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Adaptive Synchronization of Uncertain
Underactuated Euler—Lagrange Agents
Tian Tao ““, Spandan Roy ““, Bart De Schutter , Fellow, IEEE, and Simone Baldi

Abstraci—This article proposes a framework for adap-
tive synchronization of uncertain underactuated Euler—
Lagrange (EL) agents. The designed distributed controller
can handle both state-dependent uncertain system dynam-
ics terms and state-dependent uncertain interconnection
terms among neighboring agents. No structural knowl-
edge of such terms is required other than the standard
properties of EL systems (positive definite mass matrix,
bounded gravity, velocity-dependent friction bound, etc.).
The study of stability relies on a suitable analysis of the
nonactuated and the actuated synchronization errors, re-
sulting in stable error dynamics perturbed by parametrized
state-dependent uncertainty. This uncertainty is tackled via
appropriate adaptation laws, giving stability in the uniform
ultimate boundedness sense, in line with available litera-
ture on state-dependent uncertain system dynamics and/or
state-dependent uncertain interconnections. An example
with a network of boom cranes is used to validate the
proposed approach.

Index Terms—Adaptive synchronization, distributed con-
trol, Euler-Lagrange (EL) dynamics, underactuated sys-
tems.

[. INTRODUCTION

NDERACTUATED systems have fewer control inputs
U than degrees of freedom. Lower cost or more tolerance
to faults can make underactuated robots [1], underactuated
cranes [2], [3], underactuated vehicles [4], [5], etc. preferable
to their fully actuated versions. Although approaches to control
underactuated systems span from feedback linearization [6], [7],
[8], passivity [9], [10], [11], and optimal control [12], [13]; the
inevitable system uncertainties put most of these approaches at
stake and call for appropriate adaptive designs [14]. One such
class of designs relies on extending sliding mode control [15],
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[16], [17], [18] in an adaptive sense, giving adaptive-robust
methods originally developed for fully actuated systems [19],
[20], [21]. These methods only require the knowledge of an
uncertainty bound around a nominal mass matrix, while all other
system terms (Coriolis, gravity, friction) can be unknown [22],
[23].

A. Challenges and Related Works

Nowadays, adaptive-robust methods constitute a mature and
general framework for fully actuated systems. Unfortunately,
such maturity and generality are missing for underactuated
systems, where it is common to consider special classes of dy-
namics [24], specific applications [25], [26], or ad-hoc structural
assumptions on the system terms [7], [8], [9], [17], [18], [27].
The most adopted of these structural assumptions requires the
mass matrix to depend on the actuated states only [18], or on the
nonactuated states only [9], [27]. This assumption turns out to
be falsified in several scenarios, such as biped robots [1], boom
cranes [3], surface vessels [5], [26], among others.

When considering interconnected dynamics as in multiagent
systems literature, an additional source of uncertainty arises
from the interconnection terms among the agents, which may
take a state-dependent form analogous to the state-dependent
system terms. Power systems are a representative example,
where power flows across different areas create state-dependent
uncertain interconnections that might result in interarea oscilla-
tions or other problems [28], [29], [30], [31]. When designing
distributed approaches to synchronization/consensus, the pres-
ence of these uncertain interconnection terms is traditionally
overlooked. In most approaches, the interconnection is only
the result of the synchronization/consensus protocol, i.e., no
intrinsic interconnection is considered before such protocol is
designed [32], [33], [34]. Notable exceptions appear in fully
actuated dynamics controlled in a decentralized fashion, i.e.,
without communication among the agents: here, state-dependent
and possibly uncertain interconnection terms have been consid-
ered [35], [36]. For underactuated dynamics, distributed control
was considered in [5] without uncertainty on the system dy-
namics and on the interconnection terms, whereas the adaptive
method in [37] and the nonadaptive ones in [9], [10], and [11]
are for single agents, i.e., the issue of uncertain interconnections
does not arise. These works on underactuated systems still rely
on the aforementioned structural assumptions on the system
terms.
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B. Contributions of This Work

The overview above shows that distributed approaches for
underactuated dynamics impose crucial structural assumptions,
e.g., on the mass matrix and on the existence of intercon-
nections. The design of a general underactuated adaptive-
robust framework with reduced structural assumptions is still
an open problem in the field. This motivates a research on
new distributed approaches for underactuated systems with
limited knowledge of the system dynamics and of the inter-
connection terms. The main contributions of this work are as
follows.

1) A distributed adaptive protocol for synchronization of
underactuated Euler—Lagrange (EL) systems is designed
in the presence of uncertain system terms.

2) No structural assumptions are imposed other than the
standard properties of EL systems (positive definite
mass matrix, bounded gravity, velocity-dependent fric-
tion bound, etc.). We do not impose the mass matrix to
depend on the actuated states only, or on the nonactuated
states only. We just require the mass matrix to satisfy
the strong inertial coupling [8] (see Assumption 2), a
well-known condition for controllability.

3) State-dependent uncertain interconnections among the
underactuated agents are considered to exist before the
control design, instead of only being a result of coupling
caused by the control. Recall that, even for fully actuated
systems, literature has shown that state-dependent uncer-
tainties prevent asymptotic tracking [29], [30], [31], [36],
[38], seeking stability as uniform ultimate boundedness,
which is the approach we also follow.

The proposed approach provides a convenient underactuated
extension of adaptive-robust methods, with the following distin-
guishing contributions that make this extension possible.

1) Suitable dynamics are derived for the actuated and the
nonactuated errors so as to fit the adaptive control goal (cf.
the parametrized state-dependent perturbations in Section
IV-B). As state-dependent uncertainties appear in both the
actuated and the nonactuated part, a dedicated uncertainty
analysis is carried out in Section V-A.

2) A novel stability analysis is presented that, in addition to
handling state-dependent uncertainties, can handle dis-
tributed information and the different state space regions
arising from the control law (cf. the proof of Theorem 1 in
the Appendix).

3) The proposed adaptive laws in Section V-B depart from
standard adaptive-robust laws, as they are not designed
using a standard leakage, but based on an appropriate
state-dependent leakage (cf. the discussion in Remark 6).

The rest of the article is organized as follows. Section II gives
the basic notation, followed by the problem formulation in Sec-
tion III. Section IV gives key steps about the distributed control
law and the error dynamics, leading to the uncertainty analysis
and stability resultin Section V. Using a network of boom cranes
as a numerical case study, simulations and comparisons with
the state of the art are given in Section VI. Finally, Section VII
concludes this article.

II. NOTATION AND BASIC GRAPH THEORY

We adopt a standard notation, with R* for the set of positive
real numbers, ® for the Kronecker product, I for the identity
matrix of dimension N, 1y for the /N-dimensional vector of
ones, Amin(-) and Apax(-) for the minimum and maximum
singular value of a matrix, and || - || for the Euclidean norm.

We use graphs to represent a network of nodes (or agents).
A directed graph G is described by the pair (V, £), comprising
the node set V = {vy,..., vy} and the edge set £ CV x V.
An edge is a pair of nodes (v;,v;) € € representing that agent
1 has access to the information from agent j, i.e., agent j is a
neighbor of agent 7 (not necessarily vice versa). The neighbor set
of agent i is denoted by N;. Weighted edges in £ are described
by the adjacency matrix A = [a;;] € RV*N, where a;; > 0 if
(vj,v;) € € and a;; = 0 otherwise. The Laplacian matrix £ =
[1;;] € RN*N associated with G is defined as l;; = Zj\;l
and lij = —Qij, ) 75]

The node set )V does not include the leader node vg: for those
agents ¢ that can receive information from vy, we have an edge
with b; > 0; otherwise, b; = 0. The following assumption is
standard in multiagent systems literature [32], [33]:

Assumption 1: The directed augmented graph comprising G
and edges from the leader node contains a spanning tree with
the root being the leader node.

Remark 1: Assumption 1 implies that there exists acommuni-
cation path from the leader to any follower node: it is a condition
to make synchronization over a network feasible, cf. Remark 4
and Lemma 1 later on.

aij

[ll. SYNCHRONIZATION PROBLEM

Consider the following network of underactuated EL agents
(G=1,...,N):

M;(qi)gi + Ci(qi, di)di + Gi(qi) + Fi(di)
+ Hy(ei, €;) + di = [00, oy 71" €]

where ¢;,q; € R™ are the generalized coordinates and their
derivatives, d; € R™ is an external bounded disturbance with
ldi|| < d; (d; an unknown constant), 7; € R™ with n —m <
m < n is the control input. The system dynamics (1) com-
prises the mass matrix M;(q;) € R™*", the Coriolis matrix
Ci(qi,q;) € R™ ™, the gravity term G;(g;) € R, the friction
term F;(g;) € R™, and the interconnection term H;(e;, ¢é;) €
R"™ which depends on the local synchronization error and its
derivative. For convenience of analysis, arrange the generalized
coordinates according to nonactuated and actuated dynamics as
¢ = gL, ¢L]T with q,; € R"™ and q,; € R™. Accordingly,
the local synchronization error e; can be decomposed as e; =

[el el]T, resulting in
eui(t) =Y aij [qui(t) — quj (£)] + b [qui(t) — quo]  (22)
JEN;
eai(t) = 3 iy [0ai(t) = @uy (D] + bigus(t) — quo)  (20)
JEN;

Authorized licensed use limited to: TU Delft Library. Downloaded on June 20,2024 at 09:25:53 UTC from IEEE Xplore. Restrictions apply.



3914

IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 69, NO. 6, JUNE 2024

and analogously for ¢; = [¢1. ¢T]T
Cui(t) = > aij [ui(t) — dui (1)) + bidui(t)  (3a)
JjeN;
€ai(t) = ) _ aij [Gai(t) = daj (O] + bidai(t)-  (3b)
JEN;

In principle, one could consider time-varying leader trajectories
([22], [23], [36], [38] for fully actuated and [24] for a class of
underactuated EL systems); however, this poses the challenging
problem of how to define a feasible trajectory for a general
underactuated system. Because this problem goes beyond the
scope of this work, we consider a fixed-point leader position
g0 = gL, q¢%]T € R™in(2a)—~(2b), as common in literature ( [7],
[10], [11], [15], [16], [17], [27], [37]). In line with standard EL
literature [19], [39], [40], the following system properties are
assumed.

Property 1: There exist constants &, g;, f;, h1s, hai, hsi, hai,
hs; € RT such that the following upper bound struc-
tures hold ||Ci(g;, Gi)|| < &lldill, [|Gi(q)l < i, HF(qz)H <
fillgll, ||H (eis €)|| < has + hailleall + hailléill + haslles]|* +
hsilléil]?.

Property 2: The mass matrix M;(g;) is symmetric, positive
definite and there exist positive constants m and 7 such that
0 <ml, < M;(¢;) <ml, Vg Vi

Remark 2: The interconnection term H,; represents the un-
certain interaction between agents, existent before the design of
the synchronization protocol. Literature on multiagent systems
typically neglects this term [32], [33], [34]: its presence requires
a novel synchronization protocol.

The upper bounds of C;, G;, F;, H;, and d; in Property 1 will
be taken to be unknown, i.e., not used in the control design.
The upper bound structure of H; is taken to be quadratic in
accordance with the quadratic effect of the term C;¢; in (1).
Note that, although some terms (e.g., d; and G;) can reasonably
be assumed to be bounded a priori by constants, other terms
(e.g., C;, F; and H;) are state-dependent. Indeed, the con-
stants G;, f;, hii, hoi, hai, hai, hs; in Property 1 multiply state-
dependent terms, so that one cannot assume a priori boundedness
of these uncertain terms.

For brevity, let us omit the dependence of the system dynamics
terms on the state variables, and let us organize the system
dynamics terms as

Muui Man
Mi, é |:M . M :| (421)
E; 2 Cigi+Gi+ F, + Hi+d; = [ELELT  (4b)

where My € R(v—m)x(n=m) e R=m)xm pr oo
R™ ™ E,; € R*™™ and E,; € R™. Therefore, the
dynamics (1) for each agent can be represented as
q MUUZMauzdai - Rui (Sa)
Gai = M3;'7i + R (5b)

with
Rui £ M_I‘Eui

uur

Rai é Mszl(MuaiMil'Eui - Eaz)

A
Msi = Mau MuavMumM‘Lm

As M; in (4a) is positive definite, M; and M,,; are positive
definite (thus invertible). The following assumption, known as
strong inertial coupling, ensures controllability of underactuated
EL dynamics in line with standard literature [6], [7], [8].

Assumption 2: (Strong Inertial Coupling [6], [7], [8]) The
following rank condition holds:

rank(Maui(¢;)) =n —m < mVgq € R™. (6)

Remark 3: The name “strong inertial coupling” comes from
the coupling created by M,,; between the actuated and the
nonactuated states. As the nonactuated states cannot be directly
controlled, (6) ensures controllability as it allows to design a
virtual control for the nonactuated states. This condition appears
in most works about underactuated EL systems (also [40],
[41], and [42]) and has been mostly used in the framework of
backstepping.

Due to the block structure in (4a), the uncertainty in the mass
matrix M, is addressed in a different way from the other dynamic
terms. It is assumed that My; € R™*™ can be decomposed as
M, = MSZ + AMs;, where MSZ is the nominal part (used for
control design) and AMj; is the unknown part satisfying the
following bound conditions.

Assumption 3: Define the matrix T; = M_; 'N; — I,,,. Then,
there exists a known scalar 7' € R such that
IT| <T <1 )

Assumption 3 implies that an upper bound on the uncertainty
of My; is known. It is often adopted in literature to describe
uncertainty in mass matrix [19], [20], [21].

Let B = diag (by,...,by) € RV*N From (2), we obtain

__(£+B) (QU q ) _(‘C+B)®(Su
(L4 B) & (6 4,) = —(L+B) @S,
where ew=lel, . . el T e =[el), ... el )T, qu=
[qu;lv S 7q17;N] » Qa = [Qﬂa R qu]Tv Qa():lN @ Ga0, 9.0
Iy ® quo.  The  errors 5, = (ga — gao) e R™"W, 6, =
(qu — guo) € R™V represent the global synchronization error

with the leader in actuated and nonactuated states, respectively.

Remark 4: In a distributed control setting, the leader’s state
contained in J,, &, is not directly accessible to all followers.
The existence of a directed spanning tree, as in Assumption 1,
allows even those agents without direct access to the leader’s
information to track the leader’s state by synchronizing e, and
ey with the neighbors with which they can communicate.

The directed spanning tree property implies the following.

Lemma 1: [32] Under Assumption 1, the local and global
synchronization errors are related by

[lewll
[ L R L
HéuH - )Vmin(ﬁ + B) (93)
[l €all
< 7
19a]l < Jemin (£ + B) (Ob)

with Apin (£ 4+ B) the minimum singular value of £ + B.
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Due to the presence of state-dependent uncertainties, it has
been shown in literature that asymptotic tracking is hard to
achieve even for fully actuated system. Therefore, stability is
sought as uniform ultimate boundedness, which is in line with
existing literature [29], [30], [31], [36].

Definition 1. (Uniform Ultimate Boundedness (UUB) [43]):
A signal is uniformly ultimately bounded if there exists a convex
and compact set C such that for V6(0) = §y, there exists a finite
time 7'(dp) such that 6 € C for all ¢ > T'(dy).

Problem Formulation: Let &; = [6L, §L]T. Design a dis-
tributed adaptive mechanism (i.e., using state information from
neighboring agents) for the network of underactuated systems
(1) guaranteeing that the global synchronization error § =
(67, ..., 6%]7 is uniformly ultimately bounded.

IV. PRELIMINARY DESIGN STEPS

We give the distributed control law (Section IV-A) and the
dynamics of the synchronization error (Section IV-B). These
steps are useful to derive the proposed adaptation in Section V.

A. Distributed Control Law

Define a tracking error variable

(10)

Ty = @aieai + Zai€ai + @uieui + Zwi€ui

where ©,;, =,; € R™*" are user-defined positive definite ma-
trices, and ©y;, Zu; € R™*("~) are user-defined full rank
matrices. The distributed controller is designed as

M.
T, = asz (7’["7; — 7_'1'), T = Pi sat(Si,go) (11)
7
i S| >
where sat(S;, @) = gs i’ il = ¢ is a saturation term
2 sl <e
with Sz = B?Paiwai, B1 = [O [m]T, Wai = [eg; BZ;] , © >

0 a user-defined scalar, and P,; > 0 the solution to the
Lyapunov equation AL, P,; + P;jAai = —Qai, where A, =
[ 0 I,
_Eai _@ai
designed; p; will be defined later in Section V-B to deal with
the uncertainty in the system dynamics.

} is Hurwitz by design, and Q,; > 0 is user-

B. Synchronization Error Dynamics

Using (3b) and (5b), we obtain the synchronization error
dynamics in the actuated dynamics as

ea, = a; (Msgl'n + RM) — Z Qij (Msngj + Raj) (12)

JEN;

where a; = b; + Zje/\/’i a;;. Substituting (11) into (12) gives

€ai = (Msz‘lMsi — Im) (=ri = 75) — (ri + Ti) + GiRa;

- 3| (7

My = L) (=15 = )
JEN;

—(rj + fj)] — a;j R

= =i = (I +T)T+ Y (I + T))7; + 635
JEN;
(13)
—Tiri + @i Rai + 3 e, 1@ (I +
— ajj; Ra‘j]. According to (10), (13) can be rewritten as

- (Im + T%)i'i

where dij = (y] and ¢ij =
j
Tj)r;

€ai = — Oai€ai — ZaiCai

+ > @ (L + T5)T) + 45
JEN;
with 1/)1']' = ¢ij — (@

(14)

wiCui + Euien; ). Using (14), we have

Wai = Aaiwa; + B1 [ — (I + T3) 7 + 4

+ > ay (I + Tj)Tj] -

JeN;

15)

Similarly, using (3a) and (5a), the synchronization error in the
nonactuated dynamics turns out to be

éui = —a (Mu_uliMauiq'ai + Rui)
+ Z aij (Mu_uleauj(jaj + Ru])
JEN;
= —a [ML;}Z-Mam' (Msz-lﬂ‘ + Rai) + Rui]
+ ) i (M) Moy (Mg 7 + Rag) + Ry . (16)
JEN;
Similar to (13), substituting (11) into (16), gives

MumMauz [(Mslesi - Im) (_Ti - 77'1')_(7"1‘4'77'1')}

+ 3 My Moy [(M;Msj -

JEN;

Im) (=rj = 75)
— (rj + 7)) + @i (M Mawi Ra; + Rui)

-1
+ ) aij (M) Moy Roj + Ry)
JEN;
= MumMauv (Im + T7> T + QS/U
- Z CL,] uu] all] (Im + T]) 71]

JEN;

7)

where
¢ Muuszlﬂ (I + T )
_Zalj uu] du] (Im + TJ) 5
JEN;
— Cvll (M MaquaZ + Rul)

+Zaij (Ml;lleaujRaj + Ruj) .
JEN:

Authorized licensed use limited to: TU Delft Library. Downloaded on June 20,2024 at 09:25:53 UTC from IEEE Xplore. Restrictions apply.



3916

IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 69, NO. 6, JUNE 2024

Design a full-rank matrix I'; € R(m=m)xm guch that Ay; =
;04 >0, Ay; =T';Z4; > 0. Add and subtract I';r; to (17),

euz - MumMauz (I + T)

=3 @i My, M (I + T5) 7

JEN;
47— Ti (Oaiai+ZaiCai + Ouibui + Zuieui) + Tir
= - Fi@uiéui - Fz—*uteuz + MuuzMaut (Im +T; ) T

- Z CL” uu] du] (Im + TJ) T+ wgg
JEN;

(18)

where ¢, = ¢, —

actuated state error as wy; = [el, ¢T.]7

(0aiai + Zai€ai) + I'r;. Arrange the non-
. Using (18), we have

Wi = Aviwyi + Ba M;uliMaui (Im + Tz) T

— Z a/ijMu_uleauj (L, + Tj) T + l/J;J (19)
JEN;
where we have defined A,; = [ (/)1 I("Am)} which is Hur-
—411q — 4124

witz by design, and By = [0 1(,,_]".

Remark 5: The analysis of the error dynamics has led to (15)
and (19), which are stable dynamics (due to the Hurwitz state
matrices A,; and A,;) perturbed by state-dependent terms.

The state-dependent terms in Property 1 make the perturba-
tions in (15) and (19) also state-dependent, so that they cannot
be bounded a priori by a constant. In the rest of the analysis, the
idea is to find an upper bound for such perturbations and define
an appropriate p; for stabilizing the error dynamics.

V. DESIGN OF THE ADAPTIVE PROTOCOL

In the following, we provide the uncertainty analysis
(Section V-A), leading to the adaptive synchronization laws
(Section V-B).

A. Uncertainty Analysis

Define &; = [e] ¢l ¢F ¢I|7, ¢ = [¢F, ..., &L)7. Therefore,
lleall < 1€, Newill < N&ll, Néasll < 1€, éwill < lI&l]- Ac-
cording to (10), we have

llra]l < 9all&l

with ¥; = ||Oas || + [|Zail| + ||Ousl + [|Zus||. Using Assump-
tion 3 and (14), the following bound for %);; in (15) can be
obtained:

(20)

l[bigll < N Torill + > @i I Ty || + aal| Ral
JEN;

+ a5 || Raj || 4 |Ouiéui|l + [|Euieul

<TG+ T D @516 + ail M| (1| B
JEN:
[ Muas Mo Buill) + Y @ MG (1 Bayl

JEN;

+ [ Muag Moy 1 Bu 1)) +[Ouiéuill + [ Zuieui |-
2n

According to the definition of &;, [|¢;|| < ||&;|| can be obtained.
Using Property 1, we have

| Ei(gi, dis €5, €)|| < (G5 + di + hag) + filldsll + &lldil|?
+ haille|| + haglléq ]| + hailleil®
+ hsilléall®
< (gi + di + h1i) + (fi + has + hs) 1]l
+ (€ + ha; + hsi) |1&]1° (22)

From (4b), || Ea:|| < || E:lls || Ewil| < ||E:||- Then, (21) yields

[ Pai Bal[l[tbi5 ] < 1Pai Ball | TO: )&l + T a1
JEN;

| M| (14 1 Maai M ) 1Eill +_aig | Mg (1

FEN;

1My Mg 1) 1E5 1]+ (19uill + [1Zwill) 1€

< Ooi+ Ovll&ll+ 021617 + D (01515114 02511€511%)

JEN;
(23)
where

Ooi = |PaiBull | i (gi + di + hai)

+ Zﬂzj (95 +dj + 1)

JEN:

0r; = ||PaiBull [1s (Fi + ho + i)

+T0i+ ([Ouill + 1Zuill)]
02 = || PaiBillps (& + has + hsi)
15 = [PuBl| [fiij (f; + haj + haj) + Tai;,]
¢ = | PuiBillisg (& + haj + ;)

pi = ail| Mgl (1 + [ Muai Myysl)

iy = 3 i M (L Mg ML)

JEN;
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/

Similar to (21), the upper bound on 1; j from (19) is obtained

[
< N5l + [1Baiaill + [Eaieaill + ITari]
< [0+ T) I Mg Mawi | + 1] D16 | + | M 1| B

+ di||M71‘Ma11i||“Ms;1|| (”Eal” + ”MuaiMil ”HEuz”)

uut uut

+ (1 =+ T) Z C_lwﬂJ”MJuleauJ”HgJ”
JEN;

> i | Mg Mo || M| (1| Eayl
JEN;
1Moo My S HIE ) + > s 1M 1 Bl
JEN;
+ |©aiaill + ||1Eai€ail|- (24)

Let Py; > 0 be the solution to the Lyapunov equation AEPM +
Py Ay = —Qui, with Q; a user-designed positive definite
matrix. Then, we finally obtain

[Pui Ba|[[¢5;] < IIPuiBall{ [(1+T) | M gy M|

+ 1 D318l | 4+ || Mg | (110 |1 457

u

X (1+HMuaiM71 ”)

uuz

+ B+ (1+T) > @0, l| Myl Maus |15
JEN;

3 Mgl [ Mg MG (L | Muay Mo )

JEN;

+ HIE; I + (1©aill + 1Zasll) ||€¢||}

< 0+ 001161+ 05016117 + > (0h5 116511 + 5;1651%) (25)
JEN;

where

06; = | PuiBall | 15 (i + di + hui)

+ ) (g5 + dj + )
JjeN;

01 = 1PuiBal| [ (fi + hai + has) + (10wl + |2 )]
+ (14 T) [ Moy Mawi | + 1] 9
b = || PuiBallpi (€ + hai + hs:)
oy = |1PuiBall [ (f; + haj + hs;)
+ (L4 T) @30 || My Moy |l

uuyj

| Poi Bal|fti; (5 + haj + hs;)
g | My | 1Mo [ MG (1 + | Mo M) + 1]

!
12 uut

iy = i | Mo I TMean MG (1 + | Muag M) +1] -

/
P2j

Let us stress that the structures of the uncertainty bounds in (23)
and (25) are not imposed as per assumption, but a consequence
of Property 1. As Property 1 is generally valid for EL dynamics,
the upper bounds in (23) and (25) hold. These upper bounds put
us in the position to design an appropriate p; in (11), as explained
later.

B. Adaptive Synchronization Laws

According to the structure of the upper bounds of v;; in (23)
and ¢} in (25), p; is designed as

1 N ~ R
pi= gy (o uilsl 4 GailllP + ) 26
with the adaptive laws (I = 0,1,2)
0 = xus (|wail| + lwuill + 15:11) 1)
— i ([lwasl| + llowasll) 161" Gui (272)

Yi = €o (1Sl + &) + B
= [eo+ea(l&l” = N1&1°) + ezll&ll] v (27b)

where fo; (0) > 0,01;(0) > 0,05;(0) > 0,7(0) >0  (27¢)
€0, €1, €2, X1i, i, Bi € R (27d)
withey > €. (27e)

Remark 6: The proposed adaptive law uses a leakage depen-
dent on the synchronization error. This is useful in the Lyapunov
analysis of the derivative of (091Z — 5”)2, as the common factor
(llwaill + llwai ) ||€:]|* can be extracted to construct negative
square terms of éli, (39)-(40) in the Appendix. The parame-
ters in (27), namely, x;, a4, €0, €1, €2, 35, determine the rate
of variation of the gains. For example, «;;/x;; represents the
ratio between the decreasing effect of leakage and the increasing
effect of the first part of the adaptive law. Compared to standard
leakage in literature ( [31], [36], [44, Ch. 8]), the proposed
leakage leads to a more concise UUB condition for w,; and
wy; in (47), (52), and (54).

Theorem 1: Under Properties 1-2 and Assumptions 1-3, the
closed-loop trajectories of (1) employing the distributed con-
trol law (11) with adaptive law (27) are uniformly ultimately
bounded.

Proof: See the Appendix. ]

Remark 7: Although the proposed framework shares some
points with sliding mode control [e.g., the saturation in (11)],
crucial features make it depart from such methods: sliding
mode control of underactuated EL dynamics imposes structural
restrictions on the variables the mass matrix depends on ([7,
Def. 1] used in most of the work) and structural restrictions on
the uncertainties (cf. [16, Assump. 4-8] imposing invertibility).
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ye luffing angle of the boom, and L denotes the length of the rope.
. The length, mass, and moment of inertia of the boom are Pr,, m,
o and J, respectively. The distance between the barycenter of the
boom and the origin is denoted by d. The states of the crane
o " O system are qi; = 0; — Vi, q2; = j; — U4, and q3; = L (qu; is
L . @ the nonactuated state, and ¢o; and ¢3; are the actuated states),
YV “ leading to the dynamics as (1) with n = 3, m = 2, and
ship 9i 9
Mpig3; —mpiPrgsiSa1 0
Xs M; = | —mpiPrgsiSo1; Ji + mpi PP —mp; PrCo1
(a) (b) 0 —mpiPLCELi Mpj ]
Fig. 1. System used for simulations. (a) Schematic boom crane on i Mpiq3iqsi  —Mpil’rqsiC21iq2 Mpiq3idii |
ship. (b) Network. C; = Us; 0 _mmPL S21,iq1i
| —Mpigsiqui Mpi PrS21,iG2i 0 )
21; ;?fn Ezzgg'sed framework, none of these structural restrictions Usi = —mpPr(Sa1.sd5: — Coragadns), 7 = [71s 7]
Remark 8: The uncertainties considered in this work create Mpigaqzi Sin(qii) q1s
another crucial difference with available sliding mode meth- @G, = (mpi Pr, + midsi)ga cos(qai) | » ¢ = | g2
ods for underactuated EL dynamics. There, uncertainties are —Mpiga cos(q1;) q3i

typically a priori bounded, where the constant bound can be
unknown a priori in adaptive sliding mode literature. The
adaptive laws involve either monotonically increasing gains,
or increasing—decreasing rules [20], [21]. Our method involves
neither a priori bounded uncertainties [state-dependent perturba-
tions in (23) and (25) cannot be bounded a priori], nor increasing
gains/increasing—decreasing rules (cf. the discussion about leak-
age in Remark 6). These aspects require a dedicated stability
analysis (cf. Appendix) departing significantly from analyses
available in sliding mode literature.

Remark 9: The Appendix provides estimates for the uniform
ultimate bounds, which can be tuned as follows. Larger f;
and ¢; lead to more negative —’y?él, which is the fifth degree
coefficient of the polynomials Z; (||¢]]), Z2(||€]]), Z3(]|€]]) in
(46), (51), and (53). Making this coefficient more negative makes
the roots 71, 72, and n3 closer to zero, which in turn contributes
to reducing the ultimate bound on the error. Larger x;; and
smaller , which can be obtained from larger P,;, P,;, result
in ¢1, L9, L3 being closer to zero. A larger e, leads to a smaller
t4. This also contributes to reducing the ultimate bound on the
error. Let us mention that a smaller error might require a larger
input: this is a standard tradeoff, which might be seen from the
fact that larger x;; and 3; leads to larger p;.

VI. SIMULATION EXAMPLE

A network of underactuated systems is considered, where
each system has boom crane dynamics, as in [3]: the network
can be thought as an abstraction of a cooperative lifting scenario
where the boom cranes are mounted on one or more ships
(Fig. 1). In addition to the sensors, actuators, and microcon-
trollers for crane control, a distributed implementation of such a
control scenario would require to put in place a communication
network among the cranes, e.g., via wireless nodes. Let us
consider a graph, as in Fig. 1(b), where the directed spanning
tree property in Assumption 1 holds.

For the system in Fig. 1, o; is the payload swing with respect
to Y, ¥; is the ship roll angle caused by sea waves, p; is the

N N
Hy = sij(ai —q;) + Y 0ij(di — dy)
=0 =0

with S21; £ sin(ge;i — q14), C21,; = cos(qzi — q1;), and F; =
[Fi1 Fio Fi3]',  where  Fj1(gi;) = fi1 tanh(fi2¢i1) —tanh
(fi3Gi1)) + fia tanh(fisgir) + fiedir, Fia(gei) = fir tanh
(fizGi2) — tanh(fisdi2)) + fia tanh(fisdio) + ficdiz, Fiz(ds:)
£ fi tanh(fizdis) —tanh(fisgis))+ fia tanh(fisis) + fiedis-
The friction term F; is taken in nonlinear-in-the-parameters
form according to [45], whereas the interconnection term
H; follows a standard spring-damper model where s;; is the
stiffness parameter, and d;; is the damping factor (this can
represent some interconnection among the cranes via the crane
wires due to the load).

It is possible to verify [3] that Properties 1 and 2 hold for the
system dynamics terms reported above. In addition, the strong
inertial coupling condition, as in Assumption 2, is verified as
the term May; = [0 — mp; Pr.Co1 ;] does not lose rank in the
operating range of interest (note that cos(u; — ;) = 0 never
occurs for luffing angles and swing angles of interest). The goal
is to bring the payload to a desired position defined by qo1 =

0, o2 = arccos(ar/Pr), qo3 = v/ Pf - a% —byr.

A. System Parameters (Uncertain) and Design
Parameters

The following system parameters are only used for simulation
purpose, but they are unknown for control design. The vector of
(unknown) parameters in friction term is compactly represented

as ©; = [fu fiz fi3 fia fis fz‘(s]T, where
0, =[0.50.80.91.20.50.4]"
O, =[0.50.70.91.00.50.4]"
O3 =[0.30.70.71.00.70.3]"
0, =0.50.90.71.20.40.5]"

Authorized licensed use limited to: TU Delft Library. Downloaded on June 20,2024 at 09:25:53 UTC from IEEE Xplore. Restrictions apply.



TAO et al.: ADAPTIVE SYNCHRONIZATION OF UNCERTAIN UNDERACTUATED EULER-LAGRANGE AGENTS

3919

qi(degree)
°
1
It 4
1
%
A\l
|
1
[}
]
]
w
W
(]
i
i
]
[ ]
L]
1
1
1
[l
1
i
8

p(degree)
o888

0 05 1 15 2 25 3 35 4 45 5
time (sec)

()
2008 F==1--=2 3--=4---5 6 - = =7
AN o
o [ e - T e e e e T T e e e
IS
-200 +
0 05 1 5 2 25 3 35 4 45 5
[F==1--=-2 3 == =4 == =5 6 = = =7
20
&
o=
= i i
-20 -
0 05 1 5 2 25 3 35 4 45 5
(©)

Fig. 2.
(d) Adaptive gains 6;;, 1 = 0,1, 2.

05 = [0.50.80.61.30.50.6]"
O = [0.61.00.91.50.20.5]"
©7 =1[0.41.00.81.20.40.8]".

According to interconnection network in Fig. 1(b), the spring-
damper parameters are chosen as s16 = Sg1 = 0.37, S46 =
sS4 = 0.29 and 015 = dg1 = 25, d16 = dg4 = 9. The distur-
bance is d;(t) = 0.1sin(0.0014¢)[111]7T.

To test the effect of heterogeneity in the agents, the physical
parameters are chosen to be different for different agents

[y ma mg my ms mgmy] = (201815221719 16]

[Mp1 Mp2 Mp3 Mpa Mps Mps Mp7] = [0.50.60.80.6
0.40.30.5]

[Ty Jo Jy Jy Js Jg Jo] = [6.57.85.36.27.26.86.6]

[dy1 dso dss dsa dss dsg dsr] = [0.40.60.30.10.50.20.4].

The parameters ar = 0.4m, by =0.2m, and Pr, = 0.8 m
give the desired position gp1 = 0, qo2 = 1.05, go3 = 0.5.

The nominal parameters (used for control design of Ms)
are selected as [y Mp2 Mp3 Mpa Mps Mpe 1p7] =1[0.45 0.55
0.750.550.350.250.45], [J1 Jo J3 Ju J5 Jg J7]=[6 756 76 8].
It can be verified that these nominal parameters make
Assumption 3 hold with T = 0.5. The control design parameters
are Gai = 335[2, Eai = 0003[2, @ui = 003[1 ].]T, Eui =
0.01[11)%, T; = 0.01[1 1]7, Q4; =0.015I3, Qu; =56012, ay;

ei(degree)

20

= oy, = < = —- = = = = = == = = = = _ _
g ’:xél:}'..n-“"- ..... 1
-20

o 05 1 15 2 25 3 35 4 45 5

ea(degree)
2825888
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\
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(b)
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Time (sec)

(@

Performance with proposed adaptive method. (a) States g1, g2:, g3:- (b) Synchronization errors ey, e2;, e3;. (¢) Control inputs 71; and 7s;.

= 3.15, yi = 0.01, €0 = 0.001, e; =0.003, e2=0.015, 3; =
3150.

B. Simulation Results and Sensitivity Analysis

To validate the robustness of the proposed method in a sta-
tistical way, Fig. 2 provides the evolution of the closed-loop
signals, averaged over 20 runs with random initial states q;; ~
N(0.1,0.175%), go; ~ N'(0.2,0.22), g3; ~ N(0.1,0.01%). The
states (with the angles reported in degrees for better understand-
ing) and the corresponding synchronization errors are shown
in Fig. 2(a) and (b), from which it can be seen that the errors
converge to a neighborhood of zero for all runs. The control
inputs are in Fig. 2(c), with the adaptive gains é”, 1=0,1,2
in Fig. 2(d). The control inputs converge to different values for
different systems, due to the heterogeneity of the systems in
terms of mass, inertia, friction, etc.

To validate the effect of choosing different parameters as
in Remark 6, let us choose different ratios for «y;/x;; in the
adaptive law. Fig. 3 shows that the gains 6;; tend to grow larger
as the ratio «y; /x;; decreases (i.e., as the leakage decreases).

We then perform a sensitivity analysis with different dis-
turbances d;, namely, sinusoidal disturbances with different
frequencies and Gaussian disturbances with different variances
(with 100 realizations of the disturbances). For sinusoidal dis-
turbances, Table I shows minor differences in terms of error
and state norm. For Gaussian disturbances, Table II shows a
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Fig. 3.  Evolution of adaptive gains for different ratios of a;; /x1;- (@) s /x1i = 50. (b) a;/x1: = 300. (C) a; /x5 = 500.
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Fig. 4.
71; and 7o,. (d) Fixed gains 6;;, l = 0,1, 2.

slight increase in the error norm as the variance increases. This
validates the robustness of the proposed approach.

C. Comparisons With State-of-the-Art Methods

To validate the discussions in Remarks 7 and 8, we pro-
vide comparisons with state-of-the-art sliding mode control and
adaptive sliding mode control. The former is obtained by fixing
the gains 6,; to be constant, whereas the latter is obtained by

Performance with state-of-the-art sliding mode method. (a) States g1, g2i, ¢3:- (b) Synchronization errors ey, e2;, es;. (c) Control inputs

removing the leakage from the adaptive law, so as to have
monotonically increasing gains. Similar to the simulation results
of the proposed method, Figs. 4 and 5 provide the evolution
of the closed-loop signals, averaged over 20 runs with random
initial states g1; ~ N'(0.1,0.175%), go; ~ N(0.2,0.2%), g3; ~
N(0.1,0.012). Fig. 4(c) shows that sliding mode control re-
quires unrealistically large control effort (1019%), while still
getting large synchronization errors in Fig. 4(b) (except for the
visible shading error in this plot, there are some agents whose
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inputs 71; and 7;. (d) Adaptive gains 6;;, 1 = 0,1, 2.

TABLE |
TRACKING ERROR Lo NORM AND INPUT Lo NORM FOR DIFFERENT
SINUSOIDAL DISTURBANCES

Disturbance Norm of error ~ Norm of input
d;(t) = 0.1sin (0.0014t) 82.73 2.56 x10%
d;(t) = 0.1sin (it) 82.60 2.56 x10%
d;(t) = 0.1sin (1004t) 82.72 2.56 x10%

TABLE Il
TRACKING ERROR Ly NORM AND INPUT Lo NORM FOR DIFFERENT
GAUSSIAN DISTURBANCES

Disturbance Norm of error ~ Norm of input
d;(t) ~ N(0,0.03) 82.73 2.56 x 107
d;(t) ~ N(0,0.9) 82.82 2.56 x 107
d;(t) ~ N(0,10) 83.22 2.56 x10%

error is too large to be seen due to out of scale in the plot).
That is, the sliding mode control fails to achieve stability with
reasonable control input.

Meanwhile, differently from the proposed method that is
stable for every run, the state-of-the-art adaptive sliding mode
control results in many unstable runs, so that we report only the
stable runs. Thus, the errors reported in Fig. 5(b) are selected
from the stable runs, showing that the performance of these
selected runs is still not better than the proposed method. Most
importantly, the state-of-the-art adaptive sliding mode control
requires large inputs, Fig. 5(c), and the increasing adaptive gains
6;; in Fig. 5(d). Thus, we conclude that the proposed method

ea(degree)
=

0 05 1 15 2 25 3 35 4 45 5
time (sec)

(b)

0 05 1 15 2 25 3 35 4 45 5

[ 05 1 15 2 25 3 35 4 45 5
Time (sec)

(@

Performance with state-of-the-art adaptive sliding mode method. (a) States q14, ¢2:, g3:. (b) Synchronization errors ey;, ea;, e3;. (¢) Control

overcomes state-of-the-art sliding mode and adaptive sliding
mode methods in dealing with the problem at hand.

VIl. CONCLUSION

This work has proposed for the first time an adaptive dis-
tributed protocol for synchronization of uncertain underactuated
EL systems. The protocol can tackle not only unknown sys-
tem terms but also uncertain state-dependent interconnections
among agents. Handling all these aspects required a new stability
analysis and a new design approach departing from state-of-the-
art results not considering unknown parameters, unstructured
uncertainty in the mass matrix, in the system terms and in
the interconnections. In future work, it is of interest to further
improve the method by considering nonholonomic constraints
or by tackling more uncertainties in the mass matrix and in the
network topology.

APPENDIX A
STABILITY ANALYSIS

Proof: Construct a Lyapunov function

V(t) = % Z {W;(t)Paiwai(t) + wgi(t)Puiwui(t)}

L 2(t) } (28)
€0

i1 Z{th u(t) — 1) +
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where 0;; = max{0,;,0,,}, 1 =0,1,2.
The proof is organized in three steps as follows.

1) The bound of uncertainty for the overall network is cal-
culated.

2) Based on such overall uncertainty bound, we calculate the
time derivative of the Lyapunov function.

3) Based on different regions of saturation function
sat(S;, p), we study the behavior of the Lyapunov func-
tion for three possible scenarios.

Combining all the results, we finally obtain a uniform ultimate
bound on the actuated error w,; and on the nonactuated error wy;.

1) Overall Uncertainty Term:

According to (15), we obtain

WL Proiai = WL Pai { Agitwas + Br | =T + T0)7i

+ Z Qi (L + T)T5 + 1ij
JEN;
1
< _iwaﬂQaiwai + [|was 11 Pai B || |05
— Wi Pai By (I + T;) pi sat (S, @)

+ 3 iw i Pa By (I, + Tj)pj sat(S;, ). (29)

JEN;
Analogously, according to (19), we obtain
wlq;ipuid]ui

= wzipui{Auiwui + By |:Mu_uliMaui (I, +T0) T

= > A My Moy (I + Tj) 75 + %} }
JEN;

1
Wi Quittai + lwyil || Pui Bal[[ 5]

S_§ usi

+ Z aingiRliB2MJuleauj (Im + Tj)pj Sat(Sj SO)
JEN;
+ wg;PuiBzM_l»Maui([m + Ti)pi sat(Si, (p).

uur

(30)
Adding (29) and (30), combined with (23)—(25), we obtain

T . T .
Wi Paiwai + wy; Puiui

2
< = A [lwaill® + lloows 1] + D~ uslléall” (lwaill + llwowsll)
=0

+ 5 (@161 + E20€517] Ulwaill + llousll)
jENi
— wei PaiBy (I + Ti) pi sat(S;, )

+ wg;PuiBQM_l‘Maui(Im + E)pl Sat(Si, (p)

uur

+ Y aywl; Poi BaMy Mo (I + Tj) pj sat(S;, )
JeN;

+ Z &ijw£P3i31 (Im + Tj)pj Sat(Sj, (p)
JEN;
where )"mi = min{)‘«min(Qaz‘)/Qa Amin(Qui)/2}’, (;Zjlj =
max{p1;, @)}, P2j = max{pa;, ¢y}, j € Ni.
Next, we will analyze the last three terms in (31) by using the
inequality || sat(.S;, ¢)|| < 1. From the input-output property of
the adaptive law in (27), it can be verified that

01 < Oui + O (l|wail + llwnall + [1Sil]) l1€: )
v < i+ % (1Sl + 161 -
with éli7 élia %”Lﬁ ’71 € R+7 [ = 01 ]-72

Using (32), together with ||wa;|| < ||&|] and [Jwus | < [|&]]s
the following can be obtained:

Wi Puai BaM Y Miyi (I, + T) pi sat(S;, )

uur

2
Z Ousll& )" + i

=0

3D

(32a)
(32b)

< Tu el

2
< Tu{ D Ol + 0 (2+ | BE Paall) l1€:0172
=0

+%ill&ill + i (1+ | Bf Paill) ||£i||2} (33)
where T}, = (1+T)\\Puiﬁi\¥§w;3iMauiH.
In an analogous way, the following can be obtained
D @iy Poi Ba Myl Mo (I + Tj) py sat(S;, )
JEN;
- 2
< D0 T | Ol | il
JEN; =0
- 2
<> sz{ > Olgllig 1 + 35 (1+ 18T Paill) 1611
JEN; =0

+ 33 [€1l + 01y (2 + | B Pagl) 1161 ||£j|21+1} 34)

_ _ = 1
where T2j _ @i (AT [ Pui B |5 Mavs|

=) . In addition,

Z @i jwei Pai B1 (I + Tj) pj sat(S;, )

JEN;
B 2
< DT |0l + | el
JEN; =0
B 2
<> TSj{ D OullEIE N + 5 (1 + 1B Paall) l1€l1?
jeJ\Ki =0

+ 5l + 65 (2 + BT Pasll) 1€ 1115117 (35)
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where f3j = %. Using (33)—(35), the following ag- 2 7 g .
gregate term V;; can be defined from (31) B ; b (lai |+ floowi 1Sl 1
N 2
SO U= (Bl 1225 1€17] (lwaill+llwwil]) = b} (|waill + llwsll) 1611
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+ Y ijw ki Pai BaMy s Mo (I + Tj) pj sat (S5, ) 1=0
FEN; where @;; = «y;/x1;- In addition,
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(36)

2) Time Derivative of the Lyapunov Function Based on Uncer-
tainty Bound:

Up to now, we have calculated the time derivative of the first
line in (28). We will proceed with the time derivative of the other
terms. Using the adaptive laws (27a)—(27c), we have
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N 2
S Sl 3 Zen &+ | 1
=1 [=0 =1 LI=0
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The following inequality holds:
2

>
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According to the adaptive law (27b), there exist 7, € RT such
that v; > 9, Substituting (40)—(41) into (39), yields
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3) Behavior of the Lyapunov Function on Saturation Regions:
Based on the saturation sat(S;, ¢), we study the behavior of
the Lyapunov function along three scenarios similar to [33].
e Scenario I:||S;|| > ¢,i=1,...,N.

(42)

In this scenario, we have sat(S;, p) =
(26), we obtain the following as S} = wZ P,; By:
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Using (43), the time derivative (42) is simplified to
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The definition of the Lyapunov function (28) satisfies
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where An; = max{Amax(Pai)/2, Amax(Pui)/2}. Define
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¢ } i ) { el C} 2.l = min{ Jwai |, [wul[} > max{n, 1,00, 03,04}, 47)
X Pt T2 €0 ' e Scenario 2: ||S;|| < ¢, i=1,...,N.
(46) In this scenario, sat(S;, p) = = Usmg (26), we have
According to (36), N

=3 ST (L + Ti)pisat(Si,0) 0. (48)
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Z é - I3 + 7 +
1([1€1D) ; €17; 2l1&ll” ;g;/\/ en[|&illlIE I° ZC(‘ Substituting (48) into (42) gives
V< — (V= 0 ai |1
+chz||§vH6+Z€w 61+ 30 3 enlealle P ¢ le h{ (B
i=1 jeN;

+ o) —C}

+ Zmlléz\\‘l + Z > enlléllieN?® + Z cs2|&l? i

i=1 jeN; & C
- 272[ el - £] + 21(1e)
+Z > eall&illléll +ZC42H€Z||2 ZCslIsz
i=1 jeN;
with +Zl [Zamnl saflsl @
‘= éZi (721 + T3J> (2 + ”B;FPGJ'”) According to (32), together with ||.S;|| < ¢, we obtain
- 1_ _ N [ 2
12 = Dol (2 151 Fucl) 0 = 36+ € S| S dulll + v s

i=1 -1=0

<

co1 = Oy (f JFTSJ) 2+||B{Paj||) N
< Z (HOZ' +‘Pé0i+‘p%’i) +9; (14 |1Bf Paill) ¢

=1

Coo2 = Tllelz (2 + HBTPMH)

<.

cs1 = 2o, + (Toj + Tsj ) 02 5 5 S 7
( i ) (20 + 011) g6l + Y |s0bs + 0] 1)1
30303\ s - =t
c39 = 2 + 20 ) T0
dag; 4o N
N . +20ull&1° + pOall&llt + Y 260uil&)°. (50)
c41 = 2p15 + (TQj + T3j> {903' (2 + “pra]||) + 01]} ;
Substituting (50) into (49) gives
3 30 T
Cq2 = 2 + + le |:901 (2 +||B P(””) +911

40{1i 4041z

V-V ZZ%[Q“ il

+7%i (H‘HB?PMH] i=1 1=0

+% (T2j+T3j> (1+]1Bf Paill) + Jlwn ) _C}
Xli

cs =T <éOi + ’%) + (f2j + fBj) (’DYj + t50;‘)

+2( 5 +303i)+ !

| fooc - dan/ - Aga with Za((1€]) = Zu (1) + 2, o + olos + o3) +
Using Descartes’ rules of. sign change and Bolza}lp’s Y (1 + | BT Pyi | + (200; + 615) |1 ‘*‘Zil[‘?éli +
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real root 7; € RT. The coefficient of the highest degree s o ot (=1
of Z; is negative as —*y?El. Therefore, Z1(||£]]) <0

—ZQ[Qnszn ]+Zz<||£||> 51)

Analogously to Scenario 1, V< —(V when

when [[£]| > 71, where & = [&1,...,&n]T. Define 1, = min{ [|wasl], [[wual], [|6: ]} = max{nz, ¢1, 02, ¢3, 14}
1/3 .
S T (2 ¢ ) and 1y — = min{|lwail, |will} > max{ny, 01,02, 13,04} (52)
X0i@oi’ X1i01i’ X2i Q24 ’
2; ’ o _ o where 1), is the positive real root of Z5 such that Z5(]|£]|) <
—. According to (46), V' < —CV when 0 when ||€]| > 7.
€ e Scenario 3: Without loss of generality, consider ||.5;|| > ¢
min{ ||wag ||, [Jww |, |€:]]} > max{n1, 1,2, 3,04} for i=1,...,k, and ||S;|| <¢ for i=k+1,...,N,

Authorized licensed use limited to: TU Delft Library. Downloaded on June 20,2024 at 09:25:53 UTC from IEEE Xplore. Restrictions apply.



3926

IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 69, NO. 6, JUNE 2024

where 1<k<N-—-1. For i=1,...,k, we have
sat(S;, ) = ﬁ For i =k+1,...,N, sat(S;,¢) =
%. Similarly to Scenario 1 and Scenario 2, we get

N 2 _
SRS WA (PN

=1 1=0
C :|
Xli

€2 ¢
Zlel - £] + 206D o

 flous 1) —

N

-> 72

i=1

with: Z3([€]) = Z (€l + T2y 1 s + ol + %)
+9:(1+ | B Pasll)p + (200: + 010) €l + X701
(i + O] &11 + 20 |&l1° + olai|&il1* + Sl
20;|&:]|°. Analogously to Scenario 1, V' < —(V when

min{||wa; |, [|wall, [1€:)} > max{ns, 1, 12,13, ta}

= min{||wa;

|, lwuill} > max{ns, t1,t2, 13,04} (54)

where 73 is the positive real root of Z5 such that 75 (||£]]) <
0 when [|£]| > 3.

Finally, combining (47) in Scenario 1 with (52) in
Scenario 2 and (54) in Scenario 3, we obtain wy;,wa; €

L

when ||£]| > max{n1, 12,13, L1, L2, 3, L4}, Which leads to

€, €q € L. Both the local actuated synchronization error and
local nonactuated synchronization error are thus proved to reach
UUB. According to (9) in Lemma 1, the global synchronization

errors d,,, 0, are also uniformly ultimately bounded.
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