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A B S T R A C T   

Using the critical angle information of a reflection event, it is possible to calculate several essential physical 
parameters that are key to reliable geological characterization of the subsurface. However, estimation of the 
critical angle usually requires several steps of seismic processing. For this reason, an approach which is capable 
of estimating the critical angle directly from the data is of interest. Once the critical angle is estimated, it is 
possible to estimate further the Poisson's ratio and the seismic velocities. In this work, we propose an approach 
which can perform this estimation, based on spectral recomposition of seismic data. We design an inversion 
scheme in order to reconstruct the seismic spectrum of wavelets of a reflection event, which subsequently allows 
us to estimate the critical angle of near-surface reflection events without performing prior velocity analysis. After 
finding the critical angle, we show next how to estimate the Poisson's ratio and the compressional- and shear- 
wave velocities of the medium above the reflector. The approach leads to quite accurate values for Poisson's 
ratio even for noisy data, in case the number of layers is not large.   

1. Introduction 

The critical angle (CA) of a seismic reflection event at a subsurface 
boundary is an important piece of information in performing analyses of 
a seismic dataset. In comparison to deeper targets, in near-surface 
reflection measurements, CAs are quickly reached at shorter offsets 
due to sharp changes in the velocities with depth. Post-critical re
flections are usually treated uniquely as informative events. To obtain a 
stacked image with a high signal-to-noise ratio (SNR), the position of the 
CA should be considered during the stacking process. Information about 
the CA is usually obtained from the Snell's law applied to the estimated 
velocities (Roth et al., 1998; Zelt et al., 2013), which demands a reliable 
prior estimate of the compressional (P) and/or shear (S) wave velocities. 
Uncertainties in the estimated velocities above and below an interface 
would result in uncertainties in the estimated CA. Because of this, it is 
desirable to have an alternative method that does not require prior ve
locity estimation, but uses the recorded reflections themselves to esti
mate the CA. 

Spectral recomposition is a technique that can be used to extract 
useful information from a seismic spectrum (Tomasso et al., 2010; Li 

et al., 2011; Cai et al., 2013). It is usually performed by estimating the 
fundamental signal properties, such as peak frequency, amplitude and 
phase, in order to reconstruct the seismic spectrum (Castagna et al., 
2003; Tomasso et al., 2010; Cai et al., 2013). One can reconstruct a 
seismic spectrum automatically by an inversion procedure if there is a 
mathematical description of the analyzed wavelet, which would allow 
performing the inversion for recovering the above-mentioned signal 
properties. 

The phase of a reflected wave changes sharply when the CA is 
reached. Because in case of near-surface reflectors the CA is reached at 
relatively short offsets, the number of pre-critical traces to perform 
common-midpoint stacking is often limited (Roth et al., 1998; Zelt et al., 
2013; Purves, 2014; Paskvich, 2016). This makes it more difficult to 
estimate reliable RMS velocities through velocity analysis, and conse
quently, harder to estimate also the Poisson's ratio. For this reason, an 
approach which allows obtaining directly from data the Poisson's ratio 
and the seismic wave velocities by finding the CA of a reflection event is 
of interest. 

We develop an inversion approach to reconstruct the seismic spec
trum of a reflection event and subsequently to estimate the CA. To do 
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this, we fit a calculated spectrum to an observed one, where the calcu
lated curve is the mathematical representation of a Ricker wavelet 
(Ricker, 1953) and the observed curve is the wavelet of a reflection 
event in a recorded trace. Curve fitting is performed for each wavelet 
along a reflection event in a common source gather. In this way, it is 
possible to observe the anomalies after the inversion for each wavelet, 
and therefore, to identify the anomalies related to the CA of that 
reflection event. Contrary to conventional approaches which estimate 
Poisson's ratio directly from the elastic indentation of the material (Choi 
and Zheng, 2006; Zheng et al., 2009) or from P- and S-wave velocities 
through velocity analysis (Nishimura et al., 1960; Law et al., 1995; 
Bachrach et al., 2000; Zhang and Bentley, 2005; Raharjo et al., 2016; Yu 
et al., 2016), our approach allows obtaining the CA of a reflection event 
directly from the data, without the need to perform the velocity analysis. 
Once the CA is obtained, we can then calculate the Poisson's ratio and 
the P- and S-wave velocities of the layers. 

It is important to note that the approach that we propose here does 
not require relatively long offsets (e.g., Landro and Tsvankin, 2007), or 
transforming the data to other domains, such as the τ-p domain (e.g., Sil 
and Sen, 2009). Our approach demands sufficient minimum number of 
offsets so we would be able to identify a decrease in the value of the 
global minima (i.e., only few offsets beyond the CA). CAs are seen in a 
τ-p section as blobs of increased amplitude. Even though the τ-p domain 
allows using shorter offsets compared to the method of Landro and 
Tsvankin (2007), the needed offset is still considerable. Also, data in the 
τ-p domain is often affected by transform artefacts, and other techniques 
are needed to reduce/suppress these artefacts (Dunne and Beresford, 
1995). As a result, the selection of the most appropriate τ-p transform 
method is data-dependent. Furthermore, analysis in the τ-p domain 
provides the critical slowness. One needs the accurate velocity infor
mation in the upper layer in order to obtain CA from the critical slow
ness. In comparison, the method that we propose in this paper does not 
require a priori conventional velocity information for estimating the 
Poisson's ratio; it requires information obtained in the field, such as the 
depth of the first interface or the P-wave velocity top layer estimated, for 
example, from the direct wave. However, for estimating the velocities of 
the underlaying layers it still requires the P-wave velocity of the top 
layer. The proposed method works on a trace-by-trace basis, which al
lows stopping the analysis at offsets shortly after the CA. This renders 
this approach suitable for datasets having limited source-receiver off
sets, unlike other methods that require larger offsets. 

2. Theory 

2.1. Spectral recomposition 

The amplitude and phase spectrum of a seismic trace can be repre
sented as a sum of different Ricker-wavelets amplitude and phase 
spectra, as proposed by Tomasso et al. (2010): 

d(f ) ≈
∑n

i=1
aiψi(mi, f ), (1)  

where d(f) is the amplitude and phase spectrum of a seismic trace, f is 
frequency, and ai and mi are the amplitude and the peak frequency of the 
i-th Ricker-wavelet spectrum, respectively. A Ricker-wavelet amplitude 
and phase spectrum with a peak frequency at m is given by 

R(f ) = aψ(m, f ) = a
f 2

m2exp
(

−
f 2

m2

)

. (2) 

Spectral recomposition can be used to obtain the peak frequency and 
the amplitude from a amplitude and phase spectrum through recon
struction. This differs from other approaches which decompose the 
amplitude and phase spectrum (Huang et al., 1998; Castagna et al., 
2003; Li et al., 2011; Cai et al., 2013). 

Using the above mathematical description for the amplitude and 

phase spectrum of a Ricker wavelet, it is possible to treat the problem in 
an inverse manner aiming to fit a calculated amplitude and phase 
spectrum to the one obtained from an observed wavelet in each seismic 
trace. The objective function to be used is shown in the Appendix. This 
allows us to recover the parameters related to the key components, i.e., 
peak frequency and amplitude, from the spectrum, and hence, analyze 
the residual error for each wavelet of a seismic reflection event. 

2.2. Critical angle (CA) and Poisson's ratio 

The CA of a PP reflected event (incident and reflected P waves) can 
be described by the Snell's Law as 

sin(αc)P1P2

VP1

=
sin(90◦)

VP2

, (3)  

where αc is the CA between the first and the second layer, while VP1 and 
VP2 are the P-wave velocities of the first and the second layer, 
respectively. 

Rearranging eq. 3, we get: 

sin(αc)P1P2
=

VP1

VP2

. (4) 

The same relation can also be written for an SS reflection event 
(incident and reflected S wave): 

sin(αc)S1S2

VS1

=
sin(90◦)

VS2

, (5)  

where VS1 and VS2 are the S-wave velocities of the first and the second 
layer, respectively. 

Rearranging eq. 5, we get: 

sin(αc)S1S2
=

VS1

VS2

. (6) 

For the converted SP reflected event (incident S-wave and reflected 
P-wave), the relation is 

sin(αc)S1P2

VS1

=
sin(90◦)

VP2

. (7) 

Rearranging eq. 7, we get: 

sin(αc)S1P2
=

VS1

VP2

. (8) 

Dividing eq. 6 by eq. 8 results in 

sin(αc)S1S2

sin(αc)S1P2

=

VS1
VS2
VS1
VP2

=
VP2

VS2

. (9) 

Similarly, dividing eq. 8 by eq. 4 results in 

sin(αc)P1P2

sin(αc)S1P2

=

VP1
VP2
VS1
VP2

=
VP1

VS1

. (10) 

Therefore, the ratio of the CA of the SS and SP reflected events gives 
the ratio VP1/VS1 of the first layer, while the ratio of the CA of the PP and 
SP reflected events leads to the ratio VP2/VS2 of the second layer. 

Since the Poisson's ratio can be expressed as 

v =

(
VP
VS

)2
− 2

2
(

VP
VS

)2
− 2

, (11)  

assuming the layers to be locally homogeneous and isotropic for the 
offsets in the common source gather, the Poison's ratio of the first 
(upper) layer can be written as 
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v1 =

(
sin(αc)P1 P2
sin(αc)S1 P2

)2
− 2

2
(

sin(αc)P1 P2
sin(αc)S1 P2

)2
− 2

, (12)  

while for the second (lower) layer the Poisson ratio is 

v2 =

(
sin(αc)S1 S2
sin(αc)S1 P2

)2
− 2

2
(

sin(αc)S1 S2
sin(αc)S1 P2

)2
− 2

. (13) 

Therefore, finding the CAs of the three reflected events would in 
principle allow obtaining the Poisson's ratio of the first two layers, 
without any prior information of the P- and S-wave velocities. 

The same approach can be applied to the next layer, once the CA is 
found for the following (lower) interface. With the CAs of the PP, SS and 
SP events reflected at the interface between the second and the third 
layer, it is possible to find the Poisson's ratio for the third layer. This 
process can be continued successively for the deeper layers, as long as 
the recorded data contain the critically reflected arrivals. For noisy 
datasets, one needs to be careful to apply this method, as the error 
propagates from one layer to another during the recursion. 

2.3. Calculating velocities from the CA 

Using eqs. 4, 6, and 8, it is also possible to obtain VP and VS of both 

layers. For this, P-wave velocity VP1 of the first layer will need to be 
estimated, which could be achieved by any other conventional method. 
Once VP1 is estimated, it can be used in eq. 4 to calculate VP2. 

Applying the same approach to eq. 8 would allow calculation of VS2. 
Next, substituting the calculated VS2 in eq. 6, VS1 can be found. 

Thus, once the CAs of the PP, SS, and SP events, and the P-wave 
velocity of the first layer are estimated, it is possible to calculate the S- 
wave velocities of both layers and the P-wave velocity of the second 
layer. 

3. Algorithm 

3.1. Finding the CA 

With the mathematical description presented in eqs. 1 and 2, it is 
possible to calculate the amplitude and phase spectrum of the Ricker- 
wavelet. After time-windowing a reflection event in an observed trace 
(which we call “observed wavelet”) and transforming it to the frequency 
domain, it is possible to fit a spectrum calculated from eqs. 1 and 2 to 
that of the observed one. 

We have developed an inversion scheme, where the optimization is 
performed through curve fitting. Since the Ricker-wavelet spectrum is 
an observed quantity (i.e., it can be obtained from the observed data), 
the parameters to be recovered with the inversion are the peak fre
quency m and the amplitude a (see eqs. 1 and 2). 

Fig. 1. Flowchart of the proposed algorithm.  
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Instead of using global-search algorithms, we apply a multi-start 
procedure which employs a local-search routine (Terlaky and Sotirov, 
2010). From random starting points, after several iterations, the 
approach leads to a good statistical distribution of the minima region. 
We perform least-square minimization of the difference between the 
Ricker-wavelet spectrum of the observed trace and the theoretical 
spectrum obtained from eqs. 1 and 2. In the stochastic process, each 
iteration results in a different minimum value, which can then be 
compared with the minima from other iterations. It is possible to select 
finally the largest minimum value. The number of iterations can be set to 
adapt to the complexity of the analyzed spectra, increasing the accuracy 
and the efficiency of recovering m and a corresponding to the global 
minimum region. 

This mapping also provides a deeper understanding of the 
complexity of the topology of this objective function, allowing – if 
necessary - an improved inversion through selection of a more appro
priate optimization algorithm and/or minimization method. 

For an analyzed reflection event, this inversion is applied to each 
trace that contains this event, resulting in a set of peak frequencies and 
amplitudes. Also, each optimum set of parameters (m and a) recovered 
for each trace presents a residual error value. This residual error, related 
to the global-minimum region, can be used to identify the trace that 
contains the reflection arrival at the CA. For the trace at the CA, the 
residual corresponding to the global minimum is highest when 
compared with the same for the other traces. This is because at the CA 
the separation between the reflected wavelet and the critically refracted 
wavelet reaches the maximum value. Note that, our proposed procedure 
allows identifying the CA without the need of obtaining the velocities 
first. Note that the highest global minimum is related to trace number 
which is closest to the CA, and not to the CA itself; so, we can convert the 
trace number to angle, information obtained in the field is required, for 
example, the depth of the first interface or the P-wave velocity top layer 
estimated by direct wave. 

The flowchart of the proposed algorithm is presented in Fig. 1. 

3.2. Finding the Poisson's ratio 

Estimating the CAs for different reflected wave types at a given 
interface allows us to find next the Poisson's ratio. For this purpose, the 
necessary events are the conventional PP reflection, the SvSv or ShSh 
reflection, and the converted SvP reflection. As the PSv and SvP re
flections have the same arrival times (i.e., these two reflection events 
overlay each other), the CA of the SvP reflection appears sooner than the 
CA of the PSv reflection, which makes the estimation of the CA of the 
PSv reflection event more ambiguous when using our method. This 
ambiguity becomes even stronger in case of noisy data, which would 
prevent the use of PSv reflection event in most cases. For this reason, 
instead of PSv events, the use of SvP reflections is preferred. In this vein, 
we can restrict ourselves to specific areas of the seismogram in order to 
pick the target reflections. This prevents the algorithm from picking the 
wrong spectrum. 

In practical implementation, one can carefully mute parts of the 
seismogram that are not of interest. This minimizes greatly the number 
of wavelets to be inverted, hence reducing the processing time and 
increasing the accuracy. In case a part of a target reflection event is 
inadvertently muted, that will result in an erroneous result. 

When only single-component seismic data are available, identifica
tion of the three required wave types is not possible. We can still use the 
proposed approach to identify the CAs, which can subsequently be used 
to improve the NMO (normal moveout) stacking and hence enhance the 
signal-to-noise ratio of the stacked image. Furthermore, instead of 
conventional reflection shooting, a properly tailored, limited-offset, 
two-component reflection survey can be both economic and advanta
geous for estimating the CA, the Poisson's ratios, and the velocities using 
our approach. 

4. Results 

4.1. Two-layer models 

Our proposed approach can estimate the CA without requiring a 
prior velocity analysis, which allows estimation of the possible variation 
in the spatial location of the CA along the measurement line. We find 
that the CA corresponds to a specific value of the global minimum in the 
least-square minimization. The global minima generally vary around the 
CA. 

We test our approach by analyzing the reflection events in three 
simple near-surface soil models. Each model represents a two-layer 
subsurface with the layer interface located at 6 m depth. The deeper 
layer has an S-wave velocity of 200 m/s, while the shallower layer has 
an S-wave velocity of 100 m/s, 120 m/s, and 140 m/s, in the first, second 
and third model, respectively. We simulate an S-wave survey using a 
finite-difference modelling scheme (Thorbecke and Draganov, 2011). 
For this first experiment, we use only shear-waves, because in many 

Fig. 2. Synthetic noise-free common-source gathers for the three two-layer 
models used in our tests. The primary reflection for the three models is char
acterized by the CA at (A) 30.00◦, (B) 36.87◦, and (C) 44.43◦, respectively, as 
indicated by the red dotted line. (For interpretation of the references to colour 
in this figure legend, the reader is referred to the web version of this article.) 
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near-surface surveys only S-waves are usually acquired. For each model, 
we pick the primary reflection from the interface of the two layers. The 
first model presents a CA at 30.00 degree (Fig. 2A), the second one at 
36.87 degree (Fig. 2B), and the third one at 44.43 degree (Fig. 2C). Note 
that the refraction visually separates from the post-critical reflection at 
angles higher than the CA, giving a false impression that the CA exists at 
a lower incidence angle. 

We show, in Fig. 3, the values of the global minimum for the 
reflection angles estimated from spectral recomposition. For the primary 
reflection event observed in Fig. 2A, we observe that the highest value of 
the global minimum is located at 29.61 degree (Fig. 3A), indicating the 
value of the CA. For the primary reflection events observed in Fig. 2B 
and C, we make the same observation — that the highest value of the 
global minimum corresponds to the CA at 36.73 degree (Fig. 3B) and at 
44.02 degree (Fig. 3C), respectively. Because we apply our method 
trace-by-trace, we can stop the estimation when we detect that, beyond 
the highest value of the global minimum, we can recognize a steep 
descent of the residual (Fig. 3). For example, we can stop the estimation 
at about 40◦ in Fig. 3A, 45◦ in Fig. 3B, and 50◦ in Fig. 3C. Therefore, for 
estimation of the CA, our method requires relatively short offsets – 
offsets that allow detection of the steep descent of the residual. 

For the reflection event in Fig. 2A, with a CA of 30.00◦, our estimated 
value is 29.61◦. For the reflection event in Fig. 2B, with a CA of 36.87◦, 
the estimated CA is 36.73◦. For the reflection event in Fig. 2C, with a CA 
of 44.43◦, the estimate is 44.02◦. Therefore, the error is only 1.3%, 
0.38%, and 0.92%, respectively, for the three cases. These results show 
that, on noise-free synthetic data, our proposed approach can estimate 
the CA quite accurately for different ranges of the CA. 

4.2. Four-layer model 

To test the accuracy of the Poisson's ratio estimation, we next apply 
our approach to a four-layer model, for which the parameters are shown 
in Table 1. The model is also shown in the Appendix. We simulate a 
combined P- and S-wave (with Ricker wavelet as source function) survey 
using the same finite-difference modelling scheme as before, which al
lows observing PP, SS, PS and SP events. The simulated common-source 
gather, as recorded by vertical particle-velocity receivers and a pressure 
source, is shown in Fig. 4A, while in Fig. 4B we illustrate the same gather 
after adding to it uncorrelated noise with SNR of 2. Note that the surface 
waves have been suppressed here through frequency-wavenumber 
filtering. We use both gathers to estimate the CAs of the reflections 
from the three interfaces and subsequently the Poisson's ratio of the top 
three layers. 

Using the layer parameters (Table 1), we calculate the true CAs of the 

Fig. 3. Variation of the global minimum leading to an estimate of the CA (in 
green) for the primary reflection event in (A) Fig. 2A, (B) Fig. 2B, and (C) 
Fig. 2C. The correct CA is given in red. (For interpretation of the references to 
colour in this figure legend, the reader is referred to the web version of 
this article.) 

Table 1 
Layer parameters for the elastic four-layer model.  

Layer VP (m/s) VS (m/s) Density (kg/m3) Layer thickness (m) 

Layer 1 700 120 1000 4 
Layer 2 900 170 1200 6 
Layer 3 1100 240 1400 10 
Layer 4 1300 330 1700 30  

Fig. 4. Simulated common-source gather (pressure source) for the elastic four- 
layer model (Table 1) showing P- and S-wave reflections: (A) without noise, (B) 
with noise (SNR = 2). 
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PP, SS, and SP reflections for the three interfaces. Next, using the 
spectral-recomposition inversion as presented above, we estimate the 
CA (Table 2). 

In Fig. 5A, B, and C, we notice that our approach estimates accurately 
the CA for each of the PP events. The error is less than 1.2% (Table 2). 

For SS reflections (Fig. 6A, B, and C), the error is found to be also less 
than 1.5% (Table 2). For the SP reflection events (Fig. 7A, B, and C), 
however, we find that the estimated CA has relatively large errors — 
between 8.45% and 12.95% (Table 2). Apparently, the proposed 
approach fails to provide accurate estimates when the CA is relatively 
small. 

Applying our estimation procedure to a synthetic common source 
gather with noise (Fig. 4B), we find that, even with a SNR of 2, our 
approach estimates accurately the CAs of the PP events (Fig. 8A, B, and 
C) and of the SS events (Fig. 9A, B, and C). The error is still small - below 
4.6% (Table 2). However, for the SP reflection events (Fig. 10A, B, and 
C), we again observe higher errors in the estimated CAs (Table 2). These 
results show that our approach is able to estimate in a reliable manner 
the position of the CA for PP, SS, and SP reflection events in different 
layers. It could become more difficult to estimate the CA when the SNR is 
much lower. 

Comparing the errors in the estimates for data without and with 
noise (Table 2), we notice that the error in the estimated CA increases 
with noise much more for the PP and SS events, while it increases 

Table 2 
True CA and estimated CA for the three reflection events in the four-layer model.  

Reflection 
events 
between two 
layers 

True 
CA 

Estimated CA 
for noise-free 
data (this 
research) 

Error, % 
(noise- 
free 
data) 

Estimated CA 
for noisy data 
(this 
research) 

Error, 
% 
(noisy 
data) 

PP 1,2 51.06◦ 50.45◦ 1.19 52.47◦ 2.77 
PP 2,3 54.90◦ 54.81◦ 0.17 56.81◦ 3.47 
PP 3,4 57.80◦ 57.65◦ 0.25 59.71◦ 3.31 
SS 1,2 44.90◦ 44.71◦ 0.42 46.67◦ 3.94 
SS 2,3 45.10◦ 45.03◦ 0.16 47.16◦ 4.57 
SS 3,4 46.66◦ 45.96◦ 1.50 47.95◦ 2.77 
SP 1,2 7.66◦ 6.67◦ 12.95 8.66◦ 13.02 
SP 2,3 8.89◦ 8.02◦ 9.79 10.02◦ 12.71 
SP 3,4 10.64◦ 9.74◦ 8.45 11.74◦ 10.35  

Fig. 5. Variation of the global minimum for the estimated CA (given in green) 
for the primary PP reflection events, in case of noise-free data (Fig. 4A), cor
responding to (A) first, (B) second, and (C) third interfaces of the four-layer 
model. The correct value of the CA is given in red. (For interpretation of the 
references to colour in this figure legend, the reader is referred to the web 
version of this article.) 

Fig. 6. Variation of the global minimum for the estimated CA (given in green) 
for the primary SS reflection events, in case of noise-free data (Fig. 4A), cor
responding to (A) first, (B) second, and (C) third interfaces of the four-layer 
model. The correct value of the CA is given in red. (For interpretation of the 
references to colour in this figure legend, the reader is referred to the web 
version of this article.) 
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relatively less for the SP events. The presence of noise influences the 
estimation of the CA from the variation of global minima also in another 
sense: in case of noise-free data, the estimated CA is always lower than 
the true CA, while in the presence of noise, the estimated CA is higher 
than the true CA for all scenarios of our tests. This suggests that the 
presence of noise in the data makes it more difficult for the algorithm to 
distinguish between the reflected and the refracted events close to the 
CA. For a successful CA estimation, one needs a higher incidence angle 
(longer offset) for clear separation of these two events. 

Although the estimated CA is more erroneous for the SP events, the 
error in the estimated Poisson's ratio is still small – about 1% (Table 3). 
The same observation is also made also for data with noise (SNR of 2): 
the error in the estimated Poisson's ratio is still quite small. This shows 
that our proposed approach is robust and accurate for estimating the 
Poisson's ratio. 

Once the Poisson's ratio for each layer is estimated, we can then 
estimate the velocities of each layer, in case we know the VP of the first 
layer independently. Since the VP of the first layer is usually easy to 

obtain (e.g., from the direct wave), we assume little error in this value. 
With this assumption, we estimate the VP and VS of each layer using our 
approach. The estimated values are shown in Table 4. We notice that the 
estimated VP has a higher error compared to the estimated VS. In the 
absence of noise, both VP and VS can be estimated quite accurately. In 
the presence of noise (SNR of 2), the estimated velocity for each layer 
becomes somewhat erroneous - with a very low increase in error in the 
estimated VP, and a significantly higher error in the estimated VS. 
Nevertheless, the velocities that we estimate following this simple 
approach, even in the presence of significant noise in the data, are ac
curate enough for use in geological characterization. 

The relative errors in the estimated CAs (for both noisy data and 
noise-free data) are significantly higher than the errors found for Pois
son's ratios. This relative insensitivity is related to the manner in which 
the Poisson's ratio is calculated. It happens because the ratio between 
values of sines of the CAs (which is equal to the VP/VS ratio) have small 
values, and they become even less significant when applied in the 
Poisson's ratio equation (see eqs. 12 and 13). For this reason, the relative 
errors in the estimated Poisson's ratio are very small in comparison to 

Fig. 7. Variation of the global minimum for the estimated CA (given in green) 
for the primary SP reflection events, in case of noise-free data (Fig. 4A), cor
responding to (A) first, (B) second, and (C) third interfaces of the four-layer 
model. The correct value of the CA is given in red. (For interpretation of the 
references to colour in this figure legend, the reader is referred to the web 
version of this article.) 

Fig. 8. Variation of the global minimum for the estimated CA (given in green) 
for the primary PP reflection events, in case of noisy data (Fig. 4B), corre
sponding to (A) first, (B) second, and (C) third interfaces of the four-layer 
model. The correct value of the CA is given in red. (For interpretation of the 
references to colour in this figure legend, the reader is referred to the web 
version of this article.) 
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errors in the respective CAs. However, the relative errors in the esti
mated VP and VS are significantly more sensitive to the error in the CAs 
in comparison to that in the Poisson's ratio. This is because, for the 
values of VP and VS we use, Poisson's ratio is less sensitive to changes in 
VP/VS than those in the individual values of VP and VS. Note that, for 
velocity estimation from noisy datasets, the error propagates from one 
layer to another during the recursion. This makes the utilization of the 
method less suitable when the number of layers is large. 

4.3. Four-layer model inspired by field data 

Again, to test the accuracy of the Poisson's ratio estimate, we apply 
our approach to a four-layer model inspired by field data (Gibbs et al., 
1992). It represents the situation of two unsaturated layers above two 
saturated layers, with the water table at 13 m depth. The parameters of 
the model are shown in Table 5. The model is also shown in the Ap
pendix. We simulate a P- and S-wave survey in the same manner as 
before, except that this time the model does not include a free surface. 
This means that surface waves and free-surface multiples are not 

modelled. For field data, this means that surface-wave suppression 
would have been applied, for example using data-driven interferometric 
surface-wave suppression (Balestrini et al., 2020), followed by surface- 
related multiple suppression in the raw S-wave field data (Verschuur 
et al., 1992; Ghose and Goudswaard, 2004). The simulated common 

Fig. 9. Variation of the global minimum for the estimated CA (given in green) 
for the primary SS reflection events, in case of noisy data (Fig. 4B), corre
sponding to (A) first, (B) second, and (C) third interfaces of the four-layer 
model. The correct value of the CA is given in red. (For interpretation of the 
references to colour in this figure legend, the reader is referred to the web 
version of this article.) 

Fig. 10. Variation of the global minimum for the estimated CA (given in green) 
for the primary SP reflection events, in case of noisy data (Fig. 4B), corre
sponding to (A) first, (B) second, and (C) third interfaces of the four-layer 
model. The correct value of the CA is given in red. (For interpretation of the 
references to colour in this figure legend, the reader is referred to the web 
version of this article.) 

Table 3 
True and estimated Poisson's ratio for each layer of the four-layer model.  

Layer True 
Poisson's 
ratio 

Estimated 
Poisson's 
ratio 
(noise-free 
data) 

Error, % 
(noise- 
free data) 

Estimated 
Poisson's ratio 
(noisy data) 

Error, % 
(noisy 
data) 

Layer 
1 

0.4776 0.4828 1.08 0.4724 1.09 

Layer 
2 

0.4728 0.4778 1.07 0.4669 1.25 

Layer 
3 

0.4634 0.4693 1.27 0.4572 1.35  
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source gather, as recorded by vertical-particle velocity receivers due to a 
pressure source, is shown in Fig. 11A, while in Fig. 11B we show the 
same gather after adding uncorrelated noise with SNR of 2. We use both 
gathers to estimate the CAs of the reflections from the three interfaces 
and subsequently the Poisson's ratio of the top three layers. 

Using the parameters of the four layers shown in Table 5, we 
calculate the true CAs of the PP, SS, and SP reflections for all three 

interfaces. Next, we estimate the CA (Table 6) using the spectral- 
recomposition inversion developed. 

In Fig. 12A, B, and C, we notice that our approach estimates accu
rately the CA for each of the PP events. In Figs. 12 A and 12C, the error 

Table 4 
True and estimated VP and VS for each layer of the four-layer model.  

Layer and 
velocity 
type 

True 
velocity 
(m/s) 

Estimated 
velocity, m/s 
(noise-free 
data) 

Error, % 
(noise- 
free 
data) 

Estimated 
velocity, m/s 
(noisy data) 

Error, % 
(noisy 
data) 

VP of 
layer 1 

700 – – – – 

VS of layer 
1 

120 119.05 0.42 132.91 10.76 

VP of 
layer 2 

900 907.83 0.87 882.69 1.92 

VS of layer 
2 

170 167.85 0.09 147.23 12.29 

VP of 
layer 3 

1100 1110.84 0.99 1054.76 4.11 

VS of layer 
3 

240 239.50 0.21 203.04 15.22  

Table 5 
Parameters of the layers in the field-inspired four-layer elastic model.  

Layer VP (m/s) VS (m/s) Density (kg/m3) Layer thickness (m) 

Layer 1 400 100 600 3 
Layer 2 520 130 800 8 
Layer 3 1500 250 1300 13 
Layer 4 1980 330 1500 140  

Fig. 11. Simulated common-source gather from a pressure source using the 
four-layer model shown in Table 5: (A) without noise, (B) with noise (SNR = 2). 

Table 6 
True CA and estimated CA at the three interfaces in the four-layer model shown 
in Table 5.  

Reflection 
events 

True 
CA 

Estimated CA 
from noise- 
free data (this 
research) 

Error, % 
(noise- 
free 
data) 

Estimated CA 
from noisy 
data (this 
research) 

Error, % 
(noisy 
data) 

PP 1,2 50.28◦ 49.62◦ 1.32 52.39◦ 4.19 
PP 2,3 20.28◦ 19.71◦ 2.83 21.43◦ 5.65 
PP 3,4 49.25◦ 48.65◦ 1.22 51.28◦ 4.12 
SS 1,2 50.28◦ 49.71◦ 1.14 52.31◦ 4.03 
SS 2,3 31.33◦ 30.53◦ 2.56 33.04◦ 5.45 
SS 3,4 49.25◦ 48.27◦ 1.99 51.06◦ 3.67 
SP 1,2 11.09◦ 10.08◦ 9.09 12.35◦ 11.39 
SP 2,3 4.97◦ 4.26◦ 14.32 5.77◦ 16.05 
SP 3,4 7.25◦ 6.54◦ 9.84 8.13◦ 12.08  

Fig. 12. Variation of the global minimum for the estimated CA (given in green) 
for the primary PP reflection events, in case of noise-free data (Fig. 11A), 
corresponding to (A) first, (B) second, and (C) third interfaces of the model in 
Table 5. The correct value of the CA is given in red. (For interpretation of the 
references to colour in this figure legend, the reader is referred to the web 
version of this article.) 
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reaches a maximum of 1.32%, while Fig. 12B shows an error of 2.83% 
(Table 6). For the SS reflections (Fig. 13A and C), the error reaches a 
maximum of 1.99% (Table 6), while for the second interface (Fig. 12B) it 
is 2.56%. For the SP reflection events (Fig. 14A, B, and C), however, we, 
again, find that the estimated CAs have a relatively larger error – a 
maximum of 9.84% for the first and third interfaces, while for the second 
interface (Fig. 14B) the error is 14.32% (Table 6). Like the previous 
model, the proposed approach fails to achieve a high accuracy when the 
CA is relatively small. We also observe that the error increases signifi
cantly at an interface when the P-wave velocity increases abruptly. 

Applying our estimation procedure to the common-source gather 
with noise (Fig. 11B), we find that, even with a SNR of 2, our approach 
estimates accurately the CAs of the PP events (Fig. 15A, B, and C) and of 
the SS events (Fig. 16A, B, and C). The error is relatively small - below 
5.7% (Table 6). However, for the SP reflection events (Fig. 17A, B, and 
C), we again observe relatively high errors in the estimated CAs 
(Table 6). These results illustrate that our approach is able to estimate 
reliably the position of the CAs for PP, SS, and SP reflection events also 
for realistic models mimicking field situations, where the P-wave 

velocity can experience an abrupt jump due to the presence of the water 
table. 

Comparing the errors in the estimates for data without and with 
noise (Table 6), we find that the error in the estimated CA increases with 
noise much more for the PP and SS events than for the SP events, similar 
to our results for the previous model. The presence of noise again in
fluences the estimation of the CA: in case of noise-free data, the esti
mated CA is always lower than the true CA, while in the presence of 
noise, the estimated CA is higher than the true CA for all tested 
scenarios. 

Although the estimated CA is more erroneous for the SP events, the 
error in the estimated Poisson's ratio is small – less than 2.5% (Table 7). 
For data with noise (SNR of 2), the error in the estimated Poisson's ratio 
is still quite small. This confirms that our proposed method is robust and 
accurate for estimating Poisson's ratio. 

Having obtained the Poisson's ratio for the top three layers, we can 
now estimate the velocities of each layer, in case we can obtain the VP of 
the first layer independently. As before, we assume no error in this VP 

Fig. 13. Variation of the global minimum for the estimated CA (given in green) 
for the primary SS reflection events, in case of noise-free data (Fig. 11A), cor
responding to (A) first, (B) second, and (C) third interfaces of the model in 
Table 5. The correct value of the CA is given in red. (For interpretation of the 
references to colour in this figure legend, the reader is referred to the web 
version of this article.) 

Fig. 14. Variation of the global minimum for the estimated CA (given in green) 
for the primary SP reflection events, in case of noise-free data (Fig. 11A), cor
responding to (A) first, (B) second, and (C) third interfaces of the model in 
Table 5. The correct value of the CA is given in red. (For interpretation of the 
references to colour in this figure legend, the reader is referred to the web 
version of this article.) 
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value. With this assumption, we estimate the VP and VS of each layer 
using the described approach. The estimated values are shown in 
Table 8. We notice that the estimated VP has a lower error compared to 
the estimated VS, which differs from the results for the previous model. 
For the data with noise, VP can be estimated quite accurately, while for 
VS the estimation accuracy decreases significantly but is still acceptable. 
In the presence of noise (SNR of 2), the estimated velocity for each layer 
becomes somewhat erroneous - with a very low increase in error in the 
estimated VP and a significantly higher error in the estimated VS. For the 
first layer, VS obtained from the noisy data shows similar accuracy as for 
the noise-free data. The estimated values of VP and VS are accurate 
enough for use in geological characterization. 

As we mentioned above, the small sensitivity of the Poisson's ratio to 
errors is also result of the field subsurface situation we use to inspire our 
model we use, which is characterized by high VP/VS ratio. For field 
situations with subsurface layers with low VP/VS ratio, for example for 
dry loose sand, the VP/VS ratio will be low, e.g., around 1.5–1.7, which 
would present Poisson's ratio between 0.1 and 0.24. This will result in 
small errors in the estimated VP or VS velocities producing more 

significant errors in the Poisson's ratio. For such field data, our method 
should be applied cautiously. 

Another field situation important to mention is the presence of 
thinner layers. Such layers could generate more interference due to the 
arrivals from different interfaces overlaying each other. This might 
make it harder to identify the CA sufficiently accurately with the 
approach we propose. 

We also performed the tests for the PP events of this data, with noise- 
free data and noisy data, but for a case when only offsets till 61 m are 
available (these results are shown in the Appendix). These results show 
that our approach is able to provide the proposed analyses even with 
short offsets. 

5. Conclusions 

We have proposed an alternative approach for estimating the critical 
angle of a reflection event by reconstructing the seismic spectrum 
through an inversion which is based on spectral recomposition. We 
calculate a spectrum that best-fits the observed spectrum. The proposed 

Fig. 15. Variation of the global minimum for the estimated CA (given in green) 
for the primary PP reflection events, in case of noisy data (Fig. 11B), corre
sponding to (A) first, (B) second, and (C) third interfaces of the model in 
Table 5. The correct value of the CA is given in red. (For interpretation of the 
references to colour in this figure legend, the reader is referred to the web 
version of this article.) 

Fig. 16. Variation of the global minimum for the estimated CA (given in green) 
for the primary SS reflection events, in case of noisy data (Fig. 11B), corre
sponding to (A) first, (B) second, and (C) third interfaces of the model in 
Table 5. The correct value of the CA is given in red. (For interpretation of the 
references to colour in this figure legend, the reader is referred to the web 
version of this article.) 
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method does not require any prior velocity information. Having esti
mated the critical angle, the Poisson's ratio and the seismic velocities in 
each layer can be estimated. 

In order to evaluate the capability of this approach, we have tested it 
on numerically modelled data of S-wave reflections from three two-layer 
near-surface models. We have then examined our approach on a syn
thetic common-source gathers containing both P- and S-wave reflections 
and representing two four-layer near-surface models, without and with 
noise (signal-to-noise ratio of 2). For the four-layer models, we have 
estimated the Poisson's ratio of the top three layers by first calculating 
the critical angle of each reflection event. Our results show that, using 
the new approach, it is possible to estimate the critical angle of a near- 
surface reflection event directly from data without performing velocity 
analysis, even when there is significant noise present in the data. This 
offers a new means to estimate quite accurately the Poisson's ratio above 
each of the interfaces. We have found that using the obtained Poisson's 
ratio information together with independently obtained value of P-wave 
velocity of the top layer, one can estimate the P- and S-wave velocities 
for each layer, without the need of conventional velocity analysis. The 

method requires prior pre-processing to reduce multiples and surface 
waves, and time-windowing to select the target reflection events. 
Improvement of this method in the future should enable handling more 
complex wavefields and many subsurface layers. 

Fig. 17. Variation of the global minimum for the estimated CA (given in green) 
for the primary SP reflection events, in case of noisy data (Fig. 11B), corre
sponding to (A) first, (B) second, and (C) third interfaces of the model in 
Table 5. The correct value of the CA is given in red. (For interpretation of the 
references to colour in this figure legend, the reader is referred to the web 
version of this article.) 

Fig. 18. (A) Four-layer velocity model shown in Table 1 and (B) four-layer 
model inspired by field data shown in Table 5. 

Table 7 
True and estimated Poisson's ratio of the top three layers for the model shown in 
Table 5.  

Layer True 
Poisson's 
ratio 

Estimated 
Poisson's 
ratio 
(noise-free 
data) 

Error, % 
(noise- 
free data) 

Estimated 
Poisson's ratio 
(noisy data) 

Error, % 
(noisy 
data) 

Layer 
1 

0.4516 0.4593 1.71 0.4433 1.85 

Layer 
2 

0.4516 0.4627 2.46 0.4410 2.35 

Layer 
3 

0.4789 0.4825 0.76 0.4749 0.82  

Table 8 
True and estimated VP and VS for a four-layer model mimicking field situation.  

Layer and 
velocity 
type 

True 
velocity 
(m/s) 

Estimated 
velocity, m/s 
(noise-free 
data) 

Error, % 
(noise- 
free 
data) 

Estimated 
velocity, m/s 
(noisy data) 

Error, % 
(noisy 
data) 

VP of 
layer 1 

400 – – – – 

VS of layer 
1 

100 91.90 8.10 108.00 8.00 

VP of 
layer 2 

520 525.10 0.98 504.93 2.90 

VS of layer 
2 

130 120.49 7.32 85.46 34.26 

VP of 
layer 3 

1500 1556.95 3.80 1382.00 7.87 

VS of layer 
3 

250 237.18 5.13 156.74 37.30  
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Appendix A. Appendix 

Objective function 
The model is a linear combination of Ricker wavelet spectra; each spectrum is a nonlinear function that depends on two parameters. For estimating 

the Ricker wavelet spectra, we need the coefficients a (amplitude) and m (peak frequency). We can estimate the error using 

rj = d
(
fj
)
−

∑n

i=1
ai(mi)ψ

(
mi, fj

)
(14) 

The objective junction is then formulated as least-squares estimation: 

min
a,m

‖r(a,m) ‖
2
2 (15) 

Example with short offsets 
We show result of applying our method to the data from Table 5 but for the case when only offset till 61 m are available (Fig. 19). We notice that 

analyzing only few offsets beyond the CA (Fig. 19A) it is still possible to identify the position of the CA, because we can observe the decrease of the 
global-minima values. Looking at the case of noisy data (Fig. 19B), we see that it would demand more offsets beyond the CA, when compared to the 
noise-free data, to perform an accurate estimation. Nevertheless, we see that the data with offsets limited to 61 m is still sufficient to allow estimation 
of the CA. 
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