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ABSTRACT 

The choice of the optimal spherical radial basis function (SRBF) in local gravity field 
modelling from terrestrial gravity data is investigated. Various types of SRBFs are 
considered: the point-mass kernel, radial multipoles, Poisson wavelets, and the Poisson 
kernel. The analytical expressions for the Poisson kernel, the point-mass kernel and the 
radial multipoles are well known, while for the Poisson wavelet new closed analytical 
expressions are derived for arbitrary orders using recursions. The performance of each 
SRBF in local gravity field modelling is analyzed using real data. A penalized least-
squares technique is applied to estimate the gravity field parameters. As follows from the 
analysis, almost the same accuracy of gravity field modelling can be achieved for different 
types of the SRBFs, provided that the depth of the SRBFs is chosen properly. Generalized 
cross validation is shown to be a suitable technique for the choice of the depth. As a good 
alternative to generalized cross validation, we propose the minimization of the RMS 
differences between predicted and observed values at a set of control points. The optimal 
regularization parameter is determined using variance component estimation techniques. 
The relation between the depth and the correlation length of the SRBFs is established. It is 
shown that the optimal depth depends on the type of the SRBF. However, the gravity field 
solution does not change significantly if the depth is changed by several km. The size of 
the data area (which is always larger than the target area) depends on the type of the 
SRBF. The point-mass kernel requires the largest data area. 

 
K e y  word s :  local gravity field modelling, penalized least-squares, spherical radial 

basis functions, variance component estimation, generalized cross validation 

1. INTRODUCTION 

Spherical radial basis functions (SRBFs) are a powerful parameterization for local 
gravity field modelling. The simplest example is the point-mass kernel, which has been 
proposed by Weightmann (unpublished results). Since then, gravity field modelling by 
point masses were addressed in many studies, e.g., Hardy and Göpfert (1975), Reilly and 
Herbrechtsmeier (1978), Heikkinen (1981), Sünkel (1981, 1983), Vermeer (1992, 1995), 
Blaha et al. (1986) and Lehmann (1993, 1995). Marchenko (1998) introduced the radial 
multipoles, which are higher-order radial derivatives of the point-mass kernel. Chambodut 
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et al. (2005), Panet et al. (2006), and Klees and Wittwer (2007) use Poisson wavelets, 
which were introduced in Holschneider et al. (2003). 

Whereas the Poisson wavelets, the point-mass kernel and the radial multipoles belong 
to the class of non-bandlimited SRBFs, Schmidt et al. (2005, 2007) use the band-limited 
Blackman basis functions. Among the SRBFs without closed analytical expressions, the 
band-limited property of the Blackman basis functions is an advantage, because of the 
reduced numerical complexity. Nevertheless, SRBFs in analytical form are preferred in 
local gravity field modelling due to the large number of data to be processed. 

Freeden et al. (1998) introduced several scaling functions, which belong to the class of 
SRBFs and thus can be used in local gravity field modelling. Finally, numerous studies 
were addressed to the use of reproducing kernels in least-squares collocation, e.g., 
Lelgemann (1981), Tscherning (1986), Lelgemann and Marchenko (2001), and Sansò and 
Tscherning (2003). Most of them can be used directly as SRBFs in local gravity field 
modelling after applying the Kelvin transformation. 

Although many types of SRBFs have been proposed in literature and applied to local 
gravity field modelling, a comparison of the performance of the most popular choices has 
not been done yet. Therefore, the first objective of the paper is to investigate the 
performance of various types of SRBFs in local gravity field modelling using real data. 
Moreover, the relation between the optimal depth of the SRBF and the correlation length 
is established. This relation is very useful in gravity field modelling as it is the correlation 
length, which can be directly related to the signal variation and the data density whereas 
the optimal depth depends on the type of SRBF. Moreover, the correlation length 
determines the size of the area where gravity data is needed to reduce edge effects. 
Finally, the performance of RMS minimization as alternative to general cross validation 
(GCV) for the choice of the optimal depth is investigated. RMS minimization is easy to 
implement and numerically more efficient than GCV in particular for large data sets. 

The paper is organized as follows. In Section 2, the functional model and the 
representation of the SRBFs in the spatial and spectral domain are recapitulated. In 
Section 3, a sketch of the estimation principle, the observation-group weighting, and the 
regularization is given as far as needed for the numerical experiment addressed in 
Section 5; for more details about the local gravity field modelling process, we refer to 
Klees et al. (2008). The relation between the depth and the correlation length for different 
types of SRBFs is the subject of Section 4. In the numerical experiments of Section 5, 
various types of the SRBFs are adopted. The choice of the optimal depths of the SRBFs is 
investigated using real data. The method for the optimal depth selection using GCV is 
briefly summarized. GCV and RMS minimization techniques are then utilized for the 
optimal depth selection for different types of the SRBFs and the results are compared. 
Section 6 summarizes the main results. 

2. FUNCTIONAL MODEL 

We consider a residual gravity field, which is obtained after subtracting a global 
gravity field model, and the effect of topography and atmosphere (remove-restore 
technique). The corresponding residual disturbing gravity potential T is approximated by 
a function, which is harmonic outside a Bjerhammar sphere. We call this function again 
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residual disturbing gravity potential T to keep the notation simple (Runge-Krarup 
theorem, Krarup, 1969). We express T at a point x as a linear combination of I spherical 
radial basis functions : ( ){ }, : 1, ,i i IΨ = …x y

 , (1) ( ) (
1

,
I

i
i

T β
=

= Ψ∑x )ix y

where the coefficients { }: 1, ,i iβ = … I  are to be determined from gravity data. After 
linearization and spherical approximation, the residual surface gravity anomalies Δg and 
the residual gravity disturbances δg are related to the residual disturbing potential 
according to the well-known formulae 
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In this paper, a SRBF is a function Ψ at pole position y defined through (e.g., Klees et 
al., 2008) 
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where Pn is the Legendre polynomial of degree n, ˆ =x x x  and ˆ =y y y  are unit 
vectors in the direction x and y, respectively, ψn is the Legendre coefficient of degree n, 
and R is the radius of the Bjerhammar sphere. The choice of the Legendre coefficients 
{ }nψ  determines the type of the SRBF. The distance :d R= − y  is called the depth of the 
SRBF. 

The point-mass kernel  is defined by pmΨ
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After inserting Eq.(4) into Eq.(3), we arrive at 
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The corresponding spatial representation of the point-mass kernel  equals the 

reciprocal Euclidean distance 
pmΨ

−x y , i.e., 

 ( ) 1,pmΨ =
−

x y
x y

. (6) 

The (scaled) radial derivatives of the point-mass kernel, 
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are known as radial multipoles of order m (cf. Marchenko, 1998); the Legendre 
oefficients are c
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where 0,1 1δ =  for n ≥ m, and 0,1 0δ =  fo . From Eqs.(3) and (7), the spectral 
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 that the zero-order radial multipole is equRealizing al to the point-mass kernel, i.e., 

, and the first-order radial multipole reads ( )0
rm pmΨ ≡ Ψ
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e radial multipoles of order m ≥ 2 can be computed recursively (Marc
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The Poisson kernel pkΨ  is defined by 

 1n
n Rψ λ += . (11) 

From Eqs.(3) and (11), we get 
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The spatial representation of pkΨ  reads 

 ( )
2 2

3pkΨ =
−

,
−x y

x y y
x y

. (13) 

Finally, the Poisson wavelets ( )m
pwΨ  of order m are defined as (Holschneider et al., 

003) 

 

2
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( )m
pwΨInserting Eq.(14) into Eq.(3), the Poisson wavelets  read 
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Note that the zero-order Po

x

isson wavelet ( )0
pwΨ  is related to the Poisson kernel pkΨ  

as (0Ψy ) ( ) ( ), ,pw pk= Ψx y x y . As follows  the spatial representation of th
avelets 
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e zero-order Poisson wavelet ( ) ( )0 ,pwΨ x yth  is found to be 

 ( ) ( ) ( ) ( ) ( ) ( )0 1 0, 2 , ,pw rm rmΨ = Ψ +Ψx y y x y x y . (17) 

Again, the higher-order Poisson wavelets can be computed recursively 

 ( )( ) ( ) ( ) ( ) (,
1

, 2 , ,pw rm k m rm
k

b
=

Ψ = Ψ + Ψ∑x y x y y x y)1 1 mm km m k+ +y ,     m ≥ 1, (18) 

To implement these SRBFs for the gravity observables δg and Δg, the linear 
observation operator

where the coefficients ,kb  of order m ≤ 9 are provided in Table 1. 

s 

m

gDδ  and gDΔ  are applied. It is gDδ = −∂ ∂ x , and 
12D D −= − ℑx , where g gδΔ ℑ  is the identity operator. For the spectral representation 

of the SRBFs, the Legendre coefficients nψ  of degree n are multiplied by the factors 

( )1+ x  and ( )n 1n− x , respectively. The corresponding expressions for the spatial 
representation of the SRBFs are summarized in the Appendix. 

The point-mass kernel and the radial multipoles up to the order 5 are shown in Fig. 1. 
The Poisson kernel is shown in Fig. 2 and the Poisson wavelets up to the order 5 in Fig. 3. 
The SRBFs are scaled to their maximum values equal to 1. The depth of all the SRBFs is 

3. ESTIMATION PRINCIPLE, VARIANCE COMPONENT ESTIMATION, 

2002; Kusche, 2003). The 
me technique is used to determine the regularizatio

ervation equations are fo or P + 1 observation g

10 km beneath the Bjerhammar sphere (R = 6371 km). 

AND REGULARIZATION 

The observation data of different quality are separated into individual observation 
groups for which the variance factors are estimated using variance component estimation 
(VCE) techniques (see, e.g., Förstner, 1979; Koch and Kusche, 
sa n parameter. For that reason, the 
obs rmed f roups, 
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Table 1. Coefficients { }, : 1, , ; 9k mb k m m= … ≤  to compute Poisson wavelets up to the order 9 

according to Eq.(18). 

m k = 1 k = 2 k = 3 k = 4 k = 5 k = 6 k = 7 k = 8 k = 9 

1 3         
2 3 8        
3 3 17 13       
4 3 37 56 21      
5 3 77 205 140 31     
6 3 157 692 785 295 43    
7 3 317 2233 3842 2260 553 57   
8 3 637 7016 17601 15142 5578 952 73  
9 3 1277 21685 77420 93311 48610 12242 1536 91 

 p p A p+ =εl x ,     ( ) 2 1
p p p pD σ −= =ε C W ,     p = 1, …, P + 1, (19) 

where 
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Fig. 1. The radial multipoles of order 0, …, 5 (depth = 10 km). Note that the point-mass kernel is 
identical to the zero-order radial multipole. 

 
Fig. 2. The Poisson kernel (depth = 10 km). 

For unknown variance factors 2
pσ , the non-linear optimization problem is solved 

iteratively. In each iteration step, a least-squares solution, Eq.(22), is computed using the 
stimated variance factors from the previous step as a-priori variances. New estimates of 

riance factors are obtained according to 
e
the va

 2
T
p p pσ =

ε W ε
 , p

pr

where pr  is the redundancy number of observation group p, 

 ( )1tracep p pr J −= − N N . 
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Fig. 3. The Poisson wavelets of order 0, …, 5 (depth = 10 km). 

Once the definite variance factors and the associated least-squares solution have been 
found, the accuracy of the estimated parameters and adjusted observations can be 
computed from error propagation. The noise variance-covariance matrix of the estimated 
parameters reads 

 
1

1
1

ˆ
1

P
T
p p p

p

−
+

−

=

⎛ ⎞
⎜=
⎜
⎝ ⎠
∑C A C Ax ⎟

⎟

x

. (25) 

The noise variance-covariance matrix of the adjusted observations, , is given by ˆ ˆ= Al
 . (26) ˆ ˆ

T=C AC Axl

4. RELATION BETWEEN THE DEPTH  
AND THE CORRELATION LENGTH OF SRBFS 

We define the correlation length of a SRBF as the spherical distance for which the 
value of the SRBF has dropped to 50% of its maximal value. For the point-mass kernel 
and the Poisson kernel, the correlation length is a function of the depth of the SRBF; for 
the radial multipole of order m and the Poisson wavelet of order m, the correlation length 
is a function of the depth and of the order. The relation between the depth (at the interval 

between 1 and 50 km) and the correlation length for the point-mass kernel ( )0
pm rΨ ≡ Ψ m , 

the radial multipoles  (m ≤ 5), the Poisson kernel ( )m
rmΨ pkΨ , and the Poisson wavelets 

( )m
pwΨ

gDδ Ψ

 (m ≤ 5) are shown in Figs. 4−6. This relation is further shown for the SRBFs 

 in Figs. 7−9. 
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The relation between depth and correlation length of the investigated SRBF Ψ is well 
described by a linear function, at least for depth less than 50 km, which covers almost all 
cases relevant for local gravity field modelling. Moreover, the relation between the depth 
and the correlation length for the SRBFs gDδ Ψ  and gDΔ Ψ  is very similar. 

In addition, we found that the correlation lengths of the Poisson kernel and the zero-
order Poisson wavelet are identical. For the radial multipoles and the Poisson wavelets, 
the correlation length decreases with increasing order m. The order m = 3 is used in 
Section 5. The correlation lengths of g pmDδ Ψ , g pmDΔ Ψ , and pkΨ  are very similar, 
which can be expected from the analytical expressions. 

 

 
Fig. 4. The relation between the depth (at the interval between 1 and 50 km) and the correlation 

length for the point-mass kernel ( )0
pm rΨ Ψ≡ m  and the radial multipoles ( )m

rmΨ  (m ≤ 5). 

 
Fig. 5. The relation between the depth (at the interval between 1 and 50 km) and the correlation 
length for the Poisson kernel pkΨ . 
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Fig. 6. The relation between the depth (at the interval between 1 and 50 km) and the correlation 

length for the Poisson wavelets ( )m
pwΨ  (m ≤ 5). 

 
Fig. 7. The relation between the depth (at the interval between 1 and 50 km) and the correlation 

length for the SRBFs ( )0
g pm g rmD Dδ δΨ Ψ≡  and ( )m

g rmDδ Ψ  (m ≤ 5). 

5. NUMERICAL STUDY 

To investigate the performance of the SRBFs in local gravity field modelling, they 
have been applied to real terrestrial gravity anomalies over the Netherlands. The following 
questions will be addressed: (i) does the quality of the gravity field model depend on the 
type of SRBF? (ii) are there differences between the optimal depths and/or the correlation 
lengths for the various types of SRBFs? (iii) how does RMS minimization perform 
compared with GCV for the choice of the optimal depth?  

30178 free-air gravity anomalies have been used, which cover the Netherlands and 
surrounding areas. From them, 653 have been selected randomly to serve as control points 
for the RMS minimization of the differences between observed and predicted values for 
optimal depth selection. The data have been grouped into 7 observation groups, depending 
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on a priori information about the expected accuracy, the data type (point values or gridded 
values) and the location. The data over the Netherlands are assigned to 3 observation 
groups. The EIGEN-CG03c global gravity field model has been subtracted from the data. 
No topographic corrections were applied due to the flatness of the area. 5628 SRBFs have 
been used to parameterize the local gravity field, which is about 19% of the number of 
observations. We found that when adding more SRBFs, the quality of the gravity field 
solution does not improve or even gets worse as more and more data noise is modelled. 
The mean distance between the SRBFs is about 4.3 km. We found that additional SRBFs 
should be located outside the target area within a distance of about 3 times the correlation 
length of the SRBF. The same holds for the data area relative to the area of SRBF 
parameterization. For more details about the input data, the choice of the SRBF locations, 
and the data processing methodology, we refer to Klees et al. (2008). 

 
Fig. 8. The relation between the depth (at the interval between 1 and 50 km) and the correlation 
length of g pkDδ Ψ . 

 
Fig. 9. The relation between the depth (at the interval between 1 and 50 km) and the correlation 

length for the SRBF ( )m
g pwDδ Ψ  (m ≤ 5). 
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GCV is used to select the optimal depth d of the SRBFs. The GCV objective 
functional 

 ( )
( )( )

( )( )( )

2

2
1

ˆ
arg min

trace

J j j
GCV

j

J l d l
d

d=

−
Φ =

−
∑

I Q
 (27) 

is shown as function of the depth in Figs. 10−13, where Q is the influence matrix defined 
as , and ˆ=Q Al x 1

P
ppJ J== ∑  is the total number of observations. The optimal depth 

depends significantly on the type of the SRBF. The point-mass kernel has the shallowest 
optimal depth of 10.5 km; the largest optimal depth, 23 km, is found for the Poisson 
wavelet of order 3. The GCV objective functional behaves relatively flat around the 
optimal depth, which means that there is a range of depths very close to the optimal one. 
For instance, for the Poisson wavelet the range is 21−25 km. We computed gravity field 
solutions using all depth over this range and found that the differences between them are 
statistically insignificant. Therefore, the gravity field solution is somehow robust with 
respect to the choice of the depth; fixing the depth with an accuracy of a few kilometres is 
sufficient for the data set used in this study. 

  
Fig. 10. GCV (left) and RMS minimization (right) for the choice of the optimal depth of the point-
mass kernel. A search interval between 5 km and 15 km with a step of 1 km was used. 

  
Fig. 11. GCV (left) and RMS minimization (right) for the choice of the optimal depth of the radial 
multipole of order 3. A search interval between 9 km and 19 km with a step of 1 km was used. 
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The results of GCV were verified by the RMS minimization technique at the control 
poi

 2 shows that the RMS of the least-squares residuals is about the same for all 
SR

BFs have different 
cor

nts within the target area. As follows from the comparison of GCV and RMS 
minimization (see Figs. 10−13), both techniques provide very similar results. Specifically, 
the optimal depth between 10−11 km for the point-mass kernel can be recognized from 
both techniques. The optimal depth for the radial multipole of order 3 is about 13−16 km 
(GCV) or 14−15 km (RMS minimization). For the Poisson kernel the optimal depth is 
approximately between 11−14 km, and between 21−25 km for the Poisson wavelet of 
order 3. 

Table
BFs provided that the depth is chosen optimally; the differences are below 10 μGal, 

which is significantly smaller than accuracy of the gravity anomalies (~ 0.5 mGal, cf. 
Table 2). Therefore, we conclude that all investigated SRBFs yield about the same quality 
of the gravity field solution for the data set used in this study. 

The SRBFs for the optimal depths are shown in Fig. 14. The SR
relation lengths, varying between 4 km (radial multipole of order 3) and 8.5 km (point-

mass kernel). This variation is significantly smaller than the variation of the optimal 
depths, which is also clearly visible in Figs. 7−9. Moreover, the corresponding correlation 

  
Fig. 12. GCV (left) and RMS minimization (right) for the choice of the optimal depth of the 
Poisson kernel. A search interval between 8 km and 18 km with a step of 1 km was used. 

  
Fig. 13. GCV (left) and RMS minimization (right) for the choice of the optimal depth of the 
Poisson wavelet of order 3. A search interval between 18 km and 28 km with a step of 1 km was 
used. 
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Fig. 14. The SRBFs gDΔ Ψ at the optimal depths (point-mass kernel: 10.5 km, radial multipole of 

order 3: 14.5 km, Poisson kernel: 12.5 km, Poisson wavelet of order 3: 23 km). 

lengths of the functions gDΔ Ψ  are much smaller than the correlation length of the 
empirical gravity anomaly a variance function, which is about 17 km. 

To investigate the influence of the correlation length on the quality of th
uto-co

e gravity field 
sol

at extent the data 
are

6. CONCLUSIONS 

The proper choice of the SRBF in local gravity field modelling from terrestrial gravity 
dat

optimal 
dep

several km. 

ution, least-squares solutions have been computed for the extreme correlation lengths 
4 km and 8 km for each type of SRBF. The quality of the solution has been quantified in 
terms of the RMS difference between predicted and observed gravity anomalies at the 
control points. The results are summarized in Tables 3 and 4. They reveal that a change of 
the correlation length over the range 4−8 km changes the RMS difference by less than 
32 μGal. This is below the estimated accuracy of the gravity anomalies. 

The correlation length for a particular type of SRBF indicates to wh
a must be larger than the target area. From our experiment, the largest data extension 

outside the target area is needed when the point-mass kernel is used (correlation length 
8.5 km), while the smallest extension is needed for the radial multipole of order 3 
(correlation length 4 km). 

a was investigated using real data. A penalized least-squares technique was applied to 
estimate the gravity field parameters. The main result of the study is that for each type of 
SRBF we obtain comparable accuracies if the depth of SRBF is chosen optimally. 

GCV and RMS minimization techniques were applied for the selection of the 
th. We demonstrated that both methods provide very similar results. Moreover, the 

gravity field solution does not change significantly if the depth is changed over a range of 
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The correlation lengths for the different types of SRBFs at the optimal depth were 
compared. The correlation length determines the extension of the data area relative to the 
tar

APPENDIX A 
ANALYTICAL EXPRESSIONS FOR FUNCTIONALS OF THE SRBFS 

F

get area. The comparison indicates that the point-mass kernel requires the largest data 
area. 

or the point-mass kernel functionals g pmDδ Ψ  and g pmDΔ Ψ , we find 

 ( )
( )

3

ˆ
,g pmDδ

−
Ψ =

−

x ˆTy x y
x y

x y
, (A.1) 

Table 2 The optimal depth of Ψ, the correlation length of gDδ Ψ , and the RMS of the least-squares 

residuals for different types of SRBFs. 

Type of SRBF Optimal Depth [km] Correlation Length [km] RMS [mGal] 

Point-mass kernel  10.5 8.0 0.48 
Radial multipole of order 3 14.5 4.2 0.49 
Poisson kernel 12.5 6.2 0.48 
Poisson wavelet of order 3 23.0 5.5 0.49 

Table 3. RMS differences between predicted and observed gravity anomalies at the control points 
for 4-km correlation length of the SRBFs gDΔ Ψ . 

Type of SRBF Correlation Length [km] Depth [km] RMS [mGal] 

Point-mass kernel  4 5.5 0.507 
Radial multipole of order 3 4 14 0.490 
Poisson kernel 4 8 0.495 
Poisson wavelet of order 3 4 16 0.509 

Table 4. RMS differences between predicted and observed gravity anomalies at a set of control 
points for 8-km correlation length of the SRBFs gDΔ Ψ . 

Type of SRBF Correlation Length [km] Depth [km] RMS [mGal] 

Point-mass kernel  8 11 0.482 
Radial multipole of order 3 8 28 0.512 
Poisson kernel 8 17 0.485 
Poisson wavelet of order 3 8 34 0.506 
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 ( ) ( ) (2, ,g pm g pm pmD DδΔ Ψ = Ψ − Ψx ),y x y x y
x

. (A.2) 

For the radial multipole of order 0 follows 

 , (A.3) ( ) ( ) (0 ,g rm g pmD Dδ δΨ ≡ Ψx y x y),

), . (A.4) ( ) ( ) (0 ,g rm g pmD DΔ ΔΨ ≡ Ψx y x y

For the radial multipole of order 1, we find 

 ( ) ( )
( ) ( ) ( )1

3 5

ˆ ˆ 3 ˆ ˆ ˆ ˆ,
T

T
g rmDδ

T⎡ ⎤ ⎡ ⎤Ψ = − + − −⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦− −

x y
x y x x y y x y x y

x y x y
, (A.5) 

 ( ) ( ) ( ) ( ) ( ) (1 1 12, ,g rm g rm rmD DδΔ Ψ = Ψ − Ψx ),y x y x y
x

. (A.6) 

The higher- order (m ≥ 2) radial multipoles can be computed recursively from 

 

( ) ( ) ( )
( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )( )
( ) ( ) ( ) ( ) ( ) ( ) ( )(
( ) ( ) ( ) ( ) ( ) ( ))

m 1

1 1 1 1

2 0 2 0

0 0 2

ˆ ˆ
, 2 1 , ,

2 1 , , , ,
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D m

m D D

m D

D m

δ

δ δ

δ

δ

−

− −

−

−

−
Ψ = − − Ψ Ψ

−

+ − − Ψ Ψ +Ψ Ψ

− − Ψ Ψ Ψ

+Ψ Ψ Ψ ≥

x y x y
x y x y x y

x y

x

1

y x y x y x y x y

x y x y x y
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 (A.7) 

 ( ) ( ) ( ) ( ) ( ) (2, ,m m m
g rm g rm rmD DδΔ Ψ = Ψ − Ψx y x y x y

x
), . (A.8) 

The expressions for the Poisson kernel functionals g pkDδ Ψ  and g pkDΔ Ψ  are given 
by 

 ( )
( ) ( )( )2 2

3 5

ˆ ˆ32
,

T

g pkDδ

⎡ ⎤− −⎢ ⎥
Ψ = − −⎢ ⎥

− −⎢ ⎥
⎣ ⎦

x y x y x yx
x y y

x y x y
, (A.9) 

 ( ) ( ) (2, ,g pk g pk pkD DδΔ Ψ = Ψ − Ψx y x y x y
x

), . (A.10) 

302 Stud. Geophys. Geod., 52 (2008) 



The Choice of the Spherical Radial Basis Functions in Local Gravity Field Modeling 

The expressions for the zero-order Poisson wavelet functionals ( )0
g pwDδ Ψ  and 

( )0
g pwDΔ Ψ  are related to the expressions for the Poisson kernel functionals g pkDδ Ψ  and 

g pkDΔ Ψ , Eqs. (I.9) and (I.10), as follows 

 ( ) ( ) (10 ,g pw g pkD Dδ δ
−Ψ = Ψx y y x y), , (A.11) 

 ( ) ( ) ( ) ( ) ( ) (0 0 02, ,g pw g pw pwD DδΔ Ψ = Ψ − Ψx y x y x y
x

), . (A.12) 

The higher-order Poisson wavelets can be obtained recursively from 

 
( ) ( ) ( ) ( ) ( ) ( )1 1

,
1

, 2 , ,

1 ,

mm km m
g pw g rm k m g rm

k
D D b D

m

δ δ δ
+ +

=
Ψ = − Ψ − Ψ

≥

∑x ,ky y x y y x y
 (A.13) 

 ( ) ( ) ( ) ( ) ( ) (2, ,m m m
g pw g pw pwD DδΔ Ψ = Ψ − Ψx ),y x y x y

x
. (A.14) 
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