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ARTICLE INFO ABSTRACT
Arﬂ'df? history: Travelling wave solutions have been played a vital role in demonstrating the wave character of nonlinear
Received 27 November 2021 problems arising in the field of ocean engineering and sciences. To describe the propagation of the non-
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linear wave phenomenon in the ocean (for example, wind waves, tsunami waves), a variety of evolution
equations have been suggested and investigated in the existing literature. This paper studies the dynamic
of travelling periodic and solitary wave behavior of a double-dispersive non-linear evolution equation,

Keywords: named the Sharma-Tasso-Olver (STO) equation. Nonlinear evolution equations with double dispersion en-
Travelling wave able us to describe nonlinear wave propagation in the ocean, hyperplastic rods and other mediums in
Solitary wave the field of science and engineering. We analyze the wave solutions of this model using a combination
Streamline of numerical simulations and Ansatz techniques. Our analysis shows that the travelling wave solutions

Enhanced (G'/G)-expansion method

sTO . involve a range of parameters that displays important and very interesting properties of the wave phe-
equation

nomena. The relevance of the parameters in the travelling wave solutions is also discussed. By simulating
numerically, we demonstrate how parameters in the solutions influence the phase speed as well as the
travelling and solitary waves. Furthermore, we discuss instantaneous streamline patterns among the ob-
tained solutions to explore the local direction of the components of the obtained solitary wave solutions
at each point in the coordinate (x,t).
© 2022 Shanghai Jiaotong University. Published by Elsevier B.V.
This is an open access article under the CC BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/)

1. Introduction n=2:
n
Nonlinear evolution equations are widely used to model Ocean U + ai ﬁ +u)u=0 n=01.2 ... (0.1)
and atmospheric dynamics [61-65]. Ocean engineering is con- Ix \ 8x

cerned with large scale wave motions in the ocean (for exam-
ple, wind waves, tsunami waves) and air along with the temper-
ature and density of water in the ocean. Ocean and atmosphere - : . - . -
are equally important in carrying energy from one place to another equations with double dispersion enable us to describe nonlinear

in the form of wave propagation. Despite published Sharma-Tasso- wave propagation in the ocean, hyperplgstic rod (for ir}stange, Mur-
Olver (STO) soliton solutions (before December 2020: [1-12]), we naghan rod) [44], and other fields of science and engineering. The

find new solutions of this type of nonlinear evolution equations l;ey feaFure gf the dSTO eq‘éatlo; 1dehe pr.esenc‘; of two. socLllr;es l;)f
(NLEEs). The STO nonlinear equation is u; + o (u3)x + %a W)xx + ispersion ( drst an 5ﬁcon h—or erh lspersflon), ¢ alr)acterlze b y the
o Uyxx =0 and belongs to the Burgers equation hierarchy with Lerms Uy an. Uxxx: W .ent € exc angg of energy between t .esu.r-

face of nonlinear media and the medium of wave propagation is

considered, double dispersion can occur.
Our method to get new solutions is the enhanced (G'/G)-

The second and third derivative terms are known as the first
and second-order dispersion, respectively [43]. Nonlinear evolution

* Mathematics Subject Classification: 20.11, 40.03, 40.09, 40.11, 40.12, 40.17 expansion method, co-designed by two of us (KK and A.MA) [13-
* Corresponding author. 16, 60], though Naher [17] refers to only one of us. Kudryashov
E-mail address: k.Xkhanru@gmail.com (K. Khan). [18] observed that new solutions were often announced because a
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new method produces a seemingly new solution by lack of simpli-
fication. After simplification of its results, the method appears to
be equivalent to some of the other methods. Most of the methods
output tanh solutions of the STO equation, even for the fractional
STO.

In 1977 Sharma and Tasso [19] published an equation in the
same year with Olver’s paper [20] which in 1982 became known
as the Sharma-Tasso-Olver (STO) equation [21]. Many papers be-
came published, including solutions of the fractional derivative STO
equation [22, 23], fusion/fission STO [2,5,6], STO-like new types of
equations [22]. By the introduction of an imaginary coefficient Fan
[24, 25] derived a complex STO equation, ¢STO for short, in [5]. The
relation between cSTO and the Kaup-Newell hierarchy is observed
in [26], while integrable combined STO and Burgers equations are
treated by Zhao [27].

The very first exact solutions of the STO equation by Hereman
et al. [1] are of the tanh type, also chosen two years later by
Kudryashov [28] among his ‘Ansatze’. Among the solution meth-
ods for NLEEs that have been developed, are Hirota’s Method [6],
the Inverse Scattering Transform [29], Fan’s Auto-Bdcklund Method
[30], the Cole-Hopf transformation for linearization [31], the Ho-
motopy Perturbation Method (finds STO solutions in the tanh for-
mat) [32], Group Invariants, Symmetry solutions, conservation laws
[7, 33], the Exp-function method [34], the q-homotopy analysis
transform method [45], the improved Sardar sub-equation method
[46], the auxiliary equation method [47, 48], the Jacobi elliptic
functions [49], the Bernoulli sub-ODE [50], the meshless collo-
cation method [51], the generalized exponential rational function
method [52], trial function method [53], the generalized logis-
tic equation method [54], the nonlocal integrable reduction [55,
56], the nonlocal group reduction [57], An innovative algorithm
to verify the Hirota N-soliton condition [58,59], the modified F-
expansion [61] to name a few.

The purpose of this paper is to study the relevance of the pa-
rameters in the travelling periodic and solitary wave solutions to
demonstrate how parameters in the solutions influence the phase
speed as well as the travelling and solitary waves. Furthermore,
we discuss instantaneous streamline patterns among the obtained
solutions to explore the local direction of the components of the
solitary wave solutions at each point in the coordinate (x, t).

The rest of the paper is organised as follows. In Section 2,
we repeat the steps from our algorithm [15] to simplify refer-
ences to the applications in Section 3. In Section 3, the enhanced
(G’|G)-expansion method is applied to the STO equation to find
travelling periodic and solitary wave solutions. In Section 4, the
analysis and physical structure of the results are presented. In
Section 5, Streamlines among the obtained solutions are investi-
gated. In Section 6, we examine the phase speed and the pattern
of the obtained solutions numerically to gain a better understand-
ing of the effect of parameters. In Section 7, Conclusions are given.

2. Description of the enhanced (G’/G)-expansion method

In this section, we repeat the steps of the Enhanced (G'/G)-
Expansion Method for finding travelling wave solutions of NLEEs.
Suppose that a NLEE, say in two independent variables x and t is
given by

N(U, U, Uy, Upe, Ugy, Uy, ) =0, (2.1)

where u(§) = u(x, t) is an unknown function, % is a polynomial of
u(x, t)and its partial derivatives in which the highest order deriva-
tives and nonlinear terms are involved. Below, we give the main
steps of this applied expansion method:

Step 1. Combining the independent variables x and t into one
variable £ = x + wt, we suppose that

u@) =ut), §=xtot, (2.2)
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In Cartesian coordinates with x horizontal and & vertical, £ =
& (x,t) specifies the waveform where w is the phase speed, and
& =x+ wt is the phase.

The travelling wave transformation Eq. (2.2) permits us to re-
duce Eq. (2.1) to the following ODE:

R, v, u’, - . (2.3)

where % is a polynomial in u(§) with its derivatives u/(§) = g—g’,
u'(€) = % and so on.

Step 2. We suppose that Eq. (2.3) has a formal solution of the
following format

S a@ @) i1 1 2
= VS, 14— ;
u() Z <(1 TR Jo(1+ LWE) ))
(2.4)
where ¥ (§) = % and G = G(&) satisfies the equation
G +uG=0, (2.5)

with constants a;, bj(—n<i<n; neN) and A to be determined
later, and 0 = +1, w #0.

Step 3. The positive integer n can be determined by considering
the homogeneous balance between the highest order derivatives
and the nonlinear terms appearing in Eq. (2.1) or Eq. (2.3). More-
over precisely, we define the degree of u(¢) as D(u(€)) = n which
enables us to find the degree of other expressions as follows

D(g;) =n+gq, D(u"(j?é) ) =np+s(n+q).

Therefore, we can find the value of nnin Eq. (2.4), using
Eq. (2.6).

Step 4. We substitute Eq. (2.4) into Eq. (2.3) using Eq. (2.5),
then collect all terms of the same powers of (¥ (£))/ and

WEN . Jo(1+ %(1//(“;‘))2) together. We then set each coefficient

to zero to obtain an over-determined system of algebraic equations
and solve this system for a;, b;, A and w.

Step 5. From the general solution of Eq. (2.5), we get

When u <0,

(2.6)

¥ () = \/—ptanh (A+ /&) (2.7)
And

¥ () =/~ coth (A+ /— k) (2.8)
Again, when /1 > 0,

V(&) =Vrtan (A /) (2.9)
And

V(&) = Jrcot (A+ Ju§) (2.10)

where A is an arbitrary constant. Finally, substituting a;, b; (—n <
i<n;neN), A, w and Egs. (2.7) - (2.10) into Eq. (2.4) we obtain
travelling wave solutions of Eq. (2.1).

3. Sharma-Tasso-Olver equation
In this section, we will exert the enhanced (G'/G)-expansion

method to solve the STO equation in the format derived from Burg-
ers’ equation with n =2
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Fig. 1. Profile of u] (x.t), which is moving in the positive direction of the x-axis with the phase speed w = -6125 I, Figure (a) represents the 3D profile of uj (x,t) for the
real part with the values of . = —0.25, A=0, ao =1, o = 1. Figure (b) represents the corresponding contour plot of (a) along with arrows of the directional components at
the point (x, t). Figure (c) is the corresponding profile of phase & (x,t) = x + wt . Figure (d) indicates the progress of the travelling wave as time increases, where snapshots
are taken at time t =0, 1, 2, 3. Figure (d) represents the time evolution of the solution uf, which suggests that the solitary wave is propagating in the positive direction of

the x-axis.
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Fig. 2. Profile of uf (x,t), which is moving in the positive direction of the x-axis with the phase speed w = — 6.125. Figure (a) represents the 3D profile of uf (x,t) for
the imaginary part with the values of u =-0.25, A=0, ap =1, « = 1. Figure (b) represents the corresponding contour plot of (a) along with arrows of the directional

components of instantaneous streamline. Figure (c) is the corresponding profile of wave phase & (x,t) = x + wt . Figure (d) indicates the progress of the travelling wave as
time increases, where snapshots are taken at time t =0, 1, 2, 3. Figure (d) represents the time evolution of the solution uj, which suggests that the solitary wave is

propagating in the positive direction of the x-axis.

3

U + a(u3)x + 50 (uz)xx + O Uyyx = O, (3.1)
where u(x, t) is the amplitude of the relative wave mode and «is a nonzero constant.

The travelling wave transformation equation u(x, t) = u(€), £ = x + wt transforms Eq. (3.1) to the ordinary differential equation

3

ou’ + o) + i(x(uz)” +oau” =0. (3.2)

Now integrating Eq. (3.2) with respect to & once , we have

(3.3)

au” +3auv’ + wu+au* +R=0,
463
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Fig. 3. Profile of ug(x, t), which is moving in the positive direction of the x-axis with the phase speed w = —2.5468. Figure (a) represents the 3D profile of ug(x, t) for the
values of © =—-0.25, A=0, ap =1, o =1, A =0.5. Figure (b) represents the corresponding contour plot of (a) along with arrows of the directional components. Figure (c)
is the corresponding profile of wave phase &(x,t) = x+ wt . Figure (d) indicates the progress of the travelling wave as time increases, where snapshots are taken at time
t=0, 1, 2, 3. Figure (d) represents the time evolution of the solution ug, which suggests that the solitary wave is propagating in the positive direction of the x-axis.
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Fig. 4. Profile of us3(x,t), which is moving in the positive direction of the x-axis with the phase speed w = — 1. Figure (a) represents the 3D profile of us3(x, t) for the real

part with the values of 4t = -2, A=1, ap =0,  =0.5, A =0. Figure (b) represents the corresponding contour plot of (a) along with arrows of the directional components.
Figure (c) is the corresponding profile of wave phase & (x,t) = x + wt . Figure (d) indicates the progress of the travelling wave as time increases, where snapshots are taken
attime t =0, 1, 2, 3. Figure (d) represents the time evolution of the solution us3 which suggests that the solitary wave is propagating in the positive direction of the x-axis.

where R is a constant of integration. Balancing the highest-order derivative term u” and the nonlinear term u3 from Eq. (3.3), yields n = 1.
Hence for n =1 Eq. (2.4) reduces to

u(§) = 202 YE) 4o+ SO 4 b ()2 /o (1+ (W (£))?)

+bo (W (E) o (14 LW (EN?) + b1y Jo (1+ LW (©)?),

(3.4)

where G=G(£) satisfies Eq. (2.5). Substitute Eq. (3.4) along with Eq. (2.5) into Eq. (3.3). As a result of this substitution, we
get a polynomial of (Y (£))/ and (¥ (£))d,/o(1 +%(1ﬂ(§))2). From these polynomials, we equate the coefficients of (Y (£))/ and
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Fig. 5. Profile of us3(x,t), which is moving in the positive direction of the x-axis with the phase speed w = — 1. Figure (a) represents the 3D profile of us;(x,t) for the

imaginary part with the values of u=-2, A=1, ap =0, o =0.5, A =0. Figure (b) represents the corresponding contour plot of (a) along with arrows of the directional
components. Figure (c) is the corresponding profile of wave phase & (x, t) = x + wt . Figure (d) indicates the progress of the travelling wave as time increases, where snapshots
are taken at time t =0, 1, 2, 3. Figure (d) represents the time evolution of the solution us3, which suggests that the solitary wave is propagating in the positive direction
of the x-axis.
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Fig. 6. Profile of u4 (x, t), which is moving in the positive direction of the x-axis with the phase speed w = — 1. Figure (a) represents the 3D profile of u4 (x, t) for the values
of u =1, A=0, ap =0, o = —2. Figure (b) represents the corresponding contour plot of (a) along with arrows of the directional components. Figure (c) is the corresponding
profile of wave phase & (x,t) = x + wt . Figure (d) indicates the progress of the travelling wave as time increases, where snapshots are taken at time t =0, 1, 2, 3. Figure
(d) represents the time evolution of the solution uy4;, which suggests that the solitary wave is propagating in the positive direction of the x-axis.

WEN,Jod+ ﬁ(lﬁ (é))z), and setting them to zero, we get an over-determined system consisting of twenty-five algebraic equations.
Solving this system for a;, b;, . and » we obtain the following fourteen sets of values with the aid of the symbolic computer software
Maple.

l;et 1:R= %Olao(/l, +4a02), w = %(X(M - ]2002), A=0, a_1=0,ay=ag, a1 = %, b,] = bo = b1 =0.

Set2: R=0,w=0apu, A=0,a_1=0,a0=0,a,=1,b_1=byg=0, by =i\/§.
R=2a(ag> + 3agu?A2 + agp + 3ap2ph + w33 + u21), A=A, a_; =0, ap = dp,
a; = ur2+1, w = -3apa — 3apu?A% + o — 6aagur, b_y =by = by =0.
Set4:R=0, w=4au, A=A, a_1=0,ay=—-2ukr, a; =2ur2+2, b_q=by=b; =0.

Set 3:
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Fig. 7. Profile of u49(x,t), which is moving in the negative direction of the x-axis with the phase speed w = 2.5. Figure (a) represents the 3D profile of uq(x,t) for the
values of =5, A=0, ay=0, « =0.5, A =0. Figure (b) represents the corresponding contour plot of (a) along with arrows of the directional components. Figure (c)
is the corresponding profile of wave phase &(x,t) = x+ wt . Figure (d) indicates the progress of the travelling wave as time increases, where snapshots are taken at time
t=0, 1, 2, 3. Figure (d) represents the time evolution of the solution u49, which suggests that the solitary wave is propagating in the negative direction of the x-axis.
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Fig. 8. Profile of ug,4(x,t), which is moving in the negative direction of the x-axis with the phase speed w = 1. Figure (a) represents the 3D profile of ugs(x,t) for the
values of u=0.25, A=0, ap =1, « = 1. Figure (b) represents the corresponding contour plot of (a) along with arrows of the directional components. Figure (c) is the
corresponding profile of wave phase &(x,t) = x+ wt . Figure (d) indicates the progress of the travelling wave as time increases, where snapshots are taken at time t =
0, 1, 2, 3. Figure (d) represents the time evolution of the solution ug4, which suggests that the solitary wave is propagating in the negative direction of the x-axis.

Set5: R=0, w=4au, A=A, d_;=—p, ay=0,ay =ur2+1,b_1=by=b; =0.
Set 6: R= —20[(—003 —3a0,u2)»2 —aoM +3(102/.,L)\.+ll«3)\.3 "r‘/lvz)\.), A=A, a_1=—U, Gy = dg,
‘a1 =0, w= —3(102(X —3a,u2)»2+ap,+6aagp,)», b_i{=by=b1 =0
Set 7: R= 2aooe(4u+a02), o=4ap —3ap?0, A=0,a_1=—u, aGg=0ag, ay =1, b_y =by=by =0.
Set 8: K= i12670«0;#7 w:%—sau,)»::pﬁ,aq_—u, do = F3V=H,
a1 =g ,b,] b0=b1=0.
Set 9: R:O,a):4au, A=A, a_1=-2/, (10=2[;L)\,, a; =0, b_] =b0=b1 =0.
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Fig. 9. Instantaneous streamline pattern between u; (x,t) and ug(x,t) for the values of u=-1, A=0, ap=1, @ =2, A =1. Arrows in figures (a) and (b) depicted the
direction of wave components. In Figure (a) real part and Figure (b) imaginary part of u; (x,t) are used.

Set ]ORZO w_lﬁau,k:O, (1_-1=—2[L, a()=0, 0122, b_1:b0:b1:0.

Set 11: K= ijo% ©=Fop h=Fgg, aq =2 do =+3/L,

= 9, b_] :bO:bl =0.
Set 12R=0 w=0ou, A=A, a_ 1=—M, (10=,LL)\. a; =0, b_ 1=0, b0= L b1=
Set 13: R=0, w=au, =0, a1=-4 a=0,a=5 b =0 by==%5% b = +1/E.
R=—Ja(u?r —6aou?r? + 12a0? ph + 313 — 2ap1 — 8ap3), A = A a 1=-4%, a9=ao,
=0, w=—ja(-p - 12apu + 12a9% +3u?22), b_1 =0, bo_% by =0.

Hyperbollc function solutions (u < 0): Substituting Eq. (2.7) and Eq. (2.8) into Eq. (3.4) along with Set 1- 14, we get respectively the
families of hyperbolic function solutions mentioned below. If a family has been reported before its first reference in the literature list is
mentioned.

Family 1: u1,(§) = ao + 3 /=p(tanh(A + /= &) £Isech(A+ =12 §)), u3 4(§) =ap + 1 /=Ja(coth(A+ /= §) F csch(A+ V=1L §)),
where & =x+ (3o (1 — 12a9%)) t.

Family 2: us ¢(§) = /=@ (tanh(A + ./—p§) £ Isech(A + /—12§)), uz g(§) = /—p(coth(A + /=€) F csch(A+ /—&)), where § =x+
apt.

Family 3: ug(€) =ag+ /=& (1+ szm;a;gggﬂjgus) ), U1o(€) =ag + =& (1+ uxz)(nx%‘fgﬂ%@ ), Where & =x+
(=3ap2a — 3apu?A? + ot — 6aaguA) t. This Family has been obtained before [11].

Family 4: upy(§) = —2ur+ 2= (1 + MZ)(M%‘;g;@%@), up (&) = —2uh + 2= (1 + MZ)(M;‘%?;@%S) ), where

& =x+4aut. This Family has been obtained before [11].
. 2 = 2 =

Family 5: uy3 () = =78 ({5ALERAERD + coth(A + V=[2) + Ay/=J0), ta(§) = V= (AL RA IS & tanh(A + y=2€) + Ay=10),
where£ = x + 4o e t. This Family combines 4 and 6.

Family 6: u5(§) = ag + /= (coth(A + /=€) + A /=),

u15(&) = ag + = (tanh(A + /=€) + A /=), where & = x + (—3ag?a — 3au?A2 + o + 6aagur) t. This has been found as early as
1986 by Hereman et al. [1].

Family 7: uy7(€) = ag + /= (tanh(A + =€) + coth(A + /=€), where & = x + (4o 1 — 3ag2a) t. Obtained before in [11].

. —t , 1219 tanh (At /=[1€ )59 coth (A4 /= —70 , 12519 coth(A+ /=726 )9 tanh A+ /=
Family 8: U1s,19(§)=¢g( Flotn g;ﬁlﬁg)( VTR, u20,21($)=:F‘/TT( Foot g;cﬂflﬁg)( £/THE))  where & =x+

Set 14:

Zoput. Family 8 is published in [42].
Family 9: uy, (&) = 2/~ coth(A + /=€), ux3(§) = 2/—wtanh(A + /=€), where £ = x + 4o t. Family 9 is obtained in [35].
Family 10: uy4(§) = 2/—p(tanh(A + /—2&) + coth(A + /—&€)), where & = x + 16 t. Family 10 is the linear combination of Family
9.

Family 11: s, 26(5) = ¥ 3 y=pCRELLERBORANTD), 1y 59(5) = F5y—E(CHCRELCEEEMANTI), where £ =X+

23—801;“.
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Fig. 10. Instantaneous streamline pattern between u; (x,t) and uyg(x,t) for the values of u = -1, A=0, ap =1, o =2, A = 1. Arrows in figures (a) and (b) depicted the
direction of wave components. In Figure (a) real part and Figure (b) imaginary part of u; (x, t) are used.
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Fig. 11. Instantaneous streamline pattern between u(x,t) and us3(x,t) for the values of u=-1, A=0, gp=1, ¢ =2, A=1.
direction of wave components. In Figure (a) real part and Figure (b) imaginary part of u; (x,t) are used.

Arrows in figures (a) and (b) depicted the
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Family 12: ty9 30(§) = /=FE(COth(A + y=7i&) F csch(A + y=Fi&)), 31, 3,(€) = y—F(tanh(A + y=i€) F Isech(A + J=[i)), where & =

x+aut. (Family 2 and 12 are same)
. ) 1 tanh(A + /—p&) £ coth(A + /=) 1 coth(A + /—p&) £ tanh(A+ /—i&)

Family 13: u33.34(8) = 2= (_coenia 4 =) + Isech(A + y=pg)" 135.36E) = VR peeena} /=) = sech(A + y=ji&)"
where & =x+aput.

Family — 14:  us733(6) =ap + §/—fi(coth(A + /=€) F csch(A + =[E) + Ay=M), U39 40(§) = ag + 5/~ (tanh(A + /=[1§)
Flsech(A+ /=) + A/=t), where S =X+ (—ga(—p — 12aguA + 12a9? + 3u?212)) t.

Trigonometric function solutions (u > 0): Substituting Eqs. (2.9) and (2.10) into Eq. (3.4) along with Sets 1 - 14, we get the following
trigonometric function solutions.

Falmily 15: g 42(8) = ap + 5 /(tan(A — /&) £ sec(A— /L)), a3 44(€) = ag + 3 /TE(COt(A+ I E) Fcsc(A+ i E)), where & =
x+ (o (p —12a9?))t.

Family 16: uys 46(§) = /It (tan(A — /&) £ sec(A — /§)), ug7, 48(§) = J(cot(A+ /uE) Fcsc(A+ /), where & =x+aut.

Family  17: ugo(§) = a0+ VE (14 132) (o ntaegmsy)» Uso(8) = 60+ VIE (14 d2) (o). where & =x+

(=3ap%a — 3a A2 + o — 6aagid) t.

Family 18: 51 (§) = 2 + 2V (1+ 103 (r ey ) Us2(6) = 200+ 2 (1 + 32) (i Fcortagmey ). Where & =x+
4oput.

. 2 _
Family 19: us3 (§) = V7 (Tt — CotA — V) — Ay,
sy (§) = VI (YIS — tan(A+ YIEE) — AJJ), wheref =x +daput.
Family 200 uss(€) = ag — JA(COLA — JIE) + AYE),  Uss(§) = Qg — JE(tan(A+ JHE) + AyH).  where £ =x+
(—3ag2a — 3 u?A2 + ot + 6aagiuA) t. Obtained in [35].
Family 21:  us7(§) = ap + /(tan(A — /L&) — cot(A — /1§)), usg(§) = ag + /x(cot(A + /&) —tan(A + /1n§)),  where &=
X+ (4o — 3ag2a) t. Obtained in [36].

Family 22: usg 6o(§) = +31V// (12;19]tana(ﬁitﬁi)f%cgwﬂs))' Us1.62(8) = i%’x/ﬁ(12;19““3(:;7&5\1%2?%&&) where £ =x+ Fapt.

Family 23: ug3(§) = -2,/ cot(A — /X&), ugq(§) = -2/ tan(A + /t€), where & = x + 4o t.
Family 24: ugs(§) = 2 /p(tan(A — /i) — cot(A — /ii€)), uge(§) = 2/ (cot(A + /HE) — tan(A + /i€ )), where & =x + 16aut

. 3F4tan(A— 9cot(A~ 34 .cot(A 9tan(4
Family 25: ug7 65(§) = £5 I (== tan(ﬁﬁff\/gg; YD) ugg 70(£) = +3/m(= cm(;ﬁi&ﬁg; /P where & = x + 2 Baput.

Family 26: tig 73(&) = — JTE(CONA — 118 ) 7 (A — JTTE)), trs m(€) = ~JEEGan(A-+ yHE) 1 SeC(A+ TEE)). where & = x + oy,

. ) B tan(A — /t€) — cot(A — /7€) B cot(A + /&) — tan(A + /&)
Family 27: u75’76($)_%“/ﬁ(;csc(A—ﬂé):Fsec(A—\/ﬁS))‘ u77‘78(§)_%f(¢CSC(A+f§);SeC(A+fS)
aput.

Family 28: ui7 50(£) = ag — 5 /JL(COt(A — /TZE) F cSC(A — /JIE) + A /D), Usgy 52(€) = ap — 5 /FL(tan(A + /i&) F sec(A+ /L&) + L J/I0).
where & = x + (= Ja(—p — 12agp + 12a9% + 3u?22)) t.

where & =x+

4. Analysis of the results

From the obtained fourteen hyperbolic families of STO solutions, one is dependent and six have been published before. About the
obtained solutions of the STO equation, it is interesting to point out irregular behavior: solitons emerge from a delicate balance between
nonlinear- and linear effects, with full mutual interaction. Solitons reappear after collision by retaining their identities with the same speed
and shape. If two solitons collide, they just pass through each other and emerge unchanged thereafter.

4.1. Phenomena of solitons based on the values of the parameters

Below we omit phenomena of solitons’ fission and fusion.
For ;< 0, Family 1 - 14 are exact solitary wave solutions.

Family 3: For —1 < A <1 provides a kink wave; for A = 41, u = —1 Family 3 provides trivial solution and for A < -1 or A > 1.

Family 3 provides a singular kink wave.

e For —1 < A < 1, Family 3(ug(£)) and Family 4(uy; (§)) are a kink wave and Family 3(uqq(£)) and Family 4 (u,(€)) are singular kink
waves.

e For A = +1, u = —1 Family 3 and Family 4 give absurd solutions and for A < —1 or A > 1 Family 3 and Family 4 are singular kink

waves.

Family 5: For A = 1, u = -1, uy3(§) is a singular kink solution and uq4(£) is a kink solution.

Family 6: For any real value of the parameters, uy5(£) is a singular kink solution and u5(€) is a kink solution.

Family 9: For any real value of the parameters, u,, (&) a singular kink solution and u,3(£) is a kink solution.

Analogously, Family 1, Family 2, Family 7, Family 8 and Family 10 - 14 represent different solitons for the different real values of the

parameters.

Consequently, for u > 0, Families 15 - 28 are trigonometric function solutions, also named plane periodic travelling wave solutions. The
phase speed w plays an important role in the physical structure of the solutions obtained above. For positive values of phase speed w the
disturbances represented by u(£) = u(x + wt) are moving in the negative x-direction. Consequently, for negative values of the phase speed
w the disturbance move in the positive xdirection.
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parameters ap € [-2, 2] and « € [0, 5]. Figure (a) shows the 3D view whereas Figure (b) represents the corresponding 2D view of the phase speed.
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Fig. 13. Phase speed w; = %a(u —12a3) for the phase/ travelling wave variable & (x.t) =x+ %a(u —12a3)t in Family 1/Family 15 by fixing u = —0.25 and varying the
parameters dgp € [-2, 2] and « € [-5, 0]. Figure (a) shows the 3D view whereas Figure (b) represents the corresponding 2D view of the phase speed.

4.2. Analysis of the physical structure of the results

In this subsection, we have illustrated the graphical represen-
tation of the physical structure and time evolution of some of the
obtained solutions of the STO equation in Figs. 1-8.

5. Streamline among the obtained solutions

Now we stress our attention to exploring the instantaneous
streamline pattern among the obtained solutions. Simulations are
run to explore the local direction of the components of the ob-
tained solitary wave solutions at each point in the coordinate (x, t).
We depict instantaneous streamline patterns between some pairs
of the obtained solutions in Figs. 9-11.

6. Numerical analysis to examine the influence of the
parameters

By setting particular values of the parameters, we can explore
the physical structure of phase speed and the phase of the prop-
agating wave as shown in Section 4. Now we stress our attention
to analyze, how the phase speed is influenced by the parameters.
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A sample of simulation results for phase speed is presented in
Figs. 12-18.

A numerical sample for phase speed in Family 1: Phase speed
in Family 1 is a quadratic function in ag obtained as weumiy, =
%O{(M— 12a(2)). In this sample, we have taken p = —0.25. In this
sample, we have taken pu constant and very through ay and . Fix-
ing u = —0.25 we checked the profile of phase speed of Family 1
for a sequence of values of ag and «; the results are illustrated in
Fig. 12 and Fig. 13. Numerical simulations in Fig. 12 indicates that-

(a) for ag — o0, o — oo, the phase speed w — oo; that is
phase speed increases

(b) for ag — +oo0, @ — 0, the phase speed w — 0; that is phase
speed decreases

(c) for ag — 0, a — [0, oo], the phase speed w — 0; that is
phase speed decreases

Numerical simulations in Fig. 13 indicates that-

(a) for ayg — +oo, o — —oo, the phase speed w — oo; that is
phase speed increases

(b) for ag — +oo, @ — 0, the phase speed w — 0; that is phase
speed decreases
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Fig. 14. Effect of the parameters on phase speed of Family 3: fixing & =1, u = —0.25 we checked the profile of phase speed for a sequence of values of [ag, A] € [-5, 5].
Figure (a) shows the 3D view whereas Figure (b) represents the corresponding 2D view of the phase speed.
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Fig. 15. Phase speed profiles for the fixed values of A =1, 4 =0.1, @ =1 by varying the parameter ay. Figure (a) corresponds to the phase speed in Family 1 and Figure
(b) is the corresponding phase speed in Families 3, 6. Figure (a) and Figure (b) show quadratic growth in gy in the form w — 0 as ap — 0 and w — oo as ag — —oc.
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Fig. 16. Phase speed profiles for the fixed values of A =1, pu =0.1, o =1 by varying the parameter ao. Figure (a) corresponds to the phase speed in Family 15 and Figure
(b) is the corresponding phase speed in Families 17, 20. Figure (a) and Figure (b) show quadratic growth in ag in the form w — 0 as ag — 0 and w — oo as ag — oc.

(c) for a9 - 0, o — [—oo, 0], the phase speed w — 0; that is quence of values of ag and A in the interval [-5, 5]; the result is

phase speed decreases illustrated in Fig. 14, which indicates that -
A numerical sample for phase speed in Family 3: Phase speed (a) for ag — o0, A — —oo phase speed w — oo; that is phase
in Family 3 is a quadratic function in ag, u and A defined by speed increases
WFamily; = —(314*A% 4 3a — 14 + 6ap/4A). In this sample, we have (b) for ayg — —oo, A — oo phase speed w — oo; that is phase
taken o, u constants and very through ag and . Fixing o =1, u = speed increases with the increase of the parameters ay and
—0.25 we checked the profile of phase speed of Family 3 for a se- ) with opposite signs.
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Fig. 17. Phase speed profiles: Figure (a) corresponds to the phase speed in Family 1 and Figure (b) is the corresponding phase speed in Families 3, 6. Figure (a) is the
behavior of phase speed (black curve) showing linear growth in x in the form @ — 0 as i — 0 and w — oo as @ — —oo. Whereas Figure (b) is the behavior of phase speed
showing quadratic growth in w in the form @ — 0 as 4 — 0 and w — co as u — —oo.
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Fig. 18. Phase speed profiles. Figure (a) corresponds to the phase speed in Family 15 and Figure (b) is the corresponding phase speed in Families 17, 20. Figure (a) is the
behavior of phase speed (black curve) showing linear growth in p in the form @ — 0 as 4 — 0 and @ — oo as u — co. Whereas Figure (b) is the behavior of phase speed
showing quadratic growth in p in the form w — 0 as 4 — 0 and w — oo as & — oc.
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Fig. 19. Graphs of solitary wave profile u; influenced by the parameter a, when propagating along the x-axis. Snapshots for different values of ap with the values of
n=-025 A=0, o =2 are taken at time ¢t = 4. This figure indicates that with the increase of the value of the parameter ag, keeping the values of other parameters fixed,
solitons can travel faster.
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Fig. 20. Graphs of solitary wave profile ug influenced by the parameter a, when propagating along the x-axis. Snapshots for different values of ap with the values of
n=-025 A=0, @ =2, A= 1.5 are taken at time t = 4. This figure indicates that with the increase of the value of the parameter ay, keeping the values of other parameters

fixed, solitons can travel faster.

(c) for ag — 0, A — [—o0, +oo] phase speed w — 0; that is
phase speed decreases

In Figs. 15-18 effect of single parameters on phase speed are
depicted. Analogously we can explain the phase speed for other
families. Note that we only took for the magnitude of the phase
speed to determine the impact of parameters on it.

The above phase speed analysis indicates that the parameters
play an important role in the travelling wave phenomena as the
change of the values of the parameters alter the phase speed. We
now attempt to formalize the numerical results by changing the
variables, to analyze the impact of the variables, on the travelling
wave solutions of the STO equations. Sample simulated results are
illustrated in Figs. 19 and 20 to understand the influence of the
parameters in the obtained solutions. Figs. 19 and 20, indicate that
with the increase of the parameter agy the solitary waves can travel
faster. Overall, the results in Figs. 12-20 reveal a novel application
of the parameters to get the expected pattern of the travelling pe-
riodic or solitary waves with the required phase speed for a certain
field of research.

Analogously we can explore the impact of the other parameters
in the obtained solutions.

Analysis of the STO model, for ayg — oo, indicates that the phase
speed associated with travelling wave solutions of the STO model
travels faster. This observation is mathematically interesting be-
cause best of our knowledge in the previous study of the STO
model the impact of phase speed analysis is ignored.

7. Conclusions

In this work, we study travelling wave solutions of the STO
equation. The enhanced (G'/G)-expansion method has been ap-
plied successfully and then several numerical simulations are run
to analyze our results. Instantaneous streamline patterns among
some randomly selected solitary wave solutions are depicted suc-
cessfully through numerical simulations, to explore the local direc-
tion of the components of the obtained solitary wave solutions at
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each point in the coordinate (x,t). Numerical simulations of the
obtained solutions show that there is a complicated relationship
between the phase speed of the travelling wave solutions and the
parameters in the solutions. It is because the phase speed in terms
of the parameters is not unified. Our numerical analysis suggests
that the phase speed is proportional to the parameters (or propor-
tional to the square of the parameters). Overall, our analysis and
numerical exploration show that there are numerous opportunities
to extend the work presented in this study. The more arbitrary
parameters in the obtained solutions imply that solutions have
richer local structures. It is illustrated that the enhanced (G'/G)-
expansion method is direct, and effectively can be used for many
other applications of nonlinear evolution equations (NLEEs) to play
an important role in the understanding of qualitative features
of phenomena and processes modelled, for example in physics,
chemistry [37], biology [38,39] and (nanotechnology-)engineering
[40,41,42]. Exact solutions specifically exemplify graphically com-
plex nonlinear properties of such models, to disentangle mecha-
nisms such as spatial localization of transfer processes, multiplicity
or absence, of steady states, the existence of peaking regimes, etc.
Even without application persé may exact solutions play a role as
test problems to verify consistency and estimate errors of numeri-
cal, asymptotic, or approximate analytical ‘theoretical’ methods. In
this way can exact solutions serve as a basis for perfecting and
testing computer algebra software packages (for solving NLEEs).
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