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Adaptive Prescribed Performance Asymptotic Tracking for High-Order
Odd-Rational-Power Nonlinear Systems

Maolong Lv, Bart De Schutter, Fellow, IEEE, Jinde Cao, Fellow, IEEE, Simone Baldi, Senior Member, IEEE

Abstract— Practical tracking results have been reported in the
literature for high-order odd-rational-power nonlinear dynamics (a
chain of integrators whose power is the ratio of odd integers).
Asymptotic tracking remains an open problem for such dynamics.
This note gives a positive answer to this problem in the framework
of prescribed performance control (PPC), without approximation
structures (neural networks, fuzzy logic, etc.) being involved in the
control design. The unknown system uncertainties are first trans-
formed to unknown but bounded terms using barrier Lyapunov
functions, and then these terms are compensated by appropriate
adaptation laws. A method is also proposed to extract the control
terms in a linear-like fashion during the control design which over-
comes the difficulty that virtual or actual control signals appear in
a non-affine manner. A practical poppet valve system is used to
validate the effectiveness of the theoretical findings.

Index Terms— High-order odd-rational-power nonlinear
systems, Asymptotic tracking, Prescribed performance.

[. INTRODUCTION

Over the last decade, high-order nonlinear dynamics have been
attracting great attention. The reason is twofold: first, high-order
nonlinear dynamics generalize strict-feedback and pure-feedback
dynamics by including more general integrators (with odd integer
powers [1]-[3] or ratios of odd integer powers [4]-[11]) in the
dynamics; second, high-order nonlinear dynamics appear in some
practical systems such as in dynamical boiler-turbine units [12], in
classes of hydraulic dynamics [13], or in classes of under-actuated,
weakly coupled mechanical systems [1]-[2]. It is well documented
in the literature that high-order nonlinear systems are intrinsically
more challenging than strict-feedback and pure-feedback systems, as
feedback linearization and backstepping methods fail to work [1]-[2].
A parametric nonlinear adaptive control methodology called adding-
one-power-integrator technique, originally proposed in [2], has been
successfully applied in stabilizing high-order nonlinear systems [3]-
[11]. In the following, let us distinguish and refer to such high-order
nonlinear dynamics as high-order odd-integer-power and high-order
odd-rational-power nonlinear systems (with high-order odd-integer
power being a special case of high-order odd-rational-power).

For high-order odd-rational-power nonlinear systems, both stabi-
lization to zero [5]-[12] and output tracking [3]-[4] have been studied.
It is worth remarking that, while stabilization (regulation to zero) can
be obtained at the price of imposing growth conditions on the system
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nonlinearities [5]-[12], no asymptotic tracking results have been
reported for these dynamics. All reported results achieve practical
tracking in a residual set, either by imposing the aforementioned
growth conditions [3]-[4] (see also recent works considering rational
or irrationals powers [14]-[15]), or by removing growth conditions
via the use of universal approximators (e.g. neural networks) [16].
Therefore, two open problems appear for high-order odd-rational-
power nonlinear systems: asymptotic tracking is the first one, and
avoiding the use of universal approximators is the second one.

The main contribution of this note is to give positive answers to
these problems. To this purpose, the unknown system uncertainties
are first transformed to some unknown but bounded terms via
barrier Lyapunov functions and then these terms are compensated
by designing appropriate adaptation laws. To overcome the difficulty
that virtual and actual control signals of odd-rational-power dynamics
appear in a non-affine manner and cannot be designed directly, the
proposed design is achieved in combination with a newly proposed
lemma that allows to deal with the control terms in a “linear-like”
fashion. Because the proposed solution is given in the prescribed
performance control (PPC) framework, as a further evidence of
effectiveness, we show that the proposed result is in line with the-
state-of-the-art on PPC, since it can also handle the recently studied
problem of input quantization [17].

This paper is organized as follows: the problem formulation and
some useful lemmas are given in Section 2. Sections 3 and 4 present
the proposed prescribed performance quantized control scheme and
asymptotic tracking analysis, respectively. Simulation results are
provided in Section 5 and Section 6 draws the conclusions.

Notations: Notations adopted in the paper are: R>( denotes the set
of non-negative real numbers, R’ represents the Euclidean space with
dimension 4, and Rogq £ {%|p and g are positive odd integers}.
The symbol “ £ ” means “equal by definition”. Similarly to [10], we
define the notation [o]” £ |o|sign(o), Yo € R. For compactness
and whenever unambiguous, some variable dependencies might be
dropped, e.g. &, p;, and ¥; can be used to denote e(x1,x2),
9i(x1,x2), and p;(z1, x2), respectively.

[l. PRELIMINARIES
Let us consider the following uncertain odd-rational-power nonlin-
ear system with input quantization:
Py
@i = ¢i(@®,t) + Vi (T, )2y, i =
En = Pn(Tn,t) +Yn(Tn,t) (Q(U)) ,

y:m17

Ju—

a"'?nila

Y

()]

where y € R is the system output; v € R and Q(u) € R are
the control input (to be designed) and the quantized control input;
Z; = [z1,..., xi}T € R' is an intermediate state, with the full state
being &, . We assume that Z—j € Rogqq. % =1,...,n, are known odd-
rational-powers. The system nonlinearities ¢; (-, ) : R’ x R>o— R
are locally Lipschitz in &;. The control-gain functions v; (-, ) : R’ x
R0 — R are locally Lipschitz in ; and are either strictly positive
or strictly negative, and their signs are assumed to be known. Without
loss of generality, in the following we assume sign(y;) = 1, i =
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1,...,n. Inline with [18]-[20], we assume that there exist continuous
and non-negative functions ¢;(-) : R! — R>g, i =1,...,n, such
that |¢(&;,t)| < ¢i(&;), V (Z5,t) € R' x RZO'

Assumption 1 [19]: The desired trajectory yr(-) is known and
bounded, and g, (-) is bounded but its bound is not necessarily known.

Remark 1: Assumption 1 implies that only the desired trajectory
(none of its derivatives) can be used for control design.

Remark 2: System (1) generalizes the classes of systems consid-
ered in literature for PPC: more specifically, (1) reduces to the strict-
feedback classes of [17]-[20] when r; = 1, ¢« = 1,...,n, while
it reduces to the high-order integer-power classes of [1]-[3] when
gg=landp; #1,i=1,...,n.

Let us consider the asymmetric hysteresis quantizer (2) originally
proposed in [21] (see Remark 3 for details of this choice). As typical
in literature (cf. [22]), we denote such quantizer simply as Q(u), even
though the quantizer formally depends on both u and its derivative.
In (2), u_’f_ = pl=kyt  and vE = hl__kz/_ k=1,2,..., with

1 + min - min’
hy = 1_,_21 and h— = ﬁ; Q(u(t™)) is the latest status prior
to Q(u(t)), and VLH and v, denote the size of the dead-zone

for Q(u). The constants o1, o— € (0, 1) determine the quantization
density, i.e., the larger o4 and p_, the coarser the quantizer.

Remark 3: The interest in considering an asymmetric hysteresis
quantizer is that it generalizes the uniform quantizer [21], logarithmic
quantizer [21], and symmetric hysteresis quantizer [22], while its
hysteresis property is of paramount importance in guaranteeing the
absence of chattering and Zeno behavior. These issues have been
thoroughly discussed in [17, Remark 8 and Lemma A.1] and are not
further discussed here due to space limitations.

In line with [21], let us decompose (2) as

Qu) = (w)u + d(u), €)

where ¢(u) = % and d(u) = 0 when Q(u) # 0, and ¢(u) =1
and d(u) = —u when Q(u) = 0.
Before presenting the proposed prescribed performance quantized
control, the following lemmas are useful to derive the main results.
Lemma 1 [21]: The control coefficient ¢(u) and input quantization
error d(u) in (3) are such that

@

where ¢, =1— max{o+, 0—}, Smax = 1 + max{o+, 0—} and
d= max{yérﬁn, [V in}
p

Lemma 2 [10]: Suppose 7
x9 € R, it holds that

Sm

in < §(U) < Gmax, and |d(u)| < d_7

€ Roqd, then for any 1 € R and

Q=

1
<2'7q

[21]7 = [z217]".

Lemma 3 [23]-[27]: The following inequality holds for any n > 0

(&)

D D
qa _ .4
‘951 )

and for any h € R:
h2
/hQ + 772

Lemma 4 [1]: For any z1, x2 € R, any positive integers by, b
and any real-valued function 6(-, ) with e(x1,x2) > 0, it holds that

0<|nl - <n. 6

b
b1€|$1|b1+b2 bgs b |.’r2|b1+b2

b1 bo
€T €T <
| 1| ‘ 2‘ - b1 + bo b1 + bo

@)

Lemma 5: For any x1, x2 € R and positive odd integers p and g,
there exist real-valued functions u(-,-) and 9(-,-), such that

1

g p p)q

(z1 +x2)9 = (19(901,902)901 + N($17w2)$2) , ®)
where ¥(z1,22) C [1—€ max{1+¢, 2p_1}] with € = Zz;} %s%
a constant that can be made to take value in (0,1) by selecting
some appropriately small positive constant €, and where p(z1,x2)
satisfies |p(z1,22)] < © with © = max{l 4+ w, 2P~} and w =

p—1 p—k p

Zk=1 p < k )
Tl and x9.
Proof. See appendix.

-Pp
gp—k positive constants that are independent of

Ill. ADAPTIVE PRESCRIBED PERFORMANCE
CONTROL DESIGN

Let us begin the control design by defining the state errors [17]:

(C)]
(10)

e1(t) = z1(t) — yr(t),
ei(t) = z;(t) — cj—1(t), @

2,...,n,

where «;_1 denotes a virtual control law whose design will be
explained later. Define the normalized error variables

oy L €i(t)
where k;(t) = (Ki,0 — Ki,00)eXP(—tit) + Kioo, @ = 1,...,1, is

the so-called prescribed performance function [28], where x; 9 > 0,
Ki,co > 0, and ¢; > 0 are design constants, and |e;(0)] < k;,0.

The goal is to design a control w for (1) such that the system
output y asymptotically tracks the reference signal y,-, while having
e; satisfying the prescribed performance. Since existing literature [21]
and [23] has shown that asymptotic tracking can be realized for some
classes of dynamics in the presence of input quantization, we set an
asymptotic tracking goal for dynamics (1) in our paper.

Hereafter is the proposed design for the virtual control laws and for
the actual control law. The motivation behind this design is explained

k
vy k-
i m<u<:+7u<070r,
k Yy o
vy <u< q,u>0,

k
U+
1—g+ i

1+ v
<u< Upeds

Vﬁ<u§ ,u < 0,or,

k
L
1—o4
0<u<

+
"min. < o <yt 4> 0
I+o4 =7 = ’

,u >0,

v'.
min 9y > 0, or
1+Dia > ’ )

min’

k
K v: o
vl <u< /—,u > 0,or
vk, if . I+e—> Y
= <u<vF a<o,
k
- k.
<u<vi,u>0or
k . l—po_ = ’ ) )
vE (1+40-), if k k
and 1+o_)vZ vE o
(1_92 <u< l—g,7u<07
0 i f/r“%<u§0,0r,
, _
_ v_. .
Vmin§u§1r517u<0’
Q (7)) =0

2)

0018-9286 (c) 2021 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See http://www.ieeeorglgublicationsﬁstandards/ ublications/rights/index.html for more information.
Authorized licensed use limited to: TU Delft Library. Downloaded on February 23,2022 at 13:38:

2 UTC from IEEE Xplore. Restrictions apply.



This article has been accepted for publication in a future issue of this journal, but has not been fully edited. Content may change prior to final publication. Citation information: DOI 10.1109/TAC.2022.3147271, IEEE

Transactions on Automatic Control

FEASIBILITY OF LOW-COMPLEXITY PRESCRIBED PERFORMANCE CONTROL FOR HIGH-ORDER ODD-RATIONAL-POWER NONLINEAR SYSTEMS 3

via the stability analysis in Sect. IV. Specifically, we devise the virtual
and actual control laws as follows:

9
1 = Pe
—— 37 C; s
aij=—9; " | koo + — yi=1,...,n—1,
wi2 +0o2(t)
(12)
2 0 (G, 2, t), (3)
. qn
3 1 c = Pn
U= —GnaxOn 7 | b + — = (14)
wi + o2(t)
2 o7 (Cn, Ens 1), (15)

it} 94 :max{1+€' 2;”1'71} with €; being an
(17@;2)3 ’ 2 1y 7 g
arbitrary constant in (0,1), k; > 0, and ¢; > 0 are design constants.

The terms =; in (12) and (14) are updated by the adaptation laws

where w; =

. 2
Si= i 20,,(G) 20, i=1,...,n.  (I6)
w? + 02(t)
with initial conditions é? = EZ;(0) > 0, where v; > 0 is a

design constant, and o(-) is a positive integrable function satisfying
fg o(t)dr < & < oo and |5(t)| < ¢* for V¢t > 0 with constants
>0and o* > 0.

Remark 4: Common forms adopted in the literature for the positive
integrable function o(-) include w exp(—At) as in [23]-[26], and
ﬁ as in [20], [27], with design constants o > 0, A > 0, and
¢ > 0. The numerical simulations in these works typically select
small values for A and ¢, yielding a slow decay rate of o(-). This
helps avoiding numerical integration problems that might arise when
o(+) becomes smaller and smaller.

IV. ASYMPTOTIC TRACKING ANALYSIS

The following theorem summarizes the main results of the paper.
Theorem 1: Let Assumption 1 hold. Consider the closed-loop odd-
rational-power nonlinear system (1) with hysteresis quantizer (2),
control laws (12)-(15), and adaptation law (16). Then, it holds that:

e The state errors e;(t), ¢ = 1,...,n, are such that |e; ()| < k;(t)
for all ¢ > 0;
o The output tracking error e (t) = y(t) —yr(t) satisfies eq () —
0 as t — 4o0;
o All closed-loop signals remain bounded.
PROOF: (Time dependence will be kept only for the functions x;
and yr, and will be otherwise omitted whenever unambiguous). It
follows from (9)-(11) that the states x1, ...,z can be rewritten as

an
(18)

z1 = Cr1(t) +yr(t) £ x1(C1st),
z; = Giki(t) + aim1 2 X (Gim1,Gist), i=2,...,n.

Differentiating the normalized errors ¢; in (11) with respect to time
and using (12)-(16) and the dynamics in (1) gives

@ [91000) + 91000 —n0) — 061

281 (¢1, G2, Enst),

19)

. 1 ~ ~ @& daiy  Bdai4
Gi ki (1) [¢z (Xut) + "Z’z(Xz,t)XZJrl ot ¢4 Bi-1
Oal 1~
- é\ 1 o ’{i(t)Ci]
=i
éﬁi((l,...7Ci+17§17...7§i7t)7 i:27"'7n_ 1’ (20)
: 1 _ _ o Qal_y
e qn — —__° -~
Cn rn (D) [(ﬁn (th) + Yn(Xn,t) (Q(u)) ot
dag, 4 daj 14 .
- aCn—l Brn—1— agn En — lin(t)Cn]
éﬂn(glv"'ac’ndéla"'aénat)a (21)
where x; = [x1,- - .,Xi]T, i = 1,...,n. For compactness, let us
define & = [cl,...,gn,al,...,zn]T and let us rewrite (16) and

(19)-(21) in the form of

g:ﬂ(gﬂf) = [ﬂl(éQ:éht)a'-'76i(c_i7~"7§i)7'-'7

_ = T
5n(Cn7---,En)7ﬁn+1(Cl»ﬂyu-aﬁQn(Cmﬂ] 5 (22)
= T S = =17 .
where Ci = [<1>~“7<i] , =y = [.:1,...,.:i] , 1 = 27...717,.
Define the open set Og = Og 1 X+ -+ X Og ; X -+ X Og p, X R"*!
with ©¢ ; = (=1,1),4 = 1,...,n. Itis straightforward to verify that

£(0) = [gl(o),...,gn(o),ég’,...,égf C O due to |e;(0)] <
ki,0- Note that B(-,-) : ©O¢ xR4 — R/ mx1 is piecewise continuous
in ¢ and locally Lipschitz in ©¢; ¢; and 1); are piecewise continuous
in ¢t and locally Lipschitz in &;; yr(-) and x;(-) are bounded
and differentiable. Then, it follows from [29, Thm. 54] that there
exists a unique maximal solution £(-) of (22) on the time interval
[0, Tmax), Where Tmax < +00 is chosen such that £(t) € ©¢ for all
te [O, Tmax)‘ In what follows, we first suppose Tmax < +0o0, and
eventually we prove by a contradiction that 7max must be extended
to +o0.
Let us consider the barrier Lyapunov function candidates
s ¢ 1

=2
i = g T 5 Gy, i =1,...,n
7

2(1—¢2)* v

which are positive definite and continuously differentiable over ©g,

(23)

where =; = =; — =;, 0; > 0, =; are unlf\nown constants whose
specific expressions are given after (30), and =; is the estimate of =;.
Consider the following induction steps on the time interval [0, Tmax)-

Step 0: Note from (17) that ag £ yr(t), &g, and z1 are bounded
on [0, Tmax) as a result of {1, k1 (t), yr(t), and ¢ (¢) being bounded
on [0, Tmax)-

Step ¢ (¢ € {1,...,n — 1}): Consider that at step i — 1 we
have shown z1(-),...,2;—1, @;—1, and &;_1(-) to be bounded
on [0, Tmax). From (18) we further have that z;(-) is bounded on
[0, Tmax ). Then, it follows from (1), (10), (18), and (20) that the
time derivative of L; is

. T _ _ & .
L; :r(lt) [%(ﬂli,t) + i (&4, 1) (€ig1 + 05) T — Fy(£)
(2
. 1 =2
— i) — —cioiEiEi 1€ [0, Tma), 24
i
i
Applying Lemma 5 to xﬁ_l gives
o <
zit, = [192'(61‘4-1,061)@?’ + Ni(6i+laai)ef—zﬁ-1] @)

where ¢;(-,-) and p;(-,-) are some real-valued functions satisfying
1-¢ <¥(,,-) <max{l+ Ei,Qprl} with €; being an arbitrary
constant taking value in (0, 1), and |p; (-, -)| < ©;, with ©; > 0 being
a constant which is independent of e; 1 and «;.
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u, Q(u)

(a) Time[sec|

(b) Time[sec]

(c) Time[sec]

Fig. 1: Numerical Example: (a) Evolution of y, y, and e1; (b) Evolution of the actual control signal u and the quantized control signal

Q(u); (c) Evolution of =; and Zs.

The following inequality results from applying Lemma 2 to (25):

1

: 1— L
vy — (Pileirr, aq)af) 4| <2774

pi(eir1, ap)elt

< E;, t €0, Tmax)

where E; > 0 is an upper bound of E;(e;y1, ;)
1

i which is bounded due to the boundedness of

fieiv1, op)ept
wi(eiy1,a;), and e;jy1(¢) on [0, Tmax ). Hence, it follows that
23

: L _
xiqil = (ﬂi(ei_,_l,ai)afl) % 4+l E;, te [O, Tmax) 27

for some function ¢; C (—1,1). Substituting the virtual control law
a; (12) and (27) into (24) yields

it (&, t)w2E;

ki (t) wzz + o2(t)

L; <|F(t)||wil — ki Hi(t)w? —

1 =3
— —Ci0iZiZ, t € [0, Tmax),
7

(28)

where |F;(t)] £ ,{il(t) [’@‘(fﬁmtﬂ + |G| + |€ivi (24, t)| By +

‘f%i(t)g }] and H;(t) = w;(:ait) ,i=1,...,n—1. Using the fact that
[Gi(t)] <1 forall t €[0,Tmax), 2 =1,...,n, and that y,(-), &;(-),
%i(+), z1(+), ..., x;(+), &;—1(-) are bounded on [0, Tmax), wWe get
from the Extreme Value Theorem that there exist unknown constants
$i > 0,9, >0, F; >0, F; >0, H; >0, and H; > 0 such that

¥, < i) < iy By < Fi(-) < Fiy Hy < Hi(-) < Hi (29)
on [0, Tmax ). Substituting (29) and adaptation law (16) into (28) gives
citi(&i, t)wiEs

Li < —kiH;w} + F; |w;| —
ki(t)\/@? 4+ o2(t)

ci0iw; Zi
+ - )
\/w? +02(t) \/wf +o2(t)

Note from (16) that él (t) > 0, Vt > 0. After defining o; = A

te [0, Tmax) (30)

Ki,0
and =; = %, and applying Lemma 3 to (30) results in
Li < —kiH;@; + Fio(t), t € [0, Tmax)- 31

Integrating (31) over [0,¢) leads to

t
‘Cl(t) + / kZEZWE(S)dS < CZ(O) + Fi6 = g’ia te [O,Tmax),
0 (32)

which, combined with (23), implies that

¢ <r < 052 A =
———— < L;(t) < 9y, and o < Li(t) <9 (33)
2(1-¢3) i
Vt € [0, Tmax). Solving (33) results in
- V85 +1—1
Gl<Ga - Y2 o 1 e [0 mma) (B4
46;
= = — 2v;6;
|~:1| < :4? = =+ L, te [07 Tmax)v (35)
Ci0;

Note that (34) implies the boundedness of wo;, which together with
(35) ensures the boundedness of «; and x;41 on [0, Tmax) according
to (12) and (10), respectively. Then, it can be derived that the time
derivative of wo; can be bounded by

2 1, P
= §4C1-7+12 {M’i(jiat)‘ + 90 o | + il E;
2
ki (t) [1 - Cl ]
Hldioal + 06 £ € 0,7 (36)

Invoking (12), (36), and the boundedness of w;, the time derivative
of virtual control law «; can be bounded by

Ti

i Sgﬁﬁ o] + c;Eilw] c;Eilas] :
Di w7,2 + 0.2(t) (wzQ + 0-2) 2

L eilmd| | eEimllen| | aBiwiolo|

+k; || + =2 + o2 3 3
@)t (= o)

for ¢ € [0, Tmax), (37

where 7; = LPi

Step n: Simizlarly to Step ¢, we obtain the derivative of Ly, as

1 bn

[asn(fmt) T (@n 1) (f B (uyu B 1 m)

S Tn
Ln = Kn (t)

CnPOn=nsin

, t €10, Tmax),
Tn

— n(t)Cn — G - (38)

_ 1 - 1
where the function ¢, C (—1,1), and E,, = 2! " am | dPm | an .
Substituting actual control v as in (14) into (38) yields

cntn(&n, t)w,%én
kn(t) /w2 + o2(t)

— 7CnQn§nén, te [07 Tmax), (39)
Tn

Ln <|Fu(t)| |wn| — knHy () w2 —
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where |Fn(t)| = ﬁ(t) [|¢n(@n7 t)| + |dn71 } + ’fnwn(ﬂ_}m t)|En+
‘Rn(t)gnu and Hy(t) = %&’t} Similarly to the analysis after

(28), there exist unknown constants ¥, > 0, gn >0, F, >0,
F, >0, H, >0, and Hy > 0 such that

¥, < |on()| < Pny By < Fu() < Foy Hy, < Hp() < Hn
(40)

on [0, Tmax ). Substituting (40) and adaptation law (16) into (39) and
conducting the same steps as (31)-(35), it is possible to obtain:

<n|§<né\/1¢86n+11<1

457; , te [0, Tmax) (41)
= = - [ 296
|:n| < ‘:";kL £ =n + Jn n7 te [0, Tmax) 42)
CnOn
< = o= = F . ¥
where 0, = Ln(0) + Fn6 and 2, = cﬂgn with on, = Wno'

Consequently, one can obtain that (,, € [—fn, @L] - (—i, 1). Fol-

lowing reasonings similar to (36)-(37), the boundedness of u, and %
can be achieved on the time interval [0, Tmax ). Therefore, all closed-

loop signals, including states x; in (18), ¢ = 1,...,n, intermediate
control laws «; and their derivatives &;, ¢ = 1,...,n — 1, and actual
control u are bounded for all ¢ € [0, Tmax ). Moreover, from the above

+ _

analysis, one can conclude that there exists a compact set 6£ =

[—G,G) % x [=Cny Cn] x R™™ ! C O such that the maximal
solution of (22) satisfies £(t) € @2‘ for all ¢ € [0, Tmax). This
contradicts the argument of [29, pp. 481 Proposition C. 3.6] (i.e. there
exists a time instant t* € [0, Tmax) such that £(t*) ¢ @z), which
implies that Tmax = 4o00. Therefore, all closed-loop signals are
bounded and £(t) € @2 UO¢ forall t > 0, and |e;(t)| < K4(t), ¢ =
1,...,n, holds for all ¢ > 0. In addition, it can be concluded from
(32) and (37) that fé klﬂlw%(s)ds < 61 holds and |1 | is bounded,
respectively. This implies that lim;— 4 ooto1(t) = 0 according to
Barbalat lemma [24], which eventually implies lim;— 4 oce1(t) = 0.
This completes the proof. B

Remark 5: Barrier Lyapunov functions have been used in the lit-
erature [30]-[34] for constraints satisfaction, whereas the barrier Lya-
punov function (23) in our design serves to transform the unknown
system nonlinearities in (1) to some unknown but bounded terms
(cf. (29) and (40)). Then, these terms are compensated by adaptation
laws (cf. (30)-(31)) without imposing growth conditions on system
nonlinearities (such as [4, Assumption 2], [5, Assumption 2], [6,
Assumption 2], [7, Assumption 2], [8, Assumption 1], [9, Assumption
1], [10, Assumption 1], [11, Assumption 1], [14, Assumption 3], and
[15, Assumptions 1 and 3]) and without universal approximators.

Remark 6: The main innovation of Lemma 5 is to allow handling
the control terms in a linear-like manner (cf. (27) and (38)). With
this tool, Theorem 1 shows that prescribed performance asymptotic
tracking can be achieved for the challenging class of dynamics (1).

V. SIMULATIONS
A. Numerical Example: To illustrate the validity of the proposed
control method, consider the following dynamics:
5
@1 = 2527 cos(z1) + (1.5 + sin(z1))z3,
g = 1.25sin(z122) + (2.5 — cos(z122))Q(u),

Yy =1,

(43)

with desired trajectory y.(t) = sin(¢) + sin(0.5¢) and initial
conditions [z1(0), z2(0)]7 = [1.25,0.25]7. We select the prescribed
performance functions x;(t) = (4 — 0.35) exp(—t) +0.35, i = 1, 2,
the quantizer parameters v = 0.025, v_; = —0.035, o4 = 0.2

min

~—

g+

in

TABLE |: MACA for three different sets of initial conditions

Signal

(0) UM Qu)m | um — Qu)m
1.25,0.25] 2.8631 2.4767 1 0.3864
2.75,—1.75 2.9743 2.5132 10.4611
—2.25,3.25 3.0124 2.6659 1 0.3465

and o— = 0.25, and the design parameters k; = 1.5, kg = 2.5,

cp = 3, c2 = 35, 71 = 175 72 = 1.5, ¢ = 0.275, and
€2 = 0.75. The initial conditions of adaptive parameters are set
as Z1(0) = =Z2(0) = 0. The positive function o(-) is chosen as
o(t) = m. The simulation results are shown in Fig. 1. Fig.
1-(a) reveals that the system output y tracks the desired trajectory y;
asymptotically, while ensuring that output tracking error e; evolves
within the prescribed performance interval (—r1(t),x1(t)) all the
time. Fig. 1-(b) depicts the evolution of the actual control signal u
and of the quantized control Q(u). Notably, asymptotic tracking is
achieved in spite of quantized information. Compared with bounded
tracking for similar dynamics, e.g. [35], the output of the quantizer of
Fig. 1-(b) seems to require higher bandwidth. This is expected since
asymptotic tracking results for other input-quantized dynamics, e.g.
strict-feedback dynamics [21] and [23] have shown that asymptotic
tracking may require faster inputs. Fig. 1-(c) shows the evolution of
adaptation parameters =1 and =2. To further investigate the effect of
the quantizer, the mean absolute control actions (MACA) % fOT |u
and % fOT |Q(w)| for three different sets of initial conditions are given
in Table I where up; and Q(u)p respectively represent the MACA
of w and Q(u) (the latter resulting slightly smaller than the former).

B. Practical Example: A poppet valve is one of the most common
components in hydraulic systems [13]. It is typically used to control
the timing and quantity of gas or vapor flow into an engine, and its
behavior can be modeled by the annular leakage equation. According
to [13, pp. 54], the input force F' drives the poppet to move for
regulating the volumetric flow rate Q.o = Ac® of oil from the
high-pressure to the low-pressure chamber, where A = 67;2 AP is a
lumped coefficient, ¢ = ay is the effective clearance of the annular
passage with o a constant and y the displacement of poppet, and
where r, u, and L are constants independent of the axial motion of
poppet, and AP is the pressure drop between two chambers. The
dynamics of oil volume V' in upper chamber is given by

V(t) = Quol — R(1),

where R is the lumped reduction rate of oil attributed to consumption
and other leakages. The equation of motion of the poppet is

mij(t) = —ky(t) + T(t) + F(t),

where m is the mass of the poppet, k£ is the viscous friction
coefficient, T" is the lumped elastic force, and F' is the input force.
At this point, let us introduce the following notation substitutions:

(44)

(45)

=V, 2=y, x3=y, u=F (46)
Then, the dynamics of systems (46) becomes
#1= 1+ nad, dr=ws, @3 =3 +vaQu), (4]

where ¥ = A\a®, ¢1 = —R, 3 = %, and ¢3 = %(T— kxs). We
take the desired trajectory y.(t) = sin(t) + sin(0.5¢) and initial
conditions [z1(0), z2(0), z3(0)]7 = [2.5,1.5,—0.75]7. We take
m = 7.5kg, k = 2.5N/m, R = 5L/min, AP = 10N/m?, T = 5N,
w=25L=25,r=1.25 a=4.5, and the prescribed performance
function defined by ;(t) = (6 — 0.25) exp(—t) + 0.25, i = 1,2, 3,
the quantizer parameters v_ . = 0.25, v = —0.05, o+ = 0.2 and

min
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~—~"Method of [36]
Proposed method

u, Q(u)

: (b) Time[sec]

" (a) Time[sec]

" (¢) Time[sec] " (d) Time[sec]

Fig. 2: Practical Example: (a) Evolution of tracking error ey under two schemes; (b) Evolution of the actual control signal v and the quantized
control signal Q(u); (c) Evolution of adaptation parameters =1, =g, and Z3; (d) Evolution of tracking error e; under four different sets of

initial conditions.

TABLE Il: MACA for four different sets of initial conditions

Signal
2(0) rend UM Qu)m | um — Q(u)m
5.45,0,0.1] 2.3653 2.0125 1 0.3528
4.15,1.25,0.25] | 2.1134 1.9269 1 0.1867
2.55,2,0.2] 2.0863 1.7267 1 0.3596
1.09, 3.75, 0.35] 1.9867 1.6235 1 0.3632

_ = 0.25, and the design parameters k; = 5, ko = 3.5, k3 = 15,
c1 = 2.5,cg =5,c3 =10, y1 = 1.25, v = 0.75, y3 = 1.5,
€1 = 0.5, & = 0.25, and €3 = 0. 75. The 1n1tlal conditions of
adaptive parameters are set as =1 (0) = Z(0) = Z3(0) = 0. The
integral function o (-) is chosen as o(t) = 55 7z~ The simulation
results are shown in Fig. 3, where the standard PPC approach as in
[36] is taken as a means of comparison. Fig. 3-(a) shows that the
proposed approach exhibits asymptotic tracking differently from the
standard PPC approach. Fig. 3-(b) and (c) show the profiles of the
control signal u and the quantized control signal Q(u), and adaptation
parameters =1, =9, and =3, respectively. Fig. 3-(d) shows that the
proposed method achieves asymptotic tracking for different initial
conditions, despite quantized information and even with reduced
control effort in terms of MACA (cf. Table II).

VI. CONCLUSIONS

This paper has addressed asymptotic tracking for uncertain high-
order odd-rational-power nonlinear systems without imposing growth
restrictions on the nonlinearities. The proposed result extends the
class of dynamics for which asymptotic tracking is possible with
minimum knowledge of the system dynamics. In line with [37],
an interesting open problem deserving future investigation is to
further reduce the knowledge of the system dynamics by considering
completely unknown control directions.

APPENDIX

Proof of Lemma 5. The aim is to first find an upper and lower bound
in the form

Q=

(ﬁ(m, x2)xh + p(x1, 1’2)90127)

1
» ~ 1
< (@1+22)8 < (Iar,22)a] + iler,e2)ah) . @8)
for some appropriately bounded functions p(-,-), 9(-,-), i(-,-), and
9(-,-). Using the binomial theorem [38, Sect. 3.1, page 10], the

following inequalities can be derived for Vzi, 2 € R:
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1
q

p—1
b _
(1 +a2)f < (2?4 a2+ 3 ( y >|x1|’f|x§ J
k=1

q

—k _—p_
< m1—|—x2+z< ekl P + pp ( i >ap—k\x2\p>
p—1 p—1 q
< $11)+1’127+Z€k|121|p+2wk|$2|p
k=1 k=1

1
< ({1 + €-sign(zy)]a) + [1+w- sign(:cg)]mg) 4 (49)

where the second inequality relies on Lemma 4, and where ¢,
%6%,0.1;6:17;% Z )sp—%,w: Z;iwk, and Ezzz;isk
can be made to satisfy 0 < € < 1 by appropriately selecting the
small positive constant ¢.

A lower bound will be sought along the following three situations.
Situation I When acl < 0 and z1 + x2 > 0, we immediately have

(x1 +x2)1 a >02> acl as p is a positive odd integer.
Situation 2: When 1 < 0 and x1 + x9 < 0, it follows that

1
(ac’f +x§)q =

- <0 >0
Ll 2m—1 _ —2m+1
1 D 1 +:E2) (ml 1’2)1‘7
201> ( om — 1 ) (%5 2

m=1

<0
1
P1q 1-p P

+(2E2)]T <27 @+t (50)

1
P 1
which indicates that (z1 + z2)7 > (217_19011’ + 27’_195’2) .
Situation 3: When 1 > 0 and z2 € R, then following sim-
D
ilar derivations to (48), it holds that (x1 — x2)9 = [zl +

(71’2)}% < ([1 + € - sign(zy)]2) — [1 — w - sign(ﬂcg)]xg])a.

Besides, note that (x1 + z2)P + (1 — x2)P = 2[3:’1’ +
>0 >0
p—1 —~——
> ( 2kp—1 ):r%k b~ 2k+1} > 242 Thus, we have (z1 +

xg)g > ([1 —&-sign(z))z) + [ +w- sign(mg)]a:g) ‘

Having derived all the upper and lower bounds in the form of

1
(48), we conclude that the equality [z} (x1, z2)+xh (w1, 22)] @

b
(z1 4 22) 7 holds for any x1, 2, for some function ¥(-,-) C [1 —
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€, max{l + 2P _1}] with € being a constant that can be made to
take value in (0, 1) by selecting an appropriately small constant &,

and

lu(-,)] < © with © = max{1 + w, 2P~} a positive constant

that is independent of z; and x2. This completes the proof. l
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