in various con-
texts. We first showcase the performance of KDEs for the purposes for which they were built: indepen-
dent and identically distributed random variables. We then visualize what happens when we deviate
from the independence assumption.

Let us first compare the performance of four different kernels for a random sample of 5000 i.i.d N(0, 1)
random variables. Since the underlying distribution is exactly normal, Silverman’s rule of thumb is an
appropriate choice of bandwidth, thereby avoiding the costly cross-validated bandwidth computations.
Either way, the comparison of the four kernels is shown in Figures 2.2 and 2.3 for both bandwidth
choices. The associated MISE values are given in Table 2.2.

Kernel Silverman’s Rule Cross-Validation (CV)
Gaussian 0.0020 0.0017
Epanechnikov 0.0055 0.0017
Biweight 0.0071 0.0017
Uniform 0.0044 0.0017

Table 2.2: MISE values of KDE for the N(0, 1) sample of size 5000 with four different kernels and different bandwidths.

We observe that the Gaussian Kernel performs best, perhaps unsurprisingly, irrespective of the chosen
bandwidth, since the underlying true distribution is Gaussian. A more interesting comparison arises
when the distribution is bimodal, which violates the underlying assumptions of Silverman’s rule of thumb.
In this case, we once more compare the performances of the four kernels, first with a fixed bandwidth
chosen using Silverman’s rule of thumb, and second with a cross-validated bandwidth for each kernel.
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Figure 2.2: A comparison of KDEs for a N(0, 1) sample of size 5000 with four different kernels with a fixed bandwidth chosen
through Silverman’s rule of thumb.
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Figure 2.3: A comparison of KDEs for a N(0, 1) sample of size 5000 with four different kernels with cross-validated
bandwidths.

The underlying bimodal distribution is an equally weighted mixture of N(−2, 0.8) and N(2, 0.8) random
variables, with true probability density function given by

f(x) = 0.5
1√

2π0.82
e−(x+2)2/(2·0.82)) + 0.5

1√
2π0.82

e−(x−2)2/(2·0.82)).

Figures 2.4 and 2.5 showcase the performance of KDE in this context.
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Figure 2.4: A comparison of KDEs for a bimodal sample of size 5000 with four different kernels with a fixed bandwidth chosen
through Silverman’s rule of thumb.

In line with the theoretical framework, one observes that an appropriate choice of bandwidths makes
the question of choosing the “best” kernel largely irrelevant - the four kernels have an identical MISE
when the bandwidth is cross-validated. However, when the bandwidth is chosen using Silverman’s rule
of thumb, Epanechnikov indeed yields the most accurate kernel density approximation to the true under-
lying density, but the improvement over the biweight or uniform kernels is incremental. The Gaussian
oversmooths in combination with Silverman’s bandwidth and, in doing so, deviates significantly from
the peaks of the bimodal distribution, leading to a MISE that is fourfold larger than that of the optimal
Epanechnikov kernel.

Kernel Silverman’s Rule Cross-Validation (CV)
Gaussian 0.00101 0.00022
Epanechnikov 0.00022 0.00022
Biweight 0.00025 0.00022
Uniform 0.00024 0.00022

Table 2.3: MISE values of KDEs for a bimodal sample of size 5000 with four different kernels and different bandwidths.
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Figure 2.5: A comparison of KDEs for a bimodal sample of size 5000 with four different kernels with cross-validated
bandwidths.

Introducing dependencies: the AR(1) model
Let us now observe how Kernel Density Estimation performs when the independence assumption is
violated. To showcase this, we will use KDE as a prediction density estimator for an AR(1) model.

The AR(1) model [31] with mean µ is formed by a sequence {Yt}nt=1 defined by the following recursion

Yt+1 = µ+ ϕ(Yt − µ) + ϵt, (2.34)

where ϕ is the parameter of the model and ϵt ∼ N(0, σ2
ϵ ). Observe that if Y1 ∼ N(µ, σ2)with σ2 :=

σ2
ϵ

1−ϕ2 ,
then Yt ∼ N(µ, σ2) for all t. The proof is by induction. First, the base case is satisfied by assumption,
so we can move directly to the induction step and assume that Yt ∼ N(µ, σ2). The normality follows
from the fact that a linear combination of normal random variables is also normal. The mean is given
by E(Yt+1) = µ+ ϕ(E(Yt)− µ) = µ, and the variance is given by

Var(Yt+1) = ϕ2Var(Yt) + σ2
ϵ = ϕ2 σ2

ϵ

1− ϕ2
+ σ2

ϵ =
σ2
ϵ

1− ϕ2
= σ2.

Observe then that the process is weak-sense stationary if |ϕ| < 1 in the sense that the AR(1) model with
Y1 ∼ N(µ, σ2) retains the same marginal distribution over all Yt, while introducing sequential dependen-
cies between the random variables. This makes it a perfect candidate for our kernel density estimation
showcase and for seeing what happens when dependencies are introduced between random variables.

We simulate three AR(1) models where each random variable has a marginal N(12.5, 0.52) distribution
with different ϕ’s: ϕ = 0.8, ϕ = 0.99 and ϕ = 0.999. For each of these ϕ’s, we use a time horizon of 5000,
and we aim to naively estimate the marginal distribution at step 5000 using Kernel Density Estimation
based on the first 4999 samples, which are treated as independent samples. Due to the way the AR(1)
process is obtained, we expect that the larger the ϕ, the worse KDE will perform, as ϕ = 1 is the critical
point of weak-sense stationarity, on the one hand, and the larger the ϕ, the more ‘dependent’ on the
previous value the process is, on the other.

KDE is performed using a Gaussian kernel for smoothness, with both Silverman’s bandwidth choice
and cross-validated bandwidths (on a subsample of size 900 for computational efficiency).
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Figure 2.6: KDE prediction density estimates based on samples of size 5000 using Silverman’s rule of thumb and
cross-validated bandwidths for different values of ϕ.
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ϕ Cross-Validation (CV) Silverman’s Rule
0.8 0.001607 0.001305
0.99 0.011846 0.011545
0.999 0.044694 0.040616

Table 2.4: MISE values for different ϕ values and bandwidth selection methods

From these figures, our intuition is confirmed. We observe that KDE performs relatively well on the
AR(1) model when ϕ is relatively small, but starts to break down when ϕ approaches 1. Observe that
KDE can no longer retain even the basic shape of the underlying marginal distribution, and, irrespec-
tive of the bandwidth chosen, it produces a trimodal distribution at ϕ = 0.999 and a slightly skewed
distribution at ϕ = 0.99. We note in Table 2.4 a significant almost four-fold increase in theMISE values
from ϕ = 0.99 to ϕ = 0.999.

We have seen that Kernel Density Estimation is suitable only in cases when we are interested in the
marginal distribution of our target variable and the sequence of observations is independent and iden-
tically distributed. In addition, the main advantageous properties of this method, such as consistency,
hold asymptotically, and no conclusions can be drawn in finite samples. A different framework is re-
quired in this case, which retains a finite sample marginal validity guarantee. From now on, we shall
focus on the conformal framework, first presenting the main ideas for retrieving prediction intervals,
then extending them to predictive distributions, and finally to predictive densities.



3
Conformal prediction intervals

The present chapter provides a broad overview of model-agnostic conformal prediction interval meth-
ods as a gentle transition to the more involved conformal distribution methods. Additionally, the chapter
includes a proof of the theoretical coverage guarantee of the split conformal direct prediction method,
a new addition to the literature on prediction intervals.

In this chapter, we work in the following setting. Let us have a sample set {(Xi, Yi)
n
i=1}, where eachXi

is a random vector describing features of the target real-valued random variable Yi. Assume we have
p features and define the corresponding observation space as Rp+1 = Rp × R. An element z = (x, y)
with x ∈ Rp and y ∈ R of the observation space is called an observation consisting of features x ∈ Rp

and target y ∈ R. We aim, given a sequence of observations (zi)
n
i=1 and a new test feature xn+1, to

predict an interval in which the target yn+1 might fall. Furthermore, our prediction has to be marginally
accurate, that is, we aim to construct a prediction interval PI(Xn+1) atmiscoverage rate α. THis means
that the probability of the random Yn+1 being in the prediction interval is at least 1−α, takenmarginally
over the randomness of the test feature Xn+1 and all train and calibration points,

P(Yn+1 ∈ PI(Xn+1)) ≥ 1− α. (3.1)

If the method satisfies the above marginal coverage guarantee, it is also sometimes said to satisfy the
(1− α)-MC guarantee [2].

Unless mentioned otherwise, we will ultimately focus on retaining a marginal coverage guarantee as
in (3.1). All throughout, probabilities are taken with respect to all samples {(Xi, Yi)}ni=1 and test point
(Xn+1, Yn+1).

We ask that the method is model-agnostic, in the sense that it works irrespective of the joint distribution
PXY of each observation and the sample size n. The main framework for prediction intervals that
satisfies the (1− α)-MC guarantee is the conformal one, introduced in [38].

The four main methodologies we present in the current chapter for constructing prediction intervals are:
(Split) Conformal Prediction [38], Quantile Regression [21], Conformalized Quantile Regression [27],
and (Split) Conformal Direct Prediction Method [12]. Of the four, only the conformal ones satisfy the
(1− α)-MC guarantee.

Since all methods involve the use of quantiles, the following subsection is dedicated to summarizing
the key definitions and lemmas about quantiles, which will be of use in this chapter, particularly proving
marginal coverage guarantees.

A short review of (empirical) quantiles
To start, let us introduce some notation concerning quantiles. We then present two useful lemmas for
a subsequent proof in this chapter, variants of which can be consulted in [38]. First, we will define
quantiles and empirical quantiles.

22
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Definition 3.1 (True quantile). Denote the cumulative distribution function of a real-valued random
variable Z as F (z) := P(Z ≤ z), and the associated true quantile function at level α ∈ (0, 1) as
Qα := inf{z ∈ R : F (z) ≥ α}.

Similarly, we can define the right-quantile function.

Definition 3.2 (Right-quantile). The right-quantile function is defined as RQα := sup{z ∈ R : F−(z) ≤
α}, where F−(z) = P(Z < z).

When n observations are being made, the empirical cumulative distribution function and its associated
empirical quantiles can be defined as follows.

Definition 3.3 (Empirical quantiles). In the case of identically distributed random variables Z1, . . . , Zn,
we additionally define the empirical cumulative distribution function as F̂n(z) := 1

n

∑n
i=1 1{Zi≤z}. We

then define the empirical quantile function Q̃n
α as the true quantile function with respect to the empirical

CDF.

Definition 3.4 (Right empirical quantiles). The right empirical quantile R̃Q
n

α is the true right quantile
function with respect to F̂−

n (z) := 1
n

∑n
i=1 1Zi<z.

The empirical and right-empirical quantile functions can be written down explicitly [27] with respect to
the order statistics Z(1), . . . , Z(n) as

Q̃n
α = Z(⌈nα⌉), R̃Q

n

α = Z(⌊nα⌋+1). (3.2)

We now present two lemmas concerning exchangeable random variables and their respective quan-
tiles [38]. These two lemmas provide a bridge between the properties of quantiles and the theoretical
marginal coverage guarantee (3.1) we seek in the methods we present. Most notably, they lie at the
foundation of the proof at the end of this chapter, our personal contribution to this chapter.

Lemma 3.5. Let Z1, . . . , Zn be exchangeable random variables. Then

P(Zn ≤ Q̃n
α) ≥ α.

If, in addition, Z1, . . . , Zn are almost surely distinct, then

P(Zn ≤ Q̃n
α) ≤ α+

1

n
.

Proof. By exchangeability of Z1, . . . , Zn and the fact that the empirical quantile is a function of the order
statistics (so the initial order of Zi’s does not matter), we have P(Zn ≤ Q̃n

α) = P(Zi ≤ Q̃n
α). Additionally,

observe that

EF̂n(Q̃
n
α) = E

(
1

n

n∑
i=1

1{Zi≤Q̃n
α}

)
=

1

n

n∑
i=1

P(Zi ≤ Q̃n
α) = P(Zn ≤ Q̃n

α). (3.3)

Moreover, by definition of quantiles, it holds that F̂n(Q̃
n
α) ≥ a. Taking expectation on both sides, we

obtain that P(Zn ≤ Q̃n
α) ≥ α, which is the first result of the lemma.

In addition, if Z1, . . . , Zn are almost surely distinct, we observe that, for every z ∈ R, we have

F̂n(z)− F̂−
n (z) =

1

n

(
n∑

i=1

1Zi≤z −
n∑

i=1

1Zi<z

)
=

1

n

n∑
i=1

1Zi=z ≤
1

n
,

since at most one of the indicators can take the value one. Observe additionally that Z(⌈nα⌉) = Q̃n
α ≤

R̃Q
n

α = Z(⌊nα⌋+1). Therefore, we have that F̂n(Q̃
n
α) ≤ F̂n(R̃Q

n

α) ≤ F̂−
n (R̃Q

n

α) +
1
n ≤ α + 1

n , where the
last inequality is due to the construction of R̃Q

n

α so that it satisfies F̂−
n (R̃Q

n

α) ≤ α. Taking once again
expectations on both sides and using (3.3) yields P(Zn ≤ Q̃n

α) ≤ α+ 1
n .
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The next lemma concerns a similar result when another random variable is added to the set. Note that
the statement still refers to the empirical quantile of the first n observations. This is crucial for proving
the theoretical coverage guarantee of the split conformal direct prediction method.

Lemma 3.6. Let Z1, . . . , Zn+1 be exchangeable random variables. Then

P(Zn+1 ≤ Q̃n
α(1+ 1

n )) ≥ α.

If, in addition, Z1, . . . , Zn+1 are almost surely distinct, then

P(Zn+1 ≤ Q̃n
α(1+ 1

n )) ≤ α+
1

n+ 1
.

Proof. We first have to distinguish between the order statistics Z(1), . . . , Z(n) of the first n observations
and the order statistics Z∗

(1), . . . , Z
∗
(n+1) of all n+1 observations. Observe that Zn+1 ≤ Z(k) if and only if

Zn+1 ≤ Z∗
(k). Using the explicit formulas for the empirical quantiles, we have Q̃n

α(1+ 1
n )

= Z(⌈(n+1)α⌉)

and Q̃n+1
α = Z∗

(⌈(n+1)α⌉). Therefore, Zn+1 ≤ Q̃n
α(1+ 1

n )
if and only if Zn+1 ≤ Q̃n+1

α . Consequently,
P(Zn+1 ≤ Q̃n

α(1+ 1
n )
) = P(Zn+1 ≤ Q̃n+1

α ). The conclusion follows by applying Lemma 3.5 with n + 1

instead of n.

(Split) Conformal Prediction
The scope of the Split Conformal Prediction Method is to construct a prediction interval satisfying the
theoretical guarantee (3.1), irrespective of the sample size and the joint distribution of the samples.
This method relies on loose exchangeability assumption of the observations. The term “conformal”
was coined by Vovk et al. in [38] to describe a method that conforms to the underlying distribution with-
out any parametric assumptions, highlighting its model-agnosticity. We present the more streamlined
split version of the method here for brevity, which separates the data into a training set, used for fitting
the predictive model, and a calibration set, used for calibrating the prediction interval. In the context of
predictive distributions in the upcoming chapter, both the theoretical foundations of general conformal
methods and their split variants will be formalized. An acute reader will observe similarities between
the cross-validation principle presented in Chapter 2 and the conformalization principle for prediction
intervals presented here. Both, roughly speaking, improve upon existing methods by eliminating some
observations and then accounting for them later on, but cross-validation does so sequentially. Both
methods draw on the ideas of Stone [35], but the more general conformal principle for prediction inter-
vals was first introduced by Vovk in the early 2000s [38].

Under the exchangeability assumptions, the method begins by splitting the observations into two dis-
joint subsets: a training set {(xi, yi) : i ∈ I1} and a calibration set {(xi, yi) : i ∈ I2}, where I1
and I2 form a partition of {1, . . . , n}. For example, we can assume without loss of generality that
I1 = {1, . . . ,m} and I2 = {m + 1, . . . , n}. Given any regression algorithm A, the training set is used
for regression

ŷ(x)← A({(xi, yi) : i ∈ I1}).

Then, on I2, calibration scores are computed between the target variable and the fitted regression
model, in the form of absolute residuals

Ei = |yi − ŷ(xi)|, i ∈ I2. (3.4)

The empirical quantile of the absolute residuals is then computed, adjusted to the size of the calibration
set, i.e. we calculate the (1 − α)(1 + 1

|I2| ) empirical quantile Q̃1−α(E, I2) of {Ei : i ∈ I2}. At the end,
the prediction interval for a new observation xn+1 is computed as

PI(xn+1) = [ŷ(xn+1)− Q̃1−α(E, I2), ŷ(xn+1) + Q̃1−α(E, I2)]. (3.5)

The procedure described here is also summarized in Algorithm 1 below.
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Algorithm 1 Split Conformal Prediction Method
Input: Dataset {(xi, yi)}ni=1, new observation xn+1,miscoverage rateα ∈ (0, 1), regression algorithm
A.
Algorithm: Partition {1, . . . , n} into a training set I1 and a calibration set I2.
Fit ŷ(x)← A({xi, yi} : i ∈ I1).
Compute conformity scores Ei = |yi − ŷ(xi)| for i ∈ I2.
Compute the (1− α)(1 + 1

|I2| ) empirical quantile Q̃1−α(E, I2) of {Ei : i ∈ I2}
Output:

PI(xn+1) = [ŷ(xn+1)− Q̃1−α(E, I2), ŷ(xn+1) + Q̃1−α(E, I2)].

It is guaranteed that the marginal coverage (3.1) is achieved for exchangeable variables, irrespective
of the sample size, with this method, as proven in [23]. Furthermore, an explicit upper bound can be
given. This result is summarized in the following theorem.
Theorem3.7. Under the assumption that (Xi, Yi)

n
i=1 are exchangeable, the prediction intervalPI(Xn+1)

constructed by the Split Conformal Prediction Method as described in Algorithm 1 is marginally well-
calibrated, i.e., it satisfies the (1− α)−MC guarantee,

P(Yn+1 ∈ PI(Xn+1)) ≥ 1− α.

If, in addition, the conformity scores are almost surely distinct, then the prediction interval is nearly
perfectly calibrated

P(Yn+1 ∈ PI(Xn+1)) ≤ 1− α+
1

|I2|+ 1
.

The fact that the length of the prediction interval is fixed to 2Q̃1−α(E, I2) is, however, a major limitation
of this algorithm, as it does not contain any information on how uncertain the model is at the new
observation. The following three methods we present overcome this limitation by constructing variable-
width prediction intervals.

Quantile regression
Conditional quantile regression [21] estimates a given quantile of Y given X. This is cast as an opti-
mization problem over the“pinball” loss [34]

ρα(y, ŷ) :=

{
α(y − ŷ) if y − ŷ > 0

(1− α)(y − ŷ) otherwise.

The estimated quantile function of Yn+1 given Xn+1 = x, denoted by q̂a(x), is found by solving the
following optimization problem

q̂α(x) = f(x, θ̂)

θ̂ = argmin
θ

1

n

n∑
i=1

ρα(Yi, f(Xi, θ)),

where f(x, θ) is the quantile regression fitting function (this can take many forms and is up to the user
to specify). The strategy to construct a prediction interval at miscoverage rate α for a new observation
xn+1 is to then estimate the conditional quantiles q̂α/2(xn+1) and q̂1−α/2(xn+1) and output the prediction
interval

PI(xn+1) = [q̂α/2(xn+1), q̂1−α/2(xn+1)].

The procedure is also summarized in Algorithm 2 below.

The main drawback of this algorithm is that the prediction interval constructed is not guaranteed to
satisfy the finite sample marginal coverage guarantee described in (3.1). In [27] and [12], it is shown
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Algorithm 2 Quantile Regression Method
Input: Dataset {(xi, yi)}ni=1, new observation xn+1, miscoverage rate α ∈ (0, 1), quantile regression
algorithm B.
Algorithm: Fit {q̂α/2(x), q̂1−α/2(x)} ← B({xi, yi} : i ∈ {1, . . . , n}).
Output:

PI(xn+1) = [q̂α/2(xn+1), q̂1−α/2(xn+1)].

through simulated examples that the constructed intervals through quantile regression can significantly
undercover. Only under regularity conditions and certain specific function forms is the theoretical cover-
age satisfied asymptotically. The following two methods recover the finite-sample theoretical coverage
guarantee by drawing on ideas from conformal prediction.

Conformalized Quantile Regression
The Conformalized Quantile Regressionmethod successfully addresses each of themain drawbacks of
the above methods by combining their virtues: one provides a theoretical finite-sample guarantee (3.1),
and the other yields variable-dependent widths for the prediction intervals. Taken together, it is shown
in [27] that the theoretical finite-sample guarantee is satisfied while maintaining the variable-width.

Conformalized Quantile Regression, as in Split Conformal Prediction, starts by splitting the data into a
training set indexed by I1 and a calibration set indexed by I2. The two conditional quantile functions
{q̂α/2, q̂1−α/2} are fitted on the training set, given a quantile regression algorithm B.

{q̂α/2, q̂1−α/2} ← B({(xi, yi) : i ∈ I1}).

The next step computes conformity scores. They quantify the error made by the “dummy” prediction
intervals C(xi) = [q̂α/2(xi), q̂1−α/2(xi)] for i ∈ I2, that is, on the calibration set. The conformity scores
are computed as

Ei := max{q̂α/2(xi)− yi, yi − q̂1−α/2(xi)}. (3.6)

The interpretation of the conformity score is as follows: if Yi falls outside the predicted interval, then the
conformity score quantifies the magnitude of the error made by this mistake, and Ei is non-negative.
If Yi does belong to the predicted interval, the Ei is the larger of two non-positive numbers, and so
is itself non-positive. In this sense, Ei penalizes undercoverage of the interval and also accounts for
overcoverage of the interval.

On the set of conformity scores, the empirical quantile is computed, adjusted to the size of the calibration
set, i.e. we compute the (1 − α)(1 + 1

|I2| ) empirical quantile Q̃1−a(E, I2) of {Ei : i ∈ I2}. Finally, the
prediction interval for a new observation Xn+1 is computed as

PI(xn+1) = [q̂α/2(xn+1)− Q̃1−α(E, I2), q̂1−α/2(xn+1) + Q̃1−α(E, I2)].

The procedure described above is also summarized in Algorithm 3.

Algorithm 3 Conformalized Quantile Regression
Input: Dataset {(xi, yi)}ni=1, observation xn+1, miscoverage rate α ∈ (0, 1), quantile regression
algorithm B.
Algorithm: Partition {1, . . . , n} into a training set I1 and a calibration set I2.
Fit {q̂α/2(x), q̂1−α/2(x)} ← B({xi, yi} : i ∈ I1).
Compute conformity scores Ei = max{q̂α/2(xi)− yi, yi − q̂1−α/2(xi)} for i ∈ I2.
Compute the (1− α)(1 + 1

|I2| ) empirical quantile Q̃1−α(E, I2) of {Ei : i ∈ I2}
Output:

PI(xn+1) = [q̂α/2(xn+1)− Q̃1−α(E, I2), q̂1−α/2(xn+1) + Q̃1−α(E, I2)].
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The following theorem [27, Theorem 1] provides a finite-sample marginal guarantee of the produced
conformal prediction interval. We present it here without proof. A similar statement will be given anyhow
for the Conformal Direct Prediction Method in the following section, which we will prove.

Theorem3.8. Under the assumption that (Xi, Yi)
n
i=1 are exchangeable, the prediction intervalPI(Xn+1)

constructed by the Split Conformal Quantile RegressionMethod as described in Algorithm 3 ismarginally
well-calibrated, i.e., it satisfies the (1− α)−MC guarantee,

P(Yn+1 ∈ PI(Xn+1)) ≥ 1− α.

If, in addition, the conformity scores are almost surely distinct, then the prediction interval is nearly
perfectly calibrated

P(Yn+1 ∈ PI(Xn+1)) ≤ 1− α+
1

|I2|+ 1
.

Split Conformal Direct Prediction method
In this section, we describe the conformal direct prediction algorithm in detail, following the approach
introduced in [12]. In practice, the conformal direct predictionmethod has been observed to produce the
smallest intervals on average among the four methods, while also yielding variable-dependent widths
for the prediction intervals. Until now, no theoretical finite-sample guarantee has been proven, and
hereby we expand on the original work by proving that the split conformal direct prediction method also
gives a well-calibrated prediction interval.

Let us now describe the procedure for the split conformal direct prediction method. As with all other
conformal methods, we shall split the data into a training set indexed by I1 and a calibration set indexed
by I2. However, unlike the methods described above, we need two regression algorithms. With the
first regression algorithm A, we regress the target variable on the features in the training set, and then
compute the predicted value at the new observation.

ŷ(x)← A({xi, yi} : i ∈ I1).

Next, we compute the absolute-valued residuals ri = |yi− ŷ(xi)| for i ∈ I1. We then fit, given a quantile
regression model B, the quantiles of the residuals ri on the set of features xi and compute the (1−α)-th
quantile

q̂r1−α(xi)← B({xi, ri} : i ∈ I1).

As with conformalized quantile regression, we compute conformity scores Ei, where the formula is
given as

Ei = max{ŷ(xi)− q̂r1−a(xi)− yi, yi − ŷ(xi)− q̂r1−a(xi)} for i ∈ I2. (3.7)

Finally, we compute the empirical quantile of conformity scores, adjusted to the size of the calibration
set, i.e. we compute the (1−α)(1+ 1

|I2| ) empirical quantile Q̃1−α(E, I2) of {Ei : i ∈ I2}. The prediction
interval for a new observation xn+1 is computed as

PI(xn+1) = [ŷ(xn+1)− q̂r1−α(xn+1)− Q̃1−α(E, I2), ŷ(xn+1) + q̂r1−α(xn+1) + Q̃1−α(E, I2)].

The procedure described above is also described in Algorithm 4 below.

The Split Conformal Direct Prediction Method distinguishes itself from other conformal prediction meth-
ods by its inherent multi-layered nature. Additionally, the method assumes a symmetric distribution of
residuals, which can usually be achieved via a variable transformation and is not considered a severe
limitation of the algorithm.

We will now show that, under the assumption of data exchangeability, the prediction interval is nearly
perfectly calibrated.
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Algorithm 4 Split Conformal Direct Prediction Method
Input: Dataset {(xi, yi)}ni=1, new observation xn+1,miscoverage rateα ∈ (0, 1), regression algorithm
for point prediction A, quantile regression algorithm for residuals B.
Algorithm: Partition {1, . . . , n} into a training set I1 and a calibration set I2.
Fit ŷ(x)← A({xi, yi} : i ∈ I1).
Compute (absolute-valued) residuals ri = |yi − ŷ(xi)| for i ∈ I1.
Fit the quantile regression model on the training set q̂r1−α(xi)← B({xi, ri} : i ∈ I1).
Compute conformity scores Ei = max{ŷ(xi)− q̂r1−α(xi)− yi, yi − ŷ(xi)− q̂r1−α(xi)} for i ∈ I2.
Compute the (1− α)(1 + 1

|I2| ) empirical quantile Q̃1−α(E, I2) of {Ei : i ∈ I2}.
Output:

PI(Xn+1) = [ŷ(xn+1)− q̂1−α(xn+1)− Q̃1−α(E, I2), ŷ(xn+1) + q̂1−α(xn+1) + Q̃1−α(E, I2)].

Theoretical coverage of split conformal direct prediction method

Theorem3.9. Under the assumption that (Xi, Yi)
n
i=1 are exchangeable, the prediction intervalPI(Xn+1)

constructed by the Split Conformal Direct Prediction Method as described in Algorithm 4 is marginally
well-calibrated, i.e., it satisfies the (1− α)−MC guarantee,

P(Yn+1 ∈ PI(Xn+1)) ≥ 1− α.

If, in addition, the conformity scores are almost surely distinct, then the prediction interval is nearly
perfectly calibrated

P(Yn+1 ∈ PI(Xn+1)) ≤ 1− α+
1

|I2|+ 1
.

Proof. Observe that

Yn+1 ≥ ŷ(Xn+1)− q̂1−α(Xn+1)− Q̃1−α(E, I2)⇔ ŷ(Xn+1)− q̂1−α(Xn+1)− Yn+1 ≤ Q̃1−α(E, I2)

and

Yn+1 ≤ ŷ(Xn+1) + q̂1−α(Xn+1) + Q̃1−α(E, I2)⇔ Yn+1 − ŷ(Xn+1)− q̂1−α(Xn+1) ≤ Q̃1−α(E, I2).

Consequently, using the definition of En+1, we obtain

Yn+1 ∈ PI(Xn+1)⇔ En+1 ≤ Q̃1−α(E, I2). (3.8)

Since the original pairs (Xi, Yi)
n
i=1 are exchangeable, so are the calibration variablesEi, as measurable

functions of exchangeable random variables. Therefore, we can apply Lemma 3.6 to get that

P(Yn+1 ∈ PI(Xn+1)) = P(En+1 ≤ Q̃1−α(E, I2)) ≥ 1− α.

Under the additional assumptions that the conformity scores are almost surely distinct, we also get the
upper bound.

P(Yn+1 ∈ PI(Xn+1)) = P(En+1 ≤ Q̃1−α(E, I2)) ≤ 1− α+
1

|I2|+ 1
.

Remark 2. The proofs of Theorems 3.7 and 3.8 follow by a similar argument that leads to the equiva-
lence (3.8).
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Discussion on coverage guarantees
In the present chapter, we have focused on a marginal type of coverage, taken over the joint distribution
of (Xn+1, Yn+1). The (1−α)-MC guarantee essentially suggests that on average over all values ofXn+1,
the constructed interval PI(Xn+1) is accurate with probability at least (1 − α). However, this means
that we cannot guarantee that for a specific new value Xn+1 = x the prediction interval constructed
by a specific method is correct with a certain probability, but only that on average over many draws of
Xn+1 it will be.

We can, however, wonder whether the coverage also holds conditionally, in the sense of

P(Yn+1 ∈ PI(Xn+1) |Xn+1 = x) ≥ 1− α.

If the above holds for almost all x, it is said that the method satisfies the (1 − α)-CC (conditional
coverage) guarantee.

Unfortunately, [2] shows that if such amethod exists, then the prediction intervals producedmust always
be of infinite expected length, irrespective of the underlying distribution. Such a method is evidently
meaningless, leading up to the realisation that no algorithm can satisfy the (1−α)-CC guarantee. The
theorem is stated below without proof [2, Proposition 1].

Theorem 3.10. Suppose that a method satisfies the (1 − α)-CC guarantee. Then for all underlying
distributions, the output prediction interval PI(Xn+1) must be of infinite expected length at almost all
points x aside from the atoms of its distribution PX , i.e.

E[λ(PI(x))] =∞,

where λ(·) denotes the one-dimensional Lebesgue measure.

To better understand the differences between marginal and conditional coverage guarantees, we illus-
trate these concepts with two example applications, one given in [2], and one in [12].

The first example application is in healthcare [2]. Suppose that at each observation point i we have
a patient with xi relevant features (age, family history, etc.). At the same time, the target variable Yi

represents a measurable outcome, for instance, the reduction in blood pressure after administering a
specific drug. Upon the arrival of a new patient at the doctor’s office with features xn+1, the doctor would
like to predict the reduction in blood pressure Yn+1 within a specific range with a certain confidence. A
doctor’s statement for a patient may look along the lines of ”Based on your age and family history, you
can expect your blood pressure to go down by 10 to 15 mmHg.” The difference between marginal and
conditional coverage guarantees in this context is as follows. With α = 0.05, the marginal coverage
guarantee suggests that the doctor’s statement should hold with probability 95% on average over all
patients arriving at the clinic. This means, for example, that the statement might be underperforming
(or, in fact, not performing at all) in some age subgroups, as long as it’s offset by overcoverage in others.
The conditional coverage guarantee, on the other hand, suggests that the doctor’s statement holds with
probability 95% for every individual patient.

Similarly, for the real estate application in [12], at each data point i, the sale price of a house is given as
the target variable Yi, whereas Xi enshrines various features that may be socio-economic (neighbor-
hood population density, crime rates, etc), physical environmental (noise intensity levels, air pollution
levels, etc) and functional environmental (proximities to services and amenities). The total number of
features is 73. One is then interested in providing a financially accurate prediction interval estimate for
the house price Yn+1 upon collecting the features xn+1. Similarly, at level α = 0.05, the prediction inter-
val will be accurate 95% of the time, averaging over all possible features under the marginal coverage
guarantee. In contrast, the interval is accurate with 95% probability for each specific house, under the
conditional coverage guarantee. In practice, conformal prediction intervals for real estate prices can
be very accurate in a specific region of the Netherlands but underperform in another, as long as the
accuracy balances out across the entire country.

The inherent drawback of being unable to make accurate predictions conditional on a specific feature is
particularly disadvantageous in certain situations, such as healthcare, but marginal guarantees suffice
in many practical settings. In more sensitive situations, an asymptotic conditional coverage guarantee
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can be obtained at a higher computational cost. This extended method, called Distributional Conformal
Prediction [8], requires first training a conditional distribution function on the available data. However,
this method falls outside of the scope of our current work and we refer interested readers to [8] for a
more detailed discussion.

As a middle ground between marginal and conditional coverage, in [36] the concept of training condi-
tional coverage is considered, namely

P(Yn+1 ∈ PI(Xn+1) | {(Xi, Yi)}ni=1) ≥ 1− α. (3.9)

By mimicking the proof of Theorem 3.9 directly, but conditional on the training data, we can see that
training conditional validity holds [36] for split CP, CQR, and split CDP, further enhancing the theoretical
coverage guarantees of these three methods.

Proposition 3.11. Under the assumption that (Xi, Yi)
n
i=1 are exchangeable, the prediction interval

PI(Xn+1) constructed by either the Conformalized Quantile Regression, as described in Algorithm 3,
or the Split Conformal Direct Prediction Method, as described in Algorithm 4, is training conditionally
well-calibrated, i.e.,

P(Yn+1 ∈ PI(Xn+1) | {(Xi, Yi)}ni=1) ≥ 1− α.

The discussion here highlights the main advantage of conformal prediction: even if the model is mis-
specified, the calibration procedure specific to conformal prediction ensures a marginal coverage guar-
antee, and also a training conditional coverage guarantee. This lies in contrast with, for instance,
quantile regression, which does not have such a marginal coverage guarantee, and empirically, it is ob-
served that for real estate applications, the quantile regression has, on aggregate, higher miscoverage
rates with wider intervals [12]. In the next chapter, we extend the conformal framework to predictive
distributions and show that such conformal procedures, if embedded with appropriate modifications to
the conformity scores, achieve an almost equivalent marginal validity guarantee to that of conformal
prediction intervals.
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Conformal predictive distributions

We continue with the framework of Chapter 3, where we have a sample set {(Xi, Yi)
n
i=1}, where each

Xi is a random vector describing features of the real-valued target random variable Yi. We aim to
develop a framework to compute conformal predictive distributions for a new Yn+1 given the arrival of
Xn+1. In this chapter, we formalize the idea of conformal predictive distributions and their split variant
[41, 39]. We furthermore extend this concept to allow for asymptotic predictive distributions, and we
prove new results that quantify the perturbation induced by the probability integral transform, most
prominently Theorem 4.25 and Theorem 4.26.

Foundational work in the theory of predictive distributions [30, 40, 41] seeks a conditional (pseudo)-
distribution function that satisfies a similar type of marginal coverage guarantee as for prediction inter-
vals. In fact, this guarantee should be such that one can retrieve a marginally well-calibrated prediction
interval from the constructed predictive distribution. To this end, we shall formalize an equivalent guar-
antee for conformal distributions. First, let us recall some defining properties of distribution functions
[41, Section 2].

Defining properties of distribution functions
Let us first consider the case when the distribution function is everywhere continuous, with no points of
discontinuity. The following lemma identifies uniquely the distribution function of a random variable.

Lemma 4.1. Let F be a continuous distribution function on R, Y a random variable with distribution F ,
and Q : R→ R a non-decreasing function. If Q(Y ) ∼ Unif[0, 1], then Q = F .

Proof. Suppose, for the sake of contradiction, that there exists a y ∈ R such that Q(y) 6= F (y). Let
y∗ = sup{z : Q(z) = Q(y)}. Then, by the definition of F and its continuity, P(Q(Y ) ≤ Q(y)) = F (y∗).
On the other hand, since Q(Y ) is uniform, we also have P(Q(Y ) ≤ Q(y)) = Q(y). Then, Q(y) = F (y∗).
Since, by assumption Q(y) 6= F (y), it must be that y∗ > y by monotonicity of Q, and consequently
F (y∗) > F (y). SinceQ(y) = Q(y∗) and the interval [y, y∗) of positive probability F (y∗)−F (y) is mapped
to a single point through Q, we reach a contradiction with the uniform distribution assumption.

If the distribution function is not everywhere continuous, we can state a similar statement, but, in this
case, we have to account for randomization. Below we recall the definition of lexicographic order on
R× [0, 1].

Definition 4.2 (Lexicographic order). The lexicographic order (y, τ) ≤ (y′, τ ′) on R × [0, 1] is defined
to mean that y < y′ or both y = y′ and τ ≤ τ ′.

With this definition in mind, we can now adjust the above lemma for general distribution functions
[41, Lemma 2]. We approach the final step of the proof (proving the statement for general τ ∈ [0, 1])
somewhat differently than the original paper, and explain this step more minutely.

31
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Lemma 4.3. Let PF be a probability measure on R with distribution function F , and Y is a random
variable distributed as PF . Let U be the induced probability measure of the uniform distribution on [0, 1]
and τU ∼ Unif[0, 1] independent of Y .Denote by P the product measure PF×U . DefineQ : R×[0, 1]→ R
as a non-decreasing function with respect to the lexicographic order on R× [0, 1]. Suppose the image
(PF×U)Q−1 of the product PF×U under the mappingQ is uniform on [0, 1], that is,Q(Y, τU ) ∼ Unif[0, 1].
Then, for all y and τ ,

Q(y, τ) = (1− τ)F (y−) + τF (y). (4.1)

Here, F (y−) = limz→y− F (z).

Proof. We first prove that Q(y, 1) = F (y) for all y ∈ R. Assume for the sake of contradiction that there
exists y ∈ R such that Q(y, 1) 6= F (y) and set, similarly to Lemma 4.1,

y∗ = sup{z : Q(z, 1) = Q(y, 1)}. (4.2)

By a similar argument to Lemma 4.1, we have for (Y, τU ) ∼ PF × U ,

Q(y, 1) = P(Q(Y, τU ) ≤ Q(y, 1))

≥ P(Q(Y, 1) ≤ Q(y, 1)) (as (Y, τU ) ≤ (Y, 1) a.s. and Q is non-decreasing)
≥ P((Y, 1) ≤ (y, 1))

= PF (Y ≤ y) = F (y).

Since by assumption, we have Q(y, 1) 6= F (y), we must have Q(y, 1) > F (y). If the supremum in (4.2)
is attained, then

F (y) < Q(y, 1) = P(Q(Y, 1) ≤ Q(y, 1)) = P((Y, 1) ≤ (y∗, 1)) = F (y∗),

and the lexicographic interval ((y, 1), (y∗, 1)] of positive probability F (y∗)− F (y) gets mapped through
Q into one point. Similarly, if the supremum in (4.2) is not attained, then

F (y) < Q(y, 1) = P(Q(Y, 1) ≤ Q(y, 1)) = P((Y, 1) ≤ (y∗, 1)) = F (y∗−),

and once again the lexicographic interval ((y, 1), (y∗, 0)) of positive probability F (y∗−) − F (y) gets
mapped through Q into one point. Both cases contradict the fact that the distribution of Q is uniform,
which shows thatQ(y, 1) = F (y) for all y ∈ R. Analogously, we prove thatQ(y, 0) = F (y−) for all y ∈ R.

Observe now that (4.1) holds trivially for all τ at any point of continuity of F , by lexicographic monotonic-
ity of Q. Now fix y such that F (y−) < F (y) and α ∈ (F (y−), F (y)). The lexicographic monotonicity of
Q implies that the preimage of the interval (F (y−), α] is

Q−1 ((F (y−), α]) = {y} × (0, τα],

where τα satisfies Q(y, τα) = α. Since Q(Y, τU ) ∼ Unif[0, 1], the measure of the preimage must equal
the length of the interval, that is,

(F (y)− F (y−)) · τα = α− F (y−).

Solving for α yields α = Q(y, τα) = (1− τα)F (y−) + ταF (y). Since this holds for all α ∈ (F (y−), F (y)),
we conclude that Q(y, τ) = (1− τ)F (y−) + τF (y) for all τ ∈ [0, 1].

The two lemmas above show that the function being non-decreasing and that the mapping of Y through
its distribution F being uniformly distributed are defining properties of distribution functions of probability
measures. The mapping F (Y ) is called the Probability Integral Transform. We are now equipped with
the necessary tools to define and understand conformal predictive distributions properly.
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Conformal predictive distributions
We once again proceed as in [30, Definition 1] and [41]. Assume we have p features and define the
corresponding observation space as Rp+1 = Rp × R. An element z = (x, y) with x ∈ Rp and y ∈ R
of the observation space is called an observation consisting of features x ∈ Rp and target y ∈ R. We
aim, given a sequence of observations (zi)

n
i=1 and a new test feature xn+1, to predict the target yn+1.

We furthermore assume, as in Chapter 3, that the random observations are exchangeable. We shall
continue with the notation above in this chapter.

At a high level, Vovk et al. [41] aim to construct an object based on conformity scores that acts similarly
to a cumulative distribution function, while retaining a similar marginal validity guarantee as the ones
we obtained in Chapter 3. However, as we shall see later on, this object, called a conformal transducer,
includes randomization to break ties between conformity scores, on the one hand, and to account for
its own discontinuities on the other. With randomization in mind, the overarching aim of this chapter
is to construct a conformal transducer that is also a randomized predictive system, which we define
below, as in [41, Definition 1].

Definition 4.4 (Randomized predictive system). A right-continuous function Q : (Rp+1)n+1 × [0, 1] →
[0, 1] is called a randomized predictive system (RPS) if it satisfies:

1. Lexicographic Monotonicity: For any fixed training sequence (z1, . . . , zn) ∈ (Rp+1)n and test
feature xn+1 ∈ Rp, the function Q(z1, . . . , zn, (xn+1, y), τ) is non-decreasing in (y, τ), which is
understood in the sense of the lexicographic order on R× [0, 1] as defined in Definition 4.2.

2. Boundary Stability: For all (z1, . . . , zn) ∈ (Rp+1)n and xn+1 ∈ Rp,

lim
y→−∞

Q(z1, . . . , zn, (xn+1, y), 0) = 0 and lim
y→∞

Q(z1, . . . , zn, (xn+1, y), 1) = 1.

3. Validity: For any exchangeable sequence of random variables Z1, . . . , Zn+1 taking values in Rp+1

and any τ ∼ Unif[0, 1] independent of the sequence, the random variable Q(Z1, . . . , Zn, Zn+1, τ)
follows the uniform distribution on [0, 1], i.e.,

P(Q(Z1, . . . , Zn, Zn+1, τ) ≤ α) = α for all α ∈ [0, 1]. (4.3)

Definition 4.5 (Randomized predictive distribution). A randomized predictive distribution (RPD) is de-
fined as the function

Qn : (y, τ) ∈ R× [0, 1] 7→ Q(z1, . . . , zn, (xn+1, y), τ), (4.4)

which is the output of the randomized predictive system Q on a training sequence z1, . . . , zn and a test
feature xn+1, coupled with a random number τ ∼ Unif[0, 1].

In Chapter 3, we presented three different (split) conformal prediction methods. A main point of diver-
gence between the three is the (split) conformity score used, which was loosely defined at that point.
Here, we can now formally define how those scores arise using conformity measures.

Definition 4.6 (Conformity measure). A conformity measure is a function E : (Rp+1)n+1 → R which is
measurable, and invariant under permutations of the first n arguments, that is, for any n-tuple
(z1, . . . , zn) ∈ (Rp+1)n, any zn+1 ∈ Rp+1, and any permutation π of {1, . . . , n},

E(z1, . . . , zn, zn+1) = E(zπ1 , . . . , zπn , zn+1).

Definition 4.7 (Conformity score). For a fixed y ∈ R and conformity measure E : (Rp+1)n+1 → R, the
corresponding conformity scores are defined by

Ei := E(z1, . . . , zi−1, zi+1, . . . , zn, (xn+1, y), zi), i = 1, . . . , n,

Ey := E(z1, . . . , zn, (xn+1, y)).
(4.5)

As we have briefly described in the previous chapter, conformity scores quantify how unusual a spe-
cific observation is. We need one more ingredient to formally define conformal predictive distributions,
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namely the concept of a conformal transducer. Intuitively, conformal transducers compute a “random-
ized” p-value of a test of exchangeable observations. The conformal transducer breaks ties in the
conformity scores by introducing a uniform random variable as extra input. Since conformal transduc-
ers depend only on the conformity scores, one can find the necessary and sufficient conditions on these
conformity scores to ensure that the conformal transducer is a randomized predictive system. We shall
see what these conditions are in the following section for the split variant. As mentioned above, we
construct a conformal predictive distribution to be aligned with the conformal prediction intervals frame-
work: that is, we aim to be able to retrieve a marginally accurate prediction interval from the predictive
distribution.

Definition 4.8 (Conformal transducer). The conformal transducer determined by a conformity mea-
sure E and its corresponding conformity scores Ei is defined as

Q(z1, . . . , zn, (xn+1, y), τ) :=
|{i = 1, . . . , n : Ei < Ey}|+ τ |{i = 1, . . . , n : Ei = Ey}|+ τ

n+ 1
.

Conversely, a function is called a conformal transducer if it is the conformal transducer of some confor-
mity measure.

Definition 4.9 (Conformal predictive system). A conformal predictive system is a function that is both
a conformal transducer and a randomized predictive system.

Definition 4.10 (Conformal predictive distribution). For a conformal predictive system Q, its random-
ized predictive distribution Qn is called a conformal predictive distribution.

Upon constructing a conformal predictive distribution, one can now retrieve the conformal predictor that
produces a prediction region of the type described in Chapter 3, which is marginally valid.

Definition 4.11 (Conformal predictor). For a conformal predictive system Q and Borel set A ⊂ [0, 1],
the conformal predictor is given by

ΓA(z1, . . . , zn, xn+1, τ) := {y ∈ R : Q(z1, . . . , zn, (xn+1, y)), τ) ∈ A}.

Remark 3. The standard property of validity for a conformal predictive system, as outlined in (4.3), is
that its associated p-values Q(z1, . . . , zn+1, τ) are uniformly distributed on [0, 1], which implies that the
coverage probability of Yn+1 ∈ ΓA(Z1, . . . , Zn, Xn+1) is λ(A), where λ is the usual Lebesgue measure.
Consequently, one can retrieve the marginal guarantee of conformal prediction intervals automatically
from the construction of conformal predictive distributions. Indeed, ifQ is a conformal predictive system,
then the prediction interval

Γ1−α(z1, . . . , zn, xn+1, τ) =
{
y ∈ R : Q(z1, . . . , zn, (xn+1, y), τ) ∈

[α
2
, 1− α

2

]}
,

is exactly (1− α) marginally well calibrated, in view of (4.3).

The nuances of conformity measures

In the present context, the usual interpretation of a conformal transducer is that it represents a ran-
domized p-value for testing the null hypothesis of the observations being exchangeable. For conformal
predictive distributions, the informal alternative hypothesis is that yn+1 = y is smaller than expected
under the exchangeable model. In this case, the selected conformity measure quantifies how well the
observation (xn+1, yn+1) conforms to the remaining observations. Observe the one-sided nature of
this notion of conformity; an observation can only be non-conforming if it is too small relative to the
model’s prediction. This restricts the conformity measures one can choose to confer this information
on conformal transducers.

For example, the conformity measures used in Chapter 3 do not satisfy the necessary requirements to
produce conformal predictive distributions. That is, the core requirement of lexicographic monotonicity
is lost when unsigned measures are being used. In the present context, an unsigned measure is one in
which positive and negative deviations are treated as equally non-conforming. Specifically, the output
of a conformal transducer for a candidate label y ∈ R is typically unimodal rather than monotonic in the
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case of unsigned measures. As y → ±∞, the conformity score Ey increases without bound, leading
to limy→+∞ Q(z1, . . . , zn, (xn+1, y), 1) = 0, which goes against boundary stability.

Consequently, the conformal transducer associated with an unsigned conformity measure usually does
not satisfy the necessary requirements of a conformal predictive system. To ensure that the output
Q(z1, . . . , zn+1, τ) satisfies the axiomatic requirements of a conformal predictive system, the conformity
measure must be signed and monotonic in y, and a common choice is

E(z1, . . . , zn+1) = yn+1 − ŷn+1.

We discuss more conformity measure choices in the following section, once we account for the usual
practical notion of splitting the data into a training set and a calibration set. For split conformity mea-
sures, one can actually give exactly the necessary and sufficient conditions to be imposed on the split
conformity measures as to ensure that the associated conformal transducer is a randomized predictive
system.

The split variant
We now modify the general setting above to specifically permit split variants of the algorithms, as pre-
sented in Chapter 3. As full conformal systems require retraining the underlying algorithm for each test
feature with associated postulated target, they are rather computationally inefficient. The split version
offers better computational efficiency, whereas its predictive efficiency is empirically lower than that of
the full version [39]. The main reference point for the terminology introduced here is [39].

The framework here will not be unfamiliar to the attentive reader, and it should feel rather natural in light
of the high-level overview of conformal prediction interval methods presented in Chapter 3. We begin
by defining a split conformity measure, as a slight modification of the conformity measure defined in
Definition 4.6.

Definition 4.12 (Split conformity measure). A family of measurable functions Em : (Rp+1)m+1 → R
with m = 1, 2, . . . ., is called a split conformity measure.

As before, we shall split the sequence z1, . . . , zn into two: a training set {zi : i ∈ I1} and a calibration
set {zi : i ∈ I2} where I1 and I2 form a partition of the index set {1, . . . , n}. For ease of presentation,
we shall assume without loss of generality, I1 = {1, . . . ,m} and I2 = {m + 1, . . . , n}. Suppose we fix
m; from now on, we omit the subscript m when referring to a split conformity measure corresponding
to a split with m training objects. The corresponding split conformity scores are now slightly adjusted
and defined below. Notice that one does not need to permute between observations anymore, and the
formula is thus simpler than that of the full conformity scores.

Definition 4.13 (Split conformity score). For a split conformity measure E : (Rp+1)m+1 → R and a
fixed y ∈ R , the corresponding split conformity scores are defined by

Ei = E(z1, . . . , zm, (xm+i, ym+i)), i = 1, . . . , n−m.

Ey = E(z1, . . . , zm, (xn+1, y)).
(4.6)

Remark 4. We can now formally define the split conformity measures used in the conformal methods
presented in Chapter 3. Under the notation used in this chapter, the standard Split Conformal Prediction
method uses the split conformity measure ECP (z1, . . . , zn+1) = |yn+1 − ŷ(xn+1)|, whereas Conformal-
ized Quantile Regression uses ECQR(z1, . . . , zn+1) = max{q̂α/2(xn+1) − yn+1, yn+1 − q̂1−α/2(xn+1)}
and Conformal Direct Prediction uses ECDP (z1, . . . , zn+1) = max{ŷ(xn+1)− q̂r1−α(xn+1)−yn+1, yn+1−
ŷ(xn+1)− q̂r1−α(xn+1)}. The corresponding split conformity scores are then as described in (3.4), (3.6)
and (3.7).

Definition 4.14 (Split conformal transducer). The split conformal transducer determined by a confor-
mity measure E and its corresponding conformity scores is defined as

Q(z1, . . . , zn, (xn+1, y), τ) :=
|{i = 1, . . . , n−m : Ei < Ey}|+ τ |{i = 1, . . . , n−m : Ei = Ey}|+ τ

n−m+ 1
.

(4.7)
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Conversely, a function is called a split conformal transducer if it is the split conformal transducer of
some split conformity measure.

From now on in this chapter, we introduce the following notation. Let

E := {E1, . . . , En−m, Ey},
E< := {i ∈ {1, . . . , n−m} : Ei < Ey},
E= := {i ∈ {1, . . . , n−m} : Ei = Ey},
E> := {i ∈ {1, . . . , n−m} : Ei > Ey},
N< := |E<|, N= := |E=|, N> := |E>|.

Then, the split conformal transducer formula (4.7) rewrites as

Q(z1, . . . , zn, (xn+1, y), τ) :=
N< + τN= + τ

n−m+ 1
(4.8)

It is noteworthy to observe that the standard property of validity (4.3) adapted to split conformity mea-
sures is satisfied automatically. A statement similar to this one is found in [38, Theorem 11.1], where it
is given without proof, and it is also mentioned as a known fact in [39, Section 3]. In our current work,
we relax the assumption of IID to exchangeability for what appears to be the first time in the literature
and give a complete proof of the statement.

Theorem 4.15. Let Q : (Rp+1)m+1 × [0, 1] → R be a split conformal transducer associated with
some conformity measure E. If Z1, . . . .Zn, Zn+1 are exchangeable, where Zn+1 = (Xn+1, Yn+1), and
τ ∼ Unif[0, 1] is independent of Z1, . . . , Zn, Zn+1, then Q(Z1, . . . , Zn, Zn+1, τ) follows the uniform distri-
bution on [0, 1].

Proof. By the exchangeability ofZ1, . . . , Zn, Zn+1 and the independence of the model construction from
the calibration indices, the sequence (Em+1, . . . , En, E

y) is also exchangeable.

We first compute the distribution of Q conditional on E . Denote by v1 < v2 < · · · < vk the k dis-
tinct values in E , arranged in ascending order, with multiplicities c1, c2, . . . , ck respectively. Note that∑k

i=1 ci = n −m + 1. Under the assumption of exchangeability, which implies that the variables in E
are identically distributed, we have, for any j ∈ {1, . . . , k},

P(Ey = vj | E) =
cj

n−m+ 1
.

We observe that if Ey = vj , then N< =
∑j−1

l=1 cl and N= = cj − 1. Substituting these into the definition
of Q, we get, conditional on Ey = vj and E , that

Q(Z1, . . . , Zn, Zn+1, τ) =

∑j−1
i=1 ci + τcj
n−m+ 1

.

To simplify, let us call QZn+1
:= Q(Z1, . . . , Zn, Zn+1, τ). Since τ ∼ Unif[0, 1], the conditional distribution

of QZn+1
given Ey = vj and E is uniform on the interval Ij =

(∑j−1
i=1 ci

n−m+1 ,
∑j

i=1 ci
n−m+1

]
. The length of this

interval is exactly cj
n−m+1 . Summing over all j and using the law of total probability, we get

P(QZn+1 ≤ u | E) =
k∑

j=1

P(QZn+1 ≤ u | Ey = vj , E)P(Ey = vj | E)

=

k∑
j=1

P(QZn+1
≤ u | Ey = vj , E) ·

cj
n−m+ 1

=

k∑
j=1

1{u∈Ij} ·

(
u−

∑j−1
i=1 ci

n−m+1

)
cj/(n−m+ 1)

+ 1
{u>

∑j
i=1

ci
n−m+1 }

 · cj
n−m+ 1

.
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Note that the intervals Ij partition (0, 1]. For any u ∈ [0, 1], let j∗ be the index such that u ∈ Ij∗ . Then,
the probability rewrites as

P(QZn+1
≤ u | E) =

j∗−1∑
j=1

cj
n−m+ 1

+

(
u−

∑j∗−1
i=1 ci

n−m+1

)
c∗j/(n−m+ 1)

·
c∗j

n−m+ 1
= u.

Finally, to conclude the statement unconditionally, we use the law of total expectation, as follows

P(QZn+1
≤ u) = E(1{QZn+1

≤u}) = E(E(1{QZn+1
≤u} | E)) = E(P(QZn+1

≤ u | E)) = E(u) = u,

which is what we wanted to prove.

Now that we know the standard property of validity is automatically satisfied, the question of whether
a split conformal transducer is a Randomized Predictive System boils down to checking whether the
lexicographic monotonicity and boundary stability conditions are satisfied. Vovk et al. give in [39]
the necessary and sufficient conditions for this to happen, which are presented below. The following
definition is as in [41, Section 2.2].

Definition 4.16 (Monotonic split conformity measure). A split conformity measureE is calledmonotonic
if E(z1, . . . , zm, (x, y)) is monotonically increasing in y, i.e.,

y ≤ y′ ⇒ E(z1, . . . , zm, (x, y)) ≤ E(z1, . . . , zm, (x, y′)),

for all x.

Although this definition is rather straightforward, an additional condition is needed to ensure that a split
conformal transducer is an RPS. To this end, we must define the concept of a convex set and convex
hull. These two definitions are based on [3].

Definition 4.17 (Convex set). Let S be a vector space and C a subset of S. We say that C is convex
if, for all x, y ∈ C, we have (1− t)x+ ty ∈ C, for all t ∈ [0, 1].

Definition 4.18 (Convex hull). The convex hull of a set C, denoted by conv(C), is the minimal convex
set containing C.

Example 4.19. Let C = {2, 3} ⊂ R. Then the convex hull conv(C) = [2, 3].

In our present context, we are primarily interested in the convex closures of subsets of R. These can
take one of the following four forms: (a, b), [a, b), (a, b], or [a, b], with a, b ∈ R∪{−∞,+∞}. We are now
equipped to define balanced split conformity measures, following [39].

Definition 4.20 (Balanced split conformity measure). A monotonic split conformity measure E is bal-
anced if, for all x and, for any m and z1, . . . , zm, the set

convE(z1, . . . , zm, (x,R)) := conv{E(z1, . . . , zm, (x, y)) : y ∈ R}

does not depend on x and is an open interval in R.

Remark 5. In the context of conformal prediction, an underlying assumption is that the (split) conformity
measure is coercive, in the sense of convE(z1, . . . , zm,Rp+1) = (−∞,+∞). Intuitively, this means that
as y drifts further away from our proposed model prediction, the (split) conformity measure notices this
aspect and reflects it in its associated conformity score. We carry this assumption from now on.

We are now prepared to show that balanced and monotonic split conformity measures give split confor-
mal transducers that are RPS, as defined in Definition 4.4. The following statement is originally given
in [39, Proposition 1 and 2].

Theorem 4.21. The split conformal transducer based on a split conformity measure E is an RPS
if and only if E is balanced and monotonic.
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Proof. We first show that ifE is balanced andmonotonic, then the associated split conformal transducer
is an RPS. Since Theorem 4.15 gives that the validity requirement is automatically satisfied, we only
need to check for lexicographic monotonicity and boundary stability. It is clear that the split conformal
transducer is non-decreasing in τ by the construction given in (4.7).

We now show that it is also non-decreasing in y. Since the split conformity measure is monotonic, it
follows that as y increases, so will Ey. Then, as Ey increases, the cardinality N> can only decrease,
while N< can not decrease. The associated coefficients in the formula (4.8) are 1 for N<, τ ∈ [0, 1]
for N=, and 0 for N>, and so the overall split conformal transducer value has to increase in y. This
demonstrates lexicographic monotonicity.

Furthermore, since E is balanced, there exists y∗ and y′ such that Ey < mini∈{1,...,n−m} Ei for all
y < y∗ and Ey > maxi∈{1,...,n−m} Ei for all y > y′ respectively. Consequently, N< = 0 and N= = 0 for
all y < y∗, and plugging this back into (4.8) yields

lim
y→−∞

Q(z1, . . . , zn, (xn+1, y), 0) = 0.

Analogously, we get that N< = n−m+ 1 and N= = 0 for all y > y′, and so

lim
y→∞

Q(z1, . . . , zn, (xn+1, y), 1) = 1,

which proves the Boundary Stability condition. Therefore, the associated split conformity transducer Q
is an RPS.

Conversely, suppose the split conformal transducer based on E is an RPS. Fix m, z1, . . . , zm and x,
and take n = m+ 1, that is, we have m training points and a single calibration point. Suppose, for the
sake of contradiction, we have y < y′ such that E(z1, . . . , zm, (x, y)) > E(z1, . . . , zm, (x, y′)). Then, for
zm+1 = (x, y), we have E1 = Ey and E1 > Ey′ . Then,

Q(z1, . . . , zn, (x, y), 1) = Q(z1, . . . , zm, zm+1, (x, y), 1) =
|N<|+ |N=|+ 1

2
= 1

Q(z1, . . . , zn, (x, y
′), 1) = Q(z1, . . . , zm, zm+1, (x, y

′), 1) =
|N<|+ |N=|+ 1

2
=

1

2
,

which contradicts the lexicographic monotonicity condition of an RPS. Therefore, E is monotonic.

Suppose now that E is not balanced. That is, for some fixed m, z1, . . . , zm and x, x′ ∈ Rp+1, we have

convE(z1, . . . , zm, (x,R)) 6= convE(z1, . . . , zm, (x′,R)).

We may, without loss of generality, let y ∈ convE(z1, . . . , zm, (x,R)) such that y < y′ for all y′ ∈
convE(z1, . . . , zm, (x′,R)) (recall that all convex hulls on R are intervals). Then, for zm+1 = (x, y),
τ = 0 and any test pair (x′, y′), where x′ is fixed and y′ is varying, we have |N<| = 1, and consequently,
plugging this into (4.8),

Q(z1, . . . , zm, zm+1, (x
′, y′), 0) =

1

2
,

which, by letting y′ go to −∞, contradicts the boundary stability condition of

lim
y′→−∞

Q(z1, . . . , zm, zm+1, (x
′, y′), 0) = 0.

Therefore, the split conformity measure E must be balanced, which is what we wanted to prove.

Corollary 4.21.1. The split conformal transducer based on either of the following modified split con-
formity measures, stemming from the conformal prediction method, conformalized quantile regression,
and the conformal direct prediction method, respectively, is an RPS.

ECP (z1, . . . , zm, (xn+1, y)) = y − ŷ(xn+1) (4.9)

ECQR(z1, . . . , zm, (xn+1, y)) = y − q̂1−α(xn+1) (4.10)

ECDP (z1, . . . , zm, (xn+1, y)) = y − ŷ(xn+1)− q̂r1−α(xn+1) (4.11)
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Proof. All three conformity measures are linear in y with positive coefficients, and therefore monotonic.
Keeping everything else fixed, we see that as y → −∞, the conformity measures go to −∞ as well,
and as y → +∞, the conformity measures go to +∞. Therefore, we have that the convex hull of
E(z1, . . . , zm, (xn+1, y)) over y ∈ R is, in all three cases, (−∞,+∞) and therefore does not depend on
xn+1. Therefore, the three split conformity measures are also balanced. By Theorem 4.21, each of the
split conformal transducers based on these three split conformity measures is an RPS.

Now that we have described the types of split conformity measures that can be used to produce a
conformal predictive system, we present below the general algorithm for producing a conformal pre-
dictive distribution. Note that, by construction, the conformal predictive distribution still depends on
τ ∼ Unif[0, 1]. To account for this, we observe that, as we let τ travel from 0 to 1, we obtain an inter-
val for each fixed y. This is a ”fuzzy” distribution and not a true distribution in the sense of producing
a single output for a fixed y. We first give the pseudocode algorithm to create fuzzy predictions [41,
Algorithm 1], and we then adjust the construction to allow for randomized predictive distributions [39,
Algorithm 1].

Algorithm 5 ”Fuzzy” Split Conformal Predictive System
Input: Dataset {zi = (xi, yi)}ni=1, observation (test object) xn+1.
Algorithm: Partition {1, . . . , n} into a training set I1 = {1, . . . ,m} and a calibration set I2 = {m +
1, . . . , n}.
for i ∈ {1, . . . , n−m} do

Solve for Ci in the equation E(z1, . . . , zm, (xm+i, ym+i)) = E(z1, . . . , zm, (xn+1, Ci)).
end for
Sort C1, . . . , Cn−m in ascending order to obtain C(1),≤ · · · ≤ C(n−m), and set C(0) = −∞ and
C(n−m+1) = +∞.
Output: Return a ”fuzzy” predictive distribution for the label y of xn+1

Qn(y) :=


[

i
n−m+1 ,

i+1
n−m+1

]
if y ∈ (C(i), C(i+1)) for i ∈ {0, 1, . . . , n−m}.

[
i′−1

n−m+1 ,
i′′+1

n−m+1

]
if y = C(i) for i ∈ {0, 1, . . . , n−m},

(4.12)

where i′ := min{j : C(j) = C(i)} and i′′ := max{j : C(j) = C(i)}.

The ”fuzzy” split conformal predictive system can be easily modified to obtain a pseudo-distribution
function by simply drawing a τ value and using it as an input. The procedure is described in Algorithm 6.

Algorithm 6 Split Conformal Predictive System
Input: Dataset {zi = (xi, yi)}ni=1, observation (test object) xn+1,
Algorithm: Draw τ ∼ Unif[0, 1].
Partition {1, . . . , n} into a training set I1 = {1, . . . ,m} and a calibration set I2 = {m+ 1, . . . , n}.
for i ∈ {1, . . . , n−m} do

Solve for Ci in the equation E(z1, . . . , zm, (xm+i, ym+i)) = E(z1, . . . , zm, (xn+1, Ci)).
end for
Sort C1, . . . , Cn−m in ascending order to obtain C(1) ≤ · · · ≤ C(n−m), and set C(0) = −∞ and
C(n−m+1) = +∞.
Output: Return a predictive distribution for the label y of xn+1

Qn(y) :=


i+τ

n−m+1 if y ∈ (C(i), C(i+1)) for i ∈ {0, 1, . . . , n−m}.

i′−1+(i′′−i′+2)τ
n−m+1 if y = C(i) for i ∈ {0, 1, . . . , n−m}.

(4.13)

where i′ := min{j : C(j) = C(i)} and i′′ := max{j : C(j) = C(i)}.

In the two algorithms above, one can see that there are n−m equations to be solved for Ci (which we
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call the conformal atoms from now on). This is not a computationally expensive step, as it often just
amounts to rearranging the output of the scores. For instance, using the standard conformal prediction
score amounts to solving

Ci − ŷ(xn+1) = ym+i − ŷ(xm+i)⇔ Ci = ŷ(xn+1) + ym+i − ŷ(xm+i).

For our three classic split conformity scores (4.9),(4.10) and (4.11), the conformal atoms are thenmerely
a shifted version of the conformity scores Ei. In other words, we have the relation

Ci = ŷ(xn+1) + Ei. (4.14)

Furthermore, in view of (4.14), under the common assumptions in Chapter 3 that the conformity scores
are almost surely distinct, we get that the conformal atoms are also almost surely distinct. The output
of the conformal predictive system in Algorithm 6 simplifies to

Qn(y) :=


i+τ

n−m+1 if y ∈ (C(i), C(i+1)) for i ∈ {0, 1, . . . , n−m}.

i−1+2τ
n−m+1 if y = C(i) for i ∈ {0, 1, . . . , n−m}.

(4.15)

The split conformal predictive system with output Qn thus induces an underlying probability measure
µn on R̄ satisfying

µn(· | xn+1) :=
τ

n−m+ 1
δ−∞ +

n−m∑
i=1

1

n−m+ 1
δC(i)(xn+1) +

1− τ

n−m+ 1
δ+∞, (4.16)

where δ is the usual Dirac delta measure. We denote in the formula C(i)(xn+1) instead of the usual
C(i) to highlight the dependence on the observed xn+1. Then, the randomized predictive system
Q(·, (xn+1, y), τ), in view of (4.7), satisfies

Q(·, (xn+1, y), τ) = µn((−∞, y)|xn+1) + τµn({y}), (4.17)

where we use the short-handed notation Q(·, (xn+1, y), τ) = Q(z1, . . . , zn, (xn+1, y), τ).

We call the outputQn(y) a pseudo-distribution in Algorithm 6 since on the interval (−∞, C(1)) the output
is τ

n−m+1 , whereas on the interval (C(n−m),+∞) the output is n−m+τ
n−m+1 . In particular, for every τ ∈ [0, 1],

the conformal predictive system output does not satisfy limy→−∞ Qn(y) = 0 and limy→∞ Qn(y) = 1
simultaneously.

This acts as an obstacle for us, since we aim to eventually obtain a predictive density function. However,
cumulative distribution functions have underlying measures defined on R and they do not give weight
at ±∞. It is unclear how one can retrieve a probability density function from an underlying measure
defined on the extended real line R̄. It appears, then, that some of the conditions for randomized
predictive systems must be relaxed. We aim for a small measure-correcting solution by reassigning
the tail mass at ±∞ to C(1) and C(n−m) respectively. We then aim to have an asymptotic randomized
predictive system, as defined below.
Definition 4.22 (Asymptotic RPS). A right-continuous function Q : (Rp+1)n+1 × [0, 1]→ [0, 1] is called
an asymptotic randomized predictive system if it satisfies the lexicographic monotonicity and boundary
stability conditions as in Definition 4.4 and the validity condition (4.3) holds asymptotically as n → ∞,
that is, for any exchangeable sequence of random variables Z1, . . . , Zn+1 taking values in Rp+1 and
any τ ∼ Unif[0, 1] independent of the sequence, the random variableQ(Z1, . . . , Zn, Zn+1, τ) converges
in distribution to Unif[0, 1].

A measure correction solution
Denote by µ̄n(· | xn+1) the tail-corrected measure with formula

µ̄n(· | xn+1) :=
1 + τ

n−m+ 1
δC(1)(xn+1) +

n−m−1∑
i=2

1

n−m+ 1
δC(i)(xn+1) +

2− τ

n−m+ 1
δC(n−m)(xn+1). (4.18)
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This measure now lives on the real line R and admits a proper distribution function. The randomized
predictive distribution associated with the tail-corrected measure is then given by

Q̄(·, (xn+1, y), τ) = µ̄n((−∞, y)|xn+1) + τ µ̄n({y}). (4.19)

Observe that this is in the same format as (4.17). We now show that applying this measure correction
yields a predictive distribution that is approximately uniform and precisely quantify the deviation from
the uniform distribution. To do so, we introduce the concept of total variation between measures [4].

Definition 4.23. The total variation distance between two probability measures µ, ν on the measurable
space (Ω,F) is defined as

TV(µ, ν) = sup
A∈F
|µ(A)− ν(A)|. (4.20)

Alternatively, the total variation can be rewritten in the following dual form over f : Ω→ R

TV(µ, ν) =
1

2
sup

∥f∥∞≤1

∣∣∣∣∫ f dµ−
∫

f dν

∣∣∣∣ . (4.21)

In our present context, however, the measures are purely atomic, so they are supported on a finite
space. In this particular case, the total variation formula has a closed form, which we show in the
following lemma. This lemma is a simple corollary to the Hahn-Jordan decomposition theorem [6].

Lemma 4.24. Let (Ω,F) be ameasurable space and let µ and ν be probability measures onΩ. Assume
that there exists a finite set S = {z1, . . . , zk} ⊂ Ω such that both measures are supported on S, i.e.
µ(Ω \ S) = 0 and ν(Ω \ S) = 0.

Then
TV(µ, ν) =

1

2

∑
z∈S

|µ({z})− ν({z})| . (4.22)

Proof. Since both measures are supported on S, for any measurable set A, we have

µ(A)− ν(A) =
∑

z∈A∩S

∆(z),

where ∆(z) := µ({z})− ν({z}). Observe that∑
z∈S

∆(z) = µ(Ω)− ν(Ω) = 1− 1 = 0,

since µ and ν are probability measures. Define the subsets of positive and negative differences:

P := {z ∈ S : ∆(z) > 0}, N := {z ∈ S : ∆(z) < 0}.

Then
µ(A)− ν(A) =

∑
z∈A∩P

∆(z) +
∑

z∈A∩N

∆(z).

Including any element of N decreases the sum, and excluding any element of P also decreases the
sum. Hence, the supremum is attained at A = P , yielding

sup
A

(µ(A)− ν(A)) =
∑
z∈P

∆(z).

Similarly,
ν(A)− µ(A) =

∑
z∈A∩P

(−∆(z)) +
∑

z∈A∩N

(−∆(z)).

is maximized by taking A = N , yielding

sup
A

(ν(A)− µ(A)) =
∑
z∈N

(−∆(z)).
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However, since
∑

z∈S ∆(z) = 0, we have
∑

z∈P ∆(z) =
∑

z∈N (−∆(z)).Hence both suprema are equal,
and we can write

TV(µ, ν) =
∑
z∈P

∆(z) =
1

2

∑
z∈S

|∆(z)|,

since
∑

z∈P ∆(z) +
∑

z∈N (−∆(z)) =
∑

z∈S |∆(z)|.

Substituting the definition of ∆(z) yields (4.22), which is what we wanted to prove.

Theorem 4.25. Let µn(· | xn+1) be defined as in (4.16) and its associated tail-corrected measure
µ̄n(· | xn+1) as in (4.18). The associated randomized predictive systems are constructed as in (4.17)
and (4.19), respectively.

If n − m → ∞ as n → ∞, then Q̄(·, (Xn+1, Yn+1)) is an asymptotic randomized predictive system.
Furthermore, we have the bound

sup
u∈[0,1]

∣∣P(Q̄(·, (Xn+1, Yn+1), τ) ≤ u)− u
∣∣ ≤ 2

n−m+ 1
.

Proof. We first embed µ̄n(· | xn+1) into R by assigning zero mass to ±∞, so both measures live on
the same measurable space. Since both measures are purely atomic, their total variation distance is
given by

TV(µn(· | xn+1), µ̄n(· | xn+1)) =
1

2

∑
z∈R

∣∣µn({z} | xn+1)− µ̄n({z} | xn+1)
∣∣,

in view of Lemma 4.24. The two measures differ only at four atoms: −∞,+∞, C(1), C(n−m). A direct
computation shows

∣∣µn({−∞} | xn+1)− µ̄n({−∞} | xn+1)
∣∣ = ∣∣∣∣ τ

n−m+ 1
− 0

∣∣∣∣ = τ

n−m+ 1
,

∣∣µn({C(1)} | xn+1)− µ̄n({C(1)} | xn+1)
∣∣ = ∣∣∣∣ 1

n−m+ 1
− 1 + τ

n−m+ 1

∣∣∣∣ = τ

n−m+ 1
,

∣∣µn({C(n−m)} | xn+1)− µ̄n({C(n−m)} | xn+1)
∣∣ = ∣∣∣∣ 1

n−m+ 1
− 2− τ

n−m+ 1

∣∣∣∣ = 1− τ

n−m+ 1
,

∣∣µn({+∞} | xn+1)− µ̄n({+∞} | xn+1)
∣∣ = ∣∣∣∣ 1− τ

n−m+ 1
− 0

∣∣∣∣ = 1− τ

n−m+ 1
.

Therefore,
TV(µn(· | xn+1), µ̄n(· | xn+1) =

1

n−m+ 1
for all xn+1 ∈ R.

As a function of the random variable Xn+1, we read the above equality as holding for every realization
xn+1 of Xn+1. Therefore, the equality also holds in the almost sure sense, that is, marginally on Xn+1,
we get

TV(µn(· | Xn+1), µ̄n(· | Xn+1)) =
1

n−m+ 1
P− a.s. (4.23)

Now consider the randomized predictive systems of (4.17) and (4.19). For each y, define the function

fy,τ (z) = 1{z<y} + τ 1{z=y}. (4.24)

Then, we can write

Q(·, (Xn+1, y)) =

∫
fy,τ dµn, Q̄(·, (Xn+1, y)) =

∫
fy,τdµ̄n. (4.25)



43

Furthermore, by construction, we have |fy,τ | ≤ 1 a.e., since it can only take the values 0, τ , and 1.
Then, using the dual version of the total variation (4.21), we can write, for every y ∈ R,

|Q(·, (Xn+1, y), τ)− Q̄(·, (Xn+1, y), τ)| =
∣∣∣∣∫ fy,τ dµn −

∫
fy,τ dµ̄n

∣∣∣∣
≤ sup

∥f∥∞≤1

∣∣∣∣∫ f dµn −
∫

f dµ̄n

∣∣∣∣
= 2TV(µn(· | Xn+1), µ̄n(· | Xn+1)) =

2

n−m+ 1
.

(4.26)

Let u ∈ [0, 1]. Then, we have, in view of the above inequality,

{Q̄(·, (Xn+1, Yn+1), τ) ≤ u} ⊆
{
Q(·, (Xn+1, Yn+1), τ) ≤ u+

2

n−m+ 1

}
,{

Q(·, (Xn+1, Yn+1), τ) ≤ u− 2

n−m+ 1

}
⊆
{
Q̄(·, (Xn+1, Yn+1), τ) ≤ u

}
.

Upon taking probabilities and using the fact that Q(·, (Xn+1, Yn+1)) ∼ Unif[0, 1], we obtain

max

{
0, u− 2

n−m+ 1

}
≤ P(Q̄(·, (Xn+1, Yn+1), τ) ≤ u) ≤ min

{
1, u+

2

n−m+ 1

}
.

This inequality holds for all u ∈ [0, 1]. Therefore, we have the bound

sup
u∈[0,1]

∣∣P(Q̄(·, (Xn+1, Yn+1), τ) ≤ u)− u
∣∣ ≤ 2

n−m+ 1
,

which immediately gives that Q̄(·, (Xn+1, Yn+1)) converges in distribution to Unif[0, 1] as n→∞.

A step towards predictive densities
So far, we have presented the standard conformal approach for producing marginally accurate predic-
tive distributions [41] using randomized predictive systems. A downside of this approach is that, while
the marginal validity is satisfied exactly, the output of the predictive system is not a true cumulative dis-
tribution function. In the previous section, we relaxed the definition of a randomized predictive system
to allow the validity condition (4.3) to be satisfied asymptotically. We then explicitly give a tail-corrected
version of the underlying measure (4.16) that creates a proper predictive distribution function. However,
the output CDF is still piecewise constant with jumps. Our end goal remains to retrieve a predictive
density function, and one straightforward approach is to have a continuous distribution function and
directly differentiate to obtain the probability density function, while retaining an approximate marginal
validity statement. The following statement shows that, if we can control the absolute-value difference
between a continuous version Q̂ of the tail-corrected predictive distribution Q̄, then we can control the
distance from the uniform distribution of the marginal distribution of Q̂(·, (Xn+1, Yn+1), τ).

Theorem 4.26. Let Q̂(·, (Xn+1, Yn+1)) be a continuous version of Q̄(·, (Xn+1, Yn+1), τ), as defined in
Theorem 4.25. Suppose that, for every y ∈ R, we have

|Q̂(·, (Xn+1, y), τ)− Q̄(·, (Xn+1, y), τ)| ≤ ε, (4.27)

where ε > 0. Then, the following bound holds

sup
u∈[0,1]

∣∣∣P(Q̂(·, (Xn+1, Yn+1), τ) ≤ u)− u
∣∣∣ ≤ ε+

2

n−m+ 1
. (4.28)
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Proof. We use an almost identical argument to the previous theorem. First, we combine (4.26) and
(4.27) with the triangle inequality to obtain

|Q̂(·, (Xn+1, y), τ)−Q(·, (Xn+1, y), τ)| ≤ |Q̂(·, (Xn+1, y), τ)− Q̄(·, (Xn+1, y), τ)|
+ |Q̄(·, (Xn+1, y), τ)−Q(·, (Xn+1, y), τ)|

≤ ε +
2

n−m+ 1
.

Letting u ∈ [0, 1], we have, in view of the above inequality, the following inclusions

{Q̂(·, (Xn+1, Yn+1), τ) ≤ u} ⊆
{
Q(·, (Xn+1, Yn+1), τ) ≤ u+ ε+

2

n−m+ 1

}
,{

Q(·, (Xn+1, Yn+1), τ) ≤ u− ε− 2

n−m+ 1

}
⊆
{
Q̂(·, (Xn+1, Yn+1), τ) ≤ u

}
.

Upon taking probabilities and using, once again, the fact that Q(·, (Xn+1, Yn+1)) ∼ Unif[0, 1], we obtain

max

{
0, u− ε− 2

n−m+ 1

}
≤ P(Q̂(·, (Xn+1, Yn+1), τ) ≤ u) ≤ min

{
1, u+ ε+

2

n−m+ 1

}
.

This inequality holds for all u ∈ [0, 1]. Therefore, we obtain the desired bound

sup
u∈[0,1]

∣∣∣P(Q̂(·, (Xn+1, Yn+1), τ) ≤ u)− u
∣∣∣ ≤ ε+

2

n−m+ 1
.

The above theorem remains of paramount importance when we extend our concepts to predictive
densities, and we will come back to it in Chapter 5. A natural suggestion would be to obtain a predic-
tive density by directly differentiating (in closed form) a continuous version of the conformal predictive
density. In the following chapter, we present such an approach and we explore its advantages and
limitations. We furthermore introduce two alternative derivations of predictive densities via filtering and
via quantile-matching.
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Retrieving predictive densities from

conformal distributions

In the present chapter, we extend conformal predictive distributions to predictive densities. The simplest
and most direct approach is to apply a straightforward finite differencing step directly at the conformal
atoms. Another straightforward approach is to smooth the piecewise-constant predictive distributions
constructed in Chapter 4 so that we can control the difference in (4.27). Then, Theorem 4.26 can be
applied, and we have a measure of the marginal distance of the probability transform from the true
uniform distribution. By directly differentiating, we then obtain a predictive density. This method has
the advantage of providing a closed-form expression for the predictive density at every point, without
relying on a finite-difference step that can introduce additional errors. Both of these approaches suffer
at the density level by being noisy and sensitive to small changes between conformal atoms.

It will then appear evident that wemust approach the issue of highly fluctuating densities from a different
angle. To reduce noise, we propose two solutions: the first uses Gaussian filtering. However, after fil-
tering, the associated predictive distribution may no longer satisfy theoretical guarantees regarding the
distance of the Probability Integral Transform from the true uniform distribution. The second approach
is original in the conformal context, and we shall call it the quantile-matching method. It merges the
two worlds of conformal prediction intervals with conformal predictive distribution in a principled way.
To reduce noise, we preselect a set of quantile levels of interest and compute the associated conformal
quantiles. As we shall see later on, this essentially amounts to selecting a subset of the conformal
atoms C(i). Then, finite differencing is applied on this subset. With this approach, we can reduce the
noise in the predictive density while maintaining an upper bound on the perturbation in the Probability
Integral Transform of the associated predictive distribution.

Direct finite differencing
The most direct approach is to implement a forward finite-difference scheme on the tail-corrected con-
formal predictive distribution.

f̂(·, (x,C(i))) =
Q̄(·, (x,C(i+1)), τ)− Q̄(·, (x,C(i)), τ)

C(i+1) − C(i)
=

1

(n−m+ 1)(C(i+1) − C(i))
, (5.1)

Then, simple linear interpolation is applied to fill in the values between atoms.

f̂(·, (x, y)) = f̂(·, (x,C(i))) + (y − C(i))
f̂(·, (x,C(i+1)))− f̂(·, (x,C(i)))

C(i+1) − C(i)
.

This idea, however, leads to very noisy densities, even when a large number of conformal atoms are
used. For our use case, the number of conformal atoms is upwards of hundreds of thousands.

45
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Monotonic cubic interpolation
The approach of monotonic interpolation ensures that the output is increasing, while maintaining the
same values as the original function at the jump points. Furthermore, by construction, since between
jumps the output function is monotonic, the distance from the original piecewise-constant function can-
not be larger than the size of the jumps, meaning we can obtain a closed-form upper bound of the
perturbation from the uniform distribution of the probability integral transform. As our goal is to obtain
a continuous density function upon differentiating our distribution, cubic splines appear, at first glance,
to be a good candidate. Monotonic cubic interpolation is a standard approach introduced in 1980 [15],
and it appears promising in our context, so we briefly summarize it here. We follow [15] and [10]. For
more streamlined notation, we also use [42] as a reference. We present the method here for a general
set of points, but in our case, we will apply it to the jump points of the predictive distributions, which
occur exactly at the ordered conformal atoms.

Let I = [a, b] be an interval and
a = x1 < x2 < · · · < xn = b

be a partition of I. Furthermore, assume we have an increasing sequence (fi)
n
i=1, that is fi ≤ fi+1 for

i = 1, . . . , n − 1. We aim to construct a continuously differentiable piecewise cubic function p(x) on I
such that

p(xi) = fi for i = 1, . . . , n.

Furthermore, we impose that p is monotonically increasing.

On each subinterval Ii = [xi, xi+1], p(x) is represented as a cubic polynomial taking the following form

p(x) = ai(x− xi)
3 + bi(x− xi)

2 + ci(x− xi) + di, (5.2)

where

ai =
1

∆x2
i

(
−2∆fi

∆xi
+ f ′

i + f ′
i+1

)
,

bi =
1

∆xi

(
3
∆fi
∆xi

− 2f ′
i − f ′

i+1

)
,

ci = f ′
i

di = fi,

with

f ′
i = p′(xi), i = 1, . . . , n,

∆fi = fi+1 − fi, i = 1, . . . , n− 1,

∆xi = xi+1 − xi, i = 1, . . . , n− 1.

To preserve scale invariance of the derivatives, we further introduce the following relationship between
the derivative and the slope mi =

∆fi
∆xi

:

f ′
i = αimi,

f ′
i+1 = βimi,

for αi ≥ 0 and βi ≥ 0. It becomes apparent that, despite the points fi being fixed, one can change the
derivatives f ′

i to accommodate a large family of interpolating cubic splines. That is, the procedure of
interpolating with cubic splines becomes essentially a procedure for calculating the values (f ′

i)
n
i=1. We

then are interested in finding those values (f ′
i)

n
i=1 such that the resulting interpolant is monotonic.

On each subinterval [xi, xi+1], the curve is monotonic if and only if there is no sign change in the
derivative value along any path in the interval. Then, a necessary condition to ensure monotonicity is
that

sgn(f ′
i) = sgn(f ′

i+1) = sgn(mi), (5.3)
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where sgn is the usual sign function. Furthermore, if mi = 0, then p is monotone on the interval if and
only if f ′

i = f ′
i+1 = 0. Additionally, if mi = 0, then p is constant if and only if y′i = y′i+1 = 0. For the

remainder of this section, assume mi 6= 0 and (5.3) is satisfied. Then, p(x) is monotonic on [xi, xi+1]
if p′(x) 6= 0 for all x ∈ [xi, xi+1], which implies that there are no local extrema on this interval. Direct
calculations, together with the above restrictions, yield the necessary and sufficient conditions in the
following lemma. A detailed derivation can be consulted in [15].

Lemma 5.1. 1. If αi + βi − 2 ≤ 0, p(x) is monotone on [xi, xi+1] if and only if (5.3) is satisfied.
2. If αi+βi− 2 > 0, then p(x) is monotone on [xi, xi+1] if and only if (5.3) is satisfied and one of the

following conditions is satisfied:

(a) 2αi + βi − 3 ≤ 0,

(b) αi + 2βi − 3 ≤ 0,

(c) α2
i + αi(βi − 6) + (βi − 3)2 ≤ 0.

As a practical way to ensure the conditions in the above lemma are satisfied, one can cast the following
optimization problem [42].

min

n−2∑
k=0

(
12a2k ∆x3

k + 12akbk ∆x2
k + 4b2k ∆xk

)
subject to ak∆x3

k + bk∆x2
k + ck∆xk + yk = yk+1,

3ak∆x2
k + 2bk∆xk + ck = ck+1,

− ck ≤ 0,

− 3ak∆x2
k − 2bk∆xk − ck ≤ 0,

− 3ak∆x2
k − 2bk∆xk − 3mk ≤ 0,

3ak∆x2
k + 2bk∆xk + 3ck − 9mk ≤ 0,

6ak∆x2
k + 4bk∆xk + 3ck − 9mk ≤ 0,

3ak∆x2
k + 2bk∆xk − 3mk ≤ 0.

In the above optimization problem, the first condition denotes interpolation, the second enforces first
derivative continuity, and the rest enforce monotonicity. The above optimization problem can be solved
numerically, andmodern numerical software packages readily provide themonotonic cubic interpolation
algorithm.

Quantifying the difference
We now return to the framework of conformal predictive distributions, where monotonic cubic interpo-
lation can be used at the discontinuities C(i) of the constructed conformal predictive distributions in
Algorithm 7. Theorem 4.26 gives us an explicit bound of how far away from the true conformal predic-
tive distribution we can be after creating a continuous version of the tail-corrected distribution. Before
applying the monotonic cubic interpolation algorithm to construct a predictive distribution Q̂MCI , we fix,
for all x ∈ R,

Q̂MCI(·, (x,C(1)), τ) = Q̄(·, (x,C(1)+), τ) =
1 + τ

n−m+ 1
,

Q̂MCI(·, (x,C(i)), τ) = Q̄(·, (x,C(i)+), τ) =
i+ τ

n−m+ 1
, i = 2, . . . , n−m− 1,

Q̂MCI(·, (x,C(n−m)), τ) = Q̄(·, (x,C(n−m)+), τ) = 1,

Q̂MCI(·, (x,C(1) − γ), τ) = 0,

where γ > 0 is a small value to ensure a smooth continuous transition on (−∞, C(1)). Then the mono-
tonic cubic interpolation algorithm can be applied on the interval [C(1) − γ, C(n−m)] to obtain a smooth
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distribution on this interval (the algorithm requires bounded support to be applied). The extension to
the entire real line is then done by setting

Q̂MCI(·, (x, y), τ) = 0 for y < C(1) − γ,

Q̂MCI(·, (x, y), τ) = 1 for y > C(n−m).

With this construction, we obtain the following bounds, as a direct consequence of Theorem 4.26.

Proposition 5.2. Let Q̂MCI(·, (Xn+1, Yn+1, τ)) be the monotonic cubic interpolated version of the tail-
corrected distribution Q̄(·, (Xn+1, Yn+1), τ), as defined in Theorem 4.25. Then, the following bound
holds

sup
u∈[0,1]

∣∣∣P(Q̂MCI(·, (Xn+1, Yn+1), τ) ≤ u)− u
∣∣∣ ≤ 4

n−m+ 1
.

Proof. By construction, since Q̂MCI is monotonic, and Q̄ is piecewise constant on (C(i), C(i+1)), the
distance between Q̂MCI and Q̄ in y cannot be greater than the largest of jumps between the discon-
tinuities of Q̄. The largest such jump is of size 1+τ

n−m+1 at C(1) and C(n−m) respectively. Furthermore,
1+τ

n−m+1 ≤
2

n−m+1 a.s., as τ ∼ Unif[0, 1]. Therefore, we have the bound

|Q̂MCI(·, (Xn+1, y), τ)− Q̄(·, (Xn+1, y), τ)| ≤
2

n−m+ 1
a.s., (5.4)

for all y ∈ R. Consequently, Theorem 4.26 can be applied to obtain the desired bound

sup
u∈[0,1]

∣∣∣P(Q̂MCI(·, (Xn+1, Yn+1), τ) ≤ u)− u
∣∣∣ ≤ 4

n−m+ 1
.

Retrieving predictive densities via MCI
Once a continuous predictive distribution function is constructed via MCI, the associated predictive
probability density function can be retrieved by differentiating the distribution function. In our case, the
monotonic cubic interpolated distribution admits a closed-form derivative. Recall that Q̂MCI(·, (x, y).τ)
is of the form

Q̂MCI(·, (x, y), τ) = ai(y − C(i))
3 + bi(y − C(i))

2 + ci(y − C(i)) + di (5.5)

on any interval (C(i), C(i+1)), where we now use the convention C(0) = C(1) − γ. Then, the associated
predictive density f̂MCI(·, (x, y)) on [C(i), C(i+1)] is computed as

f̂MCI(·, (x, y)) = 3ai(y − C(i))
2 + 2bi(y − C(i)) + ci. (5.6)

However, as the number of samples n increases, so does the number of calibration points n−m (assum-
ing a split that scales with the number of calibration points, which is standard practice). Consequently,
the coefficients ai, bi, ci change on n−m+1 subintervals, leading to fluctuating derivatives of the distri-
bution function. This phenomenon can be observed in the following section, in Figure 5.2. The density
function will then appear highly fluctuating as well, even though, in its closed form, it satisfies

∣∣∣∣∣
∫ y′

−∞
f̂MCI(·, (Xn+1, y)) dy − Q̄(·, (Xn+1, y

′), τ)

∣∣∣∣∣ ≤ 2

n−m+ 1
,

for all y′ ∈ R, directly by (5.4). Consequently, from Proposition 5.2, we obtain

sup
u∈[0,1]

∣∣∣P(Q̂MCI(·, (Xn+1, Yn+1), τ) ≤ u)− u
∣∣∣ ≤ 4

n−m+ 1
.
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This remains true if, instead, a central finite-difference scheme is used and numerical integration is
applied to reverse the operation.

It is up to the practitioner whether using MCI is worth the extra step. Especially in large samples, the
difference between evaluating closed-form via MCI and directly finite differencing becomes virtually
negligible.

For clearer visualization purposes and to better understand the underlying shape and modality of the
density function, one can apply a Gaussian filtering step pre-differentiation. The predictive density
is then obtained via a central-difference scheme on an evenly spaced grid. This, however, breaks
the theoretical guarantees, but our numerical experiments show good empirical performances of this
technique, which we will elaborate on shortly after describing the Gaussian filtering technique.

Gaussian filtering: the return of the kernel
Let g(y) denote a continuous function that we wish to smooth. Gaussian filtering provides a principled
method to obtain a smooth approximation of g by performing a convolution with a Gaussian kernel.
This section is brief and is inspired mainly by the Python documentation on one-dimensional Gaussian
filtering [29]. For a more detailed explanation, we refer readers to classical books on filtering, such as
[33].

Recall the continuous Gaussian kernel with standard deviation σ defined as

Kσ(y) =
1√
2πσ

exp
(
− y2

2σ2

)
, y ∈ R. (5.7)

The Gaussian-filtered version of a continuous function g(y) is given by the convolution

gGF(y) = (g ∗Kσ)(y) =

∫ ∞

−∞
g(z)Kσ(y − z) dz, (5.8)

which can be interpreted as a locally weighted average of g, with weights decaying exponentially with
distance from y.

However, in practice, we only have a finite set of samples of g on a uniform grid. Let yi, i = 0, . . . , N−1,
denote the grid points, defined by

yi = ymin + i∆y, ∆y =
ymax − ymin

N − 1
.

In our implementation, we use N = 2000 equally spaced points.

The continuous convolution integral is then approximated by the discrete sum

gGF(yi) ≈
R∑

j=−R

g(yi+j) kj , kj =

exp

(
− (j∆y)2

2σ2

)
R∑

l=−R

exp

(
− (l∆y)2

2σ2

) , (5.9)

where kj is the normalized discrete Gaussian kernel with standard deviation σ, and R is the truncation
radius chosen so that the kernel is negligible beyond |j| > R. The sum therefore spans 2R + 1 grid
points centered at yi. Since the convolution requires samples g(yi+j) that may fall outside the grid when
i + j /∈ {0, . . . , N − 1}, boundary conditions must be imposed. In our implementation, the smoothed
CDF is clamped to 0 for indices below 0 and to 1 for indices above N − 1, consistent with the boundary
treatment described in the MCI section.

The problem of Gaussian filtering a noisy CDF approximation, such as filtering Q̄(·, (x, y), τ), reduces
to the appropriate choice of σ that best preserves the underlying shape, while properly filtering noise.
We do not have a principled choice for σ, but our empirical experiments show that a choice of σ around
8-12 represents a good balance between filtering noise and preserving underlying shape, especially in
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small samples. It is also important to note that the post-filtered distribution approximation no longer has
theoretical guarantees with respect to Theorem 4.26, but we can still empirically quantify the distance
of the probability transform from the uniform distribution. Our experiments show that, even in large
samples of around 1 million data points, the distance (4.28) is below 3√

n−m+1
. It remains an open

question for further research whether theoretical guarantees can still be recovered after filtering at the
CDF level.

Quantile matching
In the previous chapter, we have seen the notion of a randomized predictive system as the ”gold
standard” for constructing conformal predictive distributions. The notion of conformal transducers that
are RPS is rich and powerful, as it allows for constructing distributions that can retain a finite-sample
marginal validity guarantee, as explained through Theorem 4.15 and Theorem 4.21. However, such
constructions do not create a true conditional CDF, as their underlying measure lives on the extended
real line R̄ and gives weight at ±∞. Furthermore, they rely on the inclusion of an additional uniform
random variable τ , which yields fuzzy distributions.

Let us, for the sake of the quantile-matching method, remove the randomization and instead approach
the problem in a hybrid fashion. Wematch a set of quantile levels to the output of a one-sided prediction
interval, as in Chapter 3, and recompute the predictive distribution for this subset of quantile levels, as
in Chapter 4. Under this change, we propose a new framework for constructing predictive densities
directly by computing conformal prediction quantiles, which we shall call the quantile-matchingmethod.
The main upside of this method is that, to obtain prediction densities, the user has an additional layer
of freedom in choosing the number of quantile levels needed to extract sufficient information about the
underlying shape, while controlling violations of the validity condition in finite samples and preserving
asymptotic validity. We can also disregard the Gaussian filtering step for densities if a small enough
number of quantile levels is chosen. This allows us to retain, at all times, a principled worst-case-
scenario upper bound on the distance from the true uniform distribution.

First, let us adapt the definitions of a randomized predictive system to a predictive system (without
randomization). We shall also allow for the validity condition to hold asymptotically.

Predictive systems
Here, we define predictive systems, following the framework presented in [30, Section 2]. Predictive
systems exclude randomization, removing one layer of complexity of randomized predictive systems
while imposing similar regularity conditions as an RPS. Crucially, the validity guarantee remains virtually
unchanged. The advantage of predictive systems is that they construct predictive distributions on the
real line, but excluding randomization makes them unsuitable for handling ties in the underlying data,
on the one hand, and giving an exact validity coverage in the conformal sense, on the other. The first
point does not act as an obstacle in our case, under the standard assumption that the conformity scores
are almost surely distinct, as we shall shortly explain in the upcoming section.
Definition 5.3 (Predictive system). A right-continuous function Q : (Rp+1)n+1 → [0, 1] is called a
predictive system if it satisfies:

1. Monotonicity: For any fixed training sequence (z1, . . . , zn) ∈ (Rp+1)n and test feature xn+1 ∈ Rp,
the function Q(z1, . . . , zn, (xn+1, y)) is non-decreasing in y.

2. Boundary stability: For all (z1, . . . , zn) ∈ (Rp+1)n and xn+1 ∈ Rp,

lim
y→−∞

Q(z1, . . . , zn, (xn+1, y)) = 0 and lim
y→∞

Q(z1, . . . , zn, (xn+1, y)) = 1.

3. Validity: For any exchangeable sequence of random variables Z1, . . . , Zn+1 taking values in Rp+1,
the random variable Q(Z1, . . . , Zn+1) follows the uniform distribution on [0, 1], i.e.

P(Q(Z1, . . . , Zn+1) ≤ α) = α for all α ∈ [0, 1]. (5.10)

It is called an asymptotic predictive system if (5.10) holds asymptotically as n → ∞, i.e., the random
variable Q(Z1, . . . , Zn+1) converges in distribution to the uniform distribution on [0, 1] as n→∞.
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Definition 5.4 (Predictive distribution). The output of an (asymptotic) predictive system Q is called an
(asymptotic) predictive distribution and is defined as the function

Qn : y ∈ R 7→ Q(z1, . . . , zn, (xn+1, y)).

Remark 6. Observe that now, by construction, Qn is a true cumulative distribution function.

Constructing an asymptotic predictive system via quantile-matching
We now describe an original construction of an asymptotic predictive system, starting from conformal
prediction intervals. The procedure is suitable with the three main conformal procedures of Chapter 2,
for which Theorem 3.7, Theorem 3.8, and Theorem 3.9 hold, establishing marginal coverage guar-
antees. To align with the notation of Chapter 4, we assume again that I2 = {m + 1, . . . , n}, so that
|I2| = n−m.

The main idea of our procedure is to slightly modify the previously used conformity scores to obtain
one-sided prediction intervals. These essentially act as approximate prediction quantiles in this context,
which can be recomputed over a fine grid of quantile levels. The following proposition formalizes this
notion. Its proof is essentially identical to that of Theorem 3.9.

Proposition 5.5. Define the following modified split conformity measures at α-level for split CP, split
CQR, and split CDP:

• ECP (z1, . . . , zm, (xn+1, y)) = y − ŷ(xn+1).
• ECQR(z1, . . . , zm, (xn+1, y) = y − q̂α(xn+1)

• ECDP (z1, . . . , zm, (xn+1, y)) = y − ŷ(xn+1)− q̂rα(xn+1).

Then the prediction interval created by each of the conformity scores computed from either of the
conformity measures is one-sided of the type (−∞, yαXn+1

] and

P
(
Yn+1 ≤ yαXn+1

)
∈
[
α, α+

1

n−m+ 1

]
.

Remark 7. Recalling the algorithms from Chapter 2, we can explicitly give the formula for yαXn+1
for

each of the three conformity score, as follows

yα,CP
Xn+1

= ŷ(Xn+1) + Q̃α(E, I2), (5.11)

yα,CQR
Xn+1

= q̂α(Xn+1) + Q̃α(E, I2), (5.12)

yα,CDP
Xn+1

= ŷ(Xn+1) + q̂rα(Xn+1) + Q̃α(E, I2), (5.13)

where the notation is aligned with Algorithms 1, 3 and 4, respectively.

Now suppose that we introduce an evenly-spaced grid (αi)
K
i=1 on [0, 1], that is

0 < α1 < · · · < αK = 1 with αi =
i

K
for i = 1, . . . ,K,

with the convention that α0 = 0 and yα0

Xn+1
= −∞, as well as yαK

Xn+1
= +∞. Furthermore, to avoid

overlap between predicted quantiles, we impose the strict condition K < n −m + 1, in view of Propo-
sition 5.5.

We can recompute the predicted quantiles (yαi

Xn+1
)Ki=1 using any of the three conformal procedures with

the modified conformity scores described above. Then, using Proposition 5.5, we can approximate

P
(
Yn+1 ≤ yαi

Xn+1

)
≈ αi.

Plugged in for an observed test point Xn+1 = xn+1 would translate in the candidate predictive system

Q(z1, . . . , zn, (xn+1, y
αi
xn+1

)) = αi,
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and we keep it constant at points in between the computed quantile levels. That is, for a general y, we
give the candidate asymptotic predictive system

Q(z1, . . . , zn, (xn+1, y)) = inf{αi : y ≤ yαi
xn+1
}. (5.14)

Note, however, that in its current form, the predictive system suffers from a similar problem as in the
previous chapter and still does not output a true predictive distribution, as for y < yα1

xn+1
, we have

Qn(y) = αK = 1
K > 0 and so this is not a true CDF. To account for this problem, we apply the following

correction.

Q̄(z1, . . . , zn, (xn+1, y)) =

{
inf{αi : y ≤ yαi

xn+1
} if y > C(1),

0 if y ≤ C(1).
(5.15)

The correction being done atC(1) makes sense as, by construction, yα1
xn+1

= Q̃α1
(C, I2) ≥ C(1). This will

become clearer in the subsequent subsection. The procedure described above, which leads to (5.15),
will be called quantile-matching from now on. The quantile-matching procedure is also summarized
in Algorithm 7.

The following theorem gives an upper bound on the perturbation from the uniform distribution of the
approximated system constructed above. The result is stated below for the standard conformal predic-
tion algorithm. For CQR and CDP, an additional condition on the quantile regression algorithm must
be imposed to preserve monotonicity, which will be explained in the remark following the proof of this
theorem.

Theorem 5.6. Suppose standard conformal prediction is used to construct the sequence of quantiles
(yαi

Xn+1
)Ki=1. If n − m → ∞ as n → ∞ and K → ∞ as n → ∞, then the construction in (5.15) is an

asymptotic predictive system. Furthermore, we have the bound

sup
u∈(0,1)

∣∣P(Q̄(Z1, . . . , Zn, (Xn+1, Yn+1)) ≤ u)− u
∣∣ ≤ 1

K
+

1

n−m+ 1
. (5.16)

Proof. Note that, by construction, the sequence (αi)
K
i=1 is increasing, and so is (yαi

xn+1
)Ki=1. This follows

directly from the formula yαi
xn+1

= ŷ(xn+1)+Q̃αi
(E, I2) and the fact that the empirical quantile Q̃α(E, I2)

is increasing in α. Then, Q̄ is monotonic in y, as an increase in y can only overcome a superior threshold
level yαi

xn+1
. Throughout this proof, we will denote Q̄(·, (Xn+1, Yn+1)) := Q̄(Z1, . . . , Zn, (Xn+1, Yn+1)).

The boundary stability condition is satisfied by construction, as for y < C(1), we have

Q̄(z1, . . . , zn, (xn+1, y)) = 0,

and for y > y
αK−1
xn+1 , we have

Q̄(z1, . . . , zn, (xn+1, y)) = 1.

It remains to check the asymptotic validity property. First, note that, for each i = 1, . . . ,K, we have

Q̄(z1, . . . , zn, (xn+1, y)) ≤ αi if and only if y ≤ yαi
xn+1

. (5.17)

Indeed, if y ≤ yαi
xn+1

, then inf{αj : y ≤ y
αj
xn+1} ≤ αi, and the left-hand side is exactly the value that Q̄

takes on this branch. Vice versa, if Q̄(·, (xn+1, y)) ≤ αi, then inf{αj : y ≤ y
αj
xn+1} ≤ αi, so y ≤ yαi

xn+1

-otherwise, y > yαi
xn+1

would imply that inf{αj : y ≤ y
αj
xn+1} > αi. Then, we have, using Proposition 5.5,

P(Q̄(Z1, . . . , Zn, (Xn+1, Yn+1)) ≤ αi) = P(Yn+1 ≤ yαi

Xn+1
) ∈

[
αi, αi +

1

n−m+ 1

]
. (5.18)
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Therefore, the validity requirement holds at u ∈ {α1, . . . , αK}. In fact, the statement is even stronger,
that is, we have∣∣P(Q̄(Z1, . . . , Zn, (Xn+1, Yn+1)) ≤ αi)− αi

∣∣ ≤ 1

n−m+ 1
for all i = 1, . . . ,K. (5.19)

Now fix u such that αi < u < αi+1 for some i = 1, . . . ,K − 1. Then, we have

P(Q̄(·, (Xn+1, Yn+1)) ≤ αi) ≤ P(Q̄(·, (Xn+1, Yn+1)) ≤ u) ≤ P(Q̄(·, (Xn+1, Yn+1)) ≤ αi+1).

Then, using (5.18), we obtain the upper and lower bounds

αi ≤ P(Q̄(·, (Xn+1, Yn+1)) ≤ u) ≤ αi+1 +
1

n−m+ 1
.

Subtracting u from both sides yields

αi − u ≤ P(Q̄(·, (Xn+1, Yn+1)) ≤ u)− u ≤ αi+1 +
1

n−m+ 1
− u,

and using that αi < u < αi+1, we get

αi − αi+1 ≤ P(Q̄(·, (Xn+1, Yn+1)) ≤ u)− u ≤ αi+1 +
1

n−m+ 1
− αi.

Once we take absolute values, we obtain

|P(Q̄(Z1, . . . , Zn, (Xn+1, Yn+1)) ≤ u)− u| ≤ αi+1 − αi +
1

n−m+ 1
=

1

K
+

1

n−m+ 1
. (5.20)

Finally, fix u such that 0 < u < α1. In this case, we have, similarly to the steps above

P(Q̄(·, (Xn+1, Yn+1)) ≤ 0) ≤ P(Q̄(·, (Xn+1, Yn+1)) ≤ u) ≤ P(Q̄(·, (Xn+1, Yn+1)) ≤ α1),

which translates, using (5.17) and Proposition 5.5, to

0 ≤ P(Q̄(·, (Xn+1, Yn+1)) ≤ u) ≤ α1.

Subtracting u from both sides gives

−u ≤ P(Q̄(·, (Xn+1, Yn+1)) ≤ u)− u ≤ α1 − u.

Upon taking absolute values and using 0 < u < α1, we obtain the upper bound

|P(Q̄(·, (Xn+1, Yn+1)) ≤ u)− u| ≤ max{α1 − u, u} ≤ α1 =
1

K
. (5.21)

Combining (5.18), (5.20) and (5.21), we obtain the bound

sup
u

∣∣P(Q̄(Z1, . . . , Zn, (Xn+1, Yn+1)) ≤ u)− u
∣∣ ≤ 1

K
+

1

n−m+ 1
.

If we let n→∞ and then K →∞, we get that

sup
u

∣∣P(Q̄(Z1, . . . , Zn, (Xn+1, Yn+1)) ≤ u)− u
∣∣→ 0

as n → ∞, which implies that Q̄(Z1, . . . , Zn, Zn+1) converges in distribution to Unif[0, 1], and so the
validity condition (5.10) holds asymptotically.

Therefore, since all three conditions of Definition 5.3 are satisfied, Q̄ is an asymptotic predictive system.

Remark 8. For the split CQR and split CPD method, the additional condition to ensure that the con-
struction is an asymptotic predictive system is to ensure that the quantile regression algorithm used to
produce q̂α(xn+1) is increasing in α for all xn+1. Then, we can ensure that the sequence (yαi

xn+1
)Ki=1

is increasing as well, again using the explicit formula. It then follows that the construction (5.15) is
increasing in y, which is the only condition we might violate in the absence of a monotonic in α quantile
regression algorithm.
Remark 9. The upper bound (5.16) holds also for Q in (5.14), i.e., without applying tail-correction.
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Algorithm 7 Split Quantile-Matched Predictive Distribution
Input: Dataset {zi = (xi, yi)}ni=1, observation (test object) xn+1,
Algorithm: Partition {1, . . . , n} into a training set I1 = {1, . . . ,m} and a calibration set I2 = {m +
1, . . . , n}.
Introduce evenly-spaced grid (αi)

K
i=1 with αi =

i
K for all i = 1, . . . ,K

for i ∈ {1, . . . ,K} do
Compute conformal prediction quantiles yαi

xn+1
.

end for
Output: Return a predictive distribution for the label y of xn+1

Qn(y) :=

{
inf{αi : y ≤ yαi

xn+1
} if y > C(1),

0 if y ≤ C(1).
(5.22)

Relation with conformal predictive distributions
First, let us introduce the crisp modifications of randomized predictive distributions [39, Section 5].

Qcrisp(z1, . . . , zn, (xn+1, y)) :=
i

n−m
if y ∈ (C(i), C(i+1)]. (5.23)

The crisp modification no longer depends on τ and essentially acts as the empirical CDF of the confor-
mal atoms Ci. Vovk et al. [39] introduce crisp modifications of randomized predictive distributions in a
heuristic fashion to remove the fuzziness of their randomized counterparts and compute the continuous
ranked probability score.

Let us now recall the formulation of the empirical quantiles and the connection between conformal atoms
and conformity scores highlighted in (4.14), Ci = Ei + ŷ(xn+1). Then, for instance using the explicit
formula for standard conformal prediction quantiles (5.11) and using that the α(1 + 1

n−m ) empirical
quantile Q̃α(E, I2) of conformity scores is shifted by the fixed ŷ(xn+1), the quantile rewrites to

yαi
xn+1

= Q̃αi
(C, I2). (5.24)

That is, with quantile matching, we preselect a group of quantile levels we are most interested in, and
subsequently compute the empirical quantiles of the conformal atoms at these levels. But the empir-
ical quantiles, by (3.2), have the closed form Q̃αi(C,I2) = C(⌈(n−m)αi+αi⌉). Therefore, the procedure
essentially amounts to preselecting a subset of the conformal atoms to be matched with each quantile
level.

In contrast, the conformal predictive distribution of Chapter 4 also essentially acts as an empirical CDF
of the conformal atoms up to including randomization. Furthermore, when K = n −m (which is also
the largest admissible K), the grid induced is simply αi =

i
n−m , and the construction through quantile-

matching (5.15) yields the formula (5.23) for the crisp predictive distribution. Consequently, we can
state the following corollary.

Corollary 5.6.1. Let Qcrisp be the crisp modification of randomized predictive distributions as defined
in (5.23). Then, the following upper bound holds

sup
u∈(0,1)

|P(Qcrisp(Z1, . . . , Zn, (Xn+1, Yn+1)) ≤ u)− u| ≤ 1

n−m
+

1

n−m+ 1
. (5.25)

Proof. In Theorem 5.6, take K = n −m. Then, we have the closed-form yαi

Xn+1
= C(i+1) and a quick

check ensures that the constructed predictive system in (5.15) matches with the crisp modificification
of (5.23).
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We consider this corollary one of the most important contributions of our thesis. The result brings the
connection between randomized predictive distributions, conformal prediction intervals, and quantile-
matching on predictive systems full circle. In the original paper, the authors concede that crisp modifi-
cations do not satisfy the usual uniform property of a conformal predictive distribution (”they, however,
do not satisfy any validity properties” [39, Page 10]). Here, we provide a sharp estimate of how much
uniformity has been lost with the crisp modifications via this corollary. It is also noteworthy that the
crisp version arises simply by setting K = n−m in the quantile-matching construction.

A different coverage notion

Let us briefly highlight and compare the coverage notions of predictive systems and randomized predic-
tive systems. Namely, note that the validity guarantee (5.10) excludes randomization, that is, it is taken
marginally over the randomness of Z1, . . . , Zn+1, similarly to the notion of marginal coverage guarantee
of prediction intervals (3.1). The validity guarantee of RPS is taken marginally over the randomness
of Z1, . . . , Zn+1 and an auxiliary uniform random variable τ . In this sense, the validity guarantee for
predictive systems is stronger, as it marginalizes over one less random variable. However, note that
neither simple nor randomized predictive systems guarantee a training conditional coverage guarantee
(see the discussion at the end of Chapter 2) by design, and there is little research to see whether cer-
tain procedures give such a training conditional coverage guarantee. Similarly to conformal prediction
intervals, it is unachievable to obtain a conditional validity guarantee for a certain procedure, as this
is not possible in the simplified case of prediction intervals (of any given fixed length), let alone in the
distributional sense.

Finite differencing via quantile-matching
Given that the user has an additional layer of freedom in choosing the number of quantiles used, as
well as their levels, the trade-off between a possibly larger deviation from the uniform distribution and
greater flexibility appears to become more manageable. Indeed, the distribution constructed in the
quantile-matching step benefits from allowing the users to select both the number of quantiles to be
estimated through conformal prediction and the levels at which they are evaluated. For instance, certain
practitioners might be interested in more extreme scenarios, and one could, in principle, use a non-
uniform grid, concentrating more mass where precision is needed.

For the quantile-matching method, since the user sets the quantiles, one can use a forward finite differ-
ence scheme to approximate the density at a given quantile level. The following density approximation
arises

f̂QM (·, (x, yαi
x )) =

Q̄(·, (x, yαi+1
x ))− Q̄(·, (x, yαi

x ))

y
αi+1
x − yαi

x
=

αi+1 − αi

y
αi+1
x − yαi

x
, (5.26)

which, under an evenly spaced grid, translates to

f̂QM (·, (x, yαi
x )) =

Q̄(·, (x, yαi+1
x ))− Q̄(·, (x, yαi

x ))

y
αi+1
x − yαi

x
=

1

K(y
αi+1
x − yαi

x )
.

Then, once again, simple linear interpolation is applied to fill in the values between atoms.

f̂QM (·, (x, y)) = f̂QM (·, (x, yαi
x )) + (y − yαi

x )
f̂QM (·, (x, yαi+1

x ))− f̂QM (·, (x, yαi
x ))

y
αi+1
x − yαi

x
.

Using fewer quantiles removes the very noisy patterns at the density level, as we shall shortly see in the
following chapter. The user is responsible for selecting the appropriate number of quantiles, depending
on their tolerance for perturbation of the Probability Integral Transform, in view of Theorem 5.6.

Examples
In this section, we explore a simple model on which we apply monotonic cubic interpolation, Gaussian
filtering, and the quantile-matchingmethod to illustrate the following three postulates. Firstly, monotonic
cubic interpolation is largely unjustified for large sample sizes, as it does not yield better predictive
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densities than finite differencing. Secondly, for visualization purposes, Gaussian filtering is quite precise
and manages to recover key features of the underlying density even from very small samples. Lastly,
we show that indeed, the quantile-matched distribution approaches the crisp modification of conformal
predictive distributions as the number of quantile levels approaches the number of calibration points.

Monotonic cubic interpolation and filtering
To illustrate the use of monotonic cubic interpolation and Gaussian filtering, we use the following simple
example. Suppose we have only one feature represented by the random variable X and we want to
predict the target variable Y . The model is governed by the following law.

X ∼ N(2, 1)

Y = 2X + 3 + ε.
(5.27)

Then, conditional on X = x, we have

Y |X = x
d
= 2x+ 3 + ε.

The conditional distribution is then entirely determined by the underlying distribution of ε, and it is, in
fact, just a shifted version of ε. For our experiments, we will use the following three distributions for ε:

ε ∼ N(0, 1),

ε ∼ 1

2
N(−2, 0.62) + 1

2
N(2, 0.62),

ε ∼ Rayleigh(2).

These three distributions are used to illustrate different shapes of the density function. The normal
distribution is symmetric, unimodal, and has the real line as its support. The mixture distribution is
bimodal, and the Rayleigh distribution is right-tailed skewed with right tails decaying faster than the
normal distribution. Additionally, the Rayleigh distribution is supported only on the positive real line.

For our experiments, we shall use n independent and identically distributed samples (xi, yi)
n
i=1 from

the model (5.27), which we split 50 : 50 between training and calibration. Evidently, the underlying
model is treated as unknown, and we use a linear regression algorithm as the prediction algorithm
A, as well as a LightGBM model [19] for the quantile regression algorithm B. Then, one more xn+1

is sampled independently from the N(2, 1) distribution and used to compute the conformal predictive
distribution and subsequently obtain the predictive density. As a conformity score for calibration, we
use the modified CDP score defined in (4.11). We have experimented with the other monotonic and
balanced conformity scores suggested in Chapter 4 (stemming from the standard conformal prediction
method and conformalized quantile regression), and the differences in the predictive distributions are
minuscule for our simple example.

In our experiments, we use 20, 100, 1000, 10000, 100000, and 1 million samples for n. In the following
figures, the true conditional CDF at a random test point is compared with the tail-corrected conformal
distribution and its MCI-smoothed counterpart for different values of n and the three proposed distribu-
tions.

The difference between the true and conformal CDF, with or without smoothing, seems to vanish with
increasing sample size. One can already observe that a relatively small sample size (n = 1000) is
sufficient to capture the general shape of the underlying distribution. In Figure 5.1, one can see this
phenomenon for the bimodal distribution. The CDF comparison for the normal and Rayleigh distribution
can be consulted in Figures A.1 and A.2 in Appendix A. Even with relatively few samples (n = 1000), the
practical use of monotonic cubic interpolation becomes questionable, as the step function becomes very
jagged, and this symptom is not treated by interpolating between conformal atoms. However, Gaussian
filtering appears to be highly advantageous for visualization.

Upon retrieving the predictive density, we indeed observe the expected noisy behavior of the unfiltered
version. However, the Gaussian-filtered predictive density is surprisingly accurate for the bimodal dis-
tribution, even with small sample sizes. For instance, we can observe that even with 20 sample points
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(a) n = 20 (b) n = 100

(c) n = 1, 000 (d) n = 10, 000

(e) n = 100, 000 (f) n = 1, 000, 000

Figure 5.1: CDF comparison for the bimodal distribution across different sample sizes
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(and a 50:50 split), the predictive density retrieves key features of the underlying shape, such as bi-
modality. The filtered predictive density becomes more accurate as the sample size increases, to the
point of being virtually indistinguishable at one million samples. Note also that, even though the unfil-
tered PDF remains noisy throughout, there is a decrease in the height of the jumps with an increase in
sample size. The results for the bimodal distribution are summarized in Figure 5.2, whereas the results
for the normal and Rayleigh can be consulted in Figures A.3-A.4 in Appendix A.

Quantile-matching and the crisp modification
With a sample size of n = 200 (so 100 calibration points) using the same simple model as above,
we showcase how the quantile-matching procedure approaches the crisp modification of conformal
predictive distributions (5.23) as K goes to n − m. In Figure 5.3, we observe this precise behavior,
where we use K = 25, K = 50, and K = 100 respectively. Indeed, the error between the quantile-
matching-induced distributions and the crisp modifications decreases as K approaches 100. When
K = 100, there is a perfect overlap between the two distributions, as expected. As before, here we
give the results for the bimodal distribution, whereas those for the normal and Rayleigh distributions
can be consulted in Appendix A.

In the next chapter, we apply the proposed methodologies on a large simulated real estate transaction
dataset, where we compare them based on different performance metrics.
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Unfiltered Filtered

(a) n = 20 (b) n = 20

(c) n = 100 (d) n = 100

(e) n = 1000 (f) n = 1000

(g) n = 10,000 (h) n = 10,000

(i) n = 100,000 (j) n = 100,000

(k) n = 1,000,000 (l) n = 1,000,000

Figure 5.2: Unfiltered and Gaussian-filtered PDFs for the bimodal distribution across sample sizes
n ∈ {20, 100, 1000, 104, 105, 106}.
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(a) Comparison of CDFs between quantile-matching, crisp, and
true CDF

(b) Absolute error at conformal atoms between quantile-matching
and crisp distributions

Figure 5.3: Comparison of quantile-matching and crisp distributions with n = 200.
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Applications

The use of predictive distributions and, in certain contexts, predictive densities is of importance to
industry practitioners. Having a principled, model-agnostic way to return a predictive distribution is
relevant in many financial applications, where minimal parametric assumptions can be made about
either the features or the target variable.

The extension to predictive densities, which has been an important research direction in the present
work, is interesting in three main ways. Firstly, a qualitative analysis of the features of the underlying
conditional distribution, such as shape, modality, skewness or kurtosis, can really be only visualized
through a density function. Secondly, computing conditional expectations of functions of the target
variable requires knowledge of the probability density function. Thirdly, and perhaps most relevant to
practitioners, the likelihood function also requires knowledge of a density function. At financial institu-
tions such as Ortec Finance, parameter recalibration is often used to update a model, and knowledge
of the underlying density is relevant in this context.

In the present chapter, we present an important comparison between the three main approaches to
retrieve predictive densities: directly finite differencing (or computing the derivative in closed-form via
MCI), applying Gaussian filtering on the noisy CDF, or the quantile-matching procedure, where we
preselect a number of quantile levels (e.g. 100) and build a distribution based on these values. We
empirically showcase various peculiarities and compare themethods’ performance on a large dataset of
simulated housing prices with relevant features, which resembles the true data used in the Department
of Real Estate Valuation at Ortec Finance. The model used to simulate prices is detailed in the following
section and is the same as the one used in [12]. We note that throughout this chapter, our target random
variable Y represents transaction prices of houses after a log transformation.

The Hierarchical Trend Model
The transaction prices are simulated using the Hierarchical Trend Model (HTM) [14, 13],

yt ∼ N
(
1nt

µt +Dλ,tλt +Dθ,tθt +Xtβ +Dη,tη + εt, σ
2
εInt

)
,

∆µt ∼ N
(
ρ∆µt−1 + α(1− ρ), σ2

µ

)
, ∆µ1 ∼ N

(
α,

σ2
µ

1− ρ2

)
, µ1 = 0,

λt+1 ∼ N
(
λt, σ

2
λInt

)
,

θt+1 ∼ N
(
θt, σ

2
θInt

)
,

η ∼ N
(
0, σ2

η

)
.

Here, yt is a nt × 1 vector of log prices, and t indicates time measured in quarters of a year. The one-
dimensional variable µt represents the log value of some common index. The index return ∆µt follows

61



62

the AR(1) model (as detailed at the end of Chapter 2), with lag coefficient ρ and unconditional mean
α. The vectors λt and θt represent a collection of log indexes, specified as random walks, for different
regions and house types, in deviation from the common log index µt. The property characteristics are
stored in X, such as floor area, lot area, and year of construction, with corresponding coefficients β.
The matrices Dλ,t, Dθ,t, and Dη,t are selection matrices containing zeros and ones which are used to
select the appropriate region, house type, and neighborhood for each transaction, respectively. Finally,
the vector η contains neighborhood random effects.

As in [12], the posterior predictive distribution for each transaction price in the train and test set is
constructed, and for each transaction, 4000 samples are simulated, and a random one is used as the
simulated transaction price to be tested ynt+1. Note that the conditional distribution of transactions is still
normal, conditional on all features. Then, a true underlying distribution is still known and can serve as
a benchmark for comparing different approaches.In our experiments, we found that monotonic cubic
interpolation does not yield a significant improvement; therefore, we decided to exclude it from the
results presented.

To train our model, unless mentioned otherwise, the dataset is split 65/25/10, that is 65% of the dataset
is used for training, on which we use a LightGBM model [19] for the point prediction and the quantile
prediction (if necessary), 25% is used for calibration and 10% is made available for testing, out of which
we draw transaction prices at random. This translates to training on 715111 data points, calibrating on
275043 data points, and having 110018 data points available for testing.

Mean Integrated Squared Error Comparison
We compare the performance of the three predictive densities using the Mean Integrated Squared Error
formula (2.6). For each of the three approaches, we used the CDP score (4.11), the CQR score (4.10),
and the standard CP score (4.9), which we shorten SCP here. Our results show small MISE variations
among the three methods, with significantly worse performance when using the CQR score. The dif-
ferences between the SCP score and the CDP score are very small (they are the same up to the third
decimal point), which suggests there is no significant advantage in choosing CDP over SCP, whereas
choosing the standard conformity score can reduce computation time significantly, as we do not require
the retraining of a quantile regression algorithm at various levels anymore. Therefore, we recommend
using the standard conformity score. Among the three approaches, Gaussian filtering has a slightly
smaller MISE than the other two. Compared to direct finite-differencing, the average MISE is similar to
that of quantile-matching, making this method preferable because it reduces fuzziness. Compared to
Gaussian filtering, which has no theoretical guarantee, quantile-matching can also be preferable when
we are interested in controlling the perturbation in Probability Integral Transform.

Table 6.1: Average MISE across twenty random transaction prices

Method Score Type Avg. MISE

QM (K=100)
CDP 0.159300
CQR 0.218269
SCP 0.159538

Direct FD
CDP 0.159533
CQR 0.218332
SCP 0.159629

Gaussian Filtering
CDP 0.157770
CQR 0.217019
SCP 0.157954

Figures
Figures 6.1-6.3 showcase the conformal predictive distribution compared to the true distribution for a
random transaction price with given characteristics, and its induced predictive density, which is retrieved
via either direct finite differencing or applying Gaussian filtering. We use either the standard 65/25/10
split, 10000, or 1000 calibration points, and adjust the size of the training set accordingly, to showcase
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the differences. The red dotted line represents the point prediction ŷ made, whereas the grey dotted
line represents the true sampled value from the HTM model [14].

We observe that the height of jumps increases when we use fewer calibration points, and a Gaussian
kernel with a fixed variance cannot keep up with the fuzziness with fewer calibration points, retaining
some of the roughness with σ = 8. As a consequence of the marginal validity guarantee of conformal
predictive systems, which can be associated with a vision of being accurate ”on average” across all
possible observations, the predictive distribution here, although it retains some characteristics of the
underlying distributions, does not actually approach the true distribution. Depending on the target
transaction price and features, there might be a significant shift away from the true distribution, such
as the one visible in Figures 6.1-6.3. For other test points, however, the distribution can be significantly
more accurate, and such figures can be consulted in Appendix B.

Alternatively, Figures 6.4-6.6 show the quantile-matched predictive distribution with K = 100 and the
same calibration sizes as for conformal predictive distributions. It successfully reduces the fuzziness
of the conformal counterparts across all calibration sizes, particularly for the large 65-25-10 split. For
comparison, Figures 6.7-6.9 apply the quantile-matching with K = 500. In these figures, we observe
the perturbation-fuzziness tradeoff. Increasing the number of selected quantiles produces distributions
that are marginally closer to the true uniform distribution in PIT, but this also increases the fluctuations
of the associated predictive density.

Additionally, a Gaussian filtering step can be applied on top of the quantile-matched distribution, whose
induced density is the smoothest out of all variants, and which produces the densities with the lowest
MISE. They, however, have no theoretical finite-sample validity properties.

Diagnostics
A common and relevant diagnostic is the so-called calibration check, introduced in [39]. We compare
the conformal predictive distribution values Q(·, (x,C(i)) at the conformal atoms C(i), against a uniform
grid on [0, 1]. If the distribution is almost perfectly calibrated, we should expect these points to lie close
to the diagonal.

Additionally, one can quantify precisely the distance from the diagonal at these points. Up to scaling to
a certain threshold, we observe empirically that, over 1000 simulated house prices, the filtered CDF lies
at a distance below 3√

n−m+1
(but above 3/(n−m+ 1)). This indicates that, indeed, filtering damages

the uniform validity at a faster rate than simple monotonic cubic interpolation (which is within 3
n−m+1

as per Proposition 5.2), but remains within an acceptable distance from the true uniform, even in large
calibration sizes (our dataset is over one million samples). The calibration and distance check for a
single random transaction price using 1000 calibration points are shown in Figures 6.10 and 6.11.

For the quantile-matched distribution, we additionally evaluate the distance at the midpoints between
estimated quantile levels, as in light of Theorem 5.6, the method is almost perfectly calibrated at esti-
mated quantile levels, and the error increases in between these levels up to at most 1

K + 1
n−m+1 . This

is exactly the behavior we observe in Figures 6.12 and 6.13.

Scoring rules for forecasting evaluation
Apart from calibrating our predictive distribution, which we evaluate using the Probability Integral Trans-
form, we are also interested in the sharpness of our predictions, which we assess by the concentration
of the predictive densities around the true realized value.

To assess the calibration and sharpness of our predictive distributions and, subsequently, predictive
densities, one introduces proper scoring rules [16] to assess these qualities. The propriety property is
essential in ensuring that forecasters provide honest and careful quotes [17]. Here, we briefly discuss
proper scoring rules and highlight those most relevant in our context. The main reference point for the
following subsection is [16].
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(a) Predictive distribution (b) PDF via finite differencing (c) PDF via Gaussian filtering

Figure 6.1: Conformal predictive distributions using a 65/25/10 train–calibration–test split and the SCP score.

(a) Predictive distribution (b) PDF via finite differencing (c) PDF via Gaussian filtering

Figure 6.2: Conformal predictive distributions using 10000 calibration points and the SCP score.

(a) Predictive distribution (b) PDF via finite differencing (c) PDF via Gaussian filtering

Figure 6.3: Conformal predictive distributions using 1000 calibration points and the SCP score.
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(a) Predictive distribution (b) PDF via finite differencing (c) PDF via Gaussian filtering

Figure 6.4: Quantile-matched predictive distributions using 100 quantile levels, a 65/25/10 train–calibration–test split, and the
SCP score.

(a) Predictive distribution (b) PDF via finite differencing (c) PDF via Gaussian filtering

Figure 6.5: Quantile-matched predictive distributions using 100 quantile levels, 10000 calibration points, and the SCP score.

(a) Predictive distribution (b) PDF via finite differencing (c) PDF via Gaussian filtering

Figure 6.6: Quantile-matched predictive distributions using 100 quantile levels, 1000 calibration points, and the SCP score.

(a) Predictive distribution (b) PDF via finite differencing (c) PDF via Gaussian filtering

Figure 6.7: Quantile-matched predictive distributions using 500 quantile levels, a 65/25/10 train–calibration–test split, and the
SCP score.

Proper scoring rules
Let F be a generic convex class of probability distributions on R, identified with their respective CDF
and PDF. A scoring rule assigns a numerical score S(F, y) to every (F, y), where F ∈ F is a probabilistic
forecast, that is, a predictive distribution, and y ∈ R is the actual realized value.
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(a) Predictive distribution (b) PDF via finite differencing (c) PDF via Gaussian filtering

Figure 6.8: Quantile-matched predictive distributions using 500 quantile levels, 10000 calibration points, and the SCP score.

(a) Predictive distribution (b) PDF via finite differencing (c) PDF via Gaussian filtering

Figure 6.9: Quantile-matched predictive distributions using 500 quantile levels, 1000 calibration points, and the SCP score.

(a) Calibration curve for the conformal predictive distribution (b) Calibration curve for Gaussian filtered distribution

Figure 6.10: Calibration curves for the conformal predictive distribution with 1000 calibration points of a random transaction
price

Definition 6.1 (Proper scoring rule). The scoring rule S : F × R→ R̄ is proper relative to F if

EF (S(F, Y )) ≤ EG(S(F, Y )) for all F,G ∈ F . (6.1)

It is called strictly proper if the above holds with equality if and only if F = G.

From the above definition, we understand that a proper scoring rule is one such that using the true
distribution as the predictive distribution is optimal in expectation. One can state the exact necessary
and sufficient conditions for a scoring function to be proper [16, Theorem 3], but this is not of interest
to us in this case. Alternatively, the above definition can be relaxed to locally proper scoring rules.
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Figure 6.11: Absolute error of Gaussian-filtered predictive distribution versus Unif[0, 1]

Figure 6.12: Calibration curve for quantile-matched predictive distribution with 1000 calibration points

Definition 6.2 (Locally proper scoring rule). Suppose the convex class F contains only probability
measures on R that admit a probability density f with continuous derivatives up to order k. Then, S is
locally proper of order k if there exists a function s : R2+k → R̄ such that

S(f, y) = s(y, f(y), f ′(y), . . . , f (k)(y)) for all densities f ∈ F and y ∈ R. (6.2)

Three common (locally) proper scoring rules arise in the literature to evaluate prediction forecasts.

Definition 6.3. (Logarithmic score) The logarithmic score (LS) is a locally proper scoring rule of order
0, defined by

LS(f, y) = − log f(y). (6.3)

The logarithmic score measures how much density has been assigned to the actual realized value,
and a smaller score is considered more favorable. However, this score does not account for the overall
shape of the density and will always reward densities that are very concentrated at the actual realization.
As an alternative that penalizes overconfidence in a single value, the quadratic score is introduced.

Definition 6.4 (Quadratic score). The quadratic score (QS) is a proper scoring rule defined by

QS(f, y) = −2f(y) +
∫

f2(z)dz. (6.4)
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Figure 6.13: Absolute error of quantile-matched distribution versus Unif[0, 1] with 100 calibration points

The Quadratic score again rewards those densities that put higher mass at the actual realized value,
while punishing densities that are too concentrated around this value via the integral term.

One can also compare the quality of the associated predictive distributions via the continuous ranked
probability score (CRPS).
Definition 6.5 (Continuous ranked probability score). The continuous ranked probability score (CRPS)
is a proper scoring rule assigned to predictive distributions defined by

CRPS(F, y) =

∫
(F (z)− 1{z≥y})

2dz. (6.5)

CRPS rewards those distributions that are concentrated at the actual realized value. It attains the
minimum of 0 when F is concentrated at y, and it is always non-negative. Therefore, the closer to zero,
the better.

Since conformal predictive distributions are fuzzy, the crisp modifications as defined in (5.23) must be
used instead to compute CRPS for conformal predictive distributions [39, Section 5].

Finally, an assessment based solely on the first two moments of the predictive distributions µF , σ
2
F can

be done using the proper Dawid-Sebastiani score [9].
Definition 6.6 (Dawid-Sebastiani score). The Dawid-Sebastiani score (DSS) is a proper scoring rule
defined by

DSS(F, y) =
(y − µF )

2

σ2
F

+ 2 log σF . (6.6)

The first term can be associated with the calibration performance of the prediction by computing how
many standard deviations the true value is from the predictive mean. It equals one on average for a
perfectly calibrated prediction, since E

[
(Y−µ)2

σ2

]
= 1when Y has mean µ and standard deviation σ. The

log term can be interpreted as a sharpness term, where a distribution with a smaller standard deviation
is rewarded more strongly. Like with the other proper scoring rules, a smaller DSS value is desirable.

Tail mean absolute error
In addition to the scoring rules summarized in the above section, we compare the performances of the
different approaches by computing the 0.05-left-tail conditional mean

E(Ynt+1 |Z1, . . . , Znt , Ynt+1 ≤ q̂0.05).

Since the true underlying conditional density is normal for our simulated house prices dataset, its asso-
ciated tail mean can be computed analytically using the formula

E(X |X ≤ qα) = µ− σ
φ(zα)

α
, for X ∼ N(µ, σ2).
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In the above formula, φ is the standard normal PDF with Φ the standard normal CDF, zα = Φ−1(α),
and qα = µ+ σzα.

We then take the mean absolute error (MAE) between the true and approximated tail means of each
method.

Performance comparison
Table 6.2 summarizes an overview of the scoring results compared between direct finite-differencing
and quantile-matching, with or without Gaussian filtering applied. The methods are compared across
calibration sizes of 1000, 10000, and 275043 (corresponding to the 65/25/10 split), respectively. We find
that the quantile-matching method successfully decreases the MISE values in a small calibration size
compared to direct finite-differencing without Gaussian filtering, and applying an additional Gaussian
filtering step on top of it produces the smallest MISE values on average across all calibration sizes,
albeit the improvement is incremental with a 65/25/10 split. The CRPS performance is very similar
across all approaches and calibration sizes. The quadratic score is somewhat smaller for quantile-
matching than for direct finite-differencing, and Gaussian filtering further reduces the score.

The Dawid-Sebastiani score is significantly smaller by directly finite-differencing the conformal predic-
tive distribution, and Gaussian filtering on top offers no significant improvement to either the conformal
or quantile-matched distribution in this case. On the other hand, the tail mean MAE is smaller across
all calibration sizes for the quantile-matching method than for the conformal predictive distribution. Ap-
plying a Gaussian filtering step actually severely damages these errors due to spreading out tail mass
across a larger range, which gets inflated in expectation, and we find that a naked quantile-matched
distribution is best suited for computing tail means.

Since the quantile-matched density with 100 quantile levels gives no weight below or above the 0.01
and 0.99 quantile levels respectively, the log score is significantly inflated by rare tail points when
we approximate f̂QM (y) ≈ 0. We expect the score to be reduced by introducing a finer resolution
for the tails, for instance by using an uneven grid [0.001, . . . , 0.009, 0.01, 0.02, . . . , 0.99, 0.991, . . . , 0.999].
Exploring the quantile-matching method with uneven grids is open to further research, however, and
we do not focus on it here.

The quantile-matching method is significantly faster to run for large calibration sets, since the resolution
of the grid is far smaller (100) compared to evaluating the distribution for, e.g., 275000 conformal atoms.

Overall, we find that the new quantile-matching method is robust across various metrics and is es-
pecially well-suited for evaluating tail statistics. It achieves similar performance levels to conformal
distributions under the quadratic score, CRPS and MISE, while underperforming when using the log-
score or the Dawid-Sebastiani score. The main advantage of the newly developed method lies in its
ability to reduce fuzziness at the density level and in its faster runtime for large calibration sizes. We
are looking forward to further developments in the quantile-matching method, including, but not limited
to, the exploration of adaptive quantile grid sizes or optimal choices of the level K.
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Table 6.2: Average scoring metrics over 1000 test observations for three calibration set sizes: |I2| = 1,000 |I2| = 10,000 and
|I2| = 275,043 (full 25% split), using the SCP score. Here, quantile matching is applied using 100 evenly spaced quantile levels.
The tail means are evaluated at 0.05-quantile level. †LS for QM without filtering is inflated by rare events where f̂QM (y) ≈ 0.

Calibration size |I2| = 1,000

Method Filtering MISE CRPS LS QS DSS Tail mean MAE Time (s)
Direct FD No 0.4525 0.1013 −0.171 −1.229 −2.422 0.0716 1.480
Direct FD Yes 0.1684 0.1013 −0.281 −1.572 −2.421 0.1684 1.449

QM No 0.2993 0.1013 13.451† −1.405 −1.045 0.0599 1.731
QM Yes 0.1573 0.1016 1.069† −1.582 −1.045 0.5543 1.720

Calibration size |I2| = 10,000

Method Filtering MISE CRPS LS QS DSS Tail mean MAE Time (s)
Direct FD No 0.2112 0.1014 −0.269 −1.547 −2.418 0.0708 1.317
Direct FD Yes 0.1546 0.1015 −0.289 −1.584 −2.418 0.0817 1.294

QM No 0.1629 0.1015 13.456† −1.583 −1.550 0.0597 1.324
QM Yes 0.1524 0.1015 1.109† −1.584 −1.554 0.5120 1.299

Calibration size |I2| = 275,043 (25% split)
Method Filtering MISE CRPS LS QS DSS Tail mean MAE Time (s)
Direct FD No 0.1684 0.1023 −0.280 −1.572 −2.398 0.0718 6.661
Direct FD Yes 0.1667 0.1023 −0.283 −1.578 −2.398 0.1423 6.525

QM No 0.1687 0.1023 14.843† −1.574 −1.262 0.0613 1.628
QM Yes 0.1665 0.1023 1.125† −1.577 −1.264 0.4874 1.624
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Conclusion

Summary of main contributions
Throughout this thesis, we have built on the theory of conformal predictions, most notably the very rich
contributions of Vladimir Vovk [38, 41, 40, 39]. Along the way, we have approached certain classical
results differently, relaxed restrictive assumptions in previous work, or, as far as we know, produced
original results not presented before in the literature. In this section, we provide an extensive overview
of the most important contributions of our thesis to the existing literature.

• The proof of Theorem 2.1 relies on a completeness argument of the unordered statistic {Y1, . . . , Yn}.
This argument is cited as being proven in lecture notes from 1950, which have been lost to time.
We prove this independently from scratch here.

• We give a detailed proof of Theorem 2.8 that the Epanechnikov kernel is optimal, which is not
given in the original papers [11, 18].

• We state and prove in Theorem 3.9 that the Split Conformal Direct Prediction Method also retains
a finite sample marginal coverage guarantee.

• We relax the IID assumption in Theorem 4.15 to exchangeability, and we give an original proof of
the theorem.

• We adjust the tails of the classical conformal predictive distributions [41] to obtain true CDFs and
quantify the error in PIT using Theorem 4.25.

• We provide a principled framework for quantifying the distance from the true uniform distribution
in probability integral transform with Theorem 4.26.

• We extend the concept of conformal predictive distributions to be able to retrieve predictive den-
sities, using monotonic cubic interpolation and/or Gaussian filtering.

• We develop a novel method with quantile-matching, which unites both approaches of conformal
prediction intervals and conformal predictive distributions. We give an upper bound on the dis-
tance between its associated Probability Integral Transform and the true uniform distribution via
Theorem 5.6. We connect the quantile-matching method to the crisp modifications [39] of ran-
domized predictive distributions, and we quantify the error in the PIT of the crisp versions via
Corollary 5.6.1. We show empirically that the quantile-matching approach is better suited for
computing tail means, having a smaller mean absolute error than the conformal counterparts,
while maintaining similar performance under MISE, CRPS, and QS.

• We apply the methods on a real estate simulated dataset and show empirically the error in proba-
bility integral transform of filtered conformal distributions to be of order O

(
1√

n−m+1

)
for our real

estate dataset.
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Key findings
The present work has explored model-agnostic prediction density methods, with a particular focus
on the conformal framework. Chapter 2 introduced Kernel Density Estimation for independent and
identically distributed random variables without features. This method performs well asymptotically,
but no meaningful conclusions can be drawn from finite samples.

In contrast, several conformal prediction interval methods are presented in Chapter 3, including the
standard version, conformalized quantile regression, and conformal direct prediction method. All of
these methods satisfy a finite-sample marginal validity guarantee that remains true even under model
misspecification. We discuss different coverage notions and highlight that one cannot construct mean-
ingful prediction intervals for which the validity guarantee holds conditionally.

The extension of conformal prediction intervals to conformal predictive distributions is discussed in
Chapter 4, where we adjust the marginal validity guarantee appropriately. The validity guarantee es-
sentially says that conformal predictive systems are Unif[0, 1] marginally in PIT over all observations.
The distributions are randomized to ensure that this condition holds exactly in finite samples, resulting
in fuzzy distributions. We relax the concept of a randomized predictive system to allow for the marginal
validity guarantee to hold asymptotically. Within this framework, we obtain upper bounds on the pertur-
bation from the uniform distribution in the probability integral transform for tail-corrected distributions
and their continuous versions.

To retrieve predictive densities, several approaches are discussed in Chapter 5, including directly finite-
differencing the conformal predictive distributions at the conformal atoms, which produces very rough
densities that can hide underlying features; Gaussian filtering the predictive distribution, which produces
the smoothest densities but gives no theoretical upper bound on the perturbation in probability integral
transform; and quantile-matching, a novel approach that lies at the intersection of prediction intervals
and predictive distributions and that retains a theoretical upper bound of the deviation in probability
integral transform from uniformity. We draw a connection between quantile-matched distributions and
crisp modifications of conformal predictive distributions, providing a sharp upper bound in the absolute
error in PIT of the crisp version from the Unif[0, 1].

The methods are illustrated on a large dataset of simulated house prices based on the Hierarchical
Trend Model in Chapter 6. We observe empirically that the Gaussian filtered distribution, even in large
calibration sizes, remains within 3√

n−m+1
distance from the true uniform distribution in the probability

integral transform. Across different calibration scores, we find no advantage to using the CQR or CDP
scores over the standard conformity score, and we advise practitioners to use the standard version due
to faster computation time, which stems from the absence of a quantile regression algorithm. Across
different performance metrics, we find that quantile-matching performs similarly to conformal predictive
densities obtained via direct finite-differencing or Gaussian filtering, including MISE, CRPS, and QS.
It overperforms in terms of tail-expectation mean absolute error compared to its counterparts, while
underperforming on the log-score and Dawid-Sebastiani scores. We expect that the log-score can
be further reduced by using an adaptive grid size around the extreme tails, which should reduce the
number of outliers where f̂QM (y) ≈ 0. Such an extension remains an open question for further research
regarding the quantile-matching method.

Other directions for further research include examining the asymptotic performance of these methods,
particularly the Gaussian-filtered version with fixed variance. We suspect that the empirical bound ob-
served might be violated. Alternatively, exploring a principled (i.e., optimal) approach in choosing the
kernel smoothing parameter also remains an open question. In terms of consistency, empirically, we
see that using the standard conformity score leads to predictive systems that are not universally consis-
tent, given the shift in predictive distributions from the true underlying one. We believe further research
can be done on constructing predictive distributions and associated predictive densities that are also
universally consistent, and we refer the reader to [37] as a good starting point, where a universally
consistent conformal predictive system is constructed. We also invite further exploration of other con-
formity scores associated with the quantile-matching method to observe whether performance can be
improved. Finally, for practitioners, model reparametrization based on predictive densities is of particu-
lar interest, and we believe this to be an important next step to the model-agnostic predictive densities
framework explored here.
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Chapter 5: Additional figures

(a) n = 20 (b) n = 100

(c) n = 1000 (d) n = 10000

(e) n = 100000 (f) n = 1000000

Figure A.1: CDF comparison for the N(0, 1) distribution across different sample sizes
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(a) n = 20 (b) n = 100

(c) n = 1000 (d) n = 10000

(e) n = 100000 (f) n = 1000000

Figure A.2: CDF comparison for the Rayleigh(2) distribution across different sample sizes
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Unfiltered Filtered

(a) n = 20 (b) n = 20

(c) n = 100 (d) n = 100

(e) n = 1000 (f) n = 1000

(g) n = 10,000 (h) n = 10,000

(i) n = 100,000 (j) n = 100,000

(k) n = 1,000,000 (l) n = 1,000,000

Figure A.3: Unfiltered and Gaussian-filtered PDFs for the N(0, 1) distribution across sample sizes
n ∈ {20, 100, 1000, 104, 105, 106}. Each row corresponds to one sample size; the left column shows the raw MCI estimate

and the right column the Gaussian-filtered result.



79

Unfiltered Filtered

(a) n = 20 (b) n = 20

(c) n = 100 (d) n = 100

(e) n = 1000 (f) n = 1000

(g) n = 10,000 (h) n = 10,000

(i) n = 100,000 (j) n = 100,000

(k) n = 1,000,000 (l) n = 1,000,000

Figure A.4: Unfiltered and Gaussian-filtered PDFs for the Rayleigh(2) distribution across sample sizes
n ∈ {20, 100, 1000, 104, 105, 106}. Each row corresponds to one sample size; the left column shows the raw MCI estimate

and the right column the Gaussian-filtered result.
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Chapter 6: Additional figures

A few predictive densities for some other transaction prices

(a) True value=11.78 (b) True value=12.77 (c) True value=12.89

Figure B.1: Quantile-matched predictive densities with a 65/25/10 split

The above figures show that it is very difficult to minimize multiple criteria simultaneously in a model-
agnostic sense. For instance, the point prediction in the right-most figure is almost perfectly aligned
with the true mean (12.72) of the underlying true distribution, leading to a very small MISE. However,
the actual observed value is 12.89, and on forecasting scores such as CRPS and LS, the distribution
is penalized for assigning less mass at the realization.

Calibration curves

(a) Calibration curve for the conformal
predictive distribution

(b) Calibration curve for Gaussian filtered
distribution

(c) Absolute error of Gaussian-filtered
distribution versus Unif[0, 1]

Figure B.2: Calibration curves and absolute error in PIT for the conformal predictive distribution with 10000 calibration points
of a random transaction price
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(a) Calibration curve for the conformal
predictive distribution

(b) Calibration curve for Gaussian filtered
distribution

(c) Absolute error of Gaussian-filtered
distribution versus Unif[0, 1]

Figure B.3: Calibration curves and absolute error in PIT for the conformal predictive distribution with a 65/25/10 split of a
random transaction price

(a) Calibration curve for the quantile-matched predictive distribution (b) Absolute error of quantile-matched distribution versus Unif[0, 1]

Figure B.4: Calibration curves and absolute error in PIT for the quantile-matched distribution with 10000 calibration points of a
random transaction price
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(a) Calibration curve for the quantile-matched predictive distribution (b) Absolute error of quantile-matched distribution versus Unif[0, 1]

Figure B.5: Calibration curves and absolute error in PIT for the quantile-matched distribution with K = 100 and a 65/25/10
split for a random transaction price
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