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Preface

In this thesis, I will be researching sections 2.1 and 2.2 of the book General Parabolic Mixed Order
systems in Ly, and Applications, by R. Denk and M. Kaip [I]. These sections consider symbols of
partial differential equations, Newton polygons, weight and order functions, parameter-ellipticity
and parabolicity. The research I will be doing has two main goals:

1. make the content of the book more accessible for bachelor students. Using examples and
sparing as little detail as possible, it should be easier for students to understand what is
being covered, and how they are proven.

2. construct a complete proof of the equivalence of being N-parameter-elliptic and having
non-vanishing principal parts for a symbol P with a regular representation. As per our
first point, this proof needs to be on the level of knowledge that is assumed of a bachelor
student, so that they may understand it themselves, and be complete enough to be easily
verified.

This thesis is written as part of the course AM3000 Bachelorproject, which is the graduation
project for the bachelor studies Applied Mathematics on the TU Delft. The goal of this thesis
is to show I can comprehend, apply and rephrase new material, and to show I am capable of
finding the missing pieces of the proofs and filling these in myself. Since there was interest in
a comprehensive and detailed description of the result that allows us to use principal parts to
determine N-parameter-ellipticity in the research group Analysis of the TU Delft, this subject
was chosen for this bachelor thesis.

Summary

When transforming PDE problems using Fourier and Laplace transforms, we can find func-
tions that represent the problem, and which can be used to determine properties of the prob-
lem. We define such functions as symbols P(\, z). In general, we define the class of symbols
S(L; x L) are all functions which are represented by a polynomial of the form Rp(\,z) :=
> verp 7oA 2)9e(A)Ye(2), where 14(), z) are p-homogeneous functions of (A, z) on the cones
Ly x Ly, and ¢¢(A) and ¥,(z) homogeneous functions of A on the cone L; and z on the cone L,
respectively. These functions have a certain y-order d,(P) that shows the order of the function
relative to a relative weight v, and a certain vy-principal part m,P(A, z), which is the part of P
that causes this y-order.

For such a symbol, we define its Newton polygon N (P) as a certain convex hull of points on
[0, 00)2, which serves as a geometric description of the order of P. We define the weight function
Wp to be a positive polynomial with the orders found on the vertices of the Newton polygon
N(P). We define a notion of order functions, and show the order function of P is d,(P).

We define a notion of parameter-ellipticity and parabolicity for symbols in S(L; x L,) based
on the Newton polygon N(P), namely N-parameter-ellipticity and N-parabolicity. Using various
results from the work of R. Denk and M. Kaip [I] and results I introduced myself, we then prove
the equivalence between N-parameter-ellipticity and having non-vanishing ~-principal parts.
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Introduction

The subject of the book by R. Denk and M. Kaip [I] is partial differential equations: expres-
sions of time and space derivatives. We can take an analytical approach of PDE’s by viewing
these equations as expressions of differential operators of the form P(d;, V), and then applying
Laplace transforms to transform time derivatives into multiplication, and Fourier transforms to
transform space derivatives into multiplication. Take for instance the heat equation on the half
space:

U = Au+ f(t,z), (t,z) € Ry xRT,

u(t =0) =0, r € RY,

w(z, =0) =g(t,x), (t,r) € Ry x R L

Here we see the differential operator P(0;, V,) = % — A, which allows us to write the equation as
P(0y, Vi) u(z,t) = f(z,t). We will first apply Fourier transforms %, 1 [u(z,t)](§) = v/ (&, zn, t)
on x1,...,Ty—1, then apply a Laplace transform Z[u/(&, zp,t)](N) = a(X, &, ;) on t. This will
give us the problem

{Aw,s,xn) = —i(\ & 2) DI ED) + SO & m) + FN & 2n), 7a € Ry,
i(an = 0) = g\ ).

We fix the transform variables A and £. We will solve this ODE of the variable z,, by order

reduction: we introduce v = 597“, so we can write our ODE as
n

g ] 60 = {Hz?f(f?) of ) e+ [0 6]

~

A problem of this form is typically solved by solutions of the form [g} = CeMi®ry;, where A\, v;

0
A+ 3I50(E) 0
unknown function/constant. The eigenvalues of A are y/\ + Z;L;ll (&) and —y /A + Z;le(fj?),

but eigenvalues with positive real values make no sense since this would contradict the stability
of the heat problem. Therefore we have a solution of the form

/ 1 1
A n) = Ce~ /\JFZ?:l (f?)zn )
PG = ST

This solution can then be adapted to the boundary conditions and the non-homogeneous terms,
before being transformed back into a solution for the heat equation.

A term that shows up a lot in the calculation of this transformed solution is the term
A+ Z?:_ll(ﬁf) = A+ [£]?. If we were to use z = i¢, we find the term

are some eigenvalue and eigenvector of the matrix A := [ } and C is some

P\ z) = A+ |22,

9
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where we define |z|_ = \/Z?;l —2]2-. This is called the symbol of the heat equation.

Functions of A and z that are related to a certain PDE problem through Fourier and Laplace
transforms are called symbols, and these symbols are important for determining important
properties of the problems they represent. For instance, for simple (quasi-)homogeneous symbols
we already have fairly easy conditions of parabolicity and parameter-ellipticity, that help us solve
the differential equations by letting us find bounds from above and below. However, there are
more difficult symbols to investigate however: take for instance the symbol related to the Stefan

problem, defined as
Ps(\,2) = A+ 2|24/ A + |22

In this thesis, we will investigate these kinds of symbols P(), z) on certain aspects based on
sections 2.1 and 2.2 of the work of R. Denk and M. Kaip [1]:

e In section [I.I} we will give an exact definition of homogeneity, quasi-homogeneity, and
of the sort of symbols that we will be considering. We will see that if we can represent
our symbol P(), z) as a sum of products of (quasi-)homogeneous functions with a certain
weight p, we can determine the order of the function by comparing the weight p of the
function to a relative weight v. We wil call this order the y-order. From this we can
also determine which part of the symbol determines this order, which will be called the
~-principal part.

e In section [1.2] we will define three tools that will help us determine properties of these
symbols. Firstly there is the Newton polygon N, which is a graphical description of the
v-order of the symbol P(], z). Newton polygons allow us to easily see whether a symbol is
regular, and what orders are larger or smaller than the order of the symbol. We also define
weight functions W (A, z), which are positive polynomials with the same order as P(A, z),
and which can easily be used to estimate P from above or below. Finally we define order
functions p(7y), which can be used to describe Newton polygons as a piece-wise linear and
continuous function of ~.

e Based on the Newton polygon and weight function of the symbol, we will assign a new form
of parameter-ellipticity and parabolicity in section by defining it as the existence of a
bound from above and below in the form of CW (), z) for some constant C. However, as we
will proof in this thesis, this is equivalent to the symbol having non-vanishing ~y-principal
parts. Proving this equivalence is the main result of this thesis.

A Newton polygon is a much more broad term than just the definition of the Polygon used
here. Any convex hull of points and their completions in the [0,00)? plane representing the
exponents of the monomials of a polynomial expression can be labeled as a Newton polygon (or
a Newton polyhedron for higher dimensions.)[3] For instance, as depicted in the article of C.
Christensen [2], Newton used a form of Newton polygon to determine the smallest order terms
for his approximation of an explicit solution y(x) solving the implicit affected equation

y3+axy+a2y—x3—2a3:0.

The Newton polygon used here is just convex hull of the points of the polynomial, without
including the origin or the projections of the points on the axes like in the work of R. Denk and
M. Kaip. This is done so that it is possible to determine which points are closest to the origin,
i.e. which exponents are the smallest, instead of which exponents are the largest like we will do
here. Based on the slope of the closest points, Newton can then find the exponent of the next
term in the approximation.
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Even though it’s used in a completely different setting, and the Polygon itself is defined in a
different way, the idea of the Newton polygon remains the same in our setting: it is a change of
perspective on a polynomial, with the goal to determine certain properties of the polynomial.
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Chapter 1

Definitions and properties

1.1 Symbols

In general, a symbol is a function P(],z), where we take A on some cone L;, z on some cone

L,, and that has an outcome P(\,z) € C. Often we will see that L; = Sy the sector, which is

the cone on the complex plane C with arguments between —6¢ and 0, and L, = ¥ the bisector,

which can be described as the values on the complex vector space C" with arguments that are

at least 0 close to %7‘(‘ or to —%77.

Definition 1.1.1 (Cone, (bi)sector). (i) A cone in C" is a subset L C C" such that nz € L
foralln > 0 and z € L.

(ii) The sector Sy C C for 6 € (0,7) is defined as

Sp:={2z€C: -0 <arg(z) < 6}.

iii) The bisector X% C C" for § € (0, 17) and n € N is defined as
) 2

Y5 ={(21,...,2n) €C"\ {0} : m— 6 <arg(z) <m+d,ie{l,...,n}}
U{(z1,...,20) € C"\ {0} : =1 — 0 < arg(z) < —m+d,i € {1,...,n}}

For (A, z) € Ly x Ly, we will treat inhomogeneous symbols P(], z) that are holomorphic and
polynomially bounded on the interior of the cones Ly and L,. A definition of homogeneity can
be found below.

Definition 1.1.2. (i) For L;, L, closed cones, define IO/t and Lx as the interior of the set L;
and L. We then define the class of symbols H (Lt x L) as all the symbols P(}, z) with
(A, 2) € Ly x L, that are holomorphic in Ly x Lw, and Hp(Lt x L z) C H(Lt X LI) as all
tohe S)imbols P(, z) that are holomorphic and bounded by some polynomial function in
Ly x L.

(ii) If L C C" is a closed cone, then a function ¢ : L\ {0} — C is called homogeneous of degree
N e R if

v(nz) =n"(z), 1>0, 2€ L\ {0}.

We write S(V)(L) for the set of all continuous functions (z) which are homogeneous of
degree N and for which we have ¥ (z) # 0 for all z € L\ {0}.

13



14 CHAPTER 1. DEFINITIONS AND PROPERTIES

Figure 1.1: A sector Sy with 6 = %ﬂ' Figure 1.2: A bisector X5 with § = %77

(ili) Let p > 0 and N € R, and let L; C C and L, C C" closed cones. Then a function
T:(Ly x Ly) — C is called p-homogeneous of degree N if

(P nz) =01\, 2), >0, (\z)€ (L x L)\ {(0,0)}.

Functions which are p-homogeneous are also called quasi-homogeneous, and p is called
the weight of X\ relative to z. We define SWN)(L; x L) as the set of all continuous
functions 7(\, z) which are p-homogeneous of degree N and which satisfy 7(\, z) # 0 for
all (\,z) € (Ly x L) \ {(0,0)}.

With this definition in mind, we will soon define the inhomogeneous symbols P (], z) as sums
of terms, which are products of the following types functions:

1. ¢(A\) homogeneous of a certain degree M, functions of A € L.
2. 1(z) homogeneous of degree L, functions of z € L,.

3. 7(\, z) p-homogeneous of degree N, functions of A and z.
Before we can define our symbols, we must first investigate these (p-)homogeneous functions.

Lemma 1.1.3. (i) For ¢ € SM)(L;) and ¢ € SW(L,), we can find a constant Cy,Cy > 0
s.t.

CiAM < o] < GAM, - A€ Ly,
C1lz|F < |(2)] < Colz|t,  z € L.
(i) For € SWN)(L; x Ly), we can find constants Cy,Cy > 0 s.t.
N N
C1(Al +[21Y) < |r(A 2)] < Co(IA7 +[2IY), (A 2) € Ly X Ly (1.1)

Proof. (i) Note that we can rewrite our equations using the definitions of ¢ € S (L;) and
v e SH(L,) as

< IAIM ‘¢<|)\|)’§02, Ae L\ {0}, (1.2)

< | Iz!L '1/1(,2‘)’ Cy, z€L,\{0}. (1.3)
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Taking the sets K(L) := {{ € L : |§] = 1}, we see that ﬁ € K(L;) and ﬁ € K(L,).
However, the sets K(L;) and K(L,) are bounded and closed, and are therefore compact,
and since any continuous function attains it’s maximum on a compact set, we know by
the definitions of SM)(L;) and S(¥)(L,) that ¢(\) and 9(z) attain a maximum C} and
CY respectively, and a minimum C] and C{ respectively, on the sets K(L;) and K(Ly).
Taking Cy := max{C%, CY} and C} := min{C], C{'}, we see that equations (1.2]) and
hold, and since ¢()\) # 0 and (z) # 0 on their domains by the definitions of S)(L;) and
SU)(L,), we know that Cy,Cy > 0.

(ii) Since 7(\, z) € SN we can rewrite for (\,z) € Ly x Ly \ {(0,0)}:

[7(A, 2)] A z
N T N 2N )|
Al7 + [ (A7 + M) (A7 + [2V) ™
For all of these (A, z) € Ly x L, \ {(0,0)}, we see that

N

P

_l’_

A
N P
(IA[# + [2[M)~

z

N 1
(IAl7 + [2|M) ™

N N
A2+ 2"
= ﬂ =
RYEEE

L,

N
which means that if we instead define K := {|\|» + |z|" = 1}, which is also a compact
set, we have

~ , ~ e K,
FAR P FAR 1
(A7 + [ M)N (A7 + [2[N)™
so that
N N N N
CiIAle +[27) < IT(A ) < Co(IAle +[27), (A 2) € Ly x Ly,
o < IT2)
= N
AP+ (=Y
C1<|r(\2)] <, (M2 eEK

< 027 (sz) € Lt X Lz \ {(0’0)}7

means we must prove the last equation to prove our statement for (5\, Z) € K. Since 7(), z)
is a continuous function from the definition of S(N) (L, x L,), and since K is compact, we
know |7(A, z)| attains it’s maximum and minimum on K. Taking Cy := MAX (5 e IT(A, 2)|
and C1 :=min; 5 I7(X, 2)|, then since 7(), z) # 0 for (\, 2) € Ly x L \ {(0,0)} 2 K by
definition of SN )(Lt X L), we know C7,Cy > 0, and thus we have proven our statement.

O

This result will be useful later for proving N-parameter-ellipticity.

These 7(\, z) functions have a certain weight p with respect to A\, and we see that they have

orders N for z and & for A from equation 1’ Suppose that instead of 7(n°A, nz), we write

7(nYA,nz), which essentially compares the weight p to a relative weight . This allows us to
define the y-order of the function, or the order of the function for this relative weight v, and the
~-principal part, the part of the function that causes this v-order. We look at v € [0, oo], where
v = 0 means we look only at the order of z, and v = co means we look at the order of .

Definition 1.1.4 (y-order and 7-principal part of p-homogeneous symbol). Let 7 be a symbol
in S®N)(L, x L,). Then we define for all v > 0 the vy-order by

N N, < p,
dy(7) := max{N, 'y} =< T
P rRCENE 2
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and the ~v-principal part by
T i (L x Ly) = C
(A 2) —~ li_>m (N, nz) (1.4)
7—00

In the same way we define the co-order

N
doo(T) := ;

and the oco-principal part
TooT : (Lt X Ly) — C
(A, 2) = lim =% Mr(n), 2) (1.5)
n—00

These expressions will be used to define the y-order and v-principal part of more general
symbols. For the y-order, the part increasing with v will be seen as the order of A\ here, and the
part that is constant as the order of z. For large relative weight ~y, the order of A dominates,
and for small v, the order of z dominates. From that we can determine a better expression for
~-principal and co-principal part:

Lemma 1.1.5. For 7 € SWN)(L; x L) and v € [0, 00] we have

7(0,2), v <p,
TN 2) = 97N 2), v=p (A2) € (L X Ly).
7(A,0), v >p,

Proof. For (A, z) = (0,0) the proof follows immediately. We check (), z) € Ly x Ly \ {(0,0)} for
¥>p,y<pandy=p.

(I) v > p. First, let’s consider v < co. Take any n > 0 and define « := (n”|2]” + 777|)\|)%. We

can then write
N

(6%
T A nz) = (A 12)

.
=aolVr (77)\, "72) .
af T«

However, since v > p, we get

lim 2z = lim & - =0,
e (Jglp P A e
v A Ap A#D,
im A= fim — 2 B A7
n—oo P nN—00 17/)_7‘2"‘7 + ‘)\’ 0, A=0.
Since d (1) = %’y, we will get
A lim 5 ¢ Y7 (A
my7(A,2) = lim e (7 A, 02)
N 2
= lim n »7aVr <77)\7772>
n—00 aP (&%
N Y
= tim 6717+ ) ¥ (D )
n—00 af «

N
_ I (30) =7(00), A0,
0 =7(0,0), A= 0.
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For v = 0o, we instead get doo(7) = % S0

TooT(A, 2) = lim 7]_%7'(77)\, z)
nN—00
1-1y —+
= lim 7(n"""A\,n rz)
n—00
=7(A,0),
so the statement also holds for v = oo.

(IT) v < p. With the same 7 and « as before, we can find

. : z w270,
lim —z = lim - =
el gy 0 2 =0,
oot A B
7711{20 a/’)\ a nli{glo 7]0_7|2;’P + |)\‘ =0,

and since d, (1) = N, we get

n—00

.
(N, 2) = lim nNalVr (Zzl’)\’ Zz)

— tim (2P A (a, L
0o n o

oP

. |Z|T <O> é) :T(()?Z)? z # 0,

0 = 7(0,0), 2 =0.
(III) v = p. Here %fy = N, so we find for d,(7) = N that by definition of p-homogeneity we
get
N ™
— 1 - 14 — 1i L —
TpT(A, 2) = Jim 7 T(nPA,nz) = nhHH;O nNT()\, z) =T1(\ 2).

O]

We can then use these functions to create a representation Rp (A, z) of our symbol P(A, z).
A symbol may have multiple representations Rp and R, but Rp = R, must hold for these
symbols.

Definition 1.1.6 (Symbol class S(L; x Lg)). For p > 0 we define S(L¢ x L) € Hp(L; x Ly)
as the set of all functions P : L; x L, — C for which a representation Rp(A,z) exists s.t.
P(X\,z) = Rp(\, z) for all (A, z) € Ly x Ly, and the representation Rp(\, z) is of the form

Rp(A\2) = Y mo(A 2)de(Noe(2), (A, 2) € Ly X La, (1.6)
telp
where Ip is an arbitrary finite index set and
7€ SN (Ly x L) N H(Ly x Ly), Ny>0,
¢ € SMEN(L)YNH(L,), M;>0,
e € SU(La) NH(Ly), Le>0
for all £ € Ip. In other words: each 7y, ¢y and v, is (p-)homogeneous with degree Ny, M, and

L, respectively. Note that 74 is p-homogenenous of degree N, with a fixed weight p > 0 for all
lelp.
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Using the orders and principal parts of the functions, we can also use the relative weights -
on this p.

Definition 1.1.7 (y-order and ~-principal part of symbols in S(L; x L,)). For all 4 > 0 we
define the v-order of the symbol as seen in equation (1.6)) by

d(P) := max(dy(7¢) + Mgy + L¢) = (L.7)

maxeer, Mgy + Ne+ Lo, v <p,
ZEIP

maxer, (Mg + 597 + Lo, 7 = py
and for (X, z) € Ly X Ly, we define I, :== {¢ € Ip : dy(7¢) + vM; + L, = d(P)}, the part of the
index Ip for which the maximum of equation (|1.7) is attained, so that the ~y-principal part is

defined
m P(X, 2) == lim =D PIPA nz) = [mm (A, 2)de(N) e (2) (1.8)

17—00
Lely

In the same way we define the co-order by

Ny
doo(P) := 4+ M
oo (P) %ﬁf(,)Jr e),

and for (A, z) € (Ly x L) the co-principal part by

myP(X, 2) = lim =PI P(pA, z) = > m(A, 0)ge(N)e(2) (1.9)

— 00
K el

with g := {£ € T : My + 5t = doo(P)}.

We will later use this y-order when defining Newton polygons and order functions in sections

2.7l and L.2.3

We can show that y-principal parts are always quasi-homogeneous.

Lemma 1.1.8. (i) Let 7 € S®N)(L; x L,). Then

moT(A, 2) =7(0,2) € S(dO(P))(Lx),
7\, 2) € SN IN(L, x L), v € (0,00),
TooT(A, 2) = 7(A,0) € SU=)(L,).

(ii) Let P € S(Lyx Ly) with representation Rp(\, 2) = 3 e To(A, 2)de(N)he(2) as in definition
1.1.6. Then the function m,P(\,z) is a quasi-homogeneous function of degree d.(P) and
weight v for v € (0,00), moP(\, 2z) is a homogeneous function of degree do(P) with respect
to z and T P(A, 2) is a homogeneous function of degree doo(P) with respect to .

Proof. (i) Using lemma we see that for v € [0,00), (A, 2) € (Ly X L) and n > 0,

7(0,n2), v <p, nNr(0,2), v <p,
(A nz) = T(nPAnz), y=p, = 77170\7 2), v=p =n"Dn P()2).
T(MX,0), v >p, ne (A 0), v >p,

To show the bottom case is true, one can use n = (nr)7 = a%, so that 7(n7\,0) =
N

7(a?),0) = oV 7(),0) = n%NT(A,O) =nr? for a := n%. This allows us to conclude

7,7(, 2) is quasi-homogeneous of degree d, () and weight 7, so by 7 € S®N)(L, x L,) we

get m,7(\, 2) € SOA (L, x L) for v € (0,00), and mo7 (A, 2) = 7(0,2) € S (L,).
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Secondly, again using lemma we see
ToeT (A, 2) = (1A, 0) = 112 7(X, 0) = n=(r(1,0).
So we have Too7(A, 2) = 7(), 0) € S (M)(L,).

(i) If we denote myP(A, 2) = > ey [Ty 7e] (A, 2)Pe(A)1be(2) from definition and use state-
ment (i), then we can conclude “for v €1[0,00), (A, 2) € (Lt x L) and n > 0

PP nz) = Y [myme (1A n2)de(n” \)tbe(n2)

(el,
= OO ) (X, 2)de(N) e (2)
(el,
=Y Pl (A, 2)de (M) (2)
(el,
=0T [l (N, 2)e(M)he(2)

tel,
= b Plr P\, 2).

Here, we have used the definition of I, := {¢ € Ip : d(7¢) + Myy + L, = d(P)}. This
immediately implies the statement for v < co. Taking v = oo, we use the definition
and statement (i) to find

TP\, 2) = Y (1, 0)$(nN)(2)

JAST 1SS

= 37 M, 0) (A (2)
JAST 1SS

=D n™=Br(X,0)0(N(2)
Lelo

=% (X, 0)p(\e(2)

lelo0
= ndw(P)ﬂooP()\, z)

Here, we have used the definition of I, := {¢ € Ip: % + My =dwo(P)}.
O

We now have an arbitrary representation Rp (A, z) of our symbol P(), z). Symbols usually
have multiple representations, however not all these representations are well-behaved: different
representations (using other indexes I'p, or other functions) of the same symbol P(\, z) can lead
to different y-orders and y-principal parts (see for instance the symbol K in the examples.) To
fix, this we introduce the notion of regular representations.

Definition 1.1.9 (Regular representation of a symbol). The representation Rp(A,z) of the
symbol P in equation (1.6) is said to be regular if we have

P #0

for all v € [0, 00] (for every v € [0, 00], there is a coordinate (A, z) such that m, P(X,2) # 0.)

We define the subclass of symbols S(L; x L) C S(L; x L,) as the set of all symbols
P e S(L; x Ly) for which a regular representation Rp(), z) exists. We assume that the given
representation of P € S(L; x L;) is always regular.
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The following lemma shows that regular representations are well-defined in terms of ~-orders
and ~y-principal parts.

Lemma 1.1.10. For two regular representations

P(X\2) = Rp(X,2) = > 7o(X 2)de(N)thy(2)

el

= Rp(\,2) = > 71\ 2)di(Mwi(2), (N 2) € Ly X Ly

lel

of the symbol P we have d.(P) = d,(P) and m P = 7P for all v € [0,00]. Here d’,(P) and
7T/7P denote the v-order and the y-principal part with respect to the second representation.

Proof. This can be shown by contradiction: for any v € [0, 00), assume d~(P) # d.(P), so either
d(P) < d.,(P) or d(P) > d.(P). In the first case, we see that for all (\,z) € Ly x L,

7w, P(\ z) = lim n (P)=d5(P) L pdy P\ z) = 0 - TP\ z) =0,

n—oo

which is a contradiction to R»(), z) being a regular representation. In the same way, we know
that d,(P) > d,(P) is a contradiction to Rp(\,z) being a regular representation. Therfore
d(P) = d.(P), which immediately means 7., P = 7/ P.

For 7 = oo, the proof is similiar: suppose either doo(P) < d (P) or doo(P) > d.(P), then
in the first case we see that for any (\,z) € Ly x L,

7' P(\ z) = lim nt(P)=dwP)  pde p(p) 2) = 0 1o P(A, 2) = 0

n—00
which contradicts R(\, z) being regular, and in the same way doo(P) > d. (P) contradicts
Rp(A, z) being regular, implying that de(P) = d..(P) so meoP = 7l P. O
Examples
e The heat equation [I] operator P(0;, V) = % — A on R x R™ has the symbol P(}, z) =

A+ 2|2 on C x C", where we define |z|_ := /> 1, —22. This symbol is p-homogeneous
of degree N = 2 with weight p = 2, since

P(’A,nz) = (A + |2[2) = ° P(, 2).

Therefore, it’s y-order is

2, 0<vy<2
d'Y(P): v, 2§’7<OO,
L, v =oo,

and it’s y-principal part, using lemma

212, v <2,
Tr’YP()‘?Z): )\+|Z‘2_, 7:27
A, v > 2.

Since none of the principal parts are equivalent to 0, this representation is regular.

e The symbol Q(), 2) = A3 + |z|°> — |22/ — |2|* is inhomogeneous, but the function itself
is a valid representation Rq:
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1. ¢1()\) := A? is homogeneous of degree M; = 3,

2. a(2)

3. 3(2)

4. m3(\, 2) == /M — [2|7 is p-homogeneous of degree N3 = 2 with weight p = 1,
5. All other Ny, My, Ly = 0, since these functions 7y, ¢y, ¥y = 1 = constant.

:= |z|® is homogeneous of degree Ly = 5,

= —|z|? is homogeneous of degree L3 = 2,

This means the three terms ¢1()\), ¥2(2) and ¥3(z)73(A, 2) have the y-orders 3v, 5 and

242 <1
{ + 7 respectively. So we can establish the v-order of Q:

242y 21
5, 0<~<3,
242y, 3<y<2,
d’y(Q): 2
3, 2 <y <o,
3, v = 00.

And from that, the y-principal part by working out equation ((1.8)):

(1217, v <3,
2P = [z2VAL, v =3,

T Q(\, 2) = — |22V, S<y<2,
N2V, =2
A3, v > 2.

Again, this is a regular representation.

e 5(A) = VA2 — )\ is inhomogeneous on C:

BN = V/2X2 —ph # VA2 — X, YN >0,AeC\ {0}, >0.

We also can not represent this 5 as a finite sum of homogeneous functions ¢(\): we might
use a Taylor series around A = 2 to find

BN = V2 + A=2)— ——A=2)%2+...,

5
2v/2
but since this is an infinite sum, it is not a representation r(3).

e The symbol K (A, z) on C x C is defined to be equal to the representations Rx (A, z) := A
and R (X, z) :== z+ (A — z). We can easily check that r(K) is a regular representation

. 0<y< o0, L
with y-order d,(K) = z =75 and v-principal part 7, K (A, z) = A. The other
) ,y = m?

representation R (A, z) = z + (A — z) however has

1, 0<y<l1,
dy(K) =17y, 1<v<o0,
I y=o0,
—2=0, y<1
KOz =477 7
A, y2>1

From this we see R (), z) is not a regular representation.
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1.2 Tools

In this section the different tools will be defined and explained.

1.2.1 Newton polygons

We want to map the orders of P(), z) into the two-dimensional plane [0, 00)2, in order to simplify
our problem. We will map the order of z in the z-direction, and the order of A in the y-direction.
For P(\,z) € S(L; x L), we add points on the [0, 00)2-plane for every ¢ € Ip:

e a point uy counting the order of 7y for z, so uy := (Ny + Ly, My),
e a point vy counting the order of 7 for A, so vy := (Ly, % + My).

We can draw a parallel to the definition of the y-order in equation : the part that does not
increase with ~ is mapped in the z-coordinate, and the part that increases with v is mapped in
the y-coordinate. We gather all these points in a finite set v(P). We also extend the set with a
few other points:

e the origin (0,0),
e the projection of the points in v(P) on the z-axis: (x,0) for (z,y) € v(P),
e the projection of the points in v(P) on the y-axis: (0,y) for (z,y) € v(P).

The Newton polygon N = N(P) is then created by taking the convex hull over v(P) and
it’s extension, so it is the set of all points somewhere between the points chosen, or contained
within the area of these points.

Definition 1.2.1 (Newton polygon). (i) Let v := Uij\ig{(ai,bi)} C [0,00)? be any finite set.
Then the Newton polygon N (v) is defined as

M
N(v) := Convex hull(v U {(0,0)} U (_J{(a;,0), (0,,)}). (1.10)
1=0

Any convex set N C [0,00)? is called a Newton polygon if there exists a finite v such that
N = N(v).
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(ii) Let P € S(L; x Ly) with a regular representation Rp as seen in definition [I.1.6] For all
{ € Ip, define the points

up == (Ng + Ly, My),

Ny
vy := (Ly, o + Mp).

If we set

v(P) = ] {ws0e}, (1.11)

Lelp

then the Newton polygon N(P) is defined as N(P) := N(v(P)).

Any Newton polygon N will have a finite amount of vertices v; = (rj,s;), which are the
"vital” points of the convex hull. What this means is that for a set of vertices N, of a Newton
polygon N is the smallest possible set of (r,s) € N such that the convex hull of N, equals the
set N. Since the set is finite, we can count the vertices:

1. start at vo = (0,0),

2. follow the edges of N (P) counter-clockwise, and name each vertex v = (r1,0) (the furthest
point on the z-axis), vy = (r, s2), so forth,

3. index the last vertex (the highest vertex on the y-axis) vy = (0, ss41), so we have a total
amount of vertices equal to J + 2.

Definition 1.2.2. For some J € N, the vertices v; = (r;,s;) of the Newton polygon N are
counted starting from the origin vg = (0,0) and then following the boundary of the convex hull
in the counter-clockwise direction, up until the last vertex vyy1 := (0,s741). We can then take
the set of vertices as

J+1

Ny = U {v;},
=0
which is the smallest subset of N that has

Convex hull(N,) = N.

Define the edge [vjv;y1] as all the points that are a linear combination of the vertices v; and
Vj+1, SO
[vjvj_H] = {)\Uj + (1 — )‘)Uj-i-l 0< A< 1} C N.

In section [1.2.3] we will construct order functions, which in essence serve as functions that
map the Newton polygon by comparing the points through the means of inner products with
vectors of the form (1,7): as we will see, these order functions are functions of the relative
weight v, and we will see that this v will be used as a vector (1,7) so we can compare points
(r,s) in the Newton polygon by looking at the inner product ((1,7), (r,s)). In this spirit, we
define a partition of v € [0, 00| the following way:
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Definition 1.2.3. (i) Let NV be a Newton polygon with vertices (7;,5;) € N,. We define a
partition of [0, oc] in the form of 0 = <3 < -+ <~vs < yj4+1 = 00 by taking:

Y0 =0,
ra—
1 Jj+1 .
= AT e =1,
Sj+1 7 8j
TJ—TrJj+1
= 8] F SJ+1,
) Si+1—sg’
YJ =
{oo, SJ = SJ+1,
YJ+1 = OQ.

Essentially, v, is defined in such a way that —7% is the slope of the edge [v;vj41], so the
vector (1,7;) is orthogonal to [v;vj41].

(i) Using this partition, we define the outward facing normal vectors g; to be

QO::(Ov_l)v

1
G = ——(1,~,), je{l,... . J—1},
=, ) S I

1
o = 4 Tt (L) 7 7 00,
(O’ 1)? ")/J g OO,

qj+1 = (_1) O)

For any j € {0,...,J + 1}, the vector ¢; is orthogonal to the edge [vjvj;+1]. For all
q; = (¢j1,452), we will also define the normal vectors qu = (—¢j2,9j,1) in section
These vectors follow the edges of the Newton polygon N.

As noted earlier, this partition will be used to define order functions in section It
can also be noted how the set N, relates to the partition of [0,00]: due to the set being the
smallest possible set that forms the convex hull, it is not possible that (r;,s;) € [vkvg41] for
some j, k € {0,...,J 4+ 1}. Therefore after 71, we need to keep find a different larger value o,
since the slope of (1,7;) must change as j gets larger, if we want to keep following the angle of
the polygon. The vectors ¢; and qJJf both play an important role in defining the partition from
section A figure showing a general Newton polygon IV, with vertices v; and outward vectors
gj, can be found in figure

With these definitions in mind, we define regularity:

Definition 1.2.4 (Regular Newton polygon). (i) A Newton polygon N (and associated sym-
bol P € S(L; x Ly)) is regular in time if r1 # ry. This means the edge [v1v2] is not parallel
to the y-axis, or that v, # 0, or that ¢; # (1,0)

(ii) A Newton polygon N (and associated symbol P € S(L; x L;)) is regular in space if
sj # Sy+1. This means that the edge [vjvsy1] is not parallel to the x-axis, or that

7vj # o0, or that ¢ # (0, 1)

(iii) A Newton polygon N (and associated symbol P € S(L; x L)) is regular if it is regular in
both time and space.

Remark. Please note that P having a regular representation Rp and P being regular in the
sense that N(P) is regular are not the same thing. Currently we only consider P € S(L; x L),
so if P is regular, it definitely has a regular representation Rp.
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qy
V41 | .
J—1
Uy
Vy_1"
4J+1 U3 g2
|
N
(%)
qi1
=
Vo (]
q0

Figure 1.3: A Newton polygon N with vertices v; and outward vectors g;. This Newton polygon
is regular. [1, Denk, Kaip, 2013, p. 78]

Regularity in time and space have important consequences for definitions and proofs as seen
later, and we want to be able to work easily with both regular and irregular Newton polygons
and symbols. Therefore, we will define the following indices to allow ourselves to work with
these polygons without having to keep bringing up the relations to regularity.

Definition 1.2.5. Let N be a Newton polygon. Define r4(N) as the time-regularity index, or
as the first index j € {1,...,J + 1} that has v; > 0, so
1 if N is regular in time,
ri(N) i= { °

2 if N is not regular in time.

Similarly, define 7, (N) as the space-regularity index, or as the first index j € {1,...,J+ 1} that
has ~; = oo.

J+1 if N is regular in space,
ra(N) = { & P

J if N is not regular in space.

Examples

e The symbol w(\,z) = A|z| is a regular representation. The term A|z| yields the point
(1,1) € v(w). We make the Newton polygon N(w) by adding the other needed points:
the origin (0,0) and the projections (1,0) and (0, 1), and lastly taking the convex hull.
This forms a box, as seen in figure [1.4, This Newton polygon is irregular, as the line
[v1va] is perpendicular to the y-axis and the line [vovs] to the y-axis, and this means that
ri(N(w)) = rz(N(w)) = 2.
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v3 v2 3

s V2 KL\
14

N2

vi
2

Figure 1.5: The Newton Figure 1.6: The Newton

Figure 1.4: The Newton 1000y of P polygon of @

polygon of w

e The symbol from the heat equation P(),z) = A+ |z|? has the points (0, 1) and (2, 0) from
the terms A and |z|2 respectively. Adding (0,0) we get the convex hull in figure This
Newton polygon is regular.

e The symbol Q(\, z) = A3 + |z]® — |2]2\/A* — |z|* from the previous section has the points
(5,0) and (3,0) from A3 and |z|?, and the points (2,2) and (4,0) from the quasi-homogeneous
term |z|?v/A* — 2%, We add the point (0,0), and we take the convex hull to form figure
This is also a regular Newton polygon. Due to taking the convex hull, the point (4, 0)
is not a vertex, meaning it will not be included in the set N, of Q.
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1.2.2 Weight functions

A very useful property of Newton polygons is that it is a convex set. This means that for any
coordinate within the polygon, we can estimate it using only vertices that define the polygon,
namely vy to vj11. The general result is shown in the following proposition. Here, & represents
|z| and n represents |A| (but it works for general £, > 0.)

Proposition 1.2.6. Let G C [0,00)? be any convex set with a finite set of vertices G,,. Then
for any (r,s) € G and any &,n > 0, we have

778£T < Z 778/§Tl~
(r',8")EGy

Proof. Since G, is the set of vertices, we can essentially define G as

G := Convex hull(G,).

Since G, is finite, we can number the vertices (r1,$1),..., ("m,Sm), where m := #G,, the
amount of vertices in the set G,. Using convexity, we can find certain Aq,..., A, > 0 that have
er;l A =1 s.t.

m
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For £, > 0, we see that

m

¢ = s Aiim A = T (et

i=1

Here we can apply logarithms to be able to apply logarithmic rules and the concaveness of the
logarithm function:

log (H(nsiﬁ”)”> =D Ailog(*i¢") < log (Z Amsif”> :

=1 =1 =1

Then since the logarithm is increasing, and 0 < A\; <1 for all ¢ € {1,...,m} we know

nET = H(nsié'ri))\i

m
< Z A€
=1
m
< Znsigm _ Z 775 57’
=1 (r',s")eGy

O

We will use a similar line of thinking when defining the partition of section In this
section, we use this result to define the weight function, which can be used as an estimate from
above for any point in the polygon.

Definition 1.2.7 (Weight Functions). For a Newton polygon N, the corresponding weight
function is defined by

J+1
Wahz) = S P =14+ SO, (A z) eCxCn.
(r,8)ENy j=1

For a finite set v C [0,00)?, define W, := Wy(,). For a symbol P € S(L; x L), define
WP = WN(P)

Notice all weight functions are positive due to being sums of positive terms.

Example

e The weight function Wg of Q(A, z) from previous examples is found by summing over vy
to vy4 in figure [1.6}

W, 2) = [MPL2" + AP + IAP[? + AP
=1+ [2” + APl + AP
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The proof of proposition is based on the proof offered in Remark 2.17 [I], Lemma 1.2.1 [3] and of a result
by Hardy, Littlewood and Pdlya [4].

1.2.3 Order functions

As stated earlier, we can use order functions to define the order of a symbol given a relative
weight v. However, order functions serve a more general purpose. In this section, we will
focus on convex order functions and strictly positive order functions, and show their relation to
Newton polygons and to symbols. Firstly, we give a motivation for order functions. We use the
following proposition.

Proposition 1.2.8. Let N be a Newton polygon with vertices (rj,s;) € N, and let (r,s) €
[0,00)2. Then (r,s) € N if and only if

sy+r < max  s;y+7r;, 0<v<oo.
K T je{1,.,J+1} 37T "

2

Proof. For any point (r,s) € [0,00)*, we know

sy +1r= <(177)7 (Tv S)>

for v > 0. If we define

L’Y(C) = {(Tlvsl) € [O’ 00)2 : <(1”7)’ (Tlvsl» = C}’ (1'12)

then we see that by the definition of inner products we have that L.(c) is a line in the direction
of the vector (—v;,1) = (1,7;)*.

We want to proof that maxg, en((1,7), (p,q)) = max, gen,((1,7),(p,q)), or in other
words, the maximum over the entire polygon is the same as the maximum over the vertices.
Define the area I'(N) as the boundary of the Newton polygon N, so I'(N) := U}-le[vjvjﬂ]. We
will use an argument of contradiction: suppose there exists an (r,s) € N \ N, for which the
maximum is attained. We can work in two cases:

(D) (r,s) € TIN)\ Ny s.t. ((1,7), (7, 8)) = max gen ((1,7), (p,¢))- This means that (r,s) €
[vjvjs1] \ {vj,v; + 1} for some j € {1,...,J}. Depending on v we work in three cases:

(1) v = 7;. In this case, as we know for definition [1.2.3(i), L, ({(1,7),(r,s))) will be
parallel to the edge [vjvj11]. This is true, since

Tj+1 — T
Vi1 — U = (Mj+1 — 15, 8541 — 85) = (8j4+1 — 85) (J ],71> = (8541 = 85) (=75, 1)-
Sj+1 7= 5j

However, since (7, s) € [vj,v;41], We get [vjvj41] € Ly ({(1,7), (r,s))), which in term
means

<(177>7 (rj7 3j)> = <(17'7)7 (rj-‘rlv Sj+1)> - <(177>7 (T’, 8)>7

so the maximum is also attained on v; = (1}, s;5) and vj41 = (741, Sj+1)-
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(2) v < ;. As stated earlier, 7; is such that (1,+;) is perpendicular to the edge [vjv;1],
or (1,7;)F = (=~;,1) is parallel to [v;v;41]. We use this to define
(Tv S) =y + cl(_’)/ja 1)7
vjr1 = v+ (8541 = 85)(=5, 1),
where ¢; € (0,511 — s;). However, this allows us to find
<(177)7vj> = <(1,"}/),(7’7S) 1( Y55 )>
= ((1,7), (r,9)) = {(1,7), e1(=5,1))

= max ((1,7),(p,q)) —c1(— +7)

(p,9)EN
= max ((1,7), (p, +ci(v; —v) > max ((1,7),(p,q))-
(M)GN« 7)s (P, @) + c1(vj — ) (pvq)eN« 7), (9, q))

Therefore, we have found a contradiction to (r, s) being the point on which the max-
imum over N is attained.

(3) v > ;. Using the same proof as (2), we now state that v, is a point for which the
inner product is larger than the maximum.

(L, 7)s vj1) = ((1,7),v5 + (8541 — 85) (=5, 1))
= ((1,7), (r,;s) + (sj+1 — 85 — c1) (=75, 1))
= ((1,7), (r,8)) +{(1,7), (8j+1 — 85 — c1) (=75, 1))
(L,7): (P, @) + ((8541 — s5) — 1) (v — 7))

Therefore we again have a contradiction to (r, s) being the point on which the maxi-
mum over N is attained.

(IT) (r,s) € N\T(N) s.t. {(1,7),(r,5)) = max(, gen{(1,7), (p,q)). In this case, the point lies
in the interior of N. However, we can take a ¢ > 0 such that the point (r,s) + ¢(1,~) lies
on the boundary I'(N), and for this point, we have

((1,7), (r,8) + c(1,7)) = {(1,7), (r, 8)) + ((1,7), (1,7))

= (prf;;clgN«lm), (@) + 1L, > (p{I;;clagN<(1,7), (p,q))-

so this also contradicts (r, s) being the point on which the point is attained.

In conclusion, the maximum is always attained on one of the vertices, therefore we can write

max ((1,7),(p,q)) = max ((1,7),(p,q)) = max 1,79),(r,85)).
max (1), (o) = max (L), (po) = _max((1.9).(7.5))
Note that vg = (0,0) is not included in the maximum, simply because the inner product would
be equal to 0. A demonstration of how this problem is shaped can be seen in figure If
(r,s) € N, we get that for any v > 0 we have

sy+1={((1,7),(rs)) < (;2%\[((1, 7); (P q))

= je{llfluﬁ>j+1}<(1, 7), (155 55))

= max  S;Y + Tj.
Cje{ldt1} Y !
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Conversely if (r,s) ¢ N, then we know that there exists a constant ¢ € (0,1) s.t. the point
¢(r,s) € I'(N), meaning that for some j € {1,...,J}, we have ¢(r,s) € [vjvj+1]. Taking v =,
(except for the case where v; € {0,00}), we can see that since (1,;) is perpendicular to [vjv;1],
we can take

c(svj + 1) = ((1,75),clr, s))
= ((L1,7): (1, 85))

= max 1.4 (1. s
k6{17.-.,J+1}<( 255 (ks $5))
meaning sy; +r > c(sy; +1) = maxye(1.. 41y SK7; + ri. However, we also have to cover the
cases v = oo and v = 0.

(I) 77 = oco. This means N is not regular in space, i.e. s; = sji1, and if ¢(r,s) € [vjv 1]
for some constant ¢ € (0,1), then we must have c¢s = s; = s;11, meaning s > sj11 = sJ.

rg—rl
vy }, we can use s > sy to get

If we take v > max{~y,_1,

|ry —r| >TJ—7"’
S§—8y5  8§—S8y
(S_SJ)IV>TJ_T5

sYy+r>syy+ry= max Siy 4+ 1.
7 TV ey T

v >

so we know the inequality

(IT) 71 = 0, so N is not regular in time, i.e. r;1 = ro. If ¢(r,s) € [v1ve] for some constant
c € (0,1), then we must have cr = ry = rg, so r > r; = ry. Take 0 < v < min{~s, ‘Z;j;},

then similar to (I) we get

r—rg

7 < )
|s2 — s

(s2—8)y <|sa— sy <r—ro,
max SV +T; =82y + 1o < 8YH+T.
Jellod 1} JY Ty 27 T T2 Y
So in all cases, the inequality sy +7 < maxjc(1,.. 41} 87 + 75 does not hold for all v > 0.

O]

We can use this proposition by looking at functions of the form pu(vy) = max(;; s.)eN, 57 +7;
to estimate points of the Newton polygon, using the furthest points of the polygon in terms of
inner products with (1,7). This is very similar to determining the order of a symbol P(\, z)
with respect to a relative weight v by using d,(P) = maxcr, (dy(7¢) + My + L¢), and we will
in fact see that this is exactly the same for order functions related to symbols in lemma [1.2.11
First, we will give a formal definition of an order function, then we will see how this relates to
previous work in definition [1.2.10)

Definition 1.2.9 ((Strictly positive) order functions). (i) A continuous and piece-wise linear
function p : [0,00) — R is called an order function if u is either convex or concave. For a
partition of [0, 00] of the form 0 = v9 < 1 < -+ < Y < Ym4+1 = 00, an order function
can be expressed as

M+1
N(’Y) = Z (mi(#)7 + bl(lu)) 1[%-_1,%-)(7)’ 0< ¥ <00, (1'13)
i=1

where m;(u), b;i(1) € R.
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Figure 1.7: An example Newton polygon with (1,7) in black. For any point (r,s) €
N, the red perpendicular line L.,({(1,7),(r,s))) is closer to the origin than the cyan line
L (maxjcqi,.. 51((1,7), (15,55))) through the furthest point vs.

(ii) For a convex order function, we have that

mi—1(p) <mi(p),  bii(p) > bi(p), ie{l,...,M+1}.
This allows us to express u(7y) as

= i +bi(p), 0<vy<oo.
() ie{f.lf’ﬁﬂ}m(”)” (1) v < 00

(iii) An order function wu is strictly positive if p is convex, and increasing, and non-negative:
mi(p) = 0, bi(w) =0, i€{l,...,M+1}

An order function u(7) is a continuous and piece-wise linear function of v that expresses
the order of the symbol P(},z), or of the Newton polygon N, for each relative weight v. The
following definition shows how this relates to the previous definition.

Definition 1.2.10. (i) Let N be a Newton polygon with vertices
Ny ={(rj,s;) 1 j €{0,...,J +1}} € [0,00)?,

with J € N, indexed as stated in definition We define the associated order function
uof N as

‘= max S;y+71, >0,
N () ey T

or for 0 =19 <1 < -++ <7y < 7y41 = oo as defined in definition [I.2.3|i), set

J+1

pn () =Y (7 + 1)1 (), ¥ =0 (1.14)
j=1
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(ii) Conversely, let p : [0,00) — R be a strictly positive order function with a partition of
[0, 00] of the form 0 =9 <71 < -+ <775 < vj41 = 00, where p is defined as in equation
(1.13). Using a finite set v(u) defined as

M+1

v(p) == |J {0i(w),mi(n))} < [0,00)?,
i=1

we define the associated Newton polygon N of u as N(u) := N(v(p)).

(iii) For symbol P € S(L; x L), we define the associated order function u of P as

pp(y) = KN(P)-

(iv) For p : [0,00) — R a strictly positive order function, we define the associated weight
function W, as the weight function of the associated Newton polygon NN, or in other
words:

Wi = Wiy

Remark. Tt is possible to investigate p that are not strictly positive, and define weight functions
for these order functions. However, since we only use strictly positive order functions and convex
order functions for our research of symbols P(), z), it will not be done here.

We will now show that the definition of the y-order d. (P) and of the associated order function
wp are well defined.

Lemma 1.2.11 (Characterization of symbol associated order functions). Let P € S(L; x L)
with representation Rp as in equation (@) and Newton polygon N(P) as defined in definition
m Then we know that d~(P) is a strictly positive order function of v > 0. Moreover, we can

find

J+1

dy(P) = pnp) () = Z(Sﬂ 7)) (7),
j=1

where ; is as in definition[1.2.3(i) for all j € {0,...,J + 1}. For v = oo, we have
doo(P) = 5741

Proof. By definition d(P) := maxyey,(dy(¢) + Myy + Ly). For any v > 0, it is easy
to see that this function of v is continuous (since it is a maximum of continuous functions of
7), piece-wise linear (whether d-(7;) = N, or dy (1) = %7, the terms within the maximum are
linear functions), and convex (a maximum of linear functions, which are also convex functions, is
again convex). This means d.(P) is a convex order function, which is moreover strictly positive
since Ny, My, Ly > 0. We can therefore show d,(P) = pn(py by showing that the associated
Newton polygon N(d,(P)) of the strictly positive order function d,(p) is equal to N(P), and
using the 1-1 relation of order functions and Newton polygons.

First, by d(P) being a strictly positive order function, we can write it in the common order
function notation: we use some finite M € N to rewrite Ip = {1,..., M 4 1}. However for every
¢ € Ip, we have dy(P) = Myy+ Ny + Ly or dy(P) = (% + My)y + Ly, so we can rewrite our
order function as

d~(P) = max myy + by,
+(P) te{1,. ., M+1,M+2,...2M+1} €Y T
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where
My, te{l,...,M+1},
my =
¢ A%+A@ Ce{M+2,...2M+1},
b__]W+Lb te{l,...,M+1},
7 L., e {M+2,.. . 2M+1)}.

Then we can find v(d,(P)) = U2 {(b;, mi)} a finite set. However, we can easily see that

v(dy(P)) = v(P) := | J {(N¢ + L¢, My), (Le, ]\;ﬁ + M)}
telp

This implies N(d,(P)) = N(v(d,(P))) = N(v(P)) = N(P), therefore d,(P) = pun(p)-

For doo(P) = maxeefp(% + My), we see that the points vy := (L, % + M;) that have
el :={lelp: % + My = ds(P)} are actually points of the form (Ly,d(P)), so
by the maximum in the definition of dw(P) we see that these points are the points with the
highest y-coordinate of all points in v(P). By the convexity of N(v(P)), there can be no
point (r,s) € N(P) that has s > doo(P), so the point (0,s74+1) € N, has sjp1 < doo(P).
However, (0,s711) is a point with the highest y-coordinate of all points in N(P): suppose for a
contradiction that there was a point (r, s) € N(P) with s > s41. By the definition of N(P) this
point would still need a projection onto the y-axis in the form of (0, s), and by the convexity of
N(P) this point (0,s) would actually have been the vertex (0, s74+1), so sj+1 = s. This means
5741 = doo(p), 80 We really have 5711 = doo(P). O

We can use this last lemma as a better definition of d,(P), since it allows us to relate points
on the Newton polygon N(P) to points ug, vy € v(P) € N(P) for £ € I, from the definition
based on the partition of [0, 0] as defined in [1.2.3(i). The relation we will describe is as
follows:
=T+
Sj+1—85’
meaning all points are equally far with respect to inner products with (1,v). All points
ug, vy € v(P) for £ € I, with this v can be found in [vjv;11], as will be proven in lemma

L2.12

o For y=r; = we see that (1,7) is perpendicular to the slope of the edge [v;vj11],

e For v € (v;-1,7;), we have that (1,7) is such that the vertex v; is the furthest point in
terms of inner products, so points ug, vy € v(P) for £ € I, with this v form the vertex v;.
This behaviour will be shown in lemma |1.2.13(ii) and (iii).

Lemma 1.2.12. Let P € S(L; x Ly) with a Newton polygon N(P).
For any j € {1,...,J}, we have

1. up := (Ng + L¢, My) € [vjvj41] for all £ € I, whenever v; < p,
2. vy := (Ly, % + Mp) € [vjvjya] for all £ € I, whenever v; > p.

Proof.
First, fix j € {1,...,7,(N(P)) — 1}, meaning y; # co. We consider the line

Li= Lo, (d,(P)) = {(r.s) € [0,00) : s7; + 7 = d,, (P)},
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where L, (c) is defined as in equation (1.12)). By definition and lemma|(1.2.11] we can prove
that

dy, (P) = 1 + 8j41% = rjg1 + sj41 L0k
Sj+1 7 8j
_ Tj+1(8j+1 - Sj) + Sj+1(7“j — Tj+1)
Sj+1 = 8j
_ STy T Ti4155
S
- Sj41T5 — S415 + TiS5 — Tj+185
B Sj+1 7 8j
_ ri(sj41 = 85) + 85(r5 = 7j11)
Sj+1 — 8]
=r;+ Sjig 7;]+1 =715+ S8;7;-
j+1 — S

If vj < p, then for any ¢ € I, we can write

dy, (1e) + Myyj + Le = doy (P)
= No+ Myyj + Ly = 557 + 75 = sj417; + 7541

Therefore L is a line containing both (74, s;) = v; and (rj4+1,8j41) = vj41 so L D [v;vj41], but
we also have the point uy = (Ny+ Ly, M;) € L. We can now proof uy € [vjv;41] by contradiction:
suppose Uy € L\ [vjvj41]. Then either [vjvj41] C [uwjp1], or [vjvj41] C [vjue], depending on
which end of L the point uy lies. However, since uy € N(P) which is a convex set, we know
that either v; € N(P) or vj11 € N(P) is contained in between two other points of N(P), which
contradicts to vj or vj1; being a vertex of N(P). Therefore, we must conclude uy € [vjv;41].

If 7; > p, we can see the following for £ € I, :
dy, (1e) + Myyj + Le = do (P)
Ny
= <p + Me) i+ Lg = 8jvj + 1 = 8j417j + rjy1.

With the same definition of L, we have that v, vj;1 and v, are contained in the line L D [vjv;41],
so by the same contradiction argument we find vy € [v;vj41].

Finally, we investigate the case v; = oo for space-irregular symbols. Since p < oo = 7y,
we only consider the points vy. Using lemma [1.2.11] combined with that s; = s;41 for space-
irregular symbols, we get that for any ¢ € I, = I, we have

Ny
=7+MEZSJ=5J+1-

Consider the set Lo, = {(7,y) € [0,00)% : y = doo(P)}, 50 (17,57), (0,5711) and (L, % + My)
are in this set Loo. It is clear that Lo is a line, so it must contain [vjvs41], therefore we can
use the same contradiction argument as before to conclude v, € [vjvyy1], which really means
N My = sy and Ly € [0,7]. 0

If v € (vj-1,7;), we also need to think about the position of p in the partition of v € [0, oo].
The first point of the next lemma will help us with this.
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Lemma 1.2.13. Let P € S(L; x L;) with Newton polygon N(P) and ry(N(P)) and r(N(P))
as i definition |1.2.5),

(1) If there exists a k € {ry(N(P)),...,rz(N(P))} with p € (yk—1,7%), then for any £ € I,, we
have Ny =0, i.e. 74(\, z) = constant. This also implies My = s and Ly = ry,.

(it) Lety— € (vj—1,7;) forj € {ri(N(P)),...,r2(N(P))}. Then we can express I,_ as a subset
of Iy;:

I, ={tely: 1) Ne+ Le = 7} (1.15)
Ny
= {E S 17]. : l(p,oo} (’)@')7 =+ Mg = Sj}. (1.16)

(iii) Let vy € (vj,vj41) for j € {1,...,7.(N(P)) — 1}. Then we can express I, as a subset of
L, :

J
I%r = {E S I’yj : 1[07p)(’yj)Ng + Ly = Tj+1} (117)
Ny
= {E € I’Yj : 1[p,oo)(7j)7 + M, = Sj-‘rl}' (1'18)
Proof. (i) Suppose N; # 0, but p € (y4—1,7%). Then the order function d,(P) has a difference
in slope for v < p and v > p due to d,(1y) = Ny or dy(1y) = %7. This difference can

only be explained by p = ~; for some j € {0,...,J+1}. This however directly contradicts
p € (Yu—1,7). Therefore, N, =0, so d,(7¢) = 0 for these ¢ € I,, which means that

Ip:{EEIPZsz—i-L[:dp(P)}
:{EEIPZMgp—i-Lg:Skp—i-T‘k},

so My = sy and Ly =ry, for £ € I,.

(ii) The definition I, :={¢ € Ip :d,_(7¢) + Myy— + L; = d(P)} can be defined using d(P)
as in lemma [1.2.11] We split in the case v; € (0, p] and ~; € (p, o).

If v; € (0, p, then by linearity and continuity in [v;_1,v;] we get

I, ={{elp:dy (1) +Myy-+L;=d, (P)}
:{EGIP:Mg’y_‘l-NZ‘f‘LZ:Sj’Y—_'_rj}
={lelp: Myy+ Np+ Ly = 5575 + 75},

and if v; € (p,00), then we can take 4" € (max{v;_1,p},7;), since if v;_1 < p, we would
have Ny = 0 by (i). Thus we know that by linearity and continuity in [v;_1,7;] we get

N,
I, :{EGIP:;+MM+L€:CZ7—(P)}
N,
:{KGIPI ([f—l—Me)r}/—l—Lg:Sj’}//—{—Tj}

N,
—{KEIP: (pz-i-Mg)’yj-i-Lg—Sj’Yj-i-Tj}.
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A special examination is needed for j = r,(N(P)), since v; = oo. We know for certain
that p < 7;, so we can take 7/ € (max{vy;_1, p}, 00):

N,
IV— = {EEIP:;—I—M[}/—I—LZZCLY(P)}
N
:{KEIP: <;+Mg>’}/+Lg:8j’}/+Tj}

N
:{eéfp:pf-f—Mg:Sj, Lg:Tj}

N,
—{ﬁelp:;+Mg_doo(P), Lg_rj}.

So in all cases, the statement follows: we see that I, is a subset of L,j where instead of
anywhere on the edge [vjv;11], the points uy and v, for £ € I, must be on the vertex

vj = (rj,8;), meaning we need both 1 () Ny + L¢ = 7 and 1(, (fyj)% + My = s; to
hold.
(iii) We follow the same steps as in (ii).
In the case v; € [0, p), we can take v € (v;, min{v;j41, p}), since again p < ;41 would
mean that Ny = 0 by (i). We can use lemma [1.2.11| and linearity again.
I’Y+ = {f €lp: Np+ Mpyyy + Ly = d7+(P)}
={lelp: MY + N+ L = sj017 + 711}
= {f €lp: Mg’)/j + Ny+ Ly = Sj+175 +7“j+1}.

In the case v; € [p,0), we can see
Ny
L, =qlelp: 77++M£’Y++Le =dy, (P)
Ny
=<qtlelp: 7+Me Y+ + Lo = sjpv+ + 75401

N,
= {6 elp: <p€+M£> ")/j—l-Lg :Sj—l—l')/j"i_rj—&—l}-

Therefore, we see that I, is a subset of I,; where both 1jg ,)(7;)Ne + L¢ = 7541 and
1)) (fyj)% + My = sj41 hold. Again, this means that the points u, and v, with £ € I,
are found on the vertex vjy1 = (41, sj41) instead of anywhere on [vjvj41].

O

Both lemma [1.2.12] and [1.2.13] will be used in chapter We define a notion of upper and
lower order functions. These will be used for defining a new notion of parameter-ellipticity and
parabolicity in section |1.3

Definition 1.2.14 (Upper and lower order functions). (i) w is a lower order function of
P(\,z) € Hp(Ly x L) if for some constant C; > 0 and bound )y > 0, we have for all
(A, z) € Ly x L, with |[\| > Ao that

|P(X, 2)] > C1W (A, 2).

(ii) p is an upper order function of P(A,z) € }{p(lolt x L) if for some constant Cy > 0 and
bound Ao > 0, we have for all (\,z) € L; x L, with |[\| > Ag that

|P(X, 2)] < CoW (A, 2).
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(iii) p can also be both: for C;,C2 > 0 constants and A\g > 0 a bound, we have for all
(A, 2) € Ly x Ly with |[A| > Xg that
CiW,u (N, z) < [P(X 2)] < CaW (A, 2).
These bounds from above and below are important, these are exactly the sort of bounds
we would want from parabolicity. In fact, the existence of these bounds is exactly how we will

define N-parabolicity. The bound from above is needed, but we will prove that all symbols in
S(L; x L) will have a trivial bound from above using order functions.

Lemma 1.2.15. Let P € S(L; X L;), and let p be a strictly positive order function that has

Then u is an upper order function of P. Moreover, we can find a constant Co > 0 so that we

have
[P\, 2)] < CoWp(A, z), (A z)€ Ly X Ly. (1.19)

Proof. Begin by looking at the Newton polygon N(u). Since d,(P) < p, we have that (r,s) €
N(P) implies sy +7 < d, < pu by proposition and again using this proposition we get that
(r,s) € N(u). Therefore N(P) C N(u).

With this in mind, we investigate |P(), z)|. By lemma it is possible to find constants
C%, CY > 0 such that for £ € Ip and (), z) € Ly x L, we have

e, 2)| < CHA P + [21Y0),

|6e(N)] < Ca|A|M,

[e(2)| < O™

So taking C’ = max{C%, C¥}, all three hold at the same time. We can then write

PO 2) < Y e 2) [ee W] [ve (=)

telp

N
<) (MIPZ + |Z|N’“’) [A[Me 2]

Lelp
N,
3 (s FURIRERD
Lelp

However, since the points uy = (Ng+ Ly, My) and vy = (Ly, % + My) are points in the finite set
v(P), we can use v(P) C N(P) C N(u) to see ug,v, € N(u). This allows us to use proposition

on the convex set N(u) to get

N,
’P()\,Z)| < Cl Z <|)\|pz+Me‘Z|L£ + ‘)\‘MZ|Z|NZ+LIZ>
lelp

<O (2 Wu(N2)).

lelp

Defining #1Ip as the size of Ip, we will define Cy := 2C" - #1I so that
|[P(X, 2)| <2C" - #Ip - W,(A, 2) = CoW,.
If we use p = d,(P), we find by lemma [.2.11] that

’P()\,Z)| < CQWd,y(p) = CQWM = CQWN(P) = 32 Whp.

N(P)
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This equation ((1.19) is used as the upper bound when proving a symbol is N-parameter-
elliptic, as seen in section [I.3]

Examples

e The order function belonging to the symbol Q(), z) belonging to previous examples is:

5 0<~y<3
() =dy(Q) ={2+2y 3<y<2
3y 2<y

It is easy to see this order function is strictly positive. We can also check lemma’s [1.2.12
and lemma [1.2.13] in figure

1. f 0 <y < 3 =7, dy(P) = Ly = 5 meaning I, = {2}, and the point us = vy = (0,5)
is the vertex v;.

2. If v = 7, then since % > p =1, wehave d,(P) =Ly = %7+L3 meaning I, = {2, 3},
and the points (0,5) and vz = (2,2) are found on the edge [vivg].

3. If 3 <y <2 =1y, we have I, = {3} so the point (2,2) forms the vertex vs.

4. If v = 79, then d,(P) = %7 + L3 = M;~ meaning I, = {1,3}, and the points (2, 2)
and u; = v; = (0,3) are found on the edge [vovs].

5. Lastly v > 2 means I, = {1} and we find (0, 3) as the vertex vs.

e The Newton polygon N; in figure [1.§ with the vertices vg = (0,0), v1 = (4,0), v2 = (3,2),
v3 = (2,3), vo = (3,4) and v5 = (0,4) has an associated order function, using definition
[[:2.10(1), equal to p(y) = maxeqo,.. 33 ma(p1)y + bi(pn) with mi(u1) € {0,2,3,4} and
bi(u1) € {4,3,2, %} This order function can also be defined by partitioning the relative
weights v € [0,00] in the partition as defined in m(l) Yo =07 =3 =1,

3

Y3 = % = %, v4 = o0 and 75 = 0o. Then the associated order function is.
4 0<y<3
) 3+2y $<v<1
1 pr—
i 243y 1<~v< %
stdy 3<7

Since 4 = 0o, we know this order function is not regular in space. Another way to see

that is to see that the last entry still has a term %

e We can also construct a Newton polygon from an order function. Consider the strictly
positive order function defined by p2(v) = maxjcqo,... 3y m;(pu2)y + bj(pu2) with m;(u2) €
{1,3,4,5} and b;(u2) € {4,3,2,0}, we find the points (4,1), (3,3), (2,4) and (5,0), and
adding the origin (0,0) and the projection (4,0), and lastly taking the convex hull, we get
the Newton polygon Ny in figure

References
R. Denk & M. Kaip, section 2.1b [1]:

1. Remark 2.20, p. 80-81
2. Definition and Remark 2.21, p. 81
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v5 v4
46

v2

@

Figure 1.8: A Newton polygon Nj. This

polygon is not regular in space. Figure 1.9: The Newton polygon Ns be-

longing to po. This polygon is not regular
in time.

Definition and Remark 2.22, p. 82

Definition 2.24, p. 83

Remark 2.23, p. 82

Definition 2.27, p. 84

Lemma 2.30 and proof, p. 85

The proof of proposition[I.2.§|is based on Remark 2.20 [I]. The statements of lemmas and are based
on Remark 2.23 [I], and the proofs are a result of my work. The statement of lemma [I.2.12]is based on a remark
in the proof of Lemma 2.53 and Theorem 2.56 [1I], and the proof is a result of my work.

N o W

1.3 N-parameter-ellipticity and N-parabolicity

For the quasi-homogeneous symbols P (), z) we would define parameter-ellipticity as P(\, z) # 0
for any (A, z) € (Lt x L) \ {0,0}, since this would allows us to make estimates from below on
|P(\, z)|. However, the symbols we are currently investigating are not necessarily
(quasi-)homogeneous, and therefore this definition is not sufficient. However, we can use the
tools we have defined, the Newton polygon, the weight function and order function, to help us
make a different notion of parameter-ellipticity and parabolicity that also allows us to make
these estimates from below, while still being well-defined for inhomogeneous symbols P(), z).

Definition 1.3.1 (N-parameter-elliptic/N-parabolic). (i) Let P € S(Ls x L) with pup(y) =
d(P) as the order function. Let Wp = W, the weight function associated to P. P is
then N-parameter-elliptic in Ly x Ly if pp is not only an upper order function (see equation
(1.19)), but also a lower order function: there exist C1,Cy > 0 and a bound A\g > 0 such
that for all (A, z) € Ly X Ly with [A] > Ao, we have that

CIWP()‘VZ) < |P()‘7 Z)’ < CZWP()UZ)
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Define Sy(Ly x L) € S(Ly x L) as the subclass of S(L; x L,) containing all N-parameter-
elliptic symbols P.

(i) The symbol P is instead called N-parameter-elliptic of angle 0 if Ly x L, = Sp x ig for
some § > 0 and n € N in the previous definition. This means that P is N-parameter-elliptic
in Sp x X¥.

(iii) The symbol P is instead called N-parabolic if it is N-parameter-elliptic of angle § where
0 e (%77, 7). This means that A\ € Sy can take on values with negative real parts.

For P ¢ H p(IO/t X L), the notion d,(P) = pp is not well-defined, so we instead define
N-parameter-ellipticity as the existence of a strictly positive order function p that is both an
upper and lower order function of P. Points (ii) and (iii) are defined in the exact same manner.

A very important equivalent definition of N-parameter-ellipticity is that the v-principal parts
of P(), z) are non-vanishing on (L; \ {0}) x (L \ {0}). This is the main result of this thesis.

Corollary 1.3.2 (Characterization of N-parameter-elliptic symbols). The symbol class Sy (L X
L,) is equivalent to the class of all symbols P € S(Ly x L) that have non-vanishing ~y-principal
parts, i.e. that satisfy

T P(\ z) #0, TooP(A,0) # 0

for all (A, z) € (L4 \ {0}) x (Ly \ {0}), and v € (0, 00].

Proof. Proposition [I.3.3] proves that N-parameter-elliptic symbols have non-vanishing principal
parts, and theorem [2.5.1| proves the other way around. For the proofs of these results, see chapter
and the next proposition. O

This equivalent definition is very important in proving whether or not a symbol is N-
parameter-elliptic/N-parabolic, since it is much easier to check whether the principal parts are
not equal to zero on any of the coordinates (A, z) € (L; \ {0}) x (L, \ {0}) than it is to find
a bound C1Wp(A, z) from below. We can first check whether an N-parameter-elliptic function
really has non-vanishing principal parts.

Proposition 1.3.3. Let Rp(\,2) = > ,c;7e(A, 2)0e(N)e(2), (N, 2) € Ly x Ly, be a regular
representation of the symbol P € Sn(Ly X Ly). Then we have

m P(X, 2) #0

for all (A, 2) € (Lg \ {0}) x (Ls \ {0}), and ~ € (0,00). For the oo-principal part we get
TP (N, 2) £ 0

for all (A, 2) € (L¢ \ {0}) x L.

Proof. Since P(\,z) is N-parameter-elliptic, we use the definition for some constants
C1,C2 > 0 and a bound Ay > 0, we have for (), z) € Ly x L, with |[A| > A\¢ that

01Wp()\,z) S ‘P()\,Z)‘ S CQWP()\,Z).
We will use this to create a lower bound of |, P(A, 2)| and 7o P(A, 2)|:
|ty P(A, z)| = lim nidW(P)|P(777>\,nz)| > (7 lim nidV(P)Wp(n'V)\,nz)
n—00 n—00
= CITF'yWP()‘v Z)v |)‘| > Ao,
T P(A, 2)| = lim =% P)|P(yA, 2)] > Cy lim n~ =PI Wp (A, 2)
n—00 n—00

= Clﬂ'OOWP()\,Z), |)\| Z /\0.
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However, these bounds also hold for 0 < |A] < A¢ because of the (quasi-)homogeneity of the
principal parts that we have found in lemma using an argument of scaling: take |[A| > Ao.
Taking 1 > 0 very small, we can multiply above equations by n% (") and n%=(P) respectively.

N |m P(N, 2)| > Ciprm, Wp (), 2),
nt= | P(N, 2)| > Cin>me Wp(A, 2).

Since Wp(A, 2) is a symbol with d,(Wp) = d\(W,,) = dy(Wq, (p)) = dy(P) for v € (0,00], we
can use the (quasi-)homogeneity from lemma and apply it to both sides of the inequalities:

‘W'YP("?V)\WZ)‘ Z Clﬂ-’YWP(T/Fy)‘vnz)a
’Woop(n)\a Z)‘ > Cl”ooWP(n)\’ Z)‘

This means these inequalities also hold for 0 < n7|A| < A\g and 0 < n|A| < Ag, so we must have

T P(A, 2)] = CYWp(A, 2), (A 2) € (L \ {0})  La,
TooP(N, 2)| > CLWp(N, 2), (A 2) € (L¢\ {0}) x L.

We will now show, using the Newton polygon N (P), that these principal parts of weight functions
can be non-zero for correctly chosen A\ and z. Firstly for v € (0,00), we can divide the problem
in two cases:

(I) v = v; for j € {ry(N(P)),...,r2(N(P)) — 1} (meaning 0 < ~; < o0). Since de(P) —
5jvj+1j = 8j+17j+7j+1, as seen in proposition [1.2.11], we know that the terms that define
the v;-order of Wp(A, 2z) = 1 + Z;]Ll [A|%|z|" are the terms |A|%|z]" and |A|%i+1|z|"i+1.
Therefore

T, Wp(A, 2) = [A[*7]2]79 + |A[7+ 2]+

(II) v € (yj=1,7;) for j € {ry(N(P)),...,rz(N(P))}. Here, we see d\(P) = s;v + r; from
proposition [1.2.11} so only the term |A|*/|z|"7 defines the y-order of Wp(A, z). Therefore

T Wp(X, z) = [A[%]2]"7.

In either case, if we have A # 0 and z # 0, we get
|y P(\, 2)| > Cimy,Wp(A, 2) >0

Which shows 7y P(\, z) # 0 for all (A, z) € (L \ {0}) x (L \ {0}).

For v = 0o, we must also split in two cases:

(I) N(P) is regular in space, then v = ;41 = oo has d,(P) = duo(P) = s41 s0 the oo-
principal part is oo Wp (A, 2) = |A]*/+1.

(IT) N(P) is not regular in space, then v = v; = ;41 = 00, meaning d.(P) = do(P) =
Sj4+1 = 8. Since the oo-order is defined by the terms |A[*/|z|"/ and |\|*7+1, we find the
oo-principal part meo Wp(\, 2) = [A|57]2]"7 4 |A|57+1 = |A]S7+1(1 + |2]™Y).

In both cases, if A # 0, we get
[T P (A, 2)| > CimacWp(A, 2) >0

So TP (A, 2) # 0 for (A, 2) € (Ly \ {0}) x L. O
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Remark. The above statement is also true for v = 0: we can use the same bound |mgP (A, z)| >
CimoWp(A, z), use scaling with lemma then split in two cases:

(I) If N(P) is regular in time, then v = v9 = 0 has do(P) = s; - 0+ 71 = 1 which implies
ToWp(A, z) = ‘Z‘Tl.

(IT) If N(P) is not regular in time, then v = 79 = 71 = 0 has do(P) = r1 = ra. Sice the
0O-order is defined by the terms |z|™ and |A|®2|z|"2, we get moWp(\, 2) = |2 + |A|%2]2]™2 =
2™ (14 [A]*2).

In both cases z # 0 will mean that |moP (A, z)| > 0.

However the case v = 0 will not be needed, as in theorem we will prove that the
condition m,P(X,z) # 0 for just v € (0,00] is enough to prove that there exists a A\g > 0 for
which we can prove that P is N-parameter-elliptic. The reason v = 0 is not needed comes from
the bound |[A| > Ao and the partition from lemma [2.2.4(iv), where we see that we can partition
the [0,00)? plane without using an index j for which v; = 0. Since v = 0 is not needed, we
choose to prove an equivalence that does not require us to check moP(), z), as seen in corollary
where we only have to check v € (0, o0].

Examples

e The symbol P()\,z) = A+ |z|? belonging to the Heat equation is a classic example of a
parabolic symbol. We can also show it is N-parameter-elliptic/N-parabolic in Sy x ¥} for
0 € (0,m) and 6 € (0, 17) as long as m > 6 + 24.

Using definition we need to prove pup(y) = dy(P) is an upper and lower order
function. Since P is p-homogeneous, we can use lemma here to find Cq,Cy > 0 s.t.

CLAl+ [21%) < [P(X, 2)] < Ca(IA] + []).

Since the weight function is Wp(A, z) = 1+ |A| + |2|?, we can add the term C3 to bound
on the right to see |P(),2)| < Ca(1 + |A| + |2|?) = CoWp. To get a bound from below,

take g = 1 so that for |A\| > 1 and C7 > 0 as above, we can use 1 < |A| < |\ +]z|? to get:
Ci C
- (A1 +2[21*) = C1(Al + [2?)

L+ A+ 12 < 5
< [P(2)].

Then we clearly see that P(), z) is N-parameter-elliptic.

Using corollary we can instead check whether 7, P(X, z) # 0 and 7o P(X,0) # 0 for
A e Sp\ {0}, z € X7\ {0} and v € (0, 00]:

|22, v <2,
T PN\ 2) =S A+ 22, v=2,
A, v > 2.

For v # 2, it is easy to see that m,P(},z) # 0 and also moP(),0) # 0. For v = 2, we
could get an equality to zero if A = —|z|2 = 3" | 22. We can check that this does not
happen on (Sp\ {0}) x (£%\ {0}) with chosen 6 and J: X takes values in C with arguments
in (—0,0), and the 22 take values in C with arguments in (—m, —7 + 26) U (7 — 2§, 7. If
m > 0 4+ 2§, these arguments never overlap, except for 0 € C, as also seen in figure [1.10
Therefore A # > | 22, meaning moP(), z) # 0. Therefore, this also proves that P(, z) is
N-parameter-elliptic in Sy x £ for § € (0,7) and & € (0, 37) as long as m > 0 + 25. We
can denote this as P € Sy(Sp x XF).
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Figure 1.10: The sector Sy in blue and the possible values of the zl-2 in red for some 6 and § with
7 < 0+ 24. In this case 6 > %7‘(’, so resulting P(\, z) is N-parabolic.

e The symbol Q(), z) = A3 +z|° — |z|2\/A* — |2|* is not N-parameter-elliptic in Sp x X} for
any 6 or 9. We will show this using corollary recall the «-principal part from the
previous examples:

K v <3,
|2° = [PVAL, v =3,
T Q(\, 2) = { — |22V, S<y<2,
N — 22V, =2,
A3, v > 2.
Take A =1 € Sp\ {0} and 21 =4, 22 = --- = 2, = 0 s0 z € X7 \ {0} and lastly v = 2.

Then we get:
QN z2) =N — 2PV =13-12.12=1-1=0.

Since not all y-principal parts of () are non-vanishing, corollary implies @ is not
N-parameter-elliptic.

e In the investigation of the Stefan problem [I] we deal with a symbol defined as

Ps(\,2) = A+ |22 /A + |22

This symbol is very similiar to the heat equation, however unlike the heat equation it
is not quasi-homogeneous. We will now prove it is N-parameter-elliptic in Sp x X§ with
0 € (0,m),9 € (0, %W) s.t. ™ > 0 + 26, like with the heat equation. The symbol consists

of the term ¢1(\) = X and the term 1o (2)m2(\,2) = [2|24/ A+ |2[2. 72(), 2) is quasi-

homogeneous of degree Ny = 1 and weight p = 2, since \/7]2)\ + |nz|? = \/7]2(/\ +2]2) =

/A +|z]2. With ¢;(\) homogeneous of degree M; = 1 and 92(2) of degree Ly = 2, we
can see that the Newton polygon N(Pg) is the convex hull of the points u; = vy = (0, 1),
up = (3,0), vy = (2, 3) and the origin (0,0). The Newton polygon can be found in figure

)
1.11l We then define vg=0,11 =1+ =2=p, 72 = % =4 and 3 = o0, so that we can use
2

NI
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v3

v2

vO v

Figure 1.11: The Newton polygon of the Stefan problem

the polygon N(Ps) to find

3, 0<y<2,

1

7’7—’_27 2S’Y<47
d'y(PS): 2

Ys 4 <y < oo,

1, v = 00,

and with that we can see the v-principal part

2124/ 1212, 7 <2,

2\ A+ 1212, v =2,
Ty Ps(A2) = 1212V, 2 <y <4,

A zEVA, v =4,

A, v > 4.

By corollary we check whether 7, Pg(X, z) # 0 for (A, z) € (Sp\ {0}) x (X7 \ {0}) for
all v € (0, 00].

1. For v & {2,4}, myPs(\, z) # 0 is obvious by X # 0 and z # 0.

2. If v = 2, we see that A + [2|2 # 0 since we have taken § € (0,7),0 € (0, 37) s.t.
m > 6 + 20. This combined with A # 0 means m2Pg(\, z) # 0.

3. If vy = 4, we can divide by v/, and see that we need to check whether v\ + |2|2
can be zero, or whether it is possible that vA = 3" | 22. Since arg(v/A) = & arg()\),
we know arg(vA) € (=4, %), so since there is no overlap for arg(\) € (—6,0) and
arg(z?) € (—m, —m + 26) U (1 — 26, 7], there definitely is no overlap between arg(v/))
and arg(z?), meaning v\ # .7, 22 and therefore w4 Ps(\, 2) # 0.

We also check whether mooPg(X,0) # 0 for A € 7 \ {0}. Since mooPg(A,2) = X is
independent of z, this is also true. Therefore, we know that Pg € Sn(Sp x X5).

References
R. Denk & M. Kaip, section 2.2a, 2.2¢ [I]:

1. Definition 2.39, p.92
2. Remark 2.40, p. 93
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3. Definition 2.41, p. 93
4. Corollary 2.57, p. 114
5. Proposition 2.47 and proof, p. 98-99
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Chapter 2

N-parameter-ellipticity main result

2.1 Introduction

In this chapter we will be completing the proof of corollary by proving the other direction:
we will consider all symbols with non-vanishing -principal parts, meaning 7, P (X, z) # 0, for
(A, z) € (L \ {0}) x (Lz \ {0}) and v € (0, 00|, and also 7 (A, 0) # 0 for A € L; \ {0}. In this
chapter we proof these symbols are N-parameter-elliptic in Ly x ix, which means there exists a
C1 > 0and a A\g > s.t. |P(A\,2)| > C1Wp(A, z) for any (), 2) € Li x L, with |A| > Ao. We do
this the following way:

1. Define a partition of (A, z) € (Lt \ {0}) x (L \ {0}) in section
2. Check the statement for parts of the partition, using bounds from sections and
3. Complete the proof by showing it on the entirety of the partition.

The proof itself is found in section
Firstly, the next proposition allows us to bypass the problem of having to check the oo-
principal parts of space regular symbols.

Proposition 2.1.1. Let P € S(L;x L) with representation Rp as in deﬁm’tion be a symbol
with Newton polygon N(P) as in definition reqular in space. If we take v > max{~ys, p},
then we have

TooP(A, 2) =y P(X\,2), (\,2) € Ly X Ly.

Therefore, if we know the y-principal parts are non-vanishing for (X, z) € (L \ {0}) x (Lg \ {0})
and vy € (0,00), so

WWP(/\VZ) 7’é 07

then we know the co-principal part is non-vanishing for (A, z) € (L \ {0}) x Ly, or
TooP(A, 2) # 0.

Proof. If v > ~; and v > p so that dy(7) = %% we get dy(P) = sjp1y7 + 71y = Sj417 =
doo(P)y from lemma [1.2.11] since P is regular in space. That means that for any ¢ € I,
Ly = rj4+1 = 0, which means that 1¢(z) must be a constant function, so ¢,(z) = 14(0). Therefore,

47
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we can use lemma [I.1.5] to conclude

TooP(\, 2) = Z [TooTe) (s 2)Pe(N)1he(2)

VASY 1SS

= Z T(A, 0) e (N)he(2)
tel,

=) 7(A, 0)¢e(A)ee(0)
el

= 7,P(),0)

So we see Moo P(A,0) = 7P (A, 2) = myP(A,2) for v > max{vy,p}. Therefore, if for any
v € (0,00) we have

T P(A,2) #0, (A 2) € (Le \ {0}) x (L \ {0}),
then for any v > max{vys, p} we get
TooP(A,0) = Too P(X, 2) = myP(A\, 2) #0, (A, 2) € (L \ {0}) X L.
O

During the following proof, we will not investigate v = oo for space-regular symbols, but we
will occasionally have to make exceptions for space-irregular cases.

Reference

R. Denk & M. Kaip, section 2.2¢ [I]:
1. Proposition 2.48 and proof, p. 99

2.2 The partition

In this section we are going to construct a partition of (A, z) on basis of their moduli (|z], |A|),
on which the vy-principal part m,P(\, z) will be fully dominated by either a vertex or an edge
of the Newton polygon N(P). We will begin by defining this partition, and then proving some
properties that hold on this partition.

Firstly, let’s make a partition of R? based on a Newton polygon N with vertices N, =
{(rj,55),7 € {0,...,J + 1}}, and unit vectors ¢; = (g;,1,¢;,2), in the direction of (1,7;), and
g = (—qj2,q;1) following the edge [v;v;41] of the Newton polygon (as defined in definition
(ii).) Based on parameters g € (0,1) and €1 € (0,1), we will define half-strips of width

210g(%>, starting from a certain point log(%>, in the direction of ¢; based from the origin.

Only half-strips however does not cover R? well enough, so we also define cone-shaped area’s
between the strip of ¢; and the strip of g;_;.

Definition 2.2.1. (i) Let IV be a Newton polygon with vectors ¢; as defined in definition
ii). For €g,e1 € (0,1), we define the half-strip S;(eg,e1), for j € {1,...,J}, as

Sj(e0,e1) = {p € R? : log (20) < (g, p) <log (55") and (g;,p) > log (61_1)} :

(ii) We also define the cone-shaped area’s Cj(eg) as the area between Sj_1(eg,€1) and S;(eo,€1),
for je{1,...,J+1}:

Ci(e0) = {p € B2 : (gf-1,p) > log (c5") and (qf",p) < log (<0) }
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Figure 2.1: The half-strips S; and cone-shaped area’s C; based on the vectors g;. [I, Denk,
Kaip, 2013, p. 94]

A good representation of this partition of R? can be found in figure

Remark. The partition does not cover the entirety of R?, however as we will see in lemma
2.2.4(iv) this is also not needed.

We will now create a partition of (|z],|A]) € (0, c0)
¢ represent |z|, and let 7 represent |\|.

2 using the previous partition of R2. Let

Definition 2.2.2 (Partition of (0,00)?). Let N be a Newton polygon with vectors g; as defined
in definition [L.2.3(ii). For gy € (0,1),e1 € (0,1), we use Sj(co,e1) and Cj(go) from definition
2211 to define:

Gr(eo,e1) == {(&,n) € (0,00)* : (log(€),log(1)) € Sk(c0, 1)},
Gi(e0) = {(&,m) € (0,00)* : (log(€), log(n)) € Cj(=0)}
where k € {1,...,J} and j € {1,...,J + 1}
There is a definition easier to use available, as seen in the next lemma.

Lemma 2.2.3. (i) Let N be a Newton polygon that is regular in space with vectors q; as
defined in definition [1.2.3(ii). For eg,e1 € (0,1), we can define Gj(co,€1) as

1 _ 1 1
Gjleo, 1) = {(5,77) € (0,00)% : £g™ € < < gy TEY and €Y > e } :
forje{l,...,J}, and Gj(o) as

_1
Gi(e0) = 4 (§,m) € (0,00)% 1 < g5 " and & > 551},

1

_ 1 1
Gj(e0) = {(5, n) € (0,00)% 1 gg VT <y < g 5%‘} ,
{(é,n) € (0,00) 129 ™ €V <y and > eal},



50 CHAPTER 2. N-PARAMETER-ELLIPTICITY MAIN RESULT

(ii) If N is not regular in space, we must define the last few indices differently. We instead get
Gyleo.e1) = {(&m) € (0,00)* reg <E < e and > ey}

and

1

Gy eo) — {(f,n) € (0,00)% 2y T €1 < and € > sol},

Gryi(e0) = {(&m) € (0,00)% 1 £ < g and > g5}

Proof. (i) We investigate (§,n) € Gj(eo,€1) for j € {1,...,J}, which is equivalent to
(log(€),log(n)) € Sj(e0,e1). This is equivalent to (§,7n) satisfying the conditions

log (g0) < —gj2108(§) + gj1 log(n) < log (5) ,
¢j,1 10g(€) + gj2log(n) > log (e7)
as seen in definition [2.2.1{(i). If N is regular in space, then for j € {1,...,J}, we can use

the definition [1.2.3|(ii) to write ¢; = (g;,1,4j2) = j,1(1,7;), or in other words, g;2 = g;,17;.
This means our conditions become

(2.1)

l0g (£0) < —gj,17j1og(€) + g5, log(n) <log (57)
gj.1108(8) + 175 log(n) > log (1) -
Divide the equations by ¢; 1, and apply logarithmic rules to get

1

_1 _ 1
log <€Sj’1) <log(£77) +log(n) < log (50 q“) ,

1
log(&) + log(n?7) > log (81 qj’1> )

Now the property is found by taking the exponent of the equation(this is allowed since the
exp(z) function is increasing).

_1 _ 1
4j,1 —; j,1
g LEMn<e, T,

1

- 7R
577% Z 81 ’

which is rewritten as
1 1 1

agji{’j <n< Egm{“ and &n"7 > 51_'171
Thus we have found this condition is equivalent with (§,7) € Gj(go,€1).
We also check (&,7n) € éj (€0), which is equivalent to the conditions
~gj-1210g() + ¢j—1.1log(n) > log (55 ') ,
—gj2108(&) + gj1 log(n) < log (co)
as seen in definition M(u) We go through the different cases.

(2.2)

(I) For j € {2,...,J}, the proof for ({,n) € C:’j(eo) follows the same steps as the proof
for (§,m) € Gj(eo,€1): use gj2 = ¢;17;, divide by ¢;,1, use logarithmic rules and take
the exponent. After rewriting, one can easily find the equivalence

_ 1 1
(€,m) € Gj(g0) &gy VM <y < gt Y.
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(1)

For j =1, we have that ¢;_1 = go = (0,—1). Using this on the found conditions for
(& n) € Gi(eo), we get
log(¢) > log (7).,
—qj210g(£) + gj1log(n) < log (eo) -

The bottom equation is solved as before, and the top equation is immediately equiv-
alent to § > gy ! Then we get the equivalence

1

(&:m) € Gieo) & n < &g € and £ > 5.
(IIT) For j = J + 1, we have ¢; = ¢;+1 = (—1,0), so the conditions are
~q210g(&) + g1 log(n) > log (5 )
—log(n) <log (eo) -

Top equation is solved as before, but bottom equation is solved by multiplying with
—1 (a negative number!) to get log(n) > log(aal) meaning 7 > ¢, This means we
have the equivalence

1

(&,m) € Gri(co) &gy & <mand > e

(ii) If N is not regular in space, then we have the problem that ¢; = (0,1) # ¢s1(1,vs). We
have to account for this in our conditions where ¢g; appears.

(I) (¢&,n) € Gy(g0,€1) is equivalent to the conditions
log (£0) < —q2108(€) + g1 log(n) <log (g5)
g1 10g(€) + g2 log(n) > log (e71),
which become
log (g0) < —log(¢) < log (551) )
log(n) > log (e7") -

Multiplying the top equation by —1, and taking the exponent of both equations, we
find the equivalence

(5377) € GJ(€0,€1) < e < 5 < 561 and n > 8;1.
(I1) (£,n) € G(eo) is equivalent to

~qy-121log(€) + 1.1 log(n) > log (5),
—qg2log(&) 4 g1 log(n) < log (o),
which becomes

—qy-1,210g(€) + 1,1 log(n) > log (5 ),
—log(&) < log (eo) -

Solving the top equation as before, and finding § > ¢, ! we find the equivalence

1

(&n) € éJ(EO) o E;‘U—“@J*I <mand &> gl
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(II1) (&,7) € Gyi1(eo) is equivalent to

—q7210g(€) + g1 log(n) > log (51,
—log(n) < log (o),

which becomes

So we find the equivalence

(&n) € éJ+1(50) S E<egpandn > 561.

O]

Finally, we can find some useful properties of our partition G(eg, 1) and G(eo) related to a
Newton polygon N(v) made from a finite set v C [0, 0)? (see definition M)

Lemma 2.2.4 (Properties of the partition). Let v C [0,00)? be a finite set, and N (v) its Newton
polygon with vertices (rj,sj) € Ny for j € {0,...,1}, and the partition G(eo,e1) and G(eo). For
the following statements, let € > 0 be arbitrary.

(i) There exists a bound €9 > 0 s.t. for arbitrary j € {1,...,J + 1} and 0 < g9 < &g, we have
that for the point v; = (rj,sj) € Ny and any point (r,s) € v\ {v;} the following must hold
for (&m) € Gj(eo):

,',’857‘ S c- ,’78j§’r’j

(i) Denote L as the line through the vertices vj and vj1 for some fized j € {1,...,J}. For
every o, € L, there exists a constant 8 € R such that for any eg > 0,61 > 0, and
(6.1) € Gj(z0,21), we get

ne2g < €a|9|n62561_

(#ii) For all ¢g > 0, there is a constant €1 > 0 s.t. for arbitrary j € {1,...,J}, we can take
any (§,m) € Gj(eo,e1), any (r,s) € v N [vjvj41] and any (7', s") € v\ [vjvj11], and get the
property

ns’fr’ <e- 77557'.

(iv) For all 9,1 > 0, there is a bound py > 0 such that

C~

{(€:m) € (0.00) 10 = o} € |J {Gy(e0.1) UG(e0) } U Gria(eo).

=1

If N is not regular in time, G1(eg,€1) and 61(50) are redundant for covering ths set.
Therefore, we can then have

J
{(&m) € (0,00 1 = o} < | J {Gy(0.60) U G(e0) } UG (e0):
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Figure 2.2: An arbitrary Newton polygon with L; and Lo from the proof of lemma [2.2.4]1).
Taking d1,...,04 on these lines allows us to encompass the point (r, s) in the Newton Polygon.

Proof. (i) Take arbitrary j € {1,...,J + 1}, and set v; = (r,s;) € Ny. Choose any (r,s) €
v\ {v;}. We define Ly, Ly as two half-lines following the edges [vjv;41] and [vj_qv;] of
N (v) respectively:

Li:={aeR?:a=v;+tg,t>0}
Ly:={acR?:a

vj — tQJJ';bt > O}

Since we follow the edge of a finite convex object, if we take the convex hull of L U Lo,
this hull will contain the entire Newton polygon N(v), so also any point (r,s). More
precisely, we can always pick four points that have (r,s) in their hull: take §; = v; +
thj-, 0y = v + tijf € Ly and 03 = vj — tgqj-;l, 0y = vj — t4qj-;1 € Lo, so that

(r,s) € Convex hull (U?Zl 51-). This convex hull means that for some Ay,..., Ay that have
Z?Zl Ai =1, we can set (r,s) = Z?Zl Aidi. See also figure
Set x := min;eqq 9343 ti, and choose a bound £ ; > 0 small enough s.t. (£9;)% < e. let

0 < g9 < €y be arbitrary, so that we can take (§,7) € éj (e0). We first use convexity, then
by the definition of §; and qu we get

4

77357" — 772?:1 51’,2)\1'62%:1 Ok 1Mk — H (néiﬂf(si,l))\i
=1
2 4
— ,rlsjé"”j < (,rlqj,ltié‘_tiqjj))\i) . (H (n_tinl,lé‘ti(Ijlz))‘i) .
1=1 i=3

This is rewritten using logarithms, so that we can use the conditions of (§,7) € éj (e0) as
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found in equation ([2.2)).

n°E" =n g (

4
(77Qj,1€Qj,2)>‘iti> . (H (nqj1,1€qj1,2))‘iti)

=3

s.
o |l o
—

=gl ( (exp [gj1log(n) — gj2 10g(€)])tiAi>

4
' ( (exp [~gj—1,110g(n) + gj-12 1Og(§)])tm> :
3

7

and applying equation (2.2) to get

4

4
ner < s [ (expllog(eo))) ™ = et
i=1

ti\;

4
<y T g
< (o )X -n¥ET <e-mPigla.

We wanted to proof there is a bound £y > 0 for which the property holds for all j €
{1,...,J + 1}, but we can easily set

£g = min  £o ;.
jefl, g1y Y

(ii) Let L be a line through v; and vj4 for some fixed j € {1,...,J}, and take a = (a1, a2)
and B = (01, B2) on this line L. Remember that qu is the vector following the edge [v;v;11],
so it also follows the line L: this allows us to find a 6 € R that makes a — § = quL. For
any (£,7) € (0,00)2, we can use logarithms to denote

n2E0 2P = exp [(an — Ba) log(n) + (a1 — B1) log(€))]
= exp [0(gj1 log(n) — gj210g())]

If we instead take (£,m) € Gi(ep,€1) for any p,e1 > 0, we can use equation (2.1)) to find
the inequality

0(qj,1log(n) — g;210g(€)) < 0] log(e5*) = —|0]log(eo).
This allows us to get
*2EM =2 EP = exp [0(g;1 log(n) — gj.210g(€))]
< exp[~|0]log(e0)] = 7,

or in other words,
n2EM < Egle‘n&fﬁl.
(iii) Take g > 0 and j € {1,...,J} arbitrary, and take any (r,s) € v N [vjv;41] and (', s') €
v\ [vjvj41]. We can represent (1, s’) using it’s projection on the line L through [v;vj41]:

there is a point § € L C R? and a constant t > 0 s.t.

(r',s") =6 — tg;.
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For points (r,s) and ¢ on the line L, we can use part (ii) to find a 6 for any £; > 0. We

choose a €1 ; > 0 small enough s.t. €a|9|€t17j < e. Take ({,n) € Gj(eo,€1,5). We can first
rewrite this, then use equation ([2.1)).

0”& = exp [5'log(n) + ' log(¢)] = exp[(J2 — tqj2) log(n) + (51 — tg;1) log ()]
= "™ exp [~t(g;2 1og(n) + g1 log(£))]
< 2% exp [~ tlog (7)) | = n¢het .
Next, since 6 € L and (r,s) € L, we can use part (ii), and our choice of £ ;:
778/§r/ < 5§7j ) 7752651

—10] ¢t S¢T
<egp ey mé

é c- 7,]5&'7‘
Since, similar to (i), we want a choice €1 that works for all j € {1,...,J}, we take
g1 = min €1,5-

Let 9,e1 > 0 be arbitrary. Define

A(po) == {(&,m) € (0,00)% : 1 > o)},
B(yo) = {(z,y) € R* : y > yo},

G(eo,21) 1= | {Gi(e0,21) U Ge0) } U Griale) € (0,000,

We show the set A(p9) can be covered by a set G(gg,c1) by showing the set B(yo) can be
covered by S(eo,€1). Then, since A(uo) = {(£,7) € (0,00) : (log(¢),log(n)) € B(log(ko))}
and G(ep,e1) = {(§,n) € (0,00) : (log(§),log(n)) € S(eo,€1)}, we will have proven our
statement (iv) for time-regular Newton polygons N (v).

The advantage of working with Sj(ep,e1) and Cj(e1) is that we can work with angles of
vectors X = (x,y) € R2. We will work with an arbitrary sequence of points (2., ¥n)nen C
R? that has lim, s yn = 00, so that for any chosen 7o, we can find a bound ng € N s.t.
(Tn,Yn) € B(yo) for all n > nyg.

We investigate the limit of the argument, or angle, of the vector x, = (z,,y,). Since

(Zn,yn) € R?, we know the vector x], = X2 has the same argument as x,, but is also

[xn |
bounded to the compact circle K := {(z,y) € R? : |(z,y)] = 1}, which by Bolzano-
Weierstrass on R? implies it has a convergent subsequence x;Lk — x for some limit x (or
rather, x,, has a subsequence x,, for which this property holds.) However, this also means
that as k — oo, we get

arg(xn, ) = arg(x), ) — arg(x) € (—, 7.
In conclusion, limy_, arg(xy, ) € (—m, 7] exists. From now, we will denote x; := xp, .

We can split limy_, arg(xy) € (—m, 7] into two cases: either limy_, arg(x;) = arg(q;)
for j € {1,...,J}, or limy_, arg(xy) € (arg(gj—1),arg(q;)) for j € {1,...,J +1}.
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(I) limy_yo0 arg(xy) = arg(q;) for j € {1,...,J}. We know |x;| — oo from y, — oo,
which imply <qjl, xi) — 0 and (gj,xx) — 0o. Therefore we can find a bound s; € N
s.t.

log(20) <{q;",xx) < log(sy"),
(qj,xk) > log(er ")

for all k > s; € N. For these k € N, we have xi, = (xx,yx) € Sj(c0,€1).

(IT) limyp—yoo arg(xx) € (arg(gj—1),arg(qr)), or arg(gj—1) < limy_ arg(xy) < arg(g;) for
je{l,...,J +1}. Here, |x;| — 0o means we can take a bound ¢; € N s.t.

<qJJ'_—1a Xk> > log(€61)7
(qj %) < log(eo)

for all k£ > ¢; € N. For these k € N, we have x;, = (2, yx) € Cj(eo).

Either way, we can take ko := max (szl {sj, ¢} U {CJH}) so that for k > ko, x =
(xk,yx) € S(e0,€1). Since this holds for any sequence (x,, Yn)nen With y, — 0o, and since
we can describe B(yg) as the set of all possible values (zy,yx) € R? with k > kg giving
yr > yo for sufficiently large yo, generated by these sequences (zn, Yn)nen, We can imply

(z,y) € B(yo) = (z,y) = (zk, Yx) € S(c0,€1).

Therefore B(yo) € S(ep, 1) for some yo > 0, and as earlier mentioned, A(ug) C G(eo,€1)
for some pg.

Suppose we have that N(v) is not regular in time, or in other words ¢; = (1,0) and
g = (0,1). Then, if we take yo large enough, or more precisely, yo > log (86 1), we get
that for any (x,y) € B(yo) that

(g, (z,9)) =y > yo > log (e ') > log(eo),

which means that, as seen in lemma [2.2.3] we have (z,y) € S1(eo,£1) and (x,y) € C1(ep)-
This means we can instead find a cover

J
U E(),El UC (5[))}UCJ+1(E0)

for some yp € R, and likewise we can always cover A(pug) by

J
U { i(€0,€1) éj@o)} U 6J+1(50)

for some g > 0.

Example

The symbol Ps(),z) = A+ [z|24/A + |22 from the Stefan problem has the Newton polygon N
as in figure [[.TI} From this Newton polygon, and definition [[.2.3] we can find the weights ~;
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q2

-3

-1

Figure 2.3: The Newton Polygon N (Ps), vertices v; and outward vectors ¢; of the symbol of
the Stefan problem.

and the outward vectors ¢; are

Y% =0, g =(0,-1)

1
Y1 = 27 q1 = %(172)
1
=4, =—(1,4
72 q2 17( )

Y3 = o0, qs = (_170)

In figure a graphical description of the polygons with the g; vectors can be seen.
Using lemma [2.2.3, we can then define the partition G(eo, 1) and G(go) as

Gl(f[)agl) = {(5777) c (0, 00)2 . 56/562 < n < 65\/552 and 57]2 > 81—\/5}’
Ga(eo,e1) = {({,77) € (0,00)2: ey et <y < eyV7e* and &t > 61—\/1*7}7

and
Gilz0) = {(&m) € (0,002 i < &€ and ¢ > 51 |,
Galeo) = {(6:m) € (0,00)? 1 5576 < < e},
Galeo) = {(6m) € (0,00)? 1 55VTTe" <mand 2 55}
This is also shown for g = €1 = % in figure

We can show this partition does indeed cover {(&,n) € (0,00)? : 7 > o} for some pg > 0.
As seen in figure [2.5] we can take any pg > 3 such that we will have no holes in the partition
for n > 3.

The finite set v C [0, 00)? belonging to P(), z) is v(P) = {(0,1),(2, 3),(3,0)}. Take ¢ = 1,
then by lemma [2.2.4(i), there are g9 > 0 available such that we can compare v1 = (3,0) € N to
(0,1),(2,3) € v C {(3,0)} on the values in the partition (£,7) € G1(go):

i<, P <é

We can also use lemma [2.2.4{(iii) for the edge [v1vo], with the points (3,0) and (2, 1), using
the same g¢ as previously, and some chosen €1 > 0. We use the edge [vv2] and the values in the
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Figure 2.4: A graphical description of (§,7) in G, G2 and él, G and Gy of the Stefan problem,
for gg =1 = % As is visible, there is some overlap of strips G; and G near the origin, but it
is possible to choose €1 in such way that this does not happen.

Figure 2.5: The same partition of the Stefan problem, zoomed in around the origin. Any po > 2.5

will satisfy [2.2.4{(iv) for these eq, 1.



2.3. v-PRINCIPAL PARTS ON THE PARTITION 99

partition (£,71) € G1(eo,€1), so that for the point (0,1) € v\ [v1v2], we get the inequalities

1
n<&, n<nied

References

R. Denk & M. Kaip, section 2.2b [1]:
1. Definition 2.43, p. 94
2. Remark 2.44, p. 95
3. Lemma 2.45 and proof, p. 95-98

The proof of lemma is based on the idea of proof given in Remark 2.44 [T].

2.3 ~v-principal parts on the partition

In this section we define several helpful lemmas that allow us to proof the other direction, based
on the partition of the previous section

We first prove certain bounds for p-homogeneous functions 7(\, z) and their ~-principal
parts, in the following three cases:

Loy =1,

2. y € (vj-1,7) and p &€ (7j-1,75),

3. vy=np.

The case v € (yj—1,7;) and p € (vj—1,7;) is not treated, as we can bypass this by using lemma
1.2.13]in a clever way.

Lemma 2.3.1. Let N be an arbitrary Newton polygon and (X, z) € SWM) (L, x L) for
some M > 0. For ¥,e9,61 > 0 arbitrary, there exists a bound py > 0 such that for any
Jj € {r(N),...J} and (N, z) € (L \ {0}) x (Lg \ {0}) that have (|z|,|\]) € Gj(co,e1) and
|A| > w1, we have the property

|T(\, 2) — 7r7].7'()\, z)| < 19]77ij(/\, z)].
Proof. We define the difference function I';(A, 2) as

T(A, 2) = Ty, T(A, 2)

I';(A =
]( 72) 7[',7‘7.7'()\,2:)

(A z) € (Le \{0}) x (La \ {0}),

for a fixed j € {r¢{(N),...,J} and 7; of the Newton polygon N. We distinguish three cases
related to p:

(I) v; < p. We use lemmal|l.1.3[to get a bound |7(}, 2)| > Cg(|/\|% +12|M). Now using lemma
we see |7, T(A, 2)| = |7(0, 2)[ > Cs|z|™. We apply this estimate on |I';(}, z)|, and
use the fact that 7 € SWM)(L; x L,):

|T()‘7 Z) _T(O7 Z)’ 1
T, < S
‘ JO‘?Z)’ — Cl’Z’M Cl
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We can find a bound of AL

157 using the definition of (|z],|A]) € Gj(e0,€1) as seen in lemma
2.2.0)

1
Al < g 7 2],
TAPINETEENY
A7 <gg 727

P

A < e T Pl

|)\| _’ngjl 1_$ _'Y]';)jl y
WS o TTHIAL =g TUAL

Next, we move towards setting a bound |I';(A, z)| < Ci Consider the set
<

Ky={(\N,?)e L x L, : |N| <1,]| =1} (2.3)
This set is compact, so 7(A, z), being a continuous function, is uniformly continuous on
K. Therefore, we can find a § > 0 for each ¥ > 0 such that |\] — ;| +2] —zé| < § implies

P

e T
TV 24) = TN, 24)] < Cud for (M, 2), (M, 25) € K. Simee 25 < ep 01N, we
can choose a bound f; > 0 large enough s.t. for |A| > p;, we get

Yi—P

A - 17
L&S%”“WWmeM@n

using v; < p. This means (ﬁ é‘) € K, and (0, |Z‘) € K, and M 7 —0[+]0-0| = |p <.
Thus for (A, z) € (L \ {0}) x (Ly \ {0}) with (|z], |A]) € Gj(e0,€1) and |Ao| > pj, we can
use the uniform continuity of 7(\, z) on the set K to get

Az z C1v
- = _ - < —— =13
waOT@wm—a v

vj > p. In this case, 7\, 7()\,2) = 7(),0). Our argumentation follows largely the same

steps. We get the bound
Aoz ( A )
-7 —,0])].
QMW> A

Next, we have to take regularity in space in consideration, as is seen in lemma for
the definition of (]z|, |A]) € Gj(eo,€1) to get slightly different bounds. For N regular in
space, we get

05 2)] < =

1
Cy

L)< o

1
o 21 < A,
el
2] <o 7,

|Z’ ’Y];Jl L1 ’Y; 1 £
<e |)\|73 p:50 793 |)\| V5P
A7

)

or if j = J for a Newton polygon that is not regular in space,
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Either way, if p; is chosen large enough for a § > 0 belonging to a ¥ > 0, we can take
|A| > p; and use v; > p to get

=L < mings, 1,
|Al»
so that the compact set
K, ={(\N,2)e Ly x L, : |N|=1,|¢| <1} (2.4)
allows us to conclude that
T\ 2)| <9

in a similar way as above.
(ITI) ; = p. In this case 1\, 7(\, 2) = 7(A, 2), so |T'j(A, 2)| = 0 < 9.
To complete, we need to find a p; that is independent of chosen j, so we take

= max s
M= eyt

Now for v € (yj—1,7;), we can instead use éj(eo) to make a similar estimate.
Lemma 2.3.2. Let N be a Newton polygon and 7(\, z) € SPM)(Ly x L) for some M > 0.

(i) For fixed j € {r¢(N)...,r+(N)} that has p & (vj—1,7;) and an arbitrary ¥ > 0, there
exists a bound €; > 0 such that for any 0 < g9 < €5, v € (Vj-1,7;) and any (\,z) €
(Le \ {0}) x (Lg \ {0}) that have (|z|,|\]) € Gj(eo) and |A| > 1, we have the property

IT(A, 2) — Ty (A, 2)| < Oy (A, 2)).
(ii) If N is not regular in space, we can instead find an 511 > 0 such that for any 0 < &g < ;41
and (XA, z) € (L \ {0}) x (Ly \ {0}) that have (|z|,|\]) € Gj11(e0) and |A| > 1, the property

forjg=J+1:
IT(A, 2) — 7(A, 0)] < I|T(A,0)]

Proof. (i) Fix j € {r¢(N),...,r=(N)}, that has p & (vj-1,7;), and take v € (v;—1,7;). Define

T(A, 2) — T (A, 2)
T (A, 2)

I\, 2) := o (A2) € (Le \{0}) x (Lz \ {0}).

M
Like in the proof of lemma [2.3.1] we use lemma to get [T(\, 2)| > C1(|A| > + |2|M).
We use a compact set K := K, U K, defined as in equations (2.3 and (2.4)).

K={\N,2)YeLixL,: |\N|<1,]Z]=1o0or |N|=1,]/| <1}.

7(A, z) is uniformly continuous on this set, so for any 9 > 0, there exists a 6 > 0 so that
N} = Mo + |25 — 24| < & implies |7(N], 21) — T7(Ny, 25)| < C19 for (N}, 21), (A, 24) € K. For
this proof, we only consider take 0 < § < 1, so that we remain in the set K. Since we can
take 0 as small as possible, this is not a problem for the proof.

Now we investigate the cases related to p.
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(I) ~; < p. Since p € (0, 00), we must have y; # oo, which allows us to use the definition
for G with j < J + 1. Tt also means v < p, so we use lemma [I.1.3|like we did in the

proof of lemma for v; < p to get

() )l

s
Take € := 0 0 1, and let 0 < gg < e;. We deduce a bound for Pl with (|z],|A]) €

EE

1
I'(A < —
T < &

Gj(eo), using its definition from lemma [2.2.3

1
NEEEER

P
\T\\; < sgjgj’l

z
L

<eUHIA

|2lP — ’

which means that if |A\| < 1, we have
’ ’ p p p

\)I” <A < <elU =5 < 1.
z

Therefore, ( A2 ) — (() z )H < 4, and both points are in K.

[EEl "ol

(IT) v; > p. Since we picked j < kz(N), we know that 0 < p < vj_1 < ; < 00, s0
vj—1 & {0,00}. We have v > p, so we get

(r = _T<A 0)
RN A

Take g := §7%-1%-11 and any 0 < gg < €5, so we can bind L‘l with (|z[, |A]) € éj(eo)
2

Al
by using lemma to find

1
I'(A < —
T2 < &

1
0 P el < A

— 1 1
2] < 5 A

1 1 1

\|Zr|1 e
Ale
so that if |A\| < 1, we get
‘Z‘ 'ijlqufl 1 #_l 7'71‘11'71 1 »y-71¢11-71 1
<eg, VAT P < gg T T g =48 < L

N

Therefore, (Ii’ Z) — (I—i‘\l,0> H < 6, and both points are in K.

T
|Al?
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In both cases, we can use the uniform continuity of 7(X,2) on the set K so that for any
¥ >0, we can find 0 < 0 < 1s.t. for (A, 2) € (L \ {0}) x (L, \ {0}) with (|z], |A]) € Gj(e0)
and |A| > 1, we get
Chv
(A < — =9
T2 <

1
(ii) If N is not regular in space, we instead take ;.1 = 5 1%, Since Vi1 =Yg = 00 > p,
we only investigate 7 = oo > p. Therefore we use the bound from (II) from the previous

point:
Az ()\ )
T\ —|—-7+.0]].
(IM mi) Al |

For any 0 < g9 < €41, use lemma(2.2.3(ii) to find that for any (X, 2) € (L;\{0}) x (L. \{0})
with (|z], |A]) € Gyy1(e0), we get

1
I'(A < —
T2 < &

p\‘ 26617 ’Z‘ 3507

K 1+1 1+
WS% P <en =0
p

Therefore using the uniform continuity of 7(\,z) on the compact set K, we conclude
C19
IT(\, 2)| < 2= 9
O

Remark. Note that the case v € (yj_1,7;) with p € (v;—1,7;) is not covered in this section.
However, this is since 7,7(\, 2) = 7(A, 2), which means we will not need an estimate for 7. We
will need one for 7,P, as we see in the next section.

References

R. Denk & M. Kaip, section 2.2¢ [1]:
1. Lemma 2.51 and proof, p. 100-101
2. Lemma 2.52 and proof, p. 101-103

2.4 Estimates of symbols P € S(L; x L,)

Next we will consider P € S(L; x L). We will use the same cases of «y as in the previous section,
and work these cases through for a bound on which to bind the «-principal parts of P(], z).

Lemma 2.4.1. Let P € S(L; x L;) be a symbol with

mP(A,2) 70, 7P (X,0) #0, (A 2) € (L \ {0}) x (Lz \ {0}), v € (0, 00].
For every j € {r¢(N(P)),...,J}, there exists a constant Cj > 0 s.t.

70y PO 2)] > GNP 41 + A+ sP741), (A 2) € (Lo {0}) % (L \ {0)).

Proof. First, fix j € {ry(N(P)),...,rz(N(P)) — 1}, so we can treat the case j = J and v; = 0o
at a later time. We will go through the cases v; > p,7; < p and ~; = p, and try to contradict

the non-vanishing principal parts of P(), z), making use of some scaled principal part function
P\ 2).
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(I) 7; > p. Then we can use the definition of the y-principal part from definition [L.1.7}

PN z) =Y 7e(X,0)60(N)he(2).

ter,

Since «; > p, we have that all points v, : (Lg, ot My) € [vjvjiq] for any £ € I, by
lemma [.2.72] This means that we have

N
Ly 2 7j11, 76+Mg > s, Lel,.

For (A, z) € (L \ {0}) x (L \ {0}), define

p Ne g My—s; . A
PO 32 e (o () e )
=

which means that by (quasi-)homogeneity, we have |\|%|z|"7+1P(), 2) = 7y, P(A,2) # 0
This allows us to transform our problem into trying to proof a bound of the form

733 PO 2)] 2 G727 + A7+ [2]7+),
X% ]2]73 + A5t ]2]73 1
|A|%7]z|Ti+t )

[P 2)] 2 G175 4 [of[37730), (A, 2) € (Lo \ {0}) x (Ls \ {0})

for some constant C; > 0. We can however write this bound in another form, using the
compact set

Qj = {(a,¢) € (L \ {0}) x (Lx \ {0}) = [af 7% 4 (7774 = 1},

and writing

|P(), 2)| > C;

[ N
Z |A|TZ+M2—SJ'|2|L2—TJ'+1 Ty ( A > ¢€ < >7;Z)€ <z>:| > Cj(|>\|sj+1—5j + |Z|rj—r]-+1)’
e DR ASAN VAN
Jj
-|)\|%+M2_Sj|z|L€_’”j+1 A 2
. = > O,
ZZ | R+ a5 (w >¢"<|A)W<|z|> -
Jj
5 [l g (0o (&) wr ()] = Pao =
A a") \lal) " \I¢]

We will now proof P(a,() > C; for (o, () € €; is true by contradiction. Assume there
exists a sequence (a,, (n)nen € Q; that has P(ay,(,) — 0. Similiar to what we did in

the proof of lemma [2.2.4(iv), we can find a subsequence (o, , (,, ) that has | | and

converging. Take this subsequence as the sequence (ag, (i), so we can define
(a()aCO) = hm (ak7<k) € Q]?

o == lim — #0,
k—o0 ‘Oék‘

¢' = lim Sk # 0.
k=00 |Gkl
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Note that since €; is compact, this limit (g, (o) always exists for this subsequence (ag, (i)
with converging quotients (Iak\ \Ckl) — (o, ().

We must consider the three possible cases, in which we find a contradiction to having
non-vanishing ~-principal parts:

(1) ap # 0,¢p # 0. We use the continuity of P on ; to get

kli_}n;o P(ay, ¢) = P(ag, Co)
=0.

This also means 7., P(ao, (o) = 0, but since (o, o) € (Lt \ {0}) x (Lg \ {0}), this is
a contradiction to 7, P # 0.

(2) ap = 0. Then for (g, (o) to be in ;, we need |{p| = 1, which means (o = ¢’. Then
we can write

k]ggoﬁ(ak,gk) = klinolo Z |:|Oék| p L Mp— SJ|C |Le Ti+1 - Ty <|ak| ) ¢€ <‘ k‘) wﬁ <|gk|>:|

tely,

= Z |Gol 77941 7 (o, 0) ¢ (@) e (&)
tel,,,
%+M575]’=0

= > 7(c,0) ¢ (o) 9 (Go)

(el
N
TE+M4 =s;

=0.

We know ; > p, so taking any v € (max{v;_1,p},v;), we can find the y-principal

part using lemma (ii) equation :
P(d/, ) = > 7 (c/,0) ¢ () v (Go)

Lel,
= > 7(a,0) ¢ (o) e (Go)
=
%JrMe:Sj

=0,

which is a contradiction to ., P # 0.

(3) ¢op = 0. Here we instead have |ag| = 1, and o/ = ap, and we get

lim Plag, )= D ol TV (of,0) e (o) e (C)
oo tely,,
LZ*'I"J’+1:O

= > 7 (0,0) ¢ (o) v (')
Cely;,
Le=rji1

=0,
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and since for v € (v;,7j41), we can use lemma [1.2.13(iii) equation (1.17) and ~v; > p
to find the principal part

Py, ()= Z 7 (20, 0) ¢¢ (av0) e (C )

(el

= > 7e(a0,0) ¢ (a0) e (¢)
Cely;,
Loy=rji1

which is again a contradiction to m, P # 0.
In conclusion, the bound P(a,() > Cj; holds for some C; > 0, and all (a,() € €;, and

therefore [, P(A, z)| > C;(JA]% 2|7 +[A[*+1|2]"7+1) holds for (X, z) € (L:\{0})x (L \{0})
and 7, > p.

(IT) vj < p. Then by lemma |1.2.12, we have uy := (Ny + Ly, My) € [vjvj41] for all £ € I, so
No+ Ly > Tj4+1 and M, > S5 Here,

P\ z2) = Z 70(0, 2)Pe( M) e (2),
tely,

so define

B(\,2) = ;jj [WMZ‘SJ'Z'N”LH’“ ”< T \>W<w>w<\ !ﬂ

for (A, z) € (L \ {0}) x (L \ {0}), so that again |\ |z|7+1 P(), z) = 7y, P(A, 2) # 0, and
therefore we prove P(a, () > Cj is true for some C; > 0 and all (o, () € Q;, with ; as in
(I), using the same form of contradiction: assume there exists a sequence (ap, ¢n)nen C £25
with P(au, Cu) — 0. Define (ag, G), (ao, Co) and (o, ¢') as in (I).

(1) ap # 0,¢p # 0. Again using continuity, we have limy_, ﬁ(ak,ck) = 15(@0,40) =0,
so 7, P(ap, Go) = 0, which is a contradiction to 7, P # 0.
(2) ap = 0. Then again we have |{o| =1 and (s = ¢’. We write

. = T My—s; Ne+Lp—rjt1 | Ck
Jim Plag,G) = lim > ['O‘k' Gl ( r<r>¢ﬁ<| u)‘”(rcr)]

tely,

— Z 70 (0, Co) d¢ (al) e (Co)

=
Mg =Sj

=0.
For v; > p, take v € (vj—1,7;), we use lemma |1.2.13(ii) equation (1.16]):
P(a’,0) = D> 2(0,60) ¢ (@) v (o)

ter,

— Z 77 (0, Co) d¢ (0/) e (Co)

tel,,,
MZZSj

=0,

which is a contradiction to m, P # 0.
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(3) ¢o = 0. We have |ag| =1, and o/ = «ap, and we get

i Plon)= Y 7(0.) delan) e (¢)
sziflzj;'jJrl

:O’

and taking v € (v;, min{v;j41,p}) and using lemma |1.2.13(iii) equation (1.17) with
vj < p to find the principal part

myPlao, ¢) = > 7 (0,¢) ¢e () ve (¢')

tel,

= > 7w (0,¢) delan) v (€)

tel,;,
Ne+Le=rjq1

pu— 07
which is again a contradiction to m, P # 0.

So, in this case we have P(a,¢) > Cj, so |7, P(A, 2)| = C(IA[%9]2]" 4| A[*+1]2]"5+1) holds
for (A,2) € (Le\ {0}) x (Lo \ {0}) and 5 < p.

(III) ~; = p. We are now investigating

TP\ 2) = > 7(A 2)ge(Me(2).
e,

In this case, for all £ € I,,, we have (Ny+ Ly, M) € [vjvj41] and (L, % + My) € [vjvj],
which implies that Ly > rj;1 and My > s;. For (A, z) € (L \ {0}) x (Lz \ {0}), define

POz = 3 [l o () e ()]

tel |2
14

Again, |A|% |27t P(),2) = mpP(\,z) # 0, and we proof a bound P(a,¢) > C; for
some constant C; > 0 and (a, () € Q; by contradiction: assume there exists a sequence
(s Gu)nen C Q; with P(ay, ¢,) — 0. Define (o, (), (ao, o) and (o/,¢’) as in (I).

(1) ap # 0,¢p # 0. Again using continuity, we have limy_, ﬁ(ak,Ck) = 15(@0,40) =0,
so mp,P(ag, (o) = 0, which is a contradiction to m, P # 0.

(2) ap = 0. Then again we have |(o| =1 and (o = ¢’. We write

klggo ]B(Ozk,Ck) = kh—g)lo Z [lak]Mzstk\Lzer -7y (o, Ce) de (m;> Yy <Ck>}

tely, |ak] |Ck|

= Z ) (Oéo, CO) (o] (O/) W (CO)

KEL,J.,
My=s;

= > 7(0,¢0) b (@) v (Go)

(el
Mg:Sj

=0.
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Take any v € (v;—1,7;) (meaning v < p) and use lemma |1.2.13(ii) equation (1.16]):
P(d,¢o) = Z 70 (0, o) de (o) ¥e (o)

tel,

= > 70(0,60) de (o) whe (Go)

Zelyj,
My=s;

:07

which is a contradiction to m, P # 0.

(3) ¢o = 0. We have |ag| =1, and o/ = «ap, and we get

kl;nolo ]B(ak, Ck) = Z 7 (00, 0) ¢y (ag) e (C )
Zel')’jv
Le=rjt1

=0,

and taking v € (7;,7j+1) (meaning v > p) and using lemma|1.2.13(iii) equation (1.17))
to find the principal part

myPlag, ¢') = > 7 (a0, 0) ¢¢ (o) e (¢')

(el

— Z 70 (20, 0) ¢¢ (o) ¥e (¢)
tel,,,
L,g:’l"j+1

=0,
which is again a contradiction to m, P # 0.

(L \{0}) x (Lz \ {0}) and any j € {r (N (P)),...,ra(N(P)) —1}.

We must also investigate the case j = J and N is irregular in space, so 75 = co. For any
¢ e I,, = Iy, we have % + My = d(P) = sj+1 = s, and we know Ly € [0,7;] by lemma
Here, we have to proof

Moo P(X, 2)[ = CH AP (1 +[2]7), (A, 2) € (Le \ {0}) x (L \ {O}).

For these (A, z), define

= 2 e () e () ()]

AP (27 + 1PN 2) = > @M EReElEE Tﬂ(m )@(w)w <|y>]

lelo

=) 7 (X0) ¢ (A) vy (2)

lel
= TP (A, 2),

Therefore in all three cases, we get |m,, P(\,2)| > Cj(|A[¥ 2|7 + [A[%i+1]2]"5+1) for (A, 2) €

so that
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which transforms our problem into proving |P(),z)| > C;. We once again use contradiction:
assume there is a (A, 2n)nen € (Lt \ {0}) x (Lz \ {0}) that has P(Ay, z,) — 0. On the compact
set

Qoo :={(a,¢) € (L \ {0}) X (La \ {0}) : o = [¢] =1}, (2.5)
we can see that the sequence (&"l |§"|> N C Q4 has a convergent subsequence <|i E Iz”k i ) Len
nl/ ne n ng c

with limits (X, 2") € Q. Again, we only consider the sequence (Ag,2x) = (An,, 2n, ). We now
consider only two cases.

(1) limg_—o0 |2x| = 00. Then

[ al (A &
Jdm Pk, 2) _klinc}ogg;o [|Zk|”+1 W(P\ |’ )W <| k|>w<|z’f|>]
= > 7 (N,0)é (N) e ()

lelon
Le=ry

=0.
Taking v € (max{vys_1, p},o0) and using lemma [1.2.13(ii) equation ([1.15) to get

PN, 2) = 3 7N, 0)e(N (=)

Lel,

= > (N, 0)¢e(N)epe(2)
Lers

=0,
which is a contradiction to myP(A, z) # 0, since (X, 2") € (L, \ {0}) x (L, \ {0}).
(2) limg—yo0 |2k| # 00. This means (|2x|)ren is bounded, and we can use Bolzano-Weierstrass to

find a subsequence z, = zp, for which |z,| — Z for some limit z > 0.

Suppose z = 0, then

2] ™ Ap
Jan PO ) =l 3 [||+1 " <|Ap| )W (\Ap\) . <| lﬂ
=D 7w (N,0) ¢ (V) g (¢)

tel
Le=0

=0.

Since Ly = 0, ¢¢(2") = ¢¢(0) = constant, and ¢ (0) = 0 for any k that has Ly > 0, we can
conclude this is equal to

T P(N,0) = > (N, 0)¢e(N )1 (0)

leloo

= 2 e (N.0) 8 (V) e ()
Lelx
LgZO

=0,

which is a contradiction to meP(\, 2) # 0, since (X, 0) € (Ls \ {0}) x L.
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Instead suppose zZ > 0, then z, = | |zp] — 2+ Z. So we can see
i POy z) = fim 3 |y (5200 o (1) e )
P30 poe 2 [+ 1 TN )
1
= )\, )\/ /' z
T X s ()
=0
1

_ I s
—meP(A7z 'Z)u

which again is a contradiction to 7o, P(A, 2) # 0, since (X, 2" - 2) € (Lt \ {0}) x Ly.

In conclusion, for all j € {ry(N(P)),...,J}, we have P > C; for some C; > 0, and thus
|7, P(A, 2)] 2 C([A7|2]77 4 [P+ [2]7551) for (X, 2) € (Le \ {0}) x (L \ {0}). [

Now for v € (vj-1,7;), we will make a similar estimate. We will proof that this estimate
holds whether or not p appears in this interval, as we see in point (ii).

Lemma 2.4.2. Let P € S(L; x L) be a symbol with

P(A2) 0, (A2) € (Li\ {0}) x (L \ {0}), 7 € (0,0c].

(i) For every j € {ri(N(P)),...,rx(N(P))} with p & (vj—1,7;), there exists a constant Cj > 0
s.t.

[y PN, 2)| 2 CiIAI 219, (A 2) € (Lo \{0}) X (L2 \ {0}), v € (vj-1,7)-  (2.6)

(it) For the j € {ry(N(P)),...,rz(N(P))} that has p € (vj—1,7;), there ezists a constant
Cj >0 s.t.

[mpP(X, 2)| = CjlA[7 2], (A, 2) € (Le \ {0}) % (Lo \ {0}),
and equation @) also holds for other v € (vj—1,7j)-

Proof. (i) Take any j € {r{(N(P)),...,rz(N(P))} with p & (vj—1,7;), and take any v €
(7j—1,7;). We split in the cases v; > p and 7v; < p.

(I) v > p. Then 0 < p < ;1 < v < ;. Using lemma [1.2.13[iii) equation (1.17]) we
know that for any (A, z) € (L¢ \ {0}) x (Lz \ {0}) we can write

P(Az)= Y (A 0)ge(\)ee(2)

tel,,_,,
L(:Tj
- > @M%Mﬂzw n( )w( >¢ ()]
® RRYANEPAGNE
Yi—1°
Lo=r;
- A z
=T 2 ”(w >¢4<|A|>W<|z|>
Ze[vjil,

Ly=r;

Az
— I\% 2|5 P [ 2 2
AP |l <|A|’|zr>7“’
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We use another compactness argument like in lemma [2.4.1] using the set 2, as in

equation (2.5): Qo = {(a,¢) € (L¢\ {0}) x (L \ {0}) : || = |¢| = 1}. We can then

rewrite our problem to finding a constant C; > 0 s.t.

Ty PN 2) 2 Ci A ]2, (A, 2) € (Le \ {0}) x (Lz \ {0}),
mP(a, () > C; > 0, (o, C) € Qoo

Since A = 0 and z = 0 both imply (\,2) € Qo C (Lt \ {0}) x (Lz \ {0}), we know
the bottom statement is true from m,P(A, ) 0 on (L; \ {0}) x (Lz \ {0}), and
taking some 0 < C; < min(, c)eq., [T, P(a, ()| > 0, which can be done since 7, P is
a continuous functlon

(IT) 75 < p. Then vj—1 <y < j < p < oo. Using lemma [1.2.13[ii) equation (1.16]) we
get

P\ z)= > 7(0,2)¢e(N)ie(2)

tely;,
MZZSJ'

o R A WEES)

(el
Me:Sj

Az
= [A]¥|z[m P 2, =) #0
| | ‘Z| 7T’Y <’)\|”Z‘>#

Using the exact same argument as in (I), we prove m,P(X, z) > C;|A|[%|z|"7 for

(A 2) € (Le \ {0}) x (Lz \ {0}).

(ii) For j € {re(N(P)),...,r(N(P))} with p € (v;-1,7;), lemmal|l.2.13(i) tells us that Ny = 0,
and 74(\, z) = constant = ay for £ € I,. For a; # 0, we have

P\ 2) =) ampe(Nihe(2)

(el,

- o () ()

Az
AV, P ( ) |
CAGNE

Using the exact same argument from Q4 as in (i), we conclude |7,P(X, z)| > C;j|A|%|z|"
for (X, z) € (L \ {0}) x (Lg \ {0}). Since for any other v € (v;_1,7;) we have I, = I, from
lemmall.2.13| we also have 7, P = 7,P, meaning the same bound also holds for |, P(}, z)|.

O

References
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3. Lemma 2.55 and proof, p. 109
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2.5 N-parameter-ellipticity < non-vanishing principal parts
Finally, we can prove the other direction:
Theorem 2.5.1. Let P € S(L; x L) be a symbol satisfying

T P(A 2) 70, 7o P(A0) 70, (A, 2) € (Le \ {0}) x (Lz \ {0}), v € (0, 00].
Then P is N-parameter-elliptic in loLt X Lx

Proof. This proof is divided into several parts for the sake of readability.
Decomposition of P

Take any (A, z) € (L \ {0}) x (Ly \ {0}) and v € (0, 00]. We write

PO 2) =D (N 2)de(Nve(z) + D> il 2)de(N)be(2)

el telp\I,

= |1 P(A,2) = 1 P(A, 2) = Y 7o\ 2)de(Nte(2) = Y 7a(X, 2)de(N) (=)

ter, telp\I,

> |my PN, 2)| = [my P(X,2) = D> 7e(X, 2)¢e(Nve(2)| — | Y- 7N 2)de(Nhe(2)| -
ter, telp\I,
> |7T’YP(>‘7 Z)| - T7(>‘a Z) - V'Y()‘7 Z),
where we define
Ty(A2) = Y [myme(A 2) = 7e(, 2)| [ge(N)] [ve(2)] (2.7)
tel,
i\ 2) = > m 2)] 1eN)] [ve(2)] (2.8)
telp\I,

Choose a bound Cy > 0 from lemma M(l) and (ii), so that the following bounds hold for all
¢eIpand (A z) € Ly X Ly:

oA, 2)] < G (m? 4 \Z\Ne> , (2.9)
ge(N)] < CalA|Me, (2.10)
[e(2)] < Calz] ™. (2.11)

Next choose a bound C; > 0 small enough to satisfy lemmas [2.4.1] and [2.4.2| for (L; \ {0}) x
(L \ {0}) and all required j:

70y PL2)] 2 Cr (A [2]7 + N9 [=7550) | j € (N (P)),.... T}, (2.12)

[y PO, 2)] = Cal A=), J € (N (P)), ... (N(P)}, p & (vj-1.7):
(2.13)

o PN 2)| = CalAI |27, j € {rdN(P)),....ro(N(P))}, p € (vj-1.7)).
(2.14)

We will firstly create a partition G(gq,e1) and G(eo).
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The partition

We create the partition of (A, z) € (L \ {0}) x (L \ {0}), as seen in section Lemma

works for any € > 0, so we will work with ¢ = where #Ip is the size of the index set

TS E
Ip, and ¥ := i. Using , we can choose a bound €5 > 0. We will now choose a 0 < g9 < £
small enough s.t. lemma|2.3.2|gives us that for any ¢ € Ip, for any j € {r:(N(P)),...,rz(N(P))}
that has p & (v;—1,7;), for any v € (vj-1,7;), and for any (X, 2) € (L \ {0}) x (Lg \ {0}) that

has (|z],|\) € Gj(g0) and || > 1, we have
ITe(A, 2) — myTe(N, 2)| < O|myme(N, 2)]. (2.15)

g0 is chosen by making sure 9 < min;c (., (N(P)),...r.(N(P))} €5> With €; defined as in lemmam
In the case that N(P) is not regular in space, we also need to make sure that eg < €41 from
lemma [2.3.2)(ii), such that for any (A, z) € (L; \ {0}) x (Lz \ {0}) that has (|z],|A]) € G,41(0)
and |A| > 1, we have

|Te(A, 2) — 7e(A,0)| < I|1e(A, 0)]. (2.16)

Next, choose a €1 > 0 small enough so that lemma [2.2.4[(iii) holds. By lemma we can
define a p1 > 0 large enough, so that for any ¢ € Ip, for any j € {r;(N(P)),...,J}, and for any
(A, 2) € (Le \ {0}) x (Lg \ {0}) that has (|z],|\|) € Gj(e0,€1) and || > p1, we have

1Te(A, 2) — 0 Te(N, 2)| < D)o, Te(A, 2)]. (2.17)

Now, we use the partition G(gg,e1) and é(eo), which is still a partition of (0,00)?, to define a
partition of (A, 2) € (Ly \ {0}) x (L, \ {0}):

(A, 2) € (Le \ {0}) x (Lz \ {0}) = (l2], |A]) € Gi(e0, 1)},
(A 2) € (Lo \ {0}) x (L \ {0}) = (|21, ]A]) € G(=0)},

where k € {1,...,J} and j € {1,...,J + 1}. From lemma [2.2.4(iv), we can pick a po > 0 large
enough such that we have

U :

l

{
{

7 .

J
() € A0 x (L \ 0D N = mk S | 00T} U (2.18)
j=r«(N(P))

Finally we pick the bound X\¢ := max{1, ug, 11}, so that |[A| > Ao satisfies equations ({2.15)),
(2.16)), (2.17) and (2.18)). We will now proof

P\, 2)| > C-Wp(A\2), (M\z)€ Ly x Ly, N> Xo
is true for some C' > 0 in the following way:
1. proof above estimate is true for (X, z) € U;
2. proof above estimate is true for (), z) € ﬁj
3. proof above estimate is true for (A, z) € Usy1, even if N(P) is not regular in space.

We can then define C' and conclude that P is N-parameter-elliptic on Ly X Ly.
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Estimate on U
Suppose (A, z) € Uj, |A\| > g for some j € {r{(N(P)),...,J}. We then pick the decomposition
|P(\ 2)| > \71'%.]3()\, 2)| — T%.()\,z) -V, (A 2).
We take T, and V,; as in equations and , and we try to find an estimate from above.
(I) T,;. Because of equation , we can write

2) = |my, 7oA 2) = Te(N 2)] [de( V)] [we(2)]

ter,

< 02 |70, 1A, 2)| e (M) [e(2)] -

=

Using the bounds from equations (2.9)), (2.10) and (2.11]), and lemma we can write
for £ € I;:

17e(0, 2)| [pe (M| [e(2)], 5 < p,
|70, 70N 2) | 10N [e(2)] = S 17e(N, 2)] [de(V)] [whe(2)], 5 = p,
ITe(A, 0)[ [@e(N)] [he(2)|, v > p

[ A[Me 2| Vet Ee, V< ps

R Ny
<3 <W” +|Z|N€) A Me|zFe, vy = p,

N,
A7 Tz V> p

[z Vet e, V<P

A Ne o
= C3 QIA 7 T el be o N[ Nt be = p,

L
A7 T2 e, V>

We know that in these cases, either or both uy; := (Ny + Ly, My) and vy := (Ly, % + My)
are in the convex set [v;vj41] by lemma [1.2.12] This allows us to apply the estimate of

proposition [[.2.6}
|y 7e(X 2)| [ Be(M)] e (2 )! 203 (|A[*]2]"3 + |A[#3+1[2[73+1)
ACT (IN]%7[2]77 4 [N+ 2] 541

Then we get
Ty (A2) <0 Y |moy 7oA 2)| 166N e (2)]

(el

< Z Z 4@3 (A% ]2]79 4 | A[59+1|2|79+1)
=

O AL+ )

4C3 - #1p !

< G o (AP A )

S T #lp
C

= S + el (2.19)
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(IT) V5. Firstly, let’s apply (2.9)), (2.10) and (2.11)):
Vo= Y me 2) eV [e(2)]

telp\I,
R N,

< C3 ST AT Mg e g A Me g Vet e,
EEIP\[»Y

For any £ € Ip \ I,;, we have uy, vy € v(P) \ [vju;41] (since if uy, 00 € [vjv;41], we would
have ¢ € I,;.) Therefore, we can use lemma [2.2.4(iii) to get for (), 2) € U; that

N N,
Viy SC3 D0 A Ml (Mo Nt e
EGIP\LY
<eC3 N AL A A ]
2elp\I,
< 1
—4-4#Ip
&
_T(

HIP (A7 2]+ AP 2]+

[AP712] + APt ] e, (2.20)

We now combine equations (2.14)), (2.19) and (2.20) to get
PO\ 2)] = [, PN 2)] — Ty (A, 2) — Vi (A, 2)

> <é’1 _ ﬁ _ Cl) (57| 2|77 4 | A|55+1 |2|79+1)
4 4
Ch

= S Afelrs + 2.
We look at Wp (), z). Since (X, z) € Uj, we can again use lemma [2.2.4{(iii) to obtain
Wp(hz) = > APl
(r,5)EN,
= (A7 ]2 4 AP 2] 4 ) RYNELY
(r,8)ENu\[vjvj41]
S AP AP 24 e - (FN \ {vg, v }) - (A 2077 4+ (A 2]
= (L) - (A7 2] 4 (AP ]To).

Here we used #N, = J + 2. Taking C} := %, we get that for all (A, z) € U; with |[A| > Ao:
&
[P(A,2)| 2 (A7 ]2 4 A z]0+)
= Ci(L+ )N |27 + AP 2]
> C;Wp(A, 2). (2.21)

Estimate on U fi

First, take j € {r¢(N(P)),...,rz(N(P))} that has p & (vj_1,7;). Take an arbitrary v €
(7j—1,7;) and let (X, z) € U; with |A| > Ag. We pick the decomposition

‘P()H Z)’ > |7T’YP()‘72)‘ - T"/()‘vz) - V’Y(Aaz)'
We investigate T (A, z) and V4 (A, 2).
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(I) Ty(\, 2). For any ¢ € I, we apply (2.9), (2.10) and (2.11), and also use lemma |1.2.13((ii)

on uy and vy to get

’A|M£’z‘NZ+L[a Vi < P

N,
A7 e e

|7y 7e(A 2)| [ (V)] [e(2)] < CF {
V> P

= CF - 2]
<203 - |\ [2]".

This combined with equation (2.15)) is used to conclude

Ty (A 2) <9 Y |myme(A 2)] (V)] [1e(2)]

=

< <203 - #L - A2

I\[% 2[5 (2.22)

(II) V4 (X, z). By lemma[1.2.13[ii), we know that for £ € I, is equivalent to uy = v; in the case
v; < p and vy = v; in the case v; > p. Thus, £ € Ip \ I, means in these cases u; # v; and
ve # vj, or in other words ug, v, € v(P)\ {v;}. Therefore, we can use lemma[2.2.4{i) since
(A, 2) € ﬁj, after using the bounds as before:

~ N,
VoA 2) €5 ST M| Net e gy Mg e

Lelp\1,
<205 e (#Ip\ 1) - [\ [2]"7
e T T
< 37A‘ )\S] T :7)\8] TJ. 22
< Clogg "WVl = S (223)

Combining equations (2.13)), (2.22)) and (2.23), we get
I R 1S N U
|P(\, 2z)] > | C1 — éCl - 501 |A[%7] 2|7 = éCl PN PAIED
We also look at the weight function with the help of lemma M(l) For (A, z) € ﬁj we get
Wp\2) = AP+ > APl

(r,s)eNu\{v;}
S AP + e@#No \ {vi}) - A7 ]2]7 = (L +e(J +1)) - [A7]2]7,

meaning that for 6}- = mé’l we get for all (), z2) € ﬁj with |[A| > Ao that
3 . ~
|P(\, z)| > gcl APz > CiWp (A, 2). (2.24)
Now to investigate the case where there exists a k € {ry(N(P)),...,mz(N(P))} s.t. p €

(Yh—1,v%)- Taking (A, z) € Uy, with [A| > Ao, we know by lemma [1.2.13(ii) that I, = I, for any
other v € (vx_1,7), we only have to consider v := p. We use the same decomposition as earlier,
to again look into T,(A, z) and V,(A, z).
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(I) T,(A, 2). Since m,1(\, z) = 7¢(A, 2) for any ¢ € I,,, we immediately see that T (), z) = 0.

(IT) V,(X, 2). In the exact way as done before, we find the same bound as in equation (2.23)),
namely V, < %\)\]SHZW.

Using the same weight function bound Wp(),z) < (1 +&(J + 1)) - [A|*]2]"7, we can define

Cp = m - C1, to find for all (A, z) € Uy, with |\ > o

1 - ~
P\ )] = 501 N[l = CulWi(A, 2). (2.25)

Estimate on Uy in the space-irregular case

If N(P) is not regular in space, we need slightly different argumentation in the case j = J + 1.
Take (), z) € Ujq1 with |A] > Ag. This time, we decompose P by

(PO 2) = D0 7N 2)de(Ne(2) + D 7N 2)de(N)ebe(2)

lels, EEIP\IOO
Ly=0 OR Ly>0

= |TooP(X, 2) = TooP(X,2) = Y TN, 2)¢e(Nhe(2) = > 7oA 2)pe(Mrde(2)

lel, ZEIP\IOO
Ly=0 OR Ly>0

> [Too P(X, 0)| = Too (A, 2) — Vao (A, 2),
where we instead take

Too(A2) = Y 17X, 0) = 70X, 2) [ de(N)| [e(2)]

tels,
Le=0

Voe(A2) = Y0 I\ 2)] e (2]

teTp\Ioo
OR Ly>0

By equation (2.12)), we get
Ty, P(A, 2) = moo P(X, 2) 2 Cr(IA™ 2] + [AP7+)
TooP(X,0) > Cy| A7+
We investigate Tho (), 2) and Vao (X, 2).

(I) Two(A, z). Using the bounds (2.9), (2.10) and (2.11), we have that for ¢ € I, with Ly = 0
that

A3 &JrMe _ A3 SJ+1 A3 SJ4+1
[Te(A 0)[ [@e(N)| [We(2)] < Cy - [A] 2 778 = Cy - [A[P7H < 205 - [A]P7+.
Then we can use equation (2.16]) to get
Too(A\2) <9 D (X 0)] [@e(N)] [e(2)]

el
Ly=0

< 2@3% C(#{0 € o Ly = 0}) - A7
LG

AP7+L 2.26
< (226)
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(I1) Vao(A, 2). Since % + My # sj41 = doo(P) implies vy & I, and Ly > 0 = rj11, we know

that vy € v(P) \ {vjq1} for all £ € Ip \ I and all £ € Ip with L, > 0. Additionally, we
know that for all of these ¢, we know that either:

1. Ny =0, which means uy = vy € v(P) \ {vj41}.

2. Ny # 0, which means M, # % + My, so that even if % + My = sj11 = doo, we still
have uy € v(P) \ {vs+1}.

Since ug, vy € v(P) \ {vsy1}, we can apply lemma [2.2.4{i) after applying the bounds to
get

N ~ N,
V(x)()\, Z) S 5) Z ’A’TZ+M£’Z’LZ + ’A|M[’2‘NZ+L[

EEIP\Ioo
OR Ly>0
<2C3 . e (#{lelp:L &I, OR Ly > 0})-|A[%/+
< 2@3 . AL CHIp - NP = g|)\‘5‘1+1'
AC3 - #1p 2
Using the same weight function bound Wp(A,2) < (1 + &(J + 1))[A[?/+1 as we found in the
previous section, we can again define Cyyi = m to find for all (A, z) € Ujsq with
I\l > Ao that
PO, 2)| > gél N > Gy We (M, 2). (2.27)
Conclusion

Take (A, 2) € Ly x Ly € (Ly \ {0}) x (Lg \ {0}) with [A| > XAo. Then by equation (2.18),
we know that (A, z) must be in U; for some j € {ry(N(P)),...,J} or in U; for some j €
{r+(N(P)),...,J +1}. Whichever is the case, if we take

J
C := min U{Cj,éj}ua]+1 ,
j=1

Then we find

|P()‘a Z)’ > CWP()\,Z)-

References

R. Denk & M. Kaip, section 2.2¢ [1]:

1. Theorem 2.56 and proof, p. 109-114



Conclusion

We reflect on what we have seen so far. We have seen that we can symbols P € S(L; x L) as

P\ z) = Z Te(A, 2)Pe(N) e (2),

lelp

which have a 7-order d,(P) that functions as the order function of the symbol and have a 7-
principal part 7, P(\, z), which are the terms that determine the y-order. For this symbol, we
can define a Newton polygon N(P) with vertices v; € N, for j € {0,...,J + 1}, and a weight
function Wp(\, z) = 274 A|%]2]™. We investigated order functions, and used this knowledge
to determine an upper bound of the form

|P(\, 2)] < CoWp(A, 2).
We defined a notion of N-parameter-ellipticity as the existence of a lower bound
IP(\,2)| > CiWe(N, 2), (A 2) € Ly x Ly, [\ > Ao

and we proved that this is equivalent to the symbol P(A, z) having non-vanishing ~-principal
parts on (L; \ {0}) x (L, \ {0}), i.e.

P, 2) #0, (A 2) € (L \ {0}) x (Lz \ {0}), v € (0, 0],

We have proven this equivalence by showing that N-parameter-ellipticity must mean that we
can estimate the v-principal parts of P from below with non-negative ~-principal parts of Wp,
and conversely by using a partition of (\,z) € L; x L, with |A| > Xg based on their moduli
(|2, |A\]) € (0,00)%, which allowed us to decompose |P (), z)| into parts that could be estimated
from below using certain lemmas and this partition.

We can also compare my work to that of R. Denk & M. Kaip [1]. We see that I have managed
to make the proofs more complete by filling in the details that R. Denk & M. Kaip may have
left out. We can also see that due to being more complete and more elaborate in the details, we
have made our work easier to understand and therefore more accessible to bachelor students, so
that they can read into the subject before conducting their own research on partial differential
equations.

Discussion and future research

In my literature analysis of these chapters, there is quite a bit I have left out. Two main things
are there to mention:

1. concave and strictly negative order functions and corresponding weight functions.
When analysing mixed order systems (see section 2.3 [1],) we also need a notion of strictly
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negative order functions. In section 2.1, we already see how these order functions are
defined in Definition and Remark 2.21[I], but I have left out these definitions since they
were not needed to proof the result, and they would make the content less accessible to
bachelor students. Future research should also look into the subject of creating weight
functions corresponding to order functions that are not necessarily strictly positive, for
the same reason as above. One can refer to Definition 2.24 [I].

. operations on Newton polygons and order functions.

There are some very useful results on parameter shifts, additions and inequalities of order
functions described in section 2.1 [I] that I could not get into for the exact same reasons:
they were not needed for the result, and they would add more content that is harder to
understand. These results however are useful when researching the quotient of symbols,
as can be seen Proposition 2.42 [1].
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