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The acoustic absorption of a porous structure within a specific frequency range can be tuned by varying its
porosity along its thickness. In this work, triply periodic minimal surfaces (TPMS) are employed to generate
graded porous structures, where the continuous porosity gradient is controlled by a mathematical function
involving geometric parameters. A hybrid homogenization technique, combined with the transfer matrix method
(TMM), is used to predict the normal incidence absorption coefficient of the graded TPMS structure. The porosity
distribution along the thickness is then optimized using a global search method combined with a local gradient-

based solver to maximize acoustic absorption within a target frequency range. The optimization results suggest
that a combination of high- and low-porosity layers achieves broadband impedance matching conditions by
shifting the so-called quarter-wavelength resonance frequencies. The design of the TPMS absorbers is validated
through impedance tube measurements of 3D-printed samples.

1. Introduction

The interaction between the solid and fluid phases in porous ma-
terials leads to the dissipation of sound energy through viscous and
thermal effects [1]. Hence, the acoustic absorption of a porous ma-
terial largely depends on its microstructure [2]. Traditional porous
foams, with their highly random microstructures, often pose challenges
in controlling and predicting their sound absorption performance [3].
Recently, additive manufacturing techniques such as fused deposition
modeling (FDM) [4-71], stereolithography (SLA) [8,9], digital light pro-
cessing (DLP) [10,11] and selective laser melting (SLM) [10,12] have
been employed to produce innovative periodic porous materials formed
by the repetition of a unit cell. Researchers have proposed and real-
ized sound-absorbing periodic porous materials with different kinds of
unit cells, for instance, narrow tubes [13], structures made by the sub-
traction of spheres from cubic cells [4], orthogonal rods [5-7], plate
and truss lattices [14,15], Kelvin cells [10,16], cubic cells with channel-
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connected spherical pores [8,17], and triply periodic minimal surfaces
(TPMS) [9,12]. This enables the customization of the sound absorption
spectrum for various applications. A review of these 3D printed sound-
absorbing periodic structures can be found in Ref. [18].

The solid phase of a sound-absorbing porous material is often as-
sumed to be rigid, resulting in the material being modeled as an equiv-
alent fluid medium. Consequently, the macroscopic characterization of
the acoustic properties of the porous material involves determining an
effective density, p,(@), which accounts for inertial and viscous dissipa-
tion, and an effective bulk modulus, K,(w), which accounts for thermal
dissipation [19]. In the case of a periodic porous material, these macro-
scopic properties can be derived from boundary value problems at the
microscale over a representative elementary volume (REV) (in this case
the periodic unit cell) with the multiscale homogenization method [20].
A number of recent studies on periodic porous materials [4,6,20] numer-
ically calculate transport parameters from the REV with finite element
simulations. These transport parameters are then used as inputs for
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semi-phenomenological models such as the Johnson-Champoux-Allard-
Lafarge (JCAL) model [21-23] to obtain the effective density p,(w) and
effective bulk modulus K,(w).

Graded and multilayer structures are common ways to enhance the
broadband sound absorption [24,25]. A monotonically increasing air-
flow resistivity (or decreasing porosity) along the thickness of the porous
material is believed to improve the impedance matching of acoustic
absorbers with the surrounding medium [26]. A number of recent stud-
ies on 3D-printed periodic porous materials also tried to enhance and
broaden sound absorption spectrum through graded or multilayer struc-
tures [27-29]. These studies indicate that an even higher absorption
can be achieved with an alternating sequence of porous layers with
high and low airflow resistivity rather than a monotonic grading. Var-
ious numerical techniques, such as the transfer matrix method (TMM)
[26,29,30], Peano series [30,31], and wave-splitting techniques with
transfer Green’s functions [27,30], have been employed to model the
acoustic properties of such graded or multilayer porous materials.

In contrast to other geometries employed in periodic porous materi-
als, triply periodic minimal surfaces (TPMS) exhibit distinctive charac-
teristics. They are generated by mathematical functions with adjustable
parameters, enabling precise control and easy optimization of porosity
or periodicity at each position within the structures [32]. Unlike strut-
based lattice structures, TPMS structures have smooth surfaces, reduc-
ing stress concentrations and thereby enhancing mechanical properties
[33]. Moreover, the interconnected pores of TPMS structures result in
high surface-area-to-volume ratios [34], which is beneficial for sound
absorption. Such open-pore structures are suitable for additive manufac-
turing methods like powder- and resin-based techniques because their
design allows for the removal of excess material from the void spaces.
These unique attributes make TPMS particularly attractive for functional
applications, for instance, bone implants [35], heat sinks [36], chemical
microreactors [37], and acoustic absorbers [9].

The mechanical, thermal and mass transfer performance of TPMS
structures have been extensively researched in the recent years [34].
Nevertheless, the potential of TPMS structures as sound absorbers re-
mains to be explored. Early investigations into TPMS sound absorbers
primarily focused on impedance tube measurements of 3D printed sam-
ples [9,12]. Our recent study computationally characterized acoustic
properties of TPMS structures based on their unit cell geometry using a
bottom-up approach [38]. However, the optimization of TPMS porous
structures for broadband acoustic absorption has not been researched.
The aim of this paper is to use the highly tunable TPMS geometry as
a basis for the optimization of graded porous structures, in order to
reveal the relationship between the geometry parameters of the unit
cell, porosity-grading profile and the sound absorption spectrum. The
validity of the optimization is confirmed through impedance tube mea-
surements of 3D printed samples.

The paper is structured as follows: Section 2 provides an overview of
the design and analysis methods for TPMS absorbers. Section 3 describes
the modeling methods and presents the results of the parametric study
for uniform TPMS. Section 4 focuses on the modeling and optimization
of graded TPMS structures, including the optimization results. Section 5
presents and discusses experimental validation results. Finally, Section 6
summarizes the key findings of the study.

2. Overview of design and analysis methods

Fig. 1 illustrates the schematic representation of our work on opti-
mizing the porosity profile of triply periodic minimal surface (TPMS)
lattices. TPMS unit cells can have various forms, such as primitive,
diamond, gyroid [32,34]. In this work, we employ the primitive-type
cell, which is an isotropic unit cell with cubic symmetry. The primitive
type surface can be mathematically described by a level-set function
@p(x,y,2) [32]:

@p(x,y,2)= COS(%’[X) + COS(%”y) + COS(%”Z) =1(x,y,2), (€9)
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where d is the period in the x-, y-, z-directions in Cartesian coordi-
nates and is equal to the unit cell size. 7 on the right-hand side is the
isovalue, which determines the thickness of the solid frames of TPMS
structures. As shown in Fig. 1(a), at an isovalue of t = 0, the formula gen-
erates an isosurface that evenly divides the entire space into two equal
volumes. When ¢ # 0, the resulting isosurface is displaced inward or
outward from the zero-isovalue surface. By establishing the inequality
—t < qap(x, v,z) <t (for t > 0), the region between surfaces with iso-
values ¢ and —t is defined as a solid, forming what is known as a sheet
lattice [39]. Thus, by tuning the value of ¢, the porosity of TPMS struc-
tures ¢, defined as the ratio of the volume of air (V) to the total volume
of the unit cell (V)), i.e., ¢ =V, /V;, can be controlled. The relationship
between the isovalue ¢ and the porosity ¢ is shown in Fig. 1(b), and
Fig. 1(c) illustrates the change in shapes of a TPMS unit cell for differ-
ent porosity values of 50%, 70%, and 90%. Fig. 1(d) shows the acoustic
particle velocity and acoustic temperature in the fluid domain of a TPMS
cell. It can be seen that the acoustic particle velocity and acoustic tem-
perature tend to decrease significantly near the fluid-solid boundary
of TPMS. Additionally, the particle velocity gradient becomes steeper
within narrow constrictions of the TPMS geometry. These boundary
layer effects cause viscous and thermal dissipation, which are critical
mechanisms for acoustic absorption in porous materials.

A TPMS lattice structure with a uniform porosity ¢ and a layer thick-
ness L can be modeled as a homogeneous equivalent acoustic medium
of which wave propagation characteristics are governed by its effec-
tive density p, and effective bulk modulus K, calculated with the JCAL
model, as shown in Fig. 1(f). Although the sound absorption perfor-
mance of a TPMS structure with a uniform porosity is considerably good
as depicted in Fig. 1(e), the broadband absorption can be further im-
proved by the grading the porosity profile while maintaining the same
thickness. Fig. 1(g) illustrates the graded TPMS case, where the poros-
ity ¢ (range 50% - 90%) is varied along the thickness direction z of the
TPMS structure. The continuously graded structure can be discretized as
multilayers, where each stacked layer with thickness A L can be modeled
as an equivalent acoustic medium with effective properties determined
by its average porosity ¢;. Under plane wave incidence, acoustic prop-
erties of this multilayer system can be modeled with the transfer matrix
method (TMM). This modeling approach allows for the optimization of
the TPMS lattices for desired acoustic absorption simply by adjusting
the porosity of each layer. The acoustical modeling and optimization
methods will be presented in the following sections.

3. Characterization and parametric study of uniform TPMS
structures

In the subsection 3.1, the method to characterize uniform porosity
TPMS structures is introduced. Subsequently, the results of a parametric
study conducted for uniform TPMS structures with different geometric
parameters are presented in the subsection 3.2.

3.1. Equivalent fluid modeling

The solid frame of a sound-absorbing porous material is often as-
sumed to be rigid, resulting in the material being modeled as an equiva-
lent fluid medium [19]. Consequently, the macroscopic characterization
of the acoustic properties of the porous material involves determining
an effective density, p,(w), which accounts for inertial and viscous dissi-
pation, and an effective bulk modulus, K,(w), which accounts for ther-
mal dissipation [19]. In this work, we employ the Johnson-Champoux-
Allard-Lafarge (JCAL) model [21-23] to model the TPMS porous struc-
ture as a homogeneous medium with effective acoustic properties. The
JCAL model is one of most widely used semi-phenomenological mod-
els and can be applied to open-cell porous structures with non-uniform
pores without abrupt cross-sectional change. The JCAL model requires
six transport parameters to calculate the effective properties: the poros-
ity ¢, the high-frequency limit of the tortuosity a,, the static viscous
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Fig. 1. (a) Geometry of a triply periodic minimal surface (TPMS) unit cell with a period d and isovalue 7. (b) Porosity ¢ of a sheet TPMS unit cell as a function
of the isovalue ¢. (c) Shapes of sheet TPMS unit cells for different porosity values. (d) Viscous and thermal dissipation in TPMS unit cell. (¢) Comparison of sound
absorption coefficients between TPMS absorbers with uniform porosity 69.04% (black line) and those with a graded porosity profile along the thickness (red line).
The two configurations (uniform and graded porosities) have the same layer thickness. (f) TPMS absorber with uniform porosity and its equivalent acoustic model.
(g) TPMS absorber with a graded porosity profile along the thickness and its equivalent acoustic model.

Table 1

The properties of air at 20 °C.
Fluid properties Value
Density p, 1.2kg/m?

1.82 X 10°N - s/m?
2.6 x 1072 W/(m-K)

Dynamic viscosity n
Thermal conductivity x
Specific heat capacity C, 1006J/(kg - K)
Atmospheric pressure P, 101320 Pa
Specific heat ratio y 14

Speed of sound ¢ 343 m/s

permeability k, the static thermal permeability k!, the viscous charac-
teristic length A, and the thermal characteristic length A’. The effective
density p,(®) and bulk modulus K,(w) can be computed using the fol-
lowing expressions:

o dpywk3a2
pelay =" 1 1P [y 00 | @
¢ Jwpokode nPp2A?
yPo/ ¢
K, (0)= . -, €)
2
o S .4k6 Cppo®
y—@-D [1 e AT

where w denotes the angular frequency, p, the density of air, # the
dynamic viscosity, y the specific heat ratio, P, the atmospheric pressure,
C, the specific heat capacity, and  the thermal conductivity. The values
for properties of air are listed in Table 1.

The JCAL parameters can be obtained through numerical methods,
such as finite element simulations [4,6,20]. We used COMSOL Mul-
tiphysics 6.2 [40] to calculate three static boundary value problems
within the fluid (air) domain of a TPMS unit cell to obtain these param-
eters. These boundary value problems include the Stokes’ flow problem
(for the calculation of k), the electric conduction problem (a, and A),
and the Poisson’s problem (ké)). ¢ and A’ are directly calculated from
the TPMS geometry. The theory and COMSOL implementation details
can be found in the work by Zieliriski et al. [20].

As demonstrated in previous studies [4,27,29], JCAL parameters
can also be inversely calculated using impedance tube measurements
to incorporate the manufacturing effects such as surface roughness
and micro-porosity. However, as pointed out by Refs. [8,27], micro-
geometric defects are process- and device-dependent, therefore exper-
imental JCAL parameters have high uncertainty. For this reason, we
opted to calculate the JCAL parameters numerically rather than using
an experimental characterization method. These numerically calculated
parameters can serve as a reference for future experimental studies.

In our previous study [38], we presented the numerical calculation
results of the six transport parameters of primitive-type TPMS lattices
with three different unit cell sizes (d = 0.5 mm, 1 mm, 2 mm) and
9 different porosities ¢ (50%-90%, every 5%). The JCAL parameters
(ko, ké, A, N, ay) are normalized to the unit cell size d, specifically,
the viscous and thermal permeabilities k; and k6 (with unit mm?) are
divided by the square of the unit cell size d2, while the viscous and ther-
mal characteristic lengths A and A’ (with unit mm) are divided by the
unit cell size d. The high frequency limit of the tortuosity a, is an in-
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Fig. 2. JCAL parameters of TPMS with the unit cell size d = 1 mm, 2 mm, and 3 mm are plotted as a function of the porosity ¢ of the TPMS unit cell. (a) Static viscous
permeability k,, (b) static thermal permeability &/, (c) high-frequency limit of the tortuosity a,, (d) viscous characteristic length A, and (e) thermal characteristic
length A’. Note that the normalized values are the same as those for d = 1 mm, without dimensions.

herently dimensionless parameter, thus is not normalized. It was found
that, after normalization, JCAL parameters become identical for TPMS
with different unit cell sizes. Normalized parameters are independent of
the absolute size of the unit cell and depend only on porosity ¢. Fig. 2
shows the relationship between JCAL parameters (unit cell size d = 1
mm, 2 mm, 3 mm) and the porosity. When JCAL parameters are nor-
malized to the corresponding unit cell sizes, they yield the same values
as the JCAL parameters for d = 1 mm. The JCAL parameters increase
monotonically with porosity ¢, except for the high-frequency limit of
tortuosity a,,, which decreases monotonically with porosity. It is worth
highlighting that, based on this finding, (i) it is possible to obtain the
JCAL parameters for TPMS lattices of any size by performing simulations
with cells of just one size, and (ii) due to their monotonous increase or
decrease, the parameters for intermediate porosity values can be easily
obtained through interpolation and subsequently used in an optimiza-
tion process.

3.2. Parametric study of uniform TPMS structures

To investigate the influence of geometric parameters on the sound
absorption, we conducted parametric studies by changing the porosity
¢, the unit cell size d, and the total thickness L of the TPMS struc-
ture. By using Egs. (2) and (3), the wavenumber k and the characteristic
impedance z, of the equivalent fluid medium can be determined by

Po(w)
K (@)’

2(@) = Vo (@K, (). ®)

Then, for normally incident plane waves, the surface impedance Z at
z =L is calculated as

k(w)=w

4

Z () = —jz,(w) cot(k(w) L). ®)

With the surface impedance Z, we can subsequently deduce the
normal-incidence reflection coefficient R and the absorption coefficient
a as follows:

_ Z (@) = pocy
R@)= Z (@) + pocy ’ @
a(w)=1-|R)|*. ®)

Figs. 3(a), 3(b), and 3(c) show the reflection coefficients in the com-
plex frequency plane with respect to the geometric parameters: porosity
¢, unit cell size d, and TPMS lattice structure thickness L, respec-
tively. The reflection coefficients are plotted on a logarithmic scale as
101og,(| R|?), with the complex frequency f = f, +jf; as the input,

where the subscripts r and i denote the real and imaginary part, re-
spectively. The parameters used for the base figure of the reflection
coefficients throughout Figs. 3(a), 3(b), and 3(c) are ¢ = 70%, d =
1 mm, and L = 50 mm. Below the complex frequency plane graphs,
the corresponding absorption coefficients are presented in Figs. 3(d),
3(e), and 3(f).

The complex frequency plane analysis [41,42] is an effective method
for understanding the sound absorption mechanism. The reflection co-
efficients have pairs of poles and zeros, which are identified as dark
green (poles) and brown (zeros) areas in the graphs. In the absence of
losses, the poles and zeros are complex conjugate: poles have a nega-
tive imaginary part and zeros have a positive imaginary part. The zeros
in the graphs are associated to the so-called quarter-wavelength reso-
nances, where odd multiples of quarter-wavelength match the thickness
of an absorbing layer. When losses are introduced to the system, the
pole-zero pairs are shifted downwards in the complex frequency plane.
Ultimately, when the zeros are located on the real axis (f; = 0, in-
dicated as dashed black line on the graphs), total absorption a = 1
occurs. This phenomenon is known as impedance matching or the criti-
cal coupling condition. Thus, by examining the location of zeros in the
complex plane, we can easily determine if the system is underdamped
(zeros located above the real axis) or overdamped (below the real axis).
For instance, for the base configuration (¢ = 70%, d = 1 mm, and L
= 50 mm) used in the complex frequency plane analysis in Figs. 3(a),
3(b), and 3(c), the first resonance is slightly underdamped, the second
resonance leads to almost perfect absorption, and the third resonance is
slightly overdamped. This is translated into the absorption coefficients
(see the absorption coefficient graphs Figs. 3(d)-(f), black line) as the
first absorption peak value 0.9929, the second 0.9981, and the third
peak 0.9848.

Figs. 3(a) and 3(d) show the results when the porosity ¢ is varied
from 50% to 90%. The unit cell size d and the porous layer thickness L
are fixed to 1 mm and 50 mm, respectively. On the reflection coefficient
graph, the trajectories of zeros are plotted according to the change of the
porosity. As the porosity decreases, the air passages in the TPMS lattices
become narrower, increasing the losses of the system. This causes the
zeros of reflection coefficients to shift downwards on the complex plane.
Most of the trajectories of zeros cross the real axis when the porosity is
approximately 70%, which indicates that approximately 70% of porosity
is optimal to get the highest absorption for the considered configuration
(d = 1 mm and L = 50 mm). As the porosity deviates from 70%, the
zeros locate further away from the real axis, therefore resulting in lower
absorption coefficients compared to the 70% case. Note that the same
study can be conducted for larger unit cell sizes. In Section S1 of Supple-
mentary Information, we have include a parameter study for unit cell
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Fig. 3. Reflection coefficients in complex frequency plane of uniform-porosity TPMS structures for varied (a) porosity ¢, (b) unit cell size d, and (c) thickness L. (d),
(e), and (f) show absorption coefficients for each corresponding case (a), (b), and (c). The base figure in (a)-(c) used the parameters ¢p = 70%, d = 1 mm, and L =

50 mm. The open circles mark the trajectories of zeros.

sizes of d = 3 mm, 5 mm, and 7 mm. Generally, increasing the unit cell
size leads to lower optimal porosity values.

Additionally, as the porosity decreases, the zeros shift to lower
frequencies and become more closely spaced horizontally. This phe-
nomenon originates from the increase in the high-frequency limit of the
tortuosity a,, with the decrease of porosity (see Fig. 2(c)). Tortuosity is
a parameter that describes the complexity of the wave passage through
the material. A tortuosity value of 1 indicates a straight path, whereas
a tortuosity value of 2 means that the effective wave propagation path
is twice the length of the straight path. Consequently, the frequencies
corresponding to the quarter-wavelength resonances shift downwards
with the increase in tortuosity. For instance, if we compare the 90%
porosity and 50% porosity cases, the first resonance frequency of the
90% porosity case (a,, = 1.6172) is 1276 Hz, whereas that of the 50%
porosity (a,, = 3.2598) case is 582 Hz. The ratio between the tortuosi-
ties and the first resonance frequencies are similar, demonstrating the
direct relationship between increased tortuosity and lower resonance
frequencies.

In Figs. 3(b) and 3(e), the unit cell size d is changed from 0.5 mm to
3 mm, while the porosity ¢ and the porous layer thickness L are fixed
to 70% and 50 mm, respectively. From Fig. 3(b) we can see that the de-
creasing unit cell size shifts the zeros mainly vertically, which means
that the decrease of the unit cell size mainly contributes to the increase
of the loss of the system. When the porosity is fixed, the decrease of
the unit cell size results in the decrease of the size of the air passage
in the TPMS cells, which in turn increases the loss of the system simi-
lar to the case of Figs. 3(a) and 3(d). However, as the porosity is fixed,
the tortuosity a,, of the TPMS cell does not change. Therefore a rel-
atively smaller horizontal shift is observed compared to the Figs. 3(a)
and 3(d) case. Reducing the unit cell size from 3 mm enhances sound ab-
sorption, reaching highest absorption at quarter-wavelength resonances
when the unit cell size is 1 mm; however, further reduction introduces
excess losses, thereby diminishing absorption peaks.

In Figs. 3(c) and 3(f), the thickness of the TPMS layer L is changed
from 20 mm to 50 mm, while the porosity ¢ and the unit cell size d

are fixed to 70% and 1 mm, respectively. From Fig. 3(c) we can see
that changing the thickness mainly leads to the horizontal shift of the
zeros. When the thickness is increased, the location of zeros are closer
to each other, resulting in more quarter wavelength resonance peaks
in the shown frequency range. The locations of zeros also move down
slightly when the thickness is increased, meaning that addition of more
TPMS cells increases the losses of the system. The system reaches perfect
absorption at first resonance peak when the thickness is about 50 mm.

We can conclude from the parametric study that the quarter-
wavelength resonance frequencies and the corresponding absorption
coefficients of a uniform-porosity TPMS structure can be effectively
tuned by adjusting its geometric parameters. However, the absorption
peak frequencies lie far apart from each other due to the strong depen-
dence of the absorption mechanism on quarter-wavelength resonances.
This leads to troughs between the peaks, making it unfeasible to achieve
a high and flat absorption curve across a broad frequency range with
uniform-porosity structures. Hence, in the next section, we introduce the
porosity grading along the thickness and optimize the porosity profile
in order to improve broadband absorption.

4. Optimization of TPMS structures

In this section, we first introduce the transfer matrix method used
to model the graded TPMS structure in the subsection 4.1. Then, the
optimization problem is formulated in the subsection 4.2. Finally, the
optimization results are presented and discussed in the subsection 4.3.

4.1. Transfer matrix method

As introduced in Section 2, a TPMS structure with a graded porosity
profile can be modeled as multiple equivalent fluid layers, whose prop-
erties are determined by their porosity (see Fig. 1(f)). In this work, the
TPMS structure of total thickness L is divided into N layers of equal
thickness AL. Following the equivalent fluid modeling method intro-
duced in Section 3.1, the effective mass density p,(;(w) and effective
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bulk modulus K,;(®) of the ith layer (i = 1, 2,..., N) can be determined
by using the JCAL transport parameters obtained from the porosity ¢;,
as presented in Egs. (2) and (3). Subsequently, the wavenumber k;(w)
and the characteristic impedance z;(w) of the i*# layer can be obtained
by using Egs. (4) and (5).

The relationship between the sound pressure and velocity of neigh-
boring layers can be described using the transfer matrix method (TMM)
[19]. Each layer i is represented by a 2 x 2 matrix TM® expressed
in terms of the thickness of the layer AL, its wave number k;, and its
characteristic impedance z;:

cos (k@)AL)  jz,(@)sin (k,(@)AL)
isin(ki(@AL) cos (k(@)AL)

zi(w)

™ = ©
The total transfer matrix TM of the graded TPMS is then determined by
multiplying the transfer matrices of all individual layers:

N
™ =[] T™®. (10)
i=1
The surface impedance Z of a graded TPMS absorber with a rigid back-
ing can be obtained with the components of the total transfer matrix in
Eq. (10):

Z(w)= 1, an
where the subscripts of TM denote the matrix components.

Similar to the uniform-porosity case, Eq. (7) and Eq. (8) are applied
to calculate the normal incidence reflection and absorption coefficients
of graded TPMS structures.

4.2. Formulation of the optimization problem

The aim of this optimization is to find the optimal porosity profile
that maximizes the absorption coefficients in the target frequency range
500-6000 Hz. This target range covers the first three reflection coef-
ficient zeros present in the parametric study of a 50 mm-thick TPMS
porous layer (Fig. 3). From Eq. (8), the absorption coefficient « is max-
imized when |R|? is minimized. Thus, the objective function J(¢) is set
as

fmGX
J(¢)=min Y |R(.NI, 12)

S=Fmin
where ¢ is a vector containing the porosity of each discrete layer,
d=[d. b2, s Ppsees O 1, i €[50%,90%], and R(@.f) is the reflection
coefficient with respect to the porosity profile ¢ and the frequency f.
Smin and f,,,« are the minimum and maximum frequencies of the target
frequency range. The range of ¢; is determined by the geometric limit
of a primitive TPMS sheet lattice cell: below 50%, self-intersections of
the surfaces occur, while above 90%, the walls become excessively thin.
A unit cell size d = 1 mm is used. Based on our finding in Ref. [38], we
chose a layer thickness AL = 2 mm for the optimization problems. The
layer thickness AL = 2 mm provided the best agreement between the
TMM discrete modelling approach and full simulations using COMSOL
Multiphysics. This choice ensures accurate determination of the acoustic
properties while minimizing computational costs.

We use the fmincon () [43] and globalsearch () functions [44]
from the MATLAB nonlinear optimization toolbox to solve this con-
strained optimization problem. These two functions are designed to be
used together to search for the global optimum. Following the frame-
work described in the work of Ugray et al. [44], the global search
approach identifies the global optimum by generating multiple start-
ing points and obtaining local optima within their respective basins of
attraction using a gradient-based solver like fmincon (). The function
fmincon () is a gradient-based optimization method intended for prob-
lems where both the objective and constraint functions are continuous
and possess continuous first derivatives [43].
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Table 2
The average absorption coefficients @ in the
target frequency range 500-6000 Hz.

Profile type L = 50 mm L = 30 mm
Graded a=0.9415 a=0.8577
Uniform a=0.7909 a=0.6978
Linear a=0.8594 a=0.6928

The global search method employed in this study combines the ef-
ficiency of gradient-based local solvers with a systematic exploration
of the design space. This hybrid strategy achieves computational effi-
ciency superior to conventional global optimization methods such as
genetic algorithms [45] and particle swarm optimization [46], while si-
multaneously mitigating two key drawbacks of purely gradient-based
techniques: (1) susceptibility to convergence at local minima and (2)
heavy reliance on initial point selection [47], making it particularly suit-
able for our optimization problems.

The initial value of the optimization is a linearly decreasing poros-
ity profile from 90% (top) to 50% (bottom). However, note that ex-
periments using different initial porosity profiles have shown that the
optimization result does not depend on the initial porosity profile. Fur-
thermore, increasing the number of starting points in globalsearch ()
reduces the randomness of the algorithm and enhances the likelihood
of converging to the global optimum [44]. In our work, we use 1000
starting points to ensure a robust and converged solution and repeated
experiments yield consistent optimization results.

4.3. Optimization results and discussion

The optimization results for a layer thickness L = 50 mm are shown
in Fig. 4. Fig. 4(b) displays three types of porosity profiles of the TPMS
structures: graded (red line), uniform (black line), and linear (black
dotted line). The ‘graded’ profile is the optimal solution, while the ‘lin-
ear’ profile is the initial porosity profile used for the optimization. To
demonstrate the benefit of porosity grading, optimization was also con-
ducted for the case of uniform-porosity TPMS structures. The ‘uniform’
porosity indicates the optimal solution for this uniform-porosity opti-
mization. The optimal solution for the uniform-porosity optimization is
¢ = 69.04%, as predicted in the parametric study presented in Sec-
tion 3.2, where a porosity approximately 70% was found to be optimal
for achieving the highest absorption for TPMS structures with a unit cell
size d = 1 mm and a thickness L = 50 mm. The optimal graded so-
lution (‘graded’), however, shows a profile with porosity jumping from
the lowest to the highest values.

Fig. 4(d) shows the absorption coefficients of the three cases, i.e.,
graded, uniform, and linear porosity profiles. The absorption coefficient
of the uniform-porosity TPMS structure exhibits three distinctive ab-
sorption peaks, originating from the quarter-wavelength resonances as
explained in Section 3.2. Compared to the uniform-porosity case, the
linear-gradient profile increases absorption in the frequencies between
the resonance frequencies; however, it does not enhance the absorption
drastically. On the other hand, the graded profile with jumping poros-
ity values significantly enhances the absorption compared to the other
two cases. The average absorption coefficients & of the three cases in the
target frequency range 500-6000 Hz are listed in Table 2. The optimal
graded absorber has the highest @ among the three cases.

A noticeable difference between the graded case and the other two
cases is that the absorption between the resonance peaks is increased
by the presence of a new absorption peak. Figs. 4(e) and 4(f) show the
reflection coefficients of the uniform and graded porosity cases in the
complex frequency plane. While the uniform porosity case has three ze-
ros close to the real axis within the target frequency range, the graded
case has four zeros. It indicates that the optimal porosity profile gen-
erates more resonances within the target frequency range closer to the
critical coupling condition to maximize the absorption. This result aligns
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Fig. 4. Broadband optimization with a thickness of L = 50 mm. (a) Power dissipation density inside the uniform-porosity (69.04%) TPMS structure. (b) Porosity
values of the graded (optimal solution), uniform, and linear-gradient profiles. (c) Power dissipation density inside the optimally graded TPMS structure. (d) The
absorption coefficients of TPMS structures with graded, uniform, and linear porosity profiles presented in (b). (e) and (f) present reflection coefficients in the

complex frequency plane for uniform and graded porosity cases, respectively.

with the findings of Boulvert et al. [27] and Costa-Baptista et al. [29],
who also obtained an optimal profile as an alternating distribution of
contrasting porosity (or infill factor) values from the optimization of the
size distribution of orthogonal rods for broadband sound absorption.

To investigate the relationship between the porosity profile ¢ and
the sound dissipation inside TPMS structures, we visualize the sound
power dissipation density P, with respect to the z position and the fre-
quency f. The sound power dissipation density P; can be calculated
with the following equation [48]:

where p and v are the acoustic pressure and particle velocity derived
from the TMM calculation, and Im() indicates the imaginary part of a
complex number. Note that the value of the acoustic power dissipa-
tion density P, in Eq. (13) is negative because the imaginary part of
the effective density p, and the effective bulk modulus K, are nega-
tive in sound-dissipating porous materials. The value in all dissipation
density graphs is made positive and normalized by the incident sound
power. Summing the normalized power dissipation density throughout
the porous layer for each frequency gives a value equal to the absorp-
tion coefficient. The visualization of the power dissipation density of
the uniform and graded TPMS structures are shown in Figs. 4(a) and
4(c), respectively. In the uniform-porosity case (Fig. 4(a)), the dissipa-
tion is higher around the quarter-wavelength resonance frequencies of
the TPMS structure. While the dissipation around the first resonance fre-
quency occurs most near the surface of the porous layer (z = 50 mm), at
higher resonance frequencies, the inner part of the porous layer also par-
ticipates in dissipating sound energy. However, in the graded-porosity
case (Fig. 4(c)), the dissipation occurs predominantly in the region of
low porosity for a broad frequency range.

To further understand how the optimal profile is determined, opti-
mization studies were conducted to maximize the absorption coefficient
at a single target frequency f,. The same unit cell size of 1 mm and the

1 1
+ =Im(—)|pl?

2 K, (w) a3

P, =20 { m(p,(@)]of?

layer thickness of 50 mm were used. We conducted the single-frequency
optimization for three frequencies: (i) f, = 700 Hz, a frequency be-
low the first absorption peak in the reference uniform-porosity case,
(ii) fy = 2000 Hz, between the first and second absorption peaks, and
(iii) fp = 5000 Hz, between the second and third absorption peaks.
Fig. 5(a) shows the optimal porosity profiles obtained from three single-
frequency optimization studies. Figs. 5(b), 5(c), and 5(d) visualize the
power dissipation density P, inside optimal graded TPMS structures
for single-frequency optimization cases. Figs. 5(e), 5(f), and 5(g) show
absorption coefficients of the three optimization cases. The optimized
absorption coefficients of these cases are compared with the absorp-
tion coefficients of the uniform-porosity optimization (optimal porosity
69.04%) for broadband sound absorption presented earlier. Figs. 5(h),
5(i), and 5(j) show reflection coefficients in the complex frequency plane
of the three optimization cases.

For the target frequency f, = 700 Hz, the low-porosity region lo-
cates near the top surface of the porous layer (higher z coordinate),
while the porosity in the lower part of the porous layer reaches the upper
bound of the porosity value 90%. As shown in Section 3.2, decreasing
porosity brings two effects: an increase in loss and an increase in tortu-
osity. In the f; = 700 Hz optimization case, the optimization produced
a solution that lowers the first resonance frequency by increasing the
tortuosity of the top layers. A similar approach is observed in the work
of Carbajo et al. [49], where they investigated the influence of the tortu-
osity of perforated panels. The low porosity values also increase the loss,
leading to strong dissipation in the low-porosity region. As observed in
Figs. 3(a) and 3(d), an excessive increase of loss can overdampen the
system, resulting in low absorption. Thus, the optimization pushed the
porosities in the lower layers to the opposite high values to balance the
effects. However, there is still excess loss for frequencies higher than f,
(see Fig. 5(h)), causing lower absorption at these frequencies.

For the target frequency f, = 2000 Hz, the optimization produces
two distinct low-porosity (high-dissipation) zones: one near the surface
of the porous layer and the other around z = 10-20 mm, as shown in
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Fig. 5. Results of the single-frequency optimization. (a) Optimized porosity profiles for the target frequencies f, = 700 Hz, 2000 Hz, and 5000 Hz, and uniform
porosity profile (69.04%). (b), (c), and (d) show the power dissipation densities inside the optimally graded TPMS structure for f, = 700 Hz, 2000 Hz, and 5000
Hz, respectively. (e), (f), and (g) show the absorption coefficients of the optimally graded TPMS structure for three target frequencies, respectively. (h), (i), and (j)
show the reflection coefficients in the complex frequency plane of the optimally graded TPMS structure for three target frequencies, respectively.

Figs. 5(a) and 5(c). These low-porosity regions roughly correspond to ar-
eas of high dissipation around the second absorption peak (around 3000
Hz) in the uniform-porosity case (Fig. 4(a)). With the increased tortuos-
ity induced by these low-porosity regions, the original perfect absorption
peak at 3000 Hz is downshifted to 2000 Hz, however, this optimized
porosity profile again caused overdamping for higher frequencies (see
Figs. 5(f) and 5(i)), similar to the f, = 700 Hz case.

For f, = 5000 Hz, the optimized porosity profile resembles a sinu-
soidal shape, with three low-porosity (high-dissipation) regions evenly
distributed along the porous layer, as shown in Figs. 5(a) and 5(d).
The optimization produces a smoother porosity profile than the pre-
vious cases, likely due to the fact that this target frequency only re-
quires slight modification of the original quarter-wavelength resonance
of the uniform porosity case. The sinusoidal porosity pattern generally
increases the tortuosity, allowing the absorption peak to shift slightly
downward while increasing loss in the areas of higher dissipation, par-
ticularly around the third quarter-wavelength resonance. This results in
enhanced absorption around the target frequency.

The single-frequency optimization further confirms the strong de-
pendence of the optimized porosity profile on the target frequency.
In graded TPMS structures, new resonance modes are formed. These
resonance modes can be seen as a modulation of the original quarter-
wavelength resonance modes observed in uniform-porosity structures.
The optimization is able to shift one or multiple quarter-wavelength
resonance peaks by strategically placing low-porosity regions near the
original high-dissipation areas within the layer that are related to the
quarter-wavelength resonances. The porosity profile has a more abrupt
jump when a larger modulation is required, for instance in f, = 700
Hz, f, = 2000 Hz, and broadband optimization cases. It can be also
observed that when maximizing the absorption in a certain frequency
range, the absorption above the frequency range is usually compromised
due to excess losses.

A different porous layer thickness (L = 30 mm) is used in order
to investigate the influence of the thickness on the optimized porosity
profiles and the absorption coefficients. The optimal graded and uniform
profiles as well as the initial linear profile for the optimization are shown

in Fig. 6(b). The corresponding absorption coefficients for these three
cases are plotted in Fig. 6(d). The power dissipation of the uniform and
graded TPMS structures with a thickness of 30 mm are visualized in
Figs. 6(a) and 6(c). Figs. 6(e) and 6(f) analyze the reflection coefficients
of the uniform and graded cases in the complex frequency plane.

Compared to the 50 mm case, the 30 mm-thick porous layer has a
lower optimal uniform-porosity ¢p = 60.15%. As shown in Figs. 3(c) and
3(f), when both the porosity and unit cell size are fixed, a thinner layer
has lower loss than a thicker one. To compensate for this reduced loss,
the optimal uniform porosity of a 30 mm-thick layer would be lower
than that of a 50 mm-thick layer. From Figs. 6(a)-(c), it can be noticed
that the number of low porosity and high dissipation regions in the 30
mm-thick case is lower than in the 50 mm-thick case. This results in
fewer resonance modes, indicated by the presence of fewer reflection co-
efficient zeros in the target frequency range, as shown in Figs. 6(e) and
6(f). Furthermore, the first absorption peak frequency is higher com-
pared to the 50 mm case, and far away from the lower bound of the
target frequency range (500 Hz). While the optimization algorithm at-
tempts to shift the resonance modes to lower frequencies, the intrinsic
limitation imposed by the layer’s thickness prevents them from being
shifted further downwards. Thus, it is more difficult to achieve a flat ab-
sorption curve in the same target frequency range with a thinner TPMS
absorber (see Figs. 4(d) and 6(d)).

While the optimization study primarily focused on a unit cell size
d = 1 mm with a porosity range of ¢ = [50%, 90%], the same opti-
mization algorithm can be applied for different unit cell sizes and/or
different porosity ranges. Optimization results for a larger unit cell size
and a narrower porosity range are provided in Sections S2 and S3 of the
Supplementary Information, respectively.

5. Experimental validation of TPMS absorbers

In previous sections, a numerical model and an optimization method
were developed to explore the sound absorption properties of pure TPMS
geometry, and as such, it does not incorporate the effects of manufac-
turing processes. For experimental validation, we chose the DLP tech-
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Fig. 6. Broadband optimization with a thickness of L = 30 mm. (a) Power dissipation density inside the uniform-porosity (60.15%) TPMS structure. (b) Porosity
values of the graded (optimal solution), uniform, and linear-gradient profiles. (c) Power dissipation density inside the optimally graded TPMS structure. (d) The
absorption coefficients of TPMS structures with graded, uniform, and linear porosity profiles presented in (b). (e) and (f) present reflection coefficients in the

complex frequency plane for uniform and graded porosity cases, respectively.

nique to produce TPMS absorber samples due to its ability to produce
smoother surfaces compared to other 3D printing methods [8,10], such
as FDM and SLM, to minimize the impact of the printing process.

The DLP printer (MakeX M-One Pro 30) we used to print the sam-
ples has an XY resolution of 33 um and a Z resolution of 5 pm. At this
resolution, it is not possible to print a unit cell size smaller than 3 mm.
Therefore, for the measurements, we printed TPMS absorbers with 3 mm
unit cells. To print a 1 mm unit cell, an XY resolution of around 10 um
would be required. The numerical results for TPMS with 1 mm cells
can be validated by measurements of 3D printed samples with 3 mm
cells, because the dissipation mechanism of porous materials remains
the same across different unit cell sizes.

We manufactured three samples with a thickness of 30 mm and two
samples with a thickness of 50 mm. STL models of these designs were
created using MSLattice [39]. Fig. 8(a) shows the picture of the manufac-
tured samples. The 30 mm thick samples have porosity profiles that are
uniform (Fig. 8(b)), linearly varying (Fig. 8(c)), and optimally graded for
broadband absorption in the 2000-5000 Hz range (Fig. 8(d)). The 50 mm
thick samples consist of optimal gradation for broadband (2000-5000
Hz) (Fig. 8(e)) and for a single target frequency (2700 Hz) (Fig. 8(f)).
These target frequency ranges are selected to shift the absorption peaks
in the uniform porosity case, to generate various porosity profiles, and to
demonstrate their manufacturability. Discrete profiles in the numerical
modeling and the optimization (black lines) were replaced with contin-
uous profiles in the 3D printing (green lines), as shown in Figs. 8(b)-(f).

Based on the two-microphone transfer function method according to
ISO 10534-2 [50], the absorption coefficients of the TPMS samples were
measured using a 29 mm-diameter B&K Type 4206 impedance tube with
a rigid backing configuration, together with a power amplifier (B&K
Type 2735) and an analyzer (B&K Type 3160), as shown in Fig. 7. The
valid frequency range of the impedance tube is 500 to 6400 Hz.

Figs. 8(g)-(k) show the absorption coefficients obtained through nu-
merical methods (black dashed lines) and measurements (red lines).
Generally, the measured absorption coefficients align very well with

Fig. 7. Impedance tube measurement setup.

the numerical results. Fig. 9 shows microscopic images of 3D-printed
samples. These images confirm that DLP-printed samples retain well-
defined pore morphology and exhibit smooth surfaces, though layer
lines remain visible and some stringing occurs as a result of the addi-
tive manufacturing process. This inherent surface roughness, originating
from the layer-by-layer deposition, contributes to slightly higher exper-
imental sound absorption coefficients compared to idealized numerical
predictions. This is consistent with prior studies of 3D-printed porous
absorbers [4,6,10,29]. The resonance peaks of 3D-printed samples gen-
erally align well with the prediction, despite some shifting in frequency.
As discussed in previous sections, absorption spectrums of TPMS ab-
sorbers are sensitive to their porosity profiles. Printing intricate porous
networks is still challenging due to the limitations in precision of current
manufacturing methods. This limits the accurate translation of design
porosity profiles into 3D-printed samples, thereby causing the shifting
in resonance peaks in the measurement results.

In general, the experimental results confirm the effectiveness of our
numerical modeling and optimization approach for graded TPMS porous
absorbers, demonstrating their potential in targeted acoustic absorption.
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Fig. 9. Microscopic images of 3D-printed samples: (a) the sample in Fig. 8(c), section z = 0 mm, (b) the sample in Fig. 8(c), section z = 30 mm, (c) the sample in
Fig. 8(d), section z = 0 mm, (d) the sample in Fig. 8(d), section z = 30 mm.
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Fig. 10. Comparison of the acoustic performance of the optimized TPMS with
other lattice structures in the literature.

6. Comparison of the acoustic performance of the optimized
TPMS to other lattice structures in the literature

To compare the acoustic performance of graded TPMS absorbers
with various lattice structures reported in the literature, their average
sound absorption coefficients @, ;; were computed across eight one-third
octave bands spanning the 1000 Hz to 5000 Hz range, which is a fre-
quency range particularly relevant for the sound absorption properties
of acoustic porous materials. We plotted the average absorption coef-
ficients ;3 versus thicknesses in Fig. 10 to illustrate the absorption
coefficient variation with respect to thickness. Two lines were fitted to
the data points from our work (labeled “our trend”) and prior studies
(labeled “general trend”), respectively, to compare the performance-
thickness relationship of TPMS absorbers with that of other lattice struc-
tures. It can be seen that the graded TPMS absorbers developed in our
work exhibit superior acoustic performance at reduced thicknesses com-
pared to other lattice structures reported in previous studies. Addition-
ally, Table A.3 in Appendix A presents the average sound absorption
coefficients &, /3 of all 3D-printed lattice structures in Fig. 10.

7. Conclusions

In this work, we proposed a design methodology for sound ab-
sorbers based on triply periodic minimal surfaces (TPMS) by tuning the
porosity distribution along the thickness to achieve broadband sound
absorption. To accomplish this, we presented a comprehensive numer-
ical modeling method that combines multiscale homogenization, the
Johnson-Champoux-Allard-Lafarge (JCAL) model, and the transfer ma-
trix method to effectively characterize through-thickness graded TPMS
porous absorbers. The JCAL parameters for primitive-type sheet TPMS
lattices with varying cell sizes and porosities were derived from finite el-
ement simulations, forming an interpolative dataset. Using this dataset,
we first analyzed the influence of geometric parameters (porosity, unit
cell size, and total thickness) on the sound absorption of uniform-
porosity TPMS absorbers by mapping the reflection coefficient zeros in
the complex frequency plane. The analysis showed that the geometric
tunability of TPMS structures allows for the adjustment of viscothermal
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losses within the porous absorber. However, the use of uniform porosity
TPMS did not significantly improve broadband sound absorption per-
formance.

Thus, the proposed numerical model was further employed to op-
timize the grading of TPMS absorbers using a global search method
combined with a local gradient-based solver, aiming to maximize broad-
band acoustic absorption. To elucidate the relationship between the
grading and the absorption coefficient, the energy dissipation within
the absorber was visualized by plotting the power dissipation density
with respect to the frequency and the position. The results showed that,
in graded porous absorbers, power dissipation density is redistributed
across the spatial and frequency domains, leading to enhanced broad-
band absorption when optimally graded. However, modifying the poros-
ity profile alone has limitations in improving low-frequency absorption;
this would require adopting other design methodologies, such as those
presented in Refs. [15,51-53].

For experimental validation of the proposed approach, we 3D-
printed five samples with varying thicknesses and porosity profiles, in-
cluding the optimally graded ones, and compared the absorption coeffi-
cients obtained through numerical methods with those from impedance
tube measurements. The numerical and experimental results showed
good agreement, except for minor discrepancies, demonstrating the ac-
curacy and effectiveness of the proposed acoustical characterization and
optimization methods of TPMS absorbers. The graded TPMS absorbers
developed in this work achieve superior sound absorption performance
at significantly reduced thicknesses compared to other 3D-printed lat-
tice structures documented in prior studies.
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Appendix A. Comparison with other lattice structures in previous
studies

Table A.3 contains the averaged absorption coefficients of our opti-
mized TPMS geometries as well as different lattice structures in previous
studies shown in Fig. 10.
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Table A.3
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The average absorption coefficients & over one-third octave bands from 1000 Hz to 5000 Hz.

Reference

Structure L [mm] a3
Our work Graded TPMS design (500-6000 Hz, 1 mm cell) 50 0.9548
Graded TPMS design (500-6000 Hz, 1 mm cell) 30 0.8482
Graded TPMS measured (2000-5000 Hz, 3 mm cell) 50 0.8047
Graded TPMS measured (2000-5000 Hz, 3 mm cell) 30 0.5611
Boulvert et al. [27] Graded orthogonal rods (1600-1700 Hz) 30 0.6047
Graded orthogonal rods (2500-5500 Hz) 30 0.6751
Zielinski et al. [17] Channel connected spherical pores (SLA) 36 0.3911
Channel connected spherical pores (CJP) 36 0.611
Channel connected spherical pores (SLA) 48 0.4371
Channel connected spherical pores (CJP) 48 0.6598
Wang et al. [16] Kelvin cell 40 0.1786
G7 40 0.2711
ISO truss 40 0.2889
Auxetic Hex 40 0.1799
Chua et al. [15] SC-truss 30 0.1923
BCC-truss 30 0.2091
FCC-truss 30 0.2824
Fluorite-truss 30 0.4121
Lomte et al. [7] Orthogonal rods 50.8 0.8263
Orthogonal rods 50.8 0.5098
Orthogonal rods 50.8 0.4053
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