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ARTICLE INFO ABSTRACT

Keywords: This work is focused on modeling the effects of homogeneous roughness on low-order velocity statistics in
Turbulent channel turbulent channel flows. Hydrodynamic effects due to the roughness are characterized on the basis of volume-
Roughness averaging theory (VAT) and a discrete roughness element method. This theory exploits the homogeneous
ODT

character of the roughness in order to reduce the complexity of the flow to its one-dimensional statistics.
The formulated VAT-based roughness forcing is best suited for drag dominated surfaces. Turbulence modeling
closure is achieved with a map-based turbulence model, the One-Dimensional Turbulence (ODT) model. This
avoids the prescription of laws of the wall or other ad-hoc scalings, unlike in more traditional filter-based
turbulence models. The modeling framework is applied on selected Reynolds number flows for likewise selected
roughness topologies. Results are compared to direct numerical simulation (DNS) data available from the
literature. Among others, model results are compared with those of a previously formulated parametric forcing
approach (PFA) for roughness drag which involved a costly coefficient calibration linked to the roughness
topology model. In ODT, the only calibration process required is the same one involved for the turbulence
model parameters, i.e., similar to the ODT model application for smooth-wall flows. Despite all of the inherently
implied shortcomings of a 1-D model, some appealing properties of ODT are discussed. Notably, the model is
able to predict the roughness function, as well as the wall-normal profile of the Reynolds shear stress across
the entire boundary layer thickness.

Volume-averaging

1. Research context, significance, and outline of the work and experimental work. For DNS, the representation of the rough-
ness surface topology is usually done by means of techniques such
as conformal mappings or immersed boundary methods (Mittal and
Iaccarino, 2005; Busse et al.,, 2015). Accurate topology representa-
tions imply expensive simulation costs, and as such, there are not
that many DNS publications in which roughness topology parame-
ters are systematically varied (Chan et al., 2015; Busse et al., 2017).
Experimental work is not as strictly limited as DNS, however, rele-

vant publications with systematic parametric investigations are also

The interactions between rough surfaces and turbulent flows are
studied in a wide variety of disciplines. The atmospheric boundary
layer over canopies or buildings is a related formal topic in atmospheric
sciences (Cooke et al., 2024), civil and structural engineering (Toja-
Silva et al., 2018), and similar. Corrosion can also be considered as
a closely related formal discipline for more technical applications,
see Thorat et al. (2024). The exact prediction of the drag generated
by a specific rough surface at arbitrary flow conditions may probably

be one of the most relevant parameters of concern when predicting
associated fluid flows. This has been an important rationale when
studying flows over rough surfaces, best exemplified by the early ideas
proposed by Nikuradse (1933), and later operationalized by Schlichting
(1937) in the concept of sand-grain roughness height. The shortcoming
in that concept being that the sand-grain roughness height cannot be
directly related to the roughness geometry.

Understanding of roughness and turbulence interactions at a fun-
damental level should ideally be achieved by a joint effort of DNS

not that common (Schultz and Flack, 2009; Flack et al., 2020a,b).
An alternative to accurate roughness surface topology representation
in DNS can be obtained by modeling the rough surface with the
use of the method of discrete roughness elements, for which it is
also possible to further reduce computational costs associated with
numerical simulations by the use of turbulence modeling strategies,
see e.g., McClain and Brown (2009), Forooghi et al. (2017), Hanson
et al. (2019), Chedevergne (2021) and Chedevergne et al. (2025).
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Nomenclature

English symbols
C

CHCICrrn

Ql

ODT eddy rate parameter

VAT-based drag-related forcing coefficients
Intersection between the REV and the
roughness surface at given y

Skin friction coefficient

ODT kernel coefficients for all velocity
components, i € {1,2,3}

Equivalent cylinder diameter of the discrete
roughness elements

Equivalent pore diameter

Loss of kinetic energy due to drag during
eddy events

Change in kinetic energy during eddy
events

Roughness surface effective slope
Statistically stationary total interfacial
stress modeled by double-averaged velocity
field

(Long-)Time-averaged f, »

Triplet-map function

VAT-related C-contour-averaged total inter-
facial stress modeled by volume-averaged
velocity field

Nondimensional pressure gradient
due to staggered cylinder array for
volume-averaged flow

Nondimensional pressure gradient
due to staggered cylinder array for
double-averaged flow

Nondimensional Darcy-flow pressure gradi-
ent

Half-height of the channel measured from
roughness trough

VAT-related inhomogeneous porosity term
Statistically  stationary inhomogeneous
porosity term

Darcy permeability for 1-D streamwise flow
Total permeability tensor for
volume-averaged flow

ODT kernel function

Average roughness height

Turbulence kinetic energy (TKE)

Total permeability tensor for
double-averaged flow

Roughness surface topology

Meltdown roughness height (a priori virtual
wall location)

Root-mean-square roughness height
Roughness crest height

Roughness trough height (y = 0)

Reference roughness height for a posteriori
virtual wall location

Numerical domain length

ODT eddy event length

Length of the representative elementary
volume (averaging plane)

T
(" W)
"1
<Ml. uj)

I
W)

u, v, W
U+(MD,ref)

Greek symbols

S

=

Triplet map operation on a 1-D scalar
velocity profile

Alternative ODT notation for double-
averaged Reynolds shear stress gradient
o(v'ul) /oy

Total number of equivalent circular discrete
elements representing fluid-phase area

Total number of cylindrical roughness ele-
ments

TKE production

Pressure

TKE production peak

Pressure drop due to drag of one cylinder
Pore Reynolds number

Friction Reynolds number

Roughness surface (normalized) skewness
Time

Turnover time of eddy event

Mechanical dispersion term for double-
averaged flow

Residual subgrid-stress-like tensor, VAT-
related dispersion

Double-averaged Reynolds stresses (turbu-
lent dispersion)

Alternative notation for u;, i€ {1,2,3}
Roughness function-related velocity, nor-
malized using either the a priori or the a
posteriori virtual wall location and scalings
Friction velocity

Bulk flow velocity

Streamwise, wall-normal, and spanwise ve-
locity components, i € {1,2,3}

Numerical domain width

Weibull PDF-fit for statistical reconstruction
of a roughness surface

Width of the representative elementary
volume (averaging plane)

Alternative notation for x;

Streamwise, wall-normal, and spanwise co-
ordinates, i € {1,2,3}

Wall-normal position or thickness of the
REV (averaging plane)

ODT small-scale viscous suppression param-
eter

ODT pressure-scrambling parameter
Forchheimer-regime related coefficient for
G

Fluid phase indicator function

Relative quantity

Viscous length-scale

Alternative Delta operator (1 if i # j, and 0
otherwise, i,j € {1,2,3})

Delta operator (1 if i = j, and 0 otherwise,
i,j€{1,2,3})

Fluid phase porosity (¢ = 1 is homogeneous
fluid phase)

Transition-regime related coefficient for G
Fluid dynamic viscosity
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Operators

)
)

[8)
d/ot
0/0x,0/0y,0/0z

0/0x;

+
MD

ref

D
i

J
w
tot

Abbreviations

CDF
DANS
DNS
FPG
LES
LHS
LVM
OoDT
PDF
PFA
RANS
REV

Fluid kinematic viscosity

Shape parameter for the Weibull PDF-fit
characterizing the roughness

Power law distribution (with fractional ex-
ponent) of stochastic roughness element
heights

Fluid density

Total or shear stress (depending on corre-
sponding subscript)

Scale parameter for the Weibull PDF-fit
characterizing the roughness

TKE dissipation rate

Hydrodynamic FPG driving the flow (-¢ >
0)

Volume-average operator

Intrinsic (volume-)average operator, (-)° =
(/e

Vector magnitude

(Long) Time-average operator
Double-average operator

Partial derivative with respect to time
Alternative notation for streamwise, wall-
normal, and spanwise gradient operator
Streamwise, wall-normal, and spanwise gra-
dient operator, i € {1,2,3}

Residual or deviation between local and
intrinsic averaged quantity

Fluctuation or deviation between instanta-
neous and (long-)time-averaged quantity

Subscripts and superscripts

Viscous or wall scaling

A priori scaling or related quantity set
by virtual wall location at the meltdown
roughness height

Scaling or quantity set by a posteriori virtual
wall location

Darcy-flow related quantity

i € {1,2,3}, Cartesian vector components

j € {1,2,3}, Cartesian vector components
Wall-related

Total

Cumulative distribution function
Double-averaged Navier-Stokes
Direct numerical simulation
Fixed pressure gradient

Large eddy simulation

Left-hand side

Large-scale cavity vortex model
One-Dimensional Turbulence
Probability density function
Parametric forcing approach
Reynolds-averaged Navier-Stokes
Representative elementary volume

RHS Right-hand side

TKE Turbulence kinetic energy
VAT Volume-averaging theory
VLES Very large eddy simulation

We pursue a numerical approach to study roughness and turbu-
lence interactions which resorts to turbulence modeling instead of
DNS, despite all of the potential inherent limitations. The majority of
economical filter-based turbulence models, such as Reynolds-averaged
Navier-Stokes (RANS) or very large eddy simulation (VLES), rely on
approximations to the law of the wall in order to provide correct near-
wall behavior of the averaged flow (Pope, 2001). Such approximations
are not well understood for rough walls, see Chung et al. (2021).
This is an important limitation for said filter-based approaches, and
it is the reason why we propose instead the use of a map-based
turbulence model, ODT (Kerstein, 1999), which is not directly related
to the use of filter operators on the Navier-Stokes equations. The ODT
rationale is based on ergodicity theory and the way in which maps,
such as Baker’s maps, are an example of strong mixing (Sturman, 2012).
Origins of the use of maps for understanding or explaining turbulence
phenomenology can be traced back to Chorin (1986), or even before
to Reynolds himself (Ottino et al., 1994). Specifically, ODT relies on a
specific type of mapping, a triplet map on 1-D scalar profiles (Kerstein,
1999), in order to represent turbulent transport. Scaling laws do not
need to be prescribed directly in ODT. Rather, they are the result
of an ensemble average of mapping implementations, see Klein et al.
(2022). In this way, ODT allows us to avoid the use of approximations
to the law of the wall which are required in most widespread RANS
turbulence models, e.g., X — @ models, or alternatively, the use of
heuristic damping functions for near-wall asymptotic consistency as
in so-called low Reynolds numbers models utilizing viscous sublayer
resolution, e.g., the Launder-Sharma K — ¢ model (Wilcox, 2006).

In the present modeling framework to study turbulent channel flows
with homogeneous roughness, the representation of the roughness is
achieved with a discrete roughness elements method (McClain and
Brown, 2009; Forooghi et al., 2017; Hanson et al., 2019; Chedevergne,
2021; Altland, 2022; Chedevergne et al., 2025). In said family of
approaches, the hydrodynamic effect of the roughness is represented
as an equivalent body force in the governing equations (Aupoix, 2015;
Chedevergne, 2021; Chedevergne et al., 2025). We evaluate the perfor-
mance of our model with numerical simulations at selected Reynolds
numbers for likewise selected different roughness topologies. Finally,
we comment on the obtained results and offer an outlook on potential
future work for model improvement, or for more practical applications.

2. Roughness-drag characterization and forcing

We conceptualize the homogeneous roughness as being originated
by a set of discrete roughness elements. We are interested in deriv-
ing a 1-D wall-normal forcing representation for the roughness drag,
which can be obtained by the application of VAT, similar to previous
studies (Aupoix, 2015; Chedevergne, 2021; Chedevergne et al., 2025).
Although we do not intend to solve double-averaged Navier-Stokes
(DANS) equations directly unlike previous studies, for the purpose
of generality and better understanding of our approach, we discuss
the derivation of said DANS equations next. Afterwards, we explain
our strategy for turbulence modeling closure utilizing the alternative
map-based ODT model.
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Fig. 2. Intersection between averaging plane and roughness elements, showing
the ideal REV (unit cell with a staggered cylinder array).

2.1. Double-averaged Navier-Stokes equations

We define an averaging plane 7, or equivalently, a REV of thickness
Ay-, length L- <« L and width W= < W, where L and W are the
length and width of the numerical domain, respectively, see Fig. 1.
The thickness Ay- is set in such a way that it corresponds to the
numerical resolution of our simulation, which should be capable of
resolving the Kolmogorov scale of the turbulent flow. It is noted that
the roughness elements shown in Fig. 1 may have any arbitrary shape.
However, the ideal approximation anticipated in our framework is
obtained when the intersection between the averaging plane and the
roughness elements yields a staggered array of (almost flat) cylindrical
sections (or rather, truncated cones which can be approximated as
almost flat cylinders), see Fig. 2. If D,, an equivalent diameter open to
the fluid, is a pore scale as in Fig. 2, then classical VAT assumptions
hold in the sense that zD? /4 < \/LzW= < /LW (Whitaker, 1999;
Aupoix, 2015). These con51deratlons are snmlar to those of the model
proposed by Chedevergne (2021).

We define the volume average of the velocity field u;(x, y, z,1), for
i € {1,2,3}, and the pressure p(x,y, z,1),

1
iy dzdx,
T //;u,)( zdx
v ||
py dzdx.
LzWs =

We use the alternative index notation with i = 1 as the streamwise
direction x; = x and aligned velocity component u; = u, i = 2 as the
wall-normal direction x, = y with aligned velocity component u, = v,
and i = 3 as the spanwise direction x; = z with aligned velocity
component u; = w. In Eq. (1), y is a unitary indicator function which
is only nonzero within the fluid phase, which we will reference as o.
Note that the volume average is defined with a double integration. This
is because flow variables are assumed constant in y within the REV (up
to numerical accuracy), in such a way that integrals in y are redundant.
We define the intrinsic average of the fluid phase as (u;)* = (4;)/e and
(p)° = (p)/e for the velocity and the pressure, respectively. The porosity
of the REV, ¢, is defined as

' / / |
e=—— 2(x,y,2)dzdx & —— / / Sy dzdx. (@
LWz S, Jw. LW JiJw

This definition of porosity assumes ¢ = ¢(y) to be homogeneous in x
and z, mainly due to the homogeneous character of the roughness. As

(ui>(x9 ¥, z, t) =
@

(P)(x,y,2,1) =
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such, de/dx ~ de/dz =~ 0. The indicator function y can be interpreted as
a type of negative Heaviside function (since y is 1 within the phase o).
As such, the double area integral of the gradient 0 y/dy, is equivalent to
minus the evaluation of said double integral at the discontinuous points
of y at given y. This is the perimeter of parameterized curves C(x, z) at
a given ¥, or simply C(x, y, z). In terms of porosity, this is

// 0}((x y,Z) __ 1 dc 3)
y T w LW Jeyz)

All assumptions from classical VAT are considered next, see
Whitaker (1999). There is a clear scale separation between the rough-
ness (horizontal) scale, the pore scale D,(y), and the size of the REV.
As such, D, (y) < 4/LzxW=. We focus on the study of canonical
channel flows with rough walls. To that extent, we rely conceptually
on usual channel flow configurations which employ periodic boundary
conditions in the streamwise and spanwise directions, as well as no-slip
conditions at the (rough) walls. The rough walls resemble the surface
visualized in Fig. 1. The conservation equation for flow momentum,
subject to the zero divergence condition of the velocity field for
incompressible flow is

ou, O (uu; 0, u;
9 ;) 5L L, 9 (245 subject to
ot axj 0)( ax/

du;
—=0. (4
3 (©)]

Xi

ox;
Here, p is the (constant) fluid density, and v is the (constant) kinematic
viscosity. As a result of the homogeneous roughness, we expect a
statistically homogeneous flow along the directions spanning the rough
wall (x and z according to the sketch shown in Fig. 1). In order to drive
the channel flow, we consider a fixed (and favorable) time-averaged
and uniform hydrodynamic pressure gradient. The latter is noted as —¢
in Eq. (4), as a way to distinguish it from other pressure gradient terms
during the derivation procedure of the DANS equations. In this context,
¢ <0 or —¢ > 0 is a uniform acceleration term in Eq. (4), i.e., a source
term for u,. This explains the use of §;; in Eq. (4), which is only non-zero
fori=1.

Next, the volume averaged version of Eq. (4) is obtained. A de-
composition of variables is required as suggested by Whitaker (1999),
namely, ; = (u;)° +u}'. Double-primed variables represent residual
quantities within the REV. The volume-averaged momentum equation
is then,

oy _ 0(eCw)™(w;)?) owiui)

19(p)

o axj 0xj U p 0x; 3><,

2
V2 <“>+I +fpe

Several forms of the volume-averaged momentum equation can be
found in Breugem (2005). The most relevant form for this work is
that in Aupoix (2015). In our specific case, the form of interest of the
momentum equation is that of a transport equation for the volume-
averaged (or plane-averaged) velocity, instead of usual forms related to
the intrinsic-averaged velocity. The exception is an advection term by
intrinsic-averaged quantities in Eq. (5), i.e., the first term on the RHS.
The term (u;’ u') is a residual subgrid stress-like term, commonly known
as dispersion in the context of VAT (Whitaker, 1996; Breugem, 2005).
We have also defined an inhomogeneous porosity term 7, (assuming
de/0x ~ de/dz ~ 0), as well as an effort term f,;,

_loe [ (p) o)
I/__;0_y<__5 T ( >—>, (6)

u//
< P8+ e >ﬁj dc. @)
J

Note that §;, is zero if j = 2 in Eq. (7). The integral term fc{}dC
in Eq. (7) represents a contour filter, see Whitaker (1996). This is the
contour average of the viscous stress and the hydrostatic pressure at the
roughness interfaces. We can also obtain a constraint on the volume-
averaged velocity field by volume-averaging the divergence condition
of the incompressible flow,

o{u;) _
ox;

Joi= pL W

®
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Similar to Aupoix (2015) and Chedevergne (2021), we are also
interested on the ensemble-, or more specifically, (long) time-averaged
flow resulting from Egs. (5) and (8). The time-averaged and volume-
averaged flow is inherently one-dimensional, and will help toward
our desired 1-D forcing representation for the average roughness drag.
Therefore, we formally introduce time-averaged versions of the flow
variables as u;(x,y,z) and p(x,y,z), as well as double-averaged flow
variables (u_,-)(y) and @(y). We also resort to the usual Reynolds de-
composition, such that u; = &; + u/, and p = p + p. The applicable DANS
momentum equation, following derivation procedures as in Mignot
et al. (2008), Aupoix (2015) and Chedevergne (2021), is

o{ul) u;/) 0(u )
dy dy

_ 1 0<p>
gll P ay 12

Fy — —
v o2 + I+ fpai—

9

We remark the following definitions for f,,;, and for the statistically
stationary inhomogeneous porosity term 7;,

aull
fpdl:pL 7 /( ”@j"’”f) Ajdcy (10)
— _@( () VU@> an

1= € dy _7512 () y

As in Aupoix (2015), we recognize the term m as the statisti-
cally stationary effort term corresponding to a microscopic momentum
contour filter in Eq. (9). This is an averaged drag force density for
the resulting 1-D DANS flow. The sixth term on the right-hand side
(RHS) of Eq. (9) corresponds to an average mechanical dispersion
term, see Breugem (2005). Finally, the seventh term is the turbulent
dispersion or Reynolds stress term.

2.2. Roughness-drag parameterization

In the limit of negligible mean advection, turbulence (Reynolds
stress), and mechanical dispersion, the stationary effort term m can
be modeled by means of a scalar Darcy permeability Jp,,, (Mei and
Auriault, 1991; Whitaker, 1999). The permeability Jp, ., has units [m?].
The Darcy flow is the macroscopic steady laminar flow solution of
Eq. (9), driven by an equivalent pressure gradient p¢p),

JDxx
(u)p = e

(v¢p) - (12)

As per Eq. (9), the flows of interest for this work consider not only
the macroscopic effects of mechanical dispersion, but also the usual
effects due to the Reynolds stress. Several studies and authors argue
that subfilter-scale mechanical dispersion is normally negligible with
respect to the drag force and the Reynolds stress (Breugem, 2005;
Breugem et al., 2006). Other authors stress the relevance of adequate
consideration and modeling of mechanical dispersion (Toussaint et al.,
2020; Chedevergne et al., 2025). Despite the inherent limitations, to be
discussed later, we choose to rely on the standard model as referenced
by Aupoix (2015), in which suitable modeling for a permeability tensor
TIrij (including corrections to Darcy’s law), subsumes the effects of
the mechanical dispersion term on the pressure gradient associated to
the macroscopic steady flow. This is the reason why we assume the
incorporation of d(u) u;’)/dy in our permeability analysis. Therefore,
we consider the following relation for the inverse of the permeabil-
ity tensor of the statistically stationary flow m_l, following ideas
from (Whitaker, 1996),

A -
()—y pd,i

We resort to the use of known approximations for Jr,; (or Jr;;),
as in Darcy flow-like permeability data which includes corrections due

eu;) = —

—VJTY‘-/- (13)
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to inertial effects, e.g., the Forchheimer correction term. Such approx-
imations have been extensively studied and discussed in the literature.
Despite inherent limitations, we choose to rely on the magnitude of
an isotropic permeability for mean streamwise flow J ., such that
m: Jrxx;;- We assume that the role of E is that of yielding
drag, i.e., a roughness-induced drag. The drag is due to the situation
in Fig. 2, i.e., a flow through an array of cylinders. The cylinder array
is staggered in the ideal case. The resistance (drag) force is due to
the pressure drop by one cylinder 4p,, multiplied by the cylindrical
wall area of one cylinder #D, Ay, and the number of cylinders Ny.
Reinterpreting Jp ., as Jr > and (u;)p as (uy in Eq. (12), and solving

for JTYXX_I using the equivalent pressure drop of the cylinder array, we
find
—1 NpnD, Ap,
JT,xx == 1—< TW )( i ) a4
uuy)

The nondimensional form of this expression is obtained using the pore
diameter, which we note as D,. With the definition 4p,/L = dp,/dx,
we have then the nondimensional permeability

-1 NpzD,— Di %

D27 = G, where G = — . 15)
kYT xx p—
wuy) dx,

G is a nondimensional pressure gradient. This analysis is valid for one
thin plane representing the situation from Fig. 2, such that G can be
generalized to a wall-normal profile G(y). Similarly, we can define a
pore Reynolds number at any y coordinate as

”(u_ﬁ(y)” Dy (y)

v

Re,(y) = 16)

Khalifa et al. (2020) have obtained a quadratic regression for G as
a function of Re,,, for a unit-cell of a staggered array of cylinders as
in Fig. 2. The quadratic form is occasionally discussed in the literature
as part of the nonlinear corrections to Darcy’s law (Mei and Auriault,
1991; Firdaouss et al., 1997). The regression, as detailed next, yields
a very good fit for all regimes in the range 0 < Re, < Rep,, where
Rey, is the pore Reynolds number assigned to the estimated end of the
Forchheimer regime, see Khalifa et al. (2020).

G() = &) + &1 (€IRe, () + 111 (€IRED). a”

In Eq. (17), é;(e(y)), é;;(e(»)) and ¢é;;,(e(y)) are drag-related coeffi-
cients which depend on the porosity, and therefore, on the wall-normal
coordinate y. We can reconstruct G from the data presented in Khalifa
et al. (2020) considering the Darcy, transitional, and Forchheimer
regimes.

Once G(y) is obtained, we can use it to define m in Eq. (9). Denote

o(uyur)/dy as M_N, to indicate that the Reynolds stress is an inherently
nonlinear contribution to momentum. The desired form of the DANS
equation is then obtained from substitution of Egs. (13), (15), (17) and
(16) in Eq. (9),

1 9(py 22 (u) veNrrnD

My, ==(6; — oy v P Ii_TWOélm -
- S [ Gy - e [ T

2.3. Permeability model

We omit the overline average notation * from now on unless explic-
itly stated for simplicity. The nondimensional pressure gradient G and
corresponding coefficients é;, é;; and ¢;;; defining the permeability
which should be used in Eq. (18), can be directly obtained from the
data presented in Khalifa et al. (2020). The data for consideration
is that corresponding to the piecewise approximations for the Darcy,
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Table 1

Dimensionless coefficients for estimation of G ey taken from Khalifa et al.

(2020).
€ Re; Rey, Rerp G, 12 B Gy
0.4 20.6 24.4 22.5 1350.0 0.163 7.0427 1274.057
0.5 12.4 17.27 14.835 340 0.0914 2.0361 329.909
0.6 9.39 10.7 10.045 111 0.0599 1.0402 106.5952
0.7 7.87 7.46 7.665 39.3 0.0492 0.7080 36.7638
0.8 7.08 2.15 4.615 13.1 0.0428 0.4207 12.0699
0.9 2.55 1.41 1.98 3.16 0.0514 0.2105 2.9446
1.0 0 0 0 0 - 0 0

Table 2

Dimensionless coefficients for G valid for Darcy, transitional, and Forchheimer
regimes, see Eq. (17).

€ Cr Crr rrr

0.4 1321.8031 4.9033 2.097 x 1072
0.5 333.0872 1.8790 1.621 x 1073
0.6 107.9913 0.9729 6.868 x 107
0.7 37.4884 0.6729 3.585x 107
0.8 12.2955 0.4097 1.133x 107*
0.9 2.9731 0.2091 1.455%x 1073
1.0 0 0 0

transitional and Forchheimer regimes, in a staggered array of cylinders
within a unit cell,

19

piecewise

G _ {GO +7Re2, 0<Re, <Rer,
Gj + PRe,, Re,>Rerg.

We only consider the Darcy, transitional and Forchheimer regimes
because this is a relatively simple parameterization of permeability in
terms of a quadratic polynomial of Re,, which also yields a reasonable
representation of the porous flow. Cubic regressions of G in terms of
Re, such as those also published in Khalifa et al. (2020) have the in-
convenience of potentially yielding negative values of G for some range
of Re,,, which is undesirable for a roughness-drag model. In Eq. (19), G,
is the nondimensional Darcy pressure gradient (G for Re, — 0), while
p and y, are linear and quadratic coefficients for G e eyise, T€SPECtively.
Also, the intersection pore Reynolds number between the transitional
and Forchheimer regimes, Rery, is obtained with the data from Khalifa
et al. (2020) as Rergp = (Rer + Reg;)/2, where Rey is the estimated
Reynolds number at the end of the transition regime, and Reg, is
the estimated Reynolds number at the beginning of the Forchheimer
regime. Gj is calculated by intersecting the transitional and Forch-
heimer regimes, such that Gpicceyise iS continuous. The coefficients
required for the estimation of Gpjecyise are taken from Khalifa et al.
(2020), and are summarized in Table 1.

Once Gpiecewise 18 Obtained, a linear least-squares fit is performed in
order to obtain ¢é;, ¢;; and é;;; at every porosity value. This is reported
in Table 2. Afterwards, ¢, ¢;; and é;;; can be interpolated for any value
of e (in the range 0.4 < e < 1). Figs. 3(a) and 3(b) show Gpccewise for
the Darcy, transitional, and Forchheimer regimes, as defined in Khalifa
et al. (2020), and the corresponding least-squares fit for porosity values
e = 0.6 and ¢ = 0.9. Note that the nonlinear vortex-shedding regime
from Khalifa et al. (2020) is also shown in Figs. 3(a) and 3(b), although
this regime is not included in the quadratic regression.

It is also necessary to comment on the procedure regarding the
determination of the values and profiles N, e(y), D,(y), and D, (y),
which are necessary for the formulation of the drag forcing in Eq. (18).
The suggested methodology for the determination of said values and
profiles is discussed in Appendix A.

3. One-dimensional turbulence model formulation incorporating
roughness parameterization

As written, Eq. (18) has a closure problem, i.e., the Reynolds stress
M,y ;. The latter is responsible for turbulent dispersion as defined
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by Breugem (2005), or alternatively, turbulent advection. The closure
for M ; will be provided by the ODT model (Kerstein, 1999) as
specified next.

ODT is best understood as a 1-D map-based model, in which an
ensemble-average of stochastically sampled mapping implementations
yields consistent turbulent fluxes, including scaling laws for turbulent
transport, see Klein et al. (2022). The best application case for ODT is
that of turbulent flows which exhibit statistics dominated by gradients
in only one coordinate direction. This is usually the case for most
boundary-layer flows, since wall-normal shear usually characterizes
mean flow statistics to leading order. Following previous related ap-
plications of ODT for wall-bounded flows (Lignell et al., 2013; Freire
and Chamecki, 2018; Klein et al., 2022), we utilize a so-called temporal
ODT formulation, in which we time-advance scalar velocity component
profiles on a wall-normal domain. The usual ODT governing equations
for notional 1-D wall-normal scalar velocity profiles u;(y,f) can be
written as

%+M(u-)———d—5- +vﬂ + [ (20)
ot i) = pdx il FLi#2-

Clearly, the scalar profiles u;(y,t) referenced in this section inher-
ently fail to contain the same information as a 3-D DNS velocity field
u;(x, y, z,t). For the temporal ODT formulation, the interest is instead on
the statistical moments of u;(y, ), which should approximate those of
the 3-D field in the limit of statistical stationarity, e.g., the wall-normal
profile u;. In Eq. (20), —dp/dx > 0 is a constant pressure-gradient forc-
ing the flow, which corresponds to the time-averaged pressure gradient
balancing the wall-shear stress in a wall-bounded configuration, e.g., a
smooth-wall channel flow. Likewise, ff ., is a body force, omitted for
the wall-normal velocity component. Eq. (20) is integrated numerically
in time with any numerical method of choice, however, M(u;) is
omitted from the numerical integration procedure. The latter is the
model representation of the turbulent transport induced due to the
advection of u; by u,. This assumes that wall-normal advection of the
mean flow u; by the mean velocity u, is zero, as in usual boundary-layer
assumptions on fully-developed flows with no-slip velocity conditions
at the wall. In this context, if we denote u;(z,, f()) as a triplet map f(y)
on the 1-D profile u;(y), implemented at some (discrete) time ¢,, then
M(u;) at a specific time ¢, is, following (Kerstein et al., 2001),

ui(te, y) = w;(t,, f(¥) + ¢; K(p). 2D

In addition to triplet mapping the velocity profile, an additional mod-
ification due to a kernel function K(y) = y — f(y) follows for a vector
formulation of u; (Kerstein et al., 2001). In this context, the kernel
coefficient ¢; (uniform in y) is related to an ODT model parameter
a. This parameter, or more generally, « and a — 1, can be loosely
related to eigenvalues of the normalized anisotropy tensor. Thus, ¢;
loosely indicates how much kinetic energy is redistributed according to
isotropy or anisotropy considerations during the transformation given
by Eq. (21), also known as an eddy event in ODT (Kerstein et al., 2001).
This links the effect by the kernel to the pressure-scrambling effect
on incompressible flow. Note that we always use « = 2/3. See also
Appendix B for a derivation of the formula required for calculation of
¢;, noting the dependence on «, and the inclusion of the body force
effect.

On the assumption that u, =0, it is understood that all effects
contained in u, contribute only to turbulent transport, and not to mean
advection. To that extent, the contribution of f, is omitted from
Eq. (20), and considered instead as part of the energy redistribution due
to the imposition of ¢;K during eddy events. For the case at discussion
in this work, fy; should be related to the drag forcing contribution.
Some of the previous parametric forcing approaches for roughness drag
used in DNS have omitted the use of the wall-normal (i = 2) drag forc-
ing component from momentum equations, see Forooghi et al. (2018).
There have also been ODT studies using parametric drag forcings, most
notably in the context of canopy flows (Freire and Chamecki, 2018,
2021).

M, D8(t —1,)
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Fig. 3. Least-squares fit G = ¢, +¢;,Re, + ¢/ ,Rei from Eq. (17) and DNS-reported nondimensional pressure gradient G from Khalifa et al. (2020). The different
regime approximations with reported values from Khalifa et al. (2020) are also shown in the figure (Darcy, Forchheimer, transitional, and vortex shedding regime).

Eddy events in ODT are sampled following a stochastic process, see
details in Lignell et al. (2013). Sampled mappings are only implemented
as long as the time-scale of the event, an eddy turnover time 4z, is
feasible. Feasibility is decided for the rate (4t,)~!, following a scaling
proportional to the local kinetic energy (Kerstein et al., 2001; Klein
et al., 2022),

(22)

where [ is the sampled length scale of the eddy event, and we have
defined

uix =~ [ue FONKG) dy. 23)

=5/

We observe two terms within the square root in Eq. (22); the first
one is the available kinetic energy within a candidate eddy event,
while the second one is a viscous penalty-like term on said available
kinetic energy. Empiricism is portrayed in ODT in the form of the model
coefficients C and Z from Eq. (22), which relate to the frequency of
implemented eddy events, and to a modeled viscous-suppression of very
small eddies (due to TKE dissipation). Mappings are only implemented
for sampled eddy events on which 4t is real, such that the quantity
within the square-root in Eq. (22) is positive. We comment briefly on
the effect of the C and Z model parameters for smooth-wall turbulent
channel flows in Appendix C.

The ODT implementation for the double-averaged momentum equa-
tion, Eq. (18), time-advances scalar velocity component profiles until
a statistically steady state. As in all ODT implementations to date,
the time-(or ensemble-)average of the changes in the scalar profiles
due to the stochastic implementation of eddy events, as per Eq. (21),
results in the model representation of the Reynolds stress My ;, see
also the appendices in Kerstein et al. (2001). The remaining conceptual
difficulty concerning model implementation relates to the precise form
of the governing equations for the time-dependent flow which must
be numerically integrated in time within ODT. This need not be an
issue, since the 3-D volume-averaged flow given by Eq. (5) can be
time-advanced in the same way that a more traditional turbulent
channel flow with smooth walls would be time-advanced in ODT using
Eq. (20). The difference would only be related to the presence of the
inhomogeneous momentum source or sink terms Z; and f,;. In this
context, we need to omit the advection terms, as well as pressure
gradient terms (other than uniform averaged source terms used to
drive the mean flow) from Eq. (5). This is then entirely similar to
the same way in which such terms are omitted in ODT smooth wall
turbulent channel flow implementations (Lignell et al., 2013, 2018). As
commented previously, we also omit the wall-normal component of the
inhomogeneous terms, such that we take I, and f,;.,. Consideration
of 7, also omits the pressure term from Eq. (6) in the inhomogeneous
porosity term. There is an important issue which must be mentioned

concerning the implementation of f,;.,. Consider m for the DANS
momentum equation, Eq. (9), which should be given by f,; in the
volume-averaged Eq. (5). For f,;, we have the option to choose the
same permeability modeling discussed in Section 2.2, but taking the
time-dependent volume-average-related permeability Jr ,, instead of
m. This implies considering time-dependent G and (u;) fields instead
of their time-averaged versions G and (u;). This results in a time-
averaged forcing which is not the same as that from Eq. (9). That is
to say, E + m, since the modeled time-dependent and subsequently
averaged term E would involve averages of (velocity) products, which
contrasts with the (directly) modeled DANS term m.

As one last remark, we note the calculation of the magnitude of the
velocity vector for use in Eq. (16), i.e., ||{y;)||, and subsequently in (17),
in a similar fashion as Busse and Sandham (2012) and Forooghi et al.
(2018). That is, we simply consider the magnitude of a corresponding
velocity component |(u;)| instead of the magnitude of the velocity
vector. Denoting the equivalence of the (long-)time-averaged pressure
gradient by p{ = dp/dx < 0, and the time-dependent equivalent of M y;
from Eq. (9) as M({u;)), as to emphasize the application of Eq. (21) for
eddy events, the ODT governing equation for use is then

o{u;) 1dp 0% ;) veNrzD,
— + Mu;)) =———06; + 4+ 1,620 — ———— ¢ (u;)6;
ot (<u1>) pdx il v ayz iYi#2 DiW Cl<u1> i#2
eNrnD, eNpnD,
- Dk—WC[[ |(”i>| <ui>5i#2 - 70111(“1')35#%

(24)

4. Limitations of the suggested modeling approach

In anticipation to the discussion of selected numerical results, we
stress some issues of relevance concerning the limitations of our sug-
gested model.

First and foremost, we note the use of a standard model for equiv-
alent forcing of the hydrodynamic roughness effects as referenced
by Aupoix (2015). In such standard models, mechanical dispersion is
considered to be part of the corrections to Darcy’s law. Arguably, our
model may confound, to some extent, two different physical phenom-
ena.

Second, the roughness-drag parameterization in Eq. (24) is solely
made up of terms of the form Re(u;)6;., (m being an integer, m < 2).
All forcing terms, to that extent, represent drag contributions as in the
PFA of Busse and Sandham (2012) and Forooghi et al. (2018). In drag
dominated surfaces, or surfaces exhibiting large drag penalties, this
is not an issue. We refer to the findings of Flack et al. (2020a,b), in
which rough surfaces exhibiting positive skewness Sk are also those
exhibiting the largest drag penalties. As in Busse and Sandham (2012)
and Forooghi et al. (2018), it is also not possible to account for
effects such as shielding or sheltering, which occur for very dense (d-
type) roughness. Consensus on the effective criterion to distinguish
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between sparse and dense roughness focuses on the effective slope
ES, although there is no definite agreement on a threshold value
of ES which would characterize said sparse-dense distinction or an
associated transition. For the purpose of this work, we consider surfaces
observing ES < 0.35 as of sparse roughness, while surfaces with larger
effective slopes are considered in the dense roughness regime. The
threshold value for ES follows the discussion in Chung et al. (2021)
and Kadivar et al. (2021). As described so far, the best application
cases for our model correspond to sparse (or k-type) roughness surfaces,
which also exhibit positive skewness (peak-dominated sparse roughness
surfaces with ES < 0.35 and Sk > 0). Roughness surfaces exhibiting
negative skewness (pit-dominated surfaces), may be characterized by
recirculation and separation effects within the roughness cavities (pits),
see Jelly and Busse (2019). This cannot be captured with a drag model.
A modified near-wall treatment for the mean streamwise flow in such
cases is discussed in Section 6.2.

Although we apply our modeling approach to different roughness
types, it is important to stress that some roughness types cannot be
represented by discrete cylindrical elements. The use of a profile such
as D,(y) in the parametric forcing, thus, may be ineffective. Another
important issue is the case of a roughness described by an array of
uniform cylindrical roughness elements, in which all of them observe
the same cylindrical diameter D and roughness height k. In said case,
D,(y) exhibits a discontinuity, since D,(y < k) = D and D,(y > k) =0,
implying a discontinuous forcing term. This is not consistent with
the continuous enhanced drag perceived by the flow for y > k as
commented in Chedevergne (2021). In Chedevergne (2021), this is
corrected with a decaying exponential function which multiplies the
original cylindrical drag coefficient. This could be interpreted as the
application of a Brinkman correction to Darcy’s law in order to prop-
erly match the roughness sublayer with the fluid layer above it, see
also Chandesris and Jamet (2006). Unlike Chedevergne (2021), we do
not foresee any additional treatment to that extent.

Further remarks derive from our pseudo-isotropic assumption for
the permeability. We rely on the same relative strength (forcing coeffi-
cients) for streamwise and spanwise components of the roughness-drag
forcing. We also use a similar drag form as a dissipation-like term
affecting the kinetic energy redistribution during eddy events, see
Appendix B. Mei and Auriault (1991) stress that permeability cannot
be isotropic for finite Reynolds number effects, and Aupoix (2015)
discusses how an anisotropic permeability with a distinctively different
form for the wall-normal component of the roughness forcing could
help toward better modeling of the contributions due to mechanical
dispersion. Busse and Sandham (2012) also claim that different forcing
forms for every momentum component, may lead to drag-reduction
effects. Modifications to the ODT model parameter «, or the energy
redistribution procedure during eddy events, could be beneficial in that
sense. However, this is considered out of scope in the present work.

In general, the proposed modeling approach is focused on providing
closure for the Reynolds shear stress with ODT, which can be achieved
independently from the chosen parameterization of the roughness. In
this context, additional limitations of the suggested modeling approach
also relate to the usual limitations of the ODT model when simulating
smooth-wall turbulent flow, see McDermott (2005), Lignell et al. (2013)
and Klein et al. (2022).

5. Description of the study cases

Table 3 lists the study cases evaluated in this work, detailing both
surface and flow features. Cases F-Ia and F-III correspond to surfaces
with homogeneous and regular roughness, see Fig. 4. The cases F-la
and F-IIT were originally evaluated in Forooghi et al. (2018), and are
characterized by viscous-scaled average roughness heights k*™MP) = 67
and k*MDP) = 110, respectively, with the turbulent flow characterized
by a friction Reynolds number Re,\, ~ 500. We note that case
F-III is a surface in which all discrete roughness elements exhibit the
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Fig. 4. Schematic visualization of the rough surfaces corresponding to cases
F-Ia and F-III. The inset shows the form of the discrete roughness elements.
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Fig. 5. Representative example of irregular rough surfaces (case P-60/360).
Colors are associated with roughness height values.

Table 3

Study cases: surface and flow features. Symbol notation as follows: L surface
length; W surface width; k average roughness height; k,;, meltdown roughness
height; kgys root-mean-square roughness height; &, roughness crest height;
Sk normalized skewness (by kgys); ES effective slope; N, number of rough-
ness elements.

Parameter/case F-la F-III P-15/360 P-60/360

L 8H 8H 5.63 (H — kyp) 5.63 (H — kyp)

w 4H 4H 2.815 (H — kyp) 2.815 (H — kyp)

k 0.12H 0.19H 1/24 (H = kyp) 1/6 (H = kyp)

kmp 0.074H 0.1H 0.04 (H — kyp) 0.16 (H — kyp)

krms 0.045H 0.045H 0.0089 (H — kyp) 0.0358 (H — kyp)
max 021H 0.19H 0.0653 (H — kyp) 0.2619 (H — kyp)

Sk 0.21 0.21 -0.52 -0.52

ES 0.88 0.88 0.23 0.23

e(y=0) 0.0455 0 0 0

Ny 645 1080 Profile Ny (y) Profile Ny(y)

same roughness height k (despite being dissimilarly distributed on the
surface). Cases P-15/360 and P-60/360 correspond to surfaces with
homogeneous and irregular roughness, see Fig. 5. The cases P-15/360
and P-60/360 were originally studied by Peeters and Sandham (2019),
and are characterized by k*™MP) = 15 and k*™D) = 60, respectively,
with a turbulent flow at Re_yp = 360. We also perform, for reference,
smooth-wall turbulent channel flow simulations at Re, = 500 (noted as
case S-500) and Re, = 360 (noted as case S-360). Note that quantities
{-}* are defined in correspondence with the scales determining associ-
ated Reynolds numbers, such that {-}*, {-}*™D) and {-}*D) correspond
to quantities normalized according to the scales defining the friction
Reynolds numbers Re, Re, yip and Re, ¢, respectively. As an example,
wt™D) = () u, \p. All of the before mentioned Reynolds numbers are
defined next.

All cases were simulated in a (confined) channel flow-like setting
of total height 2H, see Fig. 6. The scales kyp and k. in Fig. 6
correspond to virtual wall location choices. The friction Reynolds num-
ber for a smooth-wall turbulent channel is defined in the usual way,
Re, = u,H /v, where u, = 1/z,,/p is the friction velocity normalization
scale defined by the (smooth) wall-shear stress. The smooth-wall vis-



J.A. Medina Méndez et al.

ODT line kMD, kref
/_// ~ : 5 ?
W 2H
(u) j “F—
y el
A e o , =
.4 .......... Baald m‘al wall
7 ") roughness
streamwise forcing: trough
g—i <0 y=0,2H

Fig. 6. Flow configuration sketch.

cous normalization scale is then §, = v/u,. The input friction Reynolds
number Re, i for the rough wall channels is defined with the help of
an a priori specified virtual wall location and a corresponding effective
channel height,

u H -k
Re, i = e ( wmp) . (25)

12

Here, kyp is the meltdown roughness height, an a priori estimate for
the virtual wall location mainly based on geometric considerations,
see Chan-Braun et al. (2011). We reserve the notation ks for an a
posteriori estimation of the virtual wall, see also Chan-Braun et al.
(2011). The input friction velocity u, \jp is defined in terms of the fixed
pressure gradient (FPG) driving the flow, with denoted equivalence
p¢ = dp/dx. The latter equilibrates the total stress at y = kyp, as per
the integration from y = kyp to y = H of the time-averaged version of
the streamwise component of Eq. (24),

dp

™ (H = kyp) = [tiot21(0 = H) = Tio.01(y = kyp)] - (26)

We define the total shear stress 7, acting on a wall-parallel plane,
in direction x; as

e o)
Tior21(¥) = —p{uuy) + M= =P foady —p 1,dy". (27)
y ye=y ye=y
Due to symmetry of the profile around y = H, we set 7,5 (y = H) to
zero. Using 7., 51 (y = kyp) as a reference shear stress and Eq. (26), we

define u_ \p as

——— (H — kyp)- (28)

Usually, either dp/dx or u,p are set for the simulation, in order
to force a target Re, \p. The specification of Re, \p is completed by
specifying either the fluid properties (that is, a value of v), the height
H, or the effective height H — kyp. If v is specified, then H or
H — kyp can be determined based on the specification of kyp/H (or
kmp/(H — kyp) as in Table 3), and vice versa. The consistency of the
simulation can be verified by recalculation of dp/dx or u, yp using the
mean flow statistics resulting from the simulation, i.e., Eqs. (26) and
(27). The general use of Eq. (26) for calculation of the total shear stress
at any y corresponds to the method of extrapolation from the centerline,
see also a detailed discussion in Chan-Braun et al. (2011). Note that
the input viscous length-scale for the rough-wall cases is defined as
8y, MD = V/tz MD-

For smooth-wall channel flow simulations, we resort to the use of
no-slip boundary conditions at the walls, as well as uniform initial con-
ditions. In the roughness wall simulations, we also use uniform initial
conditions, but we enforce artificial no-slip conditions on the velocity
at y = kyp, as per the effective virtual wall, see also the discussion on
the wall-offset in Chung et al. (2021). In this way, all velocity values for
y < kyp are set to zero during the ODT deterministic time integration.
Notwithstanding the imposition of the artificial boundary conditions,
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eddy events are allowed to map regions of the velocity profile all the
way down to y = 0.

We note that kyp ~ k for cases P-15/360 and P-60/360. We also
note the different input length scale normalizations for the numerical
domain dimensions, L and W, the average roughness height k, the
meltdown roughness height ky,, and others, in the published studies
of Forooghi et al. (2018) and Peeters and Sandham (2019). For consis-
tency with said studies, we list in Table 3 the dimensional form of L, W,
k, and others, indicating the corresponding normalization scale used
in Forooghi et al. (2018) (the full channel height, H) and Peeters and
Sandham (2019) (the effective or hydraulic channel height, H — kyp),
as appropriate.

Figs. 7(a), 7(c) and 7(e) show the viscous-scaled obtained drag
forcing coefficients for surface cases F-Ia and F-III. Likewise, Figs. 7(b),
7(d) and 7(f) show the drag coefficients for surface cases P-15/360 and
P-60/360. The viscous-scaled coefficients, using u, \;p, and the viscous
length scale v/u_yp as normalization scales, are noted as C;r(MD),
C;rI(MD) and C;ﬁm). According to Eq. (24), these are

2
CHMD) _ (H — kyp) (VeNT”Do R )
= ‘)

Re: mpVv DiW
+(MD) _ eNpzD, 29)
CII _(H_kMD) <Dk—WC]I N
MD eNpzD,
C;—l([ )=RCT,MDV<TC111>‘

Unlike our suggested deterministic method to estimate the drag forcing
coefficients C; ™™, CT™P and C;/' (see also Appendix A), Forooghi
et al. (2018) suggest an ad-hoc estimation of the drag forcing coeffi-
cients based solely on dimensional grounds. We refer to the method
from Forooghi et al. (2018) as an ad-hoc PFA for roughness forcing,
noting that such method does not make use of inhomogeneous porosity
terms. The corresponding forcing coefficients from Forooghi et al.

A +(MD)  ~+(MD) +(MD)
(2018) are noted for distinction as Cir 5 Chp and Criir s

H? kgs

MD)
crvD = .
IF ’
RCT,MD 63

I = JepspH, G =0 (30)
The variables ¢, s and s, are supplied input profiles of porosity,
interface area per unit volume, and projected frontal surface area per
unit volume, respectively, which can be directly obtained from a given
surface %(x, z). Nonetheless, kx and cp are two model constants, a
Carman-Kozeny constant and a drag coefficient, which have no mod-
eling guideline, and can only be calibrated a posteriori. That is, these
are two tunable model coefficients. This is different to our suggested
model, which has no tunable coefficients for drag parameterization.
To that extent, the only model coefficients correspond to those in
the ODT model. This is a relevant advantage of the presented frame-
work in comparison to that of Forooghi et al. (2018), or to other
previous ad-hoc parameterizations (Busse and Sandham, 2012). Figs.
7(a), 7(c) and 7(e) show the comparison of the coefficients C;’;MD),
;™ and cfY'? from Forooghi et al. (2018) with our suggested
VAT-based framework. It is seen that the Darcy coefficient C;'(MD)
is smaller in the VAT-framework, but is compensated by a larger
C;™MP Forchheimer coefficient in all cases. The C;)' coefficient is
not considered in Forooghi et al. (2018). Said coefficient is also of
a very small magnitude in our suggested VAT-based framework. For
the regular roughness surfaces, Figs. 7(a), 7(c) and 7(e) show that the
drag coefficients exhibit a monotonic behavior for y > kyp, and retain
a constant value for y < kyp. The constant value is in fact irrelevant,
given the imposition of the artificial no-slip conditions.

Finally, we stress the very different type of surfaces evaluated in
this work. On one hand, cases F-Ia and F-III exhibit positive skewness,
Sk > 0. These are drag-dominated surfaces, which corresponds to
the range of applicability of our model. However, these cases observe
regular roughness exhibiting an effective slope ES = 0.88, see Forooghi
et al. (2018). This is a significantly larger value in comparison to our
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Fig. 7. Drag forcing coefficients and location of the a priori virtual wall (vertical dotted-dashed line). The insets within the plots show a logarithmic scale of the
vertical axis. In (a), (c) and (e), we show a comparison with the ad-hoc coefficients from Forooghi et al. (2018). In addition to the position of the a priori virtual
wall, (b), (d) and (f) also show the location of the center of a modeled large-scale cavity vortex (vertical dashed lines, see Section 6.2).

assumed threshold of 0.35 defining wavy or sparse roughness surfaces,
see also Chung et al. (2021) and Kadivar et al. (2021). Hence, cases F-Ia
and F-III are assumed as surfaces corresponding to the dense roughness
regime (d-type roughness), for which we expect some shortcomings
from our model application, see Section 4. On the other hand, cases
P-15/360 and P-60/360, which correspond to irregular roughness sur-
faces, exhibit an effective slope ES = 0.23. Said surfaces are considered
wavy or sparse roughness surfaces. Although no shielding or sheltering
effects should be present in this type of surfaces, we note that cases
P-15/360 and P-60/360 also exhibit negative skewness, Sk < 0 (pit-
dominated roughness surface (Flack et al., 2020a,b)). The latter makes
P-15/360 and P-60/360 ill-candidates for our model application. We
discuss a way to remediate some of the shortcomings for these surfaces
in Section 6.

5.1. Choice of the ODT model parameters

We comment now on the choice of the ODT model parameters
required for the simulations. These are specified in Table 4. We choose
a priori values of Z based on theoretical justifications, partially moti-
vated by the smooth-wall choice for Z. The latter is proportional to the
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location of the maximum TKE production and mostly insensitive to Re,
in smooth-wall flow, see Appendix C.

We simulate ODT equations with the presence of roughness-drag
forcing terms, and both with and without the inhomogeneous poros-
ity term I;, see Eq. (24). For ODT simulations considering I, 0
(that is, without the inhomogeneous porosity term), we find that a
good estimate for VZ is the distance kmax — kyp in viscous units,
multiplied by a factor which ranges between 1 and 5/3. The distance
(kpax — kvp)T™MP) is considered to be the viscous coordinate of the TKE
production peak y*™P measured from the a priori virtual wall (mainly
geometric-based cﬁoice) at y = kyp. This is motivated by the findings of
authors who have noted that the peak of TKE production in rough wall
flow is usually close, although generally not equal, to the position of
the roughness crest, see Yuan and Piomelli (2014). The factor ranging
between 1 and 5/3 follows the observation that the peak production
to dissipation ratio is f’/DIs ~ 5/3 in smooth wall channels (Lee and
Moser, 2015), while in a fully rough flow it is closer to 1 (Yuan and
Piomelli, 2014). For ODT simulations considering the inhomogeneous
porosity term, we find that a good estimate for VZ is given by the
smallest of the distances between (k,,, — kyp)t™D and the location of
the maximum of the Reynolds shear stress y* in smooth-wall flow,

RSS
multiplied by a factor which ranges between 1 and 5/3. The coordinate
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Table 4

ODT model parameters for turbulent flow simulations.
Parameter/case C z
S-500 6.5 400
F-la (ad-hoc PFA forcing) 3.5 5350
F-Ia (VAT-based forcing with 7, = 0) 3.5 5350
F-Ia (VAT-based forcing including 7,) 6.5 1250
F-III (ad-hoc PFA forcing) 2 2500
F-III (VAT-based forcing with 7, = 0) 2 2500
F-III (VAT-based forcing including 7,) 4 1250
S-360 6.3 400
P-15/360 (VAT-based forcing with I, = 0) 7 400
P-15/360 (VAT-based forcing including 7,) 7 400
P-60/360 (VAT-based forcing with 7, =0) 6 1550
P-60/360 (VAT-based forcing including 7,) 6 1200

y:aax,Rss can be calculated a priori as /Re, /k, being k ~ 0.4 an estimate
for the von Karméan constant, see Lee and Moser (2015).

Model parameters listed in Table 4 evidence that there is a small
sensitivity to C in smooth-wall flow, which appears when simulating
with ODT at relatively low Re,. In smooth-wall flow, the parameter
C is calibrated in order to match the (global) skin friction value Cy,
see details in Appendix C. The values of C listed in Table 4 for all
rough wall cases are calibrated values obtained for a reasonable overall
match of the mean velocity profile when compared with reference data.
The calibration procedure in the rough wall cases, however, did not
specifically match the C; value of the flow. Unlike in smooth-wall flow,
there are more length-scales involved for flows over rough walls, which
may lead to the situation in which only matching C, leads to worse
overall matching of the mean profile. In general, ODT simulations
omitting implementation of the inhomogeneous porosity term observe
smaller C values in order to match the required skin friction value.
Conversely, C values for ODT simulations implementing Z; are closer to
the corresponding smooth-wall flow simulation values. Constancy of C
at asymptotically large Re, is expected in any case. Since the evaluated
Re, (or alternatively Re_yp) in all study cases is relatively low, we
expect some variability of C.

6. Turbulent flow simulation results

Fig. 8 shows a spatial visualization of the turbulent channel flow.
The figure is a spatio-temporal visualization of the velocity field within
the ODT domain, indicating the position of sampled ODT eddy events.
Note that the horizontal axis also shows the equivalent streamwise
advancement given by the transformation Ax = [ U,ds, where U, is
the resulting bulk flow velocity. Figs. 8(a) and 8(b) show a typical
ODT run for a smooth wall turbulent channel flow at Re, = 500 and
Re, = 360, cases S-500 and S-360, respectively. Conversely, Figs. 8(c)
and 8(e), show the same turbulent flow at Re, = 500, with rough surface
cases F-Ia and F-III. Likewise, Figs. 8(d) and 8(f), show the turbulent
flow at Re, = 360, with rough surface cases P-15/360 and P-60/360.
Besides the naturally larger eddy activity at Re, = 500 in comparison
to Re, = 360, we note the overall absence of eddy events in the rough
wall simulations below the a priori virtual wall location. We stress that
the eddy events in ODT are not necessarily related to physical eddies in
a turbulent flow. The eddy events are simply a model representation of
turbulent advection events, which determine the Reynolds shear stress
after ensemble-averaging. For comparison with DNS data, it is therefore
better to refer directly to the Reynolds shear stress, which we will do
later. In smooth-wall flow, ODT eddy events are smaller, in average,
since they are mostly located near the smooth-wall. In the roughness
wall simulations, we notice larger eddy events. This may come as a
result of mainly two factors. The first one relates to the chosen values
of the ODT model parameter Z, which is larger than in the smooth
wall cases (except for case P-15/360 which uses the same smooth
wall value). The parameter Z effectively suppresses eddies below a
certain size (Kerstein et al., 2001), implying larger eddies overall in
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Table 5

Average roughness height, input (a priori) friction Reynolds number and virtual
wall location, and a posteriori estimation of the virtual wall location and
corresponding friction Reynolds number. All listed cases correspond to ODT
simulations using the VAT-based forcing implementation, considering all terms
of Eq. (24).

Parameter/case F-la F-III P-15/360 P-60/360
Re, vp 498 499 360 360
k*+MD) 67 110 15 60

KN ~40 ~55.4 ~15 ~60
k/H 0.1200 0.1900 0.0400 0.1429
knyp/H 0.074 0.1 ~0.04 ~0.1429
ket/H 0.1178 0.1512 0.0414 0.1548
Re ~468 ~460 ~373 ~354

7.ref

the roughness flow simulations. The second factor relates to the drag
forcing, which, in general, reduces the magnitude of the velocity field,
and thus reduces gradients near the virtual wall. Alternatively, the
below-virtual-wall treatment may forbid implementation of eddy events
entirely, e.g., due to imposed artificial boundary conditions.

Roughness wall simulation results can lead to the estimation of
a different, a posteriori estimation of the virtual wall at y = k;. The
a posteriori estimation is calculated with the centroid of the (stream-
wise) roughness-drag forcing profile m, see Chan-Braun et al. (2011)
and Jackson (1981),

g —
Jo vfpady
T
fo f Pl dy
The definition of the a posteriori virtual wall location implies that a

different Reynolds number, Re_ ¢, can be obtained as a result of the
simulation, using the effective height H — k., and the a posteriori

friction velocity u, ;of = \/Tior.21(Kyef)/p- That is,
(H - krcf)

ur,rcf

kref = (31)

Re (32)

=
T.re v

Fig. 9 shows the forcing profiles for each study case, where m
is determined from a steady-state balance of the momentum equation,
Eq. (24). Table 5 lists the obtained a priori and a posteriori virtual wall
locations and Reynolds numbers.

6.1. Peak-dominated, dense roughness cases

Fig. 10 shows a comparison of the mean velocity profile obtained
for the regular, peak-dominated roughness cases F-Ia and F-III. The
agreement for case F-Ia is quite reasonable in what seems to be a
logarithmic layer of the flow. Deviations with respect to reference DNS
data are always observed in the roughness sublayer of the flow profile.
For case F-III, the model results are far from optimal, especially if Z;
is omitted from Eq. (24). The shortcomings in the results obtained
for case F-III were already foreseen in Section 4, mainly due to the
regular form of the roughness elements. That is, all roughness elements
in this case observe the same diameter and average roughness height,
thus causing a nonphysical discontinuous forcing around y = k. This
issue, together with missing sheltering effects characteristic of surfaces
observing Sk > 0, leads to the violation of several model assumptions.

Fig. 11 shows the mean velocity profiles after shifting due to the
virtual wall offset, using both the a priori and a posteriori estimations of
the virtual wall locations, as well as the corresponding scalings derived
from it. It is clear that the use of a different virtual wall location would
lead to a different estimation of the slope of the logarithmic layer,
i.e., a different value of the von Kdrméan constant, and correspondingly,
a different estimation of the roughness function. We do not discuss
the log-layer quantitatively any further. A discussion on the roughness
function is deferred to Section 6.3.

We remark that Fig. 10 shows the resulting mean velocity profiles

which are obtained when using the drag forcing coefficients C;;MD),
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Fig. 8. Spatio-temporal visualization of ODT velocity fields indicating position of eddy events (a small cross indicates the center of the eddy event transformation,
while the error bar indicates the size of the event). Only one out of every 10 eddy events is shown for clarity. The position of the a priori virtual wall kL(gID)
is also indicated. Visualizations corresponding to simulations of rough surfaces correspond to ODT simulations implementing all VAT-based forcing terms from

Eq. (24).
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Fig. 9. ODT wall-normal streamwise drag forcing profiles m obtained for
VAT-based forcing implementation, considering all terms of Eq. (24). The
estimated value of k.., per Eq. (31) is also shown as a vertical dashed line.
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forcing), and the drag coefficients obtained using the VAT framework
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presented here, both considering and omitting implementation of the 7;
term in Eq. (24). For consistency with the way in which the ad-hoc PFA
is used in the DNS of Forooghi et al. (2018), no virtual wall treatment
is used in the simulations using said ad-hoc forcing coefficients. That
is, the no-slip condition is applied at y = 0. It is remarkable to note that
the mean velocity profile obtained by both PFA and VAT-based forcing
methods omitting implementation of Z; is almost identical (using the
same ODT model parameters). One may argue that the predicted log-
layer slope is overpredicted in these simulations, and that deviations
are observed in the outer layer of the flow profile when comparing
to reference DNS data. The largest deviations with respect to DNS
data are observed in the fully rough case F-IIl with k*™P) = 110, in
the lower part of the roughness sublayer of the flow. Although the
roughness sublayer agreement in both cases F-Ia and F-III is far from
optimal when compared with DNS data, there is also disagreement
between DNS results for the roughness sublayer from Forooghi et al.
(2018). This concerns DNS results obtained when using either the PFA
or the incorporation of the roughness topology with immersed bound-
aries. Differences between ODT and DNS predictions could be mostly
attributed to the overall form of the chosen forcing parameterization
as discussed in Section 4. The differences also evidence, naturally,
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Fig. 10. Mean velocity profile for cases F-Ia and F-III. ODT results are shown
using both the ad-hoc forcing for drag suggested in Forooghi et al. (2018)
(ad-hoc PFA), as well as the VAT motivated forcing (VAT-PFA), including and
omitting implementation of I,. Reference DNS results from Forooghi et al.
(2018) are shown as well, for both ad-hoc forcing (PFA), and full roughness
topology simulations (Topology). Results for case F-III have been shifted 5 units
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Fig. 11. Comparison of mean velocity profiles for cases S-500, F-Ia, and F-III,
utilizing both a priori (kyp) and a posteriori (k) virtual wall locations and
scalings. Cases F-Ia, and F-III correspond to simulations using the VAT-derived
forcing (including implementation of 7,). DNS data from Lee and Moser (2015)
at Re, = 550 is shown as a reference for case S-500, while DNS data (PFA)
from Forooghi et al. (2018) is shown as reference for cases F-Ia and F-III.

that ODT does not behave in the same way as DNS when using the
same forcing. An additional remark in this context is that, although
not noticeable in Fig. 10, cases F-Ia and F-III observe a region near
the wall, below ky;, which exhibits negative velocity values of very
small magnitude, see the DNS results obtained using the full roughness
topology with immersed boundaries in Forooghi et al. (2018). This
would correspond to the shielding or sheltering effects, which are not
allowed in our model by construction. The PFA approach in Forooghi
et al. (2018) is also not able to reproduce these effects. Overall, neither
the PFA approach in Forooghi et al. (2018) nor the present approach
are able to accurately predict the drag throughout the entire roughness
sublayer for dense (d-type) roughness.

Figs. 12(a) and 12(b) show the stress contributions for cases F-Ia
and F-III, respectively, when using all terms implied by the VAT-based
forcing. A linear extrapolation of the total stress from y = H (outer
layer) all the way to the wall at y = 0 is also shown. As commented
in Chan-Braun et al. (2011), the extrapolation of the total stress to the
a priori estimation of the virtual wall location (ky) is consistent with
the steady-state balance of the integrated momentum equation, see
Eq. (26). Note that the integrated drag forcing shown in Figs. 12(a) and
12(b) is calculated in two ways. The first one, [ f, . 4,dy, corresponds
to a direct estimation based on the (time-)averaged forcing terms from
Eq. (24). The second one, [ f,,y,dy corresponds to the steady-state
balance of the momentum equation, as per Eq. (26). As expected, both
calculation methods coincide for y > kyp.-

The TKE production scaled in viscous units is also overlayed in
Figs. 12(a) and 12(b) to show that the peak of production P generally

13

International Journal of Heat and Fluid Flow 117 (2026) 110113

coincides with a peak in the viscous stress. It is also seen that P
approximately coincides with the position of the average roughness
height k in case F-II1, i.e., the uniform roughness height of all roughness
elements in said case. Also visible in Figs. 12(a) and 12(b) is the
Reynolds shear stress and the mean viscous stress. We note that the start
of (u'v') is slightly delayed in comparison to the DNS PFA prediction.
Simultaneously, as seen in Fig. 10, the start of the mean velocity
profile is delayed in comparison to the DNS prediction. Since the
near-virtual-wall region is dominated by the drag forcing contribution,
differences in the Reynolds shear stress can be directly attributable
to the chosen form of the roughness forcing. Concerning the role of
the inhomogeneous porosity term in the double-averaged momentum
balance, it is seen that its influence is relatively small when compared
to the forcing term. Nonetheless, this term mostly affects the region
near the virtual wall, and hence, has a non-negligible effect in the form
of the mean velocity profile, as evidenced in Fig. 10.

Figs. 13(a) and 13(b) show the Reynolds stress components (normal
stresses and shear stress (u’v’)). Here, the difference between ad-hoc
and VAT forcings is more noticeable in the roughness sublayer prior to
the peak of («/v') and (v'v’). The obtained normal stresses (v/v') and
(w'w') are different, despite observing the same initialization, which
contrasts with smooth-wall ODT flow (Lignell et al., 2013, 2018). This
is due to the presence of the drag forcing in the spanwise momentum
equation, and its omission for the wall-normal momentum equation
in Eq. (24). The normal Reynolds stress (v/v’) also exhibits close to
peak values at the a priori virtual wall location when the ad-hoc
forcing is used. These are inconsistent physics which signalize the
importance of the VAT-based framework in ODT. This is also evidence
that the DNS-used PFA forcing from Forooghi et al. (2018) naturally
does not behave in the same way in our 1-D framework if applied
directly without modifications. The Reynolds shear stress («/v’) shows
no sensitivity to the type of forcing used (ad-hoc or VAT-based), but
it is certainly affected by the omission or implementation of the Z;
term. Although agreement of the Reynolds shear stress seems to be
very accurate in Fig. 13(a), we note that small deviations for said
Reynolds stress are present within the roughness sublayer. Nonetheless,
we argue that, overall, there is a reasonable prediction of the Reynolds
shear stress when compared to the reference DNS data, which signalizes
the reliability of the ODT model to represent turbulent dispersion. For
the normal Reynolds stress components, the deviation is significantly
larger in comparison to DNS data. In particular, («/«') is significantly
overpredicted beyond the roughness sublayer when the inhomogeneous
porosity term is omitted. A better representation is obtained by in-
cluding said term Z;. The spanwise normal Reynolds stress (w’'w’) is
better represented than the wall-normal stress (v/v’) when Z; is omitted,
although the position of the peak in the latter one is not correctly
predicted. In general, the model faces difficulties in the representation
of normal Reynolds stress components, which is known from smooth-
wall ODT flows, e.g., see Klein et al. (2022). Some interesting analogies
may be drawn from this, in the sense that the model performance
is somehow similar to the way in which the Boussinesq hypothesis
holds for RANS turbulence. That is, the model is able to successfully
predict the Reynolds shear stress, since the mean shear is more or
less reasonably predicted. However, it struggles to predict the normal
components of the Reynolds stress (the TKE), for which an additional
transport equation is also required in linear eddy viscosity turbulence
models.

6.2. Pit-dominated, sparse roughness cases

Cases F-Ia and F-III correspond to drag dominated surfaces due
to their highly positive skewness values (Sk > 0, peak-dominated
roughness). In contrast, cases P-15/360 and P-60/360 correspond to
negatively skewed surfaces (Sk < 0, pit-dominated roughness). As
presented so far, and noting the discussion in Section 4, our mod-
eling approach is not suitable for negatively skewed surfaces due to
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local drag reduction, flow recirculation and separation in the near-
wall roughness cavities, see also Jelly and Busse (2019). As a way to
remediate the shortcoming, at least in terms of the mean flow, we
suggest a near-wall modified treatment for the mean flow within the
cavities, which aims to emulate the flow due to a large-scale vortex.
The size of the largest vortex within the cavities is k,,,x — 56, mp, since
kmax is the maximum roughness height, and 56, \p is the generally
accepted extent of the viscous sublayer, being 6, p = v/u,yp the
input viscous length scale. The center of the large-scale vortex is
located at y = (k. + 56, mp)/2, measured from the roughness trough
(i.e., y=kpy =0). As in the drag-dominated surfaces, we observe
continuous drag-forcing (and FPG application) until the meltdown
roughness height y = ky;p. Crosswise and spanwise components are
set to zero as in the artificial boundary condition treatment of drag-
dominated surfaces for y < kyp. However, we do not impose any
artificial boundary condition for the streamwise velocity. Instead, we
maintain uniform forcing coefficients, as well as the flow-driving FPG,
if applicable, until the center of the hypothesized large-scale vortex,
since this range still corresponds to positive streamwise mean flow
within the roughness cavities ((«) > 0 above the vortex center for
any y > (ky,x + 56, vp)/2). In the range 0 <y < (ky,x + 56, mMp)/2, We
drive the streamwise velocity component with a reversed FPG, and
omit any form of forcing. The adverse pressure gradient below the
vortex center, which has the same magnitude as the flow-driving
FPG but with reversed sign, induces negative flow velocities. We also
forbid the mapping of profiles below the large-scale vortex center,
¥ < (kpax + 58, mp)/2, on the justification that it is physically not rea-
sonable to expect that the effects of free stream eddies penetrate into
the recirculation cavities.
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Figs. 14 and 15 show the mean velocity profiles for cases P-15/360
and P-60/360, with and without virtual wall offsets, respectively. The
offset in Fig. 15 considers both the a priori and the a posteriori esti-
mation of the virtual wall location and its derived scalings. For the
negatively skewed roughness surfaces, the LVM leads unmistakeably
to better results using the same VAT drag forcing and ODT model
parameters C and Z. Note that the results shown in Figs. 14 and 15
correspond to the implementation of all terms derived for the VAT-
based forcing, i.e., including the term I,. The flow patterns motivating
the LVM treatment are best visualized by the near-wall negative ve-
locity zone of case P-60/360 in Fig. 14. It is not possible to obtain
a reasonable matching of the mean velocity profiles without using
LVM, regardless of the choice of ODT model parameters C or Z. The
parametric drag forcing has only a damping effect on the velocity, such
that it is unable to induce negative flow velocities. Hence, the need for
the adverse pressure gradient below the vortex center.

We note that the bulk flow velocity is slightly overestimated in
cases P-15/360 and P-60/360. This contrasts with the underestimation
of U, seen for cases F-Ia and F-III. Case P-15/360 is almost hydrody-
namically smooth, and uses essentially the same ODT model parameter
values C and Z as the smooth-wall reference case, see Table 4. The
overestimation of the bulk flow velocity (underestimation of C,) in
case P-15/360, and also in case P-60/360, corresponds to the expected
behavior of the ODT model for small roughness amplitudes (or small
roughness forcing magnitudes), i.e., on the approximate absence of drag
forcing. The underestimation of U, seen for cases F-Ia and F-III can, in
turn, be explained on the basis of the drag forcing parameterization.
The forcing exhibits significantly larger magnitudes for the positively
skewed cases F-Ia and F-III. Therefore, said forcing mostly determines
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Fig. 14. Mean velocity profile in viscous units for cases P-15/360 and
P-60/360. ODT results are shown for both the near-wall artificial boundary
condition treatment, and the near-wall large-scale cavity vortex model (labeled
as LVM). DNS results from Peeters and Sandham (2019) are shown for
reference. Results for case P-15/360 have been shifted 5 units upward for
better visualization. Vertical dashed lines indicate the position k;,l(gm ),
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Fig. 15. Comparison of mean velocity profiles for cases S-360, P-15/360,
and P-60/360, utilizing both a priori (kyy,) and a posteriori (k) virtual wall
locations and scalings. Presented cases P-15/360 and P-60/360 utilize the
near-wall LVM treatment. DNS data from Moser et al. (1999) at Re, = 395
is shown as a reference for case S-360, while DNS data from Peeters and
Sandham (2019) is shown as reference for cases P-15/360, and P-60,/360.

U, (or alternatively C f), unlike the ODT model parameter-dominated
smooth-wall and negatively-skewed-roughness flow C;, see also Figs.
7(a), 7(c), 7(b) and 7(d).

Figs. 16(a) and 16(b) show the Reynolds stress components (normal
stresses and shear stress (#/v')). As in the mean velocity, the difference
due to the LVM treatment is more readily noticeable for case P-60/360.
It is interesting that case P-15/360 (with or without LVM), as well as
the LVM omission in case P-60/360 yield the double peak of the normal
Reynolds stress profile (w'v'y which is characteristic from smooth wall
ODT simulations (Lignell et al., 2013, 2018). For case P-15/360, which
is almost hydrodynamically smooth, (u'«/) profiles are underpredicted,
which is typical for ODT. Conversely, case P-60/360 shows increased
values of (/). Specifically, ODT results considering the LVM treat-
ment seem to match better the DNS data by partially eroding one
of the peaks in the wall-normal profile of W Notwithstanding the
representation of (u/u’), there is a striking similarity of the normal
Reynolds stress components (v'v') and (v'v') predicted by ODT in cases
P-15/360 and P-60/360. As commented before, these cases are more
heavily dominated by the usual ODT dynamics in comparison to the
drag-dominated surfaces of cases F-Ia and F-III. This explains why the
behavior of (v/v) and (w'w') in both negatively skewed surface cases
is similar to that of smooth wall flow. The Reynolds shear stress W'y

exhibits sensitivity to the LVM use or omission in case P-60/360, which
is expected from the different mean velocity profiles associated to said
case. Arguably, a better matching is obtained when using the LVM
treatment.
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6.3. Evaluation of the roughness function

The study cases presented in Section 5 correspond to a range of
low-to-moderate (input) friction Reynolds numbers. As it is well known
from smooth-wall turbulent channel flows, it is only possible to obtain
a well-defined logarithmic layer for large friction Reynolds number
flows, see Lee and Moser (2015). This is an inconvenience for the eval-
uation of the roughness function AU*. Another issue of relevance for
the determination of AU* are the seemingly different log-layer slopes
(i.e., von KArman constant) obtained with ODT in Sections 6.1 and 6.2.
In order to avoid inconsistent measurements, we resort to a simplified
evaluation of AU* by the difference between the centerline velocities
between smooth-wall and rough-wall channel flow profiles. This is the
same treatment applied in Busse and Sandham (2012), Busse et al.
(2017) and Thakkar et al. (2017). That is, we evaluate the roughness
function utilizing the a priori or a posteriori virtual wall-related friction
velocity normalization as

AU+(MD,ref) — u+
smooth

/H =) —uf "/ H = 1),

rough

(33)

where the superindex {-}*MPreD indjcates the choice of either u, \p, or
u, o as the corresponding normalization scales.

Fig. 17 shows the obtained roughness function AU+MPref) calcu-
lated as per Eq. (33), using either the a priori or the a posteriori virtual
wall location and scalings. Notably, the suggested model framework
delivers roughness function values which are in reasonable agreement
with DNS data.

7. Summary and conclusions

We presented the application of a high-fidelity stochastic one-
dimensional modeling approach to turbulent channel flows with ho-
mogeneous roughness. In order to be able to represent the roughness
in a 1-D rationale, we formulated a parametric forcing approach for the
roughness-induced drag using VAT. This is different from previous ad-
hoc forcing approaches for DNS (Busse and Sandham, 2012; Forooghi
et al,, 2018), and more similar to DANS approaches using discrete
roughness element methods (Chedevergne, 2021). Present ODT model
results evidence the important role of the inhomogeneous porosity term
omitted in the previous ad-hoc forcing approaches. Additionally, there
is an inherent limitation in said ad-hoc PFAs, since they introduce ar-
bitrary coefficients which must be calibrated a posteriori. This is indeed
the case of the ad-hoc PFA from Forooghi et al. (2018), in which two
parameter coefficients related to the Carman-Kozeny constant and an
additional arbitrary drag coefficient, kx and ¢, were calibrated with
DNS. For the purpose of modeling, this is unjustifiably expensive in
terms of computational resources. Our alternative forcing approach, in
turn, utilizes VAT and identifies correspondences with nondimensional
drag representations for staggered cylinder arrays, which have been
extensively studied in the past (e.g., see Khalifa et al. (2020)). For
the representation of the turbulent flow, we rely on a stochastic map-
based turbulence model, which is not exempt from empiricism. From
this point of view, ODT introduces model parameters which must be
calibrated. We argue that for the case at discussion, there is only one
model parameter necessitating calibration in ODT, the C parameter.
Overall, this model with one free parameter is an improvement from
the previous ad-hoc PFA in Forooghi et al. (2018) with two different
model parameters.

The main goal of our ODT implementation is focused on providing
closure for the Reynolds shear stress, i.e., the turbulent dispersion in
a volume-averaged flow over homogeneous roughness. The present
model has some important limitations concerning our assumed form
for the permeability of the roughness. This includes, but is not limited
to, the potential misrepresentation of mechanical dispersion as drag,
the inability to model shielding or sheltering effects in dense roughness,
among others. These limitations are similar to those associated with any
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Fig. 16. Wall-normal profiles of the Reynolds stress components (normal stresses and crosswise shear stress) obtained with ODT. Colors correspond to different
Reynolds stress components. In (a), ODT results for (¢v/v') and (w'w’) overlap completely. DNS data from Peeters and Sandham (2019) is shown for reference.
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Fig. 17. Roughness function values obtained for each case using all terms in
the ODT implementation of Eq. (24) related to the VAT-based forcing. Case
results P-15/360 and P-60/360 correspond to simulations using the near-wall
LVM treatment. Case results F-Ia and F-III correspond to simulations using the
VAT-based forcing (VAT-PFA). DNS reference data is taken from Forooghi et al.
(2018) and Peeters and Sandham (2019).

DANS or RANS approach using non-optimal drag forcing parameteriza-
tions. The advantage here being that, regardless of the chosen forcing
parameterization, ODT observes a more robust physically-based, dy-
namical model formulation based on less model parameters when
compared to alternative filter-based approaches, e.g., £ —o RANS mod-
els. This is because neither assumptions on the form of laws of the wall,
nor of the form of blending functions for consistency between different
mean flow layers, nor for damping functions for asymptotic consistency
of near-wall mean flow behavior, are required. The business case of the
present model is, therefore, sustained on the grounds of providing an
economical framework to evaluate turbulent channel flows over rough
walls, doing so with full-scale resolution of the turbulent flow, thus
offering extended predictive capabilities in comparison to filter-based
models.

We have verified that the suggested VAT-based forcing is able
to deliver physically compatible results in the dimensionally reduced
framework of the ODT model. The 1-D model is an economical nu-
merical tool that has the capability to provide a reasonably accurate
predictor of the roughness function. The behavior of the model, as well
as the involved model assumptions, differ between positively-skewed
(drag-dominated) surfaces and negatively-skewed surfaces. Although
the Reynolds shear stress is reasonably predicted in all cases, the model
fails to adequately predict normal Reynolds stresses such as («/v’), as
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well as some features of the mean velocity profile within the roughness
sublayer.

Future work should be devoted to the improvement of the drag
forcing parameterization observing the limitations of the model stressed
in Section 4. A more extensive parametric study for different types of
roughness, as well as a wider range of Reynolds number for evaluation
of the turbulent flow, could also be envisaged.
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Appendix A. Determination of wall-normal roughness profiles for
surface parameterization

A.1. Generalized method

We discuss next the method for characterization of the wall-normal
roughness surface profiles required for characterization of G, or of the
drag-forcing term f,;. This ~rnethod is applied in general when the
roughness surface topology k(x,z) is available. We have applied this
method for the surfaces exhibiting homogeneous and irregular rough-
ness, i.e., cases P-15/360 and P-60/360, since k(x, z) was available. The
discussion is specialized for said cases. One surface example is shown
in Fig. 5. The average roughness height k for the before mentioned
surfaces is considered to be the mean-peak-to-valley height ina 5 x 5
tiling, see Thakkar et al. (2017). With the surface configuration detailed
in Peeters and Sandham (2019), the estimation of k approximates the
meltdown roughness height kypy, if the tiled surface is discretized with
equidistant spacings for the purpose of the evaluation of kyp,

1 L oW _
kyp = —— k dzdx.
MD LW/o/o zdx

The wall-normal origin (y = 0) is set at the lowest point of the
surface such that k;, = 0 and e¢(y = 0) = 0, while k,,, is the highest
surface coordinate %max(x,z). Other quantities such as kyp, kpys and
Sk can be directly computed from the surface %(x, z), as in Eq. (A.1).

Wall-normal profiles of the area occupied by the roughness A,(y)
and of the free (fluid-occupied) area A,(y), are determined as follows.
The surface k(x, z) is discretized in a number of levels M = Re, vp»
which is the wall-normal resolution of the numerical simulation. At
each wall-normal coordinate y”, with 0 < m < M, we use the
simple thresholding routine (threshold) of the open source Python
computer vision library OpenCV, in order to binary split the regions
at the coordinate y” which are inside and outside of the roughness
surface %(x, z). This yields N, (y") regions (or contours) of roughness-
equivalent area, as well as N, (y™) regions of fluid-equivalent area.
OpenCV is able to compute the total area of the N, (y") and N, (y™)
contours, such that it is possible to estimate A,(y) and A, (y), respec-
tively. Note that A,(y) + A, (y) = LW. The porosity is then estimated in
a straightforward fashion according to Eq. (2) as

e()_;/L/W « A.)
y w J o XX, Y, w
The roughness element-equivalent and pore-equivalent diameters, D,
and D, respectively, are calculated as

) _ [4AWw)
b=\ 2N, =\ N

Fig. A.18(a) shows the determined porosity profiles for the cases
with irregular roughness. Fig. A.18(b) shows the determined equivalent
diameter profiles for said cases.

(A.1)

(A.2)

(A.3)

A.2. Reconstruction of a surface using statistical moments of the roughness
distribution

We comment now on cases in which the roughness surface topology
%(x, z) is not available, but several of the statistical area-moments of the
roughness distribution are known instead. This was the case for surfaces
F-Ia and F-III from Forooghi et al. (2018). In order to obtain the values
and profiles Ny, e¢(»), D,(y), and D,(y), we resorted to a virtual recon-
struction of an abstract rough surface using statistical moments of the
roughness. To that extent, we consider discrete distributed roughness
elements as shown schematically in Fig. 4. We note that the type of
surfaces for which the following methodology applies is precisely that
shown in Fig. 4, characterized by a peak-dominated roughness with
Sk > 0.
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The first-order statistical area-moment of k(x, z) is the meltdown
roughness height ky;p, which is defined by Eq. (A.1). The root-mean-
square value kgyg is the second-order moment of the deviation (with
respect to the mean kyp), and is calculated in a similar way, as
well as the normalized skewness Sk (third-order moment). A detailed
discussion can be found in Forooghi et al. (2017). By specifying kyp,
krms and Sk, it is possible to fit a probability density function (PDF) of
the area-moments of k(x, z). We choose to fit a Weibull PDF W(k; b, 0),
following the suggestions by Yang et al. (2022). We use ¢ and 6 as
shape and scale parameters of the PDF, respectively, such that

~\ P
wk; ¢,0) = ¢9¢Z¢-1e‘(‘”‘) . (A.4)

The cumulative distribution function (CDF) associated to W(%; b, 0)
(noting that W(%; ¢,0) can also be interpreted as the PDF of the
distributed roughness elements), represents the porosity profile e(k),
see Altland (2022). Given that only positive values can be sampled from
the Weibull PDF, we use the coordinate translation y = k — k,;,, where
Kmin is the minimum roughness height which truncates the distribution.
As long as k,;; = 0, the PDF from Eq. (A.4) can be integrated
analytically yielding e(k) = e(y), the wall-normal porosity profile. This
is the case for e(y = 0) = 0, which is the reason why we require the
porosity values at the wall listed in Table 3. For the more general cases
e(y = 0) # 0, equivalent to e(k,,,) # 0, it is possible to calculate k;, for
a prescribed porosity value solving from the analytical CDF, such that
Kin = {~In1 = e(y = 0)|'/*} /0. After k., is obtained, we can use the
transformation k = ¥+ kpin, to find e(y) from the analytical CDF,

®
e(y)=1-e" [6(y+knin )] (statistical reconstruction). (A.5)

In addition to e(y), we also determine wall-normal profiles for
the (averaged) equivalent diameter of the discrete roughness elements
D,(y) and the equivalent flow (free area) pore diameter D, (y), noting
D,(y) # Di(y). Due to the shape of the discrete roughness elements
as seen in Fig. 4, which correspond approximately to truncated conic
elements, D, = yk, where y is a constant scalar equal for all roughness
elements and k is the average roughness height, obtained from the
expected value of the one-point PDF of the roughness heights, i.e., a dif-
ferent PDF to that of W(k; ¢, ). We may consider the roughness heights
conformal with a probabilistic fractal set, as long as a sufficiently
large distribution of roughness heights exists, such that k;, < kpaxs
where k. is a pre-specified maximum roughness height truncating
the distribution. Conceptualizing roughness as a fractal set is not a new
idea, see Majumdar and Bhushan (1990). Depending on whether k;, =
0 or k,;, > O, the roughness can be characterized as a probabilistic
fractal by assuming a self-similar power law distribution of heights with
upper, or lower and upper truncation, respectively, see Shen (2011).
In the example case of lower and upper truncation, the PDF of the
stochastic roughness heights k* is

-F
max

1- (kmin/kmax)F
Here, F is a positive fractional exponent. This PDF has a mean value k
which is the result of the converging integral / max k*y (k*)dk*, solvable
analytically, see Shen (2011). Thus, with known values of k, kpin and
kmaxs it is possible to estimate F. We note that F is not necessarily the
geometric fractal dimension. Rather, it is simply a fractal or fractional
exponent which we take as a Korcak-law exponent, see Imre and
Novotny (2016), in order to estimate the total number of roughness
elements in the homogeneous surface as

w(k*) = (), F>o. (A.6)

2 (A7)

min

> \F
Ny = <ﬂ> (For probabilistic fractal sets).

Note that considering both W(%) and y(k*) is our equivalent interpreta-
tion of the need to consider both the PDF of roughness heights, w(k*),
and their (horizonal-wavenumber) power spectrum related to w(k),
as in Pérez-Rafols and Almgqvist (2019) and Yang et al. (2022). For
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Fig. A.18. Homogeneous roughness surface parameterization in terms of porosity and equivalent diameters using the generalized method.

distributions of discrete roughness elements which do not conform with
probabilistic fractal sets, such as case F-III, N must be specified as an
input.

Consider now the total base-area of the roughness A, given by
(1 —e(y = O))LW, as the expected value of a distribution of rough-
ness element diameters, i.e., A, = Ny(x/4)E [D(y = 0)]. Given the as-
sumed shape of the roughness elements in Fig. 4, we can calculate the
roughness element aspect ratio y as

:

Note that f max {(k*)2 w(k*) } dk* is simplified to k> for the constant
height roughness elements of case F-III. This allows then the determi-
nation of D,(y) and D, (y) as

4LW (1 —e(y =0))

- > . (A.8)
aNp [ " { (k) w(k*)} dk

4LWe(y)
aNp

Since the distribution yw(k*) allows heights k* > k, but D,(y) from
Eq. (A.9) is only valid for y < k, we superpose in such cases an
exponential decay in the range k < y < k., such that D (k) — 0;
in fact, we take D, (k) as 1% of D, (y = k).

Fig. A.19(a) shows the determined porosity profiles for the cases
with regular roughness. It is seen that the Weibull CDF approximation
for the porosity given by Eq. (A.5) observes important deviations with
respect to the published surface porosity profile in Forooghi et al.
(2018). Given that the calculation method for the drag forcing coeffi-
cients suggested in this work is very different to that in Forooghi et al.
(2018), we do not comment further in this regard. Fig. A.19(b) shows
the determined equivalent diameter profiles for the cases with regular
roughness. Unlike the porosity profiles shown in Fig. A.19(a), there is
no available data for comparison of these results.

D,(y) =yk—=0.9yy, Dy(y) = (A.9)

Appendix B. Calculation of the ODT kernel coefficients

Next, we explain the calculation of the kernel coefficient ¢; (for i €
{1,2,3}, i.e., i corresponding to the index of each velocity component).
The coefficient ¢; is associated to the kinetic energy redistribution
procedure during an eddy event, and modifies mapped profiles as
per Eq. (21). The procedure detailed here is different to a previous
implementation of drag effects in ODT (Freire and Chamecki, 2018),
although it follows the same motivation. The difference with respect
to Freire and Chamecki (2018) is simply due to the chosen form of
the drag forcing, and the rationale used to calculate the change in
kinetic energy due to drag. We consider the wall-normal drag forcing
component, f,,, which is not implemented in Eq. (24), as the missing
drag force (density) contributing to the wall-normal advecting veloc-
ity responsible for the Reynolds stress (or turbulent advection). This
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drag effect causes a loss of kinetic energy during eddy events, some
Adeg = Ae; < 0, such that

3
ley=Y { 3 /1 it £ + 6K dy= 2 /, u,?(re,y)dy} :

i

(B.1)

Consider now 4ey ; as a change of kinetic energy in each velocity com-
ponent on the absence of drag, and Ae,; as a drag loss in each velocity
component, such that Z dey ;= Aeg = Z de, ; = Ae,. Assuming that
dey ; and de,; are of the same sign, which would be a typical situation
for the streamwise velocity component i = 1, the energy change for the
ith velocity component is

dey; +4ey; = %/[[ui(te,f(y)) + C,-K(y)]2 dy— % /[u?(te,y) dy. (B.2)
Define now the following quantities,

P = /l wKOMy,  T=1 /l K2(dy, (8.3)
such that Eq. (B.2) can be rewritten as

ciZT +c¢ P - (AeKY,- + Aedv,-) =0. (B.4)

This is a quadratic equation on ¢; which has some (analytically obtain-
able) minimum ¢; ,;, = —P,/(2T), see Kerstein et al. (2001). We relate

¢;min t0 some minimum kinetic energy change per velocity component

Aeg i min = —0,, i.e., a maximum extractable kinetic energy in the eddy
event. Thus, we can obtain by substitution of ¢ ,;, in Eq. (B.4),

P?
Q; =4ey; + ﬁ. (B.5)

The fraction of Q; which is redistributed depends on one ODT model
parameter, a < 1, which is introduced to represent the tendency of the
pressure to restore isotropy on the absence of shear and body forces in
incompressible flow, see Kerstein et al. (2001),

—aQ; + = ZaQ
/#x

deg i min = (B.6)
We always use a = 2/3 implying uniform redistribution of extractable
kinetic energy during the eddy event. Solution of the quadratic Eq. (B.4)
for any ¢; is then, upon substitution of Egs. (B.5) and (B.6),

1 g3 153
—Pii\/(l —@) PP+ 3 ¥ aP? +4T [(1 —@)de; + 5 Z#iaAed_j]
¢ = .

! 2T

(B.7)

In order to resolve the sign ambiguity from the square root term, and
considering that « is the parameter governing energy redistribution due
to ¢;, we impose the condition ¢; — 0 whenever a — 0 and 4e,; — 0.
Thus, in Eq. (B.7), we take the sign of the square root term as the
sign of P,. We also note that for the chosen a = 2/3, considering that
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Fig. A.19. Homogeneous roughness surface reconstruction (porosity and equivalent diameters) using statistical moments of the roughness distribution. The
porosity profiles available in Forooghi et al. (2018) are shown for reference in (a) for said cases.

Z? de, ; = Ae,, the expression can be simplified to

1 3 1
-P+ \/5 Y, P2 +4T (gAed)
= 2T

. (B.8)

This imposes the condition 4e; > — Z? P2 /(4T). Note concerning de, ;,
that the assumption « = 2/3 is equivalent to an assumption de;; =
Ae, /3.

Finally, we discuss the calculation of 4e,. To that extent, we calcu-
late the kinetic energy equation resulting from Eq. (24), using all drag
force components (including f,,, although omitting the pressure term
from the inhomogeneous term I,), as well as the standard definition of
the magnitude of the velocity vector. This is

2
(%)

o (5w?) 2 (507) oy

1 1, .dp
+ EM((“,')Z) == ;(”;‘)d_xlsil +v

at 0y? ady
veNprD, 5, €NpnD, 2
- l)f—Wcl<ui> - Dk—WclllKui)lI(ui)
eNpnD,

TEIU G Y1) + () T

(B.9)

Recall that square terms in this expression are equivalent to scalar
product multiplications u;u; which eliminate component indices due
to Einstein summation rules. We consider the usual vector magnitude
evaluation for the operator | - ||. From this kinetic energy equation,
we only consider the Forchheimer-like term of the drag as our model
representation for de,, i.e., the term observing ||(u;)|[(x;)*>. This is
because the Forchheimer-like term corresponds to pressure or form
drag, and as such, it is the most natural term to consider for a pressure-
scrambling effect contribution. The Darcy-like term corresponds to
viscous drag, and as such, should be observed during the deterministic
time integration of Eq. (24) in the ODT advancement. Note also that the
inhomogeneous term (u;)7; may be interpreted as a modification to the
viscous transport term of kinetic energy, and to the Darcy-like term.
The transitional regime term of the drag is neglected in the analysis,
given that all values observed for ¢;;; are close to zero. Observing the
previous considerations, de; during an arbitrary eddy event occurring
in the interval ¢ = [0, 4¢/] is defined as

1 1
dey =5 / ), 4y dy = 5 / (u;)*(,0) dy, (B.10)
I I
where the kinetic energy before and after the eddy event (in a time
interval equivalent to the eddy turnover time 4¢t;) should be given by
the corresponding contribution in Eq. (B.9), that is, the form or pressure
drag term on the kinetic energy equation. Define eZ’l/ z - [[{u;)]l, and
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Fig. B.20. Instantaneous eddy event implementation on an initial condition
similar to the converged mean velocity profile of one of the study cases
discussed in the text. The figure shows the implementation of the triplet map,
together with superimposed kernels considering or neglecting the drag loss
term Ae,.

note (i) = [(u)ll> = e’ according to scalar product rules. We can
then write the form or pressure drag contribution on Eq. (B.9), as an

ordinary differential equation for every coordinate y,

dej  _eNpaD,
e~ DWW

#,3/2

o (B.11)

This equation can be integrated analytically in time, using initial con-
ditions e (3,0) = (u;)(y, 0){u;) (3, 0). The solution is

(3.0

ey, 4y) = (B.12)

>
172 :NpaD, 4

[1+ € 0. 0By () |
The corresponding substitution on Eq. (B.10) leads to the definition of
Ae,,

Aed=%/l[

Recall the condition 4e, > — 213 P2 /(4T) in order to find real solutions
for the kernel coefficients. If the calculation of 4e; by Eq. (B.13)
does not satisfy the determinant condition for the calculation of the
kernel coefficients, the kernel drag loss is ignored. Fig. B.20 shows an
example of the implementation of an eddy event on an initial condition
similar to the converged mean velocity profile of one of the study cases
discussed in the text. There is only a minor effect of the drag loss term
Ae, on the kernel implementation procedure.

€, (».0)

5 dy — % /eZ(y,O)dy. (B.13)
172 NyzD, A
ey P0u0 ey ()| ’
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Fig. C.21. Effects of ODT model parameters C and Z in a smooth wall turbulent channel flow with Re, = 590. Gray lines show ODT simulation results with
different choices of model parameters. The red line shows the ODT simulation with optimal parameter values. The thick black line corresponds to reference DNS
data taken from Moser et al. (1999). (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

We remark an issue concerning the drag loss term contributions in
eddy events. To that extent, it is important to stress that the drag loss
contribution is considered for the calculation of the kernel coefficients
¢;, but it is not considered for the purpose of the calculation of the
eddy turnover time A7, in Eq. (22). The viscous drag is considered
to be incorporated in the viscous penalty term represented by the
model parameter Z in ODT. The form drag is considered to affect only
inter-component energy transfer, and thus, it determines the calcula-
tion of the kernel coefficients, but does not modify the probability of
occurrence of an eddy.

Appendix C. Effect of ODT model parameters in smooth-wall tur-
bulent channel flows

We comment now on the effect of the ODT model parameters C
and Z in smooth-wall turbulent channel flows. Fig. C.21(a) shows the
effect of Z on the TKE production P*. It is notable that a change in Z
causes a shift in the peak of production P*, and to that extent, there is
only one correct value of Z. Most notably, and as seen in Eq. (22), Z
has the form of the square of a local Reynolds number, or conversely,
of a viscous coordinate. For smooth wall turbulent channel flows, it
is remarkable that \/E coincides with the viscous coordinate y* ~ 12
multiplied by the corresponding local production to dissipation ratio
P/D; ~ 5/3. Based on these observations, Z is mostly insensitive
to Re, effects, partly because y and P/D are mostly insensitive to
Re,, see Laadhari (2002). Fig. C 21(b) shows the effect of C on the
mean streamwise velocity profile u*(y*). There is an optimal choice
of C for the best fit of the mean velocity profile, which could also
be interpreted as the optimal choice for the correct reproduction of
the skin friction coefficient C;, at least when comparing with DNS
data. Note that asymptotically larger values of C cause asymptotically
smaller effects on C,.

Appendix D. Supplementary data

A document containing a step-by-step derivation of the DANS ve-
locity equation, i.e., Egs. (5) and (9), is attached as supplementary
material to this article. The repository (Medina Méndez, 2025) con-
tains scripts for the generation of the wall-normal roughness drag
coefficients. Simulation data is also included in the repository, and is
available for download. A freely available version of ODT maintained
by Prof. David Lignell, fully capable of simulating smooth wall tur-
bulent channel flow can be accessed in the repository https://github.
com/BYUignite/ODT. The ODT simulation code for turbulent channel
flow with rough walls is not included in the repository, but it can be
provided upon request.
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Supplementary material related to this article can be found online
at https://doi.org/10.1016/j.ijheatfluidflow.2025.110113.

Data availability

The link to the repository containing supplementary material and
data has been added as a reference in the article.
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