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Executive Summary

Metamaterials have recently risen to become a highly intriguing class of materials. They boast unique
material properties and are known to be extremely tailorable. Some examples of their unique material
properties include negative refractive index and negative Poisson’s ratio [1]. However, another excep-
tional property of metamaterials is their energy absorption efficiency, enabled by a combination of a low
relative volume density, a tendency to stiffen under compression and tailorable mechanical properties
[2] [3]. The energy absorption performance of metamaterials makes them prime candidates for advanced
impact protection. High-performance fields like the aerospace industry place high emphasis on impact
protection, both for aircraft and spacecraft. Space structures must contend with numerous particles
travelling at extremely high velocities, and the amount of debris will only grow [4]. Meanwhile, the
aviation industry loses upwards of billions of euros annually due to impact damage [5]. This highlights
the relevancy of metamaterials as impact protection, but with this also comes a need for computational
models of impact in metamaterials. Numerical models play a crucial role throughout the design process
of an impact-resistant material, allowing designers to make better informed choices. As such, accurate
simulations of impact performance of metamaterials can bring about significant cost and time savings.

When specifically looking at truss metamaterials, such a computational model must describe the dy-
namics of each strut, the failure behaviour of the strut material, and possible contact between struts.
However, there is no one definitive state-of-the-art model for modelling impact in truss-lattice materials.
To describe the dynamics of the struts, the literature is divided between continuum elements and beam
elements. This choice of elements has great implications for the choice of contact model since models
for beam contact are implemented differently from contact models for solid elements. As for modelling
the failure of the lattice members, the literature usually employs damage evolution models to degrade
and eventually delete damaged elements. However, deleting elements comes with the downside that
contact interactions between the fragments and the intact struts cannot be captured. From the above, the
following research gap in modelling impact in truss metamaterials is identified: a beam-based model
that incorporates both beam contact and beam fracture.

To this end, this thesis develops a unified contact and fracture finite element framework for simulat-
ing dynamic impact with beam-based truss metamaterials. The primary objectives of this study are
developing a unified beam-contact-fracture framework, conducting simple numerical experiments to
test its functionality, and applying the framework to a large-scale impact problem involving a truss
metamaterial to evaluate the effect of self-contact on the energy absorption. The aim of this research is
to develop high-fidelity dynamic impact simulations of beam lattices capturing both strut self-contact
and fracture behaviour.

Central to the aim of developing the unified contact and fracture computational framework for simulat-
ing truss-metamaterial impact problems, is synthesising a beam-contact-fracture finite element model
to describe the behaviour of individual lattice members. Then, to extend the framework to large-scale
impact simulations of entire lattice structures, this thesis addresses the modelling approach for the
lattice joints, the contact formulation between the impactor and the lattice, and the parallelisation of the
impact problem. In addition, the quantification of the energy components is discussed. Decomposing
the total energy into separate energy contributions such as internal, interface and kinetic energy offers a
method of assessing the performance of the computational framework.

To test the functionality of the unified beam-contact-fracture framework, it was employed in three
numerical experiments. Each numerical experiment featured either just one unit cell, or in the case of the
third experiment, two unit cells. The aim of the numerical experiments was to assess the performance
of the computational framework in stages. The first test case was the gradual compression of a unit
cell to evaluate the contact and fracture behaviour of the struts under quasi-static loading. The second
test case involved dynamic loading by applying an initial velocity front to a single unit cell. For this
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case, the fracture behaviour and energy balance under these loading conditions were analysed. The
third case modelled the collision of two unit cells to test everything at once: contact and fracture due to
collision along with energy balance.

After the numerical experiments, the unified beam-contact-fracture framework was deployed to a
large-scale truss-metamaterial impact problem. The lattice in this experiment comprised 500 unit
cells, far larger than the abovementioned numerical experiments. The larger problem allows for more
complexities than is possible with the collision of two unit cells, for instance. To realise simulations of
this size, the problem was run on a high-performance computing cluster to take advantage of parallel
computing. Six test cases in total were simulated. Three accounted for self-contact and three did not.
Four of the test cases used lattices comprised of bitruncated octahedron unit cells while the other two
used lattices made from octet unit cells. The bitruncated octahedron test cases were simulated with
initial impactor velocities vy = 350.0 m/s and vy = 150.0 m/s while the octet test cases were only
simulated with an initial impactor velocity vg = 350.0 m/s due to time constraints.

Since the aim of this research was to develop high-fidelity dynamic impact simulations of beam lattices
capturing both strut self-contact and fracture behaviour, the results of the test cases with self-contact
were compared with the simulation runs where no self-contact between the struts was modelled. The
results came in the form of impactor trajectories and the energy responses. These were then plotted to
illustrate the trajectory of the impactor for each simulation run, the energy components of the system
and the energy absorption of each test case. Through these plots, comparisons between the contact-on
and contact-off cases were possible.

When the mass-normalised absorbed energy of each contact-on case was compared with its associated
contact-off case, it turned out that modelling self-contact reduced the energy absorption performance of
the lattices. For the bitruncated octahedron lattices, for vg = 350.0 m/s and vy = 150.0 m/s, the loss in
mass-normalised absorbed energy of the cases with self-contact compared with the cases without was
approximately 12%. Meanwhile, the loss in mass-normalised absorbed energy of the octet lattice with
self-contact compared with the one without for vy = 350.0 m/s was approximately 4.5%. This reduction
in energy absorption performance was contrary to expectations since modelling self-contact should
allow for capturing compaction behaviour of the lattice. However, because inter-partition contact
cannot be resolved by the current implementation of the contact model, the simulations would never
be able to fully capture compaction. As a result, implementing a fully parallel contact model that can
resolve inter-partition contact is an important recommendation for future work.

This thesis closes out by highlighting and explaining important improvements for future work. These
can build upon the work done in this study and enhance the functionality of the computational
framework to make it more robust, more widely applicable, more accurate. Some examples of recom-
mendations are devising a way of fully parallelising the contact model, implementing a line-to-line
contact model, and modelling more impact phenomena such as plasticity, hydrodynamics or thermo-
mechanics. In all, this thesis managed to fulfil the primary objectives, although it also revealed a key
limitation of the developed computational framework, and through the recommendations, this thesis
indicates potential avenues of improvement for high-fidelity impact simulations of beam lattices.
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Introduction

Progress in the field of metamaterials in the past decades has been extraordinary. Materials once thought
merely figments of human fantasy have now taken physical form, breaking through the limits imposed
by nature on materials science. What sets metamaterials apart from conventional materials is their
exceptional material properties unseen in regular materials, which emerge as a consequence of their
structure rather than their composition. Tailoring this structure to fit specific needs allows engineering
to solve problems too challenging for normal materials [1].

1.1. Architected cellular materials

Metamaterials have been growing in popularity because of the extraordinary properties they exhibit
and their potential to reinforce natural properties. Extraordinary properties are extraordinary in the
sense that natural materials usually do not possess such properties. Some examples are negative
refractive index, negative Poisson’s ratio and even negative stiffness. Examples of how metamaterials
can enhance already existing properties are optical anisotropy and, for mechanical metamaterials,
ultra-high stiffness/toughness/strength, ultra-low mass or high specific energy absorption [1]. Ad-
vances in manufacturing techniques, and especially in the context of additive manufacturing, have also
contributed to the rise of metamaterials, which allows for realising architected materials of almost any
configuration and complexity [6].

One particular property of mechanical metamaterials which is of prime relevance to this thesis, is their
capacity for high specific energy absorption. This makes metamaterials quite well-suited to impact
problems. Metamaterials can achieve such high energy absorption performance because they are able
to approximate the ideal energy-absorbing behaviour of large volumetric decrease at constant pressure
under impact. In doing so, they stretch out the duration of the impulse and keep the peak stresses
below the level required to initiate damage. The way metamaterials can exhibit such behaviour is
through a combination of their low relative volume density, their tendency to stiffen under compression
(densification) and their tailorable mechanical properties [7] [2] [3].

Impact protection plays a crucial role in high-performance fields like the aerospace industry. Both in the
skies and in orbit, protecting the structures from damage caused by collisions with objects travelling at
high speeds is an on-going struggle. In space, structures are at risk of colliding with small but extremely
fast moving particles. According to ESA, there are over a million objects from 1 to 10 cm estimated to be
in all orbits [4]. As one can see from Figure 1.1, this number will only continue to grow as the years
go on. Even at this small of a size, the particles travel at speeds well over 1 km/s, which is enough to
cause major damage even if the particle is small compared to the space structure [8].
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Figure 1.1: The evolution of the number of objects in all orbits, from [4]. The acronyms mean the following: Ul means
unidentified objects, RM is rocket mission related objects, RD means rocket debris, RF is rocket fragmentation debris, RB means
rocket body, PM signifies payload related objects, PD is payload debris, PF means payload fragmentation debris, and PL is
payload.

Closer to earth, aircraft also deal with foreign object debris collisions. Of course, the impact velocities
are nowhere near as high as in space, but the effects of impact damage are just as adverse. Although
aircraft damaged by impact events can be repaired while satellites damaged in orbit are more than likely
lost or at least permanently damaged, most aircraft serve a vital commercial role. According to a study
on the effect of bird strikes on aircraft repair and withdrawal costs, bird strikes alone result in almost 1
billion euros worth of damages (directly as a result of the strikes or indirectly due to delays and their
repercussions) annually for the entire aviation industry [5]. So while it is true that damaged aircraft can
be repaired, the loss of revenue and the direct and indirect costs of the repairs are also quite serious. This
is all to highlight how important impact-resistant materials are in aerospace. Because metamaterials can
outperform conventional protective materials owing to their more favourable combination of density
and high specific impact resistance, they seem promising candidates for advanced protective structures

[9].

1.2. Modelling impact in metamaterials

Computational models of impact in metamaterials are extremely powerful and useful tools which
can serve multiple ends. From a design-synthesis point of view, computational studies facilitate the
whole design process of an impact-resistant material. From feasibility studies to final testing, numerical
models serve both as ways of informing design choices early on in the design, and as a means of
verifying behaviour and performance late in the design cycle. Computational models can reveal early
on which combinations of properties could work, lowering the risk of developing dead-ends. They
can also supplement destructive testing by simulating the performance of multiple designs without
incurring the costs of destroying them, allowing designers to commit to destructive testing designs
they are certain will perform well. In all, being able to simulate impact and its effect on the structure
accurately could save designers massively on both time and cost.

The potential gains of high-fidelity computational models of impact in metamaterials makes them
worthwhile to develop, but building such a computational framework is easier said than done. Impact
is a very transient and violent event, which requires a model capable of capturing the dynamic effects
caused by impact. Such effects include wave propagation and fracture. Section 2.3 covers these physical
phenomena and more in detail. In the context of truss metamaterials, one must also keep in mind that
the models will need to describe the dynamic behaviour of each strut, including their failure and contact
interactions as the lattice is deformed. The state-of-the-art computational frameworks for modelling
impact in truss metamaterials is the topic of Section 2.4. It identifies the three main components of
the numerical approaches from literature: the choice of element, modelling contact and representing
damage. These components also invite the necessary questions: which element type is preferred, how
should contact between elements be modelled, and which kind of model for damage should be used.
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The literature does not have a single answer for each of these questions. Some authors use continuum
elements ([10] [11] [12] [6]); others use beam elements ([13] [14] [15]). The choice of element type directly
influences the contact model since beam elements would require a beam-to-beam model, which has
certain implementation particularities compared to continuum elements (see Subsection 2.6.6). Lastly,
if damage is represented, then the literature generally used damage evolution models to degrade the
elements and eventually delete them ([10] [14] [12]).

1.3. Research approach

As stated above, the aforementioned state-of-the-art computational frameworks for modelling impact
in truss metamaterials have three key constituent models: the pristine strut mechanics, the contact
interactions between the struts, and the progressive damage of each strut. One thing of note is that none
the works consulted in Section 2.4 use a brittle fracture model to model damage, seemingly preferring
to use damage evolution. As such, there appears to be a niche currently not filled by a computational
framework for impact in truss metamaterials: a beam-based model which combines beam-contact
behaviour with beam-fracture behaviour. Attempting to occupy this niche with the unified beam-
contact-fracture framework could provide a means of leveraging the computational efficiency of beams
for slender structures while still being able to capture the complex phenomena inherent to impact such
as inter-strut contact when the lattice is compressed or fracture of the struts due to the penetration of a
projectile or a combination of both when fragmented struts start colliding with intact struts.

The abovementioned gap identified in the literature leads to the following research question.

Research question

How can a unified contact and fracture finite element framework improve dynamic impact
simulations of beam-based truss metamaterials?

In the process of answering the research question, this thesis will execute the subtasks listed below.

(1) Incorporate beam-contact behaviour with beam-fracture behaviour, and tie it with the strut
dynamics [16] [17].

(2) Test the functionality of the unified beam-contact-fracture framework in simple numerical experi-
ments.

(3) Apply the unified beam-contact-fracture framework to a large-scale numerical model of impact in
a truss metamaterial and evaluate the effect of self-contact on the energy absorption.



Literature review

This chapter can be divided into two halves: the first half covers the background and the state-of-the-art
in modelling impact in metamaterials, while the second half treats the theory and formulations required
to develop a framework for modelling impact in truss metamaterials. In concrete terms, the first leg of
the literature review starts with a review of architected cellular materials (Section 2.1), followed by an
examination of some works involving truss-metamaterial impact experiments in Section 2.2. After this,
Section 2.3 covers the theory of impact problems with the aim of identifying the dissipation mechanisms.
The first half is rounded out by Section 2.4, which analyses the state-of-the-art modelling approaches
for truss-metamaterial impact problems. It is here that a gap in modelling self-contacting and fracture
behaviour in beam-based struts of truss metamaterials is identified.

The second leg is dedicated to the components necessary for realising a unified contact and fracture
computational framework. To this end, it opens with a review of the potential beam formulations for
modelling the beams in Section 2.5, then the theory of contact mechanics along with the application to
the beam-contact problem is treated in Section 2.6, and lastly, Section 2.7 covers the fracture model of
choice when modelling beam fracture. In all, through the theoretical and practical background, and by
covering the building blocks for a computational framework for impact in truss metamaterials, this
literature review serves the final objective of modelling a large scale truss-metamaterial impact problem
which captures both fracture and self-contact.

2.1. Architected cellular materials

Architected cellular materials have emerged as a topic of extensive research in materials science.
Such materials have the vaunted properties of being able to sustain large deformations while being
able to approximately return to their original shape after unloading. In nature, cellular materials
generally possess irregular cell structures, making their geometric configurations difficult to reproduce
in engineering applications. However, with the advances made in the field of additive manufacturing,
creating cellular structures of nearly any complexity is no longer out of reach [6].

2.1.1. Metamaterial classification

There is no one way to classify a family of materials as broad and customisable as metamaterials. One
possible method of classification is based on bulk material behaviour, which also ties into their use.
Exact taxonomy aside, the literature generally agrees on the following distinct classes of metamaterials:
acoustic, electromagnetic, mechanical and thermal [18] [19].

Figure 2.1 and Figure 2.2 give a good indication of not only the different metamaterial classes, but also
the sheer breadth of their applications.
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Figure 2.2: The different types of metamaterials according to Kumar et al. (2022) [19].

One could go on at length over the different types of metamaterials and their uses; however, the specific
class of metamaterials most relevant to this thesis are the mechanical metamaterials. As such, the
remainder of this literature review shall concern itself solely with mechanical metamaterials. That said,
it cannot be overstated how widely applicable metamaterials are outside of mechanical design.

Because the properties of metamaterials are governed mostly by structure, rather than composition, one
could also classify metamaterials based on their cell structure, Figure 2.3.
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Cellular materials either have an irregular structure or regularly repeating units. Both irregular and
regular structures can be further divided depending on whether the structure is open-celled or closed-
celled. In irregular structures, the cell or pore size is usually gradually or stochastically distributed, like
in bark, cork or foam. Closed-cell foams generally have spherical pores, as opposed to open-cell foams,
where the pores grow into each other. This is why the ligament structure describes open-cell foams
better [20] [21].

In the case of regular structures, closed-cell configurations are mostly created by extending the two-
dimensional structure in the third dimension, analogous to how the honeycomb core in sandwich
structures is produced. Meanwhile, open-cell regular structures comprise interconnected struts ar-
ranged in a three-dimensional space. An example of open-celled metamaterials are lattice materials,
which resemble crystal lattices and consist of lattice elements such as beams or shells. The connectivity
of these lattices directly determines the overall mechanical behaviour [6].

It is these crystal lattice-based architected materials which are of particular interest because of the
existing body of work examining their structural properties and manufacturing methods [22] [23] [24]
[25], and the relative simplicity of modelling.

2.1.2. Crystal lattice metamaterials

Lattice metamaterials have a periodic, porous structure that consists of basic units assembled in some
periodic combination [26]. Following the structural taxonomy of cellular materials described earlier, this
means lattice metamaterials are regularly structured cellular materials. Therefore, lattice metamaterials
can be divided into 2D and 3D lattice metamaterials, depending on their structural configuration, see
Figure 2.4.
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Figure 2.4: The different structural configurations of lattice structures, from [26].

The 2D lattice structures primarily consist of honeycomb structures, auxetic structures and hierarchical
2D lattice structures [26]. Honeycomb structures have been extensively used in lightweight structural
applications, particularly in aerospace [27]. Auxetic structures show negative Poisson’s ratio effects
when subjected to load [26], which makes them a prime subject of study [28] [29] [30]. Hierarchical 2D
lattice structures have unit cells which include some form of substructure. This results in multi-level
characteristics, similar to natural structures like bone [26]. This kind of 2D lattice metamaterial has also
been the topic of many studies [31] [32] [33].

Meanwhile, 3D lattice structures can be roughly grouped into truss-based, plate/shell-based and hi-
erarchical 3D lattice structures. Truss-based lattice structures consist of unit cells constructed from
interconnecting truss members and assembled in all manner of configurations. Currently, they are the
most widely studied 3D lattice structures [26]. The large variety of possible configurations has lent
itself to an extensive body of work [34] [35] [36] [37] [38] [14]. Plate- and shell-based lattice structures
often comprise unit cells with similar topology to those used in truss-lattice structures, but assembled
with plates or shells [26]. Many studies have been carried out to find out how using plates or shells
can exceed the performance of truss-lattice structures [39] [40] [41] [42]. Lastly, hierarchical 3D lattice
structures have multi-level characteristics because of a combination of substructures in their unit cells,
similar to 2D hierarchical lattice structures [26]. Their potential to imitate natural structures has brought
about many studies [43] [44] [45].

Although crystal lattices can be constructed from all three types of 3D lattice structures mentioned earlier,
special attention will be given to the truss-based lattice structures. Despite the works of Tancogne-
Dejean et al. (2018) and Bonetti et al. (2019) showing that plate- and shell-based lattice structures can
outperform even the best truss-based lattice structures [39] [42], truss-lattice metamaterials are the
metamaterial of choice for this thesis because of their relative modelling simplicity, their compatibility
with the numerical framework used by this thesis, and their familiarity within the department of
Aerospace Engineering at Delft University of Technology, with recent works related to truss-based
architected materials [46] [47] [48].

As mentioned before, there are many different cell topologies used to assemble truss lattices. Before the
geometry of specific configurations is examined, it is worthwhile to first define the unit cell. To do so,
one must draw upon the theory of crystallography. An ideal crystal consists of an infinite repetition of
identical groups of atoms. This group is referred to as the basis, and the set of mathematical points to
which this basis is attached is the lattice. The way to identify the unit cell is through the following steps:
first, draw lines from a lattice point, i.e. a node, to all nearby lattice points; then, at the midpoints of
those lines, draw new lines or planes orthogonal to the previous lines. The smallest volume enclosed by
the new lines or planes is known as the Wigner-Seitz cell [49], Figure 2.5.
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Figure 2.5: The construction of a Wigner-Seitz cell, from [49].

The Wigner-Seitz cell can have an arbitrary combination of edge lengths and may not always have right
angles between edges. However, for simplicity, one can imagine a unit cell being a cube with possible
node locations being the vertices, the centre of the faces or the centre of the cube [6], see Figure 2.6.

Figure 2.6: A unit cell and its possible node positions, from [6].

Having established an image of the unit cell, it is now easier to describe the geometry of specific
cell configurations. Some common examples of unit cell configurations are the simple cube (SC), the
body-centred cube (BCC), the face-centred cube (FCC), the octet, and the octahedron [26]. The simple
cube is a unit cell with nodes only at the vertices [49]. The BCC unit cell features an extra node at the
centre of the cube. Both have been illustrated in Figure 2.7.

A

(a) (b)

Figure 2.7: The simple cubic cell (a) and the body-centred cubic cell (b), from [34].

The FCC unit cell has nodes at the vertices and at the centres of each face [49], Figure 2.8. The octet cell
is composed of two Platonic solids: the tetrahedron and the octahedron, and it resembles the FCC cell
[50]. The octet cell can be seen in Figure 2.9.

Figure 2.8: The face-centred cubic cell, made in GeoGebra.
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Figure 2.9: The octet unit cell, from [6].

The octahedron unit cell has nodes only at the centres of the faces of the cube [38], see Figure 2.10. If the
octahedron is larger than the cube, and the vertices that stick out of the cube are truncated, then one
ends up with a truncated octahedron [6], Figure 2.11.

Figure 2.10: The octahedron unit cell, made in GeoGebra.

Figure 2.11: The truncated octahedron unit cell, from [6].

Intuitively speaking, one may think that the configuration has an effect on the mechanical behaviour
of the lattice. One way to quantify this effect is through the Maxwell number, M. Without going too
much into the details, the Maxwell number depends on the combination of nodes and the number of
struts connected to the nodes. The value of the Maxwell number then dictates whether the structure
has stretch-dominated behaviour (M > 0) or bending-dominated behaviour (M < 0) [6].

The fact that different configurations result in different mechanical behaviour presents an opportunity
for designers to tailor the lattice to the problem. This means that one can fine-tune the mechanical
properties with the same constituent materials by changing the unit cell topology.

2.1.3. Mechanical properties
When a mechanical property of a material such as yield strength or Young’s modulus is plotted against
its density, the vast majority of commercially available materials end up on the main diagonal of the
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plot [2], see Figure 2.12.
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Figure 2.12: An Ashby plot which shows white regions unoccupied by commercial materials, and some cellular materials that
can exist in the white regions, from [2].

As one can see, this ends up creating voids in the Ashby plot, wherein no material is available that
has this combination of mechanical property and density. Although there exists a void both above and
below the main diagonal, the empty space above is naturally of greater engineering interest. Particularly
in the low density range, the options are sparse: foams, honeycombs and some natural materials.

However, owing to the tailorability of architected materials, it becomes possible to push into the white
regions. Because the bulk material behaviour is also dictated by the cellular architecture of such materi-
als, and not just their constituents, it allows designers much greater control over mechanical properties
by varying the solid volume fraction of the material and the spatial configuration of the lattice. If
one desires a low-density material, one can use a small solid volume fraction [2]. Designers can then
optimise the lattice configuration for this volume fraction to get the most out of the architected material.

In a previous work by Schaedler et al. (2011), nickel microlattices are manufactured which access the
white region across a wide range of density, modulus and strength [51]. Other examples of architected
materials extending the material design space into the void are alumina nanohoneycombs [52], ceramic
silicon oxycarbide microlattices [53], and carbon fibre-reinforced polymer truss structures [54] [55].
These materials can also be seen in Figure 2.12.

2.1.4. Applications of mechanical metamaterials

Even when the scope is narrowed down to mechanical metamaterials only, there are still numerous
fields of application where this subset of metamaterials has immense potential. This has to do with the
many ways mechanical metamaterials can be realised. Starting from fundamental material mechanics,
one can further subdivide mechanical metamaterials into lightweight metamaterials, characterised by a
very high specific stiffness; pattern transformation metamaterials, which have a switchable stiffness;
negative compressibility metamaterials; pentamode metamaterials, known for having fluid properties
despite being solids; and auxetic metamaterials, famed for having a negative Poisson’s ratio [56].

Given the many combinations of cellular configuration and the degree of customisability of architected
materials, it may be easier to list the applications mechanical metamaterials are not suited for. Their
applications range from structural to functional applications such as electronics and biomedical engi-
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neering. In the structural field, they can be tailored to have ultra-high strength, form ceramics which
do not fail catastrophically when overloaded, obtain extremely high recovery after loading, and even
enable mechanical cloaking, all at low density [57].

When mechanical metamaterials are intended for use in electronics, they can potentially provide an
optimal balance between high charge-discharge rates and mechanical robustness, allowing them to act
as energy storage devices under operating conditions [57]. In the biomedical field, mechanical metama-
terials can be leveraged to promote organised cell growth as biological scaffolds, act as constructs for
tissue, serve as deployable angioplasty or oesophageal stents, or even be used in artificial implants with
tuneable mechanical properties [57] [56].

The literature makes it clear that metamaterials have an extremely wide range of applications, but
the most relevant application field for this thesis is the structural field. Specifically, the structural
application of interest is impact protection. Architected cellular materials are extremely well suited for
this application because of their energy absorption performance [2] [7]. Their ability to absorb energy
is highly dependent on geometrical configurations, deformation mechanisms, material failure modes
and loading conditions. This allows designers more freedom to tailor the response to impulsive loads
compared to conventional materials [7] [2].

According to Jiang et al. (2022), an energy-absorbing structure usually fails due to uniaxial compression
loading, and the associated load-displacement curve shows a near-constant stress level from the initial
yield point until the onset of densification. An ideal energy-absorbing structure should have a pro-
longed stress plateau with peak stresses beneath the damage threshold [7]. To add to this, a protective
medium must be able to undergo a large volume decrease at constant pressure, so that the incoming
pressure is lowered below the damage threshold, and the duration of the impulse is extended [3] [2].

These requirements necessitate a stress-strain response with maximum Young’s modulus, a constant
crushing stress that does not exceed the damage threshold, and a maximum densification strain. Dense
solids and fluids are unsuitable since they are nearly incompressible [2]. However, architected cellular
materials can offer potential solutions through a combination of relative volume density, densification
strain and tailored mechanical properties [3].

Impact protection plays a central role in industries such as the automotive industry, the defence industry
and the aerospace industry. When subjected to transient dynamic loading, materials must deal with
stress waves that rapidly propagate through them. These stress waves often exceed the material’s
elastic limit, which results in irreversible dynamic damage mechanisms like plastic deformation, crack
growth and eventual structural failure [58]. Especially in high-performance sectors such as aerospace,
well known for having an unrelenting requirement for lightweight and reliable design, there is a more
pronounced demand for advanced protective materials. The problem is that conventional protective
materials usually cannot achieve high impact resistance and low density at the same time [9].

Because architected cellular materials have the potential to rise to the demands of a lightweight impact-
resistant structure, this has spurred a multitude of studies into metamaterials and their application
in impact protection. Recent works in rod/beam-based metamaterials include a bio-inspired snap-
through metamaterial using hybrid stretching- and bending-dominated designs to achieve ultra-high
load-bearing capacity and significant energy dissipation at the same time [59]; a snap-fit-based modular
multi-stable metamaterial which uses sequential snap-through to create multi-stage energy absorption
and reduce peak forces [60]; a study of additively manufactured elastomer lattices that revealed
topology-driven behaviour concerning stretching-dominated and bending-dominated layouts [61];
an investigation of artificial grain-boundary hardening of lattice-based architected materials [62]; a
characterisation of elastic performance of hollow truss lattices with various configurations [63]. These
research efforts capture the many ways in which architected materials can be tailored to maximise their
impact resistance for their intended use cases.
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2.1.5. Summary of the architected cellular materials review

Metamaterials come in all forms and have many different uses. One can categorise them based on their
use, such as mechanical, electromagnetic or acoustic. However, in the case of cellular materials, one can
also classify them based on their topology, such as whether they are regularly or irregularly structured,
and whether each unit cell is open or closed.

One specific type of cellular material, the truss-based lattice material, is of particular interest because
their mechanical properties are well documented, and they are relatively simple to model. Because the
cell configuration largely dictates the mechanical behaviour of the lattice material, it allows designers to
fine-tune the mechanical properties of the lattice material to the problem.

This tailorability of architected materials enables engineers to explore niches currently not occupied by
commercial materials. One such niche that is especially of interest to many industries, is that of high
Young’s modulus or strength and low density. Conventional materials at the low density end of the
material chart do not have high mechanical properties. However, metamaterials can be designed to
have low density and relatively high mechanical properties.

Since metamaterials can obtain high mechanical properties per unit weight, this makes them quite
interesting candidates as materials for advanced lightweight structures. Particularly, there is much
work on metamaterials as impact-resistant structures. High-performance industries such as aerospace,
where structures must balance reliability with lightweight design, especially have interest in the use of
metamaterials for impact protection.

2.2. Impact experiments of truss-lattice metamaterials

As mentioned in Subsection 2.1.4, the performance of architected cellular materials as impact protection
has been the subject of many studies as of late. Authors have investigated different velocity regimes,
architectures and other creative strategies for optimising energy absorption. Subsection 2.1.4 listed some
of the more unique studies, however, this thesis will limit the scope of architected cellular materials to
ordinary truss-based metamaterials. Doing so simplifies the modelling process since the metamaterials
are represented by a network of joints and struts. The struts can then be modelled using a finite element
representation of choice, be it beam elements or continuum elements. In spite of the relatively simpler
modelling process of truss-lattice metamaterials, the results from investigating their impact performance
are not less insightful.

To facilitate the interpretation of numerical results obtained with a truss-based metamaterial, it is only
fitting that some studies involving impact tests with truss metamaterials are presented. Portela et al.
(2021) is about supersonic impact testing of nanoarchitected carbon materials [64], see Subsection 2.2.1.
Their work marks one of the first ventures into supersonic impact testing of 3D architected cellular
materials, and they investigate tetrakaidecahedron (or truncated octahedron) unit cells. Butruille et
al. (2024) investigate the dissipation mechanisms of 3D architected materials in the dynamic impact
regime [12], see Subsection 2.2.2. They study the octet unit cell and the tetrakaidecahedron unit cell.
Bieler and Weinberg (2025) present the energy absorption of different additively manufactured unit cell
configurations under impact load [6], see Subsection 2.2.3. The cell topologies studied include the octet,
the BFCC (a combination of a BCC and FCC cell) and the truncated octahedron.

In the following, the studies mentioned earlier are summarised, their experimental settings described
and their results presented.

2.2.1. Portela, Edwards, Veysset, Sun, Nelson, Kochmann and Greer

The topic of the paper by Portela et al. (2021) is supersonic impact resilience of nanoarchitected carbon.
They investigate the impact energy dissipation of nanoarchitected carbon materials, and with supersonic
microparticle impact experiments, they show that said architected materials have superior specific
energy dissipation to traditional impact-resistant materials such as steel or Kevlar. Using in-situ ultra-
high-speed imaging and post-mortem confocal microscopy, they discover consistent mechanisms that
allow the nanoarchitected carbon materials to outperform other impact-resistant materials [64].
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Experimental set-up

Portela et al. fabricated, tested and analysed 3D nanoarchitected carbon lattice materials assembled
from 13500 unit cells with beam diameters ranging from 360 nm to 530 nm, and relative densities (p)
ranging from 14% to 23% subjected to impact by supersonic microparticles. Their unit cell topology of
choice is the tetrakaidecahedron (truncated octahedron), because of its bending-dominated response.
For a visual of this unit cell, see Figure 2.11. Each sample is comprised of a sufficiently large stacking of
30 x 30 x 15 unit cells so as to reach proper separation of scale between unit cell size and overall sample
dimensions.

To investigate how p can influence the impact response, the authors of [64] manufactured samples
of two relative densities 14% + 2% and 23% + 3%. This was achieved by varying the strut diameter
between 370 + 40 nm and 530 + 40 nm, while keeping the unit cell size at 2.5 + 0.2 um. These nanoscale
strut dimensions mean that the lattice structures fall within the size-effect regime of pyrolytic carbon,
the material of choice in [64].

The microparticle impact experiments were carried out using the LIPIT (laser-induced particle impact
test) method, where a 14 ym diameter SiO, particle is accelerated to velocities between 30 m/s and 1.2
km/s by a pulsed laser to collide with the specimen. The impact event was captured using an ultra-high
framerate camera, meanwhile scanning electron microscopy and laser-confocal microscopy was used
post-mortem on the specimen. The experimental set-up has been illustrated in Figure 2.13.
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Figure 2.13: A schematic of the test set-up showing the LIPIT, the specimen and the camera, from [64].

Results

Portela et al. experimentally demonstrate that the SiO, particle impacts onto the specimen results in
three distinct qualitative response modes: elastic impact, cratering with particle rejection and cratering
with particle capture. They found that these response modes depended on the impact energy and the
relative density of the metamaterial, see Figure 2.14. One can also argue that full specimen perforation
is a fourth mode. When the craters were studied close-up, the authors of [64] found indications of brittle
failure in the carbon struts and compaction of debris.
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Figure 2.14: The impact responses and the resulting damage in the specimen with p = 23%. (a) shows impact and rebound while

(b) illustrates particle capture. (c) is a sample after elastic impact. (d) is a post-impact micrograph of the sample from (a) which

shows cratering, and (e) is a micrograph of the sample from (b) with the captured particle visible. The white scale bar equates to
20 um, while the black scale bar is 5 um. This figure can also be found in [64].

To quantify the energy absorption ability of the nanoarchitected carbon specimen, Portela et al. defined
the inelastic energy due to the lattice material only as Equation 2.1.

Wi=Wy-W, — Wi,SiOZ(Wr) (2.1)

Here, W) is the impact energy, defined as Wy = %mvé with vy the impact velocity. W, is the rebound
energy, defined as W, = %mv% with v, the rebound velocity. In the equation for both Wy and W,, m
is the particle mass, calculated with m = %ppnr3 with particle density p, = 1850 kg/m> and radius
r = 14 um. W;sio, is the inelastic energy contribution from densification in the microparticles, which is
a function of W,. Because calibration impact experiments showed that dissipation in the microparticles
contributed to the total inelastic energy, this contribution must be decoupled from the metamaterial
response.

When the energy is plotted for both relative densities, the authors obtain the results shown in Figure 2.15.

1
549 672 776, o7
0.25 Impact velocity, - ,.‘!‘.
= 08 = 5 °° vpims") Pt 08 =
o 2 2 R 2
B 06 2 g & A |4 g0 06 &
2 2015 - 3
@ . =] @ U
=) . 04 =) P 04 2
3 o & ¥ 3 = 3o - =
8 .’-i - - g = 2 - =
] e E = . E
[ - g2 = = o 02 =
0.05 o 0.05 -
- & P
o u” r 0 o hlmm . o - o
[4] 02 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
Impact enargy, W, (u) Impact energy, W, {u)

Figure 2.15: The impact energies for the experiments. (a) shows the results for the specimen with p = 14% + 3%, and (b) is for the
specimen with p = 23% + 4%. A linear fit of the inelastic energy W; as a function of Wy can be seen as the red dashed lines. [64]

Portela et al. show that for low velocities (approximately 50 m/s and lower), both specimen types
have an elastic response (Figure 2.14). At impact velocities above 50 m/s, the specimen with p = 14%
displayed cratering with particle rejection, and if the impact velocities exceeded 490 m/s, perforation of
the specimen was observed. Meanwhile, the p ~ 23% specimen show cratering and rebound behaviour
beyond the elastic regime. When the impact velocity is increased to 515, their response transitions to
cratering and capture behaviour.

The authors of [64] then calculated the specific inelastic energy for the purpose of comparing the impact
performance of the specimen with other ballistic materials. They defined the specific inelastic energy
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as W7 = W;/my,. m, signifies the mass of the material that participated in the impact, that is to say,
the mass of the material permanently deformed by the impact. The specific inelastic energy for both
specimen types was plotted for the range of impact velocities studied, along with the specific inelastic
energy for other materials used for impact-protection, see Figure 2.16.
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Figure 2.16: A comparison of the mass-normalised inelastic energy W as a function of vg with other ballistic materials, from [64].

Portela et al. demonstrate experimentally that for the same specific impact energy W; = Wo/m,, the
nanoarchitected carbon has a roughly 70% higher specific energy dissipation than Kevlar composites
and nanoscale polystyrene. They conclude that their work shows that the superior impact efficiency of
nanoarchitected materials can be derived from the additional dissipation mechanisms emerging from
said materials’ ability to transmit compaction shocks. That said, they point out that further study is
required to investigate the how the architecture of a lattice influences the cratering response.

2.2.2. Butruille, Crone and Portela

Butruille et al. investigate the dissipation mechanisms of 3D architected materials in the dynamic impact
regime. They aim to decouple the contribution of each mechanism and to provide guiding principles
for the design of micro-architected materials for performance in the dynamic impact regime. To this
end, they have developed a microscale suspended-plate impact testing framework where supersonic
microparticles are accelerated to velocities of 850 m/s against a substrate-decoupled architected material.
This test is performed on two types of cell configurations, as well as the non-architected monolithic
constituent material. Analysis of energy dissipation characteristics is done with help from in-situ
ultra-high-speed imaging and post-mortem characterisation [12]. In a way, this study can be viewed as
a follow up to [64] since this time, they do investigate multiple architectures.

Experimental set-up

Butruille et al. make a point of isolating the specimen from the substrate, which they explain was a
limitation of [64]. To this end, they designed the microlattice metamaterials in a suspended form factor
with two monolithic supports on either side. This has also been illustrated in Figure 2.17.

The monolithic supports are 180 um apart, and on top of them, there is a 2D base which functions
as a foundation for the specimen. Three types of specimen were manufactured: octet microlattices,
tetrakaidecahedron (truncated octahedron) microlattices and monolithic polymer plates. The rela-
tive density p of the lattices was 33 + 1.2% with unit cell size 6.7 + 0.1 um. The fabricated thickness
of the monolithic plates was 7.6 + 1.8 um so that they were approximately mass-equivalent to the lattices.

In order to decouple the architected materials from the substrate and the lateral boundary condi-
tions as much as possible, Butruille et al. made use of computational Bloch-wave analysis to find
the dimensions of the suspended sample which minimised the effect of the boundary conditions on
their impact experiments. From this, they ended up with metamaterials consisting of 32 x 26 x 5 tes-
sellations of unit cells, which result in an approximately 214 x 174 x 33.5 um plate of architected material.

Just as Portela et al. (2021) [64], the authors of [12] employ the LIPIT method to conduct the microparticle
impact experiments. The specimen are hit only in their z, or height direction. 33 + 2 um diameter SiO,
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microparticles were selected as the impactors so as to maintain separation of scales between the unit cell
dimensions and the impactor. These microparticles were accelerated towards the centre of the specimen
at velocities ranging from 300 to 850 m/s.
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Figure 2.17: The suspended microparticle impact framework described by Butruille et al. (2024). (A) shows the fabrication of the
suspended metamaterial structure using photon lithography. The result of this can be seen in (B). (B i, ii and iii) are SEM
micrographs the octet, monolithic and tetrakaidecahedron structures, respectively. The white scale bars indicate 100 ym and the
yellow scale bars are 5 um. (C) is a schematic of the impact experiments with the LIPIT method. This figure can also be found in
[12].

Results

The velocities of the particles could be measured before and after penetrating the specimen by using an
ultra-high-speed camera, see A, B and C of Figure 2.18. Additionally, SEM allowed for post-mortem
characterisation, such as identifying craters, pointing to localised cylindrical craters in the metamaterial
specimens as opposed to radial-crack formation and gouging in the monolithic specimen. The SEM
images can be seen in D, E and F of Figure 2.18.

Figure 2.18: Micrographs of the impact experiments. (A) is for the octet structure, (B) is for the tetrakaidecahedron structure and
(C) is for the monolithic sample. (D), (E) and (F) are post-impact SEM micrographs for the octet, tetrakaidecahedron and
monolithic sample, respectively. [12]

When the measurements of the pre- and post-impact velocities are taken from the captured micrographs
above, and plotted (A and B of Figure 2.19), a qualitatively similar relation can be observed for all
specimens tested. The authors of [12] then extend their analysis to energy. They defined the energy
dissipated by the materials as Wgis = %rrzsphere(vi2 - v?). Here, msphere is the mass of the impactor, v; is
the impact velocity, and vy is the post-impact velocity, see A and B of Figure 2.19.
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To quantify the dissipated energy per unit mass, Butruille et al. normalised the dissipated energy by
the crater mass of the specimen, as illustrated in C and D of Figure 2.19. This results in the metric

W* = Zﬁicist , where p is the mass density of the specimen, A, is the cross-sectional area of the crater, and ¢

is the thickness of the specimen. Normalising the dissipated energy makes it possible to compare the
impact efficiency from different specimens and experimental settings.
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Figure 2.19: The results of the microparticle impact tests. (A) shows the quantities that can be measured. (B) plots the final impact
velocity to the initial impact velocity. (C) is a schematic of how the crater mass is calculated to normalise the dissipated energy.
(D) plots the mass-normalised dissipated energy against the impact velocity. These results can also be found in [12].

Although the monolithic plates were observed to dissipate the most energy of 6.00 uJ at impact velocities
of 820 m/s, their impact response is less efficient as a result of radial cracks and gouging. This is in
contrast to the well-localised 1D cratering mechanism which is prevalent in the architected specimens.
In fact, according to the specific dissipated energy metric, the octet had the highest energy dissipation
efficiency over all impact velocities, reaching a maximum value of 0.49 MJ/kg for an impact velocity
of 715 m/s. The monolithic plate is generally the least efficient, but it was observed to match the
performance of the tetrakaidecahedron at velocities above 800 m/s, as can be seen in Figure 2.19 D.

Decoupling dissipation mechanisms

Decoupling the dissipation mechanisms is the focal point of [12], so it was deemed fitting to separate
this part of their paper from the rest of their results. Butruille et al. argue that the aforementioned
results have proved effective when it comes to quantifying metrics of absolute energy dissipation,
but analysis of high-speed imaging alone does not enable the identification of energy dissipation
mechanisms. They expect that the dissipated energy consists of dynamic compaction contributions W,
inertial contributions resulting from imparting kinetic energy onto the ejecta W;;,, and contributions



2.2. Impact experiments of truss-lattice metamaterials 18

from fracture boundary formation in the craters Wy. This has been illustrated in Figure 2.20 A. They
then assume that the total energy dissipated can be approximated as the sum of each contribution:

Wior = We + Wiy, + Wf (22)

The authors focus on decoupling the contributions of compaction and fracture, assuming that the kinetic
energy imparted onto the ejecta in their specimen remains approximately the same for impact events
featuring equivalent particle size, specimen mass and velocity.

The first step Butruille et al. took in order to study W, was to conduct quasi-static uniaxial compaction
tests on their tested architectures. Substrate-bound architected materials consisting of 10 x 10 x 10 tessel-
lations of unit cells with the same parameters as tested under impact were then subjected to compaction
tests. In the tests, they used a displacement-controlled nanoindenter with a strain rate of ¢ = 1073 s7.
When these experiments for both types of architectures are conducted until just before densification, at
€ ~ 50%, then metrics of effective Young’s modulus E, yield strength o,, and dissipated compaction
energy density, which they defined as the area under the stress-strain curve, can be recovered.

The authors report that the tetrakaidecahedron reached a mass-normalised energy dissipation of
30.0 +1.40 k] /kg (C and E of Figure 2.20), while the octet managed a mass-normalised energy dissipa-
tion of 19.08 +2.79 kJ /kg (B and D of Figure 2.20). The observed results for quasi-static compaction is
the opposite of the observed impact performance. Butruille et al. then conducted high-fidelity finite
element simulations on the architected materials with the goal of better understanding the mechanisms
that go into the observed compaction response. The results of the numerical simulations can also be
seen in D and E of Figure 2.20. Overall, one can see that the simulated response generally matches the
experimental results.

Exp. E?tp.
& 50 - - sim. 50t == Sim.
o
= 40 40
o 7
£ 2 20
N we b ;‘-’ P Wi t
: / Pa%oct — ! B { L -
W e | 4 0 0.2 0.4 06 0 0.2 0.4 0.6
Strain, [-] Strain, [-]

Figure 2.20: The decoupled compaction mechanism of microlattices. (A) is a schematic of the energy dissipation components
during impact, showing W due to fracture, W, due to compaction and W;,, due to inertial effects. (B) and (C) show the simulated
and experimental compaction behaviours of an octet and tetrakaidecahedron lattice, respectively. (D) and (E) depict the
simulated and experimental stress-strain curves for both lattices. The scale bar equates to 20 um. [12]

The authors then treated their method of investigating the contribution of fracture to the total dissipated
energy. To this end, they devised a quasi-static coupled compaction-fracture experiment to characterise
the energy required to cause a cylindrical fracture surface in an architected microlattice. This experi-
ment attempts to mimic the cratering caused by the microparticles in the impact experiments. The test
involves quasi-statically pushing a monolithic cylindrical pillar into a microlattice. Doing so would
create a fracture surface around the perimeter of the pillar, and it would result in localised compaction
beneath the pillar. The results of this can be seen in Figure 2.21.
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The specimens for the pillar indentation test were octet and tetrakaidecahedron lattices comprising
an assembly of 18 x 18 x 14 unit cells. The parameters were still the same as used in the impact tests.
Mounted on top of the lattices are monolithic polymer micropillars with diameters 25, 30 and 35 ym.
During the experiment, the pillars were uniaxially forced into the lattice at a strain rate of ¢ = 1073 s71.
At the same time, the force-displacement (F-6) response of each test was saved. The authors explain
that different diameter pillars were intended to investigate the effect of impactor particle size, and
comparing the results of this experiment between the two architecture types could reveal how the
architecture influences the energy dissipation.

With the height H of the lattices, and the cross-sectional area A of the pillars (A, i of Figure 2.21),
the force-displacement results were turned into stress against normalised displacement (F/A against
6/H) responses. The mass-normalised energy dissipation W* for each fracture experiment was then
calculated by integrating the aforementioned relation. The results were plotted in Figure 2.21 D. The
authors observed that the octet lattice specimen, in spite of exhibiting a lower specific energy dissipa-
tion in the uniaxial compaction tests, reaches a similar level of normalised dissipated energy as the
tetrakaidecahedron lattice in the pillar indentation tests. They argue that for the octet lattice, Wy is a
more dominant contribution to the total dissipated energy.
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Figure 2.21: The experiments and simulations conducted on quasi-static coupled compaction-fracture behaviour. (A, i) depict the

CAD model and SEM images of the experiment for an octet and a tetrakaidecahedron lattice. The scale bar indicates 10 um. (A, ii

and iii) show the stress against the normalised displacement for the two lattices for varying pillar diameters. (B) are some capture
frames of the corresponding simulations for the two lattices at normalised displacements 0.3, 0.45 and 0.6. (C, i) illustrates the
deformation state of the octet lattice. (C, ii) depicts a simulation of a single octet and tetrakaidecahedron unit cell subjected to
pure shear. (C, iii) show the stress-strain curves of the aforementioned simulations. (D) plots the normalised dissipated energy
under the pillar-indentation loading. In the same plot, the normalised dissipated energy of the compaction tests are shown as

dashed lines. [12]

Butruille et al. then utilised a finite element simulation of the pillar indentation tests to find out more
about the seemingly architecture dependent energy dissipation response when subjected to cylindrical
fracture formation. They observed that the computed values of W* from the simulations match the
experimental data quite well for all the pillar diamaters and the architecture types, see Figure 2.21 D.
The next step was determining the local deformation at fracture initiation. To this end, an approximated
displacement gradient d was computed for each time step in the simulations for each unit cell (B
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and C, i of Figure 2.21). The authors noticed that the deformation gradient of the unit cells near the
fracture surface had comparatively large magnitude shear components, indicating a predominantly
shear deformation mode.

Finite element simulations were carried out on single octet and tetrakaidecahedron unit cells subjected
to simple shear with the aim of investigating how this shear-dominated deformation can affect the
response, as seen in Figure 2.21 C, ii. The shear stress-strain curves for both unit cells can be seen
in Figure 2.21 C, iii. The mass-normalised strain energy can then be calculated by integrating the
stress-strain curves. This yields a mass-normalised dissipated energy under pure shear of 36.9 k] /kg
for the octet and 21.0 kJ /kg for the tetrakaidecahedron unit cell. The authors conclude that the fact that
octet cells are more resistant to shear deformation and fracture can explain why they perform better
than tetrakaidecahedron cells when it comes to particle-induced failure.

2.2.3. Bieler and Weinberg

Bieler and Weinberg study the energy absorption properties of lattice-structured materials subjected
to impact loading. Since the type of lattice greatly affects the energy absorption ability of the lattice
material, they study five truss-lattice structures assembled from different unit cells with three values of
relative density for each configuration. All specimen are manufactured using SLA printing of a soft
silicone-like material. Each specimen is then subjected to a modified Split-Hopkinson pressure bar test.
Their main goal is to quantify the energy absorption performance of the different lattice configurations
by calculating their specific energy absorption [6].

Experimental set-up
The five unit cells used to assemble the different specimen are summarised below with a reference to a
visual.

* QOctet, see Subsection 2.1.2 (Figure 2.9).

* BFCC, a face centred cubic unit cell with an extra body-centred node. For a visual of an FCC cell,
see Figure 2.8.

¢ Diamond, a diamond lattice fit inside a cubic unit cell (Figure 2.22).
¢ Truncated octahedron, see Subsection 2.1.2 (Figure 2.11).
* Truncated rhombic dodecahedron (Figure 2.23).

Figure 2.22: The diamond unit cell, from [6].
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Figure 2.23: The rhombic dodecahedron unit cell, from [6].

The other geometric parameter key to the study is the relative density p. It is equivalent to the ratio of
the volume of the unit cell’s members to the volume of space the unit cell occupies. See Equation 2.3.

= Vlattice

p Vir (2.3)
Vlattice i the actual material volume of the unit cell, while V¢ is the volume of a cube with edge length
L. Bieler and Weinberg use L = 4.5 mm for all unit cells. The aforementioned three values of p are
p=0.2,p =03, p =0.4. Each specimen is composed of 3 x 3 x 3 unit cells.

For their material choice, Bieler and Weinberg decided to use a rather soft and ductile material to avoid
destruction of the lattice under dynamic impact, and to maintain sustainability. This material is similar
to thermoplastic polyurethanes (TPU), named SuperFlex of the company 3DMaterials.

To carry out their impact experiments of the lattices, a modified Split-Hopkinson-Pressure bar (SHB)
set-up is used. The modified SHB set-up comprises two long bars aligned along their axis. Both bars
have a circular cross-section and are made of the same material. Unlike with the regular SHB set-up, the
specimen is fixed to the first, incident, bar, instead of between the incident and the second, transmission,
bar. A striker is accelerated to hit the specimen directly. The wave signal is measured by a strain gauge
mounted on the incident bar. A schematic of this set-up can be seen in Figure 2.24.
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Figure 2.24: The modified SHB set-up, from [6].

For the exact details of the SHB set-up, one can consult the paper directly [6], however, the important
details have been summarised below.

Length of the bars: 3000 mm

Length of the striker: 300 mm

¢ Diameter of the bars and the striker: 20 mm

Density of the bars and the striker: 1180 kg/m?

* Young’s modulus of the bars and the striker: 3000 MPa

¢ Wave propagation velocity in the bars and the striker: 2500 m/s
¢ Impact velocity of the striker: 15m/s
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Results
The strain wave signals from the SHB tests can be integrated over time to obtain cumulative impulse
over time curves using Equation 2.4.

2 t

nd,,
p(t)=Ep— t er(t)dt (2.4)

Here, E;, is the elastic modulus of the incident bar, dj, is the diameter of the incident bar, and ¢; is
the signal measured at the strain gauges of the incident bar. The cumulative impulse curves for all
specimens can be found in [6], but below, the result for the octet unit cell is shown (Figure 2.25).
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Figure 2.25: The cumulative impulse for the octet lattice for the three relative densities, from [6]

Bieler and Weinberg observe that all lattice types slow down the rise of the cumulative impulse, which
is much less abrupt compared to when no specimen is present between the incident bar and the striker.
Furthermore, the lower p, the higher the slope of the cumulative impulse curve. However, the final
value of the impulse for all three relative densities is mostly the same.

The next step is quantifying the energy absorption of each specimen. For a standard SHB test, this is
calculated from the difference of the work done by the incident wave, Wj, and the sum of the work
done by the reflected and transmitted pulses, Wg and Wr, see Equation 2.5.

AW = W; — (WR + WT) (25)

AW is the work absorbed by the specimen. To obtain W;, Wg and Wr, one must integrate the corre-
sponding strain pulses. Since Bieler and Weinberg used a modified SHB set-up, they only need to find
W;j. This is calculated using Equation 2.6.

t
Wi = ApcpEp / e?(F)df (2.6)
0

Here, Ay, is the cross-sectional area of the incident bar. ¢ is the wave speed in the incident bar. Because
they only consider the work done by the incident pulse, the absorbed energy for each specimen is
determined from the difference of a reference measurement, Wief, without specimen, and a measurement
with the specimen, Wi,ttice- In equation form:

AW = W[ref _ Wllattice (27)
The reference energy has the value eref = 11.37 Nm for striker velocity of 15 m/s.

The total absorbed energies (EA) for each specimen can be seen in Figure 2.26.
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Figure 2.26: The absorbed energy for each lattice of each relative density, from [6]
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One can see that for octet, BFCC and diamond lattices, the specimens with relative density p = 0.4 have
the highest energy absorption. Meanwhile, for the truncated octahedron and rhombic dodecahedron
lattices, the specimens with relative density p = 0.3 and p = 0.4 have very similar energy absorption.

However, it is more informative to look at the specific energy absorption (SEA) to compare the energy
absorption properties of each lattice structure. The specific energy absorption is calculated using

Equation 2.8.

sEA = AW 2.8)
m

Here, m is the mass of the specimen. It is calculated using Equation 2.9.
m = 27ppL3 (2.9)

Above, 27 is the number of unit cells and p is the mass density of the resin. The specific absorbed energy
of each specimen is shown in Figure 2.27.
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Figure 2.27: The specific absorbed energy for each lattice at each relative density, from [6]

Bieler and Weinberg observe that lower p results in higher SEA across all five unit cell configurations.
Increasing p decreases SEA for all lattice types except for the diamond, where SEA is not greatly affected

by p.

Looking at both the total absorbed energy and the specific absorbed energy, they contend that the
truncated octahedron and rhombic dodecahedron structures have the best energy absorption. They also
note that both types of lattice structures have high negative Maxwell numbers, which is indicative of
bending-dominated structures, and feature no nodes in the centre or corners of the unit cells.

2.2.4. Summary of impact experiments of truss-lattice metamaterials review

Portela et al. (2021) show experimentally that nanoarchitected materials boast far superior specific
energy absorption compared to standard ballistic-grade materials like Kevlar [64]. They conclude that
additional dissipation mechanisms which boost the impact efficiency of architected materials are the
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result of the material’s ability to propagate compaction shocks.

Building on the results from [64], Butruille et al. (2024) investigated the influence of architecture on im-
pact performance, and in addition, they made an effort to decouple the dissipation mechanisms to better
understand how the specific architecture of a cell can affect total dissipation [12]. They demonstrate
that an octet lattice outperforms a tetrakaidecahedron lattice in terms of specific energy dissipation.
In their effort to decouple the dissipation mechanisms, they indicate that dynamic compaction of the
material and fracture caused by impact are significant components of the total dissipated energy. They
discovered that an octet lattice performed worse than a tetrakaidecahedron lattice when subjected to
quasi-static uniaxial compaction, despite its superior energy dissipation in the particle impact tests.
They concluded that this hints at architecture-dependent fracture playing a key role in the energy
dissipation performance of architected materials.

Bieler and Weinberg (2025) conclude that the truncated octahedron lattice had the best energy absorption
performance in their experiments [6]. Since a truncated octahedron is a tetrakaidecahedron, it may
seem like a contradiction of [12], but the experiment performed by Bieler and Weinberg is a form of
uniaxial compaction, which, as Butruille et al. (2024) have discovered, gives tetrakaidecahedron lattices
the edge in energy absorption performance over octet lattices [12].

2.3. Impact physics

In order to model impact problems and interpret the impact response of the specimen, it is necessary to
understand the physics involved in an impact problem. For this purpose, this section covers impact
problems in different velocity ranges, and the associated physical phenomena in the target material. In
particular, the focus is on ballistic impact problems, which is especially relevant for aerospace structures.

2.3.1. Impact regimes

The ballistics community generally define impact regimes based on the impact velocity ranges [65]. One
study divides ballistic impact problems into ordnance ranges. Here, projectile velocities ranging from
500 to 1300 m/s fall in the nominal ordnance range. Impact problems with a velocity range of 25 to 500
m/s are categorised as subordnance. Impact problems slower than this are mostly limited to drop tests
and other experiments. On the other side of the ordnance domain, impact velocities exceeding 1300
m/s up to 3000 m/s belong to the ultraordnance domain. When the impact velocity goes beyond 3000
m/s, is when the hypervelocity range begins [66].

However, assigning hard velocity boundaries on each impact regime implicitly assumes that the
physical phenomena that occur in the material during impact are directly correlated with the impact
velocity [65]. Instead, for the purposes of covering the impact phenomena, hard velocity boundaries
are omitted, and the physical processes are only divided in two groups: low velocity impact and high
velocity impact. The reason for this divide is the significant change in material behaviour when the
impact velocity becomes high enough [67] [65].

2.3.2. Low velocity impact

The impact phenomena in this group are material strength dominated [65]. The mechanisms encoun-
tered here are usually tied to elastic and/or plastic waves [66]. If the velocities are high enough, impact
causes localised plastic deformations [65] and possibly fracture. Numerical models intending to capture
plastic or fracture behaviour must be equipped with suitable constitutive and cohesive models.

Elastic deformations

Elastic deformations in impact problems are generally only observed at very low impactor velocities,
usually in laboratory settings. The impact velocity must not cause the contact pressure to exceed
the compressive yield strength of the specimen, or the projectile [66]. Elastic deformations are not
very interesting processes when investigating energy dissipation mechanisms in materials for impact-
protection since no energy dissipating phenomena occur during impact.
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Plastic deformations

If the impact velocity does result in contact pressures which exceed the material’s yield strength, then
plastic deformations occur. The dissipation of impact energy can be described with elastic-plastic
mechanical and constitutive behaviour such as strain hardening and permanent deformation. When
the impact velocity stays below the stress wave velocity in the material, then the plastic waves are
transmitted through a volume far larger than the dimensions of the projectile, but they rapidly transition
into elastic waves. When impact velocities become higher, this affected volume becomes smaller and
smaller. If the pressures caused by the impact exceed the material’s flow stress, then hydrodynamic
effects start becoming more important than material strength effects [65], see Subsection 2.3.3.

Plasticity in truss-lattice metamaterials means the struts undergo plastic deformations. In principle, the
abovementioned mechanisms still hold since the struts can exhibit strain hardening and permanent
deformations.

Fracture

In thin or moderately thick bulk materials, fracture due to impact usually causes perforation. The
processes that go into perforation differ and depend on material properties, geometry and the impact
velocity. According to Backman and Goldsmith (1978), the most common mechanisms are fracture due
to the initial compression wave, radial fracture, spalling, scabbing, plugging, front or real petalling,
fragmentation and ductile hole enlargement [66] (Figure 2.28).

Figure 2.28 illustrates how the fracture mechanisms depend on material properties and geometry. For
instance, radial fracture, plugging and fragmentation are often encountered in brittle materials such as
ceramics or thin, hard metal plates. Meanwhile, scabbing and petalling are ductile failure phenoma
characterised by large deformations and/or plastic flows [66]. Note that not all these fracture processes
occur at low velocities.
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Figure 2.28: Perforation mechanisms, from [66].

Initiating the fracture surfaces and propagating the crack costs energy, which means that material
fracture is also a way of disispating impact energy.
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In the case of truss-lattice metamaterials, the fracture modes will not be as diverse as those just
mentioned for bulk materials. Instead, the fracture modes are limited to the fracture modes encountered
in struts: axial, transverse, bending and torsion [16]. This is treated further in Section 2.7. Still, fracture
plays a similar role in energy dissipation in that it still costs energy to initiate and propagate cracks.

2.3.3. High velocity impact
The impact phenomena in this group are tied to fluid-like behaviour. This is where hydrodynamics
starts taking centre stage, becoming more dominant than material strength effects. With hydrodynamics
come shock wave initiation and propagation. In addition, thermal effects become important as well
[65]. Numerical models aimed at simulating high velocity impact must therefore take hydrodynamic
and thermal effects into account.

Hydrodynamics

In high velocity impact the initiation and propagation of shock waves become dominant phenomena.
These shock waves are created from the compressive waves caused by the impact. When the shock
waves reach a material interface or a free surface, tensile waves are created to satisfy the boundary
conditions [68]. These rarefraction waves may cause a pressure that exceeds the tensile strength of the
material. This results in spalling, which is technically a way of dissipating impact energy [65], but for
impact-protection applications, it is hardly ideal that the protective material ejects high speed fragments
the other way.

The shock waves also cause discontinuities in for instance material density and temperature, which
necessitates consideration for thermodynamic effects. This puts even more emphasis on the equation of
state for describing material behaviour in high velocity impact. When the material is first struck, the
entropy of the system rises. The expansion back to the original state of zero pressure is approximately
isentropic, which means the material retains a higher level of entropy. This is indicative of changes in
the microstructure of the material since shocks can increase the temperature of parts of the material.
Stronger shocks can even result in severe thermal effects like melting or vaporisation [65].

Both the effects of shock waves on the fracture and temperature behaviour of the material are strong
reasons why numerical simulations of high velocity impact necessitate a hydrodynamic model. In
the case of truss-lattice metamaterials, there is a rather unique opportunity to design the topology of
the lattice in such a way so as to manipulate the shock waves since they can only travel through the
material, which is the struts. This could be a method for architected materials to leverage the dissipation
mechanisms of shock waves. However, the extreme localised heating associated with the same shock
waves at very high velocities can still be troublesome if they cause the struts to melt.

Plastic heating

For high velocity impact, thermal effects are closely tied to mechanical behaviour. For instance, most of
the work done during plastic deformation is turned into heat. The local temperature increase as a result
of plastic work done is given by Equation 2.10 [65].

AW,

pPCy
Here, AT is the temperature change, f8 is the Taylor-Quinney (TQ) coefficient, AW, is the plastic work
done, p is the mass density of the material, and c, is the specific heat capacity of the material at constant
volume. f is an experimentally determined value. When Equation 2.10 is combined with a temperature

dependent constitutive law, then the thermomechanical dynamic response of a material subjected to
plastic deformation can be modelled [65].

AT =B

(2.10)

Shock heating

At very high impact velocities, the generated shock waves travel at a higher speed than the bulk speed
of sound in the material. The kinetic energy of the projectile which is divided over the material and the
impactor at impact, is thus also partially turned into internal energy, increasing the local temperature of
the material. The local increase in internal energy can lead to melting or vaporisation around the area
affected by the impactor. For thin materials, the shock and refraction can shatter the material, resulting
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in debris clouds of molten ejecta [65].

The effect of shock heating is described by Equation 2.11 [65].

1 JE
ar = — |dE - (W)T dv] (2.11)

2.3.4. Energy absorption mechanisms

The energy dissipation mechanisms involved with impact mentioned earlier are summarised below.
They have been consolidated into one list for convenience so that one has a list ready when interpreting
the results from the impact simulations. Each item will refer to the part of this section it was mentioned
in. The two last entries are not dissipation modes and were not mentioned before in this section.
However, they do contribute to the energy absorption in impact problems, so they have been included
in this list.

¢ Plastic deformation: Energy is dissipated to cause permanent deformations (Subsection 2.3.2).

e Fracture: Energy is dissipated through the initiation and growth of fracture surfaces (Subsec-
tion 2.3.2).

* Shock waves: Energy is dissipated by localised heating and deformations (Subsection 2.3.3).

® Melting and vaporisation: Enough energy is turned into heat to cause melting or vaporisation
(Subsection 2.3.3).

¢ Kinetic energy transfer: The inertial contributions to the total absorbed energy of a material re-
sulting from imparting kinetic energy onto the ejected fragments of the material (Subsection 2.2.2).

* Densification: Densification or compaction is another contribution to the total absorbed energy. It
is the result of a lattice material being compressed to such a degree that it starts behaving like
bulk material. This is due to the struts being unable to deflect further because of contact with
neighbouring struts [15]. This bulk behaviour causes a stiffening effect also seen in D and E of
Figure 2.20. To capture this behaviour, a numerical model must be able to capture contact between
the struts of the lattice metamaterial.

2.3.5. Summary of impact physics

As this section has shown, an impact problem involves many different processes, and which processes
are present depends on the impact velocity, material properties and geometry. When modelling impact
problems, these different phenomena will need to be accounted for, which informs the approach taken
to develop a computational model. For low velocity impact, one mainly is concerned with elastic
and plastic deformations, and possible brittle fracture such as radial fracture, or ductile fracture like
petalling caused by those deformations. For high velocity impact, shock waves and thermal effects
become more dominant than material strength behaviour.

2.4. Computational modelling approaches for truss-metamaterial im-
pact problems

The prior work on impact problems involving truss metamaterials consulted in this thesis all underline
how crucial it is to the design of said materials to better understand the energy-absorbing capabilities of
cellular materials in the dynamic regime [64] [12] [6]. The logistics of performing high-speed impact
tests on representative specimens are not trivial, so being able to simulate dynamic impact performance
goes a long way in the design process of metamaterials designed for impact.

To inform the methodology used in this thesis for modelling truss-metamaterial impact problems, a
number of computational studies of impact involving (truss-based) architected materials were exam-
ined. Among these are the aforementioned works of Butruille et al. (2024) [12], and Bieler and Weinberg
(2025) [6]. The other works which were consulted are the following. Ayers et al. (2013) study auxetic
metamaterials subjected to concentrated impact loads [10]. Gaitanaros and Kyriakides (2014) simulate
dynamic crushing of open-cell aluminium foams using micromechanically accurate foam models [13].
Mueller et al. (2019) conducted a computational study of quasi-static and dynamic energy absorption
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performance of periodic and stochastic 3D lattice materials [14]. Dattelbaum et al. (2020) studied the
shock wave mitigation performance of fractal structures with controlled arrangements of voids [11].
Crone et al. (2022) present a multi-scale model to capture the response of nanoarchitected materials
subjected to large deformations [15].

In the following, the modelling approaches taken in the computational studies mentioned above are
treated. To help inform what a computational model for impact problems involving truss metamaterials
must comprise of, the state-of-the-art of modelling impact in architected materials is described using
three specific facets of each paper’s numerical framework: the choice of finite element type, modelling
inter-element contact and representing damage.

2.4.1. Choice of elements

The first facet of the state-of-the-art computational models to be examined is the choice of finite element.
This forms the basis of the behaviour of the bulk material, however, it also affects the choices made
regarding modelling contact and damage because of the differences between element types.

The literature generally uses either of two approaches to model the material: continuum elements ([10]
[11] [12] [6]) and beam elements ([13] [14] [15]). Continuum elements are 3D solid elements which
maintain the full 3D stress and strain states and make no kinematic assumptions. However, they require
lots of degrees of freedom per element, which means that upscaling a continuum element lattice model
increases computational cost quite quickly. By contrast, beam elements are 1D structural elements. They
are very efficient when used correctly and as such, upscaling a lattice based on beam elements is not as
costly. That said, using beam elements means making geometric assumptions on e.g. the cross-section
or initial curvature, or making assumptions on deformation modes. This means beam elements have a
limited range of validity, depending on the beam formulation.

2.4.2. Modelling inter-element contact

The next component of state-of-the-art models is whether contact between elements is modelled. Densi-
fication is a key phenomenon in architected materials which are rapidly compressed [15], so it would
make sense that the state-of-the-art numerical frameworks model self-contact to capture this effect.

Most authors explicitly state they model self-contact between the metamaterial members during their
simulations. Gaitanaros and Kyriakides (2013), and Mueller et al. (2019) go one step further and specify
they used a penalty-based contact enforcement technique. Only Ayers et al. (2013) and Dattelbaum et
al. (2020) do not explicitly mention whether they model self-contact.

2.4.3. Representing damage

The final aspect of the state-of-the-art for modelling impact in metamaterials is the representation
of damage in the metamaterials. In Section 2.3, plasticity and fracture are mentioned as important
dissipation mechanisms for impact. As such, modelling impact problems involving metamaterials must
involve representing damage in the struts as a result of the loading.

If plasticity is viewed as a form of damage, then most authors account for damage in their computational
models. Only Bieler and Weinberg (2025) do not represent either plasticity or fracture because their
material is very soft, and during their experiments they showed that the material would assume its
original state after compaction, so they did not have a need to model plasticity or failure. The other
authors used elastic-plastic constitutive models to capture plastic behaviour, except for Dattelbaum et
al. (2020) who used a visco-plastic material model.

However, only Ayers et al. (2013), Mueller et al. (2019) and Butruille et al. (2024) explicitly mention
they model material fracture. All three works utilise a form of damage evolution model to erode and
eventually eliminate a failed element.
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2.4.4. Conclusion on the state-of-the-art of metamaterial impact modelling

After examining the approaches to modelling impact problems in metamaterials from the literature,
one can identify the main components of the state-of-the-art computational framework for modelling
impact in architected materials. These components have been summarised below.

¢ The struts are either modelled using continuum elements or beam elements.
¢ Contact between struts is modelled.
¢ Damage in the struts is modelled using plasticity and sometimes ductile material failure.

Notably, the literature does not model material failure through crack initiation and growth, but rather
through damage evolution and element erosion. In fact, there seems to be lack of a state-of-the-
art simulation framework for the dynamic impact of truss-based metamaterials which unifies self-
contacting and fracture behaviour of beam-based struts. Works like Kota et al. (2024) [16] formulate a
beam-fracture framework, but a model coupling contact and fracture in beams is yet to be developed.
This serves as one of the motivating factors behind the formulation of the unified contact and fracture
finite element framework for beam-lattice metamaterials.

A unified contact and fracture framework
The list from earlier can be turned into a blueprint for a computational framework that unifies inter-
element contact with fracture. When applied to beam-lattice metamaterials, the blueprint reads:

1. The struts are modelled with beam elements.
2. Contact between struts is governed by a beam-to-beam contact model.
3. Strut failure is captured with a brittle fracture model.

Compared to the list from before, some modelling choices have been made. The framework uses beam
elements to model the struts because of their computational efficiency. Given that the framework is
applied to beam-lattice metamaterials, this seems like a fitting choice, especially when the relative
density of the lattice is low enough to result in slender struts. The beam formulations considered are
the topic of Section 2.5.

Representing the struts with beam elements naturally means the contact model is a beam-to-beam
contact model. Beam-to-beam contact models can leverage the fact that beam elements are 1D elements,
which also benefits computational efficiency. The contact formulation is covered in Section 2.6.

Finally, damage and failure of the struts is described by a fracture model that uses crack initiation and
growth rather than damage evolution. The choice of a fracture model over a damage evolution model
is a conscious decision so that the computational framework fills a niche which is not really represented
in the literature: one that unifies fracture in beams with contact between beams. The fracture model
is further treated in Section 2.7. Although it is possible to represent plastic behaviour through the
constitutive model of the beam elements, the computational framework synthesised in this thesis does
not consider plasticity for simplicity.

2.5. Overview of beam theories

The first component of the blueprint mentioned in Subsection 2.4.4 is modelling the struts with beam
elements. Beam elements are particularly popular choices for modelling slender bodies. Historically,
the motivation for using beam theories was the availabiltiy of analytical solutions, but today their
popularity stems from their higher computational efficiency and their numerical well-posedness when
applied to slender structures compared to 3D continuum theories [69].

Beam theories can generally be divided into three fundamental groups: induced beam theories, intrinsic
beam theories and semi-induced beam theories. Induced beam theories are essentially reduced 1D
continuum theories which are derived from 3D continuum mechanics. With kinematic constraints,
as well as kinetic and constitutive resultants, induced beam theories are able to model the motion
and deformation of slender continua in 3D space using a 1D body. For induced beam theories, the
aforementioned resultants are derived through integration over the beam cross-section. Intrinsic beam



2.5. Overview of beam theories 30

theories directly postulate the 1D resultant quantities without deriving them from 3D continuum me-
chanics. The resultants are still mechanically consistent but are simply decoupled from 3D continuum
theory. Usually, the postulated constitutive relations are determined experimentally. The last group,
semi-induced beam theories, are the middleground between induced and intrinsic theories. These
theories consistently derive the kinematic and kinetic relations from the 3D continuum theory, but
postulate the constitutive relations [69].

There is a large body of work on beam theories, meaning there is a large choice of different beam
elements. Each beam formulation has its particularities, so to inform the eventual choice of beam
element for the framework, this section will go over the formulations of a select number of beam
theories. To limit the scope of this literature study, the beam theories considered are the ones mentioned
in an overview by Meier et al. (2017) [69].

2.5.1. Euler-Bernoulli theory

The first beam formulation to be covered is the most classical beam theory: the Euler-Bernoulli beam.
This beam model is the simplest, and it is a staple of nearly every structural mechanics class. Daniel
Bernoulli, one of the contributors to what is now known as the Euler-Bernoulli beam theory, proposed
an engineering solution to the cantilever bending problem in the 18th century [70]. By assuming small
deformations, ds ~ dx, his formulation for the cantilever problem reads as:

d?y

EI i Wx (2.12)
This equation has an analytical solution for y, the lateral displacement as a result of the lateral load W,
obtained through simple integration. The simplicity of the Euler-Bernoulli model comes at a cost. Aside
from assuming small deformations, resulting in a linear theory, the formulation is restricted to initially
straight beams. Lastly, Bernoulli’s hypothesis forms the foundation of Euler-Bernoulli beams: beam
cross-sections perpendicular to the beam centreline before deformations remain perpendicular after
deformations, and beam cross-sections remain plane and unwarped when deformed [71]. The first part

of the Bernoulli hypothesis is the shear-rigid assumption. This is also illustrated in Figure 2.29.
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Figure 2.29: The deformation mode of a bending beam under the shear-rigid assumption from [71].

In an Euler-Bernoulli beam, only normal stress, which is linearly distributed across the cross-section
(in the case of pure bending), causes deformation. This causes maximum tension on one side of the
cross-section (the top face in Figure 2.29), and maximum compression on the other side (the bottom
face in Figure 2.29). If the cross-section is symmetric, then there is a neutral axis which bisects the
cross-section [71].

Equation 2.12 is only formulated for transverse forces, but it is possible to account for axial and torsional
deformations by formulating similar governing forces for the axial and torsional degree of freedoms,
keeping in mind that Equation 2.12 is essentially only for transverse deflections.

To summarise, the Euler-Bernoulli beam formulation is a simple, but effective model for describing
initially straight beams subjected to different loading conditions. By reducing a 3D problem to a 1D
problem governed by a scalar differential equation, the Euler-Bernoulli model allows for straightforward
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analytical analysis. That said, the assumption of small deformations and the shear-rigid assumption
mean that Euler-Bernoulli beams are generally only applicable to long, slender beams subjected to small
deflections.

2.5.2. Timoshenko theory

The main difference between the Timoshenko beam and the Euler-Bernoulli beam is the fact that the
Timoshenko beam is shear-flexible, meaning that effect of shear on the deformations is captured in the
model. Normally, the Bernoulli hypothesis requires beam cross-sections to remain orthogonal to the
neutral line when deformed, however, the Timoshenko formulation allows beam cross-sections to break
orthogonality with the neutral line through a shear deformation. Timoshenko theory approximates
the shear stress distribution through the thickness as constant, but a real shear stress distribution is
variable. Therefore, a Timoshenko beam requires a shear correction factor to ensure the constant shear
distribution is equivalent to the real shear distribution when integrated through the thickness [71]. The
deformation mode of the Timoshenko beam in the xy-plane can be seen in Figure 2.30.

Figure 2.30: The superposition of the Euler-Bernoulli beam and the shear deformation, resulting in a Timoshenko beam [71].

The governing equation for the lateral deflection of a Timoshenko beam is given by Equation 2.13 [71].
dM;(x) d

de(x)
dx %(EIZ dx )

This differential equation is not that different from the governing equation for Euler-Bernoulli beams.

(2.13)

In fact, if ¢, = % holds, which is to say, if there are no shear deformations, then one gets the governing
equation for the lateral deflections of an Euler-Bernoulli beam.

The fact that Timoshenko beams can model the effect of shear deformation on the beam response
presents a huge advantage over the Euler-Bernoulli beam. This enables Timoshenko beams to remain
valid for less slender beams compared to Euler-Bernoulli beams [71] [72]. One caveat is that Timoshenko
beam theory introduces an extra variable because of the shear effect, increasing computational cost
compared to the Euler-Bernoulli model. Also, because the Timoshenko formulation is essentially an
Euler-Bernoulli model that can capture shear deformations, its range of application is still limited to
initially straight beams subjected to small deformations.

2.5.3. Simo-Reissner theory
The overview of Simo-Reissner beam theory and the formulae covered here were presented in study by
Meier et al. (2017) comparing geometrically exact finite element formulations for slender beams [69].

A small history lesson is in order to introduce the Simo-Reissner beam formulation. It starts with
Kirchhoff who proposed a new beam theory in 1859, which significantly improved upon the Euler-
Bernoulli formulation. This model marks the first time a beam formulation could describe beams with
arbitrary initial curvatures and large 3D deformations, which included bending and torsion modes [73].
In order to capture small axial tension, a modification to this formulation was made by Love in 1944 [74].
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Following these works, Reissner later rounded out the beam formulation with two additional de-
formation measures aimed at capturing shear deformation for the 2D case [75] and the 3D case [76].
Reissner’s formulation for the 3D case included some additional approximations, but Simo improved
upon Reissner’s work, resulting in a formulation that is more consistent with 3D continuum theory,
with only the constitutive law being postulated [77]. This semi-induced beam theory used to be called
geometrically exact beam theory, but it is now also known as Simo-Reissner beam theory [69].

Before moving on to the mathematical formulation, it is worthwhile to explain the term geometrically
exact beam. According to Simo, a beam formulation can be seen as geometrically exact when the follow-
ing holds: "the relationships between the configuration and the strain measures are consistent with the
virtual work principle and the equilibrium equations at a deformed state regardless of the magnitude of
displacements, rotations and strains" (Crisfield et al. (1999), p. 1126) [78]. This is also why Simo used the
notion of finite strain in his work [77], since no simplifying assumptions are made on the magnitude of
the deformations and rotations.

Simo-Reissner beam theory requires six degrees of freedom to uniquely define the position of the
centroid and the orientation of the cross-sections because of the assumption of rigid cross-sections. As
a result, a Simo-Reissner beam can be seen as a 1D Cosserat continuum which is derived from a 3D
Boltzmann continuum [69]. With this, the mathematical formulation of the Simo-Reissner beam can be
treated. The formulation has been summarised by Meier et al. (2017) [69], and were originally posed by
Reissner [75] [76], and Simo and Vu-Quoc [77] [79].

Kinematics
The first stop is the kinematics of the Simo-Reissner beam. Here, only the most relevant features of the
kinematics are treated. Figure 2.31 shows the main kinematic quantities for the Simo-Reissner beam.
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Figure 2.31: Kinematic quantities defining the initial and deformed configuration of the Simo-Reissner beam, from [69].

Starting in the undeformed configuration, the centreline of the beam is represented by the space curve
s - 19(s) € R3. All centroids of the cross-sections lie on this curve. s € [0,1] := ; C R is the arc-length
parameter of the curve with / € R the undeformed length of the beam. The undeformed state is also de-
fined by a set of right-handed orthonormal triads. This field is defined as s — go1(s), g02(s), go3(s) € R3,
and the triads are also known as material traids. The material triads are then fixed to the beam cross-
sections, which are undeformable following the assumption of rigid cross-sections. The triad go1 seen
in Figure 2.31 is defined as go1(s) = r{(s), being the unit tangent vector to the initial centreline. From
this, go2(s) and gos(s) point in the direction of the principal axes of inertia of the cross-section at s [69].

The rotation from the global frame E; to the initial local frame g;(s) is defined by the orthogonal
transformation s — Ag(s) € SO(3). This results in s — Cy := (r9(s), Ag(Wo(s))) € R3 x SO(3) for the
undeformed configuration. It follows that the deformed configuration at time t € R is defined by
s,t = C := (r(s,t), A(W(s,t))) € R3x SO(3). Here, the orthogonal transformation A(W(s, t)) maps
from the global frame to the current local frame g;(s), and W is the rotation vector. Because of shear
deformations, the base vector gi(s, t) := g2(s, t) X g3(s, t) generally need not be tangent to the deformed
centreline of the beam.
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This concludes the brief overview of the kinematics of Simo-Reissner theory. The next part of the theory
to be covered is the formulation of the weak form and the derivation of the deformation measures.

Weak form and deformation measures
The first step towards formulating the weak form is defining the strong form. As such, the strong form
of the equilibrium equations is given by Equation 2.14 [69].

f+f+f,=0 (2.14a)
m' +1r' X f+im+m, =0 (2.14b)

Here, f and 1 are distributed external forces and moments per unit length, respectively. fp and m P
are the inertial forces and moments. Finally, f and m represent the force and moment stress resultants
acting on the cross-sectional area of the beam.

Inserting the material stress resultants F := AT f and M := ATm into Equation 2.14 yields a material
form of the 1D equilibrium equations.

Following standard variational techniques, the variations 67(s) € R® and 60(s) € R? are defined as

virtual displacements and virtual rotations, respectively. When the principle of virtual work is used on

Equation 2.14 with the two admissible variations 6r and 60, followed by performing integration by
parts, one obtains the spatial weak form Equation 2.15 [69].

!

/ [60Tm + (61" — 50 x ') f — 60" (i1 + m,) — 5¢" (f + f,)] ds

0 (2.15)

~lor'fly, ~[00"m],

Above, f and 7 are the external forces and moments at the Neumann boundary T, of the beam. Meier
et al. use f; and m,, but to keep consistency with Subsection 2.5.4, this notation was used.

=0

To obtain the objective spatial deformations, the orthogonal transformation A can be used [69], resulting
in Equation 2.16.

y=tr'-g (2.16a)
w=k-AAlko (2.16b)
Here, k is the spatial curvature vector and k is the initial curvature vector.

If Equation 2.14 was used in its material form, then the objective material deformation measures I' and
Q, which are work-conjugates of F and M, respectively, are given by Equation 2.17.

r=A"t"-E (2.17a)
Q=K-Kj (2.17b)

Using the objective deformations from Equation 2.16 and Equation 2.17, the objective variations are
given by Equation 2.18 and Equation 2.19 [69].

Soy = or' =60 x v’ (2.18a)
Sow = 66’ (2.18b)
oT = AT (87" + 1" x 60) (2.19a)
0Q = AT60’ (2.19b)

In Equation 2.19, the components of I' represent axial tension and shear, and the components of Q
represent bending and torsion.
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Constitutive relations

The last component of Simo-Reissner beam theory which must be covered, are the constitutive relations
between the stress resultants F and M, and the deformation measures I' and . For simplicity, a
hyperelastic constitutive law is given by Equation 2.20 [69].

- 1 1

[T (T, Q) = ErTcFr + EQTCMQ (2.20)
Here, IT;; is the length-specific hyperelastic internal energy function. The explicit constitutive relation
between F and I', and M and Q can be obtained by taking the partial derivative of Equation 2.20 with

respect to the related deformation measure. This gives Equation 2.21 [69].

_ al:Iint _
F = T - Cr-T (2.21a)
&ﬁint
M = =Cp-Q 2.21b
= Cu (221b)

Above, Cr and Cy are constitutive tensors whose definition is given by Equation 2.22 [69].

[EA 0 0
Cr=|0 GA 0 (2.22a)
L 0 0 GAs {E1,Ez,E3}
[GI; 0 0
Cu=|0 EL 0 (2.22b)
0 0 Els {E1,E2,E3}

In Equation 2.22, E is Young’s modulus and G is the shear modulus. A is the cross-sectional area, and
Aj and Ajz are the two reduced cross-sectional areas. I, and I3 are the principal moments of inertia, and
It is the torsional moment of inertia.

The length-specific kinetic energy [1j;, of the beam is given by Equation 2.23 [69].

= 1 7 1 7.
Ty = Ew cpw + EpAr 7 (2.23)

Above, p is the mass density, ¢, is the spatial inertia tensor, and w is the spatial angular velocity. ¢, is
given by Equation 2.24.
1 T
cp= EACPA (2.24)
Here, C, is the material inertia tensor. Its components are given by Equation 2.25.

I 0 0
C,=|0 ph 0 (2.25)
0 0

Pl {E1,E2,E3}
In Equation 2.25, Ip is the polar moment of inertia of the cross-section. To derive the length-specific

linear momentum I and angular momentum /, Equation 2.23 must be differentiated with respect to #
and w, respectively. This results in Equation 2.26 [69].

7. aI:[kin _ .

I:= 5 - pA7T (2.26a)
o al:[kin _

h:= w ACPW (2.26b)

The total quantities for the external forces, external moments, energies and momenta are found by
integrating the distributed quantities along the length of the beam, resulting in Equation 2.27 [69].
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1
foxt = / fds+|[fly. (2.27a)
0
)
Myt ::/ (rxf+ﬁ1) ds+ [rx f+m]|, (2.27b)
0 o
)
[t = / [T ds (2.27¢)
0
I ~
Hkin :=/ Hkin ds (2.27d)
0
l ~
I:= / Ids (2.27¢)
0
l ~ ~
hi= / (h +rx 1) ds (2.27f)
0

Using Equation 2.26, the inertia force f, and inertia moment m, cab be derived as Equation 2.28 [69].

—fp = I= pA¥ (2.28a)
—m, = h = A[S(W)C,W + CyA| = S(w)c,w +c,pa (2.28b)

Here, a := w and A = W. Tt is possible to relate w and a to W using Equation 2.29 [69].

w=T"'w (2.29a)
a=T"W+T ¥ (2.29b)

Above, T is the tangent operator.

The last step is posing the boundary conditions and initial conditions for the problem so that one ends
up with a well-defined initial boundary value problem. The boundary and initial conditions are given
in Equation 2.30 [69].

r=r, onl, (2.30a)
Y=W, onl, (2.30b)
f=f onI, (2.30c)
m=m onl, (2.30d)
r,nl;,=0 (2.30e)
r,ul, ={0,1} (2.30f)
r=ry att=0 (2.30g)
F=vy att=0 (2.30h)
A=Ay att=0 (2.301)
w=wy att=0 (2.305)

When these boundary and initial conditions are provided with the strong form Equation 2.14, then it is
equivalent to the weak form Equation 2.15, provided that r(s, t) and A(W(s, t)) have square-integrable
first derivatives and satisfy Equation 2.30, and their variations are admissible and have squari-integrable
first derivatives [69].

This concludes the literature review on Simo-Reissner beams. Compared to the Timoshenko and Euler-
Bernoulli beams, the Simo-Reissner beam boasts many improvements such as the ability to handle large
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deformations and arbitrary initial curvatures. Just like the Timoshenko beam, it is also able to capture
shear deformation effects. In all, Simo-Reissner beams are extremely powerful elements with a large
range of validity, but their one weakness is their introduction of extra unknowns. One must solve for 6
unknowns: ¥ and A or ¥ and W.

2.5.4. Geometrically nonlinear Kirchhoff rod theory

The overview of the geometrically nonlinear Kirchhoff beam and the formulae covered here were
presented in a paper by Meier et al. (2015) on a locking free finite element formulation for geometrically
exact Kirchhoff rods [80].

Although the theoretical basis of the Kirchhoff beam model was developed before the Simo-Reissner
beam, Meier et al. (2015) noted that the state-of-the-art shear-free beam formulations based on the
Kirchhoff theory had not yet attained the desirable properties of the geometrically exact Simo-Reissner
formulation, such as objectivity. This formed the motivation for them to develop a geometrically exact,
objective, large-deformation formulation for Kirchhoff beams [80].

As with the Simo-Reissner beam, first the kinematics of the geometrically nonlinear Kirchhoff beam are
treated following the formulation presented by Meier et al. (2015) [80].

Kinematics

The starting point of the geometrically nonlinear Kirchhoff formulation is the same as the Simo-Reissner
formulation. The geometrically nonlinear Kirchhoff beam uses the same arc-length parametrisation
s > r(s) € R3 that was used by the Simo-Reissner beam in Subsection 2.5.3. As one can see in Fig-
ure 2.32, the undeformed configuration of the beam is defined by the space curve s — ry(s) € R3.
s € [0,L] C R is the arc-length parameter of the curve, and L € R is the undeformed length of the beam.

&
g=r/|Irl

e

Figure 2.32: The kinematic quantities for the description a geometrically nonlinear Kirchhoff beam in its initial configuration, By,
and current configuration, B, from [81].

A field of right-handed orthonormal base vectors s — go1(s), go2(s), goa(s) € R3 completes the descrip-
tion of the initial configuration. These are fixed to the beam cross-sections, just as with Simo-Reissner
beams. Similarly, the first base vector goi(s) is the same as the unit tangent vector in the undeformed
configuration, see Equation 2.31.

go1(s) =ry(s) with|[[rj(s)]| =1 (2.31)

The base vectors gpa(s)andgos(s) point in the directions of the principal axes of inertia of the cross-
section. Then, the orthogonal transformation s +— Ag(s) € SO(3) rotates the global frame E; to the
initial local frame g;(s) with Equation 2.32 [80].

80i(s) = Ao(s)Ei(s) fori=1,2,3 with Ag(s) = go;(s) ® E; (2.32)

Assuming vanishing shear strains, which is a reasonable assumption for highly slender beams, one can
introduce a constraint to the beam centreline that maintains each beam cross-section’s orthogonality
with the unit tangent #(s)/||£(s)||, with £(s) := #’(s). This results in Equation 2.33 [80].
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t(s) t(s)

(s)- el =0 and g(s)- el =0 (2.33a)
_ ts)
or gi(s)= TEGIl (2.33b)

Equation 2.33 is referred to as the Kirchhoff constraint. The next step is finding a parametrisa-
tion involving 4 degrees of freedom, (r(s), ¢(s)) with s — ¢(s) € R, that fulfils Equation 2.33
strongly. To this end, Meier et al. (2015) introduce a field of local right-handed orthonormal traids
S > &ref1(5), &ref2(8), &ref,3(s), which they refer to as reference triads. The reference triads are defined
by the following conditions [80].

_ r'(s)
Srefa(s) = Tl (2.34a)
Sref2(s) = folr(s),7'(s), " (s)) (2.34b)
8ref3(s) = f3(r(s),r'(s),r"(s)) (2.34¢)

Here, the first base vector g.r,1(s) is equal to the unit tangent vector to the centreline. The other
reference triads can be arbitrary functions of primary variable r(s) and its derivatives. When the
reference triads are rotated with respect to the tangent, one obtains the material triad [80], given by
Equation 2.35.

81(8) = &ref1 (2.35a)
82(5) = gref2(s) cos P(s) + grer,3(s) sin P(s) (2.35b)
83(5) = gre,3(5) cos P(s) — grer2(s) sin Pp(s) (2.35¢)

The fourth degree of freedom ¢(s) introduced in Equation 2.35 is essentially an angle that represents
the relative rotation between the reference and the material triad at a given s. Meier et al. (2015) define
8ref2(s) and grer3(s) more concretely later in their work, but for formulating the deformation measures,
constitutive relations and the weak form, they state that the abstract expressions for the reference triad
are enough [80].

The next step is to define the varation of the constrained rotation vector 50(s). This quantity is implicitly
defined by Equation 2.36 [80].

5gi(s) = 50(s) X gi(s) (2.36)
When the Kirchhoff constraint Equation 2.33 is used, one can obtain an expression for 60(s) which
obeys the Kirchhoff constraint [80], see Equation 2.37.
t(s) . r'(s) x 67'(s)
[[E(s)I ()l

Above, s — 6r(s) € R3 describes the kinematically admissible variations of 7(s). da(s) is treated as an
independent variational degree of freedom [80]. This term plays a key role later in Subsection 2.5.5.

00(s) = da(s)

(2.37)

Deformation measures and weak form

With the kinematics done, the deformation measures and the weak form can be described. From this
point on, Meier et al. (2015) leave out the explicit dependence on s to make notation more concise. Once
again, the first step towards posing the weak form is the strong form, given by Equation 2.38 [80].

ff+f=0 (2.38a)
m' +¢'Xf+m=0 (2.38b)
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In the equations above, f are the distributed external forces per unit length and 7 are the distributed
external moments per unit length acting on the beam. f are the spatial force stress resulants and m are
the spatial moment stress resultants.

Because shear strains are neglected, the shear forces will provide no work contribution. Therefore,
to eliminate the shear forces from Equation 2.38, the force vector f is decomposed into a component
parallel fj and a component perpendicular f, to the tangent [80], see Equation 2.39.

f=f||+f¢=f||'ﬁ+fl (2.39)

Here, f| is the axial force and f, is the shear force. Using Equation 2.39, f, can be eliminated from Equa-
tion 2.38, which results in a new system of equations in the unknowns r and ¢ given by Equation 2.40
[80].

" T
(W) (" + 1) = 0 (2400)

+f=0 (2.40b)

r/
;.
—||1"||2 X (m' + 1)

fi*

The weak form can now be obtained by multiplying Equation 2.40a by the virtual twist rotation 6« and
Equation 2.40b by the virtual displacement 6r, and then integrating the result by parts twice along the
beam. The resulting weak form can be seen in Equation 2.41a [80].

1
R(r, ¢, 6a,6r) = /0 [66'Tm +6r" (ﬁ) fi—orTf—00Tm|ds

—[or'f+00Tm|. =0 (2.41a)

t r’' X or’
60 = da— + ——— 2.41b
TN (241b)

Equation 2.41a has been contracted so that all terms multiplying moments were grouped. The terms
that form work conjugates with the moments, given by Equation 2.41b, turn out to be the variation
of the constrained rotation vector from Equation 2.37. I'; denotes the Neumann boundary, and the
quantities f and m are the external forces and moments on the Neumann boundary.

To obtain the deformation measures, one must invoke the principle of virtual work, which when applied
to Equation 2.41a states that the terms multiplied by m and f; must be the objective variation of the

associated deformation measures, defined as w and €. In equation terms: 60Tm = 6,p;wTm and
or'T (ﬁ) fi = 6€f, where the relative variation 6,.; of an arbitrary vector a € R3 means taking the
objective part of the variation: 6,.;a := 6a — 00 X a.

Meier et al. (2015) then provide the deformation measures as Equation 2.42 [80].

T+¢ — 10— P
w = [(g2-%)—(go2 " ko) (2.42a)
(83 - %) — (o3 - *o0) .
e =¥l -1 (2.42b)

Here, 7:= g/, o 8ref3 == g, 3" 8ref2 describes the torsion of the reference triad. « is related to the
Frenet-Serret curvature, and it is defined by Equation 2.43 [80].

' xr”
K= W (243)

With the deformation measures and weak form out of the way, this leaves the constitutive relations.
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Constitutive relations

Since the Kirchhoff model assumes negligible shear strains, the constitutive relations shown in Sub-
section 2.5.3 can be simplified, particularly when it comes to the force stress resultants since the lack
of shear strains reduces Equation 2.21a to a scalar equation. The constitutive relations, assuming
hyperelastic material behaviour just as in Subsection 2.5.3, are given by Equation 2.44 [80].

fi = EAe (2.44a)
m=cyuw (2.44b)

Here, E is Young’s modulus and A is the cross-sectional area of the beam. The constitutive tensor ¢, is
defined as Equation 2.45 [80].

GIr 0 0
cn=|0 EL 0 (2.45)
0 0 EI

Si
In the equation above, G is the shear modulus, I> and I3 are the principal moments of inertia, and It is
the torional moment of inertia.

With this, the coverage of the geometrically nonlinear Kirchhoff rod formulation has come to a close.
Overall, the geometrically nonlinear Kirchhoff beam is just as powerful a model as the Simo-Reissner
beam. When it comes to utility, it is second only to the Simo-Reissner beam since the geometrcially
nonlinear Kirchhoff formulation assumes negligible shear strains. However, this beam theory is equally
capable of handling large deformations and arbitrary initial curvatures. One advantage it has over the
Simo-Reissner formulation is the fact that one must only solve for 4 unknowns rather than 6. As such,
when applied to slender beam problems, the geometrically nonlinear Kirchhoff formulation as presented
by Meier et al. (2015) can be more computationally efficient than the Simo-Reissner formulation.

2.5.5. Torsion-free geometrically nonlinear Kirchhoff rod theory

The formulation treated in Subsection 2.5.4 is the most general formulation for geometrically nonlinear
Kirchhoff beams capable of handling non-isotropic bending and arbitrary initial curvatures. In the
following, a reduced formulation is treated, lowering both the complexity of the formulation and the
numerical effort. One such reduced formulation is the torsion-free formulation [80].

Isotropic bending case

The torsion-free formulation of the geometrically nonlinear Kirchhoff rod as posed by Meier et al.
(2015) is a subcase of the isotropic bending formulation. Because the torsion-free case is built on the
isotropic bending case, the latter formulation is discussed quickly before moving on to the torsion-free
formulation [80].

The starting point of the isotropic bending formulation is requiring that the problem is symmetric. The
symmetry conditions are given by Equation 2.46 [80].

12 = 13 =1 (2.46a)
K0 =0 (2.46b)

Here, I = I = I implies the cross-section is quasi-circular, and kg = 0 means vanishing initial curvature.
This case is also known as the isotropic bending case. In this case, the undeformed state of the beam is
rotationally symmetric around the centreline. The initial triad go;(s) can be chosen arbitrarily since any
axis lying in the cross-sectional plane is a principal axis of inertia. For simplicity, Meier et al. (2015)
chose a constant initial triad: go;(s) = goi = const., and as a result, the initial torsion goes to zero:
0+ ¢6 = 0. Now, when the initial reference triad is the same as the triad go;, then 7o = 0 and ¢o =0
[80].

When Equation 2.46, 79 = 0 and ¢p9 = 0 are substituted into Equation 2.42a and Equation 2.44b, then the
moment stress resultant for the isotropic beam formulation is given by Equation 2.47 [80].
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t
m = GIr(t+ ¢’)W + Elx (2.47)
Above, G is the shear modulus, It is the torsional moment of inertia, E is Young’s modulus, and I is the
principal moment of inertia.

As a result of the simplifications from the isotropic bending formulation, the bending moment m is
no longer an explicit function of ¢ as seen in Equation 2.47. Now, Meier et al. (2015) propose the
substitution a’ := 7 + ¢’, where a’ signifies the total torsion. This way, they replace the primary variable
¢ with a different degree of freedom, a. Consequently, T need not be calculated, and the weak form of
this reduced formulation no longer depends on any reference triad. The simplifications result in the
following weak form [80].

R(r,a,br,da) =
/T =~

1 ’
5rTF — 6¢'T |EAhy + Elhy + Glrhs + —— x fit| — 6#"TElhy + 6a—2 — 5a’Glra’ | d
Jg [’ foor ( B e P27 B P77 Il L)

+

. v’ 'l
6rTf—6r’T( ,me)+6oc —| =0
[l Il ],

In Equation 2.48, hq, hy, h3 and h4 are shorthands defined by Equation 2.49.

hy =7+ (1 - ﬁ) (2.49a)
’ ’ ” 2 ’ ” ” ” ’ ”

h3 := a'm:'r: (2.49¢)
” 1 (T ut7

b= o~ e 2454

With this, the isotropic bending formulation has been covered. Compared to the general geometrically
nonlinear Kirchhoff formulation the implementation complexity of this reduced formulation is lower
owing to the fact that the weak form no longer depends on any reference triad. The weak form still has
four unknowns, however, so the numerical cost will not be much lower than the general formulation.
Furthermore, the isotropic bending case is only valid if the cross-section is circular and if there is no
initial curvature. If one desires a way of making the geometrically nonlinear Kirchhoff rod formulation
even more numerically efficient, then that is where the torsion-free formulation comes in. As such, the
torsion-free case will next be treated in earnest.

Torsion-free case

To arrive at the torsion-free case, one more assumption is needed: the distributed and discrete external
moments have no torsional components that act on the beam. This torsion-free constraint is given by
Equation 2.50 [80].

(L) =y =0 (2.50a)

()=, -

Using the fact that the problem is symmetric, i.e., [y = I = I and k¢ = 0, Meier et al. (2015) then use
Equation 2.50a to show that the torsional component 77 of the moment stress resultant m is constant in
the torsion-free case [80]. This is expressed by Equation 2.51.

(2.50b)

|
—_—
=
—
=
1l
o
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m =0 (2.51)

Combining Equation 2.51 with Equation 2.50b, one finds that m; must be zero along the length of the
beam, which is why this reduced formulation is known as torsion-free. Now, the degrees of freedom
corresponding to the torsional deformation modes can be fully resigned. For the weak form, this means
eliminating the torsional contributions, resulting in Equation 2.52 [80].

L
7711

5 T7— s [ wm||l =0
rr-or (nr'uz "’)]

Here, E is Young’s modulus and I is the moment of inertia. hy, hy, and h3 are shorthands for the
following equations.

l
R(r,6r) = / [5# f-orT (EAh1 +EIhy + X m) - 5r"TE1h3] ds
0

(2.52)

+

1
hy =+ (1 - —,) (2.53a)
|71

24’ (T’TT”)Z v (T”TT”) +p” (T/Tr//)

hy = - (2.53b)
17116 [7]]*
" 7 (I’ITT"”)

hs = - (2.53c)

)z g

These expressions are essentially the same as Equation 2.49, except that there is no term dependent on
a’. One will notice from Equation 2.52 that the weak form now only depends on r and its variations,
meaning that only r needs to be discretised in numerical simulations.

In the torsion-free case, the constitutive law described in Subsection 2.5.4 (Equation 2.44) can be further
simplified, now that torsional deformation has been resigned. Assuming the hyperelastic material
behaviour, the constitutive relations now read [80]:

fi = EAe (2.54a)
m, = Elk (2.54b)

The only change is in the moment relation since there are now only bending moments m, . The constitu-
tive tensor c¢,, is now a scalar, EI, because this value fully describes the cross-sectional bending stiffness
of a cylindrical beam [80].

One final loose end is the variation of the constrained rotation vector, first posed as Equation 2.37.
Meier et al. (2015) explain that in the isotropic bending case, the moment stress resultant no longer
is a function of the reference triad or ¢ as mentioned above (Equation 2.47). With the torsion-free
assumption, the variational degree of freedom 6« is resigned, which means that 66 can be simplified to
Equation 2.55 [80] [16].

r'(s) X 07'(s)
ll7/(s)lI2

Equation 2.55 essentially means that 660 are the work conjugates of the bending moments m, only.

50(s) = 50.(s) := (2.55)

This marks the end of the treatment of the torsion-free geometrically nonlinear Kirchhoff rod formulation.
Compared to the general geometrically nonlinear Kirchhoff rod model, the torsion-free formulation has
fewer unknowns since it only depends on the primary variables r. This makes the reduced formulation
more numerically efficient. On top of this, because the torsion-free formulation requires neither
rotational degrees of freedom nor other triad parametrisations, it simplifies numerical procedures such
as spatial discretisation, linearisation and time marching. In all, torsion-free geometrically nonlinear
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Kirchhoff beams are even more computationally efficient than the general geometrically nonlinear
Kirchhoff beam, and are extremely powerful tools if applied to a problem where the conditions outlined
in Equation 2.50 are satisfied. The concessions, aside from the obvious resignation of the torsional
modes, are that the initial curvature must be nill, and the cross-section must be circular.

2.5.6. Summary of the beam theories

This section has covered the formulation and characteristics of some of the more well-known beam
theories from the literature. The first beam theory introduced was the Euler-Bernoulli beam, known
for being very simple and efficient for small deflections and slender structures. As an extension of
the Euler-Bernoulli theory, the Timoshenko formulation was covered next, which manages to capture
the effects of shear deformations. After these simple beam formulations with limited validity, the
Simo-Reissner formulation was treated, which has a level of utility nearly unmatched by other beam
formulations. The general formulation can handle large deformations, arbitrary initial curvatures and
shear deformation modes. However, it is also the most complex beam formulation as it requires solving
for the full six unknowns. As a simplification of the Simo-Reissner formulation, the geometrically
nonlinear Kirchhoff rod formulation foregoes shear deformations for computational efficiency. Finally,
the torsion-free geometrically nonlinear Kirchhoff rod formulation, which assumes isotropic bending
and no torsional deformation, can attain even higher computational efficiency at the cost of reducing
the range of validity to symmetric problems without shear or torsional deformation modes.

2.6. Contact mechanics

The second component of the blueprint mentioned in Subsection 2.4.4 is modelling contact between
struts using a beam-to-beam model. As with any contact model, one requires a contact formulation
and a constraint enforcement technique [82]. However, before jumping ahead to the formulation of
the beam-to-beam contact problem, it is worthwhile to consider the general contact problem, and the
most common constraint enforcement approaches. After covering that, this section will pivot to the
beam-to-beam contact problem.

2.6.1. The general contact problem

Formulating the general contact problem first is convenient because it makes explaining the contact
enforcement methods easier when they are treated later. The theory and equations in the following
were presented by Wriggers (2006) in his textbook on computational contact mechanics [82]. Figure 2.33
depicts a contact case between a solid and a rigid surface. The contact problem is identified as unilateral
because the rigid surface constrains the motion of the body from one side.

Figure 2.33: Unilateral contact of an elastic solid, from [82].

In Figure 2.33, { is an applied traction that acts on the Neumann boundary I'; (not shown in the figure)
of the body B, n is the outward normal vector of the surface of the body, I'; is the Dirichlet boundary, g
is the gap function, I'; is the contact boundary, and py is the contact pressure [82].

Assuming linear elasticity, the equilibrium equation is given by Equation 2.56 [82].
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—~dive=f inB (2.56)

Here, o is the stress tensor at a point X inside of the body, and f is the body force density. For the case
of linear elasticity, the linear strain field € can be used to calculate the stress. The expression for € is
given by Equation 2.57 [82].

e(u) = % (Vi +VuT) (2.57)

One can see that € is a function of the displacement field u#. The stress is computed using Hooke’s law
for linear elasticity given by Equation 2.58.

o(u) = Ce(u) (2.58)

Here, C is the elasticity tensor. Now, Wriggers poses the following boundary conditions [82].

u=0 onl, (2.59a)

on=t onT, (2.59b)
uy—-g<0 onl; (2.59¢)

pn <0 onI, (2.59d)
(un—g)pn =0 onT, (2.59%)

Above, Equation 2.59a are the Dirichlet conditions, Equation 2.59b are the Neumann conditions, and
Equation 2.59¢ to Equation 2.59 are the contact conditions. One may recognise that Equation 2.59¢ is
the non-penetration condition. The normal component of the displacement field is defined as uny = u - n,
and the contact pressure is given by pny = ¢ - n. This boundary value problem with inequalities associ-
ated with frictionless contact is called Signorini’s problem [83].

The finite element solution of the boundary value problem requires the variational formulation of
Signorini’s problem. To this end, introduce a space V of vector-valued, real function defined on 5.
Now, assume that the virtual displacements v obey the Dirichlet condition v = 0 on I';, and the contact
condition vy — g < 0 Vv € V, where vy = v - n. With this, let u be the solution to Signorini’s problem,
and let the weak form of Equation 2.56 be given by Equation 2.60 [82].

/V o-e(u—-v)dV = /Vf (u—-v)dV + -/Fo t-(u—o)dl+ /r[ pn(u)(un —on)dl (2.60)

According to Wriggers (2006), Equation 2.60 is equivalent to the virtual work done by the stresses o and
the virtual strains e(u# — v) as a result of the virtual displacements # — v on one side of the equality sign,
and the virtual work done by the external loads and body forces, on the other side of the equality sign
[82].

The term in Equation 2.60 involving the contact pressure py can be reexpressed with Equation 2.5% to
give Equation 2.61 [82].

pn(un —on) =pn(on —8) 2 0 (2.61)

Because of Equation 2.61, the solution of the Signorini problem must obey Equation 2.62.

/Va-e(u—v)dVZ/Vf-(u—v)dV+/rof'(u—v)dl" (2.62)

One can see that the solution of Signorini’s problem is described by a variational inequality as a result
from the contact constraint. This is unlike normal problems in solid mechanics wherein solutions must
satisfy variational equations. The presence of the inequality constraint on the deformation field turns
the contact problem nonlinear, in spite of only considering a linear elastic problem.
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Wriggers (2006) then extends the general contact formulation to two deformable bodies, but the struc-
ture is the same as for the single deformable body, with the weak form being an inequality. The main
difference is that the contact domain contains both bodies now [82].

As a final note for the general contact problem, Figure 2.33 only considers frictionless contact. Adding
friction into the equation means additional complexities since one must also model a unique constitutive
response tangent to the contact interface. Frictional contact is characterised by transitions in contact
behaviour from sticking, where tangential contact stresses are reaction stresses, to sliding, where the
constitutive model is required to compute the tangential contact stresses. It is for this reason that
frictional contact may even cause more complexities when it comes to the existence and uniqueness of
frictional contact problems [82].

Examining the general contact case has already revealed that algorithms specially designed for contact
problems are necessary to deal with the variational inequality. Subsection 2.6.3 will continue with that
point, but before that, the general contact problem will be specified for hyperelastic materials.

2.6.2. Contact in hyperelastic materials

The purpose of the contact model is to capture beam-to-beam contact of lattice struts for impact
problems. During impact, the struts can be expected to deform a lot, so the contact formulation must
be compatible with finite deformations. As a preliminary to formulating the beam-to-beam contact
problem, one can consider the case of two general hyperelastic bodies entering a state of contact. The
equilibrium equations are given by Equation 2.63 [82].

divP” + f7 =0 (2.63)

I:Iere, y = (1,2) for each body B”. P is the first Piola-Kirchhoff stress tensor acting in body y, and
fr = pg b? are the body forces. Now, the boundary conditions for the deformation and stress fields are
defined by Equation 2.64.

¢’ =¢” on rf}; (2.64a)
t’ =1 onT’ (2.64b)

If contact is limited to frictionless contact, then the contact conditions on I'; are described by Equa-
tion 2.65 [82].

gn =0
pn <0 (2.65)
gnpn =0

The general expression for a hyperelastic constitutive law is given by Equation 2.66 [82].

PY = PV (X7, F7,t) (2.66)

Here, X is the position of a point in body B” in the reference configuration and F is the deformation
gradient.

The weak form of the general two-body contact problem is obtained in a similar way to Equation 2.62. By
using the boundary conditions prescribed in Equation 2.64 and Equation 2.65, the variational inequality
can be found as Equation 2.67 [82].

2 2 ]
7V (' -¢7)dV > Yo’ —?)dV = | B () — &7 dl 567
;/\./;/T (" —¢7) >;/\/Vf (" - ¢7) /F.Et (" -7) (2.67)

Here, T = PFT is the Kirchhoff stress tensor. The deformation fields ¢»” € K must now be found such
that Equation 2.67 holds V7” € K, where K is described by Equation 2.68 [82].
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K={(n"'n*) eV|[r*-7" (&, &) m] =0} (2.68)

Equation 2.68 is true for arbitrary constitutive laws.

If a hyperelastic material is used, then the contact problem can be expressed as an optimisation problem
with inequality constraints, see Equation 2.69 [82].

AV _ 0 bject t >0 r 2.69

207 subject to gn > onT’, (2.69)
The objective function to be minimised is the total potential energy, which for one body is given by
Equation 2.70 [82].

= [ Wrc)dv - / freo¢prdv - / - ¢p’dA (2.70)
1724 1724

v

o

Here, W7 (C) is the strain energy function of body B” and C is the right Cauchy-Green strain tensor.

Using the fact that the material if hyperelastic, Equation 2.67 can be reformulated as a minimisation
problem, and under the assumption that the contact boundaries are known, the weak form becomes
an equality. The total potential energy to be minimised comprises Equation 2.70 for each body, and a
contribution from the contact constraints, Il.. This leads to the weak form for two hyperelastic bodies
in contact in Equation 2.71 [82].

2

4 - Fr.ovdv - .Y -
Z{ww(C)dv /wf ¢7dV /ryt qbdA}JrHC 0 2.71)

}/:1 o

Equation 2.71 is the basis for modelling frictionless contact in a mechanical system consisting of
hyperelastic bodies. Now that a general contact formulation which is more applicable to the case of
lattice struts, but not yet explicitly limited to beams, has been posed, it is time to cover how to enforce
contact.

2.6.3. Enforcing contact constraints

Wriggers (2006) discusses many different methods for enforcing the contact constraints. Some methods
have their roots in optimisation theory, while others come from mathematical programming. Contact
problems in finite element formulations are generally solved with the Lagrange multiplier method or
the penalty method [82]. More solutions methods are treated by Wriggers (2006) such as the Nitsche
method, but this thesis will focus solely on the Lagrange multiplier and the penalty method.

Now follows a quick overview of the two enforcement methods. The Lagrange multipliers introduced in
the Langrage multiplier method are treated as additional unknowns. Usually, said Lagrange multipliers,
A, are introduced in the equation of motion, which means that the solution routine consists of solving
the modified equation of motion and the contact (non-penetration) condition simultaneously for A,
which are the contact forces, and the primary variables [84]. As one can imagine, solving the system of
equations simultaneouly implies the contact constraints are enforced exactly and no interpenetration
can occur.

In the penalty method, a penalty potential is added to the potential energy of the system. This penalty
term results in a contact force proportional to the penetration. Through this penalty force, the contacting
bodies are forced apart, which means contact is enforced approximately. Due to the nature of the
penalty method, there must be interpenetration for there to be a contact force, so the penalty method
allows some penetration, which means the contact constraint will be violated [82] [84].

Comparing the two methods, the Lagrange multiplier method has an advantage in that it prevents
interpenetration altogether. The penalty method recovers the same solution as the Lagrange multiplier
method in the limit where the contact penalty goes to infinity, however, very high contact penalty
values adversely affect the stability of the solution. That said, one very good reason to prefer the
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penalty method is the fact that it introduces no extra unknowns, meaning it is more computationally effi-
cient than the Lagrange multiplier methods in problems with relatively few degrees of freedom [82] [17].

The Lagrange multiplier method and the penalty method are covered in more concrete terms in
Subsection 2.6.4 and Subsection 2.6.5, respectively.

2.6.4. Lagrange multiplier method

To illustrate the Lagrange multiplier method for enforcing contact constraints, a simple example is
taken from Wriggers (2006) [82]. Depicted in Figure 2.34 is a mass-spring system where a point mass m,
subjected to gravitational load, is supported by a spring with stiffness k. The vertical movement of the
mass is constrained by a rigid plane, and the distance between the mass and the rigid plane is 5.

m
- Fh_
h

{0
Y

Figure 2.34: Point mass supported by a spring, from [82].

The energy of the mass-spring system is given by Equation 2.72 [82].
1
I(u) = Eku2 —mgu (2.72)

The energy of the mass-spring system has been plotted in Figure 2.35. If u is not subjected to any
constraints, then the optimum of Equation 2.72 can be calculated by variation, resulting in Equation 2.73
[82].

oIl(u) = kudu —mgoéu =0 (2.73)

The second variation of IT results in 6°I1 = k, so the optimum of Equation 2.72 is a minimum at u = %,

which can be seen in Figure 2.35. The value of the energy at this minimum is denoted as IT,y.
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Figure 2.35: Energy of the mass spring system, from [82].

In actuality, the motion of the mass is constrained by the rigid surface below. This constraint on u is
defined as Equation 2.74 [82].
cuw)y=h-uz=0 (2.74)
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Equation 2.74 prohibits penetration through an inequality constraint. c(u) represents the gap between
the point mass and the rigid plane. For c(u) = 0, this gap is closed. Now, the variation éu at the contact
surface is constrained. With Equation 2.74, this constraint is expressed as 6u < 0. When this constrained
variation is substituted in Equation 2.73, one obtains the variational inequality Equation 2.75 [82].

kudu —mgdéu > 0 (2.75)

Because the constraint Equation 2.74 limits the permitted range of motion, the minimum of Equa-
tion 2.72 is not necessarily I, with u = %. Instead, the constrained minimum of Equation 2.72, Hinin,
is found at a different, admissible u. This constrained minimum can also be seen in Figure 2.35.

The solution of u is governed by the variational inequality Equation 2.75. It is not possible to solve
the contact problem directly with the variational inequalities, instead a dedicated solution method is
needed, such as the Lagrange multiplier method.

Assuming that there is contact, then the Lagrange multiplier method augments Equation 2.72 with a
term that involves the constraint Equation 2.74. This gives Equation 2.76 [82].

IT(u, A) = %ku2 —mgu + Ac(u) (2.76)

As can be seen in Figure 2.36, A is equivalent to the contact force. Taking the first variation of Equa-
tion 2.76 results in two equations because A is an independent unknown like u. The system of equations
is given by Equation 2.77 [82].

A
Y

Figure 2.36: The contact force represented by a Lagrange multiplier, from [82].

kudu —mgoéu —Adu =0 (2.77a)
c(u)oA =0 (2.77b)

Equation 2.77a describes the equilibrium of the point mass when it interacts with the rigid plane.
Equation 2.77b indicates that the solution satisfies the kinematic constraint Equation 2.74. Now, the
variation is not constrained anymore, meaning one can solve for A, and find that it is equal to the
reaction force at the contact surface [82].

Going beyond the simple problem presented by Wriggers (2006), to apply the Lagrange multiplier
method to a finite element model, one must first consider the semi-discretised equation of motion of the
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finite element system, given by Equation 2.78 [84].
Mx +F(x,%) =R (2.78)

Above, M is the mass matrix, F is the internal force vector, R is the external force vector, and x is the
degree of freedom vector.

Now, let there be a set of active contact constraints which prescribe the displacements to prevent
interpenetration between contacting bodies. These constraints can be defined as Equation 2.79 [84].

Gx=0 (2.79)

Here, G is a surface contact displacement constraint matrix. It acts on x to ensure no penetration occurs
when there is contact.

To solve this contact problem, the Lagrange multipliers are introduced in the equation of motion as the
vector A, resulting in the constrained equation of motion Equation 2.80 [84].

M3# +F(x, %)+ G'A=R (2.80)

The components of A are the surface contact forces. The solution to the contact problem is obtained by
solving Equation 2.80 and Equation 2.79 simultaneously [84].

It should be said that the formulation provided by Carpenter et al. (1991) [84] implicitly assumes the
contact constraint is linear, so that it can be expressed using the matrix G. More generally, the contact
constraint is represented by the vector-valued function given by Equation 2.81.

gx)=0 (2.81)

Here, g does the same thing as G from Equation 2.79, it operates on the degrees of freedom and ensures
that there is no penetration. Since there is no more G matrix, the Lagrange multipliers need to be
introduced slightly differently into the equation of motion, see Equation 2.82.

M3 + F(x, %) + Feontact(A) = R (2.82)

The contact force vector Feontact is a function of the Lagrange multiplier vector A. A is not necessarily
the same dimension as the degree of freedom vector x, so its contribution to each degree of freedom is
mapped by Feontact- The solution to this contact problem is obtained in a similar manner as before, one
must solve the system of two equations, Equation 2.82 and Equation 2.81, simultaneously.

From this point on, the solution becomes rather specific to the time marching scheme employed, so the
coverage stops at this point, however, one can see that the Lagrange multiplier method extends easily
to finite element problems.

2.6.5. Penalty method

To explain how the penalty method approaches contact problems, consider the same mass-spring
system introduced in Subsection 2.6.4, shown in Figure 2.34. When the contact constraint Equation 2.74
is active, the penalty method modifies the total energy Equation 2.72 by adding a penalty term, see
Equation 2.83 [82].

I(u) = %ku2 —mgu + %e [c(u)]z, e>0 (2.83)

Here, € is the penalty parameter. It can be seen as the spring stiffness associated with the rigid support
when it is in contact with the point mass [82]. This has been illustrated in Figure 2.37.

When contact is active, the variation of Equation 2.83 results in Equation 2.84 [82].

kudu —mgoéu —ec(u)ou =0 (2.84)
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Figure 2.37: The point mass supported by a spring and a penalty spring due to the penalty term, from [82].

The solution of Equation 2.84 can be found to be Equation 2.85 [82].

_mg+eh
T Thre

When this solution is substituted into the constraint equation Equation 2.74, one obtains the expression
below [82].

(2.85)

kh-mg
k+e
Because mg > kh when contact occurs, Equation 2.86 implies the point mass penetrates into the rigid
support [82]. So just as explained in Subsection 2.6.3, the penalty method will allow some penetration.
This penetration is a function of the penalty parameter €, and the penetration ¢(u) will only be 0 in the
limit where € goes to infinity. In other words, the exact solution, which is the solution for which the con-
tact constraint Equation 2.74 is satisfied, is only obtained when the penalty stiffness is infinitely high [82].

cu)=h-u= (2.86)

The contact force is then defined as a function of the penalty parameter and the penetration distance,
see Equation 2.87 [82].

f=ec(u)= ﬁ(kh -mg) (2.87)

The contact force and the solution u obtained using the penalty method converge to the contact force
and the displacement found using the Lagrange multiplier method in the limit € — oo [82]. In this
limit, the support becomes rigid and the contact problem becomes the same as Figure 2.36. The fact
the solution with the penalty method converges to the solution with the Lagrange multiplier method
means the penalty method enforces the contact constraint approximately.

When applying the penalty method to contact problems in finite element systems, one can take a similar
approach as outlined in Subsection 2.6.4. The semi-discrete equation of motion Equation 2.78 and the
contact constraints Equation 2.81 are the same. The penalty method then also introduces contact forces
into the equation of motion, leading to Equation 2.88.

Mx + F(x, %) + Feontact(€, ) = R (2.88)

The difference with Equation 2.82 is that the contact force Feontact i now a function of the penalty
parameter € and the degrees of freedom x. The reason for the latter dependency is because the penalty
contact force is proportional to the penetration g, which itself is a function of u. Because € is chosen
a-priori, the solution to the contact problem does not involve solving Equation 2.88 and Equation 2.81
simultaneously, but rather, only Equation 2.88 needs to be solved since there are no extra unknowns.

Now, it must be said that choosing a suitable penalty parameter for a finite element simulation is not
trivial. Given the knowledge that the exact contact solution is recovered when € — oo, one may naively
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choose a very high penalty parameter. In the case of the mass-spring example Figure 2.34, one can get
away with simply choosing an extremely high € since there is no time stepping or multiple degrees
of freedom involved. But for finite element systems, large values for € make the system stiffer, which
adversely affects the numerical stability and forces the use of smaller time steps [84]. Since choosing
too high of a penalty value causes numerical instability, and choosing too low of a penalty value risks
excessive interpenetration or even failed contact detection, finding the optimal penalty value is usually
a matter of tuning € through trial and error. That said, understanding of the physics of the problem can
aid in choosing an optimal penalty value.

2.6.6. Formulating the beam-to-beam contact problem

As promised, now that the general contact problem has been covered, and the two most common
contact enforcement methods have been explained, the formulation for the beam-to-beam contact
problem can be treated. Because beams are parametrised as 1D curves in space, the beam-contact
problem is formulated differently from the general formulation treated in Subsection 2.6.1. Since beam
contact is essentially a matter of finding contact between curves, the kinematic conditions for contact
are formulated differently [82].

The beam-to-beam contact formulation covered in the following was treated in detail by Wriggers and

Zavarise (1997), and by Meier et al. (2016) [85] [17]. An example of a beam-contact problem can be seen
in Figure 2.38.

4

Figure 2.38: A general beam-contact problem, from [85].

Here, & and & are the curve parameters for each beam. d denotes the closest distance between the two
beams, which is to say, the closest distance between the two curves. Wriggers (2006) states that as long
as the beams are not parallel and have smooth, convex cross-sections, contact between the two curves
results in one contact point locally [82]. As such, the contact formulation treated below is referred to by
Meier et al. (2016) as a point-to-point contact formulation [17].

Point-to-point contact formulation

To illustrate the point-to-point contact formulation, let there be two beams of arbitrary configuration.
Their cross-sectional radii are R; and R», respectively, and their centrelines are given by two parametric
curves r1(&) and r2(n), with £ € [-1,1] and 1 € [-1,1]. Additionally, r1 £(¢) and r,,(n) are the tangents
of said curves at £ and 1. The abovementioned kinematic quantities can also be seen in Figure 2.39 [17].
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Figure 2.39: Kinematic quantities for the point-to-point contact problem, from [17].

In Figure 2.39, &. and 1), denotes the closest points of the two beams. The subscript ¢ means the quantity
is evaluated at & or 7. To find these closest point coordinates, one must solve the bilateral minimum
distance problem, defined as Equation 2.89 [17].

dp; = I?IUH d(&,n) =d(&,ne) withd(&,n) = |[r1(E) —ra(n)l| (2.89)

The above problem results in two orthogonality conditions, which are used to find the solution &, and
ne [171.
pi(&,n) = 1{ (&) [r(&) = ra(n)] = p1(&c,ne)20
pa(&,m) =7, () [11(E) = r2()] — pa(Ec, ne)=0

From here, the contact constraint preventing interpenetration at the closest points is defined by Equa-
tion 2.91.

(2.90)

g20 withg:=dp—(R1+Ry) (2.91)
Above, g is the gap function.

Because the orthogonality conditions in Equation 2.90 are, in general, nonlinear in £ and 7, finding
the solution to said conditions involves an iterative solver like a Newton-Raphson scheme. When the
orthogonality conditions from Equation 2.90 are linearised with respect to £ and ), one obtains the
system of equations depicted by Equation 2.92 [85].

[—71,5(5) (&) + [r2(n) = 1(E)] - 11,ee(E) r1,6(E) - 12(1) } [Agc}
—11,6(E) - r2,0(1) r2,4(10) - 12.0(0) + [12(0) = 11(8) ] - 2 () | | AN
_ [["z(ﬁ) —11(8)] - r,e(8)
[7’2(77) -n (é)] : r2,r](77)

When Equation 2.92 is solved, one obtains the solution increment for &, and 7. for iteration # + 1. The
update equation for the solution is then &1 = & + AE"H, and ! = n + An/+1 [85].

(2.92)

With the contact points known, the constraint can be incorporated into the problem by defining a
penalty potential contribution to the variational problem, see Equation 2.93 [17].

x, ifx<0

2.93
0, ifx>0 ( )

[ee = %€<g>2 and (x) = {
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Here, € is the penalty parameter.

When the Lagrange multiplier method is used instead of the penalty method for enforcing contact, then
the contribution to the variational problem is described by Equation 2.94 [17].

Hc/\ZAg
A0
g0

Ag=0

(2.94)

Above, A is the Lagrange multiplier to be solved. However, Meier et al. (2016) primarily treat the
penalty method in their work, so the following will also mainly focus on the penalty method for the
beam-contact problem [17]. The reason why they prefer the penalty method will be explained later.

Taking the first variation of Equation 2.93 yields the contribution of one contact point to the weak form,
Equation 2.95 [17].

Ollee = €<g>(51‘1c - ch)Tn (295)
From Equation 2.95, the contact force and the normal vector can be defined as Equation 2.96 and
Equation 2.97 [17].

fee = —€(g)n = feen (2.96)

"= ri(&c) - 7’2(’]6)
|[71(Ec) = r2(no)l|

Equation 2.96 states that in the point-to-point contact formulation, the contact force f;. acting on two
beams in contact are represented as discrete point forces applied to &, and 7.

(2.97)

With this, the required background for implementing a beam-to-beam contact model using the point-
to-point contact formulation has been covered. However, one may have noticed the use of the phrase
"as long as the beams are not parallel" earlier when the point-contact formulation was first introduced.
Indeed, it turns out that the point-contact formulation has limits, which Meier et al. (2016) elaborate on
in detail in the following [17].

Limitations of the point-to-point contact formulation

According to Meier et al. (2016) the point-to-point contact formulation is an elegant and efficient
formulation if the contact angles are sufficiently large. It is this latter part which points to the limitation
of the point-contact model, since a unique closest point solution to Equation 2.90 cannot be guaranteed
for arbitrary configurations [17].

Meier et al. (2016) then present a procedure for determining the bounds on certain control quantities
for which a unique closest point solution can be guaranteed. The control quantities in question are
the contact angle a (Equation 2.98), the closest point distance d;; and the geometric curvature i of the
beam’s centreline (Equation 2.99) [17].

/T Er)
o = arccos () with z = 11 el

REACIIECAIN

a is the angle between the tangent vectors at the contact point.

a € [0;90°] (2.98)

K _ x| :
== 5— =llrgsll since|lrg]| =1 (2.99)
r 7’1l

Above, 3 € [0;1] is the arc length parameter in the current configuration, and [ is the deformed length.
Now, let the maximum cross-sectional to curvature radius p.» be defined as Equation 2.100 [17].

<1 with7=

A=

(2.100)

Umax = m
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Here, R is the cross-sectional radius, and 7 is the radius of curvature. According to Meier et al. (2016),
Umax < 1 must hold for problems modelled by beams. The next step is defining the unilateral distance
function field d,;(51). This field maps a given point §; on the slave beam to a closest partner point
§oc of the master beam. This unilateral closest point mapping is defined by Equation 2.101 [17] (also
illustrated in Figure 2.41).

dui(51) = min d(51,82) = d(81,52c) with d(51,52) = [[r1(31) — r2(52)| (2.101)
2

Now, it can be observed that bilateral closest point projection (Equation 2.89) is a special case of
unilateral closest point projection (Equation 2.101). The closest point coordinates from Equation 2.89
are then found by minimising d,,;(51) with respect to 51, see Equation 2.102 [17].

dp = n}in du1(51) = dui(51c) (2.102)
1

From here, Meier et al. (2016) rigorously derive the requirements for the existence and uniqueness
of a solution to the bilateral closest point problem. They first prove how to guarantee existence and
uniqueness for the unilateral distance problem, after which they derive the condition for a unique
bilateral closest point projection. For the mathematical details, one can consult the paper by Meier et al.
(2016) [17]. Their results are also shown below.

Assuming the two beams are near enough so that the closest point 85, is relevant when it comes to active
contact constraints (g(51) = 0 — d,1(81) = 2R), the requirement for a unique solution to the unilateral
distance problem is given by Equation 2.103 [17].

R .
2———<2 <1 2.103
[ER (2109
Because of Equation 2.100, uniqueness of d,;(51) can be guaranteed if the beams are close enough.
The requirement for a unique bilateral closest point projection is defined as a lower bound on the contact
angle, see Equation 2.104 [17].
a>ayin = arccos (1 — 2 max) (2.104)

From this condition, one can see that providing an upper bound for ji,,4, that is, ensuring existence of
the unilateral distance solution, automatically results in a lower bound for the contact angles for which
the bilateral distance problem has a unique solution [17]. Meier et al. (2016) provide three examples to
put Equation 2.104 into a practical context, see Figure 2.40.

[
\-_y

(a) Two parallel beams (b} Straight + circular beam. {c) Straight + helical beam.

Figure 2.40: Some examples of contact problems with non-unique bilateral distance solutions, from [17].

Figure 2.40 (a) showcases two straight beams, meaning pi;,,x = 0. In this case, the requirement becomes
a > 0, which is exactly what is expected to obtain a unique closest point solution for two parallel
beams. Figure 2.40 (b) illustrates the case of a straight beam and a circular beam centred on the straight
beam. Here, the gap g(51) can be observed to be constant between the two beams, since all points on
the circular beam are equidistant to one point on the straight beam (the point that coincides with the
circular beam’s centre). Therefore, there is no unique bilateral closest point solution, even if the contact
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angle is far from 0° at a = 90°. The third example, Figure 2.40 (c), depicts contact between a straight
beam and a helical beam. In this case, the gap function g(51) is also constant, which again leads to
no unique bilateral closest point solution. In a sense, the helix is the middleground between the two
previous examples. For i — oo, one ends up with two parallel straight lines, and for & = 0, one gets the
case of a straight beam and a circular beam.

Line-to-line contact formulation

Depending on 4, the bilateral distance problem may not have a unique solution even for non-parallel
beams when the contact angle is greater than 0°. It is for this reason that Meier et al. (2016) propose a
line-to-line contact formulation. Instead of searching for one closest pair of points, this model looks for
a closest point field 1.(£) on the master beam as a function of the parametric coordinate field & on the
slave beam. The kinematic quantities of this formulation are depicted in Figure 2.41 [17].
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Figure 2.41: Kinematic quantities for the line-to-line contact problem, from [17].

The nearest master point 7. to a given slave point £ is the solution of the unilateral minimum distance
problem Equation 2.105 [17].

d(&) = mind(&,n) = d(&,ne) - withd(&,1) = [lr1(£) =2 ()l (2.105)
Equation 2.105 results in a single orthogonality condition which is to be solved for . [17].

p2(&, 1) = 1y, ((r1(E) = r2() — pa(&,ne)=0 (2.106)

Unlike with point-contact, in the case of line-contact, the normal vector is only perpendicular to the
master beam, but it is no longer necessarily perpendicular to the slave beam. Now, in the context of
line-contact, the subscript ¢ signifies that a quantity is evaluated at the closest master point 7. of a given
slave point £. The contact constraint is then defined as Equation 2.107 [17].

g(§)>0VE withg(&):=dy—Ri—R, (2.107)

The constraint above is formulated along the entire slave beam, hence the V £. This gap function only
gives the exact value of the minimal beam line-to-line distance at a given coordinate & if the contact
normal vector is orthogonal to the centrelines of both beams (Equation 2.108) [17].

re(&)n(&)=0 and r,(nc)n(£) =0 (2.108)

For the point-to-point contact formulation, the above conditions are exactly satisfied at the closest point
by definition. However, for the line-to-line formulation, only the second condition holds for any &. That
said, for € — oo, the line-contact formulation actually converges to the point-contact formulation [17].

The choice of constraint enforcement by Meier et al. (2016) is based on the space-continuous penalty
potential (Equation 2.109) [17].

1 [h
HCEZEE A <g(é)>2d51 (2.109)
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When the first variation of Equation 2.109 to taken, one finds the contribution to the weak form as
described in Equation 2.110 [17].

Iy
Ollee = € i (8(8)0g(&)ds1  and  6g(&) = (6r1(&) — r2(£)) m(&) (2.110)

The contact force f.. and the normal vector n(&) can be recovered from the variation form Equation 2.110.

fee(&) = —e(g(E)n(E) = fee(E)n(E) (2.111)

r(&) - 7'2(776)
[[71(&) = r2(ne)ll

Equation 2.111 states that the contact force f.. is modelled as a distributed line force by the line-to-line
contact model. From here on, Meier et al. (2016) cover the spatial discretisation of the line-to-line
contact formulation and the subsequent solution procedure. One of the key features of line-contact is
that contact must be discretised too, since one deals with a distributed penalty force. Compare this with
the point-contact case, where no such discretisation is necessary. If the contact region consists of one
master element and one slave element, then Meier et al. (2016) give their discretised contribution to the
weak form as Equation 2.113 [17].

n(&) := (2.112)

ngp ngp
ody Z wi] (E0e(S(ERINT (Ex)n(Ex) + ody Z —wi] (Ex)e(g(Ex)IN, (nc(Ex))m (k) (2.113)
k=1 k=1
In the above equation, ngp is the number of quadrature points per slave element, wy are the associated
quadrature weights, & are the coordinates of the quadrature points in the parametric domain & € [-1;1],
and lastly, n.(&x) is the closest master point to the quadrature point &, see Figure 2.42. (&) is the
Jacobian which describes the transformation from the current configuration to the parametric space. N
represents the matrix of shape functions for the elements, and d are the degree of freedom vectors of
each element. One can also identify the residual contributions of each element, .,,,1 and 7.y, 2, as the
vector which multiplies the variation of the degree of freedoms 0d in Equation 2.113 [17].
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Figure 2.42: Kinematic quantities for the discretised line-to-line contact problem, from [17].

Meier et al. (2016) then point out that it is preferable to decouple the discretisation of the beam from
the discretisation of contact. What they propose is to allow #;; > 1 contact integration subdomains
per slave beam element with ngr quadrature points on each of these subdomains, which results in
ngp = nj - ngr quadrature points per slave element. To achieve this, one must introduce n;; more
parametric spaces & e [-1;1] with i = 1, ..., nj; to the slave element, see Equation 2.114 [17].

- 10-4§ 1.0+&; o
5(51) = 5 & 51,1' + 5 i 52,,' withi=1,.. ny (2.114)
The total Jacobian can be derived from Equation 2.114, resulting in Equation 2.115 [17].
= ds; _dsy d .
]@mzi—ii-WMﬂwm (2.115)
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Now, the residual contributions of each element can be expressed as Equation 2.116 [17].

1y MGR

Feond = ) > Wi (&, 1,1, E2,)€((EDINT (&) = 1), (2116a)
i=1 j=1
nj; MGR .
eon2 = Z Z ~w;](Eij, &1,i, €2,)€(8(ENIN, (Ne(Eip)n(Ei) = 71, (2.116b)
i=1 j=1
In Equation 2.116, the residual contributions ré{) .1 and rijo . are of one quadrature point j in the

integration interval i. Also, the parametric coordinates &;; are evaluated using Equation 2.114 at the
quadrature point coordinates &;, see Equation 2.117 [17].

1.0-§&; 1.0+ &;
> ]51,i+ 5 !

The solution scheme is more involved than for point-contact, so for the details, one can consult Appendix
C of Meier et al. (2016) [17]. The final result is given below.

5,']' = & withi=1,..,ny, j=1,..,ngr (2.117)

ij ij ij
kij _ drcon,l _ arcon,l + arcon,l ar]c
con,l ddyp ddy 81;6 odyy’

1=1,2 (2.118)

This is the linearised contribution of one quadrature point on element [ to the residual. This means that
unlike with point-contact, where the closest point is found by solving a system of equations separate
from the equation of motion, line-contact couples the solution of the unilateral minimum distance
problem to the discretised equation of motion [17].

In all, the line-to-line contact formulation provides more robustness than the point-to-point formulation
since it can handle arbitrary contact angles owing to the fact that it need only solve a unilateral minimum
distance problem. However, a numerical implementation of a line-contact model is noticeably more
involved than a point-contact model.

Penalty or Lagrange multipliers

The choice of constraint enforcement technique has already been briefly touched upon in the previous,
and one may have noticed a preference for the penalty method on the part of Meier et al. (2016) [17].
This is not without reason. In the following, the penalty method and the Lagrange multiplier method
as applied to the beam-contact problem are compared to each other.

The Lagrange multiplier method introduces an additional primary variable field A which is usually
discretised similarly to the displacement field. These nodal variables of the discretised Lagrange mul-
tiplier field are extra unknowns, and solving the augmented system involves mortar techniques [17],
which makes the implementation more involved compared to the penalty method. Meier et al. (2016)
further explain that the Lagrange multiplier method is very commonly applied in computational contact
mechanics for solids because of their higher accuracy of contact resolution, which is a big advantage of
the Lagrange multiplier method. However, they remark that majority of publications on beam-contact
problems employ the penalty method [17].

One of the reasons why penalty methods are preferred over the Lagrange multiplier method in the case
of beam-contact problems has to do with with the ratio of Lagrange multiplier degrees of freedom to
the displacement degrees of freedom of a finite element system. For beams, the ratio of surface degrees
of freedom to all degrees of freedom is 1, which is much higher than for 3D continuum elements. As
a result, the share of the Lagrange multiplier degrees of freedom of the total number of degrees of
freedom is relatively large for beam-to-beam contact problems. This means the system to be solved
at each time step is a lot larger because of the introduction of the Lagrange multipliers, making the
solution more computationally expensive [17].
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2.6.7. Summary of contact mechanics review

This section was dedicated to the second component of the unified framework, the contact model. The
basis of the contact formulation was explained first in the most general setting, after which it was
specified to hyperelastic materials to better reflect the eventual beam-contact scenario. Then, the two
foremost constraint enforcement methods were introduced in general terms: the penalty and Lagrange
multiplier method. They were illustrated using a simple example provided by Wriggers (2006) [82].

The final and most salient part of this section treated the beam-to-beam contact formulation by Wriggers
and Zavarise (1997) [85], and Meier et al. (2016) [17]. There, the two approaches to formulating the
beam contact problem were discussed: the point-to-point formulation and the line-to-line formulation.
Both formulations have their strengths and weaknesses, which will be used in Subsection 3.1.5 to come
to a proper choice of formulation. Also treated in the context of the beam-contact problem were the two
contact enforcement techniques mentioned earlier. In this application, the penalty method is preferred
over the Lagrange multiplier method because of the comparatively lower computational cost and the
relative simplicity.

2.7. Fracture mechanics

The last component of the blueprint mentioned in Subsection 2.4.4 is modelling damage in the struts
of a lattice metamaterial using a fracture model. Unlike the damage evolution models mentioned in
Subsection 2.4.3, the sought-after fracture model should capture fracture without needing to resort
to element deletion. Before the discussing the fracture model applied to the case of beams, it pays to
discuss the general field of computational fracture mechanics. After that, one of the most useful fracture
models is discussed in a more general setting, before it is applied to the beam setting.

2.7.1. Computational fracture mechanics

Computational fracture mechanics can be applied to a broad spectrum of computational methods to
model fracture problems, but the foremost application case is in the finite element method. The very
first attempt to model fracture in FEM came in the form of elements based on linear elastic fracture
mechanics (LEFM), followed by elastic-plastic fracture mechanics (EPFM). These methods at first only
performed well when non-uniform mesh refinement was applied, but it did not take long before
uniform meshes could also work fine. Rapid developments in computational fracture mechanics soon
brought about more advanced techniques such as the extended finite element method (XFEM) [86].

2.7.2. Cohesive zone model

A well studied and often used fracture model is the cohesive zone model (CZM) [87]. It offers key
advantages over linear elastic fracture mechanics in that it can handle non-negligible nonlinear zones
ahead of the crack tip, and it needs no initial crack [88]. Cohesive zone models are generally charac-
terised by a cohesive constitutive relationship between the displacement discontinuity and the cohesive
traction. This constitutive relationship is often modelled using a traction-separation law. Some key
features of this cohesive law are summarised below [87].

* The work required to initiate a crack surface is finite, its value equal to the fracture energy (the
area under the traction-separation curve).

® There is a finite characteristic length scale, which means that prolonged loading eventually leads
to decohesion, that is, fracture.

® The cohesive traction on the fracture surface generally decreases to 0 as the separation increases
under softening.

Elices et al. (2002) remark that the cohesive model only contains information on the softening part of
the load-displacement curve, where progressive damage in the form of cracks initiate and grow. The
hardening part of the load-displacement curve, where fracture has not initiated yet, must come from the
continuum outside of the cohesive zone. This, they refer to as the bulk [88]. This fact makes applying
the cohesive zone model to FEM as interface elements between bulk elements quite intriguing since the
two types of elements complement each other. Where the bulk elements model 'regular’ (non-fracture)
behaviour, the cohesive zone interface elements capture the effects related to fracture such as softening
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and eventual failure.

The cohesive law, which Elices et al. (2002) also call the softening function, is considered a material
property. The softening function is defined and characterised by a number of parameters, which include
the cohesive strength, the fracture energy, the characteristic length and the critical crack length. The
characteristic length is essentially an inverse measure of the brittleness of the material. The way these
parameters affect softening behaviour can be illustrated in two cases. If a cracked structure is much
larger than the cohesive zone, then the fracture energy fully determines the peak force. If the cracked
material is not too large and if the structure is not cracked, then the cohesive strength and the critical
crack length determine the structural response [88].

Since cohesive zones pair up quite well with the bulk material in a finite element context, they are a
prime candidate for modelling fracture in beams. Beam elements will only share at most two interfaces
with their neighbours, which are in the cross-section plane. Because beam elements are represented
with 1D curves, this makes incorporating the cohesive zone model into a finite element model simpler
and less computationally intensive since the fracture surface is not explicitly modelled, but rather it is
the beam cross-section.

2.7.3. Modelling fracture in beams

The formulation treated here was presented by Kota et al. (2024) in their study on a discontinuous
Galerkin/cohesive zone model formulation for fracture in geometrically exact slender beams [16].
Before discussing the application of the cohesive zone model to beams, one should first investigate the
fracture modes of beams. These fracture modes have been depicted in Figure 2.43.

(a) ®)
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Figure 2.43: The fracture modes of beams: (a) tension, (b) shear, (c) torsion and (d) bending, from [16].

One can see that beams have four failure modes: under tension, due to shear, because of torsion and
caused by bending. Kota et al. (2024) proceed to neglect the shear and torsional fracture modes, keeping
only the tensile and bending fracture modes for slender beams [16].

The next step is formulating the cohesive law. As explained in Subsection 2.7.2, the cohesive law comes
in the form of a traction-separation law. Since the cohesive zone model is applied to beams, Kota et
al. (2024) derive the traction-separation law using stress resultants. Furthermore, it is assumed that
cohesive forces and moments are only functions of the kinematic discontinuities near the crack tip [16].

Now, the interfaces of neighbouring beam elements, where there may be jumps in the kinematic fields,
are given cohesive boundaries. Here, Kota et al. (2024) set the following definitions for the axial and
bending kinematic discontinuities [16].

Ay = [r] - ficon
0 = [g1]

Here, r and g; are as defined in Subsection 2.5.3 and Subsection 2.5.4. i, is the unit normal vector to
the cohesive interface in the deformed state,see Equation 2.120 [16].

(2.119)
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O (81)
feo = 11 gn]]

In the above equations, and in the equations to follow later in this thesis, the following notations are
used.

(2.120)

[e] = lim e— lim e 2.121)
s=a s—at s—a~
1. )
=2 (Slin} o+ lim ‘) (2.122)

Equation 2.121 signifies a jump in the field e and Equation 2.122 denotes the average of the field e at
some point s € (0, L). Kota et al. (2024) point out that the component of @ in the direction of i,y is zero
because @ - 7i.,; = 0 holds by construction [16].

The effect of tension and bending on fracture can be represented by a single quantity: the effective
separation (Equation 2.123). This allows for capturing mixed-mode fracture due to tension and bending
[16].

2
A =\/{A||}2 + (aR[|0]])7, (2.123)
Here, R is the radius of the beam and « is a mode-mixity parameter. Furthermore, {#} = max (e, 0) is

the Macaulay operator [16].

The cohesive axial forces and cohesive bending moments associated with the aforementioned kinematic
jumps are defined as Equation 2.124 [16].

B {Ay
fcoh,ll = fcoh(A/ 6]) T Reoh,

2 R2
Meop, L = A fCOh(A/ t]) K Q,

(2.124)

Above, f.,n is the effective cohesive force, which is a function of the effective separation A and some
internal variables q. Depending on what kind of cohesive behaviour is to be modelled, such as brittle
or ductile, f;o1(A, ) can be specified accordingly. Kota et al. (2024) assume a linear relation between
the cohesive axial forces and cohesive bending moments and A. With this cohesive model, increasing
A causes a linearly proportional reduction in f,,j. To capture the fact that damage is permanent, they
also introduce a history variable A,y as an internal variable. A,y is defined as the maximum effective
separation encountered throughout the loading history [16]. This constitutive fracture behaviour is
illustrated in Figure 2.44.
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Figure 2.44: A linear traction-separation law for modelling beam fracture, from [16].

In Figure 2.44, one can observe two loading paths. During loading, f..; follows a trajectory from f.
to 0 as A increases to A.. During unloading, the effective cohesive force follows the path to the origin,
and during reloading, f.,, follows that same path back to the loading state for A,,,x. Here, f. = 0.A
signifies the critical value for the effective cohesive force, with o, being the cohesive strength of the
material and A the beam’s cross-sectional area. A, = sz is the effective separation at which fracture
occurs, with G as the effective fracture energy of the material. The cohesive law for loading is given by

Equation 2.125 [16].

A
fcoh(A/ Amax) = (1 - A_) fc for A > Apax (2.125)
c

The unloading and reloading path is defined by Equation 2.126 [16].

fcoh(A/ Amax) = Aifmux for A < Apax (2.126)
m

ax

In the equation above, f;,,x is defined as f.,; at Ajyqx. Both Equation 2.125 and Equation 2.126 are only
active in an interface when the fracture initiation criterion below is met [16].

feg(f),(mL)) > fe, (2.127)
In Equation 2.127, f,, is an equivalent force defined in Equation 2.128 [16].

2

feg f ma) =y {F - fcon)? + || (2128)

Here, f is the internal force, and m is the internal bending moment.

2.7.4. Summary of fracture mechanics review

The main purpose of this section was introducing the fracture model which will be used in the unified
framework for beam contact and fracture. Computational fracture mechanics has come a long way
since the early days of applying linear elastic fracture mechanics to FEM, and one of the state-of-the-art
fracture models is the cohesive zone model. The cohesive zone model uses a constitutive relation to
govern the fracture process. One advantage offered by CZM over linear elastic fracture mechanics is
the fact that no initial crack is required to analyse fracture.

When applied to the case of beam fracture, the model used by Kota et al. (2024) consists of a linear
traction-separation law (Equation 2.125 and Equation 2.126) determined by material properties such as
o. and G,. For unloading and reloading, a history variable A, is also used to represent permanent
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damage. This cohesive law acts as the constitutive law of an interface element when the fracture
initiation criterion (Equation 2.127) is met [16].



Methodology

One of the prerequisites of modelling a large-scale truss-metamaterial problem that captures both frac-
ture and self-contact is finding a way to integrate beam contact behaviour with fracture, hence why this
was also formulated as a subtask. On top of this, modelling impact in large scale truss-lattice structures
also involves modelling decisions pertaining to joints, contact with the impactor and parallelisation,
to name a few. All of this warrants in-depth exposition, which is why the current chapter covers the
methodology followed.

The layout of the methodology is as follows. Section 3.1 is dedicated to synthesising a computational
framework which unifies beam contact with fracture behaviour. This framework will fully describe the
dynamics of the struts, but modelling lattice structures requires more than just describing the behaviour
of the struts. To this end, Section 3.2 covers the steps involved in modelling large-scale lattice structures
for impact problems. Then, Section 3.3 presents a way of quantifying energy absorption mechanisms by
tracking energy components. Lastly, Section 3.4 gives an overview of the SUMMIT framework which
provides the basis for the simulations and the computational framework developed in this study.

3.1. Synthesis of a unified contact and beam fracture framework

Incorporate beam-contact behaviour with beam-fracture behaviour, and tie it with the strut
dynamics.

The first topic to cover is developing a unified inter-element contact and beam fracture framework,
where beam-fracture behaviour is integrated with self-contacting behaviour of beams. To this end, this
section explains how the theoretical building blocks covered in the second half of Chapter 2 have been
applied to realise such a framework. The key steps involved are summarised below.

Subsection 3.1.1 and Subsection 3.1.2 cover the choice of beam model and the formulation of the
governing equation. Then, Subsection 3.1.3 presents the weak form and offers a way of incorporating
fracture behaviour into the bulk beam behaviour. Afterwards, the discretisation of the problem is treated
in Subsection 3.1.4. This is followed by the implementation details of the beam-contact formulation
and its incorporation into the beam dynamics (Subsection 3.1.5, Subsection 3.1.6, Subsection 3.1.7 and
Subsection 3.1.8). The section is closed out with the key assumptions that went into this framework.

3.1.1. Choice of beam model for truss architected materials

After reviewing the most relevant state-of-the-art beam models for slender structures in Section 2.5,
one can now list and compare the main features of each beam theory. The criteria factoring into the
comparison are whether the beam model (1) is nonlinear, (2) works with arbitrary initial curvatures
(0 # 0), (3) is formulated for anisotropic cross-sections (I # I3 # I1), (4) has a low computational cost,

62
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(5) is relatively simple to implement, and whether the formulation can capture the deformation modes
of (6) shear and (7) torsion. A summary of the beam models and their fulfilment of each criterion is
presented in Table 3.1 below.

Table 3.1: Overview of beam models (partially adapted from [69])

Formulations Theory ko#0 L #I3#1; Computational cost Simplicity Shear Torsion
Euler-Bernoulli Linear - + + + - +
Timoshenko Linear - + + + + +
Simo-Reissner Nonlinear + + - - + +

Geometrically nonlinear

Kirchhoff Nonlinear + + +/- - - +
Symmetric

geometrically nonlinear =~ Nonlinear - - +/- + + +
Kirchhoff

Torsion-free

geometrically nonlinear =~ Nonlinear - - + + - -

Kirchhoff

"no,n

Some notes about Table 3.1, a "+" signifies the formulation fulfils the criterion, a means it does not
fulfil the criterion and "+/-"indicates that it partially fulfils the criterion. Additionally, the ability to
capture the axial tension and bending deformation modes has not been included in the table because
each formulation discussed in Section 2.5 can handle axial tension and bending.

non

In order to make an informed choice of beam model, one must consider the problem to be modelled.
Because this thesis focuses on modelling impact in a lattice structure, the choice of beam formulation
can be partially based on the requirements an impact problem imposes on the model. Most crucially,
metamaterial impact problems will involve large deformations, since that is the whole point of using
metamaterials as impact protection as mentioned in Subsection 2.1.4. This immediately disqualifies
linear beam theories because they will not be able to capture the large deformations accurately.

This leaves the geometrically nonlinear beam formulations. Out of these, the torsion-free geometrically
nonlinear Kirchhoff rod boasts the highest computational efficiency and relative to the other nonlin-
ear theories, it is the simplest to implement. Because this formulation only depends on the primary
variables r, its computational cost is significantly lower than that of the Simo-Reissner beam, which
requires solving for 6 unknowns. Similarly, although the general geometrically nonlinear Kirchhoff
formulation and the symmetric geometrically nonlinear Kirchhoff formulation are not as computation-
ally costly as the Simo-Reissner beam (see Subsection 2.5.4) the torsion-free formulation still has the
edge over them in numerical efficiency because it does not depend on any rotational degrees of freedom.

When it comes to implementation simplicity, both the torsion-free and the symmetric geometrically
nonlinear Kirchhoff formulations are significantly easier to implement than the Simo-Reissner or the
general geometrically nonlinear Kirchhoff formulations because their weak forms do not depend on any
reference triads. Since there is no need to parametrise additional triads, this greatly simplifies numerical
procedures like spatial discretisation and linearisation. Between the torsion-free and the symmetric
subcases of the geometrically nonlinear Kirchhoff formulation, one could argue that the torsion-free
formulation is slightly simpler to implement because the spatial discretisation only involves discretising
the primary variables r and their variation 6r while the symmetric formulation still requires discretising
the torsional degree of freedom field « and its variation da.

However, the computational efficiency gains and the relative ease of implementation of the torsion-free
geometrically nonlinear Kirchhoff formulation come with some concessions and limitations as a result
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of the underlying assumptions of this model. For starters, the torsion-free formulation requires the
initial curvature to be zero (ko = 0) and the cross-section to be rotationally symmetric (I, = I3 = Iy).
It shares this limitation with the symmetric formulation. For brevity, both assumptions together will
be referred to as the symmetry assumption. Neither the Simo-Reissner nor the general geometrically
nonlinear Kirchhoff formulations make this assumption. However, one can make the argument that
using rotationally symmetric elements with zero initial curvature are modelling choices. So long as the
unit cells modelled have initially straight struts, and so long as the cross-sections of those struts are
circular, then the symmetry assumption holds.

Of course, the opposite is also true: if one wants to model unit cells with curved struts for instance
for conformal lattice structures [89], then one must look elsewhere than the torsion-free geometrically
nonlinear Kirchhoff model. Similarly, if one would like to model unit cells with optimised strut cross-
sections like using I or H sections to better resist bending, then the general geometrically nonlinear
Kirchhoff formulation or the Simo-Reissner formulation are better choices. Still, for the purposes of this
thesis, these two limitations are acceptable because the modelled lattice members are straight and their
cross-sections are circular. The upshot in implementation simplicity due to there not being a need to
parametrise additional triads is well worth it, but it pays to be mindful of the limitations imposed by
the symmetry assumption.

The torsion-free geometrically nonlinear Kirchhoff model also makes assumptions on the deformation
modes. The first of these assumptions is the Kirchhoff constraint (see Equation 2.33), which this formu-
lation shares with all Kirchhoff rod formulations. The Kirchhoff constraint is based on the assumption
of vanishing shear strains. As a result, all nonlinear theories in Table 3.1 except for the Simo-Reissner
theory are shear-free. If the lattice structure is modelled with highly slender struts, then a shear-free
formulation will suffice, which simplifies the problem because fewer unknowns must be solved. This
means that if the relative density p is not too high, then the struts are slender enough to be modelled
with shear-free elements. However, if the relative density is too high so that the struts are no longer
slender, then none of the Kirchhoff formulations are valid.

The second assumption of the torsion-free geometrically nonlinear Kirchhoff theory is a characteris-
tic of the torsion-free formulation and it imposes restrictions on the torsion deformation modes (see
Equation 2.50). As a result of this, the torsion is zero along the length of the beam. Because of this,
the torsional degrees of freedom can be resigned and consequently, the torsion-free formulation only
depends on r. This assumption makes the problem simpler and it increases the computational efficiency
of the model. According to Meier et al. (2015), the torsion-free case applies to structures with finite
bending stiffness but negligible torsional stiffness (GIr ~ 0) [80]. This means the struts of a lattice must
be very slender for the torsion-free assumption to hold, imposing an upper limit on the relative density
similar to the shear-free assumption.

In all, the beam formulation of choice is the torsion-free geometrically nonlinear Kirchhoff rod. It can
accurately model large deformations, and it is the most computationally efficient and the simplest of
the nonlinear beam formulations. That said, it comes with limitations in terms of deformation modes
and geometry.

Firstly, the torsion-free and the shear-free assumptions which underpin this beam model require the
structural members to be highly slender. For lattice structures, this means that the relative density
cannot be too high lest the struts become too thick. For the purposes of this thesis, this limitation can be
coped with by imposing an upper limit on the relative density p of the modelled lattices, like p < 5%.
This does mean that modelling lattices with a higher relative density requires extending the beam
formulation to be valid for less slender structures. Effectively, this would entail implementing either
the Simo-Reissner formulation or some other shear-rigid nonlinear beam theory. Extending the beam
formulation to non-slender members would make a natural next step for any continuation on this work.

Secondly, the geometric limitations of the torsion-free geometrically nonlinear Kirchhoff model in the
form of the symmetry assumption means all struts must be initially straight and must have circular
cross-sections. In this thesis, these assumptions are fulfilled by only modelling unit cells with initially
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straight and circular struts, but if one aims to model initially curved, non-circular struts then one must
extend the beam formulation to cope with non-zero initial curvature and anisotropic bending. In this
case, one must essentially implement the general geometrically nonlinear Kirchhoff rod model.

Now that the element type has been chosen, the remainder of this work is carried out with the torsion-
free geometrically nonlinear Kirchhoff rod.

3.1.2. The continuum formulation of the dynamic problem

Now that the torsion-free geometrically nonlinear Kirchhoff rod model has been chosen, the weak form
described by Meier (2016) could be used [90] to govern the dynamic problem. Because the configura-
tions of beam elements of this model are determined entirely by their centreline and the orientations of
their cross-sections, the beams can thus be represented with a 3D curve r(s, t) € R® where s € [0,/] C R,
the arc-length parameter, and [ € IR, the initial length, describe the parametrisation of the curve in the
initial configuration. ¢ is the independent time variable. Before moving to the next step, it is worthwhile
to introduce some shorthand notations for some differential operators to keep the equations more
concise. The derivative with respect to s is shortened to (.)’ = %(.) = (.)s. The derivative with respect to

t is shortened to (.) = %(.) =()s-

Now, the kinetic and internal energies of a torsion-free geometrically nonlinear Kirchhoff beam can be
treated. For slender torsion-free geometrically nonlinear Kirchhoff beams, it is a reasonable assumption
to neglect rotational inertia contributions [90]. Furthermore, a hyperelastic constitutive law is considered.
As such, the kinetic and hyperelastic stored energies per unit length are given as [90]:

~ 1
[in = EpAfTr'
1 1 (3.1)
Mine = SEA€® + SEIkx
Here, p is the reference mass density in [kg/m?>], A is the reference cross-sectional area in [m?], I is the
reference area moment of inertia in [m*] and E is Young’s modulus in [Pa]. # is the velocity field of the

centreline with units [m/s], € ([m/m]) is the axial strain field, and « ([1/m]) is the bending curvature
field.

Integrating the expressions in Equation 3.1 over the reference length of the curve I results in Equation 3.2.

I
Hkin:/ 1pAifTi‘ds
0 2

; (3.2)
1 2, 17
I = —EAe“+ =Elx' x| ds
0 |2 2
The € and « fields can be expressed in terms of r following [90] and [80]:

e=|lr||-1 (3.3a)
' xr’

K= —— (3.3b)
7’112

= |lx]| (3.3¢)

Now, the terms defined in Equation 3.2 can be used to derive the weak form of the dynamic balance
equations. Meier presents the weak form as such [90]:

l )
/ [6eEAe + 6x"Elx + ¢ pA#| ds — / [6rT f + 60T di, | ds — [or f + 50T, (3.4)
0 0 ?

In Equation 3.4, (1) denotes distributed quantities per unit reference arc-length while (1) denotes discrete
quantities on the Neumann boundary I';. Also, one may notice that exclusively the moment compo-
nents perpendicular to the centreline are included in the weak form. This is due to the constraint the
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torsion-free assumption imposes on the moment field [90]. Finally, 0, is associated with the rotations,
but formally, it represents the (perpendicular components of) the spin vector [90].

The variations present in Equation 3.4 expand to [90]:

/T .1
de = 6’—’ (3.5a)
1l
|12 (67 x v + 7' xor") =2 (6 T+) (' x "
5o ITIRC )=2(orr) (¢ x 1" 5
(7]
1’ X or’
00, = —— (3.5¢)
R

With this, the weak form of the beam dynamics problem has been formulated in continuous space
and time. However, in order to facilitate the introduction of fracture behaviour into the weak form in
Subsection 3.1.3, it is actually more convenient to start from the strong form of the dynamic problem.
For this, the approach by Kota et al. (2024) can be used [16].

The first step is integrating the balance of linear and angular momentum equations from 3D continuum
theory over the cross-section of the beam (see also Subsection 2.5.3). This gives the following balance
equations:

'+ f = pAi (3.6)

m' +r'xf+m=Iw+wx(,w) (3.7)

Some of the quantities in Equation 3.6 and Equation 3.7 have been explained before with Equation 3.1
and Equation 3.4. I,, ([kg m?]) is the rotational inertia tensor, w ([rad/s]) is the axial vector belonging

to the the skew-symmetric angular velocity tensor AAT. f(s,t) and m(s, t) are the internal force and
moment stress resultants, respectively. They are defined as follows [16]:

f= /A PE; dA (3.8)

m= /A (x—r)x PE; dA (3.9)

In the above equations, P ([Pa]) is the Piola-Kirchhoff stress tensor, and Ej is a fixed basis vector of the
intrinsic frame in the reference configuration [16].

The forces f, f, and the moments m, ## can be additively decomposed into parallel and perpendicular
components. The parallel force components fj, fi| are the axial forces, while the perpendicular force
components f,, f, are the shear forces. Analogously, the parallel moment components m;, 7 are the
torsional moments, and the perpendicular moment components m_, #i1, are the bending moments.

Here, the notation in Equation 3.10 has been used.

r’ r’
ag:=|a —|—, a, =a—a (3.10)
! ( ||r'||) I * !

As mentioned earlier in this subsection, the rotational inertia can be neglected, which is tantamount
to neglecting the right-hand side of Equation 3.7. This allows for expressing the internal shear forces
as a function of the bending moments after performing the cross-product of Equation 3.7 with #’. The
resulting equation is Equation 3.11.

rl

fo= e (m', +1i1y) (3.11)

Now, Equation 3.11 can be substituted into Equation 3.6, which gives Equation 3.12.
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, ’

fII || /”2 X (my +inL)| +f = pA¥ (3.12)

This equation is equivalent to the original system of governing equations Equation 3.6 and Equation 3.7,
if the torsion-free formulation holds. In that case, Equation 3.11 is equivalent to Equation 3.7.

3.1.3. Introducing fracture behaviour into the beam mechanics

Before jumping into the specific spatial discretisation of the continuum formulation of the governing
equation from Subsection 3.1.2, it is actually a fitting time to describe the fracture model used in the
numerical framework. The reason being that the fracture behaviour of beam elements can be directly
included in the weak form as Kota et al. (2024) show [16].

The discontinuous Galerkin weak form

The first step towards formulating a weak form that describes both bulk and interface material behaviour
is deriving the discontinuous Galerkin formulation of Equation 3.4. To do so, consider the spatial dis-
cretisation Q, of a straight and undeformed beam Q which is divided into segments Q. = (s, s{) with

E __
e=1,..,E sothat Qy = |J Q. This discretisation can also be seen in Figure 3.1. e is the element, E is
e=1
the total number of elements, and sg and sf represent the element nodes. Furthermore, the boundary of
the beam is defined as dQj, = {0, L}, with the external normal n, setton, =1 ats = Land n, = —1 at

s = 0. Lastly, the Neumann boundary conditions on dQ);, are defined as dy th and dy,  Qj, where the

m

external forces f and external moments i, , respectively, are applied.

0 s; s s e41 ST L
..-------.—. ....... P — = - )
s, 0 s

—>S

Figure 3.1: The discontinuous Galerkin discretisation of a straight and undeformed beam, from [16]. Internal nodes such as s{

e+1

and sg*" are duplicated to capture discontinuities at element interfaces denoted by s, with n the number of interfaces.

Next, Equation 3.12 is treated. In accordance with the discontinuous Galerkin formulation, the centroid
position field r(s), its derivatives and its associated kinematically admissible variations ér(s) are
allowed to exhibit discontinuities at the interfaces s, with n = 1,..., E — 1 of adjacent elements. The
discontinuous Galerkin weak form of Equation 3.12 can then be derived by multiplying the strong form
by 6r, integrating over the individual subdomains Q, with e = 1, ..., E, and integrating that by parts.
This results in Equation 3.13.

_Z/ fir - o1 ds—Z/ fu-or' ds—Z[[f 6r]]( +(f - or)
f.ords = A¥ - Ord
+;Qef rds ;/Epr rds

The Neumann boundary condition f = . f has also been applied on IN;Qp, in Equation 3.13. Fur-
thermore, the effect of the discontinuous fields has also been included as a jump term, along with the

9Nf Q
(3.13)

notation | , which means a quantity e evaluated at s = 4.

a

The jump term can be reformulated with the identity [a - b] = (a) - [b] + [a] - (b) as Equation 3.14.

F"J

-1

If-or]]|_ = 5 > [#r-1en]|. -5 [171-om)]| (314)
n=1 "on=1 "

=
I
—_
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On top of this, when the vector identity a - (b X ¢) = ¢ (a X b) is used on Equation 3.11, then the term
in Equation 3.13 that includes f, can be re-expressed as:

E
r><6r
- or' ds = /(m +1iy)-
2 o S Z L) e
:Z/ (mi+1’7’lJ_)'66J_dS
e=1 Y%

The kinematically admissible variation 00, seen in Equation 3.15 and defined by Equation 2.55 emerges
in the process of applying the aforementioned vector identity as the work conjugate of the bending
moments. To streamline the notation in the expressions below, the subscript L of 60, is suppressed,
and 60 is adopted instead. Now, integrating the right-hand side of Equation 3.15 by parts results in
Equation 3.16.

(3.15)

E E E
(m' +m,)-60ds = /rh 00 ds — m,y - 60’ ds
;/ L Z . > [, m

—Z [<m¢> [[69]]” [[[mJ_ﬂ (66)” + (171, - 66)

n=

(3.16)

Nm Qp

Here, the Neumann boundary condition m, = n.m, is applied on dy, Q, and the identity [a - b] =
(a) - [b] + [a] - {(b) was used once more.

With Equation 3.14, Equation 3.15 and Equation 3.16, Equation 3.13 can be expanded to:

E-1

E E E-1
Z/Q pAif'-(Srds+Z/Q fiy - or"ds + [(f)-[[ér]]]|sn+nz_; [[[f]]-(ér)”s"

e=1 € n=1
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-1

+ZE: mJ_ 66’ dS+Z [(mﬁ [[69]]” + [[[mJ_ﬂ
=1

n

(3.17)
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The expression has been shuffled a bit so that the external load terms and the Neumann boundary terms
are on one side of the equality sign, and the rest on the other side.

Because force f and bending moment m, discontinuities are not required to be penalised to preserve
the consistency of the numerical formulation, the associated terms in Equation 3.17 may be disregarded
[91] [92]. Still, numerical stability requires inter-element compatibility to be enforced weakly. This is
accomplished with the interior penalty method as proposed in [91] [92]. In this case, the terms below
are incorporated into the left-hand side of Equation 3.17:

EZ_iﬁp (54 tor1- 1], +Zﬁt (5 )tosi1 L 619

n=

Here, g1 = IIr’II due to the Kirchhoff constraint (see Equation 2.33). §, > 1 ([~]) and ; > 1 ([-]) are the
position and tangent jump penalty parameters, respectively. Lastly, / is the element size in [m].

With this in place, and after substituting the constitutive relations for torsion-free geometrically nonlin-
ear Kirchhoff beams given by Equation 2.54, the stabilised discontinuous Galerkin weak form can be
expressed as such:
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/thAif'.(SrdSnL/QhEAeéedsﬁLZ [(f) - [o7]] ) +Zﬁ,, [<7A>[M] [{m]}“
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+ [ iy 60 ds+ (- 56)
aNth Q

aN m Qh

Incorporating the cohesive zone model into the discontinuous Galerkin weak form

Everything in this subsection has been building up to this: the inclusion of fracture behaviour directly
into the weak form. This is why the first half of this subsection described the derivation of the discon-
tinuous Galerkin weak form, because that formulation of the weak form presents an opportunity for
tying interface and bulk behaviour in an elegant way. Kota et al. (2024) show how the cohesive zone
model (see Subsection 2.7.3) can be integrated seamlessly into the weak form [16].

It has been mentioned earlier that r(s) and #’(s) may be discontinuous at the interfaces of the finite
elements. That said, before fracture occurs, the compatibility across element boundaries is ensured
through the variationally consistent interface forces and moments. These are the two jump terms in
Equation 3.19 that involve the average force (f) and average bending moment (m_ ) fields. For brevity,
they will be referred to as the discontinuous Galerkin (DG) forces and moments.

When the fracture criterion (Equation 2.127) is met, the axial interface forces (f)| and the interface
bending moments (m, ) in Equation 3.19 are replaced with the cohesive axial forces and bending
moments of Equation 2.124. Only the axial component of the interface forces are replaced; not the full
interface forces, because Kirchhoff beams assume negligible shear strains, and in accordance with that
assumption, no shear fracture modes are modelled. This means that the component of the interface
force field ( f) in Equation 3.19 orthogonal to the cohesive boundary’s unit normal 7., is unchanged
until complete interface failure [92], when this term finally deactivated.

This switching from DG interface loads to cohesive loads is controlled by two binary parameters «;, and
¥n at each interface n. Prior to fracture initiation at interface n, @, = 1 and y,, = 1. After the fracture
criterion Equation 2.127 is satisfied, the parameter a, is set to &, = 0, but y,, still maintains the value 1.
It is only after complete decohesion, when A > A, that y,, also takes the value 0. Introducing the two
switching parameters into Equation 3.19 results in Equation 3.20.
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Above, the following shorthand notations are used:
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fDG,ll = (<f> “Meon ) flcon
fDG,J. = (I - ﬁcoh ® ﬁcoh) <f>
cpg,|| = ([r] - ficon ) ficon
cpG, 1 = (I —ficon ® ficon) [r]

In Equation 3.20, one can see that the two binary parameters a, and y, are used to switch between
interface behaviour: before crack initiation (a, = 1 and y,, = 1), the interface loads are the DG forces
and moments; during crack growth (a, = 0 and y,, = 1), the axial interface forces and bending moments
belong to the cohesive zone model but the transverse interface forces are unchanged; after decohesion
(a0, = 0 and y,, = 0), the transverse interface forces are also deactivitated. Furthermore, if the cracked
surfaces come into contact again after fracture onset, that is when Aj < 0 and A5 > 0, then the DG
axial forces and the stabilisation term associated with the position jump [6r] are reactivated in order to
let compressive stress waves propagate across the cracked interfaces.

Equation 3.20 is the weak form used by the numerical framework synthesised in this thesis, but it is
by no means the only way to integrate interface behaviour with bulk behaviour. However, the fact
that the derivation by Kota et al. (2024) seamlessly ties bulk and fracture behaviour together, and the
fact that Equation 3.20 is already implemented in SUMMIT, makes it an easy choice for settling on this
formulation.

3.1.4. Spatial and temporal discretisation

With the integration of fracture behaviour out of the way, now the spatial and temporal discretisation
of the weak form can be treated. Covering the spatial discretisation before the contact model is more
convenient since the contact formulation explicitly makes use of the fact that the beams are parametrised.
The contact forces are then incorporated into Equation 3.20 as explained in Subsection 3.1.7. The follow-
ing will mainly be formulated with the intention of solving Equation 3.20 numerically, however, the
discretisation applies to Equation 3.4 or any other formulation of the weak form just as much, if one is
not as inclined to follow the method described by Kota et al. (2024).

Discretisation in space

First, r is discretised in space using third-order Hermite polynomials. It has been shown that these
basis functions can reach an order of convergence of four in continuous Galerkin settings [69]. Hermite
polynomials are preferred over Lagrange polynomials because when Hermite polynomials are used, the
arc-length derivative of r, #’, at each node is directly accessible as a primary nodal degree of freedom.
This perk makes the computation of the terms at the element interfaces in Equation 3.20 simpler. As
such, the discretisation of r is the following;:

2 2 4
HE) > Y INUE + 5 D NHER = Y Na(©)a (3.21)
b=1 b=1 a=1

In Equation 3.21, p? and t’ signify the position and tangent degrees of freedom at the element nodes
b =1,2. & € [-1,1] represents the parametric coordinate on the reference element. & is mapped to the
arc-length coordinate s € [0, L] through the linear transformation s = %(1 + &). The two functions of &,

N}j and N?, are defined as the shape functions below.

N)©O = 70+ O0-7  NR©) = 2=+
(3.22)
NAO =70+~ N =—3(1-E)1+£)

The spatial discretisation gives rise to the semi-discrete system of equations Equation 3.23.

My + fif + [ = fent (3.23)
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Here, M, ¥, represents the inertial forces, fﬂint are the internal bulk forces, f;imp signifies the internal

interface forces, and £ comprise the external forces. The exact expressions of My, &, fi™, f;:mp and
f&% in terms of r, the shape functions, the constitutive parameters and the geometry can be found in

Appendix A of Kota et al. (2024) [16].

Discretisation in time

Because of the severe nonlinearities which will rear their heads when modelling impact and fracture,
an explicit time marching scheme is used. Not only is an explicit scheme simpler than an implicit
scheme, but explicit time schemes are generally the time integration schemes of choice when modelling
wave propagation and impact problems [93]. In this case, Equation 3.23 is solved with a second-order
explicit Newmark scheme. Special mass lumping [94] is used to prevent having to solve a linear
system to calculate the nodal accelerations, thereby saving on computational costs. However, explicit
time marching schemes are conditionally stable, so the time step At must be small enough to prevent
numerical instability. One way of choosing the time step size is by computing the stable time step size
At according to the Courant-Friedrichs-Lewy (CFL) condition Equation 3.24.

2

Wmax

At. =

(3.24)
Here, wyx = maxfi 1(I1Ai]]) is the largest natural frequency of the system.

Using Equation 3.24, the stable time step size At can be calculated one time before the simulation, and
over the duration of the simulation, the time step can simply be held constant and equal to the stable
time step, that is At = At,. To actually calculate At., one must solve the linearised eigenvalue problem
below.

(Kg;; + KUmPPG )2 M;;;mp) ®=0 (3.25)

In Equation 3.25, A is an eigenvalue, and @ is its corresponding eigenvector. M}:;mp is the lumped mass

) - jump,DG
matrix of the system, and ngl;t and K’;;Tp

can be found in Appendix B of Kota et al. (2024) [16].

are stiffness matrices. The exact expressions for K3 and
jump,DG
Kabi

The specific second order Newmark scheme used to solve Equation 3.23 is a central difference scheme.
However, to better reflect the solver implementation in SUMMIT, Equation 3.23 will be reformulated in
residual form.

M = Rie) = g o 629

Here, R is the residual force vector, which, in the case of the central difference scheme, is a function of
the nodal degrees of freedom, x.

The update equation for the nodal degrees of freedom, x is given below.

n+l -1 Atz N
Ax" = Atx" + - % (3.27)
In Equation 3.27, %" is the nodal velocity field at time t,, ¥" is the nodal acceleration field at time t,,
and Ax"*! is the nodal degrees of freedom increment for time ¢,,41.

After predicting the nodal degrees of freedom at time #,,471, x"*! the nodal acceleration field at time #,41

can be computed by solving Equation 3.28 explicitly for "*1.
Mlumpx.n+l — R(xn+1) (3.28)

Important to note is that the mass matrix in Equation 3.28, M'“™P, is the lumped mass matrix. In this
case, the equation can be solved explicitly without needing to perform any matrix inversions or solving
a linear system.
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With the nodal acceleration field at time t,+1 known, the nodal velocity field at time ¢, can also be
calculated using the update equation below.

A= i 4+ % (#" + &) (3.29)

With the kinematic update equations Equation 3.27, Equation 3.29, and the acceleration update equation
Equation 3.28, the full time marching scheme has been discussed.

3.1.5. Choice of beam-to-beam contact formulation

Subsection 3.1.3 offers a way of unifying fracture behaviour with bulk material behaviour. However, still
missing is the contribution of beam-to-beam contact to the equation of motion as given by Equation 3.23.
Therefore, the implementation of the contact model is treated next.

The natural starting point is deciding on the formulation for beam-to-beam contact. The literature
review on contact mechanics, and specifically on beam-to-beam contact (Subsection 2.6.6) concluded
that a penalty contact method is the way forward, but it left off with two ways of formulating the beam
contact problem: point-to-point contact and line-to-line contact. Both formulations have their strengths
and weaknesses, so similar to Subsection 3.1.1, the choice is based on some criteria.

These criteria are (1) robustness, (2) simplicity and (3) computational cost. Robustness refers to the
contact formulation’s ability to handle arbitrary contact angles. Simplicity is the ease with which a
contact model based on this formulation can be implemented in SUMMIT and integrated with the
solution routine described in Subsection 3.1.4. Lastly, computational cost signifies the time it takes for
the contact algorithm to find contact. Subsection 2.6.6 already treated the strengths and weaknesses of
both formulations in detail, so the performance of both contact formulations have been summarised in
Table 3.2.

Table 3.2: Overview of the beam-to-beam contact formulations.

Formulations | Robustness Simplicity ~Computational cost

Point-to-point - + +

Line-to-line + - -

Meier et al. (2016) make it quite clear that the line-to-line formulation is more robust than the point-to-
point formulation, being able to model arbitrary beam contact scenarios from the full range of possible
contact angles a € [0°,90°] [17]. That said, this formulation is a lot more complex to implement, and
more computationally expensive than the point-contact formulation.

It is for this reason that the framework synthesised in this work relies on the point-to-point beam contact
formulation. The biggest motivation is the fact that the point-contact formulation is relatively easy to
implement in SUMMIT, and can be incorporated into the solver routine with minimal adjustments.
The line-contact formulation by contrast requires some substantial changes to the representation of the
elements since the contact discretisation is decoupled from the beam discretisation. This also changes
the residual contributions of the integration points used by the contact model (see Equation 2.116).
Because this thesis represents a preliminary attempt, and in the context of the SUMMIT framework, the
first stage, to bridge the gap between fracture and beam contact, it was thought wise to limit to contact
model to the simplest formulation possible.

Having said this, conceding the robustness offered by the line-contact formulation is not the end of
the world. The point-contact formulation cannot guarantee a unique solution when contact angles are
small, but such contact events usually are forms of contact between parallel members or intertwined
members. Meier et al. (2016) provides some examples of such contact cases (Figure 2.40) [17]. The
structures modelled in this thesis consist of beam lattice unit cells like the insideBCC (Figure 4.1), the
octet (Figure 2.9) and the truncated octahedron (Figure 2.11), so unless the members are pre-wound,
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it seems unlikely that they can intertwine during impact. Furthermore, the Newton solver used to
find the contact point will automatically return the mid-point of the beam if it cannot find a solution,
meaning that if enough beam elements are used, the real contact point may not be that far from the
calculated contact point.

The computational cost criterion is saved for last because it does not really factor into choosing the
beam contact formulation. As mentioned in Subsection 2.6.6 and above, the line-contact formulation
introduces additional computational complexity. In response to this, Meier et al. (2017) proposed a hy-
brid method which combines point-contact, for large contact angles, and line-contact, for small contact
angles, to essentially get the benefits of both worlds: compared to pure line-contact, it is computationally
less expensive; compared to pure point-contact, it is more robust [95]. Be that as it may, the existence of
this hybrid model does not change the fact that a requirement is implementing a line-contact model
first. Therefore, the computational cost criterion leads back to the simplicity criterion, because between
the pure point-contact model and the hybrid contact model, the pure point-contact model is still the
preferable alternative for the purposes of this study because of its simplicity. This also means that
if future works endeavour to implement a line-contact model, a natural evolution would then be to
develop the hybrid model.

One final remark is that the point-contact formulation can be made slightly more robust than the original
formulation by Wriggers and Zavarise (1997) [85] by using a phase angle coordinate transformation.
This is explained in more detail in Subsection 3.1.6.

3.1.6. Phase angle coordinate transformation

The use of a phase angle coordinate transformation is inspired by Sonandres (2025) to make the contact
algorithm more robust [96]. In his work, he introduces a phase angle mapping to convert the constrained
minimisation problem g = dj; — (R1 + R»), into an unconstrained one. Performing the optimisation
on the parametric coordinates &, and 1), is problematic because &, and 1), are restricted to the interval
[-1,1]. The standard Newton method is not inherently designed for constrained optimisation. To
solve this, one could use either a penalty or a barrier method to impose the constraints, but these
approaches require modifications to the standard Newton algorithm and therefore introduce additional
computational complexity and cost. Alternatively, one can implement corrective steps within the solver
algorithm to project the solution back into the feasible domain if the Newton increment violets the
bounds. However, such an approach can degrade the convergence properties of the optimisation
algorithm.

Instead, the adopted approach is introducing a phase angle mapping to transforms the search space to
a continuous manifold through the following coordinate transformation:

r=rE@), E=sin(@) deR (3.30)

Because the sine function is periodic, this means that any real valued ¢ maps to a unique & in the range
[-1,1]. Therefore, no explicit constraints in the optimisation are needed, since the constraints have been
incorporated into the parametrisation.

Because of this coordinate transformation, Equation 2.92 must be reformulated to reflect the change
in coordinates. This involves applying the chain rule (repeatedly) to all the terms in Equation 2.92
which are a function of £ or 7). Because Jake Sonandres used a slightly different notation and linearised
solution system formulation, the following equations differ slightly.

First, the two coordinate transformations:
& =sin(¢1) (3.31)

n = sin(¢») (3.32)
To help make the notation used in Equation 2.92 a bit more concise, consider that the optimisation
problem attempts to find the optima of the following objective function:

fem = 3 [n@ - n]” 1@ - ) (3.33)
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One can see that taking the first, second and mixed partial derivatives of Equation 3.33 with respect
to £ and 7 results in the same terms in Equation 2.92. As such, the system below is equivalent to
Equation 2.92.

2f 9 A
282 9%d
% Ff [ C] - [a 7 (3.34)
anoé n?
Equation 3.34 is transformed into Equation 3.35 to reflect the coordinate transformation.
Pf f of
¢2  9¢10¢z | [A 70
l LTS [Aii] [ " } (3.35)
dp2dP1 975% Er

Because f = f(r1,12) = f(r1(&), r2(n) = f(r1(E(P1)), r2(n(p2))), it means that each term in Equation 3.35
is found by using the chain rule.

First, the first partial derivatives with respect to ¢1 and ¢, are treated.
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The second order partial derivatives with respect to ¢1 and ¢, are given below.
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Equation 3.40 and Equation 3.41 make use of the fact that r; and &, and r, and 1 are functions of ¢; and
(2, respectively, to immediately ignore the last two terms.
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What remains, is finding the expressions for the partial derivatives with respect to 71 and r,, the partial
derivatives with respect to £ and 7, and finally, the partial derivatives with respect to ¢»; and ¢,. Starting
off with the partial derivatives of the objective function f with respect to r; and r;, the first order, second
order and mixed partial derivatives are listed below.

aif _ aif
9_1’1 =11 —1, (9_1‘2 = —(1’1 - 1"2) (3-42)
92 92
—JZC =1, _jzf =1 (3.43)
or; ar;
P>f >f

=-I, =-1 3.44
&1'1 81‘2 31‘281’1 ( )
The partial derivatives of r; with respect to &, and 7, with respect to 1 are actually found by taking
the corresponding derivative of r from Equation 3.21. This merely means taking the derivatives of
the shape functions from Equation 3.22. SUMMIT has an efficient way of storing the values of the
derivatives of the shape functions, which the contact algorithm takes advantage of.

The last partial derivatives that must be addressed, are the derivatives of £ and 1 with respect to ¢p1 and
@2, respectively. They are listed below.

oE

pr cos (¢1) (3.45)
.
—a(P% = —sin(¢2) (3.46)

The derivatives for n with respect to ¢, are the exact same as Equation 3.45 and Equation 3.46, except
¢1 must be substituted with ¢,. With this, all terms in Equation 3.35 are now known.

3.1.7. Contact model

With the core of the contact algorithm set, that is the optimisation problem and its linearised system
described in Subsection 3.1.6, it is now time to cover the inner workings of the contact model. The
contact model revolves around the contact detection process followed by contact enforcement.

Contact detection routine

This routine determines whether two beams are in a state of contact, and if so, it calculates the contact
force. To reiterate, a contact event occurs when the interpenetration condition (Equation 2.91) from
Subsection 2.6.6, and repeated below as Equation 3.47.

§=dp—(R1+R2) >0 (3.47)

Equation 3.47 requires a pair of elements to evaluate the condition. Therefore, the first step of contact
detection is finding element pairs which may violate Equation 3.47. Collecting these element pairs is
done using a linear nearest neighbour search. This subroutine is described visually in Figure 3.2.
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]

load the element set e of size

n of region E, element set f of
size m of region F and initialise
a vector of nearest neighbours

I

initialise i = 0

no

yes

retrieve element e;

initialise j = 0

no

increment i ]

yes

retrieve element f;

calculate the distance between
midpoints of ¢; and f; as dpia

|

no
dmid < dinteraction?

append element f; to the set
of neighbours for element e;

L increment j

Figure 3.2: A flowchart of the nearest neighbour search subroutine.

The flow chart Figure 3.2 mentions d;uteraction. This is the interaction distance between elements, and it
is defined as dinteraction = Mmax + (Ri + R;). hmax is the maximum element length in [m], while R; and R;
are the radii of the element pair, in [m].

The subroutine described in Figure 3.2 limits the search space of the contact detection algorithm to the
pairs of elements which are close enough together. This way, only the element pairs which may be in
contact are left. From here on, the nearest neighbour element pairs are tested against Equation 3.47. If
an element pair does indeed violate the interpenetration condition, then its contact state is set to true,
and the contact detection routine proceeds to calculate the contact force. The entire contact detection
routine is presented visually in Figure 3.3. The entire routine outlined below is executed at every time
step.
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Figure 3.3: A flowchart of the contact detection routine.

One particularity of the contact detection algorithm which bears mentioning is the fact that contact
between elements with a shared interface boundary is not allowed. This means that any contact event
for element pairs that share an interface boundary is disregarded. The reason for this is that the nearest
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neighbour search is agnostic about element connectivity: it does not care whether the element pairs are
connected or not, as long as they are within the interaction distance. The result is a phenomenon where
where beam elements sharing an interface experience contact when they should not. This means that
the nearest neighbour search will always find element pairs which are simply two elements connected
at one of their end points, because the distance from their respective mid points, dmiq, will always be
smaller than dinteraction if the elements are equal in length. The problem is that these elements should not
even be considered in contact because they are simply connected structurally. This problem posed one
of the biggest challenges to integrating beam contact with the rest of the beam model. To prevent these
cases of illegal contact, the solution consists of checking which elements share an interface boundary
and subsequently disqualifying any contact between those elements.

Contribution of the penalty force to the weak form

After detecting contact, the model must enforce the contact constraint. One can see in Figure 3.3 that the
enforcement method of choice is the penalty method. As explained in Section 2.6, a penalty approach is
preferred for beam elements since it does not introduce extra degrees of freedom. When the contact
state is positive, the routine calculates the penalty force at the point of contact using Equation 2.96. This
penalty force must then be incorporated into the weak form shown in Equation 3.20.

The way this is achieved currently, is as such: the discrete contact force at contact point p. = r(&.) is
divided over the two nearest quadrature points, g, and gy, of the beam element in contact following the
relations in Equation 3.48.

fE)=fatfo (3.48)
o= ”Zh 56': F(&0) (3.48b)
fo= HZ” EC':f(cfc (3.48¢)

Here, &, is the coordinate of the contact point in the parametric space of the beam element. f(&,) is
the contact force vector at the contact point. f, and f; are the contact force vectors at the two nearest
quadrature points. One can observe from Equation 3.48 that f; and f;, are scaled linearly based on the
distance of g, and g from the contact point, and that their sum is equal to the total contact force. This
scaling is necessary because the contact point will not always be exactly in the middle of two quadrature
points.

Furthermore, the moment arms from the two nearest quadrature points to the contact point p. are
calculated. These are used to calculate the equivalent moment at the quadrature points to maintain
force-moment equivalency after the distribution of the contact force over the two quadrature points.
When the residual of the element is calculated, the contact force contributions of each quadrature
point are added to the residual as f (see Equation 3.20). The contact moment contributions for each
quadrature point are also calculated using Equation 3.49, where #; is the moment caused by the contact
force f; at quadrature point i, with current position #;.

i = (pc— 1) xf,- (3.49)

Only the perpendicular components of the moment contributions are added to the weak form, because
the beam formulation is torsion-free. 1, is calculated using Equation 3.10. With this, the contact
contributions to 771, can be calculated, and added to the weak form in Equation 3.20. After assembling
the residual of all elements, one obtains the residual force vector seen in Equation 3.26.

Alternative implementation of the penalty force contributions to the weak form
However, because the contact forces are concentrated forces, there is actually an alternative way of
incorporating the penalty force contribution into the residual vector. The work contribution of a
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singularity force P is given by Equation 3.50.

W = / Po(pc(&c)) - Ords (3.50)
Qp

Here, 6(p.) is the Dirac delta function centred at the contact point. Using the sifting property of the
Dirac pulse function, /_ o:o f(x)o(a)dx = f(a), Equation 3.50 evaluates to Equation 3.51.

W=P-6r(&) (3.51)

Here, the fact that r is a function of the arc-length parameter s and thus a function of the natural
coordinate £ was used. Using Equation 3.52, and recalling that 6x are the variations of the nodal degrees
of freedom, the nodal force vector contribution of the singularity force P is given as Equation 3.53.

0r(&) = N(&)ox (3.52)

F=NT()P (3.53)

In Equation 3.52 and in Equation 3.53, N represents the shape functions stacked so that the mentioned
equations become vector equations. One could simplify Equation 3.53 to just F, = N,(&,)P fora =1,..4.
Now, if one has looked at the expression of the external nodal force vector, f¢*!, in Appendix A of Kota
et al. (2024) [16], then one may recognise that Equation 3.53 resembles the discrete force contributions
on the Neumann boundary conditions, [N a f ] | on, O

Equation 3.53 means that the contributions of the contact forces to the residual force vector can be
added to the residual force nodal field, rather than the residual force quadrature field. This would
better preserve the actual discrete force since it need not be distributed over the nearest quadrature
points first. As it stands now, this approach has not been implemented yet, and it makes for a great
recommendation for future work. That said, adding the contact force as nodal forces does introduce an
issue when one wants to also implement the line-contact or the hybrid contact formulation. The contact
force for line-contact is a distributed force, which makes it much better suited for the first mentioned
approach given that the distributed contact force will already be represented as a quadrature field.

Friction

The numerical experiments conducted in this thesis only consider frictionless contact, meaning the
contact forces comprise solely the normal forces caused by the contact event. However, implemented in
SUMMIT is a model for the tangential contact forces based on the Coulomb friction model. This model
requires an extra material parameter in the form of a friction coefficient. For the sake of simplicity, the
computational framework treated in this study does not take friction into account, but it should be
stated that should one want to take the next step and include frictional contact forces in the resultant
contact force vector, then that is certainly encouraged. It would involve determining said friction
coefficient experimentally, but once this parameter has been obtained, the tangential contact forces
can be calculated using the models for frictional contact developed in [97] and [98]. At that point,
the tangential contact force can simply be added to the normal contact force vectorially to obtain the
resultant contact force vector.

3.1.8. Tying contact with the system dynamics

Subsection 3.1.7 covers how the contact model finds contact cases and calculates the contribution of
the contact force at each contact event to the residual force vector. This subsection addresses how the
contact model fits into the time marching scheme used to solve the system dynamics.

The time stepping scheme has already been explained in Subsection 3.1.4, but in short, each time step
consists of the following stages: (1) the nodal degrees of freedom at time #;,11, x™*1 are predicted using
Equation 3.27, (2) with x"*1 the residual force vector is calculated at f,,41 using Equation 3.26, (3) with
Equation 3.28, the accelerations at time t,,41, #"*1 are calculated, (4) the velocity at time t,41, "1 are

computed.
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The contact model is incorporated into the time marching scheme via an intermediate step. This
intermediate step is inserted between stage (1) and stage (2) above. As such, the contact model uses the
nodal degrees of freedom at time ¢,11 to find any possible contact forces at time t,,41. Then, when the
residual is assembled, the contact forces are added to the residual as explained in Subsection 3.1.7.

Tying the contact model to the system dynamics presented another challenge to integrating contact with
fracture behaviour. The problem came in the form of propagating the contact dynamics to the adjacent
elements of a beam element in contact when interfaces are present. In the discontinuous Galerkin
formulation, adjacent elements do not share nodes. As explained in Subsection 3.1.3, internal nodes are
duplicated to allow discontinuities at element interfaces. As such, the interface elements play a crucial
role in maintaining compatibility when there is no fracture. It is through the DG interface loads from
Equation 3.20 that the interface elements ensure that contacting beam elements make the connected
beam elements deform with them rather than fly off as though they were untethered. Because of this,
it is vital that the weak form implementation properly communicates the weak form contributions of
contact to the interfaces too. This way, the interface elements can maintain compatibility during contact.

3.1.9. Key assumptions

The list below contains the key assumptions made to offer some perspective on the unified contact and
fracture framework treated by Section 3.1. Showing the assumptions before presenting the results helps
with interpreting the findings. As such, the unified inter-element contact and fracture finite element
framework for beam-lattice metamaterials operates under the following assumptions.

® The beam elements are considered slender and they are formulated as torsion-free geometrically
nonlinear Kirchhoff beams (Subsection 3.1.1).

* A hyperelastic constitutive law is used for simplicity.

¢ A linear traction-separation law forms the basis of the cohesive zones (Subsection 2.7.3).

¢ The linear decay is governed by two material parameters: the effective fracture energy, G., and
the cohesive strength, o, (Subsection 2.7.3).

¢ Fracture can only occur between elements.

¢ The time marching scheme utilises special mass lumping to save computational time (Subsec-
tion 3.1.4).

¢ Beam element pairs that share an interface, cannot enter contact with each other (Subsection 3.1.7).
¢ Contact is assumed to be frictionless (Subsection 3.1.7).

Wherever possible, a reference to the corresponding part of this thesis discussing the assumption is
provided.

3.2. Modelling a truss-lattice structure for impact problems

The logical next step of the methodology is addressing how the framework synthesised in Section 3.1
can be applied to model impact problems involving lattice structures, as formulated by subtasks 2 and
3. After all, the model governing the dynamic behaviour of the lattice struts has been treated, but what
must still be covered is the connection of these struts in the lattice. At first glance, this may seem like a
simple case of stacking unit cells to create the lattice structure, but there are some important modelling
choices involved that deserve mention.

3.2.1. The unit cell

As explained in Section 2.1, lattice structures comprise unit cells. More specifically, and more to the point
for this thesis, truss-lattice structures can be built from unit cells which themselves are interconnected
networks of struts and joints. Examples of truss-based unit cells have been shown in Subsection 2.1.2,
however, Figure 4.1 depicts another example of a unit cell.

It should be noted that unlike real manufactured unit cells, the modelled unit cells are ideal structures
without material or geometric defects. Likewise, the lattice structure is assembled from a perfectly re-
peating packing of unit cells. Lattice structures in real life will always have some kind of manufacturing
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defect in the constituent material, the geometry of a unit cell, the packing of the unit cells or all of them.
That said, if so desired, it is possible to model geometric defects by stochastically perturbing some of
the nodes of a unit cell or even the whole lattice structure.

The members of each unit cell are modelled with beam elements, so the dynamics of the struts can be
described by the framework, but that still leaves the joints. The joints are not represented as elements,
instead, they are represented as constraints in the framework. Subsection 3.2.2 takes a deeper look at
the joints.

3.2.2. Modelling joint behaviour

As eluded to earlier, the joints are represented as constraints on the kinematics of the structure. Gener-
ally, one can model the joints of a truss structure in two ways: with pin joints and with rigid joints. Pin
joints allow no transmission of bending moments between joined members [99] while rigid joints do.
More specifically, rigid joints fix the relative orientations of the members at the joints [100], allowing no
relative rotation at all. Both types of joint constrain the members connected to a joint to remain attached
to that joint.

Before the constraint equations for the joints are presented, it is instructional to define some terminology
to facilitate the process of explaining the constraint equations. Following the derivation by Kota et al.
(2026) J is defined as the set of joints in the lattice. For every joint j € J, one beam, identified with [; is
distinguished as the leader beam, and its deformation is not constrained. The other beams connected to
the same joint j make up the set 7; of follower beams. These beams are constrained by the kinematics
of the leader beam [100].

For pin joints, only Equation 3.54 is imposed. This leaves the rotations unconstrained.
6rf(sf) = 61’1],(51],) VieJ, VfeF (3.54)

Equation 3.54 requires that the admissible variations of the centreline positions of each follower beam
coincides with the centreline position of the leader beam at each joint. r, and ry are the parametrisations
of the leader and followers centrelines, respectively, and s;; and sy represent the corresponding values
of each beam’s arc-length parameter at joint j.

Rigid joints require a second constraint equation in addition to Equation 3.54 to constrain the rotations
at the joints. Because of the beam formulation used (Subsection 3.1.1), it is not possible to enforce the
rotational constraints directly by requiring the tangent variations of the centreline, 61‘} (sf) and 6rl’j (s 1,.),
to be equal to each other analogous to Equation 3.54. This is because constraining the tangent variations
also means constraining the axial stretch of the beams, which should be kept independent from each
other at the joints. Rather than constraining the tangent variations of r, the rotational variations are
constrained. The reformulation of the constraint results in Equation 3.55.

00¢(sy) = 6911(Slj) VieJ, VfeF (3.55)

When Equation 3.55 is combined with Equation 2.55 and Equation 2.34, it can also be expressed in terms

of the tangents:
1

rl
7711

In Equation 3.56, the explicit dependence of 7’ on the arc-length coordinate s has been dropped for
conciseness.

1 /
— 81,f X 6rf =

”1,/” 81 X 67'1/]./ V] €J, vf € ]:] (356)
f

When the cross product of Equation 3.56 is taken with g1 ¢, and using the fact that g1 f - 61']’( =9 rj’(| l,
Equation 3.56 can be rewritten as the following equation.
171

o} = dllrfl g1 ~ o 817 % (s, xor7)  vieg, vieF (3.57)
li
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Equation 3.57 defines the admissible variation of each follower beam tangent at joint j as a function of
its axial stretch variation 0| |r}| |, which as mentioned earlier is not constrained, and the variation of the

leader beam tangent 07/ . This expression is a nonlinear kinematic constraint.
]

The lattice structures investigated in this thesis all used rigid joints. Pin joints represent idealised
constraints that do not restrict member rotations. However, real joints involve some rotational stiffness
that allows for transmitting bending moments between members [101]. Therefore, rigid joints are the
preferred choice of constraint. However, it should be said that real joints do not fully constrain rotations
either because they would have a finite stiffness, meaning some relative rotation is possible between
joined members as a result of joint deformation.

3.2.3. Resolving contact between a rigid impactor and the lattice

Related to modelling truss-lattice structures for impact problems is resolving contact with an external
impactor. After all, the framework described in Section 3.1 handles beam contact, but the impactor used
in the main numerical experiment of Chapter 5 is modelled as a spherical rigid body. Therefore, the
impact problem also requires a suitable model for contact between a rigid impactor and the lattice.

Similar to the joints, the impactor itself is not represented as elements, but rather it is represented
as a boundary condition. One can think of the rigid contact boundary condition as a slightly more
complex force boundary condition which is time and position dependent. The contact force is computed
according to the following routine in Figure 3.4.



3.2. Modelling a truss-lattice structure for impact problems 83
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Figure 3.4: A flowchart of the rigid contact routine.

Similar to the contact force between beam elements, the contact force between a body and a rigid body
is given by the equation below following Wriggers [82] in the one dimensional case.

F. = —ec(u) forc(u)>0 (3.58)

Here, F, is the contact force, € is the penalty parameter, and c(u) is the interpenetration. Because the
contact force is calculated by looping over each node of the lattice, one can slightly modify Equation 3.58
to represent the contact force at each node, leading to Equation 3.59.

F.i = —ec(u); forc(u); >0 (3.59)

F.; is the contact force at node i. A 2D schematic of contact between a spherical impactor and a simpli-
fied lattice structure can be seen in Figure 3.5.
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Figure 3.5: A 2D schematic of contact between the rigid impactor and a beam structure made in GeoGebra. Node N; causes a
penetration of ¢;, resulting in contact force F.; on node N; and an opposite contact force F éi on the impactor.

Extending Equation 3.59 to the 3D case results in the vector equation below.

Fei=—ec(u;) for||d(u;)|| <R (3-60)

In Equation 3.60, R ([m]) is the radius of the spherical impactor and d(u;) is the distance vector, defined
as the difference between the centre of the rigid impactor (#impactor) and the i-th node of the lattice
structure (u;), as given by Equation 3.61.

d(ui) = u; — Uimpactor - (3.61)

Next, the expression of the interpenetration c(u;) is given by Equation 3.62
The value of the penetration c(u;) can be found as Equation 3.62.

c(u); = d(ui) - R; (3.62)

Here, R; is the radius vector in the direction of the distance vector d(u;). It defined as Equation 3.63.
Pointing the radius into the direction of d(u;) ensures that the interpenetration formula works for
non-incident contact between a node and the impactor.
d(u;)
R; =R+—F—7—+-. (3.63)
t @)

With this, the contact force at each node i, F.;, can be computed. After looping over all elements and
nodes, the global contact force vector can be assembled, and this is added to the external force nodal
field f¢** and thereby the residual force vector R of the entire system as described in Equation 3.26. As
for the force imparted onto the rigid impactor, each nodal force F,; is reflected and summed over all
nodes to find the total force acting on the impactor. In equation form:

N
FP =) —F (3.64)
i=1

Here, N signifies the number of nodes in the system.

3.2.4. Parallelisation

Up until now, the problem has only been considered from a single CPU point of view. However,
upscaling a model from a single unit cell to upwards of hundreds of unit cells means expanding the
model from at most a couple of hundred nodes to a model encompassing tens of thousands of nodes.
Models of this scale necessitate parallelisation to perform meaningful simulations in a reasonable
time span. When the problem is parallelised, it is partitioned and handed to multiple processors for
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simultaneous computations. This affects the simulation on two fronts: the partition of the mesh and the
parallelisation of the solver code.

Partitioning the mesh

The mesh is partitioned by dividing it into subdomains, as can be seen in Figure 3.6. Partitioning of the
mesh is taken care of by METIS [102], which is a program that employs graph partitioning algorithms
like multilevel recursive-bisection, multilevel k-way and multi-constraint partitioning schemes.

Figure 3.6: The partitions of the lattice for parallel computing.

Parallelising the code

Most of the solver code, built in SUMMIT, has been implemented with parallel computing in mind.
This enables the solver engine to divide the calculations over multiple processing units. In the case of
SUMMIT, the Message Passing Interface (MPI) is utilised to facilitate this. The parallelisation scheme of
the solver routine has each computing node carrying out the solver routine outlined in Subsection 3.1.4
on their assigned mesh partition, for every time step. The results at each time step are communicated
between partitions to ensure that the solution remains consistent between partitions. This way, the
results over the entire problem stay synchronised for all partitions.

Contact between the rigid impactor and the lattice is parallelised by giving each partition the same rigid
impactor, essentially running the rigid contact routine described in Subsection 3.2.3 for each partition
at the same time. The contact force on the impactor in each partition is also communicated over each
partition so that the total force imparted onto the impactor is actually equal to the total force the whole
structure would apply on the impactor. With the contact force synchronised, the impactor kinematics
are also automatically synchronised.

One may have noticed the opening line that "most of the solver code" has been implemented with
parallel computing in mind. Indeed, one major part of the solver code has not been implemented
with parallelisation in mind, which is the beam contact model. As it stands now, the contact step of
the solver can only resolve contact within a partition, but not between partitions. This has to do with
the fact that the contact routine needs to know of all elements to find element pairs, but when the
mesh has been partitioned, the system on one partition only knows of the elements on that one partition.

One work around could be to pass along the complete set of elements between all partitions, but as
one can imagine, this will severely reduce the efficacy of the parallelisation because each partition will
now look for potential element pairs between each partition. A better solution more compatible with
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parallel computing would be to redesign the way the potential contact pairs are determined which does
not involve searching over every element set.

For the purposes of this study, the fact that inter-partition contact is not resolved is conceded, but one
can make the argument that for capturing densification behaviour in impact, the stiffening effect of
the struts of the compressed cells contacting each other is primarily intra-partition contact as long as
the partitions are large enough enough potential contact events. Inter-partition contact events gain
more emphasis when impact causes tons of fragments to scatter at high velocities, which can further
damage the structure beyond initial impact with the impactor. Naturally, true parallelisation of the
contact model is a strong recommendation for future work.

3.2.5. Key assumptions

In a similar vein to Subsection 3.1.9, a list with the key assumptions going into modelling a truss-
lattice structure for impact problems is presented below. These assumptions mainly involve modelling
choices of the impact problem and the lattice structure, and are therefore mostly separate from the
computational framework described in Section 3.1.

The lattice structure is composed of a perfectly repeating pattern of unit cells (Subsection 3.2.1).

If desired, geometric perturbations can be applied to the lattice nodes to mimic geometric defects
(Subsection 3.2.1).

Joint behaviour is modelled as a kinematic constraint on the joined members (Subsection 3.2.2).

The lattice joints are modelled as rigid joints (Subsection 3.2.2).
® The impactor in the impact problem is assumed to be rigid and spherical (Subsection 3.2.3).
For parallel computing, the inter-partition contact events are conceded (Subsection 3.2.4).

3.3. Quantifying energy components

Section 3.1 and Section 3.2 treated the modelling side of this study, however, in order to test the
functionality of the computational framework as outlined by subtask 2, the energy balance of the system
must be tracked at every time. Doing so would provide insights into the system response during
and after impact. That said, tracking the energy components for the lattice can also be useful for the
application described in subtask 3 since they can be used to verify energy balance of the system and
to relate the impact response to the different energy contributions of the lattice. As such, this section
covers which energy components are tracked, and how they are quantified.

3.3.1. Energy balance of a mechanical system
The balance of energy of a mechanical system is a fundamental concept in the analysis of mechanical
systems, their deformation and their motion. Often times, the time history of the energy balance and its
components speaks volumes about the response of a mechanical system under a load.
In this study, the energy balance is formulated using the total energy E;., as seen in Equation 3.65, and
from there, Equation 3.66.

Eiot = Exin + Wint — Wext (365)

Emech = Exin + Wint (3.66)

Here, Eyin is the kinetic energy at a given time. Equation 3.65 is meant to represent the cumulative total
energy, kinetic energy, internal work and external work. The sign of W, was chosen as negative since
this term represents external work. E,,.; in Equation 3.66 is defined as the total mechanical energy of
the system. Conservation of mechanical energy is then satisfied if E,;;.cj, is constant. Similarly, balance
of energy is satisfied when E;,; is constant. Equation 3.65 and Equation 3.66 can be plotted against time,
and can be immediately interpreted since they represent cumulative quantities.

Strictly speaking, for the purposes of mechanical energy balance, Equation 3.65 is sufficient to de-
termine at a glance whether a system conserves energy. When applied to the impact problem, one
would expect that the total energy decreases as a result of the dissipation mechanisms touched upon in
Subsection 2.3.4. However, this makes it impossible to distinguish what kind of dissipation mechanism
was at play because all their effects are now confounded into the energy deficit. If one would like to
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quantify the energy dissipation of specific dissipation modes, then tracking their associated energy is a
must.

To this end, Equation 3.65 and Equation 3.66 can be modified by adding extra terms representing the
energy contributions from the different dissipation modes. Since the computational framework only
considers fracture and contact, and not plasticity or thermal effects, Equation 3.65 and Equation 3.66 are
only modified by adding an interface energy term to represent the work needed to cause fracture in the
cohesive zones.

Etot = Exin + Wint + Wirac — Wext (367)

Eeci = Exin + Wint + Wfrac (3-68)

In Equation 3.67, We, is the interface energy. Its sign is chosen as positive since absence of damage
means the fracture energy is 0, and the total energy is equal to the total energy from Equation 3.65.
If there is damage, then Wi > 0, but the total energy E;,; still remains constant (assuming the only
dissipation mechanism is crack growth). This way;, if there is actually another untracked dissipation
mechanism at play, then one can immediately tell from E;,;. In a sense, adding energy components to
Equation 3.67 is a means of tracking said energy components. The next subsections will cover each
energy component of Equation 3.67.

Before moving on to the individual energy components, Equation 3.67 should be slightly rewritten to
increase clarity for the case when an impactor is involved.

Etotsystem = EtOfFEM + EtOtimpactor = EkinFEM + Ekinimpactor + Wint + Wfrac - WEXtFEM - We (369)

Xtimpactor

Equation 3.69 describes the total tracked energy of the system, meaning both the lattice structure and
the impactor. No effort was made to distinguish between the internal work or interface energy of the
finite lattice structure and the impactor, because the impactor is a rigid body. This naturally leads
to the expressions for the total energies of the finite element system and the impactor in isolation,
Equation 3.70 and Equation 3.71.

EtOtFEM = Ekil’lFEM + Wint + Wfrac — YVextpgm (370)

EtOtimpactor = Ekinimpactor - WeXtimpactor (371)

Assuming that the system consists only of an impactor and a lattice, then Equation 3.69 can be simplified
to Equation 3.72 since the external work done by the impactor and the external work done by the lattice
are of equal magnitudes and of opposite signs in this case. The impactor does work on the lattice during
collision, so the same value of W, also appears as Wextg, but with an opposite sign.

Xtimpactor

EtDtsystem = EtOtFEM + EtOtimpactor = EkinFEM + Ekinimpactor + VVint + Wfrac (372)

3.3.2. Kinetic energy

The kinetic energy of the finite element system is calculated using Equation 3.73.

N
Exingene(bn) = ), 5mi03(t) (373)
i=1

N

Here, N is the total number of unconstrained degrees of freedom, m; is the lumped mass contribution
of degree of freedom 7, v;(t,) is the time derivative of degree of freedom i at time f,,. Although the mass
field is the lumped mass field, using enough elements means that the mass field closely approximates
the real mass field. More noticeably is the lack of any rotational contributions. This has to do with
the fact that torsion-free geometrically nonlinear Kirchhoff beam elements are used, which means
the rotational inertia can be neglected Subsection 3.1.2. Comparing Equation 3.73 with the kinetic
energy expression from Equation 3.2, one can see the similarities. Equation 3.73 is the preferred way
of calculating the kinetic energy because it involves no integration over each element since the nodal
velocity field is accessible to the entire system, and the lumped mass has been assembled at the very start.
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That said, if one were to compute the kinetic energy by integrating the kinetic energy per unit length of
a torsion-free geometrically nonlinear Kirchhoff beam from Subsection 3.1.2 over the length of each
element and then summing over each element, then one would arrive at Equation 3.74.

E I
"1 ) )
Exingey (£1) = E /0 EpiAiriT(S/tn)ri(Srtn)dS (3.74)
i=1

In the equation above, E is the total number of elements. p;A; is the mass per unit length of element i.
#i(s, tn) is the velocity field of element i at arc-length position s and time ¢,,. Although implemented in
SUMMIT, this method of calculating the kinetic energy is not used in this thesis because of the perceived
advantages of using Equation 3.73 owing to it not requiring any integration and thus summation over
the elements. Still, it may be a worthwhile exercise for future work to compare the kinetic energy
computed using Equation 3.73 to the kinetic energy following Equation 3.74.

Now, when the rigid impactor is involved, the total system kinetic energy must also include the kinetic
energy of the impactor since the impactor is not represented in the finite element system as elements.
The kinetic energy of the rigid impactor is given by Equation 3.75.

3
1
Eklnlmpactor(t” = Z Emngldv (tn (375)
i=1

This value can then simply be added to Equation 3.73 during post-processing to recover the full system
kinetic energy.

3.3.3. Internal energy
The internal energy of the finite element system is given by Equation 3.76.

Wine(t) = antun (3.76)

Here, E is the total number of elements and IT!_(t,) is the internal energy of element i at time t,. The
expression for Iy is given in Equation 3.2. Equation 3.76 must be integrated over each element.

Because the impactor is a rigid body, it does not contribute to Win.

3.3.4. External work
To calculate the cumulative external work of the finite element system, it is actually more convenient to
calculate the increment in external work AWing,,, at time f,,. This is done as follows.

N
AWeXtFEM(tn = (fz(tn) + fz(tn D)Axi(t,) + Z (R](tn) + R](tn 1))Ax](tn) (3.77)

i=1

In Equation 3.77, N signifies the total number of Neumann boundary conditions, while M is the total
number of Dirichlet boundary conditions. For the Neumann, or force, boundary conditions, an external
force f is applied to degree of freedom i. The increment work contribution is found by taking the aver-
age external force and multiplying it by the change in degree of freedom i, Ax;(t,) = x;(t,) — xi(t4-1).
For the Dirichlet, or displacement, boundary conditions, degree of freedom j is prescribed. The incre-
ment work contribution is computed by taking the average of the residual at degree of freedom j and
multiplying it by the change in degree of freedom j, Ax;(t,) = x;(t,) — xj(t,-1). The cumulative external
work can then be computed by summing each increment.

The external work on the impactor can be calculated in a similar way.

3

AI/\/eXt'impactor(tn) = Z

i=1

(Fci(tn) + Fci(tn—l))Axi(tn) (3.78)

N —
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In Equation 3.78, F, is the component in the i-direction of the total contact force acting on the impactor.
The average contact force in the i-direction is then multiplied by the change in position of the impactor’s
centre Ax;(t,) = xi(t,) — xi(t,—1). The cumulative external work is calculated by summing each in-
crement. That said, as explained earlier and as illustrated by Equation 3.72, for the lattice-impactor
problem, it is not necessary to compute the external work of the impactor and lattice since those two
would cancel each other when summed.

Contribution of contact to external work

From a numerical point of view, beam contact forces can contribute to external work, if only for a very
short time. When the contacting members stay in contact, this either means they have come to a halt, or
they are moving in the same direction (e.g. inelastic collision or forced displacement). In both cases,
the work done by the contact forces on both members is net 0 since the contact forces are opposite in
direction but the displacement is 0 (in case of the former) or the same (in case of the latter). However,
this ignores the effect of interpenetration. While two beam members penetrate into each other, they are
subjected to contact forces, and depending on the contact penalty stiffness and the time step, it may
take some time before the contact force manages to reduce the interpenetration to 0 again. Figure 3.7
shows the interpenetration g schematically in time.

Ta

Figure 3.7: A schematic of the interpenetration of two contacting beams in time, made in GeoGebra.

Note that in reality, g() is not a triangle wave, since this would imply the velocity is constant. However,
because the contact force is proportional to g, the acceleration will not be 0 meaning the velocity cannot
be constant. Still, this schematic tells one important thing: when the penalty contact approach is used,
then contacting elements do not immediately return to the no-penetration state, but rather it takes time
until the penetration goes back to 0. However, while this happens, the contact forces actually do work.
Consider an example of two contacting beams based on the schematic Figure 3.7: just after contact
(t = 0) and before g reaches its peak value, both beams have some displacement from their original
position and are subjected to contact forces. This has been schematically described by Figure 3.8.
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Figure 3.8: A schematic of two contacting beams, made in GeoGebra.

In Figure 3.8, the two contacting beams are represented by the two circles, effectively showing the side
view. u7 and u, are the current positions of the two beams. g is the interpenetration at the current
time, and F; and F, are the associated contact forces on the two beams. One can see that the contact
forces will do work on the two beam elements. If duy; = uq(t) — u1(0) and duy = us(t) — u(0) (here
t = 0 means at the start of contact) are equal in magnitude and point in the same direction, then the
total work of the contact forces Weontact = F1 - duy + F - dup will be net 0 because F; = —F, (assuming
no friction). However, du; = du; is not necessarily true in general for contacting beams. If one beam
has constrained positions, then du = 0 for that beam. This means that Weontact # 0. Similarly, if one
untethered beam element such as a fragment of a broken strut contacts a beam element which is
still connected to adjacent elements, then the displacement of the connected beam element will be
smaller than the displacement of the untethered beam element: ||duy|| # ||du;||, because the connected
beam element is kinematically constrained by the adjacent elements. In this case Weontact is also non-zero.

Now, after the peak of g the interpenetration eventually decreases back to 0 again and the beams lose
contact (the right side of the triangle in Figure 3.7), the du; will generally point in the opposite direction
to duy unless they move in the same direction after collision. If du; points in the opposite direction
of du; while ¢ # 0 meaning the contact forces are still non-zero, then Weontact # 0. This is true for
when ||duy|| # ||duw1|| and when ||duy|| = [|du1||. As such, the above example illustrates how the work
contribution of the contact forces both before and after the maximum interpenetration can be non-zero.

This contribution of the contact forces between the beam elements of the lattice to the total energy is
not tracked. However, this work contribution is mostly dependent on the time step. If the time step is
sufficiently small, then the work increment caused by the contact forces becomes negligible compared
to the other energy components.

3.3.5. Interface energy
The interface energy of the cohesive zones is calculated using the following equation.

C
Werac(ta) = > Wi, (t) (379)
i=1

Here, C is the total number of interfaces, and Wfirac(t") is the interface energy of interface 7 at time f,,.
Wrac can be computed using Equation 3.80.

. %(fc + fcoh(tn))A(tn)/ ifA> Amax
Werac(tn) = { 3 A, if A > Ac (3.80)
Wfrac(tn—l)/ ifA < Amax

Here, f. is the critical cohesive force, f.on(f;) is the effective cohesive force at the interface at time
tn, A(t,) is the effective separation at the interface at time t,,, Ay is the maximum effective separa-
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tion in the entire loading history, and A, is the effective separation at which complete decohesion occurs.

Equation 3.80 essentially states that the interface energy is equal to the area under the cohesive law
Equation 2.125 (see also Figure 2.44). If A,ux < A < A, then the area is from the origin up until A,
which is a trapezium, hence why the formula for the fracture energy in this regime is equal to the area
of a trapezium. If A > A., then complete fracture has occurred, so the interface energy is equal to the
total area under the cohesive law, which is a triangle. This also implies that post fracture, the interface
energy must stay constant because there is nothing left to put energy into. If A < A4, the crack does
not grow, meaning no energy is dissipated because of it, and as such, Wisc does not change. The way
Equation 3.80 is formulated captures permanent damage. Even if the interface is unloaded so that A = 0,
Wrae maintains the last reached value.

In principle, the DG interface forces and moments from Equation 3.20 can contribute to the interface
energy, however, in practice, the pre-fracture effective separation A is so small, that these loads have a
negligible contribution to the interface energy.

3.3.6. Assumptions and potential sources of error
Just as with Section 3.1 and Section 3.2, the assumptions will be listed. Doing so before presenting the
results may help explain potential sources of error later.

¢ For the lattice structure, only the kinetic energy, internal energy, external work and the interface
energy are tracked (Subsection 3.3.1).

¢ For the impactor, only the kinetic energy and external work are tracked (Subsection 3.3.1).

¢ The energy contributions of plastic deformations, shock waves and heating are not tracked because
these phenomena are not modelled (Subsection 3.3.1).

® The impactor is modelled as a rigid sphere so it does not contribute to the internal energy of the
system (Subsection 3.3.3).

® The energy contribution of the beam contact forces is not tracked (Subsection 3.3.4).
¢ The interface energy is based on a linear cohesive law (Subsection 3.3.5).

¢ The interface energy only comprises the contribution from the cohesive forces and moments
(Subsection 3.3.5).

3.4. The SUMMIT framework

As mentioned during the introduction of this chapter, the SUMMIT framework serves as the basis for
the simulations and the computational framework covered in Section 3.1. It is therefore fitting to cover
SUMMIT, and to this end, this section will introduce SUMMIT, highlight some of its key features, and
provide a high-level overview of the SUMMIT framework is used in the simulations conducted during
this study.

SUMMIT is a finite element code base, and the formulations and models described earlier have been
implemented in code in SUMMIT, which is the research code of the Advanced Computing for Engi-
neering and Science group at TU Delft led by Dr Bianca Giovanardi. Two studies referenced before, on
computationally modelling fracture in geometrically exact beams [16], and on large-scale numerical
modelling of fracture in truss architected materials [100], are examples of SUMMIT being applied
to model computational mechanics problems. Other applications of SUMMIT include a study on
large-scale simulation of fluid-driven fracture propagation [103], and simulating the dynamics of large
assemblies of highly-flexible fibres immersed in viscous flow [104].

One of SUMMIT’s defining features is the fact it is written in C++. This means it benefits from all the
advantages attributed to C++, such as high performance, Object-Oriented Programming (OOP) support,
and platform independence. The high performance of C++ is especially useful for SUMMIT since the
types of applications built in SUMMIT will be of the computationally demanding kind. After all, the
calling of a FEM framework is modelling complex mechanics problems. The ability to use OOP in SUM-
MIT lends itself to further benefits such as code reusability, improved maintainability and modularity.
This becomes especially useful when one considers that SUMMIT is developed by a team, which further
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emphasises the need for modularity and maintainability. It is this modularity which also gives SUMMIT
the capacity to model widely different problems, from fluid-structure problems to crack-propagation
problems. Lastly, the platform independence of C++ makes porting SUMMIT applications to different
platforms easier. This further facilitates SUMMIT’s collaborative development, and promotes the
deployment of SUMMIT to high-performance computing (HPC) clusters. The latter is another hugely
beneficial trait of SUMMIT since large-scale problems often necessitate the use of distributed computing.

Figure 3.9 gives an abstract overview of how the SUMMIT framework is used for the simulations, that
is, in SUMMIT applications. The depicted diagram both serves to emphasise the modular nature of
SUMMIT, as well as highlight some of the important modules in SUMMIT which were modified.

Application driver Output
Legend
Mesh FunctionSpace New code
Modified existing code
System Solver
Existing code
SUMMIT

Figure 3.9: A diagram of how a SUMMIT application works.

As can be seen in Figure 3.9, SUMMIT applications are built around a driver file and the SUMMIT
library itself. The meaning of the blocks in Figure 3.9 is explained below.

Input is an abstraction for all the user-defined data required to make the application run. This
includes material properties, system and/or solver parameters, geometric inputs or even the
entire mesh file.

External libraries represent the non-SUMMIT libraries used by an application. Most notable
for the applications developed for this thesis is MITO. One of utilities provided by the external
libraries is mesh generation.

The application driver interfaces with SUMMIT and controls the simulation. Using modules
from SUMMIT, the driver interacts with the inputs by discretising the mesh, creating a system,
initialising a solver, and setting boundary conditions and initial conditions. After this, it marches
through time to solve the system while writing the results to output files.

Output is an abstraction for all the un-processed output data written by the driver. This can be in
the form of VTK files, which can be visualised directly in software like Paraview, or it could be
raw data written to dat or csv files.

Mesh is a SUMMIT object that takes a mesh file, and splits the geometry into cells bound by
vertices.

FunctionSpace adds physical meaning to the geometry by taking the Mesh object and splitting it
into element sets.

System is the object which drives the analysis. It takes the FunctionSpace object and the material
properties, and it holds the governing equations and the primary variables. The governing
equation defining a System is the weak form, which has contributions from every part of the
Mesh. These parts are known as Regions.
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* Solver is responsible for solving the System. This object takes the System, and solves the weak
form for the next time step based on the type of solver used.

It must be said that while some modifications were necessary to the modules mentioned above to make
a beam-contact-fracture implementation work, most of the code could be repurposed so that the basic
architecture of SUMMIT remains unchanged.



Numerical experiments

Test the functionality of the unified beam-contact-fracture framework in simple numerical
experiments.

Before deploying the framework to the large-scale numerical experiment of impact in a lattice structure,
three test applications are presented wherein the computational model is applied to simpler test cases
than the final experiment. The purpose is to demonstrate the performance of the unified inter-beam
contact and fracture model in stages. In doing so, each stage can isolate the performance of the compu-
tational framework in a certain area, facilitating debugging and further software development. After
treating all test applications and their results, this chapter ends on some comments on said test results.

The first test case considers a unit inside body-centred cubic (insideBCC) cell compressed to test fracture
and inter-beam contact under quasi-static loading. Case 2 features a unit insideBCC cell subjected to
an initial velocity front to investigate fracture and energy balance under dynamic loading. The third
case models the collision of two unit insideBCC cells with the intention of testing contact and energy
balance during collision.

4.1. Case I: compression of a unit insideBCC

The first simulation case models a unit insideBCC cell uniformed compressed under constant displace-
ment rate. The purpose of this test case to test the fracture and contact behaviour of the cell struts when
the cell is gradually compressed. Before jumping into the results, some time will be taken to explain the
set-up and the insideBCC unit cell.

4.1.1. Set-up and the insideBCC unit cell
The unit cells used in these test cases are all of the type insideBCC. The unit cell geometry can be seen
in Figure 4.1. It resembles a BCC cell superimposed with a simple cubic cell.

94
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< L

Figure 4.1: The unit insideBCC cell used throughout the test applications. Also the set-up of case I.

The unit insideBCC cell used throughout the test cases has dimensions 0.1 [m] by 0.1 [m] by 0.1 [m].
The simulation parameters have been summarised in Table 4.1.

Table 4.1: Simulation parameters for case I: the compression of a single insideBCC cell.

Parameter Symbol [unit] Value
Reference strut length Lo [m] 0.1
Young’s modulus E [MPa] 0.5
Strut radius r [m] 0.001
Strut mass density p [kg/m3] 1000
DG interface penalty Bpand B; [-] 1000
Cohesive strength oc [Pa] 9000
Fracture energy G¢ [N/m] 1
Mode-mixity parameter al-] 1
Displacement factor Raisp [-] -0.4
Displacement rate rdisp [m/s] 0.005
Contact penalty stiffness factor Reontact [-] 10.0
N2 elements per strut N [-] 10
Time step At [s] 1.0e-5

In Table 4.1, f, and f; are the DG penalty parameters used in Equation 3.20. ¢. and G, are used
in the cohesive law of the cohesive zone elements Equation 2.125 and Equation 2.126. « is used to
calculate the effective separation and the equivalent interface force Equation 2.123 and Equation 2.128.
The displacement factor Rgisp is the fraction of the initial height by which the cube is displaced, see

Equation 4.1.

Raisp = D 4.1)

disp = Lo ( .

Here, D is the final displacement of the cube in the z-direction. This simulation is executed at constant
displacement rate and fixed final displacement. Since the time step is also fixed, this means the final
time is determined by the final displacement value, and the number of time steps is determined from
the displacement rate, time step and final displacement. This choice of simulation driver is preferred
over a fixed number of time steps and free displacement rate since it allows for exact control of the
displacement rate. The number of time steps is calculated using Equation 4.2.
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DI
Ntime steps = floor (rdispAt (4.2)
Here, floor() represents the floor function in C++, which returns the largest integer value less than or
equal to the argument. With the number of time steps known, the forced displacement at each time
step, n, is given by Equation 4.3.
n
d= LO +———D (43)
Ntime steps

These displacements are applied to the top nodes of the cube as Dirichlet boundary conditions. Essen-
tially, this means all the top nodes of the cube have a prescribed displacement in the z-direction that is
incremented each time step until the final height is reached. The bottom nodes of the unit cell are fixed.
Note that the simulations are not run with gravity. Lastly, the contact penalty stiffness factor Reontact is
used as a scaling factor to calculate the penalty contact stiffness using Equation 4.4.

kp = Rcontactkeq (4.4)

Here, k., is a reference stiffness. In this case, the equivalent axial spring stiffness of the vertical struts is

used, given by Equation 4.5.

EA
L

Using a scaling factor for the contact penalty rather than the actual contact penalty stiffness itself makes
tuning the penalty stiffness more convenient. With these equations, the value of the penalty stiffness,
kp, is calculated to be 157.08 N/m.

ey = (45)

Figure 4.2 depicts a schematic of case I, showing how the cube is constrained both at the bottom and at
the top.

Figure 4.2: A schematic of the loading of test case I, made in GeoGebra.

4.1.2. Results

Four frames have been extracted from the simulation run and can be seen below in Figure 4.3.



4.1. Case I: compression of a unit insideBCC 97

00e+00

L 005
—-01

l—w 5601

(a) Simulation frame for case I captured at approximately 2.0 s. (b) Simulation frame for case I captured at approximately 4.0 s.
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(c) Simulation frame for case I captured at approximately 6.0 s. (d) Simulation frame for case I captured at approximately 8.0 s.

Figure 4.3: Four simulation frames for case I. Each frame corresponds to approximately 0.04 s.

Figure 4.3d is the last frame of the simulation, so it also represents the final state of the system. There
are two things of note: fracture occurs first at the vertical struts, and when all struts connecting the top
members to the bottom members have fractured, the top half of the cube is freely displaced without
being resisted by the bottom half the cube (aside from the occasional contact events between the struts).
The fact that fracture occurs at the vertical struts first is as expected because these members are sub-
jected to the largest bending moments owing to their large curvature as seen in Figure 4.3a. The second
observation is a consequence of the relatively low level of interconnection in an insideBCC cell. Aside
from the vertical struts and the joint in the centre, there are not many ways the top half of the cube is
connected to the bottom half, so structural integrity is lost quite quickly.

The energy components and the total mechanical energy of the system have been plotted as Figure 4.4.
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Figure 4.4: The energy balance of the system from case I for Rgjsp = —0.4 and rqisp = 0.005.

Figure 4.4 shows the external work, W,,;, the internal energy, Wiy, the interface energy, Wy,,., the
kinetic energy, Ex;,, and the total system mechanical energy, E .1, as functions of time. It also shows
the initial energy at time ¢ = 0 s, but for a displacement load simulation, this is 0.0 ]. One can see that
Enecn is generally equal to Wy, which implies that E;; is roughly 0.0 ] and constant, thereby satisfying
energy balance. Keep in mind that in this forced displacement case, energy is actively being injected
into the system due to the prescribed displacement, so E .., cannot possibly be constant.

After t = 4 s, the kinetic energy of the system starts rising because of the fragmented elements that
broke off from the fractured struts. After ¢ = 7 s the struts connecting the centre joint to the bottom half
of the cube break, which also causes a jump in the kinetic energy as the strain energy in the diagonal
struts is released. The external work plateaus after this point because the forced displacement does not
actually do work on the structure any more since the load paths through the bottom diagonal struts
have been interrupted. As one can see from Figure 4.4, the total mechanical energy follows suit since no
more new energy is injected into the system.

Figure 4.5 is the energy plot when the same experiment is run but with a displacement rate of 0.05 m/s.
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Figure 4.5: The energy balance of the system from case I for Rgjsp = —0.4 and rq4isp = 0.05.

As can be seen in Figure 4.5, the displacement rate, which is approximately analogous to the strain rate
for this test case, greatly affects the results. Although the displacement rate of Figure 4.4 is still too
high to really be defined as quasi-static loading, one can see from the kinetic energy that, initially, the
loading is not really dynamic.

This is not the case when the displacement rate is increased. The cube is compressed much more quickly,
such that the vertical struts fracture quite early on, which explains the difference in energy plots. One
will notice too that the total mechanical energy eventually starts diverging slightly from the external
work, likely because of contact interactions between the struts and the fractured elements. When the
time step is insufficiently small and if the contact penalty is large, then collisions between the fractured
elements could cause energy injection.

4.2. Case II: unit insideBCC subjected to an initial velocity front

The second test application features a unit insideBCC subjected to an initial velocity front at its top
nodes. Essentially, the cube is subjected to an impulse load without needing to model an impactor. This
test aims to investigate the fracture behaviour and energy balance under dynamic loading. The same
unit cell is used as in Section 4.1, which can be seen in Figure 4.1. The simulation parameters for this
test have been summarised in Table 4.2.
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Table 4.2: Simulation parameters for case II: the impulse loading of a single insideBCC cell.

Parameter Symbol [unit] Value
Reference strut length Lo [m] 0.1
Young’s modulus E [MPa] 0.5
Strut radius r [m] 0.001
Strut mass density p [kg/m3] 1000
DG interface penalty Bpand B[] 1000
Cohesive strength o¢ [Pa] 9000
Fracture energy G¢ [N/m] 1
Mode-mixity parameter al-] 1
Initial velocity vo [m/s] -0.1
Contact penalty stiffness factor Reontact [-] 10.0
N2 elements per strut N [-] 10
Time step At [s] 1.0e-6
Final time tinal [S] 0.25

Most of the parameters in Table 4.2 are unchanged compared to the previous test. Instead of displace-
ment loading, an initial velocity, vy, is applied in this test. This initial velocity is applied to all top nodes
of the cube, and it acts in the z-direction. Also, the time step At is a factor 10 smaller. The contact
penalty factor is 10.0, but it has little effect on the results for vg = 0.1 m/s because as one shall see,
there is no fracture in this run. In any case, using the material data and Equation 4.4, one finds that
ky =157.08 N/m.

Boundary conditions wise, the bottom nodes are all still fixed just like in case I, but the top nodes do
not have a prescribed displacement any more since this test is not displacement controlled. Instead, an
initial velocity front is introduced as an initial condition to the solver.

A schematic of the loading in case II has been included as Figure 4.6. One can see that the bottom of the
cube is constrained, but now there is an initial velocity front Vj applied at the top of the cube.

/o

Figure 4.6: A schematic of the loading of test case I, made in GeoGebra.

4.2.1. Results

Four frames have been extracted from the simulation run and have been included in Figure 4.7.



4.2. Case II: unit insideBCC subjected to an initial velocity front 101

21603 21603
[onms

2 —o0001

-
g

v + 00005

displacement Z
displacement Z

3
&
T
o o
8 8
g 2

0 0
27604 27604

(a) Simulation frame for case II captured at approximately 0.063 s. (b) Simulation frame for case II captured at approximately 0.125 s.
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(c) Simulation frame for case II captured at approximately 0.188 s. (d) Simulation frame for case II captured at approximately 0.25 s.

Figure 4.7: Four simulation frames for case II. Each frame corresponds to approximately 0.0004 s.

Figure 4.7d is the last frame of the simulation, so it also represents the final state of the system. One
important thing of note is that the four frames do not do the simulation justice in the sense that they
cannot capture the dynamic response properly. The initial velocity front causes the cube to vibrate.
Because of the low initial velocity, the cube does not exhibit any fracture at all. Indeed, the initial
velocity was too low to obtain any interesting results, so the same test case was run with an initial
velocity vg = —0.5m/s and vg = —1.0 m/s. Their final frames have been included below as Figure 4.8
and Figure 4.9.
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Figure 4.8: The final state of case II for vg = —0.5 m/s.
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Figure 4.9: The final state of case II for vg = =1.0 m/s.

displacerment Z

As can be seen from the figure above, the initial velocities for both runs were high enough this time
to cause fracture. In the case of Figure 4.8, the initial velocity front had a large enough magnitude to
cause fracture at the top diagonal struts, but not high enough to cause fracture in the vertical struts. For
the run that produced Figure 4.9, the initial velocity front was strong enough to cause fracture in the
vertical struts and the top diagonal struts, resulting in the final state seen in that figure. In both cases,
the contact penalty came into play again because the fractured members can contact other parts of the
structure. As such, for vy = —0.5 m/s, Reontact = 50.0, while for vg = —1.0 m/s, Reontact = 100.0. The
corresponding penalty stiffness values can be found by scaling k;, for vgp = —=0.1 m/s by a factor 5 and
10, respectively.

The energy components for the three runs, vop = —0.1 m/s, vp = 0.5 m/s and vg = —1.0 m/s, have been
plotted below as Figure 4.10, Figure 4.11 and Figure 4.12.
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Figure 4.10: The energy balance of the system from case II for vp = =0.1 m/s.

Figure 4.10 shows two things. Firstly, there is energy balance, and indeed, conservation because of the
lack of external forces. The mechanical energy of the system at all times is equal to the initial mechanical
energy Eg. This is equal to the initial kinetic energy of the system caused by the initial velocity front.
Secondly, Exi, and Wiy, look to be periodic in time, which lines up with the observed response of
the cube, which vibrates because of the initial velocity front. The initial velocities being too low for
fracture are a major reason why the system keeps vibrating since the lack of fracture means no energy
dissipation.
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Figure 4.11: The energy balance of the system from case II for vg = =0.5 m/s.

In Figure 4.11, energy conservation is also maintained for the majority of the simulation except for the
last time steps. vy is now large enough to cause fracture at the top diagonal struts, but the vertical struts
have not failed and still vibrate, as can also be seen in the periodic waveforms of Ex;, and Wiy;. The
small dip in the mechanical energy of the system towards the end can be explained by the fact that the
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top diagonal struts, which have broken off, now lie almost horizontally and actually do contact the
vertical struts towards the end. This interaction may have lowered the kinetic energy of the system.
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Figure 4.12: The energy balance of the system from case II for vgp = =1.0 m/s.

For vy = —1.0 m/s, Figure 4.12 shows that the kinetic and internal energy are aperiodic, if the high
frequency responses are discounted. This also lines up with the observed results in that vy is sufficiently
high to cause fracture in the vertical struts and the top diagonal struts close to the start of the simulation.
Secondary impact events after this initial fracture causes the broken struts to further fragment. One can
see that the mechanical energy of the system stays roughly constant throughout, as one would expect
for a conservative system.

However, there are two points, one after ¢ = 0.10 s and the other after f = 0.17 s, where the mechanical
energy starts diverging from Ey. It also happens to be the case that at and during these points, there
are many contact events between the fractured pieces of the struts. The temporary dip in mechanical
energy can be explained by the contact work phenomena explained in Subsection 3.3.4. Because the
contact events involve smaller fragments contacting with intact struts, and because the time step has
not been changed from At =1- 107% s while both the impact velocity and Rcontact Were increased, this
could have led to a larger contact work contribution. Since this contribution is not tracked, it could
appear as a dip in the mechanical energy.

The rise in the mechanical energy, however, may be more indicative of energy injection. One can see
from Figure 4.12 that the mechanical energy after t = 0.17 s suddenly jumps up, but stays roughly
constant afterwards. Similarly, the kinetic energy at around ¢t = 0.17 s increases while it was still
decreasing before this point. The internal energy has an increasing trend, so one would expect that
the kinetic energy should decrease to maintain energy balance. However, if kinetic energy were to
be injected into the system somehow at sudden points in time, then one would observe jumps in the
kinetic energy but outside of those jumps, the kinetic energy would not continuously grow. This could
lead to the case observed in Figure 4.12 where the mechanical energy increases suddenly, but it does
not grow continuously.

The question is how contact could cause energy injection. One possible explanation is that the contact
force and the associated impulse is too large to maintain conservation of energy. To try and explain this,
consider a simplified example of a ball colliding with a wall, Figure 4.13.
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Figure 4.13: A schematic of a ball colliding with a wall, from the lecture notes by Richard Fitzpatrick (2006) on classical
mechanics [105].

In the figure, the ball has a mass m, and it moves towards the wall at an initial velocity u;. After impact,
it has a final velocity of u in the opposite direction. Now, let F be the average contact force over the
duration of the impact. Using the principle of linear momentum and impulse Equation 4.6, the final
velocity us can be calculated.

Li-Li=1 (4.6)

In Equation 4.6, Ly is the final linear momentum, L; is the initial linear momentum, and I is the linear

impulse. Applied to Figure 4.13, this equation results in muy — mu; = Fdt, where dt is the impulse

duration. This expression can be rearranged to solve for us: ug = u; + %dt.

However, to maintain conservation of energy, there is an upper limit on the average contact force F
imposed by the system’s kinetic energy. The constraint on the kinetic energy is expressed as follows:
1 o

Emuf—%muiz <0 4.7)

Note that Equation 4.7 is not an equality because the collision need not be fully elastic. Now, when

ufp =u;+ %‘” is substituted into Equation 4.7, one obtains the condition below.

1 (Fdt
2

21
2
- u,-) —smi; <0 (4.8)
When Equation 4.8 is solved for F, one obtains —2u; % < F < 0. Using the sign convention used in
Figure 4.13, where u; is negative, then the restriction on F becomes 0 < F < —2u; 3. If || F|| > || — 2u; ||,
then the collision would add kinetic energy to the system. This means that if F is freely chosen, then
there is a real possibility that energy is injected into the system.

The way this ties into the contact model is that the penalty approach essentially prescribes the contact
force via the contact penalty stiffness. Effectively, the contact force is freely chosen in the penalty
approach. If the contact penalty is large, and if the interpenetration is large as a result of a large time
step, for instance, then the contact force over the duration of contact will also be large, leading to a large
average contact force. If a similar condition on the contact force exists for beam contact problems to not
add energy to the system, then it is possible that in the case of Figure 4.12, the average contact force
over the contact duration violates this condition, resulting in the injection of energy into the system.
Of course, one must keep in mind that the example from Figure 4.13 is a collision of a ball with a wall.
Equating this example to the case of contacting beam elements would be a major oversimplification, but
the underlying physics of impact indicates that the contact forces cannot be too large lest the change in
momentum of the contacting elements increases their kinetic energy.

4.3. Case III: collision of two insideBCC unit cells

The third test case concerns one insideBCC unit cell colliding with another insideBCC unit cell. In a way,
case Il is essentially case II, but this time, the impactor is explicitly modelled using another insideBCC
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cell. The goal of this test is to investigate the effect of contact on the energy balance during collision.
Both unit cells are insideBCC unit cells like seen in Figure 4.1, however, the set-up of the collision test
deserves its own figure given that it is slightly more involved than the previous cases, see Figure 4.14.

Figure 4.14: The set-up for case III. The impactor unit cell is rotated 45 degrees around the z-axis compared to the stationary unit
cell, and it moves downwards with 3.0 m/s.

The simulation parameters used in this test run have been summarised in Table 4.3.

Table 4.3: Simulation parameters for case III: the collision of two insideBCC cells.

Parameter Symbol [unit] Value
Reference strut length Lo [m] 0.1
Young’s modulus E [MPa] 430
Strut radius r [m] 0.001
Strut mass density p [kg/m?3] 1100
DG interface penalty By and B; [-] 1000
Cohesive strength o¢ [Pa] 11.0e6
Fracture energy G¢ [N/m] 2
Mode-mixity parameter a[-] 1
Initial velocity vo [m/s] -3.0
Contact penalty stiffness factor Reontact [-] 10.0
N2 elements per strut N [-] 5
Time step At [s] 1.0e-8
Final time tinal [S] 0.025

The biggest change in parameters compared to case Il is the fact that a different material is used. Case
I and case Il used a very compliant material with E = 0.5 MPa. The problem is that such a material
does not really exist in real life, which also means that there is no fracture data on it. As such, the o,
and G, parameters used in case I and case II have no physical basis. Because the main computational
experiment of impact in a lattice structure from Chapter 5 does use real materials, case III uses one of
the materials which can be used for said experiment. In this case, TMPTA.

Because TMPTA has a much higher stiffness, it necessitates running this simulation case with a much
smaller time step size. To save on computational time, the number of elements per strut was also
reduced to 5. The contact penalty factor was set to 10.0 as an initial guess of for the contact penalty.
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Using the material data provided in Table 4.3 and using Equation 4.4, the penalty contact stiffness
amounts to k, = 135088 N/m. After presenting the results for Reontact = 10.0 and At = 1- 1078 s, the
results of a simple sensitivity study for the contact penalty factor Reontact and a convergence study for At
are presented to illustrate the influence of both Reontact and At on the energy response of the problem.

Just as in case I and case II, the bottom nodes of the fixed cell are fixed. v is applied to the entirety of
the impactor cube, and it acts in the z-direction.

4.3.1. Results

Four frames have been extracted the simulation run and have been included below as Figure 4.15.
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(a) Simulation frame for case III captured at approximately 0.00375 s.
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(c) Simulation frame for case III captured at approximately 0.02 s. (d) Simulation frame for case III captured at approximately 0.02375 s.

Figure 4.15: Four simulation frames for case III. Each frame corresponds to approximately 4.0e-5 s.

The final state of the system has also been captured, and included as Figure 4.16.
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Figure 4.16: The final state for case III.

One thing which immediately stands out from Figure 4.15, is that there is no fracture. The initial velocity
of the falling cube is not high enough to cause fracture. This is an inevitable result of choosing a much
stiffer and stronger material. For this initial velocity, the deformations of the cubes are not large enough
to cause stresses that can initiate fracture in the struts. However, the much more compliant material
from the two cases before would actually cause the cubes to disintegrate on collision for the same initial
velocity, which also would not yield much meaningful information. This experiment must therefore be
rerun with a higher initial velocity to achieve fracture.

The energy components for vg = —=3.0 m/s and Reontact = 10.0 have been plotted below as Figure 4.17.
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Figure 4.17: The energy balance of the system from case III for vg = —3.0 m/s and Rcontact = 10.0.

Figure 4.17 confirms that there is no fracture in this simulation run. Furthermore, one can see that
the mechanical energy of the whole system, that is both falling and fixed cubes, is roughly constant
and equal to the initial energy. This behaviour is as expected since there are no external forces to this
system acting on the system. That said, during contact (roughly 0.00375 < t < 0.022 s), there are some



4.3. Case III: collision of two insideBCC unit cells 109

fluctuations in the mechanical energy. It stands to reason that the contact forces during collision are the
cause of this.

A further indication of this is the fact that post-contact, the mechanical energy of the system stays
constant again, meaning no new energy is injected into the system after the collision, and it returns to
the same value as the initial energy. This seems like a similar case to the temporary dip in mechanical
energy observed in Figure 4.12 where the phenomenon could be explained as the result of a large time
step size and high contact penalty stiffness. Because the contact work contribution is not tracked, this
could cause fluctuations in the mechanical energy.

As may have been the case with Figure 4.12, a combination of large time step size and contact penalty
stiffness can cause two contacting members to gain a large change in velocity due to the contact forces
acting on them. If the time step size is not small enough, then the initial velocity of the top cube can
cause large initial interpenetration, which, when combined with a large contact penalty stiffness, can
cause a large contact force on the contacting elements. One way to remedy this, may be to keep on
decreasing both the time step size and the contact penalty stiffness until the mechanical energy no
longer fluctuates during contact. To verify this, a sensitivity study on the contact penalty stiffness was
performed, and a convergence study for At was conducted.

4.3.2. Sensitivity study of Rcontact

To investigate the effect of the penalty stiffness on the energy response, a sensitivity study was conducted.
The value of Rcontact Was varied from 2.5 to 20.0 and a simulation was run for each of the Roontact values
in[2.5,5.0,7.5,10.0,12.5,15.0,17.5,20.0] except for Reontact = 10.0 since this is the same case as Figure 4.17.
The actual penalty contact stiffness values k;, can be calculated by scaling k;, for Reontact = 10.0 for the
other values of Reontact- For each simulation, an error measure, es, was computed and plotted against
the contact penalty factor. The error measure is defined as Equation 4.9.

. 2
5= — 1 / - (—E”’“’“(t) - 1) dt 49)
teinal — fo Jt, Eo .

This error measure expresses the cumulative root squared relative energy error. The instantaneous

2
relative energy error (E”%;(t) - 1) is integrated over time and then normalised by the time span so

that this error measure is dimensionless. The reason for integrating the relative energy error over time
is to take the time history of the energy into account. Just because the relative energy error at = g,
is low, does not mean the cumulative relative energy error is low. A case in point is Figure 4.17: the
relative energy error near the end is very low, but one can see that the time history of Emech shows
noticeable fluctuations. The square root of the square of the relative errors was taken to make all relative
errors positive so that errors of opposite signs cannot balance each other out. This way, relative errors
will strictly add to the cumulative error measure.

The error plot has been included as Figure 4.18.
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Figure 4.18: The error plot for the mechanical energy from case III for vg = —3.0 m/s and Reontact € [2.5;20.0]. es is the
cumulative relative error of the mechanical energy.

Figure 4.18 illustrates clearly that the energy response depends on the penalty stiffness. One will also
notice that the error plot is not monotonic. Increasing Reontact to 12.5 lowers the cumulative relative
energy error, but increasing it further causes es to rise again. This is in line with what was discussed
in Subsection 4.2.1: increasing Rcontact While keeping At fixed may lead to energy injection. On the
other hand, lowering Reontact from the initial value of 10.0 also increases es. Lowering the contact
penalty causes more interpenetration, which may result in increased contact work, as discussed in
Subsection 4.2.1.

The tolerance line in Figure 4.18 is the tolerance for es. It is equal to e;o; = tf+t0 /t;f €101(t)dt, where €44;(t)

is the instantaneous relative error tolerance. A constant value of 2% was chosen for this instantaneous
tolerance. Because the instantaneous tolerance is constant, the e; is simply 2% multiplied by ¢ — to,
divided by t; — to, resulting in an error tolerance of 0.02. According to this tolerance, the results for
5.0 < Reontact < 17.5 can already be considered converged. It is only when the contact penalty factor
falls outside this range that es is greater than the tolerance. To show why this is the case, the energy
responses for Reontact = 20.0 and Reontact = 2.5 are shown below. The energy plots for the other values of
Rcontact can be found in Section A.1.

Figure 4.19 illustrates the energy balance for when the contact penalty factor is 20.0.
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Figure 4.19: The energy balance of the system from case III for vg = —3.0 m/s and Rcontact = 20.0.

One can see that energy is injected into the system during contact, but after contact, the mechanical
energy maintains balance again. This seems similar to what was observed in Figure 4.12 for t > 0.17 s
where the contact penalty stiffness may have been too high to maintain energy balance. Figure 4.19
along with Figure 4.18 demonstrate that increasing the penalty contact stiffness while keeping the same
time step size can cause numerical errors.

Figure 4.20 is the energy balance for Reontact = 2.5.
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Figure 4.20: The energy balance of the system from case III for vg = —3.0 m/s and Rcontact = 2.5.

What stands out about the energy response is that the mechanical energy past ¢ > 0.017 s keeps rising.
The same trend can be observed in the internal energy past this point. The reason for this turns out to
be missed contact events, as can be seen in Figure 4.21.
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Figure 4.21: Missed contact in case III for vy = —=3.0 m/s and Rcontact = 2.5.

When the penalty contact factor becomes as low as 2.5, the collision between the two cubes actually
results in some missed contact events. This results in some struts of the top cube phasing through the
struts of the bottom cube. Two instances of missed contact have been highlighted in Figure 4.21. When
the cubes start moving apart again, the entangled struts pull some of the struts of the bottom cube up
with the top cube, resulting in the increasing trend of the internal energy observed in Figure 4.20. This
all goes to show that there is also a lower limit on the penalty contact stiffness for a given time step
size. Going below this limit may not only cause excessive interpenetration, but may even cause missed
contact events.

In all, the sensitivity study on the contact penalty stiffness demonstrates that the value of Reontact
definitely affects the results. At a given time step size At, there is a "safe" range of Reontact for which
the energy error is acceptable. However, going outside this range, either above or below, may cause
large errors in the energy time history either as a result of energy injection when the contact penalty is
too high, or because of missed contact events when the contact penalty is too low. The implication for
tuning the penalty stiffness is that there is no clear rule to follow: one cannot keep on increasing the
contact penalty since this may eventually actually increase the energy error, but one also cannot keep
on decreasing the contact penalty for the same reason.

Therefore, simply decreasing the contact penalty stiffness will not always be the solution. This is in
contrast to a convergence study with At where decreasing the time step will normally lead to lower
error and increasing the time step size does the opposite. A practical method for tuning the contact
penalty stiffness would be to find the lowest penalty value for which no contact events are missed and
for which whatever error measure is chosen, such as eg in this study, is below the tolerance. If the error
measure cannot be kept below the tolerance, one will have no choice but to reduce At.

4.3.3. Convergence study with At

The influence of the time step size At on the energy response was also analysed. The original intention
was to conduct a convergence study where the time step At would be refined from the original value
of At =1-1078 s to At = 1-107? ns with an intermediate time step size of At = 5-107 ns. In other
words, the range of At for which the cumulative relative energy error, es, would be calculated is
At €[1-1078,5-107%,1-107] s. The resulting error plot is given by Figure 4.22.
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Figure 4.22: The error plot for the mechanical energy from case III for vg = —=3.0 m/s and At € [10,5,1] ns. eg is the cumulative
relative error of the mechanical energy. Logarithmic scaling is used on the x-axis. Note that the x-axis has been inverted.

Figure 4.22 reveals something which should already have been apparent from Figure 4.18: if an instanta-
neous relative error tolerance of 2% is chosen, which also results in a cumulative relative error tolerance
of 0.02 when integrated over the time span ¢ € [0;0.025] s and subsequently normalised by the same
time duration, then At = 1-107® s was already enough to satisfy the error tolerance. As Figure 4.22
shows, further decreasing At has no observable effect on the error measure, so the solution had already
converged for the original time step size used in Figure 4.17.

In the end, it does not seem that for Reontact = 10.0 and vy9 = —3.0 m/s, changing At has much effect
on the energy response. One can find the energy response for the smaller values of At in Section A.2.
Rather, where the time step may start playing a more prominent role can be inferred from Figure 4.18.
Subsection 4.3.2 concluded that for a given time step At, there appears to be a range of values of Reontact
for which egs is acceptable. The bounds of this range seem to be determined on the low end by the
minimum contact penalty value to prevent missed contact, and on the high end by the maximum
contact penalty for which collisions inject energy into the system.

It is likely that decreasing At increases the range of safe Reontact Values. The lower bound can be pushed
lower because a smaller time step helps prevent missed contact events by virtue of there being less
of a time window for elements to phase through each other. For a similar reason, the upper bound
on Reontact could be pushed higher because a smaller time step limits the maximum interpenetration
possible in one time step, which also directly limits the maximum change in contact force possible. This
means the impulse due to contact is lower, which helps prevent energy injection during contact.

However, to prove this hypothesis, one would need to conduct the same sensitivity study in Subsec-
tion 4.3.2 for different values of Af and find the "safe" range of Reontact Values. If the hypothesis holds,
then the range of Reontact for which eg is acceptable increases as At is lowered from At =1 - 1078 s. This
makes for a key recommendation for potential future work.

4.4. Case IIIb: collision of two insideBCC unit cells at higher velocity
The results of test case III indicate that the time step size and the contact penalty parameter affect
the energy balance. However, because the initial velocity vg = —3.0 m/s was too low to result in any
interesting effects as seen in Figure 4.16, it was decided to run case III with a much higher initial velocity
v9 = —50.0 m/s, which is more comparable to the initial velocities used in Chapter 5. This test case,
dubbed case IIIb, is much more likely to show fracture behaviour compared to case III. Because of the
higher initial velocity, the penalty parameter and the time step size were retuned for this case.
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The set-up is still mostly the same as case III, with the initial state being the exact same as Figure 4.14.

The simulation parameters used in this case are presented in Table 4.4.

Table 4.4: Simulation parameters for case IlIb: the collision of two insideBCC cells at higher velocity.

Parameter Symbol [unit] ~ Value
Reference strut length Lo [m] 0.1
Young’s modulus E [MPa] 430
Strut radius r [m] 0.001
Strut mass density p [kg/m3] 1100
DG interface penalty Bp and B; [-] 1000
Cohesive strength o, [Pa] 11.0e6
Fracture energy Gc [N/m] 2
Mode-mixity parameter a[-] 1
Initial velocity vo [m/s] -50.0
Contact penalty stiffness factor Reontact [-] 1000.0
N2 elements per strut N [-] 5
Time step At [s] 1.0e-10
Final time teinal [S] 0.01

One may notice that compared to case III (see Table 4.3), aside from vy being much larger in magnitude,
the contact penalty factor Reontact is much larger and the time step size At is far smaller. Both were
necessary changes to (1) not miss the impact event entirely, and (2) not cause excessive energy injection
during impact. tgina was reduced to 0.01 s since the impact event itself will not take as long because the

initial velocity is much higher.

The boundary conditions have not changed, so the bottom nodes of the stationary cube have been fixed,
and vy is applied to all nodes of the impactor cube, acting in the z-direction.

4.4.1. Results

Just like with case III, four frames have been extracted from the simulation. These can be seen in

Figure 4.23.
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(a) Simulation frame for case IlIb captured at approximately 0.0002 s. (b) Simulation frame for case IIIb captured at approximately 0.0004 s.
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(c) Simulation frame for case IIIb captured at approximately 0.0008 s. (d) Simulation frame for case IIIb captured at approximately 0.0016 s.

Figure 4.23: Four simulation frames for case IIIb. Each frame corresponds to approximately 4.0e-7 s.

Due to time constraints, the final state of the system at tfna = 0.01 s was not captured at this time. The
simulation of case III already took close to 4 days on an HP ZBook Power G11 Mobile Workstation
laptop. Case IIIb was run with a time step a factor 100 smaller compared to case III, but the final time
is only a factor 10 smaller since the initial impact velocity is not so high compared to case III that it
warrants cutting the simulation time down by a factor 100. As such, running the simulation until its
actual conclusion would take far more than four days. Instead, the state of the system at t ~ 0.00240 s,
which is almost four days’” worth of simulation time, is shown in Figure 4.24.
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Figure 4.24: The state for case IIIb at ¢ ~ 0.00240 s.
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Now, one can observe from Figure 4.23 that under an impact velocity of 50.0 m/s, the colliding cells do
exhibit fracture in the struts. The frame shown in Figure 4.23a is the state of the system during the initial
impact. At this point, there is no fracture yet as the bottom cube catches the top cube and the top struts
start deforming during contact. From here, the struts in contact deform in bending, which can also
be seen in Figure 4.23b. The horizontal struts in contact keep bending more and more until they start
fracturing, as can be observed in Figure 4.23c. After this, the top cube hits the upper diagonal struts
of the bottom cube, which also fracture, as shown in Figure 4.23d. The last capture frame, Figure 4.24
at t ~ 0.00240 s, still depicts the remnants of the impactor cube falling downwards after it has hit the
lower diagonal struts of the bottom cube.

A plot of the energy components of the system for vp = —50.0 m/s and Rcontact = 1000.0 has been
included as Figure 4.25.
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Figure 4.25: The energy balance of the system from case IIIb for vg = —=50.0 m/s and Rcontact = 1000.0.

Ironically, because the initial velocity is so high, the kinetic energy is so much higher than the fracture
energy that Wy,,. cannot be observed from Figure 4.25. Therefore, the plot has also been generated with
logarithmic scaling on the y-axis. This way, Wy, can be distinguished and can indeed be verified to be
non-zero. This semi-logarithmic plot can be seen in Figure 4.26.
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Figure 4.26: A semi-logarithmic plot of the energy balance of the system from case IIIb for vy = —=50.0 m/s and Reontact = 1000.0.
The y-axis has a logarithmic scale so that W, is better distinguishable. Note that a lower limit on the y-axis of 107 was chosen
to keep the plot as a whole still readable.

From Figure 4.26, one can observe that Wy, suddenly increases as the struts start fracturing. It should
be noted that the lower limit on the y-axis was set at 107° ] so that the plot was still readable as a whole.
Because Wiy and Wy, are 0.0 at the beginning, the y-axis would extend to 1022 and lower, completely
skewing the entire plot. To prevent this, a more reasonable lower limit was chosen.

Looking back at Figure 4.25, the energy of the system is generally in line with one’s expectations.
Although there are two slight abnormalities with the energy plot, one can see that the system’s energy
is roughly balanced. Post-impact, the mechanical energy Emech 0f the system is approximately between
8.074 ] and 8.434 J, while the initial energy E is about 8.176 ]. This gives a relative error of roughly
1.2% — 3.2%. As surmised from Section 4.3, an even lower relative error should be possible by further
lowering the time step and tuning the contact penalty.

The first abnormality with Figure 4.25 is the dip in Empech around f = 0.0002 s. This is around the time
the two cubes collide with each other. The raw energy component data reveal that the kinetic energy
decreases due to the collision, but the internal energy does not rise in equal amount during the same
time. Something similar can be observed early in the energy response in Figure 4.17 too. There, a
temporary dip in the mechanical energy is also observed, which eventually evens out. It is possible
that in Figure 4.25, this deviation is also caused by the work done by the contact forces. Since this
contribution to the energy is not tracked, it could appear as a temporary fluctuation of the mechanical
energy.

The second abnormality observed in the plot is the fact that the E ., makes small jumps at around
t =0.0009 s and t = 0.00175 s. One can draw parallels to Figure 4.12, and indeed in this case, it does
seem like contact events after the initial collision could explain the deviations. At around ¢ = 0.0009 s,
the top cube’s struts start making contact with the upper diagonal struts of the bottom cube. Meanwhile,
after t = 0.00175 s, there are a number of fragments caused by the fracture of some of the struts, which
could have collided with the remaining struts. As Subsection 4.3.2 has shown, if the time step size is not
small enough or if the contact penalty parameter is not tuned just right, then contact events between
the beam elements can inject energy into the system. For case IlIb, the time step and contact penalty
parameter were tuned for the initial collision between the two cubes, but it is possible that secondary
impact after this may not be correctly captured.

Of course, At = 1-107'0 s is already a small time step, and lowering it would slow down the simulation
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even more than it already has. One must also consider how grave these abnormalities are when a
larger and more practical lattice structure is tested, rather than just two unit cells. It is possible that the
aberrations compound, but it is also possible that the deviations become smaller relative to the total
energy if the impactor is smaller than the stationary lattice structure.

4.5. Comments on the test applications

To summarise the results of the test applications: three test cases were investigated. In case I, an
insideBCC cell is gradually compressed. The results indicate that energy balance is maintained even
when fracture starts occurring. One can observe a clear dependence of the response on the displacement
rate.

In case II, an insideBCC cell is subjected to an initial velocity front at its top nodes. The resulting energy
plots maintain balance quite well, although for the highest velocity run, it would seem like the contact
interactions between the fragments caused the mechanical energy to slightly diverge over time.

Lastly, for case III, two insideBCC cells collide. This case was run twice, the second simulation run
being named case IIIb to distinguish it from the first. The results of case III suggest that the contact
penalty and the time step size generally must be tuned in a convergence study to properly balance
energy. However, as long as the contact penalty value is not too low to cause missed contact events, the
aberrations in the energy balance mostly come in the form of sudden jumps in the energy or temporary
dips. In time, the mechanical energy becomes constant again after contact which implies the energy is
stable after contact.

Because of the hypothesised dependence of the response on the contact penalty stiffness and At, a sensi-
tivity study was performed on the contact penalty stiffness and a convergence study was conducted on
At. The contact penalty sensitivity study indicated that there is at a given At, there is a range of values
of contact penalty stiffness for which the cumulative relative energy error stays below the tolerance.
The convergence study showed that the original value of At at which case III was run already led to
convergence for a fixed contact penalty stiffness and initial impact velocity, and reducing At further did
not lower the error appreciably. However, it is possible that reducing Af increases the range of contact
penalty values for which the cumulative relative energy error stays below the tolerance. To verify this,
though, it is recommended for future work to perform the contact penalty sensitivity study for different
values of At.

The results of case IIIb have been obtained after tuning the time step and the contact penalty parameter
to try and balance the system energy. Unlike case III, case IlIb had a higher impact velocity, resulting in
fracture of the struts being observed. The energy balance is still not perfect, but it shows that the same
approach of lowering At and tuning Rcontact Works for a much higher initial velocity.

From the results discussed above, one recurring theme is that contact interactions can seriously affect
the calculated energy components in a system. Case III and IIIb demonstrate this in particular. However,
it can also be said that the energy plots are more sensitive to parameters such as the contact penalty and
the time step size. Energy components like the kinetic energy and the internal energy are functions of
the velocities squared, and the strains and curvatures squared, respectively. Any error in those variables
can be magnified in the energy calculation. This means that convergence studies must be conducted
using the energy balance as a measure of convergence rather than the displacement response.



Results and discussion

Apply the unified beam-contact-fracture framework to a large-scale numerical model of impact
in a truss metamaterial and evaluate the effect of self-contact on the energy absorption.

The test cases in Chapter 4 dealt with small-scale problems not larger than two unit cells in all. This
chapter is dedicated to the main numerical experiment, a large-scale metamaterial impact simulation
run on a high-performance computing cluster. First, the set-up is described and the parameters that go
into the simulations are discussed. After that, the results of the simulations are presented and discussed.
These results include the trajectory data used for interpreting the qualitative impact response of each
specimen, and the energy data employed to analyse the quantitative impact response of each specimen.

5.1. Simulation set-up
The simulations are run for multiple test cases. Each case is a specific combination of initial impactor
velocity and specimen geometry.

Before presenting the results, the set-up of the simulation and the input parameters that go into the
computational model are shown and discussed. The inputs are categorised into geometric, material and
simulation settings. Because there are multiple combinations of material and topology possible for each
test case, the material properties of the three possible choices of material are shown below in Table 5.1.

Table 5.1: The properties of the three possible material choices.

Material Name p [kg/ m3] E[Pa] o.[Pa] G¢[N/m]
1 Pyrolytic carbon 1500.0 22.50e9  2.50e9 45.0
2 TMPTA 1100.0 430.0e6  11.0e6 2.0
3 Alumina 3690.0 260.0e9  400.0e6 100.0

That said, the simulations will only use pyrolytic carbon due to time constraints. Pyrolytic carbon was
also the material of choice of [64].

As for the possible choices of unit cell topologies, there are two: (1) the bitruncated octahedron (Fig-
ure 2.11) and (2) the octet (Figure 2.9).

The specimen geometry is summarised in Table 5.2.

119
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Table 5.2: The geometric parameters for the truss-based lattices used in the simulations.

Parameter Symbol [unit] ~ Value
Unit cell size L [m] 5.0e-3
Specimen size S [m] 50.0e-3
Specimen thickness T [m] 25.0e-3
Relative density p -] 0.0125
N2 elements per strut Nstrut [-] 2
Fine region extension factor fine [-] 0.50
Fine region subdivisions Ny [-] 3

The unit cell size L = 5.0 - 1073 m means each unit cell occupies a 5.0e-3 x 5.0e-3 x 5.0e-3 m space. The
specimen size S and thickness T together mean the specimen has dimensions 50.0e-3 x 50.0-3 x 25.0e-3
m, and it comprises 500 unit cells. The relative density p is used to calculate the strut radius for the
lattice according to Equation 5.1 (octet) and Equation 5.2 (bitruncated octahedron) depending on the
unit cell choice. The fine region extension factor describes a square area around the impact zone where
the mesh is locally refined. This fine region has a width equal to half the specimen size. With 3 fine
region subdivisions, the number of elements per strut in the fine region is 8, while outside of the fine
region, it is 2.
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In Equation 5.1 and Equation 5.2, loctet and loctahedron are the strut lengths of the unit cell. 7octet is the
strut radius of the octet and 7octahedron iS the strut radius of the bitruncated octahedron.

This now leaves the general simulation parameters, an overview of which has been presented in
Table 5.3.

Table 5.3: General simulation parameters for the lattice impact simulation.

Parameter Symbol [unit] Value
Impactor radius Timpactor [M] 5.0e-3
Impactor mass density Pimpactor [kg/ m?] 7850
Impactor velocity in z-direction v [m/s] variable
Rigid contact penalty stiffness y [N/m] 1000
DG interface penalty By and B; [-] 100
Mode-mixity parameter a -] 1
Inter-beam contact penalty stiffness factor  Rcontact [-] variable
Time step At [s] 1.0e-10
Final time tinal [S] variable

In each simulation, a steel sphere collides with the specimen in the centre of the specimen. As seen from
Table 5.3, the radius of the impactor is 5.0 mm, which is equal to the size of a unit cell. For simplicity,
this impactor is modelled as an analytical rigid body, allowing it to be represented in the system as a
special boundary condition rather than needing to be discretised.
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Of the parameters in Table 5.3, vy is a variable which is chosen for each simulation run, and accord-
ingly, tfinal is also chosen for each simulation run. Table 5.3 is meant to provide an overview of the
general simulation parameters, and aside from vy, tfinal, Reontact and possibly y, these inputs remain
the same between simulation runs and test cases. y can change depending on the unit cell topology
since the difference in stiffness between the two unit cell types can affect the rigid contact behaviour.
Similarly, Reontact may need to be calibrated for the initial impactor velocity since higher impactor
velocities can cause higher velocity fragments whose contact events with other members in the lat-
tice may be missed if the penalty is too low. The contact penalty stiffness is calculated using Equation 4.4.

The specific simulation inputs for the different cases are given below in Table 5.4. The intention was to
simulate each test case from Table 5.4 is for an impactor velocity vy ranging from 50 m/s to 350 m/s.
However, due to time constraints, the bitruncated octahedron test cases were only run with vg = 150
m/s and vg = 350 m/s, while the octet test cases were only run with vy = 350 m/s.

Table 5.4: The specific input parameters used by each test case.

Input Case 1A Casel1B Case2A Case2B Case3A Case3B
Initial impactor velocity 350 350 350 350 150 150
Cell topology 1 1 2 2 1 1
Reontact [-] 1000.0 - 1000.0 - 1000.0 -
teinal [S] 0.15e-3  0.15e-3  0.15-e3  0.15e-3  0.25e-3  0.25e-3

All test cases denoted by a B in their designation are essentially the same as the cases designated by an
A, except these simulations do not model beam-to-beam contact. This is why these cases have "-" for
Rcontact because they do not have self-contact. This way, they act as the control group for comparing
results with and without beam contact. Cell topology 1 refers to the bitruncated octahedron and cell
topology 2 refers to the octet. One can also see why tfina is a variable, because the higher impact
velocities do not require as long of a simulation. Additionally, y for all test cases was 1000 and p was
0.0125. Finally, as a reminder, the material for each test case was pyrolytic carbon (see Table 5.1).

The initial impactor velocity is applied to the rigid impactor and the velocity vector points in the positive
z-direction. As for the boundary conditions, the faces on the external boundary of each specimen in the
x-y plane have been fixed. This is to say, the nodes on the planes x =0, x =S,y = 0and y = S have
their positions fixed in all three dimensions.

Figure 5.1 shows the initial state of case 1A.
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Figure 5.1: The set-up for test case 1A. The impactor is propelled in the positive z-direction. The thickness of the struts has been
exaggerated for visual clarity.

Note that the impactor moves in the positive z-direction, meaning it comes from the negative z-direction.
Furthermore, the centre of the impactor is positioned at x = (0.025,0.025, -0.005) m at t = 0 s. From
Figure 5.1, the top plane of the lattice is located at a height of z = 0 m. The initial states of all other
test cases are similar to case 1A: the impactor is located at the same initial position and it moves in the
positive z-direction.

5.2. Collision of a rigid impactor with a truss lattice

The results of the simulation cases listed in Table 5.4 are presented in this section. First, visualisations of
each test cases are illustrated using some frames captured in Paraview. Then, the impactor trajectory
results for each test case are shown. This is done through the time histories of the impactor z-positions
and z-velocities for different initial velocities. After the trajectory results, the energy response of the
truss lattice and impactor system is presented for different initial velocities and for the cases where
inter-beam contact is and is not modelled. The aim is to evaluate how beam-to-beam contact influences
the energy response.

5.2.1. Impact visualisations

Visualisations of the impact simulations for each of the test cases listed in Table 5.4 are shown below.
These have been generated using Paraview and the VTK files written during each simulation. The VTK
files are written with a frequency of 400 kHz. To help with visibility, the lattices were sectioned along
their mid-plane so that one can see the impactor move through them. Note that for all simulations, the
simulations were stopped the moment the impactor’s z-position satisfied the condition z > T + Fimpactor
where T is the lattice thickness (in the z-direction) and 7impactor is the impactor’s radius.

Case 1A

Case 1A uses bitruncated octahedron unit cells and inter-strut contact is modelled. The impactor has an
initial velocity of 350.0 m/s. The deformed state of the lattice at select points in time have been included
as Figure 5.2.
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(c) Simulation frame for case 1A captured at approximately 75 ps. (d) Simulation frame for case 1A captured at approximately 100 ys.

Figure 5.2: Four simulation frames for case 1A. Each frame corresponds to approximately 2.5 us. The lattice was sectioned along
the mid-plane.

From Figure 5.2 one can observe complete penetration of the lattice by the impactor. One can see from
Figure 5.2b to Figure 5.2d how the impactor causes large local deformations in a zone behind it. This
leads to fracture of the lattice members and eventually to ejection of the fragmented struts.

Case 1B

Case 1B also uses bitruncated octahedron unit cells but inter-strut contact is not modelled. The impactor
has the same initial velocity of 350.0 m/s. The deformed state of the lattice at select points in time have
been included as Figure 5.3.
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(a) Simulation frame for case 1B captured at approximately 25 us. (b) Simulation frame for case 1B captured at approximately 50 us.

(c) Simulation frame for case 1B captured at approximately 75 us. (d) Simulation frame for case 1B captured at approximately 100 us.

Figure 5.3: Four simulation frames for case 1B. Each frame corresponds to approximately 2.5 us. The lattice was sectioned along
the mid-plane.

The frames in Figure 5.3 tell a similar story as Figure 5.2. The impactor perforates the lattice, and one
can see the same progression of large localised deformations behind the impactor, followed by strut
failure and fragmentation. Visually speaking, there appears to be little difference in impact response
between case 1B, without self-contact, and case 1A, with self-contact. Although there may be more
fragments visible in Figure 5.2d. This is actually a common theme with the other simulation runs: the
eye test reveals few differences, but this is also why the trajectory and energy plots were generated.
These will be covered in Subsection 5.2.2 and Subsection 5.2.3.

Case 2A

Case 2A comprises octet unit cells and self-contact is modelled in this case. The impactor has an initial
velocity of 350.0 m/s. The deformed state of the lattice at select points in time are shown below as
Figure 5.4.
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(a) Simulation frame for case 2A captured at approximately 25 ys. (b) Simulation frame for case 2A captured at approximately 50 us.

(c) Simulation frame for case 2A captured at approximately 75 us. (d) Simulation frame for case 2A captured at approximately 100 ys.

Figure 5.4: Four simulation frames for case 2A. Each frame corresponds to approximately 2.5 us. The lattice was sectioned along
the mid-plane.

Figure 5.4 shows complete penetration. In fact, in all cases the lattice was perforated by the impactor.
Compared to case 1A and case 1B, the deformations for the octet lattice seem to be not as large. This is
especially apparent from Figure 5.4d. The deformations in the last frame for the octet appear to be less
severe and more localised around the impactor’s path compared to Figure 5.2d and Figure 5.3d where
one can see that a large part of the lattice has deformed. This is likely the result of the octet unit cell
being stretch-dominated while the bitruncated octahedron unit cell is bending-dominated [6].

Because the octet is stretch-dominated, a larger fraction of the absorbed kinetic energy is turned into
fracture energy and a lower fraction of the absorbed kinetic energy goes into elastic deformations
compared to the bitruncated octahedron [100]. This means the balance between the contributions from
fracture and elastic deformations to the absorption of the impactor’s kinetic energy is more in favour
of fracture compared to the bitruncated octahedron. This is also similar to what Butruille et al. (2024)
found when comparing the energy dissipation mechanisms of octet lattices with truncated octahedron
lattices [12]. In practical terms, the ratio of Wy, to Wiy for the octet lattices will be higher than for the
bitruncated octahedron lattices. This can also be observed from Figure 5.14 and Figure 5.16.

Case 2B
Case 2B is the no beam-contact counterpart to case 2A. The deformed state of the lattice at select points
in time are shown below as Figure 5.5.
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(c) Simulation frame for case 2B captured at approximately 75 us. (d) Simulation frame for case 2B captured at approximately 100 us.

Figure 5.5: Four simulation frames for case 2B. Each frame corresponds to approximately 2.5 us. The lattice was sectioned along
the mid-plane.

Just as with case 1B, running the simulation without accounting for self-contact largely results in a
similar deformation response. When Figure 5.5 is compared with Figure 5.4 one can see that the defor-
mations in the no beam-contact case also remain localised to the impact zone and these deformations
are not as large as seen in the case of the bitruncated octahedron lattices.

Case 3A

Case 3A consists of bitruncated octahedron unit cells and it accounts for contact between lattice members.
The impactor has an initial velocity of 150.0 m/s this time around. The deformed configuration of the
lattice at select points in time can be seen in Figure 5.6.
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(c) Simulation frame for case 3A captured at approximately 187.5 us. (d) Simulation frame for case 3A captured at approximately 245 us.

Figure 5.6: Four simulation frames for case 3A. Each frame corresponds to approximately 2.5 us. The lattice was sectioned along
the mid-plane.

Evenif vy = 150.0 m/s, Figure 5.6 still shows that the lattice is perforated. However, there are differences
with Figure 5.2. What is still the same is that one can observe a similar process of large deformations
in the wake of the impactor, resulting in fracture of the truss members and subsequent ejection of the
fragments. The difference lies in that the impactor causes deformations in front of it. This is probably
because the deformations can propagate faster through the lattice than the impactor now that the
velocity of the impactor is 150.0 m/s initially rather than 350.0 m/s. As a result, unit cells downstream
of the impactor can be deformed because the unit cells closer to the impactor deform and are pushed
out by the impactor, pushing the unit cells further downstream away too. When the impactor travels
much faster, this propagation of the deformations downstream does not seem to be able to happen
before the impactor hits the unit cells downstream.

Something else which stands out from Figure 5.6 is that in Figure 5.6¢, one can see that the deformations
reach the fixed boundary condition on the zy-plane as evidenced by the column of unit cells which
do not seem to have deformed. This means that the lattice is slightly too small to prevent boundary
effects. If similar large-scale truss-metamaterial impact simulations are run in future work, then one
recommendation is to use a larger lattice than was used in this thesis to ensure no boundary effects.

Case 3B
Case 3B is the no beam-contact version of case 3A. The deformed configuration of the lattice at select
points in time can be seen in Figure 5.7.
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(c) Simulation frame for case 3B captured at approximately 187.5 us. (d) Simulation frame for case 3B captured at approximately 247.5 us.

Figure 5.7: Four simulation frames for case 3B. Each frame corresponds to approximately 2.5 us. The lattice was sectioned along
the mid-plane.

Just as with the previous test cases, when the simulation is run without accounting for contact between
the struts, then the deformations do not look all that different. Figure 5.7 still shows the sequence
of large local deformations behind the impactor, leading to strut failure and eventual fragmentation.
One can also see that Figure 5.7c is similar to Figure 5.6¢ in that the impactor causes deformations
downstream too.

One can also observe from Figure 5.7c that there are probably some boundary effects as the same
column of undeformed unit cells can be seen, similar to Figure 5.6c.

5.2.2. Trajectory plots

After presenting the simulation frames, the trajectory plots are treated now. These are the time histories
of the impactor’s z-position and z-velocity. Each trajectory plot is an overlay of all lattice types: bi-
truncated octahedron or octet, and whether or not beam contact is modelled for a given initial velocity.
However, for vy = 150.0 m/s, there is no octet trajectory data because there was not enough time to
simulate test cases for vy = 150.0 m/s with the octet lattice.

Figure 5.8 illustrates the time histories of the impactor z-position for the different test cases.
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Figure 5.8: The time history of the z-position of the impactor at initial velocity vg = 350.0 m/s and vg = 150.0 m/s for all cases.
Note that the impactor starts off at a z-position of —0.005 m.

One can see in Figure 5.8a and Figure 5.8b that for both initial velocities, the impactor perforates the
lattice since the z-position of the impactor for every case exceeds z = 0.025 m, the lattice height, at the
last time step. That said, Figure 5.8b only shows the bitruncated octahedron lattice since there was no
time to run simulations at vy = 150.0 m/s for the octet lattice. As such, one cannot be certain whether
the octet lattice would have been perforated like the bitruncated octahedron lattice when vy = 150.0 m/s.

In any case, the z-position plots do not show noticeable differences in the position response between
the cases which do model beam contact and the cases which do not. So, the presence or absence of
modelling contact between the struts was not enough at these initial velocities to change the qualitative
impact response from perforation to, for instance, capture or rebound. However, there are observable
differences in the velocity response when contact between the beams is modelled or not.

Figure 5.9 shows the time histories of the impactor’s z-velocity for the different test cases. To make the
results better legible and distinguishable, the same plots were generated without restricting the y-axis
and included as Figure 5.10.
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Figure 5.9: The time history of the z-velocity of the impactor at initial velocity vg = 350.0 m/s and vy = 150.0 m/s for all cases.
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Figure 5.10: Better legible versions of the time history of the z-velocity of the impactor at initial velocity vg = 350.0 m/s and
v = 150.0 m/s for all cases.

Figure 5.10a indicates that capturing contact between the struts reduces the capacity of the lattice to
slow down the impactor, both for the bitruncated octahedron and the octet topologies. Figure 5.10b
implies the same for the bitruncated octahedron, although a lack of data for the octet at this velocity
makes it impossible to say for certain whether the octet lattice behaves the same.

Because the impactor maintains a higher final velocity when inter-beam contact is accounted for, this
means it has a higher final kinetic energy. If the final kinetic energy of the impactor is higher than the no
beam-contact cases, then that must mean the absorbed energy, given by the difference in final and initial
impactor kinetic energy (see Subsection 2.2.2), is lower for the beam-contact cases. This is contrary to
the expectation that modelling self-contact of the lattice improves the energy absorption performance
since it allows for capturing an additional impact mechanism otherwise not accounted for when contact
between the struts is not modelled. This additional impact mechanism is compaction.

As mentioned in Subsection 2.3.4 and demonstrated in D and E of Figure 2.20, compaction is a stiffening
effect induced by contact between neighbouring lattice members. Therefore, self-contact enables the
lattice to exhibit compaction behaviour, which gradually increases its stiffness as it is compressed.
Furthermore, self-contact also allows for distributing the kinetic energy imparted during impact over
a larger region because struts which contact each other can transfer kinetic energy to each other. As
such, one would expect that modelling self-contact of the lattice would result in improved impact
performance.

Yet, Figure 5.10 suggest the opposite: capturing contact between lattice members reduces the energy
absorption performance of the lattice compared to when no inter-beam contact is modelled. There are
a couple of possible reasons why the impact response with self-contact is not as expected. The first
possible cause is that compaction could not be captured to the same extent as in Figure 2.20 because the
size of the partitions are too small. Figure 5.11 provides visuals for one such partition for case 1A. Keep
in mind that the other test cases have similar partitions.
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T e

(a) The size of a partition (red) in the impact region compared to the
full lattice size of case 1A. The thickness of the struts in the partition (b) A close-up of the partition from Figure 5.11a. One can see it
has been exaggerated for visual clarity. consists of just a couple of unit cells.

Figure 5.11: The size of a single partition for case 1A. The partition is coloured in red and the thickness of the truss members has
been emphasised.

Figure 5.11a illustrates the size of a partition relative to the rest of the lattice and Figure 5.11b offers
a close-up view of the same partition. One can see in Figure 5.11b that a single partition comprises a
couple of unit cells. The fact that the partitions are relatively small compared to the rest of the truss
metamaterial is an important clue when one recalls from Subsection 3.2.4 that the contact model can
only capture beam-to-beam contact within the same partition. This is the result of a limitation of
the implementation of the contact model to the effect that different CPUs do not have knowledge of
elements from other partitions that could form contact pairs with elements in their own partition. This
means the current implementation of the contact model only support intra-partition contact. Therefore,
struts of different partitions that in real life would be in contact with each other, would not be considered
to be in contact with each other in this computational framework, essentially resulting in missed contact
events.

Because inter-partition contact cannot be modelled by the beam-contact-fracture framework, the ability
to capture densification is contingent on the partition size. If the partitions are large, then capturing
compaction is still possible because more contact events can then occur within the same partition
leading to fewer missed contact events caused by inter-partition contact. For instance, if the whole
impact zone around the impactor were a single partition, then most contact events caused by the impact
would happen within this partition, meaning fewer missed contact events due to inter-partition contact.

As such, one way to capture compaction with the current implementation of the beam-contact-fracture
framework would be to use larger partitions. However, increasing the partition size, so decreasing the
number of partitions, would slow down the simulation too. A single simulation takes upwards of a day
or more (depending on At and vp), so using larger partitions and thus fewer cores could exponentially
increase the computational time. Instead, the best course of action would be to fully parallelise the
contact model. Hence why it is a strong recommendation for future work.

However, even if densification cannot be fully modelled, that does not explain why the absorption
performance degrades because of self-contact. Being unable to capture densification ought to mean
simulations that capture self-contact do not display better absorption performance, but the fact that they
show worse performance could mean self-contact causes impact phenomena that are detrimental to the
impact response. One possible explanation is that the fragments produced by the collision between the
impactor and the struts are propelled into intact struts, in other words: fragmentation-induced fracture.
Their contact events then can cause fracture of those struts, weakening the structure downstream of the
impactor and resulting in less energy absorption.

That said, this would require the fragments to move faster than the impactor itself. From a conservation
of momentum point of view, it is possible. After all, the impactor has a much larger mass than the beam
fragments, and the impactor does lose momentum since its velocity decreases. The ensuing impulse
exchange is capable of sending beam fragments flying at a higher velocity. However, showing this in
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visualisations would provide actual proof. This is why a sectioned view was generated in Paraview
which shows the velocity with a colour map. For case 1A, one can find this sectioned velocity view
below as Figure 5.12.
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Figure 5.12: A sectioned view of the lattice from case 1A to show that fragments can reach velocities higher than the impactor’s
velocity. Highlighted by red bubbles are some fragments which have been propelled into the structure following impact. Note
that this sectioned view only shows a thin strip of the lattice for visibility reasons.

In Figure 5.12, one can observe from the colour map that some members do reach velocities higher than
the impactor’s velocity. Furthermore, this specific frame even shows some fragments which have shot
off into the surrounding structure. With this, one can conclude that it is possible that the impactor can
cause fragments to be propelled downstream.

Still, even if one can prove that the impactor causes fragments to be shot into the surrounding structure,
another point of contention with the hypothesis of fragmentation-induced fracture is that it requires the
fragments to collide with the pristine struts downstream. The problem is that it is difficult to prove
such contact events actually occur because the VIK files are only updated with a frequency of 400 kHz.
With At = 1-10710 s, this means the output files are updated every 25000 time steps, making it very
difficult to capture contact events between fragments and struts in the visualisations. On top of this,
one must also remember that inter-partition contact is not modelled, so this fragmentation-induced
fracture can only occur within a single partition. Fragments scattered from one partition will not be
able to make contact with pristine struts in other partitions, so if fragmentation-induced fracture does
happen, then it occurs as the impactor moves through the partitions in its line of action (the z-axis).

5.2.3. Energy response

The last collection of results pertain to the energy response of the system for each test case. In accordance
with the second part of subtask 3: evaluating the effect of self-contact on the energy absorption, the
energy behaviour of each test case will be analysed in the following. To this end, the energy components
and the absorbed energy were plotted for each test case.

Energy components

The energy components were plotted mainly to verify whether the system maintains energy balance.
The plots are grouped by lattice type and initial impact velocity, so Figure 5.13 are for vg = 350.0 m/s
and bitruncated octahedron lattices, Figure 5.15 are for vy = 350.0 m/s and octet lattices, and Figure 5.17
are for vg = 150.0 and bitruncated octahedron lattices. To clarify the legend, E; is the kinetic

energy of the impactor normalised by the initial kinetic energy of the impactor. The * signifies the

kinimpactor
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energy component is normalised by the initial impactor kinetic energy. Similarly, W; , is the normalised
internal energy, W;_is the normalised fracture energy, E’ . is the normalised kinetic energy of the
frac kinpem
lattice, E7 is the normalised mechanical energy of the lattice and E; , is the normalised energy of
mechrem tot

the system (impactor and lattice).

Figure 5.13 shows the time history of the energy components of case 1A and case 1B.
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Figure 5.13: The time history of the energy components of the system at initial velocity vg = 350.0 m/s for cases 1A and 1B. A
means with beam contact and B means without. All energy components are normalised to the initial impactor kinetic energy.

One can see from Figure 5.13a and Figure 5.13b that the total energy of the system for case 1A and
case 1B are balanced, as evidenced by the fact that E} , is constant for both cases. However, because of
the high impactor velocity, the impactor kinetic energy is much larger than the energy components of
the lattice, skewing the plot. In order to make the smaller energy components better distinguishable,
Figure 5.14 was generated, which features a logarithmic y-axis. Note that a lower limit of 107° was
used for the y-axis because the energy components of the lattice are initially 0.0, which would skew the
semi-log plot and make the plot as a whole difficult to read.

10t * 1014 -

0 - Eki”'mﬁactor 0 — Ekmrmpador
- 10° Wi:r - 10° W,:,[
5101 —_— va;ac 510 —_ W@
9} = Etineey [} = Elineen
= C
$ 10-2 —— Ejecna G 1072} —— Emechren
o * 9 *
_% 10-3 = Eior _g 10-3 = Etor
© ©
£ 10-¢ 10
= =

107> 10754
-6 T — T T T 106 T T —— T T
0.000 0.025 0.050 0.075 0.100 0.125 0.150 0.000 0.025 0.050 0.075 0.100 0.125 0.150
Time [ms]

Time [ms]

(a) The time history of the energy components of the system for case
1A at an initial velocity v = 350.0 m/s with logarithmic scaling of the
y-axis.

(b) The time history of the energy components of the system for case
1B at an initial velocity vp = 350.0 m/s with logarithmic scaling of the
y-axis.

Figure 5.14: The time history of the energy components of the system at initial velocity vg = 350.0 m/s for cases 1A and 1B. A
means with beam contact and B means without. All energy components are normalised to the initial impactor kinetic energy. The
y-axis uses a logarithmic scale to make the small energy components better distinguishable. Note that a lower limit on the y-axis

of 107 was chosen to keep the plot as a whole still readable.

Now that one can distinguish the energy components of the lattice more easily, it becomes easier to
compare the energy response between case 1A, with beam contact, and case 1B, without beam contact.
What stands out the most is that for case 1A, the normalised fracture energy rises past 107 earlier
for t > 0.050 ms, while for case 1B, it takes until  # 0.065 ms. The normalised fracture energy for
case 1A is also higher than for case 1B. This can be an indication that the fragmentation-induced
fracture phenomenon supposed in Subsection 5.2.2 did occur because the case with self-contact has
more fracture energy, meaning more fragments, and these fractures occur earlier than the case without
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self-contact. The fact that fractures occur earlier with self-contact could mean that fragments propelled
by the impactor into the pristine struts downstream caused fracture in said struts. When combined with
the fact that the fracture energy is higher for the case with self-contact, it lends credence to hypothesis
that the fragmentation-induced fracture weakened the structure downstream of the impactor, leading
to reduced energy absorption performance.

The energy time histories for case 2A and case 2B are plotted in Figure 5.15. Figure 5.16 is the semi-log
version to make the lattice energy components more easily distinguishable.
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Figure 5.15: The time history of the energy components of the system at initial velocity vg = 350.0 m/s for cases 2A and 2B. A
means with beam contact and B means without. All energy components are normalised to the initial impactor kinetic energy.

Figure 5.15 demonstrates that the total energy for case 2A and case 2B is balanced. Other than this,
Figure 5.15 do not tell much, which is why Figure 5.16 was included.
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Figure 5.16: The time history of the energy components of the system at initial velocity vg = 350.0 m/s for cases 2A and 2B. A
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of 107 was chosen to keep the plot as a whole still readable.

Figure 5.16 are the energy time histories of case 2A and case 2B when the y-axis has logarithmic scaling.
This way, one can actually see the different energy components of the lattice. Unlike with case 1A and
case 1B, the fracture energy with and without self-contact are roughly the same. Similarly, one can see
from Figure 5.16a and Figure 5.16b that the normalised fracture energy rises above 107° at about the
same time. This seems to indicate that for the cases with octet lattices, fracture-induced fragmentation
may not have been that prevalent. This also explains why the loss in absorption performance from
the octet lattice was comparatively less than the loss in absorption performance from the bitruncated
octahedron lattice seen in Figure 5.10a.
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Furthermore, when the ratio of Wjﬁmc to W; , is compared between case 2A and case 1A, and between

case 2B and case 1B, one will see that said ratio is larger for the octet lattices. This lines up with what
was discussed in Subsection 5.2.1 as to why the octet lattices exhibit less severe deformation than the
bitruncated octahedron lattices.

Lastly, one will notice a difference in the energy time history of the lattice when comparing Figure 5.16a
to Figure 5.16b. It appears that the kinetic and internal energy of the lattice rise much earlier when
inter-strut contact is modelled compared to when it is not. This could be an indication that the octet
lattice with self-contact does manage to capture compaction, at least within a partition. As discussed
in Subsection 5.2.2, larger partitions allow for more possible contact events to be captured within a
partition. However, if a unit cell has a denser network of struts, then that could also lead to more
possible contact events. Unlike the bitruncated octahedron (see Figure 2.11), which has no internal
struts, the octet (see Figure 2.9) does. The internal struts of octet cells could allow for more possible
contact events within a single partition, which may even make compaction behaviour possible for the
octet lattice.

However, this compaction behaviour at the start of the impact simulation does not seem to have had
much effect on the absorption of the kinetic energy of the impactor towards the end of the simulation
as evidenced by the fact that the energy absorption performance of case 2A never exceeds case 2B
(see Figure 5.10a). This may be explained by the fact that inter-partition contact is not captured by the
contact model, so the lattice as a whole does not exhibit densification, but only locally.

Additionally, as mentioned in Subsection 2.2.2, Butruille et al. (2024) explain that for octet lattices,
fracture is a relatively larger contribution to the absorbed energy than compaction, unlike for bitrun-
cated octahedron lattices [12]. This could also explain why the loss of energy absorption for case 2A
compared with case 2B was not as high as that for case 1A compared with case 1B. The inability of the
computational framework to properly capture compaction of the entire lattice has affected the octet
lattice less than the bitruncated octahedron lattice.

The last set of energy time history plots belong to case 3A and case 3B. Figure 5.17 shows the energy
components with regular axis scales while Figure 5.18 uses logarithmic scaling on the y-axis.
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Figure 5.17: The time history of the energy components of the system at initial velocity vg = 150.0 m/s for cases 3A and 3B. A
means with beam contact and B means without. All energy components are normalised to the initial impactor kinetic energy.

As with the other test cases, Figure 5.17 shows that the total energy of the system stays more or less
balanced although there are some barely visible fluctuations. Unlike with Figure 5.13 and Figure 5.15,
the impactor kinetic energy is low enough to not skew the plot entirely, making some of the energy
components of the lattice distinguishable, with the exception of the fracture energy. Figure 5.17 tells a
similar story as Figure 5.10b: towards the end of the simulation the no beam-contact case shows better
energy absorption performance than the beam-contact case. This is apparent from the fact that E*

mechpEM

near the end for case 3B is higher than for case 3A. One can also see that E}; s lower for case 3B
impactor
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near the end compared to case 3A.

Another consequence of the impactor kinetic energy skewing the plot less is that compared with Fig-
ure 5.13 and Figure 5.15, the energy conversion from internal to kinetic energy in the lattice can be
observed without logarithmic scaling. This can be seen in Figure 5.17a and Figure 5.17b for t > 0.20
ms, where the Wy, and the E};  curves cross each other. This unloading of the lattice and the
conversion into kinetic energy occurs between Figure 5.6c and Figure 5.6d for case 3A, and between
Figure 5.7c and Figure 5.7d for case 3B. One can see from those frames that the lattice at ¢t = 187.5 us
has large deformations, meaning W . is large, while the final frames show that most of the lattice is

no longer as deformed, meaning Wl.*n’:tis lower. In the latter case, E};  is larger because the lattice is
actually vibrating and the struts are currently moving in the opposite (the negative z-direction). Keep
in mind that the simulations are stopped whenever the z-position of the centre of the impactor satisfies
z > T + Fimpactor With T the original lattice thickness and 7impactor the impactor radius. This means that
the simulation is stopped while the lattice is still vibrating. If one were to simulate for a longer time

span, then one would see that W/, and E;  oscillate.

The last major difference compared to Figure 5.13 and Figure 5.15 is that initially, the energy absorption
of the self-contact case is on-par or even better than the no self-contact case. One can see this in the form

of Ei. and E* . Before t ~0.13 ms, E. of case 3A is actually lower than that of case
Mimpactor mechppm klnlmpactor

3B, implying more energy is absorbed in the beam-contact case. Similarly, for t <0.13ms, E/ ,,  is
larger for case 3A compared to case 3B. This is also in line with what can be observed from Figure 5.10b.
For t < 0.13 ms, the impactor z-velocity is decelerated equally or more by case 3A compared to case 3B.
It is after this point in time that the no beam-contact case starts performing better in terms of energy

absorption.

To explain this observed difference in behaviour compared to previous test cases, it is more convenient
to look at the semi-logarithmic versions of the energy time histories. These have been included in
Figure 5.18 below.
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Figure 5.18: The time history of the energy components of the system at initial velocity vg = 150.0 m/s for cases 3A and 3B. A
means with beam contact and B means without. All energy components are normalised to the initial impactor kinetic energy. The
y-axis uses a logarithmic scale to make the small energy components better distinguishable. Note that a lower limit on the y-axis

of 107 was chosen to keep the plot as a whole still readable.

First, Figure 5.18 has similarities with Figure 5.14 in that one can see that for the self-contact case,

W;mc rises above 107° earlier than for the no self-contact case. This was also observed in Figure 5.14,

where it was interpreted as a symptom of the fragmentation-induced fracture phenomenon discussed in
Subsection 5.2.2, possibly causing the energy absorption performance of case 1A to be worse than case
1B. This phenomenon could also explain why the energy absorption performance of case 3A deteriorates
relative to case 3B after f = 0.13 ms.

Second, Figure 5.18 shares a commonality with Figure 5.16: the kinetic and internal energy of the lattice
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rise much earlier for case 3A than for case 3B. As explained for Figure 5.16, this could be an indication
of compaction being captured by the computational model. The difference between Figure 5.18a and
Figure 5.18b is not as large as for Figure 5.16, but that is likely because case 2A and case 2B use an octet
lattice, which has more potential for contact events and thus the densification behaviour will be more
prevalent.

Still, if case 3A indeed has managed to capture compaction initially, then that would explain why the
energy absorption performance of the beam-contact case initially equalled or even exceeded the energy
absorption performance of the no beam-contact case (Figure 5.10b). Then, after f = 0.13 ms, it is possible
that the fragmentation-induced fracture of pristine struts downstream of the impactor degraded the
energy absorption ability of the lattice, resulting in the lower deceleration of the impactor observed in
Figure 5.10b for case 3A compared to case 3B past this point.

Energy absorption

In addition to the time histories of the energy components of the system for each test case discussed
above, the energy absorption behaviour of each test case was quantified and plotted in Figure 5.19 to
compare their relative energy absorption performance. The energy absorption measure plotted is the
energy absorption efficiency, AW".

The absorbed energy efficiency is calculated using Equation 5.3. It is based on the mass-normalised
energy absorption measure also used in [12] and [6].
AW
AW = ———— (5.3)
PpnrimpactorT

In the equation above, p is the relative volume density of the unit cell of the lattice, p is the mass
density of the lattice material, Fimpactor is the radius of the impactor and T is the thickness of the lattice.
The denominator describes the mass of the material directly in the path of the impactor, following
Figure 2.19D. Lastly, AW is the total absorbed energy.

The total absorbed energy is calculated using Equation 5.4.

1
AW = Emimpacmr (vg - v}%) (5.4)

Here, Mimpactor is the mass of the impactor, vy is the initial velocity of the impactor and vy is the final
velocity of the impactor.

Figure 5.19 shows the energy absorption efficiency, AW* against vy for each test case.
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Figure 5.19: The mass-normalised energy absorption AW* for each case for an initial velocity v = 350.0 m/s and vg = 150.0 m/s.
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Most notable from Figure 5.19 is a lack of data points, which makes it difficult to observe trends in the
energy absorption performance for different values of initial impactor velocity, or, in the case of the
octet lattices, entirely impossible. This is also why it is highly recommended for future work to conduct
this large-scale impact simulation with more values of initial impactor velocities.

Still, the primary purpose of this numerical experiment was to evaluate the effect of self-contact on the
energy absorption performance, and to this end, Figure 5.19 does offer some insights. For starters, the
plot is congruent with Figure 5.10. For each level of initial impactor velocity and for each lattice type,
the case with self-contact had worse energy absorption performance than the case without self-contact.

One can also see in Figure 5.19 that the disparity in energy absorption performance between the octet
lattice with and without beam contact is smaller compared to the disparity in energy absorption per-
formance between the bitruncated octahedron lattices with and without beam contact. As mentioned
in Subsection 5.2.3, this may be the result of compaction not being as dominant of an absorption
mechanism for octet lattices compared to bitruncated octahedron lattices. Since it has been established
that proper compaction cannot be modelled by the current contact model if the simulation is run on
multiple CPUs, the lack of proper compaction may have affected the performance of the octet lattice
less than the bitruncated octahedron lattices.

To put the energy absorption performance in numbers, Table 5.5 summarises the mass-normalised
energy absorption for each test case.

Table 5.5: A summary of the energy absorption performance of each test case. The third column lists the relative difference in
mass-normalised energy absorption performance between a case with self-contact (A) and its associated case without (B).

Testcase AW* [M]/kg] Gt -1

1A 0.22037 -0.118
1B 0.24974 0.0
2A 0.13693 -0.045
2B 0.14335 0.0
3A 0.24915 -0.116
3B 0.28186 0.0

Table 5.5 can be used to calculate the relative difference in performance of the test cases with beam
contact to the test cases without beam contact. This has been displayed in the third column of Table 5.5.
It turns out that the bitruncated octahedron lattices with self-contact exhibit a near 12% loss in mass-
normalised energy absorption performance compared to the bitruncated octahedron lattices without
self-contact. This holds for both vy = 350.0 m/s and vy = 150.0 m/s. However, the lack of additional
data points for other impactor initial velocities makes it difficult to say whether this performance
difference is roughly constant for all vo.

In the case of the octet lattices, the loss in mass-normalised energy absorption performance for the case
with beam contact is approximately 4.5% compared to the case without beam contact. Because there is
only one data point for the octet lattices, that at vp = 350.0 m/s, it is impossible to say what the relative
performance difference would be over different values of vy.

5.2.4. Summary of results

In summary, this chapter describes a large-scale numerical experiment of impact in truss metamaterials.
The problem is modelled with a rigid spherical impactor that collides with the lattice. The aim was to
evaluate the effect of self-contact on the energy absorption performance of the lattice. To this end, six
test cases were simulated: three with self-contact and three without. Two lattice types were investigated,
those being the bitruncated octahedron and the octet, but only the bitruncated octahedron lattices were
able to be simulated at vy = 350.0 m/s and vg = 150.0 m/s, while the octet lattices could only be run
with vg = 350.0 m/s due to time constraints.
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For each test case, the deformed state was visualised in Paraview, the impactor trajectories and energy
time histories were plotted, and the energy absorption was quantified. The impactor trajectories and
the energy plots indicate that the test cases which account for contact between struts have worse energy
absorption performance compared to the test cases which do not account for contact between struts.
For vy = 350.0 m/s, the bitruncated octahedron lattice with self-contact performs roughly 11.8% worse
than the same lattice without self-contact in terms of mass-normalised energy absorption. Similarly,
for vg = 150.0 m/s, there is a loss of about 11.6% in mass-normalised energy absorption between the
bitruncated octahedron lattice with self-contact and the same lattice without self-contact. In the case of
the octet lattice, the relative difference in mass-normalised energy absorption for vg = 350.0 m/s of the
case with self-contact is approximately 4.5% compared to the case without self-contact.

The results are contrary to the expectation that modelling contact between struts improves the energy
absorption performance of a lattice. Firstly, modelling self-contact would allow the beam-contact-
fracture framework to capture compaction behaviour in the lattice. As explained in Subsection 2.3.4,
compaction is the stiffening effect of the lattice when it is compressed, and it was expected that this
would improve impact performance. Secondly, modelling self-contact should also enable the lattice to
spread the kinetic energy imparted by the impactor onto the lattice over a larger region due to kinetic
energy transfer between contacting struts.

Possible explanations for why the energy absorption performance was worse when self-contact was
accounted for come in two forms. The first is that compaction cannot be captured fully as a result
of the relative small partitions. The simulations are run on multiple CPUs, and a limitation of the
contact model is that inter-partition contact cannot be resolved, and will thus be missed. Without
inter-partition contact, it becomes more difficult to take compaction into account. This makes for an
important recommendation for future work. The second explanation is a hypothesised fragmentation-
induced fracture phenomenon, which poses that during impact, the impactor causes fragments to be
propelled downstream into intact struts. Their contact interactions can then cause failure of these struts,
weakening the lattice ahead of the impactor and thus reducing the ability of the lattice to absorb energy.



Conclusion

6.1. Summary of findings

In summary, this thesis was dedicated to developing high-fidelity dynamic impact simulations of
beam lattices capturing both strut self-contact and fracture behaviour. To connect with the research
tasks posed in Chapter 1, the goals of this thesis were to (1) incorporate beam-contact behaviour with
beam-fracture behaviour, and tie it with the strut dynamics; (2) test the functionality of the unified
beam-contact-fracture framework in simple numerical experiments; (3) apply the unified beam-contact-
fracture framework to a large-scale numerical model of impact in a truss metamaterial and evaluate the
effect of self-contact on the energy absorption.

The process of integrating beam-contact behaviour with beam-fracture behaviour was covered in
Chapter 3. Then, in the numerical experiments described in Chapter 4, the beam-contact-fracture
framework showed it was able to maintain energy balance provided the time step At and the contact
penalty stiffness were correctly tuned for the impact conditions. For this reason, a sensitivity study
was performed on the contact penalty stiffness and a convergence study was conducted where At
was reduced. The contact penalty stiffness sensitivity study showed that for a given At, there is a safe
range of contact penalty stiffness values for which the energy balance is satisfied to a tolerance. The
convergence study conducted at a fixed contact penalty stiffness and initial impact velocity revealed that
energy response had already converged, but it is recommended for future work to perform the contact
penalty sensitivity study for different values of At to verify whether At affects the aforementioned safe
range of contact penalty stiffness values.

Finally, in Chapter 5, the unified beam-contact-fracture framework was demonstrated on a large-scale
truss-metamaterial impact problem. Six test cases were simulated with the objective of evaluating
the effect of self-contact on the energy absorption performance. Three test cases take beam-to-beam
contact into account while the other three do not. Two lattice types were used in the simulations: the
bitruncated octahedron and the octet. Due to time constraints, the bitruncated octahedron lattices were
only simulated with initial impactor velocities of 350.0 m/s and 150.0 m/s while the octet lattices were
only simulated with an initial impactor velocity of 350.0 m/s.

When the impact response of each test case was visualised, it was observed that each test case was
perforated by the impactor. After the energy absorption was quantified for each test case, it turned
out that self-contact degraded the energy absorption performance of the lattice. For the bitruncated
octahedron lattices, the loss in mass-normalised absorbed energy when self-contact was modelled
compared to when it was not, was approximately 12% for both initial impactor velocities. In the case of
the octet lattices, the loss was about 4.5%. These results were contrary to expectations since self-contact
should allow for capturing, among other phenomena, compaction. However, complete compaction
is impossible to model for the beam-contact-fracture framework in the case of parallel computing (as
was the case for the experiment in Chapter 5) because the contact model cannot resolve inter-partition
contact. As such, it is strongly recommended to implement a fully parallelised contact detection routine.
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6.2. Recommendations for future work

Over the course of performing the simple tests in Chapter 4, and conducting the main simulations in
Chapter 5, some key suggestions have been formulated for any further developments of the beam-
contact-fracture framework. In addition, Chapter 3 eluded to some major areas of improvement which
future iterations of this framework ought to incorporate. The recommendations following below aim
to either improve the accuracy and performance or expand the scope of the studied computational
framework.

6.2.1. Convergence study of the self-contact penalty parameter

The effect of the contact penalty parameter used by the beam-contact model on the response has already
been discussed in Subsection 4.3.2 and in Section 4.5. A simple sensitivity study was performed in
Subsection 4.3.2 for a fixed At and vg, which revealed that there is a safe range of contact penalty
stiffness values for which the response of a system is within tolerance. However, choosing a contact
penalty too low or too high causes the system response to diverge too much.

Despite the knowledge that the contact penalty parameter can greatly influence the results, time con-
straints have prevented a structured convergence analysis of the penalty parameter for every numerical
experiment. Instead, the penalty parameter was simply tuned along with the time step size until contact
was no longer missed and until the energy balance of the system was satisfactorily maintained.

It stands to reason that the performance of the computational framework and the efficiency of the entire
workflow can only benefit from conducting a more organised convergence analysis of the self-contact
penalty parameter. Such a convergence analysis would expand on the studies conducted in Subsec-
tion 4.3.2 and Subsection 4.3.3 by combining the two studies and investigating more parameters. For
starters, the convergence study should run the contact penalty sensitivity study outlined in Subsec-
tion 4.3.2 for multiple values of At. This would establish the "safe"” range of contact penalty values
for a given At, turning the tuning process of the contact penalty value into a matter of looking up
what the lower and upper bounds on the contact penalty stiffness are for a given At. This can then be
further expanded to also including the initial impact velocity as an input to the convergence study. This
way, one could obtain the safe range of contact penalty values for a given At and a given impact velocity.

This can be further supplemented by introducing and investigating a scaling law for the self-contact
penalty parameter as a function of e.g. the impact velocity, so that one need not manually retune the
penalty parameter for each simulation when the initial conditions are different. Doing so would save a
lot of time otherwise lost to simulation runs where the contact model failed to detect contact events
as a result of incorrect penalty values. Formulating a scaling law furthermore reduces the time spent
on recalibrating the contact model for each different initial velocity level since it would only require
calibrating the model once. However, this does front-load the tuning work to during the development
and verification of the penalty scaling law.

6.2.2. Alternative to nodal kinetic energy

Subsection 3.3.2 mentioned an alternative to computing the kinetic energy of the lattice in the form
of integrating the kinetic energy per unit length function, ITy;,, over the length of each element and
then summing over each element (see Equation 3.74). This method of computing the system kinetic
energy has already been implemented in SUMMIT for torsion-free geometrically nonlinear Kirchhoff
rods, but in this thesis, the nodal kinetic energy defined by Equation 3.73 was used to compute the
system kinetic energy. This method makes use of the lumped mass matrix and the nodal velocity field
to easily compute the kinetic energy without requiring any integration over the length of the elements
and subsequent summation over all elements. Because of this, the integrated kinetic energy approach
was not used. Still, it may be worthwhile to rerun the numerical experiments from Chapter 4 with the
integrated kinetic energy to see how much of a difference integrating and summing over the elements
makes in terms of maintaining energy balance.
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6.2.3. Direct nodal residual contribution of contact point-forces

As mentioned earlier in Subsection 3.1.7, a more refined alternative to distributing the contact point-
force to the nearest quadrature points is computing the contributions of the singularity force directly to
the nodal residual force. By making use of the sifting property of the Dirac pulse and the fact that the
element shape functions are known at the point of contact, the equivalent forces and moments at the
nodes of the element can be calculated from the point force. These nodal forces and moments can then
be added directly to the residual force nodal field, thereby better preserving the fact that the contact
force is a point force as opposed to a pseudo-distributed force when it is distributed over the nearest
quadrature points. However, special care is required when one also intends to implement a line-to-line
contact formulation in addition to the point-to-point contact formulation (see Subsection 6.2.6) because
the contact force for line-contact is a distributed force.

6.2.4. Inter-partition contact detection

One of the key assumptions made in Section 3.2 is the fact that inter-partition contact events are not
tracked. This is a physical limitation of the implementation of the contact model. Because each processor
only knows of the elements in its own partition, it can only detect contact events happening between
elements within its own partition. For any processor to detect contact between elements of any partition,
a major modification of the contact detection routine will be necessary.

For starters, the nearest neighbour search subroutine described in Subsection 3.1.7 must be modified to
be compatible with parallelisation over multiple partitions. Having each partition run this algorithm for
all elements in all the other partitions is not efficient. Possible solutions to fully parallelise the contact
algorithm depend on how complete the capture of all contact events must be. If one is only interested
in capturing all contact cases near each partition, then one could implement a method for spatially
nearby partitions to handle inter-partition contact. The contact detection routine then consists of an
intra-partition part, which handles contact as described in Subsection 3.1.7 and an inter-partition part
which searches for possible contact pairs between the closest partitions.

The limitation of this approach is that it would only be computationally efficient when the inter-partition
contact process is run for a set of known nearby partitions, rather than searching over all partitions. This
immediately precludes the detection of contact between elements from partitions which are spatially
far away from one another, such that they are not considered neighbouring partitions. The relevance of
this limitation becomes apparent when one considers that the collision with the spherical impactor in
Chapter 5 causes the affected struts to fracture and fragment, shooting in multiple directions and thus
potentially interacting and colliding with the surrounding structure. It is under these circumstances
that fragments from partitions close to the impact zone could very well find themselves near the struts
of cells far away from the impact zone. The abovementioned nearest partitions inter-partition contact
method would not be able to detect these collisions.

Detecting contact anywhere in the lattice would require more severe modifications to the model. Perhaps
one could choose to use dedicated processors for handling contact. However, when these processors
do not perform the same tasks as the processors allocated to handling the rest of the simulation,
then synchronising them becomes a challenge. One should hopefully notice that the implementation
of a fully parallel contact routine is not trivial and deserves its own dedicated study. Still, this is
a worthwhile endeavour as Chapter 5 identified the incomplete capture of compaction in the case
of parallel computing as a possible reason why the energy absorption results were not as expected.
Implementing a fully parallel contact model would allow one to rerun the same experiment from
Chapter 5 and hopefully capture compaction properly.

6.2.5. Alternatives to penalty contact

The contact enforcement technique employed by the contact model studied in this thesis is based on
the penalty method. Subsection 2.6.6 explains why the penalty approach is preferred for beam-contact
problems over the other commonly used constraint enforcement technique, the Lagrange multiplier
method. The biggest reason to prefer the penalty method is the fact that it does not introduce extra
unknowns, thereby saving on computational costs compared to the Lagrange multiplier method. How-
ever, Chapter 4 has made it apparent that tuning the penalty parameter is a time consuming process.
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Using penalty contact means finding a delicate balance between two undesirable outcomes: too low
a penalty parameter and the contact event is missed entirely; too high a penalty parameter and the
system becomes overly stiff and possibly unstable.

In light of this, it may be worthwhile to investigate alternative approaches to enforcing the contact
constraint which do not involve a penalty parameter. The Lagrange multiplier method is probably the
foremost example of a penalty-free enforcement technique. Despite its higher computational cost, the
extra time required for time marching may well be offset by the fact that no time will be lost tuning a
penalty parameter since constraint enforcement with the Lagrange multiplier method does not rely on
a penalty parameter.

Another promising alternative to the penalty method is the Decomposition Contact Response (DCR)
method. Raso (2024) dedicated his Master’s thesis to this penalty-free contact enforcement technique
[48]. In short, DCR utilises conservation of momentum and the fact that the pre-impact momenta
are known to calculate the post-impact momenta. After determining the post-impact velocities, any
detected penetration is removed through some form of closest-point projection [106] [48]. These two
steps combine to result in the post-impact state. One will notice that the DCR method requires no
contact penalty parameter, which means no penalty parameter tuning. Thanks to Raso’s work, the DCR
method has been implemented in SUMMIT for contact between continuous Galerkin beam elements.
As such, there is an opportunity for a follow-up study to modify the DCR method to be compatible
with the discontinuous Galerkin formulation so that a penalty-free beam-contact-fracture framework
can be developed.

Of course, making the DCR method work with the discontinuous Galerkin formulation introduces
challenges of its own, such as implementing the closest-point projection for elements which do not
share nodes. In the DG formulation, elements generally do not share nodes, so translating the nodes
of one element during penetration removal will not automatically do the same for any neighbouring
elements, potentially causing displacement discontinuities at their interfaces. One would need to keep
track of which elements share interface boundaries to correctly perform the intersection removal after
contact.

6.2.6. Implementation of line-to-line contact

Subsection 2.6.6 also mentions two different formulations for modelling beam-to-beam contact: point-
to-point contact and line-to-line contact. The beam-contact-fracture framework studied in this thesis
uses the point-contact formulation, as explained in Subsection 3.1.5. The simplicity of the point-contact
model made it more attractive than the more robust line-contact model, especially for an initial attempt
to integrate contact with beam fracture. However, it is undeniable that the line-contact formulation has
a higher consistency and robustness than the point-contact formulation, as explained by Meier et al.
(2016) [17] and summarised in Subsection 2.6.6.

With this in mind, it could be highly beneficial long-term to implement the line-to-line contact model
proposed by Meier et al. (2016) in SUMMIT, especially considering that the validity for arbitrary contact
angles would make this contact formulation well-suited to problems where wound slender structures
are present, such as filament wind simulations. The point-contact model performs well for impact
problems where unique contact points are not difficult to find, but it would likely suffer in winding
problems because of the small contact angles (as illustrated by (c) of Figure 2.40).

The caveat is that the line-to-line contact model is not as computationally efficient as the point-to-
point contact model as mentioned in Subsection 2.6.6 and Subsection 3.1.5. However, Subsection 3.1.5
mentions a solution to this issue in the form of a hybrid contact model which combines point-contact
and line-contact. Meier et al. (2017) proposed this formulation to get the best of both worlds since it
features the robustness of the line-to-line formulation for small contact angles while also benefiting
from the computational efficiency of point-to-point contact for large contact angles [95]. As such, if
one would like to implement a line-to-line contact model, then one may as well implement the hybrid
contact formulation since the point-contact formulation has already been implemented in SUMMIT.
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6.2.7. Accounting for more impact phenomena

Subsection 2.3.4 mentioned six phenomena found in the specimen when subjected to impact: plasticity,
fracture, shock waves, thermal effects, kinetic energy transfer and densification. As outlined in Sec-
tion 3.3, the beam-contact-fracture framework only considers fracture and contact, and no plasticity or
thermal effects. Furthermore, Section 3.1 explains that the framework utilises a hyperelastic constitutive
model and assumes frictionless contact. As a result, the only phenomena which can be captured by the
current iteration of the computational framework are fracture, kinetic energy transfer and densification,
since these only require fracture and contact models. The rest of the possible physical phenomena
necessitate additional models to supplement the fracture and contact models.

Friction

Friction was not listed explicitly as an absorption mechanism in Subsection 2.3.4, although it could
be understood to be a part of kinetic energy transfer and thermal effects. The fact is that some kinetic
energy should be lost during contact because of friction, and the current contact model does not reflect
this. While it is true that a frictional contact force model has been implemented in SUMMIT, the
computational experiments conducted in this thesis did not make use of frictional contact for simplicity
as explained in Subsection 3.1.7. Modelling the tangential contact forces requires providing a friction
coefficient, which necessitates determining said friction coefficient for each material. Formally speaking,
this coefficient would need to be determined empirically. Still, the particularities of determining the
friction coefficient aside, it would be a clear improvement to the accuracy of the contact model to
account for friction too.

Plasticity

One of the major physical phenomena in impact problems not accounted for by the current impact
model is plasticity. The material model assumed by the beam-contact-fracture framework is hyperelastic,
however, Section 2.3 makes it clear that even at lower impact velocities, plastic effects can be observed.
These plastic effects include strain hardening and permanent deformations. Modelling plastic effects
would improve the accuracy of the computational impact framework, and it is a natural next step for
the development of an impact model for low to moderately high impact velocities. In fact, integrating
plasticity into beam mechanics is a topic of active research and development in Dr Giovanardi’s research

group.

Hydrodynamics

Friction and plasticity are present already at low to moderately high impact velocities, but shock
waves and thermal effects are usually only observed at high impact velocities. The former of the
two phenomena are governed by a hydrodynamic model. Also, as mentioned in Subsection 2.3.3,
the material starts exhibiting fluid-like behaviour at high impact velocities, which also necessitates a
hydrodynamic model. Unlike friction and plasticity models, which supplement the impact model, but
are not necessary to model impact at lower velocities, a hydrodynamic model is essentially a requirement
for accurately modelling impact at high velocities because the dominant physical phenomena present
in high velocity impact are flow dominated rather than material strength dominated. As such, if one
would like to extend the computational framework to the high velocity impact regime, which is a highly
relevant impact regime for impact-protection of spacecraft, then developing a hydrodynamic model is
the first step. One would both need an equation of state to describe the material’s constitutive behaviour
in the high velocity impact regime, and governing equations for the shock waves that occur in high
velocity impact problems.

Thermomechanics

Closely tied with hydrodynamics is modelling the thermal effects present in high velocity impact
problems. These thermal effects could arise from the shock waves themselves, shock heating, or from
the heat generated during deformation, such as plastic heating (see Subsection 2.3.3). Modelling the
effect of temperature on the deformation requires developing governing equations describing the change
in temperature as a result of a change in energy (be it due to shock waves or due to plastic heating), and
it requires a temperature-dependent constitutive law. Together, they describe the thermomechanical
response of the struts. Similar to the hydrodynamic model, modelling the thermomechanical response
of the material during high velocity impact is effectively a necessity for modelling accurate impact
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responses, so it is highly recommended to develop a thermomechanical model for the computational
impact framework if the intent is to eventually simulate high velocity impact.

6.2.8. Non-slender beam formulations

The beam formulation used in the computational model is the torsion-free geometrically nonlinear
Kirchhoff beam formulation. The validity of this beam model is dependent on how slender the structure
is. Because these beam elements can only be used to model slender structures, it places a limit on the
relative density p of the unit cells. If p becomes too large, then the strut radius becomes too large for
it to be considered slender. At this point, the assumptions underpinning the torsion-free formulation
of the geometrically nonlinear Kirchhoff beam, and even the shear-free assumption of the Kirchhoff
beam may become invalid. This upper limit of p is a physical limitation of the beam formulation, and
modelling lattices with higher values of p, such as the relative densities of the lattices used by Portela et
al. (2021) [64], requires using a different beam formulation altogether.

The obvious alternative to the torsion-free geometrically nonlinear Kirchhoff beam for non-slender
beams would the Simo-Reissner beam. As can be seen in Subsection 2.5.3, this formulation does not
make assumptions regarding the shear-stiffness (or torsion-stiffness) of the beam. As such, modelling
denser lattice structures can be achieved by implementing a Simo-Reissner beam element formulation.
Of course, compared to the torsion-free geometrically nonlinear Kirchhoff beam formulation, a Simo-
Reisser beam element introduces additional unknowns which increases the computational load.

Another beam formulation which would also work for less slender beams, and which is currently
in development in Dr Giovanardi’s research group, is a shear-stiff corotational beam model. The
corotational formulation of an element allows for separating rigid-body displacements from the stretch
tensor, resulting in computationally efficient and robust elements [107]. Because this beam formulation
has already been implemented in SUMMIT, the focus can shift more towards integrating this element
type with the beam-contact-fracture framework. In principle, the computational model is not limited
to torsion-free geometrically nonlinear Kirchhoff beam elements, but integrating a new element type
would require a proper investigation to see whether the code runs without issue when a different
element type is used. In any case, making the framework compatible with the corotational beam
formulation is highly recommended to model lattices with higher values of p.

6.2.9. Preventing boundary effects

In the impact response visualisations from Chapter 5, there seemed to be indications of boundary effects
for vy = 150.0 m/s. The deformation waves in some of the captured frames looked like they reached all
the way to the boundaries. This means that the lattice dimensions of 50.0 x 50.0 x 25.0 mm may have
been too small. To prevent boundary effects, the lattice should have been larger in x and y. It may be
worthwhile to rerun the large-scale truss-metamaterial impact simulations from Chapter 5 with a larger
lattice, 75.0 x 75.0 x 25.0 mm or even 100.0 x 100.0 x 25.0 mm in dimensions.

6.2.10. Expanding the scope of the impact tests

The last recommendations pertain to expanding the scope of the simulated impact tests themselves,
rather than improving upon the computational model. Because of time constraints, the large-scale
lattice impact simulation was only run with one type of material, one value of relative density, and
two initial impactor velocities. This means that there is the potential of a follow-up study into the
impact performance of different materials and different lattice geometries for a larger range of impactor
velocities. As mentioned in Chapter 5, the impact problem already considers three possible materials,
but this study only used one material. Therefore, it is already possible to run simulations for different
materials and compare the impact performance of each specimen.

The other recommendation which is also already possible to implement, is running the simulations
at more values of the initial impactor velocity. As can be seen in Figure 5.19, having more data points
for more initial velocities would allow one to more easily and accurately predict trends in the energy
absorption behaviour. As it stands now, having just two or fewer data points for each lattice type in
the energy absorption plots makes it difficult or impossible to identify and motivate trends. It would
therefore be a great idea to run the simulations at more initial impactor velocities. The only limitation
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is time, which is the reason why this study only managed to run the simulations for vy = 350.0 m/s
and vy = 150.0 m/s, but aside from time, there is nothing stopping one from running the simulations at
more levels of initial impactor velocities, as long as vy does not become so high that hydrodynamic and
thermal effects should be modelled.

As for lattice geometries, the impact application was designed for two cell topologies: the octet and
the bitruncated octahedron. Modelling impact in lattices consisting of different cell topologies like
the rhombic dodecahedron or the BFCC as Bieler and Weinberg (2025) [6] have done, would require
modifying the driver of the application to also handle the different cell topologies. Aside from cell
topology, relative density is also a key input. Strictly speaking, users can simply define their relative
density of choice, and the mesh of the lattice will be generated with that relative density. Chapter 5 only
used a relative density of 1.25%, but one could also run the simulations with lattices with p up to 5.0%.

However, increasing the value of p means the struts become less slender, so as explained above in
Subsection 6.2.8, there is an upper limit to p, beyond which the results will not be valid if torsion-free
geometrically nonlinear Kirchhoff beam elements are used. A proper comparison of the effect of
relative lattice density on impact performance would require a larger range of p (see the range of p
used by Bieler and Weinberg (2025) [6] and Subsection 2.2.3) than is currently possible. This ties in
with Subsection 6.2.8, meaning that incorporating a non-slender beam model into the computational
framework is a prerequisite for expanding the scope of the impact tests to cover a larger range of relative
densities. Doing so would allow one to find out which lattice configuration is the most efficient for
energy absorption.
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Additional figures

A.1. Additional figures for Subsection 4.3.2

Subsection 4.3.2 only showed the energy plots for Reontact = 2.5 and Reontact = 20.0. Below, the energy
plots for the other values of Reontact are also included.
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(a) The energy balance of the system from case III for vg = —=3.0 m/s
and Reontact = 5.0.
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(c) The energy balance of the system from case III for vg = —3.0 m/s
and Reontact = 10.0. This figure is the same as Figure 4.17.
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(e) The energy balance of the system from case III for vg = =3.0 m/s
and Rcontact =15.0.
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(b) The energy balance of the system from case III for vg = —=3.0 m/s
and Reontact = 7.5.
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(d) The energy balance of the system from case III for v9 = =3.0 m/s
and Rcontact = 12.5.
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(f) The energy balance of the system from case III for vg = =3.0 m/s
and Reontact = 17.5.

Figure A.1: The energy plots for the other values of Reontact from the contact penalty sensitivity study from Subsection 4.3.2.

A.2. Additional figures for Subsection 4.3.3

The energy plots for the smaller time step values used in Figure 4.22 have been included below.
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(a) The energy balance of the system from case III for vg = —=3.0 m/s,

(b) The energy balance of the system from case III for vg = —=3.0 m/s,
Reontact = 10.0and At = 0.5-1078 s.

Reontact = 10.0 and At =1.0- 107 s.

Figure A.2: The energy plots for At = 0.5- 1078 s and At = 1.0 10~ s from the convergence study from Subsection 4.3.3.
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