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Some aspects of hydrostatic restoring for elastic bodies
Malenica s.', Molin B.2, Tuitman J.T.3, Bigot F.1 & Senjanovic i.

(1) Bureau Vejitas - Research Department, Paris, France, (sime.malenica(bureauveritas.com)

(2) Ecole Centrale de Marseilie, Marseilic, France

(3) Delft University of Technology, Delft, Netherlands

(4) Faculty of Mechanical Engineering and Naval Architecture, Zagreb,Croatia

Introduction
The paper deals with the evaluation of the linear hydrostatic restoring matrix for elastic body. In spite
of quite important work on the subject (eg see [1, 2, 3, 4, 5, 6, 7]), the problem still seems to not be fully
clear and diffirent expressions proposed iii the literature do not itiatch each other!? On the other hand
the application of, what seems to be the correct method, leads to some strange results for the internal
loads!? The main purpose of the paper is to discuss antI compare different methods.

Direct perturbation method
Before continuing, let us just recall the definition of the restoring coefficiejit which can be briefly stated
as the ratio in between the reaction force and the displacement which produces it when the body is
moved from initially equilibrated position in calm water. This means that the hydrostatic restoring will
be composed not only of the pure hydrostatic pressure part but from all the forces which participate to
the initial equilibrium of the body (gravity, concentrated external forces, ...) General situation is shown
in Figure 1 (bold letters are used to denote the vector quantities). The instantaneous position of one

Figure 1: Generalized body motion.

point on the body is described by the vector r and the corresponding position at rest by the vector R:

r=xi+yj+zk , R=Xi+Yj+Zk (1)

The displacement vector for mode j is described by the vector h

(2)

where h, h are the arbitrary functions of X, Y, Z.
Within these notations, the following relation is valid:

r=R+h (3)

We define the generalized hydrostatic pressure force, on mode i (note that the coefficient g is omitted
throughout whole the paper):

=
- uSe zhidS (4)



where the tilde sign " " denotes the instantaneous value of the corresponding quantity.
The final goal of the analysis is to extract, from the above equation the leading order term with respect
to the small modal displacement h3. In order to do that, we need to rewrite the above expression at the
initial body position. We write:

Jf(Z + öZ)(h + óht)]ndS +
SB+SB

where ö denotes the change of the corresponding quantity due to the body motion/distortion.
It can be shown that the integral over öSB is of higher order so that only the integral over the initial wetted
position SB remains. The change of each quantity can be obtained using the notion of the deformation
gradient [the subscript x means that the derivatives are to be performed with respect to the coordinate
system (X, Y, Z)}:

FH=

Molin's formulation
Molin's [3] used quite different method involving the integral transformations in order to represent the
restoring in terms of the volume integrals. First we rewrite the general hydrostatic effort in the form:

= ff zhñdS = ff zhñdS ff zhñdS = + F2
S SB+SF SF

where S denotes the instantaneous waterline surface.
The first part of the generalized force is transformed into the volume integral:

EH1
= fff '7(zh)dV =

fff (zVh1 + h)dV

In order to transform the above integral from the instantaneous position V(x, y, z) into the initial one
V(x, Y, Z), the following relations are used:

dc7(1+Vh)dV z=Z+h h=h+VxhhJ (12)

= Vxh + h Vx(Vxh) , = h + h3 Vxhg (13)

After inserting the above expressions into (11), the following expression is obtained at leading order:

(5)

=
/ff {z[Vxh.7xh -i-h1 Vx(Vxh1)]+h7xh1 +/iVxh1 +h3 'Vxh}dV (14)

Dh D/ix 'x
ax ay az

Vh Dh, Dh, D/L,
(6)ax oY az

Dh Dh

DX DY DZ
The differential change of the different quantities become:

= Vx(Zk) = öh = Vxh1 Ô(ndS) = Vxh3 n - (Vxh3)T (7)

where overscript T denotes the transpoze operation.
The final expression for the generalized restoring coefficient becomes:

= ff {hh n + Z(VxW h) n + Z(Vvh)h' n - Z[(Vxh')T h}dS (8)

By using the identity (VxhT = (Vxh h) n the above expression can be rewritten as:

ff{ZIVxhh n + (Vxh h - Vxh h) n] + hhin} dS (9)



At the same time, the leading order term of the second part of the generalized hydrostatic force is easily
obtained as:

c[J2 = - ff 1ihdS
SF

Newman's formulation
In Newman's formulation [4), the restoring coefficient, is defined by the following expression:

Cg
= ff zhzñdS

- JJ zh'ndS =
fff Vx(Zh2)dl = ff/(zvxh + h)dfl (16)

where 11 denotes the volume in between the instantaneous wetted surface SB and the initial one SB.
Under the small displacement assumptions we can write dIl = h3ndS so that the final expression for the
restoring coefficient becomes:

c[J = ff (ZVxhi + h')h3ndS (17)

Equivalence of different expressions
Newman to Molin

In order to compare Newman's formulation to Molin's formulation, first we subdivide the expression (17)
in the following way:

= fJ ZVxh'hnd5 + IISB = + cjb (18)

The first part is now transformed into volume integral:

c1J'
= ff ZVxh'h3ndS=fff Vx(ZVxhh2)dV

SB+SF V

= fff {ZVxh1Vxhi + hVx(Vxh2)I + hVh} dV (19)

The second integral is transformed into:

cf
= Jf hhndS -fJ hhdS

=
fff Vx (hh3)dV - fJSB+SF SF V SF

= fff(hvxhi + VxhzI3)dV - IISF
hhdS (20)

It is now easy to see that C(f = + = C1 + C.

Direct to Molin

The original expression (9) is subdivided into two parts:

=
ff Z[Vxh3h' . n + (Vxh' . - Vxh . h') . n}dS + Jf hhnd5 = C[ + C[Jd (21)

As in the previous section, the first integral is transformed into the volume integral:

=
fJf x {z[vxhh . n + (Vxh . - Vxh . h) nJ}dV (22)

After rearranging different terms, the above expression can be rewritten in the following form:

=
Jf{z[vxh7vh + hVx(Vxh1)] + hVxh + hVxh - hiVxhz} dV (23)

SB+SF

(15)



At the same time, the second term is rearranged into:

= ffhhndS - ff hhdS = fff Vx(hh)dV - fJ hhdSSB+SF V SF

By summing up the two terms we can easily show that = Cf' + CJ2 = CfJ" + CW =
'3

Huang & Riggs formulation
Apparently, the Huarig & Riggs [5] formulation is the same as the direct approach except that the term:

oh1 = Vxh2 h3 (25)

is oiiiitted. This iiiakes the Huaiig & Riggs forinulatioii different from the others.

Discussions
The above expressions represents the hydrostatic pressure part only and the gravity related part should
be added in order to obtain the final expression for the restoring. This gravity related part should be the
same for all the approaches, and can be derived in the following form:

C =9ff/Vx)hdm (26)

One possibility to check the validity of different formulations is to calculate the well known restoring
matrix for rigid body modes of motions. Indeed, the six rigid body modes of motion can be defined as:

h'=i , h2=j , h3=k , h4=iA(RARc) , h5=jA(RAR0) h6=kA(RARc)
(27)

where R denotes the vector position of the center of gTavity.
When applying the above discussed formulations, to these modal functions, the classical restoring matrix
for rigid body is recovered by all the formulations except the one given by Huang & Riggs.
It is however not fully clear if the Huang & Riggs formulation should be compared directly to other for-
mulations, since their formulation includes also some other terms such as the internal geometric stiffness.
At the same time, the other formulations still have some problems in evaluating the internal loads!? All
this will be discussed more in details at the Workshop.
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