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1

Introduction

This thesis treats some aspects of the theory of non-autonomous stochastic evo-
lution equations with a random drift

{du(t) = (A@)u(t) + F(t,u(t))) dt + B(t,u(t)) dW(t), t e 0,77,

w(0) = 1o, (1.0.1)

A large class of stochastic partial differential equations, which are models of prob-
lems in for instance mathematical physics, biology or finance, can be formulated
as a stochastic evolution equation (ICII).

The main goal of this thesis is to extend the theory of stochastic evolution
equations to the setting where the generator is time-dependent and random, i.e.,
A = A(t,w), and adapted to a filtration (#;):epo,r7- Throughout the thesis we
will assume that each operator

A(t,w): E> D(A(t,w)) — E

is a closed (sometimes unbounded) densely defined linear operator on a Banach
space E.

A formula that is commonly used in the theory of stochastic evolution equa-
tions is the variation of constants formula

u(t) = S(t,O)uo—l—/O S(t,s)F(s,u(s)) ds—i—/o S(t,s)B(s,u(s)) dW(s). (1.0.2)

Here, (S(t,5))o<s<t<r is the random evolution system that is uniquely deter-
mined by the requirements %S(t, s) = A(t)S(t,s) and S(t,t) = I, where I is the
identity operator.

An extension to the setting where the drift A may be random is not a trivial
one. Indeed, already in the case E = R difficulties arise. Consider for instance
the situation where A = a with a : [0,7] x {2 — R progressively measurable and
F =0, B =1. The random evolution system is then given by

S(t,s) =exp (/st a(o) do).
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From this formula it is clear that S(¢,s) is #;-measurable, but certainly not
Zs-measurable. Therefore, the stochastic integral appearing in the variation of
constants formula

u(t) = S(t,0)u(0) +/0 S(t,s) dW (s),

does not exist as an It6 integral.

Observe that in this situation, and more generally in the situation where
A(t,w) is a bounded linear operator, a solution can be found directly by inte-
grating equation (IC) and using Banach’s fixed point theorem. For a proof in
the deterministic case, see [, Theorem 5.1].

The remainder of the introduction is organized as follows: first, we start with
an example of a stochastic partial differential equation from filtering theory, and
we show how to formulate it as a stochastic evolution equation with random drift
A(t,w); second, we discuss general theory of stochastic evolution equations with
a random drift.

1.1 An example from filtering theory

The example in this section, taken from filtering theory, serves to show how
dependence on the probability space in the drift occurs naturally in applications.

Let (£2,.7,P) be a complete probability space with a filtration (.%;);c(o,77-
Suppose there is given a real-valued signal process X = X(t,w), (t,w) €
[0,T] x £2. The signal process is assumed to be unobservable, and instead what
is observed is a function h(X (¢,w)) perturbed by an observational error n(t,w)
called the noise. As common in the literature, we suppress the letter w in the
notation. The observation y = y(¢,w) can be described by

y(t) = h(X (1)) + n(t). (1.1.1)

Heuristically, the noise n(t) is thought of as the time derivative of a Brownian
motion W(t), although in fact W(t) is nowhere differentiable a.s. To overcome
this problem, one can interpret equation (ICIT) in an integrated sense, and con-

sider the accumulated observation process Y (t) = fot y(s) ds. This is described
by

Y@:Ammmw+ww (1.1.2)
Usually, one writes equation (CI2) as
dY (t) = h(X (1)) dt + dW ().

We will make the following assumptions on the signal process X. Let us as-
sume that it is an R-valued process satisfying the stochastic differential equation
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dX(t) = b(t, X (1)) dt + o(t, X (1)) dB(t).

Here, B is a Brownian motion independent of W, and we assume b : [0, T] X £2 x
R —Rand o:[0,7] x 2 x R — R are both measurable, adapted and Lipschitz
continuous functions. Finally, we assume h : R — R is bounded and Lipschitz
continuous.

The goal is to estimate the signal X (¢) based on the available information
up to time ¢, i.e., based on the g-algebra ¢4 := o(Y(s) : s € [0,¢]). This means
that we need to ‘filter out’ the noise, and therefore this example is commonly
referred to as the filtering equation or the filtering model.

Recall that for a sub-o-algebra ¥ C .%, the conditional expectation E(-|¥4)
is the orthogonal projection of L?(£2;.%) onto L?(£2;%). It follows that for a
random variable £ € L?(2;.%), the conditional expectation E(£|¥) is the mini-
mum of the mean square error among all 4-measurable square-integrable random
variables. That is,

E(¢ —E(¢|9)%) = min{E({ —n)* : ne L*(2;9)}.

This means that if we want to find the best estimate for X (¢), in the sense of
the mean square error, we need to find E(X (¢)|%). However, in most cases we
would like to estimate f(X(t)), where f is in a suitable class of test functions,
and therefore one would like to calculate E(f(X(¢))|%;). It turns out that

E(f(X(1))|%) = / f() dmy(x)

where 7, is the conditional probability distribution of X; given %;. This condi-
tional probability distribution m is called the optimal filter. Suppose that the fil-
tration is generated by the Brownian motions B and W, i.e., % := o(Bs, Wy, s €
[0,t]). Suppose that # = Fr. Set

M, ::exp(—/ h(X(s)) dW (s —7/ (X |2ds)

Note that M, is the stochastic exponential of £(t) fo W (s). Con-

sider the measure P, := M, dP, and set P = ]P’T Then as an application
of Girsanov’s theorem, Y is a Brownian motion with respect to the proba-
blhty measure P. If we write E for the expectation with respect to IP’ and
Jg f(x) dmy(z) = (my, f), then we obtain the following theorem [[Z0, Theorem
5.3], Wthh is Bayes’ formula in filtering theory, and is called the Kallianpur-
Striebel formula.

Theorem 1.1. For all f € Cy(R), the optimal filter m; satisfies the identity

(mo, 1) = EQLIXDIG) _ (Ve f)
v E(M,|%,) (Ve, 1)

where (Vy, f) = B(M.f(X,)|%,).
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This means that, to compute the optimal filter, it suffices to compute the right
hand side 2“2{; . This is helpful, since it is possible to derive a stochastic evolution
equation for (V;, f), where f € CZ(R), using Itd’s formula.

Theorem 1.2. Let f € CZ(R). The filter V; satisfies the stochastic differential
equation

d(Vi, ) = (Vi, Lf) dt + (Vi, fR)AY (1), (1.1.3)

where
1
Lf = 72027‘” +0bf'.

If we consider V' as a process taking values in the space of finite measures, then
we can make the assumption that V; has a density V; that is twice continuously
differentiable. Under this assumption, we write

Vi, f) = /R f(@)Vi(z) da.

In this case, one can formally rewrite (II3) as a stochastic evolution equation
for V4, given by

dV; = L*V; dt + hV;, dY (t).
Here, L* is formally the adjoint of L and is given by

2
(L) = 5 (%) — - (b)

As the functions ¢ and b are assumed to be random and time-dependent, one
notices that the above evolution equation is a special case of (ICI).

1.2 Stochastic integration in Banach spaces: the It6
integral

In [B2], It6 extended Wiener’s theory of stochastic integration [[39] in such a
way that random processes ¢ : 2 x [0,7] — R that are adapted to a filtration
(Z)tejo,r) can be integrated with respect to a Brownian motion (W (t)):cpo, 1
adapted to the same filtration. The latter means that not only W (t) is .-
measurable, but also that W(t) — W(s) is independent of %, if s < t. In the
same paper, he proved that for all ¢ € [0, 77,

| [ o) ) =& [ 1ot s

which by now is generally referred to as the It6 isometry.



1.2 STOCHASTIC INTEGRATION IN BANACH SPACES: THE ITO INTEGRAL 5

The It6 integration theory extends to the Hilbert case setting in the follow-
ing way. The Brownian motion W may be replaced by an H-cylindrical Brow-
nian motion Wy, where H is a Hilbert space, and the adapted process may be
% (H, K)-valued, where K is another Hilbert space. The isometry should then
be regarded in a Hilbert-Schmidt setting, i.e.,

T 2
g /0 0(5) Wn(3)]| = ENRolZ, 220,100, 10, (1.2.1)

where Ry : L?(0,T; H) — K is given by

T
Ro()= [ otro) ar (1.22)

To extend this theory to the Banach space setting, new tools are needed.
Firstly, let # be a separable Hilbert space and F be a Banach space. For h € 57
and ¢ € E, we denote by h ® = the rank one operator in £ (', FE) given by
(h@z)(W') = [h, hlwz, B € 5. We will call an operator R € £(, E) a finite
rank operator if it is a linear combination of rank one operators. For any finite
rank operator, we define the norm

2) 1/2

N N
h, ®x = (EH nL
an_:l R N7 o) nz::l% "

Here, the sequence (v,)Y_; is a sequence of independent standard Gaussian
random variables. The Banach space (4, E) is defined as the completion of
all finite rank operators with respect to the norm || - ||, (¢, g), and is called the
space of «-radonifying operators. More on y-radonifying operators can be found
in [BA] and the references therein.

Secondly, we call a Banach space E a UMD,, Banach space, p € (1,00), when-
ever the following geometric property holds: there exists a constant C such that
for all martingale difference sequences (d,)Y_; in E and all ¢,, = £1,

N » N
]EH ;Endn < CPH ;dn

The term UMD stands for “unconditionality of martingale differences”. It turns
out that the property is independent of p € (1,00), and is therefore referred
to as the UMD property. More on UMD spaces can be found in the papers by
Burkholder [E3] and by Rubio de Francia [[I3d]. The following Banach spaces are
UMD spaces:

p

every Hilbert space,

every LP(S, u)-space for p € (1,00) and (5, p) a o-finite measure space,
Reflexive Sobolev spaces, Besov spaces and Hardy spaces,

Reflexive Orlicz space
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Also:

e Every closed subspace of a UMD space is again a UMD space,

e FEvery quotient space of a UMD space is again a UMD space,

e The dual of a UMD space is again a UMD space,

e For an interpolation couple (Ey, F1) of UMD spaces, the real and complex

interpolation spaces (Eo, E1)o,p, and [Eg, Eqg, for 1 < 6 < 00, 1 < p < o0,
are again UMD spaces,
e The space LP(FE), 1 < p < oo is a UMD space whenever E is a UMD space.

In [}, van Neerven and Weis extended the stochastic integral to .Z(H, E)-
valued functions ¢ : [0, 7] — Z(H, E) for which the operator R, : L*(0,T; H) —
E given by (ICZ2) belongs to v(L2(0,T; H), E). An isometry similar to (I=2)
holds:

T 2
]EH/O P(s) dWH(S)HE = EHR¢||%/(L2(O,T;H),E)

Later, van Neerven, Veraar and Weis [BH] extended this to adapted processes
¢: 2 x[0,T] - £(H,FE), with the assumption that E is a UMD Banach space.
Here, an isometry fails, but an It6 isomorphism still holds, i.e.,

T
p
EH/O 0(s) Wu(s)| = EIRsIE oo sy 1 <P < 0.

1.3 The Skorohod integral and Malliavin calculus

The Skorohod integral is one of several possible extensions of the It6 integral
and it allows us to integrate non-adapted processes. These are interesting as
we consider equations where the stochastic integral is not well-defined as an Ito
integral due to the non-adaptedness of the integrand.

The Skorohod integral was first introduced by Skorohod [[2d] and is well
connected to Malliavin calculus. The Malliavin calculus is a mathematical the-
ory introduced by Malliavin [@], originally called “the stochastic calculus of
variations” and designed to give an independent proof of a theorem by Horman-
der [E]. In [[2H], Shigekawa reformulates the theory of Malliavin calculus and
introduces the notion of a derivative D on a Wiener space. The adjoint of the
derivative, denoted by d, can be identified with the Skorohod integral, as proved
in [EG].

Since the paper [[[@], Malliavin calculus has played an influential role in prob-
ability theory (see the monographs [, 308,810, 53,72, 03,88, 37 and references
therein). In particular, it has played an important role in the study of stochas-
tic (partial) differential equations (S(P)DE) and mathematical finance (see the
monographs [P, 83,03, 61, 79, 23] and references therein).

As one considers the Skorohod integral operator § as an adjoint operator, it
is not clear whether for a Skorohod integrable process f the truncated process
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10,/ is again in the domain of ¢. Such a property is evidently true for the Ito
integral and for the Lebesgue integral, but it turns out to be false in the case
of the Skorohod integral. This is already stated as an exercise in [H3, Exercise
3.2.1]. In Chapter B, which is based on [I¥], we give an alternative proof. This
proof is based on the construction of a counterexample, which is the main result
of [M].

Theorem 1.3. There exists a process u € Dom(d) such that 1o 1yu & Dom(6).

From Meyer’s inequalities, it follows that the Sobolev space of Malliavin differ-
entiable L2(0,1)-valued random variables, denoted by D'?(L?(0,1)), is included
in the domain of §. Consequently, considering the fractional Sobolev spaces in-
troduced by Watanabe [[38], one readily obtains that D%2?(L?(0,1)) C Dom(9)
for all s > 1. As a corollary of the construction made in Chapter B, we find that
the above result is sharp in the sense that D*2(L2(0,1)) C Dom(é) if and only
if s > 1.

Malliavin calculus can be generalized to the setting of Hilbert space valued
stochastic processes, see [24,03,82,68] and references therein. As an application of
the theory of v-radonifying operators, Maas [[@] and Maas and van Neerven [[Z3]
extended Malliavin calculus and Skorohod integration to the UMD Banach space
setting and proved that the uMD-valued Skorohod integral is again an extension
of the Ito stochastic integral. In Chapter B we present further extensions of
this theory. In particular we obtain a non-adapted version of the chain rule for
Lipschitz functions and an It6 formula.

An Tt6 formula for a Hilbert spaces valued Ité process can be found in [BJ].
A version of It6’s formula for adapted processes taking values in a 2-uniformly
smooth Banach spaces was proved in [B2], and where the processes take values
in a UMD Banach space in [Z]. In the anticipating case, a finite-dimensional
It6’s formula for the Skorohod integral and Stratonovich integral is stated and
proved in [H3,6@]. A generalization of the It6 formula for the Skorohod integral
to Hilbert space valued processes can be found in [E2]. The It6 formula is one of
the main results from Chapter B, which is based on [[T3], and we will present its
formulation here.

Let E be a UMD space with type 2, U be a separable Hilbert space and let
Wy be a U-cylindrical Brownian motion. Consider the following assumptions:

Go € DV(B), D¢y € L*(2; L*(0, T37(U, E)))
w e D**(IX(0,T5+(U, B))),  Due L*(0,T:D*>(4(U,(H, E)))), (13.1)
v € DY2(L2(0,T; E)), Dv € L}(0,T; L*((0,T) x £2:1(U, E))).

Consider the process ¢ : 2 x [0,T] — FE given by

¢t = o —l—/o v(r)dr +/0 u(r) dWy (r). (1.3.2)

Then we have the following theorem:
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Theorem 1.4 (Ité’s formula). Let E be a UMD Banach space with type 2.
Suppose that the conditions (C3A) hold and let ¢ : [0,T] x 2 — E be as in
(=33). Assume ¢ has continuous paths. Let F : E— R be a twice continuously
Fréchet differentiable function. Suppose that F' and F" are bounded. Then

F(¢) = F(Go) + / F/(C)(0(s)) ds + 6((F(C), T qu))

+3 | 6 PN ds+ [ () PO, ds
(1.3.3)

Here, the pair (-, -, )1, is the trace duality pairing defined in equation (EZZ).
Compared to the It6 formula in the adapted setting, the extra term

/0 (u(s), F"(¢)((D7C)(5))) , ds

appears. The operator D~ is defined by

(D7¢)(s) = (DGo)(s) + /OS(DU(T))(S)CZT + (10,6 Iv, 1 ((Du)(s))),
where Iy g is the isomorphism
IU,H : V(va(Hv E)) — V(va(Ua E))

In the case that ¢ is adapted, D~¢ = 0 and (IZ33) becomes the Itd formula for
adapted processes.

1.4 The forward integral

In [T2,0T8], Russo and Vallois initiated a theory of stochastic integration via
regularization procedures. This theory has been further developed by the same
authors (see [MI-IZFA]) and by other authors (see [E3, 2, B4, bR, O3, [T, [33]
and the references in [[23]). Their theory allows integration with respect to
integrators more general than semimartingales, and it also allows integration of
non-adapted processes. Applications arise for instance in the theory of fractional
Brownian motion.

One of the stochastic integrals defined in [IT¥] is the forward integral. In the
case that the integrator is a Brownian motion, the definition is as follows. For a
measurable process G : [0,T] x £2 — R that belongs to L?(0,T) a.s., we define
the sequence (I~ (G, n))52, given by

T
I~ (G,n) = n/o G(s)(W(s+1/n) —W(s)) ds.
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If the sequence (I~ (G,n)) converges in probability, then G is called forward
integrable. Its limit is called the forward integral and is denoted by

T T
57 (G) ::/O Gdw~ :/O G(s)dW ™ (s).

Applications of the forward integral can be found in mathematical finance, see
Chapter 8 of [BS] and its references. In [BB,84,B9] the authors consider the forward
integral in the setting of Lévy processes.

Although in the case of the Skorohod integral many authors have considered
the infinite dimensional setting, in the case of the forward integral only few results
are available. In [B2], the integration via regularization has been generalized to
separable Banach spaces. In [B3], Leén and Nualart have introduced the forward
integral in the operator valued setting.

In chapter @, which is based on [[IM|, we examine several properties of the
forward integral in the operator valued setting, where the integrator is a cylin-
drical Brownian motion. We will prove that in this setting, as in the real valued
case, the forward integral is an extension of the It6 integral. In particular, for
adapted processes G, the forward integral of 1} 4G exists for all ¢ € [0, T]. For
arbitrary G, let us write J~ (G, n)(t) for I7(G1jg4),n). For adapted G, we write

I1(G)(t) = fot G dW ™. One of the main results of Chapter @ is the following:
Theorem 1.5. Let E be a UMD Banach space with type 2, and let p € [2, 00).

(1) If G € LP(2; LP(0,T;~v(H, E))) is adapted, then the sequence of processes
(J7(G,n))32y converges to I(G) in LP(2;W*P(0,T; E)) for all o € (0, 3),
asn — oo.

(2) If G € L°(2;LP(0,T;~(H, E))) is adapted, then the sequence of processes
(J7(G,n))2, converges to I(G) in LO(2; W*P(0,T; E)) for all a € (0, 1),
asn — oo.

1.5 Methods for solving stochastic evolution equation

There are many different methods for solving equations of the form (). We
would like to point out some of them. First, there is the theory using random
fields due to Walsh [[38]. Second, the theory of monotone operators, which is
studied in the case B = 0 by Lions [[2] and in the case B = I by Bensoussan [[3].
It was further developed and generalized to the stochastic case by Pardoux [,
Rozovskii [[M3], Krylov and Rozovskii [G3] (see also [H]). Third, there is an LP-
theory due to Krylov [BD], in which the drift is a second order operator on R?
which is allowed to be dependent on time and on the probability space. Krylov
shows existence and uniqueness in the space W*?(R%) for p > 2.

The method we are most interested in, is called the semigroup approach. This
has been studied by Curtain and Falb [B0], Dawson [B3] and then by Da Prato
an Zabczyk [B2] and their collaborators. Here, it is assumed that the drift A(t)
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is the generator of an evolution system S(t, s)o<s<t<7. In the autonomous case
A(t) = A this translates into A being the generator of a semigroup, and hence
the name ‘semigroup approach’.

Crucial in the semigroup approach is the definition of a mild solution. A mild
solution is an adapted and strongly measurable process u : [0,T] x 2 — E such
that for all ¢ € [0, 7], almost surely,

u(t) = S(t,0)ug +/0 S(t,s)F(s,u(s)) ds —I—/O S(t,s)B(s,u(s)) dW (s).

The above cited works are all in the Hilbert space setting, since the stochastic
integral is, in these works, defined only on Hilbert spaces. Generalizations of
(@) to Banach spaces started with Neidhardt (to 2-smooth Banach spaces)
[[2], Brzezniak (to martingale type 2 Banach spaces) [[H], and more recently van
Neerven, Veraar and Weis (to UMD Banach spaces) [BO], B2, and Veraar [[C33].
In [BO] a theory of stochastic integration in UMD Banach spaces is set up, and
in [B3] stochastic evolution equations in UMD Banach spaces are considered, with
autonomous drift A(¢) = A. In [33], the non-autonomous case is covered, where
beside UMD it is also assumed that the space has type 2.

As discussed before, the semigroup approach does not work when the stochas-
tic integral is an It6 integral and when A is random. A new approach to solve
problem () is treated in Chapter B and is explained in the next section.
Another approach, due to Leén and Nualart [B8], which is based on Malliavin
calculus and forward integration, is improved in Chapter B. This is explained
briefly in Section L. Let us also mention that in [B8] a maximal regularity
approach to (EZ) with random A has been developed.

1.6 A new solution concept for stochastic evolution
equations

The method described here is treated in Chapter B and is based on the pa-
per [[M]. As in [[33], we consider UMD spaces with type 2. For fixed w € {2,
we assume the Acquistapace-Terreni conditions on the drift A = A(t,w), see
[ATT], [AT2] below in Subsection B220. Evolution equations with these assump-
tions have been studied, among others, by Acquistapace and Terreni [0-8] and
Schnaubelt [Z3].

We introduce a new solution concept, and compare this to other solution
concepts. An adapted process u € L°(§2; LP(0,T; E)) is called a pathwise mild
solution to problem () if for all ¢ € [0, 7], a.s.,

u(t) = S(t,0)ug Jr/o S(t,s)F(s,u(s)) ds

- /0 S(t’ S)A(S)(I(l(s,t)B(" u())) ds + S(t> O>I(1(O,t)B('> u()))
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where

T
I(G) :/0 G(s) dW (s).

Note that this solution does not involve any anticipating stochastic integral, as
opposed to the variation of constants formula for the mild solution.

Let us state the first main theorem, Theorem BE28. The hypotheses can be
found in Chapter B.

Theorem 1.6. Assume [HIJHHY), [HE] and [HB). Let §, A > 0 be such that
a+d+N< min{% —0p,1—0p,ny}. Assume that ug : 2 = E is Fy-measurable
and ug € EY ; a.s. Then the following holds:

1. There exists a unique adapted pathwise mild solution u € L°(£2; C([0,T7; E.))
to (CIOM). Moreover, u — S(t,0)ug € L°(£2;C*(0,T; Eqys))-

2. If additionally, ug € Egﬂi,l a.s. with > 0 and A+ 6 < B, then u €
LO(2;CM0,T; Eqys)).

Assumption [H5] is of special importance here. This assumption implies for
instance that the random evolution system S(, s) is bounded in the .Z(E)-norm
uniformly in w, i.e., there exists a C' > 0 such that for all w € (2 one has
1S(t,s)ll #z)y < C. Without condition [H5] the constant would depend on w.
Many other estimates are uniformly in w as a consequence of [H5]).

In Subsection B33 we prove the following existence and uniqueness result
without the uniformity condition [H5]), based on a localization argument. Due
to technical reasons we assume [H5)], a slightly more restrictive condition than

[ATZ].

Theorem 1.7. Assume [HI}{HZ], [H5)]], [HF) and [[HB). Let §, X > 0 be such
that a + 8 + A < min{} — 0p,1 — 0p,ny}. Assume that uo : 2 — E is Fo-
measurable and ug € EY a.s. Then the assertions (1) and (2) of Theorem @
hold.

1.7 Forward mild solutions to stochastic evolution
equations

When one considers the notion of a mild solution to problem (EI), it seems
that the forward integral and not the Skorohod integral is the right choice for
the extension of the It6 integral. This is mainly because if one interprets the
stochastic integral appearing in the variation of constants formula (ICTI2) as a
forward integral, then a mild solution is always a weak solution (see [B8, Proposi-
tion 5.3]). In fact, if one interprets the stochastic integral as a Skorohod integral,
a complementary term appears (see [B4]). A mild solution where the stochastic
integral is a forward integral will be called a forward mild solution.
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The proof of the fact that a forward mild solution is a weak solution relies
on a maximal inequality for forward integration. The authors of [E3] prove the
latter by first proving a similar result for the Skorohod integral, and then by
comparing the two stochastic integrals. The proof of the maximal inequality for
the Skorohod integral relies on functional analytic techniques and the It6 formula
for the Skorohod integral.

In Chapter B, we present a new proof of the maximal inequality mentioned
below, in UMD Banach spaces with type 2 and some additional assumptions. We
prove the inequality without using the It6 formula for the Skorohod integral, but
instead we use an It6 formula for the forward integral. Apart from the fact that
the proof is more direct, the same result is obtained with fewer assumptions on
the evolution system: the evolution system is only assumed to be in D?(Z(E))
instead of D??(Z(E)). This is summarized in the next theorem. Let us denote
by 7, the set of all v(H, E)-valued processes of the form

N
G=> Z Sin(W (1), -, W(eR)) @ L, t,10) @ R,
k=1n=1

where fi, € CP(RN), 0 <t) <ty < ...<tp1 <T, o} € L?(0,T) ® H with
supp(h?) C [0,t,], and Ry = Zf\]:kl hi®x;, h e H, z; € E.
Theorem 1.8. Let E be a UMD Banach space that has type 2 and satisfies prop-

erty (D) from section BA. Let S(t,s) be a random evolution system satisfying
(H) from section B3, and let G € .7,. For all p € (2,00), we have the estimate

sup H/ S(t,5)G (S)HZ) SCJE/OT IGON yy ds. (17.1)

tG[O T)

Moreover, the operator S° : %, — LP(£2;C([0,T); E)) defined by

P = /O St 5)G(s) AW~ (s)

extends uniquely to a linear bounded operator S° : LP(£2 x [0,T);~v(H, E)) —
LP($2;C([0,T); E)) for which (IZA) holds.

Next, we will formulate the concept of a weak solution and a forward mild solu-
tion. Under suitable assumptions on A, F' and B, we prove that any mild solution
is a weak solution, and that problem (1) has a unique mild solution. These
two results use the above theorem, and are the main results of Chapter B:

Proposition 1.9. Assume hypotheses ~[A3] If u is a mild solution, then
it is a weak solution.

Theorem 1.10. Assume hypotheses - [(A33]. Then problem (E2) has a

unique forward mild solution.
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1.8 Application

Consider the stochastic partial differential equation

du(t,s) = (A(t, s,w, D)u(t, s) + f(t,s,u(t,s))) dt
+ g(t, s,u(t,s)) dW(t,s), t € (0,T], s €S,
C(t,s,w,D)u(t,s) =0, t € (0,T], s € S,
u(0,s) =up(s), s € S.

(1.8.1)

Here, S is a bounded domain in R™ with C?>-boundary and outer normal vector
n(s). The drift operator A is of the form

A(ta S,W,D) = Z Di(aij(tasaw)Dj)+a0(ta Saw)a
ij=1
C(ta S,W,D) = Z aij(t757w)ni(5)Dj7

ij=1

where D; stands for the derivative in the i-th coordinate. Under suitable as-
sumptions on a;;,ap, f and g (see Section BA for precise formulation), one can
rewrite equation (IZX) into a stochastic evolution equation of the form (M),
where each A(t,w) is a closed linear operator on LP(S) for p > 2. We obtain the
following existence and uniqueness result, which is Theorem B=Z33.

Theorem 1.11. Let p € [2,00) and suppose ug : 2 — LP(S) is Fy-measurable.
The following holds under the assumptions just mentioned.

1. There exists a unique adapted pathwise mild solution u that belongs to the
space L°(82; C([0,T]; LP(S))).

2. If upg € WHP(S) a.s., and 5, > 0 such that § + \ < %, then u belongs to
LO(82; CM0,T; B, (9)))-

1.9 Outline of the thesis

This thesis consists of two parts. The first part consists of Chapter B-A, and
is dedicated to the theory of stochastic integration of non-adapted processes.
In particular, in Chapter B we discuss the theory of Malliavin calculus in UMD
Banach spaces, and 1t6’s formula for the Skorohod integral. Chapter B contains
a construction of a process u that is Skorohod integrable on an interval [0, 1] but
which is not Skorohod integrable on [0, 1/2]. In Chapter Bl we obtain convergence
results of the approximating sequence of processes converging to the forward
integral process in the vector valued setting.

The second part consists of Chapter B and Chapter B and contains the theory
of stochastic evolution equations and applications to stochastic partial differen-
tial equations. Chapter B is essentially an extension to the paper by Ledén and
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Nualart [B8]. Originally the starting point for this thesis was to extend [B3] from
the Hilbert space setting to the UMD Banach space setting. However, along the
way we have found two improvements. First, we found that part of the theory
in [B8] can be improved in such a way that less Malliavin differentiability needs
to be assumed. For this, we prove It&’s formula for the forward integral and a
maximal inequality for the forward integral. This is covered in Chapter B. Sec-
ond, we established a different theory for solving stochastic evolution equations
with adapted drift which is based on a new representation formula for the mild
solution. For that we assume the conditions by Acquistapace and Terreni, and
use the convergence results from Chapter B. The assumptions are milder than
those in Chapter B, and also give better regularity results. This is covered in
Chapter B.



Part 1

Stochastic integration of non-adapted processes






2

Tools for Malliavin calculus in uMD Banach
spaces

2.1 Introduction

Since the seminal paper [[[@], Malliavin calculus has played an influential role
in probability theory (see the monographs [[2, [3-I8, B0, 63, 72, B3, B8, [37] and
references therein). In particular, it has played an important part in the study
of stochastic (partial) differential equations (S(P)DE) and mathematical finance
(see the monographs [P4, BR, B3, B0, 9, 23] and references therein). For certain
models in finance and SPDEs, Malliavin calculus and Skorohod integration can
be applied in an infinite dimensional framework. In the setting of Hilbert space-
valued stochastic processes details on this matter can be found in 24,03, 02, B3|
and references therein. For Banach space-valued stochastic processes, there are
geometric obstacles which have to be overcome in order to extend stochastic
calculus to this setting.

In [BH] a new It6 type integration theory for processes with values in a Banach
space E has been developed using earlier ideas from [EH,B2]. The theory uses a
geometric assumption on F, called the UMD-property, and it allows two-sided
estimates for LP-moments for stochastic integrals (see Theorem EZ3T below). A
deep result in the theory of UMD spaces is that a Banach space E has the UMD-
property if and only if the Hilbert transform is bounded on LP(R; E) (see [E3] and
references therein). The class of UMD spaces include all Hilbert spaces, L?-spaces
with ¢ € (1, 00) and the reflexive Sobolev spaces, Besov spaces and Orlicz spaces.
Among these spaces the L?-spaces with g € (1,00) are the most important ones
for applications to SPDEs. Recently, the full strength of the stochastic integration
theory from [BB] has made it possible to obtain optimal space-time-regularity
results for a large class of SPDEs (see [E3,EY)).

In [[[F], Malliavin calculus and Skorohod integration have been studied in the
Banach space-valued setting. In particular, the authors have shown that if the
space F has the uMD-property, the Skorohod integral is an extension of the Ito
integral for processes with values in E (see Theorem below). The main result
of [@@] is a Clark-Ocone representation formula for E-valued random variables,
where again F is a UMD space. A previous attempt to obtain this representation
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formula was been given in [BO], but the proof contains a gap (see [El]). Further
developments on Malliavin calculus have been made in [[[] and in particular,
the connection with Meyer’s inequalities has been investigated. Here the UMD-
property is needed again in order to obtain the vector-valued analogue of the
Meyer’s inequalities (see @] and [[3]). In particular, in [@] a vector-valued
version of Meyer’s inequalities for higher order derivatives has been proved. Also
here there has been a previous attempt to show Meyer’s inequalities for higher
order derivatives in UMD spaces (see [[[3]), but unfortunately the proof contains
a gap since an integral in [[8, Theorem 1.17] is not convergent.

In this chapter we proceed with the development of Malliavin calculus in the
UMD-valued setting. After recalling some prerequisites, in Section 232 we will
prove a weak characterization of the Malliavin derivative and extend the Meyers-
Serrin result for Sobolev spaces to the setting of Gaussian Sobolev spaces. In
Section 233 several calculus facts such as the product and chain rule will be
obtained. Under additional geometric conditions, we further extend the chain
rule to the case of Lipschitz function in Section EZ34. Some new results for the
Skorohod integral are derived in Section EA. In particular, pathwise properties
of the Skorohod integral are studied in Section EZ=. In the final Section 23 we
prove a version of It6’s formula in the non-adapted setting.

This chapter is based on the paper [[T37].

2.2 Preliminaries

Below all vector spaces are assumed to be real. With minor modifications, most
results can be extended to complex spaces as well. For a parameter ¢, and real
numbers A and B, we write A <; B to indicate that there is a constant ¢ only
depending on ¢ such that A < c¢B. Moreover, we write A =~; B if both A <; B
and B <; A hold.

2.2.1 v-Radonifying operators

Let (2, %, P) be a probability space, let H be a separable Hilbert space and let E
be a Banach space. In this section we will review some results about y-radonifying
operators. For a detailed overview we refer to [B9,63,E3]. For h € H,z € E, we
denote by h ® x the operator in Z(H, E) defined by

(h@ )l == (h,h)x, K €H.

For finite rank operators 2?21 h; ® x;j, where the vectors hq,...,h, € H are
orthonormal and x1,...,z, € E, we define

n N
H;hg 2T vE) (EHEV":E"

241/2
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Here (75,)n>1 is a sequence of independent standard real-valued Gaussian random
variables. The space v(H, E) of y-radonifying operators is defined as the closure
of all finite rank operators in the norm | - ||z, ). One can show that a bounded
operator R : H — E belongs to v(H, E) if and only if the sum ) -, v, Rh,
converges in L?($2; E).

By the Kahane-Khintchine inequalities (see [EH, Corollary 3.2]) one has

(2] ) o (2] o)
n=1 n=1

and this extends to infinite sums as well, whenever the sum is convergent.
The ~-radonifying operators also satisfy the following ideal property (see
[0, 7D, BT]).

Proposition 2.1 (Ideal property). Suppose that Hy and Hy are Hilbert spaces
and Ey and Ey are Banach spaces. Let R € v(Hy, Ey), T € Z£(Hy,Hp) and
Ue Z(Ey, Ey), then URT € v(H1, Ey) and

IURT ||y, 20y < NUNRlyzz0,20) I T1]-
The following lemma is called the y-Fubini Lemma, and is taken from [Eg].

Lemma 2.2. Let (S, X, 1) be a o-finite measure space and let 1 < p < oo. The
mapping U : LP(S;vy(H, E)) — £ (H,L*(S; E)), given by (UF)h)s = F(s)h for
s€ S and h € H, defines an isomorphism LP(S;~(H,E)) =~ v(H, LP(S; E)).

The following lemma is taken from [Bd] and for convenience we include a
proof.

Lemma 2.3. Suppose that Hy and Hy are Hilbert spaces. Let R € v(Hy, E) and
S € v(Hi, E*). Define the operator (R, S) € £ (H1, Hy) by

(R,S)h:=R*(Sh), h € Hy.
Then (R, S) is a trace class operator.

Proof. Let (hy)n>1 and (kn)n>1 be orthonormal bases for Hy and Hy, respec-
tively. Let (€,)n>1 be such that |e,| = 1 and (Rhy,, Sun)en = [(Rhy, Su,)| for
every n > 1. Then by Hélder’s inequality

> ‘< (R, S) un, hn> =S (enRhy, Sun)

n>1

= E< Z enYnRhn, Z mSuk>

n>1 k>1
= H Z enYn LZ(Q;E)H kasuk’
n>1 k>1

= |Rlly(z0,2) IS~ (21, 27y -

L2($2;E%)

Now the result follows from [B9, Theorem 4.6]. O
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We define the trace duality pairing as
(R, S)q, = Te(R*S) = Y (Rhy, Sun) . (2.2.1)

n>1

From the calculation in the above proof we see that

(B, S | < | Rllyho, )11y 11,27)-

Recall the following facts: (details and references on UMD and type can be
found in Subsections 223 and B2, respectively).

Facts 2.4.

e If F is a Hilbert space, then v(H, E) coincides with the Hilbert-Schmidt
operators % (H, E)
e Forall p € [1,00), v(H, E) is isomorphic to a closed subspace of L?(2; E).

Moreover, the following properties of E are inherited by v(H, E): reflexivity, type
p € [1,2], cotype ¢ € [2,00], UMD, separability.

2.2.2 The Malliavin derivative operator

In this section we recall some of the basic elements of Malliavin calculus. We
refer to [EH] for details in the scalar situation.

Let {W(h),h € H} be an isonormal Gaussian process associated with H,
that is {Wh : h € H} is a centered family of Gaussian random variables and

E(Wh1Wh2) = <h1, h2>, hi,ho € H.

Under these conditions, W : H — L?(£2) is a bounded linear operator. We will
assume # is generated by W.

Let 1 < p < o0, and let E be a Banach space. Let us define the Gaussian
Sobolev space DVP(E) of E-valued random variables in the following way. Con-
sider the class . ® E of smooth E-valued random variables F : {2 — E of the
form

F = f(W(hy),...,W(h,) @,
where f € Cp°(R"), n > 1 hy,...,h, € H, x € E, and linear combinations
thereof. Since . is dense in LP({2) and LP(f2) ® E is dense in LP(§2; E), it
follows that . ® E is dense in LP({2; E). For F € . ® E, define the Malliavin
derivative DF as the random variable DF : 2 — v(H, E) given by

DF = iaiﬂvv(hl), W) @ (e ).

If E = R, we can identify v(H,R) with H and in that case for all F € .,
DF € LP(£2; H) coincides with the Malliavin derivative in [E3]. Recall from [E3,
Proposition 1.2.1] that D is closable as an operator from L?({2) into LP(£2; H),
and this easily extends to the vector-valued setting (see [, Proposition 3.3]).
For convenience we provide a short proof.
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Proposition 2.5 (Closability). For all 1 < p < oo, the Malliavin derivative
D is closable as an operator from LP((2; E) into LP(§2;~(H, E)).

Proof. Let (Fp)p>1in ®F and G € LP(£2;~(H, E)) be such that lim,,_, o, F,, =
0in LP(£2; X) and lim,,_,oc DF,, = G in LP($2;v(H, E)). We need to show that
G = 0. Since G is strongly measurable, it suffices to check that for any h € H
and z* € E* one has (Gh,z*) = 0. By the closability of D in the scalar case one
obtains

(Gh,z*) = lim (DF,h,2*) = lim D((F,,z"))(h) = 0.

n— oo n—roo

O

The closure of the operator D is denoted by D again. The domain of the
closure is denoted by D'?(E) and endowed with the norm

||FHJD>LP(E) = (”FH]ZP(QE + H‘DF”LP(ny HE)))l/p

it becomes a Banach space. Similarly, for k > 2 and p > 1 we let D¥?(E) be the
closure of . ® E with respect to the norm

k
HF”]D)k P(E) "= (HF”LP 2;E) JFZ ”DzF”Izp(Qwi(mE)))l/p
i=1
Here v'(H,E) = ~(H, E) and recursively, v*(H, E) = v(H,y""'(H,E)) for
n > 2. Finally let D*P(E) =5, D*P(E).

2.2.3 Ornstein-Uhlenbeck operators and Meyer’s inequalities

In this subsection we recall several results from [[@] and [H3].
Recall the definition of the n-th Wiener chaos

My = lin{H,(W(h)) : ||hl] = 1}.

Here, H,, is the n-th Hermite polynomial. Also let & be the set of random vari-
able of the form p(W(hy),...W(h,)) where p is a polynomial and hy,..., h, €
H. This set is dense in LP(£2) for all p € [1,00) (see [HT, Exercise 1.1.7]). A
classical result is the following orthogonal decomposition L?*(2) = @,,~¢ Hn
(see [@3, Theorem 1.1.1]). For each n > 1, let J,, € £(L*(£2)) be the orthogonal
projection onto H,,. The Ornstein-Uhlenbeck semigroup (P(t))i>o on L2({2) is
defined by

P(t) = Z e " .
n=0
Clearly, P(t)* = P(t). Moreover, (P(t)):>0 extends to a Cy-semigroup of positive

contractions on LP(£2) for all 1 < p < oo (see [H3, Section 1.4]).
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Let E be a Banach space. By positivity, for any ¢ > 0 the mapping P(t) ® Ig
extends to a contraction Pg(t) € Z(LP(£2; E)). Moreover, (Pg(t))i>o is a Co-
semigroup on LP({2; E). Also note that & ® E is dense in LP({2; E). Denote the
generator of (Pg(t))i>0 by Lg, and set Cg := —v/—Lg. Observe that for all
F € P ®FE one has CgF = ) - ,+/nJ,F. Whenever, there is no danger of
confusion we will leave out the subscript F from all these expressions. If E has
type p’ > 1, then Pg(t) is an analytic semigroup on LP(§2; E) for all p € (1, 00).
In this case each J, is a bounded operator on LP({2; E) for all p € (1,00). We
refer to [MA, Theorem 5.5, Remark 5.9(¢%), Identity (5.15)] for details.

Next we recall the vector-valued anlagen of Meyer’s inequalities from [,
Theorem 6.8]. To do so we need the following Banach space property. A Banach
space F is said to have uMD if for some p € (1, 00), there is a constant 3, g such
that for every N > 1, every martingale difference sequence (d,,)Y_; in LP(12, E)
and every {—1, 1}-valued sequence (g,))_,, we have

N p 1 N
(S} < (e S
n=1 n=1

UMD stands for unconditional martingale differences. It can be shown that if
(ZZ2) holds for some p € (1,00), then one can show that it holds for all p €
(1,00). We refer to [E3] for details. The UMD property plays an important role
in vector-valued harmonic analysis, due to the fact that the Hilbert transform
is bounded if and only if £ is a UMD space. We will also use that the UMD
property implies several other useful Banach space properties. If X is a UMD
space, then it is reflexive, and hence spaces such as C(K), L', L* do not have
UMD. In the reflexive range many of the classical spaces (Lebesgue space, Sobolev
spaces, Besov spaces, Orlicz spaces, Schatten class, etc) are known to be UMD.
In applications to SPDEs the most important example is L? with ¢ € (1, 00).

The case n = 1 of the following result was proved in [[H] and used in [[7A,
Theorem 6.8] to derive the case n > 2 by induction.

p)%. (2.2.2)

Theorem 2.6 (Meyer’s inequalities). Let E be a UMD Banach space, let 1 <
p < oo and n > 1. Then the domain of the operator C™ on LP(2; E) equals
D™P(E). Moreover, for all F' € D™P(E) we have

D" FllLe(@iyn(a1,8)) SpBn [[C"FllLp(25m)
SoEan 1Fl L o,m) + 1" Fll Lo (2m (1,B))-

Also recall the following vector-valued version of Meyer’s Multiplier Theorem
(see [[@A, Theorem 6.5], where even an operator-valued version has been obtained).

Theorem 2.7 (Meyer’s Multiplier Theorem). Let 1 < p < oo. Let E be
a UMD Banach space, and let (ax)3, be a sequence of real numbers such that
> neo lak| N=F < 0o for some N > 1. If a sequence of scalars (¢(n))n>1 satisfies
p(n) =22 ,arn" forn > N, then the operator Ty defined by
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T,F:=> ¢(n)J,F, FePQE,
n=0

extends to a bounded operator on LP((2; E).

Due to the above results, many of the results in the scalar setting can be extended
to the UMD-valued setting. Some results have already been derived in [[A], and
we will obtain several other results which will be needed to present some of the
tools in Malliavin calculus in the UMD setting.

The following density result is a consequence of the corresponding result in
the scalar case. It will play a minor role in the sequel.

Proposition 2.8. Let E be a Banach space, p € [1,00) and k > 1. Then @ E
is dense in D¥P(E).

Proof. Tt follows from [B3, Theorem 15.108] and [E3, Corollary 1.5.1] that &2 is
dense in D*P(R). Since D*P(R) ® E contains the dense subspace .¥ ® E, the
result follows from the definition of D*?(E). O

Below, the space D (y(K, E)), where K is an arbitrary Hilbert space, will
play an important role for the divergence operator §. The following result is a
direct consequence of the -Fubini lemma E32.

Proposition 2.9. Let K be a separable Hilbert space, E be a Banach space and
let 1 < p < 0o. Then the map Fub : DVP(y(K, E)) — v(K,DVP(E)) defined by

((FubF)k)(w) := F(w)k, we N keH,
is an isomorphism DYP(y(H, E)) = v(H,D*?(E)). Here
(D[(FubF)k))h = ((DF)h)k, heH, ke K.

In particular, this result holds for the case K = H.

2.3 Results on Malliavin derivatives

2.3.1 Poincaré inequality and its consequences

The following Poincaré inequality will be useful to us. A similar result for UMD
spaces was obtained [Bd, Theorem 1] in the discrete setting using entirely different
methods. We extend the scalar-valued proof from [HH, Proposition 1.5.8].

Proposition 2.10 (Poincaré inequality). Let E be a UMD space and let p €
(1,00). For all u € DYP(£2; E) one has

|u—E(u)lzr(2:m) Sp.e |1DUllLo (20 (11.B))
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Proof. Let R be the operator on LP(§2; E) defined by R = >_>° | \/1+ 1/nJ,.
We will prove that R is bounded, using Theorem EZ0. With ¢(n) := /1 + 1/n,
observe that

= /1/2\ _ = (1/2)(1/2-1)...(1/2—k+1) _
¢(”)Z<£>"kz(/)(/ )k!(/ +)nk.

k=0 k=0

With Stirling’s formula we obtain

1 (1/2)] (2k)! =1
;\<k>)—;<zz€_1)(mw”;w~

It follows that the above series converges, hence R is bounded.
For any smooth u € . ® E we have

(T~ 2)~2 ROl oy = | 3 = llu— E@)|zr(0:5)-
j=1

LP($2;E)

With approximation, it follows that the equality holds for all u € DY?(E). Using
the boundedness of R, (I — L)~'/2 and Meyer’s inequalities, we obtain

|l —E(u) || 2o 25y = I(I = L) 2RCu| o5y < ]| Cull o)

< | DullLr (@i m,p)),

As a consequence of the Poincaré inequality one has the following:

Corollary 2.11. Let E be a UMD space, p € (1,00) and let k > 1. For all
u € D¥P(§2; E) one has

||U||Dk»p(E) ~p,E.k ||UHLP((Z;E) + HDku||LP(Q;7k(H,E))~

Proof. By density it suffices to prove the norm equivalence for all u € % ® E.
The part 2, g is trivial. For the estimate <, g, by an iteration argument it

~. ~.

suffices to show that for all ¢ > 1,

ID*ull Lo (i (11,2) Sp,i [l pe(asmy + 1D | o oiitramy. (2:3.1)

Observe that ED*u = JoD'u = D' J;u (see [E3, Proposition 1.2.2]). Hence by [,
Theorem 5.3] (applied ¢ — 1 times), one has

IED ullyi a1,y = D" st ot (s, =i Wstllo oy Sy llliocoim.
Now Proposition 10 and the latter estimate imply that
1D ull Lo(s(a1.5y) < IED"ul| + [ D'w = ED"ul| Lo (20 1. y)
S [ull ey + 1D | Lo (oiyies (1.

and hence (E23) follows. O
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2.3.2 Independence of p and a weak characterization

The following theorem suggests that for ' to be in D*P(E), it suffices to check
that F' is differentiable in a very weak sense. The result is known in the case
E =R (see [B3, Theorem 15.64]). However, in this situation the proof below is
new as well.

Theorem 2.12. Let E be a UMD Banach space, let p € (1,00) and k > 1. Let
F € LP(2; E) be such that for all x* € E* one has (F,z*) € D*Y(R). If there
exists an £ € LP(2;4%(H, E)) such that for all z* € E*

DF(F,z*) = (¢,27).
Then F € D*P(E) and D*F = €.

Proof. Since Pg is an analytic semigroup, Pr(t)F € (5, Dom(Lij) C D>*P(E)
for all ¢ > 0. The inclusion follows from Meyer’s inequalities (see Theorem ).
From [, Lemma 6.2] we get for all z* € E*,

(D*Pg(t)F,z*) = D* (Pg(t)F,2*) = D" Pr(t) (F,z*) = e ™ Pou (g gy D" (F, 2%)
= e_ktpwk(H,R) (£, 2%) = <6_ktpfyk(H,E)§>$*>~

Hence D¥Pp(t)F = e M P g g (£)E.

Now, let ¢, | 0 as n — oo, and set F,, = Pg(t,)F. Then, by the strong
continuity of (P(t))i>0, we get F,, — F in LP({;E) and D*F, — ¢ in
LP(£2;+*(H, E)). From Corollary 2 it follows that (F},),>1 is a Cauchy se-
quence in D*P(E). Hence by the closedness of D, we get F' € D*P(E) and
DFF =¢. O
Remark 2.13. A careful check of the above proof of Theorem EZI2 shows that
we can replace the assumption (F,z*) € DFY(R) by (F,z*) € D(R) and
iteratively, for all 1 < j < k—1, DI(F,z*) € D"'(y7=1(H, E)). As a consequence,
for UMD spaces E, one obtains that our definition of D¥?(E) coincides with the
definition of [[A)].

Next we will give another definition of a Gaussian Sobolev space. For p €
[1,00) and k € N let

D*P(E) .= {F e DMY(E): Fe€ LP(2;E),V1< j<k DIF € L?(2;~7(H,E))}.

The next result can be viewed as a Gaussian version of the Meyers-Serrin
theorem for Sobolev spaces. For the scalar setting, a proof is provided in [B3,
Theorem 15.64]. There, as in [IH], a different definition of D¥P(R) is given in
terms of differentiability properties. Their definition coincides with our definition,
since &2 is dense in both spaces (see Proposition I8, and [B3, Theorem 15.108]).

Corollary 2.14. Let E be a uMD Banach space, let p € [1,00) and k € N. Then
DFP(E) = DRP(E).

Proof. First note that the case p = 1 is trivial. Let p > 1. Obviously, one has
DkP(E) C DEP(E). The converse result follows from Theorem B2, O
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2.3.3 Calculus results

Next, we will prove several calculus results in the vector-valued setting. The
following product rule will be useful later on.

Lemma 2.15 (Product rule). Let Ey, E1 and Es be Banach spaces. Let b :
FEy x By — FE5 be a bilinear operator with the property that there is a constant
C such that for all x € Ey and y € Ey one has ||b(x,y)|| < Cllz|||y|l. Let
1 <p,q,r < oo be such that % —|—% = % If F € DYP(Ey) and G € DY4(E;), then
b(F,G) € DV (E) and

Db(F,G)] = b(DF,G) + b(F, DG). (2.3.2)
Here b(DF,G)h = b((DF)h,G) and b(F, DG)h = b(F, (DG)h) for h € H.

Proof. Using Holder’s inequality, one sees that for all F' € LP(§2; Ey) and G €
L($2; Ey), b(F,G) € L™(£2; E2) and

[6(F, G)l[Lr(2:8,) < ClIF||Lr(2:E0) 1GlLa2:81)- (2.3.3)

If Fe Y®E)and G € ¥ ® E;, (2332) follows from a straightforward
calculation and the product rule for ordinary derivatives. Moreover, observe that

L (Qiny(H.E2)) < 0(DF, G)|| L (0:y(H,B2)) + 0(F, DG)

Now by linearity it follows that pointwise in (2, we have

IDb(F, G)]|

L7 (£2;v(H, Ez))

I6(DF, G) 1.5 = Hb( Z%Dth,G)‘

o1 L2(2;E3)
<CH 5 DFh,|l |G|le =C|IDF Gllg.
<O 50D, 5 1l = CUD Pl

Here (4,)n>1 is a sequence of standard Gaussian random variables on a proba-
bility space (£2,.7,P).

Similarly, one sees that ||b(F, DG)||y(#,85) < CIIF|ly(a#,E0) 1 PG l(#,£,) POINt-
wise in (2. From Holder’s inequality we obtain

| D[b(F, G)]|
< CIDF| Le( @y (,Bo) |GllLa(2:80) + CIF || Lr (280 IDG| La (@i, E1))

L7 (2;7(H, E3))

< 2C||F||D1vP(Q;Eo)”G”DLQ(Q;Eﬂ'

(2.3.4)

Now let F' € D?(Ey) and G € DM9(E;). Choose sequences (F,),>1 and
(Gp)n>1 of smooth random variables such that lim,,, F,, = F in D'P(Ep) and
lim,, y0o G, = G in DYP(E;). Then by (223), lim,, 00 b(Fy, Gp) = b(F,G) in
L7 (§2; Es). Moreover, by (2233) (Db(F),, Gy))n>1 is a Cauchy sequence and hence
convergent in L"(£2;v(H, E)). Since D is closed, we obtain b(F,G) € D7 (Es).
Furthermore, (E2332) follows from an approximation argument. O
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Let E be a Banach space. For a sequence (z,)p,>1 in E and = € E we say
that lim, o ©, = 2 weakly if for all z* € E* one has lim,,_, o0 (2, 2*) = (x, ).
Notation: z,, — z. Recall that if E is reflexive, then for every bounded sequence
(n)n>1 in E there is a subsequence (ng)r>1 and an element x € E such that
T, — 2 as k tends to infinity. Moreover, in this case ||z|| < linrr_1>gf lzn])-

Lemma 2.16 (Compactness). Let E be a reflexive Banach space and let
p € (1,00). Let (F,)n>1 be a sequence in DYP(E) and F € LP(§2; E). Assume
F, — F in LP(£2; E) and that there is a constant C' such that for all m > 1,
|DE,| o2,y < C. Then F € DYP(E) and |DF || 1o (0 m,1)) < C. More-
over, there exists a subsequence (ny)g>1 such that DF,, — DF.

Proof. Let G = {(£,D€) : £ € DY?(E)} C LP(2;E) x LP(2;v(H, E)). Since
D is a closed linear operator, G is a closed linear subspace of LP(£2; E) x
LP($2;v(H,E)). As E and v(H, E) are reflexive, the latter space is reflexive,
and hence G is reflexive as well.

As F,, — F in LP(£2; E), the uniform boundedness principle implies that
(F)n>1 is bounded in LP({2; E'). Now this together with the assumptions yields
that (Fy,, DF,)n>1 is a bounded sequence in G. Since G is reflexive, it follows
that there is a (¢, D¢) € G and a subsequence (ny),>1 such that (F,,,DF,,) —
(¢, DC). Since F,, — F, one has that ¢ = F, and hence F € DVP(E) with DF =
D(¢. It follows that DF,, — DF, and in particular, |DF| zr(0pym,e) < C. O

Next we extend the chain rule for the Malliavin derivative to the vector-valued
setting.

Proposition 2.17. Let Ey be a Banach space, let E1 be a UMD Banach space
and let p € (1,00). Suppose ¢ : Ey — Ey is Fréchet differentiable and has a
continuous and bounded derivative. If F € DVP(Ey), then o(F) € DYP(Ey) with

D(p(F)) = ¢'(F)DF.

Proof. Observe that for all z,y € Ey, ||p(z) — ¢(y)|| < C|lz — y|, where C =

D, e, 119 ()| 20 vy I particular, for all z € Fo, [¢(x)| < C(1+ [¢(O)]])-
Step 1: First assume F; = R.

Suppose that F' is a smooth random variable of the form

M
F= z_:l (W (hy), ..., W(hy)) @ Zpm.

Now consider the isomorphism b : sp{zi,...,2a} — RM' M’ < M, which
sends x; to e;. Then obviously 9 : RM' sp{z1,..., 2} given by ¢ := pob~?
is Fréchet differentiable and has a continuous and bounded derivative given by
P (z)(y) = ¢' (b~ (x))b~1(y). Moreover, from the finite dimensional chain rule
(see [EA, Proposition 1.2.3]) we get ¢(F) = 1(b(F)) is in DVP(R) and D(p(F)) =
©'(F)DF.
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Now let F' € D*P(Ey). Choose sequence of smooth random variables FJ,
converging to F in DYP(Ey). By going to a subsequence if necessary, we can
assume that Fy, — F in Ey and DF;, — DF in vy(H, Ep) almost surely as
k — oo. Clearly, one has

klim lo(Fr) — @(F)lzro) < C lim ||[Fy — F|zp2) = 0.
—00 k—o0
Moreover, by the above, p(F}) € D*P(£2) for each k > 1 and

ID(¢(Fr)) = ¢ (F)DF || Lo (o;m) = |9 (Fe) DFx — ' (F)DF || 1o ;)
< ¢/ (Fr)DFy = ' (Fi) DF || o (sm1) + 19 (F) DF — ' (F)DF || o (211
< C|\|DFy = DF||po(a;m) + ||¢'(Fi) DF = @' (F)DF|| Lo (0,1
The first term clearly converges to zero. The second term converges to zero by
the continuity and boundedness of ¢’ and the Dominated Convergence Theorem.
By the closedness of D it follows that p(F) € DVP(R) and D(¢(F)) = ¢/ (F)DF.

Step 2: Let E; be an arbitrary UMD space. Let F' € DYP(Ep). Fix an y* € E7.
Consider the function ®@,- : £y — R defined by

éy* (‘T) = <cp($),y*>, VS EO-
Applying step 1 to the function @,- we obtain that @,-(F) € D'?(R) and
D(p(F),y") = D(®y-(F)) = @, (F)DF = (¢'(F)DF,y").

Since y* € E; was arbitrary, and ¢'(F)DF € LP(2;v(H,E;)), we can use
Theorem ETA to obtain that ¢(F) € D¥?(E;) and D(¢(F)) = ¢'(F)DF. O

Remark 2.18. 1t is clear from the proof of Proposition EZT4 that it remains true
if hb =R and p=1.

2.3.4 A chain rule for Lipschitz functions

In this section we will study the chain rule for the Malliavin derivative for Lip-
schitz functions ¢ : Ey — E,, where Ey and F; are Banach spaces with some
additional geometric structure.

Proposition 2.19. Let FEy be a Banach space that has a Schauder basis, let Ey
be a UMD Banach space and let p € (1,00). Let ¢ : Ey — Fy be a Lipschitz
function with

[¢(x1) — @(w2)l| < Lllzy — 22|, 71,72 € Eb.

If F € DY?(Ey), then ¢(F) € DYP(Ey), and furthermore there exists a bounded
linear operator Tp : v(H, Ey) — L™ (2;v(H, E1)) with ||Tr| < L and D(¢(F)) =
Tr(DF).
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Observe that for £ € LP(2;v(H, Ey)), Tr(§) € LP($2;v(H, Ey)) is well-defined
as the composition of the mappings w — (w,&(w)) € 2 xv(H, Ep) and (w, R) —
(TrR)(w) € v(H, Ey).

Proof. Let (z,,)n>1 be a Schauder basis for Ey and let (x}),>1 be its associated
biorthogonal functionals. We can assume that ||z,|| = 1 for all n > 1. For each
n > 1 consider the projection S, : Ey — Ey onto the first n basis coordinates.
It is well-known that there is a constant C' such that for all n > 1, ||S,|| < C.
Letting, Sy = 0, we see that P, := S,, — S,,_1 satisfies | P,|| < 2C for all n > 1.

For n > 1 fixed, consider the map I, : R™ — sp{z1,...,x,} that sends the
basis coordinate e; € R™ to x;. We claim that [|l,,|| < v/n and [|I,;]| < 2Cy/n.

Indeed, for o = (a1, ..., a,) € R™ one has
n n
el = | 3 i < 3 laslllzzl < vallal,
i=1 i=1
and the first part of the claim follows. For 2 = Y°I" | aya; € sp{1,...,%,} one
has

= |lojzj|| = loyl, je{L,2,...,n}.

2CH i ;X5
=1

It follows that

n
Z HPJ Z ;5
=1

2yl Y a2 (3 las) " = iy al.
i=1 j=1

Hence the second part of the claim follows.
Next, for every n > 1, let ¢, : R™ — R be a C°°(R"™)-function such that

¢n >0, supp(¢n) C B(0,1), and Cn(z) doe = 1.
RTL

Fix n > 1 and fix € > 0. Let ¢¢ : R®™ — R be given by (5 () := e "¢, (x/e).
Define ¢,, : Ey — E71 by

onla) = [ Gl (S,0) ot dy = [ GOS0+ 1u(w) do

It follows that
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(Ell6a(F) ~ o)) = (2] [ G[o(suF) + 1) — o) a) )"

< (&( [ 1o+ ) - o)s ar)")
§L<E( CEWSn(F) + 1n(y) — Fll g, dy)p)l/p
<L / GO~ A1) 1 [ Golaln

L(E||S,(F) - FIP)'/? + Ly / e (y/e) [yl dy
< L(E||Sn(F) — F||P)/? + Lev/n.

By the dominated convergence theorem one has (E||S,, (F) — (F)||?)/? — 0 as
n — oo. Therefore, letting ¢ = %, it follows that lim, . ¢n(F) = ¢(F) in
LP(2; Ey).

Clearly, = +— (5(y — [,;1(S,x)) is Fréchet differentiable, and hence ¢,, is
differentiable. We claim that for all z € Ey, ||¢),(z)|| < CL. Indeed, fix z,h € Ej

and note that ool i) — ()
/ 7 n T + - ¥n X

Now for t # 0 one has

‘ (bn(x + th) — (bn(aj) ‘
t

E;
1

1t e

< |t|/R WIS (P By dy < L||Snb| g, < LC||h|| &, -

GW)[P(Sn () + Sn(th) + 1n(y)) — ¢(Sn (@) + In(

Therefore, ||¢),(x)|| < LC and the claim follows. By Proposition ECTA, we see
that ¢, (F) € DYP(E,), with

Dén(F) = ¢,(F)DF.

n

Moreover, by the above claim one obtains that

100 (F)DF || 1o (24 (11,50) < LCIDF | Lo (0311, B0))-

Since the latter is independent of n, we can use Lemma P8 to conclude that
#(F) € DVP(E;). Moreover, taking an appropriate subsequence we can assume
that

lim ¢! (F)DF = D¢(F) in the weak topology of LP(£2;v(H, F1). (2.3.5)

n—oo

Next, we will show that there exists an operator



2.3 RESULTS ON MALLIAVIN DERIVATIVES 31

T e Z(y(H, Eo), L= (12;7(H, Ey)))

such that D(¢(F')) = TDF. Since Ej has a basis, there exists a basis (Ry,)n>1
for v(H, Ey). Set T,, := ¢!, (F). Replacing (§2,.#,P) by the space generated
by F and DF, we can assume {2 is countably generated. Moreover, since for
each n,j > 1, ¢/, (F)R; is strongly measurable, we can assume FE; is separa-
ble and hence that v(H, F1) is separable. Since F; is reflexive, it follows that
~v(H, E4) is reflexive and hence also «(H, Ey)* is separable. We can conclude
that L'(£2;v(H, E1)*) is separable. Moreover, once again by the reflexivity of
v(H, E1), one has L' (2;v(H, E1)*)* = L*(2;v(H, Ey)).

Recall the following basic fact (see [IIH, Theorem 3.17]): a bounded se-
quence (z})p>1 in E* where E is a separable Banach space has a weak*
convergent subsequence, i.e., there is an z* € E* such that for all z € F,
(z,2") = limp,_s o (, x;,, ). Moreover, ||z*|| < liminfy o ||z}, |-

For every w € £2, we can consider a canonical extension T,,(w) : v(H, Ep) —
~v(H, Ey) defined by (T, (w)R)h = T,(w)(Rh), and this extension satisfies
T, (w)|| < LC. For every R € ~(H, Ey), the bounded sequence (T,,R),>1 in
L>($2;v(H, Ey)) contains a weak® convergent subsequence. In particular, this
holds for every element R; with ¢ > 1. By a diagonal argument we can find a sub-
sequence (ny)r>1 and elements (z;);>1 in L>°(£2;v(H, E1)) such that for alli > 1,
limg 00 T, Ri = 2; in the weak*-topology of L (£2;v(H, E1)). Let vo(H, Eo) =
sp{R1, Ra, ...}. Define the operator T : vo(H, Ey) — L*>°(2;~(H, E1)) by

T(iaiRi) = iaizi.

For each R € ~(H, E) one has limy_,o T, R = TR in the weak*-topology of
L>®(2;~v(H, E1)) and therefore,

ITR| Lo (2iy(H, 1)) < lim inf | T R Lo (25 (H1, 1)) < LC| R

It follows that T has a continuous extension T : v(H, Ey) — L (§2;v(H, E1)).
Moreover, an approximation argument shows that for all R € v(H, Ey), TR =
limy 00 T, R in the weak*-topology. We show that for all & € LP(£2;v(H, Ey))

and all simple functions n : 2 — v(H, F1)* one has
E(T¢, n) = lim E(T;,, & m). (2.3.6)

To prove this, note that if £ is a simple function as well, then by linearity it
suffices to prove (E33@) for £ = 14R with R € v(H, Ep) and A € .#. In that case
one has

E(n,T¢) = E(1an, TR) = lim ]E<1A777TnkR> = lim ]E<naTnk§>
k—o0 k— o0
for all n € L'(2;v(H, E})). Now let & € LP(2;v(H,Ep)) and let n : 2 —

~v(H, E) be simple function. Let ¢ > 0 be arbitrary. Choose a simple function
o : 2 — v(H, Ey) such that [|§ — &oll L (2iy(H,E0)) < €. It follows that
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lim sup [E(T¢, n) — E(T,,,.&, )| < lim sup |E(T&0,m) — E(Ty, &0,m)| + 2LCe
—00

k—o0

=2LCE.

Since £ > 0 was arbitrary (E230) follows.
Taking ¢ = DF in (E3™) and using (E2X3) it follows that for all simple
functions n : 2 — «v(H, E1)* one has

E(TDF,n) = lim E(T,, DF,n) = lim E(¢,,, (F)DF,n) = E(D¢(F),n).

By a density and Hahn-Banach argument this yields TDF = D¢(F'). Hence we
can take T = Tp. O

Remark 2.20. The first part of the proof is based on the idea in [E4, Proposition
5.2], where the result has been proved for Hilbert spaces Ey and Ej. It is surpris-
ing that this argument can be extended to a Banach space setting. We do not
know if the assumption that Ey has a basis can be avoided. In the final part of the
argument in [E4, Proposition 5.2] a compactness argument is used to construct
an operator T' € L>°(§2; £ (Ey, E1)) such that D(¢(F)) = T(DF). There seems
to be a difficulty in this proof, and at the moment it remains unclear whether
such a T exists. Note that there are subtle (measurability) differences between
the latter space and .Z(Ey, L*°(§2; Ey)) if Ey and E; are infinite dimensional.

2.4 The divergence operator and the Skorohod integral

Definition 2.21. Let p € [1,00). Let Dom,, g(J) be the set of ¢ € LP(£2;v(H, E))
for which there exists an F' € LP({2; E) such that

E((,DG)y, =E(F.G)pp., GeSDE"

In that case, F' is uniquely determined, and we write 6(¢) = F. The operator d
with domain Dom,, (9) is called the divergence operator.

The operator 0 is closed and densely defined, which easily follows from the scalar
setting (see [B3, p. 274] and [BH]). For p € (1,00), the operator § coincides with
the adjoint of D acting on D"9(E*) where % + % =1 (see [@]). If there is no
danger of confusion, we will also write Dom(d) for Dom,, g(9).

The following identity can be found in [3, Lemma 3.2].

Lemma 2.22. We have . @ v(H, E) C Dom() and

5(f®R) =Y W(hj)f @ Rh;— R(Df),  fe€.%, Re(H,E).

Jj=1

Here, (hj);j>1 denotes an arbitrary orthonormal basis of H.
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An important consequence of Meyer’s inequalities and multiplier theorem is
the following sufficient condition to be in the domain of § (see [[@, Proposition
6.10]).

Proposition 2.23. Let E be a UMD Banach space and let 1 < p < oo. The
divergence operator § is continuous from DYP(y(H, E)) to LP({2; E).

For Hilbert spaces H; and Ho, let us denote by Iy, g, the isomorphism
IH17H2 :7(H177(H2aE)) %V(H%’Y(HME))? (241)

which is defined by ((IH17H2R)(h2))(h1) = (Rhl)(hg) for hy € Hy and hy € Hs.
We will write Ir;, = In, m,. The following proposition gives a certain commuta-
tion relation between D and 6.

Proposition 2.24. Let E be a UMD Banach space. If u € D*P(y(H, E)), then
d(u) € DYP(E) and we have the relation

D(§(u)) =u+ 0(Ia(Du)).

Proof. First, let E =R, and u = f(W(hy),...,W(hy,))®h, with hy,..., h, € H
orthonormal and h € H such that ||h|| = 1. We can use Lemma Z722 to obtain

D) = (Y050 @ (hy @ W))W (R) + f @h— 3 Ojif @ (I g

jk=1

Another computation yields

§(Iyr(Du)) = (Zajf ® (h; ® h))W(h) — 5" 05t @ (b, hy) .
j=1

j,k=1

The commutation relation can be extended by linearity. Now let F be a UMD
Banach space, v € . ® y(H, E). The commutation relation holds for (u, z*) for
all z* € E*, and hence it holds for u. For general u € D??(y(H, E)), the identity
follows from Proposition 223 and an approximation argument. (Il

An immediate consequence is that Proposition 23 extends to D*?(y(H, E)) for
k>1.

Corollary 2.25. Let E be a UMD Banach space, 1 < p < oo, and k > 1. The
operator & is continuous from DFP(y(H, E)) to D*~LP(E).

Another consequence of 223 is that [HH, Proposition 1.5.8] extends to the
UMD-valued setting.

Proposition 2.26. Let E be a UMD space and let 1 < p < oo. For all u €
DYP(~v(H, E)), we have

[0(u)||Lr(2:m) < cp(IEW) ||y (o, 2) + 1 DUl Lo (272 (11, 2)))-
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Proof. Since § is continuous from D'?(y(H, E)) to LP(£2; E), we have

[6(u)llLr(2;m) < c(llvllLr (2, m)) + 1DUl| o (202 (1,B)))-

By the triangle inequality, we have

lullLe (2 m,my) < NE@)llym,8) + lw = E@)| L (011, 8))-

Now the result follows from Proposition EZI0. O

2.4.1 Independence of p and weak characterization

One can formulate the following analogue of Theorem EZTA for the divergence
operator .

Theorem 2.27. Let E be a UMD Banach space, p € (1,00) and k > 1. Let
F € LP(2;~4%(H, E)) be such that for all z* € E*, (F,x*) is in Domy g(5%). If
there exists a & € LP(§2; E) such that for all z* € E* one has

F (F,2*) = (€,2%),
then F € Dom,, g(6%) and 6FF = €.

Proof. Since E is a UMD Banach space, v*(H, E) is as well, and as in the
proof of Theorem ET2 we obtain that Pk, g)(t) is an analytic semigroup on
LP(2;9"(H, E)) and

Pyra,p)y(t)F € mjleom(Li(mE)

) € DFP(E) C Dom,, (%)
for all ¢t > 0, where the last inclusion follows from Corollary EZ23.

By the symmetry of (P(t));>0 and a duality argument, it follows from [,
Lemma 6.2] that 6*(Pyx g g (t)G) = e" Pré*G for all G € Domy r(6). Hence for
all z* € E*,

<6k(P'yk(H,E)(t)F)"T*> = o <Pfy’€(H,E) (t)Fa ‘T*> = (;k(P'yk(H,R)(t) <F7 I*>)
= M PROV((F,2")) = e P (€,27) = (" Ppé,a”).

Therefore, 6"(Pyi (g, p)(t)F) = " P (t)E.

Now, let ¢, | 0 as n — oo, and set Fy, = P, x(g,g)(t,)F. Then, by the strong
continuity of (P(t))¢>0, we get F,, — F in LP(2;4*(H,E)) and 6*F,, — ¢ in
LP(£2; E). Hence, by closedness of 6%, we get F' € Dom,, (0%) and 6*F = ¢. O

Remark 2.28. 1f H is replaced with L?(0,T;H) and F : (0,T) x 2 — ¥ (H, E)
is adapted, a weak characterization of the stochastic integral was given in [BO|
without assumptions on the filtration. Theorem EZZ2 can be viewed as an exten-
sion to the non-adapted setting, but only under the additional assumption that
the filtration is generated by W.
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2.4.2 Additional results

The next lemma is an integration by parts formula for the divergence operator.

Lemma 2.29 (Integration by parts). Let E be a Banach space, and p,q,r €
[1,00) such that  + o = 1. Let w € LP(2;~y(H, E)) and F € DY(E*). If
u € Dom(9), then (u, F') € Dom, () and

6((u, F)) = <6(u)’F>E,E* - <u7DF>Tr
Proof. Let G € .. Identifying H with its dual, one obtains
(DG, <u’F>>H = <u7DG®F)>Tr

With Lemma P13, we get

E ((u, F),DG); =E(u, DG ® F))p,
=E (u, D(GF))p, —E(u, GDF),
=E{0(u), GF>EE* E (u, GDF ),
=E(G(6(u), F) g g-) — E(G (u, DF) ).

Therefore, (u, F') € Dom, g(§) and the identity follow. Since G was arbitrary,
this yields the result by a density argument. O

The next lemma gives a relationship between the operators D, § and L.

Lemma 2.30. Let E be a UMD Banach space and p € (1,00). If u € D*P(E),
then 6(Du) = —Lu.

Proof. Note that by Meyer’s inequalities, we have u € Dom(L). If u € Y ® E,
the claim follows from the scalar case (see [E3, Proposition 1.4.3]). The general
case follows from an approximation argument and Proposition Z2Z3 and Meyer’s
inequalities. O

2.4.3 Preliminaries on the Skorohod integral

In this section we recall the vector-valued It integral and its extension to the
non-adapted setting.

Assume H = L?(0,T; U) for some separable Hilbert space U, and some T > 0.
The family (Wy (t))iejo,r) of mappings from U to L*(£2) given by

Wy (t)u == W(lp,g ® u)

is a U-cylindrical Brownian motion. For any t € [0,T], we denote by %#; the o-
algebra generated by {Wy (s)u: 0 < s <t, u € U}. Note that F := (% )c(o,77 is
a filtration. Let @ : [0,T] x 2 = Z(U, E) be a finite rank adapted step function:
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S*ZZI(Q 17t] ].A” Zuk@)xz]kv

=1 j5=1

where A;; € %, , are disjoint for each j, and (ux) are orthonormal in U. For
such processes, the stochastic integral Int(®) € LP((2; E) with respect to Wy is
defined by

m n l

T
Int(P) := /0 t) dWy(t Z Z Z 1a,(W(ti)ur — W(ti—1)uk) ® zijp.

i=1 j=1 k=1

Let LL(£2;v(H, E)) be the closure of the set of adapted finite rank step functions
in LP(£2;v(H, E)). Recall the following results (see [BB, Theorem 3.5] and [I3,
Theorem 5.4] respectively).

Theorem 2.31 (Stochastic integral I). Let E be a UMD Banach space and
let 1 < p < oo. The stochastic integral uniquely extends to a bounded operator

Int : LE(2;~(H, E)) — LP(2; E).

In this case the process (t,w) — Int(1y 4®)(w) has a continuous version and for
all @ € LE(2;v(H, E)) we have the two-sided estimate

It (®) || r (2:c0,17:8)) ~p.E 1Pl ey (H,E))-

In the above result one does not need that F is generated by W. If the above
norm equivalence holds for all @ € LE($2;~(H, E)), then E has the UMD property
(see [EH)).

Theorem 2.32 (Stochastic integral II). Let E be a UMD space and 1 <
p < oo. The space LE(2;~(H, E)) is contained in the domain of 6 and for all
¢ ¢ LE(2;~(H, E)) one has 6(P) = Int(P).

Motivated by the above result, we will write

/ ") dWu(t) = 8(u). € Dom(s),
0

and the latter is called the Skorohod integral of u.

2.4.4 Stochastic integral processes

In this section we will assume that H = L?(0,T; U) for some Hilbert space U and
some 1" > 0, and we will assume that E is a UMD Banach space. With a slight
abuse of notation, we will denote 14 : H — H, A € B[0,T], as the bounded
linear operator on H = L?(0,T;U) defined by

(Lah)(t) := 1a(t)h(t),
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for almost every t € [0, T].

With another slight abuse of notation, we can in a similar way view 14 as an

operator on y(H, E). Indeed, for R € v(H, E) we define (L4R)h := R(14h).

From the ideal property yields that 1,4 is then indeed an operator on v(H, E).
When u € Dom(0), it does not generally hold that 1, qu € Dom(d). Indeed,

already in the case p = 2 and E = R a counterexample can be found in [E3]

and [MM]. Define

L?(E) := {u € Dom,, g() : 1jp,qu € Domy, g(d) for all t € [0,T7}.

For w € LP(E) we define the process

C(t) :==0(1p,qu) ::/0 u(s)dWy(s), tel0,T].

Note that DVP(y(H, E)) C LP(FE). Indeed, by Theorem E, one obtains that if
u € DYP(y(H, E)), then 1j yu € DV?(y(H, E)). The inclusion then follows from
Proposition 2Z23.

Below we will also need Banach spaces of type 2. Let us recall the definition.
Let p € [1,2] and consider a Rademacher sequence (r,,). The Banach space E has
type p if there is a constant C), such that for all finite sequences z1,...,znx € E,

(]EH irn:vn 2)1/2 - Cp<§: ||$n||p>1/p~
n=1 n=1

An elementary fact is that every Hilbert space has type 2. From the Kahane-
Khintchine inequalities, it follows that every Banach space has type 1. Also, if
a Banach space has type p, then it has type po for all py € [1,p]. If p € [1, 00),
E has type pp € [1,2] and (A, o7, 1) is a measure space, then LP(A; E) has type
min{p, po}.

Recall from [B3, Theorem 11.6] that for type 2 spaces E one has the following
embedding

L*(0,T;y(U,E)) — v(H, E), (2.4.2)

where again H = L?(0,7;U). This embedding and Proposition B4 yield the
embedding L?(0,T;D*?(y(U, E))) < DYP(y(H, E)). We will show that, under
extra integrability conditions, ((t) := fg u(s) dWy(s) has a continuous version.

Theorem 2.33. Let E be a UMD Banach space with type 2, let 2 < p < o0
and suppose u € L%*(0,T;DYP(y(U, E))). If the map r — D(u(r)) belongs to
LP([0,T); LP($2;v(H,~v(U, E))), then the integral process ¢ : [0,T] x 2 — E
defined by

¢(¢) :/0 u(s) dWy(s), tel0,T],

has a version with continuous paths.
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Proof. Let v € v(H,E) be given by v = Eu. By Theorem EZXI the process
Y(t) = fg vdWy has a continuous version. Replacing u by v — Eu, from now on
we can assume ||E(u)||yx,z) = 0. Proposition yields

E[IC(t) — C(s)[I” = E[6(1(s,qu)||”
Sp,E E”D(l[s,t]u)H:(HW(H,E)) = I['EHl[s,t] (IH(D“))”};(HW(H’E))-

Here, Iy is the isomorphism given in (EZ). Since E has type 2, also v(H, E)
has type 2. Hence by (E23)

1E | Loy, my)) SB IF | Lr (25020, 057 A (1,2
for all F € LP(2 x [0,T);v(U,~(H, E)))). This yields, using Holder’s inequality,

P

t
2
e T (DD 55,0y S B[ W (DB . )

<|t—s|5™ 1IE /||IHU D(u ()))||5(U77(H,E))dr)

3\2_1/ A(r

where A(r) := ]E||D(u(r))||y(H (v, B))- BY Fubini’s theorem it follows that for all
RS (O 1/2),

T‘K 1) = <Ml 4 A(r)d dtd)
|t7 ‘0p+1 NP7 s |t78|2 p(i—e) ryar o
/ / / dtdrds
t—s|2 (3

Sp.o / / |T—S|p —0)= 1—|—|T—5|p(2 0)- 1) (r)drds

5}),9/ (P39 1 (T — P9 £ TG0 A(r) dr
0

T
1
Spio 77 9)/0 A(r)dr = HD(U(T))HIEIJ(QX[o,T]W(Hﬁ(U,E))) < o0.
Also observe that
T
B [ 1K dt S0 TPl gm0
It follows that (see [IT, section 2]) ¢ € LP(2; WoP(0,T; E)). If 0 € (1/p,1/2),
it follows from the Sobolev embedding theorem (see [B, Theorem 4.12]) that

C € LP(2;C%7(0,T;E)) for all 0 < A < 6 — % and

HCHLP(Q;COJ(O,T;E)) 5E7p7>\79,T ||Du||IL;p(QX[o,T]W(H,V(UE)))- (2-4-3)

In particular, ¢ has a continuous version. O
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Corollary 2.34. Assume the conditions of Theorem hold. If additionally
Eu € LP(0,T;v(U, E)), then ¢ has a version in LP(£2; C*([0,T]; E)) for all A €
(0, % — %) Moreover, for every X\ € (0, % - %) there is a constant C independent
of u such that

1<l e (2ic0 (o, 11:8)) < CIEU Lo (0,757 (U, ) + CllDull Lo (2x (0,11 (H (U, E))) -

Proof. By the previous proof and in particular (EZ33) it suffices to estimate
the LP(£2;C%*([0,T]; E))-norm of i, where n : [0,7] x 2 — E is given by
n(t) = fot vdWy and v = Eu. It follows from Theorem 230 and (E23) that for
0<s<t<T one has

Elln(t) = n(s)IP)'7? =pp 11,000l (1,2

1_ 1
< sqvlle oy, By < |t = 81277 ||v]lLro,ry (U, E)) -

Therefore, as in the proof of Theorem 233 one has that n € LP(£2; W%?(0,T; E))
for all 0 < @ < 1/2 and for all A < 6 — % one has

HUHLP(Q;CUM\([O,T];E)) Spae.T HUHLF(Q;WM(O,T;E)) Sp,E ||U||LP(0,T;7(U,E))~

2.5 Ito’s formula in the non-adapted setting

In the setting of adapted processes with values in a UMD-Banach space F, a
version of Itd’s formula has been obtained in [Ed]. A version for Banach spaces
with martingale type 2 was already obtained in [E2]. Below in Theorem P20
we present a version for the Skorohod integral for UMD spaces with type 2. For
Hilbert spaces E the result can be found in [E2]. Our proof follows the arguments
in the scalar-valued case of Itd’s formula from [, Theorem 3.2.2].

Consider the E-valued stochastic process given by

G =G+ /Otv(s) ds + /Otu(s) dWy (s).

where (g, u and v are non-adapted, but satisfy certain smoothness assumptions.
We prove an It6 formula for F(¢), where F : E — R is twice continuously Fréchet
differentiable with bounded derivatives.

2.5.1 Preliminary results for It6’s formula

Next, we will prove a couple of lemmas that are used in It6’s formula. Let U be
a Hilbert space, and set H = L(0,T;U).
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Lemma 2.35. Let £ € L?(2; H) and h € H. For N € N, consider the partition
(tN)N_y of (0,T), where tY = ZL. Then

N
2
EY <1[tN tnN]h,g>H 50, N oo
n=1

n—17

Proof. If h = Ly x)@¢ with ¢ € U, the result can be checked using Holder’s

inequality. By linearity it extends to linear combinations of such h. For general
h € H one has that

N 2 N
ES (L ae€) <BIEE S Ly bl = BRI 25,0
n=1 n=1

Therefore, the case h € H can be proved by approximation and using (2231).

Lemma 2.36. Let (a,b) be an open interval, and consider a partition (tN)N_,

such that t,]yH —tN 0 as N — oo for all n. If ui,us € U, then for all
p € [1,00), imn 00 En = (b — a) (w1, u2) in L*(2) as N — oo., where

N
Ev =Y _(Wuthy) = Wy Eh)uw) (W () = Wo(t))uz), N > 1.

n=1

Proof. Since E&y = (b — a) (u1,uz), it suffices to shows that limy_, . E£%, =
(b —a)?| (u1,usz) |?. This follows from a straightforward computation. O

The next result will be presented and needed only for dyadic partitions, but
actually holds for more general partitions.

Theorem 2.37. Let U be a separable Hilbert space and E a UMD Banach space
with type 2. Set 1} = ;—z: form > 1 andi =0,1,...,2". For each n > 1 and
i=0,1,...,2", let o' € [t?,t2,]. Let Z,Z*,Z%,...: [0,T] x 2 — ZL(E,E*) be
processes and assume that

(i) All processes Z, Z', Z*, ... have continuous paths.
(ii) Pointwise on §2 one has lim sup || Z(t) — Z"(t)|| 2 kg = 0.

n=00 4c[0,T]
(iii) There is a C > 0 such that for all t € [0,T] and w € 2, one has
12"t w25 < C.

Then for u,v € L?(0,T;D*2(y(U, E))) one has

n
271 i tiy

ZO </t u(s) dWU(s),Z"(J?)/t;L v(s) dWU(s)>

1=

. (2.5.2)
— / (u(s), Z(s)v(s))m ds  in LY(£2) as n — oo.
0
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Proof. For notational convenience, let X = L2(0,T;D'2(y(U, E))) in the proof
below. Fix n > 1. Let @,, : X x X — L'(£2) be given by

B, (u,v) = Zgl ( /t t+ u(s) AWy (s), Z"(0™) /t t+ o(s) AWy (s)).

Observe that the stochastic integrals are well-defined in L?(§2; E) by Proposition
23 and (EZ3). Let & : X x X — L1(£2) be given by

T
D(u,v) :/0 (u(s), Z(s)v(s))rr ds

This is well-defined by Lemma B3 and the remarks below it. For proof of (Z532)
it suffices to show that lim,,—, o @, (u,v) = @(u,v) in L"(§2). For this we proceed
in four steps below.

Step 1: Uniform boundedness of the bilinear operator &,,.

We first show that there exists an M > 0 such that for all u,v € X and for
all n > 1 one has

1@ (u, 0) |1 (2) < MJu|x]|v]lx. (2.5.3)
One has
@ (u, 0)|| < C Z H/ s) AWy (s HH/ 5) AWy S)H.
in
Therefore, with || - [|1 = [| - [ 1(52),

(2,0 0)]s < O(E ZH/H ) dWy (s H)%
EZH/ (o))’

Z 2" 1 2" 1
SE Z Lier e, jllmre iy Y ILpep ez, 10llm2 ¢y o, )
=0
2" —1 2" -1

Zl

Se Z g e, ullx Z e e, gollx = llullx (vl x-

Here (i) follows from Proposition EZ23, and (ii) follows from (EZZ3) and the fact
that E has type 2.

Step 2: Boundedness of the bilinear operator .
As in Step 1, there exists an M > 0 such that for all u,v € X one has

12 (u, v) |1 (2) < Mlullx[lv]lx- (2.5.4)
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By Lemma P33, one has
[(u(s), Z(s)v(s))me| < [luls)llyw.m)1Z(8)0(8)llw.E)
< Cllu(s)llyw,z)lv(s) 5w, B)

Hence

T
2 (u, v)||L1 () S/O Cllu(s) |22y w,m) V()| 2 (25 (v, £+)) ds < Cllullx [Jv]| x -

Now (E13) follows.

Step 3: Reduction to simple functions of smooth processes.
Let (e,)%2; denote an orthonormal basis for U. Note that the following func-
tions form a dense subset of X.

2P —1 L
Y Lprar g @g;(Wer),....Wiear) ® (Y v ® yi), (2.5.5)
=0 =1

where the g;’s are smooth, ¥;; € Uand y; € Efor 1 <[ < Land1<j<2P—1.
Now assume (EZZ3d) holds for all functions v and v of the form (EZ23). We will
show that the general case with u,v € X, follows from this by a continuity
argument.

Let u,v € X be arbitrary. Fix & € (0,1). Define M = max{||u| x, |[v]|x} + 1.
Choose 4, v of the form (Z53) and such that

lu—a|x <e/(MM), |lv—7o|x <e/MM.

By (Z553) and using the bilinearity of @, and writing || - [|1 = || - [[z1() one
obtains
[@n(u, 0) = P (a0, 0) |1 < [|@n(u, v = )1 + [|Pn(u — @, D)2
< Mlullx[lv —ollx + Mllu —al|x [[o]x < 2.

In a similar way one sees that ||®(u,v) — @(a, )| 1 (o) < 2¢. It follows that

1@ (u, v) = D(u, v)[lx
<[P (u,v) = P (@, 0)[|1 + [|Pn (@, 0) — D(a, 0) |1 + [|D(4, 0) — Pr(u, v)[]2
S de + ”Q)n(ﬂvﬁ) - Q)(ﬂv f})Hl

Therefore, taking the lim sup in the above estimate and using (E2232) for @ and
U one obtains that

lim sup || P, (u, v) — P(u,v)||; < 4e.

n— oo

Since € > 0 was arbitrary, it follows that lim, e @y (u,v) = @(u,v) in L(2).
This yields the result.
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Step 4: Convergence for simple functions of smooth processes.
We next prove (E532) for u and v of the form (EZ23). By linearity it then
suffices to consider u and v of the form

U= f(W(€1), SE) W(BM)) ® ((1[a,b] ® QO) ® xl)v
v=gW(e1),...,W(em)) ®@ ((Lje.q) ® V) @ x2),

for some p,v € U, x1,29 € E and some dyadic intervals [a,b] and [¢,d] and
smooth f,g: RM — R. By homogeneity we can assume that |||y = |[¢[|v = 1.
Moreover, we can assume ¢ = ¢ and b = d. Indeed, if (a,b) N (¢,d) = @, then
both sides of (EZ24) vanish for n large enough. If (a,b) N (¢, d) # &, then we can
write v and v as a sum of smaller dyadic intervals which are either identical or
disjoint. Furthermore, for notational convenience we assume that [a, b] = [0, T'.

Let m < n and for : =0,1,...,n let us denote by tz(-m) the point of the m-th
partition that is closest to t]* from the left. For each n,m and j, let S;"m ={i:

t7 € [t7,t7,)}. Then

n
tit1

‘2§1<[;?+1udWU7Z"(U?)l? vdWU)> _ /Ot (u(s), Z(s)v(s))q, ds
< ‘221 < /t:;b“ w dWy, (Zn(Uzn) _ Z(tz(.m))) /tt;LH ; dWU>‘

2m—1 T

AP </t udWU,Z(t;ﬂ)/w v Wy )

Jj=0 4esi™

N /t e (u(s), Z(t7)o(s))p, ds‘

m

+} Z /m (t7)v(s)), ds — /Ot (u(s), Z(s)v(s))y, ds

:a1+a2—|—a3.

For the term ag, pointwise in {2 one can estimate

a3:’ Z / 2(7) = Z(s))o(s))., ds‘

IN

2m -1 g
3, el Ol 26 - 26l &

< osup [|Z2(r) - Z(s)

|s—r|<T2-™

0.7, B [Vl 220,737V, B)) 5
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The latter converges to zero in L'(f2) as n — oo and then m — oo by the
path-continuity of Z.
For a; pointwise in {2 one can estimate

2" —1
ar < P A 12™( s)ll Z 16X tep en, ) I0(Lep e, )l
21 2" -1
< s (12700 - Z)I( Z 16(Liep ez, ) 1% + Z 181 ez, 1011

|s—r|<T2-™
Define the uniformly bounded sequence of random variables (zpm,) and (z,) by

Zom = sup  ||Z%(r) = Z(s)ll,  zm= sup  [[Z(r) = Z(s)].

|[s—r|<T2—™ |s—r|<T2-™

Also let the random variables (g, (¢)),>1 and g(u) be given by

2" —1 t
= 3 16wl alw) = / Ju(s)]? ds.
1=0

We find

ay S an(‘]n(u) + QW(U))
< zm(gq(u) + q(v)) + [2nm — 2ml(q(u) + q(v))
+ 2 (lgn (0) — q(w)| + |gn (v) — q(v)])

Since the ranges of u and v are one-dimensional in E we can apply [E3, Theorem
3.2.1] to obtain lim, oo ¢o(u) = q(u) in L'(£2) and similarly for v. Clearly,
pointwise on {2, lim,, o0 Zmn = 2Zm. Letting n — oo, the dominated convergence
theorem gives that

limsup Ea; < E(z(q(u) + q(v))).
n—oo
Now letting m — oo and again applying the dominated convergence theorem,
we can conclude that lim,, oo lim, o a; = 0 in L($2).
We finish the proof once we have shown that az — 0 in L!(§2). For the
moment, fix j. Let us calculate the second part of the summand of as:

m

/t " (u(s), Z(EmYo(s) )y, ds

= Y (f @ (huls),en) wr, Z(t]) (9 @ (hals),ex) w2)) , . ds
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where hy = 194 ® ¢, ha 1= 1|9 ® ¥. Let us compute the first part of ay. For

every n € N, consider an orthonormal basis (h;)$2, such that

~ 1 )
hi = 7 7tn1[t?7t?+1] @, 1=12,..
i+1 %

3

L 2mt
Then by Lemma =22 one has

ti
[ wdWy = AWt — (g g D).
t

n
k3

where APW = Wy (t7,,) — Wy (t}). A similar identity holds for the truncated
Skorohod integral of v. Therefore, one obtains

ti ti g
3 </ udWU,Z(t;”)/ vdWy)
iesmm It ki
= Z (AiWeof = rer, 10, Df)a)
iesy™

x (AP Wibg — (Lyp 4n, 1%, Dg)mr) (w1, Z(t]")2)

€Sy ™
Thus the convergence would follow if

om _q m

> (o 2002 [ 3 (=BG - D) - g9 [

A . n,m tm
7=0 zeS]. J

(h1(5), ha(s)) ds]

converges to 0 in L(£2) as n — oo and then m — oo. Pointwise on {2, the above
expression is dominated by

Clarlllzal| 3 (4 = B, — Do)~ g | n(s)ma(s) a

=0

Now it suffices to prove that

2" —1 t
E[ Y (4i - B)(Ci - Dy) —fg/o (ha(s), ha(s)) ds| =0, (2.5.6)
=0

as n — oo. To prove (EZ38) note that with || - || = || - || 1(2) one has
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2" —1 t
| (A= B)(C = D)~ fa [ ((s).ha(s) ds])
1=0
2" —1 t
< H > A —fg/0 (h1(s), ha(s)) d8H1
=0
2" —1
+ 3 1ADi|ly + 1BiCilly + || Bi D1
1=0

We will show this L!(§2)-convergence by showing the convergence for each of the
components separately. First,

2" —1 on_q ) %
i=0 i=1
2n 1 .
(E > <1[t;",t?ﬂ]h2,Dg> ) 0,
1=0

by Lemma PZ33. By the same lemma and the properties of W one sees,

2" —1 on_q
;0 E|A;D;| = ; E‘A?Wwf : <1[t?’t?+1]h27Dg>H‘
2" —1 ) % 2" -1 ) %
<18l 3 B W0) (2 B (Liar, it 9),, )

2" —1 2 1
< loVT( Y E(Lirar, ko Dg) )7 =0,
i=0
and similarly EZZ;l |B;C;| — 0. By Lemma EZ38 one has

2" —1 t
B[ 3 ACi— fg [ (hn(s).ha(o) ]
=0

2" —1

< 7 llelalloe (B( X QW) ATW)@) ~ T o)) )" =0
i=0
as n — oo. Hence (2234) follows. O
Let E be a UMD space with type 2. Consider the following assumptions:
¢ € DY(E), D¢y € L3(92; L*(0, T;7(U, E)))
u e D*?(L*(0,T;~v(U, E))),  Due L*(0,T;D"?(v(U,v(H, E)))), (2.5.7)
v e DVY3(L(0,T; E)), Dv € L'(0,T; L*((0,T) x £2;~(U, E))).

Note the following two observations regarding the assumptions:
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(1) Clearly, D¢ is in L?(£2;y(H, E)) whenever (; € DY?(E). Note that the
assumption (EZZ53) states that D¢y € L2?(§2; L?(0,T;~(U, E))). The latter
space is smaller due to the type 2 condition. The same applies to Du and
Dw.

(2) If E is a Hilbert space, (E23) is equivalent to the assumptions (5 € DV2?(E),
u € D?2(y(H, E)), and v € DV2(L?(0,T; E)).

Let ¢ : [0,T] x £2 — E defined by

G = (o —l—/o v(r)dr +/O u(r) dWy (r). (2.5.8)

Observe for each t € [0,77], ¢(t) € L?(£2; E) is well-defined, by Proposition EZ23.
Moreover,

sup IO 22y SE IS0l 2(2:im) + [0l Lr 0,2 (i) + [[wllpr 25,9
te[0,T

< ollzz(o:m) + lvllzr 0,722 (2:E)) + l[wllpr2z2(0,75 (v, E)))5
where we used (E272) in the last step. In the next lemma we discuss differentia-
bility properties of (.

Lemma 2.38. Let E be a UMD Banach space with type 2. Assume that (E250)
holds and let ¢ be as in (E28). Set Y = L2(2; L*(0,T;~v(U,E))). Then for each
t€ 0,7, ¢(t) e DV*(E), D(((t)) € Y and

(DC(1))(5) = (Déo)(s) + / (Du(r))(s)dr+ 10,4 (s)u(s) + / D(u(r))(s) Wi (r),

sup [[DC()[ly Sp.e [DColly + 1DVl L2 0,mv) + lJully
t€[0,T)

+Dull 20,701 2(v (U (1, E)))) 5

Proof. The fact that ((t) € DV2(£2; E) and the first identity follow from Propo-
sition 2224. The estimate follows from Proposition EZZ3. ]

Define D¢ as the element in Y = L?(£2; L?>(0, T; (U, E))) given by

(D7¢)(s) = (DCo)(s) + /OS(DU(T))(S)dT +0(Ljo,5) L, ((Du)(s))),

where Iy g is defined as in (EZ). In the scalar case a more general definition
of D~ is given in [H3, p. 173]. For processes of the form (ZZ2R), these definitions
coincide (see [E3, Proposition 3.1.1]). Observe that the last term in (EZ3) can be
written as [ D(u(r))(s) dWy(r). By our assumptions, this term is well-defined
for almost all s € [0,T], and by continuity of §, we obtain



48 CHAPTER 2. TOOLS FOR MALLIAVIN CALCULUS IN UMD BANACH SPACES

l[s = 6(Ljo,5)Lv,m (Du)(s))|ly < CllDullp2(0,75p12(y (1, (U, B))))-
Therefore, as in Lemma =33 one has

1D~ Clly Sp.e 1DGlly + [1DvlL1o,r:v) + 1Dl 20,7501 2 (v(H (U, E)))) - (2-5.9)

Lemma 2.39. Let E be a UMD Banach space with type 2. Assume that (EZ320)
holds and let ¢ be as in (EZB3). Suppose that Z : 2 x [0,T] — L(E,E*) is
bounded, and has continuous paths. Let w € L?(0,T; L*(2;~v(U,E))) and D~¢
as in (). If we fix t € [0,T] and set t? = 2% fori=0,1,...,2", then

2" —1

Z/; DN, ds = [ (wls), Z6)(D-O6)), ds,
in L'(82), as n — oco.
Proof. Let

G(Co,v,u) = | DGolly + 1DV L0, 1:v) + [1DullL2(0,7:p1 2 ( (.U, E))))

Let || Z||co = SUD (0,77 we 2 |1 Z(s,w)|l, n = D¢ and £ = D~(. By Lemma P33,
(w, Z(t})(n(t}))(s)) 1, 1s well-defined a.e. in (0,T") x §2. Moreover, one has

EZ/Wleﬂ<wmmww

2" —1

< Z / Elw(s)llyw.ml1Z(&) () () lyw.e-) ds

< C||Z||oo||w||Y( (Co, v, u) + [[ully).
Similarly, by (22239), (w(s), Z(s)((D~¢)(s))), is well-defined a.e. and

E/O [ {w(s), Z(8)(DC)(5)))qy | ds Sp, [ Z]solwlly G(Co, v, ).

Now observe that
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Let 0, = supj,_s<ro-n||Z(r) — Z(s)| 2 E)- Note that pointwise in 2,
lim,, o 6, = 0 and 0,, < 2||Z]|c. For each n > 1 one has
t
Ton < E (8 [ Bl 10O wir )
S E@nllwllp20,7w,2) 1D~ CllL2 0,159, B)) ) -

Since ||w||L2(0,T;’y(H,U))||D7<||L2(O,TW(H,U)) € L1(9)7 it fOHOWS fI‘OHl the domi—
nated convergence theorem and the properties of (6,,),>1, that lim, o T5,, = 0.
It follows from Lemma that

2" —1

i
T S1Z1E Y [ o) s IDEENE) — (07Ol ds
=0 i
2" e, 1/2
<2ty (Y [ BIDGEE) ~ (D706 By )
i=0 Yt

21 e, s 2 \1/2
<zl (X [ B [ 1Ol ds)
i=0 “ti b

1/2

2" -1 t?+1
1zl (3 [ B (D0 ) B )
i=0 i
= Sl,n + SQ,n-

For S, one has

t t ) 1/2
St < (1 Zlloollwlly / ( / 1 sj<ro Bl (Do(r)(5)|120, 5 ds)  dr.

The latter converges to zero by the dominated convergence theorem and the
assumption on v. For S ,, one has

2" —1

i 1/2
Sa < N2l (32 [ ieaoy (DU Brscoracwsn 05)
i=0 Y

t 1/2
= 1 Zllsclleolly / 11500720 (PO (yarw.iyy 45)

The latter converges to zero by the dominated convergence theorem and the
assumption on u. O

2.5.2 Formulation and proof of Itd’s formula

Theorem 2.40 (It6’s formula). Let E be a UMD Banach space with type 2.
Suppose that the conditions (E230) hold and let ¢ : [0,T] x 2 — E be as in
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(B3R). Assume ¢ has continuous paths. Let F : E — R be a twice continuously
Fréchet differentiable function. Suppose that F' and F" are bounded. Then

F(Ct)=F(Co)+/O F'(¢s)(v(s)) ds + 0((F'(C), Lo,9u))

3 | P D) ds+ [ () PGP O, s
(2.5.10)

Note that the term with D~ is an additional term which is not present in
the adapted setting. A similar result in the case that E is a Hilbert space can
be found in [E7]. Our proof is based on the ideas in [E3, Theorem 3.2.2].

Remark 2.41.

1.If F" and F” are not bounded, one can usually approximate F with a se-
quence of functions that does satisfy the smoothness and boundedness con-
ditions. In particular, such a procedure works in the important case where
F:FE — R, where F(z) = ||z||°, s > 2 and E is an L%-space with g > 2.

2. If the condition (EZ3) is strengthened to

o € DYP(E), D¢ € LP(82; L*(0,T;~(U, E)))
u € DYP(L2(0,T;7(U, E))), Du € LP(0,T; D" (y(H,~(U, E)))),
veDYP(L*(0,T; E)), Dv € L*(0,T; LP(£2; L*(0, T;v(U, E)))),

for some p > 2, then by Lemma T3 and Proposition T4 one actually has
(F'(¢),1j0,qu)) € D'P/2(H).

3. Using Theorem 27 in the same way as in Proposition T one could extend
the result to functions F' : E — E7, where E; another UMD Banach space.
However, in that case the traces have to be extended to the vector-valued
setting as well.

4. Sufficient conditions for the existence of a continuous version of ¢ can be
found in Theorem EZZ33.

Proof. Set ¢ = 2&,0 < i < 2". Consider the Taylor expansion of F({;) up to

the second order

271
F(G) = F(Go) + Y FICENC(E ) = <)
i=1
271
+2
i=0
Here, ZZL denotes a random intermediate point on the line between ((¢}') and

C(t7 1) It is well known that this can be done in such a way that Z:l is measurable.
Now the proof will be decomposed in several steps.

(Gl = €, P (C(E ) = C(E))

N
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Step 1: We show that

2" —1

> (Gl = O P ~ ), | [ ) F G ds

i=0
in L' (£2). Note that the increment (¢ ;) — ((¢) equals

ti

Ct) — () = /

n
i

v(s)ds + /tni+1 u(s) dWy(s).

Therefore, we can divide

2" —1

> (6t = S, /@) = CE)

)

into 4 parts. Consider the first piece

2" —1 tn tn

([ s @ ([ ),

=0

Pointwise in {2 and for all ¢, n, one has

2 2" -1 2 2
| Z ([ v @ ([ o)) <1 S| [ o) as]
& & i=0
< ||FH||ooT27n||UH%2(0,T;E)

The latter clearly goes to zero in L(f2) as n — co. Next, both the second and
the third part are pointwise dominated by

on_q t?
17 S | [ dsHH/ ) Wi (s)| = &
i=0 Ut

We show that lim,, ;o &, = 0 in L!(£2). Indeed, by Meyer’s inequalities one has

2" —1 e,
eS| [ v [ aco awiis)]

o1 )
2
< Vt2_”||11||L2(0,Txn;E)( Z 1, ;+1]u||n21>1w2(7(H,E))) .
i=0
Now by the type 2 assumption we have
2’"._1 2”7._1
D e gulBieg oy S D2 e ullBie w0 wm)
= i=0

< ullBrz (2 0,07, 2))) -
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Therefore, we find that lim,, ,., &, = 0 in L'(£2), from which we see that the
second and third term converge to zero in L!(2).

To finish step 1, observe that Z = F” o ( that continuous paths. More-
over, the process Z" = F" o (,, where (, is the process obtained by letting
Ca(th) = Z?, i = 0,...,2" and by linear interpolation at the intermediate
points. Then by the pathwise continuity of (, it is clear that pointwise in {2,
limy, 00 SUPscjo, 7 127 (1) — Z(t)|| = 0. Hence, by Theorem EZ30 with o' = t7,

2m_q n ¢

> </t;"“u(s) dWU(s),F//(Z?)/tiﬂ

. ’fl
=0 i

u(s) dWU(s)>

eéﬂwwm%%»w

in L1(£2) as n — oc.
Step 2: One has

\35? ”(/%NWM—AFKW@M

t;L+1

Zl' 1) — F'(¢))o(s)] ds

< mpnﬂmwwmwlwww&

|s—r|<t2—m

By the pathwise continuity of ¢ and the dominated convergence theorem the
latter converges to zero in L!(§2) as n — oc.

Step 3: As in Lemma E=38 one can show that ((t) € DV2(E) for each t € [0, T].
Therefore, by Proposition EI2, we have F'(((t?)) € DY2(E*) for all i,n. By
Proposition 723 one has u € Dom(d), and with Lemma P29, we obtain

2"-1 (24
> Feen( [ ul) awi(s)
i=0 24
N Z /tt (u(s), F'(C(£7))) AWy (s)

+Z/ ), () DICED)(5)), ds.

By Lemma with Z(s) := F"({(s)) one obtains
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Z / ) FY(CE))DC(E))(8)) e ds

- / ) F"(C()((DC)(5) ), ds

in L1(£2), as n — oo. To finish the proof we need to show that

/ Z Lez ap) (5) (uls), F/(C(E2))) dWis(s) = / (uls), F'(C(s))) dWu(s),

in L1(£2) as n — oo. To prove the latter note that because of the identity in
the Taylor development in the beginning of the proof, and the convergence in
LY(02) of all other terms, we know that the lefthand side of the previous formula
converges in L!(§2) to some &, and it remains to identify its limit. Since ¢ is a
closed operator on L!(£2; H), it suffices to note that

Jim [ls = 3 Ly (9) ). P D) = (o) PN |, 0 =
=0 H

where we used the pathwise continuity of (. Therefore we can conclude that
&= fo ¢(s))) dWy(s) and this completes the proof. O






3

A note on the truncated Skorohod integral
process

3.1 Introduction and preliminaries

In [EH] it is stated that the truncated version of a Skorohod integrable pro-
cess need not be Skorohod integrable. A proof of this fact is left as an exercise
(Exercise 3.2.1), but is given in [Hd, p.188]. The opposite statement is given
in [B8, Proposition 2.6], but personal communications with one of the authors
has shown that this needs a suitable interpretation. In this chapter, we give an
alternative example of the fact that the truncated process is indeed generally
not Skorohod integrable.

First we recall some basic facts and notation from [BS|, [EE]. Consider the
Hilbert space H = L?(0,1) and let W = {W(h),h € H} be an isonormal Gaus-
sian process associated with H. Here, we assume that W is defined on a complete
probability space (§2;.%,P), where .# is generated by W.

This chapter is based on the paper [[IM].

3.1.1 The multiple Wiener-1t6 integrals

For a function f : (0,1)" — R we define its symmetrization, denoted by f, by

1
f(t17~--7tn) = Ezf(tg(l)"“’tg("))’ (t1,...,tn) € (O,l)n7

where ¢ runs over all permutations of {1,...,n}. We call f symmetric if f = f.
If f:(0,1)""! — R happens to be symmetric in its first n variables, then
fltry o tugr) = — Zf(tl,...,ti_l,t,,,ﬂ,t,;ﬂ,...,tn,ti),

(th . ,tn+1) S (07 1)71-&—1'

Let f, : (0,1) — R,n > 1 be a symmetric and square integrable random
variable. For such a function, we define the multiple Wiener-It6 integral
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1 tn ta
0 0 0

We will call f:(0,1)" — R elementary if it is of the form

N
fti,ta, ... ty) = }: iy iy xay, (F1y oo t), (B, t) € (0,1)7,

i1yein=1

where Ay,..., A, are pairwise disjoint, and such that a;,. ;,, = 0 whenever at
least two of the indices i1, ..., 4, are equal. When f and g are elementary, then

0 if m # n,
n!(f,9) 20, 1)n) if m =n.

E(L(f)Ia(g)) = {

The following theorem is called the Wiener chaos expansion.

Theorem 3.1 (Theorem 1.1.2, [H3]). Any square integrable random variable
F € L?(£2) can be expanded into a series of multiple stochastic integrals

F =Y T(fn)
n=0

Here Iy(fo) = fo = E(F). Moreover, the functions f, € L?((0,1)") are symmet-
ric and uniquely determined by F'.

3.1.2 The Malliavin derivative and the divergence operator

Consider the Malliavin derivative operator D : . C L?(£2) — L*(§2; H), where
& is the class of smooth random variables. The set D'? is the closure of . C
L?(£2) with respect to the norm

IFllp12 = [E|F|* + E||DFI|3]"/.

The adjoint of D is denoted by 4, which is called the Skorohod integral operator
for the following reason. If we put Wy := W (1jg4), then (W;):e0,7) becomes a
Brownian motion. Let (F).e[0,r) be a filtration with respect to the Brownian
motion, and let L2(£2x [0,7T]) be the space of all (.%;)-adapted, square-integrable
processes. Then for every u € L2(§2 x [0,T]) we have u € Dom(d) and

/Tu(t) dW; = 6(u).
0

Hence §(u) can be viewed as an extension of the Ité-integral, and is called the
Skorohod integral. Hence for every u € Dom(d), we will use the notation as in
(BI2). Using Theorem B, we get that any process u € L?((0,1) x {2) has a
Wiener chaos expansion
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u(t) = Z In(fn('7 t))a

where for each n > 1, f,, € L?((0,1)"*!) is symmetric in the first n variables.
For a process u € L?((0,1) x £2) to be in the domain of §, one has the following
proposition.

Proposition 3.2 (Identity (1.53), [EH]). Let u € L?((0,1) x ) have the
Wiener expansion (@I3). Then uw € Dom(0) if and only if

o0

Z(’I’L + 1)!”];11”%2((071)71,4-1) < 0.

n=0

In this case, the series equals E(5(u)?).

3.2 Results

Theorem 3.3. There exists a process u € Dom(d) such that L, nyu & Dom(9).

To prove this theorem, we need the following elementary identities

n n

> (Z)k =n2"t > <Z> k2 = n(n+1)2"2

k=1 k=1

These can be derived by differentiating (1 + )" = Y_;'_, (7)a" with respect to
x once and twice.

Proof. For n > 1, consider the function f,, € L?((0,1)"*!) given by

3.1] (tnt1)),

(tla s 7tn+1) S (07 1)n+1'

1
fn(t17 .o .tn,tn+1) = m(l[()’%](t”-‘rl) - 1[

Observe that f,, is symmetric in the first n variables. Let u : £2 X (0,1) — R be
defined by (BI3). We will show that u is in L?(£2 x (0,1)). After that, we will
show that u € Dom(d) and 1j 1ju & Dom(9).

To show that u is in L%(£2 x (0, 1)), note that

1 oo 9 00 T
”u”ZL?(Qx(O,l)) = ]E/O ‘ ZLL(fn('zt))‘ dt = Zn'/o <fmfn>L2((O,1)")dt
n=1 n=1

im/l /1( L) -1 (t))>2 dty ... dtndt i !
= ! T 1 — 151 L. dt,dt = —.
— 0 0 nm [072] [271] 1 — n2

Next, in order to show that u € Dom(d), we use Proposition B2A. Observe that
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1 n+1

Falt, o tng) = s Dl ;(1[0,%](@.) — 130 (t)-

One has

1 FallZ2((0,1)m41)
1 1 1 n+l 2
:m/o /0 (2(1[0,%](@-)—1[%7”(@))) dty ... dtn 1.
=1

Now, for every i = 1,...,n+ 1, we will split up the integral into a [0, 2] part and
a [%, 1]-part, giving us a total of 2"*! parts. Integrating over [0, 1]"*! gives us

’ 2
1/2 1/2
/ / (falty, ... tpp1))? dty ... dt,q
0 0

1/2 1/2 9
n + 1 2n| / / 1[0)%](t1)) dt]_ e dtn+1

1
n?(n + 1)2n! [2"‘*‘1

(n+1)}

If we compute the case where all integrals are on [0, %], except one interval,

then a similar computation yields m(ﬁ(n —1)2). The case where all
integrals are on [0, 1] except two intervals results in m(#(n - 3)?),
and so forth. In total, we obtain

z 9 B 1 1 n+1 n+1 ) N ,
||fn||L2((o,1)n+1) = n2(n+ 1)271! ot ; ; (n+ — Z) .

By (B3), one has

:i(nj1>(n+1—2i)2—:§(nj1>((n+1)2—4(n+1)z’+4z’2)

=(n+1)%2"" —4(n+1)22" +4(n+1)(n+2)2" "t = (n+ 1)2"L

From this, we conclude that

o0 o0 1
Z (n+ DU a0y Z —

Hence v € Dom(¢d) by Proposition B32.
Now consider the process 1jg 1ju : £2 % (0,1) — R. Using (B13), we have

1[0,%](75)'“(75) = 1[0,%]@) Zln<fn(7t)) = Zln(gn('at))7



3.2 RESULTS

59

where g, = gn(t1,...,tn,t) = 1[07%](t)fn(t1, ..., tp,t). Since g, is symmetric in

its first n variables, we see that

1 n+1

Gn(trs o tiy) = —————— S "1 11 (t).
gn(ta +1) n(n+1)m; 0,41 (i)

Similar to fn, we get

n+1

~ 2
||gnHLz((071)n+1) m/ / Zl[o 1] ) dtln-dthrl-

Similar as before, one can show that

n+1
1 1 n+1
~ 112 92
1901220, = Zat Ty 2 E ( )(n +1-1)%

Now (B3) gives

Tf(”‘;1>(n+1—i)2

=0

n+1 n+1
+1 n+1
— 122n+172 1 n . .2
(n+1) (n+1) g < ; i+ g i)

=0 =0
= (n+1)22"" —2(n 4 1)%2" + (n + 1)(n +2)2" 1

1
= 12““(71 +1)(n+2).

Hence
o0

n+2
Z(”"‘l) ||gn||L2 (0,1)n+1) = 42 =

n=1

By Proposition B3, 1, U is not Skorohod integrable.

O

Finally, we discuss some additional results. Recall from [H3, Proposition 1.3.1],
that DY2(L2(0,1)) € Dom(d). Moreover, from [E3, p. 180], one has that if v €
D'2(L?(0,1)), then 1, ,v € DY?(L*(0,1)). In particular, Theorem B3 shows
that, from the above proof, the process u satisfies u & DV2(L2(0, 1)). We will now
show that u € D*P(L?(0,1)) if and only if s < 1. Here, D*P(L?(0,1)) is defined
as follows. Consider for each n > 1 the closed subspace H, of L?(£2) generated
by {H,(W(h)), h € L?*(0,1), ||h|| = 1}, where H,, is the nth Hermite polynomial.

Let J,, be the projection onto H,,. Define the operator L : L?(2) — L?(£2) by

LF = i —nJ, F,

n=0



60 CHAPTER 3. A NOTE ON THE TRUNCATED SKOROHOD INTEGRAL PROCESS

provided this series converges in L?(£2). Let & be the class of random variables of
the form F = f(W(hy),...,W(h,)), where f is a polynomial, and hy,..., h, €
H. For s € R and F € &, we define the following seminorm

IE#0s,p = 11 — L)S/ZF”LP(Q)a Fe2.

Note that (I —L)*/2F = 3% (1+n)*/2J,, F. Now define D*?(L?(0, 1)) to be the
completion of & with respect to || - ||s,p- Using orthogonality, one derives that
F € D*?(L?(0,1)) if and only if F € L*(£2) and > - (1 4+ n)®||J,F||* < oc.
Moreover, one has D*2(L2(0,1)) = D¥2(L2(0,1)), whenever s = k € N, where
the latter is defined using the derivative operator. (See also [E3, Remarks: 1].)
It follows that u from our counterexample cannot be in the space D*2(L?(0,1))
with s > 1. One actually has the following theorem.

Theorem 3.4. Let u be the process from Theorem EZ3. Then u and 1, 1qu belong
to D*2(L%(0,1)) if and only if s < 1. Consequently, D*?(L?*(0,1)) € Dom(d) if
and only if s > 1.

Proof. Write u(t) = Y07 In(fn(-,t)) and I, maps into H,,, hence Jy(u(t)) =
I (fr (-, t)). To obtain |Juf|s,2 we use the proof of Theorem B3 to find

IE(Hf:(l—i—n)s/QJnu ;(0 1)) :E/Ol (i(l—i—n)“”/QIn(fn(-,t)))Q dt
n=0 ’

n=0
:/ Zn' (L4 1)*(fu(t), fuo 1)) 12((0,1)) :Zﬂ

A similar computation yields

1 o 00
s/ . I~ (1+n)°
”|1[0,%]UH|§,2 :/0 Zn!(l +n) <9n('7t)7gn('7t)>L2((o,1)") dt = 5 Z T
n=0

n=1

Hence, [Juf|s2 < oo and |1 1julls,2 < oo exactly when s < 1. From the latter we
see D*2(L%(0,1)) € Dom(§) when s < 1. Also, D*2(L?(0,1)) c DY2(L?(0,1)) C
Dom(¢) for s > 1.
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Forward integration, convergence and
nonadapted pointwise multipliers

4.1 Introduction

In [IT4] and [II8] Russo and Vallois initiated a theory of stochastic integration
via regularization procedures. In later years this was further developed by them
and several other authors (see [P3,H32, 54, B, B3, [0, [33], and also the lecture
notes [[2A] and its references). The regularization procedure is connected to
the celebrated forward and backward integrals which can be used to integrate
with respect to more general processes than semimartingales. Applications arise
for instance in the case where the integrator is a fractional Brownian motion.
Another feature is that the forward and backward integrals allow to integrate
non-adapted processes.

Since the development of the Skorohod integral in [[29], integration of non-
adapted integrands is used in the theory of SDEs (see [B8,83,3,[ZF] and refer-
ences therein). A basic example where non-adapted integrands naturally occur
is when the initial value of an SDE depends on the full paths of the underlying
stochastic process (see [E2,E3]). In many situations the forward integral is eas-
ier to work with than the Skorohod integral as a difficult correction term can
often be avoided (see the It6 formula in [[20], [B3, Theorem 8.12]). The forward
integral is used widely in the modeling of insider trading, which was introduced
in [[@]. Since then, this has been further developed (see [BR, Chapter 8] and
its references). In particular, in [BB,B83,0d] the authors generalized the forward
integral to the setting of Lévy processes.

In the infinite dimensional setting several authors have worked on stochastic
calculus for the Skorohod integral (see [[3,E80,H8, M| and references therein).
However, only few results are available for the forward integral in infinite dimen-
sions. In [B4], Di Girolami and Russo present a general set-up for an It6 formula
and covariation formulas. In [B3] Leén and Nualart have introduced the forward
integral in the operator-valued setting and used it to study stochastic evolution
equations in Hilbert spaces with an adapted (unbounded) drift.

In this chapter we study several properties of the forward integral where the
integrand is an operator-valued process and the integrator a cylindrical Wiener
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process. We will prove a new approximation result for the forward integral (see
Theorem B8 and Corollary EI8 below). In the one-dimensional setting this
result takes the following form:

Theorem 4.1. Let w be a standard Brownian motion and let g be an adapted
and measurable process with almost all paths in LP(0,T) with p > 2. Then the
pathwise defined process

L n/o g(s)(w(s+ ) —w(s))ds, tel0,T]

converges to the Ito integral process t — fo gdw in W*P(0,T) in probability for
every o € [0, 1).

The above result will be a particular case of two more general results on
forward integration in UMD Banach spaces. The class of UMD Banach spaces was
extensively studied in the work of Burkholder (see [E3] and references therein).
The UMD property plays an important role in both vector-valued stochastic and
harmonic analysis. Stochastic integration and calculus in Banach spaces is nat-
urally limited to the class of UMD Banach space (see [E1,BH]). Applications to
stochastic evolutions equations have been given in [Ed] and several works after-
wards (see the recent survey [E] for further references).

As an application of the convergence result we derive a new pointwise multi-
plier result for the forward integral (see Section E). It can be interpreted as an
integration by parts formula. The main novelty is that we can multiply adapted
It6 integrable processes with a process M which is smooth in time but not nec-
essarily adapted. Moreover, it is allowed to have a non-integrable singularity at
t = T'. This result will be obtained in the operator-valued setting. It is particulary
interesting in the study of mild solutions of non-autonomous stochastic evolution
equations with adapted drift, where indeed the multiplier has a non-integrable
singularity. A well-known obstacle in non-autonomous stochastic evolution equa-
tions is that the stochastic convolution term is not well-defined as an Ito integral
due to adaptedness problems. In [B8] this problem has been investigated using
integration by parts for the Skorohod integral. This formula for the Skorohod
integrals can be obtained in the case M is constant in time and satisfies certain
Malliavin differentiability. In chapter B we will use the integration by parts for-
mula to give a new approach to non-autonomous stochastic evolution equations
with adapted drift.

This chapter is based on the paper [[I].

4.2 Preliminaries
In this chapter we let H be a separable Hilbert space and we fix an orthonormal

basis (hp)n>1. The number T' € (0,00) will be a fixed time and X is a UMD
Banach space. All vector spaces will be assumed to be defined over the real
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scalar field, but with minor adjustments one can also allow complex scalars.
We refer to [E3] for details on UMD Banach spaces. The space (£2,%#,P) will
be a probability space with filtration (% ):>0 and expectation is denoted by E.
Moreover, we write L°(£2; X) for the strongly measurable functions ¢ : 2 — X
with the topology of given by convergence in probability. In the sequel C' will be
a constant which may vary from line to line.

4.2.1 Radonifying operators

Let 5 be a real separable Hilbert space (below we take 5 = L?(S;H)).
We refer to [BY, Chapter 12] and the survey paper [BH] for an overview on -
radonifying operators and unexplained terminology below. The Banach space of
~-radonifying operators from 7 into X will be denoted by (7, X). It is a sub-
space of L (A, X). Tt satisfies the left- and right-ideal property. In particular,
for Re y(#,X), U € L(X)and T € L(H), one has URT € ~(,X) and

IURT ||y e.x) < TRl x) [IT]]-

A simple consequence of the right-ideal property is that every operator T' : 7 —
¢ has an extension to an operator

T:v(H,X) = ~y(H,X), (4.2.1)
R+~ RT™,
and [T = ||T1.

Let (S, X, ) be a o-finite measure space. A function G : S — Z(H,X)
will be called H-strongly measurable if for all h € H, s — G(s)h is strongly
measurable. Moreover, for p € (1,00), G will be called weakly L?(S; H) if for
all z* € X*, s — G(s)*z* is in LP(S;H). For G : S — Z(H, X) which is H-
strongly measurable and weakly L?(S; H) we can define, Rg : L?(S; H) — X as
the (Pettis) integral operator

(Raf,z") = L(G(s)f(s),x*}du(s), feL?S;H), "€ X*. (4.2.2)

Note that
Rafllx < |Rallyz2(s;my,x)ll fllL2(s;m)- (4.2.3)

We will say G € v(S; H, X) if Rg € v(L?(S; H), X) and write ||G|ly(s.m,x) =
| Rally(r2(s;m),x)- It is well-known that the step functions G : S — £(H, X) of
finite rank are dense in y(S; H, X).

For many operators T : L?(S; H) — L*(S;H) one has the property that
TR = Ry for a certain function F. In this case it will be convenient to write
TG =F.

An easy consequence of the definitions and the ideal property is that
1GLs,llv(s;m,x) = Gl s ll(s0;H,x)- We will also use the following property.
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Example 4.2. For G € v(S; H, X) and b € L>°(S) one has bG € v(S; H, X) and

16G ly(s:01,x) < (1Bl o () |Gl (531, %) - (4.2.4)

This is immediate from the right-ideal property with operator Tj, : L2(S; H) —
L?(S; H) given by Ty, f = bf.

Finally we recall that in the special case that X is a Hilbert space, one has
(S5 H, X) = L*(S;S*(H, X)), (4.2.5)
where S?(H, X) denotes the space of Hilbert-Schmidt operators.

Lemma 4.3 (y-Integration by parts). Let M € WH1(0,T; £(X)). Then for
every f € v(0,T; X) one has Mf € v(0,T; X) and for all0 <a<b< T,

/ M(s)f(s) ds = M(a)F(a) + / M/ (s)F(s) ds, (4.2.6)

where F(t) = ftb f(s)ds.

Proof. By [B4, Example] the family {M(¢) : ¢t € [0,T]} is R-bounded by C.
Therefore, by the Kalton-Weis y-multiplier theorem (see [B3, Theorem 5.2]),
one has that M f € v(0,7;X) again and ||M f||,0,r;x) < Cl/fll©0,1;x). One
also has

IFON < 1 vzt anllzzo.r) < T2 fllyor:x)

and hence

T
/ M () F ()] dt < [|M[lwrao,rex) sup [[F )]
0 t€[0,T]

< ”MHWU(O,T;.,?(X))Tlm||f||’y(0,T;X)~

For step functions f : (0,7) — X, the identity (E2ZM) is easy to verify. Now
the general case follows from the above estimates and a density argument. [

4.2.2 Integration with respect to a cylindrical Brownian motion

Let 2 = L?(0,T; H), where H is a separable real Hilbert space. For details on
stochastic integration in UMD Banach space we refer to [83,80]. The operator W :
A — L?(2) will be called a cylindrical Brownian motion if for all choices h € A
, Wh is a centered Gaussian random variable and for h,h € 2, E(WhWh) =
[h, h], where [-, -] denotes the inner product on 2.

A process G : (0,T) x 2 — Z(H,X) will be called H-strongly adapted if
forallt € (0,7) and h € H, w— G(t,w)h is strongly .#;-measurable. If G is H-
strongly measurable and adapted, then from the separability of H and [0, The-
orem 0.1], one can derive that G has a version which is H-strongly progressively
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measurable, i.e. for each h € H, (t,w) — G(¢,w)h is strongly progressively mea-
surable. This will be used below without further notice.

Recall from [29,88,00] that if X is a UMD space and G' € L°(§2;4(0,T; H, X))
adapted, one can define a stochastic integral I(G) = fOTGdW in a natural
way. We also let J(G)(t) = fg’ G dW, and recall that J(G) has a version with
continuous paths. Moreover, for all p € (0,00) the following two-sided estimate
for the stochastic integral holds:

CMG e (@iv0,m:0.x)) < 1T (@ o@ic0,13:x)) < CINGlLe(259(0,1:0,%42-7)

Remark 4.4. All results below hold under the slightly weaker assumption that
the right-hand side of (EZ2Z2) holds. This includes spaces such as X = L!. For
details on such spaces we refer to [E8,E29].

4.2.3 Function spaces

For @ € (0,1), p € [1,00) and a < b, recall that a function f : (a,b) — X is said
to be in the Sobolev space W*P(a,b; X) if f € LP(a,b; X) and

b b _ » 1/p
[f]WawP(a,b;X) = (/a /a stdt) < 00.

Letting [|f{lwe.r(a,p:x) = [l fllzr(ab:x) + [flwer(ap:x), this space becomes a Ba-
nach space. A function f : (a,b) — X is said to be in the Hélder space C*(a, b; X)

if
emins = sup WO=TGI
a<s<t<b |t —s]*
Letting | fllce(px) = suPreqor) |F(E)x + [Flwes(apx)s this space becomes
a Banach space. Moreover, every f € C%(a,b; X) has a unique extension to a
continuous function f : [a,b] — X.
If 0 < o < B < 1, then trivially,

C%a,b; X) — WP(a,b; X)

One of the main results in the theory of fractional Sobolev spaces is the following
Sobolev embedding: if a > %, then

1

WP (a,b; X) — C* »(a,b; X). (4.2.8)

Here the embedding means that each f € W*P(a,b; X) has a version which is

continuous and this function lies in Cafi(a, b; X). The embedding (ZR) can
be found in the literature in the scalar setting and the standard proofs extend
to the vector-valued setting. We refer to [, 14.28 and 14.40] and [B3, Theorem
8.2] for detailed proofs.
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4.3 Forward integral

Recall that H is a separable real Hilbert space with orthonormal basis (hy,)n>1.
Let P, be the projection onto the first n basis coordinates.

Definition 4.5. Let G : [0,T] x 2 — Z(H, X) be H-strongly measurable and
weakly in L?(0,T; H). Define the sequence (I~ (G,n))%; by

n T
- (Gn) = Zn/ G (W (s + 1/n) by — W (s)hs) ds,
k=1 70

where the integral is defined as in (E222)

The process G is called forward integrable if (I~ (G, n))n>1 converges in prob-
ability. In that case, the limit is called the forward integral of G and its limit is
denoted by

T T
If(G):/O GdW*:/O G(s) dW™ (s).

Note that the above definition does not require any adaptedness properties of G.
Unfortunately, it is unclear whether I~ is a closable operator. For the Skorohod
integral this is indeed the case (see [HH, Section 1.3]).

Observe that if G is forward integrable, then so is 1} 4G for ¢t € (0,T]. We
write J~ (G, n) for the process given by

T (G,n)(t) = I" (Gl y,n). (4.3.1)

Then J~ (G, n) € L°(2;CY/%(0,T; X)). Indeed, by (E223) we have a.s. for s < t,

177 (Gm) () = I (Gm)(s)]| < 3 ) / G )W (r 4+ 1/m)hic = W (r)he) |
k=1 s

< nllGhillyo,rix) Ir = 1o ()W (r + 1/n) b — W (r) )| 2201
k=1

n
<2(t— )2 " nllGhillyorix)  sup  [W(r)hel,
1 rel0,T+1/n]

and hence the result follows.

If for every ¢ € [0,T], (J~(G,n)(t))n>1 converges in probability, we write
J~(G) for the process given by J~(G)(¢) = fg G dW . In general it seems to be
unclear whether 1} G is forward integrable when G is forward integrable.

First we show that the forward integral extends the It6 integral of Section
2.

Proposition 4.6. Assume G € L°(2;v(0,T; H, X)) is adapted.
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(1) For every n > 1, the process Gy, := nljy 1) % (1,11 PnG) is adapted and in
L°(02;4(0,T; H, X)) and the following identity holds

oo T+%
I(Gon) = / G,y dW = / G,y dW. (4.3.2)
0 0

(2) For everyt € [0,T], 1i9.4G is forward integrable and stochastically integrable
and

J(G)(t) /OtGdW.

Motivated by the above result, we will write J(G) for J~(G) in the adapted
case. Recall that J(G) always has a continuous version and we will use this
version without further notice. It is unclear to us whether J=(G,n) — J(G)
in LO(2;C([0,T); X)) for all G € L°(£2;~4(0,T; H,X)). In the literature there
are several attempts to prove such a result in the setting H = X = R, but
we could not follow these arguments. In Theorem ETH we will give sufficient
conditions on G for convergence in L°(£2; W*P([0,T]; X)) and in particular in

LO(£2;C*7 5 ([0, T7; X)).
Proof. Choose an H-strongly progressively measurable version of G and extend

G as zero on (T,00). Let the operator S, on L?(R.;H) be given by S,f =
nlp 1) * Ppf. Then [|S,| < 1 and it extends by (EEZ) to a contraction on

v(L*(0,T; H), X). By duality and (E223), this extension equals Rg, . It follows
that G, is in L°($2;~v(R,; H, X)) and for every t € R, and z* € X* one has

t
Gn(t)*a™ = / nlp 1)(t — s)P,G(s)*z" ds
0 n

and since G is progressive measurable, the latter is #;-measurable and thus G,
is H-strongly adapted. It follows that G,, is stochastically integrable and by the
stochastic Fubini theorem we obtain that for all x* € X*,

T+ -
</ G AW, $> :/ Gra* dw
0 0
e o] T
- n/o /O 1[0,%](0 — 8)P,G(s)"z* ds dW (o)
T poo
- n/o /0 1[0,%](5r — 8)P,G(s)"z* dW (o) ds

n .7

_ nz/ (G(5)hps ) (W (s + 1/n) — W (s))hy ds
k=170

= <Ii(Ga n)ax*>

By the Hahn-Banach theorem this yields ().
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Next we prove (B). Replacing G by 19 4G it suffices to consider ¢ = T'. Note
that by [BB, Proposition 2.4] G,, — G in v(Ry; H, X) pointwise on w. Therefore,
with [BO, Theorem 5.5] we find that I~ (G,n) = [;° GndW — [*GdW in
L°(£2; X) and (B) follows. O

In the following lemma we collect some elementary properties of the forward
integral.

Lemma 4.7. Let Xo, X1 be Banach spaces and let F,G : [0,T| x 2 — £ (H, Xy)
be forward integrable processes.

(1) For a, 5 € R, a.s.
T T T
/ ozF—i—BGdW*:a/ FdW7+ﬁ/ GdWw~.
0 0 0

(2) If A: 2 — L(Xo, X1) is such that for every x € Xo, Az is F-measurable,
then AG is forward integrable and a.s.

T T
A/ GdW’:/ AG dW ™.
0 0

In particular, for any * € X§, G*z* is forward integrable, and a.s.

</OTGdW,x*> - /OTG*I* AW~

(3) If (A, D(A)) is a closed linear operator on Xg such that G € D(A) a.e., AG
is weakly in L*(0,T; H), H-strongly measurable and adapted and forward

integrable, then fOTG dW~ is in D(A), AG is forward integrable, and a.s.
T T
A/ GdW*:/ AG dW ™.
0 0
The property (B) is a stochastic version of Hille’s theorem (see [E0, Theorem

I1.6]). A version for the It6 integral can be found in [Z4, Lemma 2.8].

Proof. (1) and (2) are straightforward from the definition. To prove (3), note
that by Hille’s theorem,

T T
A/ (G ()hi) (W (s+L) =W (), ds:/ A(G(8)hi) (W (s+2) =W (s))hy, ds.
0 0

It follows that A(I"(G,n)) = I~ (AG,n) = [,/ AG dW~ in probability. Also,
I-(G,n) — fOTG dW in probability. Hence one can find a set 2y € .# with
P(£2p) = 1 and a subsequence (ng)r>1 such that for all w € £2y, I~ (G, ng)(w) —

(foTG dW‘)(w) and A(I~(G,ng)(w)) — (fOT AG dW_)(OJ). Now the result
follows from the assumption that A is closed. O
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Using the forward integral it is easy to deduce local properties of the stochas-
tic integral.

Remark 4.8. From Lemma B4 it follows that for a forward integrable process G
and a set B € .%, 15G is forward integrable and

T t
/ 15G dW~ = 13/ G AW (s).
0 0

In particular, if G € L°(§2;+(0,T; H, X)) is adapted and for all z* € X*, G*2* =
0 on a set (0,7) x B, then a.s.

t t
0:/ 15G*x* dW‘:<1B/ GdW‘,x*>, x* e X* te|0,T].
0 0

In particular, we deduce that fo GdW~=0on B as.

4.4 Convergence and path regularity

In this section we will give conditions under which for adapted G one has
J~(G,n) — J(G) in the Sobolev norm. Before we start we introduce a use-
ful class of functions.

Definition 4.9. For § € [0, %) and p € [1,00), let VAP(0,T; H, X) denote the
space of H-strongly measurable G : (0,T) — £ (H, X) for which for almost all
t€[0,T], 7+ (t—7)"PG(r) is in v(0,¢; H, X) and

T 1/p
Gl = ([ = ¢ =) PG g ) < o

The spaces VZ?(0,T; H, X) were introduced in [EZ] in order to study stochastic
evolution equations of semilinear type. They also play a major role in [E8] and
(B3], where results on approximation of SPDEs have been derived. Although the
spaces VP look rather involved at first sight they are quite useful and not too
difficult to work with. Many properties of Bochner spaces are inherited by the
spaces VA2(0,T; H, X). The main motivation for the weight inside the y-norm is
that it increases the integrability properties of G without leaving the y-setting.

The following embedding results are straightforward from the definition and
()

VAP0, T H, X) — VPP1(0,T; H,X) if 1 <p; < py < 00.

VBP0, Ty H, X) — VAP0, T; H,X) if 0< By < By < %

The next proposition gives several embedding properties for VAP (0, T; H, X).

In particular they give new insights for results in [28], [E3] and [E7]. Details on

(co)type properties of a Banach space can be found in [B4, Chapter 11]. Recall

that every Hilbert space has type 2, and X = L? (or X = W#9) has type 2 if
and only if ¢ € [2,00). Moreover, for ¢ < co, L? has cotype ¢ V 2.
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Proposition 4.10. Let p > 1 and 3 € [0, 3).

(1) If G € VAY(0,T; H, X), then for alle € (0,T) one has G € v(0,T —¢; H, X))
and

Gl (0, 7—e);1,x) < T?||G||V/3‘1(O7T;H7X)-
Moreover, if B > %, then
VPP(0,T; H, X) < (0, T; H, X).
(2) If X has cotype p € [2,00) and B € [0, ;1)), then
v(0,T; H, X)) < VP?(0,T; H, X).
(3) If X has type 2 and p € [2,00), then
LP(0,T;y(H, X)) = VP?(0,T; H, X).

Under type p assumptions one can show that V2?(0,T; H, X) contains certain
fractional Sobolev spaces or Holder spaces, but we will not go into details on this
(see [B2, Lemma 3.3] and [B3, Lemma 3.8] for some details in this direction).

Note that for G € VP(0,T; H, X), the function u 1j0,4)G is continuous
from [0, T] into VAP(0,T; H, X) (see [E2, Section 7]).

Proof. (I): For every s € [0,T), we can write

T
G(s) = / (t— 5)PGE)T — 571t — ) 10,0 (s) dt,

it follows that for e € [0, 7] one has

T
Gy (0, 7-e):1,3) S/O [(t—5)""G(s)(T—5) " (t—5)"110,5)(5) lr((0,7—e);11,x) dL-
(4.4.1)
If e € (0,7) and s € [0,T — ¢), then (T — s)~'(t — 5)# < 71T, and thus by
(=Z2) )
HGH’Y((O,TfE);H,X) <e” TB“GHVBJ(O,T;H,X)-
Next assume § >  and take ¢ = 0 in (EZ). Note that for all ¢ € [0,T) and
s €10,t], (T —s)7L(t —s)? < (T — t)?~1. Therefore, by (=ZA), and Holder’s
inequality,

T
G lly0,m;m,x) < /o I(t — 3)76G(3)1[0,t](S)ny(o,t;H,X)(T — 1) dt

’ ' 1/p'
< ”GHVB«P(O,T;H,X)(/ (T — t)(ﬁ—l);n dt)
0

< ClGllvs.r(o,r;m,x)-
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(2): Let G € v(0,T; H, X). Let ¢¢(r) = 1(g,4)(r)(t — )" and Mg : (0,T) —
Z(X,L?(0,T; X)) be given by Mg(t)r = ¢ix. Observe that by the ~-Fubini
isomorphism (see [EG, Proposition 2.6]) and the definition of V#»

< HGllverrmx) < IMsGllyo.m,m,000,7:x)) < cllGllvarormxf44.2)
For 8 < % and t € (0,T), one has

K:= /00 sup p({r € (0,t): ¢u(r) > s})l/pds
0 te(0,T)

° —11y 1 1
= sup (tAs 8)/Pds= T» Ns™ Prds < oo.
0 te(0,T) 0

Therefore, it follows from [B0, Lemma 3.1] that {Mg(t) : t € (0,T)} is R-bounded
by CK, and hence by the Kalton—Weis y-multiplier theorem (see [B3, Theorem
5.2]), we find that

| MsGlly0,7:m,L0(0,1:x)) < CK|Gl50,7;8,x)

where we used the fact that LP(0,7T;X) does not contain a copy of ¢y as it
has finite cotype (see [BH, page 212 and Theorem 11.12]). Combining the latter
estimate with (E232), the required result follows.

(8): From L2(0,T;~v(H,X)) < ~(0,T; H, X) (see [E3, Theorem 11.6]) and
Young’s inequality for convolutions we obtain

T
”GHVﬁ 2(0,T;H,X) — / ||T'i—> (t_r)_ﬁ (T)Hp(o,t;H,X) dt
p/2
e / / (=) NG Py dr)

sc(/o =2 )" /OT IGE)I? g

= OGN Lo 0 1ey(ar.x))-
O

Example 4.11. Let X be a Hilbert space. In the case that p = 2 and 8 € [0, 1),
by (E223) and Fubini’s theorem, one has

VA2(0,T; H, X) = L*((0,T), pte.7; S*(H, X)) (4.4.3)
where and dp, 7(r) = (T — r)*~2f dr. Moreover, by Proposition E-I0 one has
LP(0,T;~v(H, X)) = V??(0,T; H,X) forallp>2and B € [0,3)
L*(0,T;8%(H, X)) — VPP(0,T; H,X) forall p>2and f € [0, 2)
VAP0, T; H, X) < L*(0,T;S*(H,X)) forallp>2andf e (5:3)
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If G €
Further-

Proposition 4.12. Let p € [1,00) and suppose 0 < a < [ <
LO(2; VPP2(0,T; H, X)) is adapted, then J(G) € L°(02; W*P(0,T; X)
more, the following assertions hold:

L
)

(1) There exists a constant C independent of G such that
I J(G)l e (2;wer0,1:x)) < CIG Lo(2:v 82 0,13H,%))-

(2) For every n > 1, assume that G, € L°($2;VP2(0,T; H, X)) is an adapted
process. If G, — G in L°(§2;VBP(0,T; H, X)), then

J(G,) = J(G) in L°(02; W*P(0,T; X)).

Remark 4.13. Note that by under the above assumptions by Proposition E10 (),
one has Gy € L(£2;7(0,T; H, X)) for all t € [0,T), and therefore, J(G)(t) is
well-defined for every ¢t € (0,T).
Remark 4.14. If ]% <a< %, we can use the Sobolev embedding theorem (EZ3J),
to replace W*?(0,T; X) by C’afi(O,T; X) in the above result.
Example 4.15. Let X be a Hilbert space. From Example BT, we see that by
(E23) and Proposition B2, for every G € L°(2; L*((0,T), pa,7;S*(H, X)))
adapted, one has J(G) € L°(2;W*P(0,T; X)). Note that such a process G is
not necessarily in L°(£2; L?(0,T;S%(H, X))). In the case H = X = R an example
is given by G(t) = (T — ¢)"2~¢ with ¢ > 0.

Indeed, one easily checks that G € L2((0,7T), o 7) if and only if e + o < 1/2,
and in that case J(G) € W*P(0,T; X) a.s. However, G ¢ L?(0,T). This singular
behavior can only occur at the point t = T as follows from Proposition B0 (II).

Proof (Proof of Proposition f-13). To prove (I), note that for 0 < s <r <t < T,
one has 1 < (t — s)#(t —r)~”, and hence by (=22) and (=24), we have

E[J(G)(#) = J(G)()IIP < CEIGIE 4 1.5 x)
< C(t—s)PPE||r — (t — T)_ﬂG(r)H’;(S’t;H’X)(4.4.4)
< C(t— s)PPE||r — (t — T)iﬁG(T)Hs(o,t;H,X)'

By Fubini’s theorem we find that

Tt EBIJ(G) (@) — J(G)(s)||P
Bl =2 / IO —HOE 4,

<CE = (=) PG o 0, x) ds dt
(t — s)1—(B—a)p

< CT- W]E/ |r = (t =) PG(r)|P dt

0,t:H,X
o ( )

= CT(B a)pHG”Lp 2;V8:2(0,T;H,X))’
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where we used 5 > a. Taking s = 0 in (E=Z3), one also obtains

T
ENJ(G)|?, 0 x) < CT*E / s (¢ = 1) PGP g gy

= Tﬁp“G||Z£p(9;vﬂ,p(o,T;H,x))'

Combining the estimates yields that J(G) € LP(£2; W*P(0,7; X)) and (0) holds.
Before we continue to the proof of (B), we claim that for adapted G €

LY(02;VP2(0,T; H, X)), one has J(G) € LO(2;W*P(0,T; X)). Indeed, let the

stopping time 7 be given by

7, = 1inf{t € [0,7] : |Lj0,0Gllvsr0,1;0,x) = 1},

where we put 7, = T if the infimum is taken over the empty set. Then
Lo, )G € LP(£2; VP?(0,T; H, X)) and hence t — J(G)(t A Tn) = J(1j,-,,)G)(t)
is in LO(2; W*P(0,T; X)). Since for almost every w € £2, we can find an n > 1
with 7,,(w) = T, we find that J(G) € W*?(0,T; X) almost surely and the claim
follows.

To prove (B) we use another stopping time argument. By linearity we can re-
place G, by G,,—G and hence it suffices to consider G = 0. Moreover, by a subse-
quence argument it suffices to consider the case that G,, — 0 in V#?(0,T; H, X)
almost surely. For n > 1 let 7,, be the stopping time given by

7o = inf{s € [0,7] : 110, Gnllvenorsmx) 2 1},

Since G,, — 0 in V#2(0,T; H, X) almost surely, we find that lim, ., P(7, =
T) =1. Since ||1[O,TT,,}G’I’L||V5vP(O,T;H,X) S 17 and

110,79, )Gnllvero,r:m,x) < NGrllvsrormx) — 0 as.,

the dominated convergence theorem gives that 1p . G, — 0 in the space
LP(2;VFPr(0,T; H,X)). In particular, by (I) one has J(1j,,Gn) — 0 in
LP(£2;W*P(0,T; X)). Choose ¢ > 0 arbitrary. Then using J(1jp ,,1Gn)(t) =
J(Gp)(t A1) we find that

P([|J(Gn)llwero,rx) =€) <PJ(Gu)llwerorix) =6, =T) +P(r, < T)
< ]P)(”'](]-[O,Tn]G")||W”4’(O,T;X) > 5) +P(r, <T).
<

PN (L0, 1Go)lymn ooy + BT < T).
Now the result follows by letting n — oco. O

The next result is the main result of this chapter and gives convergence of
paths of the forward integral in Sobolev norms. With Remark BT one can derive
convergence in the Hélder norm as a consequence.

Theorem 4.16. Let p € [1,00) and 0 < a < 8 < 3.
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(1) If G € LP(2; VP?(0,T; H, X)) is adapted, then
J(G,n) = J(G) in LP(2;W*P(0,T; X)).
(2) If G € L°(2; VPP(0,T; H, X)) is adapted, then
J7(G,n) = J(

From Remark BT3 we see that J(G)(t) and J~ (G, n)(t) are well-defined for every
tel0,T).
Recall from (E332) that

G) in L°(;W*P(0,T; X)).

J(G,n)(t) = / GndW, where G, =nlyg 1% (1,qPG).
0 n

Since G,, — G in L°(£2; V#?(0,T; H, X), at first sight it seems that Proposition
ET2 can be used directly to obtain Theorem ETH. Unfortunately, Proposition
BT does not apply because the process G,, also depends on ¢, and we need to
proceed differently.

Proof. Before proving the assertion we note that if G € L°(£2; VA?(0,T; H, X)),
J(G) € W*P(0,T;X) a.s. by Proposition EET2. We claim that J~(G,n) €
WeP(0,T; X) a.s. Indeed,

17(G,n)(t) = I~ (G,n)(s)|l

[ %20 [ Gomwte = wom o

< Z H/ )il g (r) (W (r + 1/n)hy, — W (r)hy) dr

By (I23) we find that

Je < lr e (t=1)"P110 G () |y 0,0m,%)
X H?‘ — (t — ’I“)B(W(T + 1/n)hk — W(T>hk)||L2(s,t)~

Since the paths of r — W (r + 1/n)hy, — W (r)hs, are continuous, we have
lr = (8 = )P (W (r + 1/n) by, = W () h)l| 2o,y < COW,m)(t — )72

It follows that

ortng- G,n —J7(G,n)(s)|P
Oy =2 [ [ EO S G,

T t
gcw,n/o /0 [ = (¢ = 1) P10 GO (g e ) (E = )P0 F2P ds dt

< CW,n,(x s

i X)



4.4 CONVERGENCE AND PATH REGULARITY 75

Similarly, one sees that ||J~(G,n)| zr0,7;x) < 00 a.s. and the claim follows.
(I): Observe that by (E233) and (E2272),

E[J(G,n) — J(G)]gva’P(O,T;X))

T Hnl[O,l] * (1[s,t]PnG> - 1[s,t]G||p R.:-H.X (445)
< CIE/O /O 1o, (8) —2 T 1B g dt

By Young’s inequality one has [nly 1) * fllrewu)y < |flle2@m) for f €
L?(R; H). Therefore, by the right-ideal property and (E=24) for 0 < s <t < T,

[nLpo, 1) % (L5, PuG) = L5 ) Glly g1, x) < 2B 115 4Gl (s,81,3)
<20t = s|7(|(t = 1) PGy 0.0m.3)
Now the latter is integrable on the space 2 x [0,T]? with measure Lo (s)(t —
5)~ P~ dsdt dP, and it dominates the function 10,q(8)InLyg 1) * (Ljs5 PnG) —
1[s,t]G||z(]R+;H’X), which depends on 0 < s < ¢t < T and w € {2. Moreover,
by [EB, Proposition 2.4

Jim [l 1y % (Ls,g PaG) = 150 Gllamysa,x) =0

for all 0 < s <t < T and a.s. on {2. Therefore, by the dominated convergence
theorem, the right-hand side of (E23) tends to zero as n — 0.

A similar argument yields that E||J~ (G, n) — J(G)H]ZP(O,T;X) — 0 as n — oo.
This proves ().

Next we prove (B) using a stopping time argument. Consider an element
G € L°(2;VPP(0,T; H,X)). For each m > 1 define

Ty = Inf{[0, T : | 110,4Gllvs.p(0,7;m,x) = M},

where we let 7,,, = T if the infimum is taken over the empty set. Let G,, =
1j0,7,,)G- Clearly, lim,;, oo P(7,,, = T') = 1. Observe that almost surely, for all ¢ €
0, 71, J(G)(Tn A ) = T (Lio,rG)(E) and T~ (G, m) (7 A) = T~ (Lig,5 G ) (0):
The latter is trivial as J~ (-, n) is defined in a pathwise sense.

Let € > 0 and 6 > 0 be arbitrary and choose m so large that P(7,, <T) < J.
It follows that for all n > 1,

P([J(G) = I~ (G,n)lwer(o,1:x) > €)
<P(|J(G) = T (G,n)|lwerorx) = &Tm =T) +P(rm < T).
<P(J(110,7,1G) — I~ (110,71 G, W) [lwer(0,1:x) = €) + 6.
< e PE[J(Ao,r,1G) = 7 (Ao, 1 G ) e o,1,x) + 0

Since 1y ,, )G satisfies the conditions of () it follows that

hmsupIP’(HJ(G) - Ji(G, n)||Wa,p(07T;X) > 6) < 0.

n—oo

Since § > 0 was arbitrary, the result follows. O
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If the space X is not only a UMD space, but additionally has type 2, one can
obtain further conditions for a process to be in the spaces considered in Theorem
ET13. Both results below follow immediately from the embedding of Proposition
E10 (B), Proposition B12 and Theorem ETA. Similar corollaries can be deduced
from Proposition E10 (B).

Corollary 4.17. Assume X has type 2, and let p € [2,00) and 0 < o < 1.
If G € L°(2; LP(0,T;v(H, X))) is adapted, then J(G) € L°(2;W*P(0,T; X)).
Furthermore, the following assertions hold:

(1) There exists a constant C such that independent of G such that

[ TG e (@wer0,1:x)) < CNGlLe(@;n0 0,77 1,x)))-
(2) Assume that for every n > 1, G,, € LY(2;LP(0,T;~v(H, X))) is an adapted
process. If G, — G in L°(2; LP(0, T;~v(H, X))), then
J(Gp) = J(G) in LY(2; W*P(0,T; X)).

Corollary 4.18. Assume X has type 2, and let p € [2,00).
(1) If G € LP(£2; L*(0, T;v(H, X))) is adapted, then for all a € (0, 1),

J(G,n) = J(G) in LP(2; W*P(0,T; X)).
(2) If G € L(£2; LP(0,T;~v(H, X))) is adapted, then for all oo € (0, %),

J(G,n) = J(G) in L°(2;W*P(0,T; X)).

Again, Remark BT applies to the above results and this will give convergence
in the Holder norm. The above result contains as a special case Theorem E.

4.5 Nonadapted pointwise multipliers

In the next result we give sufficient smoothness conditions on a possibly non-
adapted operator-valued process M and an adapted process GG, such that MG
becomes forward integrable. Moreover we derive a neat integration by parts
formula which yields a very useful representation formula for the forward integral.

Theorem 4.19. Let X and Y be UMD Banach spaces. Assume p € (2,00), § €
[0,3/2) and 8 € (%,%) are such that § — % —0+1>0. Let M : [0,T] x 2 —
Z(X,Y) be such that

(i) For all x € X, (t,w) — M(t,w)x is strongly measurable.

(i1) For almost all w € 2, t — M(t,w) is continuously differentiable on [0,T)
and there exists a constant § € [0,2) such that for almost all w € 2, there
is a constant C(w) > 0 such that

1M/ (t,0)|| < C)(T —1)7°, te[0,T)
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Assume G € LO(£2;VPP(0,T;X)) is adapted and assume MG is weakly in
L*(0,T; H). Then MG is forward integrable, s — M'(s)I(1(,nG) € L'(0,T;Y)
almost surely and

T
/ M(s)G(s) AW~ (s) = / M/()[(1zG)ds.  (45.1)
0

Note that we do not assume any adaptedness properties on M.

Proof. By Proposition E10, (I) G € L°(2;~v(0,T; H, X).

Fix t € (0,T). Let fr, = nGhpy(W(-+1/n)hy, — W (-)hi). Note that by (I=22A
and the path continuity of Vth7 we have fr € L°(£2;~(0,¢ X)). Let Fy : [0,¢] x
2 — X be given by Fi(s f fr(r) dr and note that

> Fu(s) =1~ (1,4G,n).

k=1

Fix w € £2. By Lemma B3 both MG and M f, are in v(0,¢; H,Y) and

I~ (M1} 4G, n) = Z M(s)fr(s)ds

= M) (1 yG,n)+ [ M'(s)I~(1,4G,n)ds
0

Now letting ¢t 1 T, it follows from the observation below (E=3) that
M(0)I~ (1 yG,n) = M(0)I (G,n) and I~ (M1 yG,n) = I~ (MG, n).

Next we claim that for ¢ 1T,

/ M'(s)I~ (1[5, G,n)ds —>/ M'(s)I~ (1(5,G,n)ds (4.5.2)
Indeed, choose a € (%,B) such that o — ]% —d+ 1 > 0. Note that by Theorem
I8 and (E2R), K = ||J (G, n)|| e} 0.rx) < oo for almost all w € 2. The

difference of both of the terms in (BZ33) can be estimated by

/ M ()T (101G )| |ds+/ 1M/ ()T~ (1.0 G )| ds

1

< CK(/tT(T —8) (T — )" 7 ds + /Ot(T —5)%ds (T — t)a*;)

S CR((T =)™ 37 T8 4 (T =) 7T = 1) 3 ),
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and the latter goes to zero as t 1 T.
We can conclude that almost surely for every n > 1

I~ (MG, n) = M(O)[~ (G, n) + /0 M/(s)I (13, 7G ) ds. (4.5.3)

Hence to prove (E53l) we let n — oo in the right-hand side of (EZ53). Obviously,
M(0)I~(G,n) - M(0)I(G). From Theorem ETA and (E=Z3) we find that &, =

[J7(G,n) = J(G)] -1 — 0 in probability as n — oo. It follows that
Cc* v (0,T3X)

T
/0 ||M/(S)[I_(1[S,T]G7n) _I_(]-[S,T]G)]Hds
T
<c / (T — )T (Lpyry G ) — I~ (Lo )]l ds
0

T

< C&, / (T —5)7""" 5 ds
0

_ Clé-nTl—é—‘r()n—%.

Since the latter converges to zero in probability, it follows that the right-hand
side of (EA3) converges and hence MG is forward integrable and (EZ5) holds.
|

Remark 4.20. Assume M satisfies (i) and (ii) of Theorem ET9.

(1) If § € [0,1), then by Lemma B3 one has MG € L°(2;~(0,T; H,Y)) whenever
G € L°(2;4(0,T; H,Y)). In particular MG is weakly in L?(0,T; H).

(2)If0 <6 < 3—1and G e LO(2;LP(0,T;v(H, X))), then we have MG €
L°(2; L2(0,T;~(H,Y))). Indeed, without loss of generality we can assume
0 > 1. It follows that

|M(s)| < C’/Ot(T —8)Pds < C((T—t)' 7 +T'°).

Therefore, by Holder’s inequality with % + % =1,

T 1-6 1—-6)2 2 1/2
MG o runn < C( [ (@ =01+ TP ICOE ) 1)

< C||Gll Lo (0,11, %))-

From Theorem BT, Proposition 10 and Remark we immediately derive
the following:

Corollary 4.21. Assume X and Y are UMD Banach space with type 2 and as-

sume M satisfies (i) and (ii) of Theorem EI9. Assume p > 2 and § < 3 — %.

If G € L°(02;LP(0,T;~(H, X))) is adapted, then MG is forward integrable,
s M'(s)I(1,,1G) € LY(0,T;Y) almost surely, and (BE23) holds.
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As an illustration we present a brief indication how the results of this section
can be applied to stochastic evolution equations.

Example 4.22. Assume that for each w € 2, (A(t,w)):e[o,7) is a family of un-
bounded operators which generates an evolution family (S(t, s,w))o<s<i<Twen
on a Banach space Xj. Assume that X; = D(A(¢,w)) does not depend on time
andw € £2,and A : [0, T)|x 2 — ZL (X1, Xo) is adapted. In general, w — S(t, s,w)
will only be .%#;-measurable, and hence the stochastic convolution

/0 S(t,s)G(s)dW (s)

does not exist as an Itd integral. In many situations one can check that
L4S(t,s) = —S(t,s)A(s) satisfies || -£S(t,s,w)|| < C(w)(t —s)~" (see [@] and
[3]). Therefore, Theorems B9 and Corollary 21 with M(s) = S(t, s) can be
used to obtain sufficient conditions for the existence of the forward convolution

U(t) ;:/O S(t, 5)G(s) dW ™~ (s)
(4.5.4)

= S(8,0) (14 C) — /O S(t, ) A(s)] (13s.4G) ds.

In [B8] Leén and Nualart have observed that the forward integral gives a weak
solution of the stochastic evolution equation

dU = AU () dt + G(t) dW (t), U(0) =0,

and even more general equations. Using (EE54) one can obtain a rather complete
theory for non-autonomous stochastic evolution equations with random drift.
Details can be found in chapter B.






Part 11

Stochastic evolution equations






5

A new approach to stochastic evolution
equations with adapted drift

5.1 Introduction

Let Ey be a Hilbert or Banach space and let H be a separable Hilbert space.
Let (£2,.#,P) be a complete probability space with a filtration (F;)icjo,7). We
study the following stochastic evolution system on Fj.

U(0) = . (5.1.1)

{ dU(t) = (AU (t) + F(t,U(t))) dt + B(t,U(t)) dW (¢)
Here (A(t,w))c(o,1],wee is a measurable and adapted family of unbounded op-
erators on FEy. Moreover, F' and B are semilinear nonlinearities and W is a
cylindrical Brownian motion.

The integrated form of (B2I) often leads to problems as in general A(t)U(t)
is not well-defined or not integrable with respect to time. In the semigroup
approach to (BI) this difficulty does not occur. We refer to the monograph [B2]
and references therein for details on the semigroup approach to (EI) in the
Hilbert space setting. Extensions to the class of Banach spaces with martingale
type 2 can be found in [EO] in the case A is not depending on time. An extension
to the nonautonomous setting (i.e. A depends on time) can be found in [I33].
In the semigroup approach to (BEI), the mild formulation is particularly useful
for fixed point arguments. In the time-dependent setting the mild formulation
has the following form:

U(t) zS(t,O)uo+/O S(t,s)F(s,U(s)) d8+/0 S(t,s)B(s,U(s))dW(s) (5.1.2)

well-defined?

Here, given w € £2, (S(t,5))o<s<t<r is the evolution system generated by
(A(t,w))tecjo,r)- In this case, there is an obstruction in the mild formulation
of a solution. The problem is that w — S(t,s,w) does not satisfy the right

adaptedness properties. In general w — S(¢, s,w) is only F#;-measurable and not



84 CHAPTER 5. STOCHASTIC EVOLUTION EQUATIONS WITH ADAPTED DRIFT

Fe-measurable (see Example B3). Therefore, the stochastic integral in (EE1T2)
cannot be defined in the sense of It6. An easy example can be found in Exam-
ple B3 below. Equations with random generators arise naturally in the case A
depends on a stochastic process, e.g. in filtering theory (see [[40] and references
therein).

There are several different approaches to (EEIl). In the method of monotone
operators (see (2], [MX], [MX], [[I3]) the problem (AT) is formulated on a
Hilbert space and one can use Galerkin approximation well-posedness questions
to reduce the problem to the finite-dimensional setting. In this way no additional
difficulty arises when A is dependent on {2 and time. Also in the LP-approach of
Krylov [E]] one can allow the coefficient of a second order operator A on R? to be
dependent on {2 and time in a measurable way. The above mentioned approaches
do not use the mild formulation (B132).

Mild formulations can be useful in many type of fixed point arguments. They
are also used to study long time behavior (invariant measures) and time regular-
ity. There have been several attempts to extend the mild approach to (BEI) to
the f2-dependent setting. A possible method for (EET) using mild formulations
is to use stochastic integration for nonadapted integrands and Malliavin calculus.
This has been studied in [B,@,68, 69, @3]. This approach is based on Skorohod
integration techniques and it requires certain Malliavin differentiability of the
operators A(t) or S(¢,s). Let us also mention that in [BS] a maximal regularity
approach to (BEI) with random A has been developed.

In this chapter we will develop a new method for the stochastic evolution
equation (B) with random A. It is based on a new representation formula for
stochastic convolution. In order to explain this representation formula, consider

{dU(t) =AU (t) dt + G dW (1), (5.1.3)

U0) =0,

where GG is an adapted and measurable process and A is as before. Our new
representation formula for the solution to (EE13) is:

Ult) = — /O S(t, ) A()[(1s.0)G) ds + S(t,0) (10 G),  (5.1.4)

where I(1¢,,1)G) = f;GdW. The representation (ET4) can basically be ob-
tained using by integration by parts formula for the stochastic convolution. The
advantage of the formulation is that it does not require stochastic integration of
nonadapted integrands. A difficulty in (BET4) is that the norm of the operator-
valued kernel S(t,s)A(s) is of order (¢ — s)~!. Fortunately, the Bochner integral
in (BT4) can still be shown to be convergent as the paths of ¢ — I(1( 4 G) have
additional Holder or Sobolev regularity.

In order to have evolution families with sufficient regularity properties, we
will restrict ourselves to the parabolic setting. We will assume that the oper-
ators (A(t))seqo,1) satisfy the so-called (AT)-conditions which were introduced
by Acquistapace and Terreni. This is a combination of a uniform sectoriality
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condition and a Holder condition on the resolvents. We will allow {2-dependent
Holder constants in the latter, which is quite reasonable from the point of view
of applications.

This chapter is organized as follows. In Section B2 we will discuss the (AT)-
conditions, and extend some of their results to the w-dependent setting. In the
Section B3 we present a new pathwise regularity result, which will allow to
obtain the usual parabolic regularity of the solution to (EEI3). In Section B2 we
discuss the new representation formula (ET4) and its relations to other solutions
concepts such as strong, variational, weak and mild solutions. In Section B3 we
discuss a general semilinear problem and prove well-posedness with a fixed point
argument. For this we first obtain well-posedness under the assumption that
the constants in the (AT)-conditions are w-independent Holder conditions. After
that we localize the Holder condition and extend the result to the general case.
Finally, we illustrate our results with Examples in Section B3.

This chapter is based on the paper [[T)].

5.2 Stochastic evolutions families

Let Ey be a Banach space. In this section we will be concerned with generation
properties of families of unbounded operators. For ¢t € [0,7] and w € {2 fixed, we
consider a closed and densely defined operator

A(t,w) : Eo > D(A(t,w)) — Ep

For convenience, we sometimes write A(¢) and D(A(t)) instead of A(t,w) and
D(A(t,w)), respectively.

We will only consider the parabolic setting (i.e. the case where each A(t,w)
generates an analytic semigroup). This is well-documented in the literature (see
[, 3, A, 130, 131)).

5.2.1 Generation theorem

In this subsection we will consider the conditions introduced by Acquistapace
and Terreni [@] (see also [0, @, B, 23, I3, (1, 2] and references therein). An
important difficulty in our situation is that A(t,w) depends on the additional
parameter w € f2.

For ¥ € (7/2,m) we set

Yy={ e C: |arg )| < V}.

On A we will assume a sectoriality condition and a Hélder continuity assump-
tion:

(AT1) There exists a ¢ € (7/2,7) and M > 0 such that for every (¢,w) € [0,T] x {2,
one has Xy U {0} C p(A(t,w)) and
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(R, A(t,w)) ||l 2(my) < A€ Xy U{0}.

M
IA[+17
(AT2) There exist 0 < v, u < 1 with g+ v > 1 such that for every w € {2, there

exists a constant L(w) > 0 such that for all s,¢ € [0,T] and A € Xy,

IAIJACE @) RO At ) (At w) ™ = As,0) ™)z () < Lw)t — s

We would like to point out that it will be important that in Holder continuity
assumption the Holder constant is allowed to depend on w. Whenever [ATT]
and [ATZ] hold, it is said that (AT) holds. The abbreviation (AT) stands for
Acquistapace and Terreni.

In the sequel we will not write the dependence on w € 2 explicitly whenever
there is no danger of confusion.

Example 5.1. Assume FE; = D(A(t,w)) is constant with uniform estimates in
t €10,7] and w € 2. Assume [ATT] holds. If there is a u € (0,1] and a mapping
C : 2 = R, such that

IA(t) = A(s)l.2(m.m0) < Clt = s[*, 5,8 €[0,T],

then [ATZ] holds with » = 1 and L = M C up to a constant multiplicative factor.
The above type of condition is sometimes called the Kato-Tanabe condition
(see [MA,30)).

Let A := {(s,t) € [0,T)? : s < t}. The following result can be derived by
applying [0, Theorem 2.3] pointwise in {2.

Theorem 5.2. Assume (AT). There exists a unique map S : A x 2 — £ (Ep)
such that

1. For allt €10,T], S(t,t)=1.

2. Forr <s<t, S(t,s)S(s,r) = S(t,r).

3. For every w € (2, the map S(-,w) is strongly continuous.

4. There exist a mapping C : 2 — Ry such that for all s < t, one has
15, s)[| < C.

5. For every s < t, one has £S(t,s) = A(t)S(t,s) pointwise in £2, and there
exist a mapping C : 2 — R such that

IA®)S(t, 5)ll 2(m) < Ct —5)7".
In the above situation we say that (A(t))ic[0,r) generates the evolution sys-
tem/family (S(t,s))o<s<t<T-
5.2.2 Measurability

Throughout this subsection we assume that (AT) holds.
As the domains of D(A(t,w)) also vary in (t,w), the most natural way is to
formulate the adaptedness assumption for the resolvent as follows:
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(H1) For some A € Xy U{0}, R(A, A(+)) : [0,T] x 2 — Z(Ep) is strongly measur-
able and adapted.

Here we consider measurability and adaptedness in the uniform operator
topology. The hypothesis [HI] implies that for all A € Xy U {0}, R(\, A(+)) is
strongly measurable and adapted. This follows from the fact that the resolvent
can be expressed as a uniformly convergent power series (see [E, Proposition
IV.1.3]).

Example 5.3. Assume the conditions of Example B0 hold. If A : [0,7T] x 2 —
Z(Fh, Ep) is strongly measurable and adapted, then [HI] holds. Indeed, fix
wo € £2. Since (t,w) — A(t,w)A(0,wq) ! is strongly measurable and adapted and
taking inverses is continuous on the open set of invertible operators, it follows
that (¢t,w) — A(0,wp)A(t,w) ! is strongly measurable and adapted. This clearly

yields [HT]J.
Let » > 0 and 7 € (7/2,9), and consider the counterclockwise oriented curve
Ve i ={AEC: JargA| =1, N <r}U{reC: | A\ =r,—n <arg) <n}.

For s € [0, T], consider the analytic semigroup (e!4(*));>q defined by

HAS) 4 — { i [y, €MROA(s)z dA, t > 0,

™n

x, t=0.

Proposition 5.4. The evolution system S : Ax 2 — ZL(Ey) is strongly measur-
able in the uniform operator topology. Moreover, for eacht > s, w +— S(t, s,w) €
Z(Ey) is strongly Fy-measurable in the uniform operator topology.

In Example B3 we will show that the above measurability result cannot be
improved in general.

Proof. Fix 0 < s <t <T. The evolution system S(t, s) is given in [0}, as follows.
Let Q(t, s) be given by

Q(t,5) = A(tYeDAO (A1) — A(s) ).
Define inductively Qn(t, s) by
A1) = Q) Q) = [ Qualt.r)QUrs) ar
Then the evolution system S(, s) is given by
S(t,s) = elt=9)A0) 4 /t Z(r,s) dr,

where
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Z(t,s): = A(t)e(t—s)A(t) _ A(s)e(t—s)A(s)

ot

+ Qu(t, ) (A(r)e" =940 _ A(5)er=9)A)) ¢
S [ e (4 (940
> t

# 3 [(@ultr) = Qult ) A4 ar
n=1v9%

+ 37 Qult,s)(74® — 1),
n=1

The above series converges in .Z(FEy), see [0, Lemma 2.2 (1)].
Step 1: S(t,s) is F¢-measurable. Note that
1

At)relt==)A1) — — eB=AN"R(X, A(t)) d\,  neN.
2mi Yr,n

Also, for n € N, note that A ~— e*"*\"R(\ A(t)) is continuous on 7, ,,
and hence Riemann integrable. The random variable e~ X" R(\, A(t)) is .%-
measurable for every A € 7, ,, hence every Riemann sum and thus every Riemann
integral is .Z;-measurable. It follows that A(t)"e(*=)4(") (as it is the limit of Rie-
mann integrals) is #;-measurable. In particular this holds for n = 2, and hence
Q(t, s) is F-measurable as well. On (s,t), the map r — Qn_1(t,7)Q(r,s) is
continuous, by [M, Lemma 2.1]. Thus, by a similar argument as above, @, (t, s) is
Z,-measurable, for n > 2. Also e(t=9)4(5) is Z,-measurable. Hence the random

variable
o0

S Qult, ) (e94C) — 1)
n=1
is .Z;-measurable.
Clearly r +— A(s)e("=*)4() is continuous. By [0, Lemma 2.1], 7 = Q, (¢, 1) —
Qn(t, s) is continuous as well. Hence, as before we see that

Z/ (Qn(t7r) - Qn(t, S))A(s)e(T_s)A(S) dr

is .Z;-measurable.
The map g : r = A(r)e"=940) — A(5)er=9)A() for € (s,t) is continuous.
Indeed,

lg(a) — 92z < [1A(Q)e ™A@ — A(r)elt= A g,
+ HA(r)(e(q*S)A(T) _ e(T*S)A(T))Hg(EO)
+ [ A(s) (el A — ela=DAG) | 4, .

Now [, Lemma 1.10(i)] yields the required continuity of g and its integral will
be .Z;-measurable again. Combining all terms we deduce that Z(t,s) is F-
measurable. By [0, Lemma 2.2(ii)] the map r — Z(r,s) is continuous on (s,t)
and therefore, we can now deduce that S(¢, s) is .#i-measurable.
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Step 2: measurability of the process S. For n € Nand k£ = 0,1,...,n — 1,
consider the triangle

Dy ={(s,t) €[0,T]?: £ <t < bt

n ’

Sl

< s <t}

Let I be the identity operator on Ey. Then for 0 < s < ¢t < T, define X,
A X 2 — ZL(Ey) by

n—2 n-—1

ZID’“ RT3 L magm,men(s, t)S(%’S)'

k=0 m=k+1

Since S(t, s) : 2 — Z(Ep) is strongly measurable, by Step 1, it follows that
X, AX 2 — L(Ey) is strongly measurable. Moreover, by strong continuity of
S, pointwise on A x §2, one has X,, — S. Hence S : A x 2 — Z(E)) is strongly
measurable. (]

Example 5.5. Let Ep = R and let A : [0,7] X 2 — R be a measurable and
adapted process such that sup,¢jo 77 [A(t, w)| < oo. Then A generates the evolu-
tion system

S(t,s,w) = exp (/:A(r,w) dr).

Obviously w — S(t,s,w) is only F;-measurable in general.

5.2.3 Pathwise regularity properties of evolution families

Throughout this subsection we assume that (AT) holds. First we recall some facts
from interpolation theory. An overview on the subject can be found in [8,Z3,32].

For # € (0,1) and 1 < p < oo the real interpolation space Fj , :=
(Eo, D(A(t)))e,p is the subspace of all € Ey for which

© . ds\1/p
/(2. D(A®)))6 ., = (/0 st Q)HA(t)e‘A(t)x”%O ?) < 00,

with the obvious modification if p = oco. Clearly, the space Eg’p and its norm
also depends on w € {2, but this will be omitted from the notation. The space
Ej , with the above norm is a Banach space. For convenience we also let Ef , :=
(o, D(A(t))op = Eo and Ef, = (Eo, D(A(t)))1, = D(A(t)). By applying
A(t) finitely many times on both sides we extend the definition of the spaces
Ej , = (Eo, D(A(t)))ep to all 6 > 0.

For all § € [0, )

Biy = By By oo < Ejy < Ey. (5.2.1)

Here, the embedding constants only depend on the constants in [ATT] and thus
are independent of time and (2.
For 0 € (0,1), let (—A(t,w))~? be defined by
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_ —GZL 0089—165,4(1:) s
(A0 = 75 / ds.

and let (—A(t))? = ((=A(t))"?)~! with as domain the range of (—A(t))~".
Endowed with the norm [|z|| p((—a@))e) = |l (—A(1)2 &, , the space D((—A(t))?)
becomes a Banach space.

For 6 > 0, the following continuous embeddings hold:

Ej, = D(-A(®))" < Ej . (5.2.2)

and again the embedding constants only depend on the constants in [ATT).
The next result follows from pointwise application of [[Z3, (2.13), (2.15) and
Proposition 2.4]. Recall that p,v € (0,1] are the smoothness constants from
(AL2).
Lemma 5.6. There exists a mapping C : 2 — R, such that for all0 < s <t <
T, forall0<a<f<1,ne0,u+v—1),y€[0,pn),0€[0,1] and 5, X € (0,1),
the following inequalities hold
1St )zl | <

( C
JA@S(E, s)allp: , < Ct
S(t.s)ellp , < C
)

5.2.3
5.2.4
5.2.5
5.2.6

t—s a75||x||E§)w, r € E; o

8) ' Mz||, = € Ey.

)
)

S
E§ o HASS Eé,oo'

(t—s) (5.2.3)
(t—s) (5.2.4)
JA( SO — ) e (5.2.5)
(t—s) (5.2.6)

15(t,8)(—=A(s)) 2lm, < C(t —5)"|[zll, =€ D((—A(s)))-

I(=A®))°S (2, 5)(~=A(5)) | 2(my < C

and A > (t,s) = (—A(t)9S(t, s)(—A(s)) ™ is strongly continuous.

In general C depend on the constants of [ATT] and [AT2). Note that to obtain
(BZX3) one needs to use reiteration in order to obtain the improvement from
exponent oo to 1. Moreover, (B223) follows from interpolation of (EE23) and
(E223) and reiteration.

5.2.4 Improved regularity under adjoint conditions

Throughout this section we assume the (AT)-conditions hold. To obtain further
pathwise regularity properties we will assume in this section that Ej is reflexive.
Then (A(t)*)icjo,1)wen is a family of closed densely define operators on Ej.
Moreover, since R(\, A(t)*) = R(\, A(t))*, [ATT] holds for this family as well.
Furthermore, we will assume that the family of adjoints satisfies [AT2] with
constants p* and v*, throughout the rest of this section.

Under the above assumption on the adjoint family, we know that for every
t € (0,77, the family (A(t — 7)*),¢[o,q satisfies the (AT)-conditions as well, and
therefore by Theorem B3 it generates an evolution family:
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(V(t;7,8))o<s<r<T-

Recall from [B, Proposition 2.9], that S(t,s)* = V(¢;t — 5,0), and by Theorem
B2 (5) and the chain rule, for s < ¢

d

—S

ds
Moreover, for all z € D(A(s)*) = D(A(t — (t — s))*) one has s — S(t,s)*z* =
V(t;t — s,0)z* is continuously differentiable on [0, ¢].

(t,8)" = —A(s)*S(¢t, 9)". (5.2.7)

Lemma 5.7. Under the above conditions one has
(1) For every t € (0,T], the mapping s + S(t,s) belongs to C1([0,t); £ (Ep)),
and for all x € D(A(s)) one has L5(t,s)x = —S(t, s)A(s)x.
(2) Fort >s,0<0 < p*+v*—1 and x € D(—A(s)'1?), the evolution operator
S(t, s) satisfies
1S(t,8)(=A(s) x|, < Ot =) |l 5, (5.2.8)
(3) Fort>s, 0<vy<pu*+v*—1,8€(0,1), and x € D((—A(s))'T7)
1A =S (8, 8)(—A()) 2|y < Ot =) 72l (5.2.9)

In particular, we see that for every s < ¢, the operator S(t,s)A(s) uniquely
extends to a bounded operator on Ey of norm C(t — s)~1, which will be denoted
by S(t,s,w)A(s,w) again. As before, the constant C' depends on the constants
in the (AT)-conditions for A and A*.

Proof. Tt follows from (E2277) that

L(t5) = (£8(9)") = (~AG) S5,

where we identify Ey and Eg*. It follows (—A(s)*S(¢,5)*)* € £ (Ep). Hence, for
any z € D(A(s)) and every z* € Ef, one has

((—A(s)*S(t, )" ) x,x™)y = —(x, A(s)*S(t, s)*x™) = (—=S(t,s)A(s)x,x").
By a Hahn-Banach argument, we obtain - S5(t, s)z = —S(t,s)A(s)z for all z €

D(A(s)).
By (B223) and (B223) for the adjoint family we find that

(= A(s)) 5 (t, 9)* ||z ig) = I((—A(E = (E = $))*) OV (5t = 5,0)]| 2(mg)
< Ot—s)10.

Let € D((—A(s))'*?) be arbitrary. Then
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IS(t, 8)(=A()) x|, =  sup  [(S(t,5)(—A(s)) "0, 2")]

o= 5 <1

= sup [(w, (=A(s)") TS (¢, ) 0"
o= 55 <1

< |2l mo (= A(s)) +S (t, 8)* || 2 (1)

<C(t =)z g

and (B223) follows.
The estimate (E229) can be derived in a similar way from (B223). O

5.3 Pathwise regularity of convolutions

In this section we will assume the following hypothesis.

(H2) Assume that both (A(t,w))iecjo,1]wene and (A(t,w)*)iep0,1)wee satisfy the
(AT)-conditions.

5.3.1 A class of time independent spaces and interpolation

The following hypothesis is needed to deal with the time-dependent domains in
an efficient way.

(H3) There exist 7y € (0,1] and n— € (0, 4" +v* — 1) and two family of interpo-
lation spaces (E,)ncjo,n,) and (E,)ye(—y_ o) such that
(i) Forallmy <n3 <0<me <m <nyt

E’m <—>E,,1 <—>E,72 — Ey = Fy <—>En3 ‘—>E,74.

(ii) For all n € [0,n1), E} | — E, — Ey, with uniform constants in (t,w).
(iii) For n € (0,n—), E_, is dense in Ey and for all € Ey and € > 0 one
has
I(=A®) " z||g < Cllzlz_,,

where C' is independent of (¢,w).

If By = D(A(t)) is constant one can just take E, = (Ep, Ey),, for some p €
[1,00). Moreover, in particular it follows from (iii) that (—A(¢)) ="~ has a unique

continuous extension to a bounded operator from Ey into F_,. From Remark
B it will become clear why we assume n_ < p* +v* — 1.

Remark 5.8.

1. If A(t) is a differential operator with time dependent boundary conditions,
then in general Ef] will be time dependent as well. In this case one typically
takes En to be the space obtained by real interpolation from FEy and the
space F1 D D(A(t)) obtained by leaving out the boundary conditions.
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2. Note that it is allowed to choose E_,, = Ey for all n € (0,7n-). However,
usually the spaces will be taken certain extrapolation spaces which makes
the noise term in a stochastic PDE convergent.

Remark 5.9. Assume hypotheses [H2] and [H3]. The following observation will
be used throughout the rest of the chapter. Let € > 0, a € (0,74). By (B22),
(E232) and (2Z3) for s < t and © € E_y, letting r = 2 and taking € > 0 small
enough, we find that for all 6 € [0,7_),

IS(t, ) A(s)zll 5, < CNS(t )|z (0, m2) 1S (r, 8) (= A(5)) 02 (= A(5)) %2 | 5,
<C(t—s)" )l
Note that here we use n_ < p*+v* — 1. Similarly, we find that for all 8 € (0,7_)
IS, s)zllz, < Ct—s)~* " |lzll5_,,
where in both estimates C' depends on (2.

The next lemma is taken from [33, Lemma 2.3], and this is the place where
the assumption that (£;),ec[0,,,] are interpolation spaces, is used.

Lemma 5.10. Assume and [[HZ). Let a € (0,m4] and 6,y > 0 such that
v+ 6 < a. Then there exists a constant C > 0 depending on w, such that

[S(t,r)x—S(s,r)zllg, <C(t—3s)zler,, 0<r<s<t<T, z€k,.

Moreover, if v € EJ, 1, then t — S(t,r)x € C([r,T]; Eq).

In the above lemma C depends on (2.

5.3.2 Sobolev spaces

Let X be a Banach space. For a € (0,1), p € [1,00) and a < b, recall that
a function f : (a,b) — X is said to be in the Sobolev space W*P(a,b; X) if
f € LP(a,b; X) and

b b _ /p
[flwer(apx) = (/ Mdsdt)l < 00.

a |t - S|o¢p+1

Letting || fllwe.p(a,b;x) = [[fl 27 (a,p:x) + [flwe r(a,p;x), this space becomes a Ba-
nach space. By symmetry one can write

b b bt b b
//B(t,s)dsdt:2//B(t,s)dsdtzZ//B(t,s)dtds

where B(t,s) = WFO=J)I" “This will be used often below.

[t—s[opT1

A function f : (a,b) — X is said to be in the Hélder space C*(a,b; X) if
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[flea(a,p,x) = sup I17¢t) = F(s)l

< 0
a<s<t<b |t —s|®

Letting [|fca(anx) = subee(o,r) If Ol x + [flwar(apx), this space becomes
a Banach space. Moreover, every f € C%(a,b; X) has a unique extension to a
continuous function f : [a,b] — X. For p = oo and a Banach space X, we also
write We(0,T; X) = C*(0, T; X).

If 0 < a < B < 1, then trivially,

C*a,b; X) — W*P(a,b; X).
One of the main results in the theory of fractional Sobolev spaces is the following
Sobolev embedding: if o > %, then

1

WP(a,b; X) < C* »(a,b; X). (5.3.1)

Here the embedding means that each f € W*P(a,b; X) has a version which is

continuous and this function lies in C’a_%(a,b; X). The embedding (BZ3) can
be found in the literature in the scalar setting and the standard proofs extend
to the vector-valued setting. We refer to [, 14.28 and 14.40] and [BH, Theorem
8.2] for detailed proofs.

5.3.3 Regularity of generalized convolutions

We can now present the first main result of this section. It gives a space-time
regularity result for the abstract Cauchy problem:

u'(t) = A(t)u(t) + f(t), u(0)=0. (5.3.2)

Recall that the solution is given by the convolution:

t
S f(t) ::/ S(t,o)f(o)do.
0
The next result extends [[33, Proposition 3.2], where a space-time Holder
continuity result has been obtained.

Theorem 5.11. Assume (AT), [H3) Let 0 € [0,n_), p € [1,00) and §,\ > 0
such that § + X\ < min{1 — 0,1, }. Suppose f € L(£2; L*(0,T;E_g)). Then the
stochastic process S * f is in L°(£2; W MP(0,T; E5)) and satisfies

|| * f||WA,p(o,T;E5) < CHf”LP(o,T;ELQ) a.s.,
where C' depends on 2.
Maximal LP-regularity results for (6232) can be found in [I7].
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Proof. Let € > 0 be so small that 6 + A\ + 6 + 2¢ < ng. By (E22Z0) and [H3] we
find that

15+ (Bl 2,

/ ISt ) 2 (0,15 IS (557, 0) (= A0) * e | 280y | f () £, do

<C/ 504 (o) 5., do

(5.3.3)
Therefore, Young’s inequality yields that

||S*f||Lp (0,T;Es) _OHf”LP 0,T;E_g)"

Next we estimate the seminorm [S * flyxp o 18, For 0 < s <t < T, we
write

1S+ (&) = (S* F)s)ll g, < /Os 1(5(t,0) = S(s,0))f (o) 5, do

+ [ 1.0)70) g, do

By Remark B9 and Lemma BT we obtain
| 05.0) = S(6.0) @), do < Cle = 57 [ 1805, )y, do

< Ot — s / (s — o) A0 f(o)]| 5, do

Now it follows from integration over ¢ and then Young’s inequality that

/OT/Tu— “p/n (t.0) ~ $(5.0) (0|15, do) dtds
<c / / Ot — )7 / (s =)0 f(o)]| 5., do)" di ds
<c/ / 5= 0) P A0 f (o)., do)” ds

<C||f||LPOTE )

For the other term by (E223) we obtain

t
/ 15(t.0)f(0)l 5, do < / 1 (0)(t — ) 50| £(0) 1 ., do

Integrating over s € (0,t) it follows from Minkowski’s inequality that



96 CHAPTER 5. STOCHASTIC EVOLUTION EQUATIONS WITH ADAPTED DRIFT

(/ot((t —s) /Ot Loy (0150001 0|5, do)"s) "
C(/Ot (/ot(t —8) T M (o)t — 0) O f(0)] 5, d")pds)
< C/Ot </0t(t —5) 7ML (o) (t — 0)7(6+9+5)p||f(‘7)“%,9 ds)l/p do

1/p

IN

t
<o / (t— o)~ 0+ £(0) | do

Taking p-th moments in ¢ € (0,7, it follows from Young’s inequality that

/OT /0t<(t - 3)_%_)\ /Ot 1(s,t)(0’)||5'(t,cr)f(o-)HE5 do’)pds dt

T t .
< C/O (/0 (t— J)_(6+9+6+’\)||f(0)||1§,9 do) dt < C||f\|ip(0’T;E_9).

Combining the estimates, the result follows. O

The second main result of this section looks artificial, but is a major techni-
cal tool to obtain pathwise regularity of the solution to the stochastic Cauchy
problem:

du = A(t)u(t) dt + G dW.

For details on this we refer to Section B below.
Recall the convention that for a Banach space X, we put W*>(0,T;X) =
Cc*(0,T; X).

Theorem 5.12. Assume and [[H3). Letp € (1,0], 8 € [0,9—) and o > 6.
Let f € LO(2;WP(0,T; E_g)). Let 5, A > 0 be such that 5+ < min{a—0,n,}.
The following assertions hold:

1. The stochastic process ¢ defined by
¢t = [ S(t.0)A@)® - f(0) do
0

belongs to LO(£2; WHP([0,T); E;)) and

||<||WNP(0,T;E5) < CHf”wayp(o,T;Efe) a.s.,

where C' depends on {2.
2. If a > 1/p, assume additionally that the continuous version of f satisfies
f(0) =0. Then ¢ = S(t,0)f(t) belongs to L°(£2; WAP(0,T; Es)) and
ISl orizg) < Clflwesomrs ) a5

where C' depends on (2.
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Note that in (2) the continuous version of f exists in the case o > 1/p by
Proof. The proofs in the case p = co are much simpler and we focus on the case
€ (l,00). Let =040 +e.
(1). Let € > 0 be so small that 8+ A+ < a. Write Ay f = f(t) — f(s). First
we estimate the LP(0,T; Es)-norm of . Note that by Remark B9
1S(t,0)A(0) Ao fllg, < Ct = 0) Pl A fl 5,

Therefore, by Holder’s inequality applied with measure (t — o) =+ do we find

|| ||E
Ata” 0
HCHLI(OT iEs) = C/ (/0 (t - 0‘)1+,8 )

[
0
<o [ g

< C”fHWﬂ’P(O,T;ELe)'

Observe that
160 = €3z, < [ 1(S16.0)A(0) Avaf = S(5.0)A(@) A 5, do

/ IS(t, o) Awf”E do =Ti(s,t) + Ta(s,t).

We estimate the [-]yr.»-seminorm of each of the terms separately. For T note
that by Remark B4,

1S(t,0)A(0) Ata fllg, < Ct = 0) " HAwfll 5, = g(o,t)

Therefore, it follows from the Hardy—Young inequality (see [E3, p. 245-246]) that

/Ot “ap-1 / 1S(t,0)A(0) Auo 1 5, do) ds
S/O(t— 5) AP 1(/Stg(a,t)d0)pds
/Ot(ts)Ap1<Atsg(tT,t) dT)pdS
[ /Org(t_m i)’

/ PNy )P dr
[

t— s) PHPH ds
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Integrating with respect to ¢t € (0,7T) and using the definition of g we find that

Ty(s, 1) (t—s) w*””llﬂt %,
Py g

tIIA
= TR

For T3, we can write
1(s,t) / |S(t,0)A Atsf||E5

+ / 1(5(t,0) — 5(5,0))A(0) Auo 1 5, do
0
= Tla(S, t) =+ le(s, Tf).

For T3,, by Remark B9 we have
Tuls.) < C [ (t=a) P Aufls., do < Cle—5) P | Auflg
0
It follows that

Tia(s 14115,
// t—s’\P“d dt<C// T dsdt

S C”f”Wa,P(O’T;Efg)'

To estimate Ty let v = a — ¢ — 5. By Lemma B0 and Remark B4,

1(5(t,0) = 5(s,0))A(0)Aso fll g, < [I(S(E,8) = 1)S(s,0)A(0)Aso f| 2,
<Ot —s))1S(s,0)A(0) A fllgg,
< C(t=9)18(s, 1)l 2 (0o, 5., IS (T, ) A@) 4 2(0) | Aso fll .,
<C(t=9)(s—0) " Au S5,

with 7 = (s — 0)/2. It follows that from Hoélder’s inequality that

Tt < Clt=57?( [ (s=0) 01 A5, do)”
s |4 117
S C(t — S)’th(s)p/ (S_O_ﬁ do

0

where by the choice of v, the function h(s) satisfies

hs) = ( /O S = orH*“a*%]p, da)”p' <c
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Using Fubini’s theorem and v > A we can conclude that

lest g4 H sofHEe
// t_SAp+1dtd <C/ // t—s) P ”dt(s_a)ap+1d0ds

S O|‘f||W&,p(O,T;E~‘79).

and this finishes the proof of (1).
To prove (2), we first estimate K]Ww(o 7.5 and write

1(8) = ()l 3, < 1S(8,0) Ags fl 5, + 15(£,0) = S(5,0) f (5l 3, -
By Remark B9,
1S(t,0) A0 f 1l 5, < Ct | Ausfll 5, < Ct =) Awsfl5,-

It follows that

e1IS(2,00As fII7,
/ / (t — 5)wt dsdt < O\ fllws+ro,m:5_5) < Cllfllweo,ri5_4)-

For the other term we may assume 4+ A+ > 1/p in the case a > 1/p. In
the case a < 1/p, we can assume 3+ A +¢ < 1/p. By [B3, Theorem 5.4] we can
find an extension of f to a function F' in W*P(R; E_g) and

HF”WavP(R;E 6) — CHf”Wa 2(0,T;E_g)"

Moreover, multiplying F' by a suitable smooth cut-off function we can assume
that additionally F =0 on [T+ 1, 00).
We have by Lemma B0 and (E23),

[(5(2,0) = S(s,0))f(s)ll z; = [1(S(t,8) = 5(s,5))5(s,0) f(s)]l
<Ot = 9)18(s,00f () 5
e 17 )l g,

5+)\+6

S+A+e

<Ot - s)

Therefore, we find

T11S(t,0) ,0)f ()11 T I1f ()11
—1+e E
/ / t—s)’\P+1 5dtds§C’/O /S (t—s) Pdt (5+/\+E)‘;ds
I1f ()% I1F ()%
o
- C/O s(ﬁ+k+e)p ds < C/R+ s(B+A+e)p ds

Applying, the fractional Hardy inequality (see [E2, Theorem 2]) and elementary
estimates we find that the latter is less or equal than
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CllF , < CIE

< CIIfIl

P
W/3+%+€,p(]R;E_;79)

. <Cll

P
Wh+A+e,2(0,T:E

P
W[3+/\+€,p(R+;E79
p ~
Wer(0,T;E_g)'

Finally we estimate the LP-norm of ¢. To do so it follows from Lemma BB
that

IC®)15, < Ct 2N @Oll5,-

Taking LP-norms and applying the fractional Hardy inequality as before we ob-
tain

T
1CH s 0.7,y < C/O CIFOIG_, 4t < CURyano 5.,

This completes the proof of (2). O

5.4 Representation formula for stochastic convolutions

In this section we will introduce a new solution formula for equations of the form:

{ au (t)

au (()fl(t)U(t) dt + G dW (1), (5.4.1)

Here W is an H-cylindrical Brownian motion and G : [0,T] x 2 — Z(H, Ey) is
adapted and strongly measurable. Furthermore, (A(t))c[o,] satisfies the (AT)-
conditions as introduced before. At first sight one would expect that the solution
to (BZD) is given by

U(t):/o S(t, s)G(s) dW(s). (5.4.2)

However, in general s — S(t, s) is only .%;-measurable (see Proposition B2 and
Example B3). Therefore, the stochastic integral does not exist in the Itd sense.
We will give another representation formula which provides an alternative to
mild solutions to (BZ):

Ult) = — /0 S(t, ) A(S) (1) G) ds + S(t0) (10 G),  (5.4.3)

where I(1(,4)G) = j:GdW. Clearly, there is no adaptedness issue in (B23)
as the evolution family is only used in integration with respect to the Lebesgue
measure. Moreover, the solution U will be adapted and measurable. A difficulty
in the representation formula (BZ3) is that usually the kernel S(¢,s)A(s) has
a singularity of order (¢ — s)™!, but we will see below that I(1(;4G) is small
enough for s close to ¢t to make the integral in (B2=3) convergent. Moreover, we
will show that the usual parabolic regularity results hold.
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In Section B2 we first repeat some basic results from stochastic integration
theory. In Section B2 we show that in the bounded case this yields the right
solution. The space-time regularity of U defined by (B233) is studied in Section
BZ23. In Section B2 we show that (B223) leads to the usual weak solutions.
Finally in Section BZH we prove that there is an interpretation of (B232) in
terms of forward integration. This will not be used in the rest of the chapter,
but provides an interesting connection.

In this section we assume the hypotheses [HI}{H3] and we impose a further
condition on the spaces in [H3]).

H4) The spaces E e from all have UMD and type 2.
nJne(=n—m]

Details on type and UMD can be found in [BH] and [E3], respectively.

5.4.1 Stochastic integration

Below we briefly repeat a part of the stochastic integration theory in UMD
spaces E with type 2. Let H be a separable Hilbert space and let W be a
cylindrical Brownian motion on H. For spaces E with UMD one can develop
an analogue of Itd’s theory of the stochastic integral (see [BH]). To be more
precise: one can precisely characterize which adapted and strongly measurable
G:[0,T|x 2 — Z(H, E) are stochastically integrable. Moreover, two-sided esti-
mates can be obtained. If additionally the space E has type 2, then there exists
an easy subspace of stochastically integrable processes. Indeed, every adapted
and strongly measurable G € L°(£2; L?(0,T;~(H, E))), the stochastic integral
process ( fot G dVV)te[0 . exists and is pathwise continuous. For convenience we
write

(@) = /0 "G and J(G)(t) = I(1p4G) t € [0,T].

Moreover, for all p € (0,00), there exists a constant C' independent of G such
that the following one-sided estimate holds:

[J(G)|Lr(@:cqo.11:8) < ClGl Le(2:02(0, 177 (1, B))- (5.4.4)

Here, v(H, F) is the space of «-radonifying operators R : H — E. For details on
~-radonifying operators we refer to [E].
One can deduce Sobolev regularity of the integral process (see [[IM]).

Proposition 5.13. Assume E has type 2, and let p € [2,00) and 0 < a < %
If G € LO(2; LP(0,T;v(H, E))) is adapted, then J(G) € L°(2;W*P(0,T; E)).
Furthermore, there exists a constant Cp such that independent of G such that

I T(C)r(2swar o) < CTIGl Le(2s10 (0,77 (H,E)))>

where Cr — 0 as T | 0. Moreover, if G, € L°(2; LP(0,T;~(H, E))) is adapted,
then
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G, — G in L°(02; LP(0,T;~(H, E)))
= J(G,) — J(G) in L°(2;W*P(0,T; E)).

By (B2XI) one can also derive Holder regularity and convergence in the Holder
norm in the case a > 1/p.

5.4.2 Motivation in the bounded case

In this section we will motivate the representation formula (623) and we will
show that the solution U defined by (BZ=3) satisfies the usual space-time regu-
larity results.

Below we will show that in a special case, U, defined by (E233), is a solution
to (BZ).
Proposition 5.14. Assume A € L°(2;C([0,T); £(Eo)) and A is adapted. If
G € L°(2; L*(0,T;~(H, Ey))) is adapted, then U defined by (B2=3) is adapted
and satisfies

Ut) = /0 A(s)U(s) ds + /0 Gls) AW (s).

The above result is only included to show that (B23) leads to the “right”solution.
In the case A is bounded, one can construct solutions in a more direct way using
stopping time techniques and the Banach fixed point theorem.

Proof. By [, Theorem 5.2], (A(t,w)):e[o, 7] generates a unique continuous evo-
lution family (S(¢, s,w))o<s<t<7 and pointwise in {2 the following identities hold

d 0
aS(t s) = A(t)S(t,s) and gS(t,s) = —S(t, s)A(s).

Moreover, from the construction in [, Theorem 5.2] one readily checks that
foreach 0 < s <t < T, w+ S(t, s,w) is F-measurable and thus U defined by
(B23) is adapted. It follows that

/ S(t, s) 1(0 t)G)d
+/ S(t,s)A(s)I(1(0,6)G) ds + S(t,0) (1,1 G)

1((” / S(t, s) 1(0 S)G) ds

Therefore, by Fubini’s theorem we obtain

/OA(T)U(r)dr:/O A(r)[(l(O’T)G)dr—i—/O /0 A(r)S(r,s)A(s)I(1(0,5)G) dsdr

:/0 A(T)I(l(o,r)G)err/O /S A(r)S(r,s)A(s)I(1(0,5)G) drds
_ /O S(t,8)A(5)[(1(0.0)C) ds
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Combining both identities, the result follows. O

Remark 5.15. In the general case that A is unbounded, the integrals in the above
proof might diverge and one needs to argue in a different way. However, if G(s)
is in D((—A(s))?) for 8 > 0 large enough, and under integrability assumptions
in s € (0,T), one can repeat the above calculation in many situations.

5.4.3 Regularity

As a consequence of the previous results we will now derive a pathwise regularity
result for U given by (E233).

Theorem 5.16. Let p € (2,00) and let 6 € [0,n— A §). Let 5,X > 0 be such that
0+A< min{% —0,m4 }. Suppose G € L°(£2; LP(0,T;~(H, E_y))) is adapted. The
process U given by (B23) is adapted and is in L°(2; W P(0,T; E5)). Moreover,
for every a € (A + 9+ 0, %), there is a mapping C : {2 — Ry which only depends
on 6, \,p and the constants in [[HIJ{HZ) such that

HU”WNP(()’T;EJ) < O‘|J(G)||Wa,p(o7T;E79)-

Recall from Proposition EI3 that J(G) € W*?(0,T; E_g) a.s.

Proof. Let a € (A+ 0+ 0,1). By Proposition B3, J(G) belongs to the space
LO(2; W*P(0,T; E_g)). Therefore, by Theorem EI2 we find the required regu-
larity and estimate for the paths of U. The measurability and adaptedness of U
follows from Proposition B2 and approximation. O

5.4.4 Weak solutions

In this section we assume [HIJHZ]).
Formally, applying a functional 2* € E{ on both sides of (E2) and integra-
tion yields

(U(t),z*) :/0 (U(s), A(s)"z™) ds+/0 G(s)*x" dW (s), (5.4.5)

where the last expression only makes sense if z* € D(A(s)*) for almost all
s € (0,T) and w € £2, and s — (U(s), A(s)*z*) is in L1(0,T) almost surely. In
this section we will show that the above identity is satisfied in the special cases
where the domains D(A(t)) and D(A(¢)*) do not depend on time.

In the case the domains are time independent, it is more natural to use time
and £2-dependent functionals ¢ : [0,t] X 2 — E¥ to derive a weak formulation of
the solution. Here ¢ will be smooth in space and time, but will not be assumed
to be adapted. Formally, applying the product rule to differentiate and then
integrate the differentiable function (U(t) — I(1(0,+)G), ¢(t)), one derives that
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U(t) = 110,y G), (1))

= AU, ds+ [ U6 = I10.96).¢'(5) ds
0 0

:/ (U(s), A(s)*p(s)) ds+/ (U(s),¢'(s)) ds—/ (I(1(9,)G), ¥'(s)) ds.
0 0 0

Adding the stochastic integral term to both sides yields

U (1), (1)) = / (U(s), A(s)"0(s)) ds + / (U(s),¢/(5)) ds
(5.4.6)

- / (I(110.G), ¢ (5)) ds + (L G), 9(t))-

Clearly, (B2@) reduces to (B23) if ¢ = =*. Below we will show that the represen-
tation formula (B223) is equivalent to (B2M). Moreover, in the case the domains
are constant in time, both are equivalent to (E23). Therefore, this provides the
appropriate weak setting to extend the equivalence of Proposition BT4.

First we define a suitable space of test functions.

Definition 5.17. For ¢t € [0,T] and 8 > 0 let I} g be the subspace of all ¢ €
LO(02;CY(0,t; EY)) such that
(1) for all s € [0,t) and w € 2, p(s) € D(((—A(s))PTH*) and ¢'(s) €

D(((—A(5))")").
(2) the process s — A(s)*p(s) is in LY(£2; C([0,t]; E})).
(3) There is a mapping C' : 2 — R and £ > 0 such that for all s € [0,¢),

(=AD" e(s)ll + (= A(s))7)*¢ ()] < Ot —5)7 1.

Example 5.18. Let 2* € D(A(¢)*). Then for all 8 € [0, u* + v* — 1) the process
¢ : [0,t] x 2 — E§ defined by ¢(s) = S(t, s)z* belongs to I} 5. Indeed, first of all
o € LO°(2;CH([0,t]; E})) (see below (B2Z0)). Moreover, —A(s)*p(s) = ¢'(s) =
—A(s)*S(t, s)x* is continuous, and by the adjoint version of (EEZ9) the latter
satisfies

I((=A()) ) St 5) 2™ || < [[((=A() P S (2, 8)"(AD ) (=A@ 2" |
< Ot =) T((-Am)Y) 2",

for all A € (0,1). The later satisfies the required condition when we take A €

(8,1).

In the next theorem we show the equivalence of the formulas (EZ33) and
(B2Z@). It extends Proposition B4 to the unbounded setting.

Theorem 5.19. Let p € (2,00) and let G € L°(§2; LP(0,T;~(H, E_g))) be
adapted.
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1. If for all t € [0,T], (BZ3) holds a.s., then for all B € (0,n-) and for all
t € [0,T] and for all ¢ € I g the identity (BZT) holds a.s.

2. IfU € L°(2; L' (0,T; Eo)) and there is 8 € (0,n_) such that for allt € [0,T),
for all ¢ € I p the identity (B2M) holds a.s., then for all t € [0,T], U
satisfies (BE23) a.s.

We have already seen that (E23) is well-defined. Also all terms in (B2@) are
well-defined. For instance

[(I(1(0,)G), ¢ (s))] = [((=A(8)) " 1(1(0,5)G), (—A(5)) ¢ (3))]
<C sup IT(L 0@y (t—5)"" 7%

and the latter is integrable with respect to s € (0, t).

Proof. (1): Assume (BEZ33) holds and fix s € [0,7] for the moment. Let 5 €
(6,m_) and choose X € (3,7_). Let z* € D(((—A(s))*)*). By (E2239),

1(=A(s)) 7S (5, 1) (=A@ TP () < Cs —r) 1A
Since also r — I(1(p,G) is in LO($2; L>=(0,T; E_g)) it follows that
/ [(S(s,m)A(r)I(1(,)G), z")| dr
/ [{(—A(5)) S (s, 7) (= A(r) TP (= A) P T(1,0G), (—A(s))) z*)| dr
<o / (s = 1) (- A o dr
0
< CGll((=A))*) 2.
Since I(1(;5)G) = I(1(0,5)G) — I(1¢9,»yG), we can write
/OS(S(S,r)A(r)I(l(m)G)gv*) dr
= /S<S(S,T)A(T)I(1(07S)G),$*> dr — /S<S(s,T)A(T)I(1(07T)G),I'*> dr
0 0

8S(s r)

Noting that —S(s,r)A(r), an approximation argument yields that

/ (S(s,m)A(r)z,z*) dr = (S(s,0)x, ™) — (x,z"), =€ E_,.
0
Then by (B233) and using the above identities (with 2 = I(1(9,5)G)) we find that

(U(s),a") = /0 (S5, AMI (Lo @) dr + (I(Lo ) G) ™). (5.47)
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Now let ¢ € I 5. Applying the above with z* = A(s)*¢(s) and integrating over
€ (0,t) we find that

/ (U(s), A(s) (s )>d3—/0 (I(1(0,5G), A(s)"p(s)) ds
/ / (8,7)A(r)I(19,nG), A(s)*@(s)) drds (5.4.8)
/ / (5,7)A(r) (10, G), A(s)"0(s)) ds dr.

Since 4 S(t, s) = A(t)S(t, s), with an approximation argument it follows that for
allzeE_g and 0 <r <t<T,

(S(t,r)A(r)z, o(t)) — (z, A(r)"o(r)) = /t<5(87T)A(7“)w7A(S)*w(s» ds
r (5.4.9)

+/ (S(s,m)A(r)z, ¢ (s)) ds.

Note that the above integrals converge absolutely. Indeed, for all € > 0 small,
one has by (229) and the assumption on ¢ that

(S (s, 1) A(r)z, A(s)"@())| = [{(=A(s) S (s, 1) A(r)z, (—A(s) ) 0 (s))]

< C(S _ r)717075+)\(t _ 5)71+€.

The latter is clearly integrable with respect to s € (r,t) for € > 0 small enough.
The same estimate holds with A(s)*¢(s) replaced by ¢'(s).
Using (E2) in the identity (E28) we find that

/0 (U(s), A(s)*o(s)) ds = / (St 1) AT (L0.G), (1)) dr

// (5,7)A(r)I(1(9,G), ¥’ (s)) ds dr.

Therefore, by (B22) applied with s = t and 2* = ¢(t), and Fubini’s theorem we
find that

| W A6 el ds = W0, 0) = 110G (0)
- [ W ehds+ [ 10006). ) ds.
0 0

This implies that U satisfies (E23).

(2): Assume (EZ@) holds. Fix ¢t € [0,7] and 2* € D(A(¢t)*). By Example
BT the process ¢ : [0,t] x 2 — E§ given by ¢(s) = S(t,s)*z* is in I} g for all
B € [0,nm-). Applying (BZ@) and using that ¢'(s) = —A(s)*p(s) we find that
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(U(t),a") = / (S(t,5)A(5)(L10.0)G), ") ds + (11105 C).a™)

and as in part (1) of the proof this can be rewritten as

U(t),2") = - / (S(t, ) A(S)T(L)G), ) ds + (S(t, 0) (10,0 C), 2},

(5.4.10)
The identity (E23) follows from the Hahn-Banach theorem and density of
D(A(t)*) in Ej. O

Remark 5.20. If ¢ in (B2@) is not dependent of {2, then the stochastic Fubini
theorem and integration by parts show that (B2@) is equivalent with

t

U (1), 1)) = / (U(s), Als)*o(s)) ds + / (U(s), ¢/ (s)) ds
(5.4.11)
/ G(s W(s).

This solution concept coincides with the one in [[33] and is usually referred to
as a variational solution. Using the forward integral one can obtain (BEZ1) from
(6B2Zm@) for ¢ depending on {2 in a nonadapted way.

In the next theorem we show the equivalence of the representation formula
(623) and the weak formulation (BZ3). It extends Proposition BE14 to the
unbounded setting.

Theorem 5.21. Let G € L°(2; L?(0,T;~v(H, E_g)) be adapted. Let

F= (] D(Atw)").

t€[0,T],weN

(1) Assume D(A(t)) = D(A(0)) isomorphically with uniform estimates in t €
[0,T] and w € 2. If for all t € [0,T], (B2Z3) holds a.s., then for all x* € F,
for all t € [0,T], (BZ3) holds a.s.

(2) Assume D(A(t)*) = D(A(0)*) isomorphically with uniform estimates in t €
[0,T] and w € 2. If for all z* € F and t € [0,T], (6Z3) holds a.s., then for
allt € [0,T], (B233) holds almost surely.

Proof. (1): First consider the case where G(t) € D(A(t)) for all t € [0,T], and
the process t — A(t)G(t) is adapted in L°(£2; LP(0,T;~(H, Ep)). Let z* € F and
take ¢ = z*. Unfortunately, ¢ is not in I o. However, due to the extra regularity
of G, one can still proceed as in the proof of Theorem B9 (1). Indeed, the only
modification needed is that (6B229) holds for * € F and « € E;. Moreover, since
¢ =0, (B2Z3) follows from (EZM).

Now let G € L9(§2; LP(0,T;~(H, E,g)) and define an approximation by
Gn(t) = n?R(n, A(t))"2G(t). Let U, be given by (EZ23) with G replaced by
G- Then by the above, U, satisfies
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<Un(t),x*>:/0 (Un(s), A(s)z*) ds+/0 Gn(s) 2" dW(s). (5.4.12)

By the dominated convergence theorem we have almost surely G,, — G in
LP(0,T;~(H, E_g)). Therefore, Proposition EI3 and Theorem EIB yield that
U, — U in L°(2; L?(0,T; Ey)). Letting n — oo in (EZ13), we obtain (EZ3).

(2): The strategy of the proof is to show that U satisfies (E2M). In order to
show this we need to allow the functional z* € F' to be dependent on s € [0, t]
and w € 2. In order to do so, fix t € [0,T], let f € C1([0,¢]) and z* € F. Let
¢ = f ® z*. By integration by parts and (623) (applied twice) we obtain

(Ut), o)) — (I(1,gG), ¢(1)) :/0 (U(s), A(s)"x™) ds f(t)

- [we. A e [ [ U, Ay ") dr f'(s) ds
0 0 0

_ / (U(s), A(s)"o(s)) ds + / (U(s),2*) F/(s)ds — / (I c)a®) f(s) ds
0 0 0

t

- / (U(s), A(s)"(s)) ds + / (U(s), ¢ (s)) ds — / (I(Lppc). &' (5)) ds.
0 0 0

This yields (B2@) for the special ¢ as above. By linearity and approximation the
identity (B2) can be extended to all ¢ € C1([0,t]; E) N C([0,]; F). Clearly,
the identity extends simple functions ¢ : 2 — C*([0,t]; E§) N C([0,¢]; F) and by
approximation it extends to any ¢ € L°(£2; C1([0,t]; E3) N C([0,t]; F)). Now let
x* € F be arbitrary and let ¢(s) = S(t, s)*z*. Then as in the proof of Theorem
BT (2) we see that ¢ € LY(£2;CL([0,t]; EZ) N C([0,t]; F)) and (BZW) follows
and the proof can be finished as before. O

5.4.5 Forward integration and mild solutions

In this section we show how the forward integral can be used to define mild
solutions of (E2) and show that they coincide with (8223). The forward integral
was developed by Russo and Vallois in [[I4], [[T8] and can be used to integrate
nonadapted integrands and is based on a regularization procedure. We refer
to [ for a survey on the subject and a collection of references.

For G € L°(2; L?(0,T;~(H, Ey))) define the sequence (I~ (G,n))S, by

n T
I=(G,n) = Zn/ G(8)he(W (s +1/n)hg — W (s)hy,) ds.
k=1 vO

The process G is called forward integrable if (I~ (G, n)),>1 converges in proba-
bility. In that case, the limit is called the forward integral of G and its limit is
denoted by

T T
(@) = /0 G dw- = /0 G(s) AW~ (s).
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This definition is less general than the one in Chapter B, but will suffice for our
purposes here.

In Chapter @ it has been shown that for UMD Banach spaces the forward
integral extends the It6 integral from [B3]. In particular, the forward integral as
defined above extends the stochastic integral as described in Section BEZ.

We will now show that the forward integral can be used to extend the concept
of mild solutions to the case where A(t) is random. The proof will be based on
a pointwise multiplier result for the forward integral from Chapter @.

Theorem 5.22. Assume [HIJ{{HZ]. Let p € (2,00). Let 6 € [0, 5 An_). Assume
§ <min{i — 6 — %777+}- Let G € LO(2; LP(0,T;~v(H, E_g))) be adapted. Then
for every t € [0,T], the process s — S(t,s)G(s) is forward integrable on [0,1]
with values in Es, and

U(t) = /0 S(t, $)G(s) AW (s), (5.4.13)

where U is given by (B23).

The above identity is mainly of theoretical interest as it is rather difficult to
prove estimates for the forward integral in a direct way. Of course (223) allows
to obtain such estimates. Due to (B213) one could call U a forward mild solution
to (BZD).

As a consequence of Theorems 620 and 523, there is an equivalence between
weak solutions and forward mild solutions. Under different assumptions it was
shown in [B8, Proposition 5.3] that every forward mild solution is a weak solution.

Proof. Define M : [0,t] x 2 — ZL(E_g,Es) by M(s) = S(t,s). Let N : [0,t) x
2 — Z(FE_p, Es) begiven by N(s) = —S(t, s)A(s). Then by Lemma B, M (s) =
M(0) + [y N(r)dr for s € [0,t) and thus M is continuously differentiable with
derivative N. By Remark B there is a mapping C' : {2 — R such that

INO 25y 5y < ClE=5)717077

Now by the non-adapted multiplier result for the forward integral from [[I0] we
find that MG is forward integrable and

/ S(t, $)G(s) dW—(s) = / M()G(s) dW—(s)
0 0

= M(0)I(G) + /0 N(s)I(1s0G) ds = U(1).
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5.5 Semilinear stochastic evolution equations

In this section we assume Hypotheses [HI}HZ] are satisfied. We will apply
the results of the previous sections to study the following stochastic evolution
equation on the Banach space Fj

{dU(t) = (AQU(t)+ F(t,U(t))) dt + B(t,U(t)) dW (¢),

U(0) = o, (5.5.1)

Here F' and G will be suitable nonlinearities of semilinear type. In Section B
we will first state the main hypotheses on F' and G and define what a pathwise
mild solution is. In Section B532 we will prove that there is a unique pathwise
mild solution under the additional assumption that the constants in the (AT)-
conditions do not depend on w. The uniformity condition [H5] will be removed
in Section B223 by localizing the random drift A.

5.5.1 Setting and solution concepts

Recall that the spaces E, were defined in [H3] in Section E3. We impose the
following assumptions on F' and B throughout this section:

(HF) Let a € [0,n4) and 6 € [0,n-) be such that a + 60 < 1. For all x € E.,
(t,w) = F(t,w,z) € E_g, is strongly measurable and adapted. Moreover,
there exist constants Lr and Cp such that for all t € [0,T],w € 2,2,y € E,,

1E(tw, x) = F(t,w,y)llg_, <Lrle—ylgz,,
1Ftw o)z, < Cr(l+z]gs,)-

(HB) Let a € [0,n4) and 6p € [0,7_) be such that a +0p < 1/2. For all z €
E,, (t,w) — B(t,w,z) € v(U, E_g,) is strongly measurable and adapted.
Moreover, there exist constants Lp and Cp such that for all ¢ € [0,T],w €
Qa T,y € Ea7

||B(t7wa 'T) - B(tvw7y)||'y(U,E,gB) S LB”‘T - y“Eaa
1Bt w o)y, ,,) < Cs(+[2lg,)-

Let p € (2,00) and consider adapted processes f € L°(£2; L?(0,T; E_y,))
and G € LO(2; LP(0,T;~v(H, E_y,))). In the sequel we will write

¢
Sf(0)i= [ St9)f(s) ds,
0
t
SoG(t) = —/ S(t,s)A(s)I(1(s,G) ds + S(t,0)I(19,nG)
0
for the deterministic and stochastic (generalized) convolution.
The integral fot S(t,s)A(s)I(1(54)G) ds was extensively studied in Section

B34. Recall from Theorem B8 that is it well-defined and defines an adapted
process in L°(£2; W*P(0,T; E5)) for suitable A and 6.
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Definition 5.23. Let 2 < p < oo. An adapted process U € L°(£2; LP(0,T; E,))
is called a pathwise mild solution of (BEZx) if for all ¢ € [0, T, almost surely,

U(t) = S(t,0)ug + S * F(-,U)(t) + S o B(-, U)(t). (5.5.2)

Remark 5.24. A good name for the solution (B552) would be a ‘pathwise singular
representation of the mild solution’. Pathwise appears in the name, since the
representation formula (B233) is defined in a pathwise sense. Also, in defining
the representation formula B33, it is of great importance that the singularity
of the kernel S(t,s)A(s) appearing in the formula is canceled by the Holder
continuity of J(G) (see Proposition BEI3). We have chosen to abbreviate this
name to ‘pathwise mild solution’.

Note that the convolutions in (E232) might only be defined for almost all
t € [0,T]. However, if p € (2,00) is large enough, then they are defined in a
pointwise sense.

One can extend Proposition BEI4 and Theorems BT, B2 and 622 to the
nonlinear setting. Indeed, this follows by taking G = B(-,U) and including the
terms F' and ug. The latter two terms do not create any problems despite the
randomness of A, because the terms are defined in a pathwise way, and therefore
can be treated as in [[33]. As a consequence we deduce that (EE33) yields the
“right” solution of (A22) in many ways (variational, forward mild, weak).

5.5.2 Results under a uniformity condition in 2

In this section we additionally assume the following uniformity condition.
(H5) The mapping L : 2 — R, from [AT2] for A(t) and A(¢)* is bounded in {2.

Under Hypothesis [H5], it is clear from the proofs that most of the constants
in Sections B2 and B33 become uniform in 2. In Section 223 we will show how
to obtain well-posedness without the condition [H5].

For a Banach space X, we write B([0,T]; X) for the strongly measurable
functions f: [0,7] — X. For 6 € (—1,74) and p € (2,00) let Z§ be the subspace
of strongly measurable adapted processes u : [0, T] x £2 — Ej for which ||ul| zr =
supyefo, 7] [u(t)|| 1o (0, 5,) 18 finite. Define the operator L : Z§ — Z by

(LU))(t) = S(t,0)ug + S * F(-,U)(t) + S o B(-, U)(t).

In the next lemma we show that L is well-defined and is a strict contraction in
a suitable equivalent norm on Z?.

Lemma 5.25. Assume [HI}-HY), [HF) and [HB). Let p € (2,00). If the pro-
cess t +— S(t,0)ug is in ZE, then L maps ZP into itself and there is an equivalent
norm || - | on ZP such that for every u,v € Z?,

1
I1£(u) = L)z < Sllu vz
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Moreover, there exists a constant C independent of ug such that
1
IL()llzz < € + It = S(t, O)uoll zz + 5 llullz2- (5.5.3)

Proof. Choose ¢ > 0 so small that a + 0p +¢ < 1 and a + 0 + ¢ < 1/2.
We will first prove several estimates for the individual parts of the mapping L.
Conclusions will be derived afterwards.
For k > 0 arbitrary but fixed for the moment and define an equivalent norm
on Z§ by
lullze = it e u®)ll o (;,)-

We also let
G|l ze(y = sup e "t|G(¢ i S
I |”Z§(7) veloy | ()HLP(Q,W(H,Eé))

Deterministic convolution: Let f € ZP 9.+ BY (6233) applied pathwise and
[H5] one obtains

t
15+ f(B)llz, < C/O (t=o) | f(o)lp_,, do, te[0,T]

where C' is independent of w. In particular, taking LP({2)-norms on both sides
we find that

t
15 f Ol Lo (28,) < C/O (t =) " N f (O oy, ) do
Using e=" = e=#(t=9) =7 it follows that

t
5+ fng < C|||f|”z§9F t S[%I;“] /0 e =) (t— J)iaioia do
€10,

< Coi(R) Sz, _»

(5.5.4)

where

¢1(/£):/ R T
0

Clearly, lim, o0 ¢1(k) = 0.

Now let u,v € ZP. By the hypothesis [HE], F(-,u) and F(-,v) are in Z”,
and therefore, we find that S* F(-,u) and S * F(-,v) are in ZP again. Moreover,
applying (B554) with f = F(-,u) — F(-,v) it follows that

15 % F(yu) =S+ F(0)lzz < Co(m)|F(u) = FC0)llze, do
< Cpu(r)Lrlu— vz

Stochastic convolution: Let G € ZP 9, be arbitrary. Clearly, we can write
150 GOl gz, < Tr(t) + Ta(t), where
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~ i

t
o= | [ seoaoiaee s,

and T5(t) = ||S(¢,0)1(1(0,6)G)l v (;,)- To estimate 17 note that by Remark B3

t
Ti(t) < 0/0 (t =) (L) G| o iy, ) 5
By [HE], C is independent of 2. By (B24) and Minkowski’s inequality we have

||I(1(s,t)G)||Lp(Q;E,9) < C||GHLp(Q;B(s,m(H,E,eB)))
S ClG L2 (s Lo (209 (H, -0 ,))

t 1/2
<c( [ e ar) N6z, 0

S

— 05_1/2(62“ _ eQns)l/QmezzeB -

(5.5.5)

Therefore, we find that

sup e "'Ty(t)
te[0,T)

t
<C sup / (t—s) 05 g (k7 (1 — e 2N 2IGN o (o)
te[o,7]J0 ~°5

)

t
=C sup /0*1*“*95*%*1/2(176’2“”)1/2d0|||G\||zP (
tef0,7] Jo e

< Chr)Gllz2, ()

where ¢4 is given by
¢2(/€) _ H—%+a+03+5 /O0 0—1—a—03—5(1 _ 6—20)1/2 do.
0

Since a + 0p + ¢ < %, the latter is finite. Moreover, lim,_, o ¢2(k) = 0.
To estimate T»(¢) note that by Remark 59, [H5]), Proposition E13 and (E53)
with s =0,

Tz(t) S CtiaieBiE||I(1(O,t)G)||LF’(Q;ELeB)
< O1 e 2 )Gl e,
—9B

Therefore, using sup, oo~ "2 7¢(1 — e29)1/2 < o0, we find that

sup e Ty (t) < Cﬁ_%+a+03+8|‘|GmZ” (CON
t€[0,7] o

Combining the estimate for 77 and 75 we find that
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1S Glize < Co3()IGll 2w

—0p

0 (5.5.6)

where ¢3(k) — 0 if Kk — oo.

Now let u,v € ZZ. By the hypothesis [HB], B(-,u) and B(-,v) are in Z”,
and therefore, by the above we find that S ¢ B(-,u) and S ¢ B(-,v) are in ZP
again. Moreover, applying (B58) with G = B(-,u) — B(-,v) it follows that

150 B(uw) ~ S0 B, v)lzz < Cos(mIB(w) ~ B vz,
< Cos(m) Ll — vl zz.

Conclusion. From the above computations, it follows that L is a bounded
operator on ZP. Moreover, for all u,v € Z?,

I1L(u) = L(v)ll zz < C(Lrgr(k) + Lpgs(k))llu — vz

Choosing « large enough, the result follows. Also, (B023) follows when taking
v =0. U

As a consequence we obtain the following result.

Theorem 5.26. Assume [HI]{H5), [HE] and [[HB). Let p € (2,00). Let §, A >
0 be such that a +§ + \ < min{% —0p,1 — 0p,ny}. Assume the process t —
S(t,0)ug is in ZE. Then there exists a unique pathwise mild solution U € Z? of
(E350). Moreover, U — S(t,0)ug € LP(£2; WAP(0,T; Es)) and there is a constant
independent of ug such that

10 = S(t,0)to ] ooz sy < CO+ lIE = S(E 0ol ) (5.5.7)

Of course by Sobolev embedding (E2X) one can further deduce Holder regularity
of the solution.

Proof. By Lemma BZ3 there exists a unique fixed point U € ZP of L. Clearly,
this implies that U is a pathwise mild solution of (B55). Moreover, from (E533)
we deduce that

1Ullzz < 2C + 2[|t = S(2,0)uol zz-

Next we prove the regularity assertion. From the previous estimate, Theorem
BT and [HE] we see that:
1S EC U Lo oiwrn 01 Bars)) < CHEC U 0,0y x 250,

< CA+ Ul pog0,7)x0:B4))

SCAA+NUlzg) < A+ It = S(E 0)uollzz)-
Similarly, by Theorem BEIB (with a € (a + 8 + 05 + A, 1)), Proposition EI3 and

[(HEB]
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1S o B(, U)“LP(Q;WNP(O}T;E‘G_,_{;)) < C|J(B(, U))||LP(Q;Wam(o,T;E_gB))
<C|B(, U)||Lp(Qx(0,T);7(H,E,eB))
S CA+ Ul po(0,7)x02:8.))
SCA+|Ullzz) <A+ It = S(E,0)uollzz)-

Now the estimate (B552) follows since U — S(¢,0)ug = S F(-,U) + S o B(-,U).
g

One can extend the above existence and uniqueness result to the case where
ug : 2 = F, is merely %#j-measurable. For that, we will continue with a local
uniqueness property that will be used frequently.

Lemma 5.27. Assume [HI]TH5], [HF) and [HB). Let A be a second operator
satisfying [[HI), [HZ], and [HZ] with the same spaces (Ey) —yo<n<n, and let
the evolution family generated by A be denoted by (S(t,s))ogsgth' Let ug, g :
2 — E, be Fy-measurable and such that S(t,0)uq, S(t,0)ip € ZF. Let L be

defined as L, but with (S(t,s))o<s<t<r and ug replaced by (S(t,s))o<s<i<r and
U respectively. Let I' C 2 and 7 : I' — (0, 00). ~
Suppose for almost all w € I' for all t € [0,7(w)], A(t,w) = A(t,w) and

up(w) = tg(w). Let U,U € ZP be such that

1F1[0,T]U = ]_1'*]_[07.F]L((])7 and 1F1[0,T]U = 11’*1[07T]Z~;(U).
Then for almost allw € T’ and all t € [0,7(w)] one has U(t) = U(t).

Proof. First we claim that for all v € Z one has

].pl[@.,.]L(U) = lpl[o,T]L(U) = 1p1[07T]L(U) = lrl[oﬂ.]L(u), (5.5.8)

where v = 1r1ju. Indeed, by the (pathwise) uniqueness of the evolution
family one has almost surely on I" for all 0 < s < ¢ < 7, S(t,s) = S(t,s). Now
the identity (E338) can be verified for each of the terms in L and L. For instance
for the first part of stochastic convolution term one has

11 (1) / S(t,5)A(s)I (11 B(-,u)) ds
(5.5.9)

t
= 1p1[077](ﬁ)/ 1p15§t§75(t7S)A(S)I(l[syt]B(-,u))dS
0

Now 171s<;<,S(t,s) = 1p15§t§75(t, s), so we can replace S by S on the right-
hand side of (BE5d). Moreover, using a property of the forward integral [IIM,
Lemma 3.3] (or the local property of the stochastic integral) one sees

1rlocicr I B(u) = I (1rls<i<r 15,9 B(,u))
=1 (1rlci<r 19 B(-,v))
= 1F1[O,T](S)I(1[s,t]B<'7U))'
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Thus we can replace v by v on the right-hand side of (B551).

We will now show how the statement of the lemma follows. Writing V =
1r1j,1U and V= 1[*1[077_]17, it follows from the assumption, (E558) and Lemma
b3 that

IV~ Vllzg = Lo (L) ~ LO)lzz
= 11rdon (E(V) = L)z
< ILV) = LVl
< IV - Vlz,

Therefore, V' =V in Z7. Since by Theorem 528 and Sobolev embedding, U —
S(-,0)ug and U — S(-,0)ip have continuous paths, it follows that a.s. for all
t € [0,T], V(t) = V(t). This implies the required result. O

Theorem 5.28. Assume [HI)}{HS), [HF) and [HB]. Let 5,\ > 0 be such that
at+o+A< min{% —0p,1—0p,ny}. Assume that ug : 2 — Ey is Fo-measurable
and ug € Eg’l a.s. Then the following holds:

1. There exists a unique adapted pathwise mild solution U € L°(£2; C([0,T7; E,))
of (B250). Moreover, U — S(t,0)ug € L°(2;C*(0,T; Euys)).

2. If additionally, uy € E2+1371 a.s. with 3 > 0 and A+ 6 < S8, then U €
LO(02;C*0,T; Ea+5)).

Note that because of the above result we can also view L as a mapping from
the adapted subspace of L°(§2;C([0,T]; E,)) into itself.

Proof. Choose p € (2,00) so large that a +d + A+ % <min{$ —0p,1—0p,n.}.
Ewistence. First observe that [[uo|| go | is Fo-measurable. Moreover, by Lemma

B0, ¢ — S(¢,0)up € E, has continuous paths. Define u, = UL {lug| o <n}-
a,1

Then u, is Fy-measurable, and ¢t — S(t,0)u, € E, has continuous paths and

E sup |[|S(¢, O)Uan < 00.
t€[0,T]

Hence by Theorem BZ8 the problem (B53) with initial condition u, admits a
unique pathwise mild solution U,, € LP(£2 x [0,T); E,). Moreover, by Theorem
and (BZ33) there exists a version of U,, such that U, — S(¢,0)u, has paths
in
W52 (0,T]; Bats) < CH([0,T; Eass).

In particular, U,, has paths in C’([O,T];Ea). For 1 < m < n, by Lemma 522,
almost surely on {||ug|]| < m}, one has U, = U,,. Moreover, almost surely on
{lluollgo , < m}, for all t € [0,T], Un(t) = Up(t) when n > m. It follows

that almost surely for all ¢ € [0, 71, the limit lim,, o Un(t) exists in E,. Define
U:02x[0,T] = E, by
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U(t) = {hmn—>oo U,(t) if the limit exists,

0 else.

Then U is strongly measurable and adapted. Moreover, almost surely on the
set {|lugllgo , < n}, for all t € [0,T], U(t) = Un(t). Hence, almost surely,

U € C([0,T); E,) and one can check that U is a pathwise mild solution to
(E0M). By construction of U, there exists a version of U — S(-,0)up with
paths in C*([0,T]; E,15) almost surely. In particular, U has almost all paths
in C([0,T); E,). If additionally u, € E2+5,1 with 0 + A < f, then by Lemma
610, S(t,0)up € LO(2;C*0,T; Eqys)).

Uniqueness. Suppose U and U? are adapted and in L°(£2; C([0,T); E,)) and
are both pathwise mild solutions to (B22dl). We will show that almost surely
U'! = U2 For each n > 1 and i = 1,2 define the stopping times

Vi = inf{t € 0,7]: |U ()5, > n}

where we let v/ = T if the infimum is taken over the empty set. Let 7, = v/} Av2
and U = U'lyy,,j. Then U} € ZP and in a similar way as in Lemma 522
one can check that 1y .U, = 1j9,5,,)L(U},) for i = 1,2. Therefore, from Lemma
BE22, we find that for almost surely for all ¢ € [0,T], UL(t) = U2(t). In particular,
almost surely for almost all ¢ < 7,,, one has Ul(t) = U%(t). If we let n — oo we
obtain that almost surely, for all ¢ € [0,7], one has U'(t) = U?(¢). O

5.5.3 Results without uniformity conditions in 2

In this section we will prove a well-posedness result for (6531) without the unifor-
mity condition [H5]. The approach is based on a localization argument. Due to
technical reasons we use a slightly different condition than (AT2), which is more
restrictive in general, but satisfied in many examples. Details on this condition
can be found in [B] and [B, Section IV.2]. This condition is based on the assump-
tion that D(A(t)) has constant interpolation spaces E, , = (Eo, D(A(t))),,r for
certain v > 0 and r € [2,00), and the fact that the resolvent is u-Holder con-
tinuous with values in E, with u+ v > 1. Note that in [, Section IV.2] more
general interpolation spaces are allowed. For convenience we only consider the
case of constant real interpolation spaces.

(CIS) Condition [ATT] holds and there are constants v € (0,1] and r € [1, oo] such
that E, . := (Ep, D(A(t,w))),r is constant in ¢ € [0,7] and w € 2 and there
is a constant C' such that for all z € E, .,

cHzle,., <lllE.piaco... <clzle,.,, te€0,T],we 2.

There is a p € (0,1] with g+ v > 1 and a mapping K : {2 — R, such that
for all s,t € [0,7T], w € £2,

It w) ™ = Als,0) ™) 28, < E(@)(E - 5)".
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We have allowed v = 1 on purpose. In this way we include the important case
where D(A(t,w)) is constant in time.

Clearly, this condition implies [AT2] with constant L(w) < CK (w). Indeed,
one has for all A € Xy:

IA(t, W) RN, A(t,w)) (At w) ™ = A(s,w0) ™)Lz ()
< At w) RN At )| (B, m0) [ A w) T = Als,w0) ™ 2(80,50)
< CK(t = s)* IR\ At w) 280,51, )
< CK(t—s)A|".
(5.5.10)
We will now replace [H5] by the following hypothesis.

(H5)" Assume Ej is separable. Assume (A(t));epo,r] and (A(t)*)¢cjo,) satisty [CIS]
with constants 4+ v > 1 and p* +v* > 1.

Unlike [H5), the mapping K is allowed to be dependent on (2.
We can now prove the main result of this section which holds under the

hypotheses [HI}-{H4] and [H5]], [HE] and [HBJ}.

Theorem 5.29. Assume [HI}J{HZ), [H>]l, [(HF] and [HB]. Let §,\ > 0 be
such that a + 6 + X < min{% —0p,1 —0p,ny}. Assume that ug : 2 — Ey is
Fo-measurable and ug € EY a.s. Then the assertions (1) and (2) of Theorem
hold.

Unlike in Theorem one cannot expect that the pathwise mild solution has
any integrability properties in general. This is because of the lack of integrability
properties of S(¢, s).

Proof. For e € (0,p) define ¢ : [0,7] x 2 — Ry by

o(t) = e IA@) ™! = AG) Mz, 5,0 [t = 87972, if £ >0,
se€|0,t

and ¢(0) = 0. Define ¢* in the same way for the adjoints (A(t)*):e[o, 7). It follows
from [H5)] and Lemma B33 that ¢ and ¢* are pathwise continuous. We claim
that ¢ and ¢* are adapted. Since Ejy is separable, [[A(t)~" — A(s) ! 2(g,E..)
can be written as a supremum of countably many functions ||A(t)™'z,| g, .,
which are all .#;-measurable by the Pettis measurability theorem. The claim
follows.

Define the stoping times k,, k% : 2 — R by k, = inf{t € [0,T] : ¢(t) > n},
Kk = inf{t € [0,T] : ¢*(t) > n}, and let 7,, = Ky, A K. Consider the stopped
process A, given by A, (t,w) = A(t A T,(w),w). Then for all for all s,¢ € [0,T],

1A ()" = An(8) " (B0, 5,0y < 1t = 5 7°

and similarly for A,(¢)*, and it follows from (E510) that A, and A7 satisfy
[H5] with p — ¢ instead of i, and with L(w) = Cn. Let (S, (¢, s))o<s<t<T be the
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evolution family generated by A,. Since A, (t) = A(¢) for t < 7,, it follows from
the uniqueness of the evolution family that S, (t,s) = S(t,s) for 0 < s <t < 7,.

Ezistence. Let the initial values (u,,),>1 be as in the proof of Theorem B23. It
follows from Theorem that for each n > 1 there is a unique adapted pathwise
mild solution U,, € LP(§2; C([0,T); E,)) of () with A and ug replaced by A4,
and u,. Moreover, it also has the regularity properties stated in Theorem BZ3.
We will use the paths of (U,),>1 to build a new process U which solves (B).

For v € ZP or v € L°(£2; C([0,T); E,)) we write

L(v)(t) = S(t,0)ug + S % F(-,v)(t) + S o B(-,v)(t)
L(0)(8) = So(t,0)tty + Sy % F(-,0)(t) + Sy 0 B(-,0) ().

Let I, = {|luol|go < n}. Note that L, (U,) = Uy, for every n. Fix m > 1 and
let n > m. Note that on I}, u, = u, and on [0,7], A, = A,,. By Lemma 522
we find that almost surely on the set I, if t < 7, Up(t) = Upn(t). Therefore,
we can define

o) = {hmn%o U,(t) if the limit exists,
0 else.
Then U is strongly measurable and adapted. Moreover, almost surely on I, and
t < T, U(t) = Up(t). For w € £2 and m > 1 large enough, 7,,,(w) = T. Thus
the process U has the same path properties as U,,, which yields the required
regularity. One easily checks that U is a pathwise mild solution to (BZ).
Uniqueness. Let Ul and U? be adapted pathwise mild solutions in the space
LO(2;C([0,T]; E,)). We will show that U! = U2, Let «,, and x* be as in the
existence proof. Let

v, i=inf{t € [0,T]: ||U'(t)|z, =n}, i=12

Set vy, = kp A% AvL AV2. Define U} by Uy (t) = 1,,,,1(t)U"(t). Then as before
one sees that 1y, 1L, (Uf) = UL. Therefore, from Lemma B23 it follows that
almost surely, for all ¢ € [0,v,], UL = U2. The result follows by letting n — oo.
|

5.6 Examples

In this section, we will consider the stochastic partial differential equation
from [[ZA,33]. Let (£2,.#,P) be a complete probability space with a filtration
(Zt)tejo,r)- Let n € N and let S be a domain in R™. For p,q € [1,00] and s € R,
let By ,(S) be the Besov space (see [[C32)).

Example 5.30. Set S = R”, and consider the stochastic partial differential
equation
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du(t,s) = (A(Ls,w,D)u(ts) + f(t,s,u(t, s))) dt
+ g(t, s,u(t,s))dW(t,s), t € (0,T], s € R", (5.6.1)
u(0,8) = up(s), s € R"™.

The drift operator A is assumed to be of the form

A(t,s,w, D) = Z Di(a;j(t,s,w)Dj) + ao(t, s,w).
ij=1

We assume that all coeflicients are real, and satisfy a.s.

a;; € C“([O,T];C(Rn), CLZJ( ) € BUC ( ), Dkaij < BUC([O,T] X Rn),
ap € C*([0,T]; L™(R™)) N C([0,T]; C(R™)),
for i,j,k = 1,...,n, t € [0,T] and a constant p € (3,1]. All coefficients a;
and ag are Ppr ® HB(S)-measurable, where Pr is the progressive o-algebra.

Moreover, there exists a constant K such that for all ¢t € [0,T], w € £2, s € R",
L, jh,k=1...,n

|aij(tvsvw)| < K? |Dkaij(tvs7w)| < Kv |a0(t737w)‘ <K.

We assume there exists an increasing function w : (0,00) — (0,00) such that
lim, o w(e) = 0 and such that for all t € [0,T], w € 2, 5,8’ € R™, 4,5 =1,...,n

laij(t,w, s) — ai;(t,w,s")| <w(|s —s']).

Moreover, we assume that (a;;) is symmetric and that there exists a K > 0
such that

KTHEP < agi(t, s,w)€8 < k|EP, seR™ te0,T], £ €R™ (5.6.2)

Let f,g : [0,7] x 2 x R® x R — R be measurable, adapted and Lipschitz
continuous functions with linear growth uniformly in 2 x [0,7] x R™, i.e., there
exist Ly,Cy, Ly, Cy such that for all t € [0,T],w € £2,s € R” and z,y € R,

|f(t,w,s,2) — f(t,w,s,y)| < Lylo —yl,
|f(t,w,s,2)] < Cp(l+ |z]),

lg(t,w, s,2) — g(t,w,s,y)| < Lylz —yl,
lg(t,w,s,2)| < Cy(1 + ||)

Let W be an L?(R™)-valued Brownian motion with respect to (%) 7], With
covariance @ € Z(L?(R™)) such that

VQ € Z(L*R™), L=(R™)). (5.6.3)

Let p > 2 and set E = LP(R™). On E, we define the linear operators A(t,w)
for t € [0,7], w € 2, by
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D(A(t,w)) = W*P(R"),
A(t,w)u = A(t, -, w, D)u.

With integration by parts, one observes that the adjoint A(t,w)* of A(t,w) is
given by

D(A(t,w)*) = W' (R")
A(t,w)*u = A(t, -, w, D)u.

The operator A(t,w) : LP(R™) — LP(R™) is a closed operator. In fact, from
[E9, Theorem 8.1.1], it follows that there exists a constant ¢ depending only on
p, k, K,w and n, such that

C_1||.’L'||W2,p(Rn) < ||A(t,OJ).I'||Lp(Rn) + ||(EHLP(]R") < CH{EHWZ,p(Rn), x € W2’p(Rn)

By [, Theorem 7.3.6], it follows that A(t,w) is the generator of an analytic
semigroup. In fact, by a careful check of the proof of [, Theorem 7.3.6], one
can find a sector Xy, ¢ € (7/2,7), and a constant M, both independent of ¢ and
w, such that for all A € Xy,

[AR(X, A(t,w))|| < M.

By [[@3, Proposition 2.1.11], changing A(t,w) to A(t,w) — Ao and f to f + Ag if
necessary, it follows that [ATT] holds. Note that the constant Cy may be affected
when replacing f with f + Ag, but it will remain independent of ¢,w, s and . A
proof that also [AT2] holds can be found in [[Z3, Example 2.8]. The operator
A(t,w) satisfies [CIS] with v = 1, see [[Z, Theorem 4.1]. Hence [HZ] and [H5)]
are satisfied.

Hypothesis [HT] is verified by Example BE3.

To verify [H3]), take n, =1 and for n € (0,7), set

En = (LP(R™), WQ’p(Rn))n,p = B;%Z)(Rn)'
We do not need to choose an 7_, see Remark B3. Since BZ%Z?(R”) is a UMD space,
[HA] holds.
Let F': [0,T] x 2 x E — E be defined by
F(t,w,z)(s) = f(t,w,s,z(s)).
Let B:[0,T] x 2 x E — v(L?(R"), E) be defined by
(B(t,w,z)h)(s) = g(t,w,s, m(S))(\/@h)(S)

By assumption (B03) and 33, Lemma 2.7] it follows that for any z € F,

|2v/Qlly(z2@n). ;) < Clals.
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It follows that [HE) and [HB] are satisfied with choices a = 0 = 65 = 0. With
the above definitions of A, F and B, problem (BT) can be rewritten as

du(t) = (A(t)u(t) + F(t,u(t))) dt + B(t,u(t)) dW(t),

(0) = . (5.6.4)

Hence, if §,A > 0 such that § + A\ < %, then Theorem can be ap-

plied: there exists a unique adapted pathwise mild solution to (E64) such that
u € L°(02;C([0,T]; LP(R™))). If additionally ug € WP(R") = E~'1/2, then the
solution u belongs to the space L°(£2;C*(0,T; Bf,fz (R™))). This is summarized
in the next theorem.

Theorem 5.31. Let p € (2,00) and suppose ug : §2 — LP(R™) is Fy-measurable.

1. There exists a unique adapted pathwise mild solution u that belongs to the
space L°(£2;C([0,T]; LP(R™))).

2. If up € WHP(R™) a.s., and 6,\ > 0 such that § + )\ < %, then u belongs to
LO(;CA(0, T B2, (R™).

Example 5.32. Let S be a bounded domain in R” with C2?-boundary and outer
normal vector n(s). Consider the equation
du(t,s) = (A(t, s,w, D)u(t, s) + f(t,s,u(t,s))) dt
+ g(t,s,u(t,s)) dW(t,s), t € (0,T], s €S,

5.6.5
C(t,s,w,D)u(t,s) =0, t € (0,T], s € DS, ( )
u(0,s) =up(s), s € S.
The drift operator A is of the form
A(t,s,w,D) = Z Di(a;j(t,s,w)Dj) + ap(t, s,w), (5.6.6)
ij=1
C(t,s,w,D) = a;;(t, s,w)n;(s)D;,
ij=1

where D; stands for the derivative in the i-th coordinate. All coefficients are real
and satisfy a.s.

aij S C“([()’TL C(E))7 (5 6 7)
. .0.

aij(t, ) S Cl(g), Dkaij c C([O,T] X g),
ag € C*([0,T); L"(S)) nC([0,T]; C

(S));

fori,j,k=1,...,n,t € [0,7] and a constant u € (%, 1]. All other assumptions
from Example B30 regarding a;j, ao, f and g hold in this example as well.

Let p > 2 and set E = LP(S). On E, we define the linear operators A(t,w)
for t € [0,7], w € 2, by
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D(A(t,w)) = {u € W?P(8): C(t,s,w,D)u=0, s €IS},
A(t,w)u = A(t, -, w, D)u.
With integration by parts, one observes that the adjoint A(t,w)* of A(t,w) is
given by
D(A(t,w)*) = {ue WP (8): C(t,s,D)u=0, s € dS},
A(t,w) u = A(t,-,w, D)u.

As in the previous example, A(t,w) is a closed operator on LP(S), see B,
Theorem 8.5.6] and the discussion in [B9, Section 9.3]. We have

cHallwer(sy < 1A W)l ogs) + 12l Lees) < cllzllwzecs), & € D(A(tw)).

where the constant ¢ depends only on p, k, K, w,n and the shape of the domain
S. As in the previous example, A(t,w) and A(t,w)* both satisfy [ATT].

Next, we will show [CIS]. By [B, Theorem 5.2] and [B, (5.25)], it follows that
for v < % + =

2p?

(E, D(A(t,w)))v,p = By, (S), (5.6.8)
with constants independent of ¢,w. For v < % + 2%)" we obtain the same result
for the adjoint A(t,w)*. Hence, for v < %, by (BB, (6221), (622) and [IZT,
Theorem 4.1] we obtain for £ > 0 such that v + & < 3,

IA@®) ™ = A(s) ™ sz, 324,y < I(=A@D) (AR = A(s) ™)l 2 (m0)
< K(w)[t — s|t.

A similar estimation holds again for the adjoint. This proves [CIS] and therefore
[H5)] and [HZ] (see also (EEa1M) and its discussion).

The verification of hypothesis [HI] is technical, and is done in the appendix,
see Lemma BZ30.

To verify [H3], take 4 = 3 and E, := (E,W??), . Note that in particular,
regarding (BGR), [H3](ii) is satisfied. As in the previous example, we do not need
to consider 7_. Also [H4] is satisfied by the choice of E,,. Verification of (HF)
and (HB) are done as in Example B30. In fact, we can take a = 0p = 05 =0
again. This means that problem (EBH) can be rewritten as a stochastic evolution
equation

du(t) = (A@®)u(t) + F(t,u(t))) dt + B(t,u(t)) dW(¢),

4(0) = vo. (5.6.9)

Hence, if 6, > 0 such that 6 + A < %, then Theorem can be applied:
there exists a unique adapted pathwise mild solution to (L) such that u €
LO(£2;C([0,T); LP(S))). Moreover, if 3 < % such that A+ 6 < B8 and if ug €
WhP(S) a.s., then u € LO(£2;C*(0,T; B2))). Summarized, we have the following

result.
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Theorem 5.33. Let p € (2,00) and suppose ug : §2 — LP(S) is Fo-measurable.

1. There exists a unique adapted pathwise mild solution u that belongs to the
space L°(£2;C([0,T]; L*(S))).

2. If ug € WHP(S) a.s., and 5, \ > 0 such that § + \ < %, then u belongs to
LO(2;CM0,T; B, (9)))-

Remark 5.34.

1. A first order differential term in problems (E5) and (EGd) may be included.
This term may in fact be included in the function f. To handle such a
situation, one needs to consider a > 0, 8 > 0.

2. One can also consider the case of non-trace class noise, e.g. space-time white
noise, see for instance [E7]. In this situation one needs to take a > 0, 65 > 0.
Also in the case of boundary noise or random point masses, one can consider
a>0,0F >0 and 0 > 0, see [[Z3,Z7].

5.7 Appendix: A technical result for Holder continuous
functions

Let X be a Banach space. For a given p-Hoélder function f : [0,7] — X and
a € (0,pu) let
b1 alt) = SUP,e(o,0) W, if t € (0,77,
T 0 if ¢ =0,
Lemma 5.35. Let f € C*([0,T]; X) with p € (0,1]. Then for every a € (0, u),
the function ¢« is in C*=*([0,T]; X).

Proof. Let C = [flcu(o,1);:x)- Let a € (0, u) and write ¢ := ¢y . Let ¢ = p—a.
Then ¢ € (0,u/2). We will prove that there is a constant B depending on u
and « such that for all 0 < 7 < ¢ < T one has |¢(t) — ¢(7)| < BC(t — 7)°. Fix
0<T<t<T.

Since ¢ is increasing we have ¢(t) > ¢(7). If 7 = 0, one can write |p(t) —
P(0)] < Csupepo ) (t — 5)° = Ct°. Next consider 7 # 0.

Step 1: Assume that ¢(t) = sup || f(t) — f(s)||(t — s)"#T=. Then

se[T,t)
6(t) — o) < 6t) = sup OO oy o gy < -y
s€[T,t) (t S)” s€[T,t)

Step 2: Now suppose ¢(t) = sup ||f(t) — f(s)||(t — s)"#. Then one has
sel0,7)
6(t) — ¢(7)| < sup I£(t) — f(s)ll _ If(T) = f(s)] '

s€l0,7) (t - S)'uis (T - 5)#75
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With the triangle inequality, we find that |¢(t) — ¢(7)] <

sup WOZION 4 157) - st = )74 = (r )78
s€l0,7) (t—s) s€[0,7)
<(C su u AN’ o\ —pte (4 \—hte
< p — +C sup (1—9)"((7 - s) (t—s)7"")
sefo,r) (t —s)r=e s€[0,7)
<C{t—7)+C sup (17— ) (1 —8) e — (t —s)7HFe) (5.7.1)
s€0,7)

We claim that for all s € [0, 7)
(r—s)((T—8) Mo —(t—s) ") < (t—7)° (5.7.2)

In order to show this, let u =7 —s and v =t —s. Then v —u =t — 7 and (E222)
is equivalent to
u

o
uE—U‘E(f) <(v-—wf O<u<v<T.
v

Writing v = v with z € (0,1) and dividing by v¢, the latter is equivalent to
zf—zt < (1—-2x)%, xz€(0,1).

For all © € [0,1] one has 2° — 2 < 1 — z#~=. Thus it suffices to show that
1—2¢ < (1 —2)® where a = p—¢ € (0,1) and b = ¢ € (0,1). However,
1—2¢<1—2<(1-2)forall z €0,1] and this prove the required estimate.
We can conclude that the right-hand side of (BZZ0) is less or equal than

2C(t — 7)¢. This completes the proof.
(]

5.8 Appendix B: measurability of the resolvent

Lemma 5.36. The drift operator A from Example B233 satisfies condition (H1).

Proof. We will prove adaptedness of the resolvent. Strong measurability can be
done similarly, and will be omitted. Fix ¢ € [0, T].
Step 1. Reduction to approzimation of the coefficients.

Consider, besides the operator A, the operator A’ satisfying (BG8) but with agj
and ay instead of a;; and ag, respectively. We assume that a}, a; are functions
satisfying (B6). Consider the closed operators A(t), A'(t) : 2 — ZL(LP(9)).
Let p’ be the Holder conjugate of p, let f € LP(S) and g € L¥'(S). Set u :=
(RN A1) — RN A'())) f € W2P(S), and v := R()\, A(t)*)g € Dom(A(t)*). By
applying [[23, (2.40)] with v = 0 and A’(¢) instead of A(s), we obtain
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(RO A() = RN A'(1))f,9) = / u(A = A(t))v dx

S

= /S(aéj(t,m) — agj(t, 2))(D; R(A, A' (1)) ) () (DiR(A, A(t)")g) (x) dz

ij=1

+ /S(aé(t,x) — ao(t, ) (R(X, A'(0)) ) () (R(A, A(t)")g) (x) da
Still following the lines of [[23], it follows that

[{((R(X, A1) = R(X, A'(1) £, 9)]
< € max {Jai; (1, 2) — ai;(t, 2)]; lao(t, @) — ag (t, )} fllzecs) 9l o (s)-

Hence

1RO A®) = ROLAO)] 2005y < C s o (1,2) — aly (0,0)].

Consequently, if a;; (¢, x) converges to a;;(t, z) uniformly for all 7, j, then we have
R\ A'(t)) — R(\, A(t)) in Z(LP(9)).
Step 2. Approximation of the coefficients.

Let us denote the space of all symmetric n x n-matrices by R{[", endowed

with the operator norm. Consider a(t) as a map a(t) : 2 — C'(S,R2X"). For
i,j=1,...,nand s € S, define z7; , € C'(S,RLx")* by the point evaluation
(f, 27 ;) = f(s)ij. Let I' be the subset of C*(S,RE")* defined by

Fi={al;, € CUS RGN : ij=1,..oom, s € S}

sym

Note that I" is a set separating the points of C1(S, ngé]”). Since for all s € S,
a;;(t,s) + 2 — R is F-measurable, by assumption, it follows from Pettis’s
theorem [[3A, Proposition 1.1.10] that a(t) is .#;-measurable. Hence, by [[334,
Proposition 1.1.9], there exists a sequence of mappings a*(t) : 2 — C*(S, R
such that a”(t) is countably valued and such that a*(t)~1(f) € % for all f €
C'(S, R, with the property that a¥(t) — a(t) uniformly in 2. Let & > 0
and choose N € N such that for all & > N and all w € £2, sup, g |a(t,s) —
ak(t, 8)|[gnx» < e. Since a(t, s) is invertible, by the uniform ellipticity condition
(BB), it follows that a® (¢, s) is invertible whenever k is large enough. In fact, by
estimating the norm ||a®(¢,s)™!||, one obtains the following result: there exists
ad>0andan N € N such that for all k > N, a*(t, s) satisfies (E52) with a
constant & such that & € [k, k + 4].

Consider the operator Ay defined by (EL@) but with afj instead of a;;.
Note that Ay satisfies [ATT]. Since afj is countably valued, R(X, Ax(t)) : 2 —
ZL(LP(S)) is countably valued as well, and hence F#;-measurable. By step 1, we
obtain R(A, Ax(t)) — R(\, A(t)) as k — oo, uniformly in {2, and therefore it
follows that R(\, A(t)) is .#-measurable.
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To prove strong measurability, repeat step 1 but with A : £ x [0,T] —
ZL(LP(S)) instead of A(t) : 2 — Z(LP(S)). Similarly, in step 2 one considers
a:2x[0,T] — CY(S,R2X") and the o-algebra ¥ @ %([0,T)).

sym

O






6

Forward mild solutions to stochastic evolution
equations with adapted drift

6.1 Introduction

In [B3], the authors develop techniques to solve stochastic evolution equations of
the form

dU(t) = (A)U(t) + F(t,U(t))) dt + B(t,U(t)) dW (t)
(6.1.1)

U(O) = Up-
in which the drift A = A(t,w) is adapted to the filtration generated by the
Brownian motion. If for every w € 2, the drift A generates an evolution sys-
tem S(t,s)o<s<t<T, then the latter will only be .%;-measurable. Therefore, the

stochastic convolution

/0 S(t,s)B(s,u(s)) dW (s), (6.1.2)

appearing in the concept of a mild solution, is not well-defined as an It6 integral.
Hence for defining a mild solution to (EI), one has to overcome the restriction
that the integrated process should be adapted.

There are by now several theories in which one is able to integrate processes
that are not adapted. Two stochastic integral that we will use extensively, are the
Skorohod integral and the forward integral. Both of them are generalizations of
the Ito6 integral, in the sense that if one would integrate an adapted process, both
integrals coincide with the It6 integral. However, neither one is a generalization
of the other. The Skorohod integral was first introduced in [IZ9], and is connected
to Malliavin calculus. The forward integral is an example of stochastic integration
via regularization [[TH].

When one considers the notion of mild solution, it seems that the forward
integral and not the Skorohod integral is the right choice for the extension of the
It6 integral. This is mainly because if one considers (1) as a forward integral,
then a mild solution is always a weak solution (see [E8, Proposition 5.3]). And
although in the case of the Skorohod integral one can rely on functional analytic
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methods, the forward integral is sometimes easier to work with. For example, the
1t6 formula for the forward integral does not have an extra correction term which
the Skorohod integral does; compare Itd’s formula for the Skorohod integral
(E31M) with It6’s formula for the forward integral (623).

The proof of the fact that a mild solution is a weak solution relies on a max-
imal inequality for forward integration. The authors of [B8] prove the latter by
first proving a same result for the Skorohod integral, and then by comparing
the two stochastic integrals. The proof of the maximal inequality for the Skoro-
hod integral relies on functional analytic techniques and the Itd formula for the
Skorohod integral. We present a new proof that does not use the result for the
Skorohod integral, and consequently less assumptions on the evolution system
are needed. Moreover, we will present the results in the setting of UMD Banach
spaces having type 2.

6.2 Preliminaries

Consider a Banach space X and a separable Hilbert space H with an orthonormal
basis (hp)n>1. We will assume that all vector spaces are defined over the reals.

6.2.1 Radonifying operators

Let 57 be a real separable Hilbert space (below we take 52 = L?(S; H)). We refer
to [BY, Chapter 12] and the survey paper [E3| for an overview on y-radonifying
operators. The Banach space of v-radonifying operators from 57 into X will be
denoted by (42, X) and is a subspace of £ (4, X). It satisfies the left- and
right-ideal property which includes the result that for R € v(J#,X), U € Z(X)
and T € (), one has URT € (., X) and

IURT ||y, x) < 1T Rl x) I T]]-

Let (S, X, u) be a o-finite measure space. A function G : S — Z(H,X)
will be called H-strongly measurable if for all h € H, s — G(s)h is strongly
measurable. Moreover, for p € (1,00), G will be called weakly L?(S; H) if for all
x* € X*, s = G(s)*z* is in LP(S; H). For an H-strongly measurable G : S —
Z(H, X) that is weakly L?(S; H), we define define Rg : L*(S; H) — X as the
(Pettis) integral operator

(Ref,a") = /S (G f(s),a) du(s), e IA(S:H), o° € X°.

Note that
IRafllx < |1RGllyz2cs:my,x)1f 2 (s 0)-

We will say G € v(S; H, X) if Rg € v(L*(S; H), X) and write ||G|ly(s;m,x) =
| Rally(L2(s;m),x)- It is well-known that the step functions G : S — Z(H, X) of
finite rank are dense in v(S; H, X).
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Example 6.1. If the Banach space X has type 2, then L%(S;v(H,X)) <
~v(S; H, X). See [B3, Theorem 11.6]. For more on type and cotype of Banach
spaces, see [BY].

Recall that if X is a Hilbert space, then v(S; H,X) = L?(S; %(H, X)),
where % (H, X)) denotes the space of Hilbert-Schmidt operators.

Finally, we define the trace-duality pairing between two elements R € v(H, X)
and S € v(H, X*) by

<R, S>Tr = tr(S*R) = Z<th, Shk>X,X*~

k>1

If X is a UMD Banach space, then S*R is of trace class, and we have

(R, S)re < 1By o, 5) 1S, x7) -

6.2.2 Malliavin calculus in uMD Banach spaces

Let X be a UMD space. Let T' > 0 be a fixed time and set 7 := L%*(0,T; H).
Let (£2, #,P) be a complete probability space. Let W be an isonormal Gaussian
process on 7, i.e., a map W : s — L?({2) such that for all h € J#, Wh
is centered Gaussian and such that for all h, h, E(W(h)W (h)) = [h, h]s. Let
(Z4)tejo,m) be the filtration generated by W.

With this setting, one is able to define the space D'?(X) of Malliavin differen-
tiable processes F' € LP({2; X). This can be done via smooth random processes,
and we refer to [@] and [[IZ] for further theory on the spaces D*?(X), k > 1,
or to [E3] for the Hilbert space case.

Recall from [E3] or [[@] that the Ornstein-Uhlenbeck semigroup (P(t))i>0
defined on L?(£2) is given by

P(t):=> e ",
n=0

where J, is the orthogonal projection onto the n-th Wiener chaos H,,. By posi-
tivity, for all ¢ > 0, p € [1,00), P(t) ® Ix extends to a contraction on LP({2; X).
The following two results follow from [[@, Lemma 6.2], and will be frequently
used in the sequel. For every F' € LP(£2; X) and t > 0, P(t)F € D'?(X) and

DP(t)F = e 'P(t)DF,
S(P(t)F) = ' P(t)0(F). (6.2.1)

In particular, if F' € LP(£2; X) and ¢ > 0, then P(t)F € D¥?(X) for all k > 1.
The following lemma is a Fubini theorem for the Skorohod integral.

Lemma 6.2. Let G be a o-finite measure space, and p € (1,00). Let u € LP(2 x
G;v(H2,X)). Suppose that for almost every x € G, the process u(x) belongs to
the domain of 6(X). If
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/ 16(u(@))|% da < o

for almost every z, then [, u(-,z) dx belongs to Dom(§(X)), and

//txdxdW // (t,x) W (t) dz

Proof. Let ¢ be the Holder conjugate of p. It suffices to show that for every
F € DY4(X™), one has

]E</Gu(x) dx,DF - /5 ) dz, F> =

7

A Fubini argument yields

E</ u(z) de, DF> - Z</ 2)hy, dz, (DF)hn>X,X*
_E/ S u(

n>1

by, (DF)hy) x, x+ clszE/(u(a:),DF}7 dx
G

:E/G(é(()) Flxx-dz—E /5 ) de. F)

X, X"

6.2.3 Malliavin calculus in the space of bounded linear operators

Let X,Y be Banach spaces. As discussed in [B2], to avoid non-measurability
issues, we will say that a function F' : 2 — Z(X,Y)) is X-strongly Bochner
integrable if it is X-strongly measurable and if there exists a ¥ € Z(X,Y) such
that for all z € X,

/ F(w)x dP =¥ (x).
[0}

Define the space LP(£2; £ (X,Y)) consisting of X-strongly Bochner integrable
random variables F' : 2 — Z(X,Y) such that ||[F| #xy) € LP(2). We now
give the definition of the corresponding strong Malliavin-Sobolev space.

Definition 6.3. Let X,Y be Banach spaces and F € L2(2; Z(X,Y)). We say
that F' € DLP(Z(X,Y)) if the following conditions hold:

(1) For every = € X, Fx belongs to D?(Y).
(2) There exists a map ZF € L2(§2; L(X,v(2#,Y))) such that for every x € X
we have a.s. (2F)x = D(Fz).
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Remark 6.4. The definition of D}?(#£(X,Y)) from [B8, Definition 2.1] is slightly
different. There, the authors only define D}'P(Z(X,Y)) for p = 2, and assume
that 2F € L*(0,T x 2; £(X,%(H,Y))), where %(H,Y) is the space of
Hilbert-Schmidt operators from H to Y. However, in the Hilbert space setting,
one has % (H;Y) = v(H,Y), and L?(0,T;v(H,Y)) < ~v(s#,Y). Hence ev-
ery F € L2(£2; £(X,Y)) that satisfies the conditions from [ES, Definition 2.1]
particularly satisfies the conditions from Definition (B33).

Remark 6.5. Suppose X is a separable Hilbert space and F : 2 — ~(X,Y).
Then in particular, F : 2 — Z(X,Y), but as v(X,Y) is separable, we do
not need the above definition. Of course one would like that ZF = DF in
a suitable sense. This is indeed the case: First, if ' € DY (y(X,Y)), then
DF € LP(02;4(,v(X,Y))). Using v(H,v(X,Y)) ~ v(X,v(H,Y)), one could
interpret DF as an element from LP(2;v(X,~v(H,Y))). A careful check of both
definitions leads to the conclusion that DF = ZF. Second, if F € DLP(Z(X,Y))
such that 2F € LP(£2;v(X,v(H,Y))), then one may conclude that F €
DYP(y(X,Y)), with again 2F = DF.

The following lemma is a generalization of [B8, Lemma 2.5]. The proof is similar.

Lemma 6.6 (Product rule). Let X,Y be Banach spaces and % + % =11
AeDIP(Z(X,Y)) and F € DY9(X), then AF € D" (Y) with

D(AF) = (2A)F + A(DF).
The identity should be understood in the following sense: for all h € 7 one has
D(AF)h = ((2A)F)(h) + A((DF)h).

For any h € , we will denote (2" A)F for ((ZA)F)(h). This is analogous
to the operator D" : . — LP(£2; X) that is defined by D"F = (DF)h. One can
prove that D" is a closable operator, and one denotes its domain by D"?(X).
Concerning these operators, we have the following simple result.

Lemma 6.7. Let X,Y be Banach spaces, % + é = %, F € DMP(L(X,Y)) and
G e Li($2; X). Let t € [0,T] and suppose that G is Fy-measurable. If h € H is
such that supp(h) C [t,T], then FG € D" (Y) with

D"FG) = (2"F)G.

Proof. First suppose G € D%9(X). By the product rule, we have FG € D"7(X)
and
DMF@G) = (2"F)G + FD"G.

From the assumption on the support of h, it follows that D"G = 0 ( [E3, Corollary
1.2.1]). Hence the result follows in this special case.

The general case follows from the closedness of D", since one can approximate
G by a sequence (Gj,)n>1 of smooth .#-measurable random variables. O
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6.3 The forward integral

In this section we assume that the Banach space X is UMD and has type 2. Recall
that H is a real separable Hilbert space with orthonormal basis (h,,). Recall that
W is an isonormal Gaussian process on 7.

Definition 6.8. Let ¢ : 2 x [0,T] — £(H,X) be H-strongly measurable and
weakly in L2(0,T; H). Let I~ (¢,n) be defined by

n T
I~ (¢,n) = nZ/ d(s)hi (W (s 4+ 1/n)hs, — W (s)hg) ds.
k=170

If the sequence (I~ (¢,n))52; converges in probability, then we say that ¢ is
forward integrable. The limit is called the forward integral of ¢, and denoted by

o o(s) AW (s).

If ¢ is forward integrable, then we will also say that ¢ € Dom(4™). If the sequence
(I7(¢,n))pey converges in LP(£2; X), then we will write ¢ € Dom(d, ).

The forward integral extends the It6 integral, see [, Proposition 3.2]. One
of the advantages of the forward integral over the Skorohod integral, is that one
may pull any random operator A : 2 — £ (X,Y) out of the integral. That is,
when ¢ is forward integrable on X, and A : 2 — Z(X,Y), then A¢ is again

forward integrable and

/OTA¢dW— :A/OTgde‘. (6.3.1)

More properties on the forward integral, in particular on convergence of the
sequence I~ (¢, n), can be found in [[IM].
We will use the following subspace of Malliavin differentiable processes.

Definition 6.9. For p € [2,00), we denote by M!?(X) the space of all F €
DYP(LP(0,T;v(H, X))) such that for all ¢ € [0,7] and h € H, D(F(t)h) €
LP(2;~(0,T; H, X)). We will say that F € MLP(X) if F € MY (X) and it is
adapted to the filtration (Z)scqo,1)-

It follows that M'P(X) is a subspace of DVP(LP(0,T;~v(H, X))), and it is
dense in LP(2 x [0,T];v(H,X)). To see the latter, note that the set smooth
LP(0,T;~(H, X))-valued random variables are dense in LP(§2; L?(0,T;~v(H, X))).
Consider such an smooth random variable £ that is of the simplest form

E=fW(p1),.... W(pn)) ® ¢,

where ¢ € LP(0,T;~(H, X)). Since the ¢;, i = 1,...,m belong to L*(0,T; H),
one can approximate ¢; by a sequence (¢}*)m,>1 of simple functions. Observe that
W : L2(0,T; H) — LP(£2) is a continuous linear map, and therefore W (¢") —
W ;) in LP(£2). It follows that &,,, defined by &, := f(W(¢7"),..., W(p"))®¢,
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converges to £ in the norm of LP(2; LP(0,T;~(H, X))). Moreover, &,, € MYP(X).
By linearity, every smooth LP(0,T;~(H, X))-valued random variable can be ap-
proximated by a sequence of elements in M'?(X). Hence the result follows.

A similar result holds for M} ?(X).

Whenever X is a Hilbert space, then M'?(X) = DVP(LP(0,T;~(H, X))).
Indeed, let F € DYP(LP(0,T;~v(H,X))). Then for every t € [0,7] and h € H,
one has F(t)h € DP(X). Now recall that D is a closed operator from LP({2; X)
into LP(£2; L2(0,T; % (H, X))), where % (H, X) is the space of Hilbert-Schmidt
operators from H to X.

It is well-known (see [[I8, Theorem 2.1]) that in the case H = X = R, if
F € DYP(L?(0,T)) and there exists a weak trace-term of DF, then F is forward
integrable. Moreover, the forward integral and the Skorohod integral differ by
the trace of DF'. A similar result holds in the infinite-dimensional case. To prove
this, we will first prove the following identity of I~ (F,n). This is essentially an
infinite-dimensional generalization of [[I8, Lemma 2.1]. Let P,, be the projection
onto the first n basis coordinates.

Lemma 6.10. Let p € (1,00), and F € M*?(X) N LP(2;v(0,T; H, X)). The
convolution F, = nljg 1 /n) * P F1jg ) belongs to M'P(X), and we have a.s.

n T t+1/n
I~ (F,n) =6(F,) + kz-l/o n/t D(F(t)hy,)(s)hy ds dt

Proof. The first statement follows directly from Young’s inequality.
Observe that if ¢ = 1jq ) ® h for 0 < a < b < T and h € H with [|h]| = 1,
and R € v(0,T; H, X), then

(Ryo@a")m = (R, ") x, x
Also, for any ¢ € L?(0,T; H), one has

/ / Pl /m(s — PV E(r)(Pa(6(s))) dr ds

n

:/ / M rri1/n)(8) Y _[6(), bl F (r) by ds dr (6.3.2)

k=1

= Z/ )@, N1 i1 /) @ hilp2 0,05 AT

Let G = g ® * be a smooth X *-valued random variable, and let (¢y,)n>1 be
an orthonormal basis for L?(0,T; H). Then by (E2332),

E(G,3(F,)) =E S (Fudm, (DG)ébm)

m>1

(6.3.3)
= EZ/ )R, ) [N i1 /m) @ hi, Dglus dr.



136 CHAPTER 6. FORWARD MILD SOLUTIONS

Moreover, by the integration by parts formula for the divergence operator, see
[T, Lemma 4.9], we obtain a.s.

(L[ r41/n) @ i, Dglus = 6(gnlp rq1/m) @ i) — g0 (N1 rq1/m]) @ hy). (6.3.4)
By definition of the divergence operator, for the latter we obtain
gO(n 1y ry1/n) @ hi) = gn(W(r + 1/n)hie — W(r)h).

Hence
EZ/ PYhi, ) gn(W (r+1/n)he — W (r)hy) dr = (I~ (F,n),G). (6.3.5)

For the other part of the right hand side of (E234), we use duality again, and
(E333) to obtain

n T

EY / (F(rYhy, ©*)8(gn iy i1 /m) @ hy) dr

(6.3.6)
-£3 / (D)) (L1 g © ), ) g dr

= &( Z/ /M/n ha)(s)h ds dr, G).

Now apply the results of (E233) and (E238) to (£33) to obtain

n T r+1/n
E(G, 5(F,)) :]E(I’(F,n),G)—IE<Z/O n/ D(F(r)hy,)(s)hy ds dr,G>.
k=1 r

Now the result follows from the Hahn-Banach theorem. O

Now we are ready to present an infinite-dimensional version of [IT8, Theorem
2.1].

Theorem 6.11. Let F € DY (LP(0,T;~v(H, X))).

1. The convolution Fy := nljg1/n) * PoF'l)g ) converges to F in the space
DYP(LP(0, T;v(H, X)));
P

);
2. Suppose also F € MM (X) N LP(£2;~v(0,T; H, X)), and set

T t+1/n
/0 n /f D(F()he)(s)hs ds dt.

b, =

NE

=

=1
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If @, is a Cauchy sequence in LP(§2; X) (or in probability), then F is forward
integrable, and I~ (F,n) converges to 6 (F) in LP(2; X) (or in probability).
In that case we denote the limit by @, and the following identity holds

/ F(s)dW™(s) = / F(s) dW(s)+ &. (6.3.7)
0 0

Proof. The first claim follows from the fact that F,, — F in LP(£2;~(0,T; H, X)),
and DF,, — DF in LP(Q;~(s2,~v(0,T; H,X))). Both proofs of these facts are
variations of [E, Theorem 8.14].

The second claim follows from the representation given in Lemma B0, and
from the fact that § : DVP(y(0,T; H, X)) — LP(£2; X) is a continuous operator.
]

Remark 6.12. Claim (1) can be improved in the following way: let &, : [0,T] —
DYP(LP(0,T;~v(H, X))) be given by the convolution

D(t) = nlo,1/m) * PuF1py,

then &, (T) = F,, and we have &,, — 1(g 4 F in LP (0, T;DV*(LP(0,T;v(H, X)))).

6.4 It6’s formula for the forward integral

Lemma 6.13. Let £ € L2(£2; L2(0,T; H)) and ¢ € L?(0,T; H). We have

Lt h ’ d
- 1 S,S 9 > — 07
6/0 < s, & L2(0,T;H) 5

in L1(£2) as e} 0.

Proof. Suppose first that ¢ = 1, y®h with h € H. Then with Holder’s inequality
and Fubini,

1 T 2 1 b s+e 2
- i < =
5/0 <1[5,s+a]%§>H <2 /ais (/S (h,&(r))m dr) ds
b s+e T
<l [ [ el ards < hie [ ) an
a—eg S
Clearly, the latter converges to 0 in L'(£2) as € | 0.

For general ¢ € L?(0,T; H), one has

1

T
]Eg/o (Lo s1e10: )20 1.1y < ENENZ 20,000 1901320 1220 -

Therefore, the result follows by an approximation argument. O
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Lemma 6.14. Let (a,b) be an open interval and h € H. We have lim, o & =
(b—a)||h||3 in L*(£2), where

b
& = /a é((W(S +¢e) —W(s))h)? ds. (6.4.1)

Proof. We have E¢. = (b—a)||h||%, and since the right-hand side is independent
of £2, it suffices to show E&2 = (b—a)?||h||};. To see this, note that one can write

se = [/ [T R RO
x (W(r+ 5) W (r))h)?* dr ds

+ E/ / (5 +2) — W(s)h)2(W(r + ) — W(r)h)? dr ds.

The first part converges to (b — a)?||h||% by the properties of Brownian motion.
For the second part, use Holder’s inequality and Ey* = 3¢? for any Gaussian
variable with variance g, to see that this part converges to 0 as € | 0. O

Remark 6.15. Following the lines of the above proof, one notices that respectively
the right and left end-point of the integral in equation (EZ) can be changed
into a + ¢ or b — ¢, or both.

Proposition 6.16. Let Y € DY2(L?(0,T; H)) be a smooth process of the form
Y = f(W(h1),...,W(hyp)) @ L5 @ @, with f € CF(R"), 0 <a <b < T,
h; € L*(0,T; H) and h € H with ||h||g = 1. We have

% /OT’ /SWY(T) dW(ﬂ!z ds — /0 IV )l ds (6.4.2)

in L'($2), as e | 0.

Proof. Set ¢ = ﬁl[s,sﬁ] ® h. Note that [|P1]|z2¢0,7;m) = 1. Consider an or-

thonormal basis for 7 = L?(0,T; H) that has ¢; as an element. Then, by [[IT2
Lemma 4.2], we compute

s+e
/ Y(r) dW () = FW((s+2) AB) — W(s v a))h

— (Lsva,(s+e)ns] @ hy DF) 20, 7.1y -
Split the integral from 0 to T of the left hand side of (B223) into three parts: the
first one from a — € to a, the second one from a to b — € and the third one from
b — ¢ to b. Then one observes that the first and third integral converge to 0 in
LY(2) as ¢ | 0. For the second integral we estimate pointwise
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1 b—e
]/

<o [ POV - W) - i) ds

/SHEY(T) aw ()| ds - /OT 1 (5) 3 ds|
b

c [T )
+- [(Ls,s4e) @ by Df) 20,70 |” ds
0
The first and second part both converge to 0 in L(£2) by respectively Lemma
61 (with Remark E13) and Lemma BET3, respectively. O

Theorem 6.17. Let Y € DY2(L2(0,T;~v(H, X))). For e > 0, let Zy, Z. : 2 x
[0,T] = Z(X,X*) be processes such that:

1. all processes Z.,e > 0 and Zy have continuous paths,

2. Pointwise on w one has limc o supyepo 1) | Ze(t) — Zo(t)[| 2 (x,x+) = 0,

3. There exists a constant C > 0 such that for all t € [0,T] and all w € 2 one
has || Ze(t, w)|l 2 (x.x+) < C.

Then for all t € [0,T] we have

O v [ s
_>/0 (Y(s), Zo(s)Y (s)) ds
in L'(12) as e 0.

Proof. This is a continuous version of Theorem EZX4. In fact, following the steps
of Theorem =34, one can conclude that the first three steps can be copied into
this proof. This means that it suffices to consider the case when Y is a smooth
process. By linearity, we can assume that

Y = FW (), ., W) (L © ) @
where h € H, z € E and f € Cp°(R"™). We estimate

//YdW /YdW)>

- [0 26 as

0

L v ez - e [T v ave)
+‘i/ot</:+gy(r) AW (1), Zo(s) /ss+ey(r) A (r) ) ds

- [ 2y ) as

0

=:a1 + as.



140 CHAPTER 6. FORWARD MILD SOLUTIONS

One can estimate the expectation of a; to obtain

Ela;| <E sup [ Z:(0) — Zo(o)|l.2(x,x+)

c€[0,T]
1 ¢ 2 ! 2
<2 [ 100V ) ds = [ YO ]

t
LE sup [Z:(0) — Zo(0) ] ix.x0) / 1Y ()| ds
o€[0,T] 0

1 t t
< B2 [ 150l ds = [ 1Y (6) B, ds

t
+E sup |2.(0) = Zo(@)lzoexn [ IV ds
o€[0,T7] 0

The latter converges to 0 by the dominated convergence theorem. The first con-

verges to 0 by Proposition EI8. Hence a; — 0 as € J 0 in the space L(£2).
Finally, for a proof of convergence E|as| — 0 as € | 0, we refer to the proof

of [, (5.7)]. O

The following theorem is an It6 formula for the forward integral. See the
remark below the theorem for a discussion why we call it an It6 formula. Recall
that (P(t));>0 is the Ornstein-Uhlenbeck semigroup on LP(£2; X).

Theorem 6.18. Let p € (2,00) and Y € MYP(X) N LP(2;4(0,T; H, X)). Sup-
pose that there exists an element DY € LP(2 x [0,T); X) such that for all
t€[0,17],

t n s+1/n t
/On;/ D(Y (s)hg)(r)hi) dr ds—>/0 (D7Y)(s) ds,

in LP(£2;X) asn — oco. If F : X — R be a twice continuously differentiable
function that is bounded and has bounded derivatives, then:

1. For all 't € [0,T] one has that 1;04Y is forward integrable. The forward

integral process ¢, given by ((t) := f(f Y (s) dW~(s), has continuous paths.
Moreover, the following convergence holds:

1/0 (C(s+e) = ¢(s), F'(¢(s))) ds

3
= F(C(1)) = F(¢(0)) —/O (Y'(s), F"(C(5))Y (s)) ds,

in LY(£2) as e ] 0,
2. For all 7 > 0 one has
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> [ PO+ 2 = ) PP ds

= F(P(r)C(1) — F(P(r)C(0)) (6.4.4)
e / (P()Y (s), F"(P(r)C(s))(P(r)Y (s))) ds,

in L'(2) as n — oo.

Remark 6.19. Suppose that besides that assumptions in the theorem we have the
following:
Du € LP(0, 75D (y(L*(0, T H), v (H, E)))),
DY € DYP(LP(0,T; E)),
D(D7Y) € L'(0,T; L*(£2; L* (0, Ty y(H, E)))).

Then one can prove that an actual 1t6 formula holds: the process

S <1[0,t](3)y(5)7F/(C(5))

is again forward integrable for every ¢t € [0,7], and we have

t t
FIC0) = FRO)+ [ (6P aW(s)+ [ (Y (5). ()Y () s

(6.4.5)
In this case, the limit @ appearing in Theorem BTN applied to 1jg ;Y is the

Lebesgue integral fOt(D*Y)(s) ds, and one can apply the It6 formula in [IT3,
Theorem 5.7]. Comparing this formula with § (s — (1[0,¢](s)Y(s), F'({(s)))
yields (EZ3). A proof of this can be found in [H3, Theorem 3.2.7] for the case
H = X = R. The infinite-dimensional case is similar.

Remark 6.20. The left hand side of (EZA) can be rewritten as a sum of three
terms. To prove this, note that by (),

s+e s+¢e
P(r)(¢(s+¢e)—((s)) = e_T/ P(r)Y (r) dW(r) +/ P(T)(D7Y)(r) dr.

Since P(7)((s) € DY'P(X), by the integration by parts formula for the divergence
operator (see [[TA, Lemma 4.9]) we obtain

<5(1[s,s+€]P‘rY)a FI(Pfg(S))> = §(<1[S,S+E]PTY7 F/(PTC(S)»)
+ (s 516 Pr Y, D(F'(Pr((5)))) -

Therefore, we obtain
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2 [Pt ) = o P Pt ds

_r t
. / 5(1psas P,Y, F'(PoC(s)) ds
0

e

-7

(&
4+

/0 (La.ape) P-Y, D(F'(PoC(5))))1e ds

g
1 o / TR0 dn PP ds

Proof. Proof of (1). The first claim follows directly from Theorem GI1. The
second claim can be found in [T, Theorem 4.13]. To prove (EZ=3), we proceed
as follows.

With integration by parts, we have h(1) — h(0) = h'(0) + fol(l — )R (t) dt
for any twice continuously differentiable h. For any a,b € X we can apply this
identity to h = F'G, where G : [0,1] — X is given by G(t) = ta + (1 — )b, and
obtain

FO)—F(a)=(b—a,F'(a)) + /01 tb—a, F"(ta+ (1 —t)b)(b—a)) dt. (6.4.6)

Since ¢ is a continuous process, the process Y; given by

n<t>=1/O<F<<<s+s>>—F / F(¢ ds—l/;ﬂc(s))ds

3

converges almost surely to the process ¢t — F({(t))—F({(0)). Since F is bounded,
one can apply the dominated convergence theorem to conclude that the conver-
gence also holds in L?(§2; X). By (EZ@), Y-(¢) satisfies

Vi) = 2 [ (el o) = . Fcta)) ds

/ / C(s+e)—C(s), F"(r¢(s) + (1 —r)¢(s +€)) (6.4.7)

X (C(s +¢) = ((s))) dr ds
The second part of the right hand side can be written as

! / (C(5+€) — ¢(5), Ze(s)(C(5 + &) — C(5)) ds,
0

€
where

Z.(s) = /0 P (rC () + (1 — 1)C(s + 2)) dr

If we set Zo(s) := $F"(((s)), then Z.,e > 0 and Z satisfy the three properties
from Theorem BETA. In particular, we have for all ¢ € [0,7] and w € 2, that
1Z-(t, )| < 51F" || co-
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By identity (B30) we have
el + ) = €(5), Zels)(C(5 ) — C(o)))
s+¢e s+¢e
- ymave)r+ [0 e (6.48)
s+e s+e
ZE(S)( / Y (r) dW (r) + / (D7Y)(r) dr)>.

Theorem ET3, the assumption on D~Y and the estimate ||Z.(¢t,w)|| < [|F"|
yield that

! / (C(s+2) — C(s) Ze(3)(C(5 + &) — () ds) — / (¥ (s), F"(C(5))Y (5)) ds,
0 0

£
in L1(£2; X) as € | 0. Combining this with equation (EZ=2) gives

1/ (C(s+e) = ((s), F'(¢(s))) ds
0

3
— F(¢(1)) = F(¢(0)) —/0 (Y'(s), F"(C(5)Y (s)) ds,

in L'(2) ase | 0.
Proof of (3). The proof of (EZ3), is similar to the proof of (EZ33), but with
P(7)¢ instead of ¢. Note that by identity (EZ=) and (E2Z1), one obtains

! / (P(r)C(s + &) — (), Ze(s)(P()C(s + €) — ((s)) ds)

g
e / (¥ (s), F"(C(s)Y (s)) ds

which yields the desired result. O

6.5 The random evolution system

Recall that A := {(s,t) € [0,T)?%; s < t}.

Definition 6.21. A random evolution system is a random family of operators
S:Ax 22— Z£(X) such that

1.5 : Ax 2 — Z(X) is strongly measurable;
2. S(t, s) is strongly #;-measurable for each ¢t > s;
3. For each w, the family {S(¢,s,w) : (t,s) € A} is an evolution system, that
is,
a) S(s,s) =1 and S(t,r) = S(t,8)S(s,r) forany 0 <r < s <t <T;
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b) For all € X, the mapping (¢, s) — S(t, s)z is continuous from A into
X.

Let us introduce the following hypotheses on a given random evolution sys-
tem.

(H1) For each (t,s) € A, we have S(t,s) € DLP(Z(X)). Forallz € X, (2S(t,s))z
belongs to (0, T; H, X ). There exists a map

PS(t,s) : 2 x [0,T] = y(H,.Z(X))),
such that for all w € 2, (ZS(t,s)(r)h)z = (25(t, s)z)(r)h. We assume that
|25(t, s)| : £2 x [0, T] — R is measurable. Moreover, for all p > 2 we have
[ 1S5 [ 195@90)1 ar)"] ds <
sup .8 ,8)(o o s < 00.
tef0,7] Jo #() 0 2
(6.5.1)

(H2) There exists a map D~S(t,-) : 2 x [0,T] — Z(X,v(H, X)) such that for
alw e Q and s <t, D-S(t,s) € v(H, £ (X)) with the identification from
(H1). Moreover, for all z € X the limit

T

lig)l 2S(t,s —e)(s)x =D~ S(t, s)x,

exists in v(H, X), and D=S(t,-) € L2(2 x [0,T); Z(X,~(H, X))).
(H3) There is a constant M > 0 such that the following estimates hold for almost
all r < s <t
(H3a) [IS(t, s)l|.2(x) < M;
(H3b) |25, 7)(s)|ly(rr,2(x)) < M;
(H3c) [[D7S(t, ) lly(m.2(x)) < M.

Whenever a random evolution system S(t,s) satisfies the above properties
(H1),(H2) and (H3), then we say that it satisfies (H). From [B8, Remark, p158]
it follows that

25(t,r)(s) = (D~ S(t,s))S(s,r), (6.5.2)
whenever r < s < t.

Next, let us introduce the following space .7, (v(#, X)) consisting of smooth
and adapted (7, X)-valued random processes G of the form

N N
G= Z Z fkm(W(SDT)v LR W(QO?VT)) ® (1(tm,tm+1] ® Rk)’

k=1m=1

where fim € CO(RN), 0<t; <ty <...<tyi1 <T, o7 € L2(0,7) @ H with
supp(¢}') C [0,t,] and Ry = vaz’“l hi®x; € v(H, X). Observe that 1, ; ., |®
Ry € ~(s2,X) by the ideal property, using the fact that the multiplication
operator My, , « H — S given by My, , h = 1,3 ® h is a bounded linear
operator. We have that .7, (v(#, X)) is dense in LP(£2 x [0,T];v(H, X))

Let us state the following technical lemma.
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Lemma 6.22. If A € v(H, Z (X)) and B € v(H, X), then ), -, Ahn(Bhy) is
convergent in X. Moreover, for all N € N one has a

N
> Anu(Bh)
n=1

Proof. Consider the bounded linear operator T : Z(X) — Z(X*) defined
by T(®) = &*. By the ideal property it follows that TA € ~(H, L (X*)),
with [|TAlly(m,2x+)) < [[Ally(m,2(x))- By the Hahn-Banach Theorem and [E3,
Proposition 3.19], it follows that

S Az Bllyrx)-

N
Aln(Bhy)|| < su H Ahy(Bhy)
| 35 m e Z
= sup sup ‘ Bhn, hp)x*)

N>1 ||z || x==1

N
N
= sup sup ‘E
N21||lo* || x==1" 2

N
1k=

IN

HBMWXNMMmzw»
0

The next proposition gives the first setup for forward integrability of the
process

s+ Y(t,s) = S(t,5)G(s)(t —5)"“1j0,4(5), (6.5.3)

in the space LP(£2; X) with p > 2 and « € [0, 3), S(t,s) a random evolution
system satisfying (H) and G € .7, (y(7, X)).

Theorem 6.23. Let S(t,s) be a random evolution system satisfying (H) and
G € S, (v, X)), let p > 2 and o € [0, 2) Consider the process Y as in
(B23). Then we have

(1) For all (s,t) € A,

r+1/n
jﬁ Y (&, ) he) (o) (i) do dr

et T (6.5.4)

/'E:t—ryﬂD—samy%Gwy%dn
0 k>1

asn — oo in LP(§2; X);
(2) For all t € [0,T],
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r+1/n
/0 DY (t,7)hy)(0)(hi) do dr
k=1 "

/ 0D~ S(t, 1) G (r) . dr
0

k>1
asn — oo in LP(2 x [0,t]; X).

Remark 6.24. From this theorem, it follows that for all ¢ € [0,T], the process
s — Y(t, s) satisfies the conditions of Theorem BI8, with DY (r) = 3,5, (¢t —

)" *D=S(t, r)hp G(r)hy
Proof. (1). By Lemma B we have for any ¢ € L?(0,T)®U with supp(¢) C [s, 1],
D(S(t, 5)G(s)hi)p = (Z(S(t, 5))G (5)hk)§-

Therefore,

/os — /T+ Y (t,r)hy)(o)(hi) do dr

/ /r+ t—r)"N2S5(t,r)(0)hg)G(r)hy do dr (6.5.5)
0 p=1 Jr

s+1 n
/ /0 (o—1/n) Z (25(t,7)(0)h) G (r)hy, dr do,

k=1

where G(r) = (t — r)~®G(r). With this notation, the right hand side of (E54)
equals

/ZD S(t,0)h.G(o hkdaJr/ > D=S(t,0)hiG(0)hy do.

k>1 n k>1

Observe that by Lemma E2Z2 and (H3c),

/ > D7 S(t,0)hG(0)hy, do — 0,
E>1
in LP(£2, X).
We divide the interval (0, s+ +) from the integral in (E53) into three parts:
(0,1),(%,s) and (s,s + %). We will show that

‘n

/ / i: 28(t,r)(0)hi)G(r)hy, dr do — / ) > D7S(t,0)hikG(0)hy, do

W k=1 w o k>1
(6.5.6)
converges to 0 in LP(§2; X). By the triangle inequality, we estimate
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IEH/ / Z@Str V)G (r)hy, dr do

_7.1451

/ZD S(t, 0)hxGi(or )y, do|”

n k>1

<EH/ / @5 (£, 1) () ) G () e
_ Z DS, a)hké(a)hk] dr daHp

+EH/ Z D~ 5(t,0)hG (o) hy, daH = a1 + as.

k=n+1

Note that as — 0, by the dominated convergence theorem, using (H3c), and by
Lemma E2Z2. Moreover, by the triangle inequality and (6223),

a; < IEH/ / Z (D=S(t,0)[S(o,r) — 1)G(r)hy) (hi) dr dUHp

77k1

e8] o [T 3D S0 ~ Gy h) ]
=: b1 + b2-

The first term, by, can be estimated by Lemma E22 and (H3c). Indeed, we obtain

by gMPE(/ (t_r)*an/ |
0 o—1

by the dominated convergence theorem, where we use strong continuity of the
evolution system. Likewise, we estimate bo:

by gMPE(/ n/ 1G(r) — Glo)| dr o).
0 0‘—%
Again using the dominated convergence theorem, we have
. S o - ~ D
JEI;OE(/O n/g_i IG(r) — G(o)|| dr do—)
_g( [ u 60 - 6o dr do)’
~E( [ tmon [ 160) -Gyl ar o))"

However, for fixed o € (0,s) such that o # t; for some i = 1,..., N, there exist
an N and an m such that for all n > N, (6 — £,0) C (tm, tm+1)- Hence for n
large enough, one has for all 7 € (o — L, 0),

(S(0,7) = DG . do dr — 0,
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G(r) = Glo) = ((t =)~ = (t — ) "*)G(o).

By continuity of r — (t — )%, it follows that by — 0 as n — oo.
Having showed (BEZ28), the proof is finished once we show the following

sANo N
/ / Z (25(t,7)(0)hi)G(r)hy dr do — 0,

/ / Z(@S(t r)(o )hk‘)é(T‘)hk dr do — 0,
O\/(U——)k 1

(6.5.7)

both in LP(£2, X). We will show the first convergence. The proof of the second
is similar.

Observe that (H2c) cannot be used directly: The parameter ¢ may be so
small, that ¢ < 2 and thus ¢ > ¢. In such case, (H2c) does not hold. For fixed
t, one can always take n large enough, such that % < t. In that situation, one
can simply use Holders inequality to prove (E22a). However, this cannot be used
when integrating over t, which is done in (2). Therefore, we will prove (E352)
separately, in the case t < % We only prove the first convergence. The second is
done similarly.

First, note that

/tin/osmzn:@Str hi)G(r)hy, dr do
— n;/o /j(%(t,r)(a)hk)é(r)hk do dr = 0,

since S(t,7) is #-measurable. Here, we have used that 25(¢t, s)x € v(0,T; H, X).
Second, note that using (H2c¢) and Lemma EZ3 we obtain

g [n ] é@sw Do) a)G () dr dof|

t sAo
§CMp/ n/ (t—r)"%drdo—0
0 0

as m — 0o.
The proof of (2) follows from the above computations. O

Corollary 6.25. Let S(t,s) be a random evolution system satisfying (H) and
G e S(y(H, X)), letp>2 and o € [0,%). Let Y be as in (EB). For all t,
the process s — Y (t,s) belongs to Dom(dy,) and for all s > t,

/ Y (t,r) dW™ / Y (t,r) dW (r / > (t=r)" D S(t,r)hiG(r)hy dr.

0 gk>1

Proof. This follows directly from (E&3) and (E231). O
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6.6 A maximal inequality for the forward integral

In this section we will assume that the Banach space X is a UMD space with type
2, and X satisfies the following geometric property concerning differentiability
of the norm. For p € [2,00), let n, : X — R be defined by n,(z) = ||z|/?.

(D) For some ¢ € [2,00), the function n, : X — R is twice continuously differ-
entiable, and there is a C' > 0 such that for all z,y,z € X,

< Cllz)|* iyl
< Cllal "yl =l-

[y, ng (@) x,x+

(2, ng (2)y) x x-

With property (D), one can approximate the n, : X — R by a sequence of
bounded C2-functions Fl,,, given by

1

Fin(@) 1= (el + 1) (). (6.6.1)

where 9, : R — [0, 1] is a smooth function such that

10 |z < my
V() = {07 if 2| > m+ 1.

Moreover, F, satisfies the same bounds as ng4, uniformly in &, m:

< Clla]l 7 yll,
< Cllall "yl =l-

|<ya Flém(x»X,X*

(2, o (2)y) x, X+ (6.6.2)

Also, if u € LP((2; X) then by the dominated convergence theorem, EF},, (u) —
Eljul?.
The following lemma is a version of the lemma proved in [[Z3)].

Lemma 6.26. Let ¢ : [0,7] — R be continuous and non-negative, ¥ : [0,T] —
R be Lebesgue measurable and mon-negative such that fOT¢(s) ds < oo. Let

€ (0,1). If t
o(t) < / (6(s)) = w(s) ds,  te0,T],

then

Q=

¢(t)<(a/0t1/1(s) as)*. te[0.1]

Proof. The function
9 «@
F,:0 (/0 (6())~*4p(s) ds + %)

is absolutely continuous for every n > 1. hence it is differentiable almost every-
where, and its derivative satisfies
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6 1\a
Fi0) =a( [ @) v s+ 1) o) v
0 n
< ag(0)1o(0)' 90 = ay(0).
If we now integrate both left and right hand side from 0 to ¢, we get
t
Fa(t) < / ath(0) do.
0
Now let n — oo to obtain the result:
t t 1
[ et -usyas < ([ avio) as)”.
0 0

g

Theorem 6.27. Let S(t, s) be a random evolution system satisfying (H), G €
Fa(v(H, X)), p>2 and o € [0, 3). For all t € [0,T] we have

EH /Ot(t —5)7*5(t, 5)G(s) dW*<8>HZ <C /Ot@ —8) P E|G($)|5 g x) ds-
(6.6.3)

Proof. Consider the function Fj,, from (EB). Let (s,t) € [0,T]? and set
S
B(t,s) = / Yt r) dW—(r), (6.6.4)
0
where Y(t,r) := (t — r)"*S(t,r)G(r)1gy(r) as in (E53). By Remark 23,

r +— Y (t,r) satisfies the conditions of Theorem EIR for any s € [0,¢], and for all
7 > 0 we obtain

n/:(PT(B(t,r +1/n) — Bt 1), L. (P.B(t,1)) dr — Fin(P-B(t, 5))

— Fim(0) — ™27 /OS<PTY(t, s), (Fy, (P;B(t,s)))(P.Y (t,s))) dr.
(6.6.5)

By Remark 620, the left hand side of (EBd) equals
n/OS<PT(B(t,7" +1/n) — B(t,r)), F},,(P-B(t,r))) dr
= eTn/OS (i1 PrY (¢, ), Fyp (PrB(L,7))) dr
e [ s PrY (), DL (P B 7)) dr

+n/09</:+1/n P.(D7Y(t,))(0) do, F,;m(PTB(t,r))> dr.
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As the expectation of the Skorohod integral is always zero, it follows directly
that

Eean/ 011/ PrY (t,-), Frp (P B(t,7))) dr = 0.
0

This combined with the lemmas and proven in the appendix, Lemma BZ3,
Lemma BZ4, we can find a sequence (7;)52; such that =, | 0 as i — oo, and
such that for all 4,

En / P (B(t,r 4 1/n) — B(t,1)), Eon (Po B(t, 1)) dr

r

< [ (1B 6| [

(=) GO ) | B I dr

(t — 0)~%S(r,0)G(0) dW’(a)HX

Next, we estimate the expectation of the last part of (BG3): observe that
Ee™2" /OS<PTY(t7r),F,é’m(PTB(t,r))(PTY(t,r))> dr
< [(BIPY () B 1P B0 dr
< [ @IV N0 EIBCHI)T dr

Finally, E(F,,1(0) = (1/k)P/4. Therefore, combining all of the above compu-
tations, we conclude that for every s € [0,¢] and all ¢ > 1,

E(FiP(7:)B(t, 5)) < (1/k)*/4
+CE / (1B IY () x| / (t o) ~*5(r,0)G(0) W~ (o)
+(t- r)‘“llG(r)HﬂH,X)HB(t,r)Hg;l) dr

e / EIY (¢, 1)) F EIBEPI%) T dr

X

(6.6.6)
Next, note that almost surely,
B < M| [ - 0) S )Glo) (o)
0
1Y (&) gy < ME=7)"*[Gr) 5 ca,x)-

Hence we can rewrite estimation (EB8) into
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E(Fyi Py, B(t, s)) < (1/k)P/

+ CE /Os(t = 1)) e | /Or(t ) 5 (r,0)G(o) aW (o) dr
+0 [t = R @G0 )P
x (]EH /OT(ta)QS(r, 7)G(0) dW*(g)Hi)%Z dr
(6.6.7)

Set &(t,s) := [ (t —r)"*S(s,7)G(r) dW ™ (r). Then B(t,s) = S(t,s)®(t,s) and
in particular B(t,t) = ®(t,t). Letting s = ¢ in (GB64), we obtain

t
E(Fni Pr@(t,1)) < (1/k)P7 + C]E/ (t =)= NG )l 1Dt )15 dr
0

p—2

t
e / (t = 1) 2 EICE)E g ) ? (BB PIE) 7 dr
By continuity of Fi,x, it follows that
E(kap‘ri@(t7t)) - E(ka(p(tv t)), 1 — 00.

Recall that
E(Fni®(t,t)) — E|D(t, 1)]%, m, k — oo.

We conclude

t
Ello(t, )% < CE/O (t =) NGOl 1275 dr

p—2

t
—2a 2 P
+C [t =0 EICOIE i 0)? (EIPENIE) 7 ar
With Hoélder’s inequality and notation || - [|, = || - [|Lr(o:x) and || - ||, =
II - ||Lp(Q;W(H7X)), we can write

El|lo(t, 6)]%

t
< C/O (t =)~ NGl I2E )P+ (¢ =) >GE)E D) 1572 dr

_ ! »)|IP 1-2/p
e / (E|9(t,r)II%)

< [(t =) IG) o I, 1)l + (=) > NG)I 4] dr

2
[=2

Now use Lemma, to obtain
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Bl 1% < O [ (¢ =0 160 o 100 + (0= 1) NGO, ar) ™

<o[( [ a=n 16wl )"
+ (/Ot(t — ) 2G)12, dr)

Use inequality ab < $(a? + b?) to obtain

p/Q]

E|l(t, 1) < c[(/ot 1Bt )12 dr)p/2 + 2(/Ot(t — )TG3, dr)p/Q}

t t
<o / E|l(t, )| dr+ / (t =) 2 E|GWI 1.5 dr),

where in the last line we have used Hoélder’s inequality with respect to the mea-
sure du = (t — r)~2% dr. Now use Gronwall’s inequality to obtain

dr

t
Ello(t,t)|% < C / (t =) BG4 x,

Finally, note that ¢ € [0, T] was chosen arbitrarily, and note that by construction
of & we have proved (EL3). O

For the maximal inequality in Theorem we need the following lemma.

Lemma 6.28. Let S(t,s) be a random evolution system satisfying (H), G €
Foa(V(H, X)), p>2 and o € [0,3). For every t € [0,T] and r < t, we have

s> (r—s)"*S(t,5)G(s)10,(s) € Dom(dz),
and
/0 /O (= 1) — 5) S (1, 8)G(s) AW (s) dr
= /0 / (t—7)*"Yr —8)7*S(t,s)G(s) dr dW (s).

Proof. The first claim is immediate by hypothesis (H1). By Lemma B3, it suffices
to show that

E/Ot H /OT(t — 1) — 5)"S(t, 5)C(s) dW(s)Hi dr < oo. (6.6.8)

By continuity of § : DVP(y(5, X)) — LP(§2; X), and using that X has type 2,
we obtain
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]E/tH/T(tr)"‘l(rs)aS(t,s)G(s) dW(s)H2 dr

<C/ )2l 1>]E/ 15(t, 5)(r — ) G() D10 (a1, ds dr-

We will now show that there exists a constant C' > 0 such that for all r € [0, ),
Jo IS(t, s)(r — s)*aG(s)||%Lp(,y(H,X)) ds < C. First note that

E/ [1S(t,5)(r — $)"*G(s) |12 (11.x) ds < CpMp]E/ (r—s)"2*ds < C.
0 0
Let ¢ > 1 be so small, that 2aq < 1. Let ¢’ be its Holder conjugate. Then

T T
E/o /0 |2-5(t,s)(r — s)_o‘G(s)H2 (HA(H,x)) 4o ds

< c(/r(us)f?aq d5>1/q(/0r( / 125t ) 11,2, da) ds)

N 1
<C / HStS Hqu(g(x )‘1 SC /0 HS(t’S)”ﬂ%ﬂ*q/(ﬂ?(X)))q < oo

Finally,

1
7/

T T
E/O /0 IS(t, 8)(r = 5)">*DeG(5) 1211 (m.x) do ds < C

by hypothesis (H3a) and the fact that G is bounded. Hence, as we wanted to
show,

B [ 156 = 9766 Buoagmry 45 < C.
where we have used the product rule, Lemma BEB. Now (EB3) follows. O

Theorem 6.29. Let S(t,s) be a random evolution system satisfying (H), and
let G € S, (y(H,X)). For all p € (2,00), we have the estimate

T
P
< CE P . .6.
B s | [ stcs aw=s)) <8 [ 1660w 45 669
In particular, the operator J : %, — LP(§2;C([0,T]; X)) defined by

P = /O S(t, 5)G(s) AW~ (s) (6.6.10)

extends uniquely to a linear bounded operator J : LP(£2 x [0,T];v(H,X)) —
LP(£2;C([0,T]; X)) for which (BETI) holds.
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Proof. Fix a € (1/p,1/2). Apply Theorem EZA to obtain that the process
s = S(t,8)G(s)(r — 5)"*1jg | (s) belongs to the domain of §,. Applying the
factorization method, we have

S(t,s =C, / S(t, s) — )y —5)" dr,

with Cp, = % By Corollary 283 and Lemma BEZ8, it follows that almost
surely

/OtS(t,s)G( = C, / / S(t,8)G(s)(t —r)* H(r — )" dr dW ™ (s)
=C, /Ot/O S(t,s)G(s)(t — ) H(r —s5)"* dW ™ (s) dr

= Ca/o S(t,r)(t—r)*~ /0 S(r, 8)G(s)(r — s)~“ dW ™ (s) dr.

By choice of a, we have (o — 1)% > —1. Therefore, with Holder’s inequality,
almost surely

sup “/ (t,8)G (S)H
t€[0,T]
g— sup / (t—mr)*" 1”/ S(r,s)G rfs)*adW*(s)H dr
T telo,T) X
M i .
< — sup (/(t—r)(o‘ Dzt 1dr>
T t€[0,T] 0

X (/OTH/OT S(r,s)G(s)(r — s)~* dW~(s) idr)l/p

< c(/OT H /0 S(r, $)G(s)(r — s)~* dW*(s)Hi dr)l/p.

By Theorem B4, we obtain
P
o)

(g, | ) st aw=c
S(r,s)G(s)(r —s)~* dW ™ (s)

gOE/
0 0

T r

< c/ / (r = ) 2 BI|G(5)|? g1x ds dr
o Jo ’
T T

< C’/ / (r —s)72 dTIEHG(s)Hf/(H x) ds
0 s ’

T
< CE [ IG5,

p
dr
X
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This proves estimate (EG9). Note that by Theorem B8, t — S(t, s)G(s) dW ™~ (s)
has continuous paths. Hence the operator J, given by (EBId), maps into
LP(£2;C(]0,T); X)). Since o (v(o, X)) is dense in LE(2 x [0,T);v(H, X)), it
follows that there exists a unique extension to J, also denoted by J, which maps
L2(2 x [0, T);v(H, X)) into LP(£2; C([0,T]; X)), such that (EG9) holds. O

6.7 Stochastic evolution equations

Let Ey be a uMD Banach space with type 2 that satisfies property (D). Let us
consider the following stochastic evolution equation:

(6.7.1)

{dU(t) = (A@Q)U(t) + F(t,U(t))) dt+ B(t,U(t)) dW (t)

We assume that ug is an Eyp-valued .%-measurable random variable, and impose
the following conditions on A, F' and B:

(A.1) For each t € [0,T] and w € 2, we have
A(t,w) : Ey D D(A(t,w)) — Eo,

and there exists a Banach space Ef C Ej which is dense in Eg, such that
E} C D(A(t,w)*) C E}. We assume that for all z* € Ef, A*(-)z* € L*(2 x
[0,T]; Eg), and there exists a random evolution system satisfying (H) such
that p

S*(t,s)A* (t)a™ = %S*(t,s)x*, z* € ET.

(A.2) For every x € Ey, the map (t,w) — F(t,w,z) € Ey is strongly measurable
and adapted. There exists constants Cr and Lg such that for all ¢ € [0,T],
w € {2 and x € Ey one has:

||F(t,w7x) - F(t7wﬂy)||E0 < LF”:’E - yHEm
|F(t,w, z)||B, < Cr(l+ (7] g,),

(A.3) For every z € Ey, the map (t,w) — B(t,w,x) € v(H, Ep) is strongly mea-
surable and adapted. There exists constants Cg and Lp such that for all
t€10,7], we€ 2 and x € Ey, one has

[B(t,w,z) = F(t,w,y)llya5) < Ll = yllg,
||B(tawa'r)”’7(H,Eo) < CB(l + HxHEo)?

Observe that the hypothesis on the drift A(¢,w) is different from the hy-
potheses in Chapter B. The most important difference is that in this situation,
the evolution system needs to be Malliavin differentiable. Also note that assump-

tions [A:2] and [A-3] coincide with assumptions [HE) and [HB], respectively, in
the case a = 0 = 0 = 0.
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Definition 6.30. A strongly measurable and adapted process v : 2x[0,7] — Ey
is called a forward mild solution to problem (EZ) if it belongs to the space
LP(£2; C(]0,T]; Ep)) for some p > 2, and if for all ¢ € [0, T,

u(t) = S(t,0)ug —l—/o S(t,s)F(s,u(s)) ds +/0 S(t, s)B(s,u(s)) dW™(s).

Already in Chapter B the notion of forward mild solution was introduced, see
Theorem B2 and the discussion following the theorem. There we have only
considered the case where G is independent of u, but one can always take
G = B(-,u(-)). In the above definition, however, no interpolation spaces are
considered. In general, one cannot compare this forward mild solution with the
pathwise mild solution, as identity (BEZ3) may not be well defined. However,
if A(t,w) and A*(t,w) satisfy the conditions of Chapter B ([HI] - [H4], [HEF],
[HB]), then a forward mild solution is always a pathwise mild solution.

Definition 6.31. A strongly measurable and adapted process v : 2x[0,7] — Ey
is called a weak solution to problem (BEZZ) if it belongs to L?(§2; C([0,T]; Ep))
for some p > 2, and if for all z* € E¥,t € [0,T],

t

(ult), ") 5 = (0,2 + [ {A"(6)a" w5 s
0

+/0t<F(57u(5))7x*>E0,E5 ds

+/0t<B(SaU(S))’w*>Eo,E3 W (s).

Proposition 6.32. Assume hypotheses - [&3) If w is a mild solution,
then it is a weak solution.

Proof. By the assumptions, we have that B(-,u(-)) € LE({2
Consider a sequence (By,)n>1 C -7, such that B,, — B in LP({2
Then, by definition of J given in (EB611), we have

x [0, T}~ (H, E)).
X  E)

-
(0, T];~(H, E)).

t

/0 S(t,s)B(s,u(s)) dW™(s) = lim S(t,s)Bn(s) dW™(s).

n—oo 0

Set
W) = S(t,0)up + /O S(t, ) F (s, u(s)) ds + /0 S(t, $) By (s) AW (s),
and

w™™(t) = S(t,0)ug +/0 S(t,s)F(s,u(s)) ds

+m;/0 S(t,8) By (s)us(W(s 4+ 1/m) — W(s))u; ds.
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A straightforward computation leads to the equality
W () = S(E s)um(s) + / St ) F(ru(r) dr
+m i /t S(t,7) B (ryus (W (r + 1/m) — W (r))us dr.
=175
For z* € EY and x € Ey, we have

t
/ (x,S"(r,0) A" (r)a") gy By dr = (2, 5%(t,0)2" — 2%) g, By -

Hence for z* € E} we obtain

mZ/ / (Bn(o)ui(W(o +1/n) = W(a))u;, S*(r,0) A" (r)x*) gy, Ez dr do
i=17s Jo
= mZ/ (Bn(o)ui(W(o +1/n) — W(0o))ui, S*(t,0)x" — 2*) g, 5z do
i=1"°%

= (u™™(1), 2%) — (S(t, $)u™™(s), 2¥) — < / t S(t, ) F(r, u(r)) dr, x>

-m Z/ (B (r)u; (W (r + 1/n) — W (r))uz, z*) dr.
- (6.7.2)

On the other hand, using Fubini’s theorem twice, the top term of (EZ32) equals
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mz/s / W(o +1/n) — W(0))us, 8*(r.0) A" (r)2°) 5, 5 dr do

= mZ/ / S(r,o0)B W(o+1/n) — W(o))u; do, A*(T)J:*>EOE8 dr

= / <u" m(r) = S(r, s)u™™(s) — /ST S(r,o)F(o,u(0)) do, A*(r)a:*> dr

S Eo,Eg
t

- / (W), A ()2 gy s dr — / (S(r, $)um™(s), A" (1) 5, s dr

S

_ / t < / " 5(r, 0)F (0, u(0)) do, A*(r)x*>EoyE5 dr

-/ ), A ) i dr — (S(E SW(), 2
60 ey~ [ (8000 Flou(0), A 00 do

-/ ), A () i dr — (S(E SW(),2)
(.0 ez — [ (S(t,0)F(o, (o)), 2" iy

+/ <F(0’,u(0’)),$*>EO7E$ do.
s (6.7.3)

If we compare the last term of (B272) with the last term of (E273), we obtain
¢
(u™™(t),2%) = (W™ (s),27) +/ (™™ (r), A*(r)a") gy, 5 dr
t
+ / <F(U7u(0))7$*>Eo,Eg do
S
+m Z/ (B (P)us (W (r -+ 1/n) — W(r))us, o) dr
If we write

then we obtain

ey x*)—/ (A* (1) um) dr—/ (F(r, X(r)), ") dr
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+/o S(t, ) Ba(s) AW~ (s), 4" (6.7.4)
_</OSS(5 ) Bn(r) dW ™ (r)
_ Z /OS S(s,7) By (r)hi(W(r 4 1/m) — W (r))h; dr,:z:*> (6.7.5)

/:<A*(r):c*,/ors(7’ 0)Bn (o) dW™ (o)

_ Z / S(r,0)Bn(0)hi(W (o + 1/m) — W (o))h da> dr  (6.7.6)

—|—m2/ Wr +1/m) — W(r))hi, o) dr. (6.7.7)

We will show that the right hand side of the above equation converges as m — oo
0 <fst By (r) dW (r), x*> Note that the stochastic integral is an It6 integral.

By Corollary EZ3 with @ = 0, we obtain readily that (£74) and (EZZ3)
converge to zero almost surely, as m — oco. Moreover, (EE) converges to

<f: B, (r) dW(r), m*> as m — oco. With Holder’s inequality and the hypotheses

on A*, we can estimate the L!'-norm of (E221),

IE‘/: A*(r /Sra o) AW~ (o)

_ Z/ S(r,0)Bn(0)hi(W(o + LX) — W(0))h; do’> dr‘

/OTs<w> 2(0) AW (o)
Y [ 0B W (o + )~ Wioh do ar

The right hand side converges to zero, by Theorem E23 (2) and Remark ET2.
We obtain

(P, a*) = (ul2*) + / (A (), ) dr + / (F(r, X(r)), ") dr

+</:Bn(r) AW (), "),

<utvx*> = <ut - u?,a;*) + (uf,x*),

Again, writing

we have
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) — ) [ 20027 e [Pl )
={ /0 " S(t.5)(B(s,u(s)) — Bals,u(s)) AW (s),2") (6.7.8)
([ S @eue) - B av-e)a) 679
- / t< /0 T S(r,0)(B(0,u(c)) — Bu(o,u(o))) dW (),  (6.7.10)
A*(r)a*) dr
+( / ' Bu(rulr) AW (r).x).

By Corollary B23, it follows that (E278) and (E29) both converge to zero, almost
surely. By the hypotheses on A*, Holder’s inequality and Theorem B24, it follows
that (EZZI0) converges to zero in L!(§2). Finally, we also have

t
0

</:Bn(r,u(r)) AW (), ") %/ (B(s, u(s)), 2"} 5.5 AW (s).

as n — o0o. This proves the result. ([l

The following theorem states existence and uniqueness of mild solutions. Its
proof is similar to [E8, Theorem 5.4] and is therefore omitted.

Theorem 6.33. Assume hypotheses - [[AZ3). Then problem (EZ) has a
unique a forward mild solution.

6.8 Examples

6.8.1 Example 1

Let S be either R™ or a bounded domain in R™ with smooth boundary. Consider
the second order stochastic partial differential operator

n

A(ta S, (.d) = Z aij(t7 S7w)ala] + Z bi(ta S, w)a’t + C(tv S,(U),

i,j=1 i=1

where the coefficients a;;, b; and ¢ are all measurable from S x [0,T] x £2 — R.
Assume that for each s € S, a;;(s), b;(s) and c(s) are adapted random variables.
Assume that (a;;) is symmetric and that there exists a x > 0 such that

kHEPR < a;;(t, s,w)§;&; < K|€]2, seR" tel0,T], £ €R"
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Also assume that the coefficients are continuous and uniformly bounded in S x
[0, 77, and they verify the following Hélder condition: there exists a K > 0 and
an « > 0 such that for all 5,5’ € S, t,t' € [0,T],

laij(t,s) —ai;(t',s")| < K(|s" = s|* + |t/ — t|0‘/2)7
|bi(tvs) - bi(t’8/)| < K(lsl - S‘a)a
elt, ) — elt, )] < K(|s' — s])°

We assume that a,;(¢,-) is continuously differentiable with uniformly bounded
partial derivatives. Regarding Malliavin differentiability, we assume that for each
(t,s), aij(t,s), 0;a;j(t, s),bi(t,s) and c(t, s) are all in D', p > 2. Moreover, the
norm of the derivatives

[1Dag;(t, s)| a1, [1D(Dsais (¢, 8)) || 11, ([ Dbi(E, 5) || 1, | De(ts )|

regarded as elements in LP(§2; L?(0,T)), are bounded by a nonnegative process
@ € LP(£2; L*(0,T)). Finally, we assume that there exists a C' > 0 such that for
allw e 2, r € [0,7T),

> sup 1Dk ais (£, )2+ Dt (Drais (1 ) P+ DEbilt, )P+ Dite(t, 5)|?) < C.
1 t,s

Consider the stochastic partial differential equation

du(t,s) = (A(t,s,w)u(t,s) + f(t, s, u(t,s))) dt
+ g(t,s,u(t,s))dW(t,s), t € (0,T], s€ S,
u(0,8) = up(s), s € S.

Here, f, g and W satisfy the same hypotheses as in Example BZ30. As in Example
B30, the stochastic partial differential equation can be rewritten to a stochastic
evolution equation, where A(t,w) is a closed linear operator on LP(S), p > 2.
By [B3, Proposition 6.7], there exists a random evolution system S(¢, s) verifying
(H) and such that [AT] holds. Also in BZ30 it is proved that [AZ] and [A-3]
hold. Hence we obtain the following result.

Theorem 6.34. Let ¢ > 2,p > 2 and ug : 2 — LP(S) be Fy-measurable. There
exists a unique forward mild solution w € L1(£2;C([0,T7]; LP(S))).

6.8.2 Example 2

Let Ey, E; be Banach spaces such that E; C Ej is dense. In this example,
we consider problem (BEZ71) where the drift A = A(t,w) is given by the linear
operator

At,w) = Z a;(t,w)Bj,
j=1



6.8 EXAMPLES 163

where B; € Z(E4, Ey), and a; are L°°(0,T)-valued smooth random variables of
the form

aj =Y fu(W(hE),...,W(hE)) @ ¢
k=1

such that f, € C2°(R™) and h! € C([0,T]) ® H) and ¢; € L=(0,T). A special
case is the situation A(t,w) = szzl a;;(t,w)D;D;.

We assume that A : [0,7] x 2 — Z(E1, Ep) is uniformly bounded with
bound M, strongly measurable and adapted. Set

o =To{A(t,w);t € [0,T],w € 2}.
Let 6 € (w/2,7) and
Yo={AeC: |arg )| < 6}.

Let us impose the following assumptions on the drift:

(A1) For all B € &, one has
Lo U{0} C p(B),

and

M
R(M\, B < —
H ( ) )Hf(Eo)—|A|+17
(A2) There exists a constant ¢ > 1 such that for all x € F; and all By, By € 7,

1Bz gy < cllBa|| .

(A3) There are A, u € Xy U {0} such that for all By, By € &7, one has

R(A, B1)R(p, B2) = R(p, B2)R(A, By).

The following lemma concerns differentiability of the resolvent.

Lemma 6.35. Let A\ € Xy U{0}. Consider a map B : [0,T] — Z(E1, Ey), such
that ||R(A, B(t))|| < I/\I% for all t € [0,T). If B is differentiable in [0,T], then
R(\, B) is differentiable in [0,T], and

%R(A, B(t)) = R(\, B(t))B'(t)R(\, B(t)).

Proof. First observe that
R\ B(t+h)) — R(A\,B(t)) = R(A\, B(t+ h))(B(t + h) — B(t))R(A, B(t)).
It follows that R(A\, B(t + h)) — R(X, B(t)) as h — 0. Consequently,

B(t+ h) — B(t)
h

lim R\, B(t + h)) R(X\, B(t)) = RO\, B(t))B'(H)R(), B(t)).

O
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For B € & and t > 0, the operator e'? : Ey — Ej is defined by

1
etB / e R(\, B) d),
Y.

" 2mi

where 7, ,, 7 > 0 and n € (7/2,0), is the counter-clockwise oriented curve given
by

Ve ={ANE€C: |argA| =n, [A| >r}U{AeC: [N =r, —p<arg) <n}.

For t = 0 we set e!® =TI on Ej.

The operator !B satisfies the fundamental properties of the exponential func-
tion: it is well-known that one has £e'® = Be'P (see [[3, Proposition 2.1.1]).
Moreover, given s,t € R, one can apply this to the function f : [0,1] — Z(Ep)

given by
f(T') — er(tB1+ng)€(17r)tBl6(177‘)532’

and obtain - f(r) = 0. Here, we have used (A3). It follows that f is constant,
and in particular f(0) = f(1). The last observation implies e!P1+5B2 = ¢tBigsBz,
By Cauchy’s differentiation formula, i.e.,

T omi

n! f\)
f"@) = o / e
Yoo ()\ _ a)n+1
applied to the function f(z) = e* and with z = ¢B, one obtains

|
¢'B — fm(1B) = l/ AR B AN, neN
271 Yo

Next, we define Ay := i fst A(r) dr for 0 < s <t <T. Note that Ay € «.
Set
S(t,s) = elt==)Ast,

with S(¢,t) = I. Recall that A := {(s,t) € [0,T]%; s < t.}.

Lemma 6.36. The operator S : A x 2 — Z(Ey) is uniformly bounded: there
exists an M > 0 such that for all s <t and w € 2, ||S(t,s)|| < M.

Proof. Consider the counterclockwise oriented curve v, in C, where v, , =
71 U7 Uvs and

7= {pe™", —oo < p <},

v = {re', —n<a <},

5 i= {pe, r < p < oo}
By Cauchy’s theorem, it follows that

1

1
— [ TR\ Ay) dr = —— / e "AR(N, Ay) dA.
2mi Ty,

Yr,m ™
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The integral is independent of r > 0. Set 7 = 1~ and substitute = A(t — s) to
obtain
1 (t—s)A 1 x T
S(t,s) = — e R\ Ag) dN = — e"R(:%, Ast)
Yrm Y

21 27y J,
1,n

A straightforward calculation leads to the estimate

1 o M 1 [ M
S(t < - T d = s — _da) =M
| (’S)”_w(/l ¢ p+(t—s) p+2/ne 14+ (t—s) a)
(Il

Proposition 6.37. The map S : Ax 2 — £(Ey), is a random evolution system
as in Definition BZ1. Moreover, A(t) is its generator. In fact, we have

1. £5(t,s) = A(t)S(t,s), t > s, on Ey
2. L5(t,s) = —S(t,s)A(s), t > s, on E;
3. A(t)S(t,s) = S(t, s)A(t) and A(s)S(t,s) = S(t,s)A(s), on Ej.

Proof. The facts that S(z) : A x 2 — E is measurable, and that S(t,s) is
strongly %#;-measurable, follow from the assumption that A is strongly measur-
able and adapted.
Note that for r < s <t we have (t — s)Ag + (s —7)A,s = (t — 1) A,5. Hence by
the properties of the exponential, S(t,s)S(s,r) = S(¢,r).
Before we prove strong continuity of S(¢, s), we first prove the above three prop-
erties. For this, note that the map f : (s,t) — (¢t — s)As is differentiable a.e.
for t > s, in both variables, and < f(s,t) = A(t), < f(s,t) = —A(s). Again from
the properties of the exponential function, it follows that S(¢, s) is differentiable
a.e., in both parameters. In particular, £S5(t,s) = A(t)S(t,s) and LS5(t,s) =
—S(t,s)A(s). Moreover, by assumption (A3) we obtain A(t)S(t,s) = S(¢,s)A(?)
and A(s)S(t,s) = S(t, s)A(s).

For the strong continuity, let z € E;. Fix s € [0,T] and suppose t,, . t. Then,
by Lemma G338,

t'n/
< M/ IA()z| dr — 0,
t

1 (tn, 5)z = S(t,5)al| = | /t " AG)S(r, ) dr /t " S A dr

as n — oo. Similarly, as ¢, 1 ¢, we obtain S(¢,, s)x — S(t, s)x, in Ey. A similar
computation shows that if ¢ is fixed and s,, — s, then S(¢,s,)z — S(t,s)z as
n — oo. Combining both results, we can use the triangle inequality to obtain
1S (tn, sn)x — S(t, s)z|| — 0, whenever (t,,s,) — (t,s) € A for all z € Ey. By
density, the same result holds for general x € Fj. O

Remark 6.58. By [B3, Theorem 6.22], we can conclude that the adjoint A*(¢,w)

satisfies (A1) - (A3), but with &7* instead of «/. Following the proof of Propo-
sition B37 therefore leads to the conclusion that 4 S(t, s)* = S(t, s)* A(t)*.
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Now let us prove the following results on Malliavin differentiability of the
resolvent. We start with the bounded case, Lemma (E239), from which the un-
bounded case, Theorem 620, will follow.

Lemma 6.39. Suppose B : 2 — ZL(Ey) is a uniformly bounded random vari-
able. Moreover, assume that X9 U{0} C p(B) and assume there exists an M >0
such that for all A € Xy U{0} and w € 2, |[R(\, B)|| < M. If B € D2?(Z(Ey))
such that 9B € LP(Q;v(H#, L (Ey))), then R(\,B) € DYP(ZL(Ey)) for each
A € Xy U{0} and in that case we have

PR(\, B) = R(\, B)(2B)R(\, B). (6.8.2)
Proof. Let A € Xy U {0} be so big, that max,, ||B(w)| < |A|. Then we have
1« B"
By=->» —.
) A Z A™
n=0
Define Ry (A, B) = %Z 0 f— By a Banach valued extension of [B8, Lemma
2.5] it follows that Ry(\, B) € DLP(Z(Ep)). In particular, we have
n—1 . )
2(B")=>_ B'(2B)B""'"".
=0

Fix x € Ey. Note that Ry (A, B)x — R(X, B)x in LP({2; Ey), as k — oo. Moreover,
observe that pointwise in w,

ID(B™@)|| 5, < 1l Bl 10| 7Bl 2 (8o)) 2]l 5o -
It follows that for k& > m,

12 Blly(se.2(E0) Bl (55) \ "
— < )
1D(Rk2) = D(Rm)]| < 27505 §j( )

which converges to 0 as k,m — oo. Hence, by closedness of D, it follows
that R(\,B)x € D'P(Ep). A similar computation shows that ZR()\, B) €
L2($2; L(Eg,v(4, Ep))). Hence R(A, B) € ID)“’(,,?(EO))

Next, by assumption we have m > M for all u € Xy U {0}. Therefore,
given |A| € Xp U {0} such that max,, || B(w)| < |A|, for any pu € C that is within
a ball of radius ﬁ around A, one can write

R, B) = 3 (0= w)" RO\ B,

n=0

By closedness, one concludes that R(u, B) € D}P(Z(Ey) for such u. One can
repeat the above strategy to obtain R(u, B) € DLP(Z(Ep)) for all 4 € X9 U{0}.
Finally, identity (E£832) follows from the product rule

0=2(R(\,B)(A\ - B)) = (Z2R(\, B))(A — B) + R(\, B)(Z(A - B)),
by applying R(A, B) on the right side in the above equation. O
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Theorem 6.40. Assume (A1) - (A3), and suppose B : 2 — ZL(Ey, Ey) is
such that B € & almost surely. If B € DY (¥ (E1, Ey)) such that 9B €
LP(2;v(, £ (E1, Ey))), then R(\, B) € DYP(L(Ey)) for each A € Xy U {0}.
Moreover, (B283) holds.

Proof. Consider the Yosida approximation Bj,(w) := nB(w)R(n, B(@)), where
w € {2 is kept fixed. We will show that B,, satisfies all properties from Lemma
BE334. First of all, note that B,, : 2 — Z(Ey) is uniformly bounded: indeed, we

have
| Bn(w)|| = [[nB(w)R(n, Bw))|| < C|[nB(@)R(n, B(®))|

_ n?M
= C|n?R(n, B@)) — nl| < c(n =+ n)

Second of all, we have B,, € D}P(Z(Ey)). Indeed, for any = € E we have
R(n, B(w))x =: y € E1, and hence B,,x = nBy belongs to DV'?(Ey). Also, 2B,, €
L2($2; L (Eo,v(H, Ey))). Moreover, from 2B € LP(2;v(, £ (E1, Eyp))) it fol-
lows readily that 2B,, € LP(2;~(,. £ (Eyp))).

Next, we will show that Xy U {0} C p(B,,). For that, observe that

A= B, = (\n —nB — AB(®@))R(n, B(@)). (6.8.3)

Hence A € p(B,,) if and only if A € p(B+2 B(w)). Fix A € £yU{0}. The operator
B:= %B(E) is B — bounded, i.e.,

|1Bz|| < c&Ba|, xeB

where ¢ is the constant from (A2). By [E, Lemma III.2.6], for n large enough,
Y9 U{0} C p(B + 2B(w)), and the estimate

- 1
|R(11, B+ 2B(@))| 2(5o) < mHR(#a B)|l 2 (&) p € X U {0},

holds. In particular, Xy U {0} C p(By).
Since the domain of B + %B (W) equals Ey, we have

lzllz, < Cllzlz, + (B + 5 B@))llz,).
It follows that for p € Xy U {0},
|1, B + 2B@)) . 2(50,50) < CIR(u B + 2B@)) () +C) < €', (634)

where C,C" are constants depending on M. Put u = A € Xy U {0} and use
identity (E83) and inequality (EXd) to obtain

L\in— B@)RO\ B 4 An

IR\, Byl 2(50) = EH @) lz(E0)

C/
< —ln = Bllz @, 5 < C,
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with C’ independent of n. Consequently, we can apply Lemma to B,. We
conclude that for every A € p(B), there exists an N € N, such that for all n > N
A€ p(By) and ||R(\, By)|| < C.

We will show that R(\, B,) — R(A, B) for all A € p(B). Choose A € p(B),
N € N such that |R(\, By,)|| < C for all n > N, and choose « € E; arbitrarily.
For n > N, set y, := (A — Bp)z and y := (A — B)z. Then by the triangle
inequality,
Observe that ||y — ynllg, = ||Bx — Brz|lg, — 0, and hence ||R(\, B,)y —
R(\, B)y|| — 0, as n — 0. Also, {(A—B)z; x € E1} is dense in Ey, since A— B is
surjective. By an approximation argument, it follows that R(\, B,,) — R(\, B).

Finally, it follows that for every x € Ey, R(\,B)r € D" (Ey). Indeed,
R(\, B,)x — R(\,B)x in Ey, where R(\, B,)x € DVP(Ey) by Lemma B39
Moreover, by (E&3), one obtains D(R(A, B,)x) — R(\, B)(2B)R(\, B)z. The
result now follows from the closedness of the operator D. O

Theorem 6.41. The evolution system S(t, s) satisfies hypothesis (H1) - (H3).

Proof. Observe that A(t) € DLP(Z(FEi,Ep)). Also under the assumptions
one can apply Hille’s theorem to obtain Ay € DLP(Z(E4, Ep)). Moreover,
DAg € LP(2;v(H, L (F1,Ep))). Hence Theorem EZD yields DR(\, Agt) =
D(Ag)R(M\, Agi)?. A computation similar to (EX), (EX), proves that A —
et=APR(\, Ag) is Bochner integrable on ~r.n. Therefore, another application
of Hille’s theorem yields S(¢,s) is Malliavin differentiable, in the strong sense,
with

P5(t,5) = 5 / CCNGR(, Ay) dA
YIW]
’an
* (6.8.5)
e RN, Ay ) (ZAs)R(N, Agy)dA

Yron

1
T oM

By construction of A(r), we have D(A(r)) and consequently 25(t, s) belong to
LP(§2; L*(0,T5~(H, £ (Ev))))-
Finally, we prove (E2). By Lemma B33, it suffices to show

t
sup E/ 28(t,s)||P < 0.
2w 8 19018 s
This can be done by estimating the integral in (E83) with straightforward com-
plex integration techniques.

Finally, by construction of A(t), we see that 25(t, s)(s) is well-defined for
all s € [0,t], and (H2) readily follows. Also (H3) follows by the assumptions on
A(t). O
Theorem 6.42. If F' and B satisfy (A.2) and (A.3), respectively, then problem
=72 admits a unique weak solution.

Proof. By Remark and the assumptions on A, (A.1) is satisfied. The result
then follows from Proposition E32 and BZ33. O
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6.9 Appendix: Two technical lemmas

Here, we prove two technical results that are needed in Theorem BE=Z2. Recall
that (P(t))¢>0 is the Ornstein-Uhlenbeck semigroup on LP(§2; X).

Lemma 6.43. Let S(t,s) be a random evolution system satisfying (H), and let
Ge.s. Letp>2and a € (%, %) Consider Y, B and Fy, as in (E23), (E54)
and (BB), respectively. There exists a sequence (T;);>1 with 7; 1 0 as i — oo,
such that for all s <t and all i,

B [ (s PaY (8), DUFp (P B 0)) s dr
0
< CE [ IBO DI IV | [ € =n78a)Go) av= (o) dr
(6.9.1)

Proof. First note that for any r € [0, s], we can apply the chain rule [IT2, Propo-
sition 3.8] to rewrite

n<1[r,r+1/n]P‘rY(t, ')’ D(Flgm(PTB(Ta t)))>Tr
= <\/ﬁl[r,r+l/n]P‘rY(tv ')v \/'EFIQ/m(PTB(n t))(l[r,r+l/n]D(P‘rB(Ta t)))>Tr

By (E33), we can write B(s,t) = S(t,s) [;(t — 0)7*S(s,0)G(0) AW~ (o). It
follows that for any h € H, using Lemma B2,

(\/ﬁl[r,r-l-l/n]D(P‘rB(Ta t)))h

- D(PTS(t,r)(/OT(t — )" *S(r,0)G(0) dW‘(O)))(\/ﬁlwﬂ/n]h)
_ e—TpT@\/ﬁllr,rﬂ/n]hS(t,r)(/r(t —0)"*S(r,0)G(o) dW_(O')>.

From (H1) we have that \/nl s11/,)D(P(7)B(s)) belongs to v(0,T; H, X ), and
we may write

(\/ﬁl[r,rJrl/n]D(PTB(Ta t))>h
T
= /0 \/ﬁl[r,r-&-l/n] (p)eiTPT.@pS(t,T)

< ( /O "t — 0)28(r,0)G(0) AW~ (0)) h(p) dp.

Therefore, with the properties of Fy,,, (E62), we estimate
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efT]En/ (1[T7T+1/n]PTY(t, ), D(F{,,,(P;B(r,t))))1: ds
0

SOEAHRMnM?wWﬂWHMRY@NMﬁm

X ||\/’r>l]_[7.7.,«+1/n]D(P‘rB(r’ t))H'Y(%»X)

s ) r+1/n )
<CE [Pl (n [ IPY (o) ) do)

T'-‘r%
(o
r

SCE/HRBmw%”
0

1/2

1/2

PTQPS(t,r)( /O "t = 0)28(r, 0)G(0) dW—(o—)) Hj dp)

\PrY (&, ) |y, x) |1 Pr D™ S (1) ||y (11,2 (x))

X “ /Or(t — 0)"8(r, 0)G(0) dW*(a)HX dr
(6.9.2)

Recall that P(7)¢ — ¢ in L(2; X) for all ¢ € [1,00) as 7 | 0. Therefore, we can
find a sequence (7;)2, with 7; | 0 as i — oo such that almost surely,

127 Br, )15 1P Y (7)o, x) | Pro D™ S (8, 7) a1, 200

S 5 (6.9.3)
|B(r, t)]|% 2||Y(t7r)||7(H,X)||D S, )y (m,2x))-

_)

Suppose p1, 2,3, P4 € (1,00) is such that p% + p% + p% + p% = 1. Since P(7) is
a contraction on L?(2; X) for all ¢ € [1,0), we have by (EX3) and hypothesis
(H3),

E/O 1P B(r, )15 21 PrY (8 7) |y 1,30 1P D™ S () (a1, 22

X

/0 (t —0)~S(r,0)G (o) dW (o) _dr

SC/XMBmmw*Wﬁﬂmwwmww%
0

1
P4 P4
) dr

< C/OS(E|B(7", t)[| P2y o
x (| /0 (= 0)°8(r,0)G(0) aw=@)[") ) dr (6.9.4)

Note that for r € [0, s], by Corollary EZ3 one has
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1
174)1,4

— (EH /Or(t —0)"*S(r,0)G(0) dW (o)

(g /O (t = 0) 0 S(r, 0)G(o) AW (o)

m) 2 (6.9.5)

+ (]EH /Or(t — o) k; D= S(r,0)huG (o) dcer4> e

If we let ¢ > 1 be so small that 2ga < 1 and let ¢’ be its Holder conjugate, then
from Meyer’s inequalities,

pa

E /Or(t — 0)S(r, 0)G(0) dW (o)

P4
2

<B( [ (1= IS0 0)GO) B x) o)

P4
2

<E( [ =) 2D GO 1) )

< C+E((/Or(t — o) do)l/q(/or ID(S(r,0)G(r))|2¢ da)w) <c

(6.9.6)
Moreover, from Lemma BEZ2 we obtain
EH / (t=0)™" > D=S(r,0)urG(o)us daHp4
0 E>1
' @ - 28
< E(/ (t = o) [ D7S(r, o)y, 2x) |G (@)l m,x) dg) <c
0
(6.9.7)

1

One can obtain a similar estimate for (E||B(r,t)||P=2P1)?1 r € [0, s], yielding
boundedness of (E94). Together with observation (E93) we can conclude with
the dominated convergence theorem, that along a sequence (7;)$2; with 7; | 0 as
i — 0o we obtain

S
Jim E/O 1P, B(r )52 PrY (6, 7) |y a1,30) | Pr D™ S (1) 1,2

X

‘ /OT(t — 0)"*S(r,0)G(0) dW‘(g)HX dr
- E/OS IB(r, )% 1Y (1) o, x) 1D ™S E 7)oy (1,2 (30
X H /Or(t —0) *S(r,0)G(0) dW*(g)HX dr

Hence there exists a subsequence which we denote again by (7;)$2,, such that
for all 4 € N, (EX) holds. O
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Lemma 6.44. Let S(t,s) be a random evolution system satisfying (H), and let
Ge Sy Letp>2anda € (%}, %) Consider Y, B and Fy,, as in (63), (654)
and (BB), respectively. For every sequence (7;)$2, such that 7; 1 0 as i — oo,
there exists a subsequence, also denoted by (7;);>1, such that for all s <t and
all 1,

s r+1/n
En/ </ P.(D"Y(t,)(o) do, F,;m(PTB(r,t))> dr
0 T
< CE [ (4= 1600w | B0 dr.
Proof. Observe that, almost surely, we have
s r+1/n
n / < / P.(D~Y(t,0)) do, F,;m(PTB(r,t))> dr
0 T
—>/ (P-.(D~Y(t,7)), F},,(P-B(r,t)) dr,
0

as n — oo. Estimations similar to (293), (E09M) and (E°4) yield boundedness of
| B(r,t)||Lr (o) for all » € [0,]. From (EG2) and the fact that P; is a contraction
on LP(£2; X), we obtain

]En/09</:+1/n P(D"Y(t.0)) do Fl (P B(r,1)) ) dr
</ (g / T e (v ol ")? @16 017) dr

o[

Furthermore, by hypothesis (H3c), and Minkowski’s inequality,

/TT—H/” P, (D7Y(t,0)) dO’Hp)% dr.

=

(EH /r+1/n PADY(t,0) dO'Hp)% < n/r+1/n (EHD*Y(t’ O-)”P) "

r+1/n
< Cn/ (t—0) "1 y(0) do=C(nl_ 1 o* w)(r),

-2,

where ¢4(0) = 19 4(0)(t — o) ™. By Young’s inequality,

C/S(EH/THM P.(D"Y(t,0)) do”p)% dr
0 T
< OnLin0) * @il < Cllgellr < C.

By the dominated convergence theorem, one can conclude that
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s r+1/n
lim IEn/ </ P.(D"Y(t,0)) do, .. (P, B(r, t))> dr
n— oo 0 r

= ]E/S<PT(D7Y(t,r)),F,;m(PTB(r, t)) dr,
0

hence in particular, for n large enough,

s r+1/n
En /O < / P.(D"Y(t,0)) do, F,;m(pTB(r,t))> dr cos)

< CE [ IPAD™Y () w0 P B0
For every £ € LI(£2; X), q € [1,00) , we have P(1)€§ — £ in L9(£2; X) as 7 | 0.
Hence, given a sequence (7;)$2,, with 7; | 0 as ¢ — oo, we can find a subsequence,
denoted again by (7;)52,, such that P(7;)§ — ¢ almost surely. By a similar

dominated convergence argument as above, one can find yet another subsequence
(7;)52, such that for all i,

E / IPDY (b, ) 0 | Pr B )T . ds
t
< CE / (t = 1)1~ St ) it |G . | BE) [P dr
t
< CE / (t = 1) NG o) | B[P dr.

This estimate combined with (CIH) yields the desired result. O






Summary

In this thesis we study stochastic evolution equations in Banach spaces. We re-
strict ourselves to the two following cases. First, we consider equations in which
the drift is a closed linear operator that depends on time and is random. Such
equations occur as mathematical models in for instance mathematical finance
and filtration theory. Second, we restrict ourselves to UMD Banach spaces with
type 2. As the theory of It6 stochastic integration is insufficient for studying
equations of this general type, we need to have a proper understanding of sev-
eral extensions to the It6 integral. Two of such extensions that are considered
rigorously in this thesis are the Skorohod integral and the forward integral.

In Chapter B we study Malliavin calculus, the theory that is the basis for
Skorohod integration. The main result in this chapter is It6’s formula for Sko-
rohod integration in Banach spaces. It0’s formula is one of the most important
results in stochastic integration theory, and it gives in some cases the possibility
to explicitly solve stochastic differential equations.

The Skorohod integral lacks a property that most other integrals, like the
Lebesgue integral and the It6 integral, have. This being the property that pro-
cesses that are integrable on an interval [a, b] are also integrable on any subinter-
val [¢,d] C [a,b]. Fortunately, there exists a large class of processes, namely the
space of Malliavin differentiable processes D'2(L?(0,T)), for which this prop-
erty does hold. In chapter B we construct a stochastic process that is Skorohod
integrable on [0, 1], but which is not Skorohod integrable on [0,1/2].

In chapter B we study stochastic evolution equations of the form

{du(t) = (A(yu(t) + F(t,u(0) dt + Blu(®) dW(D),  t€[0.T], gpp

u(0) = wuy,

where the drift A(t) is dependent on time and on the probability space, and sat-
isfies the (AT)-conditions by Acquistapace and Terreni. We define a new solution
concept, and show that being a solution is equivalent to being a weak solution,
forward mild solution or variational solution. Under the extra condition that one
of the constants from the (AT)-conditions is uniformly bounded with respect
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to the probability variable (this we call condition (UC)), we prove that there
exists a unique solution to problem (EEH). Furthermore, we prove that if one
of the (AT)-conditions is replaced by a slightly stronger condition, then with a
localization argument it is possible to obtain a unique solution to (EEH) without
condition (UC).

The stochastic integral appearing in the concept of a mild solution is a forward
integral. This integral is defined in Chapter B. It is a vector-valued extension to
the forward integral defined by Russo and Vallois [IIR]. We prove that also in
the vector-valued case, the forward integral is an extension to the Itd integral.
Furthermore, we show that the sequence that approximates the forward integral
does not only converge in probability pointwise in [0, 7], but even in probability
in the space W*P(0,T; E), where a € (0,1/2), p € [2,00) and where F is a
Banach space. This section can be read independently of the rest of Chapter B,
and is therefore also interesting for the reader who is interested in the forward
integral and not in problem (EEH).

In Chapter B we consider again equations of the form (SEH), but this time
without the (AT)-conditions. Here, we assume that the drift A(t) is the generator
of a random evolution system S(t,s)o<s<i<r that is Malliavin differentiable.
With the help of a relationship between the Skorohod integral and the forward
integral, we prove that for adapted smooth processes @ : 2 x [0,T] — (U, E),
the process s — S(t,5)P(s)1,4(s) is forward integrable. Moreover, we deduce
the maximal inequality

E( sup H/Ot S(t, s)d(s) dW*(s)HZ) SOE/OT@(S)H?;(M) ds, p>2.

te[0,T]

Furthermore, we give the solution concept of a weak solution and prove that
this concept is equivalent to a mild solution. Finally, we prove that there ex-
ists a unique mild solution to problem (EEH). We apply this to the stochastic
partial differential equation from Paragraph 6 in [B8] to prove the existence and
uniqueness of a weak solution under less assumptions than done in [B3)].



Samenvatting

In dit proefschrift bestuderen we stochastische evolutievergelijkingen in Ba-
nachruimten. We specialiseren ons hierbij op twee gebieden. Ten eerste bekijken
we vergelijkingen waarvan de drift-term een gesloten lineaire operator die zowel
afhankelijk is van de tijd als van de kansruimte. Vergelijkingen van deze vorm
komen voor als wiskundige modellen in bijvoorbeeld financiéle wiskunde en fil-
tertheorie. Ten tweede beperken we ons tot UMD Banachruimten met type 2.
Daar de Ito-theorie in de meeste gevallen tijdens het bestuderen van dit type
vergelijkingen onvoldoende is, is het zaak een goed begrip te hebben van de
verschillende uitbreidingen van de Ito-integraal. Twee uitbreidingen die in dit
proefschrift nauwkeurig worden beschouwd zijn de Skorohod-integraal en de
voorwaartse integraal.

In Hoofdstuk B wordt Malliavincalculus bestudeerd; de theorie die de basis
is voor Skorohod-integratie. Het hoofdresultaat in dit Hoofdstuk is It6’s formule
voor de Skorohod-integraal in UMD Banachruimten. It6’s formule is één van de
belangrijkste formules uit de theorie van stochastische differentiaalvergelijkingen,
en geeft bijvoorbeeld de mogelijkheid stochastische differentiaalvergelijkingen ex-
pliciet op te lossen.

De Skorohod-integraal mist een eigenschap die de meeste andere integralen,
waaronder de Lebesgue-integraal en de Ité-integraal, wel hebben. Deze eigen-
schap zegt dat een proces dat integreerbaar is op een interval [a,b], ook inte-
greerbaar is op een deelinterval [c, d] C [a, b]. Gelukkig bestaat er een rijke klasse
van processen, de ruimte van Malliavindifferentieerbare processen D*2(L2(0,T)),
waarop deze eigenschap wel geldt. In Hoofdstuk B construeren we een stochastisch
proces dat Skorohod-integreerbaar is op het interval [0, 1] maar niet op het deel-
interval [0,1/2].

In Hoofdstuk B bestuderen we stochastische evolutievergelijkingen van de
vorm

{ du(t) = (A(t)u(t) + F(t,u(t))) dt + B(t,u(t)) dW(t),  te[0,T],

u(0) = uo. (SEV)
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De niet-autonome drift A(¢), die ook afthangt van de kansparameter, voldoet in
dit Hoofdstuk aan de (AT)-condities van Acquistapace en Terreni. We definiéren
een nieuw oplossingsconcept en tonen aan dit concept equivalent is aan andere
concepten, zoals milde oplossing, variationele oplossing en zwakker oplossing. On-
der de extra aanname dat één van de constanten in de (AT)-condities uniform
begrensd is als functie van de kansvariabele (deze noemen we de (UC)-aanname),
bewijzen we dat probleem (EEM) een unieke oplossing heeft. Bovendien tonen
we aan dat indien één van de (AT)-condities wordt vervangen door een ietwat
sterkere conditie, het mogelijk is met een lokalisatie-argument een unieke oploss-
ing van (EEM) te construeren zonder aanname (UC).

De stochastische integraal die opduikt in het milde oplossingsbegrip uit
Hoofdstuk B is een voorwaartse integraal. Deze integraal definiéren we in Hoofd-
stuk B, en is een vectorwaardige uitbreiding op de bestaande definitie. We be-
wijzen daar dat ook in de vectorwaardige context de voorwaartse integraal een
uitbreiding is op de It6-integraal. Bovendien laten we zien dat de definiérende rij
processen die convergeert naar de voorwaartse integraal niet alleen in kans con-
vergeert voor alle ¢ € [0, T], maar zelfs in kans in de ruimte W*?(0,T; E), waar
a € (0,1/2), p € [2,00) en E een Banachruimte is. Deze sectie is onafhankelijk
van de rest van Hoofdstuk B, en daarmee ook interessant voor de lezer die wel
geinteresseerd is in de voorwaartse integraal maar niet in probleem (SEM).

In Hoofdstuk B beschouwen we opnieuw vergelijkingen van de vorm (SEM),
maar met andere aannamen dan de (AT)-condities. We nemen hier aan dat de
drift A(t) de generator is van een random evolutiesysteem S(t, $)o<s<i<7, Waar-
bij dit evolutiesysteem Malliavin-differentieerbaar is. Met behulp van een relatie
tussen de Skorohod-integraal en de voorwaartse integraal tonen we met Malli-
avincalculus aan, dat voor gladde en aangepaste processen @ : 2 x [0,T] —
(U, E), het proces s — S(t,s)®(s)1jo4(s) voorwaarts integreerbaar is. Boven-
dien hebben we de volgende maximaalafschatting

t , T
E sup’/St,s@s dW*s‘ SC’IE/ &(s)|IP ds, P> 2.
(te[om ‘ 0 (t, 5)8(s) ( )‘ E) 0 1 )||7(U7E)

Verder geven we het oplossingsconcept van zwakke oplossing, en tonen aan dat dit
concept equivalent is aan het concept van milde oplossing. Bovendien bewijzen we
dat (SEM) een unieke milde oplossing heeft. We passen dit toe op de stochastische
partiéle differentiaalvergelijking uit Paragraaf 6 van [B3] om het bestaan van een
unieke zwakke oplossing te bewijzen, onder minder aannamen dan die in [B3].
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