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Abstract
Due to global warming effect humanity is forced to seek cleaner forms of energy. One of
these are renewable energies, which are inexhaustible and increasingly competitive. More
specifically wind energy is of highly importance due to its benefits. In order to achieve ulti-
mate wind energy exploitation, the design of wind turbines should be perfected. This rises a
lot of challenges for engineering companies, which conduct research on more economically
efficient and structurally reliable structures.

However, due to difficulties in modeling, industry turns into simpler ways of simulating
the conditions and loads under which a wind turbine functions. This project aims at provid-
ing a simple yet precise model, which takes into account the aerodynamic interaction of a
horizontal axis wind turbine blade. The blade is modeled using an Euler-Bernoulli beam and
the cross section is considered to be symmetric, taking into account the coupled bending-
twist vibration of the blade. The aerodynamic interaction depends on the relative wind ve-
locity, which includes the vibrational velocity of the blade.

The main objective of this project is the tower shadow effect on the structural behavior
of the blade. The tower is modeled using a mass attached to a stiffness spring, which are
connected to the blade. The chosen mass and stiffness were tuned to the first bending mode
of the tower so as to obtain its first fore-aft natural frequency . The tower effect on the natural
frequencies of the blade is not as expected. Hence a simpler 2 DOF system was constructed
to assess this behavior. By doing so, it is observed that the tower induces an extra vibration
to the blade tip response which is also observed in the first mode of the system, which is a
rigid body mode with initial displacement due to the existence of the spring.

The wind profile used was Kaimal Spectrum and the aerodynamic loading was simulated
using instantaneous aerodynamics.The tower shadow velocity profile was created for two
cases, an upwind and a downwind wind turbine. For the upwind case, the velocity profile
was derived from the stream function around a cylindrical tower and for the downwind case
Powles model was utilized. The study revealed that the downwind tower shadow has a big-
ger effect on the blade response. However, it should be noted that the turbulence close to
the downwind edge of the tower has not been studied extensively in literature and as a re-
sult is has been roughly represented here.To better understand and model this effect more
experiments should be conducted in the future.
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1
Introduction

1.1. Renewable Energy
Due to global warming effect humanity was forced to seek cleaner forms of energy. One of
them are renewable energies, which are clean, inexhaustible and increasingly competitive.
They differ from fossil fuels principally in their diversity, abundance and potential for use
anywhere on the planet, but above all in that they produce neither greenhouse gases – which
cause climate change – nor polluting emissions. Their costs are also falling and at a sustain-
able rate, whereas the general cost trend for fossil fuels is in the opposite direction in spite
of their present volatility.

Growth in clean energies is unstoppable, as reflected in statistics produced in 2015 by the
International Energy Agency (IEA): they represented nearly half of all new electricity genera-
tion capacity installed in 2014, when they constituted the second biggest source of electricity
worldwide, behind coal.

According to the IEA, world electricity demand will have increased by 70% by 2040 - its
share of final energy use rising from 18 to 24% during the same period – driven mainly by
the emerging economies of India, China, Africa, the Middle East and South-East Asia.

Renewable energies include:

• Wind energy: the energy obtained from the wind

• Solar energy: the energy obtained from the sun. The main technologies here are solar
photovoltaic (using the light from the sun) and solar thermal (using the sun’s heat)

• Hydraulic or hydroelectric energy: energy obtained from rivers and other freshwater
currents

• Biomass and biogas: energy extracted from organic material

• Geothermal energy: heat energy from inside the Earth

• Tidal energy: energy obtained from the tides

• Wave energy: energy obtained from ocean waves

• Bioethanol: organic fuel suitable for vehicles and obtained from fermentation of vegeta-
tion

• Biodiesel: organic fuel for vehicles, among other applications, obtained from vegetable
oils

From the above wind energy is of highly importance due to its benefits.It does not contami-
nate, it is inexhaustible and reduces the use of fossil fuels, which are the origin of greenhouse
gasses that cause global warming. In addition, wind energy is a “native” energy, because it is

1



1.2. Problem Statement 2

available practically everywhere on the planet. It reduces energy imports and creates wealth
and local employment. In addition, wind energy does not emit toxic substances or contam-
inants into the air, which can be very damaging to the environment and to human beings.
Toxic substances can acidify land and water ecosystems, and corrode buildings. Air contam-
inants can trigger heart disease, cancer and respiratory diseases like asthma. Also it does
not generate waste or contaminate water, an extremely important factor given the scarcity
of water. Unlike fossil fuels and nuclear power plants, wind energy has one of the lowest
water-consumption footprints, which makes it a key for conserving hydrological resources.

In order to achieve ultimate wind energy exploitation the design of wind turbines should be
perfected. This rises a lot of challenges for engineering companies which conduct research on
more efficient economically and structurally reliable structures. However, due to difficulties
in modeling, companies turn into simpler ways of simulating the conditions and loads, under
which a wind turbine functions. Some of these difficulties are analyzed in the next sections.

1.2. Problem Statement
In the preliminary design of a wind turbine there is no need for a complete model of the
structure. As a result, since we are interested in the aerodynamic interaction of a Horizontal
Axis wind turbine, a simplified model of the hub and one blade, fixed to the hub is used.
However, at later stages in this study, in order to be more precise, the tower will be modeled
using one stiffness spring and a mass attached to the spring. In order to compare the two
models, their natural frequencies will be compared and the effect of the tower on the blade
will be assessed. The main purpose of this project is to examine the interference of the tower
with the blade under aerodynamic forcing. In addition, the load due to the Tower Shadow
will be modeled for upwind and downwind case and the effect of the tower shadow will be
observed on the blade tip response, taking into consideration steady and turbulent flow.

The challenges faced during the above analysis are numerous. First of all the formulation
of equations of motion should be precise and accurate in order to represent correctly the
motion of the system. In addition, as far as the aerodynamic loading is concerned there
is damping and added mass due to the aerodynamic interaction of the structure with the
wind, which should be taken into account and two cases were considered: a steady and an
unsteady (turbulent) scenario. The aerodynamic interaction depends also on the relative wind
velocity experienced by the blade. Another challenge was the fact that the blade undergoes
two different states of operation. More specifically when the blade is ’pitched on’ it does not
rotate and when it is ’pitched off’ it operates. The rotation of the blade results in a centrifugal
force which induces a stiffening effect to the blade, called ’centrifugal stiffening’ along the
axial direction. Also gravity needs to be taken into account as it induces a harmonic loading
to the blade, affecting the blade response. A challenging part was also the effect of the tower
on the blade, as the results were not as expected, as far as the natural frequencies are
concerned and various cases were analyzed in order to assess the accuracy of the results.
Finally, an upwind and a downwind case for tower shadow were modeled.

1.3. Literature Review
The initial model used is studied by Van der Male et al [3] in which the blade is modeled
by a twisted rotating Euler Bernoulli beam fixed to a rigid hub. In this specific case the
torsion of the blade and the gravity are ignored. The coupled bending-twist vibration of the
blade is accounted for by Houbolt & Brooks [4] and Hodges & Dowell [2] but still the effect
of gravity is not included. Kallesøe [1] included torsion and gravity but without taking into
account the interaction with the aerodynamic loading. G. Surace et al [6] also conducted an
analysis on the coupled bending-torsion vibration of a pretwisted blade but restricted only to
the modal characteristics of the blade. S. M. Lin et al [7] conducted a vibrational analysis of
a pretwisted beam with tip mass ignoring torsion. Similarly, H. Kim et al [20] ignored torsion
in their research. In addition, a common characteristic of all the above researches is that
none of these observed how the aerodynamic load would affect the blade when considering
the tower, which is of highly importance.

The present project accounts for more realistic conditions of functioning for the wind



1.4. Research Questions 3

turbine such as aerodynamic interaction, gravity, coupled bending twist vibration and tower
shadow.

As mentioned before in the preliminary design of a wind turbine the complete model of
the structure is not a necessity. However, in order to conduct a precise and effective dy-
namic analysis of a wind turbine, an experimental and a theoretical modal analysis should
be conducted. The present project deals with the theoretical part of the dynamic analysis,
but it aims to contribute also in the experimental part of it. In order to avoid the rising
limitations in large scale experiments of wind turbines, the theoretical analysis needs con-
stant improvement in order to be so precise that the need of experimental analysis could be
possibly eliminated in the future.

In conventional design analysis the wind turbine is modeled by lumping the mass of the
components (nacelle, rotor, and blades) at the top of the tower. However, not much published
literature exists to illustrate the interaction between the motion of the blades and the tower,
which is studied in this specific project. Wang et al [21] model the tower as an Euler- Bernoulli
beam attached to a lumpedmass which consists of the mass of blade-rotor-gearbox-generator
with only two degrees of freedom, investigating the interaction between the nacelle-tower-
foundation and stating that this simplified model is adequate in case of incomplete structural
properties.

Kang et al [22] modeled the wind turbine by two beams, one for the tower and one for
the blade attached to each other. Each beam has only one bending degree of freedom on the
fore-aft direction. Kessentini et al [23] use a detailed model of the wind turbine including
the tower as a beam and considering three blades but only the flapwise deflection of each
blade is considered and rotation is ignored. In addition, none of the above research includes
aerodynamic analyses on the complete model. This project comes to fill this gap of knowledge
by expanding the research on the aerodynamics of the model.

As far as the tower shadow around a tubular tower is concerned [26] and [27] have studied
and analyzed the flow around the tower using various tower shadow models. However their
research did not expand on the effect of the tower shadow on the blade. In addition to that
the characteristics of tower shadow as velocity deficit or wake length were considered based
on experiments or empirical data. In this project the consequences of the tower shadow effect
are illustrated for different flow conditions.

1.4. Research Questions
In order to analyze the problems explained previously the following research questions were
formed:

• What is the effect of the tower on the structural behavior of the blade?

• How does the tower affect the blade response?

• How does the tower shadow effect influence the blade response?

• Which type of tower shadow (upwind vs downwind) is more significant?.

1.5. Approach
The approach followed in the present project consists of the following steps:

1. Formulation of equations of motion including torsion, bending and gravity

2. Formulation of aerodynamic loading equations

3. Aerodynamic analysis considering different conditions mentioned previously.

4. Introduction of upwind and downwind tower shadow velocity profiles

5. Comparison of Results

After following these steps the model is analyzed using MATLAB and the different cases
are compared.
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1.6. Outline
The thesis is outlined as follows. Chapter 2 describes the equations of motion of the system,
including the tower. Continuously the system is discretized into finite elements in chapter 3
and after analyzing the finite element system, its eigenmodes are presented in chapter 4. The
aerodynamic loads are then defined in chapter 5 and the results are illustrated and analyzed
in chapter 6. Finally, conclusions an recommendations are presented in chapter 7.



2
Model Description

This chapter illustrates the transformation matrices between the different coordinate frames
and the equations of motion . The aim of this, is to create a solid base for the finite element
method in order to carry out the eigenanalysis.

The motions of the blade are flapwise bending with respect to y axis, edgewise bending
with respect to z axis and torsion with respect to r axis, as it is obvious in figure 2.2. In order
to obtain the equations of motion, four coordinate frames are used according to [1][2][4].These
frames are the global fixed inertia reference frame (X, Y, Z), the global rotating reference frame
(�̃�, 𝑦, 𝑧), the local cross sectional frame (r, y, z) due to pitching and pre-twist and the local
principal axis (𝜉, 𝜂, 𝜁) due to torsion.The equations of motion are formulated in the global
rotating reference frame as later on the aerodynamic loading will be applied on the blade in
this frame.

During the derivation of the equations , according to [1],[2],[4], [8], [9], [10] some terms
considering the blade are used which are clarified below.

1. Aerodynamic Centre: the point on the blade about which the aerodynamically generated
moment is independent of the angle of attack.

2. Tension centre: The axis along the blade where an axial force applied along this axis
does not introduce any bending moment across its cross-section. Also known as area
centroid of the blade’s cross-section.

3. Shear Centre: is the point where a lateral force will not rotate the aerofoil. It is also
referred as the elastic axis of the blade.

4. Pitch center: The axis along the blade about which the blade is pitched.

5. Mass center: Also known as center of mass (COM) axis or gravity center of the cross-
section and is defined as the point at any cross-section of the blade where the mass of
that section is assumed to be concentrated.

During the analysis, the characteristics of the National Renewable Energy Laboratory
(NREL) 5 MW turbine were adopted. According to [8] the pitch center is defined at the quar-
ter chord point from the leading edge of the airfoil and it is assumed to coincide with the
aerodynamic center. Generally during the present project the shear center, the pitch center,
the aerodynamic center and the tension center are assumed to coincide according to [2],[4].
As far as the center of mass (COM) is concerned it is positioned at a varying distance e(r)
with respect to the chord length, away from the pitch center. The configuration of the above
mentioned axes is represented on Figure 2.1.

In Figure 2.2 the blade undergoes flapwise bending u(r,t) , edgewise bending v(r,t) and tor-
sion φ(r,t) around the elastic axis. Ω is the rotational velocity of the blade which is equivalent
to the time derivative of the blade azimuth angle Ψ̇(illustrated in Figure 2.3).

5
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Figure 2.1: Position of the COM with respect to pitch center, aerodynamic center, shear center and tension center

Figure 2.2: Degrees of freedom of the blade

In addition to the above it is worth mentioning that only one blade is taken into account.
As a result the effect of vortex shedding from the rest of the blades is not taken into account.
Some further assumptions that will be considered during the present project are:

1. Precone angle of the rotor is assumed to be zero.

2. No degrees of freedom are taken into account in the longitudinal direction of the blade

3. Attached flow is considered

4. Euler-Bernoulli beam theory is considered
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2.1. Equations of Motion
Since the model requires four different coordinate frames it is important to derive the trans-
formation matrices between them in order to relate them as the transverse deflections of the
blade are defined in the global rotating reference frame �̃�, 𝑦, 𝑧, whereas the torsion of the
blade is defined in the local principal axis 𝜉, 𝜂, 𝜁 .

2.1.1. Transformation of coordinates
Transformation from X, Y, Z to �̃�, 𝑦, 𝑧 frame

The transformation incorporates the blade azimuth angle ψ(t) according to [1] which is
depicted in Figure 2.3.

Figure 2.3: Azimuth angle of the rotor

[
𝑒፫
𝑒፲
𝑒፳
] = T𝝍 [

𝑒፱
𝑒፲
𝑒፳
] = [

sin𝜓(𝑡) 0 𝑐𝑜𝑠𝜓(𝑡)
0 1 0

𝑐𝑜𝑠𝜓(𝑡) 0 −𝑠𝑖𝑛𝜓(𝑡)
] [
𝑒፱
𝑒፲
𝑒፳
] (2.1)

Transformation from �̃�, 𝑦, 𝑧 to r,y,z frame
Afterwards due to pitching and pre-twist 𝛽(𝑟) as depicted in Figure 2.4 a modification

takes place from the global rotating frame to the local cross sectional reference frame .

Figure 2.4: Pitching of the blade

[
𝑒፫
𝑒፲
𝑒፳
] = T𝜷 [

𝑒፫
𝑒፲
𝑒፳
] = [

1 0 0
0 𝑐𝑜𝑠𝛽(𝑟) −𝑠𝑖𝑛𝛽(𝑟)
0 𝑠𝑖𝑛𝛽(𝑟) 𝑐𝑜𝑠𝛽(𝑟)

] [
𝑒፫
𝑒፲
𝑒፳
] (2.2)
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Transformation from r,y,z to ξ, η, ζ frame
Finally due to the torsion of the blade the transformation will take place from the local

cross-sectional reference frame r, y, z. to the local principal axis 𝜉, 𝜂, 𝜁.

Figure 2.5: Torsion of the blade

[
𝜉
𝜂
𝜁
] = T𝝓 [

𝑒፫
𝑒፲
𝑒፳
] = [

1 0 0
0 𝑐𝑜𝑠𝜙(𝑟, 𝑡) −𝑠𝑖𝑛𝜙(𝑟, 𝑡)
0 𝑠𝑖𝑛𝜙(𝑟, 𝑡) 𝑐𝑜𝑠𝜙(𝑟, 𝑡)

] [
𝑒፫
𝑒፲
𝑒፳
] (2.3)

As the angle φ is really small according to [4] the transformation matrix takes the following
form.

[
𝜉
𝜂
𝜁
] = T𝝓 [

𝑒፫
𝑒፲
𝑒፳
] = [

1 0 0
0 1 −𝜙(𝑟, 𝑡)
0 𝜙(𝑟, 𝑡) 1

] [
𝑒፫
𝑒፲
𝑒፳
] (2.4)

2.1.2. Definition of the Velocity Vector and deformation vector
In order to derive the Lagrangian function two deformation vectors are needed. The deforma-
tion vector of the elastic axis as it is used in the derivation of the elastic strain energy and the
deformation vector of the center of mass as it is used in the derivation of the kinetic energy
and in the description of the geometric strain energy due to the centrifugal force according
to [11].

The deformed position vector of the elastic axis in the global rotating frame �̃�, 𝑦, 𝑧 is:

u፞ፚ(𝑟, 𝑡) = [
�̃�

𝑣(𝑟, 𝑡)
𝑢(𝑟, 𝑡)

] (2.5)

Using the transformation coordinate matrices 2.2 and 2.4 the deformed position vector of
the center of mass in the global rotating reference frame axis in the global rotating frame �̃�,
𝑦, 𝑧 according to [1] and [2] is:

u(𝑟, 𝑡) = [
�̃�

𝑢፲(𝑟, 𝑡)
𝑢፱(𝑟, 𝑡)

] = u፞ፚ(𝑟, 𝑡)+TᎡ𝜷TᎡ𝝓 [
0
0
𝑒(𝑟)

] = [
�̃�

𝑣(𝑟, 𝑡) + (𝑐𝑜𝑠(𝛽(𝑟))𝜙(𝑟, 𝑡) + 𝑠𝑖𝑛(𝛽(𝑟)))𝑒(𝑟)
𝑢(𝑟, 𝑡) + (𝑐𝑜𝑠(𝛽(𝑟)) − 𝑠𝑖𝑛(𝛽(𝑟))𝜙(𝑟, 𝑡))𝑒(𝑟)

] (2.6)

Since the blade exhibits degrees of freedom also in the lateral direction and the elastic
axis the deformation vector of the center of mass will be:

u፠(𝑟, 𝑡) = [
𝜙(𝑟, 𝑡)
𝑢፲(𝑟, 𝑡)
𝑢፱(𝑟, 𝑡)

] = [
𝜙(𝑟, 𝑡)

𝑣(𝑟, 𝑡) + (𝑐𝑜𝑠(𝛽(𝑟))𝜙(𝑟, 𝑡) + 𝑠𝑖𝑛(𝛽(𝑟)))𝑒(𝑟)
𝑢(𝑟, 𝑡) + (𝑐𝑜𝑠(𝛽(𝑟)) − 𝑠𝑖𝑛(𝛽(𝑟))𝜙(𝑟, 𝑡))𝑒(𝑟)

] (2.7)

Similarly the deformation vector of the elastic axis will be:
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u(𝑟, 𝑡) = [
𝜙(𝑟, 𝑡)
𝑣(𝑟, 𝑡)
𝑢(𝑟, 𝑡)

] (2.8)

In order to derive the velocity vector of the blade both the rotational velocity of the blade
and the vibrational velocity of the center of mass will be taken into account similarly to [1][2].

V(𝑟, 𝑡) = Ω × u(𝑟, 𝑡) + u̇(𝑟, 𝑡) = [
0
Ω
0
] × u(𝑟, 𝑡) + u̇ = [

Ω(𝑢(𝑟, 𝑡) + (𝑐𝑜𝑠(𝛽(𝑟)) − 𝑠𝑖𝑛(𝛽(𝑟))𝜙(𝑟, 𝑡))𝑒(𝑟))
�̇�(𝑟, 𝑡) + 𝑐𝑜𝑠(𝛽(𝑟))�̇�(𝑟, 𝑡)𝑒(𝑟)

−Ω𝑟 + �̇�(𝑟, 𝑡) − 𝑠𝑖𝑛(𝛽(𝑟))�̇�(𝑟, 𝑡)𝑒(𝑟)
]

(2.9)
Where Ω×u(𝑟, 𝑡) is the velocity of the blade due to its rotation and u̇ is the velocity due to

the vibration of the blade.

2.1.3. Strain Energy and Kinetic Energy
Strain Energy

The strain energy of the system is the energy stored by the system when it undergoes
a deformation [10]. in this specific case the potential energy consists of the energy due to
potential difference according to [1], the elastic strain energy due to transverse and torsional
deformation of the blade and the geometric strain energy due to centrifugal force [11].

𝑈(𝑡) = ∫
ፑ

፫፨
(GፓM(𝑟)H+ 12u″(𝑟, 𝑡)

ፓK(𝑟)u″(𝑟, 𝑡) +
1
2u፠′(𝑟, 𝑡)

ፓP(𝑟)u፠′(𝑟, 𝑡))𝑑𝑟 (2.10)

In the expression above the first term expresses the energy due to potential difference
(assuming zero potential at the hub height). The gravity vector G is expressed as:

Gፓ = [0 0 − 𝑔] (2.11)

Where g is the acceleration of gravity. In addition, M(r) is the diagonal mass matrix and H is
the deformed position vector of the center of mass in the global fixed inertia reference frame.

H = TፓᎥu(𝑟, 𝑡) (2.12)

The second term of the equation corresponds to the elastic strain energy due to the blade
bending and torsion in which K(r) is equal to:

K(𝑟) = [
𝐺𝐽(𝑟) 0 0
0 𝐸𝐼፲፲(𝑟) 𝐸𝐼፱፲(𝑟)
0 𝐸𝐼፱፲(𝑟) 𝐸𝐼፱፱(𝑟)

] (2.13)

Since the blade deformation is defined at the elastic axis, the stiffness matrix is uncoupled
between bending and torsion.

The third term represents the geometric strain energy due to the centrifugal force. This
term expresses the work that needs to be done by the centrifugal force to restore the beam
to its initial position. This term is analytically explained in [12]. The centrifugal force due to
the rotation of the blade around the hub and the axial gravitational force is equal to:

𝑇𝑛(𝑟) = Ωኼ∫
ፑ

፫Ꮂ
𝑚(𝑟)𝑟𝑑𝑟 − 𝑐𝑜𝑠(𝜓(𝑡))𝑔∫

ፑ

፫Ꮂ
𝑚(𝑟)𝑑𝑟 (2.14)

Where R is the length of the blade.
The axial gravitational force needs to be included because as the blade rotates it experi-

ences either a compressive or a tensile force depending on its position. As a result P(r) is
equal to:

P(𝑟) = [
0 0 0
0 𝑇𝑛(𝑟) 0
0 0 𝑇𝑛(𝑟)

] (2.15)
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Kinetic Energy
Kinetic energy, is the energy obtained by the system due to its motion. The expression of

it is:

𝑇(𝑡) = ∫
ፑ

፫፨
(12V

ፓ(𝑟, 𝑡)M(𝑟)V(𝑟, 𝑡) + 12𝐽፠(𝑟)�̇�(𝑟, 𝑡)
ኼ)𝑑𝑟 (2.16)

In the above expression the kinetic energy due to the translational motion of the blade
and the kinetic energy due to the torsional motion are included.𝐽፠ is the mass moment of
inertia of the blade cross section around the center of mass .

2.1.4. Derivation of Equation of Motion
In order to derive the equations of motion the variational approach is used, which includes
the use of Hamilton’s principle. This method is more efficient than the Newtonian method for
continuous systems as it avoids working with extra unknowns resulting from the equilibrium
equations of each discrete mass.

Hamilton’s principle makes use of the Lagrangian density function:

�̂�(𝑡) = �̂�(𝑡) − �̂�(𝑡) (2.17)

In the above equation �̂� and �̂� are the kinetic and strain energy densities respectively and
they are equal to:

𝑇(𝑡) = ∫
ፑ

፫፨
�̂�(𝑡)𝑑𝑟 (2.18)

𝑈(𝑡) = ∫
ፑ

፫፨
�̂�(𝑡)𝑑𝑟 (2.19)

Using the above expressions the equation of motion can be derived using Hamilton’s prin-
ciple :

𝜕�̂�(𝑟, 𝑡)
𝜕u(𝑟, 𝑡)

− 𝜕
𝜕𝑟

𝜕�̂�(𝑟, 𝑡)
𝜕u′(𝑟, 𝑡)

+ 𝜕
𝜕𝑟ኼ

𝜕�̂�(𝑟, 𝑡)
𝜕u″(𝑟, 𝑡)

− 𝜕
𝜕𝑡

𝜕�̂�(𝑟, 𝑡)
𝜕 ̇u(𝑟, 𝑡)

= 0 (2.20)

The derivation of the above formula is well illustrated in [12] and [13].
Hamilton’s equation of motion in u(r,t)
The equation of motion in u(r,t) is expressed as :

(𝐸𝐼፱፱𝑢″(𝑟, 𝑡) + 𝐸𝐼፱፲𝑣″(𝑟, 𝑡))″ = 𝑝፱ (2.21)

in which 𝑝፱ is equal to :

𝑝፱ = 𝑚(𝑟)Ωኼ(𝑢(𝑟, 𝑡) + 𝑐𝑜𝑠(𝛽(𝑟))𝑒(𝑟) − 𝜙(𝑟, 𝑡)𝑒(𝑟)𝑠𝑖𝑛(𝛽(𝑟)))
+{𝑇𝑛(𝑟)(𝑢(𝑟, 𝑡) + 𝑐𝑜𝑠(𝛽(𝑟))𝑒(𝑟) − 𝜙(𝑟, 𝑡)𝑠𝑖𝑛(𝛽(𝑟))𝑒(𝑟))′}′
+𝑚(𝑟)(𝑠𝑖𝑛(𝛽(𝑟)𝑒(𝑟)�̈�(𝑟, 𝑡) − �̈�(𝑟, 𝑡)) − 𝑔𝑚(𝑟)𝑠𝑖𝑛(𝜓(𝑡))

(2.22)

According to equation 2.7:

𝑝፱ = 𝑚(𝑟)Ωኼ𝑢፱(𝑟, 𝑡) + {𝑇𝑛(𝑟)𝑢፱′(𝑟, 𝑡)}′ − 𝑚(𝑟)�̈�፱(𝑟, 𝑡) − 𝑔𝑚(𝑟)𝑠𝑖𝑛(𝜓(𝑡)) (2.23)

With respect to equation 2.23 the first term represents the centrifugal force due to the
rotation of the blade and the position of the center of mass. The second term, and especially
the term in brackets represents the shear force associated with the axial force and the blade
deflection. The derivative of the term in brackets expresses a distributed force in the x-
direction, introduced by the axial force and the blade deflection. The third term represents
the force due to the motion of the center of mass and the fourth term represents the applied
force to the blade due to the acceleration of gravity.
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The boundary conditions according to Hamilton are the following:
At 𝑟 = 𝑟፨

𝑢(𝑟ኺ, 𝑡) = 0
𝜕𝑢(𝑟, 𝑡)
𝜕𝑟 |፫፫ኺ = 0

(2.24)

The above equations represent that the deflection and the slope of the blade at the fixed end
of the blade will be equal to zero.

At 𝑟 = 𝑅
(𝐸𝐼፱፱𝑢″(𝑟, 𝑡) + 𝐸𝐼፱፲𝑣″(𝑟, 𝑡))|፫ፑ = 0 (2.25)

{𝑇𝑛(𝑟)(𝑢(𝑟, 𝑡) + 𝑐𝑜𝑠(𝛽(𝑟))𝑒(𝑟) − 𝜙(𝑟, 𝑡)𝑠𝑖𝑛(𝛽(𝑟))𝑒(𝑟))′}−
(𝐸𝐼፱፱𝑢‴(𝑟, 𝑡) + 𝐸𝐼፱፲𝑣‴(𝑟, 𝑡))|፫ፑ = 0

(2.26)

Hamilton’s equation of motion in v(r,t)
The equation of motion in v(r,t) is expressed as :

(𝐸𝐼፲፲𝑣″(𝑟, 𝑡) + 𝐸𝐼፱፲𝑢″(𝑟, 𝑡))″ = 𝑝፲ (2.27)

in which 𝑝፲ is equal to :

𝑝፲ = {𝑇𝑛(𝑟)(𝑣(𝑟, 𝑡) + 𝑐𝑜𝑠(𝛽(𝑟))𝜙(𝑟, 𝑡)𝑒(𝑟) + sin(𝛽(𝑟))𝑒(𝑟))′}′
−𝑚(𝑟)(𝑐𝑜𝑠(𝛽(𝑟))𝑒(𝑟)�̈�(𝑟, 𝑡) + �̈�(𝑟, 𝑡))

(2.28)

According to equation 2.7:

𝑝፲ = {𝑇𝑛(𝑟)𝑢፲′(𝑟, 𝑡)}′ − 𝑚(𝑟)�̈�፲(𝑟, 𝑡) (2.29)

The terms of equation 2.29 can be interpreted similarly to the terms of equation 2.23.
However in that specific case there is no centrifugal force because it does not act in that
direction. In addition the gravitational force is also not applied in that direction.

The boundary conditions according to Hamilton are the following:
At 𝑟 = 𝑟፨

𝑣(𝑟ኺ, 𝑡) = 0
𝜕𝑣(𝑟, 𝑡)
𝜕𝑟 |፫፫ኺ = 0

(2.30)

The above equations represent the deflection and the slope of the blade at the fixed end of
the blade.

At 𝑟 = 𝑅
(𝐸𝐼፲፲𝑣″(𝑟, 𝑡) + 𝐸𝐼፱፲𝑢″(𝑟, 𝑡))|፫ፑ = 0 (2.31)

{𝑇𝑛(𝑟)(𝑣(𝑟, 𝑡) + 𝑐𝑜𝑠(𝛽(𝑟))𝜙(𝑟, 𝑡)𝑒(𝑟) + sin(𝛽(𝑟))𝑒(𝑟))′}−
(𝐸𝐼፲፲𝑣‴(𝑟, 𝑡) + 𝐸𝐼፱፲𝑢‴(𝑟, 𝑡))|፫ፑ = 0

(2.32)

The above equations represent the bending moment and the shear force at the free end of
the blade.

Hamilton’s equation of motion in φ(r,t)
The equation of motion in φ(r,t) is expressed as:

(𝐺𝐽𝜙′(𝑟, 𝑡))′ + 𝑝፫ = 0 (2.33)

In the case of torsion it needs to be considered that the potential energy according to [14] is
equal to :

𝑈 = 1
2 ∫

ፑ

፫፨
𝐺𝐽(𝜙′(𝑟, 𝑡))ኼ𝑑𝑟 (2.34)

As a result for this specific case the total potential energy will be redefined as:
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𝑈(𝑡) = ∫
ፑ

፫፨
(GፓM(𝑟)H+ 12𝐺𝐽(𝜙′(𝑟, 𝑡))

ኼ + 12u፠′(𝑟, 𝑡)
ፓP(𝑟)u፠′(𝑟, 𝑡))𝑑𝑟 (2.35)

Using the above expression 𝑝፫ is equal to :

𝑝፫ = −𝑚(𝑟)𝑒(𝑟)Ωኼ𝑢(𝑟, 𝑡)𝑠𝑖𝑛(𝛽(𝑟)) + 𝑒(𝑟)𝑚(𝑟)𝑔𝑠𝑖𝑛(𝜓(𝑡))𝑠𝑖𝑛(𝛽(𝑟))
𝑚(𝑟)𝑒(𝑟)ኼΩኼ(−𝑐𝑜𝑠(𝛽(𝑟))𝑠𝑖𝑛(𝛽(𝑟)) + 𝑠𝑖𝑛ኼ(𝛽(𝑟))𝜙(𝑟, 𝑡))
𝑚(𝑟)𝑒(𝑟)(−𝑐𝑜𝑠(𝛽(𝑟))�̈�(𝑟, 𝑡) + 𝑠𝑖𝑛(𝛽(𝑟))�̈�(𝑟, 𝑡))−

(𝑒(𝑟)ኼ𝑚(𝑟) + 𝐽፠)�̈�(𝑟, 𝑡) + (𝑒(𝑟)ኼ𝑇𝑛(𝑟)𝜙′(𝑟, 𝑡))′ + (𝛽′(𝑟)𝑒(𝑟)ኼ𝑇𝑛(𝑟))′
+𝜙(𝑟, 𝑡)(𝑇𝑛(𝑟)𝑒′(𝑟))′𝑒(𝑟) − 𝜙(𝑟, 𝑡)(𝛽′(𝑟))ኼ𝑒(𝑟)ኼ𝑇𝑛(𝑟)
𝑇𝑛(𝑟)𝑒(𝑟)(−𝑠𝑖𝑛(𝛽(𝑟))𝑢″(𝑟, 𝑡) + 𝑐𝑜𝑠(𝛽(𝑟))𝑣″(𝑟, 𝑡))
𝑇𝑛′(𝑟)𝑒(𝑟)(−𝑠𝑖𝑛(𝛽(𝑟))𝑢′(𝑟, 𝑡) + 𝑐𝑜𝑠(𝛽(𝑟))𝑣′(𝑟, 𝑡))

(2.36)

In equation 2.36 the derived terms are multiple and complicated. Therefore some of
them will be interpreted. One important term is the term in the beginning of the fourth
line (𝑒(𝑟)ኼ𝑚(𝑟) + 𝐽፠)�̈�(𝑟, 𝑡) which represents the torque due to the torsional acceleration . In
addition to this the second term in the first line represents the torque due to the eccentricity
of the gravitational force. The second and third term in the fourth line illustrate the torque
introduced from the torsion and the pre-twist of the blade correspondingly.

The boundary conditions according to Hamilton’s principle are:
At 𝑟 = 𝑟፨

𝜙(𝑟ኺ, 𝑡) = 0 (2.37)

At 𝑟 = 𝑅
(𝐺𝐽𝜙′(𝑟, 𝑡) + 𝑇𝑛(𝑟)𝑒(𝑟)(−𝑠𝑖𝑛(𝛽(𝑟))𝑢′(𝑟, 𝑡) + 𝑐𝑜𝑛𝑠(𝛽(𝑟))𝑣′(𝑟, 𝑡))+
𝛽′(𝑟)𝑒(𝑟)ኼ𝑇𝑛(𝑟) + 𝜙′(𝑟, 𝑡)𝑒(𝑟)ኼ𝑇𝑛(𝑟) + 𝜙(𝑟, 𝑡)𝑇𝑛(𝑟)𝑒′(𝑟))|፫ፑ = 0

(2.38)

Equation 2.37 and 2.38 represent correspondingly the twist angle at the fixed end of the
blade and the torque at the free end.
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2.2. Equations of Motion Including the Tower
In this specific project the tower is modeled by using a stiffness spring and a mass connected
to it as it is obvious in 2.6.

Figure 2.6: Model Including Tower

In the above figure the mass of the tower is illustrated by the quantity 𝑀፭፲ and the dis-
placement of the tower is equal to the displacement of the blade at the point where it connects
to the tower which is illustrated by 𝑣(𝑟ኺ, 𝑡). The equations of motion of the blade will remain
the same as the were stated in sub chapter 2.1.4.

The kinetic energy of the tower will be equal to:

𝑇፭(𝑡) =
1
2𝑀፭፲�̇�(𝑟, 𝑡)

ኼ|፫፫ኺ (2.39)

The strain energy of the tower will be equal to:

𝑈፭(𝑡) =
1
2𝐾፯𝑣(𝑟ኺ, 𝑡)

ኼ (2.40)

Afterwards the kinetic energy and the strain energy of the tower will be added correspond-
ingly to the kinetic and strain energy of the blade which are defined in equations 2.16 and
2.10.

The tower will influence the equations of motion only at the boundary of the flapwise
direction at the point where the blade connects to the tower. As a result after using Hamilton’s
principle the resultant boundaries will be:

At 𝑟 = 𝑟፨
𝜕𝑣(𝑟, 𝑡)
𝜕𝑟 |፫፫ኺ = 0

(𝐸𝐼፲፲𝑣‴(𝑟, 𝑡) + 𝐸𝐼፱፲𝑢‴(𝑟, 𝑡))|፫፫ኺ = {𝑇𝑛(𝑟)(𝑣(𝑟, 𝑡) + 𝑐𝑜𝑠(𝛽(𝑟))𝜙(𝑟, 𝑡)𝑒(𝑟) + sin(𝛽(𝑟))𝑒(𝑟))′}|፫፫ኺ
−𝐾፯𝑣(𝑟ኺ, 𝑡) − 𝑀፭፲�̈�(𝑟, 𝑡)|፫፫ኺ

(2.41)
The first equation represents the slope of the blade which will be zero at the point where it
connects to the blade and the second one represents the shear force which includes also the
force due to the stiffness of the spring and the force due to the existence of the mass.



3
Finite Element Analysis

In this specific chapter the finite element analysis of the blade will be illustrated. The finite
element method is a numerical method that can be used for an accurate (but approximate)
solution of many complex vibration problems. The mass and stiffness matrices and force vec-
tors needed for the finite element analysis are derived for the basic one-dimensional elements
such as a beam under bending which applies to the case studied. It is really important to
note that the finite element method is employed to solve very complex mathematical models,
but it is important to realize that the finite element solution can never give more information
than that contained in the mathematical model [15].The approach that finite elements follow
is that the engineering problem is simulated as a mathematical model. The model is then
solved by discretizing it into numerous finite elements. These finite elements are composed
of nodes which interconnect all the elements and they are also used to define the degrees of
freedom (DOF) of the element. These nodes are generally located at the edges of the finite
element and in order to obtain the solution within the element, approximate interpolation
functions (also known as shape functions or basis functions) are used. However, in reality,
engineering problems consist of an infinite number of elements with an infinite number of
DOF, which is not efficient to be solved using the FEM and thus, the term approximate is
referred. The mathematical model is basically a set of partial differential equations. In this
case, it is represented by the partial differential equations of motion, along with the sets of
boundary conditions, derived in the preceding chapter. However, few details that are required
for this project are represented in the following sections.

14
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3.1. Beam Element
As mentioned before the finite element analysis includes discretization of the model into finite
element. In this specific case, as the blade has characteristics of a beam, it will be modeled
by beam elements. The discussed degrees of freedom of the blade are flapwise bending (𝑦-
direction), edgewise bending (𝑧-direction) and torsion.

Figure 3.1: Degrees of freedom applied to a beam element

As it is obvious from the above figure each element consists of two nodes and the degrees
of freedom applied to each element’s node are five :

• 𝑢ኻ:transverse deflection in 𝑧-direction

• 𝜃፳ኻ:bending around 𝑧 -axis

• 𝑣ኻ:transverse deflection in 𝑦-direction

• 𝜃፲ኻ:bending around 𝑦 -axis

• 𝜙ኻ torsion around �̃�- axis

3.2. Discretization of the Blade
As mentioned before in order to model the blade using finite element analysis it should be
first discretized. In order to achieve this the appropriate interpolation function should be
used as it assures inter- element continuity of the nodal DOF. Since in the beam element
model defined previously the bending slopes are taken into consideration the interpolation
function used for bending deflection in �̃�, 𝑧 plane will be:

𝑢 = 𝑎ኺ + 𝑎ኻ𝑟 + 𝑎ኼ𝑟ኼ + 𝑎ኽ𝑟ኽ (3.1)

The coefficients 𝑎ኺ, 𝑎ኻ, 𝑎ኼ, 𝑎ኽ are obtained using the boundary conditions of the beam
element and it is elaborated in [16] and [15].The same formulation as above can be adopted
for the 𝑦, �̃� plane. As a result the final expressions for the per element bending deflections
are:

𝑢፞(𝑟, 𝑡) = 𝑁ኻ(𝑟)𝑢ኻ(𝑡) + 𝑁ኼ(𝑟)𝜃፱ኻ(𝑡) + 𝑁ኽ(𝑟)𝑢ኼ(𝑡) + 𝑁ኾ(𝑟)𝜃፱ኼ(𝑡) = N፞(𝑟)u፞(𝑡) (3.2)

𝑣፞(𝑟, 𝑡) = 𝑁ኻ(𝑟)𝑣ኻ(𝑡) + 𝑁ኼ(𝑟)𝜃፲ኻ(𝑡) + 𝑁ኽ(𝑟)𝑣ኼ(𝑡) + 𝑁ኾ(𝑟)𝜃፲ኼ(𝑡) = N፞(𝑟)v፞(𝑡) (3.3)

Where 𝑁ኻ(𝑟), 𝑁ኼ(𝑟), 𝑁ኽ(𝑟), 𝑁ኾ(𝑟) are the shape functions equal to:

𝑁ኻ(𝑟) = 1 − 3(
𝑟
𝑙 )

ኼ
+ 2(𝑟𝑙 )

ኽ
(3.4)
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𝑁ኼ(𝑟) = 𝑟 − 2𝑙(
𝑟
𝑙 )

ኼ
+ 𝑙(𝑟𝑙 )

ኽ
(3.5)

𝑁ኽ(𝑟) = 3(
𝑟
𝑙 )

ኼ
− 2(𝑟𝑙 )

ኽ
(3.6)

𝑁ኾ(𝑟) = −𝑙(
𝑟
𝑙 )

ኼ
+ 𝑙(𝑟𝑙 )

ኽ
(3.7)

As far as the torsion is concerned, the equations for discretization are:

𝜙፞(𝑟, 𝑡) = 𝑁∗ኻ(𝑟)𝜙ኻ(𝑡) + 𝑁∗ኼ(𝑟)𝜙ኼ(𝑡) = N∗፞(𝑟)φ፞(𝑡) (3.8)

Where the shape functions are equal to :

𝑁∗ኻ(𝑟) = (1 −
𝑟
𝑙 ) (3.9)

𝑁∗ኼ(𝑟) =
𝑟
𝑙 (3.10)

Having formulated the per element distribution of the blade deformations, the subsequent
steps involve the derivation of the element mass and stiffness matrices, and assembling them
to the corresponding global matrices. These steps are elaborated in the following section.

3.3. Stiffness and Mass Matrices
The stiffness and mass matrices are obtained after substituting equations 3.2, 3.37 and 3.8
into the equations of kinetic and strain energy and then integrating over the length of the
element l. Afterwards, Hamilton’s principle is applied in order to obtain the discretized form
of the equations for the different directions.

In order to simplify the equations of motion some notations have been introduced which
are represented below. In the subsequent expressions, the annotations ( )e and ( )T have
been used to represent the per element characteristics of the terms and matrix transpose
operation, respectively.
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M = ∫
፥

ኺ
N፞(𝑟)ፓN፞(𝑟)𝑚፞𝑑𝑟 (3.11a)

M∗
ፓ = ∫

፥

ኺ
N፞(𝑟)ፓN∗፞(𝑟)𝑚፞𝑑𝑟 (3.11b)

M∗ = ∫
፥

ኺ
N∗፞(𝑟)ፓN∗፞(𝑟)𝑚፞𝑑𝑟 (3.11c)

J = ∫
፥

ኺ
N∗፞(𝑟)ፓN∗፞(𝑟)𝐽፞𝑑𝑟 (3.11d)

K፞ፁ;፱፱ = ∫
፥

ኺ
N፞″(𝑟)ፓN፞″(𝑟)𝐸𝐼፞፱፱𝑑𝑟 (3.11e)

K፞ፁ;፲፲ = ∫
፥

ኺ
N፞″(𝑟)ፓN፞″(𝑟)𝐸𝐼፞፲፲𝑑𝑟 (3.11f)

K፞ፁ;፱፲ = ∫
፥

ኺ
N፞″(𝑟)ፓN፞″(𝑟)𝐸𝐼፞፱፲𝑑𝑟 (3.11g)

K፞ፓ;፳፳ = ∫
፥

ኺ
N∗፞′(𝑟)ፓN∗፞′(𝑟)𝐺𝐽፞𝑑𝑟 (3.11h)

K፞ = ∫
፥

ኺ
N፞′(𝑟)ፓN፞′(𝑟)𝑝፞𝑑𝑟 (3.11i)

K∗፞;ፓ = ∫
፥

ኺ
N∗፞′(𝑟)ፓN∗፞′(𝑟)𝑝፞𝑑𝑟 (3.11j)

K∗፞ = ∫
፥

ኺ
N∗፞′(𝑟)ፓN∗፞′(𝑟)𝑝፞𝑑𝑟 (3.11k)

F፞ = ∫
፥

ኺ
N፞(𝑟)ፓ𝑚፞𝑑𝑟 (3.11l)

F∗፞ = ∫
፥

ኺ
N∗፞(𝑟)ፓ𝑚፞𝑑𝑟 (3.11m)

After substituting the above equations into the kinetic and strain energy, the discretized
form of them is:

Strain Energy

U፞(𝑡) = 1
2u

፞(𝑡)ፓK፞ፁ;፱፱u፞(𝑡) +
1
2v

፞(𝑡)ፓK፞ፁ;፲፲v፞(𝑡) +
1
2φ

፞(𝑡)ፓK፞;፳፳φ፞(𝑡)+

u፞(𝑡)ፓK፞ፁ;፱፲v፞(𝑡) +
1
2u

፞(𝑡)ፓK፞u፞(𝑡) +
1
2v

፞(𝑡)ፓK፞v፞(𝑡)+
1
2φ

፞(𝑡)ፓK∗፞ φ፞(𝑡)𝑒ኼ − u፞(𝑡)ፓK∗፞;ፓφ፞(𝑡)𝑒 sin(𝛽)

+v፞(𝑡)ፓK∗፞;ፓφ፞(𝑡)𝑒 cos(𝛽) + u፞(𝑡)ፓF፞𝑔 sin(𝜓(𝑡))−
φ፞(𝑡)ፓF∗፞𝑔𝑒 sin(𝜓(𝑡)) sin(𝛽))

(3.12)

Kinetic Energy

T፞(𝑡) = 1
2 u̇

፞(𝑡)ፓMu̇፞(𝑡) + 12 v̇
፞(𝑡)ፓMv̇፞(𝑡) + 12φ̇

፞(𝑡)ፓJφ̇፞(𝑡)

+12u
፞(𝑡)ፓMu፞(𝑡)Ωኼ − u፞(𝑡)ፓM∗

ፓφ፞(𝑡)Ωኼ𝑒 sin(𝛽)

+12φ
፞(𝑡)ፓM∗φ፞(𝑡)Ωኼ𝑒ኼ sin(𝛽)ኼ + 12φ̇

፞(𝑡)ፓM∗φ̇፞(𝑡)𝑒ኼ

+v̇፞(𝑡)ፓM∗
ፓφ̇፞(𝑡)𝑒 cos(𝛽) − u̇፞(𝑡)ፓM∗

ፓφ̇፞(𝑡)𝑒 sin(𝛽)
+u፞(𝑡)ፓF፞𝑒Ωኼ cos(𝛽) −φ፞(𝑡)ፓF∗፞𝑒ኼΩኼ sin(𝛽) cos(𝛽)

(3.13)
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It should be noted that in the above expressions, a discrete value (averaged) for the ec-
centricity of the center of mass (COM) and the pre-twist angle (𝛽) are assigned per element.
This has been done in order to simplify the equations.

Formulation of discretized equations of motion
The Lagrangian function per element is defined as follows:

L፞(𝑡) = T፞(𝑡) − U፞(𝑡) (3.14)

The equations of motion are derived by using Hamilton’s Principle as defined in equation
2.20. However the principle is redefined since the displacements depend now only on time.
As a result the expression used is illustrated below.

𝜕L፞(𝑡)
𝜕u፞(𝑡)

− 𝜕
𝜕𝑡
𝜕L፞(𝑡)
𝜕u̇፞

= 0 (3.15)

Using the equations 3.14 and 3.15 the discretized equations of motion can be expressed
as:

M፞ü፞(𝑡) +K፞u፞(𝑡) = F፞(𝑡) (3.16)

Where M፞, K፞ and F፞ are the element mass, stiffness and force matrices, respectively.
These matrices can be elaborated as follows:

M፞ = [
J+M∗𝑒ኼ (M∗

ፓ)ፓ𝑒 cos(𝛽) (M∗
ፓ)ፓ𝑒 sin(𝛽)

M∗
ፓ𝑒 cos(𝛽) M 0

M∗
ፓ𝑒 sin(𝛽) 0 M

] (3.17)

K፞ = K፞ፁ +K፞ፓ −K፞ፆ (3.18)

Where:

K፞ፁ = [
K፞ፓ;፳፳ 0ኼ፱ኾ 0ኼ፱ኾ
0ኾ፱ኼ K፞ፁ;፲፲ K፞ፁ;፱፲
0ኾ፱ኼ K፞ፁ;፱፲ K፞ፁ;፱፱

] (3.19)

K፞ፓ = [
K∗፞ፂ 𝑒ኼ (K∗፞ፂ;ፓ)ፓ𝑒 cos(𝛽) −(K∗፞ፂ;ፓ)ፓ𝑒 sin(𝛽)

K∗፞ፂ;ፓ𝑒 cos(𝛽) K፞ፂ 0ኾ፱ኾ
−K∗፞ፂ;ፓ𝑒 sin(𝛽) 0ኾ፱ኾ K፞ፂ

] (3.20)

K፞ፆ = [
M∗ sinኼ(𝛽)𝑒ኼΩኼ 0ኼ፱ኾ −(M∗

ፓ)ፓ𝑒 sin(𝛽)Ωኼ
0ኾ፱ኼ 0ኾ፱ኾ 0ኾ፱ኾ

−(M∗
ፓ)ፓ𝑒 sin(𝛽)Ωኼ 0ኾ፱ኾ ΩኼM

] (3.21)

The expressions of the submatrices M,J,M∗,K፞ፁ;፱፱ ,K፞ፁ;፱፲ ,K፞ፁ;፲፲ ,K፞ፓ;፳፳ and K፞ፂ in the element
mass and stiffness matrices can be found in the literature [15], [16] and [17].

The matrix M∗
ፓ which is used to express the coupling between bending and torsion is

elaborated as follows:

M∗
ፓ = 𝑚፞

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

7𝑙
20

3𝑙
20

𝑙ኼ
20

𝑙ኼ
30

3𝑙
20

7𝑙
20

− 𝑙
ኼ

30 − 𝑙
ኼ

20

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(3.22)

The centrifugal stiffness submatrix associated to the torsion is decomposed into three
matrices which are expressed as:

K∗፞ፂ = K∗፞ፂ;ኻ +K∗፞ፂ;ኼ +K∗፞ፂ;ኽ (3.23)
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Where:

K∗፞ፂ;ኻ = 𝑝፞ኻ
⎡
⎢
⎢
⎢
⎣

1
𝑙

−1
𝑙

−1
𝑙

1
𝑙

⎤
⎥
⎥
⎥
⎦

(3.24)

K∗፞ፂ;ኼ = 𝑝፞ኼ
⎡
⎢
⎢
⎢
⎣

1
2

−1
2

−1
2

1
2

⎤
⎥
⎥
⎥
⎦

(3.25)

K∗፞ፂ;ኽ = 𝑝፞ኽ
⎡
⎢
⎢
⎢
⎣

𝑙
3

−𝑙
3

−𝑙
3

𝑙
3

⎤
⎥
⎥
⎥
⎦

(3.26)

In the same manner the submatrices which correspond to the coupling terms in the cen-
trifugal stiffness matrix are further decomposed into three matrices which are illustrated
below:

K∗፞ፂ;ፓ = K∗፞ፂ;ፓኻ +K∗፞ፂ;ፓኼ +K∗፞ፂ;ፓኽ (3.27)

K∗፞ፂ;ፓኻ = 𝑝፞ኻ

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

𝑙
𝑙

−𝑙
𝑙

0 0
−𝑙
𝑙

𝑙
𝑙

0 0

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(3.28)

K∗፞ፂ;ፓኼ = 𝑝፞ኼ

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1
2

−1
2

𝑙
12 − 𝑙

12
−1
2

1
2

− 𝑙
12

𝑙
12

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(3.29)

K∗፞ፂ;ፓኽ = 𝑝፞ኽ

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

3𝑙
10

−3𝑙
10

𝑙ኼ
15 − 𝑙

ኼ

15
−3𝑙
10

3𝑙
10

− 𝑙
ኼ

10
𝑙ኼ
10

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(3.30)

In all the above expressions the term 𝑝፞ represents the axial force acting on the blade.
Similarly tot he submatrices this is split into three parts 𝑝፞ኻ , 𝑝፞ኼ and 𝑝፞ኽ . The reason being due
to the dependency of ’Pe ’ on the radial distance r which gets involved [18]in the integration
procedure. In additon for this specific project the effect of gravity is introduced.
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Figure 3.2: Discretization of the Blade

The three components of the centrifugal force for the 𝑖፭ℎ element will be equal to :

𝑝፞ኻ = Ωኼ𝑚፞። {(𝑟ኺ + 𝑟።)𝑙። + 𝑙ኼ። } − 𝑔 cos(𝜓)𝑙።

+Ωኼ
ፍ

∑
፧ኻ

𝑚፞፧ዄኻ{𝑟ኺ(𝑟፧ዄኼ − 𝑟፧ዄኻ) +
1
2(𝑟

ኼ
፧ዄኼ − 𝑟ኼ፧ዄኻ) − 𝑔 cos(𝜓)(𝑟፧ዄኼ − 𝑟፧ዄኻ)}

(3.31)

𝑝፞ኼ = −𝑚፞። {Ωኼ(𝑟ኺ + 𝑟።) − 𝑔 cos(𝜓)} (3.32)

𝑝፞ኽ = −
1
2𝑚

፞
። Ωኼ (3.33)

The force submatricees, F፞ and F∗፞ can be elaborated as follows:

F፞ = 𝑚፞

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

𝑙
2
𝑙ኼ
12
𝑙
2
−𝑙
12

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(3.34)

F∗፞ = 𝑚፞
⎡
⎢
⎢
⎢
⎣

𝑙
2
𝑙
2

⎤
⎥
⎥
⎥
⎦

(3.35)
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3.4. Assembling the Global Matrices
In order to be able to solve later the finite element model the element and stiffness matrices
should be assembled in the corresponding global matrices. This is achieved by locating the
values of the element nodal DOF in order to obtain the global configuration of the nodal DOF
and then lump them into global matrices.

The element mass and stiffness matrices have initially the local configuration which is
illustrated below.

Figure 3.3: Local Configuration of the nodal DOFs

The values in this matrix are then re-arranged to fit into the corresponding nodal DOF in
the global configuration. The new configuration of the nodal DOFs will be :

Figure 3.4: Global Configuration of the nodal DOFs

Note that the mass and stiffness matrices defined in both the local and global configura-
tions are symmetric about their diagonal terms. The globally configured element matrices
are then assembled into the global matrices as demonstrated
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Figure 3.5: Assembled Global Configuration of the nodal DOFs

Here, A፠፥፨ፚ፥;ኻ, A፠፥፨ፚ፥;ኼ and A፠፥፨ፚ፥;ፍ are the globally configured element matrices of the
first, second and the Nth element, respectively. It should be noted that each element shares
a node with their adjacent element. Hence, there exists overlapping of terms corresponding
to the shared nodes while assembling to the global matrices. Similarly, the forcing terms are
also assembled to its corresponding global vectors.

3.5. Validation
The finite element model developed has been validated by comparing the natural frequencies
generated from the model with those acquired from the literature [19] and [20]. For this
comparison, an eigenvalue problem is developed for the finite element model, which has
been elaborated in the next chapter. The ″𝑒𝑖𝑔″ function in MATLAB has been called to obtain
these eigenvalues. To this end, the blade structural properties provided in the NREL 5MW
reference manual [8] have been adopted.

Table 3.1: Comparison of the natural frequencies

Natural Frequencies (Hz)
Mode Mode Type Literature FE Model Error(%)
1 Flapwise 0.690 0.692 -0.26
2 Edgewise 1.120 1.110 -0.74
3 Flapwise 2.000 1.996 0.19
4 Edgewise 4.120 4.096 0.59
5 Flapwise 4.640 4.622 0.38
6 Torsion 5.610 5.590 0.35

The errors in the natural frequencies are found to be very small, hence it can be concluded
that the model is valid. It should be noted that in this case, the 6th mode is found to be the
torsional mode.
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3.6. Introduction of the Tower
In order to add the tower into the finite element analysis the mass matrix and the stiffness
matrix of the beam element will be transformed.

According to literature [16] the mass matrix of the beam element is equal to:

M = 𝑚፞

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

156𝑙
420

22𝑙ኼ
420

54𝑙
420

−13𝑙ኼ
420

22𝑙ኼ
420

4𝑙ኽ
420

13𝑙ኼ
420

−3𝑙ኽ
420

54𝑙
420

13𝑙ኼ
420

156𝑙
420

−22𝑙ኼ
420

−13𝑙ኼ
420

−3𝑙ኽ
420

−22𝑙ኼ
420

4𝑙ኽ
420

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(3.36)

and the expression for the per element bending deflection according to equation 3.37 at
�̃�=0 will be equal to:

𝑣፞(𝑟, 𝑡) = 𝑣ኻ(𝑡) (3.37)
As a result the mass of the tower will be added to the mass matrix of the beam element

at the cell which corresponds to 𝑣ኻ(𝑡). the resultant mass matrix for the beam element as
flapwise deformation only is concerned will be as follows:

M = 𝑚፞

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

156𝑙
420 +𝑀፭፲

22𝑙ኼ
420

54𝑙
420

−13𝑙ኼ
420

22𝑙ኼ
420

4𝑙ኽ
420

13𝑙ኼ
420

−3𝑙ኽ
420

54𝑙
420

13𝑙ኼ
420

156𝑙
420

−22𝑙ኼ
420

−13𝑙ኼ
420

−3𝑙ኽ
420

−22𝑙ኼ
420

4𝑙ኽ
420

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(3.38)

Correspondingly the new stiffness matrix will be equal to :

K =
𝐸𝐼፲፲
𝑙ኽ

⎡
⎢
⎢
⎣

12 + 𝐾፯ 6𝑙 −12 6𝑙
6𝑙 4𝑙ኼ −6𝑙 2𝑙ኼ
−12 −6𝑙 12 −6𝑙
6𝑙 2𝑙ኼ −6𝑙 4𝑙ኼ

⎤
⎥
⎥
⎦

(3.39)

In order to represent the tower as realistic as possible the first natural fore- aft frequency
of the tower will be used according to literature [8] in order to calibrate the values of mass
and the stiffness of the tower, which will be introduced into the finite element model.

Initially the stiffness of the tower was calculated using the formula of static stiffness.

𝐾 = 3𝐸𝐼
𝑙ኽ = 966914.5333𝑁/𝑚 (3.40)

In the above equation the Young’s Modulus according to [8] was considered equal to 210 GPa
. The second moment of area of the tower [21] can be obtained from the following formula .

𝐼 = 𝜋
64(𝐷

ኾ − (𝐷 − 2𝑡፡)ኾ) (3.41)

In which 𝐷 is the tower mean external diameter which is equal to 4.875 m and the tower
shell thickness is equal to 0.023m.

Using this specific stiffness into the finite element model after calibration the first fore-
aft natural frequency of the tower was achieved by utilizing a mass equal to 215800 kg. This
quantity is equal to 62.1% of the mass of the tower. According to literature [24] the first
effective modal mass for a cantilever beam is equal to:

𝑚፞፟፟,ኻ = 0.6139 ∗ 𝑚፭፨፰፞፫ (3.42)

Which is obviously really close to the actual value of mass used in the model.



4
Eigenanalysis

The purpose of eigenanalysis is to determine the eigenvalues and eigenmodes of a vibrating
system under zero external force. The term eigenvalues is correlated to the natural frequen-
cies of the system and the term eigenmodes is correlated to the response of the system to
that free vibration. The acknowledgment of the natural frequencies is really important since
resonance phenomena can be avoided. For instance, during the design of a structure which
might undergo an earthquake in the future, by knowing the most probable case scenario of
earthquake in the area (spectrum, magnitude, etc) and the natural frequencies of the struc-
ture a more secure structural design of the structure can be achieved.

In order to perform the eigenanalysis the force matrices will not be introduced in the finite
element model, which will result in the free vibration problem. As a result only the mass and
stiffness matrices will be utilized for the eigenanalysis. The eigenavalue problem is stated as
follows:

{K− 𝜔ኼM}𝑢 = 0 (4.1)

Afterwards the boundary conditions should be introduced to the model leading to ‘𝑛’ num-
ber of quantities which are the eigenvalues (𝜔ኼ) and its quantity has a corresponding modal
amplitude vector which is the eigenmode (𝑢) . The square root of the eigenvalues result in the
natural frequencies of the system. In the specific case studied since the blade is discretized
into finite elements, the number of natural frequencies and eigenmodes will be equal to the
number of finite elements used during the solution of the model.

4.1. Eigenvalues and Eigenmodes
The eigenvalues and eigenmodes of the model will be determined using the numerical com-
putation software Matlab and more specifically some inbuilt functions of it. In the following
sections the coupled model of the blade will be illustrated for the coordinate frame defined
in the preceding chapters and afterwards the model of the blade including the tower will be
illustrated.

4.1.1. Coupled bending twist vibration
Initially the eigenmodes of the blade for the coupled case will be generated. The structural
properties of the blade are based on the NREL 5 MW manual [8]. The length of the blade
from the hub axis is 63 m and the radius of the hub is 1.5m. The geometry of the blade
is described by its radially varying pre-twist and the chord length. The natural frequencies
generated are listed in Table 4.1 . It should be noted that these frequency values are derived
for the blade in a standstill state, that is non-rotating, with the blade azimuth as ’0 rad’.

24
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Table 4.1: Coupled Model

Natural Frequencies (Hz)
Mode Mode Type Coupled Model
1 Flapwise 0.692
2 Edgewise 1.110
3 Flapwise 1.996
4 Edgewise 4.096
5 Flapwise 4.622
6 Torsion 5.590

4.1.2. Coupled vibration of a standstill and a rotating blade
In this section the influence of rotation and gravity on the dynamic response of the blade are
studied. According to literature [8] the rated wind speed of the 5MW wind turbine is 11.4
m/s and its corresponding rotor speed is 12.1 rpm. The first six natural frequencies for this
data are represented on Table 4.2.

Table 4.2: Standstill versus rotating blade

Natural Frequencies (Hz)
Mode Standstill Model

with 𝑔 = 0𝑚/𝑠ኼ
Rotating model
with 𝑔 = 0𝑚/𝑠ኼ

Rotating model
with 𝑔 and 𝑎 = 0°

Rotating model
with 𝑔 and 𝑎 = 𝜋°

1 0.692 0.744 0.737 0.750
2 1.110 1.154 1.150 1.157
3 1.996 2.055 2.048 2.061
4 4.096 4.127 4.124 4.131
5 4.622 4.674 4.668 4.681
6 5.590 5.592 5.592 5.592

It can be seen from the results that when rotation is added to the model the natural
frequencies of the blade are increased which means that the structure becomes more stiff.
This can be interpreted as stiffening effect induced by the centrifugal force applied to the
blade. In addition to the above it is obvious that depending on the blade azimuth angle the
effect of gravity differs. The maximum frequencies appear for blade azimuth angle equal to 𝜋
radians and the minimum (with gravity) appear for 0 radians. This happens due to the fact
that gravity induces a periodic loading to the blade . However since the variation is small it
can be assumed stationary. In addition to that the analysis was performed using zero pitch
angle.

Following the eigenmodes of the blade will be presented for the standstill case. For the
rotating case the eigenmodes are found to be similar to that of standstill.
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Figure 4.1: Eigenmodes of a standstill Blade

The eigenmodes represented in Figure 4.1 are normalized by their magnitude more specif-
ically:

û = u
|u| (4.2)

Where û is the normalized eigenmode, u is the unnormalized eigenmode and |u| is the
magnitude of the eigenmode.

As it is obvious from Figure 4.1, the blade starts deflecting on the negative direction which
means the even though the coordinate system defined in chapter 2.1 is positive, due to the
form of the coordinates utilized, the blade will most probably deflect on the negative direction.
This needs to be taken into consideration later on the aerodynamic analysis.
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4.1.3. Coupled bending twist vibration of the complete model
At this section the natural frequencies and eigenmodes of the blade with the tower will be
presented. The characteristic of the tower have been chosen according to the 5 MW manual
[8]. The natural frequencies are represented below.

Table 4.3: natural frequencies of the complete model

Natural Frequencies (Hz)
Mode Standstill Model

with 𝑔 = 0𝑚/𝑠ኼ
Rotating model
with 𝑔 = 0𝑚/𝑠ኼ

Rotating model
with 𝑔 and 𝑎 = 0°

Rotating model
with 𝑔 and 𝑎 = 𝜋°

1 0.324 0.324 0.324 0.324
2 0.701 0.753 0.747 0.759
3 1.110 1.154 1.151 1.158
4 2.011 2.069 2.062 2.076
5 4.096 4.128 4.124 4.131
6 4.639 4.691 4.685 4.698
7 5.591 5.593 5.593 5.593

As it is obvious from the Table 4.3 the natural frequencies behave similarly to the nat-
ural frequencies of the blade. In addition to that it is obvious that the first natural fore aft
frequency of the tower is obtained according to the 5 MW manual [8].

Table 4.4: natural frequencies of the complete model

Natural Frequencies of the blade versus the complete system (Hz)
Mode Blade Blade with Tower
1 0.692 0.324
2 1.110 0.701
3 1.996 1.110
4 4.096 2.011
5 4.622 4.096
6 5.590 4.639
7 - 5.591

Another interested aspect of the model is the effect of the tower on the blade. As it is
obvious from Table 4.4 the natural frequencies of the blade after the inclusion of tower have
increased slightly. Logically, it was expected that since an extra degree of freedom was added
to the system, the system would be less stiff and thus the natural frequencies would be
slightly decreased.

In order to explain this effect a much simpler 2 DOF system was constructed, consisting
of 2 masses and 2 springs representing the mass of the blade, the mass of the tower, the
stiffness of the blade and the stiffness of the tower as illustrated below.

Figure 4.2: Simple 2 DOF system
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After solving the above system and increasing the values of K2 which represents the stiff-
ness of the tower, the natural frequencies fluctuate as follows:

 

Natural Frequencies of 2 degree system 

Fixed end 

Attached to 
m2 

Figure 4.3: Natural Frequencies of 2DOF system

The red line represents the frequencies of the 2 degrees system without 𝑚ኼ and 𝐾ኼ ( fixed
end). The blue line represents the variation of the natural frequency of 𝑚ኻ ( corresponding
to the blade). It is obvious that when the stiffness of the spring 𝐾ኼ increases the natural
frequency of the first mass (blade) decreases converging to the value of natural frequency it
has with fixed end. This agrees with the behavior of the bending frequencies of the blade as
when the tower is added, meaning that the stiffness decreases as from the fixed end situation
the blade is attached to the tower, the natural frequencies of the blade increase slightly.

In order to correlate this behavior to the complete model, different values of tower stiff-
ness were utilized and the behavior of the first bending natural frequency of the blade was
observed.
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Natural frequencies of Complete Model 

Figure 4.4: Natural Frequencies of complete model

It is obvious that when the stiffness of the tower increases the natural frequency of the
tower increases reaching the value of the 1st bending frequency of the blade. Meaning that
the tower mode disappears and the system reaches the fixed end situation. Another impor-
tant observation is that the first bending natural frequency of the blade (red line) while it
is slightly increased (first point) it decreases on the second point and after that it increases
again reaching the value of the second bending mode of the blade. Generally the behavior
of the first bending frequency is similar to the one of 𝑚ኻ in the 2 DOF system, justifying the
increase in the natural frequencies of the blade after the inclusion of the tower.
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Figure 4.5: Eigenmodes of the complete model
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As it is obvious from Figure 4.5 the eigenmodes of the blade with tower are quite differ-
ent from the eigenmodes of just the blade. First of all, in the first mode there is an initial
displacement on the flapwise direction due to the tower and the shape of both flapwise and
edgewise eigenmodes is similar to the rigid body mode. It can be observed afterwards that
this initial displacement dissipates in the following modes and the blade behaves more like a
fixed-end beam. In addition to that the torsional mode is not excited until the seventh mode,
similarly to the initial model.



5
Aerodynamic Analysis

The aerodynamic interaction models used in the wind turbine industry come from previous
developments in the aircraft industry. The aerodynamic interaction in this particular project
is described by instantaneous force models. Such a model neglects the disturbance of the
near wake and the consequent delayed development of the new aerodynamic equilibrium.
The aerodynamic forcing consists of the lift force and the drag force. In addition to the
above forces an additional inertia load is introduced due to the presence of the wind field
in which the blade is located. This inertia load can be imitated by a circular cylinder of
air, whose diameter is equal to the chord length of the airfoil, which moves with the airfoil
[25]. The drag force consists of pressure drag and viscous drag. Pressure drag results from
the separation of flow which creates a pressure gradient over the surface of the airfoil and
viscous drag is due to the skin friction between the fluid (air) and the surface of the airfoil
[3]. In addition to the above another component of drag force, is the induced drag which is
induced by wake vorticity. In this particular project attached flow condition is considered
thus limiting the drag force to viscous drag alone. Additionally, the flow is assumed to be
inviscid and incompressible (Mach < 0.3).

The blade of the wind turbine is normally subjected to unsteady aerodynamics, which
deals with time-dependent flow velocity, aerodynamic loads, and vortex shedding. For this
project, an instantaneous aerodynamic model is assumed for its simplicity. This allows for
defining the unsteady aerodynamic loads similar to that of a steady case by considering the
characteristics of the system at an instant in time, thus making it a case of quasi-steady
aerodynamics .
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5.1. Instantaneous Aerodynamic Loading
The loads experienced by the blade under quasi-steady aerodynamics assumption are the
following 5.1:

Figure 5.1: Aerodynamic Configuration with the definition of the angle of attack and definition of drag and lift forces

Drag Force
Fፃ(𝑟, 𝑡) =

1
2𝜌𝑐(𝑟)𝐶ፃ(𝑟)W(𝑟, 𝑡)|W(𝑟, 𝑡)| (5.1)

Lift Force
Fፋ(𝑟, 𝑡) = 𝜌W(𝑟, 𝑡) × Γ(𝑟, 𝑡) (5.2)

Inertia Force
Fፈ(𝑟, 𝑡) =

1
4𝜌𝜋𝑐(𝑟)

ኼẆ(𝑟, 𝑡) (5.3)

According to [3] the definition of the lift force comes from the Kutta–Joukowski theorem
according to which Γ is the circulation of the flow around the airfoil which is generally as-
sumed to be defined at the quarter-chord point from the leading edge.

The circulation of the flow is equal to :

Γ(𝑟, 𝑡) = 𝜋𝑐(𝑟)𝑠𝑖𝑛(𝑎(𝑟, 𝑡))|W(𝑟, 𝑡)|e፫ (5.4)

where e፫ is the unit vector along the r axis.
In addition the aerodynamic lift coefficient is defined as follows:

𝐶ፋ(𝑟, 𝑡) = 2𝜋𝑠𝑖𝑛(𝑎(𝑟, 𝑡)) (5.5)

After substituting equations 5.4 and 5.5 into equation 5.2 the final formula of the lift force
is the following:

Fፋ(𝑟, 𝑡) =
1
2𝜌𝑐(𝑟)𝐶ፋ(𝑟, 𝑡)|W(𝑟, 𝑡)|(W(𝑟, 𝑡) × e፫) (5.6)

Another really important term used in the above formulas is the relative wind velocity
experienced by the blade W(𝑟, 𝑡) which is equal to :

W(𝑟, 𝑡) =W(𝑟) +w(𝑟, 𝑡) − u̇(𝑟, 𝑡) (5.7)

where W(𝑟) is the mean wind velocity, w(𝑟, 𝑡) is the fluctuation of the wind velocity and
u̇(𝑟, 𝑡) is the blade vibrational velocity, which includes the aerodynamic interaction. The
above velocities are equal to :
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W(𝑟) = [
0

𝑊፲(𝑟)
Ω𝑟

] (5.8)

w(𝑟, 𝑡) = [
0

𝑤፲(𝑟, 𝑡)
𝑤፳(𝑟, 𝑡)

] (5.9)

u̇(𝑟, 𝑡) = [
0

�̇�(𝑟, 𝑡) + 𝑒ኽ/ኾ(𝑟)𝑐𝑜𝑠(𝛽(𝑟))�̇�(𝑟, 𝑡)
�̇�(𝑟, 𝑡) − 𝑒ኽ/ኾ(𝑟)𝑠𝑖𝑛(𝛽(𝑟))�̇�(𝑟, 𝑡)

] (5.10)

After substituting equations 5.8, 5.9 and 5.10 into equation 5.7 the final form of the
relative wind velocity is :

W(𝑟, 𝑡) = [
𝑊፫(𝑟, 𝑡)
𝑊፲(𝑟, 𝑡)
𝑊፳(𝑟, 𝑡)

] = [
0

𝑊፲(𝑟) + 𝑤፲(𝑟, 𝑡) − �̇�(𝑟, 𝑡) − 𝑒ኽ/ኾ(𝑟)𝑐𝑜𝑠(𝛽(𝑟))�̇�(𝑟, 𝑡)
Ω𝑟 + 𝑤፳(𝑟, 𝑡) − �̇�(𝑟, 𝑡) + 𝑒ኽ/ኾ(𝑟)𝑠𝑖𝑛(𝛽(𝑟))�̇�(𝑟, 𝑡)

] (5.11)

It should also be noted that the relative wind velocity W(r,t) is defined at the first-quarter
chord point from the leading edge. In addition to the above the wake vorticity generated by
the blade motion induces a downward velocity of the wind on the airfoil which is referred as
the downwash velocity. This velocity is normal to the chord line and it is applied at the third
quarter chord point from the leading edge of the blade. The downwash velocity is equal to
the upward component of the relative wind velocity imposed on the same point. Thus, the
relative wind velocity is defined at the third-quarter chord point and henceforth, the torsional
motion of the blade is introduced to the interaction term ’𝑢(𝑟, 𝑡)’ as well. Here, the annotation
’𝑒ኽ/ኾ(𝑟)’ represents the distance between the aerodynamic center and third-quarter chord
point, which can also be expressed in terms of the chord length as:

𝑒ኽ/ኾ(𝑟) =
1
2𝑐(𝑟) (5.12)

The downwash velocity according to [3] is equal to :

𝑊᎔(𝑟, 𝑡) = 𝑊፲𝑐𝑜𝑠(𝛽(𝑟) + 𝜙(𝑟, 𝑡)) −𝑊፱𝑠𝑖𝑛(𝛽(𝑟) + 𝜙(𝑟, 𝑡)) (5.13)

5.2. Wind Spectrum
The wind velocity profile is generally assumed to be composed of a mean velocity and a
turbulence component fluctuating around the mean. The turbulence component is random
in nature and therefore, it is usually generated from a standard wind spectrum. A wind
spectrum is basically the frequency content of the wind velocity variation. One can also
think of it as the energy content of the wind. Two most commonly adopted wind spectrum
found in the literature are:

• Von Karman Turbulence Spectrum

𝑓𝑆፲(𝑓)
𝜎ኼ፲

=
4𝑓𝐿ኼ፲/𝑊፲

(1 + 70.8(𝑓𝐿ኼ፲/𝑊፲)ኼ)/ዀ
(5.14)

• Kaimal Turbulence Spectrum

𝑓𝑆፲(𝑓)
𝜎ኼ፲

=
4𝑓𝐿ኻ፲/𝑊፲

(1 + 6𝑓𝐿ኻ፲/𝑊፲)/ኽ
(5.15)

For this project, the Kaimal Turbulence Spectrum has been adopted for both the out-
of-plane (longitudinal) and in-plane (lateral) direction of the rotor, since it fits the empirical
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observations of atmospheric turbulence. The turbulence intensities and the length scales
are referred from the Danish standard (DS 472, 1992) which is presented as:

𝐼፱ = 10% (5.16)

𝐼፲ = 0.8𝐼፱ (5.17)

𝐿ኻ፲ = 150𝑚 (5.18)

𝐿ኻ፱ = 0.3𝐿ኻ፲ (5.19)

Note that the axial component of the turbulence is not defined in this project since the
axial degree of freedom of the blade has not been considered. Additionally, the mean wind
velocities, also referred as steady flow velocities, adopted in the longitudinal and lateral di-
rections are respectively presented as:

𝑊፲ = 11.4𝑚/𝑠 (rated wind speed of the turbine) (5.20)

𝑊፱ = 0 m/s (5.21)

From the turbulence spectrum defined above, the time signal of the wind velocity in both
the longitudinal and lateral directions can be generated through the following relation:

𝑊(𝑟, 𝑡) = 𝑊(𝑟) +
ፍᑗ

∑
፤ኻ
√2𝑆፤(𝑓)Δ𝑓፤ cos(𝜔፤𝑡 + 𝜃፤) (5.22)

It is clear from Equation 5.22, that the wind velocity profile is composed of a mean velocity
denoted by ’W(r n)’, and a turbulence component represented by the second term, which is
generated from the Kaimal Turbulence Spectrum.
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Figure 5.2: Kaimal Turbulence Spectrum in the longitudinal and lateral direction and the wind velocity fluctuation around the
mean



6
Results and Discussion

After formulating the complete model in the previous chapters, this chapter presents the dif-
ferent cases studied after using the model. In total 8 cases were performed for each steady
and unsteady flow separately for the model of the blade and the complete model of tower-
blade. However, only relevant results are presented in this chapter.Especially for the tower
only the operating blade case will be illustrated as it is of bigger interest. It should be noted
that a viscous damping of 1% is accounted for in order to take into consideration the struc-
tural damping. When the wind turbine rotates ‘pitched off’, the pitch angle is 0 rad and
when the wind turbine is standstill ‘pitched on’ the pitch angle is π/2 rad. The pitching of
the blade is usually performed with respect to the nacelle and in reality, it has been done to
avoid stalling of the wind flow by reducing the angle of attack. Apart from the pitching, the
blade also exhibits pre-twist which contributes to the reduction of the angle of attack. Nev-
ertheless, these are irrelevant for this model as the flow has been assumed to always remain
attached.

Table 6.1: Operating Conditions of the wind turbine

Operating Condition Rotational Speed (rpm) Pitch Angle (rad)
Standstill 0 π/2
Rotating 12.1 0

36
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6.1. Steady Flow
In order to get a better insight into the dynamic behavior of the blade, steady flow condition
has been adopted, which can be obtained by dropping the turbulent component of the wind
velocity, that is w(r, t) in equation 5.7 .Moreover, due to the larger displacement at the blade
tip (free end), the tip response has been considered for the purpose of analyzing the results.

6.1.1. Influence of gravity
Blade

Initially the effect of gravity on the blade will be observed. First of all the case of a rotating
wind turbine is illustrated below.

(a) (b)

Figure 6.1: Influence of gravity on a rotating blade accounting both aerodynamic interaction and gravity

(a) (b)

Figure 6.2: Influence of gravity on a rotating blade accounting only the aerodynamic interaction

It can be observed from the above graphs that the introduction of gravity induces an
harmonic loading to the blade as seen on figure 6.1a. This harmonic load varies with the
rotation of the blade and as a result the harmonic motion persists in time. In addition to that
it can be observed a peak at the spectral density plot 6.1b corresponding to the rotational
velocity of the blade (12.1rpm=0.2 Hz), which is associated with the harmonic motion of the
blade introduced by gravity. In addition to the above it should be noted that the rotating
blade deflects on the positive out-of plane direction mainly which perfectly agrees with the
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definition of the lift force, see figure 5.1. It worths noting that the displacement in the out of
plane direction is almost 8m which is totally in line with [3]. Also when comparing figures
6.1b and 6.2b it is obvious that the gravity does not effect the structural modes.

However the gravity does not have the same influence on a standstill blade.

(a) (b)

Figure 6.3: Influence of gravity on a standstill blade accounting both the aerodynamic interaction and the gravity

In this specific case the blade is pitched on which results in interchanging the flapwise
with the edgewise motion with respect to the rotor plane.It is observed that the harmonic
motion due to the gravity does not exist, which is due to the fact that the harmonic load
in this case is a static load. Due to the fact that the blade is practically not rotating, the
deflections in both in plane and out-of plane directions are significantly reduced 6.3a. This
is because the lift force is significantly reduced as the angle of attack becomes very small
since the blade is almost parallel to the flow. In addition to the above it should be noted that
since the displacements are so small, thus the damping is small.
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Tower
As mentioned in previous chapters in order to make the model more realistic the tower

was introduced to the blade and an aerodynamic analysis was performed on that model too.
First of all, the effect of gravity was observed.

(a) (b)

(c) (d)

Figure 6.4: Influence of gravity on a rotating blade with tower a) and b) taking into account both gravity and aerodynamic
interaction, while c) and d) represent the same but without considering gravity

First of all when comparing figures 6.4a and 6.1a it is observed, especially on the flapwise-
out of plane direction a small added vibration to the blade tip response. This vibration exists
due to the added force that is derived from the stiffness of the tower. Asmentioned in equation
2.41 the first term on the second line represents the force due to the stiffness of the tower
which is responsible for that vibration. In addition to the above when comparing figures 6.4b
and 6.1b it is obvious that except for the resonance peak at 0.2 Hz, a small peak at around
0.3 Hz (first fore-aft natural frequency of the tower) is observed, however it is damped due to
the aerodynamic interaction. As mentioned before there still a vibrational motion especially
on the edgewise direction due to the gravity.
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6.1.2. Influence of Aerodynamic Interaction
Blade

The aerodynamic Lift and drag forces are coupled to the structural response velocity u̇(r,t),
which introduces an additional aerodynamic damping, to the blade response. An additional
mass is also added to the blade through the inertia force Fፈ(𝑟, 𝑡), m which depends on the
blade response acceleration. The significance of this damping is obvious in the following
figures.

(a) (b)

Figure 6.5: Influence of aerodynamic interaction on a rotating blade accounting only the gravity

When comparing figures 6.1a and 6.5a it is obvious that the blade tip response reduces
significantly when considering the aerodynamic interaction due to the aerodynamic damping.
Also when comparing the spectral density plots 6.1b and 6.5b it is obvious that when con-
sidering the aerodynamic interaction the resonance peaks are flatter.Especially the peaks
corresponding to the flapwise modes are more damped since the response in the flapwise
direction is bigger.

(a) (b)

Figure 6.6: Influence of aerodynamic interaction on a standstill blade accounting only the gravity

When observing figures 6.3a and 6.6a it is obvious again that when considering the aero-
dynamic interaction the blade tip response is damped, however the magnitudes of the re-
sponses are generally smaller in this case, the reasons for which are explained previously.
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Tower
In addition to the above the effect of aerodynamic interaction on the complete model will

be observed.

(a) (b)

Figure 6.7: Influence of aerodynamic interaction on a rotating blade with tower taking into account only gravity

When comparing figures 6.4a and 6.7a it is obvious that when considering the aerody-
namic interaction even when taking into account the tower still the blade tip response is
severely damped especially the flapwise direction. In addition to the above a general obser-
vation is that again in the flapwise direction an extra vibration is observed due to the tower.
As far as the spectral density plots are concerned, when the aerodynamic interaction is not
considered the resonance peak at the natural frequency of the tower is more prominent due
to the lack of aerodynamic damping. Another observation is that in figure 6.7b the resonance
peaks are less flat than figure 6.4b again due to the lack of aerodynamic damping.



6.1. Steady Flow 42

Effect of Tower on Blade Tip Response

Figure 6.8: Effect of tower on blade tip response -comparison between the cases with/without tower considering only gravity
(blue and red line)- comparison between the cases with/without tower considering both gravity and aerodynamic interaction

(yellow and purple line)

In order to assess the effect of tower on blade tip response different initial conditions
were utilized. The response of the blade for fully developed speed (11,4 𝑚/𝑠) was utilized as
initial condition. As a result the transient response was eliminated vastly. However the time
window that is represented is from 4000 to 8000 seconds in order to have no effect of the
transient response.

When observing figure 6.8 and more specifically the blue and red line, which do not con-
sider aerodynamic interaction, it is clear that the tower induces an extra displacement to the
blade response equal to 0.15𝑚. Correspondingly when considering aerodynamic interaction
(yellow and purple line) the tower induces a displacement equal to 0.2𝑚. It is expected that
the tower will induce an added displacement to the blade as the spring force, due to tower
stiffness, induces a displacement.
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6.2. Unsteady Flow
In this section the fluctuation of the wind velocity w(r,t) will be taken into account and its
effect on the blade will be analyzed.

6.2.1. Influence of gravity
Blade

Initially the effect of gravity on a rotating blade will be observed.

(a) (b)

(c) (d)

Figure 6.9: Influence of gravity on a rotating blade a) and b) taking into account both gravity and aerodynamic interaction, while
c) and d) represent the same but without considering gravity

A general observation for the unsteady flow is that the blade tip response does not obtain
a steady state solution as seen due to the fluctuation of the wind. Another observation is
that the gravity again induces a harmonic loading which is obvious on figure 6.9a, especially
on the in-plane(edgewise) direction. In addition this effect is obvious on the spectral density
plot 6.9b as there is a resonance peak at 0.2 Hz which as mentioned before corresponds to
the rotational velocity of the blade. Another observation between figures 6.9b and 6.9d, when
comparing the resonance peaks of in-plane and out of plane directions, is that the in plane
modes are less damped than the out of plane modes, since there is more damping on the out
of plane direction due to the existing bigger blade tip response .
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Following the effect of gravity on the standstill blade will be represented.

(a) (b)

Figure 6.10: Influence of gravity on a standstill blade accounting both the aerodynamic interaction and gravity

In this case the influence of gravity is not obvious on the spectral density plot, However
it is obvious on the torsional blade tip displacement as the mean of the displacement is
transferred. This offset is due to the eccentricity of the center of mass from the elastic axis
which induces a torque around the corresponding axis. Another observation is that the
blade tip response in figure 6.10a is bigger than the magnitude of the response in figure
6.3a. This is due to the fact that the response of the standstill blade due to the lack of
rotational velocity, is affected more by the wind fluctuation as seen on equation 5.11. When
the turbulence component is added,the wind velocity that reaches the blade is higher leading
to an increased blade tip response. In the operating case of the blade the response is also
increased after inducing turbulent flow, however the difference is not so severe due to the
fact that the influence of the rotational velocity is bigger compared to the turbulent velocity
component.
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Tower

(a) (b)

(c) (d)

Figure 6.11: Influence of gravity on a rotating blade with tower a) and b) taking into account both gravity and aerodynamic
interaction, while c) and d) represent the same but without considering gravity

It is obvious from figure 6.11a that the gravity induces again a harmonic load to the system
and a resonance peak at around 0.2 Hz due to the gravity is observed on figure 6.11b.
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6.2.2. Influence of Aerodynamic Interaction
Blade

Initially the influence of aerodynamic interaction under unsteady flow, on a rotating blade
is going to be observed.

(a) (b)

(c) (d)

Figure 6.12: Influence of aerodynamic interaction on a rotating blade a) and b) taking into account both gravity and
aerodynamic interaction, while c) and d) represent the same but without considering the aerodynamic interaction

From figures 6.12a and 6.12c it is obvious that after adding the aerodynamic interaction
the blade tip response is vastly damped and especially the out-of plane tip displacement. This
is in agreement with the spectral density plots 6.12b and 6.12d, in which the peaks of out-of
plane blade tip response are more damped than those of the in-plane blade tip response.
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(a) (b)

(c) (d)

Figure 6.13: Influence of aerodynamic interaction on a standstill blade a) and b) taking into account both gravity and
aerodynamic interaction, while c) and d) represent the same but without considering the aerodynamic interaction

It is also here observed that when the aerodynamic interaction is taken into account the
blade tip response is damped. However the torsional direction does not seem to be affected
severely. In addition to the above when observing figures 6.12b and 6.13b it is obvious that
after applying the aerodynamic damping, the torsional spectral density plot still presents
resonance on the flapwise structural modes, a scenario which is not valid for the edgewise
modes. As a result it can be concluded that the torsional-flapwise coupling is more domi-
nant than the torsional-edgewise coupling, which is also obvious from the structural modes.
This is logical since the flapwise direction is more sensitive due to its lower stiffness, thus
influencing the torsional mode more.
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Tower

(a) (b)

Figure 6.14: Influence of aerodynamic interaction on a rotating blade with tower taking into account only gravity

Comparing figures 6.11a and 6.14a it is obvious like in the blade that the response espe-
cially in the flapwise direction is damped due to the aerodynamic interaction. The torsional
direction is also damped due to the more intense coupling between the flapwise and the tor-
sional direction.As far as the spectral density plots are concerned the observations are similar
to the steady flow.
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6.3. Tower Shadow Effect
In order to create a more realistic model the tower shadow effect will be also taken into
account. Tower shadow effect is the blocking of the air flow by the tower which results in
regions of reduced wind speed both upwind and downwind of the tower. This reduction is
more severe for tubular towers than for lattice towers and, in the case of tubular towers, is
larger on the downwind side because of flow separation. As a consequence the downwind
case of tower shadow will be also modeled in order to observe the effect more clearly.The tower
shadow effect downwind of the wind turbine was modeled by [26] and [27]. [27] performed
experiments which gave the velocity contours downwind an octagonal tower with diameter
12.2 cm .It was found that around 4 to 5 tower diameters (dependent on the surface of
the tower that points towards the flow) downwind the tower the velocity is zero. However,
the tower used in [27] is octagonal which affects the velocity contours. [26] modeled tower
shadow for a 5 MW wind turbine for 3 and 6 tower diameters behind the tower, which is more
relevant to this research . It should be noted that the way the tower shadow is modeled is
simple and ideally experiments could have been done in order to obtain the velocity contour
behind one tower diameter of a scaled cylindrical tower . In addition the flow is chosen to be
modeled at one tower diameter since the overhang distance is 5 m which is almost equal to
one tower diameter.

Upwind Tower Shadow Effect
The velocity deficit upwind of a tubular tower can be modeled using potential flow theory

according to [25]. The flow around a cylindrical tower is derived by superposing a doublet,
i.e., a source and sink at very close spacing, on a uniform flow giving the stream function:

𝜓 = 𝑈ጼ𝑦(1 −
(𝐷/2)ኼ
𝑥ኼ + 𝑦ኼ ) (6.1)

where D is the tower diameter, and x and y are the longitudinal and lateral coordinates
with respect to the tower center according to figure 6.16. Differentiation of 𝜓 with respect to
y yields the following expression for the flow velocity in the x direction:

𝑈 = 𝑈ጼ(1 −
(𝐷/2)ኼ(𝑥ኼ − 𝑦ኼ)
(𝑥ኼ + 𝑦ኼ)ኼ ) (6.2)

The second term within the brackets is the velocity deficit as a proportion of the undis-
turbed wind speed.
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Figure 6.15: Tower Shadow Parameters according to [25]

Downwind Tower Shadow Effect
According to [26] and [27] the velocity profile of tower shadow on a downwind wind turbine

is modeled by the following formula :

𝑈 = 𝑈ጼ(1 − Δ𝑐𝑜𝑠ኼ
𝑦𝜋
𝑤𝑑) (6.3)

Where :

• Δ is the velocity deficit in the middle of the wake. For that specific parameter there is
not a specific mathematical formula from which it could be calculated. Usually this
parameter is chosen to be around 40% but this is only based on empirical measure-
ments. According to [26] the velocity profile is optimally modeled with a velocity deficit
of 20% at a distance equal to 3 tower diameters behind the tower and 10% at 6 tower
diameters behind the tower. However in this specific case the considered distance is
5m (overhang distance for 5MW NREL)which is almost one tower diameter behind the
tower. Assuming that the velocity deficit at exactly zero distance from the tower will be
100% and considering the data mentioned above, utilizing polynomial interpolation the
velocity deficit is found to be 66%.
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• w is a dimensionless parameter dependent on the cylinder diameter D and the physical
wake width W and is equal to :

𝑤 = 𝑊
2𝐷 (6.4)

The velocity profile according to [26] is optimally modeled at a distance equal to 3 tower
diameters utilizing physical wake width W=1.8 tower diameters and at a distance 6
tower diameters for W=2.3 tower diameters. Since the wake profile (approximately) has
a cone shape, linear interpolation was utilized and the physical wake width at one tower
diameter distance is equal to 1.27 tower diameters.

• x is the distance between the tower and the rotor

• d is the total width of the deficit region (for computational reasons was accounted to be
equal to the number of elements of the model).

Using formulas 6.2 and 6.3 the velocity profiles are illustrated below.

Figure 6.16: Velocity Profile due to Tower Shadow-Upwind versus Downwind case

Figure 6.16 represents the velocity deficit for the upwind and downwind case at a distance
equal to one tower diameter.It is obvious that the velocity deficit in the downwind case is big-
ger, which is logical since the flow has passed the tower. Afterwards analysis was performed
for the cases of upwind and downwind tower shadow taking into account steady and un-
steady flow conditions. For relevance reasons only the results for the rotating model will be
presented. The rotating blade is of more interest since there is bigger blade response, hence
the tower shadow effect will be more obvious. The rotational velocity of the blade is 12.1 𝑟𝑝𝑚
and the pitch angle is 0deg . The wind conditions are the same as stated in section 5.2.
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6.3.1. Steady Flow

(a) (b)

(c) (d)

Figure 6.17: Blade tip response without aerodynamic interaction considering gravity a) and b) upwind tower shadow effect
while c) and d) represent the same but considering downwind tower shadow effect

When comparing figures 6.17a and 6.17c with 6.7a, before considering tower shadow it is
obvious that the shape of the blade tip response is similar however the amplitude of response
especially on the downwind case is reduced. When comparing figures 6.17a and 6.7a it is
obvious that the blade tip response amplitude is almost identical in both cases which is in
line with what was mentioned previously that the effect of tower shadow on an upwind wind
turbine is small. However when comparing figures 6.17c and 6.7a it is obvious that the blade
tip response on the downwind case is damped especially in the flapwise direction and torsion
which is in line with the fact that since the flow passes first from the tower, the shadow effect
will be more intense on the blade.
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(a) (b)

(c) (d)

Figure 6.18: Blade tip response considering both aerodynamic interaction and gravity a) and b) upwind tower shadow effect
while c) and d) represent the same but considering downwind tower shadow effect

When comparing figures 6.4a and 6.18a it is again obvious that the effect of tower shadow
on the upwind case is almost negligible. On the other hand on figure 6.18c the responses
are smaller due to the downwind tower shadow (from almost 8 m the blade tip response is
below 6 m after the tower shadow)

In order to assess more clearly the tower shadow effect different initial conditions were
utilized. The response of the blade for fully developed speed (11,4 𝑚/𝑠) was utilized as initial
condition. As a result the transient response was eliminated vastly. However the time window
that is represented is from 4000 to 8000 seconds in order to have no effect of the transient
response.
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(a) (b)

Figure 6.19: Influence of tower shadow a) on a rotating blade with tower taking into account only gravity b) on a rotating blade
with tower considering both aerodynamic interaction and gravity

It is obvious from figures 6.19a and 6.19b that in both cases the effect of downwind tower
shadow damps the blade tip response vastly and the calculated reduction is about 21%.The
same does not hold for the upwind tower shadow, since it is obvious that the responses are
almost the same. This corresponds to reality as the flow in the upwind case passes first from
the rotor and then from the tower.
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6.3.2. Unsteady Flow

(a) (b)

(c) (d)

Figure 6.20: Blade tip response without aerodynamic interaction considering gravity a) and b) upwind tower shadow effect
while c) and d) represent the same but considering downwind tower shadow effect



6.3. Tower Shadow Effect 56

(a) (b)

(c) (d)

Figure 6.21: Blade tip response considering both aerodynamic interaction and gravity a) and b) upwind tower shadow effect
while c) and d) represent the same but considering downwind tower shadow effect

In the unsteady flow it is again obvious that the blade tip response is smaller in the case of
downwind tower shadow as expected.



7
Conclusions and Recommendations

7.1. Conclusions
Based on the research questions formulated in section 1.4 the following conclusions are
drawn:

• The effect of the tower on the structural behavior of the blade as mentioned before
does not agree with expectations. The inclusion of the tower (as an extra degree of
freedom to the system) induces a slight stiffening effect to the blade, in contradiction
to expectations. In order to accurate this fact a simpler 2 DOF system was constructed
and its structural behavior was found similar to the behavior of the blade with the tower
justifying the stiffening effect.

• The blade response is severely affected by the tower, since, as observed from the graphs
in previous chapters, the tower induces an extra harmonic vibration on the flapwise
direction .This originates from the added force due to the stiffness of the tower

• Adding the tower shadow effect lowers the blade tip response, affecting consequently the
amount of wind energy transformed to electric energy. This has severe consequences
on the productivity of the wind farm.

• The downwind shadow effect is more severe on the blade tip response compared to the
upwind case. This is in total agreement with the literature which states that since the
flow passes first from the tower, the shadow effect will be more severe when the flow
reaches the blade.
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7.2. Recommendations
This work is an attempt to understand the effect of tower shadow under different cases. It is
expected that more knowledge in the future can add more accuracy to this study. Some of
the fields that could be analyzed in more depth are:

• The tower could be modeled as an Euler-Bernoulli beam and not like a mass with stiff-
ness. This would show more realistically the effect of the tower on the blade and also
the model would be more accurate.

• The aerodynamic loads are assumed to be steady with time, which in reality is not true
as the definition of lift force is not valid in unsteady aerodynamics. Thus the unsteady
flow could be modeled more realistically in the future.

• Another interesting aspect would be to conduct an economic analysis on productivity of
the system before and after tower shadow for downwind and upwind case. This could
lead to valuable results which could be used in the optimization of wind farms.

• In addition, a foundation analysis could be conducted, in order to assess the aerody-
namic loads that the wind turbine can withstand.

• In order to construct a more realistic wind profile, a rotationally sampled spectrum could
be used as it is more suitable for the operating condition of the blade.

• The tower shadow is modeled quite simply in this specific project due to lack of nu-
merical data. Further analysis could be done in finite element software where the flow
could be modeled more realistically. In addition experiments could be done, and the
numerical data from the tower shadow profile could be used as input in this specific
model.
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