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 A B S T R A C T

This study is motivated by a conceptual inconsistency in the physical interpretation of eight-chain hyperelastic 
theory, which arises from the combined effect of two distinct issues: the use of the marginal projection 
distribution 𝑝𝑧(|𝑟𝑧|) as a surrogate for the full probability density of end-to-end distance 𝑝𝑟̄(𝑟̄), and the 
subsequent reliance on a root mean square (RMS) approximation step in the micro–macro averaging of chain 
stretch. We first revisit this probabilistic mismatch by reformulating the probability density function of freely-
jointed chains (FJCs) in terms of the squared end-to-end vector 𝒓2, thereby restoring consistency on chain-level 
statistics. Building on this formulation, the micro–macro mapping averaging of chain conformational free 
energy is constructed directly in terms of 𝒓2, leading to a one-step mean-field approximation that avoids RMS 
averaging. The modified probability transformation is examined by Monte Carlo sampling at the microscopic 
level. To account for interchain interactions, 𝑞-mean statistical description of micro tube confinement was 
incorporated, leading to the appearance of the general invariant 𝐼𝑞 = 𝜆𝑞1 + 𝜆

𝑞
2 + 𝜆

𝑞
3. The resulting continuum 

constitutive model is assessed against multiaxial experimental data for several polymer networks, including 
vulcanized natural rubber, Entec Enflex S4035A thermoplastic elastomer, Tetra-PEG, and isoprene rubber 
vulcanizate. Comparisons with three existing hyperelastic strain energy formulations, the extended eight-
chain, extended tube models, and the four-parameter "comprehensive" model, demonstrate comparable 
phenomenological accuracy of the current model while providing a clearer and more consistent micro–macro 
physical interpretation of model parameters. A parametric study further illustrates how the dimensionless 
parameters 𝑛 and 𝑞 govern the shape of the macroscopic stress–strain responses. The present formulation 
provides a consistent theoretical basis within the scope of hyperelasticity and admits potential extensions 
toward more complex irreversible phenomena.
1. Introduction

Soft materials with polymeric networks are widely used in modern 
industries and are still attracting the interest of scientific communi-
ties. Emerging applications include, but are not limited to, flexible 
sensors [1], soft actuators [2], organ-on-a-chip [3], and wearable de-
vices [4]. Among the various constitutive ingredients used to describe 
the mechanical behavior of such materials, the nonlinear elastic re-
sponse under finite deformation plays a central role and is still an active 
topic within the realm of mechanical science. This elastic contribution 
is commonly represented through a hyperelastic strain–energy function. 
The major approaches to constructing the strain–energy function can be 
roughly classified into two categories: the phenomenological method 
and the physics-based method. In the first approach [5–10], functional 
forms are purely or mainly subjected to the constraints from continuum 

∗ Corresponding author.
E-mail address: G.Q.Zhang@tudelft.nl (G. Zhang).

mechanics, e.g., frame indifference, second law of thermodynamics, 
material symmetry, etc., and the parameters do not clearly connect 
to molecular conformations. In contrast, physics-based models [11–16] 
start with a clear physical picture of the molecular conformation un-
der assumptions from statistical physics and an assumed micro–macro 
network deformation mapping.

The eight-chain model proposed by Arruda and Boyce [13] was 
a milestone in the history of physics-based modeling of hyperelas-
tic materials, for it captures general predictions via a more realistic 
microscopic physics picture of polymeric networks compared to ear-
lier three-chain or four-chain models. Conceptually, the eight-chain 
model considered the bulk elastic free energy density as the inverse 
Langevin function of the ensemble average microstretch of freely-
jointed chains (FJC). Their physical picture was further generalized 
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to a full network model soon [14,17]. In succession, various correc-
tion terms were introduced to the eight-chain model to improve the 
prediction of softening and hardening stages and complex multiaxial 
behaviors of soft materials. Bechir, et al. [18] reported a hybrid model 
with four parameters combining the three-chain model and the eight-
chain model. Although they begin with a physics-based single-chain 
spring, the weights of contributions from the eight-chain network and 
the three-chain network are phenomenologically determined without 
clear physical explanation. Miehe and coworkers [19,20] proposed a 
micro-sphere model by introducing a tube constraint and a non-affine 
mapping between micro stretch and continuum deformation to the 
full network model [21] and presented a verification case with the 
finite element method (FEM). The microsphere model offers a clear 
physical picture and good phenomenological precision in predicting 
the complex multiaxial behavior of soft materials (see [22–25] for a 
detailed benchmark of early mainstream models up to 2023). Those 
advantages of the microsphere framework ensure its extendability to 
convert one-dimensional non-elastic models, for instance, anisotropic 
damage effects [26–28], phase transition [29], and general viscoplas-
ticity, to three-dimensional cases. However, those models usually lack 
a universal closed-form on the continuum level and cause numerical 
complexity in simulation. In addition to the micro–macro mappings 
above, a few researchers [30,31] constructed the network picture in an 
alternative way, i.e., assuming equal force instead of directly connect-
ing the macro-deformation to micro-stretches. However, the application 
of the equal force assumption is limited mainly by its mathematical 
complication.

Recently emerging experimental studies demonstrated that deliber-
ately increasing entanglement density has become a prominent strategy 
for enhancing the mechanical properties of polymer networks [32–36]. 
This trend indicates that hyperelastic models should incorporate in-
terchain entanglement through explicit elastic constraints, rather than 
subsuming its effects into phenomenological adjustments aimed at mul-
tiaxial fitting. The most widely used entanglement formulation is the 
tube model, first conceptualized by [37]. This idea was later extended 
to various continuum models, for instance, [38–40]. Among those 
derivatives of the tube model, a so-called slip-link model with four pa-
rameters derived from the tube model [15,16] successfully connects the 
macro parameters to molecular quantities. However, the application 
of the slip-link model was limited by its mathematical complications. 
Darabi and Itskov [41] generalized those historical tube models into a 
uniform functional form, which is considered a special case of the Og-
den formulation. Notably, tube confinements introduced as standalone 
terms are inherently unable to capture the finite chain extensibility 
in the large-deformation regime, since they are formulated within a 
Gaussian statistical framework. The hybrid modeling combining the 
finite extensibility of cross-linked chains and the tube confinement 
has become a common practice to balance the physical meaning and 
phenomenological flexibility [42]. Kaliske and Heinrich [43] proposed 
a hybrid model that extends tube confinement by imposing an extend-
ability coefficient to reproduce the asymptotic hardening of crosslinked 
chains without introducing non-Gaussian statistics. [44,45] presented a 
more non-Gaussian polymer network picture that integrates the eight-
chain model with a three-tube topological confinement, which, in a 
manner similar to the physics picture in [46], achieves good agreement 
with several datasets of rubber-like materials. That model was further 
modified by a multi-well energy landscape of tube confinement to 
capture more complicated entanglement-dominant behaviors [47].

At the continuum level, both phenomenological and physics-based 
constitutive models necessarily admit invariant (or equivalently, eigen-
values of the deformation tensor for Valanis-Landel formulations [48,
49] and Ogden formulations [50]) representations in order to sat-
isfy frame-indifference and material symmetry. The distinction be-
tween these two approaches does not lie in the use of invariants 
or the way to extract material constants, but in how the functional 
2 
dependence on these invariants and eigenvalues is motivated and con-
structed. Phenomenological models thus enjoy a more flexible princi-
ple in constructing the specific functional form of strain energy and 
choosing invariant representations, albeit with an unfortunate trade-off 
in physical interpretability. Historically, the phenomenological meth-
ods (e.g., neo-Hookean, Mooney–Rivlin [51,52], Yeoh [6], Gent [5], 
Lopez-Pamies [53], etc.) chose the first and/or second invariants (𝐼1
and 𝐼2) as the representations in the incompressible limit. Since any 
complete set of representations is mathematically equivalent to the 
combination of 𝐼1 and 𝐼2, the specific forms of those models depended 
mainly on the researchers’ intuition about the experimental data. In 
recent years, efforts have been made to bridge the aforementioned 
gap between phenomenological and physics-based approaches. Gent 
model was initially proposed as a purely phenomenological model, 
but its molecular-statistical basis was then quantitatively discussed 
by [54–56]. Recently, Anssari-Benam [57] explicitly reached a strain 
energy function with a similar form to the Gent model by taking a 
rounded Padé approximation of the inverse Langevin function in micro-
chain stretch. That model was then extended to more flexible semi-
physics-based forms [58,59] by admitting the approximation index 
as an arbitrary positive material parameter or introducing a Pucci-
Saccomandi-type correction term [60]. Within this phenomenological 
class, the state-of-the-art comprehensive model [61] is obtained by 
replacing the invariant arguments in the functional form of [58] with 
the Ogden-type generalized principal-stretch invariant 𝐼𝑞 = 𝜆𝑞1+𝜆

𝑞
2+𝜆

𝑞
3. 

Although the model was subsequently assessed using broader experi-
mental datasets [62,63] and extended to compressible regimes [64], 
its core functional form, devised by [58], partially lost a connection 
to physics and mathematical roots due to the aforementioned arbi-
trariness. Another approach to generalizing invariant representations 
is to choose the Landau invariants with an alternative deformation 
measurement [65].

The motivation of this study is our question regarding the two-step 
approximation, ⟨𝜓𝐹𝐽𝐶 (𝑟̄)⟩ ≈ 𝜓𝐹𝐽𝐶 (⟨𝑟̄⟩) ≈ 𝜓𝐹𝐽𝐶

(

√

⟨𝒓 ⋅ 𝒓⟩
)

, which is 
widely used in the aforementioned physics-based hyperelastic models, 
where 𝜓𝐹𝐽𝐶 is the Helmholtz energy of a single FJC; 𝒓 is so-called 
end-to-end vector of the FJC; symbol ⟨∗⟩ denotes the mean value of 
quantities over the local ensemble. In Gaussian statistics, the approxi-
mation is absent, since the closed-form bulk strain energy density over 
the polymeric network can be analytically calculated by a Gaussian 
integral. In the non-Gaussian chain model, such an analytical operation 
becomes formidable, leading to the former approximation, known as 
a type of mean-field approximation, to achieve a closed-form bulk 
strain energy density. The latter approximation, i.e., root mean square 
(RMS) approximation, is introduced mainly to simplify the calculation 
of the mean end-to-end distance ⟨𝑟̄⟩. However, the accuracy of this 
approximation is questionable for a short chain (𝑛 ≈ 10), which 
corresponds to the typical range of 𝑛 fitted from highly crosslinked 
polymer networks. This deviation is not a numerical one, but rather the 
omission of the functional difference. Our proposition is to rewrite the 
entropy of the single FJC with a change of variable 𝑢 = 𝒓⋅𝒓

(𝑛𝑏)2  and provide 
the affine deformation assumption in an alternative form that connects 
the macro-deformation of material to the micro-stretch of 𝑢, so that 
the second approximation vanishes. In departure from the proposed 
entropy of the FJC model, we develop a simple physics-based model 
that consists of a full network picture and an entanglement contribution 
inspired by tube theory to improve the model’s prediction of multiaxial 
behaviors. The proposed model has only four parameters. Within them, 
three are directly connected to microscopic quantities, and one is 
semi-empirically defined order of the power mean, encapsulating the 
complex non-affine micro–macro mapping and numerous intermolecu-
lar interactions that cause a deviation of the real network system from 
our ideal physical picture. The proposed model phenomenologically 
agrees well with various sets of materials while its parameters take 
physically meaningful values.
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Fig. 1. Sketch of freely-jointed chains. (a) Illustration of a physical conformation of a freely-jointed chain with end-to-end vector 𝒓 and the local cylindrical 
coordinate system. 𝑟𝑧 measures the length of projection of 𝒓 on the 𝑧–axis, and 𝑟̄ represents the real end-to-end distance; (b) Isotropic directional probability 
density of chains in the undeformed polymer network.
The present manuscript is organized as follows: Section 2 gives an 
overall description of micro mechanics and the micro–macro mapping 
used in the current model. This section starts with a concise review of 
the classical FJC model, then derives and validates a new single-chain 
Helmholtz free energy function via a statistical approach. In addition, 
the interchain entanglements are taken into account via the tube-
like free energy function. Both effects are linked to the macroscopic 
deformation via mean field averaging approaches. Section 3 further 
derives the explicit expressions of the continuum constitutive model 
with elementary functions through taking a reasonable approximation 
of the inverse Langevin function. Section 4 shows the validation of the 
proposed model with classical datasets of vulcanized rubbers, S4035A 
thermoplastic elastomers (TPE), Tetra-polyethylene glycol (PEG) gel, 
and isoprene rubber vulcanizate. A comparison with three other ex-
isting hyperelastic models and a parametric discussion on the current 
model are presented following the validation. Section 5 closes the paper 
with concluding remarks.

2. Microscopic description

The hyperelasticity of the polymer networks is also called entropic 
elasticity since it originates from the tendency of polymer chains to re-
turn to their maximum conformational entropy state upon deformation, 
driven by thermal fluctuations rather than energetic bond stretching. 
The cross-linked chains in the polymer network are stretched with the 
macroscopic deformation and suffer a decrease in the number of acces-
sible conformational states. Besides, in a realistic polymer network, the 
entanglements with the surrounding chains have a significant contribu-
tion to the deviation of the eight-chain model from biaxial experiment 
data. In this section, we give an introduction to the mathematical 
descriptions of energy contributions from single-chain micro stretches 
and inter-chain entanglements.

2.1. Statistical description of FJC

The individual polymer chains in the network can be treated as non-
linear entropic springs. The model of the chain stretch part starts with 
finding an exact Helmholtz free energy function against the end-to-end 
length 𝑟̄ of the polymer chains. A useful method is the freely-jointed 
chain model that assumes each chain has 𝑛 freely-jointed rigid segments 
with identical length 𝑏, namely the Kuhn length [66]. A probability 
density of the end-to-end vector 𝒓 of FJC with a projection 𝑟𝑧 in an 
arbitrary direction 𝒛 was proposed by [66]. Its expression is 

𝑝𝑧 = 𝐶0

(

sinh 𝛽
𝛽

)𝑛
exp

(

−
𝛽𝑟𝑧
𝑏

)

, with 𝛽 = −1
( 𝑟𝑧
𝑛𝑏

)

, (1)

where  (∗) = coth(∗) − 1
∗  is the Langevin function and 𝛽 is the inverse 

Langevin function against the normalized projection 𝑟 ∕(𝑛𝑏); 𝐶  is a 
𝑧 0

3 
normalization constant. Note that 𝑝𝑧 in Eq. (1) captures the probability 
density of projection 𝑟𝑧 instead of the end-to-end distance, which shall 
be magnitude of the end-to-end vector 𝑟̄ as illustrated in Fig.  1a. That 
means using this probability density directly to calculate the entropy of 
three-dimensional FJC is questionable [67]. To solve this, we convert 
the marginal probability density of 𝑟𝑧 to that of ̄𝑟 in the next steps, since 
the directional distribution of the end-to-end vector is isotropic [68]. 
Setting a local cylindrical coordinate system, and the end-to-end vector 
of FJC is 𝒓 = 𝒓(𝜌, 𝜑, 𝑟𝑧). For the isotropic random walk, the probability 
density 𝑝(𝒓) has a simple relationship with the radial probability density 
in 𝑟̄. That is 
𝑝(𝒓) =

𝑝𝑟̄
4𝜋𝑟̄2

, (2)

and the probability density in projection 𝑟𝑧 can be connected to 𝑝𝑟̄ via 
a transform. 

𝑝𝑧 = 2𝜋 ∫

√

𝑛2𝑏2−𝑟2𝑧

0
𝑝(𝒓)𝜌 𝑑𝜌 = 2𝜋 ∫

𝑛𝑏

|𝑟𝑧|
𝑝(𝒓)

√

𝑟̄2 − 𝑟2𝑧
𝑑𝜌
𝑑𝑟̄

𝑑𝑟̄ = ∫

𝑛𝑏

|𝑟𝑧|

𝑝𝑟̄
2𝑟̄

𝑑𝑟̄,

(3)

According to Leibniz integral rule, differentiation with respect to the 
lower integration bound |𝑟𝑧| isolates the probability contribution from 
the spherical shell 𝑟̄ = |𝑟𝑧|, thereby recovering the radial probability 
density of 𝑝𝑟̄

𝑝𝑟̄ = −2𝑟̄
(

𝑑𝑝𝑧
𝑑𝑟𝑧

)

𝑟𝑧=𝑟̄
. (4)

Worth mentioning that using Eq. (1) to compute the entropy vari-
ance induced by chain stretch causes a subtle conceptual mismatch in 
the physical picture of eight-chain models. That is, Eq. (1) predicts an 
entropically favorable conformation with zero end-to-end distance (𝑟̄ =
0), which instead shall be one of the most unfavorable conformations 
of FJC as predicted by Eq. (4) and the Monte Carlo simulation (refer to 
Fig.  A.15 for a visual comparison).

In most models with non-Gaussian statistics of FJC, for instance [13,
44,69], and those reviewed in [70], the mean-field approximation 
⟨𝜓𝐹𝐽𝐶 (𝑟̄)⟩ ≈ 𝜓𝐹𝐽𝐶 (⟨𝑟̄⟩) is used to make macroscopic constitutive re-
lationships analytically and computationally tractable. This approach 
has been proven effective and phenomenologically accurate for ex-
tensive cases. However, the following evaluation of free energy by 
substituting root mean square of 𝑟̄ into the mean end-to-end distance 
(i.e., 𝜓𝐹𝐽𝐶 (⟨𝑟̄⟩) ≈ 𝜓𝐹𝐽𝐶

(

√

⟨𝒓 ⋅ 𝒓⟩
)

) is problematic. Mathematically, 
⟨𝒓 ⋅ 𝒓⟩ always convergences to 𝑛𝑏2 at a large number of FJCs, while 
⟨𝑟̄⟩ does not. Fig.  2(a) shows a relative error of about 8% between 
them, which is caused by a structural difference between RMS and 
mean value thus cannot be eliminated by assuming an ensemble with a 
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Fig. 2. Analytical calculation and corresponding relative errors of (a) the 
normalized mean end-to-end distance ⟨𝑟̄⟩∕(𝑛𝑏) , and (b) normalized mean 
square of end-to-end distance ⟨𝑢⟩. The Monte Carlo sampling accounts 107
independent chains. At this ensemble size, simulation results are highly stable.

large number of chains or of Kuhn segments. Moreover, the functional 
form of the single-chain free energy 𝜓𝐹𝐽𝐶 derived from Eq. (1), which 
is widely used in eight-chain-type models, is itself problematic, as 
discussed above. To avoid this issue, we instead introduce the square of 
the normalized end-to-end distance 𝑢 as the independent state variable 

𝑢 (𝑟̄) ∶= 𝒓 ⋅ 𝒓
(𝑛𝑏)2

=
( 𝑟̄
𝑛𝑏

)2
, (5)

to the derivation of constitutive relationships. As illustrated in Fig.  1a, 
the probability density of 𝑢(𝑟̄) shall be determined by that of 𝑟̄ (Eq. (4)) 
rather than that of 𝑟𝑧 (Eq. (1)). The mean value of 𝑢 in an unstretched 
FJC can be properly evaluated via 

⟨𝑢0⟩ =
1
𝑛
, (6)

since the segments are assumed fully independent in the FJC theory (see 
Fig.  2(b) for a numerical showcase). The probability density function 
of 𝑢 preserves the relation 

𝑝𝑢(𝑢) = 𝑝𝑟̄(𝑟̄(𝑢))
𝑑𝑟̄(𝑢)
𝑑𝑢

, (7)

since the probability density function of the end-to-end vector is orien-
tation independent. The transformed probability density function of 𝑢
4 
is obtained by substituting Eqs.  (1) and (4) into Eq. (7), 

𝑝𝑢 = 𝑛2𝑏𝐶0𝛽 exp (−𝑛𝛽
√

𝑢)
(

sinh 𝛽
𝛽

)𝑛
, with 𝛽 = −1

(

√

𝑢
)

. (8)

The validation of the probability density Eq. (8) was checked with 
the Monte Carlo sampling over an ensemble consisting of 𝑁𝑀𝐶 = 107

FJCs. Fig.  3(a) shows a significant deviation that is inherited from a 
defect of inverse Langevin chain theory, i.e., 𝑛+ 1

2 ≈ 𝑛 was assumed in 
the derivation of Eq. (1) [66], which leads to a structural inaccuracy 
for the chain with a short length (see also Fig.  A.15a&b for the cases 
of 𝑝𝑟 and 𝑝𝑧). Due to this nature, such a deviation decreases sharply 
with increasing number of segments. The values of 𝑛 in Figs.  3(b)
and 3(c) are taken from 𝑛 of vulcanized natural rubber A and B, 
respectively, fitted by the current model. Fig.  3(b) shows acceptable 
deviations between Monte Carlo sampling and theoretical prediction of 
⟨𝑢⟩ even for the minimal fitted 𝑛 value in this study, thus it indicates 
that Eq. (8) is sufficiently accurate for the following derivation of free 
energy function.

Considering that the conformational entropy of an individual FJC 
follows the Boltzmann equation 𝑠 = 𝑘𝐵 ln 𝑝𝑢[71], the Helmholtz free 
energy of FJC is 
𝜓𝐹𝐽𝐶 (𝑢) = 𝑈0 − 𝑘𝐵𝑇 ln 𝑝𝑢, (9)

where 𝑘𝐵 is the Boltzmann constant; 𝑇  is the absolute temperature; 𝑈0
is a constant internal energy.

2.2. Stretch of cross-linked polymer network

Based on this modified statistical description of a single FJC, we 
are now able to access the deformation energy stored in the stretched 
polymer network. The macroscopic deformation can be connected to 
the micro-stretches of the FJC in the network by defining the following 
gyration-like second-order conformation tensor: 
𝑨 ∶= ⟨𝒓⊗ 𝒓⟩, (10)

where ⊗ denotes the tensor product.
Notice that the average 𝑢 can be directly related to the trace of 

the conformation tensor via the derivation below. Considering that the 
network contains 𝑁 FJCs in unit volume, the conformation tensor 𝑨
can be calculated from its definition: 

𝑨 = 1
𝑁

𝑁
∑

𝛼=1

(

𝑟𝛼𝑖 𝑟
𝛼
𝑗 𝒆𝑖 ⊗ 𝒆𝑗

)

, (11)

where 𝒆𝑖, 𝒆𝑗 are eigenvectors of 𝑨; 𝑟𝛼𝑖 , 𝑟𝛼𝑗  are the projection of 𝛼-th 
end-to-end vector on eigenvectors; the Latine indices 𝑖, 𝑗,… ∈ {1, 2, 3}
denote spatial coordinates and obey Einstein summation throughout 
this work. Taking the trace of (11), 

𝑡𝑟(𝑨)
𝑛2𝑏2

= 1
𝑁

𝑁
∑

𝛼=1

(

𝑟𝛼𝑖 𝑟
𝛼
𝑗 𝛿𝑖𝑗

𝑛2𝑏2

)

= 1
𝑁

𝑁
∑

𝛼=1
(𝑢𝛼) = ⟨𝑢⟩, (12)

where 𝛿𝑖𝑗 is the Kronecker delta function.
For convenience, an affine deformation is assumed in the sense of 

the conformation tensor 𝑨 instead of the end-to-end vector 𝒓: 
𝑨 = 𝑭 ⋅𝑨0 ⋅ 𝑭 𝑇 , (13)

where 𝑭  is the continuum deformation gradient tensor; index 0 denotes 
the quantities in the cross-linking state. The assumption in Eq. (13) 
does not require but is compatible with the classical affine deformation 
assumption 𝒓 = 𝑭 ⋅ 𝒓0. In undeformed reference polymer networks, the 
conformation tensor 𝑨0 is spherical 

𝑨0 =
𝑛𝑏2

3
𝑰 , (14)

where 𝑰 represents identity tensor. In this limit, the average micro-
stretch degenerates to the widely used form ⟨𝜆̄2⟩ = 𝐼1  with 𝐼  being 
3𝑛 1
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Fig. 3. Probability density predicted by Eq. (8) and Monte Carlo sampling of 
𝑛-segment FJCs: (a) 𝑛 = 5; (b) 𝑛 = 9; (c) 𝑛 = 26. The histogram contains 100 
bins in total to achieve a smooth enough shape of the simulated probability 
density.

the first invariant (trace) of the right Cauchy–Green deformation tensor 
𝑪 = 𝑭 𝑇 ⋅ 𝑭 . Note the fact that even though we assumed the polymer 
network is initially isotropic for the mathematical convenience of the 
following discussion, the relation (12) itself holds for FJC networks 
that consist of symmetric Kuhn segments under arbitrary anisotropic 
directional distribution. Therefore, the current modeling approach can 
5 
be easily adapted to model the finite chain extendability in some special 
soft materials with anisotropic molecular conformation, such as liquid 
crystal elastomers [72,73] and biological tissues [74].

At the microscopic level, each polymer chain is assumed to be in 
thermodynamic equilibrium. The Helmholtz free energy density stored 
by the stretch of a cross-linked FJC network can be estimated by 
averaging the free energy of chains. In the sense of mean-field, 
𝑠 = 𝑁⟨𝜓𝐹𝐽𝐶 (𝑢)⟩ ≈ 𝑁𝜓𝐹𝐽𝐶 (⟨𝑢⟩) . (15)

2.3. Tube-like constraint

The inverse Langevin statistics-based models work well in explain-
ing the hardening caused by the finite extensibility of the polymer 
network at the large deformation region of uniaxial tension. How-
ever, they tend to underestimate the stresses under multiaxial loading 
since the interchain entanglements are ignored. Similar to the physical 
picture in [19,75], we consider a tube-like long polymer segment 
immersed in neighboring polymer chains. An element of it with a 
cross-sectional area confined by the surrounding chains has an areal 
deformation penalty: 

𝜓𝑒 = 𝛼𝑘𝐵𝑇

(

𝑙2

𝑑20

)

𝜈−1, (16)

where 𝑙 =
√

𝑛𝑏 and 𝑑0 denote the initial mean square end-to-end 
distance and initial diameter of the tube, respectively; 𝜈 denotes the 
contraction of the cross-sectional area of the tube; 𝛼 is the number 
factor which depends on the shape of the cross-section of the tube. 
The microscopic area contraction of such an incompressible tube is 
proportional to the reciprocal of axial elongation (𝜈 = 1

𝜆𝑎𝑥𝑖𝑎𝑙 ). Now we 
assume the mean axial elongation of tubes in the polymer network can 
be estimated via the general 𝑞-power mean of macroscopic principal 
stretches: 

⟨𝜈−1⟩ = ⟨𝜆𝑎𝑥𝑖𝑎𝑙⟩ ≈
( 𝐼𝑞

3

)

1
𝑞
, with 𝐼𝑞 ∶= 𝜆𝑞1 + 𝜆

𝑞
2 + 𝜆

𝑞
3, (17)

where 𝑞 is a semi-empirically determined dimensionless material pa-
rameter that controls the softening behaviors of the polymer network. 
Note that 𝐼𝑞 is a generalized invariant of the deformation gradient 
tensor 𝑭  from the viewpoint of representation theory. For the case 
𝑞 = 1, ⟨𝜈−1⟩ equals the arithmetic mean of principal stretches. For 𝑞 = 2, 
the tube constraint term degenerates to neo-Hookean form. For 𝑞 → 0, 
⟨𝜈−1⟩ converges to the geometric mean and, physically, the volumetric 
deformation term. With Eq. (17), the free energy density contributed 
by the tube-like constraints can be approximately calculated via 
𝑒 = 𝑁𝑒⟨𝜓𝑒⟩ = 𝑁𝑒𝜓𝑒

(

⟨𝜈−1⟩
)

. (18)

where 𝑁𝑒 represents the number of entangled tubes per unit volume. 
Note that, although no approximation is essential in Eq. (18) since 
𝜓𝑒 is a linear function of the reciprocal of area contraction 𝜈−1, there 
could exist an alternative approach (for instance, [47]) to map macro-
scopic deformation to the mean microscopic tube area contraction ⟨𝜈−1⟩
for a better matching with the molecular measurements but adding 
parameters. The 𝑞-power mean we used just for it requires only one 
parameter to describe the non-ideal micro–macro mapping of tube 
deformation and works well within the present model. The role of 𝑞
in phenomenological fitting will be discussed in Section 4.

3. Continuum constitutive model

So far, the microscopic effects taken into account in the present 
work have been described and connected to the macroscopic deforma-
tion gradient 𝑭 . In this section, we introduce a simple rational approx-
imation of the inverse Langevin function and give closed-form macro-
scopic strain energy density functions against deformation. With these 
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functions, we derive the engineering stresses under the incompressible 
constraint.

To simplify the macroscopic stretching free energy in Eq. (15), we 
introduce a reasonable approximation of the inverse Langevin function 
proposed by [76] 

−1 (y) ≈
3y

(

1 − y2
)

(

1 + 1
2 y

2
) ,

𝑔 (y) ∶= y−1 (y) − ln

(

sinh
(

−1 (y)
)

−1 (y)

)

≈ ln
⎛

⎜

⎜

⎝

1 + 1
2y

2

1 − y2

⎞

⎟

⎟

⎠

,

(19)

where y ∈ [0, 1) denotes a scalar variable. Although the approximation 
can be in other forms, Kröger approximation (Eq. (19)) was chosen for 
it exhibits correct asymptotic behaviors and improves the quality of 
the finite extendability potential of FJC without extra computational 
cost. It is important to distinguish between rational approximations 
of the inverse Langevin function, such as the Kröger approximation, 
and the RMS approximation criticized in Section 2. The former is a 
purely functional approximation that preserves the exact statistical–
mechanical relation between force and chain extension, whereas the 
latter constitutes a mean-field closure at the ensemble level by re-
placing the average ⟨𝑟̄⟩ with the square root of the mean squared 
end-to-end distance 

√

⟨𝒓 ⋅ 𝒓⟩. Consequently, the RMS approximation 
alters the micro–macro mapping prior to constitutive modeling, while 
the Kröger approximation used here acts only at the level of analytic 
representation.

Substituting Eqs. (8), (9) into Eq. (15) and taking the approximation 
Eq. (19), the free energy stored in the deformed polymer network is 

𝑠 = 𝑠,0 +𝑁𝑘𝐵𝑇
⎡

⎢

⎢

⎢

⎣

𝑛 ln
⎛

⎜

⎜

⎝

1 + ⟨𝑢⟩
2

1 − ⟨𝑢⟩

⎞

⎟

⎟

⎠

− ln

⎛

⎜

⎜

⎜

⎝

√

⟨𝑢⟩

(1 − ⟨𝑢⟩)
(

1 + ⟨𝑢⟩
2

)

⎞

⎟

⎟

⎟

⎠

⎤

⎥

⎥

⎥

⎦

, (20)

where 𝑠,0 is a constant free energy in reference state. In an isotropic 
polymer network, ⟨𝑢⟩ can be evaluated by substituting Eqs.  (13) and 
(14) into Eq. (12), the stretch free energy can be written as a function 
of the invariant: 

𝑠 = 𝑠,0 +𝑁𝑘𝐵𝑇
⎡

⎢

⎢

⎣

𝑛 ln
⎛

⎜

⎜

⎝

3𝑛 + 𝐼1
2

3𝑛 − 𝐼1

⎞

⎟

⎟

⎠

− ln

(
√

𝐼1
(

3𝑛 − 𝐼1
) (

6𝑛 + 𝐼1
)

)

⎤

⎥

⎥

⎦

, (21)

where 𝐼1 = tr (𝑩) is the first invariant of left Cauchy Green deformation 
tensor 𝑩 = 𝑭 ⋅ 𝑭 𝑇 . The first term in the square bracket consists of 
the classical stretch free energy in the eight-chain model. The second 
term emerges from the modification to the FJC free energy discussed 
in Section 2. Subject the free energy density to a linear elastomer limit, 
where the chain length is very large (𝑛 → ∞), Eq. (21) converges to a 
Gaussian-statistical neo-Hookean free energy density augmented by a 
logarithmic hardening term: 

lim
𝑛→∞

𝑠 (𝑭 ; 𝑛) =
𝑁𝑘𝐵𝑇

2

[

(

𝐼1 − 3
)

− ln
(

𝐼1
3

)]

. (22)

Interestingly, the functional form of Eq. (22) is asymptotically analo-
gous, though not identical, to the reduced expression of the Anssari-
Benam–Horgan model [58], 

 =
3𝑛(𝑚 − 1)(1 − 𝑛)

2(1 − 𝑚𝑛)
𝐺𝑠

[

1
3𝑛(𝑚 − 1)

(

𝐼1 − 3
)

− ln
(

𝐼1 − 3𝑛
3 − 3𝑛

)]

, (23)

where structural restrictions on parameters 𝑛, 𝑚 are relaxed to make 
them phenomenological real-valued parameters. Under the
distinguished scaling 𝑚 = 1+ 1

3𝑛 , the Anssari-Benam–Horgan free energy 
function exhibits, in the limit 𝑛 → 0, the same leading-order depen-
dence on 𝐼1 as Eq. (22), while differing by a constant prefactor. Ac-
cordingly, Eq. (22) may be regarded as an asymptotic reduction along 
a distinguished parameter path within the phenomenological family 
proposed by Anssari-Benam from a mathematical viewpoint [61].

The macroscopic free energy caused by interchain entanglements 
can be calculated by Eq. (18). To enforce the incompressibility of the 
6 
polymer network (𝐽 = det(𝑭 ) = 1) in the constitutive framework, a 
volumetric constraint term is incorporated into the total strain energy 
density function below: 
 = 𝑠 + 𝑒 − 𝑝 (𝐽 − 1) , (24)

where 𝑝 is the Lagrangian multiplier and physically represents the 
hydrostatic pressure of the polymer network.

The total first Piola–Kirchhoff stress can be obtained by the partial 
derivative of Eq. (24)

𝑷 = 𝜕
𝜕𝑭

=
𝜕𝑠
𝜕𝐼1

𝜕𝐼1
𝜕𝑭

⏟⏞⏟⏞⏟
𝑷 𝑠

+
𝜕𝑒
𝜕𝑭

⏟⏟⏟
𝑷 𝑒

−𝑝𝐽𝑭 −𝑇 , (25)

where the relation 𝜕𝐽∕𝜕𝑭 = 𝐽𝑭 −𝑇  has been used; 𝑷 𝑠 and 𝑷 𝑒 are 
the first Piola–Kirchhoff stress contributed by micro-stretch of FJC 
network and interchain entanglement, respectively. In the next section, 
Eq. (25) will be checked with classical hyperelastic material datasets. 
For practical purposes, we now derive the explicit expressions of 𝑷 𝑠

and 𝑷 𝑒. Invoking the relation 𝜕𝐼1∕𝜕𝑭 = 2𝑭 , 𝑷 𝑠 is calculated by 

𝑷 𝑠 = 𝐺𝑠

(

𝑛 − 1
3𝑛 − 𝐼1

+ 𝑛 + 1
6𝑛 + 𝐼1

− 1
2𝐼1

)

𝑭 , (26)

where 𝐺𝑠 = 2𝑁𝑘𝐵𝑇  is the lumped macroscopic material parameter 
contributed by the stretch of the FJC network. The contribution of 
non-affine interchain entanglement to stress can be written in 

𝑷 𝑒 = 𝐺𝑒
3
∑

𝛼

𝜆𝑞−2𝛼 𝐼
1
𝑞 −1
𝑞

3
1
𝑞

𝑭 ⋅
(

𝒗𝛼 ⊗ 𝒗𝛼
)

, (27)

where 𝐺𝑒 = 𝛼𝑁𝑒𝑘𝐵𝑇
(

𝑙2

𝑑20

)

 is the material parameter describing lumped 
strength of tube-like interchain effects; 𝒗𝛼 denotes the 𝛼-th eigen vector 
of 𝑪 corresponding to the principal stretch 𝜆𝛼 . Appendix  B provides 
the detailed derivation and frame-indifference check for Eq. (27). The 
invariant-dependent scalar prefactors in Eq. (26) and (27) are the math-
ematical source of strain-introduced anisotropy in isotropic hyperelastic 
materials studied recently in [77,78]. Since we have assumed a micro-
scopic equilibrium state (Boltzmann equation used in Section 2), the 
system strain energy depends only on the macroscopic strain measures. 
Therefore, the second law of thermodynamics is trivially satisfied by 
zero dissipation: 
 = 𝑷 ∶ 𝑭̇ − ̇ = 0. (28)

In practice, the mechanical properties of hyperelastic polymer net-
works are usually measured in a plane stress state. Now we apply the 
present constitutive model to the general plane stress scenario (𝜆3 =
(𝜆1𝜆2)−1, 𝑃3 = 0) and give the explicit expression of stress for the model 
validation in the next section. 

𝑃1,2 = 𝐺𝑠

(

𝑛 − 1
3𝑛 − 𝐼1

+ 𝑛 + 1
6𝑛 + 𝐼1

− 1
2𝐼1

)

𝜆1,2 + 3−
1
𝑞 𝐺𝑒𝐼

1
𝑞 −1
𝑞 𝜆1,2

𝑞−1 − 𝑝 1
𝜆1,2

,

(29)

with the hydrostatic pressure 𝑝 calculated from 𝑃3 = 0

𝑝 = 𝐺𝑠

(

𝑛 − 1
3𝑛 − 𝐼1

+ 𝑛 + 1
6𝑛 + 𝐼1

− 1
2𝐼1

)(

1
𝜆1𝜆2

)2
+ 3−

1
𝑞 𝐺𝑒𝐼

1
𝑞 −1
𝑞

(

𝜆1𝜆2
)−𝑞 .

(30)

4. Model validation and discussion

In this section, we firstly use Eqs. (29), (30) to fit various stress–
strain datasets of hyperelastic polymer networks, including vulcanized 
rubber [79,80], S4035A TPE [7], and Tetra-PEG gel [81]. Afterward, 
we compare the performance of the current model on Kawabata’s 
dataset of isoprene rubber vulcanizate [82] to the other two existing 
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Fig. 4. Fitting results for two different hyperelastic materials. The scatter 
markers represent the experimental data, and the curves are obtained by the 
current model. (a) vulcanized rubber [79] and (b) S4035A TPE [7].

physics-based hyperelastic models proposed by Dal, et al. [69], Kaliske 
and Heinrich [43], together with a state-of-the-art invariant theory-
based comprehensive model proposed by Anssari-Benam [61]. In the 
end, we conduct a parametric study on the current model and discuss 
the roles of parameters.

4.1. Fitting experimental data

We used the nonlinear least-squares curve fitting solver of MATLAB 
to extract the four parameters from the experimental data. Fig.  4 shows 
the stress–strain curves under basic plane loading modes, i.e., uniaxial 
tension (UT), pure shear (PS), and equibiaxial (EB) stretch. The re-
sults show that the current model is capable of accurately capturing 
the S-shaped softening–hardening tendency of the hyperelastic stress–
strain curves in the full deformation regions. These two materials have 
similar Kuhn segment numbers in FJC (𝑛 ≈ 25) and thus behave 
in similar stress–strain shapes in uniaxial loading modes (uniaxial 
tension and pure shear). For the test on the polymer networks with 
a higher crosslink density, the hardening stage emerges in an earlier 
deformation region, and the polymer networks with a lower crosslink 
density behave in contrast. To validate the correctness of the current 
model for those materials, data of another rubber vulcanized in a 
different condition (namely, vulcanized rubber B) [80] and two Tetra-
PEG gels [81] were fitted. Fig.  5 shows the Cauchy stresses as a 
function of 𝜆1(or 𝜆3) with constrained 𝜆2 of 1, 1.502, 1.984, 2.295 and 
2.2623, respectively. The black and colored dashed lines mark the 
7 
Fig. 5. Biaxial Cauchy stress of vulcanized rubber B [80] against different 
fixed 𝜆2. Colored solid lines are the prediction of the current model with fitted 
parameters. The black dashed line indicates the contour of uniaxial tension, 
which separates the two kinds of curves. left side −𝜎2 against 𝜆3 and right 
side 𝜎1−𝜎2 against 𝜆1. Colored dashed lines present the theoretically predicted 
extension limits.

contour of the uniaxial tension and theoretical extension limits with 
different constant 𝜆2, respectively. This way of organizing data follows 
the original figure in [80]. Fig.  6 shows the fitting results for Tetra-
PEG gels prepared with two different recipes [81] under equibiaxial 
(EB), pure shear (PS), and unequal biaxial (UB) stretching. For the 
unequal biaxial stretching case, the deformation ratio was fixed to 
𝜆2 =

(

𝜆1 + 1
)

∕2. The model predictions show good agreement with the 
experimental data of general plane stress modes and demonstrate that 
the current model is transferable among different hyperelastic materials 
with various segment numbers 𝑛. The material parameters used in Figs. 
4, 5, and 6 are listed in Table  1. Note that for real polymer networks, 
the average segment number 𝑛 over all FJCs may not be an integer due 
to fluctuation in chain configuration. However, to keep the consistency 
with the physics interpretation in Section 2, the fitted 𝑛 are forced to be 
integers via a two-step procedure consisting of an initial continuous fit 
to estimate 𝑛, followed by refitting with 𝑛 constrained to integer values 
neighboring the initial estimation.

4.2. Comparison with existing models

Following the review of [23], the general biaxial stretching dataset 
of isoprene rubber vulcanizate measured by [82] is used to validate 
the current model. In that review, authors compared representative 
existing models developed in the recent decades, and only a few 
reach a good trade-off between complexity and accuracy in fitting 
that dataset. Two highly ranked physics-based models, the Langevin 
chain-based extended eight-chain model [69] and the four-parameter 
extended tube model [43], are chosen to be compared with the present 
constitutive model. In addition, a recently proposed four-parameter 
‘‘comprehensive’’ model [61], which combines the Langevin chain 
physics and representations generalization, is also compared due to its 
𝐼𝑞-dependency.

The extended eight-chain model has the total deformation energy 
density function as follows: 

 = 𝐺𝑠𝑛 ln
⎛

⎜

⎜

⎝

3𝑛 − 1
2 𝐼1

3𝑛 − 𝐼1

⎞

⎟

⎟

⎠

+ 𝐺𝑒
3

√

𝐼2
3
, (31)

where 𝐼2 = 𝜆21𝜆
2
2 + 𝜆21𝜆

2
3 + 𝜆22𝜆

2
3 is the second invariant of right 

Cauchy–Green deformation tensor; The inverse Langevin function in 
original [69] is approximated via Eq. (19) for computational conve-
nience.
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Fig. 6. Fitting results of two gels [81]: (a) Tetra-PEG A (𝑛 = 14); (b) Tetra-PEG B (𝑛 = 45), under equibiaxial (EB), pure shear (PS), and unequal biaxial (UB, 
𝜆2 =

(

𝜆1 + 1
)

∕2) loadings. The scatter markers represent the experimental data, and the solid curves are stress predicted by the current model.
Table 1
Fitted material parameters for various hyperelastic polymer networks.
 Polymer 𝑛 (1) 𝐺𝑠 (MPa) 𝐺𝑒 (MPa) 𝑞 (1) 𝐸𝑒∕𝐸𝑠 (1) 
 Vulcanized rubber A 26 0.2617 4.389 0.2035 0.8453  
 S4035A TPE 25 0.1773 3.1275 0.2328 1.0167  
 Vulcanized rubber B 9 0.1810 2.011 0.9910 2.6820  
 Tetra-PEG gel A 14 7.542×10−3 13.54×10−3 1 0.4412  
 Tetra-PEG gel B 45 12.94×10−3 60.29×10−3 0.3299 0.3822  
Table 2
Fitted material parameters for isoprene rubber vulcanizate in the compared models [82].
 Model 𝑛 or 𝛿2 (1) 𝐺𝑠 (MPa) 𝐺𝑒 (MPa) or 𝑚 (1) 𝑞 (1)  
 Current model 13 0.1304 1.9244 0.9375  
 Extended eight-chain 200 0.2829 0.3938 –  
 Extended tube 0.0108 0.1666 0.23539 −0.6220 
 Four-parameter comprehensive 8.375 0.7850 25 1.3457  
The extended tube model has the following total deformation energy 
density function. 

 = 1
2
𝐺𝑠

[
(

1 − 𝛿2
) (

𝐼1 − 3
)

1 − 𝛿2
(

𝐼1 − 3
) + ln

(

1 − 𝛿2
(

𝐼1 − 3
))

]

+
2𝐺𝑒
𝑞2

3
∑

𝛼=1

(

𝜆−𝑞𝛼 − 1
)

,

(32)

where 𝐺𝑠 and 𝐺𝑒 are two constants related to microscopic effects; 
Dimensionless material parameters 𝛿 and 𝑝 measure the finite exten-
sibility of individual polymer chains and the contribution of interchain 
entanglements, respectively.

The four-parameter comprehensive model has the following total 
deformation energy density function: 

 =
3𝑛(𝑚 − 1)

2𝑚
𝐺𝑠

[

1
3𝑛(𝑚 − 1)

(

𝐼𝑞 − 3
)

− ln
( 𝐼𝑞 − 3𝑛

3 − 3𝑛

)]

, (33)

where 𝐺𝑠, 𝑚 are model parameters; 𝑛 constraints the extension limit; 
The parameter 𝑞 is implicitly included in generalized invariant 𝐼𝑞 , 
which has the same definition as in (17).

The comparison between the predictions of four models for isoprene 
rubber vulcanizate is shown in Figs.  7, 8. Figs.  9 and 10 provide zoom-
ins in low to moderate deformation regimes (𝜆1 ≤ 1.3) of fitted 𝑃1, 𝑃2, 
respectively. The colored solid lines are model predictions with the 
material parameters (see Table  2). The black dash-dot lines guide stress 
curves for the experimental data under three basic loading modes.
8 
In addition, we use the average relative error (ARE) suggested 
by [83] to evaluate the quality of the fitting. Its definition is 

𝐴𝑅𝐸 = 1
𝑛𝑑𝑎𝑡𝑎

𝑛𝑑𝑎𝑡𝑎
∑

𝛽

|

|

|

𝑃 𝑡ℎ𝑒𝑜𝛽 − 𝑃 𝑒𝑥𝑝𝛽
|

|

|

𝑃 𝑒𝑥𝑝𝛽

, (34)

where 𝑃 𝑒𝑥𝑝 and 𝑃 𝑡ℎ𝑒𝑜 are stress data and theoretically predicted values; 
Data points are numbered by 𝛽; 𝑛𝑑𝑎𝑡𝑎 is the total number of data points 
to be averaged. Specifically, the 𝑃2 data of uniaxial tensile loading 
mode were filtered out since their relative errors are ill-defined.

Total ARE and ARE under three basic deformation modes corre-
sponding to four models are listed in Table  3. Fig.  11 gives a detailed 
comparison of the ARE of models for different constrained 𝜆1. Unsur-
prisingly, three four-parameter models approximately half the ARE in 
the complicated biaxial loading scenario compared to the extended 
eight-chain model, since they have one more parameter to capture 
the non-ideal micro–macro transition or interchain effects. Compared 
to the extended tube model, the current model has a lower ARE at 
both low and high stretch levels, while exhibiting a slightly higher 
ARE at moderate stretch levels. In contrast, the four-parameter com-
prehensive model (23) exhibits a slightly better performance at a wide 
moderate stretch regime, while it has an abnormally high ARE at a 
small stretch level. The same phenomenon was also observed in other 
materials as presented in the original literature [61]. Such a drawback 
of the four-parameter comprehensive model shall be attributed to its 
functional form, which directly substitutes the average non-affine chain 
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Fig. 7. 𝑃1 predicted by models for isoprene rubber vulcanizate under different pre-strain 𝜆1 from Kawabata dataset [82]. (a) The current model; (b) Extended 
eight-chain model; (c) Extended tube model; (d) Four-parameter comprehensive model.
stretch (on macroscopic 𝐼𝑞) into the Padé approximation to the inverse 
Langevin function. That implicitly forbids an energy contribution from 
interchain entanglements, which shall follow a different microscopic 
entropic function rather than the inverse Langevin form. Even though 
some tube models, for instance, [71], can be specialized to a special 
composite formulation of three instances of functional form (33) as 
demonstrated in [61], those instances are associated separately with 
different microscopic mechanisms, i.e., chain stretch and tube confine-
ment. Therefore, this study is apt to compose the chain stretch and 
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interchain effects, each of which may have a different functional rep-
resentation, additively, rather than generalizing any single functional 
representation with an increasing number of parameters, even though 
that approach, as suggested in [61,64], is mathematically general.

Worth mentioning that the three-parameter inverse Langevin chain-
based models like [44,69] may sacrifice the physical meaning of 𝑛 to 
compensate for the contribution of non-ideal micro–macro transition 
of large multi-axial loading modes, which is usually described by the 
power term 𝑞 in the four-parameter tube-like models. The isoprene rub-
ber vulcanizate measured by [82] shall have a similar chain network as 
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Fig. 8. 𝑃2 predicted by models for isoprene rubber vulcanizate under different pre-strain 𝜆1 from Kawabata dataset [82]. (a) The current model; (b) Extended 
eight-chain model; (c) Extended tube model; (d) Four-parameter comprehensive model.
vulcanized natural rubbers, and is unlikely to reach an extremely lightly 
crosslinked network structure with 𝑛 > 100 in physics. In fact, we also 
notice the abnormally high 𝑛 during fitting other widely used general 
three-parameter elastomer models, for instance, the general elastomer 
model proposed by [44] has the number of Kuhn segments 𝑛 reaching 
around 500 for the Kawabata dataset, but still with considerable ARE. It 
is clear that those large 𝑛 are physically meaningless for the vulcanized 
rubber networks. Therefore, we underscore that the physically based 
models shall include at least four parameters to properly cover the 
10 
deformation-induced softening of tube-like constraints. The current 
model has a comparable accuracy to the extended tube model among 
four-parameter models. Meanwhile, the extended tube model needs to 
change the sign of 𝑞 from material to material for phenomenological ac-
curacy, which is considered physically meaningless [43]. Besides, if the 
power parameter 𝑞 in the extended tube model is strictly constrained to 
a non-negative region to keep the physical meaning during fitting, one 
may find 𝑞 → 0 for some materials like the Kawabata dataset to get the 
best fitting. For these materials, the entangled term reduces to Hencky 
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Fig. 9. Zoom-in of 𝑃1 within the low to moderate deformation regimes (𝜆1 ≤ 1.3) corresponding to Fig.  7 . (a) The current model; (b) Extended eight-chain 
model; (c) Extended tube model; (d) Four-parameter comprehensive model.
Table 3
ARE (%) of models from Kawabata dataset [82].
 Model UT PS EB Total  
 Current model 2.986 1.864 1.868 1.943 
 Extended eight-chain 6.376 3.511 4.028 3.781 
 Extended tube 2.210 1.811 2.341 2.143 
 Four-parameter comprehensive 2.174 1.727 2.308 1.928 

logarithmic strain energy form [84] via asymptotic analysis at the limit 
𝑞 → 0. Although the four-parameter comprehensive model achieves a 
smaller value of 𝑛 compared to the current model, it predicts higher 
theoretical uniaxial and equibiaxial stretch limits, 𝜆𝑙𝑖𝑚𝑖𝑡𝑈𝑇 = 10.85 and 
𝜆𝑙𝑖𝑚𝑖𝑡𝐸𝐵 = 6.56, compared to those, 𝜆𝑙𝑖𝑚𝑖𝑡𝑈𝑇 = 6.22 and 𝜆𝑙𝑖𝑚𝑖𝑡𝐸𝐵 = 4.42, predicted 
by current model for (33) constrains the generalized invariant 𝐼𝑞 in-
stead of 𝐼1. Chain extendabilities predicted by both current model and 
four-parameter comprehensive model are within a reasonable range 
in chemistry. However, 𝑚 and 𝑞 in the model (33) are both semi-
empirically defined. Moreover, the connection between parameter 𝑛 of 
(33) and the microscopic physical picture has been broken.

As a closing remark of the comparative study, the current model 
preserves the physical interpretation of material parameters and main-
tains the form of the free energy function, while achieving competitive 
phenomenological accuracy for the material data studied above.
11 
4.3. Discussion on parameters

It can be intuitively seen that two constants 𝐺𝑒 and 𝐺𝑠 control only 
the magnitude of the chain stretch stress and entangled stress, and the 
dimensionless parameters 𝑛 and 𝑞 control the shape of the stress–strain 
curve. A parametric study is conducted to discuss the impact of dimen-
sionless parameters 𝑛 and 𝑞 on the shape of the predicted stress–strain 
curve. We now consider the normalized free energy contributed by the 
stretch of FJC network. The comparison on normalized  𝑠 against 𝐼1
prediction between the prediction of the current model and the classical 
eight-chain model is shown in Fig.  12. The Kuhn segment number 𝑛
controls the theoretical macroscopic stretching limit as it does in the 
eight-chain model. However, the current model tends to predict a softer 
response of the FJC network in the low and moderate stretch levels, 
followed by a sharper increase in stress when the response approaches 
the non-Gaussian regime for a high stretch level. Compared to the eight-
chain model, such a tendency generally leads to a higher fitted value of 
𝐺𝑠 and a lower fitted value of 𝑛 on the same material. In consequence, 
the current model requires a higher percentage of contribution from 
the interchain entanglement at the low stretch level. The case study on 
the uniaxial tension data of vulcanized rubber A is shown in Fig.  13. 
The black solid lines give the prediction of the current model shown in 
Fig.  4(a) with parameters listed in Table  1, and dashed lines give the 
share of contributions from chain stretch and interchain entanglement. 
In this case, the chain stretch and interchain entanglement both have 
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Fig. 10. Zoom-in of 𝑃2 within the low to moderate deformation regimes (𝜆1 ≤ 1.3) corresponding to Fig.  8 . (a) The current model; (b) Extended eight-chain 
model; (c) Extended tube model; (d) Four-parameter comprehensive model.

Fig. 11. ARE of different constitutive models evaluated at various stretches 𝜆1, using the Kawabata dataset [82].
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Fig. 12. Comparison on the normalized free energy of stretch FJC network 
between the current model and classical eight-chain model.

considerable impacts on the stiffness at the early tensile stage (𝜆1 < 1.5
for vulcanized rubber A). The entangled stress reaches a ‘‘saturated’’ 
state at a moderate stretch level and dominates the softening behavior 
while the chain stretch contribution is still in the Gaussian region. In 
the tail of the S-shape stress–strain curve, the chains in the polymer 
network reach the non-Gaussian stage; hence, the stretch contribution 
dominates the stiffening. ∞

The uniaxial isochoric deformation 𝑭 = 𝜆𝒗1⊗𝒗1+
1
√

𝜆
𝒗2⊗𝒗2+

1
√

𝜆
𝒗3⊗

𝒗3 provides a path to evaluate the Young’s modulus in infinitesimal 
deformation limit, which is a reasonable stress normalization factors 
for parametric study. The moduli originate from the chain stretch, and 
the interchain entanglement can be evaluated via 

𝐸𝑠 =
𝜕2𝑠
𝜕𝜆2

|

|

|

|

|𝜆=1
= 4𝑛 + 3

2𝑛 + 1
𝐺𝑠, 𝐸𝑒 =

𝜕2𝑒
𝜕𝜆2

|

|

|

|

|𝜆=1
=
𝑞
2
𝐺𝑒. (35)

The ratios of stretched and entangled Young’s moduli for differ-
ent polymer networks are listed in Table  1. Consider a normalized 
entangled stress 𝑃 𝑒1 = 𝑃 𝑒1 ∕𝐸𝑒, the stress–strain curves under uniaxial 
tension and equibiaxial stretch with different 𝑞 are shown in Fig.  14. 
The results show that 𝑞 is the control parameter for the divergence 
between uniaxial tension and equibiaxial stretch stress–strain curves. A 
large 𝑞 → 1 leads to a similar saturated stress under uniaxial tension and 
equibiaxial stretch. The divergence in 𝑃 𝑒1  increases with the decrease of 
𝑞. In addition, for very small 𝑞 = 0.2 (e.g., vulcanized rubber A and TPE 
discussed above), a significant softening appears after the stretch level 
reaches the saturated 𝑃 𝑒1 .

4.4. Limitation and outlook

Although the current model only discusses isotropic hyperelastic 
behavior and is validated by monotonic loading data, the idea of 
constructing a free energy density function of the squared end-to-end 
distance can be readily adopted by adding internal variables to capture 
more complex phenomena, for example, Mullins effect, hysteresis of 
cyclic, viscosity, creeping, etc. By introducing an anisotropic network 
metric to Eq. (11), one can derive a non-Gaussian elasticity to an 
anisotropic polymer network like liquid crystal elastomers or other 
rubber-like bio materials [74]. The curing [85] and damage [86] effects 
can also be introduced to the current framework by considering active 
chain length 𝑛(𝑡)𝑏 and chain density 𝑁(𝑡) depending on chemical kinet-
ics. The mean field approximation Eq. (15) kept in the current model 
is still not mathematically strict, thus may be further improved via 
introducing a sharpened Jensen’s inequality [87–89] to better describe 
the non-linear behavior at high stretch level. The statistical accuracy 
of the averaging (15) may be further evaluated by a FEM simulation of 
13 
network mechanics as suggested by [90,91]. Meanwhile, such improve-
ments will obviously either increase the mathematical complexity or 
be subject to numerical feasibility constraints. Some alternative chain 
statistics based on alternative microscopic physics assumptions, for 
instance, Rayleigh exact non-Gaussian distribution [92] or non-rigid 
bond [93,94], can potentially be introduced to modify the form of 
the single-chain free energy density function. By adding instances in 
the functional form of Eq. (18) with more parameters {𝑞1, 𝑞2,…}, the 
capability of the current model in tracking the interchain effects and 
multiaxial behaviors may be further improved in the sense of [47]. 
Addressing these aspects constitutes a natural extension of the present 
framework and will be pursued in future work.

5. Conclusions

This article proposed a new physics-motivated four-parameter con-
stitutive relation of the hyperelastic polymer networks. The model 
combines a modified single-chain finite extendability and a non-affine 
interchain entanglement contribution. Starting from the issue of the 
RMS approximation, which is widely employed in classical polymer 
network models such as the Arruda–Boyce eight-chain model [13] and 
its successors [44,69], we derived a single-chain free energy expressed 
as a function of the squared end-to-end distance, thereby avoiding 
the need for the RMS approximation in micro-to-macro free energy 
mapping. Assuming a Boltzmann distribution of end-to-end distance, 
the derived freely jointed chain free energy was checked via a Monte 
Carlo sampling simulation. The implicit inverse Langevin function in 
the free energy expression is substituted by an elementary function via 
Kröger’s approximation [76] to reach a good trade-off between com-
plexity and accuracy. In addition, we introduced a correction term that 
microscopically originates from the tube-like interchain effects [39,43,
75] into the total hyperelastic free energy. By assuming an ideally 
affine micro–macro deformation mapping of second moment of end-
to-end vectors and a non-affine area contraction of microscopic tube 
confinements, the macroscopic deformation free energy is derived in 
the sense of mean field. An explicit macroscopic constitutive model of 
a hyperelastic polymer network and the expression of engineering stress 
components at the plane stress limit are obtained for the validation with 
experimental data.

The model was validated with experimental data from various 
polymer networks, including vulcanized natural rubber, S4035A TPE, 
Tetra-PEG gel, and isoprene rubber vulcanizate. The loading conditions 
of experimental data contain three simple plane stress modes as well 
as more general biaxial stretch. We demonstrate that our model can 
accurately capture the mechanical behaviors of hyperelastic polymer 
networks with either short or long chains, which quantitatively cor-
respond to a span of Kuhn segment numbers 𝑛 varying from 9 to 45. 
The performance of the current model is compared with three other 
successful existing models, the eight-chain model [69], the extended 
tube model [43], and the four-parameter comprehensive model [61] on 
the general biaxial stretch dataset of isoprene rubber vulcanizate [82]. 
The comparison shows that the current model has a compatible phe-
nomenological accuracy without sacrificing the physical interpretations 
of parameters or changing the mathematical form of the constitutive 
relation at the asymptotic limit of the fitted parameter. In a parametric 
study, we demonstrate how two dimensionless parameters 𝑛 and 𝑞
control the shape of the stress–strain curve. Compared to the end-to-
end-distance-based model, the current squared-distance-based model 
has a stretching limit controlled by 𝑛 but tends to predict a higher 
weight of entangled effect in total stress in the small deformation 
limit. The semi-empirical averaging parameter 𝑞 controls the diver-
gence between stress–strain curves of uniaxial tension and equibiaxial 
stretch. Compared to the comprehensive model, the current model ex-
plicitly distinguishes the contributions of FJC network stretch and tube 
confinement. Future work will extend the framework of the current 
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Fig. 13. The stress–strain curve of vulcanized rubber A with separated contributions from chain stretch and interchain entanglements at: (a) uniaxial tension 
condition; (b) equibiaxial stretch condition.
Fig. 14. Normalized entangled stress 𝑃 𝑒
1  with different values of 𝑞 under (a) uniaxial tension; (b) equibiaxial stretch.
study to more complicated non-ideal polymer networks with dissipative 
behaviors.

In summary, this study resolves a long-standing conceptual mis-
match in the physical interpretation of eight-chain hyperelastic the-
ory by reformulating the microscopic free energy of freely-jointed 
chains. When augmented with a generalized 𝑞-mean statistical descrip-
tion of tube-like interchain constraints, the proposed model achieves 
phenomenological accuracy in predicting the multiaxial mechanical 
response of polymer networks that is comparable to established tube-
based and comprehensive models, while offering a clearer micro–macro 
physical interpretation. This provides a consistent and well-founded 
starting point for further development of constitutive theories for soft 
materials.
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Appendix A. Monte Carlo sampling used in current study

Monte Carlo sampling is used in Section 2 to visualize the structural 
difference between RMS and mean value (Fig.  2), and to demonstrate 
the performance of the probability density function 𝑝𝑢(𝑢) (Fig.  3). In the 
current simulation, the total number of FJCs in the ensemble 𝑁𝑀𝐶 was 
set to 107 to obtain stable histogram probability density estimates with 
100 counting bins. In practice, the large ensemble was divided into a 
loop over several chunks of size 𝑁𝑐ℎ𝑢𝑛𝑘 < 𝑁𝑀𝐶 for convenience in mem-
ory management, with the purpose of reproducibility and robustness of 
the home-made MATLAB script. In each chunk, 𝑁𝑐ℎ𝑢𝑛𝑘 × 𝑛 independent 
random unit vectors 𝒖𝛼 were generated via Gaussian normalization [95] 
and assembled into 𝑁𝑐ℎ𝑢𝑛𝑘 FJCs with end-to-end vectors 𝒓𝛽 . Then 
derived quantities of interest (i.e., 𝑢, 𝑟̄, 𝑟𝑧) are evaluated based on 
𝒓𝛽 , and their contributions are accumulated into running histograms or 
statistical averages before discarding intermediate data of 𝒖𝛼 , 𝒓𝛽 . On the 
test system, a single-chunk simulation at 𝑁𝑐ℎ𝑢𝑛𝑘 = 107, 𝑛 = 30 resulted 
in a peak memory usage of merely < 15 GB; chunking is therefore 
not strictly required for feasibility at this size but is retained for the 
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Fig. A.15. Comparison on the probability densities of normalized end-to-end distance 𝑟̄∕(𝑛𝑏) (left) and |𝑟𝑧|∕(𝑛𝑏) (right) predicted by theory and Monte Carlo 
sampling with the number of segments: (a)(b) 𝑛 = 5; (c)(d) 𝑛 = 9; (e)(f) 𝑛 = 26.
simulation of larger ensembles or longer FJCs. The probability density 
functions 𝑝𝑧, 𝑝𝑟̄ (Eq. (1),(4)) were also evaluated and shown in Fig. 
A.15.

Appendix B. Derivation and frame-indifference check of entan-
gled stress

The evaluation of 𝑷 𝑒 needs the eigen equation 𝑪 ⋅𝒗𝛼 = 𝜆2𝛼𝒗𝛼 , which 
can be written in the scalar function of 𝑭
𝜆2 =

(

𝑭 ⋅ 𝒗 ⊗ 𝒗
)

∶ 𝑭 , (B.1)
𝛼 𝛼 𝛼
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Then the partial derivative of the principal stretch with respect to the 
deformation gradient 𝑭  is 
𝜕𝜆𝛼
𝜕𝑭

= 1
𝜆𝛼

(

𝑭 ⋅ 𝒗𝛼 ⊗ 𝒗𝛼
)

, (B.2)

and the slopes of entangled energy against principal stretches are 
obtained by the chain rule 

𝜕𝑒
𝜕𝜆

=
𝜕𝑒
𝜕𝐼

𝜕𝐼𝑞
𝜕𝜆

= 𝐺𝑒
𝜆𝑞−1𝛼 𝐼

1
𝑞 −1
𝑞
1

, (B.3)

𝛼 𝑞 𝛼 3 𝑞
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Substituting (B.2) and (B.3) into the chain rule 

𝑷 𝑒 ∶=
𝜕𝑒
𝜕𝑭

=
𝜕𝑒
𝜕𝜆𝛼

𝜕𝜆𝛼
𝜕𝑭

, (B.4)

entangled stress (27) is obtained.
It is trivial to see that 𝑷 𝑠 and the incompressibility constraint term 

hold the principle of material frame-indifference, and we check the 
entangled stress 𝑷 𝑒 below. Given a new deformation gradient tensor 
𝑭 ∗ = 𝒐 ⋅ 𝑭 ⋅ 𝑶𝑇  under arbitrary rigid rotation 𝒐 ∈ 𝑂𝑟𝑡ℎ+ and proper 
orthogonal transformation 𝑶 ∈ 𝑂𝑡ℎ𝑜+, the new entangled stress 𝑷 𝑒∗ is 

𝑷 𝑒 (𝑭 ∗) = 𝐺𝑒
3
∑

𝛼

𝜆∗𝛼
𝑞−2𝐼∗𝑞

1
𝑞 −1

3
1
𝑞

𝑭 ∗ ⋅
(

𝒗∗𝛼 ⊗ 𝒗∗𝛼
)

, (B.5)

with 𝒗∗𝛼 the eigen vectors of new right Cauchy–Green deformation 
tensor 𝑪∗. The values of principal stretches are unchanged for any 𝒐
and 𝑶, so are their symmetric scalar functions (i.e., 𝜆∗𝛼 = 𝜆𝛼 and 𝐼∗𝑞 =
𝐼𝑞). Besides, for symmetric right Cauchy–Green deformation tensor, 
𝑪∗ = 𝑶 ⋅𝑪 ⋅𝑶𝑇 , the eigen vectors rotate by 𝒗∗𝛼 = 𝑶 ⋅ 𝒗𝛼 . Then Eq. (B.5) 
satisfies the principle of material frame-indifference 
𝑷 𝑒(𝑭 ∗) = 𝒐 ⋅ 𝑷 𝑒(𝑭 ) ⋅𝑶𝑇 . (B.6)

Data availability

Data will be made available on request.
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