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ARTICLE INFO ABSTRACT

Article history: In this paper, a classical Stefan problem with a prescribed and small time-
Received 28 October 2022 dependent temperature at the boundary is studied. By using a multiple time-scales
Accepted 10 July 2023 perturbation method, it is shown analytically how the moving boundary profile is
Available online xxxx influenced by the prescribed temperature at the boundary and the initial condi-
Keywords: tions. Only a few exact solutions are available for this type of problems and it turns
Multiple time-scales out that the constructed approximations agree very well with these exact solutions.
Stefan problem In particular, approximations of solutions for this type of problems, with periodic
Time-dependent boundary and decaying temperatures at the boundary, are constructed. Furthermore, these
temperature approximations are valid on a long time scale, and seems to be not available in

the literature.
©2023 Elsevier Ltd. All rights reserved.

1. Introduction

The classical Stefan problem was introduced with the aim on describing the evolution of the boundary (or
interface) between two phases, i.e. the liquid and solid phase in ice melting. Also known as moving boundary
problem, it has been studied for more than a century. Since its introduction, a large number of applications
of Stefan problem can be found in the literature, such as solidification of a liquid [1], melting of an ice sheet
with heat convection in the liquid phase [2,3], mushy area formation between two phases [4], three-phase
transition models [5], diffusion or dissolution of particles [6-8], and many more. For a more comprehensive
review of the existing applications, the reader is referred to the classical books [9,10].

The existence and uniqueness of solution for such problems can be found in the literature, see [11,12].
However, exact analytical solutions are only available for some very specific cases. Furthermore, most Stefan
problems are solved approximately by means of numerical methods (see for instance [6-8,13-18]). Another
alternative to approximate the solution is by using a straightforward naive perturbation expansion (see for
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Fig. 1. Melting process of a semi-infinite ice sheet due to the temperature 51:1(0) at X =0.

instance [6,7,19-25]). There are a number of drawbacks for this approach. Firstly, this approximation is only
valid on a rather short time-scale. Secondly, this approximation is constructed from a stationary solution,
which implies that only very specific boundary and initial conditions can be considered.

In this paper, we consider a Stefan problem which is similar to the one studied in [19,26]. At the fixed
boundary, instead of considering a time-dependent heat flux as is in [23,26], in this paper we consider a
time-dependent temperature profile. We present the formulation of the problem in Section 2 of this paper.
Rather than using straightforward expansions, a two time-scales perturbation method is applied to our
problem in Section 3 of this paper. Various examples on how this method is applied to different kind of
problems can be found in standard books on perturbation methods, e.g. [27-29]. By using this method,
accurate approximations of the solutions of the classical Stefan problem subject to a constant temperature
at the fixed boundary, are constructed and compared with exact solutions in Section 4. We show that the
constructed approximation agrees very well with the exact solution on long time-scales. In Section 5 of this
paper, time-dependent boundary conditions, such as a periodic temperature or a decaying temperature at
the fixed endpoint, are introduced. Furthermore, accurate approximations for the solutions of these problems
on long time-scales are constructed. To our knowledge, these results are new in the literature. Finally, in
Section 6 of this paper, we draw some conclusions.

2. Formulation of the problem

Consider a one-dimensional Stefan problem with a Dirichlet boundary condition at the fixed endpoint:

pcdpT(X,0) = KO¥T(X,0), 0< X <S(0), 6>0, (1a)
_KONT(S(0).) — pLS'(), (1b)
T(S5(0),0) = T(0,0) = cH(0), (1c)

T(X,0) = m+5F(X), 0<X <S(0)= (1d)

This problem describes an ice melting problem (see also [26]). In this problem, T'(X,0) represents the
temperature of the liquid phase at location X and time 6. The parameters p, ¢, K, L, and T,, represent
the density, the heat capacity, the heat conductivity, the latent heat, and the freezing temperature of the
water, respectively. The function S(0) describes the moving interface position between the water and the
ice.

The incoming heat that melts the ice is provided by a given time-dependent, positively definite function
eH (9), where ¢ is a small parameter. The initial location of the interface is given by the positive constant b,
so that it is assumed that the liquid phase already exists initially. And the function F(z) is the z-dependent
part of the initial temperature distribution. See Fig. 1 for an illustration for the problem we are considering.

Let us introduce the following scaling transformations:

= 59, UX,7)=

cp (T(X79>_Tm)7

o
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F(X)= Z(F(X)=T,), and H(r)=ZH(®),

so that problem (1a)—(1d) can be reformulated in the following non-dimensional form:

0,U(X, 1) =0xxU(X,7), 0<X <S8(r), >0, (2a)
—-axU(S(7),7) = S'(7), T >0, (2b)
U(S(r),7) =0, T >0, (2¢)

U(0,7) =cH(T) >0, (2d)

U(X,0) =eF(X), 0< X <S(0)=b, (2e)

where H and F' are positive-definite functions. The notations 0, for a partial derivative 6%, and ' for a
derivative of a one-variable function, are used throughout the paper. To immobilize the moving boundary,
we define:

t(r) = /OT S72(n)dn, == X) and v(z,t) =U(X, 7).

Substituting the transformation into the problem (2a)—(2¢), the following equations for v(z,t) are obtained:

—8mv(x,t)%s'(t) Oz, t) = Ogpv(z,t), O<z<1, >0, (3a)
v(0,t) = eh(t), t>0 (3b)

Av(1,t) = %s’(t), t>0, (3c)

o(1,t)=0, >0, (3d)

v(z,0) =ef(z), O<z<l, (3e)

where f(x)

= F(X), s(t) = S(7), and h(t) = H(7). Next, we remove the dependence on s(t) in (3a) by
substituting (3c) i 3

nto (3a), i.e
Ov(x, 1) = Ogzv(z,t) — x0v(x, t)0yv(1,1).

Finally, the following rescaling, v = cu, is introduced since small initial and boundary conditions are
considered. Problem (3a)—(3e) then becomes:

Opu(zx,t) = Oggu(x, t) — exdpu(z, t) Opu(l,t), O<z<l, t>0, (4a)
u(0,t) = h(t), t=>0, (4b)

u(1,t) =0, t>0, (4c)

u(z,0) = f(x), 0<z<l1. (4d)

System (4a)—(4d) consists of a weakly nonlinear diffusion equation subject to an initial condition and subject
to linear Dirichlet boundary conditions on a fixed spatial domain.

3. The two time-scales perturbation method

When applying a straightforward perturbation expansion for u(z,t) in (4a)—(4d), one usually encounters
terms in the equation which produce unbounded solution. These terms are usually called secular terms. To
avoid these secular terms and to obtain approximations which are valid on long time-scales, a two time-scales

3
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perturbation method will be used to (approximately) solve problem (4a)—(4d). It is assumed that the solution
depends on ty =t and t; = et, and that u(x,t) can be expanded as

u(z,t) = uo(x, to, t1) + cuy (z, to, t1) + O(e?).

By applying the time derivative operator: 9; = 0y, +€0;,, and by replacing v in (4a)—(4d) by its expansion,
and then by collecting terms of equal order in €, we obtain a family of initial-boundary value problems for
ug, U1, Uz, and so on. For our purpose, let us look at the problems for ug and u; only, i.e.:

O(1) = Oyyuo(,to, t1) — Opauio(x,to,t1) =0 (5a)
ug(0,to,t1) = h(to), (5b)
uo(1,t0,t1) =0, (5¢)
uo(,0,0) = f(x), (5d)

O(e) : Our(z,to, t1) — Ogur (2, to, t1) = =0 uo(x, to, t1)

— x0puo(x, to, t1)0uo (1, to, 1), (5e)
u1(0,29,t1) = 0, (5f)
ui(1,t9,t1) =0, (5g)
u1(z,0,0) = 0. (5h)

By solving (5a)—(5d), and (5¢)—(5d), we construct an O(e) approximation for the solution on a time-scale
of order %

O(1)-Part of the problem

To solve the O(1) problem, let us introduce another transformation
ﬂO(‘T7t07t1) = Uo(fﬂ,to,tl) - h,(to)(l - ‘T)
Substituting this to (5a)—(5d), we obtain

8t0ﬁ0 = amﬂo + H()({E7t()),
9 (0, to, t1) = o(1,to,t1) =0,

where Hy(z,t9) = —h/(to)(1 — x). Suppose that the non-homogeneous solution can be written as
to(z, to, t1) = ZUOn(t07t1)¢n(x);
n=1
where ¢, (x) = sin(nmz). Substituting this into Eq. (5a) yields

1
8t0u0m(t0,t1) + (mw)zu()m(to,tl) = 2/ Ho(x,t0)¢m($)d$
0

For convenience, we present the integral in the right-hand side of the equation as a Fourier series, yielding

_2W(t)

nm

Hon(to) = 2/0 —1 (to)(1 — z) sin(nwz)ds =

4
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Using the method of integrating factors, we can solve the ODE for uq,, i.e.,

2 2 to 2
Uon (to, t1) = Cop(ty)e™ "™t — = e (=t0) p! (1) d. (6)

nm Jo

The general solution for the O(1) problem is

uo(z, to, t1) = Z Uon (to, t1) sin(nrz) + h(to) (1 — ).

n=1
Moreover, using the initial condition, we obtain

Con(0) = 2 / (@) — h(O)(1 - 2)lén (@)de = £, — 2O, (7)

nm

where f,, is the nth Fourier series coefficient of f(x). Note that for each n, the solution in (6) still depends
on an unknown function Cyy,(t1). We will solve the O(e) part of the problem to determine this function.

O(e)-Part of the problem

To solve (5e)—(5h), let us denote
Hl (fE, t07 tl) = —6t1u0($7 t07 tl) - mamu0($> t07 tl)azu0(17 t07 tl)
Substituting ug into Hy gives:

Hi(w,to,t1) = ) duyuon(to, 11)dn(2) — @ [hz to) — h(to) Zu(m to,11)(¢7,(1) + ¢,,(2))

n=1 n=1

+ Z Z u0n(to7t1)U0m(t07t1)¢;(m)¢;¢(1)1 :

With a similar procedure as is done previously, we write

ur(z,t0, 1) = Y _[urn(to, t1) sin(nma)], (8)
n=1
where
to
uin(to,t1) = e~ (M)t [C’ln(tl) +/ 6("”)2"H1n(77,t1)d7] , and (9)
0
H I n
Hin(to,t1) = W- (10)
and (_,_) is an inner product in Ls[0,1] as vector space over R, i.e. (f, g fO x)dz. By using the

initial conditions, we obtain C1,(0) = 0. We then can compute Hi,, as follows.

3h(to)uon(to,t1)
2

—+ Qh(to) Z UOm(tO,tl)(l - Km’”«)
m#n

Hy,(to, t1) = —uont, (to, t1) +
202 (to) (—=1)"*!
™m

> uon (to, t
— 2 ugp(to, t1)¢} (1) % + > uom(to t1) K | -
= m#n
(2n—1)2(—1)m*"
(m+n—1)(m—n) ) ; j
In Section 4 and in Section 5 of this paper, we will determine ug,, and w1, for various choices of h(t).

where K, = — . In order to completely compute w1, we need an explicit expression for h(t).

5
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Moving boundary profile

To obtain the moving boundary profile, we use the boundary condition (3c), that is, d,v(1,t) = — Z,((tt)),

which in fact is an ODE for s(¢). Using the initial condition s(0) = b, the ODE can be solved directly,

yielding
t
s(t) = bexp (—/ &;v(l,n)dn)
0

=bexp [s /Ot [i (C’On(sﬁ)e*("ﬂ)%

n=1

nm Jo

2
2 e("”)z("_‘g)h’(n)dn> nw(—1)" — h(f)

d9+(9(52)1 . (11)

To determine s completely, we need to obtain the unknown function Cy,. In the following sections, we will
compute Cp,, and so s(t) for specific choices for the function h(t).

4. The case with a constant temperature at the boundary: h(t) = a
4.1. Removing secular terms

Suppose h(t) = a, where a is a positive constant, then ug,, easily follows from (6):
_ 2
Uon (to, t1) = Cop (t1)e” "™ 10,

and the O(1) solution becomes
(x,to,t1) Z Con(t1)e ’*to sin(nmz) + a(l — x). (12)

The function Coy,(£1) still has to be determined, and follows from (9) by demanding that wy, is bounded,
or equivalently, by removing secular terms in uy,. From Eq. (9), we see that the formula for the order O(¢)
solution contains an integral. To simplify the notation, we introduce

e[nz_mz_pz]w%o _q

(n2 —m2 _ p2)71'2 5 an(tO) = anO(t0)7 Ln(tO) = LnOO(tO)~ (13)

anp (tO) =

Then,

t
2
/ "™ Hy (0, t1)dn
0

3aCyp,
= to _Cén + 20 -2 Zpﬂ'(—l)pco\/ 2u0p \/n %

pFn
2a%(—1)"*1L,
- > 2aCom Linn (1 = Ko
m#n
. CopConL
-2 Z QS;)(l) W + 275: COmOOanmmen . (14)
m2:;n2n_p2
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The terms inside the first brackets, which are multiplied by tg, are secular terms. To keep the solution

bounded, we set
SQCOn (tl)

C(/)n(tl) - 2

= Wn(tl)v (15)

where

Wa(t) = =2 pr(—1)PC, SOk
p#EN
Observe that W,, is nonzero only for some values of n. We can see this by the fact that W, is a sum over
p which satisfies the Pythagorean formula n? = m? + p? with n,m,p € NT. For example, in case of n less
than 5, there is no p which satisfies the Pythagorean formula, so W, is zero for n less than 5.

4.2. On the Pythagorean triple

The term W, (1) in Eq. (15) is coupled to other equations for Cy,,. To be precise, for each value of n, the
differential Eq. (15) depends on other equations with index j and k where (j, k,n) is a Pythagorean triple.
For example, the following is a list of Pythagorean triples (j, k,n) corresponding to values of n up to 20.

.
A~ N N~
©
—_
[\
—_
ot
—_ = =

If n does not correspond to a triple, then W, (1) vanishes, and Eq. (15) reduces to

3(100n
Ch — 252 =0,
which has the following solution s
Con(t1) = Con(0)e 7, (16)

where the initial condition Cy,, (0) is given in (7). However, if (j, k, n) is a Pythagorean triple for some integers
j and k, W, (¢t1) becomes

27n?
ko
In some cases, one value of n may correspond to more than one triple. In that case, W,,(¢1) contains more
terms. An example of this is n = 25, i.e. (15,20,25) and (7,24, 25). For this case, we write

Wh(t1) = Coj(t1)Cox(t1).

2mn®
W, (t) = E Qikn(t1), Qikn(t1) = TCOj(tl)COk(tl)v
(4,k,n)€E Py J

where P, is the set of all Pythagorean triples corresponding to n. Actually, for most values of n, one finds
only one isolated triple, at least for values up to n = 300. Formally, one can rewrite Eq. (15) into the following
equivalent integral equation:
3aty “ _3an
Con(t1) =e 2 |[Con(0) + Wa(n)e™ 2 dn| . (17)
0

If neither j nor k is a hypotenuse of another Pythagorean triple, then Cy; and Coy, are given by (16) for
n = j and n = k, respectively. And so, gk (t1) becomes:

2n3
Gjkn(t1) = jTCOj (0)Cor (0)e**1.
7
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Thus, the integral in (17) can be computed easily, and one obtains

3at 3at 4 3
Con(ty) = 2+ cOn(0)+(eT1—1) 3 ;;7’70(”(0)00,@(0) . (18)

(4,km)€E Py

Otherwise, if j or k is a hypotenuse in another triple, then the solution for Cy; or Coy is in the form of (18).
An example for this is the triple (5,12, 13), where 5 is a hypotenuse for the triple (3,4, 5). Let for example,
k correspond to a triple (kq1, k2, k), then g;x, becomes

2mn3 4, 3aty 4k
763 t C()j (0) COk (0) + (6 2 — 1) Z mcokl (O)C()krg (0)
(k1,k2,k)EPy

gien(t1) =

The solution for Cy,, in this case becomes

3at 3at 4mn3
Con(t1) =€ en Con(0) + (e T 1) Z chj(O)COk(O)
Gokmern O
27n> 3aty 3aty Ark3
- a _ 2 _ER . 1
* 3ajk (e € ) Z 3aky ks Cork, (0)Cor, (0) (19)

(k1,k2,k)EP

The complexity of the solution may not stop here. In the last computation, we assume that only one leg,
i.e. k, corresponds to another triple. In some cases though, this chain of triples may be more complex and
longer.

Let us define some terminology. We define a Pythagorean chain as a tuple (ordered set) of numbers such
that (i) each member of the tuple is a hypotenuse of a Pythagorean triple; (ii) each but one member of the
tuple must also be a leg of another member’s triple. We will write the tuple with square brackets to avoid
confusion with the triples. The only member that is not a leg of another triple is called head. We also define
the length of the chain as the number of chain members. For example, as we have seen before, we have [13, 5]
as a Pythagorean chain of length-2. Another example is [17,15] which forms a chain because there are triples
(8,15,17) and (9, 12,15). If a chain has length-1, then we call it an isolated triple.

In Eq. (19), we describe the solution for the case when n is a head of a length-2 Pythagorean chain.
Unfortunately, we may have longer chains for some values of n, which will add more terms in the solution.

For example, the case n = 25, which corresponds to the triple (15,20,25), is a case for which each
leg corresponds to a different triple, i.e., (12,16,20) and (9,12,15). This example forms a length-3 chain
[25, 20, 15]. A longer chain of triples may also occur.

Now take a look at the triple (39,52,65). Leg 39 corresponds to (15,36,39) and leg 52 corresponds to
(20,48,52). As we have seen in the previous example, number 15 and 20 itself are hypotenusa for other
triples. This example shows a length-5 chain [65,39,52,15,20]. An illustration of this chain is shown in
Fig. 2.

Interestingly, by counting systematically all triples with a hypotenuse up to 100, we obtain that there are
14 isolated triples, 20 chains of length-2, 4 chains of length-3, 1 chain of length-4, 2 chains of length-5, and
1 chain of length-6. By this observation, it is difficult to find a general form for the solution as the triples
may branch off and form different chains. For the sake of simplicity, we just have to rewrite (19) as follows

3aty

Con(t1) = €72

3aty 47n3
0+ (1) B S0+
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Fig. 2. Illustration of Pythagorean branching that occurs for the case with n = 65 as head of the chain.

so that it is similar to the basic form (18), where the dots represent the possibility for more terms due to
the formation of chains. Thus, we can describe the “general” solution of (15) as

3a
st C’Oj(O)C’Ok(O)% (63‘”1 e ) + .-, if there is at least one
aty
Con(t1) = Con(0)e 2" + triple (j, k,n), (20)
0, otherwise.

4.8. Truncation method
Since we cannot construct the general form of the solution Cy,, it is also not possible to obtain an exact
expression for the solution v, or for s. Alternatively, we can take only the first N-terms in the expansion of

the solution. This truncation can be validated by arguing that the factors e~ (%10 are exponentially small
for all fixed tg > 0, and for n large. Thus, we consider the solution in the form:

w(z, to, t1) Z Con(t1)e —(nm?to sin(nmx) + h(to)(1 — z) + O(e).

It can also be shown that the first N-terms in the expansion for the solution give accurate approximations
for t = O(e71). For simplicity, we choose N = 4 so that no Pythagorean triple occurs. In this case, we obtain
immediately that

4
u(zw,tg,t1) = (fn - 2a> G sin(nmx) + a(1 — x) + O(e). (21)

For the moving boundary profile, we can compute further from (11) and (21) that

4
2(=1)*(funm — 2a) (3ca—2(nm)?) 4 5
_ a nm _ 1)
s(t) = bexp lsat sz 35@ ) (e + O(e%)
We still have to transform s(t) back to the original variable S(7). To do so, we write s(t) in the following
form:
s(t) = be*™I(e,t), (22)
where

! (fanm — 2a 2) ¢t
10 S 2 ) 1)

9
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We can expand I in a Taylor series around € = 0, yielding

—1)n

(2 (fanm —2a)(1 — ef(””)zt) + O(£?),

I(e,t)=14¢

bﬁ/j

n=1
which implies that
s(t) = be*™ + O(e).

If we take only the first term in the expansion for u, that is N = 1, then we can transform back to the
original variable by writing S(7) = s(t(1)) = be**(") and by computing

) < DS

a1 S'(7)

dr S2(T) - eaS(r) -

S(1) = Vb + 2ear. (23)

Alternatively, we can compute S(7) implicitly. To do so, we compute first s(¢) for some values of ¢ up to
the Nth term. Then, for each ¢, we compute 7 by using the inverse transformation

o(t) = / (). (24)

For each 7 obtained, we map it to the corresponding value of s(t), yielding S(7) = s(t(7)). To see the
influence of N on the approximations, we now choose a larger N. We take N = 12 to avoid length-2
Pythagorean chains because the smallest head of a length-2 chain is 13. For N = 12, the only triples are
(3,4,5) and (6, 8,10). We denote My as the set of natural numbers up to N excluding hypotenuse of any
Pythagorean triple. In this case, we have Mo = {1,2,3,4,6,7,8,9,11,12}. Thus, we have the following
result for Cy,,

3a = 3a
005(())@% + 003(0)004(0)% (63at1 _ ed2t1> +---, n=5,
3a = 3a
Con(t1) = 0010(())@5% + Cos(0)Cos (0) 2307 (€3at1 e ;1) +.--, n=10,
Con(())eda%, n € Mis.

We then calculate s(t) up to 12 terms, yielding:

12

s(t) = bexp leat —e <Z 2(_315):(@(1;;22@) (elo=e-20m™)5 1)
n=1
10(f337 — 20) (447 = 20) [ (3.0 5007)1
B 127(3ea — 5072) (e(S ) 1)
20(f66m — 2a)(fs8m — 2a) ca—200n2) 4
B 487 (3ea — 20072) (6(3 2007)% — 1)) + 0(52)] .

For higher values of N, we still can compute and approximate the solution in the original variable S(7)
explicitly or implicitly by using the procedure as explained before. If we compare the approximation where
N = 12 with the one where N = 4, then it turns out that the approximations are close to each other (see
also Fig. 3). For that reason, we will use N = 4 in Section 5 of this paper for computing interfaces.

10
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Fig. 3. Comparison of the approximations of the interface S(7) for N = 4 and for N = 12.

4.4. Ezact solution

To see how accurate the approximations are (which are constructed in the previous subsection), we will
now compute an exact solution of a special Stefan problem with h(t) = a, where a is a constant. The method
to be used is the similarity method. So, we start again with problem (2a)—(2e), where H(T) = a. By using

the similarity method we look for solutions in the form:
X
UX,7)=y(2), z= \7

By substituting this transformation into the problem (2a)—(2¢), one obtains an initial value problem that

y(2) = ea (1 - erf@) . (25)

erf(a)

can be solved directly, yielding

From (25), the moving interface S(7) can readily be obtained, yielding
S(7) = 20/7, (26)
where « is a constant which can be obtained by solving
ca = v/merf(a) exp(a?)a. (27)
Eq. (27) cannot be solved analytically for a, but has to be solved numerically. In terms of u, the solution is

erf (QX—\E)
BT

given by

UX,7)=¢ca (28)

Observe that this solution is a very special solution and does not involve initial condition. Setting 7 = 0
yields S = 0, which means the domain of the problem, i.e. [0,5] is only a point set. This implies that the
similarity method only gives the exact solution of the Stefan problem for which initially no water phase is
present.

4.5. Comparing the results

In this subsection, we compare the approximation of the solution as obtained by using a multiple-time
scales perturbation method with exact solution as obtained by using the similarity method.

11
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Fig. 4. Moving boundary profile for small values of b.

4.5.1. Negligible initial condition

The similarity solution describes the case with b = 0. However, we cannot take b = 0 in the multiple time
scales approach, as this will cause the moving interface solution to vanish (see Eq. (11)). One way to manage
this is by taking very small values for b. In this way, initially the temperature inside the domain is still very
low and the amount of melted water is very small. So, in this way, the initial condition can be assumed to
be negligible.

We take a = 1. As shown in Fig. 4, both solutions are getting close to each other as b decreases. When b
is very small, i.e. b = 0.001, the two solutions coincide.

4.5.2. Stationary initial condition
In this subsection, we will use as initial condition, the ones which follow from the exact similarity solution
for a given time. Consider the exact solution (28), and as an initial condition, we choose:

o) =a(1- 252 (29)

Then, the solution is a stationary solution for all time. Computing the Fourier coefficient f,, of this initial

condition, yields
(nm 2

)
a e 4a? inm inm
= — |24+ —— (erf = 1
/ ™m + erf(a) (er <a + 2 ) e <a 2 >>

Now it should be observed that lim,_.o f,, = 727?17 and from (27), it follows that lim._,¢ a(¢) = 0. This implies
that smaller values of ¢ lead to f,, tending to S—Z This limiting value for f, is important as it will cancel
terms in the summations in the solution for u and s (see Eq. (21) and (22)). Thus, for small enough ¢, the
solution of S(7) can be simplified to (23). We then use these f,,’s to compute s(¢) by using the multiple-time
scale perturbation method.

To compare the two solutions in this case, we must first determine the initial condition in the original
variable S. For a given value of b, we can compute the time 79 = (b/2c)? for which S(79) = b. Shifting the

time coordinate, we can determine a new moving boundary profile from the exact solution as

S(r) = 2a (b>2 +7 =0+ 40?7, (30)

2
12
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Fig. 5. Moving interface profile for the stationary exact solution and its approximation for different values of b.

so that “S(0) = b” as we intended. This form is similar to the one we obtain from the multiple-time scale
method, i.e., from (23). Furthermore, it follows from the Taylor series around a = 0 of the right-hand side
of Eq. (27) that

ca = 2% + O(at).

And this implies that the multiple-time scales solution of S(7) in (23) can be written as

S(1) = Vb2 + 2ear =~ /b2 + 40T,

which coincides with the exact solution S(7), given by (30). In this way, we indicated that the approximations
obtained by using the multiple-time scales method and the exact solution remain close to each other for large
times. The exact solution and its approximation are plotted in Fig. 5. The plot also shows that the exact
solutions and its approximation remain very close to each other (not only for large times 7, but also for
relatively large values of b).

5. Time varying temperature inputs at the fixed endpoint
5.1. The case h(t) is periodic

Let us consider the more general case, where the temperature at x = 0 is T-periodic and positive definite.
We assume that 7" is O(1). We can expand h(t) in its Fourier series a + >~ ; (A, sin (knt) + By, cos (knt)),

13
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where &, = Q”T’T for given constants a, A,, and B,. The solution for ug, now follows from (6) and is given
by
2
o (to, t1) = Qn(t1)e™ ™70 — R, (tg), (31)

where Q,,(t1) = Con(t1) + R, (0), and

i 26 [(Am (nT)? + Bhip,) cos(kmto) + (Ambm — Bm(nm)?) sin(kmto)] .

Ry (to) = nm((nm)4 + K2))

m=1

Computing the next order term in the approximation of the solution leads to similar results (see the formula
after Eq. (14)) as in the case of constant temperature at the boundary, i.e.,

to 3
(nm)?n _ o aQn e
e Hin(n,t1)dn = |Q,, — +2) pr(=1)PQ QpK to +n.s.t.,
/ > Y y—

p#N

where n.s.t stands for “non-secular terms”. To remove the secular terms in the above equation, we need to
consider again the Pythagorean triples as discussed before. Obtaining the solution in Cjy, explicitly is too
complicated because of the existence of Pythagorean triples. We apply again thgettruncation method and
consider the case without Pythagorean triples. We derive that Q,(t1) = Qon(0)e 2 , where

Qon(0) = [fn - % (a +)° (Bm + Ko AWEEZ:; i me)Hm)ﬂ .

For the moving boundary profile, we have a similar form as for the constant case, i.e. s(t) = be***I(e,t),

Qu(0) (5 1)

3ea — 2(nm)?

where

4
I(e,t) = exp |—2¢ nr(=1)" + J.(8) | + OE?) |,

and

(="

(nm)* + K2,
An(cos(nn ) — 1) — By, sin(knt)
2k '

i 2+ Btiy) sin(kmt) — (Amkim — Bm(nm)?)(cos(kmt) — 1)

+

This result is actually almost similar to the case of the constant boundary temperature, except for the
additional periodic terms .J,,. We now expand I around € = 0 to obtain

nm

nm)2t
e =14c3 (Q" 011 = 7 +Jn(t)> L o).

n=1
When we assume that A,, and B,, are relatively small compared to a, then we can neglect J,, and obtain the
same result as for the constant temperature boundary case, i.e., s(t) = bef% + O(e). We can see this case
also as a small wiggle around constant temperature a at the boundary. The movement of the interface s(t)
is dominantly influenced by the average boundary temperature, which is the constant a, giving us a similar
profile as for the constant temperature case.

5.2. The case h(t) is periodic with a relatively large amplitude

In this subsection, a more specific case for a periodic temperature profile at the fixed endpoint is
considered. In the last subsection, we see that the moving boundary profile tends to be the same as for

14
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Fig. 6. Position of the moving boundary in case of a periodic temperature at the fixed endpoint for different values of A. The left
figure is the position from initial time and the right one is a zoom-in at the 7-interval [200, 250].

the constant case when the periodic part can be ignored. Let us now assume that we have large amplitudes
A, or By, so that the periodic part might significantly influence the interface movement. We consider a
simple form for the boundary temperature profile: h(t) = a + Asin(nt) where A is assumed to be large but
|A| < a (in order to avoid additional occurrences of water—ice interfaces originating at = 0 when |A| > a).

The solution s(t) is as before approximated by:

@n(0) (6(3%@7(7”)2)15 - 1) nw 4 n?msin(rt) — cos(mt) + 1
3ea — 2(nm)? * ( m(ntn? +1) >

4
s(t) =exp |—2¢ Z(fl)"

JrA&t(cos(wt) -1)

+eat + 0(52)} ,
7r

and can be written as follows
e(at+A (COS(:—t)_l))

S(t):e I(Evt)a
where
3ea 2
4 @n(0) (e(T_(m) - 1) nm n?msin(rt) — cos(mt) + 1
I(e,t) = exp | —2¢ Z(_l)n 3ea — 2(nm)2 24 m(ntn2 4 1)
n=1

Expanding [ in ¢ yields

es (at+A (cos(‘/;t)fl) )

s(t) = O(e).

The results for different values of A are given in Fig. 6. We can see that for small A, the profile tends to
behave as in the constant case for h(t). In the case of larger values of A, the interface profile has a small
wiggle, showing that the speed of the interface movement varies periodically. If we increase A, then the
wiggle will get larger.

15
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Fig. 7. The moving boundary profile in case of a decaying temperature at the fixed endpoint for different values of the decaying rate
c.

5.8. The case h(t) is decaying in time

Let us consider the case that h(t) is exponentially decaying, i.e., h(t) = ae™¢, where a and c are positive
constants. The parameter ¢ determines the decaying rate. The solution ug, now becomes

2(16(670750 _ ef(nTr)th)

W (to. 1) = (¢ 7(n7r)2t0
ugn (to, t1) = Con(t1)e + nr((nm)2 — o)

We can rewrite this solution for ug, in the form as in Eq. (31), but with a different R,,:

2ace”cto

Ba(to) = Cnn((nm)?2 —¢)

By computing the next order term in the approximation of the solution, we obtain

to 9
/0 eI (n t)dy = | Q' + 2 Zpﬂ(*l)pQ\/nz_ngpK\/ﬂ_p% to +n.s.t..
p#n

To avoid secular terms, it follows as before that @/, = 0 for n < 5, and so, for n < 5:
2a
Con(t1) =Con(0)= | fn—— .
on(t1) = Con(0) (f m)

When we use again the truncation method, and only take into account the first four terms in the summation,
it follows that the position s(¢) of the moving boundary is given by:

s(t) = bexp lEZ (=n" (fn QG((WT)Q)) (e—(nrr)Qt —1)

 na((nm)? —¢)

1 nm
a 2c(—1)" o )
o (1—;«7175)216)) (€ =1+ 0

As before S(7) can be implicitly computed from s(¢), and the results for different values of ¢ are shown in
Fig. 7. We can see that for smaller values of ¢, the profile tends to approach the profile as in the case for
constant h(t).
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Fig. 8. Plot of G(t) in time (¢ = 1).

For large enough values of ¢, we can already see in Fig. 7 that for some point in time, the interface
becomes more or less steady. To study this behavior, we take the derivative of s with respect to t. For ease
of computation, we denote first

_ Y 2a((0m)?) . _ea () N~ 2D
Dn = nm (fn n7r((n7'r)20)>7 d b= c (1 Zl((mr)Qc))7

n=

so that we can write
s(t) —bexp< ZD —(nm)t —1)—5E(e_Ct—1)> .

Then, we compute

ds ! 9 2
_ —(nm)“t _ —ct
pri es(t) ( g (nm)*Dye cEe ) .

n=1
To find the time for which the interface almost stops moving, we set the terms inside the brackets (denote
it as G(t)) to zero. However, if we plot G(t) with respect to ¢ (assuming that f(z) represents the stationary
solution), we obtain the following profile as shown in Fig. 8, which shows that G(t) only asymptotically
tends to zero for ¢ tending to infinity. Alternatively, we can now solve |G(t)| < ¢ for some small tolerance
value ¢ to get the time when the interface almost stops moving.

6. Conclusion

This work presents an approach to construct approximations of the solutions for the phase change heat
transfer problem with small time-dependent Dirichlet boundary condition by using the multiple-time scales
perturbation method. It is shown that the obtained approximations of the solutions agree well with the exact
solutions for the cases where exact solutions are available. By using the multiple-time scales perturbation
method, we successfully simulate and analyze the dynamics of the problem for different boundary conditions
at the fixed endpoint. Examples with time-periodic temperatures and with decaying temperatures at the
fixed endpoint have been treated in detail. The applicability of this method to the present problem opens
possibilities for future research on more complicated Stefan problems.
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