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Assessing Angular Momentum, Kinetics, and
Energetics of a Rigid Body Using a Single

Inertial Measurement Unit
Junhao Zhang , Frodo Muijzer , Heike Vallery , Member, IEEE,

and Peter H. Veltink , Senior Member, IEEE

Abstract—Angular momentum, kinetics, and energetics,
including total mechanical energy and its rate of change in
relation to power exchange, are important quantities when
analyzing human motion in sports, physical labor, and reha-
bilitation. Inertial measurement units (IMU)-based motion
capture (MOCAP) systems provide a portable solution for the
ambulatory analysis of these quantities which optical MOCAP
systems do not offer. Yet, evaluating IMU-based estimates
of these quantities by referencing optical systems is limited
by the fact that these systems only measure positions, not
kinetic and energetic quantities. To evaluate the accuracy
of an IMU-based method for estimating kinetic and ener-
getic quantities without using any external reference, firstly,
we propose an estimation method only using angular velocity
and acceleration signals supplied by an IMU, and apply this
to a single rigid body with known mass and inertia. Then,
we propose a novel experimental validation method against physical conservation and action/reaction laws that apply
during ballistic movements, using a suitably designed and reconfigurable rigid body with a structure of three orthogonal
dumb-bells. The results demonstrated that we could estimate the angular momentum, kinetics, and energetics of a
rigid body by only using angular velocity and acceleration signals of an IMU, and the estimation accuracy was well
evaluated by the proposed validation method. However, the results showed that the errors in original IMU measurements
under dynamic conditions especially concerning angular velocity, uncertainties in calculating rigid body parameters, and
vibration propagation due to limited rigidity of tubes of the rigid body influenced the estimation accuracy.

Index Terms— Angular momentum, energetics, inertial measurement unit (IMU), kinetics.

I. INTRODUCTION

FOR a better understanding of the biomechanics of human
movement, designing safer and more effective assistive

devices and promoting optimal recovery from injury or disabil-
ity, assessment of angular momentum, kinetics, and energetics
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of the human body is essential. For example, in sports, joint
kinetics can be used to analyze the effect of fatigue to suggest
methods of reducing injury risk [1], [2]. The assessment of
the centroidal angular momentum of the human body and its
parts can help understand balance recovery strategies [3] or
inspire human-like balance controllers for exoskeletons [4].
Quantitative assessment in energetics such as mechanical
energy and power exchange could reveal how humans optimize
their mechanical energy absorption/release strategies through
their neuromuscular system, which could contribute to the
assessment of movement disorder [5] or the development of
biped robots [6].

Golden standard estimates of human kinetics and energetics
are usually established in a human motion capture (MOCAP)
lab, traditionally equipped with an optical motion capture
system and force plates [7], which are only performed in struc-
tured laboratory environments. In addition, the computation of
kinematic quantities such as angular velocity/acceleration and
center of mass (CoM) velocity/acceleration from marker posi-
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tion data requires two successive numerical differentiations.
Doing so amplifies errors in position data (due to measurement
error, marker occlusion, skin motion, etc.) and thus, resulting
in potentially large errors in the kinematic quantities and
estimation of human energetics.

Inertial measurement units (IMUs) offer a balanced trade-off
among accuracy, cost, and usability, making them widely
employed for human motion analysis. IMUs directly cap-
ture linear acceleration and angular velocity of the attached
rigid body, which are crucial for kinetic and energetic anal-
ysis, requiring just one differentiation to yield the angular
acceleration. Despite potential drift due to errors in initial
IMU measurements, their broad applications in everyday
scenarios underscore their efficient and accurate kinematics
estimation [8], [9], [10], [11]. Utilizing masses and inertia
tensors of individual body segments scaled by a biomechan-
ical model, IMUs extend to estimating human kinetics and
energetics. They were used to estimate quantities like ground
reaction force (GRF), ground reaction moment (GRM), whole-
body concentric power [12], and torso kinetic energy [13],
employing biomechanical models [14], [15], [16] or machine
learning methods [17], [18]. Notably, these studies in estimat-
ing kinetics and energetics all reference the gold standard of
optical MOCAP systems, inheriting inaccuracies arising from
differentiation errors from marker position data in required
kinematics. The accuracy of the marker position data is
highly hampered by line-of-sight requirements and processing
models, and could potentially lead to large differences between
IMU-based and optical MOCAP-based methods. Furthermore,
these studies employ the same mass and inertia tensors for both
IMU-based and optical MOCAP-based kinetic and energetic
estimations, leading to questionable evaluation of the validity
of the IMU-based analysis on the kinetic and energetic level,
given the errors that exist in estimating the CoM, total mass,
or inertia tensor. Additionally, force and moment (F&M)
sensors have frequently served as the benchmark for kinetic
estimations [19], [20]. However, their utilization increases
costs and experimental complexity. The authors are unaware
of prior work utilizing a single IMU for estimating the
kinetics, angular momentum, and energetic quantities of a rigid
body while adequately validating estimation accuracy without
external devices like optical MOCAP or force sensors.

From the motivations above, the objective of this article is
to present and experimentally validate a concept for estimating
the angular momentum, kinetics, and energetics, including
total mechanical energy and its rate of change in relation
to the power exchange of a single rigid body, using only
angular velocity and acceleration signals from IMUs. Our
contributions are summarized as follows.

1) We present a complete measurement framework for esti-
mating the kinetics, angular momentum, total mechani-
cal energy and its rate of change, and power exchange
for a rigid body based on a single IMU.

2) We design a novel experimental evaluation method to
validate the presented IMU-based estimation methods
during free ballistic motions based on physical conser-
vation and action/reaction laws in classical mechanics,

without using external measurement devices like F&M
sensors or optical MOCAP systems as the reference.
Using a suitably designed and reconfigurable rigid body
with a structure of three orthogonal dumb-bells, instru-
mented with attached IMUs, we were able to conduct
the experiment and analyze the proposed estimation
and evaluation concept under varying rigid body mass,
structure, and angular momentum conditions.

II. RELATED WORKS

Although optical MOCAP systems and force plates have
traditionally dominated human motion analysis, several efforts
have aimed to create more wearable and everyday-friendly
solutions. ForceShoes which were integrated on-board IMUs
and 3-D F&M sensors were used to reconstruct foot kinematics
and kinetics during walking [21], [22]. However, it is still
not practical to use them every day due to the bulky 3-D
F&M sensors. Pressure insoles, a lightweight alternative to 3-D
F&M sensors [23], often relied on machine learning methods
but struggled with accuracy in estimating shear forces and
susceptibility to subject variations [24]. Surface electromyo-
graphy (sEMG) is very useful to measure muscle activation
and estimate internal forces or torques [25], [26], [27], but
it is not feasible using sEMG to assess other quantities like
angular momentum and energetics. In contrast, IMUs can
continuously capture whole-body kinematics using measured
acceleration, angular rate, and/or magnetic field. Their porta-
bility and ability to operate without a clear line of sight make
them highly appealing. Initially, van den Bogert et al. [28]
used accelerometers alone to estimate the forces and moments
of the hip joint. Nowadays, with the development of the
sensor technology and algorithms, IMU-based kinematics and
GRF & GRM estimations could then be used to assess the
inverse dynamics of human segments [29], [30]. Based on
the estimated kinematics and kinetics of the human body,
various quantities, including power transfer between the body
and environment [19] and torso kinetic energy [31], can be
derived. Recognizing these advantages, this article employed
IMUs to estimate the kinetics and energetics of a single rigid
body.

III. METHODS

Here, the methods used to estimate and evaluate the targeted
quantities of a single rigid body are further explained, which
are kinetics, angular momentum, energetics including the total
mechanical energy and its rate of change, and power exchange.
First, the mathematical foundations for estimating the targeted
quantities from original IMU signals are described. Then,
the measurement system and a novel experimental validation
method are introduced, followed by the experimental protocol
and analysis of results.

A. Mathematical Foundations
1) Definitions and Kinematics: Three coordinate systems

(CS) were used as presented in Fig. 1(a), the kinematic
diagram of the rigid body with the implemented IMU. They
include inertial CS, body CS, and sensor CS. Their origins
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Fig. 1. (a) Kinematic diagram of the rigid body with the implemented
IMU, (b) FBD of the rigid body. F int and M int are the interaction F&M
between the rigid body and external environment. The meaning of the
indicated quantities is given in the main text of the article.

are O on the ground, CoM C, and a known sensor location S,
respectively. Their axis directions are defined by right-handed
triads of orthogonal unit vectors N = {n̂1, n̂2, n̂3}, F =

{ f̂ 1, f̂ 2, f̂ 3}, B = {b̂1, b̂2, b̂3}, respectively. In contrast to a
coordinate system, a triad only describes orientations, no abso-
lution location in space [32]. The relative position vector BrC/S

of the CoM C with respect to the sensor location S is a
fixed vector in the body triad which can be determined in
advance. The raw gyroscope and accelerometer measurements
(including gravity) of the IMU are defined and expressed in
the sensor triad F as F ω̃s(t) and F s̃a,s(t), respectively. In this
article, subscripts “s” and “b” refer to the sensor and body for
any signal.

To increase the estimation accuracy, the low-cost IMU was
firstly manually calibrated using the method proposed in [33]
to correct the scale factors, biases, and sensor axis misalign-
ments. The calibrated measurements Fωs(t) and F sa,s(t) were
then transferred to the body CS by pre-multiplying the constant
rotation matrix BCF which can be calculated in advance, that
is,

Bωs(t) =
BCFFωs(t)

Bsa,s(t) =
BCFF sa,s(t). (1)

Bωs(t) and Bsa,s(t) were used to calculate the orientation
NCB(t), which is further introduced in Appendix A. Bsa,s(t)
is the total acceleration measurements of the IMU expressed
in body triad and its relationship with the free acceleration of
the IMU N as(t) and gravity N g is

Bsa,s(t) =
NCB(t)T(N as(t) −

N g
)
. (2)

The angular acceleration was calculated by numerically
differentiating the angular velocity measured by the IMU,
to approximate Bαs(t) =

BCFF ω̇s(t). During offline data
processing, a second-order (biquad) zero-phase low-pass But-
terworth filter using the MATLAB function filtfilt() was
applied to reduce the high-frequency noises due to the numer-
ical differentiation. As a part of the kinematics estimation, the
angular velocity/acceleration of the rigid body are

Bωb(t) =
Bωs(t)

Bαb(t) =
Bαs(t) =

BCFF ω̇s(t). (3)

Algorithm 1 Inertial Sensing Method
Input: BCF , BrC/S , raw IMU measurements F ω̃s(t) and

F s̃a,s(t)
Output: The targeted quantities BLC(t),

∑N F(t),∑ BMC(t), Etot(t), dEtot(t)
dt , and P(t).

1: Calibrate the raw measurements →
Fωs(t) and F sa,s(t);

2: Transfer the measurements to body triad by BCF →
Bωs(t) and Bsa,s(t);

3: Compute the orientation NCB(t) as explained in
Appendix A;

4: Compute the CoM acceleration N aC(t), velocity N vC(t),
and position N rC(t) by (29)-(31), respectively;

5: Estimation of kinetics: Compute the angular momen-
tum BLC(t), the net force

∑N F(t), and the sum of
moments with respect to the CoM

∑ BMC(t) by (8)-(10),
respectively;

6: Estimation of energetics: Compute the total mechanical
energy Etot(t) and its time rate of change dEtot(t)

dt , and the
power exchange P(t) by (15), (16), and (22), respectively.
Set t = t + 1 and go back to step 1.

After we know the free acceleration of the IMU N as(t),
orientation NCB(t) and the angular velocity/acceleration of
the rigid body, the estimation of the acceleration of the
CoM N aC/O(t) with respect to O can be calculated by the
acceleration two point theorem of the rigid body [34], which
is introduced in Appendix B. The estimation methods of the
position and velocity of the CoM with respect to O, N vC/O(t)
and N rC/O(t) are further explained in Appendix C. In case of
simplification, we used the following shorthand notations in
our article:

N aC(t) :=
N aC/O(t), N vC(t) :=

N vC/O(t)
N rC(t) :=

N rC/O(t). (4)

The targeted quantities include the angular momentum
BLC(t), the net force

∑N F(t), and the sum of moments
acting on the rigid body with respect to its CoM

∑ BMC(t),
the total mechanical energy Etot(t), which includes gravita-
tional potential and kinetic energy, and its time rate of change
((dEtot(t))/dt), and the power exchange P(t). Algorithm 1
and the abstract figure show the steps of the overall inertial
sensing method, which will be detailed in the following
sections.

2) Estimation of Kinetics: After the kinematics of the rigid
body is estimated from IMU measurements, the angular
momentum with respect to the body CS is defined as

BLC(t) =
BIC

Bωb(t). (5)

The net force and the sum of moments with respect to CoM
as shown in Fig. 1(b) are expressed as∑

N F(t) =
N Fint(t) + mN g = mN aC(t), (6)∑

BMC(t) =
BM int(t) +

Br P/C ×
(NCB(t)TN Fint(t)

)
=
BIC

Bαb(t) +
Bωb(t) ×

BLC(t). (7)
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According to the Newton-Euler equations of motion for a rigid
body, where BIC is a constant inertia tensor of the rigid body
with respect to the CoM expressed in triad B.

Remark 1: By substituting original IMU signals into
(5)–(7), BLC(t),

∑N F(t), and
∑ BMC(t) can be directly

related to the measured IMU signals in a computationally
efficient way

BLC(t) =
BCF

(F IC
Fωs(t)

)
(8)∑

N F(t) = mNCB(t)BCF
[F sa,s(t) +

F ω̇s(t) ×
F rC/S

+
Fωs(t)×

(Fωs(t)×F rC/S
)]

+ mN g (9)∑
BMC(t) =

BCF
[F IC

F ω̇s(t) +
Fωs(t) × (F IC

Fωs(t))
]
(10)

where

F IC =
BCFTBIC

BCF (11)
F rC/S =

BCFTBrC/S. (12)
3) Estimation of Energetics: The total mechanical energy

Etot(t) comprises the kinetic energy T and gravitational poten-
tial energy V , where

T =
1
2

m
∥∥N vC(t)

∥∥2
+

1
2
Bωb(t)TBIC

Bωb(t) (13)

V = −mN gTN rC(t) (14)
Etot(t) = T + V . (15)

Taking the first-time derivative of the total mechanical energy
yields its time rate of change ((dEtot(t))/dt), and by substi-
tuting original IMU signals, ((dEtot(t))/dt) can be directly
related to the measured IMU signals, as shown in (16), bottom
of the next page.

The power exchange P(t) between the rigid body and the
external environment is

P(t) = PFint(t) + PG(t) + PMint(t) (17)

where

PFint(t) =
N Fint(t)TN vP(t)

= m
(N aC(t) −

N g
)TN vP(t) (18)

PG(t) = mN gTN vC(t) (19)

PMint(t) =
BM int(t)TBωb(t)

=
[BIC

Bαb(t) +
Bωb(t) ×

BLC(t)

−
Br P/C ×

(NCB(t)TN Fint(t)
)]TBωb(t).

(20)

Since the change in total mechanical energy (including
gravitational potential energy) equals the sum of the work
of the interaction F&M between the rigid body and external
environment, namely, the time rate of change equals the power
of the interaction F&M, which is

dEtot(t)
dt

= PFint(t) + PMint(t). (21)

Therefore, the power exchange P(t) between the rigid body
and the external environment can be expressed as

P(t) =
dEtot(t)

dt
+ PG(t). (22)

By substituting original IMU signals, we can also directly
relate P(t) to measured IMU signals. This formula is omitted
here, one can easily get it from (14) to (17).

B. Measurement System
The feasibility of using attached IMUs to estimate the

kinetics, angular momentum, total mechanical energy and
its rate of change and power exchange of a single rigid
body was tested experimentally using a suitably designed and
reconfigurable rigid body, which is shown in Fig. 2. It has a
symmetrical structure of six light hollow carbon tubes with
carbon steel hollow cylinders as masses at the ends of the
tubes. The masses of the tubes could be ignored relative
to the masses of the hollow cylinders. In the middle, there
is an Aluminum disk for fixating the tubes, of which the
mass was taken into account. The designed rigid body has
a structured shape with angles between tubes 90◦, making it
easy to calculate the CoM and inertia tensor. Furthermore,
the total mass can be changed by changing the end hollow
cylinders with different masses. The inertia tensor can also be
easily changed by either changing the end hollow cylinders
with different masses or changing the structure by removing
some of the tubes to create nonsymmetrical rigid bodies.

Two IMUs (MPU-9250, InvenSense Inc.) were implemented
in tubes 3 and 5 on the rigid body as shown in Fig. 2. The
ranges of the accelerometer and angular velocity sensor were
±16 g and ±2000◦/s, respectively. These two IMUs were
fixated inside the tubes closely near the cylinder. MATLAB
was used to read the data from the IMUs wirelessly at a
sampling rate of 100 Hz. The definition of the CS is shown
in Fig. 2, including the inertial CS, sensor CS, and body CS.

C. Validation Methods
Without using external reference measurement devices that

measure different quantities like the optical MOCAP systems
or F&M sensors, we chose to validate the estimation concept
of kinetic and energetic quantities shown in Algorithm 1
based on measurements of the attached IMUs against physical
conservation and action/reaction laws in classical mechanics,
during ballistic movements.

1) Validation Method Based on Conservation Laws: Dur-
ing free ballistic motions, the angular momentum and total
mechanical energy of the whole rigid body keep constant
according to the conservation laws of the angular momentum
and the total mechanical energy, which further tells that the
rate of change of the total mechanical energy of the whole
rigid body is zero. The accuracies of the IMU-based estimation
methods for the angular momentum, the total mechanical,
and its rate of change were verified by evaluating whether
these estimated quantities obeyed conservation laws. Based
on the attached IMU measurements, the angular momentum
of the whole rigid body was estimated by (8) and transferred
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Fig. 2. Self-designed rigid body, IMUs placements and definition of
coordinates systems, the length of each tube is listed in Table I. The
CoM C was located at the middle point of the disk when the rigid body
was symmetrical. In the case of nonsymmetrical structure and masses,
CoM was calculated using the definition of CoM from the parameters
listed in Table I. S1 and S2 were sensor locations.

to the inertial triad N by pre-multiplying the estimated ori-
entation NCB(t) since the conservation law of the angular
momentum should be designated in an inertial coordinate
system, and the total mechanical energy and its rate of change
were estimated by (15) and (16), respectively.

2) Validation Method Based on Internal Action/Reaction
Laws: Since no external reference measurement devices were
used, the net force, the sum of moments with respect to the
CoM, and the power exchange between the rigid body cannot
be measured as a reference. Instead, we used Newton’s third
law to evaluate the estimation of force, moment, and power
exchange. According to Newton’s third law, action/reaction
forces and moments between two objects are opposite in
direction and equal in magnitude, and the power exchanged
between those two objects should also have opposite values
with the same magnitude. By dividing the rigid body into
two parts as shown in Fig. 3, each with a separate IMU, the
action/reaction forces and moments, and the power exchanged
between both parts were estimated based on the measurements
from their own IMUs. The estimation accuracies of IMU-based
estimation methods of the kinetics and power exchange were
partially verified by evaluating whether these estimated quan-
tities of two parts were opposite in direction and equal in
magnitude. Multiple division methods into parts 1 and 2 for
each rigid body were.

1) Division 1: part 2 included cylinder 5, part 1 included
other cylinders and the middle disk.

2) Division 2: part 2 included cylinders 3 and 5, part
1 included other cylinders and the middle disk.

3) Division 3: part 2 included cylinders 1, 3, and 5, part
1 included other cylinders and the middle disk.

Fig. 4 showed an example of the division method 2.
During free ballistic motions, the action and reaction forces

for parts 1 and 2 can be easily calculated by extracting

Fig. 3. (a) Division method 2 of the rigid body. Part 2 includes masses
3 and 5, and Part 1 includes other mass elements and the middle disk.
(b) FBD of (a).

Fig. 4. Original IMU measurements before filtering expressed in the
three axes of the sensor triad of the two IMUs, which were taken from a
trial of rigid body 1 with a symmetrical structure and a small mass, (a)
gyroscope measurements and (b) accelerometer measurements.

gravities from their net forces, which were

N f act(t) =

∑
N F1(t) − m1

N g
N f react(t) =

∑
N F2(t) − m2

N g (23)

dEtot(t)
dt

= m
{NCB(t)BCF

[F sa,s(t) +
F ω̇s(t) ×

F rC/S +
Fωs(t) ×

(Fωs(t) ×
F rC/S

)]}TN vC(t)

+
[F IC

F ω̇s(t) +
Fωs(t) ×

(F IC
Fωs(t)

)]TFωs(t) (16)
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TABLE I
LIST OF DIFFERENT SIZES OF RIGID BODIES

where
∑N F1(t) and

∑N F2(t) were their net forces esti-
mated from (9), m1 and m2 were the masses of these two parts.
As shown in the free body diagram (FBD) of divided parts,
their action/reaction moments can be calculated by extracting
the moments generated by the action/reaction forces from their
sum of moments with respect to their CoMs, which were

BMact(t) =

∑
BMC1(t) −

Bρ1 ×
(NCB(t)TN f act(t)

)
BM react(t) =

∑
BMC2(t) −

Bρ2 ×
(NCB(t)TN f react(t)

)
.

(24)

Their sum of moments,
∑ BMC1(t) and

∑ BMC2(t), were
estimated from equation (10) respectively for parts 1 and 2.
In our case, the interaction point for determining the moment
arms ρ1 and ρ2 was assumed to locate at CoM of the whole
rigid body, which was shown in Fig. 3(a), thus the moment
arms could be determined in advance. Furthermore, based on
the FBD in Fig. 3(b), the powers exchanged between both
parts were

P1(t) =
N f act(t)

TN vC(t) +
BMact(t)

TBω1(t)

P2(t) =
N f react(t)

TN vC(t) +
BM react(t)

TBω2(t) (25)

where Bω1(t) and Bω2(t) were their angular velocities.

D. Experimental Protocol
Four rigid bodies were included in the experiment as listed

in Table I, rigid bodies 1 and 2 had a symmetrical structure
with different masses, and rigid bodies 3 and 4 had non-
symmetrical structures by replacing a cylinder with a heavier
one (rigid body 3) and taking away some cylinders (rigid
body 4). The experimental protocol consisted of throwing rigid
bodies 1–4 in the air with varying initial angular velocities,
each repeated seven trials. The throwing height was around
3 m, and the period of time in the air was around 1 s. To protect
the rigid body and the floor, an Aluminum cubical frame with
a net was used to catch the rigid body. During each trial, the
throwing and airborne phases were preceded and followed by a
period of 30 s in which the rigid body was positioned without

motion on the ground for 30 s while data collection continued.
All data collected with IMUs were saved to be processed
later.

E. Data Pre-Processing
MATLAB 2021b was used for data processing, MATLAB

function filtfilt() was used for filtering. A second-order
(biquad) zero-phase low-pass Butterworth filter with cut off
frequency of 20 Hz was applied to filter noise from the
calibrated gyroscope and accelerometer measurements. The
angular acceleration was filtered by a second-order (biquad)
zero-phase low-pass Butterworth filter with cut off frequency
of 20 Hz. The acceleration estimated by (29) was also
smoothed by a second-order (biquad) zero-phase low-pass
Butterworth filter with cut off frequency of 20 Hz for further
velocity estimation. Then, a second-order (biquad) zero-phase
high-pass Butterworth filter was applied to remove the drift in
the estimated velocity. After a preliminary analysis, a suitable
cut off frequency of 0.5 Hz was set manually. Only the data
within the period in the air was used for comparison.

F. Analysis of Results
1) Evaluation Metrics for Angular Momentum Conditions:

First, the median values of the modulus and angles between
the estimated whole-body angular momentum and X/Y axes
of the inertial triad over seven trials of each body were
calculated. Subsequently, the minimum, first quartile, median,
third quartile, and a maximum of these median values were
compared. Relatively larger Max-min range and interquartile
range (IQR) of the median values represented extensively
varying angular momentum conditions, compared with the
median values.

2) Evaluation Metrics Based on Conservation Laws: Then,
the accuracies of the estimated whole-body angular momen-
tum, total mechanical energy and its rate of change were
studied through trials of rigid bodies 1–4, by evaluating the
conservation of the estimated angular momentum both in
magnitude and direction, the conservation of the estimated
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total mechanical energy, and errors between the estimated rate
of change of the total mechanical energy and zero, respec-
tively. The conservation of the estimated angular momentum
in magnitude was analyzed by the relative IQR of the modulus
of the estimated whole-body angular momentum, r L IQR(%),
which was normalized by the median value. The angles
between the estimated whole-body angular momentum vector
and the X, Y, and Z axes of the inertial triad were calculated,
then the IQRs of these angles (θIQR,X , θIQR,Y , θIQR,Z , rad)
were analyzed to show the conservation in direction. The IQR
was used here instead of standard deviation as a measure of
data variability, which could avoid the influence of outliers
and nonnormal distribution, and thus ensure reporting robust
statistics [35]. The median values of the estimated total
mechanical energy were first calculated for every trial of each
rigid body. The accuracy of the estimated total mechanical
energy was analyzed by calculating the relative IQR of the
estimated total mechanical energy r EIQR(%), normalized by
the median value. Subsequently, errors between the estimated
rate of change of the total mechanical energy and zero were
normalized by the median value of the total mechanical energy,
then its root mean square (rms) values rdE/dt (%) were used
for analysis of the accuracy of the estimated rate of change of
the total mechanical energy. The lower r L IQR, θIQR,X , θIQR,Y ,
θIQR,Z , r EIQR, and rdE/dt were, the better the estimated
angular momentum, total mechanical energy and its rate of
change obeyed the conservation laws, which indicated higher
estimation accuracies.

3) Evaluation Metrics Based on Internal Action/Reaction
Laws: Finally, the accuracies of the estimated action/reaction
forces and moments, and power exchange between the two
parts of the rigid body, each with its own IMU attached, were
studied throughout trials of four rigid bodies, by comparing
them both in magnitude and direction. It is noted that
since some cylinders were taken away from rigid body 4,
all trials of that rigid body were not used for internal
action/reaction analysis. Estimation errors in magnitude for
these quantities were represented as ∥

N f act(t)∥−∥
N f react(t)∥,

∥
BMact(t)∥ − ∥

BM react(t)∥, and P1(t) + P2(t), and they
were analyzed by relative rms errors [r F , r M , and
r P (%)] normalized by (∥N f act(t)∥ + ∥

N f react(t)∥)/2,
(∥BMact(t)∥ + ∥

BM react(t)∥)/2, and (|P1(t)| + |P2(t)|)/2,
respectively. Their correlation coefficients [ρF , ρM , and
ρ P] were then required to assess their opposite direction
relationship. Since action/reaction forces and moments were
vectors with 3-D, the traditional correlation formulas for
comparing two 1-D curves were extended to simultaneously
compare the waveforms from all three axes following the
method in [36] (the calculation of ρF is shown as the
example)

ρF

=

3∑
j=1

[
n∑

t=1

(N f act, j (t)−
N f̄ act, j

)(N f react, j (t) −
N f̄ react, j

)]
3∑

j=1

√
n∑

t=1

(
N f act, j (t)−N f̄ act, j

)2 n∑
i=1

(
N f react, j (t)−N f̄ react, j

)2

(26)

Fig. 5. (a) Distributions of the median values of the modulus and
(b) and (c) angles between the estimated whole-body angular momen-
tum and X, Y, and Z axes of the inertial triad over seven trials of each
body, in terms of minimum, first quartile, median, third quartile, and
maximum.

where j = 1, 2, 3 represents the three axes, n is the length
of action/reaction forces, and N f̄ act, j and N f̄ react, j are the
mean values of action/reaction forces in each axis. ρM was
calculated by the same method. It should be noted that higher
accuracy in estimating action/reaction forces and moments,
and power exchange between two parts of the rigid body meant
smaller r F , r M , and r P , and larger correlation coefficients
(ρF , ρM , and ρ P).

IV. RESULTS

Fig. 4 shows an example of the original measurements (after
sensor calibration and before filtering) expressed in the three
axes of the sensor triad of the two IMUs, which were taken
from a trial of rigid body 1 with a symmetrical structure and
a small mass. Fig. 5 displays the distributions of the median
values of the modulus and angles between the estimated
whole-body angular momentum and X/Y axes of the inertial
triad over seven trials of each rigid body. Figs. 6–9 used the
same trial as the example. It should be noted that the original
measurements of the two IMUs were very different from
each other. By applying the proposed IMU-based estimation
methods, we estimated and compared the angular momentum,
kinetic, and energetic quantities from these measurements.

A. Angular Momentum Conditions
Fig. 5 shows that how that the IQRs (or Max-min ranges) of

the median values of the modulus of the estimated whole-body
angular momentum for each rigid body were [58.3% (77.8%),
61.7% (88.3%), 31.5% (53.7%), and 47.4% (89.5%)] com-
pared to their median values, and those for the angles between
the estimated whole-body angular momentum and X/Y axes
of the inertial triad were [35.8% (92.2%), 33.3% (45.2%),
68.1% (154.1%), and 82.6% (244.0%)] and [34.1% (127.7%),
99.5% (148.8%), 135.4% (152.2%), and 101.9% (152.6%)],
respectively. These adequately large IQRs and Max-min ranges
demonstrated that we validated the analysis of the estimated
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Fig. 6. Example of (a) modulus and (b) and (c) angles between the
estimated whole-body angular momentum and X, Y, Z axes of the
inertial triad, as a function of time for both IMUs. The same trial as in
Fig. 4 is represented. Estimations from IMU-1 and IMU-2 are shown as
red-solid and blue-dotted curves, respectively.

Fig. 7. Estimation results of the total mechanical energy and its rate of
change, using the same trial as in Fig. 4. Estimations from IMU-1 and
IMU-2 are shown as red-solid and blue-dotted curves, respectively.

TABLE II
EVALUATION OF IMU-BASED ESTIMATION OF THE WHOLE-BODY

ANGULAR MOMENTUM, THE TOTAL MECHANICAL ENERGY AND ITS

RATE OF CHANGE. RESULTS ARE PRESENTED BY THE (MEAN, STD)
OVER ALL TRIALS PER RIGID BODY, AND OVER ALL RIGID BODIES

angular momentum, kinetic, and energetic quantities against
the physical conservation or internal action/reaction laws under
adequately varying angular momentum conditions.

B. Validation Results Based on Conservation Laws
The validation results of the estimated whole-body angular

momentum are shown in Table II. Presented results are the
means and standard deviations (mean, std) of the validation
metrics over all trials per rigid body, and the (mean, std)

over all rigid bodies. Using the same example as in Fig. 4,
the modulus and angles between the estimated whole-body
angular momentum and X, Y, and Z axes of the inertial
triad are displayed in Fig. 6. During the analysis of results,
we observed that the magnitude of the estimated whole-body
angular momentum decreased linearly over time as shown
in Fig. 6, which could be caused by the air resistance.
Therefore, we first extracted this decrease in the angular
momentum during the airborne phase from the estimated
whole-body angular momentum, which was normalized by
the median value, that is, r Ldec. The decrease in the mod-
ulus of the estimated angular momentum was derived by
linear regression. Data variability r L IQR was determined after
compensating for this linear decrease with time. The result-
ing r L IQR was assumed to represent the estimation-induced
errors.

Table II shows that decrease in the angular momentum,
IQRs of the modulus and angles across all rigid bodies were
(−2.7, 0.7)%, (0.4, 0.2)%, (0.08, 0.15) rad, (0.07, 0.06) rad,
and (0.10, 0.05) rad, respectively. Compared to rigid body
2 with a large mass and a symmetrical structure, r L IQR of rigid
body 1 with a smaller mass but also symmetrical structure,
was larger, and r L IQR of rigid body 3, with similar mass but a
nonsymmetrical structure, was slightly larger. For rigid body 4,
having a small mass and a nonsymmetrical structure, r L IQR,
θIQR,X , θIQR,Y , and θIQR,Z were the largest. The decrease in
the relative angular momentum r Ldec appeared to be smaller
for rigid bodies with larger masses (see the results of rigid
bodies 2 and 3).

In Fig. 7, the estimated total mechanical energy and its
rate of change of the same example as in Fig. 4 are shown.
Results in Table II show that the two estimated quantities had
average r EIQR and rdE/dt of (1.8, 0.8)% and (13.3, 4.6)%,
respectively, across all rigid bodies, and the rigid body with
the smallest mass had the largest r EIQR and rdE/dt .

C. Validation Results Based on Internal
Action/Reaction Laws

Figs. 8 and 9 display the estimated action/reaction forces
and moments, and the power exchange between the two
parts of the rigid body, using the same trail of rigid body 1
as in Fig. 4. The two parts were divided by the division
method 1. Table III summarizes the magnitude [r F , r M , and
r P (%)] and directional (ρF , ρM , and ρ P) differences in
estimating the action/reaction forces and moments, and the
power exchange between two parts. The relative magnitude
differences for these action/reaction quantities were found to
be, on average, (9.1, 1.9)%, (17.0, 1.9)%, and (19.4, 6.6)%,
respectively, over all trials and division methods. Their average
directional differences in the correlation coefficients were
found to be (−0.89, 0.12), (−0.31, 0.20), and (−0.74, 0.2).

Using different division methods, the ratio of the masses of
the two parts became larger from the division method 1 to the
division method 3, which could be concluded from the division
methods mentioned in Section III-C. We can conclude from
Table III and the division methods mentioned in Section III-C
that when this ratio became larger (from the division method
1 to the division method 3), the accuracies of the estimated
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Fig. 8. Kinetics estimation results using the same trial as in Fig. 4.
(a) Action/reaction forces between two parts. (b) Action/reaction
moments between two parts. The two parts were divided by division
method 1. Estimations from two parts in three axes of the body triad are
shown as red-solid and blue-dotted curves, respectively, and the gray-
dash-dotted curve is the estimation error.

TABLE III
COMPARISON OF IMU-BASED ESTIMATIONS OF THE

ACTION/REACTION FORCES, MOMENTS AND POWER EXCHANGE

BETWEEN TWO PARTS OF THE RIGID BODY, INCLUDING RELATIVE RMS

ERRORS [rF, rM, AND rP (%)], AND THEIR CORRELATION

COEFFICIENTS (ρF , ρM , AND ρP ). THE LABELS FOR THE THREE

DIVISION METHODS ARE 1, 2, AND 3. RESULTS ARE PRESENTED BY

THE (MEAN, STD) OVER ALL TRIALS PER RIGID BODY,
AND OVER ALL RIGID BODIES

action/reaction forces and power exchange between the two
parts showed a trend to be higher, that is, r F and r P
decreased, ρF and ρ P increased. In contrary, the accuracy of
the estimated action/reaction moments between the two parts
became lower, with increasing r M and decreasing ρM .

V. DISCUSSION

A. Use of Physical Laws for Evaluation of Estimates of
Kinetic and Energetic Quantities

The accuracies of the estimated whole-body angular
momentum, and total mechanical energy and its rate of
change were evaluated based on the conservation laws of the

Fig. 9. Estimation results of the power exchange between two parts of
the rigid body, using the same trial as in Fig. 4. The two parts were
divided by division method 1. Estimations of the power exchange of
these two parts based on the signals from their own IMUs, and their
error are shown as red-solid, blue-dotted, and gray-dash-dotted curves,
respectively.

angular momentum and the total mechanical energy during
ballistic motions, and the accuracies of the kinetics and power
exchange were validated by analyzing the estimated internal
action/reaction forces and moments of and power exchange
between the two parts of the rigid body, each with a separate
IMU. This allowed us to circumvent the limitations of using
optical MOCAP systems as [12], [13], that is, avoiding
inheriting the inaccuracies of optical MOCAP systems in
measuring the required kinematics due to differentiations.
It further avoided repeatedly evaluating only the kinematics
in the kinetic and energetic levels, since the same mass and
inertia tensors were applied in both IMU-based and optical
MOCAP-based kinetic and energetic estimates. Moreover,
using physical laws can avoid the experimental setup com-
plexity of using force/moment sensors [20], [37].

B. Multiple Sources of Errors
The errors in the estimated quantities were caused by several

reasons. The errors in original IMU signals due to their limited
precision or uncalibrated errors such as g-sensitivity and
g2-sensitivity [38] may represent large errors in dynamic
motions. Moreover, the uncertainties of rigid body parameters
and vibrations in the carbon tubes due to their inadequate
rigidity also introduced additional estimation errors. The above
reasons for the estimation errors will be analyzed in detail.

1) Errors in Original IMU Signals: Errors in original IMU
signals significantly impact the accuracy of estimated quan-
tities, as evident from the angular momentum, kinetic, and
energetic definitions in Section III-A. Precision in angular
velocity measurements is pivotal, as errors therein affect the
estimated quantities in various ways. These errors directly
impact quantities dependent on angular velocity and subse-
quently introduce inaccuracies in quantities reliant on angular
acceleration, computed via differentiating the angular velocity.
Furthermore, the rotation matrix between the body and inertial
triads accumulates errors since it was estimated by integrating
the angular velocity measurements. This can induce errors
wherever the rotation matrix is applied, such as in rotating
the gravity acceleration expressed in the inertial triad to the
body triad, transferring the estimated whole-body angular
momentum from the body triad to the inertial triad, etc.
Therefore, precise gyroscope measurements during ballistic
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TABLE IV
COMPARISON OF ANGULAR VELOCITY MEASUREMENTS, INCLUDING

THE RELATIVE IQR OF THE MODULUS OF THE ANGULAR VELOCITY

MEASUREMENTS (rωIQR , %), AND OFFSETS OF THE ANGULAR

VELOCITY MEASUREMENTS BEFORE AND AFTER MEASUREMENT

(offsetpri AND offsetpost , rad/s). RESULTS ARE PRESENTED BY THE

(MEAN, STD) OVER ALL TRIALS PER RIGID BODY

motion are very important. We enhanced angular velocity
measurement precision through gyroscope recalibration, cor-
recting misalignment matrices, scale factors, and zero offsets,
following [33].

Table IV compares the precision of the angular veloc-
ity measurements from the level of the whole rigid body.
According to the conservation law of the whole-body angular
momentum during airborne phases, the modulus of the angular
velocity measurements should also keep constant. Table IV
presents comparisons using relative IQR (rωIQR, %) of the
angular velocity modulus normalized by median values and
offsets of angular velocity measurements before and after
measurement (offsetpri and offsetpost, rad/s). The modulus of
angular velocity measurements is defined as∣∣Fωs(t)

∣∣ =

√
Fωs,x (t)2

+ Fωs,y(t)2
+ Fωs,z(t)2. (27)

Differences in angular velocity offsets before and after mea-
surement remained consistent across all trials, with a minimal
0.05 × 10−2 rad/s increase post-measurement, signifying neg-
ligible changes over time. These offsets were not the main
reason leading to the remarkable difference in the estimated
whole-body angular momentum, total mechanical energy, and
its rate of change. Given the dynamic and complex nature of
ballistic motions, the g-sensitivity and g2-sensitivity [38] of
the gyroscope due to linear acceleration and vibrations may
represent the largest error source, which were not compensated
in this article and could lead to large errors in the angular
velocity measurements and subsequently, in other estimated
quantities.

Internal action/reaction kinetics and power exchange
between two parts of the rigid body were estimated using
separate IMU measurements. Differences in kinematic esti-
mations between these IMUs yielded variations in these
estimated quantities. Table V illustrates the differences in
angular velocities and accelerations between the two IMUs,
presented in the body triad. Magnitude differences were calcu-
lated as relative rms differences between angular velocity and
acceleration moduli from the two IMUs, normalized by the
average value of their medians. Directional differences were
assessed through rms differences in their angles. Ideally, both
differences should be zero. However, Table V reveals large
angular acceleration differences, indicating that variations in
angular velocity measurements led to even larger differences

TABLE V
DIFFERENCES OF ANGULAR VELOCITIES AND ANGULAR

ACCELERATIONS (EXPRESSED IN THE BODY TRIAD) FROM TWO IMUS,
INCLUDING THE RELATIVE RMS DIFFERENCES BETWEEN THE

MODULUS (ωmag AND αmag , %) OF THE ANGULAR VELOCITIES AND

ANGULAR ACCELERATIONS FROM TWO IMUS, WHICH WERE

NORMALIZED BY THE AVERAGE VALUE OF THEIR MEDIANS, AND THE

RMS DIFFERENCES OF THEIR ANGLE DIFFERENCES (ωdir AND αdir ,
rad). RESULTS ARE PRESENTED BY THE (MEAN, STD) OVER ALL

TRIALS PER RIGID BODY

in angular acceleration post-differentiation. These differences,
particularly in the angular acceleration, likely contribute to
estimation errors in the internal action/reaction kinetics and
power exchange between two parts of the rigid body from the
perspective of measurement errors in signals.

2) Errors Induced by Uncertainties in the Rigid Body: Errors
in original IMU signals may not completely explain the
errors in the estimated quantities. Quantitative analysis of
the influence of the variability in estimating human body
segment inertial parameters for accurate inverse dynamics
analyses of gait was studied in the literature [39], [40].
They pointed out that the errors in the inertial parameters
of the human body segments were not the main source of
errors but still cannot be ignored. Potential errors in the
calculated CoM, the total mass, and inertia tensor of the
rigid bodies constructed for the current study arose from
various factors. These included ignoring the mass of light
carbon tubes, approximating the middle Aluminum disk as
a solid cylinder despite six screw holes for tube fixation,
and potential assembly and alignment errors between hollow
cylinders. These uncertainties introduced additional errors in
determining rigid body parameters, particularly for structures
with nonsymmetrical designs and lower mass. Consequently,
such uncertainties could amplify errors in estimating angular
momentum, kinetics, and energetics.

Results in Table III indicate that the estimated action/
reaction moments exhibited lower correlation coefficients
(−0.32, 0.20) across all rigid bodies and division methods
compared to the estimated action/reaction forces and power
exchange. Despite the errors in the IMU measurements and
rigid body parameters, another possible error could be the
uncertainty in the location of the contact point. Although we
assumed the contact point between the two parts to be at the
center disc’s midpoint, practical determination of this point
is challenging. Given the small magnitude of action/reaction
moments in our experiments [see Fig. 8(b)], an offset in
moment arms of action/reaction forces could compound more
errors in estimated action/reaction moments.

3) Errors Due to the Contradiction of the Initial Assump-
tion of Rigid Body: Our results rested on the assumption of
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20p10
Fig. 10. Frequency analysis results of the oscillation test, (a) gyro-
scope measurements and (b) accelerometer measurements. Results
from IMU-1 and IMU-2 are shown as red-solid and blue-dotted curves,
respectively.

high strength and rigidity in the carbon tubes, rendering our
self-designed structure a rigid body. However, as evident in
Figs. 4, 6, 8, and 9, unexpected oscillations affected both
original measurements and estimation outcomes. We hypothe-
sized these oscillations stemmed from vibrations in the carbon
tubes, attributable to their inadequate strength and rigidity.
To verify the hypothesis, we fixated the rigid body on a
stable table and manually excited one of the tubes with a ran-
dom certain force. Frequency analysis of IMU measurements
using fast Fourier transform (FFT) in Fig. 10 showed two
primary components at approximately 10 and 45 Hz. Although
the higher frequency component could be removed by our
filtering progress, the lower frequency component persisted,
introducing additional errors to our estimations. These findings
indicated insufficient strength and rigidity of the carbon tubes,
which contradicted our initial assumption of a rigid body.
Notably, errors linked to carbon tube vibrations in estimated
quantities depend on the quantity’s magnitude and vibration
amplitude. For instance, in Fig. 8(b), oscillations exerted a
larger influence on action/reaction moment estimates than on
action/reaction forces estimates due to a higher ratio of desired
estimation to oscillations for the action/reaction moments.

C. Limitations and Future Work
The presented evaluation method using physical laws during

ballistic motions also has limitations that need to be considered
in addition to the advantages that it circumvents the use of
optical MOCAP systems and simplifies the experimental setup.
Evaluation based on physical laws only provided a partial
validation of the IMU-based estimates of the quantities, and
the evaluation with absolute references was not conducted.
However, this partial validation is still very important and
interesting and provides a potential evaluation solution without
using external measurement devices. Furthermore, because of
the lack of an accurate reference of the kinematics, the quan-
titative analysis of the sensitivity of the IMU-based estimation
methods to the errors in rigid body parameters could not be

performed in this article. In the future, with more accurate
IMU measurements, a more detailed quantitative sensitivity
analysis should be conducted by, for example, re-calculating
the CoM by minimizing the sum squared error between
action/reaction forces [20], or re-calculating the inertia tensor
by minimizing the estimated net external moment during
ballistic motions.

In this article, the g-sensitivity and g2-sensitivity of the
gyroscope due to linear acceleration and vibrations were
not calibrated, and these two sensitivities may represent a
substantial error source, which may lead to considerable errors
in our estimation results. Therefore, it is important that IMUs
are calibrated well to reduce measurement errors induced by
g-sensitivity and g2-sensitivity [38], [41]. Advanced kinemat-
ics estimation methods [42], [43] should also be considered to
improve the accuracy of kinematics estimations. For example,
in applications of human movements, interactions with the
environment in many cases have a cyclical nature. Thus, prior
information about the movements can be taken into account
to improve the estimation accuracy. For example, our previous
work proposed a drift-free 3-D orientation and displacement
estimation using one IMU based on the assumption of an
approximately constant cycle average velocity in quasi-cyclical
movements [44].

The movements evaluated in our experiments had a rela-
tively short duration of 1 s for throwing experiments. The
estimation error is expected to increase for longer-lasting
movements, due to integration errors. Therefore, a similar
experiment shown in this study with a longer free fall duration
should be performed as a follow-up. Moreover, as a further
application, similar free motion experiments in the air with
human subjects may be done to validate the proposed method
in real applications, such as when people do sports like the
high jump, long jump or interaction scenarios like volleyball
players jump and hit the ball [45].

Zero-phase low-pass and high-pass filters were used to
reduce noise, and forward/backward Kalman filter-based
smoother [46] was used to reduce drift in orientation, velocity
and position estimations. However, they can be only conducted
in offline data processing, which is also a limitation of our
work. In future real-time applications of our work, the phase
delay due to filtering should be considered.

VI. CONCLUSION

In this article, we introduced an IMU-based method for esti-
mating angular momentum, kinetics, and energetics, including
the total mechanical energy and its rate of change, of a single
rigid body. To eliminate the need for using optical MOCAP
systems as a reference during evaluation, we proposed an
innovative validation approach. This method assessed the
IMU-based estimation by leveraging physical conservation and
action/reaction laws during free ballistic motions, avoiding the
dependence on external reference measurement devices like
F&M sensors or optical MOCAP systems.

The evaluation results demonstrated that we could estimate
these quantities of a rigid body by only using angular velocity
and acceleration signals supplied by an IMU. By utilizing
our evaluation method, we avoid inaccuracies arising from
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differentiation errors in optical marker data for kinematics and
the repetition of kinematic evaluations due to using identical
mass and inertia tensors in both IMU-based and optical
MOCAP-based kinetic and energetic assessments. However,
the evaluation results highlighted that the accuracy of this
method was sensitive to the differences in both original IMU
measurements under dynamic conditions, especially concern-
ing angular velocity. The uncertainties in calculating rigid
body parameters (i.e., the CoM, total mass or inertia tensor)
also cannot be ignored. Additionally, we found that vibrations
in the carbon tubes due to their insufficient strength and
rigidity had a non-negligible impact on estimation accuracy,
and can be dominant when the amplitude of vibrations was
comparable to the estimated quantity. These limitations aside,
the work of this article may be useful in daily life conditions
for portably analyzing the kinetics, angular momentum, and
energetic quantities of humans such as in sports applications,
physical labor, and rehabilitation.

APPENDIX
ESTIMATION OF ORIENTATION, ACCELERATION,

VELOCITY AND POSITION OF THE COM
A. Orientation Estimation

An Error-state Kalman Filter (ESKF) modified from [47],
was used to estimate the orientation NCB(t). The measure-
ment update step of the original ESKF assumed that the
total acceleration measured by the accelerometer contains
low free acceleration. However, accelerometer measurements
under dynamic conditions in which we studied the kinematics
of the rigid body included large free accelerations. Assuming
that these dynamic conditions occurred during periods of
limited duration, the accelerometer measurement was only
applied if the norm of the gyroscope signal was below a
threshold of 2.5◦/s, assuming this indicated a static condition.
The applied threshold was determined by trial and error. Under
nonstatic conditions, the orientation was only estimated by
integrating the gyroscope signals. The drift error of orientation
estimations increased continuously over time using the ESKF,
which is a forward filter, a backward filter was then engaged
and the last orientation estimate was propagated back in time.
A smoother [46] was added to reduce the orientation estima-
tion error post-hoc by fusing estimates from both forward and
backward, which was weighted by the covariances of forward
and backward estimates.

B. CoM Acceleration Estimation
In (4), the acceleration of the CoM N aC(t) is calculated

from the acceleration two point theorem of the rigid body [34]
as
N aC(t) =

N as(t) +
NCB(t)

(Bαb(t) ×
BrC/S

)
+
NCB(t)

[Bωb(t) ×
(Bωb(t) ×

BrC/S
)]

(28)

where Bαb(t) is the angular acceleration of the rigid body
which has been defined in (3). In terms of the original signals
of IMU, (27) can be expressed as
N aC(t) =

NCB(t)BCF
[F sa,s(t) +

Fω̇s(t) ×
FrC/S +

Fωs(t)

×
(Fωs(t) ×

F rC/S
)]

+
N g. (29)

C. CoM Position and Velocity Estimation
The estimation of the acceleration of the CoM was intro-

duced in Appendix B, then, the velocity was estimated by the
zero velocity update (ZUPT)-based velocity estimation method
introduced below. The discrete model for velocity estimation
was expressed by

N vC(t + 1t) =
N vC(t) +

N aC(t)1t. (30)

Instead of direct integration of the acceleration, a ZUPT-based
Kalman filter was used to reduce the drift in velocity esti-
mation. At the beginning and end of each experimental trial,
the velocity of the rigid body was kept zero. A post-hoc
smoother, similar to the smoother applied for the orientation
estimation, was also added to reduce the estimation error. The
estimated CoM velocity was then integrated to calculate the
CoM position N rC(t) as

N rC(t + 1t) =
N rC(t) +

N vC(t)1t. (31)

Similar zero velocity condition and smoother were also used
in the CoM position estimation.
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