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1 | INTRODUCTION

1.1 | Our setting

U-statistics constitute a large class of estimators, gen-
eralizing the empirical mean of a random variable X
to sums over every k-tuple of distinct observations of
X. They may be used to estimate a regular functional
0(Px) of the law of X. When a vector of covariates
Z is available, a conditional U-statistic describes the
effect of z on the conditional law of X given Z = z,
by estimating a regular conditional functional 8(Px;z-.).
We state nonasymptotic bounds of general conditional
U-statistics and study their asymptotics too. Assum-
ing a parametric model of the conditional functional of
interest, we propose a regression-type estimator based
on conditional U-statistics. Its theoretical properties are
derived, first in a nonasymptotic framework and then
in two different asymptotic regimes. Some examples are
given to illustrate our methods.

KEYWORDS

conditional distribution, penalized regression, regression-type
models, U-statistics

Let X be a random element with values in a measurable space (X, .A), and denote by Py its law.
Often, we will use as a typical example the special case X = RPx, for a fixed dimension px > 0.
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2 Wl LEY DERUMIGNY

In statistics, many parameters of interest can be seen as a regular functional of Px. A functional
Px — 0(Px) is called regular if it is of the form

0Px) = E [¢X1. ... . X0)] = [ g&1, ... . x0dPx(x1) ... dPx(x)), )
for a fixed k > 0, a function g : X - R and X, ... Xj o Px. Following Hoeffding (1948), a
natural estimator of 8(Px) is the U-statistics 8, defined by

f = |5kﬂ|—1 Z g(XG(l), ,Xo'(k)) >

o€,
where Sy, is the set of injective functions from {1, ... ,k} to {1, ... ,n}. Remark that Sy, is
isomorph to the set of variations of k distinct elements of {1, ... , n}. Therefore, |S.,| = < : )k! =

n(n—1) ... (m—k+ 1). For an introduction to the theory of U-statistics, we refer to Korolyuk and
Borovskich (1994) and (Serfling, 1980, chapter 5).

In our framework, we assume that we are actually interested in a random pair (X, Z) where Z is
a p-dimensional covariate. For this, we assume that we observe n i.i.d. pairs (X;, Z;), i =1, ... ,n.
We want to use the information of the covariate Z to obtain knowledge on the conditional distri-
bution of X. In other words, the object of interest is the mapping z € RP + Py z-,. This mapping
will be denoted by Px|z-..

Assumption 1. As obtaining results valid uniformly over R? may not be feasible, we
restrict ourselves in this article to the inference of the mapping z € Z — Pxz-,, for
some compact subset Z of RP.

Extending the unconditional framework presented above to the conditional framework, we
say that @ is a regular conditional functional if it is of the form

0(z1, ... ,2)(Pxiz=.) ‘= 0Px\z=2,, ... , Px|z=2,)
=gtz [6X1, .. . X0| = [g(Xl, Xz zuvi=1, .k

= /g(X1, s X APz (X1) - - - APx 227, (Xk).

This can be seen as a generalization of 8(Px) to the conditional case. Indeed, when X and Z are

independent, the new functional 6(z,, ... , zy)(Px|z=.) is equal to the unconditional functional
0(Px). For convenience, we will use the notation 6(zi, ... ,zy) := 6(z1, ... Z)(Pxz=.), treating
the law of (X, Z) as fixed (but unknown).

The goal of this paper is to study estimators of 8(z, ... , zx), first for fixed z,, ... , z, and then
as a function 8 : Z — R, given a parametric form.

Stute (1991) defined a kernel-based estimator 6(zi, ... ,zx) of the conditional functional
0(zy, ... ,zx) by

k
) Yoes,, 8 (Xows - Xow) [T21Kn (2 = Zog))
0(zq, ... ,2Z) = : - , (2)
Zaeskm Hj:lKh (2 — Zop)
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WILEY——
where h > 0 is the bandwidth, K(-) a kernel on RP, Kj,(-) := h™PK(-/h), and (Xj, Z;) oy Pxz.
Stute (1991) proved the asymptotic normality of (zy, ... ,z;) and its weak and strong consistency.

Dony and Mason (2008) derived its uniform in bandwidth consistency under VC-type conditions
over a class of possible functions g.

1.2 | Two-step estimation of 6(z;, ... ,zx) based on a parametric model

The estimator (2) has several weaknesses. First, the interpretation of the whole hypersurface
(21, ... ,2Zx) > O(z4, ... ,z¢) can be difficult. Indeed, the latter curve is of dimension 1+ p x k,
and it is rather challenging to visualize it even for small values of p and k. Second, for each new
k-tuples (zy, ... ,zx), the computation of O(z,, ... ,z) has a cost of O(n¥). Then, if we want to
estimate N values of the conditional functional at N new conditioning tuples, that is, we want

9(z(1i), ,zg)),i =1,...,N, where( W ,z](cl), ,z(lN), ,z](cN)) € ZN_then the total com-
putational cost of that estimation by (2) is O(Nn*). Third, it is well-known that kernel estimators
are not very smooth, in the sense that they usually present many spurious local minima and max-
ima, and this can be a problem in some applications. Therefore, we may want to build estimators
which are more regular with respect to the conditioning variables z,, ... zx, and have a simple
functional form.

To do so, we decompose the function (zi, ... ,Zg) — 6(z1, ... ,Z) on a basis (y;)i»0, general-
izing the work of Derumigny and Fermanian (2020). This may not be always easy if the range
of the function 6(-,- - - ,-) is a strict subset of R. In that case, it is always possible to use a “link
function” A, that would be strictly increasing and continuously differentiable and such that the
range Ao6(-,--- ,-) is exactly R. Whatever the choice of A (including the identity function), we
can decompose the latter function on any basis (y;);>0. If only a finite number r > 0 of elements
of this basis are necessary to represent the whole function Aof(-,- - - ,-) over Z¥, then we have
the following parametric model:

Y(zq, ... ,2x) € ZK, AO(zq, ... ,2)) = vz, ...,z B, 3)

where * € R" is the true parameter and y(-) := (w1(-), ... ,wr())T € R”. In most applications,
finding an appropriate basis y is not easy. This will depend on the choice of the (conditional)
functional 0. Therefore, the most simple solution consists in choosing a concatenation of several
well-known basis such as polynomials, exponentials, sinuses and cosinuses, indicator functions,
etc. They allow to take into account potential nonlinearities and even discontinuities of the func-
tion Aod(-,--- ,-). For the sake of inference, a necessary condition is the linear independence
of such functions, as seen in the following proposition (whose straightforward proof is omitted).
We say that Model (3) is identifiable if for all palrs of distribution Px z, ]P’XZ on X X Z satisfying
Model (3) with corresponding parameters f, ﬁ eR", f# ﬁ implies that Px z # IPXZ Conversely,
Model (3) is not identifiable if the same distribution Pxz can be represented by two different
vectors f*.

Proposition 1. The parameter f* is identifiable in Model (3) if and only if the functions
w1(*), ... ,wy()) are linearly independent P?k-almost everywhere in the sense that, for

allvectorst = (t1, ... ,t,) € R", IP’?" (y/(Zl, s Z)Tt = O) =1=>t=0.
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4 Wl LEY DERUMIGNY

With such a choice of a wide and flexible class of functions, it is likely that not all these func-
tions are relevant. This is know as sparsity, that is, the number of nonzero coefficients of f*,
denoted by |S| = |f*|o is less than s, for some s € {1, ... ,r}. Here, | - |o denotes the number of
nonzero components of a vector of R" and S is the set of nonzero components of f*. Note that, in
this framework, r can be moderately large, for example 30 or 50, while the original dimension p
is small, for example p = 1 or 2. This corresponds to the decomposition of a function, defined on
a small-dimension domain, in a mildly large basis.

Remark 1. At first sight, in Model (3), there seems to be no noise perturbing the vari-
able of interest. In fact, this can be seen as a simple consequence of our formulation of
the model. In the same way, the classical linear model Y = X7 * + ¢ can be rewritten
as E[Y|X = x] = x” * without any explicit noise. By definition, E[Y|X = x] is a deter-
ministic function of a given x. In our case, the corresponding fact is: A (6(z1, ... ,zx))
is a deterministic function of the variables (zi, ... ,z). This means that we cannot
write formally a model with noise, such as A (8(z1, ... ,zy) = W(Zy, ... ,Z) f* + €
where ¢ is independent of the choice of (zy, ... , z) since the left-hand side of the
latter equalityisa (zy, ... , Zx)-measurable quantity, unless ¢ is constant almost surely.

Contrary to more usual models, the explained variable A (6(z,, ... ,Zzk)), is not observed in
Model (3). Therefore, a direct estimation of the parameter f* (e.g., by the ordinary least squares,
or by the Lasso) is unfeasible. In other words, even if the function (zy, ... ,zx) = A (0(z1, ... ,Zk))
is deterministic (by definition of conditional probabilities), finding the best f in Model (3) is far
from being a numerical analysis problem since the function to be decomposed is unknown. Nev-
ertheless, we will replace A (8(z,, ... , zy)) by the nonparametric estimate A (9(z1, ...+ Zy)), and
use it as an approximation of the explained variable.

More precisely, in our setting, the statistician chooses a finite collection of points
z/, ... ,2ly € Z" used as reference values, and a collection Sy, of injective functions o :
{1, ... ,k} - {1, ... ,n’}. Note that we are not forced to include all the injective functions in Sy,
reducing its number of elements. This will allow us to decrease the computational cost of the pro-
cedure. For every o € S, we estimate 0(z’ z’ ). Finally, the estimator f is defined as

o1 " fot)
the minimizer of the following [;-penalized criteria

s @ =k 3 (o : : SRR
B .—arg?&g T Z A(G (za(l), ,za(k))> —y/<zg(1), ,za(k)> 1l +AIBL|, (@)

Jesk’nr

where 4 is a positive tuning parameter (that may depend on n and n’), and | - |, denotes the [,
norm, for 1 < g < oo. Note that the first term in Equation (4) is an incomplete U-statistics since
only the injective functions that belong to Sy, are used in order to reduce the computational
cost. This procedure is summed up in the following Algorithm 1. Note that even if we study the
general case with any A > 0, the corresponding properties of the unpenalized estimator can be
derived by choosing the particular case 4 = 0.

Once an estimator § of #* has been computed, the prediction of all the conditional func-

tionals is reduced to the computation of ACD (y/(z(li), ,zg))TﬁA) = é(z(li), ,zj{i)), for every
i =1, ...,N.Thetotal computational cost of this new method is therefore O(| S |n'* + | S |7 +

Ns) operations. The first term corresponds to the cost of evaluating each nonparametric estimator
(2). The second term corresponds to the minimization of the convex optimization program (4),
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Algorithm 1. Two-step estimation of f and prediction of the conditional parameters

9(z(1i), ,zg)), fori=1,...,N

Input: A dataset (X;1,Xi2,Z;),i=1,...,n
Input: A finite collection of points z’l, ,z; S Z"  selected for estimation

Input: A collection of N k-tuples for prediction (z(ll), o Zz(cl)’ o z(lN ). ,zch )) € ZkxN
for o € Sy do

‘ Compute the estimator 6 ( ,z;(k)) using the sample (X;,Z;),i=1,...,n

!/
Z -
end

Compute the minimizer § of (4) using the é( .z (k)), j=1,...,n, estimated in the above

z/
P
step fori < 1toN do

Compute the predictioné(z(ll), ,z](;)) 1= ACD (y/(z(ll), ,z;:))Tﬁ)
end

Output: An estimator ﬁ and N predictions §(z(1i), ,z]({i)), i=1,...,N.

and the last one is the prediction cost. Note that the procedure described in Algorithm 1 can pro-
vide a huge improvement compared to the previously available estimator with a cost in O(Nn¥)
when N — oo, i.e. when we want to recover the full function 6(-,- - - ,-). Moreover, the speed-up
given by Algorithm 1 compared to the original conditional U-statistics (2) even increases with the
sample size n, for moderate choices of n'.

A similar model, called functional response, has already been studied: see, for example, Kowal-
ski and Tu (2008, chapter 6.2). They provide a method to estimate the parameter f*, using
generalized estimating equations. However, they only provide asymptotic results for their estima-
tor, and their algorithm needs to solve a multidimensional equation which has no reason to be
Convex.

In Section 2, we provide nonasymptotic bounds for the nonparametric estimator §. Then
Section 3 is devoted to the statement of corresponding bounds, as well as asymptotic properties
for the parametric estimator f. Finally, a few examples are presented in Section 4. All proofs have
been postponed to the Appendix.

2 | THEORETICAL PROPERTIES OF THE
NONPARAMETRIC ESTIMATOR 6(-)

2.1 | Nonasymptotic bounds for N

We remark that the estimator 6 is well-defined if and only if Ni(z1, ... ,Zx) > 0, where
k!(n —k)!
Nk(Zl, ,Zk) = T Z Kh (Zg(l) — Z1) Kh (Zo(k) - Zk) . (5)
665;”
To prove that our estimator 6(zy, ... , z) exists with a probability that tends to 1, we will therefore

study the behavior of Ni. We will need the following assumptions to control the kernel K and the
density of Z.
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Assumption 2. The kernel K(-) is bounded, that is, there exists a finite constant Cg
such that K(-) < Cg and / K(u)du = 1. The kernel is of order a for some a > 0, that
is,forallj=1, ... ,a—landalll1 <i, ... ,iy <p, [ KW) u;, ... u;du = 0.

Assumption 3. fz is a-times continuously differentiable on Z, and there exists
finite constants, Cf,, Cgjine such that Vi=1, ... ,e, Vj,...,i€{1,...,p},

oif
sup, |5 ()] < Cro and / ’K(u) W, ... uji|du < Ckint.

Assumption 4. fz(-) < fzmax for some finite constant fz max.

Lemma 1. Under Assumptions 2, 3, and 4, we have for any t > 0,

Cka k]
Kape 4y 21—2exp<—L>,
a! h—kpcl + l’l_kpCZt

k
P <|Nk(Z1, e 5 %K) — Hfz(Zi)| <
=1

where Cy 1= 2y [IK|I3¥,Cs 1= (4/3)CE, |IK|I3 1= [ K*and Ck o = Cllz’imcj’fﬂk"p".

Thislemma is proved in Section D.1 under a weaker condition than Assumption 3, that in gen-
eral leads to a better constant Cx ,. More can be said if the density fz is bounded below. Therefore,
we will use the following assumption.

Assumption 5. There exists a constant fz min > 0 such that for every z € Z, fz(z) >

fZ,min-

If for some € > 0, we have Cx yh* /a! + t < fzmin — €, then f (z) > € > 0 with probability larger
than on the event whose probability is bound in Lemma 1. We should therefore choose the largest
t possible, which yields the following corollary.

Corollary 1. Under Assumptions 2-5, if Ckq.h*/a!<fzmin, then the ran-
dom variable Ny(z1, ... ,%k) is Sstrictly positive with a probability larger than

_ /KR (g in=Ciah /1)’
1-2 xp < C14+Cy(fzmin—Crah®/a!)

0(z1, ... ,zx) on this event.

), guaranteeing the existence of the estimator

2.2 | Nonasymptotic bounds in probability for §

In this section, we generalize the bounds given in Derumigny and Fermanian (2019) for the con-
ditional Kendall’s tau to any conditional U-statistics. To establish bounds on @ for every fixed n,
we will need some assumptions on the joint law of (X, Z).

Assumption 6. There exists a probability measure u on (X, .4) such that Px 7 is
absolutely continuous with respect to 4 ® Leb,,, where Leb,, is the Lebesgue measure
on RP.

Assumption 7. For every X € X, z fxz(x,z) is differentiable almost every-
where up to the order a+1, and there exists finite constants Cr,, Cgint

difXZ
e x7)

<
%, < Crq and

suchthatVi=1, ... ,a +1,Vj1, ... ,ji € {1, ... ,p}, sup,,

[ |K(u) uj, ... w|du < Cgint.
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Assumption 8. There exists a constant Cg such that ||g]|e < Cg < +00.
The following proposition is proved in Section D.2.

Proposition 2 (Exponential bound for the estimator 0(z1, ... ,zx), with fixed
Zi, ... 2 € Z). Under Assumptions 2-8, there exists positive constants Cs, ... ,C; such
that, for every t,t' > 0 such that Cg ,h® /a! + t < fz.min/2, we have

P (|61 ... .20 = 0@, ... 20| < (1 + Csh® + Caty x (Csh+ +1') )

[n/k)2h? [n/Kk]t'2hke (6)
>1-2exp| ———-—)-2exp| ————).
C1+ Cyt Ce + Cot
The precise expression of the constants can be found in the Appendix, where a more general
result is proved under weaker but more sophisticated assumptions. In particular, it is possible to
weaken Assumption 8 and to obtain a similar constant for unbounded g under only (conditional)
moment conditions on g.

3 | THEORETICAL PROPERTIES OF THE ESTIMATOR B

Let us define the matrix Z of dimension |y | X r by [Z];; 1= y; (z z ) where 1 <

:7,-(1)’ T Veyk)

i <|Skwl, 1 £j<rand g; is the ith element of Jy . The chosen order of Sy, is arbitrary and
has no impact in practice. In the same way, we define the vector Y of dimension |y | defined
byY; :=A (é (z; ay ,z; ,- (k)>) , such that the criterion (4) is in the standard Lasso form ﬁ =
arg mingegr [| Y - Z'B||> + 4] ﬂll] , where for any vector v of size |y |, its scaled norm is defined
by [|V]| := |v]2/ \/m . Following Derumigny and Fermanian (2020), we define &; ,,for 1 <i <

T
~ - . ) ' ! _ ! ! *
1Sl by €in = & 1= A (020 o7 ) ) = (2o 2 ) B

3.1 | Nonasymptotic bounds on p

We will also use the Restricted Eigenvalue (RE) condition, introduced by Bickel, Ritov, and
Tsybakov (2009). For ¢y > O and s € {1, ... ,p}, it is defined as follows:
RE(s, ¢o) condition: The design matrix 7' satisfies

11Z'5]|
1612

K (S, Co) :=min{ 16 #0, |5JOC|1 < colépli, Jo {1, ...,r}, [Jol SS} > 0.

Note that this condition is very mild, and is satisfied with a high probability for a large class of
random matrices: see Bellec et al. (2018, section 8.1) for references and a discussion. A (strong)
sufficient condition for the RE(p, ¢y) condition to hold is the following: all the singular values of
Z are positive. We refer to van de Geer and Biihlmann (2009) for a discussion of the relationship
between the different assumptions used to prove bounds on the Lasso. We will also need the
following regularity assumption on the function A(-).
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8 Wl LEY DERUMIGNY

Assumption 9. The function z — y/(z) are bounded on Z by a constant C,,. More-
over, A(-) is continuously differentiable. Let 7 be the range of 6, from Z* toward R.
On an open neighborhood of 7, the derivative of A(-) is bounded by a constant Cy'.

The following theorem is proved in Section D.3 where the expression for the constants
Cé.,C7 1s given.

Theorem 1. Assume that Assumption 9 and Equation (6) hold and that the design
matrix 7! satisfies the RE(s, 3) condition. Choose the tuning parameter as A = yt, with
y > 4 and t > 0, and assume that we choose h small enough such that

: Jzmin®! Ve t 1/ (fea)
smin((522)" (=) "). ”

where Cs 1= CyCy' (1 + Cafzmin/2). Then, we have

A 4(y + D)ty/s s 4219y + 1)ts1/4
P(IIZ’(ﬁ—ﬁ')II < Tw\[ and |§ - ], < % forevery 1< g <2
12 fow(- /K i exp [ - n/aeH
- 16C1 + 4Cf zmin 4C2Cs, +2C5Copt | |

®)

for some constant Ce 5, C7.

The latter theorem gives some bounds that hold in probability for the prediction error || Z'(f —
B)||w and for the estimation error | — g* | with 1 < g < 2 under the specification (3). Note that
the influence of n’ and r is hidden through the Restricted Eigenvalue number «(s, 3).

3.2 | Asymptotic properties of f when n — oo and for fixed n’

In this part, n’ is still assumed to be fixed and we state the consistency and the asymptotic nor-
mality of § as n — co. Remember that the points z; are our design points. As above, we adopt
a fixed design: the z] are arbitrarily fixed or, equivalently, our reasoning are made conditionally
on the second sample. In this section, we follow section 3 of Derumigny and Fermanian (2020)
which gives similar results for the conditional Kendall’s tau, a particular conditional U-statistic
of order 2. Proofs are identical and therefore omitted. Nevertheless, asymptotic properties of §
require corresponding results on the first-step estimators 0. These results are state in Stute (1991)
and recalled for convenience in Section C. For n,n’ > 0, denote by 3, the estimator (4) with
h=h,and A = Ay .

Lemma 2. We have ﬁn,n, = arg mingere G, (f), where

2(n' —k)! / / T ®
G 1= Y (2 o Z) B D)
o‘ESk’nr
©
'~ k)! T 2
) {W(z;(l), ) (ﬂ*—ﬂ)} + dutl Bl
CESI
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Theorem 2 (Consistency of f). Under Assumption 10, if n’ is fixed and A = Apy —

. P
Ao, then, given z;, ... ,z), and as n tends to the infinity, f, ,, — f** 1= infy G (B),
where

T 2
Gan®) =% Y <v/<zf,(l), 2 (ﬂ*—ﬁ)> + AolBl1.

O'E?S’k'n/

In particular, if A =0 and <{y (z;(l), ,z;(k)) 20 €Skw} >=R", then

. P

ﬂn,n’ —_— ﬂ*

Theorem 3 (Asymptotic law of the estimator). Under Assumption 11, and if
N D

Anw(nh? )2 tends to £ when n — oo, we have (nh V2B, — p*)—u* =

arg mingepr Fo, v (W), given zi, ... ,z,,, where

Foow (u)

2 k) 4 , , ' —k)! , ST\
= 2 ZWgwj (zg(l), ,zg(k)> u + - Z y/(zg(l), ,zg(k)) u

c€ES, v J=1 ' GES

r
+ ”ﬂz (|ui|]l{ﬁ,-*:0} + uisign(ﬁi*)]l{ﬂ;#o}) ,
i1

with W = (W;)ses,,, ~ N (0, H) where

H . kﬂ HK”% A/ 0 / / A/ 0 / /
s '_42‘1 {z;m=z;a>}f <z, ) < (z6<1>"“’z«r<k>>) ( (zm"“’zdk)))
Jil= Y4 ;
o(j)

N / / / J / / / /
' (9!’1(%(1)’ 0 R By ’zg<k>> —0<z6(1), ’zrr(k))a(zg(n’ ’zg<k>>)’

and éj,l is as defined in Equation (C1).
Moreover, limsup,_, ., P(S, =S5) =c< 1, where S, :={j : ﬁj #0}and S = {j:
B # 0}.

This result is mainly of theoretical interest. Nevertheless, one could estimate the matrix
H and construct confidence intervals or hypothesis test from the asymptotic distribution of
(nh) B — B

A usual way of obtaining the oracle property is to modify our estimator in an “adaptive” way.
Following Zou (2006), consider a preliminary “rough” estimator of *, denoted by f,, or more
simply f. Moreover v,(fi, — #*) is assumed to be asymptotically normal, for some deterministic
sequence (v,,) that tends to the infinity. Now, let us consider the same optimization program as
in (4) but with a random tuning parameter given by A, := A, /|f,|°, for some constant § > 0
and some positive deterministic sequence (4, ). The corresponding adaptive estimator (solution
of the modified Equation 4) will be denoted by ﬂvn,n,, or simply . Hereafter, we still set S, = {j :

f; # 0.
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Theorem 4 (Asymptotic law of the adaptive estimator of ). Under Assumption 11,

if dnwh )2 £>0 and dpw(nh )'/?vi - co when n— co, we have
y D _ y
(nhy, VB = B*)s —> W5 1= argming eps Foow (s), where

v

]Foo,n’ (uS)

2
2n’ = k)! " —k)! i, #
. (nn/! ) Z ZWJU/j(zg)uj+ (”n_”) z <§ q/j(zg)uj> +f§ |;|551gn(ﬂi ),

cES v JES " €Sy \JES ieSs

and W = (WU)UESk,n/ ~ N- (0’ H) .

T

— 5 / / !/ /
Moreover, when ¢ = 0 and the matrix Zveﬁk,n/ /g (Zgu)’ ,za(k)) W<Z0'(l)’ ,za(k))
is invertible, the oracle property is fulfilled: P(S,, = S) —» 1l asn — .

3.3 | Asymptotic properties of § jointly in (n,n’)

Now, we consider the framework in which both n and n’ are going to infinity, while the
dimensions p and r stay fixed. We now provide a consistency result for ﬁn,n/. Note that the results of
this section are also valid under weaker assumptions (as discussed in the Appendix, Sections D.1
and D.2).

Theorem 5 (Consistency of /?n!n, ,jointlyin (n, n')). Assume that Assumptions 2-9 are
T
- / / / / !/
satisfied. Moreover, assume that Zaeﬁk,m 1178 <z6(1), ,za(k)> y/(zg(l), ,za(k)> /n
converges to a matrix My, 7, as ' — oo. Assume that A,y — Ao and n’ exp(—Anh?P) —

. P
0 for every A > 0, when (n,n’) — 0. Then f, , — argmingerr G (f), as (n,n’) —
oo, Where G, o (B) := (B* — )My, 2 (B* — B)T + Aol Bl1. Moreover, if Ag = 0 and My, 5 is
invertible, then ﬁn’n, is consistent and tends to the true value f*.

Note that, since the sequence (zg) is deterministic, we only assume the convergence of the

sequence of deterministic matrices desk.n, 1174 (z;(l), ,z;(k)> y/(z;(l), ,z;(k)>T/n’ in R”.
Moreover, if the “second subset” (zlf )i=1, ... Were a random sample (drawn along the law Pyz),
the latter convergence would be understood “in probability.” And if [P satisfies the identifiability
condition (Proposition 1), then M, ,» would be invertible and /?n!n, — f* in probability. Now, we
want to go one step further and derive the asymptotic law of the estimator ﬁn’n,.

Theorem 6 (Asymptotic law of ﬁn,n,, jointly in (n, n’)). Under Assumptions 2-6 and
under Assumption 16, we have

(n X n’ X hp )l/z(ﬁ,\n,n’ - ﬂ*) ’D_) N(Os Vas)’

nn'

where Vo5 1= VI'VLVY, Vy is the matrix defined in Assumption 16(iv), and V, in
Assumption 16(v).

This theorem is proved in Section E where we state Assumption 16.
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Remark 2. When the size n’ is too small, estimation of # will not be good, even if the
sample size n is large, because we only have too few “noisy observations” of . When
the size n’ is large enough, consistent estimation of # becomes possible. Furthermore,
our estimator § converges at the (nonparametric) rate (nhfl ’n,)l/ 2,

However, our model is parametric, and we should expect that faster rates are
achievable. Indeed, when n’ — 40, our estimator ﬁ converges at the rate (nn’ h‘r’l ’n,)l/ 2,
which is strictly better. This can be interpreted as the following: the first-step esti-
mation does not “filter out” information but gives enough so that we can even beat
the naive first-step estimator. This is possible because we are exploiting the paramet-
ric nature of the model. Therefore, we should be (and are) able to improve on the
non-parametric estimator 8.

4 | APPLICATIONS
41 | Examples

Following Example 4.4 in Stute (1991), we consider the function g(x;,x;) := 1{x; < x,}, with
k = 2. In this case 0(z1, 2;) = P(X1 < X3|Z; = z1,Z, = 7,). The parameter 6(z;, z,) quantifies the
probability that the quantity of interest X be smaller if we knew that Z = z; than if we knew
that Z = z,.

To illustrate our methods, we choose a simple example, with the Epanechnikov kernel, defined
by K(x) := (3/4)(1 — u®)1|u| < 1. It is a kernel of order « = 2, with [ K? = 3/5. Assumption 2
is then satisfied with Cx :=3/4. Fix p=1, Z=[-1,1], X =R, fz(2) = p@1{|z| < 1}/A -
2d0(-1)), where ® and ¢ are, respectively, the cdf and the density of the standard Gaussian
distribution and X|Z = z ~ N'(z, 1), for every z € Z.

Assumption 3 is then satisfied with Ck, = 0.2. Assumption 4 is easily satisfied with
fzmax =1/ <\/§(1 - 2<I>(—1))) <0.59. Therefore, we can apply Lemma 1. We compute the

constants C; :=2fF  ||K||?* =2%0.59* % (3/5)* <0.26 and C; := (4/3)CK = (4/3) x (3/4)* =
3/4. Therefore, for any n > 0, h,t > 0, 7;,2, € Z, we have

2]
P('NZ(ZhZZ) —fZ(Zl)fZ(Zz)| <0.1h% + I) >1-2exp < - [n/2] >,

0.26h2 + 0.75h%t

Assumption 5 is satisfied with fz i, = ¢(1)/(1 — 2®(-1)) > 0.35, so that we can apply
Corollary 1. Therefore, the estimator 6(z;,z,) exists with probability greater than 1 —

3 (n—-1)h?(0.35-0.1h2)’ . e
2exp< s ax(0s0n) | - Note that this probability is greater than 0.99 as soon as n >

3(0.52+ 1.5 (0.35—0.1h%)) / (h*(0.35 — 0.1h%)*). For example, with h = 0.2, it means that the
estimator 0(z;,z,) exists with a probability greater than 99% as soon as n is greater than 651.

We list below other possible examples of applications. Conditional moments constitute also
a natural class of U-statistics. They include the conditional variance (px = 1, k = 2, g(X3,X;) =
X12 — X - X;) and the conditional covariance (px = 2,k = 2,8(X1,X;5) := X711 X X12 — X1.1 X X32).
The conditional variance gives information about the volatility of X given the variable Z. Con-
ditional covariances can be used to describe how the dependence moves as a function of the
conditioning variables Z. Higher-order conditional moments (skewness, kurtosis, and so on) can
also be estimated by higher-order conditional U-statistics, and they described, respectively, how
the asymmetry and the behavior of the tails of X change as function of Z.
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Gini’s mean difference, an indicator of dispersion, can also be used in this framework. For-
mally, it is defined as the U-statistic with px = 1, k = 2 and g(X3, X3) := | X1 — X|. Its conditional
version describes how two variables are far away, on average, given their conditioning variables
Z. for example, X could be the income of an individual, Z could be the position of their home,
and 6(z,, z,) represents the average inequality between the income of two persons, one at point
z, and the other at point z,.

Other conditional dependence measures can also be written as conditional U-statistics, see
for example, example 1.1.7 of Korolyuk and Borovskich (1994). They show how a U-statistic of
order k = 5 can be used to estimated the dependence parameter

6= // (Fl,Z(x7y) - F1,2(x’ °°)F1,2(°°’Y)) dFl,Z(x’y)'

In our framework, we could consider a conditional version, given by

0(z1,2;) = // (F1,2|z=z(X,Y) — Fiz=2(X, 00)F1,2|z=z(00,J’)) dF1217=2(x,),

where X is of dimension px = 2.

4.2 | Simulation study: nonparametric estimation of the conditional
covariance and correlation

In this section, we consider the estimation of the conditional covariance, which is a U-statistics
for the kernel g(x;,X;) = (X1 — p#1)(2 — u2) depending on the two means y;, 4. In the conditional
case, this means that we want to estimate

CondCov(Xy, X3|Z = z) = E[(X1 — 1(2)) X (X2 — 42(2))|Z = 2], (10)

where u; := E[X;|Z = z]. Note that (10) is a regular conditional functional of order 1 if the condi-
tional means are assumed to be known. If the means are unknown, then this estimator becomes
a regular conditional functional of order 2, since

CondCov(X;, X»|Z = z) = E[X,X,|Z = z] - E[X1|Z = z]E[X,|Z = z]

(11)
=E[X1.:X01 — X1,1X02|Z0 =7, = 7],

for two i.i.d. replications (X31,X12, Z1), (X21,X22, Z,) of (X1,X5, Z). These two representations of
the conditional covariance naturally correspond to two kernel-based estimators: one is a condi-
tional U-statistic of order 1 that assumes the knowledge of the true conditional mean while the
second is a conditional U-statistics of order 2.

The conditional correlation between X; and X, given Z = z can then be defined as

CondCov(X7,X,|Z = z)

CondCorr(X:,X5|Z = z) := .
\/COIldCOV(Xl,X1|Z = z)CondCov(X;,X;|Z = z)

This also gives two possible estimators for the conditional correlation: one which in which the
conditional covariances are replaced by the corresponding conditional U-statistics of order 1 and
another one for which the conditional covariances are replaced by conditional U-statistics of
order 2.
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In the first experiment, we choose Z univariate and uniform on the interval [0, 1]. We choose
(X1,X5) given Z = z following a Gaussian distribution with means p;(z), #2(z), SD sd1(z), sd2(z)
and correlation p(z). We fix p,(z) = 0 and sd,(z) while we will change the conditional parameters
u1,sd; and p. The performance of these estimators are evaluated by their integrated mean squared
error (IMSE), defined by:

~ ~ 2
IMSE(®) = / E [(e(z)—e*(z)) ]dz,

Zz

when the true (conditional) parameter is * and the estimator is 6. We will denote by 0 the
estimator of the conditional covariance or conditional correlation that depends on the knowledge
of the conditional mean (using Equation 10). Similarly, we will denote by 8 the estimator of the
conditional covariance or conditional correlation that does not depend on the knowledge of the
conditional mean (using Equation 11). This notation ensures that 0® is based on U-statistics of
order k, fork =1, 2.

It would seem natural to conjecture that 82 would have better performance than @ it
uses some already available knowledge, and is a U-statistics of lower order. Surprisingly and
counter-intuitively, this is far from being true. In Figure Al, the IMSE of the competing estima-
tors are displayed. For the covariance, it seems that the estimator that uses a U-statistic of order 2
achieves a better performance than the one that uses a U-statistic of order 1. For the correlation,
the situation appears to be different, and the performance of both estimators seems rather close.

To confirm these findings, Figure A2 displays the ratio between the IMSE of the two estima-
tors. In each situation, the estimator of the conditional covariance based on (11) is more efficient
than the one that uses the knowledge of the true conditional mean. Such a situation can be related
to the findings of Genest and Segers (2010) who showed that for some copula models, estima-
tion of the marginal distributions (seen as nuisance parameters) leads to an improved efficiency
compared to using the true values. On the contrary, for estimating the conditional correlation, it
seems that knowing the true conditional mean may improve the estimation. Finally, this effect
does not seem to disappear when increasing the sample size.

4.3 | Simulation study: estimation of the covariance regression

In this section, we continue to study the same model, but choosing sd;(z) = sd,(z) =1 and
1>(2) = 0. We choose p(z) = 0.1 + 0.8 X z, so that CondCov(X;, X,|Z = z) = 0.1 + 0.8 X z. We then
estimate the model

CondCov(X1,X3|Z =2) = o+ p1 X2,

using Algorithm 1. Depending on whether we use the U-statistic (10) or (11), we obtain two dif-
ferent conditional U-statistic estimators (ﬂAél) s ﬁA(lD) and (Aéz), ,HA(IZ)). The mean squared error of both
estimators are displayed as a function of the bandwidth h in Figure A3.

We find that, in all scenarios, the estimator Aéz) using the best bandwidth & has the a lower
mean square-error than the estimator [3})1) (which uses the knowledge of the true conditional
mean). Surprisingly, the situation is different for the estimation of f; and the optimal bandwidth
for both estimators is the same, and furthermore leads to the same MSE. These findings happened

for all considered sample sizes.

85UB017 SUOWILIOD BAIERID 3|qedl|dde ay) Aq peusenob afe sajpiie O ‘8sn 4O S3|nJ 0} AR1G1IT8UIIUO AB]IM UO (SUOTPUOD-PUE-SWIRIALID A8 | IM"ARIq 1 Ul UO//SANY) SUORIPUOD PuUe SWiB | 8U} 885 *[7202/60/60] U ARiq1Tauliuo A|IM ‘BRa AISBAIUN RI1UYR L AQ 0SEZT URIS/TTTT 0T/I0pALI0D A8 M ArIq1juluO//SdnY Woiy peapeojumod ‘0 ‘7.S6.97T



14 Wl LEY DERUMIGNY

FUNDING INFORMATION
Labex Ecodec, French Agence Nationale de la Recherche, Grant: ANR-11-LABEX-0047.

ACKNOWLEDGMENTS

The author thanks Professor Jean-David Fermanian for helpful comments and discussions on
an earlier draft. The author also thanks the Associate Editor and the reviewer, whose comments
helped to significantly increase the readability of this article.

DATA AVAILABILITY STATEMENT
The data that support the findings of this study are available from the corresponding author upon
reasonable request.

ORCID
Alexis Derumigny ‘© https://orcid.org/0000-0002-6163-8097

REFERENCES

Bellec, P. C., Lecué, G., & Tsybakov, A. B. (2018). Slope meets lasso: Improved oracle bounds and optimality. The
Annals of Statistics, 46(6B), 3603-3642.

Bickel, P. J., Ritov, Y., & Tsybakov, A. B. (2009). Simultaneous analysis of lasso and Dantzig selector. The Annals of
Statistics, 37(4), 1705-1732.

Derumigny, A., & Fermanian, J. D. (2019). On kernel-based estimation of conditional Kendall’s tau: Finite-distance
bounds and asymptotic behavior. Dependence Modeling, 7(1), 292-321.

Derumigny, A., & Fermanian, J. D. (2020). On Kendall’s regression. Journal of Multivariate Analysis, 178, 104610.

Dony, J., & Mason, D. M. (2008). Uniform in bandwidth consistency of conditional U-statistics. Bernoulli, 14(4),
1108-1133.

Genest, C., & Segers, J. (2010). On the covariance of the asymptotic empirical copula process. Journal of Multivariate
Analysis, 101(8), 1837-1845.

Hoeffding, W. (1948). A class of statistics with asymptotically normal distribution. The Annals of Mathematical
Statistics, 19(3), 293-325.

Hoeffding, W. (1963). Probability inequalities for sums of bounded random variables. Journal of the American
Statistical Association, 58(301), 13-30.

Korolyuk, V. S., & Borovskich, Y. V. (1994). Theory of U-statistics. Dordrecht: Springer.

Kowalski, J., & Tu, X. M. (2008). Modern applied U-statistics (Vol. 714). Hoboken, New Jersey: John Wiley & Sons.

Serfling, R. J. (1980). Approximation theorems of mathematical statistics. New York: John Wiley & Sons.

Stute, W. (1991). Conditional U-statistics. The Annals of Probability, 19(2), 812-825.

van de Geer, S. A., & Biihlmann, P. (2009). On the conditions used to prove oracle results for the lasso. Electronic
Journal of Statistics, 3, 1360-1392.

Zou, H. (2006). The adaptive lasso and its oracle properties. Journal of the American Statistical Association,
101(476), 1418-1429.

How to cite this article: Derumigny, A. (2024). Estimation of a regular conditional
functional by conditional U-statistic regression. Statistica Neerlandica, 1-41. https://doi
.0rg/10.1111/stan.12350

85UB017 SUOWILIOD BAIERID 3|qedl|dde ay) Aq peusenob afe sajpiie O ‘8sn 4O S3|nJ 0} AR1G1IT8UIIUO AB]IM UO (SUOTPUOD-PUE-SWIRIALID A8 | IM"ARIq 1 Ul UO//SANY) SUORIPUOD PuUe SWiB | 8U} 885 *[7202/60/60] U ARiq1Tauliuo A|IM ‘BRa AISBAIUN RI1UYR L AQ 0SEZT URIS/TTTT 0T/I0pALI0D A8 M ArIq1juluO//SdnY Woiy peapeojumod ‘0 ‘7.S6.97T


https://orcid.org/0000-0002-6163-8097
https://orcid.org/0000-0002-6163-8097
https://doi.org/10.1111/stan.12350
https://doi.org/10.1111/stan.12350
https://doi.org/10.1111/stan.12350

DERUMIGNY

APPENDIX A. FIGURES

Estimated cond. mean True cond. mean

Integrated mean square error

FIGURE Al Integrated mean square error of the estimators of the conditional covariance and of the
conditional correlation, without and with knowledge of the true conditional mean, for a sample size n = 200 and

for different data-generating processes.
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APPENDIX B. NOTATIONS

In the proofs, we will use the following shortcut notation. First, x;.; denotes the k-tuple
(X1, ... ,Xx) € Xk Similarly, for a function ¢, 6(1 : k) denotes the tuple (o(1), ... ,o(k)), and
Xsa:k is the k-tuple (Xsq), ... ,Xsk)). For any variable Y and any collection of given points
(21, ... zx), the conditional expectation E[Y|Z;.; = z;.¢] denotes E[Y|Z; =z, ... ,Zx = z¢]. We
denote by [ ¢(z1.1)dz;:, the integral [ ¢(zi, ... ,zc)dz; - --dz; for any integrable function
¢ : R > R, and by [ g(x1:0)du® (x1.x) the integral [ g(z1, ... ,z)du(x;) ... du(x) for any
p-integrable function g : X* — R.

APPENDIX C. ASYMPTOTIC RESULTS FOR 6

The estimator O(zy, ... , z;) has been first studied by Stute, 1991. He proved the consistency and
the asymptotic normality of é(zl, ..., Z). We recall his results.

Assumption 10.

i h, - 0and nhl — o;
ii K(z)> Ckilyp_<c,,) forsome Cx;, Ck, > 0;
iii there existsadecreasing function H : R, — R, and positive constants ¢y, ¢, such
that H(t)=o0(t™!) and c1H(|z|«) < K(z) < ¢;H(|Z| o).
Proposition 3 (Consistency of §, theorem 2 in Stute, 1991). Under Assumption 10,
for P?k-almost all (z1, ... ,zZv),

A P
0z, ... ,zK) — 021, ... ,ZK) asn — co.

We introduce now a few more notations to state the asymptotic normality of §. For 1 < j,I, m <
kand zi, ...,z € Z3, define

9j’1(Z1, ,Zk) = ]E[g(Xl, ,Xj_l,X,Xj+1, ,Xk)g(Xk+1, ,Xk+l—1,X,Xk+l+1, ,sz)
Z=2z;Zi=2z.Vi=1, ... ki) Zi=2z,Vi=1, ... ki#l|,

0i0(z1, ... . Zo) = E[gXy, - X, X Xir, o X8 Kkt oo Xiewt—1, X Xewtats - - Xak)
|Z=2;Z=2z,Vi=1,..,2ki¢& {jk+1}].

Oim(z1, ... Z3) 1= E[gXy, ... X, X X, o0 X0)
EXit1s - > Kiti=1> X K415 -+ » X2k)8Xokt1s -+ s Xoktm—1> X Xok+m+1s -+ » X3k)
|Z=2;Z =2,Yi=1, .. ,3ki¢& {j.k+12k+m}|.

(C1)

Assumption 11.

i h, - 0andnh! - ;
ii K is symmetric at 0, bounded and compactly supported;
iii #;;is continuous at (z,, ... ,z) forall1 <j,I < k;
1. 6 is two times continuously differentiable in a neighborhood of (z1, ... , Z);
iv 6, is bounded in a neighborhood of (z1, ... ,z,z1, ... , 2k, 21, ... ,Z}) € Z3k for
alll1 <j,lLm<k;
v fz is twice differentiable in neighborhoods of z;,1 <i < k.
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Proposition 4 (Asymptotic normality of 8, corollary 2.4 in Stute (1991)). Under
Assumption 11, we have

VR (6@, . 20— 0z, .. . 20) — N (O, ),

. k
where p* 1= Y1 Lig=g) (01421, - »20) = 071, - ,20)) |IKI[3/f2(%))-
Moreover, let N be a positive integer, and (z(ll), ,z](cl), ,z(lN), ,zI(CN)) e

ZPN. Then under similar regularity —conditions, +/nhb (0(z(l) ,zf{l))

H(z(l) ,zk))) _ L N(0,H), where, for 1 <j,] <N,

[H]jj . Z]l (1) (é <Z(1]), ,zg),z(ll), ,Zg)>
Jl=1 ]
7 K|
() 6} () 0] ” 2
0<z1 T ¢ )9<z1 R )>—(/>
fz(zj >

Note that the second part of Proposition 4 above is a consequence of the first one.

Indeed, for every (cy, ... ,cy) € RN, we can define 6 (zgl), e S), ,z(lN), ,z}j“) =

ZQ ICCG(Z(Q ,zg)) and corresponding versions of g, § and p?. Finally, the conclusion follows
from the Cramér-Wold device.

APPENDIX D. FINITE DISTANCE PROOFS FOR § AND ﬁ
For convenience, we recall Berk’s (1970) inequality (see theorem A in (Serfling, 1980, p. 201)).
Note that, if m = 1, this reduces to Bernstein’s inequality.

Lemma 3. Letk >0,n >k, X, ... ,X, i.id random vectors with values in a measur-
able space X and g : X* — [a, b] be a real bounded function. Set 6 := E[g(X;.,)] and
2 .= Var[g(Xy:x)]. Then, forany t > 0,

[n/k]e?
( ) 2, &(Xoain) —0 2 1] <exp ‘202+(2/3)(b—6)t>’

D'EST

where Sy, is the set of injective functions from {1, ... ,k} to {1, ... ,n} and S]T{n is the
subset of Sy, made of increasing functions.

Note that g does not need to be symmetric for this bound to hold. Indeed, if g is not sym-
metric, we can nonetheless apply this lemma to the symmetrized version g defined as g(x;.x) :=
(kH™! Zo—eskk 8(X,(1:1)), and we get the result.

D.1 Proof of Lemma 1
We will actually show the result under the following weaker assumption.
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20 Wl LEY DERUMIGNY

Assumption 12. f; is a-times continuously differentiable on Z and there exists a
finite constant Cx , such that, for all z;, ... z,

/|K(u1)"'K(uk)| 2 <m(f:k>

my+-+m=a
amlfz

k p
T0 S s ey, | sup | —222 —
=11 gy =1 i, <j

m;

sup (zi + twy)|duy ... dug < Ckgq

IE[O 1]

where ( “
m

1:k

) =al/ (Hle(mi!)) is the multinomial coefficient.

Indeed, Assumption 3 implies that

k
/|K(u1)...K(uk)| D (m(fk>H
. i=1

my++m=a

p .
o™
Ui ... Ui | sup —fz(zi+tui) du; ... duy
J1 Jm; 0Z; 0Z;
jl""ijmizl telo.1] oo Im;
<ck /)K(ul) K(uk)‘ ( >H 2 |ulJ1 uiJMi’dul .. duy
my+-+m=a Mk i=1j,, Jm =1

= Cj]‘f,a Z <m1 k>H Z 1'/|K(ui)Hl/liJ1 uiJmi|du1 ... duy

my+-+m=a

g, ¥ () 3 cn

my+--+m=a i=1j,. Jm =1

k ok
< C CKmt

kll

where in the last line, we use the multinomial theorem. The proof is complete by proving the
following result.

Lemma 4. Under Assumptions 2, 4, and 12, we have for any t > 0,

[n/kle*
LA il G erron e rowy B

where C; 1= 2f§’maX||K| 2, and C; := (4/3)Ck and | K| := [ K2

]P’<|Nk(Z1, 5B — HfZ(zl)|
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We decompose the quantity to bound into a stochastic part and a bias as follows:

k k
Ni(z1:6) — [ [fa(z) = Ni(@1.1) = EINk(z1.0]) + <1E[Nk(z1;k>] - Hfz(zi)> :
i=1 i=1

We first bound the bias.

E [Nk(z1:10] = ﬁfz(zi)‘ = ‘E[<Z>_l Z
i=1

= | / (HfZ(Zi + hw;) — Hfz(zi)) HK(ui)dui'
i=1 i1 e

k
= / (¢20(1) = ¢a®) [ TR @),
i=1

K (Zow) — zi) ] = | fz(z)

k
=1 i

k
=1

where ¢4 (t) := Hj].;lfz (zi + thuj) for t € [-1, 1]. Note that this function has at least the same
regularity as fz, so it is a-differentiable, and by a Taylor-Lagrange expansion, we get

a—1
[ENGz1:01 - Tz @) = | fuw (Z}—@S,L(O) + 54»2‘,‘&(&,“)) I K(u)du, .
i=1

For [ > 0, we have

K oM i h i
o= ¥ < . )H Gl +h0D)

my+-+my =l Mk /2

= 2 < * >ﬁ i hmiuw e Ui &(zi+tzuhui),
ma )iy, G "oz, - 05, :

my+-+my =l

where (m"‘ ) =al/ (Hle(mi!)> is the multinomial coefficient. Using Assumption 2, for every
1:k

i=1,..,a—1, we get /K(ul) K(uk)¢(zi’)u(0)du1 ... duy = 0. Therefore, only the last term
remains and we have

CKU a
al h?,

[EN(z1:01 - TTfe@| = | [ (St ) T K@)du| <

using Assumption 12.
Second, we bound the stochastic part. We have

Ni(z1:) = E[Nk(z1:0] = “20 N TTL Ky (Zow — i) — [Tz BIKn (Zi — 20)].

!
O-G‘Sk,n
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Then, we can apply Lemma 3 to the function g defined by g(Z, ... ,Z) := HleKh (Z; — z;). Here,
we have b = —a = h™*C¥ and

var [g(Zy, ... , Z)?] <E[g@i, ... ,Zv)?] = [, [Kn(Zi — 2] < hHefy KIS

Finally, we get

-1
n _ _ [n/k]E?
P((k) Ni(@1:0) = ElN(Z1:0] 2 t) < exp ( zh—knf;maxnm|§k+(4/3>h—kpc,’;z) ’
|

D.2 Proof of Proposition 2
As in the previous section, we will prove a more general results, under more sophisticated but
weaker assumptions.

Assumption 13. There exists a measure u on (X, .A) such that Px is absolutely
continuous with respect to 4 ® Leb,, where Leb, is the Lebesgue measure on RP.

Obviously, Assumption 13 is satisfied as soon as Assumption 6 is satisfied.

Assumption 14. Foreveryx € X, z — fxz(X, z) is differentiable almost everywhere
up to the order a. Moreover, there exists a finite constant Cy s, > 0, such that, for every
positive integers my, ... , my such that Zlemi =a,forevery0 <ji, ... ,jm, <P,

/H| gxi, ..., x0)—E |gXa, ... ,Xk)|Zi —z,Vi=1, .. k])

P2 gy - — 22 gy | . dues < G ﬁ
| —=F  x,zi+uw) - —= (x;,Z xq) ... X)) < 1wl
aZjl oz is Li i aZj aszi i i | H(X1 H Xy gf> i=1| l’oo

]mi 1

for every choices of x,...,x,€X and 2z, ...,z €Z,uy, ..., 0 E
RP such that z;+u; € Z. There exists a constant C;w such that

n k P k '
Zm1+~~~+mk:a <m1:k ) / Hi=1K(ui)zjl,...,jmi=lui=jl uiJMiHi:1|ui|oodu1 e duk < CK,a

Lemma 5. Assume that Assumptions 6-8 are satisfied. Then Assumption 14 is satisfied
too.

Proof of Lemma 5. Using successively the fact that g is bounded, Taylor’s inequality,
we obtain

/H| g, ... %) —E [g(Xl, oXlz=zvi=1, ... k])

oMifx. ™ifx,
| e ez ) — e (x,20) | [duCx0) - du(xe)
dzjl .. aiji dzjl aiji

- 0%, 0z, ... 0%,

1

k
d"ify, d"ify,
< Cg/H)(ﬁ (X, z; + W) — —XZ] (Xi,Zi)>‘dll(X1) e du(Xe)
i=1 1 .

< CiCY, / H|ul|mdu(x1> - dp(xy) = CECE il
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since y is a probability measure. The second part of Assumption 14 is a consequence
of the second part of Assumption 7 and the fact that |u;|, < |u;l;. [

An easy situation is the case when g is bounded, that is, when Assumption 8 holds. When g
is not bounded, a weaker result can still be proved under a “conditional Bernstein” assumption.
This assumption will help us to control the tail behavior of g so that exponential concentration
bounds are available.

Assumption 15 (conditional ~ Bernstein  assumption). There exists
a positive constant B, such that for all [>1 and z, ...,z € R,
E [|g(X1, ,Xk)|l |20 =21, . Ze =z <B.

To obtain tighter bounds, we will use the notation By, := B,(Z1, ... ,Z) to denote a positive
number such that E [’g(Xl, ,Xk)|l |21 =21, ..., Ly =7 | < By(zy, ... ,zi)'1. Therefore, it is
enough to prove the following result.

Proposition 5 (Exponential bound for the estimator 9(z1, ... ,Zk), with fixed

21, ... Zx € ZK). Assume either Assumption 8 or the weaker Assumption 15. Under
Assumptions 2,4, 5,12, 13, and 14, forevery t,t' > 0such that Cx ,h*/a! + t < fzmin/2,
we have

P (|6 ... 20 = 6@, ... 20| < 1+ C3h" + Caty x (Csh* + 1))

[n/k]t2hkp [n/k]t’>nkp
>1-2exp|————— ) -2exp| —————— ],
Cl + C2t C6 + C7t/

where Cy = 4fy  f2 Cra/al,Ca 1= 4fy  f2% and Cs := CopoCy Jrb. /al.
If Assumption 8 is satisfied, the result holds with the following values: Cgs :=
2C§f"m me| K112, C7 1= (8/3)CK Ckumm in the case of Assumption 15, the result
holds with the followmg alternative values: Cg :=128(Bg, + B ) CElf ., Cri=
2 (Bg,z +B ) CIk( Z,min"

We have the following decomposition

10(z1:1) — 0(z1:1)]

|Nk(zl 07 (n k) Z HKh o) — Zi) (g(Xa(lzk)) -E [g(Xlzk)|lek = Z1:k]> ’

0€S,, i=1
l‘c i —K)! k K Zai — 4
= N’(l;[zllz’le(z, ;k) . |(n n!k)' ; g—h (fZ((z)z) ? ) (g(Xg(lzk)) -E [g(Xl:k)|lek = Z1:k]> ’

Hf=1fZ(Zi) ‘ Z s,

" Ni(zi, ... ,Zk)

€Sy,

The conclusion will follow from the next three lemmas, where we will bound separately
Hl Jfz/Nk, the bias term | Zae s, and the stochastic component | > Ss = E[S,] |

S
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Lemma 6 (Bound for Hlefz(zi) /Ni). Under Assumptions 2, 4, 5, and 12, and if for

somet > 0, Cx h*/a! +t < ff . /2, we have

1 1 4 Cgoh®
P _ ,
(’Nk(ZI:k) Hf:le(zi)| = 2k ( al * t))

Z,min

n/k]t?
21-2exp| — —kprk 2k —kprk g |’
2hkefk K| 2+ (4/3)h-kClt

and on the same event, Ny(z;:x) is strictly positive and

Hl'ilfz(zi) 4f§max (CK(xhu )
= < - - .
Ni@:0 1+ fzz,lfmn al +t

Proof. Using the mean value inequality for the function x — 1/x, we get

1
)Nk(zlk) H f(z)‘ N2

‘Nk(zl k) — Hfz(z )’

where N, lies between Ny (z;:,) and Hle fz(z;). By Lemma 1, we get

<’Nk<zl - Hfz(z )<<

+t]>1-2exp [n/ k1
- 2ntofk NIK2E + (4/3)h R Cht '

On this event, |Nk(z1.k)—Hf 1fz(zl-)| < (I/Z)Hlefz(zi) by assumption, so that

7 min/2 < Ni(z1:x). We have also f; . /2 < [T fz(z). Thus, we have Sy min/2 < Na.
Combining the previous inequalities, we finally get
1 Ck oh®
Ni(z1:4) - Hfz(zl) < ( “ t) :
|Nk(Z1 N | Y (z)‘ N2| | zﬂinm a!
| |

Now, we provide a bound on the bias.

Lemma 7. Under Assumptions 2 and 14, we have

< CeraCrah™ /(f§

rmn "

Proof. We remark that

0= / (g(xlzk) -E [g(XI:k))lek = Zl:k] )leZ:zl(Xl)' < fx(zmz, (XA (X1 :10)

= / (g(xlzw—E[g(Xl:k))zl;k=zlzk])fX*Z(Xl’zli'"fX’Z(X"’Z")dﬂk(xl;k).
Hizlfz(zi)

(D1)
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We have

Kn(Zsy — 21) - - - Kn(Zoy — 2x)
k
Hizle(Zi)

E[S,] = l (8 (%o - Xo) ~ E 10|21k = 714 )]

= / (g(xltk) -E [g(XI:k)|Zl:k = Zl:k] ) HK(ul)fx z(X;, Z; + hw;) du(x;)du;

1

k
= / (80120 — E g0 21k = 716 ) (foz (%, 2 + huy) - fo,z (. zi)>
1 =1
K@)
EJ% du(x;)du;.

We apply now the Taylor-Lagrange formula to the function

k
¢X1:k’u1:k(t) = HfX,Z (Xiv Z; + hui) 5
i=1

and get
E[S,]
g0 — E [¢0%.0 |21k = 710 (¢Xlik,ulrk<t)(1>—¢Xlzk,ulrk(t)<0))ﬁﬁ dpu(x)du,
1 f2(2i)

/ (g(xl 0—E [g(Xl k)’zl k = 21: k])

.(g]_l!d)xlik,ulzk(t)(i)(o)'i' %‘f’xl;k,ul:k(t)(“)(fx,u)) H% du(x;)du;

/ (g(Xl - E [g(X1 k)|zl k = Z1: k])

( Px,. ;. k(t)(a)(tx u)) H% du(x;)du;
/ (g(xl k) — [g(Xlzk)|Zl:k = Zl:k])

% (.10, (O D) — by, s, (D))

K(uw)
”—d x;)du;.
i= f(l) ()u
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For every real t, we have

k oM (fxz (X', Z; + htu))
(@) _ n . i» 4 i
pOm= ) ( )]} o

my+-rm=a \ K

Mifxz
= Z < >H Z h™ lulxh uid-mim(xi,z,-+htui) (DZ)

my+--+m=a =1y, =1

0Mifxz

AP ) | (TR )
my+-+m=a i=1j,, Jm =1 Zjl iji

Therefore, we get

K(u <
E[S,] = < >/H w) 2 Uij, --. Uij,,
my+-+nm=a Mk i=1

i= le(Zl)h Jmi=1

: (g(xlzk) -E [g(Xl:k)’ZI:k = Zl:k])

oM oM
(=252 gy — —2 o Vduxoduy .. duxodu,
0z, ... 0%, 0z, ... 0%,

and, using Assumption 7, this yields
Cgf,a CK’aha+k

k !
Z,mina'

Now we bound the stochastic component. We have the following equality

|3 B = [P o (Kot Zoa) s Kot Zo) |

GES cES,
with the function g defined by

g((Xl,Zl) LRI (Xk,Zk))

_Kn(Z1~z1) - Ky (Zg —
HlefZ(zi)

Zy) (g(Xl:k) -E [g(Xl:k)yzl:k = Z“k])

Ky (Zy —2,) - - Ky (Zy -

— K -
Hizle(Zi)

% (100~ [K1:0)[Zuse = 20 )]

By construction, E [((X1,Z1) , ... , Xk, Zr))| = 0. If § is bounded, we can derive an imme-

diate bound for this stochastic component. Indeed, we would have ||3||. < 4CRh™PCE/f¥ .
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WILEY——Z
Moreover, we have
. Kﬁ(zl—h)"'Kﬁ(Zk—Zk) 5
Var [§((X1,Z1) , ... , X Z)| <E e gX1, ... . X))
Hi 1fz(zi)
< Cé Z,max: lenklnh kp”KH%k‘

Therefore, we can apply Lemma 3, and we get

[n/k)t?
P S, —E[S,] | > t] < 2exp| - .
2 p< 2CE o PRI + (5/3)Ckh )

€S,

In the following Lemma 8, our goal will be to bound the stochastic component using only
Assumption 15 on the conditional moments of g.

Lemma 8. Under Assumptions 2, 5, and 15, for every t > 0, we have

tz 2k I’lkp[l’l/k]

ZSG—E[SG]>L‘ <exp| - — kam _ _
€Sy, 128(Bgz + By)"CR' + 2t (Bgs + Bg) Cify i

Proof. Using the same decomposition for U-statistics as in Hoeffding (1963), we

obtain
) Ly ey
S - S ] = — Vn,i,aa
€S, n! €S, [n/k] i=1
where
Viio 1= 8 ((Xo+(-100> Zo@si-1)) » -+ » (Xoti)» Zogiy) ) -
For any A > 0, we have
Pl > S, —EIS,1>t|<e E|exp| 4 ) S, —EIS,]
cESy , 0€S,
[ ) |
—at
< e "E| exp| Am Z (/K] ZVn,i,a
CES, i=1
1 1 [n/k] (D3)
—At *
<e Z Elexp( /Kl ZVn,i,a>]
O'EJ i=1
1 [n/k]
et L
) HE[eXp( /i >]
GGJ i=1

[n/k)
< e‘“( sup Elexp(Aln/ k]_an,i«r)]> :
€S, . i=1,....[n/k]
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Let [ > 2. Using the inequality (@ + b 4+ ¢ + d)! < 4'(a' + b' + ¢! + d), we get

Knl' (Zo
E [[Viiol] =E [[Viiol] <4 E llg(Xa(l), a(k))llH : £ (l)) )]
i=1 Z;

L4 E UE [g(X1 |21k =2 k] | Hll<hlfl(+)—2)]
i=1 i

!
HE | Ko, .. . Xo Zow ~ ‘
+4 lg(X o) (k))H fZ(Zz) ]
AT
+4' |E UE [g(Xl k)|Zl ik = Z1; k] |HJ;+)Z1)] ’ .
i=1

Using Jensen’s inequality for the function x — |x|P with the second, third, and fourth
terms, and the law of iterated expectations for the first and the third terms, we get

|Knl" (Zo) —
Za(l)s o-(k)] H : )]

E[|Vaisl] <4 -2 E |E |18Xsq), - Xow)|'
| ] [ o Sy

! £ ARl (Zo) — 21)
+4.2FE E[g(X;) Zi=zl~,‘v’i=1,...,k] -
l ‘ 1kH g fi(z)

<4 2F |(ByZi, ... .Z1) + Bz, ... ,20) I'Hl Kul' (2o ~21)
i=1 fz(zl)

wl
<42 (By+By@, .20 ) B CEL R )T K

l
< 2(4 (B + Boa) KPCK K, ) 1 HICE

where Bg, := By(z1, ... ,z). Remarking that E[V,;,] = 0 by construction of g, we
obtain
. < E [(Aln /K1 Va0 )]
Elexp(Aln/kI™ Vyio)] =1 + ; 7
<1+42C'H® Y (4AIn/K1™ (Bys + By) K CEfE
=2

Z,min

(4300/K1 (Bgs + By) hoClfy )2

<1+2ChM .

1- 4i[n/k]_l (Bg,z + B ) h- kpclk< Z,min

3222[n/k] 7 (Bys + By) heC21 2%
1—4A[n/k]™" (B, + Bg) h o Clf*

Z,min

<exp

s
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where the last statement follows from the inequality 1 + x < exp(x). Combining the
latter bound with Equation (D3), we get

3242(B,,+B,) C¥!
P Z Se —E[Ss] >t < exp(—ﬂt+ 425,75 )" (D4)
o€y, ' ’ ’

Remarking that the right-hand side term inside the exponential is of the form —At +

2
%, we choose the value
tb 3 /K]
/1* = = PN PN (DS)
2a+te 64(B,,+B,) CZ +z(Bg’z+Bg)CKfvain
22 2 . .
such that —A.t+ & —__fh_ —L).. Therefore, the right-hand side term of
b—c4, 4a+2ct 2

Equation (D4) can be simplified, and combining this with Equation (D5), we obtain

[2 2k hkp[n/k]

Z,min

Pl > S, —E[S,]> t|<exp|-

~ \2 — -
€S n 128(Bg-z + Bg) C?{k ! +2t (Bg,z + Bg) CIk( é{,min

D.3 Proof of Theorem 1
By Proposition 2, for every t;, f, > 0 such that Cx h*/a! + t < fz.min/2, We have

P (10z1, ... ,zk) — 0(z1, ... ,z1)| < (1 + C3h* + Caty) X (Csh** + 1))
n/k)t2hke [n/k]t2hkp
Zl_Zexp _[/# _2exp _/—2 s
C1 + Cztl C6 + C7t2

We apply this proposition to every k-tuple (z ) where ¢ € Sy,v. Combining it with

!/ z/
c(1)’ "7 > Tok)
Assumption 9, we get

P <sqp|gi,n| < Cy (14 C3h™ + Caty) X (Csh* + t2)>

Ryed 21k 27k
: [n/KI2H [n/k12hk?
>1-2 _ _
- l:zl lexp < Ci+ Gy +exp Ces + Citp ’

Choosing t; := fz.min/4 and using the bound (7) on h, we get

. | .
P (sup|e:i,n| <Cy (1 + cji“c“““' + c4fz’;‘““> X (Cshk* + t2)>
i

K,a

[Siw | [l’l/klfz ke [l’l/k]tzhkp
Z,min 2
>1-2 E - - .
- lexp < 16C; + 4C2fz,min> +exp ( Ce + City >]

i=1
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Choosing t, = t/(2Cg) =t/ <2C,,,CAr (1 + Cg% + C4sz’""”>>, and using the bound (7) on h?,
K.a

we get

|$k<n’ |

[/ K1z i [n/kIPH
P <S?p|§i,n| < t/CW> >1-2 ; [exp <_16Cl+4szz,mm + exp <_—4C§CG+ZCSC7t) .

This gives the values of Cs, and C;,. Note that, if Assumption 8 is satisfied, the result
holds with Cs, and C;, constant, respectively to C¢ and C; defined in Proposition 5. In
the case of Assumption 15, the result holds with the following alternative values: Cs, :=

2
’ ! D 2k £—2k . / ! > k £—k
128<Bg(z6(1), ,zg(k)) + Bg> CKfZ,rnin and C7, :=2 (Bg(zg(l), ,za(k)) + Bg> Cx Zmin®

On the same event, we have max;_; .
results from the following lemma.

%E?:llzi,zjéi,”' < t, by Assumption 9. The conclusion

Lemma 9 (From Derumigny and Fermanian, 2020, lemma 25). Assume that
%ZI’LZ{ in,n < t, for some t > 0, that the assumption RE(s, 3) is satisfied,
and that the tuning parameter is given by A = yt, with y > 4. Then, ||Z'(f — p*)|| <
Ay + Dt /s 42/9(y 4 1)ts1/9
(s, 3) k2(s, 3)

maXj=1,... ps

and | — p*|q < ,forevery1 < g <2.

APPENDIX E. PROOF OF THEOREM 6

We detail the assumption which we will use to prove Theorem 6.

Assumption 16.

(i) The support of the kernel K(-) is included into [—1, 1]P. Moreover, for all n, n’ and
every (i,j) € {1, ... ,n'}?,i # j, we have |z] — z]f|oo > 2R .

(i) () n’(nhﬁ;‘,‘“ +he, + hﬁ,nr + (nhﬁyn,)‘l) -0, (b) duw® n hi,nr)l/z -0, (c)

n' n hfl,n’ — o and n hf:f,“_e/ln n’ — oo for some e € [0, 2a|.

(iii) The distribution P, v 1= |Skw |1 Y 2, weakly converges as n’ —
oo, to a distribution P, ; ., on R, There exists a distribution P, ., on R, with
a density f . with respect to the p-dimensional Lebesgue measure such that
Py oo = PEE .

(iv) The matrix Vy := [ y(z}, ... 2)W(z}, ... ) fo.(Z) ... fr.o(z)dZ] ... dz; is
nonsingular.

(v) A(-) is two times continuously differentiable. Let 7 be the range of 6, from Z*
toward R. On an open neighborhood of 7, the second derivative of A(-) is bounded
by a constant Cy».

(vi) Several integrals exist and are finite, including

Oy
665;{1"/ (zg(l)s---v

7, :=/0(z’1, o 2N (O (2 Z)) W (2 ... 2

fr.00(Z1) - - frr.o(2Zk) dz; - - - dzyc and
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[IK|13
S 1= fz(z,jg(xl,xz, X8 (XY V)
A (0, ....z))w (Z,. ... .2}) w(z). ... ,z;{)T
k
X fx|z=z (X1) dM(X1)dM(Z’1)HfX|z=z; (Yfxiz=z (X)fz 00 () dp(X)du(y;)dz;.
i=2

Define ¥, = (nxn' X hﬁ,n,)l/z, u = Fuw(f— B and W = Fopw (e — B, so that

B = B* + Oy [Fow. We define for every u € R?,

_Z?n,n’ T
Fpw() = IS Z émny,(z:y(l)’ ’Z:r(k)> u

k’n" ‘7e5k,n’
. N2 (E1)
/ / =2 * u *
+ S| Z {W(Za(l)’ ’Za(k)> u} +An*n/rn,n’< p+ P 1B |1>7
k.n €S nn i1

and we obtain 0, ,, = arg mingegre Fy (1) applying Lemma 9.

Lemma 10. Under the same assumptions as in Theorem 6,

P
Tl = c'n’n
|‘5k,n’|

D
Z EonW <z;.(1), ,Z;(k)> — N(O, V5).
CES
This lemma is proved in E.1. It will help to control the first term of Equation (E1), which is
simply —2T]u.
Concerning the second term of Equation (E1), using Assumption 16(iii), we have for every
u e R

2
1 !’ ! T
1Sk | ) {"’<fo<1>’ ’Z«f<k>) v

S

M 6eG (E2)
N / (w(z), ... ,z;c)Tu)zfz,,oo(z'l) o fro(zy) dZ) ... dz; .

This has to be read as a convergence of a sequence of real numbers indexed by u, because the
design points z; are deterministic. We also have, for any u € R”" and when n is large enough,

p*+ B

1

'y

p/
[u;] u . .
=2 ( ~Lig=0) + ——sign(B) 1520 ) -
i=1 n,n’

'nn

Therefore, by Assumption 16(ii)(b), for every u € R,

B+ =

Pt

> - 0, (E3)

52
j'n,n’r,,l,,,,/ ( - ﬂ* 1

1

when (n, n’) tends to the infinity. Combining Lemma 10 and Equations (E1)-(E3), and defining
the function F, o, by

Foo(u) := ZWTu+/ (w(z], ... ,z;()Tu)zfzrgco(z’l) o fre(z) dzy ... dz;,
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where u € R" and W ~ N'(0, V»), we obtain that every finite-dimensional margin of F,, ,, weakly
converges to the corresponding margin of F, .. Now, applying the convexity lemma, we get

D
Uy — Ue 00, Where uy, o = arg mgﬂﬁ“m,m(u).
uclR”

Since F, (u) is a continuously differentiable convex function, apply the first-order condition
VF .0 (@) = 0, which yields

2W + 2/ Yz, . 2], .. Z) Ve wfr0(Z)) .. fr.w(2Z)) dZ) ... dz) = 0.

As a consequence Ug, = =V W ~ N(0, V), using Assumption 16(iv). We finally obtain
A D .
Faw (Buw — B*) — N (0, V), as claimed. u

E.1 Proof of Lemma 10
Using a Taylor expansion yields

rnn’ ’
|f\5kn/ Z fon‘I/< 0-(1)7 ’zo'(k)>

GE\S n'

_ ?"’n' A ' ' ' ’ '
= S 2 <A <0 (Za(l)’ ,zg(k)>> - A (9 <z5(l), ,zﬁ(k)>>) 1174 (za(l), ,zg(k))
el

kn'

T, + Ts,

where the main term is

. P ’ ’ ’ A ’
T = — Z A <9 (Zuu)’ ,za(k)>) (9( Z,q) - ,za(k))
I‘sk,n’ I ceS
kn!
’ ’ ’ ’
0ty ) W (7).

and the remainder is

2
nn’ N / / / / /
I«sknrl 2 a3 (0( Z, ) e ,zg(k)> —0(20(1), ,zu(k))) W<Za(1)’ ,zg(k)>,

Jesk n

with Vo € Sk, |a35] < Cpr/2, by Assumption 16(v).

/ ! ’ 3
Let us define y, := A <0 ( ) ,zg(k)>) 1174 (zg(l), ,za(k)) , for every o € S . Using
the definition (2), we rewrite T, := T, + Ts where

k ’
T, : rnn’ Z Z Hi:lKh <Z€(i)_zg(i)>
4 .
1Sl 1Skl

k
GE\Sk /§€Jkn Hl'zlfz(z;(i))

<g (Xg(l), ,Xg(k)) -0 <Z;(1), ’Z;-(k))>Wa’
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o o ’ ’ ’
Ty = e > Y] IKh< 0 — a(i)> (g(xm), o Xow) —0<z5(1), ,zg(k)>>
~Sk,n Sk.n

CES W GESy, 1=

1 _ 1 _
.z ) k y ’
o Zowy)  Tlicafa(Z) )

Nk(Z

. . . . k .
To lighten the notations, we will define K, . := [[,_;Kx (Zg(i) -z (i)> L8 =8 (Xeays - Xew) s

. ’ ’ . o ’ . ’ ’ ~
0, :=0 <z6(1), ,zg(k)) Jzo = Hi:1fZ(z,,(i))’ and N, '_Nk(za(l)’ ,zg(k)), forevery o € Sy
and ¢ € Sy, so that

'nw —
Ty i = —X—— ) Wes
B |sk,n|6€§ 2 Ty, & 0) (E4)
Frp 1 1\
Ts i= ———— Kd o 5 = Y.
S T ] & 2 Ko (g )<Ng fzr,6> (ES)

O'Edk /ge‘sk

Using a-order limited expansions, we get

, Hf:lKh Z — Z; i k
E[T4] = o Z / f< ( )> (8 (X1:k) — 05) HfX,Z(Xi» 2:)du®*(x,.1)dz; .k
Sin! Zo i=1

|‘5kn’|ge

|Z:::, / Hz K () (g X1:k) — 6 )foz(xl, o) + ht)dpu®*(x, ) dt

(E6)

?n n’hka i= 1) a %
/H - (8 (X1:0) — a)Hd(Z)fX,Z(Xi’zo(i))dll®k(xl:k)dt1:k

|‘Skn | i—1

=0 (mwh’“’) = 0 ((nxn X RK2) = o(1),
where above, z;k denote some vectors in R? such that |zlf - z;k | <1, depending on zlf and x;. We
can therefore use the centered version of T4, defined as

o
T, - E[Ty]]= ——— 5.C»
Bl = giey 2 2 s

0ES . SESy

oc 1= 2 (Ko (8= 00) — [Kog (g = 00)])
Z o

Computation of the limit of the variance matrix Var[T,].
We have Var[T,] = E[T4T; ] + o(1).

Varm]zc.”—"2 Y, 2 Elgocgl 1+0(D).
|\Sk |\5k l o'oEJk rggedkn
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By independence, E[gg,ggg E] = 0 as soon as ¢ N ¢ = @, where we identify a permutation ¢ and its
image ¢({1, ... ,k}). Therefore, we get

nn'h?

Var[T. z—"”’ E[,, ]
] = e > D Elgcgl

0,6€F ) $5€Skn
SNC#D

nn'hP

n,n
" e 180, 2 & S b

o O'E\Sk /CgE"kn

cnc#d
where g, =y E [Ka,g (gg - 90)] /fz - and
A
Bosrt 1= 7 :fzf_]E KooKz (8 — 05) (g2 = 05)] -

Assume now that ¢ N ¢ is of cardinality 1, that is, there exists only one couple (j,J_') e{1,...,k}?
such that ¢(j) = ¢(j). Then,

— T
V¥
8ocrz = / (@K1 = 0) (8Kets - 2%, 5 1% Xy 10 oo - Xak) — O )
fZ’,o‘fZ’,c_r
k
: HKh <Zi - z;(i)>fX,Z(Xi, z;)du(x;)dz; - Ky, (Zj - Z/E(i)>
i=1

H Ky (Zk+i - Z;(E)>fX,Z(Xk+i: Zii ) AP (X)) dZgey
i=1, i#

'I’a'l’g

fZ(Zj /(g(Xl k) — 06 )< Xt 15 -- Xk+j I’XJ’Xk+J+1’ e Xok) — 0_)

k fxz(i,Z ;) + ht) ~ Z,) ~ Z:;(;)
. HK(tl) dM(Xi)dti -h™PK t + T
i=1 fo(2] 0'(1)

Sxz(Xici, Z/_(-_) + htiyy)

H K(teri) = dp(Xpy)dtyy

< <3 fZ(zk+i)

i=1, i#j

V/O'lllo'

= @) /(g(X1 ) — 0 )<g(xk+1, e Xy XX T e Xok) — )
: K(t f—X'Z(Xi’Z:’(”)d dt; - hPK |t —z;m %5

111 ® Jz(z) Hw )ty iF h

SxzXiyir 2 ())
H K(tk+z)f(—,d,u(xk+l)dtk+l

111#]
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By assumption, this is zero unless o(j) = EG). In this case, it can be simplified, giving

— T
lI’O‘WE
go’,g,E,E = fZ(Zj)hp /K2 / (g(xlik) - 00‘) <g(xk:2k‘;—>j) - 93)

HfX|z_z (X)) H Friz=z,, (s (i) =2 h7Pg

lll#j

o o’,jj’

where Xyokjoj T XKiet1s --- X1 X Xpyigs oo L Xok)-

Note that, if ¢ N ¢ is of cardinality strictly greater than 1, some supplementary powers of h™?
arise thanks to the repeated kernels in ¢ and ¢. As a consequence, they are of lower order and
therefore negligible. Using a-order expansions as in Equation (E6), we get sup, |g,| = O(h*?).
Thus,

/hP

~ p+2ka n,n - B
LTSI () R RS 5 YD D M o
|‘5k,n’| I\Sk,nl

CESknjj=1  Skn  6.5€S, 0. 0()=0()
S()=5(). lencl=1

|~5k |2Z Z 855

Ji=16.6€S3) v, ()= o-(])

k
- Zgjj,oo =V

Jij=1
where
! !/ / / ./KZ ’
$ijio :Z/A (0(21.0)) A <9( k: 2km>)w(zlik)"'T (zk:Zk,i»j)fz(z’.) / (80012 = 0(21.))
J
2k
(8% = 0@ 2 ) TT frizs % o @Ddutxidz;
i=1,i#k+j

In Section E.2, we will prove that T, is asymptotically Gaussian; therefore, its asymptotic variance
will be given by V5.

Now, decompose the term Ts, defined in Equation (ES5), using a Taylor expansion of the
function x —~ 1/(1 +x) at 0.

N, —fy
11 _ 1 +—1=—”2—fz’“+Tm
Ns fZ/,o fZ',c 1+ erz/ 7o
where
N, _fZ’g 2 N, _fZ’o
T75 - (1+a7 )~ <— , with |a74| < [————]|.
c fz o ° fz/yg ’ fZ',o‘
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* L wiLEY
We have therefore the decomposition Ts = —Tg + T, where
7'n,n’ No- —fz’,o_
T i= Sl - 1Senl Z Z Ko (8 = 05) —5—W¥,. (E7)
k,n’l : I‘Skn| 1S3 QES ’
&Sy n! kin Z o
rn n' J—
K, T7’ Y.
= TSl 1Bl & Ko (8= 00) Tra (E8)

GG\Sk 7 geoku
Summing up all the previous equation, we get

T) = (T4 — E[T4]) = Ts + T7 + T3 + o(1).

Afterwards, we will prove that all the remainders terms Tg, T7, and T are negligible, that is, they
tend to zero in probability. These results are respectively proved in Sections E.3, E.4, and E.5.
Combining all these elements with the asymptotic normality of T, (proved in Section E.2), we get

D .
T; — N(0, V), as claimed. [ |
E.2 Proof of the asymptotic normality of T,
Using the Héjek projection of T4, we define
T, —E[T4] = T4,1 + T4,2, where
- k
o
Tip = — 3 Y Y Elgoclc()].
Sl Sl & 5. 5
T’n n’
T4,2 = 8o.c — E[gc |g(l)]
S| (S| Zgz < f 12 :
denoting by |i the conditioning with respect to (X;, Z;), fori € {1, ... ,n}. We will show that T4

is asymptotically normal, and that T4, = o(1).

Using the fact that the (X, Z;); are i.i.d., and denoting by Id the injective function i — i, we

have

k. _
Tay = S| Z ZE [ Ko1d (8 —05)—8,

l]

€Sy =1
K S [w,
T Z ZE e Ko 1d (81d — 2064”1,
!
'\Sk,n’ O'Esk’nr i=1 Z' o

because sup, |g,| = O(hk), as proved in the previous section, hence negligible. The ay;,, for
1 <i < n, form a triangular array of i.i.d. variables. To prove the asymptotic normality of T4, it
remains to check Lyapunov’s condition, that is, we will show that Y\ | E [|a4,i’n |2°] — 0. We have

Z E[|a4,i,n|c3>o] =n E[|a4,1,n|go]
i=1

3 — _ —
_ k nrn n’ Z Y, ® v, ® Yy
WS, | 5%, , 2oz fz.0
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E[E[Ko.14(8a — 05) 11| E [Ky1a (g1 — 0.)) 11 E [Ko 14 (81a — 09)) 11]]
KT v, 0%, ®W,

- (o
2 3 7 7
n2ISkw* ., 525, J2(Z,0)f2(Zy 1)

Kh(zl Kh(zl

- z;(l)) - Z:/(l)) - Z/S(l))

: HKh g(z) Kh (Zk+l - Z/v(i))Kh (Z2k+i - z:‘)(i))
: (g(Xl-k) - 05)) (8(X1, Xks2): 2k) — 00) (8(X1, X2ks2):3l) — 0)

fez(Xi.2) "f(x-z-) & fx 2 (akeris Zokesd)
. H X, Z\ A, 4 d (Xi)dZiH X, Z\Ak+is Lk+i dll(Xk+i)de+iH X, Z\X2k+i> L2k+i dﬂ(X2k+i)dzzk+i
o'(l)) i=2 fa(z, V(l) i=2 fa(Z, 19(1)

3 — — —
k3 nn’ W0'®WV®W19

) 3 7 7
Sk | a,v,&eswfZ(Zv(l))fZ(Z@(l))

z -7 7z -7
/ h‘ZPK(t1)K<t1 T “”)K(tl I '9“)>

k
T TRR (6) K (tsi) K (tak00) (8%1:6) = 06)) (81, Keker:2k0) = 00) (€K1, Xeaker2):3k) — 09)

i=2

k
: HfX|z:z; o (Xi)dll(xi)dzinXﬂ:zL o Kt A (K1) AZ g1
i=1 i=2

k

[ IFxiz=, o K2kt ok ) A p (Xoger )bk,
i=2

where in the last equivalent, we use a change of variable from the z; to the t;, and then the
continuity of the density fx z with respect to z, because h = o(1).

Because of our assumptions, the terms of the sum for which ¢(1) # 1 or v(1) # 1 are zero.
Therefore, we get

3 -2p

' (nn'hP)3/2 1
E [las ]3] =L 0(1)=o<— —of —L ) =oq).
Z lesi S |* ov,seukn§1> V(=1 n2n'h’ (nn'he)!/2

We prove now that Ty, = o(1). Note first that, by construction, E[T,,] = 0. Computing its
variance, we get

E [T4.T},]
T
-E m D (gag Y Elen g(i)]) gz D, Elgsz[c]
k knl”  5e€S,w ¢c2€S), i=1,...k i=1,... .k
A nn’
= ot t, R 2 e
UUEJk ’ ggE\Skn
(E9)

Because of E[g, ] = 0 and by independence, the terms in the latter sum for which ¢ n¢ = @ are
zero. Otherwise, there exists ji,j, € {1, ... ,k} such that ¢(j;) = ¢(j»). If ¢ N ¢ is of cardinal 1,
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meaning that there is no other identities between elements of ¢ and ¢, then we will show that the
corresponding term is zero as well. We place ourselves in this case, assuming that [¢ N ¢| = 1, and
we get

Eloncd <E| (1~ T Bl
i=1,..

g(z)]) ol - 1:12 E 0]

=E [(gag -E [gag g(h)]) (e2.- [ 8z g(lz)])]
<[] 2l o]
<[ ] el <l ] o

Therefore, nonzero terms in Equation (E9) correspond to the case where there exists j; # ji,js4 # Jj1
such that ¢(j;) = ¢(js). Itisequivalent to |¢ N ¢| > 2. We will ignore higher-order terms, that is, the
ones for which |¢ N ¢| > 2, as they yield higher powers of #” and are therefore negligible. Finally,
Equation (E9) becomes

ol ez

As before, using change of variables and limited expansions, we can prove that

E [T42 2] # Z Z (E [go,gg;,g] - 2kE []E [go:g

0,6€S ) $5€Skn
lengl=2

nn’ T
S el = o),
TP T, L & Elemsti] =0

6,6€S v $5Skn
lgng|=2

and similarly for the other term.

E.3 Convergence of T¢ to 0
Using Equation (E7), we have T = T + Te,, Where

) Fon N, — E[N,] —_
Tep == Z Z Ko ¢ (gg - 96 —a ) =Y, (E10)
|‘sk wl |‘Sk’"|aesk W SESkn z’
rn n fZ’
Tey := K —w . El1
1Sk | - |\5kn|o_€§ ,gg{ o (8 = 0o e ’ (ELL)

We first prove that T ; = 0o(1). Using Equation (5), we have

P

Te1= "= Z Z %Km (8 —65) (Nk(zo'(l )~ E[Nk(zau k))]>

.| S
|‘Sk,n'| I‘\Sk,n| GESk.n’gesk,n Z,,o'

= o—if+ Z Z %Kﬁ,g (gg—av)

|"Sk,n’| : |\5k,n| Uesk,n/gesk,n Z',O’
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k
)y <HKh (Zv(n—z;m) lHKh Vo= 00) ])
n =

VES,

Ty Y Lk (g-0,) (K. -E[K

[ard .| S
|"Sk,n’| |\5k,n| gesk,n’gvvesk,n Z,,G

The terms for which |¢ nv| > 1 induce some powers of (nhP)~!, and are therefore negligible.
We remove them to obtain an equivalent random vector T ;, which is centered. Therefore it is
sufficient to show that its second moment tends to O.

—  _T ' W 'I/
E[T6,1T6,1] =+ Z Z 2 6go',5,g,E,v,Vv

(a3 2

5 5

| k.n | k.n I 6,5ES  ©V<kn TVESY Z/ Z'
snv=f  Znv=p

8o5.ctvy = E [ng (gg - 95) ( ov —E [KG V]) . (gc 93) (KE,V —-E [KF,V] )] :

The term g, > is 0 in two cases: if vn (¢ UG U V) or if vN (¢ U ¢ U v). This condition can be

15.6.6. V.V
written as
=[vnGuwulvnuv]=rwvuvnEuvnuv).

We deduce that nonzero terms arise only when there exists ji,j, € {1, ... ,k} such that: v(j;) =
— — — . - =T

v(j2) or v(j1) = ¢(j2) or v(j1) = ¢(j»). Therefore, we can write E [T6,1T6,1] =Te11+ Te12+ Te13,
where

7 —T
nn/ c G
R N W EE SY Y Y Bh.
n kn J192=10,0€F )y $VESkn  SVESky 76775
V=0 nv=h.7(G2)=v(1)
— T
T, _ nn’ Y, y/_
2 S 1Sl Y Y Oy EE.
kn kn J1J2=16,0€F) ,y SV€Skn  TVESK, 7. Z/,E

snv=0 cv=p.5(j)=v(j1)

—T
nn’ Y, W‘
= MDD M S

~3 _A
| k.n J192=10,0€F )y $VE€Skn  SVESky Z .o z"
snv=  Cnv=@v(1)=c(jp)

We will prove that Tg 11 = o(1). The two other terms can be treated in a similar way. Because of
our assumptions the terms for which o(j;) # o(j,) are zero. This divides the number of possible
terms by n’. By using limited expansions as in Equation (E6), we get that g,5.z,7 = O(hke=p),

Therefore, we have T, = (%ﬁ’phk“‘l’) = O(h*®) = o(1).
Concerning Tg ,, its variance matrix is given by

Var|Ts,] =

Fw o BN, ~fz.0 EINT ~frs . o
a3 2 .|k 2 2 2 L & 0,6.66°
|‘sk’"/ | |Jk’"| 0,6€S v 6.cESkn Z o 7'

8ozcz = ElKocKsz(8 — 05) (82 = 05)] —E[Koc (8 — 05)|E[Kzz (82 - 65))]-
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Note that g, 7 = = 0 when ¢ N ¢ = . This divides the number of terms in the sum above by n,
and imposes that ¢ N ¢ # 0, which divides the number of terms in the sum above by another n’.
Finally, limited expansions gives a bound of h**~P. Summing up all these elements, we obtain

2
Var [Ts,| = O(%hk“_p ) = O(h**) = o(1). Similarly, we get E [Ts2| = 0(1) by a Taylor expansion.

E.4 Convergence of T; to 0
We recall Equation (E8):

T, _lﬂ__Z > Kog (8 = 05) T10W,s

= 1= Ll
|"Sk,n1| |\5k,n| o_esulgesk‘n

N, —frs\’ N, —fz
T7,o‘ = L(1 + a7,o’)_3<6—fz’6> s Wlth |a7,a| S O'—fZ,O' .
Z o fZ/,a fZ',o‘
By Lemma 1 applied to z; = z’ JZy =2 for o € Sy, we get

e(1)

Cra 2
< BEpe gy 21—2exp<—%>,
a h‘kPCl + h—*kp Czt

s(n')’

NG _fZ’,O'

P( sup
O'ESk‘n/

for any t > 0. Therefore, SUPseg, |T7| = Op(h?®®) by choosing ¢ = he/* . Then,

o _
ITo| < sUp | Tyolim—"— D) D 1Kol - |8 = 00| - W -

€S ISkl - 1Skl & &5

The expectation of the double sum is O(h*), by a-order limited expansions. By Markov’s inequality,
we deduce

T7 = Op <7n,n’ sup |T7,a|ha)) = O]P(?n,n’hh) =0Op ((nn/hp+3a)1/2> >

cesm/
therefore T; = op(1).

E.5 Convergence of T5 to 0
We have

. T Al ’ ’ ’ 2 ’ ’
T3 .= Sn] Z a3 - (9 (zg(l), ,za(k)) -0 (zg(l), ,za(k)>> /g (zU(l), ,zg(k)>,

665/{1"/

with Vo € Sy, |ass| < Cpr /2. Therefore

i'n,n’ N ’ ’ , , 2
T5 < Sn ] Z (9 (zo(l), ,za(k)) —0<za(1), ,zo(k)>)

O'ES;”,/

2

? ’ K
2 1 7 > = Tg + Tg + To,

® 1Sl | 196l & T

1_1
Na fZ’,o‘

(gg - 95) + K5 ¢ (gg - 90) <
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where

rnn’
Tg := 8. —0;)(g—-96,),
ST S| 1Skal? 2 Z & =) (g =)

0ES ) w6.CES z'

rnn’ 1
Ty = —F—— _96 __90' -~ B
9 1S | - 1Skn |2 Z Z fz’ & )(gg ) <Ng fz’,a>

O'E\Sk n' G, ge‘sk

_ 2
Fnw 1
Ty = —F = K, Ka_ — Vo ¢~ Vo N .
10 1S | - [Senl? Z z: Bo (gg 0 ) (gg 0 ) <N0' fzu;)

Jesk,n’ Q»EGSM

We show that Tg = o(1). The two other terms can be treated in a similar way.

E[|Ts]] =E L > oy K |g—96 .

Sl 1S, 12
ISiw | - 1Benl®  &57 25, =

! /
i= I'Kh Zew — a(i)> K <ZE(i) - Za(i)) |

Y ¥/
|‘\5kn’ |\5kn|2 2

oETy, ' 6.GESk Z o

(Xza:1) — 00 H Jxz(Xi, z)dpu(x;)dz;.
i€cgl:k)ucg:k)

‘|g (Xgu:k)) -

Note that terms for which ¢ # ¢ € Sy, are zero, because the zlf are distinct and because of our
Assumption 16(i). Therefore, we get

2
Hl lKh Zg(i) — ;—('))
(2 (Xea:i0) = 65)”

rnn’
E[ngl]z |‘5kn’ |\5kn|2 Z Z /

€S SES ! &

H Sfxz(Xi, 2)dp(x;)dz;

iec:k)

2
' Hl lKh Z — Z:)_(l.)
r,, - Z / ) (8 (%) fo z(X;, 2;)dp(x;)dz;

1Sk | - 1Sknl I«sknlgas B P

(Xg(l k) fo z(X;, 2/ o) T htddu(x)dz;

i=1

rnn’h kp /Hl 1K(tl)

|\5kn’| |\5kn|66‘5 y

P kP !« p-op \ /2
0 n,n -0 nxn xh = o(1).
[SSienl 1Sk l?
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