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The Role of Communication Delays in the
Optimal Control of Spatially Invariant Systems

Luca Ballotta , Juncal Arbelaiz , Member, IEEE, Vijay Gupta , Fellow, IEEE,
Luca Schenato , Fellow, IEEE, and Mihailo R. Jovanović , Fellow, IEEE

Abstract—We study optimal proportional feedback con-
trollers for spatially invariant systems when the controller
has access to delayed state measurements received from
different spatial locations. We analyze how delays affect the
spatial locality of the optimal feedback gain leveraging the
problem decoupling in the spatial frequency domain. For
the cases of expensive control and small delay, we provide
exact expressions of the optimal controllers in the limit for
infinite control weight and vanishing delay, respectively. In
the expensive control regime, the optimal feedback control
law decomposes into a delay-aware filtering of the delayed
state and the optimal controller in the delay-free setting.
Under small delays, the optimal controller is a perturba-
tion of the delay-free one, which depends linearly on the
delay. We illustrate our analytical findings with a reaction–
diffusion process over the real line and a multiagent system
coupled through circulant matrices, showing that delays
reduce the effectiveness of optimal feedback control and
may require each subsystem within a distributed implemen-
tation to communicate with farther-away locations.

Index Terms—Communication delays, delay system, op-
timal control, resource allocation, spatially invariant sys-
tem.

I. INTRODUCTION

D ISTRIBUTED and decentralized controller architectures
trade performance of the resulting closed-loop system for a

reduction in the complexity of the controller implementation [1],
[2]. As spatially distributed systems become large scale, this
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tradeoff turns of utmost importance since the implementation
requirements of the all-to-all communication topology inherent
to centralized control architectures—high communication bur-
den, poor scalability, high maintenance costs—are impractical
to sustain.

The synthesis of optimal distributed controllers requires op-
timizing the controller in the presence of hard constraints on
communications among different subsystems. This usually in-
duces nonconvex or combinatorial optimization problems that
are computationally challenging. To address such a challenge, a
popular line of research has been to identify scenarios that lead to
tractable optimization problems. Examples of such scenarios are
spatially invariant systems [3], [4], including the case with static
proportional feedback and fixed-range communication [5], sen-
sor selection and statistical modeling [6], quadratically invariant
systems [7], [8], and positive systems [9].

In this work, we address optimal control of spatially invariant
systems, namely, whose dynamics are translation invariant in the
spatial coordinate, in the presence of communication delays. If
the open-loop plant is spatially invariant, the optimal delay-free
closed-loop system is spatially invariant as well [3]. Further,
the optimal controller is inherently localized in space because it
implements a static spatial convolution with state measurements,
in which the convolution kernel exhibits asymptotic exponential
spatial decay [3]. This result quantifies the intuition that, in
distributed control, state measurements from far spatial sites
contribute less to the closed-loop performance than measure-
ments from close-by locations. Practical implications for the
communication design of large-scale systems, such as the power
grid, are significant. Long-range links that may be hard to
maintain are not actually needed since they add little value to
control performance.

The asymptotic exponential spatial decay bounds have sug-
gested spatial truncation of the optimal gain convolution
kernel—i.e., to zero out the feedback gains at locations beyond
a fixed distance from the actuator—as a heuristic strategy to
implement distributed controllers in spatially invariant systems,
where the cutoff distance relates to, e.g., transmission power
and bandwidth. However, the optimal kernel is not compactly
supported in general, and recovering near-optimal performance
through a distributed controller so implemented is not guaran-
teed under an arbitrary truncation of the optimal kernel. In fact,
Motee and Jadbabaie [4] showed that this truncation can severely
degrade the closed-loop performance, possibly even leading to
instability if the truncation is too aggressive. A system designer
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Fig. 1. Convolution kernels of optimal feedback controllers for a
reaction–diffusion process over the real line. Parameters c, d, and T
are, respectively, reaction coefficient, diffusion coefficients, and commu-
nication delay. Communication delays decrease and flatten the optimal
kernel (dashed red), making feedback control less effective and increas-
ing the relative weight of state measurements from distant locations to
the actuator. In the expensive control regime, we analytically quantify
the gap between optimal feedback gains at the actuator location without
and with delays (“Gain gap”) and the region where the delay-free and
delay-aware gains are substantially different (“Delay band”).

must carefully assess the degree of spatial locality of centralized
feedback operators to choose an appropriate “level of truncation”
and avoid this potential issue [3], [4], [5].

A separate, but related, concern in the design of distributed
controllers is that any communication from the subsystems to
controllers must occur across nonideal communication channels.
We focus here on communication delays that cause a time
mismatch between sensing and computation of control input.
While the field on how to characterize and mitigate the impact
of communication delays on control performance is vast, see,
e.g., [10], [11], [12], [13], [14], [15], [16], and [17], our focus
is on characterizing the effect of delays on the spatial locality
of optimal feedback gains for spatially invariant systems: How
should a designer choose feedback gains and communication re-
sources to implement a distributed controller with transmission
delays? Relevant works in this realm include [18] and [19] that
studied optimal controllers for cone- and funnel-causal plants
where both open-loop dynamics and control actions affect neigh-
boring locations after distance-dependent delays, and provided
structural properties of optimal proportional controllers when
the controller has the same cone- or funnel-causal structure
of the plant. Fardad and Jovanović [20] extended the previous
references to state-space models and tested various optimiza-
tion algorithms to design distributed controllers. The recent
works [21], [22] report a performance tradeoff between all-to-all
and nearest-neighbor controller architectures under architecture-
dependent delays, showing that sparsely connected controllers
can be optimal both for mean-square consensus and for fastest
convergence in deterministic settings. Under similar assump-
tions for a time-slotted transmission protocol where delays
increase with the communication radius, Vanka et al. [23] proved
that, while the all-to-all architecture yields the best performance
in ring topology, nearest-neighbor interactions are optimal for
plants communicating over regular lattices of dimension greater
than one. Langbort and Gupta [24] targeted the optimal structure
for such a controller under specific assumptions. A related line

of work considers nominal, delay-free feedback and explicitly
penalizes the presence of communication links through regu-
larization of a control-theoretic cost function. Representative
examples are [1] and [6], where sparsity-promoting penalty
functions and algorithms are devised to design sparse feed-
back gains, [25] and [26] that propose communication-aware
regularization for design, and the system-level synthesis, which
imposes local feedback directly on the design of closed-loop
maps [2], [27].

In this work, we characterize the impact of communication
delays on the spatial locality of optimal feedback controllers
for spatially invariant systems. We study how the suitability of
the “truncation” approach, motivated by localization properties
of optimal feedback controller kernels for delay-free spatially
invariant plants, is affected by communication delays that are
common in spatially distributed settings. Differently from early
works [19], [20] that focused on plants with finite-speed infor-
mation flow in both open-loop dynamics and control, here we
enforce no restrictions on the time evolution of the plant but
consider feedback controllers that receive delayed state mea-
surements. This is motivated by communication delays present
in network systems where different subsystems exchange data
over a wireless channel with limited bandwidth. While the
authors in [19] and [20] studied the optimal controller in the
frequency domain, we emphasize how the spatial locality of the
optimal controller depends on communication delays, shedding
light on the differences between delay-free and delay-aware
optimal controllers for spatially invariant plants; also on how
delays affect the suitability of a distributed controller implemen-
tation based on spatial truncation of the optimal gain kernel.
Differently from recent works [21], [23], we study broader
classes of spatially invariant systems not limited to graphs or
consensus. The main novelty of this article, which sets it apart
from previous works, lies in explicitly relating communication
delays with spatial locality of optimal feedback gains. This
matters to design both gains and network architecture of a
distributed controller, and we provide ways to evaluate how a
certain amount of delay impacts communication requirements
and closed-loop performance compared to delay-free systems.

Original contribution: We analytically and numerically inves-
tigate the spatial locality of optimal feedback gains for spatially
invariant plants subject to temporal delays in the transmission
of state measurements used for feedback control. Since this
problem is challenging, we consider constant delays which
nonetheless provide insightful results. We first analyze the con-
trol of scalar retarded equations, concluding that delays make
the optimal gains smaller than in the delay-free case; also,
they reduce performance of feedback control. Building upon
this result, we analytically determine the optimal kernels for
spatially invariant plants in two asymptotic cases of practical
interest. In the expensive control regime, the optimal controller
decomposes into a delay-aware filter followed by the optimal
controller for delay-free dynamics. When truncating the optimal
feedback gains to implement a distributed controller, the filter
may require the retention of measurements from far away that are
not used by the delay-free controller and thus increase the com-
munication burden. Under small delays, the optimal controller
is obtained by perturbing the delay-free kernel with a linear

Authorized licensed use limited to: TU Delft Library. Downloaded on February 12,2026 at 12:38:38 UTC from IEEE Xplore.  Restrictions apply. 



980 IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 71, NO. 2, FEBRUARY 2026

function of the delay, which gives indication of the delays the
optimal delay-free controller tolerates without overly degrading
performance. These results are illustrated in two case studies: a
reaction–diffusion process and multiple agents coupled through
a circulant matrix.

Fig. 1 depicts the optimal kernels for the former example.
The kernel under delays is flatter than the one without delays;
equivalently, we say that the former has wider spatial spread.
This implies that the relative value between close-by and far-
away measurements for feedback control becomes progressively
uniform as a response to increasing delays. This behavior must
be considered in the design of distributed controller implemen-
tations via spatial truncation of the gains; longer delays impose
higher communication needs, such as bandwidth or transmission
power, to exchange measurements with distant subsystems and
maintain high control performance. Our numerical studies cor-
roborate that the optimal gains are smaller due to delays, which
reduces closed-loop performance.

This work considerably expands the paper [28], which studies
a reaction–diffusion process in the expensive control regime.

Organization of this article: Section II introduces the main
analysis tools, including scalar linear retarded systems and the
associated optimal control design problem. In Section III, we
analytically obtain the optimal feedback gains for the asymp-
totic cases of interest and discuss numerical solutions providing
insights into properties of the optimal controllers. Section IV
presents our main results for spatially invariant systems. Op-
timal controllers for the expensive control regime are char-
acterized in Section IV-A, and the effect of small delays is
described in Section IV-B. These two results are further explored
through classical dynamical systems. Section V considers a
reaction–diffusion process with scalar state evolving on the real
line, which yields the optimal control kernels in Fig. 1. We
analytically approximate the control kernel for the expensive
control regime and derive practical design guidelines, including
a discussion on the effects of delays on truncation. Section VI
analyzes how small delays affect the closed-loop eigenvalues
and the optimal feedback gains for a multiagent system where
agents interact through circulant matrices. We draw conclusions
and discuss future directions in Section VII.

II. SETUP

In this section, we lay the basis for the optimal control design
problem considered in the rest of the article. In Section II-A, we
introduce scalar systems with delayed feedback measurements
motivated by spatially invariant systems. In Section II-B, we
formalize the optimal control design problem for such systems.
In Section II-C, we provide a closed-form expression of the
H2-norm to be minimized in the design and study the stabilizing
feedback gains. These developments serve as building blocks to
design optimal controllers for spatially invariant systems under
communication delays, which is the subject of our main results
in Section III. We exemplify in Sections V and VI.

Notations: Symbols R and C, respectively, denote real and
complex numbers. Square-integrable functions on domain X
are denoted by L2(X ). Operator A has domain D(A) and
maps function f(x) to the image [Af ](x). Symbols F and F−1

denote bilateral Fourier transform and inverse Fourier transform,
respectively. Spatial convolution is denoted by �. If functions
f and g depend on a ∈ R, then notation f ∼ g means that
lima→�

f
g = 1 with � unambiguously chosen as � ∈ {±∞}.

A. System Model

The scalar linear system we consider is

dψ̂λ

dt
(t) = Âλψ̂λ(t) + ûλ(t) + v̂λ(t) (1)

with state ψ̂λ(t) ∈ C, control input ûλ(t) ∈ C, and exogenous
disturbance v̂λ(t) ∈ C, where t ∈ R≥0 denotes the instant of
time. Subscript λ is a parameter of the system. Its meaning
and significance will become clear later on when introducing
spatially invariant plants. Similarly, the “hat” notation, e.g., ψ̂λ,
is motivated by the representation of spatially invariant systems
in spatial frequency domain, which we discuss later. However,
the problem formulation in this section and the analysis in
Section III are general and hold for any scalar system.

Given a well-defined initial value of ψ̂λ(t) for t ∈ [−T, 0], we
address static feedback from delayed state measurements

ûλ(t) = −K̂λψ̂λ(t− T ) (2)

where the delay T > 0 is bounded. The feedback gain K̂λ is
also parameterized by λ, and the closed-loop system obtained
by applying the control (2) to the open-loop plant (1) is

dψ̂λ

dt
(t) = Âλψ̂λ(t)− K̂λψ̂λ(t− T ) + v̂λ(t). (3)

If the dynamics of a spatially distributed system have added
structure in the form of translation invariance in the spatial coor-
dinate (formally defined in Appendix A), then the spatial Fourier
transform maps the system to a family of decoupled subsystems
of the form (1) or (3) in spatial frequency domain. Thus, the
abstraction (3) is useful to study classes of systems evolving
on a spatial domain. With this interpretation, Âλ and K̂λ are
the Fourier symbols of the open-loop dynamics and controller
operators, respectively; see Appendix A. Distribution of such
systems across space motivates the time-delay T in (2), which
represents the communication delay incurred when collecting
measurements from spatially distant subsystems. We point the
readers to [3] for details. To ground the discussion, we introduce
two common instances of spatially invariant systems.

Example 1 (Reaction–diffusion process): The dynamics of a
linear reaction–diffusion process are

∂ψ

∂t
(x, t) = d

∂2ψ

∂x2
(x, t)− cψ(x, t)+u(x, t) + v(x, t). (4a)

The state ψ(·, t) : R → R represents a time-varying quantity
(e.g., heat) distributed along an infinite 1-D spatial domain.
Constants c > 0 and d > 0 are reaction and diffusion coeffi-
cients, respectively. We consider feedback controllers computed
by spatially convolving delayed state measurements with the
convolutional kernel (or control kernel) K : R → R

u(x, t) = − 1√
2π

∫
R

K(x− y)ψ(y, t− T ) dy. (4b)
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Here, the spatial locality of the controller is given by the
shape of its kernel. If K is nearly flat, namely, feedback gains
have similar magnitude, measurements from far away matter for
feedback, while they do not if K features a sharp spatial decay.

In spatial frequency domain, provided that the state ψ(·, t)
and the control kernel K have well-defined spatial Fourier
transforms [5], systems (4a) and (4) are mapped to a family
of systems of the kind (1) and (3), respectively, parameterized
by the spatial frequency λ ∈ R, where Âλ = −dλ2 − c and K̂λ

is the spatial Fourier transform of K. We study optimal control
of reaction–diffusion processes in Section V.

Example 2 (Multiagent system): Consider the closed-loop
dynamics on a finite number of integer-indexed spatial locations

dψ

dt
(t) = Aψ(t)−Kψ(t− T ) + v(t) (5)

where ψ(t) ∈ RN is a real-valued vector, and A ∈ RN×N and
K ∈ RN×N are circulant matrices. This model can represent
a multiagent system with N agents, where each agent i ∈
{0, . . . , N − 1} has a scalar state ψ(i, t) and K is the feedback
gain matrix.1 Interagent couplings in the dynamics are modeled
by suitably structuring the open-loop matrix A, e.g., nearest
neighbor interactions correspond to a tridiagonal matrix with
two additional nonzero elements in the top-right and bottom-left
positions. The representation of (5) in the spatial frequency do-
main is given by (3) for λ ∈ {0, . . . , N − 1}, where Âλ and K̂λ

are the (possibly scaled) eigenvalues of A and K, respectively.
We analyze this example in Section VI.

B. Problem Formulation

Given weight r > 0 that determines how much control effort
is penalized by the design, consider the performance output

ẑλ(t)
.
=

[
ψ̂λ(t)√
rûλ(t)

]
=

[
ψ̂λ(t)

−√
r K̂λψ̂λ(t− T )

]
. (6)

We address H2-optimal control of the closed-loop system (3)
with output ẑλ. The transfer function from v̂λ to ψ̂λ is

Ĥλ(s)
.
=

1

s− Âλ + K̂λe−Ts
(7)

where s ∈ C is the Laplace variable, and the H2-norm from v̂λ

to ẑλ, denoted by Jλ, is

Jλ(K̂λ) =

(
1 + r

∣∣∣K̂λ

∣∣∣2)∫
Ω

∣∣∣Ĥλ(jω)
∣∣∣2 dω (8)

where Ω is the time frequency domain. We are interested in the
following optimal control design problem:

minimize
K̂λ∈C

Jλ(K̂λ) (9a)

subject to (3) is stable. (9b)

1Multiplying the state ψ(t) by a circulant matrix corresponds to a spatial
convolution between ψ(t) and the first row of the matrix.

Stable delay systems converge exponentially fast [29], and
hence, the H2-norm Jλ is well defined [17]. Problem (9) heuris-
tically reduces control energy and state deviation due to distur-
bances. If v̂λ is white noise, then Jλ coincides with the expected
energy of the performance output ẑλ. We denote the solution
of (9) by K̂opt

T (λ) to highlight that it depends on the delay T in
the measurement transmission. This problem formulation allows
us to study optimal controllers for classes of spatially invariant
systems, such as those in Examples 1 and 2. Similarly to the
delay-free setting in [3], solving (9) for all spatial frequencies
λ returns the Fourier symbol of the optimal controller for a
spatially invariant system. The optimal controller in physical
domain is retrieved from the inverse spatial Fourier transform
of the solution to (9). This corresponds to the kernel Kopt

T in
Example 1 and to the feedback gain matrix Kopt

T in Example 2.

C. Cost Function and Stabilizing Feedback Gains

In the general case when either Âλ or K̂λ in (3) is complex,
explicitly computing the cost Jλ in (9) analytically is challeng-
ing. However, several systems of interest, such as those provided
in Examples 1 and 2, have real Fourier symbols. Thus, we make
the following assumption for the remainder of this article, which
provides analytical tractability.

Assumption 1 (Real Fourier symbols): The open-loop coeffi-
cient Âλ and the feedback gain K̂λ in (3) are real.

Assumption 1 implies that the real and imaginary parts
of ψ̂λ(t) in (3) evolve independently. Hence, without loss of
generality, in the following, we assume that ψ̂λ(t) ∈ R. Given
Assumption 1, we compute the cost Jλ as described next.

Küchler and Mensch [30] studied stationary solutions for
a real-valued stochastic process x that obeys linear retarded
dynamics stochastically forced by a standard Wiener process
w

dx(t) = (ax(t)− kx(t− T ))dt+ dw(t) (10)

where a, k ∈ R, which requires Assumption 1. If a stationary
solution to (10) exists, then it is Gaussian with steady-state vari-
ance equal to the energy of the so-called fundamental solution
associated with (10). The fundamental solution is the signal x0
that obeys the deterministic dynamics obtained by removing
w from (10) and imposing the initial condition x0(0) = 1 and
x0(t) = 0 ∀t ∈ [−T, 0). Applying Laplace transform and Par-
seval’s theorem, the squared L2-norm of x0 amounts to∫ +∞

0

x20(t)dt =

∫ +∞

−∞

dω

|jω − a+ ke−jTω|2
. (11)

The right-hand side of (11) is the integral of |Ĥλ(jω)|2 over
frequency domain after replacing a with Âλ and k with K̂λ.
Hence, we use the result in [30] that computes (11) to evaluate
the integral in (8). We denote the integral (11) by f(k), where
we make the dependence on the feedback gain k explicit. Its
closed-form expression derived in [30] for aT < 1 is

f(K̂λ) =

⎧⎪⎨⎪⎩
−k sinh(�T )−�

2�(a−k cosh(�T )) , |k| < −a
T
4 + 1

4|a| , k = |a|, a 	= 0
−k sin(�T )−�

2�(a−k cos(�T )) , |a| < k < ku

(12)
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Fig. 2. Graphic of f in (12) with T = 0.5 and a ∈ {±0.2,±0.6,±1}.

where �
.
=
√

|k2 − a2|. The upper bound on stabilizing gains,
ku, is the unique solution of the following equation for k > |a|:

T
√
k2 − a2 = arccos

(
ak−1

)
. (13)

The profile of f is shown in Fig. 2 for several values of a.
For given a and T , the stabilizing gains belong to the interval
(a, ku), which thus determines the stability condition (9b). All
three cases in (12) are well defined if a < 0, while only the
third case is if a ≥ 0 and aT < 1. The H2-norm is undefined if
aT ≥ 1 because system (10) or its deterministic counterpart
cannot be stabilized under this condition [17], [30]. The next
results characterize the upper bound ku as a and T vary.

Proposition 1 (Stabilizing gains versus dynamics): The upper
bound ku is decreasing with a and convex in a. For T > 0, it
holds

lim
a→−∞

ku

|a| = 1, lim
a→ 1

T

ku =
1

T
. (14)

Proof: See Appendix B. �
Proposition 2 (Stabilizing gains versus delay): The upper

bound ku is decreasing with T and convex in T . For a > 0,
it holds

lim
T→ 1

a

ku = a, lim
T→0+

ku = +∞ (15a)

and, for a < 0, it holds

lim
T→+∞

ku = |a|, lim
T→0+

ku = +∞. (15b)

Proof: Analogous to the proof of Proposition 1. �
Proposition 1 implies that stabilizing feedback controllers

for (10) are conservative, i.e., feature “small” feedback control
gains, if the timescale of the open-loop dynamics is comparable
to the communication delay in magnitude, as suggested by the
second limit in (14). Stable but slow open-loop dynamics and
unstable plants are stabilized only with small feedback gains,
which reduces the effectiveness of control. Moreover, while all
stable open-loop systems have a nonempty set of stabilizing
gains, unstable plants can be stabilized only under the condition
aT < 1, which means that the delay cannot be larger than the
time constant of the system. Intuitively, the control actions are
stabilizing only if the feedback measurements (generated at time
t− T ) are sufficiently close in time with the current state of

the system at time t. The insight of Proposition 2 is similar.
Limits (15) suggest that stabilizing gains get arbitrarily large
as the delay vanishes, gradually recovering the delay-free case,
whereas for large delays the control gains cannot be greater than
the inverse of the time constant of the open-loop system.

III. OPTIMAL FEEDBACK CONTROL GAINS

Equipped with the exact expression of the H2-norm, Jλ, the
optimal control design problem (9) under Assumption 1 is

minimize
K̂λ∈R

Jλ(K̂λ) =
(
1 + rK̂2

λ

)
fλ(K̂λ) (16a)

subject to Âλ< K̂λ < K̂u
λ (16b)

where fλ and K̂u
λ , respectively, denote function (12) and the

upper bound on stabilizing feedback gains ku with Âλ in place
of a. The constraint (16b) corresponds to stable closed-loop
systems, for which the H2-norm is well defined.

Analytically obtaining the solution of (16) is still challenging
due to the involved expression of fλ; in general, the solution
needs to be computed numerically. Moreover, while numerical
tests suggest that Jλ is strictly convex, this is challenging to
prove. We next delve into obtaining analytical solutions of (16)
for asymptotic cases of interest, which provide insight into the
optimal feedback gains. In Section III-A, we address stable
open-loops dynamics with Âλ → −∞. In Section III-B, we
examine the expensive control regime r → +∞ for stable open-
loop dynamics. In Section III-C, we consider vanishing delays
T → 0+. Leveraging the insights from these asymptotic cases,
we present and discuss numerical solutions in Section III-D.

A. Fast Stable Open-Loop Plants

The next result characterizes the limit behavior of the mini-
mizer of Jλ for stable systems with short timescale.

Proposition 3 (Optimal control gain for fast open-loop dy-
namics): Under Assumption 1 and for T > 0, r > 0, it holds

lim
Âλ→−∞

1

K̂opt
T (λ)

eTÂλ

2r|Âλ|
= 1. (17)

Proof: See Appendix C.
Proposition 3 reveals that the optimal feedback gain features

an asymptotic exponential decrease with rate TÂλ. In contrast,
the standard delay-free (T = 0) optimal feedback gain

K̂opt
0 (λ) = Âλ +

√
Â2

λ +
1

r
(18)

has, for Âλ → −∞, the asymptotic expression

K̂opt
0 (λ) =

1

2r|Âλ|
+ o

(
1

|Âλ|

)
(19)

which shows that the optimal control feedback gain in the delay-
free case is asymptotically inversely proportional to |Âλ| as this
grows unbounded.
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We define the characteristic timescale of the open-loop dy-
namics by t∗

.
= 1

|Âλ|
. Dimensional analysis shows that the di-

mensionless parameter α∗
.
= T

t∗
, which captures the ratio of the

timescale of measurement delays and the timescale of the open-
loop dynamics, provides physical interpretation of the value of
delayed measurements for optimal feedback control [31]. The
exponential e−α∗ scales the magnitude of the (asymptotically)
optimal feedback gain K̂opt

T (λ), reducing the aggressiveness of
optimal feedback control compared to the delay-free case with
gain K̂opt

0 (λ). Hence, we enlighten the effects of time delays on
the optimal gain by considering the following two regimes.

Regime α∗ � 1 (i.e., t∗ � T ): In this case, the time-delay T
in the feedback control is small compared to the characteristic
timescale t∗ of the stable open-loop dynamics. Thus, the feed-
back control signal is useful to optimally stabilize the system
despite delayed measurements, and the optimal delay-aware gain
K̂opt
T (λ) resembles K̂opt

0 (λ).
Regime α∗ � 1 (i.e., t∗ � T ): In this regime, the open-loop

stable dynamics have a timescale that is much shorter than the
communication delay, so feeding the controller with delayed
measurements is useless for optimal stabilization. Consequently,
K̂opt
T (λ) → 0 to avoid unnecessary control cost in the perfor-

mance objective Jλ.

B. Expensive Control Regime

We now analyze the setting where the control effort penal-
ization is much higher than penalization in the state deviation.
We consider open-loop stable systems for which it is possible to
analytically compute the optimal feedback gain.

Proposition 4 (Optimal control in expensive regime): Under
Assumption 1 and for fixed Âλ < 0, it holds

lim
r→+∞

1

K̂opt
T (λ)

eTÂλ

2r|Âλ|
= 1. (20)

Proof: See Appendix D. �
Proposition 4 implies that, for large enough r and with stable

open-loop dynamics, the optimal feedback gain K̂opt
T (λ) is ap-

proximated by K̂ex
T (λ), defined next. We refer to K̂ex

T (λ) as the
optimal gain in the expensive control regime

K̂opt
T (λ) ∼ K̂ex

T (λ)
.
=

eTÂλ

2r|Âλ|
. (21)

The notation ∼ means that K̂opt
T (λ) and K̂ex

T (λ) are asymptoti-
cally equal at the limit for r → ∞, according to (20). Notably,
the same asymptotic expression holds in the limit for short
timescale Âλ → −∞ according to Proposition 3. We compare
the approximation (21) to the delay-free case by a Taylor expan-
sion of (18), which yields the same asymptotic expression in (17)
(with 1

r inside the little-o). Analogously to what discussed for
the short timescale regime in the previous section, the expression
of K̂ex

T (λ) in (21) agrees with K̂ex
0 (λ) in (17) except for the

factor eTÂλ that implements a correction for delays. Given the
assumption Âλ < 0, this correction factor is smaller than one and
strictly decreases withT . This is consistent with the intuition that

delays force smaller controller gains and thus more conservative
control actions.

C. Small Delays

We now focus on the setting where the delay T is negligible
compared to the characteristic timescale of the open-loop dy-
namics (3), that is, the regimeα∗ � 1 discussed in Section III-A.
In this case, it runs out that the optimal controller is a perturbed
version of the delay-free controller, where the perturbation is
proportional to the delay.

Proposition 5 (Optimal control with small delays): Under
Assumption 1, it holds

lim
T→0+

K̂opt
T (λ)

K̂opt
0 (λ)−

(
ÂλK̂

opt
0 (λ) + 1

r

)
T

= 1. (22)

Proof: See Appendix E. �
Proposition 5 implies that the optimal feedback gain can be

approximated as follows for small enough delay T :

K̂opt
T (λ) ∼ K̂sd

T (λ)
.
= K̂opt

0 (λ)︸ ︷︷ ︸
optimal

delay-free gain

−
(
ÂλK̂

opt
0 (λ) +

1

r

)
T︸ ︷︷ ︸

correction term

.

(23)

The feedback gain K̂sd
T (λ) of the optimal controller under small

delays is approximated by the difference between the optimal
delay-free gain and a corrective term, which is linear with the
delay T . Plugging in (18) shows that for every bounded Âλ

ÂλK̂
opt
0 (λ) + r−1 > 0. (24)

This makes the correction term in (23) negative and subse-
quently, for T small enough, smaller gain K̂opt

T (λ) ≤ K̂opt
0 (λ)

than the delay-free optimal controller, similarly to the two
regimes considered in Sections III-A and III-B.

D. Numerical Solutions

We numerically solve problem (16) to complement the ana-
lytic asymptotic results derived so far. We compare the delayed
feedback setting under consideration with the standard delay-
free one that features T = 0 in (2), for which the H2-norm
coincides with the limit of fλ as T → 0+.

The “stability region” in Fig. 3(b) depicts the interval (16b)
as Âλ varies. It represents all and only gains that stabilize the
closed-loop dynamics. Fig. 3(a) shows the analogous region
for the delay-free system. Contrarily to the delay-free case, the
stabilizing gains are upper bounded in the presence of delays
and exist only if ÂλT < 1. The upper bound K̂u

λ decreases with
Âλ and tends to 1

T as Âλ → 1
T , according to Proposition 1.

The “optimality region” in Fig. 3(b) delimits the “meaningful”
portion of the stability region since it contains the solutions
of (9) for all choices of the control cost parameter r. The rest of
the stability region is never optimal for the H2-norm (8). This
relates to the inverse optimal control problem, which searches
for the cost parameter r that makes a specific choice of the
gain K̂λ optimal [32]. The boundaries of the (open) optimality

Authorized licensed use limited to: TU Delft Library. Downloaded on February 12,2026 at 12:38:38 UTC from IEEE Xplore.  Restrictions apply. 



984 IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 71, NO. 2, FEBRUARY 2026

Fig. 3. Stability (light colored) and optimality (dark colored) regions
for optimal control design problem (16). (a) Delay-free case, i.e., T = 0
in (2). (b) Delay T = 1 in (2).

Fig. 4. Optimal gain K̂
opt
T (λ) without delay and with T ∈ {1, 2, 3}

(r = 1).

region are the optimal control gains in the cheap and expensive
control regimes, corresponding to the limit cases r → 0 and
r → +∞, respectively. We numerically compute the boundaries
in Fig. 3(b) by setting J(K̂λ) = f(K̂λ) and J(K̂λ) = k2f(K̂λ)
in (16), respectively. The delay fundamentally reduces the opti-
mality region compared to the delay-free setting, limiting the
effectiveness of feedback control. With delays, the optimal
feedback gains are upper bounded for every r > 0 and decrease
to zero as the open-loop coefficient Âλ decreases to negative
infinity, according to Proposition 3. In contrast, the optimal
feedback gains in the delay-free setting grow unbounded as r
decreases for every Âλ see Fig. 3(a), which makes aggressive
control optimal even with stable open-loop dynamics.

Fig. 4 shows the optimal feedback gains without delays and
with several values of the delay T , with r = 1. The optimal gain
K̂opt
T (λ) is smaller than the corresponding delay-free optimal

gain and decreases with T , hence the solution of (16) requires
smaller control effort with long delays. This agrees with the
asymptotic results in Propositions 3–5, suggesting that feedback
becomes less relevant in the presence of delays. The domain
of the curves progressively shrinks leftwards because of the
stability condition ÂλT < 1.

IV. OPTIMAL CONTROL OF SPATIALLY INVARIANT SYSTEMS

WITH COMMUNICATION DELAYS

In this section, we provide our main results on optimal
control of spatially invariant systems, such as those described
in Examples 1 and 2, in the presence of communication de-
lays that enter the feedback loop. The analysis presented in
Section III—characterizing optimal feedback gains for the scalar
problem (9)—serves as a foundation for the results on spa-
tially invariant systems. The connection comes through the fact
that the spatial Fourier transform decouples spatially invariant
systems to a family of independent subsystems in the spatial
frequency domain. A spatially invariant system can be indeed
thought of as a family of systems parameterized by the spatial
frequency λ. We consider the spatially invariant system

∂ψ

∂t
(x, t) = [Aψ](x, t) + u(x, t) + v(x, t)

u(x, t) = − [Kψ](x, t− T )

z(x, t) =

[
ψ(x, t)√
r u(x, t)

]
(25)

where ψ(·, t) ∈ L2(X ) is a scalar-valued function on a suitable
space domain X (see Appendix A) and v(·, t) ∈ L2(X ). To en-
sure the stabilizability of system (25), we assume that the open-
loop spatially invariant operator A : D(A) ⊆ L2(X ) → L2(X )
is the infinitesimal generator of a C0-semigroup with continuous
Fourier symbol Âλ satisfying Assumption 1 [5], and that the
feedback controller K is a spatial convolution operator whose
kernel K : X → R is an even function as per Assumption 1.
This, because the spectra of stable systems of class (3) are strictly
bounded away from zero [29], ensures that the closed-loop
system (25) is (exponentially) stable and makes the H2-norm
from v to z well defined. Denoting the latter by J , we address
the following optimal control design problem:

Kopt
T ∈ argmin

K
J(K) (26a)

subject to (25) is stable. (26b)

In the rest of this section, we characterize the optimal feedback
operator Kopt

T , which by construction is a spatial convolution,
by analyzing its kernel Kopt

T (·). Specifically, we consider the
expensive control regime (r → ∞) in Section IV-A and the small
communication delay regime (T → 0+) in Section IV-B.
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A. Expensive Control Regime

For stable open-loop systems, we characterize the optimal
control kernel Kopt

T (·) at the limit for r → ∞, i.e., when state
deviations are negligibly penalized compared to control effort.

Theorem 1 (Optimal controller in the expensive control
regime): LetAwith Fourier symbol strictly bounded away from
zero, i.e., there exists Ath < 0 such that Âλ ≤ Ath ∀λ. Define

Kex
T
.
=

√
2π (Kex

0 � gT ) (27)

where

Kex
0
.
= F−1

[
1

2r|Âλ|

]
gT

.
= F−1

[
eTÂλ

]
. (28)

Then, it holds

lim
r→+∞

∥∥∥Kopt
T −Kex

T

∥∥∥2
L2

= 0. (29)

Sketch of Proof: It follows from the decoupling of (26) to (9),
Proposition 4, and properties of the Fourier transform. The
hypothesis that Âλ is strictly bounded away from zero ensures
that Proposition 4 holds true at all spatial frequencies λ. �

The kernel Kex
0 in (28) approximates the optimal controller

kernel in the expensive regime for the delay-free case, according
to (18). Theorem 1 establishes a relationship between the optimal
controller with communication delays and the optimal controller
in the absence of delays. In fact, (27) shows that the optimal
controller kernel in the expensive control regime is computed
as the cascade of a delay-aware filter followed by the optimal
kernel for the delay-free case

u(x, t) = − 1√
2π

(Kex
T � ψ) (x, t− T )

= − (Kex
0 � gT � ψ) (x, t− T ). (30)

This decomposition provides insight into how communication
delays affect the spatial structure of the optimal feedback kernel.
The delay-aware controller uses the filter gT to counterbalance
delays in the feedback loop. If the spatial spread of gT is wider
than that of the delay-free control kernel Kex

0 , then truncation
of the controller gains based on the spatial locality of Kex

0 may
degrade performance, as it discards measurements relevant to
handle delays. In this case, a distributed controller implemen-
tation based on truncation should mainly consider the spatial
“width” of the delay-aware filter gT . A concrete visualization for
the system considered in Example 1 is discussed in Section V.

Also, the expression of K̂ex
T in (21) shows that the controller

kernel Kex
T exhibits the same asymptotic spatial exponential

decay of the delay-free controller (under mild assumptions on
the open-loop dynamics). This readily follows from [3] because
K̂ex
T is the pointwise product of K̂ex

0 with an exponential function
of Âλ, which is analytic on the complex plane.

Performance gap: The spatial frequency decoupling lets us
compute the optimal H2-norm of (26). The domain of λ is Λ

and characterized in Appendix A. By continuity, it holds

J (Kex
T ) =

∫
Λ

Jλ

(
K̂ex
T (λ)
)
dλ ∼

∫
Λ

1

2|Âλ|

(
1− e2TÂλ

4rÂ2
λ

)
dλ.

(31)

The detailed derivation of (31) is deferred to Appendix F.
We compare the cost (31) with the H2-norm in the delay-free
scenario under expensive regime

J (Kex
0 ) ∼

∫
Λ

1

2|Âλ|

(
1− 1

4rÂ2
λ

)
dλ. (32)

The correction factor eTÂλ that accounts for delays smoothly
inflates the H2-norm from (32) to (31). The optimal cost under
communication delays is larger by the following amount:

J (Kex
T )− J (Kex

0 ) ∼ ΔJ ex(T )
.
=

∫
Λ

1− e2TÂλ

8r|Â3
λ|

dλ. (33)

The cost gap ΔJ ex(T ) has the same order of magnitude of r−1

irrespectively of the delayT . This is explained because the delay
is introduced through the control. Because the control kernel
Kex
T is proportional to r−1, the cost gap has the same order of

magnitude. At the limit, it holds

lim
T→0+

ΔJ ex(T ) = 0 (34a)

lim
T→+∞

ΔJ ex(T ) =

∫
Λ

1

8r|Â3
λ|
dλ. (34b)

Limit (34a) shows that, as the delay vanishes, the gap between
the optimal H2-norms vanishes as well because the optimal
controller recovers the delay-free one. On the other hand,
as T grows, the optimal control becomes negligible and the
limit (34b) yields the H2-norm of the stable open-loop system.

B. Small Communication Delays

We now consider the case where communication delays
affecting the feedback loop are negligible compared to the
timescale of the open-loop dynamics.

Theorem 2 (Optimal control kernel in the small delay regime):
Define

Ksd
T
.
=
[
(I − AT )Kopt

0

]
− T

r
δ (35)

where I is the identity operator, Kopt
0 is the optimal control

kernel for problem (26) with T = 0, and δ is the Dirac delta. If
|Âλ| < Âth ∀λ for some Âth ∈ R, then it holds

lim
T→0+

∥∥∥Kopt
T −Ksd

T

∥∥∥2
L2

= 0. (36)

Sketch of Proof: It follows from the decoupling of (26) to (9),
Proposition 5, and properties of the Fourier transform. The hy-
pothesis that Âλ is uniformly bounded ensures that Proposition 5
holds true at all spatial frequencies λ.

Expression (35) shows that, under small delays, the optimal
delay-free control kernel is perturbed by a T -scaled version of
the open-loop operator A and by an additive negative Dirac
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delta. The bounded Fourier symbol Âλ ensures that the delay T
is small compared to the characteristic timescale of the open-
loop dynamics, corresponding to the regime α∗ � 1 discussed
in Section III-A. Further, the scaled operator AT is bounded,
so that the operator I − AT in (35) actually produces a “small”
perturbation of the delay-free kernel Kop

0 , which varies linearly
with T .

Also, (23) of K̂sd
T in spatial frequency domain is affine with

respect to the spatial Fourier transform of the delay-free optimal
controller. This allows us to determine the asymptotic exponen-
tial decay of the control kernelKsd

T , which readily follows from
the result in [3] similarly to what observed for the expensive
control regime.

Remark 1 (Continuous-time versus discrete-time): Theo-
rems 1 and 2 build on the analysis of scalar systems in Section III,
which uses the closed-form expression of the H2-norm Jλ

derived in [30]. This holds for continuous-time dynamics and
prevents us from readily extending our results to discrete time.

V. EXAMPLE ONE: REACTION–DIFFUSION PROCESS

To make the analysis in Section IV more concrete, we now
consider the spatially invariant system in Example 1, namely a
real scalar reaction–diffusion process over the real line.

A. Optimal Control Kernel in Expensive Control Regime

In the expensive control regime, the optimal controller is given
by Theorem 1 as Kex

T =
√
2π(Kex

0 � gT ), where the optimal
controller kernel for the delay-free case is

Kex
0 (x) = F−1

[
1

2r (dλ2 + c)

]
(x) =

1

2r

√
π

2dc
e−
√

c
d |x|

(37)

and the delay-aware filter is

gT (x) = F−1
[
e−T(dλ

2+c)
]
(x) =

e−cT√
2dT

e−
x2

4dT . (38)

Tedious but straightforward computations yield

Kex
T (x) =

1

2r

√
π

2dc
(φ(x) + φ(−x)) (39)

where we define

φ(x)
.
=

e
√

c
dx

2

(
1 + erf

(
− x

2
√
dT

−
√
cT

))
. (40)

According to Theorem 1, function Kex
T in (39) asymptotically

approaches the optimal controller kernel Kopt
T as r increases.

B. Numerical Solutions and Approximations for Design

We now numerically compute the optimal convolution kernel
Kopt
T from the solution to the scalar problem (9) for system (4a)

and (4b), and compare it with the analytical optimal kernel for
expensive control regimeKex

T in (39). The kernelKex
T is plotted

in Fig. 5 (purple dotted) together with the optimal kernel Kopt
T

(yellow dashed-dotted) for delay T = 1. Also, we compare the
delay-free optimal control kernel Kopt

0 obtained from (18) (blue

Fig. 5. Optimal controllers without delay versus delay T = 1 and their
approximations in the expensive-control regime with d = 10 and c = 1.
(a) Control weight r = 1. (b) Control weight r = 10.

solid) with the analytical delay-free kernel for expensive regime
Kex

0 in (37) (red dashed). Both approximations for expensive
control regime are close to the optimal kernels already for
r = 10. While the feedback gains enjoy the same asymptotic
exponential decay, communication delays induce fundamentally
different shapes of the two controller kernels about the origin.

We next study (39) to achieve deeper analytical insight about
spatial locality of the optimal control kernel.

1) Approximation About Origin: Because Kex
T ∈ C∞(R),

we approximate it as a parabola via a standard Taylor expansion
about x = 0. We formalize this approximation as follows.

Lemma 1 (Approximation about the origin): Let

D0
.
= 1− erf

(√
cT
)

D2
.
=
cD0

2d
−
√

c

πT

e−cT

2d
. (41)

Then, it holds

Kex
T (x) = Kex

0 (0)
(
D0 +D2x

2
)
+ o(x3) ∀x ∈ R. (42)

Sketch of proof: Because Kex
T is even, all derivatives with

odd order are zero at x = 0. Computing the second-order Taylor
expansion about x = 0 yields (42).

Lemma 1 shows that the optimal kernel in the expensive
control regime is approximated by a concave quadratic function
about the origin. The relative gap between the optimal feedback
gains for delay-free and delay systems at x = 0 (corresponding
to the location where the control is applied) amounts to

ΔKex
T (0)

.
=
Kex

0 (0)−Kex
T (0)

Kex
0 (0)

= erf
(√

cT
)
. (43)

The gap ΔKex
T (0) increases with c and T . This suggests that,

in the presence of communication delays, the optimal feedback
gain at the actuator location becomes smaller as the delay and the
reaction coefficient increase, requiring less aggressive control
compared to the delay-free scenario. Notably, a more “intense”
reaction term −cψ(x, t) in the dynamics (4a) induces more
conservative control actions for every T > 0. This might be
explained because this term stabilizes the system; hence, a larger
reaction coefficient allows to reduce the control cost while also
inducing a milder effect of delays on the closed-loop dynamics.
In contrast, the diffusion term ∂2ψ(x,t)

∂x2 does not play a role in
the gap ΔKex

T (0). An explanation is that Kex
T (0) multiplies the

state at the same location x where the control u(x, t) is applied,
i.e., the productKex

T (0)ψ(x, t− T ) appears in (4b), whereas the
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diffusion term generates dynamic couplings among all spatial
locations of the state ψ(·, t).

Lemma 1 also reveals that the (negative) curvature D2 in-
creases with d and T . The control kernel becomes “flatter” about
the origin with both longer communication delays and larger
diffusion coefficient. This suggests that the controller needs to
incorporate state measurements from far away if the process is
very sensitive to state variations across space (large d) or if the
feedback measurements incur long delays T .

Overall, the behavior of D0 and D2 that increase with T
means that the control kernel becomes flatter (shorter and more
spread out) about the origin as the delay increases; this requires
more resources to communicate with state locations farther away
and reduces the impact of feedback, making control actions less
aggressive and performing than delay-free control.

2) Approximation of Tails: As noted in Section IV-A, the
asymptotic spatial decay of the control kernel Kex

T is (at least)
exponential like the delay-free case. In fact, evaluating the limit
of (39) reveals that the kernel Kex

T asymptotically approaches
the delay-free kernel Kex

0 as |x| → +∞. The following result
quantifies how the delay-free optimal kernel approximates the
delay-aware one for finite values of x.

Lemma 2 (Approximation of tails): It holds

Kex
T (x) = Kex

0 (x)(1 +R(x)) ∀x ∈ R (44)

where the function R is negative and lower bounded as

R(x) >
e
− 1

2

(
x2

2dT +2cT
)

√
2π

( √
2dT

x+ 2
√
dcT

−
√
2dT

3

(x+ 2
√
dcT )3

)

− e
− 1

2

(
x√
2dT

−
√
2cT

)2

√
2π

√
2dT

x− 2
√
dcT

(45)

and has limit

lim
|x|→+∞

R(x) = 0. (46)

Sketch of proof: It follows by applying the divergent asymp-
totic approximation of Φ(x) = 1

2 (1 + erf(x)) to Kex
T (x)

Kex
0 (x) and

performing straightforward algebraic manipulations. �
Lemma 2 shows that the convolution kernel of the delay-

aware controller can be effectively approximated by the standard
delay-free kernel for large values of x. The accuracy of this
approximation is quantified by the function R that is lower
bounded in (45). The exponential functions in (45) derive from
function φ in (40). For |x| large enough, the exponents in (45)
decrease with the delay through the product cT , suggesting that
the combination of reaction term and delay has the greatest
impact in the asymptotic spatial decay of the kernel.

3) Practical Design Guidelines: The asymptotic approxi-
mations given by Lemmas 1 and 2 lend themselves to practical
guidelines for delay-aware controller design by finding intervals
where the approximations are sufficiently accurate. A possible
rule of thumb is given by imposing that the quadratic function of
the Taylor-based approximation (42) dominates the higher order
terms, whereas the residual term R in the approximation (44)
can be neglected by imposing that the exponents of the two

Fig. 6. Controllers in the expensive-control regime versus design ap-

proximation K̃ex
T (x) with d = 10, c = 1, and r = 10. (a) Delay T = 0.5.

(b) Delay T = 1.

exponential functions are small enough. Let us define

D4
.
= 2

c2D0

d2
−
√

c

πT

e−cT

d2

(
c+

1

2T

)
(47)

xth,1
.
=

√√√√ 12

|D4|

(
D2 +

√
D2

2 +
D0|D4|

6

)
(48)

xth,2
.
= 2
(√

dT +
√
cdT
)
. (49)

The thresholds xth,1 and xth,2 are calculated such that the asymp-
totic expressions in Lemmas 1 and 2 yield good approximations
in the intervals (0, xth,1) and (xth,2,∞), respectively, such that
the remainders are negligible. Then, for |x| < αxth,1 and |x| >
βxth,2, where α ∈ (0, 1) and β > 0 are design parameters such
thatαxth,1 ≤ βxth,2, the control kernelKex

T can be approximated

by the function K̃ex
T defined as follows:

K̃ex
T (x) =

{
Kex

0 (0)
(
D0 +D2x

2
)
, |x| ≤ αxth,1

Kex
0 (x), |x| ≥ βxth,2.

(50)

The parameters α and β are meant to trade a simple design
(large α and small β) for an accurate approximation (small α
and large β). The feedback gain in the interval (αxth,1, βxth,2)
may be chosen in practice by interpolating the two cases in (50).

Fig. 6 compares the delay-free controller Kex
0 (dotted blue),

the delay-aware controller Kex
T (solid black), and the approx-

imation K̃ex
T (dashed red) for α = β = 1, together with the

thresholds xth,1 and xth,2. The two cases of K̃ex
T in (50) closely

approach the optimal kernelKex
T as x approaches the origin (first

case) or grows large in magnitude (second case).
4) Truncation of Optimal Control Kernel: The exponen-

tially decaying control kernel Kex
T suggests that a simple yet

effective way to implement a distributed controller architecture
is spatial truncation of the feedback kernel gains [3]. However,
this has to be done with care because such a truncation can
degrade control performance [4].

In [3] and [5], it is shown that performance loss for the delay-
free scenario diminishes asymptotically exponentially with the
truncation width as a consequence of the controller spatial local-
ity and small-gain arguments. In an expensive regime, the kernel
Kex

0 in (37) decays exponentially at rate
√

c
d . Hence, a truncation
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Fig. 7. Optimal control kernels without delay versus with nonzero delay
together with truncation thresholds with d = 10, c = 1, r = 10, κ = 2,
and γ = 1. (a) Delay T = 0.1. (b) Delay T = 0.5.

rule that does not consider delays may discard locations farther

than xth,0
.
= γ
√

d
c , where 1

γ ≤ 1 reflects the performance loss.
However, as shown in Fig. 5, communication delays play a

key role in shaping the optimal controller kernel. While a precise
evaluation should be done numerically, an insightful assess-
ment is conveyed by properties of convolution. As discussed
in Section IV-A, the controller Kex

T is the cascade of the optimal
delay-free controller and a delay-aware filter. Plugging (37) and
(38) into (30) yields

u(x, t) ∝ −e−
√

c
d |x| � e−

x2

4dT � ψ(x, t− T ) . (51)

The expression above highlights that spatial truncation of the
kernel Kex

T affects both filtering actions. Loss in performance
is caused by discarding state measurements that are relevant to
the delay-free control through Kex

0 and/or to the delay-aware
filter through gT . The delay T plays a fundamental role in
determining which of these two kernels is more demanding in
terms of spatial width, which quantifies the effect of truncation.
Similarly to the discussion above to truncateKex

0 , a rule of thumb
to truncate the Gaussian kernel gT considers that most of its area
is within xth,T

.
= κ

√
2dT from the origin, where κ is usually

2 or 3. Then, a possible way to determine how delays affect
performance under truncation of the control kernel as compared
to the delay-free case uses the inequality

√
2cT > γκ−1. (52)

If (52) holds for user-defined parameters γ and κ, the truncated
delay-aware filter kernel gT is wider than the truncated delay-
free controller kernel Kex

0 , meaning that handling feedback
delays imposes to retain state measurements from farther away
compared to delay-free control. Thus, in this case, the kernel
Kex
T should be truncated according to the truncation threshold

xth,T of the delay-aware filter gT , and not of the delay-free kernel
Kex

0 , to maintain the desired near-optimal performance.
Two opposite situations according to condition (52) are illus-

trated in Fig. 7, where the optimal delay-free kernel Kopt
0 and

the optimal kernel under delays Kopt
T are represented together

with the two truncation thresholds xth,0 =
√

d
c , which neglects

communication delays, and xth,T =
√
2dT , which considers

delays. With T = 0.1, truncating the feedback gains without
considering delays negligibly affects control performance be-
cause the delay-aware kernel gT is concentrated within the

delay-free threshold xth,0; see Fig. 7(a). However, Fig. 7(b)
shows that the delay-aware truncation threshold xth,T is about
twice the delay-free threshold xth,0 if T = 0.5; thus, the delay-
free truncation would degrade performance because it discards
state measurements relevant for delay-aware feedback.

The diffusion coefficient d does not appear in the inequal-
ity (52). Similarly to the discussion in Section V-B2, this
suggests that the biggest contribution to the shape difference
between delay-free and delay-aware control kernels is given by
the spatially uncoupled reaction term, while the diffusion term
contributes similarly with and without delays.

VI. EXAMPLE 2: CIRCULANT MULTIAGENT SYSTEM

We now turn to Example 2 that involves agents coupled
through circulant matrices. Given vectors A ∈ RN and K ∈
RN , we denote the open-loop and feedback gain matrices in (5)
by A = circ(A) and K = circ(K), respectively, where circ(C)
is the circulant matrix with the vector C in the first row. Thus,
the vectorsA andK, respectively, represent open-loop couplings
and control feedback gains between agents. The Fourier symbol
Ĉλ of the matrix circ(C) is the discrete Fourier transform of
C [21]. In view of Assumption 1, we impose that A and
K are symmetric, and it follows that A(i) = A(N − i) and
K(i) = K(N − i) for i ∈ {1, . . . , N − 1}. For agent i, it holds

dψ(i, t)

dt
=

N−1∑
j=0

A(|i− j|N )ψ(j, t)

−
N−1∑
j=0

K(|i− j|N )ψ(j, t− T ) + v(i, t) (53)

where |c|N .
= |c| mod � (N−1)

2 �, and we, respectively, denote
the first coordinates ofA andK byA(0) andK(0), correspond-
ing to the self-dynamics of each agent.

A. Optimal Feedback Gain Matrix With Small Delays

We use Theorem 2 to approximate the optimal feedback gain
matrix Kopt

T when the communication delay is small. Note that
the hypothesis |Âλ| < Âth is trivially satisfied by choosing Âth =
maxλ |Âλ|+ ε for any ε > 0. Directly applying (23) yields the
following approximation of the eigenvalues of K:

K̂opt
T (λ) ∼ K̂sd

T (λ) =
(
1− ÂλT

)
K̂opt

0 (λ)− T

r
(54)

where K̂opt
0 (λ), λ = 1, . . . , N, are the eigenvalues of the op-

timal feedback gain matrix without delays Kopt
0 . As observed

in Section III-C, the perturbed eigenvalues under delays K̂sd
T

are smaller than K̂opt
0 , inducing weaker control actions at all

spatial frequencies. Large perturbations are caused by large pos-
itive eigenvalues Âλ; negative eigenvalues Âλ, corresponding to
stable subsystems in frequency domain, partially mitigate the
perturbation because −Âλ has sign opposite to −T

r .
From (35), we approximate the optimal feedback gains as

Kopt
T ∼ Ksd

T = (IN −AT )Kopt
0 − T

r
e0 (55)
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Fig. 8. Eigenvalues (left boxes) and gains (right boxes, both open loop
and feedback) under small delays for system (5) with N = 10. (a) Delay
T = 0.1 and control weight r = 1. (b) Delay T = 0.01 and control weight
r = 1. (c) Delay T = 0.01 and control weight r = 10.

where IN is the identity matrix of dimension N and e0 ∈ RN

is the canonical vector with first coordinate equal to 1 and 0
elsewhere. Equation (55) shows that the feedback gains asso-
ciated with measurements received from neighboring agents
are reduced through multiplication by matrix A, whereas the
self-gain of each agent is further decreased by the term T

r ,
which increases with the delay and decreases with the control
weight. This suggests that longer delays cause smaller feedback
gains, while heavier penalization of the control effort induces
smaller differences between the self-gains of the delay-aware
and delay-free optimal feedback gain matrix.

Fig. 8 illustrates eigenvalues, open-loop couplings, and feed-
back gains of open-loop and feedback matrices associated with
system (5) for N = 10 agents and open-loop coupling gains
among agents given by the vector

A = [1 1 0.5 0 0 0 0 0 0.5 1]. (56)

We plot half-plus-one eigenvalues and gains because of sym-
metry. The small-delay approximation (55) has a nonnegligible
mismatch with the optimal feedback gains with delay T = 0.1,
as shown in the right box of Fig. 8(a), while for T = 0.01 they
are visually identical; besides, they are similar to the delay-free
optimal gains. All approximate and optimal feedback gains
under delays are smaller than the corresponding optimal gains

in the delay-free case, and longer delays induce smaller gains.
Also, increasing the control weight from r = 1 to r = 10mostly
affects the self-gains Kopt

T (0) and Ksd
T (0), which decrease from

2.8 in Fig. 8(b) to 2.3 in Fig. 8(c), and the nearest-neighbor gains,
which increase from 1.6 to 1.7.

VII. CONCLUSION AND OUTLOOK

We study optimal proportional feedback controllers for
classes of spatially invariant systems where state measurements
are subject to communication delays, which render the closed-
loop dynamics a time-delay system. First, we provide analytical
and numerical insights into optimal proportional controllers for
scalar delay systems. Building upon these insights, we analyze
the optimal control problem for spatially invariant systems
with distributed and delayed measurements in two asymptotic
cases: 1) expensive control regime r → +∞ and 2) small de-
lays T → 0+, characterizing spatial properties of the optimal
feedback gain and its differences with the optimal gain for the
standard delay-free scenario. We also analyze two examples with
a reaction–diffusion process over the real line and a multiagent
system in circulant interconnection. These corroborate our gen-
eral theoretical result, illustrating how communication delays
influence the optimal controllers’ spatial spread.

This work makes a step forward toward understanding the
structure of optimal controllers under communication delays,
especially regarding their spatial locality properties. It suggests
interesting follow-up research directions. For example, other
delay models could be addressed, or a more general formulation
of the controller—where the feedback operator need not be a
time-independent spatial convolution. The connection between
communication delay and distributed controller architecture,
such as delays that depend on the communication topology [21],
[23], should be further investigated to assess practical limitations
of distributed control under real-world conditions.

APPENDIX

A. Background on Spatially Invariant Systems

Consider functions on space domainX with spatial coordinate
x ∈ X , with X a locally compact abelian group. The dual group
of X is Λ and represents spatial frequency domain.

Definition 1 (Translation invariance): Let Tx denote a trans-
lation operator defined as [Txf ](y) .= f(y − x) for any f :
X → X and x ∈ X . An operator A is translation invariant if
TxA = ATx for every translation Tx : D(A) → D(A).

Definition 2 (Multiplication operator): A multiplication op-
erator M is defined as [Mf ](x)

.
=M(x)f(x) ∀f ∈ D(M),

where M is a measurable function called the symbol of M.
Definition 3 (Spatial Fourier transform): Letf(·, t) ∈ L2(X )

be a time-indexed function supported onX . We define the spatial
Fourier transform pair of f as follows:

f̂λ(t) = F [f(·, t)] (λ) .= 1√
2π

∫
X
f(x, t)e−jxλdx (A.1)

f(x, t) = F−1
[
f̂λ(t)
]
(x)

.
=

1√
2π

∫
Λ

f̂λ(t)e
jxλdλ. (A.2)
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The spatial Fourier transform diagonalizes spatially invari-
ant operator A, i.e., the image [Af ] of function f through A
transforms in spatial frequency domain to the multiplication
Âλf̂λ, λ ∈ Λ. The symbol Âλ of the multiplication operator in
spatial frequency domain is called the Fourier symbol of A.

B. Proof of Proposition 1

We use the implicit function theorem to prove that ku is
decreasing with a and convex in a. For K̂λ > |a|, let

F (a, k)
.
= T
√
k2 − a2 − arccos

(
ak−1
)

(B.1)

such that F (a, ku) = 0. The partial derivative Fk(a, k) is zero
only if k2T = a, which does not correspond to solutions of
F (a, k) = 0. This trivially holds true if a ≤ 0. For a > 0, as-
sume k2uT = a, then F (a, ku) = 0 reduces to

F (k2uT, ku) = kuT
√

1− k2uT
2 − arccos (kuT )

(13)
= 0 (B.2)

for kuT ≤ 1. The derivative of the left-hand side of (B.2) w.r.t.
ku is

F ′(k2uT, ku) = 2T
√

1− k2uT
2 > 0 ∀ kuT ∈ (0, 1) (B.3)

hence F (k2uT, ku) increases with ku and the only real solution
of (B.2) is ku = 1

T , which is not valid because it implies ku = a.
Then, k2uT 	= a, and the implicit function theorem states that,
for suitable intervals Ia and Ik and every a ∈ Ia, the solution
of F (a, k) = 0 is given by ku = ku(a) ∈ Ik. Moreover, for all
a such that ak−1

u < cos(ak−1
u ), it holds

kuT > T
√
k2u − a2

(13)
= arccos

(
ak−1

u

)
> ak−1

u . (B.4)

Then, by continuity of ku(a), it holds k2uT > a ∀a ∈ Ia. The
derivative of ku(a) is

k′u(a) = −Fa(a, ku(a))

Fk(a, ku(a))
=
ku(a)(aT − 1)

k2u (a)T − a
. (B.5)

In view of ku > |a| ≥ 0, the stability condition aT − 1 < 0, and
k2uT > a, it follows k′u(a) < 0 for all a ∈ Ia. As for the second
derivative, standard calculations on (B.5) yield

k′′u(a) ∝ −k′u(a)
(
T +

a

k2u (a)

)
> 0 ∀a ∈ Ia (B.6)

where the term between brackets is always positive, by using
the same argument of (B.4) for the case a < 0. The rightmost
limit in (14) follows by continuity of F and F ( 1

T ,
1
T ) = 0 [30].

The leftmost limit in (14) can be inferred by evaluating the
derivative (B.5) at the limit. Let us assume that the limit is
correct, which translates to the ansatz ku(a) ∼ |a| for a→ −∞.
By continuity of (B.5), it follows:

lim
a→−∞

k′u(a) = lim
a→−∞

|a|(aT − 1)

|a|(|a|T + 1)
= −1 (B.7)

consistently with the ansatz. We now rule out that at the limit
ku(a) → |a|+ κ with κ > 0. In view of T > 0, it holds

lim
a→−∞

F (a, |a|+ κ) = lim
a→−∞

T
√

2|a|κ 	= 0. (B.8)

Hence, it must be κ = 0, which validates the ansatz.

C. Proof of Proposition 3

We first show that, at the limit for Âλ → −∞, fλ tends
to a constant function of K̂λ for K̂λ ∈ o(|Âλ|), and it grows
unbounded if K̂λ ∈ O(|Âλ|). At the limit for Âλ → −∞, the
domain of fλ reduces to (Âλ, |Âλ|] from Proposition 1. Hence,
we restrict the analysis to the first two cases in (12).

1) Case K̂λ ∈ (Âλ, |Âλ|): We split this analysis based on the
relationship between the asymptotic growth of K̂λ and Âλ.

a) K̂λ ∈ O(|Âλ|): In view of K̂λ ∈ (Âλ, |Âλ|), we write
K̂λ ∼ κ|Âλ|, where κ ∈ (0, 1) is constant. It follows:

fλ(κ) ∼
g(κ)

2|Âλ|
√
1− κ2

(C.1)

where we make dependence on κ explicit and define

g(κ)
.
=
κ sinh

(
|Âλ|T

√
1− κ2

)
+
√
1− κ2

1 + κ cosh
(
|Âλ|T

√
1− κ2

) . (C.2)

We now split the function g as follows:

g(κ) = g1(κ) + g2(κ) (C.3)

with

g1(κ)
.
=

√
1− κ2

1 + κ cosh
(
|Âλ|T

√
1− κ2

) (C.4)

g2(κ)
.
=

κ sinh
(
|Âλ|T

√
1− κ2

)
1 + κ cosh

(
|Âλ|T

√
1− κ2

) . (C.5)

Next, we approximate the hyperbolic functions. To this aim, we
use the following limits that hold for x→ ∞:

1

sinh(x)
∼ 2e−x (C.6)

1

1 + α cosh(x)
∼ 2e−x

α+ 2e−x
. (C.7)

Combining (C.4) with (C.7) yields

g1(κ) ∼
2e−|Âλ|T

√
1−κ2

√
1− κ2

κ+ 2e−|Âλ|T
√
1−κ2

. (C.8)

Combining (C.5) with (C.6) and (C.7) yields

g2(K̂λ) ∼
κ

κ+ 2e−|Âλ|T
√
1−κ2

. (C.9)

Finally, combining (C.3) with (C.8) and (C.9) yields

g(κ) ∼ κ+ 2e−|Âλ|T
√
1−κ2

√
1− κ2

κ+ 2e−|Âλ|T
√
1−κ2

∼ 1. (C.10)

From (C.1), we obtain fλ(K̂λ) ∼ 1
2|Âλ|

√
1−κ2

and the cost func-

tion evaluates Jλ(K̂λ) ∼ 1+rκ2|Âλ|2
2|Âλ|

√
1−κ2

. This value tends to infinity

as Âλ → −∞ for fixed values of r and κ.
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b) K̂λ ∈ o(|Âλ|): We evaluate the limit of function fλ in
analogous manner as done above. It holds

fλ(K̂λ) ∼
h(K̂λ)

2|Âλ|
, h(K̂λ)

.
=

K̂λ

|Âλ|
sinh
(
|Âλ|T

)
+ 1

1 + K̂λ

|Âλ|
cosh
(
|Âλ|T

)
(C.11)

where � ∼ |Âλ| for Âλ → −∞. Similarly to case a), we get

h(k) ∼ 1
K̂λ

|Âλ|
1

2e−|Âλ |T
+ 1

+
1

|Âλ|
K̂λ

2e−|Âλ|T + 1
≡ 1. (C.12)

From (C.11) and (C.12), we get fλ(K̂λ) ∼ 1
2|Âλ|

and the cost

has limit Jλ(K̂λ) ∼ 1+rK̂2
λ

2|Âλ|
. This is minimized by K̂opt

T = 0 ∈
o(|Âλ|), with corresponding limit of the cost Jλ(K̂

opt
T ) → 0.

We conclude that the minimizer of Jλ when fλ is defined by
the first case in (12) has limit K̂opt

T → 0 as Âλ → −∞.
2) Case K̂λ = |Âλ|: As Âλ → −∞, the second case yields

fλ(|Âλ|) → T
4 and Jλ(|Âλ|) ∼ (1 + r|Âλ|2)T4 = +∞.

3) All Cases K̂λ ∈ (Âλ, |Âλ|]: Noting that the limit of the
cost Jλ in the regime K̂λ = |Âλ| is infinite for any r > 0, it
follows that, at the limit for Âλ → −∞, the minimum of Jλ

is achieved in the first case K̂λ ∈ (Âλ, |Âλ|) and the minimum
point K̂opt

T tends to zero for any positive r.
By virtue of the observation K̂opt

T → 0 and because the cost
function is continuous and positive, its argmin is also contin-
uous [33], and we can compute the limit of the minimizer
K̂opt
T via a McLaurin expansion of Jλ. Consider the quadratic

approximation QJ such that Jλ(K̂λ) = QJ(K̂λ) + o(K̂2
λ )

QJ (K̂λ)
.
= Jλ(0) + J ′

λ(0)K̂λ + J ′′
λ (0)

K̂2
λ

2

∝ 1 +
eTÂλ

Âλ

K̂λ +

(
e2TÂλ + 1

2Â2
λ

+ r

)
K̂2

λ . (C.13)

SettingQ′
J (K̂λ) = 0, for r > 0, we obtain the following solution

that tends to the minimizer of Jλ(K̂λ) as Âλ → −∞:

K̂opt,QJ

T =
1

2r|Âλ|
eTÂλ . (C.14)

D. Proof of Proposition 4

Let ε
.
= 1

r . We rewrite the cost function of (16) as

Jλ(K̂λ) = rJ̄λ(K̂λ), J̄λ(K̂λ)
.
=
(
ε+ K̂2

λ

)
fλ(K̂λ). (D.1)

It holds argmink Jλ(k) = argmink J̄λ(k). Under the as-
sumption Âλ < 0, because fλ is positive and continuous, the
minimizer of J̄λ tends to zero as ε→ 0+ [33]. Analogously
to (C.13), we consider the quadratic approximation QJ̄λ

given
by the second-order McLaurin expansion of J̄λ

QJ̄λ
(K̂λ)

.
= J̄λ(0) + J̄ ′

λ(0)K̂λ + J̄ ′′
λ (0)

K̂2
λ

2
. (D.2)

By continuity of J̄λ, its minimum point tends to the minimum
point ofQJ̄λ

as ε→ 0+ [33]. Setting the derivative ofQJ̄λ
equal

to zero, we obtain the following solution:

K̂
opt,QJ̄λ

T (λ) =
−εÂλe

TÂλ

εe2TÂλ + ε+ 2Â2
λ

. (D.3)

With Âλ bounded away from zero, we simplify the expression
above via its Taylor expansion about ε = 0

K̂
opt,QJ̄λ

T (λ) =
ε

2|Âλ|
eTÂλ + o(ε). (D.4)

E. Proof of Proposition 5

The first-order Taylor expansion of (16a) about T = 0 is

Jλ(K̂λ, T ) =
1 + K̂λT

2(K̂λ − Âλ)
(1 + rK̂2

λ ) + J̃λ(K̂λ, T ) (E.1)

where J̃λ(K̂λ, T ) ∈ o(T ) and is a rational function of K̂λ. The

Moore–Osgood theorem implies that dJ̃λ(K̂λ,T )

dK̂λ

∈ o(T ). The
roots of a polynomial vary continuously with the coefficients
of the polynomial, including vanishing leading coefficients,
whereby new roots emerge from a neighborhood of the point
at infinity [34]. Hence, in view of the bounded domain K̂λ ∈
(Âλ, K̂

u
λ), the critical points of the first-order approximation

of Jλ w.r.t. T in (E.1) continuously approximate the relevant
(bounded) critical points of Jλ as T → 0. Setting the derivative
of Jλ w.r.t. K̂λ equal to zero and neglecting J̃λ yields

2rTK̂3
λ + (1− 3TÂλ)rK̂

2
λ − 2rÂλK̂λ − 1− TÂλ = 0.

(E.2)

Equation (E.2) is cubic and can be solved in closed form
through Cardano’s formula. The three complex solutions are

K̂c
λ = − b

3a
− 1

3a

(
C +

Δ0

C

)
(E.3)

with

a = 2rT b = (1− 3TÂλ)r (E.4)

c = −2rÂλ d = −1− TÂλ (E.5)

Δ0 = b2 − 3ac = r2(1 + 3TÂλ)
2 (E.6)

Δ1 = 2b3 − 9abc+ 27a2d

= r3(2 + 18TÂλ − 54T 2Â2
λ − 54T 3Â3

λ)

− 108r2T 2(TÂλ + 1). (E.7)

C =
3

√
Δ1 +

√
Δ2

1 − 4Δ3
0

2
(E.8)

The cubic root in (E.8) represents the three complex roots of the
argument and only one of these is real and positive by Descartes’
rule of signs, hence corresponding to the unique minimum point
of Jλ. Let C3 = r3ρejθ. We approximate ρ and θ to explicitly
compute the term between brackets in (E.3) that corresponds
to the unique real positive solution of (E.2). From (E.8) and

Authorized licensed use limited to: TU Delft Library. Downloaded on February 12,2026 at 12:38:38 UTC from IEEE Xplore.  Restrictions apply. 



992 IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 71, NO. 2, FEBRUARY 2026

Δ2
1 − 4Δ3

0 < 0, we compute ρ as

ρ =
1

r3

√(
Δ1

2

)2

+
− (Δ2

1−4Δ3
0)

4
=

√
Δ3

0

r6
=
(
1 + 3TÂλ

)3
(E.9)

and, by TÂλ → 0, we approximate θ via Taylor expansion as

θ = arctan

√
4Δ3

0 −Δ2
1

Δ1
= T
√
108γ

(
1− 4TÂλ

)
+ o(T 2)

(E.10)

where we define γ
.
= Â2

λ + r−1. We now evaluate the term
between brackets in (E.3) as

C +
Δ0

C
= r

(
ρ

1
3 + ρ−

1
3
Δ0

r2

)
cos

(
θ + 2π

3

)
. (E.11)

From (E.6) and (E.9), the first factor in (E.11) amounts to

ρ
1
3 + ρ−

1
3
Δ0

r2
= 2 + 6TÂλ. (E.12)

We approximate the second factor in (E.11) via Taylor series

cos

(
θ + 2π

3

)
= cos

θ

3
cos

2π

3
− sin

θ

3
sin

2π

3

= −1

2

(
1− θ2
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)
− θ

3

√
3

2
+ o(θ2)

(E.10)
=

1

2
−3T

√
γ+
(
3γ+12Âλ

√
γ
)
T 2+o(T 2).

(E.13)

Putting together (E.12) and (E.13), we evaluate (E.11) as

C +
Δ0

C
= r

(
−1− 3TÂλ − 6T

√
γ + 6T 2Â2

λ

+6T 2Âλ

√
γ + 6

T 2

r

)
+ o(T 2). (E.14)

Finally, we plug (E.4) and (E.14) into (E.3) to compute the real
positive solution of (E.2) as

K̂c,+
λ = Âλ +

√
γ −
(
Âλ

(
Âλ +

√
γ
)
+

1

r

)
T + o(T ).

(E.15)

We conclude that the optimal solution K̂opt
T (λ) that minimizes

Jλ in (E.1) is asymptotic to K̂c,+
λ as T → 0.

F. Optimal Cost in Expensive Control Regime

Due to the integral form of the cost J , we focus on the
integrand Jλ and use again ε

.
= 1

r for convenience. From (12),
the function fλ(K̂

ex
T (λ)) amounts to

fλ(K̂
ex
T (λ)) =

1

2|Âλ|

(
1− ε

2Â2
λ

e2ÂλT

)
+ o(ε) (F.1)

where we first plug the expression of K̂ex
T (λ) and � ∼ |Âλ|, and

then use a first-order Taylor expansion about ε = 0. By subbing

K̂ex
T (λ) and (F.1) into (16a), and neglecting all terms in o(ε), the

optimal cost is finally approximated as

Jλ

(
K̂ex
T (λ)
)
∼ 1

2|Âλ|

(
1− ε

4Â2
λ

e2ÂλT

)
. (F.2)
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“Control of reaction-diffusion processes under communication delays,”
in Proc. Eur. Control Conf., 2024, pp. 525–530.

[29] R. Datko, “A procedure for determination of the exponential stability
of certain differential-difference equations,” Quart. Appl. Math., vol. 36,
no. 3, pp. 279–292, 1978.

[30] U. Küchler and B. Mensch, “Langevins stochastic differential equation
extended by a time-delayed term,” Stochastics Stochastic Rep., vol. 40,
no. 1/2, pp. 23–42, 1992.

[31] J. Arbelaiz, B. Bamieh, A. E. Hosoi, and A. Jadbabaie, “Optimal estimation
in spatially distributed systems: How far to share measurements from?,”
IEEE Trans. Autom. Control, vol. 70, no. 5, pp. 3226–3239, May 2025.

[32] R. E. Kalman, “When is a linear control system optimal?,” J. Basic Eng.,
vol. 86, no. 1, pp. 51–60, 1964.

[33] R. T. Rockafellar and R. J. Wets, Variational Analysis, (Grundlehren
der Mathematischen Wissenschaften Series), vol. 317. Berlin/Heidelberg,
Germany: Springer, 1998.

[34] M. Zedek, “Continuity and location of zeros of linear combinations of
polynomials,” Proc. Amer. Math. Soc., vol. 16, no. 1, pp. 78–84, 1965.

Luca Ballotta received the Ph.D. degree in
information engineering from the University of
Padova, Padova, Italy, in 2023.

He is currently a Postdoctoral Researcher
with the Delft Center for Systems and Con-
trol (DCSC), Delft University of Technology,
Delft, The Netherlands. He was Visiting Student
with the Massachusetts Institute of Technology,
Cambridge, MA, USA, in 2020 and 2022. His re-
search interests include multiagent systems and
networked control systems subject to resource

constraints, resilient distributed control, and safe control.
Dr. Ballotta was the recipient of the Young Author Prize at the 2020

IFAC World Congress and was finalist of the EECI Ph.D. Award in 2024.

Juncal Arbelaiz (Member, IEEE) received the
B.Sc. and M.Sc. degrees in industrial engineer-
ing from the University of Navarre, San Se-
bastian, Guipuzcoa, Spain, in 2014 and 2016,
respectively, and the Ph.D. degree in applied
mathematics from the Massachusetts Institute
of Technology (MIT), Cambridge, MA, USA, in
2022.

She is currently a Postdoctoral Fellow with
the Center for Statistics and Machine Learn-
ing (CSML), Princeton University, Princeton, NJ,

USA. Her research interests include optimal decentralized control and
estimation of spatially distributed systems.

Dr. Arbelaiz is a C.V. Starr Fellow, Senior Schmidt Science Fellow, and
was honored as a Rising Star in EECS in 2021. She was the recipient
of the Presidential Fellowship from MIT (2016), the la Caixa Foundation
Fellowship (2017), the Google Women Techmakers Scholarship (2018),
the National Award for Academic Excellence of the Government of
Spain (2018), and the Rafael del Pino Foundation Excellence Fellow-
ship (2019), and the Hugh Hampton Young Memorial Fellowship from
the Office of Graduate Education at MIT in 2020 and 2021. She was
recognized as a McKinsey Next Generation Women Leader in 2020.

Vijay Gupta (Fellow, IEEE) received the B.Tech.
degree in electrical engineering from the Indian
Institute of Technology Delhi, New Delhi, India,
in 2001, and the M.S. and Ph.D. degrees in elec-
trical engineering from the California Institute of
Technology, Pasadena, CA, USA, in 2002 and
2007, respectively.

He is an Elmore Professor with the Elmore
Family School of Electrical and Computer Engi-
neering, Purdue University, West Lafayette, IN,
USA. His current research interests include the

interface of communication, control, distributed computation, and human
decision making.

Dr. Gupta was the recipient of the 2009 National Science Foundation
(NSF) CAREER Award, the 2013 Donald P. Eckman Award from the
American Automatic Control Council, and the 2018 Antonio J Rubert
Award from the IEEE Control Systems Society.

Luca Schenato (Fellow, IEEE) received the
Dr.Eng. degree in electrical engineering from
the University of Padova, Padova, Italy, in 1999,
and the Ph.D. degree in electrical engineering
and computer sciences from the University of
California (UC), Berkeley, Berkeley, CA, USA, in
2003.

He was a Postdoctoral Researcher in 2004
and Visiting Professor during 2013–2014 with
UC Berkeley. He is currently a Full Professor
with the Information Engineering Department,

University of Padova. His interests include networked control systems,
multiagent systems, wireless sensor networks, distributed optimization,
and synthetic biology.

Dr. Schenato was the recipient of the 2004 Researchers Mobility
Fellowship by the Italian Ministry of Education, University and Research
(MIUR), 2006 Eli Jury Award in UC Berkeley, and EUCA European
Control Award in 2014. From 2010 to 2014, he was an Associate Editor
for IEEE TRANSACTIONS ON AUTOMATIC CONTROL. He is currently the
Senior Editor of IEEE TRANSACTIONS ON CONTROL OF NETWORK SYSTEMS
and an Associate Editor for Automatica.
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