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Abstract. Actuator disc theory is the basis for rotor design and analysis, valid for discs
representing wind turbine rotors as well as propellers. In Froude’s momentum theory swirl is
absent, in Joukowsky’s momentum theory this is included. The momentum theory including
swirl, developed in WES, 2:807-316,2017, as well as potential flow calculations have been
expanded to propeller discs. For the rotational speed 2 — oo the classical Froude results
are recovered. For low values of (2 the propeller discs show an expanding instead of contracting
wake, like wind turbine discs. Both flow regimes show a complete blockage of the flow for a low
but non-zero €,,:,. For all wind turbine discs, so irrespective of €2, the velocity in the meridian
plane, v/v2 + v2 is constant at the disc, for all propeller discs this is not.

1. Introduction

The momentum theory without swirl is valid for high A rotors, as is shown in figure 1. The line
shows the result of this momentum theory for the wind turbine mode, left, and the propeller
mode, right. The vertical axis gives the induced velocity at the disc, the horizontal axis the
undisturbed wind speed with respect to the disc, both made dimensionless by the induced
velocity \/T'/(2pA) at the static disc, with 7" the thrust, p the density and A the disc area. The
static disc represents a rotor in hover, or propeller without forward speed in still air, so Uy = 0.
This representation is well known in helicopter literature like [9], as it is able to show the results
for zero wind speed, but for the same reason only rarely used in wind turbine references, see e.g.
[5]. The momentum theory and the numerical/experimental data match reasonably well except
for the hovering rotor and the wind turbine rotor approaching the maximum thrust coeflicient
C7 = —1 (the top of the left curve). A numerical confirmation of the momentum theory without
swirl for the wind energy regime has been presented in [15], which is now expanded to the
propeller regime. The calculations have been done with a potential flow code described in [15].
Figure 2 shows the results, with a good correspondence of momentum theory and calculations.
Note that unlike in many wind energy papers, in the present paper Cr, Cp and AH, being
the jump in Bernoulli value across the disc, have a negative sign for wind energy flow states, as
energy is extracted from the flow. For propeller flow states the sign is positive.

The momentum theory and the potential flow code have been expanded in [16] to discs
generating swirl in the wind energy regime. The theory is limited to discs with a constant
circulation around the disc axis, the so-called Joukowsky circulation distribution, by which also
A H= constant, as will be shown. The present paper expands the results to the propeller domain,
presenting momentum theory results as well as calculated flow details.
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Figure 1. Actuator disc momentum theory compared with experiments and calculations. Left
is the wind turbine flow regime, center and right is the propeller regime.

2. Equations of motion
The flow is governed by the steady Euler equation:

p(v-V)v=-Vp+f (1)

where f is the force density distributed at the disc having thickness €. As only the pressure and
azimuthal velocity are discontinuous for € — 0 , integration of (1) across the infinitely thin disc
gives, in a cylindrical reference system (x,r, @) with x pointing downstream:

F = /fdx = e;Ap + e, pvAv, (2)

The wake of a Joukowsky disc is characterised by a vortex I' at the axis, having a vortex core
radius 6. With v, = I'/(2nr) for r > § and with the Bernoulli equation p + 3pv - v = H
integrated across the disc, the axial component is:

1., 1 /T2
Fx:Ap:AH—§pAU@:AH—§p — | . (3)

The power produced or absorbed by an annulus dr of the actuator disc can be expressed in
two ways. First as torque @ times rotational speed 2 giving QdQ = 27Qf,r?dr, second by
integration of f - v using (1), resulting in 27r(v.V)Hdr. Comparison shows that:

fo=Qrf,=(v.V)H. (4)
The expression for rf, is derived from the ¢-component of (1), so :

Qrfo=p(v-V)(Qruy,), (5)
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Figure 2. C), as a function of Cpr: comparison of results by the 1-D momentum theory (solid
line) and potential flow calculations (¢).

and:

1 Qr
pV V (Qrv,) =V <27r> (6)
The result is that for a Joukowsky disc
AH = pQT'/(27) = constant (7)

Integration of (4) on disc surface A gives the converted power, in dimensionless form:

1 Tpd AH TdQR T
Cp=1 U3A/f'”dA: Us 102 ~ 2 Uy Uo 27RU
2PV A 0 5PV 0 0 0

(8)

where v, 4 is the average axial velocity. The index d is used to indicate disc position, 0 the
undisturbed flow far upstream and 1 for the fully developed wake far downstream. With
ug = Uz.4/Up, A =QR/Uy and q =T'/(2rRUjy), (8) becomes:

Cp = 2quq. 9)

The thrust T is obtained by integration of (3) on the disc area. In dimensionless form the thrust
coefficient is Cp = T/(%pUOQA) = Cr,aH + OT,Av, containing both terms on the right-hand side
of (3). For § — 0:

Cr = Cran +Cr v,

Cram = 2\ (10)
2

Crav, = —¢*In(%)

3. Momentum theory and numerical validation

The momentum theory as reported in [16] is unmodified, apart from the sign convention. An
analytical solution is not available, but equation 29 of this paper gives an implicit expression of
u1 = vg,1/Up in the independent variables A and ¢:

(1 —Ul)U%qz L, s
S o (f N I (P S 11
1— 2\ — &2 177 51 \1-2xn-a2)) ) (11)
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Figure 3. The Joukowsky momentum theory results (black lines), the maximum wind turbine
|Cp| (grey line) and the potential flow calculated results (#)

in which the sign of ¢ has changed as in [16] it was defined —I'/(27rRUy). Equation (11) can be
solved numerically for u;. The wake expansion or contraction and, by continuity of mass, ug
follow from [16, eq. 28] and the velocity at the disc from [16, eq. 27].

Figure 3 shows results for several values of C1 aopr. The potential flow calculations match the
momentum theory values. Furthermore |Cpnqz(A)| is shown, already presented in [16]. The
figure indicates where propeller discs have an expanding wake for very low A. This will be
discussed in the next section. For A = 5 the differences with the 1-D momentum theory are
smaller than 0.7%, so the effect of the swirl is almost nill for A > 5.

4. Performance of low A\ wind turbine and propeller discs

4.1. Results of the momentum theory

Figures 4 and 5 show the solutions of (11), converted to ug, and (9) for 0 < A < 5 and

—1 < Crap < +1. Also indicated is the advance ratio J = m/A which is used for propellers.

The front left sides show ug respectively C), for wind turbine discs, right behind for propeller

discs. Several particularities can be observed, to be addressed in the next sections: for very low

A the velocity at propeller discs is < 1, so the wake expands as for wakes of energy extracting

discs, and a minimum A > 0 exists at which the velocity at the disc is 0, in both flow regimes.
Figure 6 shows the low A regime with indications for wake expansion and contraction, and

with indications for 3 pairs of flow states:

e wind turbine flow state a with Crag = —8/9, v1/Up = —2/3 and propeller flow state b
with Cr ap = 16/9, 1 /Uy = +2/3, both with A = cc.
o flow states ¢ and d with the same C7 af as a and b but for A = 1.

e wind turbine flow state a’ with Crag = —0.7138,\ = oo and propeller state e with
Cram =16/9,A = 0.5, having equal flow deceleration.

Flow states a and b are without swirl, with a being analysed in [16]. The flow and pressure
patterns are qualitatively similar to ¢ and d and will not be shown.

4.2. Propeller discs with wake expansion

For low values of ), the average axial velocity at the disc u4 and the power coefficient C, deviate
from Froude’s result for both flow regimes: ug < % (u1 4+ Up). The explanation for this behaviour
is the appearance in the momentum balance of the radial pressure distribution connected to the
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1.0

Figure 4. The axial velocity u, at the disc for wind turbine discs (Crap < 0) and propeller
(CT,AH >0) for 0 < A <5.

Figure 5. The power coefficient C), for wind turbine discs (Cram < 0) and propeller
(CT,AH >0) for 0 <A< 5.

swirl, as is explained in [16]. The second term in the disc load equation (3) gives the contribution
of the swirl related pressure to F. This contribution —5(I'/(27r))? is always < 0, while the first
term AH < 0 for wind turbine discs and > 0 for propeller discs. Consequently propeller flow
states with a zero pressure jump at r = R are possible. With (3) and (7) this gives the condition
QR = —%vso or A = q/2. The result is a flow with everywhere v, = Up, v, = 0, and in the
wake v, = I'/(277), see the line ‘no wake deformation’ in figure 6. The wake boundary consists
of a cylindrical vortex sheet with constant radius R, having only axial vorticity across which
AH = %(QR)? The swirl induces a lower pressure which is compensated by a higher pressure
due to AH. Asug = 1, the thrust and power coefficients are the same: Crag = Cp = g% = 4)\2.
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Figure 6. The operational regimes of an actuator disc: for negative Cr Ay energy is extracted
from the flow, for positive Cr o energy is added. Details of the flow states indicated by a to e
are explained in section 4.1

Both are positive as energy is supplied to the flow in the form of pressure.

For A > ¢/2 and positive Cr ax the wake contracts as expected for a disc in propeller mode.
Figure 7 shows the streamlines and isobars of the disc flow with A = 1 for Cr ag = —8/9 and
+16/9 (flow states ¢ and d in figure 6). The isobars in the wake show the pressure gradient due
to the swirl. Figure 8 gives the meridian velocity v, and axial velocity v, at the disc, showing
that v, is constant for wind turbine flow ¢, but not for propeller flow d. This will be discussed
further in the next section. Flow states a and b, not shown, have the same characteristics.

For X < ¢/2 and positive Cr o the wake expands as for a disc in wind turbine mode. Flow
states a’ and e, indicated in figure 6, have the same far wake deceleration, see figure 9.

A complete blockage of the flow is possible as shown by ug = 0 in figure 4, and the lines A,
and Jy,q. in figure 6.

4.8. The velocity at the disc
Figures 8 and 10 give velocity components at the disc, showing that the velocity in the meridian
plane v, = \/v2 + v? is constant for wind turbine discs. The same behaviour is found for all
other values of Crap: vy is uniform for all wind turbine flow states, and non-uniform for
all propeller flow states. Upstream of the disc, so with v, = 0, Bernoulli’s equation implies
that dp/0r = 0 when Ov,,/Or = 0. With the radial component of the equation of motion (2),
upstream of the disc:

op vy

5 = —PUs Os 9
it is clear that for dp/Or = 0 at the upstream side of the disc, dv, 4/0s has to be 0.

This is checked by following a stream line passing the disc and observing the in- or decrease of

v,. This velocity component depends only on the position and strength of vorticity distribution
v, of the wake boundary. The following observations are made for a wind turbine disc flow:

(12)

(i) when the position of observation s* travels from far upstream, sp, to the disc position sg,
v, increases due to the decreasing distance to the vorticity v, in the wake boundary. The
induction becomes stronger when the distance decreases, so dv,/ds > 0.

(ii) following the streamline in the wake, so with s* > s4, two regions can be distinguished: the
wake downstream of the disc up to the position of observation s*, and the wake downstream
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Figure 7. Flow states c and d with A = 1 indicated in figure 6. Upper row: streamlines, lower
row: isobars with Ap = 0.1AH. Isobars close to the wake axis are not plotted.
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Figure 8. The velocity distribution at the disc for the flow states ¢ and d with A = 1. Left is
shown the velocity in the meridian plane, v,, = \/v2 + v2, right the axial velocity.

of s*. The vorticity between s; and s* induces a negative v, which increases for increasing
s*, so contributes to dv,/ds < 0. The induction by the vorticity downstream of s* does

not change sign but becomes constant for large s*, so dv,/0s — 0.
(iii) consequently dv,/ds = 0 at the disc. With (12) dpg/0r = 0 so vy, is constant.

However, this reasoning does not account for:

(iv) the variation in distance from the position of observation s* to the most nearby vorticity
due to the wake expansion, and similarly not for

(iiv) the variation in the strength v, along the wake boundary sheet.
Apparently these additional aspects support the result that dp/0r = 0 for Cr ag < 0. However,

repeating mutatis mutandis the line of arguments (i) to (iii) for positive Cr ax leads to a similar
conclusion that v, should be constant, which is not true.
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Figure 9. Flow states a’ and e with the same v, yqke, indicated in figure 6. Upper row:
streamlines, lower row: isobars with Ap = 0.1AH. Isobars close to the wake axis are not
plotted.
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Figure 10. The velocity distribution at the disc for the flow states a’ and e with the same
vz,1. Left is shown the velocity in the meridian plane, v, = \/v2 4+ v2, right the axial velocity.

Comparison of flow states ¢ and d having A\ = 1 , see figure 7, with flow states a’ and e
having equal wake expansion, see figure 9, shows that wake expansion or contraction is not the
decisive criterion for constant v,,, as propeller flow states e and d, having an expanding and
contracting wake, show the same characteristics. The difference is in the distribution of v,(s)
with s measured along the boundary of the stream tube. Figures 11 and 12 show the vorticity
distribution of the flow states ¢ - d and a’ - e. In the propeller flow states dv,/ds does not
change sign so there is no local maximum or minimum in v, for s > s4. In the wind turbine
flow states such a local maximum (or minimum of |v,|) exists. These observations hold for all
flow states, including a and b without swirl, not shown. Apparently this local maximum in the
distribution of ~,,, together with arguments (i) to (iii), cause vy, to be uniform for wind turbine
discs. A detailed analysis of the difference in induction nearby the disc edge by a vortex sheet
with and without such a local maximum or minimum, has to show why dv,/ds = 0 when such
a maximum/minimum exists, and # 0 when this does not exist. This is left for future research.
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Figure 11. Strength of the vortex sheet as a function of the distance measured along the
sheet, for the flow states ¢ and d with A = 1.
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Figure 12. Strength of the vortex sheet as a function of the distance measured along the sheet,
for the flow states a’ and e with the same v, ;. Note the different scale of the vertical axes.

5. Conclusions
The momentum theory plus the potential flow calculations have highlighted some aspects of
actuator disc flows representing wind turbines and propellers with a constant circulation I':

for A\ = QR/Uy = ' /(47w RU,) propeller discs have a wake without expansion or contraction,
for lower A\ propeller disc flows have an expanding wake, for higher A a contracting wake,

in the propeller as well as wind turbine flow regimes the velocity at the disc goes to 0 for
very low A, resulting in a minimum A at which the flow is completely blocked,

the meridian velocity \/v2 + v2 is uniform for all wind turbine flow states, but non-uniform
for all propeller flow states,

this difference is due to an essential difference in the distribution of 7,(s) along the wake
boundary. For all propeller flows dvy,/ds # 0 for finite s, while for all wind turbine flows
dvy,/ds = 0 at a short distance after the disc edge, showing a local maximum in 7.
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