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CHAPTERTEN

Hidden Markov model

applications
Aviation prognostics

Thanos Kontogiannis, Mariana Salinas-Camus, and
Nick Eleftheroglou

Intelligent Sustainable Prognostics Group, Aerospace Structures and Materials Department, Faculty of
Acrospace Engineering, TU Delft, Delft, Netherlands

Chapter points

e The family of hidden Markov models can effectively be used for the prediction of
the remaining useful life (RUL) of aviation assets.

¢ HSMMs present superior prognostic performance when compared to HMMs,
mainly due to the relaxed assumptions for the duration probabilities of the
degradation process.

e The novel time-dependent prognostic measure provides more accurate RUL
predictions than traditional time-invariant measures.

10.1. Introduction

Prognostics and health management (PHM) involves the continuous
monitoring of equipment health and the prediction of potential failures be-
fore they occur, allowing for predictive maintenance actions for enhanced
reliability and cost reduction. By extracting information coming from con-
dition monitoring (CM) techniques, a prognostic model can predict the
remaining useful life (RUL). The RUL is defined as the time in which
an engineering system can continue to perform its intended function effi-
ciently and effectively before it becomes unreliable or reaches the end of its
operational life.

The RUL can be predicted by prognostic models, which are physics-
based, data-driven, or hybrid. The latter type combines characteristics of
both physics-based and data-driven. For some engineering systems, physics-
based prognostic models are not feasible due to the high complexity of their
governing physics. For example, aviation structures use composite materi-
als, of which there is no physics-based prognostic model yet developed due
to the limited understanding of the governing physics of damage initiation
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and propagation, especially for dynamic loading conditions and complex
stacking sequences.

Therefore data-driven prognostic models are more extensively used
since it is not necessary to know the physics of the engineering system.
Instead, it is only necessary to have historical CM data of previous run-
to-failure experiments. There are different types of data-driven prognostic
models. Generalizing, we can categorize them into two big groups: ma-
chine learning (ML) models and stochastic models.

Stochastic models, such as hidden Markov models (HMMs) and their
variants, have been used successfully in prognostics. HMMs model the
degradation process of the engineering system Rabiner (1989). The hidden
states represent the levels of degradation or the system’s health, whereas the
observed data corresponds to CM data. By training the HMM on histori-
cal data, it is possible to estimate the degradation and observation processes.
The degradation process is defined with the transition probabilities between
hidden states. The observation process is defined with the emission prob-
abilities, which describe the likelihood of observing a particular data point
given the current hidden state. Therefore once the degradation and obser-
vation processes are obtained, the HMM can be utilized to estimate the
current hidden state of a new sequence of sensor data, i.e., test data, of the
engineering system, using, for example, the Viterbi algorithm. Once the
current hidden state is estimated, a prognostic measure is used to predict
the RUL. In the literature, different variants of HMMs, training schemes,
and prognostic measures have been developed.

HHMs have been used to estimate the system’s health and to predict
the RUL of turbofan engines in Giantomassi et al. (2011). The results show
good performance for the second half of the lifetime of the engines. For the
first half of the trajectory, the HMM has lower accuracy, which is caused
by the misidentification of the first states. In Le et al. (2014) a multibranch
HMM is used to perform prognostics for bearings in difterent degradation
modes. In this case, three branches are used since three different degradation
modes are identified. Therefore three difterent HMMs are trained with data
from bearings that experienced a particular degradation mode. For the test
data, a diagnostic measure identifies the degradation mode to switch to the
corresponding HMM branch.

However, in most cases, HMM is not considered a suitable model for
prognostics for more complex systems given its simplifying assumptions.
One of these assumptions is that the sojourn time of the hidden states is
characterized by an exponential distribution (continuous case) or a geomet-
ric distribution (discrete case). Consequently, an extension of the classical
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HMM is used: the hidden semi-Markov model (HSMM) Yu (2010), which
allows for variable sojourn time of the hidden states. Naturally, due to the
increased complexity of the HSMM, there is a higher computational cost
in comparison with HMM.

HSMMs are used in Dong and He (2007) for the diagnosis and progno-
sis of hydraulic pumps. The paper includes a comparison between HMMs
and HSMMs, with the latter having better results in terms of RUL ac-
curacy. HSMMs have better performance since the duration of the states
is modeled by an explicit Gaussian probability function. This allows for
better modeling of the degradation process compared to the exponential
distribution modeling of the HMMs. Another important point is the fact
that HMMs include information only from the previous state, and HSMMs
include information from the previous d states. The increase in information
used in HSMM s has a positive influence on the model performance. The
prognostic measure used here is an iterative equation, which includes the
calculation of the RUL prediction in the next time step and the probabili-
ties of transition between neighbor states.

An HSMM with duration-dependent state transition probabilities (DD-
HSMM), is presented in Wang et al. (2014) for prognostics on rolling
element bearings. The DD-HSMM has duration-dependent state transition
probabilities, unlike HSMM, which has duration-invariant ones. The in-
troduction of duration-dependent state probabilities means that the model
can include information about the stages of the engineering system, and
its age. The prognostic measure used in this case consists of the sum of the
expected duration from state i to state N — 1. The results show that the
DD-HSMM method is more accurate for RUL prediction than HSMM
since it has a self~updating capability.

In Liu et al. (2015), an adaptive HSMM (AHSMM) is used for the
prognosis of hydraulic pumps. The adaptive training uses maximum like-
lihood linear regressions to represent the differences in multiple sensors.
Therefore the AHSMM can use multisensor information, and the duration
distributions of the states are calculated accordingly. The results show an
improvement in the four error metrics when comparing it to HSMMs. In
this paper, the prognostic measure used is the same as the one presented in
Wang et al. (2014).

Moreover, in the current state-of-the-art, more complex and advanced
variations of HMMs have emerged. For example, the nonhomogeneous
hidden semi-Markov model (NHHSMM) was introduced in Moghaddass
and Zuo (2014). Unlike traditional HSMMs, the NHHSMM relaxes one
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assumption by incorporating the age of the engineering system. Therefore
the sojourn time spent in a hidden state 1s time-dependent. NHHSMM has
been used in multiple case studies, such as turbofan engines (Moghaddass
and Zuo, 2014), composite specimens (Eleftheroglou and Loutas, 2016),
lithium-polymer batteries (Eleftheroglou et al., 2019), valves (Loutas et
al., 2019) and others. Other variants include an adaptive extension of the
NHHSMM, called the adaptive nonhomogeneous hidden semi-Markov
model (ANHHSMM) (Eleftheroglou et al., 2020). This model has an adap-
tation mechanism, which changes the model parameters when dealing with
unseen testing data. The ANHHSMM was trained on composite speci-
mens, which were subjected to fatigue loading and tested on specimens
that were subjected to fatigue and impact loading. The result showed an
increase in performance when compared to the NHHSMM and the po-
tential to integrate unseen data into prognostics. Finally, Eleftheroglou et
al. (2024) developed the Similarity Learning Hidden Semi-Markov Model
(SLHSMM), an extension of the NHHSMM. This model assesses the sim-
ilarity between a test degradation history and training data to perform a
re-estimation process. As a result, it provides more reliable RUL predic-
tions by not only improving accuracy but also reducing the confidence
intervals of the RUL estimates.

Nonetheless, this study conducts a comparison between an HMM and
an HSMM, given their established status within the field, along with the
introduction of a novel prognostic measure. The new prognostic measure
includes time-dependent features that improve the accuracy of the RUL
predictions in comparison with the time-invariant expression. The paper
1s organized as follows: Section 10.2 offers a theoretical background of
HMMs and HSMMs. Section 10.3 describes the prognostic measure. The
case study, including the dataset description, parameters initialization, and
results and discussion, is presented in Section 10.4. Finally, the paper is
concluded in Section 10.5.

10.2. Degradation modeling

In the current study, an HMM and an HSMM are chosen to model
the degradation process of the assets. In Sections 10.2.1 and 10.2.2, the
definition, the assumptions, the procedure, and required expressions needed
for the three fundamental problems associated with the modeling of the
process (likelihood, decoding, and learning), will be provided for the HMM
and HSMM, respectively.
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10.2.1 Hidden Markov model

An HMM is a stochastic model, which describes a system evolving through
time. The state of the system is hidden from the observer and can only
be inferred from the observations emitted by the system in a probabilistic
manner. An HMM is then defined by the number of states (N), the number
of distinct observations (M), transition probabilities between states (A), the
probability distribution of observations in each state (B), and the initial state

(7). The complete parameter set of the model is denoted as A = (A, B, 7).

*  N: number of states. Individual states are denoted as S ={Sy, Sy, ..., SN},
and the state at time f as ¢;.

e M: number of distinct observation symbols per state. Individual obser-
vations are denoted as V' = {v, o, ..., vpr}.

» State transition: the state transition probability distribution is denoted
as A = {a;}, where a;; = P[q:41 = Sjlq: = Sil.

*  Observation distribution: the observation symbol probability distribu-
tion in state j, B = b;j(k), where b; = P[v}, at t|g; = §j], with 1 <j <N
and 1 <k <M.

* Initial state: the initial state distribution 7 = {;}, where 7; = P[q; = S;]
with 1 <i<N.

To model the evolution of a system, the HMM has assumptions. First,
the probability of transitioning to a future state only depends on the cur-
rent state, which is known as the Markov property. Second, the distribution
of the sojourn time in a state corresponds to an exponential distribution
(continuous case) or geometric distribution (discrete case). Third, one ob-
servation is emitted per state.

To characterize the degradation and observation processes within a sys-
tem, three fundamental problems must be addressed. The three fundamental
problems are inherent to HMMs and are key aspects of understanding and
using HMMs to model real-life situations effectively.

* Likelihood: Calculate the likelihood P(O|A) given the model A and
an observation sequence O.

* Decoding: Estimate the sequence of hidden states Q that best explains
the observations, given the model A and an observation sequence O.

¢ Learning: Estimate the transition and emission matrix that best de-
scribes the degradation process of the observation sequence O.

The forward-backward algorithm is used for the first problem, which
is the calculation of the likelihood. However, to calculate the likeli-
hood, only the forward variable is needed. The forward variable is defined
as (i) = P(O1 05...0y, ¢; = S;|A). This is the probability of a partial obser-
vation sequence (until time #) and state S; at time ¢, given the model A. The
forward variable can be solved inductively as follows:
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1. Initialization: Here the forward probabilities are initialized as the joint
probability of state S; and initial observation Oj.

ar =m;xb;(0Oy), where 1 <i<N (10.1)

2. Induction:

N
a1 () = (; o (i) * ﬂij) * bj(ozﬂ), (10.2)
where 1 <t<T—1and 1<j<N

3. Termination:

N
PO = ar(i) (10.3)
i=1
The second problem, decoding, can be solved with the Viterbi algo-
rithm. For this algorithm, it is necessary to define the variable §,(i), which
is the highest probability for a path at time f ending at state g;, and the
variable (i), which is the path that has the highest probability until state
gi at time f.
1. Initialization:

51(1')27'[1*[7,'(01), where 1 <i<N, (104)
Y1() =0 (10.5)

2. Induction:

8:(i) = 1rgi§,8t—1(i) * a;ix bj(O;), where 2<t<T,1<j<N, (10.6)

Y (j) = argmax 8,1 (i) * a; (10.7)
1<i<N
3. Termination:
P(Q, O) = 1m,a’}\,5T(i)v (10.8)
gt = argmax 81(i), (10.9)
1<i<N
g =V1(qer1), where t=T—-1,T-2,...,1 (10.10)

In the termination step, Eq. (10.9) is the best last state, and Eq. (10.10)
represents the backtracking used to get the best states in each time step.
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Finally, the last problem of the HMM, the learning problem, is solved
by the expectation-maximization (E-M) algorithm. The E-M algorithm
iterates between two steps: the E-step, where the expected values of the
hidden states are computed based on the current model parameters using
the forward-backward algorithm, and the M-step. During the M-step, the
model parameters are updated to maximize the likelihood of the k observa-
tion sequences (O) (Eq. (10.11), Eq. (10.12)) by incorporating the expected
hidden states obtained from the E-step. This iterative process continues un-
til convergence, refining the parameter estimates and improving the model’s
fit to the data.

K
LG., 015 = [T Po® ) 2225
k=1 . (10.11)
L'(, 0" =3 " log(P(OP[1)),
k=1
K
* __ (k)
A = argmax (; log(P(O |A))> (10.12)

The E-M algorithm utilizes both the forward and backward variables of
the forward-backward algorithm. Therefore before introducing the E-M
algorithm, it is necessary to define the backward variable. The backward
variable is defined as B:(i) = P(O¢+1Ort1...O7lgT = Siy A), so B(i) is the
probability of the future observations from t+ 1 given the current state S;
and the model A. In the same manner as the forward variable, the backward

variable can be solved inductively.
1. Initialization:

Br()=1, where 1<i<N (10.13)
2. Induction:

N
Bili) =Y aij* bi(Ori1) * Brya (),

=1
where t=T -1, T—-2,...,1, and 1 <i<N

(10.14)

3. Termination:

N
P(OIA) =Y ;% bi(O1) * B () (10.15)

=1
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For the E-step, the variables y;(j), which is the probability of being in
a state j at time f, given the observations and the model parameters, and
&:(i,7), which is the probability of being in a state i at time t and state
j at time t+ 1, given the observations and the model parameters. Both
v1(j) and &(i, j) can be written in terms of the forward « and backward B

probabilities:
N . o) * Bi())
Vr(J)—P(qt—JIO,A)——P(Om , (10.16)
. , . o (i) * ajj % bj(Opg1) * Bry1(f)
é(l’)ZP(tzls t =|Oy)‘4)= >( - . K (1017)
Am TR >N )+ BiG)

In the M-step, the variables y,(j) and &(i,j) are used to reestimate the
new probabilities for the transition A and emission B matrices:

3y = E{i:lg[(i,j) |
=1 2t &0, )
ZtT=1 Vi) '

In the particular case of prognostics and this paper, some assumptions are

(10.18)

bi(n) = (10.19)

made. First, the last state is not hidden but observable and represents failure.
Second, in the failure state, only one observation value is emitted. Third,
only left-to-right transitions are allowed, and the transition can occur only
to a neighbor’s hidden state. Fourth, the initial state is always the first state
since it is assumed that the engineering system is as good as new.

10.2.2 Hidden semi-Markov model

For the application of aviation prognostics, a comparison between the
HMM and HSMM will be presented. An HSMM is an extension of HMM,
which introduces a variable duration for each state, thus allowing the under-
lying process to be semi-Markov. Therefore the assumption of one emitted
observation per state is also relaxed since the number of observations emit-
ted depends on the time spent in each state (duration d). The parameter
set for the complete definition of an HSMM follows the one presented in
Section 10.2.1, with the following modifications and assumptions:
e Observation distribution: The probability distribution for the observa-
tions is assumed to be a Gaussian distribution M (u, 0%). Therefore the
B parameters are the parameters of the u and o2 observation vectors,
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with each row representing the hidden state and the values represent-
ing the mean and standard deviation of the A probability distribution
relating to each state producing v observation.

*  M: since the observation process is modeled with a continuous proba-
bility distribution (Gaussian), the indicator space consists of all the real
numbers, so M — oo and IV = {v € %}

e D: number of integer values in the space {1,2,..., D} that the state
duration random variable d obtains. Therefore the degradation process
is modeled in a nonparametric distribution.

To solve the three fundamental problems of HSMM, namely the likelihood
calculation, decoding and learning, the same procedure described in Sec-
tion 10.2.1 is followed. The same definitions of the calculated variables are
followed. However, due to the added duration probability variable, a mod-
ification in the expressions of some of the variables to include the duration
probabilities is required.

* Likelihood calculation: The procedure for calculating a:

1. Initialization: Eq. (10.1)
2. Induction:

N t
G (o)=Y (a—a(D*ai )= [ (6:(00) * picd),
= T=t—d+1
(10.20)
D
a1 ()= @i (i, d), (10.21)
d=1
where 2<t<T—1,and 1<i<N
3. Termination: Eq. (10.3).
* Decoding:
1. [Initialization: Eq. (10.4), Eq. (10.5)
2. Induction:
t
Sj.d) = _max  Si-q(i dyxajx ] b(Oo). (10.22)
1<d'<D T=t—d+1

t
Vi d) = argmax 8, gGi.d)wayx [T O, (10.23)
151:‘5;;7, gej, r=t—d+1

where 2<¢<T,1<j<N.
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3. Termination:

P(Q, O) = 1r<133§ (i, d), (10.24)
1<d<D
gr = argmax §7(i, d), (10.25)
Gt =V+1(Ge+1), where t=T—-1,T—-2,...,1. (10.26)

¢ Learning: The equations for maximizing the likelihood (Eq. (10.11),
and Eq. (10.12)) remain the same. For the backward probability g we
define the following:

1. Initialization: Eq. (10.13)

2. Induction:

N D t+d
Bil)= (a,j*z (pi(d) % Brali) x| | b_,-(oa)) (10.27)

=1, d=1 T=t+1
JF

3. Termination: Eq. (10.15).
For the E-step, for the y variable, we follow Eq. (10.16). For the rest,

we define the following:

S (e w ay Ba(p + T (00
YN () * Bi() ’
Gy d) = a,(j, d) * By(j). (10.29)

E (i) = (10.28)

For the M-step, for a;, we follow Eq. (10.18). For the reestimation of
the emission parameters (1, 02) and the duration probability matrix

pi(d), we define the following:

2;1 7:() * Oy

A = =y (10.30)
=17t
2= Yot 1) * (O = (i)’ (10.31)
ZL Y ()
T .
5. dy = 2= G D (10.32)

- ZdDzl ZtT:1 n:(fs d)
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10.3. Prognostics

The prognostic measure is independent of the model and is used
to compute the RUL predictions. Once the model is trained, meaning
that the degradation and the observation processes are estimated, and the
Viterbi algorithm has estimated the most likely sequence of hidden states
that explains the observed data, the prognostic measure can be applied.
It is worth noting that the Viterbi algorithm does not require the entire
observation sequence to estimate the most likely sequence of hidden states,
rather, the observation sequence up to time t to estimate the most likely
state at time t. Thus it provides the possibility to estimate the sequence in
the testing phase, where at each time t, the observations up to t are used.

In this paper, two different definitions are examined: a time-invariant
prognostic measure, which 1s the standard measure used, and a novel time-
dependent prognostic measure, which is presented for the first time.

The time-invariant expression is shown in Eq. (10.33). RUL], is the pdf
of the RUL in the state i and time step f. The variables a;; and a; ;41 cor-
respond to the transition probabilities for remaining in the same state and
transitioning into the next state, respectively. The variable D;(d) represents
the pdf (or pmf for the discrete case) evaluated in the probability of tran-
sition to the same state i in the case of HMMs. For HSMMs, D;(d) is the
state duration probability function.

RUL = a;; % (Di(d) + RUL;11) + a; ;41 * (RUL41)
i=1,2,... ,N—landi=1,2,...,T. (10.33)

In Eq. (10.34), the time-dependent prognostic measure is presented,
which is used for both HMM and HSMM. Similar to the previous case,
D;(d) represents the pdf (or pmf for the discrete case) evaluated in the
probability of transition to the same state i. The variable 7 is the time spent
in the current state i. Therefore the term D;(d — ) represents a shift in
the pdf making this RUL expression time-dependent. The variables d; ;14
and d;; for the HMM are derived from the transition matrix, while for
the HSMM, are estimated during the learning problem, and are defined as
shown in (10.35) and (10.36), respectively:

N-1
RULZ = di,i * (D,(d — T) + Z Dk(d) +N(la 6))

k=i+1

N-1
+ dii1 * ( 3" Du(d) +N(l,e)>, (10.34)

k=i+1
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—e— True RUL
—8- Mean Predicted RUL
95% Confidence Interval

Figure 10.1 3-dimensional plot of the RUL pdfs and the operational time.

di i1 =P(d <T|S = 1), (10.35)
dii=1—d;i1. (10.36)

The result of both prognostic measures is the pdf of RUL per time
step. In the following equations, the subscript i will be omitted, as spe-
cific information about the states is not relevant for error metrics and
related computations. The confidence intervals can easily be obtained by
calculating the cumulative density function (CDF) and, later, choosing the
confidence level, usually 95%. To visualize how the prognostic measures
are calculated, a 3-dimensional plot of the PDFs of the RUL every 20
time steps utilizing the estimated parameters of the HSMM is presented in
Fig. 10.1.

10.3.1 Metric for evaluating RUL predictions

In this paper, RUL predictions will be evaluated in terms of accuracy and
uncertainty quantification. To evaluate the accuracy, the root mean squared
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error (RMSE) is used, as shown in Eq. (10.37), where RUL' are the RUL
predictions, and RUL' are the ground truth values.

T
1 -y
RMSE = T E (RUL! — RUL)2. (10.37)

=1

To evaluate uncertainty, the weighted spread of uncertainty (WSU) metric
is introduced, where a weighted spread of the confidence intervals is calcu-
lated, as shown in Eq. (10.38). Variable #; is the time unit; RUL,,., is the
RUL value of the upper confidence interval, and RULj,,, 1s the value of
the lower confidence interval.

T—1 k+1 k
RULY 4+ RULE
WSU =" (ti —t@{( — W)
k=1
RULFH! + RULF
. ( lower ;_ lower ) (1038)

The expression calculates the area between the confidence intervals,
while penalizing wider confidence intervals at the end of the lifetime. The
penalization is considered, because the longer time that has passed, the more
information is available. Therefore it is expected that the predictions hold
less uncertainty as time passes.

10.4. Case study

In this part, firstly, the dataset, for which the RUL prognostics will be
applied, will be presented, as well as its required preprocessing. Then, the
initialization procedure of the Markov models will be shown, followed by
their estimated parameters. Finally, the prognostic results are presented and
discussed for both models and RUL expressions presented in Section 10.3.

10.4.1 Dataset

With the increasing popularity of prognostic health management (PHM)
frameworks, both data-driven and physics-based ones, a bottleneck in their
development became apparent; that is, the lack of run-to-failure datasets.
This is attributed to the fact that in real-world systems, failure is avoided for
safety and cost reasons. To that end, the C-MAPSS (commercial modular
aero-propulsion system simulation) (see Frederick et al. (2007)) was uti-
lized to generate synthetic datasets with a variety of operational conditions
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and faults. The C-MAPSS tool is coded in the MATLAB-Simulink® en-
vironment to simulate the turbofan engine model for the 90.000 Ib thrust
class. The tool allows for different operating and environmental conditions
and closed-loop controllers. It also allows the modification of difterent efti-
ciency parameters, and thus the simulation of faults. Utilizing this tool, four
datasets were created by Saxena et al. (2008). Selected faults were injected at
different times for varying operation conditions, and sensor measurements
were gathered from different parts of the engines. This led to the gener-
ation of diverse and multidimensional run-to-failure datasets for a fleet of
engines.

For the current demonstration, the first dataset (FD0O1) is utilized,
which considers a single operational condition (sea-level flight) and a sin-
gle fault (high-pressure compressor fault). From the available 21 sensor
measurements, only one is utilized, namely, sensor 11, which presents a
monotonous behavior. These choices were made to avoid multidimensional
and highly noisy data since, to utilize such data for PHM tasks, extensive
preprocessing and feature extraction would be required, which is beside the
scope of this chapter. The aim is to demonstrate the application of difterent
HMMs utilizing the new prognostic measure. Additionally, FD0OO1 con-
tains 100 trajectories, which are run to failure and are typically used for the
training phase of data-driven PHM frameworks and 100 trajectories, which
are incomplete, and which are used for the RUL prediction in the testing
phase. However, since a benchmark for comparing the presented HMM
and HSMM performance is required, run-to-failure trajectories are needed
to obtain the true RUL values. Thus only the first 100 trajectories (train
set) are used by performing an 80/20% random split to obtain the train and
test data accordingly for the current demonstration. The sensor values are
discretized in 20 values based on the monotonicity criterion defined by the
Mann—Kendall test (Yue and Pilon (2004)). Three of the test trajectories
can be seen in Fig. 10.2.

10.4.2 Parameter estimation of Markov models

One of the most important parameters for the topology ¢ of both HMM
and HSMM is the number of hidden states since it affects all of the rest
of the parameters of the models. In theory, the choice of the number of
hidden states could have been part of the E-M process. However, since a
change in the number of states also changes the rest of the topology, it’s
computationally inefficient to include it in the E-M. Therefore selecting
the number of hidden states is typically based on some physical meaning
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Figure 10.2 Discretized sensor measurements for 3 out of the 20 test trajectories.

related to the damage states, which can be observed in the studied system,
or using information criteria, such as the BIC. In this study, to follow an
objective selection procedure for their number, the Bayesian information
criterion (BIC), as seen in Eq. (10.39), is utilized (see Moghaddass and
Zuo (2014))

K
H;
BIC(M;) = ZlogeaT(m () — w * o log.(n). (10.39)
k=1

In Eq. (10.30), M; represents the candidate model. Although the ex-
pression for the BIC does not explicitly use M;, the parameters for M; are
included via the forward variable a;w (i), and T® represents the lifetime
of trajectory k. The variable w is the penalty factor, which was set to 1 for
this application. H; refers to the total number of parameters in the model,
and n represents the total number of observations across all trajectories,
with n= 2521 T®. Models are fitted with 3 to 10 states, and the model
that maximizes the BIC criterion is selected. The results can be seen in
Fig. 10.3. For the HMM, the BIC metric is maximized with 10 states,
while for the HSMM, it is maximized with 5 states.

For the HMM, the transition matrix A and the emission matrix B,
which are the estimated parameters, are initialized with a uniform prob-
ability distribution. For the HSMM, the duration probability distribution
matrix is initialized with a uniform probability distribution as well, whereas
the p vector of the emission parameters is initialized by running a K-
means clustering algorithm Lloyd (1982) on the longest trajectory. Uniform
probability initialization would also work in this case, but the K-means ini-
tialization provides faster convergence. Finally, the o2 vector is initialized
with ones for all of the states.
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Figure 10.3 BIC criterion for HMM and HSMM.

After the models are initialized, the procedure described in Sec-
tions 10.2.1 and 10.2.2 are followed, and the parameters of the models
are estimated. The estimated parameters of the HMM and the HSMM are
presented in Figs. 10.4 and 10.5, respectively. In Figs. 10.4a and 10.4b,
the duration distributions of the HMM are shown. They follow geomet-
ric distributions, which is inherent to the definition and assumptions of
the HMM, as presented in Section 10.2.1. Contrary to that, as seen in
Fig. 10.5a, the duration distributions of the HSMM have an arbitrary shape,
which is to be expected since they are modeled in a nonparametric way.
It can be observed that there is a high probability associated with the first
state having a duration of only 1 time step. This is attributed to the fact
that, based on the assumptions made for this specific HSMM, the hidden
states always start from the first one. Thus due to the high variability of the
initial values of the data (Fig. 10.2), the first value of the trajectory may
be higher than the observation values associated with the first hidden state.
Therefore, in some cases, the model needs to transit immediately after the
first time step to the second state since it cannot directly start from the sec-
ond hidden state. The estimated emission distributions for both the HMM
(Fig. 10.4¢) and the HSMM (Fig. 10.5b) have a higher expected value for
every state due to the left-to-right assumption that both follow for model-
ing a degradation process. After the parameters are estimated, to obtain the
RUL predictions, the framework explained in Section 10.3 is applied, and
the findings are presented in Section 10.4.3.

10.4.3 Prognostic results and discussion

In this section, the prognostic results of the aforementioned case study will
be presented. In the first subsection, the difference between the two differ-
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Figure 10.4 Estimated a) and b) duration probabilities and c) emission probabilities of
the HMM model.

ent expressions for the RUL prediction presented in Section 10.3, namely
the time-invariant (TI) and time-dependent (TD), will be demonstrated.
In the next subsection, the difference in aviation prognostic performance

of the

introduced HMM and HSMM models will be discussed.
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Figure 10.5 Caption: Estimated a) duration probabilities and b) emission probabilities
of the HSMM model.

10.4.3.1 Time-invariant and time-dependent prognostics

When the two provided expressions of estimating the RUL (Eq. (10.33)
and (10.34)) are observed, the main difference is that in (10.33), the RUL
depends only on the current state as estimated by the Viterbi algorithm.
Thus it can be seen in both Fig. 10.6a and 10.6b (green dash-dotted) that
the RUL prediction, using the TI expression, has a step-wise behavior.
This is attributed to the fact that the predicted RUL values stay roughly
the same until the model transitions to the next hidden state. This behavior
does not only produce higher RMSE values and wider CI bounds, as seen
in Table 10.1, but it is also highly suboptimal for prognostics. This can be
understood if one considers that for a long time (until the transition to
the next hidden state), the prognostics provide no useful information about
the remaining useful life of the asset (aircraft engine in this case) since the
value of the RUL does not change. Hence the TT expression updates the
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Figure 10.6 Comparison of TD and Tl expressions for RUL prediction of the a) HMM and
b) HSMM models.

prediction of RUL only when a transition occurs. As a result, the RUL
prediction is conditional only to the current observation, excluding all the
information from the CM dataset, which has been built up to the current
time step. Our proposed TD expression effectively handles this limitation
when predicting the RUL. This is also demonstrated in Fig. 10.6 (a and b)
(blue dashed lines), where the RUL predictions present a decreasing trend,
thereby providing more informative predictions for every time step, where
new CM data arrive. Adding to that, a decrease in the RMSE values and
the width of the CI bounds (quantified by the proposed WSU metric) can
also be observed in Table 10.1.

10.4.3.2 HMM and HSMM for prognostics
In the previous subsection, the superiority of the proposed TD expres-
sion for RUL prediction was demonstrated. Thus this equation is chosen to
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Figure 10.7 Comparison of HMM and HSMM RUL predictions for test trajectory a) 5,
b) 18.

Table 10.1 Average values of the test dataset
for the prognostic performance metrics con-
sidering the Tl and TD expressions of RUL for
the HMM and HSMM models.

RUL Expression RMSE WSsu
HMM
TI 45.00 3328839.60
TD 43.10 2978334.12
HSMM
TI 42.63 2621750.39
TD 42.35 2358269.49

compare the prognostic performance of the presented HMM and HSMM
models. The results for three of the test engines can be seen in Figs. 10.6a
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and 10.6b for test trajectory 1 and in Figs. 10.7a and 10.7b for trajectories
5 and 18, respectively, whereas Table 10.1 presents the average values of the
evaluation metrics (Eq. (10.37) and (10.38)) for the entire test dataset. It
can be observed that the HSMM presents an overall higher accuracy, but
also narrower CI bounds. Narrower CI bounds mean that there is reduced
uncertainty associated with the prediction of the RUL, which makes the
RUL prediction more valuable to decision-makers. The HMM assumes
that the duration probability distributions follow geometric distributions,
an assumption that rarely holds in the real degradation behavior of assets.
The relaxation of this assumption and the nonparametric probability distri-
bution modeling of the degradation are the main culprits of the enhanced
prognostic performance. Contrary to that, due to the simplifying assump-
tions of the HMM, it comes with likelihood and reestimation expressions
of lower complexity, and thus significantly lower computational cost. In our
example, the HSMM needs approximately one order of magnitude more
time to converge when compared to the HMM, although we consider the
HSMM code to be under-optimized.

10.5. Conclusions

In the current chapter, an introduction to HMM and HSMM mod-
els with the appropriate modifications for prognostics was presented. Two
alternative expressions are provided (the literature-proposed one, which is
time-invariant, and a custom time-dependent one) for predicting the RUL
of assets. For their evaluation, a custom performance metric is introduced,
which calculates the width of the CI bounds of the RUL predictions, while
penalizing wider bounds towards the end of the life of the asset. The frame-
work for prognostics is applied to a publicly available dataset for turbofan
engines, and the findings of the comparison between the different RUL ex-
pressions and the proposed models are discussed. The superior prognostic
performance of the TD RUL expression coupled with the HSMM model
was expected due to its increased complexity and time-dependent model-
ing of the degradation process. However, this does not come without a cost.
The increased complexity of the HSMM (and thus the number of estimated
parameters) is associated with increased computational time. Namely, the
computational time of the HSMM can be up to an order of magnitude
greater than that of the HMM (depending on the number of iterations re-
quired for convergence and the degree of optimization of the code). Based
on this, the authors wish to raise awareness when it comes to applying
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prognostic models (or any machine learning models for any task) so that
the sustainability aspect of the applied models is also considered. Due to
the ever-increasing popularity of ML models, their environmental impact
can no longer be considered negligible. It is estimated that more than 500
tonnes of CO, is emitted for the training of high-end large-language mod-
els. To put this into perspective, this equals the amount of CO, emitted
for the 200 round trips of a 2-and-a-half hour flight for a single passenger.
An additional concern is that it is estimated that the amount of electricity
used for the training is surpassed in weeks, or even days, by the electricity
used by millions of everyday users. Thus we urge researchers to consider if
the increased accuracy justifies the increased emissions associated with the
higher computational times for their specific application.
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