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A B S T R A C T   

In this paper, a reliable progressive fatigue damage model (PFDM) for predicting the fatigue life of composite 
laminates is proposed by combining the normalized fatigue life model, nonlinear residual degradation models 
and fatigue-improved Puck criterion. To balance the accuracy of life predictions and computational efficiency, an 
adaptive cyclic jump algorithm is developed and implemented within the PFDM. The sensitivity of life prediction 
to cyclic jump parameter has been greatly reduced by correlating the cyclic jump with the increment time and 
viscous coefficient. Therefore, the cyclic jump parameter can be arbitrarily selected within a relatively large 
range to obtain convergent results. When incorporating the adaptive cyclic jump algorithm, there is no need to 
define a standard for determining the material failure in numerical calculations, which effectively eliminates an 
artificially induced uncertainty in life predictions. Two sets of experiments are conducted to validate the pro-
posed PFDM. The numerical predictions including static failure strength and fatigue life correlate reasonably well 
with the available experimental data.   

1. Introduction 

Fiber-reinforced composites are widely used in transportation, 
aviation and aerospace fields because of their exceptional performances 
including high specific strength, favorable fatigue resistance and 
corrosion resistance [1]. However, composite structures are generally 
exposed to series of cyclic fatigue loadings during their service life, and 
fatigue-induced failure has become one of the most common damage 
modes. Compared with traditional homogenous materials, the fatigue 
damage mechanisms of composites are much more complicated due to 
the various damage modes including delamination, fiber breakage, 
interface debonding and matrix crack [2]. The complexity and diversity 
of damage mechanism make it difficult to develop a unified and 
comprehensive theory to fully characterize the fatigue failure behaviors 
of laminated composites. Numerous modeling methodologies have been 
developed to predict the fatigue life of composite laminates over the past 
few decades. A comprehensive classification of these approaches has 
been reported by Degrieck et al. [3]. According to the classification, the 
available fatigue models can be classified into three main categories: 
fatigue life model (FLM), residual phenomenological model (RPM), and 
progressive fatigue damage model (PFDM). Although FLM [4–6] and 

RPM [7–12] models are convenient and efficient for engineering 
application, they do not consider the actual damage accumulations and 
therefore cannot be adopted to investigate the fatigue failure behaviors 
of composites. 

In contrast to FLM and RPM models, PFDM models take into account 
the local stress distributions and physical fatigue damage mechanisms 
inside the composite structures. Comprehensive failure criteria are 
required to identify the various damage modes of composites in PFDM, 
and residual degradation models are implemented to capture the 
gradual fatigue-induced deterioration. Shokrieh and Lessard [13] 
initially proposed a generalized PFDM to predict the fatigue life and 
residual properties of composite laminates. Based on Shokrieh’s model, 
Diao et al. [14] proposed a statistical fatigue damage model. Subse-
quently, Tserpes et al. [15] studied the damage accumulations of com-
posites under tension-compression cyclic loading by incorporating the 
PFDM technique. Lian and Yao [16] conducted a FEA simulation to 
predict the fatigue damage accumulations of laminated composites, and 
the material properties were assumed to follow a normal distribution 
function. Recently, the PFDM approach has been successfully applied to 
investigate the fatigue failure behaviors of composite heterostructures, 
including notched composite rings [17], full-scale composite cabin [18] 
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and high-speed composite craft [19]. However, most of the above 
models employed a sudden-discount approach to degrade the properties 
once the failure criteria are activated, which is too empirical and may 
result in strong mesh dependency for numerical predictions [20,21]. 

It should be noted that in numerical calculations, it is impractical to 
update the damage status and stress distribution cycle by cycle due to 
the huge computational cost. To solve this problem, the cycle jump 
approach is introduced [22], which updates the internal variables of FE 
models at predefined interval cycles. In order to balance the accuracy of 
life predictions and computational efficiency, it is critical to choose the 
appropriate cyclic jump. The simplest approach is to predefine the cyclic 
jump as a constant [23–25]. Similarly, Xu et al. [26] proposed an 
exponential cyclic jump method, with which the numerical calculations 
are conducted at cycle numbers N = 100.25i. Guo et al. [24] have studied 
the influence of cyclic jump on the predicted fatigue life of 3D woven 
composites. It was found that the predicted life and residual stiffness are 
extremely sensitive to the chosen increment if the cycle jump is kept 
constant. Moreover, the exponential cyclic jump method [26] was also 
indicated to be inapplicable for Guo’s fatigue damage model because 
cyclic jump increases exponentially with the number of cycles, which 
increases the chances of overshooting the point at which sudden failure 
occurs. In contrast to predefining the cyclic jump, an automatic cyclic 
jump algorithm has been developed by Van Paepegem et al. [22]. The 
local cyclic jump of each integration point was first calculated by 
imposing a maximum damage increment, then the global cyclic jump 
can be determined by analyzing the cumulative statistical distribution of 
all local cyclic jumps. Rivera et al. [27] and Llobet et al. [28] then in-
tegrated the automatic cyclic jump algorithm into PFDM to predict fa-
tigue life. However, an error in simulations of these models will be 
induced by the extrapolation of internal variables, which may be pro-
hibitive for life prediction according to Sally et al. [29]. Moreover, it is 
also complicated to collect the information of all integration points for 
the numerical implementation of the automatic cyclic jump algorithm. 
Therefore, a reasonable cyclic jump approach, capable of reducing the 
sensitivity of life predictions to user inputs, is essential to be developed. 

A reliable PFDM model is proposed in this paper to predict the fa-
tigue life of laminated composites by combining the normalized fatigue 
life model, nonlinear residual stiffness and strength degradation models 
and the fatigue-improved Puck criterion [30]. The proposed PFDM is 
numerically implemented through a user defined subroutine UMAT. 
Several damage variables are defined to capture the different damage 
modes of composites, and the constitutive equations are subsequently 
defined in terms of damage variables. An adaptive cyclic jump algorithm 
is developed and implemented within the PFDM. A parametrical study is 
then conducted to estimate the sensitivity of life predictions to the cyclic 
jump parameter of the adaptive algorithm. The model input parameters 
are derived from tests on specimens with [0]16, [(45/ − 45)8] and [90]16 
lay-ups, and multiple specimens of composite laminates with 
[45/ − 45/0/0/ − 45/90/45/0]S lay-up are then tested to validate the 
numerical predictions. 

2. Progressive fatigue damage model 

2.1. Fatigue-improved Puck criterion 

Owing to the concept of action plane as displayed in Fig. 1, the Puck 
criteria [30] can not only determine the locations but also the orienta-
tion of transverse cracks. The fiber failure and transverse inter-fiber 
failure are separately considered by employing four different equa-
tions. In this paper, the original Puck criteria [31] have been improved 
to predict the damage initiations of fatigue-induced failures by intro-
ducing the residual strengths. This gives the following four failure 
criteria φk, with failure occurring when φk ≥ 1: 

Longitudinal fiber tensile failure criterion, when σ11 ≥ 0: 

φfft =
[
σ11 +mf ν12σ22 +mf ν13σ33

)] /
Sr,1t(n) (1) 

Longitudinal fiber compressive failure, when σ11 < 0: 

φffc = −
[
σ11 +mf ν12σ22 +mf ν13σ33

)] /
Sr,1c(n) (2) 

Transverse inter-fiber tensile failure, when σn(θ) ≥ 0: 

φifft(θ)=

[
1

S2
r,2t(n)

−
2Pφ,t

Sr,φ(n)Sr,2t(n)

]

σ2
n(θ)+ 2

Pφ,t

Sr,φ(n)
σn(θ) +

τ2
nt(θ)

S2
r,23(n)

+
τ2

nl(θ)
S2

r,21(n)

(3) 

Transverse inter-fiber compressive failure, when σn(θ) < 0: 

φiffc(θ)= τ2
nt(θ)

/
S2

r,23(n) + τ2
nl(θ)

/
S2

r,21(n) + 2σn(θ)Pφ,c

/
Sr,φ(n) (4)  

where mf denotes the stress magnification factor caused by different 
material modulus, Sr,1t(n) Sr,1c(n), Sr,2t(n) and Sr,2c(n) are the residual 
strengths of the single lamina after n cycles, while Sr,21(n) and Sr,23(n)
are the residual shear strengths. The item Pφ,t(c)/Sr,φ(n) can be calculated 
by the following relation with inclination parameters and shear 
strengths: 

Pφ,t(c)

Sr,φ(n)
=

P23,t(c)

Sr,23(n)
τ2

nt(θ)
τ2

n1(θ) + τ2
nt(θ)

+
P21,t(c)

Sr,21(n)
τ2

n1(θ)
τ2

n1(θ) + τ2
nt(θ)

(5)  

where the inclination parameters P21,t, P21,c, P23,t and P23,c take the 
empirical values given in Ref. [32]. As displayed in Fig. 1, θ represents 
the angle of the action plane. σn(θ), τnt(θ) and τn1(θ) are the stress 
components acting on the action plane: 
⎧
⎨

⎩

σn(θ) = σ22 cos2 θ + σ33 sin2 θ + 2τ23 sin θ cos θ
τnt(θ) = (σ33 − σ23)sin θ cos θ + τ23

(
cos2 θ − sin2 θ

)

τn1(θ) = τ31 sin θ + τ21 cos θ
(6)  

2.2. Constitutive equation with damage variable 

Damage variables are generally introduced to characterize the 
damage initiations and propagations of the single lamina in damage 
mechanics. In this paper, the fiber tensile and compressive failures are 
captured by introducing the damage variables dfft and dffc, respectively. 
difft and diffc are adopted to characterize the tensile and compressive 
transverse inter-fiber failure. The constitutive equations with damage 
variables can be updated by Murakami-Ohno [33] theory: ω =

∑
ωknk ⊗

nk,k = (1,2, 3), whereωk andnk are the principal damage variable and 
unit vector, respectively. To introduce damage into the constitutive 
equations, the damage variables dfft , dffc, difft and diffc related to the 
fracture angle θfp should be converted to the principle damage variables, 
thus a transform relation in terms of θfp needs to be established. In this 
paper, the principal damage variables can be obtained as follows: 

Fig. 1. The transverse action plane of unidirectional lamina subjected to gen-
eral stresses. 
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⎧
⎨

⎩

ω1 = max
(
dfft, dffc

)

ω2 = max
(
difft, diffc

)
cos2( θfp

)

ω3 = max
(
difft, diffc

)
sin2( θfp

) (7) 

The damaged constitutive equations C(ω) can be expressed by the 
intact stiffness component and the principal damage variable ωk as 
follows: 

C(w)=

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

d2
1C11 d1d2C12 d1d3C13 0 0 0

d2
2C22 d2d3C23 0 0 0

d2
3C33 0 0 0

SYM d12C44 0 0
d13C55 0

d23C66

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(8)  

where d1 = 1 − ω1, d2 = 1 − ω2, d3 = 1 − ω3, d12 =
(

2d1d2
d1+d2

)2
, d13 =

(
2d1d3
d1+d3

)2
,d23 =

(
2d2d3
d2+d3

)2
. 

2.3. Damage evolution after damage initiation 

Once any one failure criterion is activated, the material properties 
statically degrade following the damage evolution model. Because the 
internal failure inside laminated composites is mainly brittle fracture, 
the exponential damage evolution model [34] is employed to capture 
the sudden degradation of material properties. The damage variable can 
be calculated by equivalent displacements: 

dk = 1 − exp
[
λk

(
1 − δeq,k

/
δi

eq,k

)]
δi

eq,k

/
δeq,k, k={fft, ffc, ifft, iffc} (9)  

where δi
eq,k denotes the initial equivalent displacement when φk = 1 as 

illustrated in Fig. 2. The parameter λk governs the exponential softening 
and needs to be calculated through the fracture toughness GC,k related to 
each damage mode: 

λk = 2σi
eq,kδi

eq,k

/(
2GC,k − σi

eq,kδi
eq,k

)
, k={fft, ffc, ifft, iffc} (10)  

where σi
eq,k is the initial equivalent stress when φk = 1. In actual cal-

culations, the initial equivalent stress and displacement can be obtained 
by multiplying the instantaneous σeq,k and δeq,k by a scaling function fsc,k: 

σi
eq,k = σeq,kfsc,k; δi

eq,k = δeq,kfsc,k, k={fft, ffc, ifft, iffc} (11) 

The specific expressions of scaling function, equivalent 

displacements and stresses of each failure mechanism are presented in 
Table 1, where lc denotes characteristic element length. 

2.4. Gradual degradation of stiffness and strength 

2.4.1. Residual stiffness degradation 
For most fiber-reinforced composites, the residual stiffness exhibits a 

three-stage degradation trend. During stage I, the stiffness degrades 
rapidly in the first few cycles, then the stiffness decreases at a steady 
growth rate in stage II. Eventually, the stiffness reduces rapidly again 
and the final fracture occurs in stage III. Shiri et al. [35] introduced 
trigonometric terms to simulate the nonlinear decreasing trend of stiff-
ness degradation as follows: 

DE(n)=
E0 − Er(n)

E0 − σmax
/

εf
=

sin(qx)cos(q − p)
sin q cos(qx − p)

(12)  

where E0 and Er(n) denote the initial and residual stiffness related to the 
first cycle and the nth cycle, respectively. σmax is the maximum stress and 
the failure strain is assumed to be εf = S0/E0. Note that x = n/Nf , where 
n denotes the applied cycle and Nf denotes fatigue life. DE(n) is the 
stiffness degradation index whose value varies from 0 to 1, p and q are 
material parameters. 

2.4.2. Residual strength degradation 
The more complex the residual strength model, the more experi-

mental efforts are required. Moreover, the residual strength of com-
posites presents a large scatter. Complex models generally cannot 
guarantee more accurate simulated results, thus the simple models 
requiring less experimental data are an efficient choice for depicting the 
residual strength degradation. In this paper, similar to the approach for 
the residual stiffness, a trigonometric expression proposed by Lian [16] 
is adopted to define the strength degradation index. 

DS(n)=
S0 − Sr(n)
S0 − σmax

=
sin(βx)cos(β − α)
sin β cos(βx − α) (13)  

where S0 and Sr(n) are the initial and residual strengths, respectively. 
DS(n) is the strength degradation index whose value varies from 0 to 1, β 
and α are material parameters and recommended to be 2π/3 and π/3 if 
no experimental results are available [16]. 

2.4.3. Effective number of cycles 
It is noted that the material degradation will result in stress redis-

tribution inside the composite laminates, thus each element may be 
subjected to a variable amplitude fatigue load. It is therefore necessary 
to recalculate Nf in a new cycle, and the stresses and x = n/Nf in the 
stiffness and strength degradation formulas are changing from cycle to 
cycle. To account for the nonlinear damage accumulation of variable 
amplitude cyclic loads, the concept of effective number of cycles [36] is 

Fig. 2. The exponential damage evolution model for unidirectional lamina.  

Table 1 
The equivalent displacement, equivalent stress and scaling function for each 
failure mechanism based on the exponential damage model from Ref. [34].  

Failure δeq,k σeq,k Scaling function 

fft lcε11 lcε11σ11/δeq,fft fsc,fft = 1/φfft 

ffc lc|ε11| lc|ε11σ11 |/δeq,ffc fsc,ffc = 1/φffc 

ifft lc
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

ε2
n + γ2

nt + γ2
n1

√ lc(σnεn + τntγnt + τn1γn1)

δeq,ifft 

fsc,ifft = (
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
L2 + 4Q

√
− L)/

2Q  

L =
2Pφ,tσn(θ)

Sr,φ(n)
, Q =

( σ2
n(θ)

[Sr,2t(n)]2
−

2Pφ,tσ2
n(θ)

Sr,φ(n)Sr,2t(n)

)

+
( τnt(θ)

Sr,23(n)

)2
+

( τn1(θ)
Sr,21(n)

)2 

iffc lc
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

γ2
nt + γ2

n1

√ lc(τntγnt + τn1γn1)

δeq,iffc 

fsc,iffc = (
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
L2 + 4Q

√
− L)/

2Q  
L = 2Pφ,cσn(θ)/Sr,φ(n), Q = [τnt(θ)/Sr,23(n)]2 + [τn1(θ)/Sr,21(n)]2  
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adopted in this paper. As illustrated in Fig. 3, the effective number of 
cycles (neff ) is defined as the number of fatigue cycles required to pro-
duce the same strength degradation in stress level 2 as occurs in stress 
level 1, which can be easily described by the relation: DS2 (neff ) =

DS1 (n1). The residual strength is selected as fatigue damage index and 
neff can be calculated as follows: 

S0 − Sr(i − 1)
S0 − σmax(i)

=
sin

(
βxeff

)
cos(β − α)

sin β cos
(
βxeff − α

) (14)  

where Sr(i − 1) represents the residual strength of the previous cycle, 
σmax(i) denotes the maximum stress of the current cycle, and xeff = neff/

Nf (i). The dichotomy method is adopted to calculate xeff , which varies 
from 0 to 1. Only a few iterations are required to obtain the exact so-
lution. Then the residual strength Sr(i) and stiffness Er(i) of the current 
cycle can be obtained as follows: 
⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

Sr(i) = S0 − [S0 − σmax(i)]
sin[βx(i)]cos(β − α)
sin β cos[βx(i) − α]

Er(i) = E0 −
[
E0 − σmax(i)

/
εf
] sin[qx(i)]cos(q − p)

sin q cos[qx(i) − p]

(15)  

where x(i) = xeff + Δn(i)/Nf (i), Δn(i) represents the cyclic jump of each 
fatigue increment, Nf (i) denotes the fatigue life under current stress 
state. 

2.5. Normalized fatigue life model 

In this study, the normalized fatigue life model [37] is employed to 
determine the fatigue life of unidirectional composites under arbitrary 
stress conditions: 

μ=
ln(a/f )

ln[(1 − b)(c + b)]
=A + BlgNf (16)  

where a = (σmax − σmin)/2St ,b = (σmax + σmin)/2St ,c = Sc/ St , St and Sc 
represent the static tension and compression strengths, respectively. f =

1.06, μ, A and B are curve fitting parameters derived from experimental 
results. In the case of shear loading, the positive and negative stress 
present the same effect on the fatigue life of composites, thus the 
parameter c in the above equation should be equal to 1. In addition, the 
logarithmic processing on the left side of Eq (16) is more consistent with 
experimental results, thus the normalized fatigue life model has been 
modified as follows: 

μshear = lg
(

ln(a/f )
ln[(1 − b)(1 + b)]

)

=Ashear + BshearlgNf (17)  

3. Numerical implementation 

3.1. Viscous regularization and tangent constitutive tensor 

Note that damage degradation usually brings serious convergence 
difficulties to implicit numerical algorithms. To improve the conver-
gence difficulty, the Duvaut-Lions viscous regularization [38] is carried 
out. Based on the viscous model, the time derivative of damage variable 
can be expressed as: 

ω̇v
k =

(
ωk − ωv

k

) /
η, (k = 1, 2, 3) (18)  

where η indicates the viscous coefficient controlling the relaxation time 
of calculations. ωv

k is the viscosity-regularized damage variable, which 
can be calculated by a backward-Euler method: 

ωv
k,i =

(
Δtiωk,i + ηωv

k,i− 1

)/
(η+Δti), (k= 1, 2, 3) (19)  

where ωv
k,i and ωv

k,i− 1 denote the viscosity-regularized damage variables 
at the ith and (i − 1)th increments, respectively. Δti denotes the incre-
mental time of the ith increment. In addition, it is critical to precisely 
update the tangent constitutive tensor to guarantee a fast convergence 
rate of nonlinear iterative algorithms: 

σ̇=CT ε̇⇒CT =C(ω) +
[
∑

k

∂C(ω)

∂ωv
k

∂ωv
k

∂ωk

∂ωk

∂∂ε

]

: ε, (k= 1, 2, 3) (20)  

3.2. Representative volume cell (RVC) 

The computational costs are related to the degrees of freedom of 
finite element models, thus reducing the size of the RVC is significant for 
numerical calculations. Moreover, it is necessary to guarantee that the 
thickness of the RVC is consistent with that of actual specimens (2.4 
mm). For convenience, the width and length of the RVC are set equal to 
the thickness. As a result, a RVC model with the dimension of 
2.4*2.4*2.4 mm3 is constructed, as shown in Fig. 4. Two elements are 
partitioned for each single layer in the through-thickness direction. The 
local orientations of the layers rendered with different colors are 45, -45, 
0 and 90◦, respectively. Moreover, rational periodic boundary condition 
(PBC) has to be applied to the RVC so that it could represent the prop-
erties of the overall laminates. According to Li [39], the displacement 
equation constraints need to be imposed to the corresponding node pairs 
of face A and face B, face C and face D as follows. 

Fig. 3. Effective number of cycles under variable amplitude cyclic loadings.  
Fig. 4. Representative volume cell of composite laminates with periodic 
boundary conditions. 
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⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Face A ⇔ B :

⎛

⎜
⎜
⎜
⎝

ui(B) − ui(A) = 2.4 × ε0
x

vi(B) − vi(A) = 0
wi(B) − wi(A) = 0

Face C ⇔ D :

⎛

⎜
⎜
⎜
⎝

ui(C) − ui(D) = 2.4 × γ0
xy

vi(C) − vi(D) = 2.4 × ε0
y

wi(C) − wi(D) = 0

(21)  

where ui, vi and wi are the displacements at specific nodes, ε0
x , ε0

y and γ0
xy 

are the global average strains of the RVC. The thickness of RVC is equal 
to that of actual specimens, thus it is not necessary to assign PBC to face 
E and face F. 

3.3. Fatigue loading with different cyclic jump algorithms 

Two analysis steps are required to apply fatigue loading to the RVC 
model as illustrated in Fig. 5. The first analysis step is a static step, which 
increases the external load form 0 to the maximum fatigue stress σmax. 
Step 2 is a fatigue analysis step, in which the external load is always 
maintained at σmax. Owing to the assumption that the damage is most 
likely to initiate when the fatigue stress reaches σmax, each increment in 
step 2 represents a cyclic loading. It should be noted that in numerical 
calculations, it is impractical to update the damage status of the RVC 
cycle by cycle due to the huge computational cost. To balance the ac-
curacy of life predictions and computational efficiency, it is critical to 
choose the cyclic jump appropriately. A large cycle jump is desirable to 
reduce the computation time, but is not able to correctly capture the 
rapid material degradations that occur near the end of fatigue life. 
Therefore, it is desirable to adaptively change the cycle jump depending 
on the damage growth rate. Instead of determining the damage growth 
rate directly, the cycle jump can be tied to the numerical increment time 

Fig. 5. Illustration of fatigue loadings of the RVC model with different cyclic jump algorithms: (a) algorithm A, (b) algorithm B, (c) algorithm C.  
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Δti, as the FE code will automatically reduce the increment time to deal 
with the convergence difficulties created by rapid damage growth. 

Three different cyclic jump algorithms are separately employed to 
predict the fatigue lives of composites. As indicated in Fig. 5, algorithm 
A adopts a constant cyclic jump for each increment, which is the most 
commonly used method in the literature [23–25]. However, this method 
generally results in a great sensitivity to the choice of increment ac-
cording to Guo et al. [24]. In contrast to employing constant a cyclic 

jump in algorithm A, algorithm B, shown in Fig. 5(b), introduces an 
adaptive and time-dependent cyclic jump approach. Due to the 
convergence difficulties of iterative algorithms, especially when damage 
grows, the convergence rate in step 2 will change continuously. In the 
actual calculations of Abaqus/Standard, the incremental time Δti will be 
automatically reduced to a quarter of the previous increment if 
convergence difficulties are encountered, and Δti will be automatically 
increased by a half of the previous increment if the convergence rate is 
fast. As a result, Δti may even drop to a small magnitude (10− 6 − 10− 5) 
at some increments during the calculations, especially near the final 
rupture of the RVC model. For these increments with small Δti, a con-
stant cyclic jump may increase the chances of overshooting the point at 
which sudden failure occurs. In view of this situation, the cyclic jump Δ 
ni of algorithm B is defined to be related to Δti: 

Δni =Dn ∗ Δti/Δtscale (22)  

where Δtscale = 0.005 is a timescale parameter for dimensionless the Δti, 
and Dn is the cyclic jump parameter, whose effect on life predictions will 
be discussed in section 5.3. In addition, to solve the convergence prob-
lems, it is necessary to introduce a viscous coefficient to regularize the 
damage variable, as stated in section 3.1. According to Eq. (19), the 
actual damage increment at the ith increment can be obtained through 
the following derivations:   

It can be seen from Eq. (23) that the viscous coefficient η has a certain 
influence on the actual damage developments. The incremental damage 
Dωk,i needs to be viscosity regularized by multiplying by Δti/(η + Δti). 
Therefore, it seems more reasonable to correlate the cyclic jump Δni 
with both Δti and η. Consequently, the cyclic jump of algorithm C is 
defined as follows: 

Δni =Dn ∗ Δti /Δtscale ∗ Δti / (η+Δti) (24) 

When implementing the adaptive cyclic jump algorithms, there is no 
need to collect the information of all integration points and no extrap-
olation method is used, which effectively avoids the extrapolation error 
in life predictions. The sensitivity of life predictions to the cyclic jump 
parameter Dn of the three models will be evaluated and compared in 
detail in section 5.3. 

Fig. 6. The numerical computation procedure of the progressive fatigue damage model.  

Δωk,i =ωv
k,i − ωv

k,i− 1 =
Δtiωk,i + ηωv

k,i− 1

η + Δti
− ωv

k,i− 1 =
(

ωk,i − ωv
k,i− 1

) Δti

η + Δti
=Dωk,i

Δti

η + Δti
(23)   
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3.4. Numerical computation procedure 

The numerical computation procedure of the fatigue damage model 
is briefly presented in Fig. 6. As can be seen, the calculation process 
starts with the RVC model preparation. After calculating the stress and 
strain components, the fatigue-improved Puck criterion is employed to 
identify whether fatigue damage has initiated or not. If damage initiates, 
the corresponding stiffness decreases sharply following the sudden 
degradation rules, otherwise the element properties will gradually 
degrade with the increasing number of fatigue cycles. After N incre-
mental iterations, the final rupture of RVC occurs and the predicted life 
can be obtained through Nf =

∑
NΔni. The fatigue life predictions are 

conducted in Abaqus/Standard by incorporating a user defined sub-
routine UMAT. 

4. Experiments and model input parameters 

One set of experiments were conducted to obtain the material pa-
rameters required by the fatigue damage model, including quasi-static 
and fatigue tests on unidirectional laminates with [0]16, [(45/ − 45)8]

and [90]16 lay-ups. Another set of experiments on multidirectional 
laminates with [45/ − 45/0/0/ − 45/90/45/0]S lay-up was conducted 
to validate the accuracy of simulated results. 

4.1. Quasi-static and fatigue experiment 

As shown in Fig. 7, Quasi-static and fatigue experiments were con-
ducted on a MTS 370 testing machine. The ultimate failure strengths 
were obtained under displacement-controlled method and the loading 
rate was 0.5 mm/min. The tension-tension and compression- 
compression fatigue tests were performed under sine wave load- 
controlled method, and the frequency was chosen between 5 and 10 
Hz to ensure the temperature did not rise by more than 10 ◦C during the 
test. The schematic diagrams of the specimens are illustrated in Fig. 7. 
The nominal dimensions of the tensile specimen were 250 × 25 × 2.4 
mm3, while the dimensions of the compressive specimens were designed 
as 126 × 25 × 2.4 mm3. Aluminum tabs with 1.5 mm thickness and 56 
mm length were glued on the ends of all specimens. The stress ratios R 
were set to be 0.1 for tensile fatigue test and 10 for compressive fatigue 
test. The maximum absolute fatigue stress levels were defined as a 
percentage of failure strengths measured from the quasi-static 
experiments. 

4.2. Material properties of unidirectional lamina 

The material properties of the T800 carbon/bismaleimide unidirec-

tional composite are summarized in Table 2, which were measured from 
the tests on [0]16, [90]16 and [(45/ − 45)8] specimens. The fiber volume 
fraction of UD ply is 58%. Due to the absence of experimental data, the 
fracture toughness GC,k are taken from the literature [40]. The Poisson’s 
ratio ν23 and shear modulus G23 are difficult to obtain through experi-
ments. They were therefore calculated based on the transversely 
isotropic assumption according to the following relations: 
⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

E33 = E22, ν13 = ν12,G13 = G12

ν23 =
ν12(1 − ν12E22/E11)

1 − ν12
,G23 =

E22

2(1 + ν23)

S12 = S13, S23 = S2c/[2 tan(53◦)]

(25)  

4.3. Normalized fatigue life curves 

The normalized fatigue life curves in longitudinal, transverse and in- 
plane shear directions of unidirectional composites were extracted from 
the fatigue experiments on [0]16, [90]16 and [(45/ − 45)8] specimens, 
respectively. The ‘μ’ values under different loading conditions were 
calculated according to Eq. (16). As displayed in Fig. 8, the normalized 
fatigue life curves in three different directions can be determined by 
regarding μ and logarithmic life log(Nf ) as the ordinate and abscissa, 
respectively, and the material parameters are presented in Table 3. 

4.4. Stiffness and strength degradation rules 

Fatigue experiments on [(45/ − 45)8] and [0]16 specimens were per-
formed to characterize the stiffness degradation rules. The residual 
stiffness was measured at each designated cycle by conducting a tensile 
experiment without destroying the specimens, and the experiment was 
conducted on the same machine in quasi-static loading under load 
control. The normalized stiffness degradation curves are presented in 
Fig. 9(a). Given the limited number of specimens, it was assumed that 

Fig. 7. MTS 370 servo-hydraulic testing machine and the schematic diagrams of specimens.  

Table 2 
Material properties of T800 carbon/bismaleimide unidirectional composite.  

Parameters Symbols Mean value 

Longitudinal & transverse elastic modulus E11/E22,E33 172.02/9.62 GPa 
In-plane & out-plane shear modulus G12,G13/G23 9.90/3.36 GPa 
Poisson’s ratio ν12,ν13/ν23 0.31/0.43 
Longitudinal tensile & compressive strength S1t/S1c 2640.7/1122.1 MPa 
Transverse tensile & compressive strength S2t/S2c 78.3/164.4 MPa 
In-plane & out-plane shear strength S12,S13/S23 88.6/61.9 MPa 
Longitudinal fracture toughness [40] GC,fft/GC,ffc 121.4/76.5 N/mm 
Transverse fracture toughness GC,ifft/GC,iffc 0.46/1.38 N/mm  
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the stiffness in transverse direction possesses the same degradation rule 
as that in longitudinal direction. Fatigue failure experiments on 
[(45/ − 45)8] specimens were also performed to determine the strength 
degradation rules. The normalized strength degradation curve for in- 
plane shear is illustrated in Fig. 9(b). The experimental data are well 
covered by the fitting curve and the fitting parameters are summarized 
in Table 4. 

5. Results and discussion 

5.1. Static strength and fatigue life prediction 

As presented in Fig. 10, the stress-strain relation of multidirectional 
laminates with [45/ − 45/0/0/ − 45/90/45/0]S lay-up is simulated and 
compared with the experimental curves. The predicted elastic modulus 
and failure strength are slightly higher than the experimental values, but 
on the whole they are in good agreement. The predicted curve initially 
experiences a small linear growth segment, then the slope gradually 
decreases because of the development of internal damage. When the 
strain reaches 1.33%, the structure loses its load-bearing capacity and 
the reaction force suddenly drops to a very small value, indicating the 

Fig. 8. Normalized fatigue life curves in longitudinal, transverse and shear 
directions of unidirectional composites. 

Table 3 
Material parameters of normalized fatigue life curves in different directions for a 
UD ply.  

Fitting parameters A B 

Longitudinal direction 0.435 0.243 
Transverse direction 0.714 0.221 
In-plane shear direction − 0.078 0.216  

Fig. 9. (a) Normalized stiffness degradation curves and (b) strength degradation curves.  

Table 4 
The fitting parameters of residual stiffness and strength degradation rules.  

Fitting parameters p q α β 

Longitudinal direction 1.504 3.019 π/3 2π/3 
In-plane shear direction 1.521 3.026 1.316 2.841 
Transverse direction 1.504 3.019 π/3 2π/3  

Fig. 10. Stress-strain curves of composite laminates under quasi-static ten-
sion loadings. 
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brittle fracture of the composite. The simulated and experimental elastic 
modulus, strengths and failure strains of composite laminates are sum-
marized in Table 5. The deviations between the predicted and experi-
mental results of modulus, failure strength and strain are 8.7%, 10.0% 
and 2.0%, respectively. 

The predicted fatigue lives of multidirectional laminates under ten-
sion fatigue loadings are displayed in Fig. 11, which are compared with 
the experimental results. The simulated fatigue stress levels varied from 
0.75 to 0.95 of the static failure strength. With the increase of maximum 
fatigue stresses, the logarithmic fatigue life exhibits an approximate 

linear decreasing tendency. Different from the deterministic life ob-
tained by the prediction, the experimental data exhibits certain scatter 
as shown in Fig. 11. Generally, the simulated fatigue lives correlate well 
with the experimental results. 

5.2. Predicted residual stiffness curves 

Fig. 12 presents the predicted residual stiffness curves of the multi-
directional laminates under tension fatigue loading with different stress 
levels. It can be seen that all residual stiffness curves follow a similar 
three-stages degradation trend, which qualitatively matches the 
behavior seen experimentally for the unidirectional specimens (Fig. 9). 
The residual stiffness decreases rapidly at the initial stage of fatigue 
loading, and then decreases slowly in the intermediate stage which 
constitutes the vast majority of the whole fatigue period. Finally, the 
residual stiffness sharply decreases to a small magnitude, indicating that 
the composite loses its load-bearing capacity. Guo et al. [24] pointed out 
that it is necessary to define a standard for determining the material 
fatigue failure, since different magnitudes of stiffness degradation 
generally correspond to different cyclic numbers. In reference [24], 
90%, 80%, and 50% residual stiffnesses were defined as the fatigue 
failure standards, and different simulated fatigue lives were obtained 
because the cyclic number still continues to increase in the final stage of 
fatigue loading. However, in this paper, the eventual material breakage 
occurs within a small number of cycles in the final stage, thus there is no 
need to artificially define a standard for determining the material failure 
in numerical calculations. It is noted that the smaller the fatigue stress 
levels, the more obvious the stiffness degradation tendency. This may be 
due to the fact that at lower stress level, the properties of composites 
need to degrade more to result in the eventual breakage, and more 
loading cycles are also required during the fatigue period. 

5.3. Sensitivity of life predictions to cyclic jump 

To reduce the sensitivity of life predictions to cyclic jump, three 
different cyclic jump algorithms are incorporated within the PFDM. The 
residual stiffness curves are predicted by the three different algorithms 
as presented in Fig. 13. The fatigue stress level in Fig. 13(a) and (c) are 
85% and 90% of the static strength, respectively, and the cyclic jump 
parameter Dn is set sequentially from 100 to 1000. It can be seen that the 
stiffness degradations of all algorithms in the initial stage and inter-
mediate stage are consistent as described in section 5.2. However, sig-
nificant differences of residual stiffness curves in the final stage can be 
observed with the increasing Dn of algorithm A. The larger the cyclic 

Table 5 
The simulated and experimental modulus, failure strength and strain of 
laminates.  

Properties Modulus/GPa Strength/MPa Failure strain/% 

Specimen 1 74.1 938.1 1.30 
Specimen 2 80.6 951.0 1.29 
Specimen 3 78.7 932.1 1.32 
Mean value 77.8 940.4 1.30 
Simulation 84.6 1034.6 1.33 
Deviation/% 8.7 10.0 2.0  

Fig. 11. Comparison between predicted lives and experimental data of multi-
directional laminates under tension-tension fatigue loading. 

Fig. 12. Predicted residual stiffness curves of composite laminates under tension-tension fatigue loadings with varied stress levels.  
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jump, the slower the rate of stiffness degradations. Moreover, when 
setting 60 GPa as the material failure standard, the fatigue lives of al-
gorithm An under 85% stress level are 131200, 140500 and 151000, 
respectively, but these fatigue lives become 134000, 145500, 159000 
when 40 GPa is chosen as the failure standard. Therefore, the life pre-
dictions and stiffness degradations of algorithm A are sensitive to the 
user defined cyclic jump Δn. 

As displayed in Fig. 13, the sensitivity of life predictions to cyclic 
jump parameter Dn has been greatly reduced by algorithm B and al-
gorithm C. Residual stiffness curves decrease rapidly in the final stage, 
presenting a brittle-like fracture. Thus it is not necessary to artificially 
define a standard for determining the material failure. Although the 
predicted fatigue lives still increase slightly with the increasing Dn, the 
range of variation is quite limited. Moreover, by considering the influ-
ence of viscosity coefficient, the fatigue lives obtained by algorithm C 
are slightly lower than those obtained by algorithm B, and the variation 
range of fatigue life with the increasing Dn is also smaller. It should be 
noted that the total increments required for eventual breakage in step 2, 
which correlate to the required computation time, are negatively related 
to the cyclic jump parameter Dn. After the eventual breakage point, the 
residual stiffness of the RVC decreases rapidly. In the case of 90% fatigue 
stress, when Dn is selected as 100, 200, and 500, the required increments 
of algorithm C to reach the eventual breakage are 570, 309, and 159, 
respectively, while the predicted fatigue life barely changes. Therefore, 
in the numerical calculations, the cyclic jump parameter Dn of the al-
gorithm C can be arbitrarily selected within a relatively large range to 

obtain convergent results, which ingeniously balances the accuracy of 
life predictions and computational efficiency. 

6. Conclusions 

In this work, the following conclusions can be drawn:  

(1) A new progressive fatigue damage model, incorporating an 
adaptive cyclic jump algorithm, is proposed and applied to pre-
dict the failure strength, fatigue lives and residual stiffness curves 
of multidirectional composite laminates. The numerical pre-
dictions are compared with the available experimental results, 
and an overall good consistency is obtained.  

(2) A parametrical study has been conducted to investigate the 
sensitivity of life predictions to three different cyclic jump algo-
rithms. The life predictions and stiffness degradations are sensi-
tive to the constant cyclic jump algorithm. The sensitivity of life 
predictions to cyclic jump parameter has been greatly reduced by 
correlating the cyclic jump with the increment time and viscous 
coefficient. The cyclic jump parameter of the adaptive algorithm 
can be arbitrarily selected within a relatively large range to 
obtain convergent results, which ingeniously balances the accu-
racy of life predictions and computational efficiency.  

(3) Considering that the predicted residual stiffness decreases rapidly 
within small number cycles in the final stage when incorporating 
the adaptive cyclic jump algorithm, it is not necessary to define a 

Fig. 13. Life predictions by different cyclic jump algorithms: (a) residual stiffness curves under 85% stress level and (b) relation between fatigue life and cyclic jump, 
(c) residual stiffness curves under 90% stress level and (d) relation between fatigue life and cyclic jump. 
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standard for determining the material failure in numerical cal-
culations, which effectively eliminates an artificially induced 
uncertainty in life predictions. 
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