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Abstract. We propose an efficient approximation to the nonlinear phiasesity method for wave-
front reconstruction from intensity measurements. The nesthod, iterative linear phase diversity
(ILPD), assumes that the residual phase aberration is smdlakes use of a first order Taylor expan-
sion of the point spread function (PSF) performed for anteatyi (large) diversity in order to optimize
the phase retrieval. For static aberrations, ILPD makefis®o images collected at each iteration of
the algorithm. In each step, the residual phase aberrai@nastimated by solving a linear least squares
problem, followed by the use of a deformable mirror to carfecthe aberrations. A further contribution
of the paper is the extension of the static ILPD to the caseduchic wavefront reconstruction for which

a computationally efficient, controller is presented.

1 Introduction

Phase diversity (PD) [1] estimates wavefront aberratioginginonlinear optimization tech-
nigues from multiple images of the same unknown scene agjsimultaneously, which con-
tain additional user introduced aberrations (diversjti®s be able to uniquely estimate wave-
front aberrations more than one image is needed [2]. Dueetbitth computational complexity
and possible convergence to local optirna [2], nonlinear BB d limited usage in real-time
correction algorithms |1] and different ideas have beersgméed to decrease its complexity
[3]4]. Recently, in[[5], it was shown that using a second pegansion of the generalized
pupil function (GPF), wavefront retrieval algorithms givere accurate results than using the
Born approximation [3)6]. The common idea in decreasingtimaputational complexity is the
approximation of the PSF based on the assumption that thkdbérration is small [5/3,7].
However, as has been shownlin [8], the optimal diversity ddp@n the present aberration and
can generally not be considered small. In the present pap@vercome this shortcoming by
the use of an alternative approximation of the PSF. The finadon of the PSF is done around
the diversity for small values of the phase aberration. Alainapproximation is used in[4] in
an iterative manner based on only one measurement - liredfiozal-plane technique (LIFT).
At each iteration a new linearization of the PSF is done aidbe current phase estimate and
a new least squares (LS) problem is solved to obtain the asgirysing only the PSF approxi-
mation around zero aberration, we present a novel methtetidedrative linear phase diversity
(ILPD), which consists in collecting two diversity imagss)ving a LS problem and correcting
for the wavefront aberrations by the LS estimate. As opptsedFT, we use the approxima-
tion around zero and collect two new images at each iterainahis way we eliminate the sign
ambiguity in the recovered phase and also increase the el algorithm due to the fact
that the linear coefficients of the PSF do not change froratit@n to iteration.
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The paper is organized as follows. In Secfidon 2 we introdbeeoptical system. In Section
[3 we review linear and quadratic PSF approximations. IniSes@ andb we present the ILPD
solution for static and time varying aberrations, respetyi In Sectiori b we discuss results of
numerical simulations. We end with conclusions in Sedfion 7

The mathematical notations used are standefg:e*, and+ denote transposition, trans-
pose conjugation, and the convolution operator, respaytiy e || denotes the vectd@-norm,
O(|| o ||*) is the a-th order Lagrange residue, the infinity norm of a vectos defined as
|v]|oo := max (Jv1], . . ., |va]), and theH ., norm of a rational transfer functial/ (z) is defined
as||M ||« = supz (M (jw)), wherea is the maximum singular value of the matriX (jw).

2 The optical system

The incoherentimage formation of a point source in the presef phase aberrationg v, v;) =
Z(uj,v;)Ta and a phase diversity; is given by [9]

Vi = ih (85, t5, o, Bi) + ni(s),t5), (1)

wherey; ; denotes theg-th pixel of thei-th diversity imagey; is the number of photons,
denotes the spatially invariant PSF expressed in the $patedinatess;, ¢;), andn;(s;, t;) is
Gaussian white noise with standard deviatign, which we assume to be equal for all pixels
by dropping the inde¥. The phase aberrations are approximated using a normaetke
basis[[10], where contains the: Zernike polynomials evaluated in the pupil plane coordirsat
(uj,v;). The spatially invariant PSF of thieth optical path in EqL{1) can be written as

h(sj,tj, 0 Bi)=F (I (u,v) exp (idi (u, v))) (55, ) F (I (u, v) exp (igs (u,v)))" (s, 1;) (2)

where F is the Fourier transform andl is the pupil function. The quantity (u;, v;, o, 8;) =
II (uj,v;) exp (ig; (uj,v;)) in EQ. (2) is the GPF. It is assumed that the measurements are
dominated by Gaussian read-out noise. The signal to nol$B)Y&vel is given by

m?2 m?2 -/ ]
SNR = 1/mzzj:1,uihj(a7ﬁi) <1/m22j=10i2) <: ml;;) ’ )

where we have omitted the coordinates in brackets and atidguixel index; for £;.

3 Approximations of the PSF

The PSF in Eq[{2) is computationally expensive to evaluatereeeds to be approximated. The
generally used approach is the Born approximation, whisfalisl for small phase aberrations
(up to0.5 rad rms). It has been shown in [8] that the lower bound on thiawee of any unbiased
estimator of the wavefront aberration is much lower for éadigrersities. Therefore, it is of high
importance to investigate approximations of Ed. (2) thivals to use large diversities.

We start with a first order approximation based on the Taypaasion of the GPF. The Born
approximation assumes a small phasedll total phase approximationy; = Z7 (a+f;), such
that the GPF can be approximated using only a first order Tayjeansion around + 3; = 0.
Substituting this first order approximation in El. (2) yellquadratic PSF

hi(o, B;) = Aoy + Arjla+ B;) + (a+ ;) Az j(a+ ;) + O (||Oé + 5i||2) : (4)

2
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dh; (B ap;(a,B:) | O (Bi)
where Ao = hj(@, 5oy g0 Arg 1= a(;z(+£)) ot Bi=0" Asj = ]:(ap('?.gﬁﬂi)) * DBl
Op(eB:) 0P (B : . : .
ap(Jaw,-) Har AT ) (s5,t5) . The linear term of the approximated PSF in Kq. (4) is in-

variant in the even aberrations, which makes it impossibleeplect the quadratic term of the
PSF when the Born approximation is used to formulate a lissamation problem.

Another first order model is obtained by directly approximgthe PSF in Eq[(2) for small
aberrations and non-zero diversitiss@ll aberration approximation

hi(e, ;) = Boj(B;) + B(Bi)a + O ([lall?) , (5)
where B ;(3;) := hj(a, ;)] ,_o and By ;(5;) = W . The approximation in EqLL5)

has the property that far # 0 the even modes do not cancel in this linear term.

It has been shown in[5] that using a second order Taylor esipamf the GPF iy, = 0 and
neglecting thedrd and theith orders of the resulting PSBrfall total phase approximatiypna
more accurate model than EQl (4) is obtained

hi (o, ;) = Coj + Cujla+ Bi) + (a+ B) Cogla+ B) + O (la+ 5l°) . (6)

R P P a2h'(a76i)
whereCy ; := Ay ;, C1; == Ay andCy ; = Bt Bt )T i’

4 ILPD for static aberrations

Here, we aim to obtain a linear relationship between the oredsntensity and the unknown
aberration. A linear model has low computational compleaid gives rise to fast algorithms.
For the approximation in EJ.J(5), we stack the measuremexritslaws
[YiT YéT]T:bS+A5&+Ab5(&)+n, Abg(()é) = O(HOJ”Q) . (7)

Whel’eY;:I [?/m- - Yige - .}T, bSZ: [?)5’1. . .Esﬁ. . .}T, Z;S,z':: [BO,i,l- . -BO,i,j- . ] ,
Ag:=[AL,.. AL, .]T, Agi=[Bir(8:)". . .Bi ()T .]T, andn= [annQT}T. Using Eq. [(6),
a set of linear equations is obtained by subtracingiensity measurements

Yy —Ys =bp+ Apa+ Abp + An,  Abp :=O (a+4*) = O (la+ B|*). (8)
wherebp:= [I;D,l. . .I;D,j. . .}T, 5D7j:=C1,j(51 - 52) + 51TC2,J'51 - 5502,3’52’
Ap=[AL . AL )", Apyi=2(8: — B5)7Cay, andAn=n, — ns.

In static ILPD, the residual aberration is repeatedly estad and corrected with a DM
using the residual aberration estimate. Denoting the uesiaberration estimate at steép- 1
by &,_1, and the residual aberration at step- 1 by a1, ILPD givesay, = ap_1 — dy_1. At
the k-th correction step, two imageés i, Y>;, are recorded for two different diversitigs and
(2 assuming the wavefront aberration does not change. A néwastofa,, is obtained via the
solution of a LS problem based on Eds. (8) dnd (7). The algoritontinues until the strength
of the aberration decreases under a certain threshold.dqseetf) and[(8) be rewritten as

bs — Abs (ay) = Asau, + n, 9)
l_?D,k — Abp () = Apay, + Any, (10)

respectively, WherépJg = 1/1,]6 — 1/27k —bp, E&k = [lej:k Y'Qj:k}T — bg, Ank =Nk — N2k, Mg =
[ank ng,f with n, , the stacked measurement noise at time instaad the:-th diversity
image. Then the two LS problems that we need to solve are

Ml : minangsvk - Agak”Q, M2 : minakHED,k - ADOék”Q. (11)
A convergence analysis can be made using the relative eeaitier each correction steps :=
ler+1ll/), | The relative residue has to be smaller than ensure that the rms is reduced.

3
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5 Correction with dynamic aberrations

The statistical properties of atmospheric turbulence ambdeled by the Kolmogorov spec-
trum and we assume a static model for the DM correction. Tireali dynamics of the Kol-
mogorov model combined with a linear perturbed measurescpmtion yield

a_k:Jrl = Aturak + Bactuk + wy,

12
bsk = Asay, + Abg (o) + ny, (12)

wheren,, has the covariance matriX = ¢21. The system in Eq[(12) is in the standard state
space form forAbs () = 0. Since the outpuks , has the dimension equal to the number of
pixels, we reduce the computational complexity of the dalbons using a QR decomposition

of As = [Q1 Q2] [%1] (R, upper triangular, an@);, Q, with orthogonal columns)

2 = Riay + Q7 (ny, + Abs(ay)), (13)

wherez, = QTbg,. Next, we use the Kalman filter theory [11] for the system in Ed),
where the output is replaced by Eq.i(13). The Kalman filtedioteon and update equations are

Qglp—1 = ApurOr—1jk—1 + BactUs, Prjg—1 = Aturpkfl\kflA;rur + Qk;
-1, . .
Ky = Py R] (Ri Py R + QTNQ1) e = Qg + Ky (21 — Raduggmt)
Py = (I — Ky R1) Pyjp—1. (14)

It is assumed that the atmospheric disturbance m&de) is in innovation form[[11] with

respect tor
P g apr1 = Apray + Ko

2= Riap+ vy
whereA; K R; andA,, are stable, and, is a zero-mean white process with covariafe-
R Py—1 RT+Q7 NQ:. The innovation process, incorporates both the effect of atmospheric
turbulence and measurement noise. A schematic represertéthe control problem in the so-

(15)
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C(z) <

Fig. 1: Block diagram of the control system

called generalized plant framework is given in Kig. 1. Theeagalized plan® (z) (the shaded
block), makes a distinction between exogenous zero-medte whise inputso, and control

4
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inputsu on one hand and the measurement outputsd performance outputg on the other
hand. The white noise. does not have unit covariance, so we need to augment the @teras
disturbance model with a static matri;> multiplication to normalize the input covariance.
a™ is the applied phase correctiof), = o, — ] is the residual phase error, and the reduced
signal isr,=z,— 2", Wherez;, andz;* denote the contributions due to turbulence and the DM.

We consider the case when the DM dynamics consist of a puag,ded.,H (z) = 27! Ba.

In the following, we design an optimal controller that mimoes the cost functiory =
E{eler}+E{ul Ruy}, where R > 0 is a matrix which makes a trade off between the mean-
square residual phase error and the amount of control effbis is equivalent to finding a
controllerC(z) that minimizes theH,-norm of the closed loop transfer functigh(P,C) =

Pi1+ProC (]—PQQC)_l P»1, where the four blocks of the generalized pl&nare given by

0 0] 0 I
it Y e
ey | =| -1 [ 0 10 Wy | (16)
e 000 RE

A simplified version of Corollary 1 in [12], adapted to ourritawork, gives an analytic formu-
lation of the optimal controller for the problem mentiondxbee.

Theorem 1 Let«y, and z;, be characterized by the stochastic process in Eg. (15) Ritk 0.
Assume that the DM can be modeled as a pure delay andghaor R has full column rank.
The optimal feedbadk (z) that internally stabilize$ (=) has a state-space representation

N

F (A + KkR1F> ‘FKk -

where A=A, —K,R,, F=H},, and H,=(I+R)"". The controller output iy, = H}évx 1.

The controller computed in Theordm 1 stabilizes the nongealeralized planP (z), but
as seen from EqL(12)? (z) is affected by an additive uncertaintybs(as). We further in-
vestigate under which conditions the controller in Eql (a8p stabilizes the uncertain sys-
tem. For this, we look at the influence which the uncertairaly exert on the interconnection.
The transfer function seen bylbs is nothing but the transfer functiomy — 24, M (2) =
(I+C (2) RyH (2)) " C (2). Schematically, the system including the uncertainty iemgiin

Fig.[2, whereN=S5 (P,C)= [%ﬂ %12] . The transfer matrix seen g is N, =M. The set of
214V22

uncertainties is\:={Abs € R™*1|Abg € A,}, whereA, is a value set of real matrices that
defines the structure and the size of the uncertainties. \Westate two theorems [13] which
determine under which conditions the closed loop systenamesrstable for\bs # 0.

Theorem 2 If C stabilizesP, and if [ — M Abg has a proper and stable inverse for albs € A,
thenC robustly stabilizes(Abg, P) againstA.

Theorem 3 (Small gain theorem) If any Ab%, € A, satisfies| Ab%||o < r, and if || M| < 1,
thenl — M Abg has a proper and stable inverse for albs € A.

From Theorems|3 arid 2)/ || <1 is a sufficient condition fof to robustly stabilizes' (Abg, P).

6 Simulations

Static aberrationsWe present numerical simulations for the aberration ctioe@roblem us-
ing M, M, in Eq. (11), and the method presented(in [B]s). For M;, we take2 images at

5



Third AO4ELT Conference - Adaptive Optics for Extremely Large Telescopes

defocus—2 and2 rad and precompute the coefficients in Eg. (5). The coeffisienEq. [6)
are independent of the chosen diversity and can also berppded.)V; assumes that the DM
itself introduces the phase diversity, namely the coroectihat minimizes the wavefront error
and also minimizes the image acquiring effort. We considasal of radiusr = 32. The static
aberration (and the initial state in the dynamic case) abingj ofn = 14 modes is generated
using the Kolmogorov model [10]. We show the convergencéhefalgorithms ¢ correction
steps) for a wavefront rms dfrad and two noise realizations, with SNR and10 dB in Figs.
[3, and 4, respectively. Becaudf and M/, use2 images per iteration antl/; uses onlyl image
starting with the second iteration, the images correspantb the error inM/3 are shown by
skipping one intermediate step. Fok, we choose a diversity that in simulation minimizes the
residual errorM, has a robust performance using the chosen fixed diversity.

WEAIS  Mewese
W AN Von i e WA\
\ ' \\ N

Fig. 3: Wavefront errorl rad rms, no noise  Fig. 4: Wavefront errorl rad rms,10 dB
- M; (top), M, (middle), M, (bottom) SNR - M5 (top), M, (middle), M, (bottom)

Repeating the previous experimdi4 times for random aberrations dfrad rms and no
noise, we plot in Fig.[(5) the residual error in the aberratiector at each correction step ver-
sus the number of images. Plotted are the median, first ardtigbartile, and the minimal and
maximal values/; converges tev 0 residual errorM, and M3, as expected, converge to a
constant value not equal zere (0.2). In Fig.[6 we plot, for the same data, the relative residue.
The error bound depends on the model error for well condétiiomatrices (the condition num-
bers of Ag and Ap are4.18 and12.70, respectively)M; converges to zero residual error for
different realizations ofAbs (). M, converges to a residual error not equal to zero and de-
pends on the realizations afb,, (a4 ). M3 also converges to a residual error not equal to zero.

SNR = Inf [dB], rms 1 [rad] SNR = Inf [dB], rms 1 [rad]

1.2 T

s
|

g

— T
0.2
00 2 4 6 8 10 12 O2 3 4 5 6 7 8 9 10 11 12
# images # images
Fig. 5: Residual error Fig. 6: Relative residue

Next, we perform a Monte Carlo simulation for increasing S&ll rms in FigsJ7 and 8,
respectively. For each SNR, we repeat in Elg. 7 the expetintd times. The initial aberration
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has1 rad rms. For SNR between5 and 10 dB, the relative residue correspondingitf and

M; is sometimes larger theh, which means that the rms value of the wavefront increases
after one iteration. For increasing SNR, all three meth@d®Ia relative residue smaller than
although of different values from which the lowest can bespbsd for)/;. Besides the fact that
M, gives very different results with respect to the chosenrditye the estimates also have a
larger variance than the other two methods and this is dueetdécrease in SNR by subtracting
images. The same type of analysis is made in[Big. 8 for incrgams and an SNR of0 dB.

All three methods are based on either a small-phase or sthailation assumption, so the bias
of the estimation increases with increasing rms. Oveldjl has the smallest relative residue.

Increasing SNR with rms = 1 [rad] Increasing rms with SNR = 10 [dB]
2
—_— M3
\ — Mz
\\ M‘|
1.5 \
B NE
05 e
05 2 1 10 20 <] OO 1 2 3 4 5 6
SNR (o]l
Fig. 7: Relative residue vs SNR Fig. 8: Relative residue vs rms

Dynamic aberrationsWe choose a turbulence model using telescope dianieterl m],
outer scaleL, = 42[m]|, Fried parameter, = 0.4[m], wind velocity 10[m/s|, sampling time
0.01[s] and we perform a Monte Carlo simulation ou@g turbulence realizations. The turbu-
lence model matrices in Ed._(12) are derived as in [14]. Westigate the performance of the
optimalH, controller in Theorerhll wittR=1. In Fig.[9, the aberration is significantly reduced
to ~ 1/7 from an initial state of- 3/2 rad. In Fig[10, we investigate the robust stability of the
system in Eq.[{I5) as a function of turbulence strength. Bohealue of-;, we run128 simu-
lations and compute the maximum valu€||afbs ||, and of||M || .. If we choose- in Theorem
asmax || Abs||~ Over a simulated time interval we ensure thaths||, < r. In Fig.[10 we
plot max (|| Abs ||~ ) max (|| M ||~ ) for increasing-y. Stability is ensured if the quantity plotted
in Fig.[10 is smaller than.

7 Conclusions

We have presented a method for wavefront estimation aneéaayn. For a point-like object,
we have used a least squares approach for aberration astimEte linearization of the PSF
used is valid for small phase aberrations and a generalsityawhich is the typical situation in
a control loop. We have also adapted the algorithm to themynturbulence model, and have
corrected for the aberration with a#, optimal controller.

7
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Optimal control with SNR = 10 [dB] Robust stability analysis

closed loop error
— turbulence ; 1
] — turbulence realisation [

0.8

0.6

flow ]l

|
|

0.2

00 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5 0 5.10"2 0.1 0.2 0.3 0.4 0.5
Time [s] ro[m]
Fig. 9: Residual error in closed loop Fig. 10: Robust stability analysis
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