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ARTICLE INFO ABSTRACT
Keywords: Post-buckling of thin-walled aeronautical structures induces failure modes related to skin-stiffener separation
Three-dimensional that require three-dimensional large deformation analyses for an accurate numerical prediction. Conventional

Large deformation

Thin-walled structures
Hybrid-stress solid-shell
Reduced-order model
Geometrically nonlinear analysis

finite elements are capable of solving such analyses, but with high associated computational costs, being
therefore more utilized for the simulation of smaller structural components, or even restricted to perform
virtual testing at coupon-level models. In this paper, a geometrically nonlinear reduced-order method using
a hybrid-stress solid-shell formulation is proposed for large deformation analysis of thin-walled structures.
Current reduced-order methods are mainly applicable to buckling problems, considering only the out-of-plane
deformation. Furthermore, existing displacement-based reduced models involve a computationally expensive
fourth-order tensor obtained with the higher-order strain energy variations. Here, a reduced-order model with
only one degree of freedom is constructed for both in-plane and out-of-plane large deformation problems.
It is shown that, with the hybrid-stress formulation, the constructional efficiency of the reduced system is
largely improved by zeroing the fourth-order strain energy variation using the two-field Hellinger-Reissner
variational principle, followed by a condensation of the stress terms that lead to a third-order approximation
of the equilibrium equation. The nonlinear predictor solved by the reduced-order model can be corrected when
its numerical accuracy is not satisfactory during the path-following analysis. A simple plate, a honeycomb cell
with negative Poisson ratio, and a swept-back wing structure; are used as numerical examples to verify that
the proposed method enables a superior path-following capability for the three-dimensional analysis of thin-
walled structures undergoing large deflection, large rotation and large strains. Furthermore, an experimental
validation of the proposed method is presented using a variable-thickness plate with mixed composite-metallic
materials, undergoing large out-of-plane deflection.

1. Introduction Hybrid-stress FE formulations using a two-field (displacement and
stress) variational principle have been applied to solid-shell elements.

In the aeronautical and aerospace industries, thin-walled struc- Sze et al. (2002) developed an eight-node hybrid-stress solid-shell
tures are extensively employed to efficiently withstand various exter- element for the geometric nonlinear analysis of elastic shells based
nal loads, significantly enhancing load-carrying capabilities without on the Hellinger-Reissner (HR) variational principle. Several studies
increasing structural weight. However, due to stringent lightweight have demonstrated that using the mixed stress-displacement formu-

lation is more numerically robust when compared with the conven-
tional displacement-based method, also enabling larger step sizes in the
nonlinear path-following analysis (Magisano et al., 2017; Liguori and
Madeo, 2021). However, incremental-iterative solutions of nonlinear
equilibrium equations with multiple degrees-of-freedom require a high
number of path-following steps to obtain the nonlinear response curve.

design requirements, these structures often exhibit pronounced in-plane
and out-of-plane deformations resulting from their inherently limited
structural stiffness. Consequently, geometrically nonlinear analyses ac-
counting for fully nonlinear kinematics are crucial for accurately cap-
turing the complex three-dimensional (3D) large-deformation behavior
of these structures.

* Corresponding author.
** Corresponding author.
E-mail addresses: k.liang@nwpu.edu.cn (K. Liang), s.g.p.castro@tudelft.nl (S.G.P. Castro).

https://doi.org/10.1016/j.ijsolstr.2025.113385

Received 2 October 2024; Received in revised form 10 March 2025; Accepted 8 April 2025

Available online 21 April 2025

0020-7683/© 2025 Elsevier Ltd. All rights are reserved, including those for text and data mining, Al training, and similar technologies.


https://www.elsevier.com/locate/ijsolstr
https://www.elsevier.com/locate/ijsolstr
https://orcid.org/0000-0002-2042-8843
https://orcid.org/0000-0001-9711-0991
mailto:k.liang@nwpu.edu.cn
mailto:s.g.p.castro@tudelft.nl
https://doi.org/10.1016/j.ijsolstr.2025.113385
https://doi.org/10.1016/j.ijsolstr.2025.113385

K. Liang et al.

Various reduced-order methods have been developed to signifi-
cantly decrease the number of degrees of freedom (DOFs) in the full-
order nonlinear model of the conventional finite element method.
According to whether the structural buckling is involved, the reduced-
order methods are divided into two main categories. The first cate-
gory refers to the methods for large deflection and rotation analysis
without any buckling phenomena, for example the nonlinear reduced-
order models developed by Wang et al. (2013), through extending
the linearized modal models to the geometrically nonlinear analysis
of cantilevered structures with large displacements/rotations. The cur-
vatures can always be linearized using sufficient discretization, hence
Drachinsky and Raveh (2020) proposed a modal-based method by con-
structing a reduced model using curvature modes for large deformation
analysis of slender structures. A non-intrusive geometrically nonlinear
augmentation method was developed by Cea and Palacios (2020) and
Cea and Palacios (2022) using a two-step reduction technique and
a mode-based Galerkin projection of intrinsic nonlinear equations. It
should be noted that these reduced-order methods have the limita-
tions of moderately large deflections (up to 50% span) and were not
investigated for in-plane large deformation problems.

Another category of the reduced-order methods has been developed
based on the Koiter’s asymptotic theory (Koiter, 1967) to decrease the
computational scale of nonlinear equilibrium equations required for
buckling analysis (Barbero et al., 2014; Lanzo et al., 1995; Salerno and
Lanzo, 1997; Henrichsen et al., 2016). Geometrical nonlinearities are
normally accompanied by the structural buckling behavior (Kazinakis
et al.,, 2021; Zhang and Kyriakides, 2024), including not only the
post-buckling but also the pre-buckling regimes. The classical Koiter
perturbation method constructed the reduced-order model only once
at the bifurcation point, and were only applicable to the linear pre-
buckling hypothesis and initial post-buckling analysis (Tiso, 2006).
Garcea et al. (2009) and Zagari (2009) enlarged the range of valid-
ity of the reduced-order solution utilizing the asymptotic expansion
based on the path tangent, buckling modes, and second-order modes
of the structure. Liang et al. (2013, 2014) proposed a Koiter—-Newton
method to construct the reduced-order model at any point along the
equilibrium path, and traced the geometrically nonlinear response of
the structure in the presence of buckling. Although these reduced-order
models significantly decrease the computational cost of the nonlinear
buckling analysis, the Koiter’s asymptotic theory requires the elemental
strain energy variations up to the fourth-order with respect to the
degrees of freedom, that is two orders higher than the conventional
finite element method. In addition, the vast majority of the Koiter-
based reduced-order methods is currently only applicable for buckling
problems.

The main factor influencing the computational efficiency of the
reduced-order method is the choice of nonlinear kinematics used for
the calculation of high-order strain energy variations. The full Green—
Lagrange nonlinear kinematics improve the range of validity of the
reduced-order model for large deformation analysis, however the high-
order strain energy variations create multiple dependencies between
the translational and rotational degrees-of-freedom, and terms depend-
ing on the square of the normal coordinate (Castro, 2015), all leading
to complex and computationally expensive algorithms. A transpar-
ent correspondence was proposed by Castro and Jansen, showing the
relationships between the displacement-based formulation and the nu-
merical implementation, where von Kdrmdn and Sanders nonlinear
kinematics were used for the Koiter analysis of plates (Castro and
Jansen, 2021) and cylindrical shells (Castro and Jansen, 2022), respec-
tively. Garcea et al. (1999), Garcea (2001) and Magisano et al. (2018)
applied the mixed stress—displacement formulation to facilitate the
construction of reduced-order models in Koiter’s analysis, where both
displacement and stress are degrees of freedom in the strain energy
functional expression, such that the highest order non-zero variation
is cubic.
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The main contribution of this work is a reduced-order method for
three-dimensional finite element analysis of thin-walled structures with
large deformations. Two aspects make the present contribution signif-
icantly distinct from previous studies: (1) reformulating the hybrid-
stress solid-shell formulations for reduced-order analysis of large de-
formation problems; (2) considering both the in-plane and out-of-plane
large deformations of the thin-walled structures. The proposed method
significantly decreases the computational cost in construction of the
reduced-order model, while keeping its path-following capability and
numerical accuracy for large deformation analyses, attributing to the
following three reasons: (1) the fourth-order strain energy variation
is naturally avoided by taking advantage of the two-field Hellinger—
Reissner variational principle and the hybrid-stress solid-shell formu-
lations; (2) the range of validity of the reduced-order solution is not
decreased by recovering the third-order approximation to the equilib-
rium equations after applying the stress condensation; (3) the nonlinear
predictor solved by the reduced system can be accurately corrected
using the residual force when necessary, based on the Koiter-Newton
method. Various numerical examples and one experimental valida-
tion are herein presented to demonstrate the excellent performance
of the proposed method for large-deformation geometrically nonlinear
analyses.

In the following, Section 2 presents the hybrid-stress solid-shell
element formulations considering fully geometrical nonlinearities; the
reduced-order method with hybrid-stress formulations is developed in
Section 3 for large-deformation 3D finite element analysis; the proposed
reduced-order method is thoroughly verified using several numerical
examples in Section 4 and one experimental test in Section 5; finally,
the work is summarized in Section 6.

2. The formulations of hybrid-stress solid-shell element involving
geometrical nonlinearities

Fig. 1 illustrates the adopted eight-node element with three trans-
lation degrees of freedom per node. The global, local, and natural
coordinate systems are constructed and denoted as (x’-y’-z"), (x-y-z),
and (&-1-¢), respectively. The natural coordinate system &-7-¢ is defined
at the center point of the isoparametric element, in which the axes &
and 5 connect the midpoints of opposite edges of the element and the
¢-axis is along the thickness direction of the element. Note that the z-
axis of the local coordinate system must be defined along the thickness
direction of the solid-shell element, with —1 < &,5,¢ < +1.

The coordinate x; and displacement field U; are linearly interpolated
based on predefined shape functions N,

x;(&,m,8) = Norxip + ENypxip
Ui€.n,8) = NogUip + N, Uy

where i = 1,2, 3, and Einstein’s summation convention is applied to the
subscript 7; and,

I: from 1 to 8, (€8]

1
No=3 [Ny, Ny, N3, Ny, Ny, Ny, N3, N,

2 @
N,=3 [N1. Ny, N3, Ny, =N, =Ny, —N;,—N,] ,
Ny =180 -n)
Ny = 11+ —n)
®)

Ny = 3(1+8)(1 +1)

1
Ny= Z(l - +n)
The natural displacement U; can be represented by the local one U,
using a transformation relation based on a Jacobian matrix J,

U, =J,U, 4
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Fig. 1. The solid-shell element for thin-walled structures.

in which,
ONy; ONy;
Xy Xy 0
0 on
_|am aN,
J 01 v 01 ¥ ) 5)
0& on
0 0 N z;

In the natural coordinatenslystem, the Green-Lagrange strain involv-
ing the fully geometrical nonlinearities becomes,
_ij:% ?JraﬂJraﬂaﬂ , ©)
S 06 0§ 0%
Substituting the displacement (4) into Eq. (6), the strain—
displacement relationship is rewritten as,

L 1=

E=Bgq+ EBnl(q)q» @
in which,

_ _ _ _ _ T

E=[Eg. E,y 2Bz Ecc. 2B, 2By ®

where B, and B, (q) are the linear and nonlinear interpolation matrices,
respectively, and the vector q collects the nodal displacements U;; in a
column vector.

When using a three-dimensional element to model the thin-walled
structures, the shear, membrane, trapezoidal, and thickness locking
problems need to be overcome. For the shear and trapezoidal lockings,
the natural transverse normal and shear strains of the solid-shell ele-
ment are redefined using the assumed natural strain (ANS) method, as
follows,

Epp = N Epp(1,-1,0)+ NyEgp(—1,-1,0) + N3 B (—1,1,0)
+ NyE;r(1,1,0)

B, = %(1 — O, (—1,0,0)+%(1+§)EW§(1,0,0) : ®

= 1 - 1 _
Ee = 5(1 —mE:(0,-1,0)+ 5(1 +n)Eg(0,1,0)

The Green-Lagrange strain E presented in the local coordinate
system is presented by,

E=T.E, (10)

where T, is a strain transformation matrix from the natural to local
coordinate systems.

The present work employs the hybrid-stress formulation to construct
a modified constitutive relation for overcoming the thickness and vol-
ume lockings. As presented in the work of Pian and Sze (Pian, 1985;
Sze et al., 2002), the second Piola—Kirchhoff stress S is given by,

Sxx _555_
yy S’?’I
S S _
S=|"Y|=T1,| " |=T,Pp=Pp, an
Sez See
Syz SrlC
_SXZ_ »Séﬂ{f

where T, is a stress transformation matrix from the natural to local
coordinate systems, § is a vector with 18 stress parameters, and P and
P are predefined stress interpolation matrices in the natural and local
coordinate systems, respectively.

Then, the Green-Lagrange strain E and the second Piola—Kirchhoff
stress S described in the local coordinate system are summarized to be,

E=Big+ 3B, (@. 12
S=Pg, (13)

where P, B, and B, are the stress interpolation matrix, the linear and
nonlinear interpolation matrices, respectively, which are defined in the
local coordinate system.

After truncating the second-order terms of ¢ in the in-plane strain
E,, the Green-Lagrange strain E is reformulated as,

1 1
By + 5 Byim(@) + By, + EBn]b(q)]

E,| [En+CE, 2 |

E= EZ = EZ = Blz + _Bn]z(q) > (14)
2
E, E, 1

B, + EBn]t(q)

where the components E, E, and E, denote the in-plane, transverse
normal, and transverse shear strains, respectively.

Correspondingly, the second Piola—Kirchhoff stress S in (13) is also
rewritten as,

Sp PP
s=|s,|=|P, |8 as)
Sl Pl

Then, the three-dimensional constitutive equations become,
E=C'S
E, Foo Fpo OIS,
T
= Ez = sz F, 7z 0 Sz ’

E, 0 o FJ|ls

(16)

where C~! denotes the flexibility matrix. Note that the strain E derived
by the constitutive equations is not exactly the Green-Lagrange strain
(12), however the product of the strain and the second Piola-Kirchhoff
stress should be equal to the product of the Green-Lagrange strain
and the second Piola—Kirchhoff stress on an integral domain of the
solid-shell element.

The thickness and volume lockings are eliminated by assuming the
thickness stress .S, be independent of ¢. Using the relation E, = E,, +(E;
in Eq. (14) and extracting the terms related to ¢, the constitutive
equations (16) can be reformulated to be,

S, A B ¢A[E,
E,|=|-BT D —¢BT||S,]|. a7
s, (A (B PA||E,

in which,

A=F!B=-FI!F D=F,-F FIF . 18

pp’ pp =Pz’ pz=pp - Pz
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After applying the pre-integrating along the ¢ direction for the consti-
tutive equations (17), a modified constitutive relation is achieved.

Then, the strain energy of the solid-shell element is presented to be
a two-field (displacement and stress) form,

LTt T 1,7 T 1
U = —=S'C"'S+S'E)dV =—p"Hp + G + =G, . a9
,/V( 2 ) F B HE+ (G + S Gu(@)g (19)

in which,

H:/PTC’lPdV, (20)
14

Glz/PTBldV, (21)
|4

G, = / PTB,dV, (22)
|4

where the modified constitutive relation is involved in the calculation
of H in Eq. (20).

3. Reduced-order method with hybrid-stress formulations for
large deformation analysis

The total potential energy IT of the structure is written to be a
Hellinger—Reissner functional,

I = —% BTHB + (G, + %Gnl(q))q - q (M), (23

where f,, is the external load and its corresponding load multiplier is
denoted by A.

The geometrically nonlinear equilibrium equations can be achieved
using the two-field variational principle and minimum potential energy
principle,

~Hp+ [G)+ 3Gy@] a =0, (242)

[G1+ Gu(@]" B =2y

where the Hellinger-Reissner functional (23) is stationary at the equi-
librium for any variations of q and . Therefore, Eq. (24a) comes from
the variation of B, whereas Eq. (24b) from the variation of q.

The nonlinear equilibrium equations (24a) and (24b) with two
parameters are represented by a more general form,

(24b)

f(ﬂ, (I) = j'fext’ (25)

where the internal force f is functionally related to the two unknown
parameter vectors of displacement q and stress B. In our work, the
conventional finite element method based on the Newton-Raphson
technique is referred to as the full-order method with N degrees of
freedom.

Similarly to the conventional finite element method (full-order
method), the proposed reduced-order method traces the geometrically
nonlinear response of the structure in a step-by-step manner for the
path-following analysis. In each path-following step, a novel predictor—
corrector strategy is applied by using the solution of the reduced-order
model as a nonlinear predictor, and consecutive Newton iterations as
the correctors, as detailed next.

3.1. Nonlinear predictor obtained by the reduced-order model

In each path-following step, the reduced-order model is constructed
at a known equilibrium configuration(g, qy, 4¢), to approximate the
geometrically nonlinear equilibrium given by Eq. (25). For the first
step, the already known configuration must be the undeformed con-
figuration (B, = 0, q, = 0, 4, = 0). Then, the unknown configuration
is obtained by,

B =B+ 4p, (26)
q=qg + 4q, 27)
A= Ao+ AL, (28)
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where AB, Aq, and 44 are the increments of the three variables varying
from the known to unknown configurations, respectively.

Substituting Egs. (26), (27), and (28) into Eq. (25), the nonlinear
equilibrium equations (25) in a two-field form are represented to be a
third-order Taylor’s expansion,

'(By. q9. AB. Aq) + £ (By. qo. 487, 4q%) + £ (By. q0. AB°, Aq”)
+0(By. qo. 148114, 1 4qI*) = A2f . (29

where the equilibrium condition (8, qy) = Aof., at the already known

configuration is applied; and t’, @, £®, and O denote the linear,
quadratic, cubic, and higher-order terms of the Taylor’s equation, re-
spectively. The determination of operators f/, f@, £® requires the
second to fourth-order variations of the strain energy U in (19) with
respect to the degrees of freedom related to displacement q and stress

B, as follows,
op
{ 5q } ’ 0
0 G, 6q

5p
s 31
GI(q) Glop {5q} G

5*U =0, 32)

-H [Gl + Gn] ((I)]

82U = {67 sq"
{ ) [G) + Gy (@]" GLp

8U ={sp7 sq"} [

with the fourth-order strain energy variation 6*U being zero, given that
the strain energy (23) has a third-order polynomial dependence in both
the displacement and stress. Therefore, the third-order term £f® in (29)
vanishes, making the nonlinear equilibrium equations depend only with
second order on the degrees of freedom, simplifying the construction
of the reduced-order model. In displacement-based formulations (Liang
et al,, 2013, 2014), the fourth-order dependency on the degrees of
freedom leads to immense computational costs.

Substituting the high-order strain energy variations (30), (31), and
(32) into the equilibrium equations (29), and condensing the stress
parameter f§, the nonlinear equilibrium equations can be reformulated
to be a third-order form involving only the displacement q,

L(4q) + Q(4q, Aq) + C(4q, 4q, Aq) = AAf,,, (33)
in which,

L(4q) = { [G1 + Gu(@p)] H™ [G) + Gyy(qy)]

1 T
+q! [Gl + EGnl(qO)] H'G,, } Aq, (34
1 _ 1
Q(aq. 49) = 5 [G1+ Gui(qp)] " H™' G, (Aq)4q + 544" [G+ Gy @)]"
x H™'G,4q (35)
+ %AqT (Gu) " H'[G) + Gyy(gy)] 4a. (36)

1 _ 1 _
C(4q. 4q. 4q) = 7 [Gu(4q)aq)  H™' G, 4q + i [Gu(49)]" H™' G, (4q)4q,
37)

where the third-order approximation to equilibrium equations is again
recovered by condensing the stress.

Analogously, the increments of the load multiplier 44 and displace-
ment Aq are expanded to be a third-order form with respective to the
generalized displacement &,

Al =LE+ Q8 + CE + O(EY), (38)
Aq =upé +ups +ucs + 0Eh, (39)

where L, O, and C denote the, still to be determined, first to third-
order coefficients of the load multiplier 44, respectively, and u, ug,
and uc are the, still to be determined, first to third-order bases of the
displacement increment Aq, respectively. The first-order displacement
field u; defines a tangent plane to the equilibrium surface at the
already known configuration, whereas uy and uc are the second- and
third-order displacement fields.
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Substituting the increments of the load multiplier 41 (38) and
displacement Aq (39) into both sides of the nonlinear equilibrium
equations (33) and equating the coefficients of the various powers of
£ to zero, two linear systems of equations and one algebraic equation
are obtained,

L —f] fu ) _ [0

b, {5 “
L _fext uQ _ _Q(uL’ uL)
b, s @

C= —2u(T)L(uQ) +ulClug,ug,up), (42)

where the two linear systems (40) and (41) have the identical coeffi-
cient matrix with a order of N+1, thus only one matrix factorization is
required. Egs. (40), (41), and (42) are then solved to obtain the values
of L, 0, C, uy, and uy,.

Up to this point, the reduced-order model that can approximate
the geometrically nonlinear equilibrium equations (25) at the already
known configuration is constructed, given by,

LE+ Q& + CE = A, (43)

which is a nonlinear equation having only one degree of freedom. The
relation between ¢ and 44 is obtained by continuously changing the
value of A4. With Egs. (27), (28), and (39), the solution about (q vs. 1)
is achieved and regarded as a nonlinear predictor to the geometrically
nonlinear response of the structure undergoing large deformations.

3.2. Corrector phase based on the residual force

The range of validity of the reduced system (43) is limited, gradually
deviating from the geometrically nonlinear response away from the
expansion point. This range of validity can be determined based on the
residual force and the external load, as given by,

IIf es I
<é 44)
Alfexcl
in which,
fros = Moy —f(@), (45)

where the residual force f, is obtained by taking the internal force f(q)
from the external load Af ., and e is a predefined error threshold. When
the criterion (45) is not satisfied, a corrector phase is applied to drive
the residual f . towards zero, similarly to traditional Newton-based
iteration methods. Here, the Newton iteration process is conducted
using the full-order finite element model, thereby guaranteeing the
accuracy of the correction phase. After correction, a new equilib-
rium configuration is achieved, and a full path-following step with
a predictor—corrector strategy is completed, and it can be repeated
multiple times to further advance the nonlinear analysis.

4. Numerical examples

Benchmark structures undergoing large deflection, large rotation,
and large strain; are studied to evaluate the computational capability
of the proposed method. First, we investigate three rectangular plates
subjected to out-of-plane shear, bending and in-plane tensile loads,
respectively. Next, a honeycomb cell under in-plane loads and a swept-
back wingbox under out-of-plane loads are studied, both representing
structures with complex geometry.
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Fig. 2. The cantilevered plate subjected to end shear load.

4.1. Rectangular plates subjected to in-plane and out-of-plane loads

4.1.1. Slender plate under end shear load (large deflection problem)

As shown in Fig. 2, the geometrical parameters of the slender
cantilever plate are: length a = 100 mm, width » = 10 mm and thickness
t = 1 mm. The properties of the selected isotropic material are E =
12000 MPa and y = 0. The left end of the plate is fixed, while a
vertical shear load of P =5 N is uniformly applied to the right end. The
deflection-span ratio of the plate is designed to be roughly 70%, making
it a severe test for the proposed method. Ten hexahedral elements with
a large span-thickness ratio of 10:1 are used along the length of the
plate.

First, the geometrically nonlinear responses of the structure are
calculated and compared using different full-order finite element meth-
ods, which are ABAQUS with four commonly used three-dimensional
elements (C3D8I, C3D8R, CSS8, and SC8R) and the full-order method
using the proposed hybrid-stress solid-shell formulation, herein referred
to as FOM. The classical Newton-Raphson method is applied to all the
full-order finite element methods, including ABAQUS.

The average displacements in the horizontal (x) and vertical (z)
directions are counted along all the nodes at the right end of the
plate, and the corresponding load-displacement curves are plotted in
Fig. 3. It is shown that the geometrically nonlinear responses obtained
by ABAQUS’ elements CSS8 (8-node linear brick solid-shell, incom-
patible modes, with assumed strain) and SC8R (8-node quadrilateral
continuum shell) coincide exactly with each other. The results of C3D8I
element (8-node linear brick, incompatible modes) gradually deviate
from those of CSS8 and SC8R as the external load increases, but
still exhibit the same nonlinear characteristics. However, the C3D8R
element (8-node linear brick, reduced integration, hourglass control)
leads to a completely wrong solution, in which a much lower structural
stiffness is obtained even at the undeformed configuration p = 0 N,
indicating that the C3D8R element with a large span-thickness ratio of
10:1 meets the numerical locking problems. The results obtained with
FOM are in good agreement with ABAQUS’ CSS8 and SC8R elements.

Then, the reduced-order method (ROM) using hybrid-stress solid-
shell formulations is applied to obtain the geometrically nonlinear
responses of the plate. As shown in Fig. 4, the response curves obtained
by the ROM using three path-following steps are in good agreement
with the exact solutions of the FOM, both for the horizontal and the
vertical displacements. For the sake of clarity, each dotted symbol ()
in Fig. 4 includes three path-following steps of the FOM, because the
FOM with multiple steps results in a large number of solution points
along the response curve. Each step size of the ROM is represented by
the circle symbol (o). The smoothness of the response curve obtained by
the ROM is obtained with more solution points added at small intervals,
without affecting the computational cost. Note from Fig. 4 that the step
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Fig. 5. The von Mises stress colored by the magnitude of the stress vector, for the slender plate under end shear load.

size of a single path-following step of the ROM is equivalent to that
of 7-13 steps of the FOM, demonstrating that the ROM using hybrid-
stress solid-shell formulation can accurately and efficiently trace the
geometrically nonlinear responses.

The deformed state of the cantilever slender plate obtained with
ABAQUS, FOM and ROM are compared in Fig. 5 for three different load
levels: 0.25 P, 0.5 P and 1.0 P. The distribution of the von Mises stress
is also plotted. A good agreement with ABAQUS is obtained for both
the FOM and ROM.

Next, we assess the number of path-following steps and iterations
required by ABAQUS, with four different elements, the FOM, and ROM.
The results are compared in Table 1. The C3D8I, CSS8, and SC8R
elements of ABAQUS adopts 32 path-following steps and 88 iterations
on average (excluding C3D8R that rendered incorrect solutions), while

the FOM requires 30 steps and 89 iterations. The ROM requires only
three steps and 17 iterations. Solutions to the same nonlinear problem
presented in the literature are also listed in Table 1. Sze et al. (2004)
adopted the ABAQUS shell elements and used 15 path-following steps
with 90 iterations; whereas 9 steps with 43 iterations are taken by Rong
et al. (2022) using the modified unified co-rotational shell framework.

Finally, the reduced-order method using co-rotational shell formu-
lations (ROM-CR) is used for geometrically nonlinear analysis, which
can be regarded as the reduced-order method using displacement-based
formulations. As shown in Fig. 6, the results of the ROM-CR are also
in good agreement with the exact results of FOM, and only three
path-following steps are needed to obtain the geometrically nonlinear
responses. The step sizes of the ROM-CR and ROM are respectively
indicated by the cross (+) and circle (o) symbols. The exact number
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Table 1
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Number of path-following steps and iterations required by different methods, for the slender plate under end shear load.

Methods ABAQUS Literatures In-house codes
C3D8I C3D8R CSs8 SC8R Sze Rong FOM ROM
Number of path-following steps 30 55 34 31 15 9 30 3
Number of iterations 80 207 92 91 90 43 89 17
5 5
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Fig. 6. Geometrically nonlinear responses of the slender plate under end shear loads, obtained by the reduced-order method using displacement-based co-rotational shell formulations.

Table 2
Comparison of the step size for path-following analysis using the full- and reduced-order
methods, for the slender plate under end shear load.

Methods Step 1 Step 2 Step 3
Reduced-order method using 1 1 1
displacement-based formulation

(ROM-CR)

Number of steps for full-order 13 7 8
method

Reduced-order method (ROM) 1 1 1
using hybrid-stress solid-shell

formulations

Number of steps for full-order 15 9 6
method

of full-order steps corresponding to each path-following step of the
two reduced-order methods is shown in Table 2, demonstrating that
the proposed ROM leads to a larger step size than the displacement-
based formulation of the ROM-CR. Besides the demonstrated supe-
rior path-following capability of the proposed ROM when compared
to the displacement-based ROM-CR, the constructional time for each
reduced-order model is 0.15 s when using the hybrid-stress formulation,
which is much less than the 15 s taken by the displacement-based
formulations.

4.1.2. Slender plate under end bending moment (large rotation problem)

The classical large-rotation example of a cantilever plate subjected
to an end bending moment is illustrated in Fig. 7. The geometrical
parameters are: length ¢ = 120 mm, width » = 10 mm, and thickness
t =1 mm. The isotropic material parameters remain the same as those
used in Sections Section 4.1.1. The left end of the plate is fixed, while
a bending moment of M = 550 N m is applied to the right end. The
rectangular plate is represented by twelve hexahedral elements with a
large span-thickness ratio of 10:1.

First, the geometrically nonlinear responses obtained by different
full-order finite element methods are plotted in Fig. 8. Among them,
the results obtained by CSS8 element of ABAQUS agrees best with
those of the proposed FOM. A more apparent discrepancy in horizontal
displacement appears when the bending moment M exceeds 400 N m,

Fig. 7. The cantilevered plate subjected to end bending moment.

due to the increased rotational deformation and geometrical nonlin-
earity of the plate, which is probably a result of the different total
or updated Lagrange formulations used for the FOM and the CSS8,
respectively. It is also observed that the SC8R element give exactly the
same results as the CSS8 when M < 200 N m; however, after that
point, the path-following process for the SC8R is interrupted due to
an excessive number of iterations. The results of C3D8R is completely
wrong right from the beginning of the geometrically nonlinear analysis.

Then, the proposed ROM is employed for the geometrically nonlin-
ear analysis, as shown in Fig. 9. Each path-following step of the ROM
is distinguished by the response curve with a different color, and the
corresponding step sizes are indicated using the circle symbol (o). Note
that each dotted symbol (e) indicates three path-following steps of the
FOM. The results obtained by the ROM using 11 path-following steps
are in good agreement with the exact results of the FOM using 100
steps.

The rotational deformations of the slender plate colored by the
magnitude of the displacement vector are plotted in Fig. 10, which
are obtained by different methods. The deformed configurations at the
load levels of 0.25 M, 0.5 M and 1.0 M, show the transition process
of the plate deformed from its initial configuration to the fully curled
configuration.

Finally, the required number of path-following steps and iterations
are compared in Table 3. The ROM required 11 steps and 110 iterations,
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Fig. 8. Geometrically nonlinear responses of the slender plate under end bending moment, obtained by ABAQUS with four different elements and the full-order method of our
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Fig. 10. Deformed configurations colored by the magnitude of the displacement vector, for the slender plate under end bending moment.

Table 3

Number of path-following steps and iterations required by different methods, for the slender plate under end bending moment.

Methods ABAQUS Literatures In-house codes

C3D8I C3D8R CSS8 SC8R Sze Rong FOM ROM
Number of path-following steps 195 300 61 31 80 16 100 11
Number of iterations 1011 2000 363 238 NaN 158 407 110

while providing a smooth nonlinear response. The FOM required 100
steps and 407 iterations. ABAQUS’ C3D8I has the highest computa-
tional cost with 195 steps and 1011 iterations, whereas the CSS8 used
61 steps and 363 iterations. The C3D8R and SC8R are not included in
the comparison, given their poor accuracy. Although only 16 steps are
required by Rong et al. (2022), the smoothness of the response curve
much be rather bad.

4.1.3. Plate under end tensile load (large strain problem)

As shown in Fig. 11, a rectangular plate subjected to an in-plane
tensile load is selected to examine the computational ability of the
proposed method for large strain problems. The geometrical parameters
of the plate are: length ¢ = 100 mm, width » = 50 mm, and thickness
t = 1 mm. The isotropic material parameters remain the same as
those used in Sections 4.1.1 and 4.1.2. The left end of the plate is
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Fig. 12. Geometrically nonlinear responses of the stretched plate, obtained by ABAQUS
with different elements and the full-order method of our in-house codes.

fixed, while a tensile load of P = 1500 kN is applied horizontally and
uniformly to the right end. A 90% strain is achieved, and material
nonlinearities are ignored. The rectangular plate is represented by 10, 5
and 1 elements along the length, width and thickness directions of the
plate, respectively; as shown in Fig. 11. A large span-thickness ratio of
10:1 is applied to each 3D element.

First, the proposed FOM is compared against various commonly
used elements from ABAQUS: one-dimensional (1D) beam, two-
dimensional (2D) shell, and three-dimensional (3D) solid. The results
in Fig. 12 show that the response curves obtained by the different
methods can be categorized into two groups, according to the different
Lagrange formulations used in the nonlinear analysis. The B32 and
B33 (1-D beam elements), STRI3 and STRI65 (2-D triangular elements),
and S4R5, S8R, S8R5 (2-D quadrilateral elements) all adopt the total
Lagrange formulation; hence roughly the same response curves are
obtained by ABAQUS, showing a stiffness-hardening phenomenon with
the increase of the tensile load. The solution of the proposed FOM
matches very well with these solutions, because the total Lagrange
formulation is also adopted in this work. However, for the C3D8,
C3D8H, C3D8I, C3D8R, C3D8S, SC8R, and CSS8 (3D hexahedral solid
elements) and S3, S4, and S4R (2D shell elements), the response
curves are quite different to each other but all exhibit a stiffness-
softening behavior, since the updated Lagrange formulation is applied
to these elements. The discrepancy in these stiffness-softening response
curves mainly comes from the differences in element type and mesh
convergence behavior.

Then, the proposed FOM and ROM are compared in Fig. 13, where
each dotted symbol (») indicates three steps of the FOM, while the step
sizes of the ROM are indicated by the circle symbol (o). Fig. 13(a)
shows the response curve obtained by the ROM using only one path-
following step, exhibiting the same nonlinear characteristics as that of
the FOM. To accurately obtain the geometrically nonlinear responses
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up to the load of 1500 kN, a correction phase is initiated at the load
of 500 kN followed by the second path-following step, as shown in Fig.
13(b), leading to a better agreement with the FOM. An average of 30
path-following steps and 45 iterations is required by different full-order
methods to obtain the geometrically nonlinear responses up to the load
of 1500 kN.

As a summary of the three examples of rectangular plates presented
in Section 4.1, the CPU running times of the full- (FOM) and reduced-
order methods (ROM) using hybrid-stress solid-shell formulations are
shown in Table 4, and compared with that of ABAQUS. Note that the
computer with an i7-CPU, eight processors, and 32 GB of RAM is used
to test the computational efficiency of different methods, and only
ABAQUS’ elements that resulted on the same solution as the proposed
FOM are included. The computational efficiency of the proposed ROM
using the hybrid-stress solid-shell formulation is confirmed. It should
be mentioned that for the large rotational case, the advantage of the
proposed ROM in computational efficiency is not as obvious as that
for the other two cases (large deflection and strain). The reason is
that when geometrical nonlinearity is extremely significant, the ROM
requires more path-following steps, leading to more computational cost
in the construction of reduced-order models.

4.2. Structures with complex geometrical shapes subjected to in-plane and
out-of-plane loads

4.2.1. Negative Poisson’s ratio honeycomb cell under end tensile load

A negative Poisson’s ratio honeycomb cell with complex shape and
in-plane loads, shown in Fig. 14, is chosen to illustrate a case where the
majority of the elements undergo large displacements and small strains,
posing a different behavior from the numerical examples in Section 4.1.
The geometrical parameters of the cell are: length ¢ = 100 mm, width
b = 100 mm, thickness + = 10 mm, distance from the cell center to the
inner wall ¢ = 20 mm, and the width of each wall d = 10 mm. The
isotropic material properties are: E = 20 GPa and y = 0.3. The left
end of the cell is fixed, while a horizontal tensile load P = 200 kN is
uniformly applied to the right end. The in-plane deformation reaches
13.5% with respect to the total length a of the honeycomb cell. The
cell is divided by 304 elements with 2 elements along the thickness
direction.

First, the full-order method (FOM) using hybrid-stress solid-shell
formulation is compared against ABAQUS’ 3D elements C3D8I, C3D8R,
CSS8, and SC8R. The average stretching displacement of all nodes on
the loaded end is plotted in Fig. 15, in which two different mesh
densities are considered. The response curves obtained by the C3D8I
and CSS8 elements are in almost perfect agreement with each other,
and are not sensitive to the mesh. The solutions of SC8R and C3D8R
elements converge to those of C3D8I and CSS8 elements when a fine
mesh is applied. It can be seen that the solutions of ABAQUS do not
match very well with that of the FOM, when the deformation is larger
than 8 mm. The reason is that different element types and Lagrange
formulations are applied. ABAQUS’ elements and the proposed FOM
adopt the updated and total Lagrange formulations, respectively. The
difference caused by the two Lagrange formulations becomes obvious
on nonlinear response curves when the in-plane deformation is quite
large.

The accuracy of the proposed ROM is verified by comparing end
stretching curves using different number of path-following steps, shown
in Fig. 16. Fig. 16(b) shows the nonlinear responses obtained by the
ROM using two path-following steps, almost coinciding with the exact
result of the FOM. Here, each step of the ROM is equivalent to 12-18
steps of the FOM. All ABAQUS’ elements used 30 path-following steps,
similarly to the FOM, and required from 49 to 65 iterations. The
deformed configurations and stress distribution obtained by different
methods at a load of 200 kN are illustrated in Fig. 17.
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Fig. 13. Geometrically nonlinear responses of the stretched plate in horizontal direction, obtained by the reduced-order method.

Table 4

Computational time of the geometrically nonlinear analysis for the examples with three plates, using different methods.

Examples Running time of ABAQUS [s] Running time of in-house codes [s]
Minimum Maximum Average FOM ROM
Large-deflection plate 4.0 (SC8R) 5.0 (C3D8I) 4.7 4.6 1.0
Large-rotation plate 8.0 (CSS8) 13.0 (C3D8I) 10.5 15.2 5.7
Large-strain plate 5.0 (B32) 7.0 (S8R) 6.5 10.6 2.1

Fig. 14. The negative Poisson’s ratio honeycomb cell subjected to end tensile load.

4.2.2. Swept-back box wing under end shear load

Fig. 18 shows a cantilevered swept-back box wing having five ribs
and two spars, and subjected to a shear load at the tip. The geometrical
parameters of the swept-back wing are: the wing span a = 1000 mm,
chord length along the wing root » = 500 mm, chord length along the
wing tip ¢ = 200 mm, swept-back distance of the leading edge d =
600 mm, and intervals between two wing ribs e = 250 mm. The height
of this wing box is # = 50 mm and the thickness of the skin, ribs and
spars is defined to be + = 10 mm. The wing root is clamped, while a
vertical shear load P = 1000 kN is uniformly applied to the wing tip.
The deflection-span ratio of the plate is set to be approximately 60%.
The entire wing structure is represented by 595 hexahedral elements,
with a maximum span-thickness ratio of 5:1.

The proposed FOM is compared against four different elements
from ABAQUS using the average displacements in the spanwise and
vertical directions; measured for all the nodes at the wing tip. The
corresponding response curves are plotted in Fig. 19, showing that
the geometrically nonlinear responses obtained by the FOM are in
agreement with the results of the CSS8 element. Results for elements
SC8R and C3D8I deviate more from the solution of the FOM; however
their results converge to the solution of the FOM when more finite
elements are used to represent the wing structure. The response curves
of the C3D8R element begin to depart from the exact solutions at
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the load of 100 kN, becoming inaccurate to predict the geometrically
nonlinear response. The chordwise displacement has agreed to the same
extend as the spanwise and vertical displacements.

Then, the proposed ROM is compared against the FOM in Fig. 20,
matching very well for all the spanwise and vertical displacements.
The FOM adopts 30 path-following steps to obtain the geometrically
nonlinear responses up to the load of 1000 kN, whereas the ROM
requires only 4 steps. ABAQUS’ elements also required from 30 to 34
path-following steps. The deformed configurations of the swept-back
box wing are illustrated in Fig. 21, together with the stress distribution.
The internal components are exposed in Fig. 22 for clearer observation.

5. Experimental validation using a variable-thickness plate with
mixed composite-metallic materials

A cantilevered variable-thickness plate with mixed composite-
metallic materials is chosen for the experimental validation. The
deflection-span ratio of the plate is designed to be roughly 30%.
As shown schematically in Fig. 23, the tested plate has a length of
1000 mm, width of 250 mm, and a thickness that decreases at an
interval of 250 mm along the x-direction from the plate root to tip.
There is a fixing device on the left end of the plate, that is, a titanium
alloy fixture with a length of 180 mm and thickness of 10 mm. Three
translations of all the nodes within 70 mm from the left end of the
plate are restrained by the fixture. The loading device is located at
100 mm from the right end of the rectangular plate, consisting of a
titanium alloy joint with a height of 175 mm. The specific geometrical
parameters of the loading joint are also illustrated in Fig. 23. A vertical
shear load of P = 3136 N is applied first to the joint bottom and
then uniformly distributed to the lower surface of the plate. The whole
tested structure, including the constraint fixture and loading joint,
is represented by 898 hexahedral elements with a maximum span-
thickness ratio of 50:1. The photographs of the test device and the
deformed plate are provided in Fig. 24.

The distribution of mixed composite-metallic materials employed
in the plate is illustrated in Fig. 25. The fixture and joint used for
providing boundary constraints and imposing the shear load (P) are
both made of a Titanium alloy Ti6Al4V (Ti). The upper part of the
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Fig. 17. The von Mises stress of the stretched honeycomb cell.

plate is made of an Aluminium alloy 7075 (Al), with a thickness of
15.16 mm at the left end and 1.5 mm at the right end, varying at
an interval of 250 mm along the length direction. The lower part
of the plate is made of composite laminates built of uni-directional
carbon-epoxy material (T700), with the thickness of each layer being
0.16 mm. For the segment between the clamped region until 500 mm
along the length, 24 layers with a symmetrical stacking sequence of
[05,45,0,-45,0,,45,0,—45,0], are applied, resulting in a total thickness
of 3.84 mm. The segment between 500 mm and 1000 mm along the
plate length contains 16 layers, with a symmetrical stacking sequence of
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[0,-45,0,,45,0,—45,0], and a total thickness of 2.56 mm. The specific
parameters of different materials are listed in Table 5.

As shown in Fig. 26, eight points located along the symmetry line of
the upper surface are identified and used to measure the deformation,
which can comprehensively represent the geometrically nonlinear re-
sponse of the plate. The exact distance of each measuring point to the
left end of the plate is listed in Table 6.

Fig. 27 shows the comparison between the numerical results and
the experimental measurements, which are represented by the triangle
symbols (a). The vertical displacement response becomes progressively
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Fig. 20. Geometrically nonlinear responses of the swept-back box wing, obtained by the reduced-order method.
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Fig. 22. Deformed configurations of the swept-back box wing without the wing upper and lower surfaces.
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Fig. 24. The test device and deformation of the plate during the experimental test.
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Fig. 25. Distribution of composite/alloy mixed materials and plate thickness, for the whole tested structure.

Table 5
Specific property parameters of different materials used for the plate.
Properties Elastic modulus/MPa Shear modulus/MPa Poisson’s ratio
Titanium alloy (Ti) 110000 41353.38 0.33
Aluminium alloy (Al 71000 26691.73 0.33
Composite material (T700) 114000 8610 8610 4160 4160 3000 0.3 0.3 0.45
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Table 6
Exact positions of the eight displacement measuring points during the experimental
test.

1#
205

2#
320

3#
430

4#
565

5#
625

6#
700

7#
835

8#
1000

Measuring points

Distance from constrained
end/mm

more geometrically nonlinear as the measured point moves from the
root to the tip of the plate. As shown in Fig. 27, the proposed ROM re-
quires only 3 path-following steps to trace the response curves of all the
eight measurement points, accurately matching the FOM results. The
deformed configurations obtained by different methods are illustrated
in Fig. 28.

When comparing to the experimental test, it can be found that
the numerical methods can trace the geometrically nonlinear response
satisfactorily up to a load of 2400 N, when considering all the 8
measured points. However, the response curves obtained numerically
begin deviating from the test results with further load increase. The
differences between the numerical and experimental results are at-
tributed to the following reasons: plastic deformation and material
fracture are not considered in any of the numerical simulations, but
the authors observed the irreversible deformation, that is an 8 mm
deflection at the tip of the plate, after unloading, as shown in Fig. 29;
insufficient details in the models regarding fixtures, load actuator and
joint, leading to differences with respect to the practical test; and the
stress concentrations around the screw connections that are ignored in
the numerical analyses.

6. Conclusions

A geometrically nonlinear reduced-order method is developed us-
ing a hybrid-stress solid-shell formulation for three-dimensional large
deformation analysis of thin-walled structures. First, an eight-node
solid-shell element is established based on the Green-Lagrange kine-
matics, where numerical locking problems are eliminated by using the
assumed natural strain method and the modified constitutive model.
By using the Hellinger-Reissner total potential energy functional and
the two-field variational principle, it is shown that the hybrid-stress
formulation avoids the fourth-order strain energy variation with respect
to the degrees of freedom, while not sacrificing the range of validity
of the reduced-order model. Second, the reduced-order model with
one degree of freedom is constructed much more efficiently in the
hybrid-stress formulation, when compared against the established using
displacement-based formulations. A novel predictor-corrector strategy
is applied to trace the geometrically nonlinear response in a step-wise
manner. Third, three numerical examples are used for verification, and
one experimental test used to validate the computational accuracy and
efficiency of the proposed reduced-order method with hybrid-stress
solid-shell formulations.

Finally, a few remarks are summarized as follows: (1) The results
obtained by the full-order method (FOM) using hybrid-stress solid-shell
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formulations of our in-house codes are carefully compared with those
calculated by ABAQUS with different commonly used elements. (2) The
accuracy of the proposed method is validated. The response curves and
deformed configurations obtained by the ROM using hybrid-stress solid-
shell formulations are in perfect agreement with the results of the FOM.
(3) The applicability of the proposed method is tested. Various structures
with simple or complicated geometries are considered. Three types of
geometrically nonlinear problems, that is the large deflection, large
rotation, and large strain, are all involved. (3) The efficiency of the pro-
posed method is significant. In terms of the computational time, the ROM
is 4.7, 1.8, and 3.0 times faster than ABAQUS for the three rectangular
plates subjected to various loads. The ROM requires significantly less
path-following steps and iterations to trace the geometrically nonlinear
response, when compared to the full-order finite element methods.

In this work, we would like to introduce an alternative tool which
has great potential in geometrically nonlinear analysis, although it still
has some limitations compared with the conventional methods. The
main identified limitation of the proposed method is that material
nonlinearities coming from plasticity or fracture are not considered in
the reduced-order analysis.
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Fig. 28. Deformed configurations of the variable-thickness plate.

Fig. 29. The irreversible deformation (8 mm deflection) of the plate after unloading.
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