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SUMMARY

The spatial heterogeneity along a fracture is a key determinant
for fracture-associated hydraulic properties. We propose a new
method to estimate the heterogeneous compliance distribution
of a fracture from the reflection response at the fracture sur-
face. For this purpose, we formulate a data-driven approach for
Green’s function retrieval based on Marchenko equation cou-
pled with the inverse scattering to solve the linear-slip bound-
ary condition. The approach estimates the wavefield along the
fracture accurately, including the multiple reflections. Further-
more, it offers the opportunity to estimate compliance using
multiple reflections, which was not possible so far. We show
this concept by numerically modeling 2D SH waves sensing
the heterogeneous tangential compliance of a fracture. Our re-
sults show that the use of multiple reflections leads to a better
estimation of the heterogeneous fracture compliance than us-
ing primary reflection alone, especially for the far offsets on
the fracture plane.

INTRODUCTION

The defects in solid materials, like fractures, are often repre-
sented as linear-slip boundaries or non-welded interface across
which the stress is continuous but the displacement is discon-
tinuous (e.g., Schoenberg, 1980; Pyrak-Nolte et al., 1990; Wape-
naar et al., 2004). Characterizing the spatially heterogeneous
fracture compliance through use of elastic waves has the po-
tential to illuminate the hydraulic properties along a fracture.
Furthermore, the spatial heterogeneity of fracture compliance
is important in order to address the apparent frequency depen-
dence of compliance in the laboratory scale as well as in the
field-seismic scale (Biwa et al., 2007; Worthington and Lubbe,
2007; Baird et al., 2013).

Recently, we have formulated the inverse scattering problem
to estimate the heterogeneous compliance distribution along
a fracture using the scattered elastic wavefield (Minato and
Ghose, 2013, 2014a). The method requires two steps: (1) lo-
cating the position of the fracture, and (2) estimating the stress
field along the fracture to solve the linear-slip boundary con-
dition. With a homogeneous compliance model, Minato and
Ghose (2013, 2014a) have shown that the imaging (step 1) and
wavefield estimation along fracture (step 2) are possible using
the backpropagation of reflection responses. However, for a
more complex background medium a new method is required
to handle accurately the effect of multiple reflections. In this
vein, we have derived a nonlinear imaging condition in order to
image accurately single and multiple fractures using multiple
scattered waves (Minato and Ghose, 2014b, 2015).

Wapenaar et al. (2014a,b) have presented a new method for
retrieving the Green’s function inside a medium using reflec-

tion responses at the surface of the earth. The method solves
Marchenko equation and constructs the Green’s function in-
cluding multiple reflections. Using the method for the char-
acterization of heterogeneous fracture is beneficial because it
enables estimating the wavefield along the fracture plane (step
2) accurately handling the multiple reflections without requir-
ing the detailed subsurface information. Furthermore, it gives
us a possibility to characterize the heterogeneous compliance
using the multiple reflections, which has not been possible so
far.

In this study, we apply the data-driven Green’s function re-
trieval using Marchenko equation in order to retrieve the wave-
field along the fracture plane. Furthermore, we characterize
the heterogeneous fracture compliance using retrieved primary
and multiple reflections. We first briefly discuss the data-driven
Green’s function retrieval approach and use of inverse scatter-
ing to estimate the heterogeneous fracture compliance. Next,
we show numerically the effectiveness of this new method. In
this study, we use 2D SH wave because (1) in this case the elas-
tic wavefield senses the tangential component of the fracture
compliance (tangential compliance, ηT ), and (2) the simple
scalar wavefield offers essential insights on this new concept.
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Figure 1: Configuration for data-driven Green’s function re-
trieval. Virtual receiver responses at ∂Di from the reflection
responses at the measurement surface ∂D0, retrieved as de-
composed upgoing (−) and downgoing (+) Green’s function.

THEORY

Data-driven Green’s function retrieval using Marchenko
equation
Here we create virtual receivers right on the heterogeneous
fracture from the surface seismic measurements. We assume
that locating the fracture has been possible using a-priori pro-
cessing steps, e.g., migration of reflected waves (Minato and
Ghose, 2014a, 2015). Next, we briefly explain the new ap-
proach of data-driven Green’s function retrieval using the Mar-
chenko equation. We have modified for 2D SH wave config-
uration the 3D approach for acoustic media (Wapenaar et al.,
2014a,b). Therefore, x = (x,z) points a position vector in x-z
plane and the two-way Green’s function Gvy, f is defined as a
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Heterogeneous fracture characterization

particle velocity in y direction (vy) due to a point force in y
direction ( f ). The data-driven Green’s function retrieval us-
ing Marchenko equation is an iterative procedure to estimate
the up- and downgoing parts of the so-called focusing function
( f±1 and its coda part M+) which focuses at x′i on the surface
∂Di below the measurement surface (Figure 1):

M+
k (x′′0 ,x

′
i,−t) =∫

∂D0

dx0

∫ t

−tε
d (x

′
i,x0)

R(x′′0 ,x0, t − t ′) f−1,k(x0,x′i,−t ′)dt ′, (1)

f−1,k+1(x
′′
0 ,x

′
i, t) = f−1,0(x

′′
0 ,x

′
i, t)

+

∫
∂D0

dx0

∫ t

−tε
d (x

′
i,x0)

R(x′′0 ,x0, t − t ′)M+
k (x0,x′i, t

′)dt ′, (2)

f−1,0(x
′′
0 ,x

′
i, t) =∫

∂D0

dx0

∫ −tε
d (x

′
i,x0)

−∞
R(x′′0 ,x0, t − t ′)T inv

d (x′i,x0, t ′)dt ′, (3)

where the reflection response R is defined as the responses with
sources and receivers on the measurement surface ∂D0 (Fig-
ure 1), with R(x′′0 ,x0,ω)= (1/2 jωµ−1)−1∂zG−, f (x,x′′0 ,ω)z=z0 .
We approximate the inverse of the transmission response T inv

d
to be its direct arrival, as T inv

d (x′i,x
′′
0 , t)≈ Gd(x′i,x

′′
0 ,−t).

Once we estimate the focusing functions assuming the itera-
tion converges, we can retrieve the up- and downgoing Green’s
functions recorded at the virtual receiver (x′i) located inside the
medium (∂Di) from the source located on the measurement
surface (∂D0):

G+, f (x′i,x
′′
0 , t) = f+1 (x′′0 ,x

′
i,−t)

−
∫

∂D0

dx0

∫ t

−∞
R(x′′0 ,x0, t − t ′) f−1 (x0,x′i,−t ′)dt ′, (4)

G−, f (x′i,x
′′
0 , t) =− f−1 (x′′0 ,x

′
i, t)

+

∫
∂D0

dx0

∫ t

−∞
R(x′′0 ,x0, t − t ′) f+1 (x0,x′i, t

′)dt ′, (5)

where the focusing function f+1 can be constructed by its coda
part, as f+1,k(x

′′
0 ,x

′
i, t) = T inv

d (x′i,x
′′
0 , t)+M+

k−1(x
′′
0 ,x

′
i, t).

These equations exploit the causality of the Green’s functions.
Therefore, we require the travel time of the first arrivals - x′i
and x′′0 as td(x′i,x

′′
0) and the corresponding muting function

tε
d = td − ε , where ε is a small positive constant. Further-

more, due to causality, we have the relation M+
k (x′′0 ,x

′
i,−t) =

f−1,k+1(x
′′
0 ,x

′
i, t) = 0 for t ≥ td(x′i,x

′′
0). Note that the retrieved

up- and downgoing Green’s functions are related to the two-
way Green’s function as Gvy, f = G+, f +G−, f .

Characterizing heterogeneous fracture compliance
Having retrieved the virtual receiver responses at positions x′i
on the fracture plane, we can then estimate the heterogeneous
fracture compliance by directly using the method presented
in Minato and Ghose (2013, 2014a). These earlier studies
consider only primary reflections in a homogeneous medium.
However, the formulation is valid for multiply reflected waves
as long as the radiation condition in the bottom layer is suffi-
cient. Characterization using multiple reflections is now possi-
ble because the Green’s function retrieved using the Marchenko

approach correctly includes those multiple reflections. Here
we adapt the formulation of Minato and Ghose (2013, 2014a)
for 2D SH waves.

The retrieved Green’s function G±, f from equation 4 and 5
is in the form of particle velocity vy. We can estimate corre-
sponding stress field as:

τ̂±yz(ω ,kx) =±
µkz,s

ω
v̂±y (ω,kx), (6)

where kz,s =
√

(ω/VS)2 − k2
x and ℑ(kz,s)≤ 0. Once the stress

field along the fracture plane is estimated, one can estimate
the heterogeneous compliance distribution. This requires solv-
ing the linear-slip boundary condition as represented in the
frequency-wavenumber domain (Minato and Ghose, 2013), as-
suming the radiation condition in the bottom medium to be:

Â(ω,kx) = iωηT (kx)∗ B̂(ω,kx), (7)

where ∗ denotes convolution in the wavenumber domain. The
function Â and B̂ are calculated from the stress field at the frac-
ture as

Â =− 2ω
µkz,s

τ̂−yz , (8)

B̂ = τ̂−yz + τ̂+yz . (9)

After inverse Fourier transformation, we obtain the heteroge-
neous compliance distribution as,

ηT (x) =
A(ω ,x)

iω(1+ εreg/|B(ω,x)|)B(ω,x)
, (10)

where εreg is a regularization factor to stabilize the solution.

NUMERICAL MODELING

Using 2D numerical modeling, we demonstrate the concept
of data-driven Green’s function retrieval with the Marchenko
equation and the characterization of the heterogeneous fracture
compliance.

Retrieval of response along fracture plane

We consider two elastic half spaces which include a single het-
erogeneous fracture in the second layer (Figure 2). The source
and receiver arrays are installed in the first layer. The two
boundaries create multiple reflections which impinge on the
fracture multiple times. This simple model offers useful in-
sights on the concept that we propose here.

The heterogeneous fracture is represented by a random vari-
ation in the tangential compliance along a large fracture with
length 1000 m. 451 point sources and 451 receivers are in-
stalled with a spacing of 4 m. We model the responses in
the frequency-wavenumber domain using the wdSDD method
(Nakagawa et al., 2004; Minato and Ghose, 2013), modified
to include an extra layer. Figure 3a shows the modeled reflec-
tion response R due to the source located at the center of the
array. A Ricker wavelet of 40 Hz centre frequency has been
convolved. The primary arriving event is a reflection from
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Heterogeneous fracture characterization

the boundary of two elastic layers, i.e., from the welded in-
terface. The secondary arriving event is a reflection from the
heterogeneous fracture (non-welded interface). Due to the lat-
eral heterogeneity of this interface, we see that the reflection
amplitudes are heterogeneous along the receivers and scattered
waves are generated. Furthermore, the multiple reflections be-
tween the welded and the non-welded interfaces arrive later
on. For data-driven Green’s function retrieval, we require an
estimate of the direct Green’s function (Gd) due to the source
located inside of the medium, which will be at the position of
the virtual receiver (equations 1 to 3). We calculate this assum-
ing that the entire space is same as the first layer (Figure 3b).
Therefore, we do not require the detailed structure between the
measurement surface and the fracture plane. The dotted lines
in Figure 3b are picked first arrivals used as tε

d in equations 1
to 3.
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Figure 2: Fractured elastic layer and source-receiver distribu-
tion on a vertical plane. A 1000 m long fracture with hetero-
geneous tangential compliance distribution is considered.
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Figure 3: (a) Modeled reflection response R. (b) Direct waves
Gd from the source at the virtual receiver modeled, assuming
a homogeneous medium.

Figure 4 shows the retrieved wavefield using the Marchenko
approach. The wavefield is retrieved as a common receiver
gather with the virtual receiver created at the center of the frac-
ture (see insets of Figure 4 for source-receiver configuration).
Note that only one iteration is sufficient for convergence, for
this simple model. The retrieved downgoing waves (Figure 4b)

consist of the incident wave from the source at the earth’s sur-
face and the multiple reflections which are incident on the frac-
ture from above. The retrieved upgoing waves (Figure 4a) are
the reflections from the heterogeneous fracture of the downgo-
ing (incident and multiply reflected) waves. Therefore, these
wavefields correspond to a situation when a virtual receiver is
installed just above the fracture plane. The directly modeled
results are overlain in Figure 4a and 4b. The method could
retrieve the wavefield reasonably well, especially for the near-
offset data. This can be seen in the difference section in Fig-
ure 4c and 4d. Retrieving the far-offset data requires a larger
source and receiver aperture. Furthermore, the first arriving
events are found to be slightly erroneous, possibly because of
the use of a muting function (tε

d ) which is not optimal, thus
damaging the retrieved first arrivals. Note that we calculate
the difference section after applying a constant scaling factor
to the retrieved wavefield. Our retrieved wavefield has larger
amplitudes than in the direct modeling results, because the re-
trieved wavefield is biased by the input direct wave (Gd), and
we calculate Gd assuming the elastic property of the first layer
and ignoring the transmission effect of the welded interface.
One can see that this bias, however, will be canceled to some
extent in the deconvolution procedure involved in the charac-
terization method, shown in the next subsection.

We repeat the procedure and create the virtual receivers at mul-
tiple positions along the fracture plane. Figure 5 is same as
Figure 4, but for a common shot gather with the source at the
center of the array and the virtual receivers located along the
fracture plane. As in the retrieved common receiver gather
(Figure 4), the method retrieved the wavefield well, especially
for near-offset data.

Characterizing heterogeneous fracture
We use the common shot gathers retrieved in the previous sub-
section (Figure 5) as input data for heterogeneous fracture char-
acterization (equations 6 to 10). We first use only the primary
reflection (windowing the first arrivals in Figure 5) to estimate
compliance distribution along the fracture plane. Because we
solve the linear-slip boundary condition in each frequency, we
can estimate the heterogeneous tangential compliance at each
frequency (Figure 6a). Figure 6b shows the estimated tangen-
tial compliance at 50 Hz. One can see that the retrieved pri-
mary reflection has estimated reasonably well the true com-
pliance distribution, especially in the near-offset. The compli-
ance in the middle to far offset has an amplitude close to the
true value, but it appears to be noisy. This is because the esti-
mation of compliance is sensitive to the phase information of
the input wave. The shape of the wavelet is possibly slightly
affected during the retrieval process and this has caused this
noise. Next, we use only multiple reflections as input data
(windowing all events including and below the secondary ar-
riving events in Figure 5) to estimate the compliance distribu-
tion (Figure 6c). One can see that the estimated compliance
using multiple reflections are less noisy than the result using
only primary reflections. Furthermore, the compliance value
at 400 m is better estimated. This is because the primary re-
flections from this point of fracture has larger incident angles
(≈ 64◦), and we require larger source-receiver array to cor-
rectly capture them. On the other hand, the multiply reflected
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Heterogeneous fracture characterization

waves from this point have smaller incident angles (with our
model and the source-receiver configuration) and require less
array length than while using the primaries. Finally, we stack
all common shot gathers retrieved in the previous subsection
and create the pseudo-plane (Gaussian) wave response along
the fractures. As we exploit the enhanced near-offset response
and the multiple reflections, the estimated compliance distri-
bution is remarkably accurate at all positions on the fracture
plane (Figure 6d).

CONCLUSION

We have proposed a new method to characterize the heteroge-
neous fracture compliance using multiple reflections, by cou-
pling the procedure with data-driven Green’s function retrieval.
The 2D numerical examples show that the wavefield along the
fracture plane is well retrieved except for the far-offsets and
around the first arriving events, without requiring the detailed
structure between the measurement surface and the fracture
plane. The use of the retrieved multiple reflections leads to
a much better estimation of the heterogeneous fracture com-
pliance than from primary reflections alone. The compliance
estimated from pseudo-plane-wave response using all retrieved
shot gathers is very accurate because of exploiting the enhanced
near-offset responses and the multiple reflections.
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