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About the Cover

The cover envisions continuum soft robotic manipulators — modeled
after invertebrates such as octopus tentacles — operating in human-
centric environments (e.g., selling tulips at the zaterdagmarkt) and
assisting people with activities of daily living (e.g., hair brushing
and toothbrushing) while ensuring safety via their inherent compli-
ance. Controlling these systems is challenging due to their effectively
infinite degrees of freedom and distributed actuation; therefore, this
thesis focuses on dynamical models that predict the robot’s future
motion and shape, as symbolized by the translucent silhouettes.
We target control-friendly dynamics with explicit physical struc-
ture—such as control-affine Euler–Lagrange equations—hence the
portrait of Joseph-Louis Lagrange. Our approach combines physics-
based and data-drivenmethods, incorporating priors such as damped
harmonic oscillators (represented by spring–damper elements) into
modern neural networks (illustrated by the neuron motif in the back-
ground), ultimately enabling precise and efficient control through
closed-form energy-shaping feedforward terms.
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If you can model it, you can control it.

W. Morrow and G. Strickland1

1https://edu.nl/u4ujn
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Summary
As we increasingly strive to integrate robots into human-centric environments, safety
is a top priority. Traditionally, rigid collaborative robots have relied on safety-aware
computational control policies, which are susceptible to perception errors and often lead
to overly cautious behavior that limits performance. In contrast, soft robotics offers a
promising alternative by ensuring passive compliance throughout the robot’s structure via
material softness. This mechanical compliance inherently mitigates safety issues arising
from perception or control errors, although this has been paid for with a substantial drop
in precision. In recent years, significant advances have been seen in soft robotics, with
exciting new developments in design, smart materials, actuators, sensors, models, and
control strategies. However, the modeling and control of continuum soft robots continue
to pose major challenges due to their infinite degrees of freedom, complex nonlinear
dynamics, and time-dependent behaviors like hysteresis. As a result, soft robots often lack
the necessary capability and motion precision, leading to a tradeoff where performance
is sacrificed for safety. With this thesis, we argue that this tradeoff can be overcome by
developing more advanced algorithms that can reason on the physics of the soft robot. More
specifically, we propose combining powerful learned models with efficient and effective
model-based control approaches that allow for interpretability into the actions and admit
stability guarantees.

Currently, two main approaches exist for controlling soft robots. The first employs
model-based control using approximated physics-based models derived from first principles.
The second directly learns control policies, primarily through reinforcement learning. Both
strategies face notable limitations. Existing model-based controllers are unable to fully
manage and eventually exploit the dynamics of soft robots because their underlying
models inadequately capture complex behaviors, particularly how actuation and external
interactions affect the robot’s deformation. Moreover, deriving these models requires
extensive expert knowledge. Additionally, the combined complexity and uncertainty
of the dynamics between a soft robot and its environment make it currently infeasible
to develop comprehensive world models from first principles alone, thereby motivating
the integration of machine learning approaches that can effectively leverage data-driven
insights. Conversely, directly learning the controller — such as via reinforcement learning
— lacks interpretability and stability guarantees while being highly sample inefficient, a
significant drawback given the time-dependent material properties and limited lifespan of
current soft robots.

In this thesis, we contend that combining learned models with model-based controllers
presents a promising alternative that brings together the advantages of both approaches:
expressive, data-driven models that require less expert knowledge paired with controllers
that are both interpretable and provably stable. Although recent years have seen increased
interest in leveraging learned models for control, most work in this area depends on com-
putationally intensive optimal control methods, such as MPC, to optimize the actuation
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sequence with the learned model. However, the high computational cost of solving these
optimal control problems limits the maximum control frequency during deployment, pre-
venting us from fully exploiting the dynamic capabilities of soft robots. Instead, this thesis
pursues closed-form controllers that utilize the physical structure of learned models within
an energy-shaping framework. The main challenge here is to develop approaches that
integrate such physical structures—specifically, kinetic and potential energy terms—into
the learning of dynamical models for soft robots. Before addressing this main challenge, we
first had to advance physics-based models derived from first principles and identify novel
techniques to leverage them for control. On one hand, this clarified which physical priors
were available for learning, while on the other hand, it inspired new ways to integrate
model-based controllers with learned models. The thesis addresses this topic through
several interconnected key contributions.

First, we argue that quantifying the safety of soft robots is crucial for designing and
controlling them to ensure that the closed-loop system meets the specific safety require-
ments of their intended applications. To this end, we present the first safety metric for
continuum soft robots, which assesses the safety of an integrated soft robot design by
accounting for both its embodied and computational intelligence.

Secondly, this thesis enhances shape sensing for soft robots by leveraging insights
from kinematic models. We accomplish this by formulating and solving nonlinear opti-
mization problems that align sensor measurements with the backbone shapes predicted
by the kinematic model. We present two distinct approaches that integrate commercial
sensors—namely, visual and magnetic—with SLAM algorithms and a learned sensor mea-
surementmodel, respectively, to accurately estimate the soft robot’s state, a key requirement
for effective feedback control.

Thirdly, this thesis introduces advanced physics-based actuation models, including
those for robots actuated by auxetic metamaterials - referred to as HSA robots—and models
that capture the actuation dynamics of piston-driven pneumatic soft robots. We then lever-
age the acquired model insights to design provably stable nonlinear controllers—specifically,
an integral-saturated PID combined with potential shaping and Cartesian-space impedance
control for planar HSA robots, as well as a backstepping controller for pneumatic piston-
driven soft robots. This contribution deepens our understanding of actuation, a critical
aspect of soft robot behavior, and demonstrates how such insights can be incorporated into
model-based control strategies. Moreover, experiments with HSA robots have highlighted
the limitations of purely physics-based models in capturing complex phenomena like
hysteresis, thereby motivating the exploration of learning-based approaches. In the future,
the developed actuation models can serve as valuable physical priors for learned models.

Fourthly, the thesis presents techniques for learning soft robot models that incorporate
physical structures while ensuring stability. We accomplish this by embedding physics-
based dynamical models into the learning algorithm, which determines the free parameters
of the dynamics and optionally optimizes a coordinate transformation—such as encoding
into latent space. Two notable approaches are introduced: (1) an algorithm that extracts
low-dimensional soft robot strain models from samples of the robot backbone’s shape
evolution, and (2) a network of coupled harmonic oscillators for learning latent dynamics
from high-dimensional observations like images. The explicit inclusion of kinematic and
potential energy terms in these models allows for stability analysis using standard nonlinear
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system theory tools, such as Lyapunov methods. For instance, we prove that the coupled
oscillator network is both globally asymptotically stable and input-to-state stable.

Fifthly, we exploit the physical structure of the learned models from contribution four
to design closed-form setpoint regulators. The controller contains two key components:
(1) a potential shaping feedforward term that positions the local/global minimum of the
closed-loop potential energy at the setpoint by leveraging the learned model knowledge,
and (2) an integral-saturated PID feedback term that rejects disturbances and compensates
for modeling errors to prevent steady-state errors. The stability of the closed-loop system
can then be analyzed using Lyapunov arguments.

Finally, the thesis explores methods for generating compliant motion behaviors in soft
robots beyond low-level control. One approach focuses on assisting users, particularly
elderly individuals, with activities of daily living by guiding the low-level controller with
brain signals. This is achieved by combining motor imagery classification from wearable
EEG devices with compliant impedance control in operational space. The second approach
combines an orbitally stable dynamical system in latent space with a bijective neural
network parametrized encoder to learn periodic motions from demonstrations. By avoiding
reliance on time references, this learned motion policy enables natural and compliant
tracking of demonstrated periodic motions. This contribution ensures that not just the
robot structure and low-level controller are compliant, but also the high-level motion
strategy.

In summary, this thesis aims to work towards safe and precise soft robot behavior in
human-centric environments. In this context, safety is achieved through the soft body’s
mechanical compliance. To enhance precision while maintaining insight into decision-
making, ensuring stability, and preserving computational efficiency, the core contribution
of this work is the development of closed-form soft robot controller architectures and
their connection to learned models. Several supporting contributions include a metric for
quantifying the safety of soft robots, strategies for integrating kinematic models into shape
sensing methods, advanced physics-based actuation models that could serve as future
priors for learned models, and moving beyond low-level controllers by devising compliant
motion strategies. All proposed models, sensing methods, control strategies, and motion
approaches have been thoroughly verified through simulation or real-world testing on
soft robots. The code and data from most chapters have been made publicly available on
GitHub, thereby contributing to the broader research community.
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Samenvatting
Aangezien we er in toenemende mate naar streven robots te integreren in omgevingen die
op mensen gericht zijn, staat veiligheid voorop. Doorgaans baseren rigide collaboratieve
robots zich op veiligheidsbewuste computationele regelalgorithmen, die gevoelig zijn voor
waarnemingsfouten en vaak leiden tot een te voorzichtige werking die de prestaties beperkt.
Zachte flexibele robotica (Soft Robotic) daarentegen biedt een veelbelovend alternatief door
passieve compliantie in de gehele robotstructuur te waarborgen via materiaaleigenschap-
pen. Deze mechanische compliantie beperkt inherent veiligheidsproblemen die voortkomen
uit fouten in waarneming of regeling, al gaat dit ten koste van een aanzienlijke daling in
precisie. In de afgelopen jaren zijn grote vooruitgangen geboekt in de zachte robotica, met
veelbelovend nieuwe ontwikkelingen in ontwerp, slimme materialen, actuatoren, sensoren,
modellen en regelstrategieën. Het modelleren en regelen van continuümzachte robots
brengt echter grote uitdagingen met zich mee vanwege hun oneindige vrijheidsgraden,
complexe niet-lineaire dynamica en tijdsafhankelijke verschijnselen zoals hysterese. Daar-
door missen zachte robots vaak de benodigde capaciteit en bewegingsprecisie, wat leidt tot
een compromis waarbij prestaties worden opgeofferd voor veiligheid. Met dit proefschrift
stellen wij dat dit compromis kan worden overwonnen door geavanceerdere algoritmen te
ontwikkelen die de fysica van de zachte robot in acht nemen. Meer specifiek stellen wij
voor om krachtige geleerde modellen te combineren met efficiënte en effectieve model-
gebaseerde regelmethoden die inzicht in de handelingen bieden en stabiliteitsgaranties
toelaten.

Momenteel bestaan er twee primaire strategie voor het regelen van zachte robots. De
eerste maakt gebruik van modelgebaseerde regeling met benaderde fysische modellen die
zijn afgeleid uit eerste principes. De tweede leert regeltechnieken rechtstreeks, voorna-
melijk via reinforcement learning. Beide strategieën kennen aanzienlijke beperkingen.
Bestaande modelgebaseerde regelaars zijn niet in staat de dynamica van zachte robots volle-
dig te beheersen en uiteindelijk te benutten, omdat hun onderliggende modellen complexe
gedragingen — met name hoe actuatie en externe interacties de vervorming van de robot
beïnvloeden — ontoereikend vastleggen. Bovendien vergt het afleiden van deze modellen
uitgebreide expertise. Daarnaast maken de gecombineerde complexiteit en onzekerheid
van de dynamica tussen een zachte robot en haar omgeving het momenteel onhaalbaar
om louter vanuit eerste principes volledige wereldmodellen te ontwikkelen, wat de in-
tegratie motiveert van machine-learning-methodes die datagedreven inzichten effectief
kunnen benutten. Daarentegen biedt het rechtstreeks leren van de regelstrategie, bijvoor-
beeld via reinforcement learning, geen interpretatie en stabiliteitsgaranties en gaat het
gepaard met een hoge monsterinefficiëntie, wat problematisch is door de tijdsafhankelijke
materiaaleigenschappen en beperkte levensduur van huidige zachte robots.

In dit proefschrift betogen wij dat het combineren van geleerde modellen met mo-
delgebaseerde regelaars een veelbelovend alternatief vormt dat de voordelen van beide
strategien samenbrengt: expressieve, datagedreven modellen die minder expertkennis
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vereisen, gekoppeld aan regelaars die zowel interpreteerbaar als aantoonbaar stabiel zijn.
Hoewel de laatste jaren toenemende interesse is ontstaan in het benutten van geleerde mo-
dellen voor de regeltechniek, is het merendeel van dit werk afhankelijk van computationeel
intensieve optimale-regelmethoden, zoals MPC, om de actuatiesequentie te optimaliseren
met behulp van het geleerde model. De hoge rekenkosten van het oplossen van deze
optimale-regelproblemen beperken echter de maximale regelfrequentie tijdens inzet, waar-
door we de dynamische mogelijkheden van zachte robots niet volledig kunnen benutten.
Dit proefschrift richt zich daarom op closed-form-regelaars die de fysische structuur van
geleerde modellen benutten binnen een energy-shaping-raamwerk. De belangrijkste uitda-
ging hierbij is het ontwikkelen van methoden die dergelijke fysische structuren — specifiek
kinetische en potentiële energie-termen — integreren in het leren van dynamische modellen
voor zachte robots.

Voordat we deze uitdaging aanpakten, moesten we eerst fysica-gebaseerde modellen
afleiden uit eerste principes en nieuwe technieken identificeren om ze voor regeling te
benutten. Enerzijds maakte dit duidelijk welke fysische voorkennis beschikbaar waren
voor het leren, terwijl het anderzijds nieuwe manieren inspireerde om modelgebaseerde
regelaars met geleerde modellen te integreren. Het proefschrift behandelt dit onderwerp
via verschillende onderling verbonden kernbijdragen.

Ten eerste stellenwij dat het kwantificeren van de veiligheid van zachte robots essentieel
is voor het ontwerpen en regelen ervan, zodat het gesloten-lus regelsysteem voldoet aan de
specifieke veiligheidseisen van de beoogde toepassingen. Daartoe presenteren wij de eerste
veiligheidsmaatstaf voor continuümzachte robots, die de veiligheid van een geïntegreerd
ontwerp van een zachte robot beoordeelt door zowel de belichaamde als de computationele
intelligentie in rekening te brengen.

Ten tweede verbetert dit proefschrift vormwaarneming voor zachte robots door in-
zichten uit kinematische modellen te benutten. Dit bereiken we door niet-lineaire opti-
malisatieproblemen te formuleren en op te lossen die sensormetingen uitlijnen met de
ruggraadvormen die door het kinematische model worden voorspeld. We presenteren
twee verschillende benaderingen die commerciële visuele en magnetische sensoren te
integretren met integreren met respectievelijk SLAM-algoritmen en een geleerd sensor-
meetmodel om de toestand van de zachte robot nauwkeurig te schatten, een sleutelfactor
voor doeltreffende feedbackregeling.

Ten derde introduceert dit proefschrift geavanceerde fysica-gebaseerde actuatiemo-
dellen, waaronder modellen voor robots die worden aangedreven door auxetische me-
tamaterialen — aangeduid als HSA-robots — en modellen die de actuatiedynamica van
zuiger-gedreven pneumatische zachte robots vastleggen. Vervolgens benutten we de ver-
kregen modelinzichten om aantoonbaar stabiele niet-lineaire regelaars te ontwerpen —
met name een integraal-gesatureerde PID gecombineerd met potentiaalvormende en impe-
dantieregeling in Cartesiaanse ruimte voor planaire HSA-robots, alsook een backstepping-
regelaar voor pneumatische zuiger-gedreven zachte robots. Deze bijdrage verdiept ons
begrip van actuatie, een cruciaal aspect van het gedrag van zachte robots, en toont aan
hoe dergelijke inzichten kunnen worden geïntegreerd in modelgebaseerde regelstrategieën.
Bovendien hebben experimenten met HSA-robots de beperkingen blootgelegd van puur
fysica-gebaseerde modellen bij het vastleggen van complexe fenomenen zoals hysterese,
waarmee de noodzaak van op leren gebaseerd benaderingen wordt onderstreept. In de toe-
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komst kunnen de ontwikkelde actuatiemodellen dienen als waardevolle fysische voorkennis
voor geleerde modellen.

Ten vierde presenteert het proefschrift technieken voor het leren van modellen van
zachte robots die fysische structuren integreren en tegelijk stabiliteit waarborgen. Dit rea-
liseren we door fysica-gebaseerde dynamische modellen op te nemen in het leeralgorithme,
dat de vrije parameters van de dynamica bepaalt en optioneel een coördinatentransformatie
— zoals een latente-ruimte-encodering — optimaliseert. Twee noemenswaardige benaderin-
gen worden geïntroduceerd: (1) een algoritme dat laagdimensionale vervormingsmodellen
van zachte robots afleidt uit voorbeelden van de vorm-evolutie van de ruggengraat van
de robot, en (2) een netwerk van gekoppelde harmonische oscillatoren voor het leren van
latente dynamica uit hoogdimensionale observaties zoals beelden. De expliciete opname
van kinematische en potentiële-energie-termen in deze modellen maakt stabiliteitsana-
lyse mogelijk met tools uit de niet-lineare systeemtheorie, zoals Lyapunov-methoden.
Zo bewijzen wij bijvoorbeeld dat het netwerk van gekoppelde oscillatoren zowel globaal
asymptotisch stabiel als input-to-state-stabiel is.

Ten vijfde benutten wij de fysische structuur van de geleerde modellen uit bijdrage vier
om closed-form-setpoint-regelaars te ontwerpen. De regelaar bevat twee kernelementen:
(1) een potentiaalvormende-feedforwardterm die het lokale of globale minimum van de
gesloten-lus-potentiële energie op het setpoint plaatst door de kennis uit het geleerde
model te benutten, en (2) een integraal-gesatureerde PID-feedbackterm die verstoringen
onderdrukt en modelleringsfouten compenseert om stationaire fouten te voorkomen. De
stabiliteit van het gesloten-lus regelsysteem kan vervolgens met Lyapunov-argumenten
worden geanalyseerd.

Ten slotte verkent het proefschrift methoden om conform methode in zachte robots te
genereren, voorbij de laag-niveau-regeling. Eén bewegingen richt zich op het ondersteu-
nen van gebruikers, met name ouderen, bij activiteiten van het dagelijks leven door de
laag-niveau-regelaar te sturen met hersensignalen. Dit wordt bereikt door motor-beeld-
classificatie van draagbare EEG-apparaten te combinerenmet compliant impedantieregeling
in de operationele ruimte. De tweede methode combineert een orbitale-stabiel dynamisch
systeem in latente ruimte met een bijectieve neurale-netwerk-geparametriseerde encoder
om periodieke bewegingen uit demonstraties te leren. Doordat het bewegingsbeleid geen
gebruikmaakt van tijdreferenties, kan het op een natuurlijke en meegevende manier pe-
riodieke gedemonstreerde bewegingen volgen. Deze bijdrage waarborgt dat niet alleen
de robotstructuur en de laag-niveau-regelaar compliant zijn, maar ook de hoog-niveau-
bewegingsstrategie.

Samengevat beoogt dit proefschrift bij te dragen aan veilig en nauwkeurig gedrag van
zachte robots in mensgerichte omgevingen. Veiligheid wordt bereikt via de mechanische
compliantie van het zachte lichaam. Om de precisie te verbeteren terwijl inzicht in be-
sluitvorming, stabiliteit en computationele efficiëntie behouden blijven, is de kernbijdrage
van dit werk de ontwikkeling van closed-form-regelarchitecturen voor zachte robots en
hun koppeling aan geleerde modellen. Verscheidene ondersteunende bijdragen omvat-
ten een maatstaf voor het kwantificeren van de veiligheid van zachte robots, strategieën
voor het integreren van kinematische modellen in vormwaarnemingsmethoden, geavan-
ceerde fysica-gebaseerde actuatiemodellen die als toekomstige voorkennis voor geleerde
modellen kunnen dienen, en het overstijgen van laag-niveau-regelaars door compliant
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bewegingsstrategieën te ontwikkelen. Alle voorgestelde modellen, waarnemingsmetho-
den, regelstrategieën en bewegingsbenaderingen zijn grondig gevalideerd via simulaties
of experimenten in de echte wereld op zachte robots. De code en data van de meeste
hoofdstukken zijn publiekelijk beschikbaar gesteld op GitHub en dragen zo bij aan de
bredere onderzoeksgemeenschap.



xvii

Zusammenfassung

Da wir zunehmend bestrebt sind, Roboter in menschenzentrierte Umgebungen zu inte-
grieren, hat Sicherheit höchste Priorität. Traditionell haben starre kollaborative Roboter
auf sicherheitsbewusste, rechnergestützte Regelstrategien zurückgegriffen, die anfällig
für Wahrnehmungsfehler sind und häufig zu übervorsichtigem Verhalten führen, das die
Leistung begrenzt. Im Gegensatz dazu bietet die weiche Robotik (Soft Robotic) eine vielver-
sprechende Alternative, indem sie durch Materialweichheit eine passive Nachgiebigkeit im
gesamten Roboteraufbau sicherstellt. Diese mechanische Nachgiebigkeit mindert Sicher-
heitsprobleme, die aus Wahrnehmungs- oder Regelungsfehlern resultieren, geht jedoch
mit einem erheblichen Präzisionsverlust einher. In den letzten Jahren wurden in der wei-
chen Robotik bedeutende Fortschritte erzielt, mit interessanten neuen Entwicklungen in
Design, intelligenten Materialien, Aktoren, Sensoren, Modellen und Regelungsstrategien.
Dennoch stellen die Modellierung und Regelung von kontinuierlichen weichen Robotern
nach wie vor große Herausforderungen dar, da sie unendlich viele Freiheitsgrade, komplexe
nichtlineare Dynamiken und zeitabhängige Verhaltensweisen wie Hysterese aufweisen.
Folglich mangelt es weichen Robotern häufig an der erforderlichen Leistungsfähigkeit und
Bewegungspräzision, was zu einem Kompromiss führt, bei dem Leistung der Sicherheit
geopfert wird. In dieser Arbeit argumentieren wir, dass dieser Kompromiss überwunden
werden kann, indem fortschrittlichere Algorithmen entwickelt werden, die auf der Physik
des weichen Roboters basieren. Genauer gesagt schlagen wir vor, leistungsstarke, gelernte
Modelle mit effizienten und effektiven modellbasierten Regelungsansätzen zu kombinieren,
die Interpretierbarkeit des Handelns ermöglichen und Stabilitätsgarantien zulassen.

Derzeit existieren zwei Hauptansätze zur Regelung weicher Roboter. Der erste verwen-
det modellbasierte Regelungen, die auf approximierten, physikbasierten Modellen beruhen,
die aus ersten Prinzipien abgeleitet sind. Der zweite Ansatz erlernt Steuerungsrichtlinien
direkt, überwiegend mittels Reinforcement Learning. Beide Strategien weisen erhebliche
Einschränkungen auf. Bestehende modellbasierte Regler können die Dynamik weicher Ro-
boter nicht vollständig beherrschen und schließlich ausnutzen, da ihre zugrunde liegenden
Modelle komplexe Verhaltensweisen, insbesondere wie Aktuierung und externe Interaktio-
nen die Verformung des Roboters beeinflussen, unzureichend erfassen. Darüber hinaus
erfordert die Ableitung dieser Modelle umfangreiches Expertenwissen. Ferner machen die
kombinierte Komplexität und Unsicherheit der Dynamik zwischen einem weichen Roboter
und seiner Umgebung es derzeit unmöglich, umfassende Weltmodelle ausschließlich aus
ersten Prinzipien zu entwickeln, was die Integration von Machine-Learning-Ansätzen
motiviert, die datengetriebene Erkenntnisse effektiv nutzen können. Umgekehrt mangelt
es beim direkten Erlernen des Reglers – etwa durch Reinforcement Learning – an Interpre-
tierbarkeit und Stabilitätsgarantien, während es zudem hochgradig sample-ineffizient ist,
ein signifikanter Nachteil angesichts der zeitabhängigen Materialeigenschaften und der
begrenzten Lebensdauer heutiger weicher Roboter.
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In dieser Arbeit vertreten wir die Auffassung, dass die Kombination gelernter Model-
le mit modellbasierten Reglern eine vielversprechende Alternative darstellt, welche die
Vorteile beider Ansätze vereint: ausdrucksstarke, datengetriebene Modelle, die weniger
Expertenwissen erfordern, gepaart mit Reglern, die sowohl interpretierbar als auch nach-
weislich stabil sind. Obwohl in den letzten Jahren das Interesse gewachsen ist, gelernte
Modelle für die Regelung zu nutzen, basiert der Großteil der Arbeiten in diesem Bereich
auf rechenintensiven optimalen Regelungsmethoden wie MPC, um mit dem gelernten
Modell die Antriebssequenz zu optimieren. Die hohen Rechenkosten bei der Lösung dieser
Optimalsteuerungsprobleme begrenzen jedoch die maximale Regelungsfrequenz während
des Einsatzes und verhindern so die volle Ausschöpfung der dynamischen Fähigkeiten wei-
cher Roboter. Stattdessen verfolgt diese Arbeit geschlossene Regler in geschlossener Form,
die die physikalische Struktur gelernter Modelle ausnutzen um deren Energieprofil durch
Regelung zu verformen. Die Hauptschwierigkeit besteht darin, Ansätze zu entwickeln, die
solche physikalischen Strukturen – insbesondere kinetische und potenzielle Energieanteile
– in das Erlernen dynamischer Modelle für weiche Roboter integrieren.

Bevor wir uns dieser Hauptaufgabe widmeten, mussten wir zunächst physikbasierte
Modelle aus ersten Prinzipien weiterentwickeln und neue Techniken identifizieren, um
sie für die Regelung zu nutzen. Einerseits wurde dadurch geklärt, welche physikalischen
Priors für das Lernen verfügbar sind, andererseits inspirierte es neue Wege, modellbasierte
Regler mit gelernten Modellen zu integrieren. Die Arbeit behandelt dieses Thema durch
mehrere miteinander verbundene Hauptbeiträge.

Erstens argumentieren wir, dass die Quantifizierung der Sicherheit weicher Roboter
entscheidend ist, um sie so zu entwerfen und zu regeln, dass das geschlossene System
die spezifischen Sicherheitsanforderungen seiner vorgesehenen Anwendungen erfüllt. Zu
diesem Zweck präsentieren wir die erste Sicherheitsmetrik für kontinuierliche weiche
Roboter, die die Sicherheit eines integrierten weichen Roboters bewertet, indem sie sowohl
seine verkörperte als auch seine rechnerische Intelligenz berücksichtigt.

Zweitens verbessert diese Arbeit die Formwahrnehmung (Shape Sensing) für weiche
Roboter, indem Erkenntnisse aus kinematischen Modellen genutzt werden. Dies erreichen
wir, indem wir nichtlineare Optimierungsprobleme formulieren und lösen, die Sensor-
messungen mit den durch das kinematische Modell vorhergesagten Rückgratsformen
abgleichen. Wir präsentieren zwei unterschiedliche Ansätze, die kommerzielle Sensoren
– nämlich visuelle und magnetische – mit SLAM-Algorithmen bzw. mit einem gelernten
Sensor-Messmodell kombinieren, um den Zustand des weichen Roboters genau zu schätzen,
eine wichtige Voraussetzung für eine effektive Regelung mit Rückkopplung.

Drittens führt diese Arbeit fortschrittliche physikbasierte Aktuierungsmodelle ein, dar-
unter solche für Roboter, die durch auxetische Metamaterialien – sogenannte HSA-Roboter
– angetrieben werden, sowie Modelle, die die Antriebsdynamik von kolbengesteuerten
pneumatischen weichen Robotern erfassen. Anschließend nutzen wir die gewonnenen
Modellkenntnisse, um nachweislich stabile nichtlineare Regler zu entwerfen – konkret
einen integralgesättigten PID-Regler kombiniert mit Umformung der potentiellen Ener-
gie und Impedanzregelung im kartesischen Raum für planare HSA-Roboter sowie einen
Backstepping-Regler für pneumatische, kolbengesteuerte weiche Roboter. Dieser Beitrag
vertieft unser Verständnis des Antriebs, eines entscheidenden Aspekts des Verhaltens
weicher Roboter, und zeigt, wie solche Erkenntnisse in modellbasierte Regelungsstrategi-
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en eingebunden werden können. Darüber hinaus haben Experimente mit HSA-Robotern
die Grenzen rein physikbasierter Modelle bei der Erfassung komplexer Phänomene wie
Hysterese aufgezeigt und motivieren so die Erforschung lernbasierter Ansätze. Zukünf-
tig können die entwickelten Antriebsmodelle als wertvolle physikalische Vorwissen für
gelernte Modelle dienen.

Viertens stellt die Arbeit Techniken zum Erlernen von Modellen weicher Roboter vor,
die physikalische Strukturen integrieren und gleichzeitig Stabilität gewährleisten. Dies
erreichen wir, indem wir physikbasierte dynamische Modelle in den Lernalgorithmus
einbetten, der die freien Parameter der Dynamik bestimmt und optional eine Koordi-
natentransformation – etwa eine Kodierung in einen latenten Raum – optimiert. Zwei
hervorzuhebende Ansätze werden vorgestellt: (1) ein Algorithmus, der aus Stichproben der
Entwicklung der Rückgratform des Roboters niedrigdimensionale Deformationsmodelle
extrahiert, und (2) ein Netzwerk gekoppelter harmonischer Oszillatoren zum Erlernen
latenter Dynamik aus hochdimensionalen Beobachtungen wie Bildern. Die explizite Einbe-
ziehung von kinematischen und potenziellen Energieanteilen in diese Modelle ermöglicht
eine Stabilitätsanalyse mit Standardwerkzeugen der nichtlinearen Systemtheorie, wie z.
B. Lyapunov-Methoden. So beweisen wir beispielsweise, dass das Netzwerk gekoppelter
Oszillatoren sowohl global asymptotisch stabil als auch Eingangs-Zustands (Input-to-State)
stabil ist.

Fünftens nutzen wir die physikalische Struktur der aus Beitrag vier gelernten Modelle,
um Regler in geschlossener Form für Sollwertregelung zu entwerfen. Der Regler enthält
zwei zentrale Komponenten: (1) einem Vorwärtsregelung-Teil basierend auf Umformung
der potenziellen Energie, der das lokale/globale Minimum der geschlossenen Potenzia-
lenergie mithilfe des gelernten Modellwissens am Sollwert positioniert, und (2) einen
integralgesättigten PID-Feedback-Term, der Störungen unterdrückt und Modellierungs-
fehler kompensiert, um stationäre Fehler zu vermeiden. Die Stabilität des geschlossenen
Systems kann anschließend mithilfe von Lyapunov-Argumenten analysiert werden.

Schließlich untersucht die Arbeit Methoden zur Erzeugung nachgiebiger Bewegungsver-
halten in weichen Robotern über die Regelung auf niedriger Ebene (Low Level) hinaus. Ein
Ansatz konzentriert sich darauf, Benutzer, insbesondere ältere Menschen, bei alltäglichen
Aktivitäten zu unterstützen, indem der Low-Level-Regler durch Gehirnsignale gesteuert
wird. Dies wird erreicht, indem die Klassifizierung der Bewegungsimagination von tragba-
ren EEG-Geräten mit einer nachgiebigen Impedanzregelung im Arbeitsraum kombiniert
wird. Der zweite Ansatz verbindet ein orbital stabiles dynamisches System im latenten
Raum mit einem bijektiven, durch ein neuronales Netzwerk parametrisierten Encoder, um
periodische Bewegungen aus Demonstrationen zu erlernen. Durch den Verzicht auf Zeitre-
ferenzen ermöglicht diese gelernte Bewegungsstrategie eine natürliche und nachgiebige
Verfolgung der demonstrierten periodischen Bewegungen. Dieser Beitrag stellt sicher, dass
nicht nur der Roboteraufbau und der Low-Level-Regler nachgiebig sind, sondern auch die
Bewegungsstrategie auf hoher Ebene (High-Level).

Zusammenfassend zielt diese Arbeit darauf ab, sicheres und präzises Verhalten wei-
cher Roboter in menschenzentrierten Umgebungen zu ermöglichen. In diesem Kontext
wird Sicherheit durch die mechanische Nachgiebigkeit des weichen Körpers erreicht. Um
die Präzision zu erhöhen und gleichzeitig Einblick in die Entscheidungsfindung zu be-
halten, Stabilität sicherzustellen und die Rechenaufwände gering zu halten, besteht der
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Kernbeitrag dieser Arbeit in der Entwicklung von Reglerarchitekturen in geschlossener
Form für weiche Roboter und ihrer Verknüpfung mit gelernten Modellen. Mehrere un-
terstützende Beiträge umfassen eine Metrik zur Quantifizierung der Sicherheit weicher
Roboter, Strategien zur Integration kinematischer Modelle in Formwahrnehmungsmetho-
den, fortschrittliche physikbasierte Aktuierungsmodelle, die als zukünftiges Vorwissen
für gelernte Modelle dienen können, sowie das Überschreiten von Low-Level-Reglern
durch die Entwicklung nachgiebiger Bewegungsstrategien. Alle vorgeschlagenen Modelle,
Sensormethoden, Regelungsstrategien und Bewegungsansätze wurden umfassend durch
Simulation oder reale Tests an weichen Robotern verifiziert. Der Code und die Daten aus
den meisten Kapiteln wurden auf GitHub öffentlich zugänglich gemacht und tragen so zur
breiteren Forschungsgemeinschaft bei.
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Introduction

This chapter situates the dissertation within the broader societal context, addressing the
challenges of integrating robotics into human-centered environments and assisting with
daily living activities. First, we explain how soft robots, with their inherent safety, can help
overcome these challenges despite current performance limitations—particularly regarding
precision. Next, we argue that employing modern machine learning methods, with their
significant expressiveness, could enable the development of far more accurate dynamic models
of the complex behaviors exhibited by soft robots. To maintain transparency in decision-
making, ensure stability guarantees, and preserve computational efficiency in the controller,
our approach integrates physical structure into the learned models for use in closed-form
model-based controllers. We then present the research questions this thesis aims to tackle,
along with the corresponding contributions. Finally, we outline the structure of the thesis,
connecting each chapter to the relevant topics, contributions, and the strength of physical
priors within the employed models.
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1.1 Motivation

O ver the past few decades, the domain of robotics has made remarkable strides, lead-
ing to the widespread adoption of high-performance, precise, and powerful rigid

robots (Todd, 1996). While these systems have traditionally excelled in manufacturing
environments with repetitive tasks—such as assembly lines—they are increasingly finding
use in applications that require more autonomy, including warehouse logistics and auto-
mated inspections. Yet, in addressing contemporary societal needs, there is a heightened
demand for robots specifically crafted for human-centered settings, e.g., homes and public
spaces (Chibani et al., 2013; He et al., 2021; Nahavandi, 2019; Royakkers and Van Est,
2015). Fully realizing the potential of such robots calls for integrating inherent compli-
ance, enabling safe interaction with humans in dynamic, unconstrained, and unpredictable
contexts. This requirement aligns with Asimov’s First Law (Asimov, 1941) — robots must
never harm humans, making safety a paramount consideration in both their design and
deployment (Villani et al., 2018).

Existing approaches to ensuring safety largely depend on computational intelligence (Ahn
et al., 2024; Sermanet et al., 2025), employing advanced control strategies, e.g., safety
filters (Ames et al., 2016) and impedance controllers (Khatib, 1987), real-time collision
detection (Haddadin et al., 2017), and predefined safety zones (Zhao et al., 2024b). These
methods leverage sophisticated sensing, algorithms, and extensive pre-programming to
predict and mitigate potential hazards (Fragapane et al., 2021). For instance, collision
detection improves safety by stopping or slowing the robot upon contact. Although this
measure helps reduce the risk of serious injury, it is inherently reactive and cannot entirely
eliminate harm. Moreover, any sensor malfunction or failure in the perception or decision-
making pipeline undermines safety guarantees. Hardware-based solutions have also been
developed to enhance safety. For example, collaborative robots (cobots) (El Zaatari et al.,
2019), which are designed for safe human-robot interaction, typically incorporate series
elastic actuators to isolate actuator dynamics from the robot’s links (Pratt and Williamson,
1995) and minimize link inertia (Albu-Schäffer et al., 2007). Still, their rigid structures
pose considerable risks to nearby individuals (Haddadin, 2013). To address these dangers,
standards such as ISO/TS 15066:2016 (Standard, 2016) mandate that cobots move slowly
enough to stop before colliding with a person, thereby constraining performance and
effectiveness (Ajoudani et al., 2018; Lucci et al., 2020). Ultimately, current safety measures
place heavy demands on perception systems and substantially reduce the efficiency and
capabilities of robots and cobots in human-centered environments.

Soft robotics reimagines safety from the ground up by embedding it into the robot’s
fundamental mechanical design. Rather than treating safety as an add-on or relying solely
on computational layers, soft robots incorporate safety through the choice of materials
and structural configurations (Laschi et al., 2016; Rus and Tolley, 2015). Their inherent
compliance facilitates safe interactions with humans1 and makes them ideal for safety-
critical settings like personal assistance, caregiving, and handling delicate items (Abidi
and Cianchetti, 2017; Yumbla et al., 2021). Recent advances in the field have been substan-

1To the best of our knowledge, the inherent safety of soft robots has not yet been rigorously quantified, exper-
imentally analyzed, or validated in literature—for instance, through controlled user studies or by comparing
them to (collaborative) rigid manipulators. In Chapter 3, we introduce a safety metric as a first step toward
quantifying the (added) safety of soft robots.
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Figure 1.1: Topics covered in this thesis: leveraging learned models for the control of soft robots.

tial (Yasa et al., 2023), with innovations in soft robot designs (Guan et al., 2023; Hawkes
et al., 2017; Katzschmann et al., 2018; Laschi et al., 2012; Tolley et al., 2014), smart materi-
als (Mazzolai et al., 2022; Terryn et al., 2017), actuators (Aubin et al., 2022; Gravert et al.,
2024; Lipton et al., 2018; Shepherd et al., 2013; Vasios et al., 2020; Wehner et al., 2016), sen-
sors (Larson et al., 2016; Thuruthel et al., 2019; Truby et al., 2020), modeling methods (Boyer
et al., 2020; Renda et al., 2020, 2018), and control techniques (Della Santina et al., 2020c;
Jitosho et al., 2023; Pustina et al., 2024a; Thuruthel et al., 2018b). Despite this progress and
the potential to transform human-robot interaction (Jørgensen et al., 2022), widespread
practical adoption of soft robots remains a challenge (Hawkes et al., 2021). In particular,
many soft robots still struggle with imprecise, often oscillatory motion (Hawkes et al., 2017;
Majidi, 2014; Mazzolai et al., 2022). This is largely because modeling (Armanini et al., 2023)
and controlling (Della Santina et al., 2023) continuum soft robots from first principles is
inherently difficult; they exhibit infinite degrees of freedom, complex nonlinear dynamics,
and time-dependent phenomena such as hysteresis (Armanini et al., 2023), and might make
extensive large-area multi-point contact with the environment. In summary, our findings
indicate that current soft robots lack sufficient capability—particularly in precision—and,
much like safety-aware controllers for rigid robots that enforce cautious, slow motions,
we are again sacrificing performance for safety. Therefore, we see a pressing need for
novel motor control strategies for soft robots that combine the inherent compliance and
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4 1 Introduction

embodied intelligence of soft robots with the precise motion characteristics of rigid robotic
manipulators.
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Expert
Knowledge

Figure 1.2: Existing Approach: Model-Based Control with Physical Models. Expert knowledge is required to
derive kinematic and dynamic models for soft robots from first principles (Armanini et al., 2017). The dynamics can
often be expressed in a control-oriented Euler-Lagrangian framework. This model knowledge is then integrated
into closed-form controllers that combine an error-based feedback term (e.g., a PID-like controller) with a model-
based term (e.g., an energy-shaping feedforward) to track a given reference (Caasenbrood and Nijmeijer, 2021;
Della Santina et al., 2023, 2020c). Finally, the control input must be translated into an actuation that exerts forces
and torques on the continuum soft robot in a closed loop.

At present, two main approaches can be distinguished for controlling the complex
behavior of soft robots (Della Santina et al., 2023; Thuruthel et al., 2018a). The first (1),
visualized in Fig. 1.2, relies on fully physics-basedmodels (Armanini et al., 2023), for example
using strain models (Alessi et al., 2024a), and typically involves nonlinear feedback, e.g.,
PD+ (Della Santina et al., 2020c), or error-based feedback+feedforward, e.g., PID+energy-
shaping (Caasenbrood et al., 2023; Della Santina et al., 2023; Soleti et al., 2025), control
schemes. The second (2) approach, visualized in Fig. 1.3, is to learn the controller directly
in a model-free fashion (George Thuruthel et al., 2017), for example, through model-free
RL (Alessi et al., 2024b; Jitosho et al., 2023; Morimoto et al., 2021) or ILC (Hofer et al., 2019;
Pierallini et al., 2023). However, both of these strategies exhibit significant drawbacks.

Developing fully physics-based models, as used in (1), demands substantial expert
knowledge (Stella and Hughes, 2023) and often hinges on strong simplifying assump-
tions, such as the continuum soft robot being slender, i.e., the backbone radius is much
smaller relative to its length (Cosserat, 1909), allowing for a low-dimensional kinematic
parametrization (Armanini et al., 2023), preserving a constant backbone cross-section (Gaz-
zola et al., 2018), and assuming isotropic Hookean materials without time-dependent effects



1.1 Motivation

1

5

<latexit sha1_base64="ycTVV8ig7S4jfTwZj3DgwqyD2wc=">AAACG3icbVDLSgMxFM34rOOr6tJNsAiuykwX1WWhG5f1URXaUjLpnTaYSYbkjlCG/ocbf8WNC0VcCS78G9OHoNYDgcM553JzT5RKYTEIPr2FxaXlldXCmr++sbm1XdzZvbI6MxyaXEttbiJmQQoFTRQo4SY1wJJIwnV0Wx/713dgrNDqEocpdBLWVyIWnKGTusVKO4K+UDkHhWBGPqV1rVCoLEvohY6RnutIo98G1fvOdIuloBxMQOdJOCMlMkOjW3xv9zTPEjfOJbO2FQYpdnJmUHAJI7+dWUgZv2V9aDmqWAK2k09uG9FDp/RorI17CulE/TmRs8TaYRK5ZMJwYP96Y/E/r5VhfNLJhUozBMWni+JMUtR0XBTtCQMc5dARxo1wf6V8wAzjrgPruxLCvyfPk6tKOayWq2eVUq06q6NA9skBOSIhOSY1ckoapEk4uSeP5Jm8eA/ek/fqvU2jC95sZo/8gvfxBSgYoXo=</latexit>

Continuum Soft Robot
<latexit sha1_base64="SNubvQE9x71+xVVjYacsSxOzgrs=">AAACEHicbVDLSsNAFJ34rPEVdelmsIiuStJFdVlw47KKfUAbymRy0w6dTMLMRCihn+DGX3HjQhG3Lt35N07bCNp6YOBwzr3cOSdIOVPadb+sldW19Y3N0pa9vbO7t+8cHLZUkkkKTZrwRHYCooAzAU3NNIdOKoHEAYd2MLqa+u17kIol4k6PU/BjMhAsYpRoI/Wds14AAyZyCkKDnNgY30IEEgQFuwci/DH6TtmtuDPgZeIVpIwKNPrOZy9MaBabdcqJUl3PTbWfE6kZ5TCxe5mClNARGUDXUEFiUH4+CzTBp0YJcZRI84TGM/X3Rk5ipcZxYCZjoodq0ZuK/3ndTEeXfs5EmmkTcX4oyjjWCZ62g0MmgWo+NoRQycxfMR0SSajpQNmmBG8x8jJpVSterVK7qZbrtaKOEjpGJ+gceegC1dE1aqAmougBPaEX9Go9Ws/Wm/U+H12xip0j9AfWxzepCpz3</latexit>

Reference

<latexit sha1_base64="n+1zbEvvbhRJYdyuQjDXqm/A7FQ=">AAACBnicbVBLS0JBGJ1rL7OX1TKCIQ0MQu51YS2FIFoa5QNUZO74qYNzH858N5CLqzb9lTYtimjbb2jXv2l8LEo7MHA45zt88x03lEKjbX9biZXVtfWN5GZqa3tndy+9f1DVQaQ4VHggA1V3mQYpfKigQAn1UAHzXAk1d3A18WsPoLQI/HschdDyWM8XXcEZGqmdPr5DhkCvATou4wOazQ3PabMTYDwcn2Xb6Yydt6egy8SZkwyZo9xOf5ksjzzwkUumdcOxQ2zFTKHgEsapZqQhNHtYDxqG+swD3YqnZ4zpqVE6tBso83ykU/V3Imae1iPPNZMew75e9Cbif14jwu5lKxZ+GCH4fLaoG0mKAZ10QjtCAUc5MoRxJcxfKe8zxTia5lKmBGfx5GVSLeSdYr54W8iUivM6kuSInJAcccgFKZEbUiYVwskjeSav5M16sl6sd+tjNpqw5plD8gfW5w/i95dy</latexit>

State Feedback (q, q̇)

<latexit sha1_base64="6aL7skcMR5t9Pm0LPv7QIJtv8/o=">AAACFXicbVDLSsNAFJ34rPFVdelmsBVcSEm6qC4rblxWsA9oQplMbtuhk0mYmQgl9Cfc+CtuXCjiVnDn3zhNK2jrgYHDOfdw554g4Uxpx/myVlbX1jc2C1v29s7u3n7x4LCl4lRSaNKYx7ITEAWcCWhqpjl0EgkkCji0g9H11G/fg1QsFnd6nIAfkYFgfUaJNlKveO4FMGAioyA0yIl9RXWaW7jsaZKWbQ9E+OP2iiWn4uTAy8SdkxKao9ErfnphTNPIxCknSnVdJ9F+RqRmlMPE9lIFCaEjMoCuoYJEoPwsv2qCT40S4n4szRMa5+rvREYipcZRYCYjoodq0ZuK/3ndVPcv/YyJJNUg6GxRP+VYx3haEQ6ZBKr52BBCJTN/xXRIJKGmA2WbEtzFk5dJq1pxa5XabbVUd+Z1FNAxOkFnyEUXqI5uUAM1EUUP6Am9oFfr0Xq23qz32eiKNc8coT+wPr4BlwqfCg==</latexit>

Actuation ω

<latexit sha1_base64="EjeuJZe+0h4IjFvPeGAg1gtDLWM=">AAACEnicbVC7SgNBFJ31GddX1NJmMAjaxN0g0TJgY2ERxTwgu4TZ2ZtkyOzsMjOrhCXfYOOv2FgoYmtl5984eQiaeGDgcM493LknSDhT2nG+rIXFpeWV1dyavb6xubWd39mtqziVFGo05rFsBkQBZwJqmmkOzUQCiQIOjaB/MfIbdyAVi8WtHiTgR6QrWIdRoo3Uzh97AXSZyCgIDXJoY3wD90SGJ1exUrYHIvyx2vmCU3TGwPPEnZICmqLazn96YUzTyMQpJ0q1XCfRfkakZpTD0PZSBQmhfdKFlqGCRKD8bHzSEB8aJcSdWJonNB6rvxMZiZQaRIGZjIjuqVlvJP7ntVLdOfczJpJUg6CTRZ2UYx3jUT84ZBKo5gNDCJXM/BXTHpGEmg6UbUpwZ0+eJ/VS0S0Xy9elQuV0WkcO7aMDdIRcdIYq6BJVUQ1R9ICe0At6tR6tZ+vNep+MLljTzB76A+vjGwpHna8=</latexit>

Reward/Loss

<latexit sha1_base64="hfg0XBvZ9P8e6J4giaaig9vEJ28=">AAACKHicbVDLSgMxFM3UVx1fVZdugkVwVWaKVHcWunElFewDOqVk0ts2NJMMSUYpQz/Hjb/iRkSRbv0S04egrQdCDufcQ3JPGHOmjedNnMza+sbmVnbb3dnd2z/IHR7VtUwUhRqVXKpmSDRwJqBmmOHQjBWQKOTQCIeVqd94AKWZFPdmFEM7In3BeowSY6VO7joIoc9ESkEYUGMX41tIFOH2Mo9SDYPAShUpjJIcVyVndOQGILo/gU4u7xW8GfAq8RckjxaodnJvQVfSJLJxyonWLd+LTTslyjDKYewGiYaY0CHpQ8tSQSLQ7XS26BifWaWLe1LZIwyeqb8TKYm0HkWhnYyIGehlbyr+57US07tqp0zEiQFB5w/1Eo6NxNPWcJcpoIaPLCFUMftXTAdEEWo70K4twV9eeZXUiwW/VCjdFfPli0UdWXSCTtE58tElKqMbVEU1RNETekHv6MN5dl6dT2cyH804i8wx+gPn6xt63KY6</latexit>

Neural Network
Control Policy

<latexit sha1_base64="kQ/x0vVspwEfbJCEcBoqbZMLaTI="></latexit>

Controller
Optimization

(e.g., RL, ILC)

Figure 1.3: Existing Approach: Direct Controller Learning. Directly learning the controller via Reinforcement
Learning (RL) (Alessi et al., 2024b; Jitosho et al., 2023; Morimoto et al., 2021) or Iterative Learning Control
(ILC) (Hofer et al., 2019; Pierallini et al., 2023) by interacting with the soft robotic system and optimizing the
control policy based on reward/loss/error signals.

like hysteresis. These assumptions fail to capture the intricate physics of many soft robots,
undermining control performance. Furthermore, accurately modeling from physics using
only first principles the joint dynamics of a soft robot that interacts intensively with the
environment—whether by collaborating with humans, making extensive large-area multi-
point contact with its surroundings, or predicting the environment dynamic evaluation
in the spirit of world models (Ha and Schmidhuber, 2018)—appears currently infeasible,
thereby motivating the need for learning-based solutions. Discussing approach (2): Model-
free RL, meanwhile, tends to be sample inefficient and does not guarantee stability, whereas
ILC can only be used for learning repetitive trajectories (Bristow et al., 2006). The sam-
ple inefficiency is particularly problematic for soft robots since their material properties
change over time—rendering previously learned controllers less effective—and their limited
lifespans (Yasa et al., 2023) risk the robot being damaged or failing altogether before a
controller learned through RL is fully trained. The lack of insight into the decision-making
process and the lack of stability guarantees can cause safety issues, particularly when
operating in close proximity to humans.

To overcome the limitations of approaches (1) and (2), research in recent years has
combined the strengths of ML and model-based control by first learning a model—often
using a Neural Network (NN)—and then exploiting it for control (Alora et al., 2023a,b; Bruder
et al., 2024, 2020; Chen et al., 2024; Gillespie et al., 2018; Thuruthel et al., 2018b). However,
this enhanced model expressiveness through ML techniques comes at the expense of
computational efficiency, as closed-form controllers are typically unavailable, and one must
rely on optimal control/optimization-based strategies (see Fig. 1.4). For example, learning
linear dynamical models—such as those based on a Koopman approach (Bruder et al.,
2024, 2020) often proves unstable, suffers from the trade-off between model dimensionality
and expressiveness, and cannot accurately represent non-linearizable systems (Cenedese
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Figure 1.4: Emerging Approach: Optimal Control with Learned Models. First, the dynamic model is learned
via Machine Learning (ML) approaches (Alora et al., 2023a,b; Chen et al., 2024; Gillespie et al., 2018; Kasaei et al.,
2023; Liu et al., 2024a; Marques Monteiro et al., 2024; Xie et al., 2023), and subsequently, the control input is
devised via optimal control techniques, such as Linear-Quadratic Regulator (LQR) (Bruder et al., 2024, 2020) or
Model Predictive Control (MPC) (Alora et al., 2023a,b; Gillespie et al., 2018; Hewing et al., 2020), by iteratively
predicting the evolution of the closed-loop system for a given control input sequence over a horizon 𝐻 and using
the error/loss between the predicted and desired behavior to optimize the control input.

et al., 2022). On the other hand, using nonlinear functions (notably Deep Neural Networks
(DNNs), including Multilayer Perceptrons (MLPs), Recurrent Neural Networks (RNNs) (Sun
et al., 2022; Thuruthel et al., 2018b), Long Short-Term Memorys (LSTMs) (Xie et al., 2023),
or Neural ODEs (NODEs) (Kasaei et al., 2023) provides more expressive models but requires
computationally heavy control techniques such as optimal control with MPC (Alora et al.,
2023a,b; Aswani et al., 2013; Gillespie et al., 2018; Hewing et al., 2020; Kabzan et al., 2019) or
Control Barrier Functions (CBFs) (Taylor et al., 2020), or model-based RL (Thuruthel et al.,
2018b) as they typically lack a clear physical structure that would allow, for example, for
energy shaping-based or feedback-linearization control (Khalil, 2002) and that would permit
stability analyses of both the open-loop and closed-loop system by conventional means,
such as Lyapunov arguments (Khalil, 2002). The high computational demand associated
with MPC limits the maximum control frequency achievable in practice, thereby restricting
the effective control of highly dynamic behaviors.

In this thesis, we seek to circumvent the aforementioned shortcomings by integrating
learned models with closed-form control, as visualized in Fig. 1.1. By embedding learned
models within established closed-form model-based control strategies, such as nonlinear
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feedback (Della Santina et al., 2020c) or error-based feedback+energy shaping (Caasenbrood
et al., 2023; Della Santina et al., 2023), as visualized in Fig. 1.5, we benefit from both
paradigms: learnedmodels demand less specialized expertise while capturingmore complex
dynamical behaviors, and the closed-form model-based controller remains computationally
very efficient. However, to apply such approaches, it is necessary to inspect the kinetic and
potential energies of the learned model—something that existing popular ML architectures
like RNNs, MLPs, or NODEs generally do not allow. Consequently, it becomes clear that the
learned models must exhibit a physical structure in order to employ common closed-form
model-based control schemes and to secure closed-loop stability via Lyapunov arguments.

Recent advances in this direction include the emerging literature on Lagrangian Neural
Networks (LNNs) (Cranmer et al., 2020; Liu et al., 2024a; Lutter et al., 2019) and Hamiltonian
Neural Networks (HNNs) (Greydanus et al., 2019; Liu et al., 2024a), both of which explicitly
learn the system’s kinetic and potential energies. Nevertheless, these approaches still
present substantial challenges: deriving the Equation of Motion (EOM) necessitates real-
time higher-order derivatives, which is computationally demanding—particularly during
training, but also at inference—and escalates (GPU) memory usage (Lutter et al., 2019).
Moreover, without careful implementation, they do not offer formal stability guarantees,
and the computation of higher-order derivatives can cause numerical stiffness or instabil-
ity (Greydanus et al., 2019) unless managed through precise auto-differentiation (Rumelhart
et al., 1986) or meticulous hyperparameter tuning. Finally, there is a clear need for learned
models with additional inductive bias tailored to the specific dynamics of soft robots.

In conclusion, this thesis addresses the central challenge of achieving closed-form
control of soft robots while maintaining accurate and safe operation. The key research goal
is to advance our understanding of the physical structure of soft robots and incorporate
it into learned models, thereby enabling the use of effective closed-form controllers and
allowing for stability verification via Lyapunov-based methods. In the following section,
we will pose the principal research question directly connecting to this identified challenge.
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<latexit sha1_base64="SNubvQE9x71+xVVjYacsSxOzgrs=">AAACEHicbVDLSsNAFJ34rPEVdelmsIiuStJFdVlw47KKfUAbymRy0w6dTMLMRCihn+DGX3HjQhG3Lt35N07bCNp6YOBwzr3cOSdIOVPadb+sldW19Y3N0pa9vbO7t+8cHLZUkkkKTZrwRHYCooAzAU3NNIdOKoHEAYd2MLqa+u17kIol4k6PU/BjMhAsYpRoI/Wds14AAyZyCkKDnNgY30IEEgQFuwci/DH6TtmtuDPgZeIVpIwKNPrOZy9MaBabdcqJUl3PTbWfE6kZ5TCxe5mClNARGUDXUEFiUH4+CzTBp0YJcZRI84TGM/X3Rk5ipcZxYCZjoodq0ZuK/3ndTEeXfs5EmmkTcX4oyjjWCZ62g0MmgWo+NoRQycxfMR0SSajpQNmmBG8x8jJpVSterVK7qZbrtaKOEjpGJ+gceegC1dE1aqAmougBPaEX9Go9Ws/Wm/U+H12xip0j9AfWxzepCpz3</latexit>

Reference

<latexit sha1_base64="P/8mh8/noSXJK5jxrCzztFWyGZs=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4sSQi1WPBi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3cxvP6HSPJYPZpKgH9Gh5CFn1Fipcdkvld2KOwdZJV5OypCj3i999QYxSyOUhgmqdddzE+NnVBnOBE6LvVRjQtmYDrFrqaQRaj+bHzol51YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IS3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2RRtCN7yy6ukdVXxqpVq47pcq+ZxFOAUzuACPLiBGtxDHZrAAOEZXuHNeXRenHfnY9G65uQzJ/AHzucPdIOMsA==</latexit>→
<latexit sha1_base64="n+1zbEvvbhRJYdyuQjDXqm/A7FQ=">AAACBnicbVBLS0JBGJ1rL7OX1TKCIQ0MQu51YS2FIFoa5QNUZO74qYNzH858N5CLqzb9lTYtimjbb2jXv2l8LEo7MHA45zt88x03lEKjbX9biZXVtfWN5GZqa3tndy+9f1DVQaQ4VHggA1V3mQYpfKigQAn1UAHzXAk1d3A18WsPoLQI/HschdDyWM8XXcEZGqmdPr5DhkCvATou4wOazQ3PabMTYDwcn2Xb6Yydt6egy8SZkwyZo9xOf5ksjzzwkUumdcOxQ2zFTKHgEsapZqQhNHtYDxqG+swD3YqnZ4zpqVE6tBso83ykU/V3Imae1iPPNZMew75e9Cbif14jwu5lKxZ+GCH4fLaoG0mKAZ10QjtCAUc5MoRxJcxfKe8zxTia5lKmBGfx5GVSLeSdYr54W8iUivM6kuSInJAcccgFKZEbUiYVwskjeSav5M16sl6sd+tjNpqw5plD8gfW5w/i95dy</latexit>

State Feedback (q, q̇)

<latexit sha1_base64="/llouKxXdsFtlU716mhznZiXGl0=">AAACI3icbVDLSsNAFJ34rPEVdelmsAhuLEkXVVxV3LgRKtgHNKFMJrft0MkkzEyEEvovbvwVNy6U4saF/+L0IWjrgYHDOedy554w5Uxp1/20VlbX1jc2C1v29s7u3r5zcNhQSSYp1GnCE9kKiQLOBNQ10xxaqQQShxya4eBm4jcfQSqWiAc9TCGISU+wLqNEG6njXPkh9JjIKQgNcmTfkTRlooeZ0Inv29dUZ9PkuUoJBdsHEf1kO07RLblT4GXizUkRzVHrOGM/SmgWm3HKiVJtz011kBOpGeUwsv1MgdkyID1oGypIDCrIpzeO8KlRItxNpHlC46n6eyInsVLDODTJmOi+WvQm4n9eO9PdyyBnIs00CDpb1M041gmeFIYjJoFqPjSEUMnMXzHtE0mo6UDZpgRv8eRl0iiXvEqpcl8uVivzOgroGJ2gM+ShC1RFt6iG6oiiJ/SC3tC79Wy9WmPrYxZdseYzR+gPrK9vKAalLw==</latexit>

Mapping into
Actuation-space

<latexit sha1_base64="2RuTADfSylaWtxoe4uRiuLvzAbY=">AAACHXicbVDLSsNAFJ34rPFVdekmWAQ3lqRIdVkogssK9gFNKJPpbTp0MhNmJkIJ/RE3/oobF4q4cCP+jdM2grYeGDiccy537gkTRpV23S9rZXVtfWOzsGVv7+zu7RcPDltKpJJAkwgmZCfEChjl0NRUM+gkEnAcMmiHo/rUb9+DVFTwOz1OIIhxxOmAEqyN1Cte+CFElGcEuAY5sa85yGh8roY4oTzyfbsuuJaC2T7w/k+qVyy5ZXcGZ5l4OSmhHI1e8cPvC5LGZpwwrFTXcxMdZFhqShhMbD9VkGAywhF0DeU4BhVks+smzqlR+s5ASPO4dmbq74kMx0qN49AkY6yHatGbiv953VQProKM8iTVwMl80SBljhbOtCqnTyUQzcaGYCKp+atDhlhiYjpQtinBWzx5mbQqZa9art5WSrVqXkcBHaMTdIY8dIlq6AY1UBMR9ICe0At6tR6tZ+vNep9HV6x85gj9gfX5DY41os4=</latexit>

Energy-shaping
Control

<latexit sha1_base64="5LdqyuxOMTelMvTuSb54R1h4D6Q=">AAACF3icbVDLSsNAFJ3UV42vqEs3wSK4CkkX1WVBEJcV+oImlMnkph06mYSZiVJC/8KNv+LGhSJudeffOH0I2npg4HDOPcy9J8wYlcp1v4zS2vrG5lZ529zZ3ds/sA6P2jLNBYEWSVkquiGWwCiHlqKKQTcTgJOQQSccXU39zh0ISVPeVOMMggQPOI0pwUpLfcvxQxhQXhDgCsTEvAaI4lTcYxH5vtkEkZg+8OjH71sV13FnsFeJtyAVtECjb336UUryRMcJw1L2PDdTQYGFooTBxPRzCRkmIzyAnqYcJyCDYnbXxD7TSmTrdfTjyp6pvxMFTqQcJ6GeTLAaymVvKv7n9XIVXwYF5VmugJP5R3HObJXa05LsiAogio01wURQvatNhlhgojuQpi7BWz55lbSrjldzarfVSt1d1FFGJ+gUnSMPXaA6ukEN1EIEPaAn9IJejUfj2Xgz3uejJWOROUZ/YHx8A6BjoCs=</latexit>

Feedforward
Term

<latexit sha1_base64="VtGdwm9h4h81eoBUUEik9JGdv5w=">AAACEnicbVDLSgMxFM34rONr1KWbYBF0U2a6qC4L3bisYB/QDiWTuW1DM8mQZIQy9Bvc+CtuXCji1pU7/8b0IWjrgcDhnHu5OSdKOdPG97+ctfWNza3two67u7d/cOgdHTe1zBSFBpVcqnZENHAmoGGY4dBOFZAk4tCKRrWp37oHpZkUd2acQpiQgWB9RomxUs+77EYwYCKnIAyoiVuTwijJMRNpZtwuiPjH6nlFv+TPgFdJsCBFtEC95312Y0mzxK5TTrTuBH5qwpwowyiHidvNNKSEjsgAOpYKkoAO81mkCT63Soz7UtknDJ6pvzdykmg9TiI7mRAz1MveVPzP62Smfx3ms3gg6PxQP+PYSDztB8dMATV8bAmhitm/YjokilDbgXZtCcFy5FXSLJeCSqlyWy5W/UUdBXSKztAFCtAVqqIbVEcNRNEDekIv6NV5dJ6dN+d9PrrmLHZO0B84H982Wp5n</latexit>

Control input

<latexit sha1_base64="le5JDB3n1XxsVK/TqXieQJXXhC4=">AAACFHicbVDLSsNAFJ3UV42vqEs3wSIIQkm6qC4Lgris0Bc0oUwmN+3QySTMTIQS+hFu/BU3LhRx68Kdf+O0jaCtBwYO59zDnXuClFGpHOfLKK2tb2xulbfNnd29/QPr8Kgjk0wQaJOEJaIXYAmMcmgrqhj0UgE4Dhh0g/H1zO/eg5A04S01ScGP8ZDTiBKstDSwLrwAhpTnBLgCMTVvAMIAk7HnmS0QsekBD3/MgVVxqs4c9ipxC1JBBZoD69MLE5LFOk4YlrLvOqnycywUJQymppdJSPUyPIS+phzHIP18ftTUPtNKaEeJ0I8re67+TuQ4lnISB3oyxmokl72Z+J/Xz1R05eeUp5kCThaLoozZKrFnDdkhFUAUm2iCiaD6rzYZYYGJ7kCaugR3+eRV0qlV3Xq1flerNJyijjI6QafoHLnoEjXQLWqiNiLoAT2hF/RqPBrPxpvxvhgtGUXmGP2B8fEN3B6eqQ==</latexit>

Feedback
Term

<latexit sha1_base64="6aL7skcMR5t9Pm0LPv7QIJtv8/o=">AAACFXicbVDLSsNAFJ34rPFVdelmsBVcSEm6qC4rblxWsA9oQplMbtuhk0mYmQgl9Cfc+CtuXCjiVnDn3zhNK2jrgYHDOfdw554g4Uxpx/myVlbX1jc2C1v29s7u3n7x4LCl4lRSaNKYx7ITEAWcCWhqpjl0EgkkCji0g9H11G/fg1QsFnd6nIAfkYFgfUaJNlKveO4FMGAioyA0yIl9RXWaW7jsaZKWbQ9E+OP2iiWn4uTAy8SdkxKao9ErfnphTNPIxCknSnVdJ9F+RqRmlMPE9lIFCaEjMoCuoYJEoPwsv2qCT40S4n4szRMa5+rvREYipcZRYCYjoodq0ZuK/3ndVPcv/YyJJNUg6GxRP+VYx3haEQ6ZBKr52BBCJTN/xXRIJKGmA2WbEtzFk5dJq1pxa5XabbVUd+Z1FNAxOkFnyEUXqI5uUAM1EUUP6Am9oFfr0Xq23qz32eiKNc8coT+wPr4BlwqfCg==</latexit>

Actuation ω

<latexit sha1_base64="gkp2vowAYAymZK+xl0/CXLaG6p8=">AAACCnicbVDLSsNAFJ34rPEVdekmWgRXJemiuiyI4LKCfUAbymRy0w6dzISZiVBC1278FTcuFHHrF7jzb5y2EbT1wMDhnHu4c0+YMqq0531ZK6tr6xubpS17e2d3b985OGwpkUkCTSKYkJ0QK2CUQ1NTzaCTSsBJyKAdjq6mfvsepKKC3+lxCkGCB5zGlGBtpL5z0gthQHlOgGuQE/taSiHtHvDoR+o7Za/izeAuE78gZVSg0Xc+e5EgWWLihGGlur6X6iDHUlPCYGL3MgUpJiM8gK6hHCeggnx2ysQ9M0rkxkKax7U7U38ncpwoNU5CM5lgPVSL3lT8z+tmOr4McsrTTAMn80Vxxlwt3GkvbkQlEM3GhmAiqfmrS4ZYYmI6ULYpwV88eZm0qhW/VqndVst1r6ijhI7RKTpHPrpAdXSDGqiJCHpAT+gFvVqP1rP1Zr3PR1esInOE/sD6+AbR2prw</latexit>

Error

<latexit sha1_base64="mvh7QkVFngLKBpGlR8P59c/RmOs=">AAACI3icbVDLSgMxFM3UVx1foy7dBIvgqsxUqOKqoAsXChXsAzqlZDK3bWgmMyQZoQz9Fzf+ihsXSnHjwn8xfQjaeiBwOOdcbu4JEs6Udt1PK7eyura+kd+0t7Z3dvec/YO6ilNJoUZjHstmQBRwJqCmmebQTCSQKODQCAZXE7/xCFKxWDzoYQLtiPQE6zJKtJE6zqUfQI+JjILQIEc2xrdApIDQ9w2/HgoSmSzHd3EIHNs+iPAn23EKbtGdAi8Tb04KaI5qxxn7YUzTyIxTTpRqeW6i2xmRmlEOI9tPFSSEDkgPWoaa1aDa2fTGET4xSoi7sTRPaDxVf09kJFJqGAUmGRHdV4veRPzPa6W6e9HOmEhSDYLOFnVTjnWMJ4XhkEmgmg8NIVQy81dM+0QSajpQtinBWzx5mdRLRa9cLN+XCpWzeR15dISO0Sny0DmqoBtURTVE0RN6QW/o3Xq2Xq2x9TGL5qz5zCH6A+vrG6XGo6M=</latexit>

Learned
Dynamical Model

<latexit sha1_base64="hib1sBC/lJa18p/NakPha5/AhhA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGE3SPQY8OIxAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3sbm1vZPfLeztHxweFY9PWjpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38399hMqzWP5YCYJ+hEdSh5yRo2VGlf9YsktuwuQdeJlpAQZ6v3iV28QszRCaZigWnc9NzH+lCrDmcBZoZdqTCgb0yF2LZU0Qu1PF4fOyIVVBiSMlS1pyEL9PTGlkdaTKLCdETUjverNxf+8bmrCW3/KZZIalGy5KEwFMTGZf00GXCEzYmIJZYrbWwkbUUWZsdkUbAje6svrpFUpe9VytVEp1a6zOPJwBudwCR7cQA3uoQ5NYIDwDK/w5jw6L86787FszTnZzCn8gfP5A3BBjKo=</latexit>

+

<latexit sha1_base64="7YIkEVK7Y155A5lTPzMeUltpN0Q=">AAAB+HicbVDLSgMxFL3js9ZHR126CRbBVZmpUF0W3LgcwT6gHUomzbShmWRIMsJY+iVuXCji1k9x59+YtrPQ1gMXTs65l9x7opQzbTzv29nY3Nre2S3tlfcPDo8q7vFJW8tMEdoikkvVjbCmnAnaMsxw2k0VxUnEaSea3M79ziNVmknxYPKUhgkeCRYzgo2VBm4lGOfavjgKFJNKD9yqV/MWQOvEL0gVCgQD96s/lCRLqDCEY617vpeacIqVYYTTWbmfaZpiMsEj2rNU4ITqcLpYfIYurDJEsVS2hEEL9ffEFCda50lkOxNsxnrVm4v/eb3MxDfhlIk0M1SQ5UdxxpGRaJ4CGjJFieG5JZgoZndFZIwVJsZmVbYh+Ksnr5N2veY3ao37erV5VcRRgjM4h0vw4RqacAcBtIBABs/wCm/Ok/PivDsfy9YNp5g5hT9wPn8AtjmTFw==</latexit>

Physical Priors

<latexit sha1_base64="8jqIb/6EHDoJkuTsaRzYiDXx0oM=">AAACI3icbVDLSsNAFJ34Nr6qLt0MFqGChKRCFVeCgu5UtK3QlDKZ3qRDJ5MwMxFq6L+48VfcuFDEjQv/xelDUOuBgcM553LnniDlTGnX/bCmpmdm5+YXFu2l5ZXVtcL6Rk0lmaRQpQlP5G1AFHAmoKqZ5nCbSiBxwKEedE8Gfv0OpGKJuNG9FJoxiQQLGSXaSK3CkR9AxEROQWiQfRvji1SzmN0Pfd83QgmcyNnD12enu7YPov2dbRWKruMOgSeJNyZFNMZlq/DmtxOaxWaccqJUw3NT3cyJ1Ixy6Nt+piAltEsiaBgqSAyqmQ9v7OMdo7RxmEjzhMZD9edETmKlenFgkjHRHfXXG4j/eY1Mh4fNnIk00yDoaFGYcawTPCgMt5kEqnnPEEIlM3/FtEMkoaYDZZsSvL8nT5Ja2fEqTuWqXDzeH9exgLbQNiohDx2gY3SOLlEVUfSAntALerUerWfrzXofRaes8cwm+gXr8wtfKaLP</latexit>

Optimization
(e.g., SGD)

<latexit sha1_base64="P8WZQJ0BYYgJqbB2Rij4iYdGxWk="></latexit>

Kinetic & Potential
Energy Open-loop System

<latexit sha1_base64="Pfrz1m46Awm5eqYRHjvl3PKaV0c=">AAACInicbVDLSsNAFJ34Nr6qLt0MFsFFCYmLqjvFjUtF+4C2lMn0tg5OJmHmRiih3+LGX3HjQlFXgh/jpEbQ1gMDh3PO5c49YSKFQd//cGZm5+YXFpeW3ZXVtfWN0uZW3cSp5lDjsYx1M2QGpFBQQ4ESmokGFoUSGuHtWe437kAbEatrHCbQidhAib7gDK3ULR23QxgIlXFQCHrkUnqFOuWYaqjQU0TNOMbaVCgg99w2qN5PtFsq+54/Bp0mQUHKpMBFt/TW7sU8jew4l8yYVuAn2MmYRsEljNx2aiBh/JYNoGWpYhGYTjY+cUT3rNKj/Vjbp5CO1d8TGYuMGUahTUYMb8ykl4v/ea0U+0edTKgkRVD8e1E/lRRjmvdFe0IDRzm0hHEt7F8pv2F5LbZV15YQTJ48TeoHXlD1qpcH5ZOgqGOJ7JBdsk8CckhOyDm5IDXCyT15JM/kxXlwnpxX5/07OuMUM9vkD5zPLz6RpBE=</latexit>

Structure, Attractors, etc.

<latexit sha1_base64="gewBkKShWjLXVJ9inIzP4HR9VxY=">AAACEXicbVDLSsNAFJ34rPFVdelmsAhdlaRCdVlw47KCfUATymRy0w6dTMLMRCihv+DGX3HjQhG37tz5N07bCNp6YOBwzj3cuSdIOVPacb6stfWNza3t0o69u7d/cFg+Ou6oJJMU2jThiewFRAFnAtqaaQ69VAKJAw7dYHw987v3IBVLxJ2epODHZChYxCjRRhqUq14AQyZyCkKDnNoYtySEjM5c2wMR/jiDcsWpOXPgVeIWpIIKtAblTy9MaBabOOVEqb7rpNrPidSMcpjaXqYgJXRMhtA3VJAYlJ/PL5ric6OEOEqkeULjufo7kZNYqUkcmMmY6JFa9mbif14/09GVnzORZhoEXSyKMo51gmf14JBJoJpPDCFUMvNXTEdEEmo6ULYpwV0+eZV06jW3UWvc1ivNi6KOEjpFZ6iKXHSJmugGtVAbUfSAntALerUerWfrzXpfjK5ZReYE/YH18Q2jEp2A</latexit>

Prediction

<latexit sha1_base64="P/8mh8/noSXJK5jxrCzztFWyGZs=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4sSQi1WPBi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3cxvP6HSPJYPZpKgH9Gh5CFn1Fipcdkvld2KOwdZJV5OypCj3i999QYxSyOUhgmqdddzE+NnVBnOBE6LvVRjQtmYDrFrqaQRaj+bHzol51YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IS3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2RRtCN7yy6ukdVXxqpVq47pcq+ZxFOAUzuACPLiBGtxDHZrAAOEZXuHNeXRenHfnY9G65uQzJ/AHzucPdIOMsA==</latexit>→

<latexit sha1_base64="TPoHQaqmj/ybk1tJEwEt8wijMBM=">AAACG3icbVDLSgMxFM34rONr1KWbYBFclZkK1WVBBJcV7AM6Q8lk7rShmcyQZIQy9D/c+CtuXCjiSnDh35g+BG09EDg55x6Se8KMM6Vd98taWV1b39gsbdnbO7t7+87BYUuluaTQpClPZSckCjgT0NRMc+hkEkgScmiHw6uJ374HqVgq7vQogyAhfcFiRok2Us+p+iH0mSgoCA1ybGPckBAxOnF931yvpUyl7YOIfmZ6TtmtuFPgZeLNSRnN0eg5H36U0jwxccqJUl3PzXRQEKkZ5TC2/VxBRuiQ9KFrqCAJqKCY7jbGp0aJcJxKc4TGU/V3oiCJUqMkNJMJ0QO16E3E/7xuruPLoGAiyzUIOnsozjnWKZ4UhSMmgWo+MoRQycxfMR0QSajpQNmmBG9x5WXSqla8WqV2Wy3Xz+d1lNAxOkFnyEMXqI5uUAM1EUUP6Am9oFfr0Xq23qz32eiKNc8coT+wPr8BUFyg8A==</latexit>

Prediction
Error

<latexit sha1_base64="mtV+7SFeeK1wLE60CQ17MENxfVA="></latexit>

Motion Data
(e.g., Shape Evolution)

<latexit sha1_base64="F00ifY9qTHAncI5KWkgp7fHQ21k="></latexit>

Model Learning

<latexit sha1_base64="9QcZab/kSyWdRtmoOPGDwr0soGw="></latexit>

Model-based Control

<latexit sha1_base64="YTDYs+Nl7xKesnsN6ZF/ujlAAic="></latexit>

M(q)q̈ + C(q)q̇ +
ωU
ωq

= A(q)ε

<latexit sha1_base64="h06mpqaj2/Vn1w8cKm8h/FKMEd4=">AAACIXicbVDLSgMxFM3UVx1fVZdugkVwY5mpULssiOKygn1Ap5RM5rYNzWSGJCOUob/ixl9x40KR7sSfMdNW0NYDgcM595F7/JgzpR3n08qtrW9sbuW37Z3dvf2DwuFRU0WJpNCgEY9k2ycKOBPQ0ExzaMcSSOhzaPmj68xvPYJULBIPehxDNyQDwfqMEm2kXqHq+TBgIqUgNMiJjTG+kTKSF9nQwPMy4RYg8Akd2R6I4KeyVyg6JWcGvErcBSmiBeq9wtQLIpqEpp1yolTHdWLdTYnUjHKY2F6iIDZbyAA6hgoSguqmswsn+MwoAe5H0jyh8Uz93ZGSUKlx6JvKkOihWvYy8T+vk+h+tZsyEScaBJ0v6icc6whnceGASaCajw0hVDLzV0yHRBJqMlC2CcFdPnmVNMslt1Kq3JeLtctFHHl0gk7ROXLRFaqhO1RHDUTRE3pBb+jderZerQ9rOi/NWYueY/QH1tc3oS2ijA==</latexit>

Error-based
Feedback

Figure 1.5: Core Contribution of this Thesis. The primary contribution of this thesis is the integration
of learned models with closed-form controllers. To enable this, we learn dynamical models with a physical
structure that allows us to derive the system’s potential and kinetic energy. Beyond the specific dynamical
model structure, the learning process follows a well-established approach in the literature: we predict the future
evolution of the soft robotic system, compare these predictions with actual motion data, and use the resulting
prediction error to optimize the free parameters of the learned model. On the control side, we modify the
closed-loop system’s potential energy by incorporating a feedforward term that steers the system toward a
designated reference (Della Santina et al., 2023). This potential shaping feedforward is complemented by an
integral-saturated PID feedback term, known as P-satI-D (Pustina et al., 2022a), which rejects disturbances and
compensates for modeling errors. Finally, the control input is translated into an actuation signal, where this
mapping may also be learned. This insight into the potential and kinetic energy permits an analysis of the stability
and convergence properties of both open-loop and closed-loop systems using Lyapunov arguments (Khalil, 2002).
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1.2 ResearchQuestions
In this section, we lay out the research questions that guided the research conducted as
part of this thesis. The principal Research Question (RQ) that we pose in this thesis is

Principal Research Question

How can we leverage learned models that integrate physical structure to efficiently
control soft robots, ensuring both precise and safe behavior?

This principal RQ investigates how we can develop (dynamical) models for soft robots
with a physical structure that enables the use of closed-form error-based feedback+model-
based feedforward control strategies, thereby addressing the research gap identified in
Sec. 1.1. To make answering this principal RQ more tractable, we break it down into several
key RQs, which we list below.

Research Question 1. How do we quantify safety in soft robotics?

As highlighted in Sec.1.1, a key driver of soft robotics is the belief that their passive
compliance enhances or guarantees safety, a critical factor for deploying soft robots in
human-centric environments (Mengaldo et al., 2022; Rus and Tolley, 2015). While some
studies link material softness to safety using simplified models, such as the Timoshenko
beam (Abidi and Cianchetti, 2017), the safety of soft robots has yet to be: a) quantified
using a safety metric, and b) compared quantitatively to rigid robots. To justify continued
investment in soft robotics research, we argue that the field must begin quantifying the
safety benefits of soft robots. Alternatively, framing the issue differently, quantifying
safety would allow us to certify that soft robots meet the safety requirements for specific
human-centric applications.

The principal RQ mandates that we ensure both precise and safe behavior. While
precision can be measured relatively easily (e.g., by assessing the distance to a reference),
quantifying safety is considerably more challenging—and this research question is designed
to tackle that issue.

Research Question 2. How can we enhance the robustness and effectiveness of shape sensing
for soft robots by leveraging prior (kinematic) knowledge?

Perceiving its own state (proprioception) and the state of the environment (exterioception)
are two fundamental tasks for any autonomous robot (Thuruthel et al., 2019). Despite its
importance, perception algorithms for soft robots have been relatively less investigated.

In this thesis, we specifically focus on proprioception, as accurate information about its
own shape is vital for any feedback control strategy. In most soft robot control schemes,
measuring the configuration space, which is commonly an approximation of the robot’s
backbone shape, is essential, regardless of the chosen kinematic parametrization. Unlike
rigid manipulators, where joint encoders suffice to estimate the robot’s state, shape sensing
in soft robots introduces unique challenges. Two major factors are (a) the theoretically
infinite number of degrees of freedom that would need to be measured and (b) the need to
avoid compromising the robot’s inherent softness by integrating stiff sensors or electronics.
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Although the field has made considerable progress in developing new proprioception and
shape-sensing methods for soft robots, interpreting sensor readings and mapping them
to configuration variables remains a significant hurdle. Notably, existing approaches to
proprioception only rarely (Stella et al., 2023b) incorporate prior knowledge, such as a
kinematic model, which could make these algorithms more robust and performant. For
these reasons, Chapters 4 & 9 investigate how to employ kinematic priors as an inductive
bias in shape-sensing algorithms.

Research Question 3. An aspect of the physical priors that needed a closer look: Which
advanced actuation models are necessary for exploiting the dynamic behavior of soft robots,
and how can they be utilized for control?

Over the past decade, soft robotics has seen remarkable advances in both modeling (Ar-
manini et al., 2023) and control (Della Santina et al., 2023). Much of this research has
focused on creating expressive yet low-dimensional models (kinematic and dynamic) that
accurately capture a soft robot’s backbone shape, as such models are central to improving
the performance of model-based controllers. In many cases, actuation is introduced into
these models via actuation-affine terms in the EOM, typically through a configuration-
dependent or constant actuation matrix (Della Santina et al., 2023). We argue, however,
that this design decision is too restrictive and that more advanced actuation models are
required to fully harness the high dynamic capabilities of soft robots. Indeed, the actuators
in soft robots—be they tendon-driven, pneumatically powered, or otherwise—often span
large parts of the robot’s body or reside in its base, indirectly applying forces and torques
that affect multiple Degrees of Freedoms (DOFs). This is fundamentally different from rigid
robots, where actuators commonly drive joints directly. Moreover, explicitly modeling the
actuator dynamics can reduce response time and improve transient performance. Conse-
quently, in Chapters 5 & 8, we introduce more accurate physics-based actuation models
for soft robots, illustrating the concept with both complex auxetic metamaterial-based
and pneumatic piston-driven actuators. We also explore how these advanced models can
be applied in model-based control schemes, from operational space control (Chapter 6)
to backstepping control (Chapter 8). Through this work, we highlight the limitations of
purely physics-based approaches in fully capturing a soft robot’s dynamic behavior, as well
as the extensive domain expertise required to design such models—thereby motivating
the study of more expressive, neural network-based alternatives. Additionally, these ad-
vanced physics-based models can later serve as an inductive bias when learning data-driven
models.

Research Question 4. Which physical structure should learned models exhibit to allow for
provably-stable closed-form model-based control?

To address this question, we propose learning soft robot models in a data-driven
fashion. This approach can increase both expressiveness and accuracy while reducing
the amount of expert knowledge needed when deriving models from first principles.
Various machine learning techniques already exist for this purpose (Armanini et al., 2023;
Chen et al., 2024; Kim et al., 2021), including neural networks (Thuruthel et al., 2017)
(e.g., MLPs, RNNs (Schäfke et al., 2024), NODEs (Chen et al., 2018; Kidger, 2021)) and
Gaussian Process (GP)-based methods (Sabelhaus and Majidi, 2021). Yet most of these
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models lack a (physical) structure, preventing us from applying efficient closed-form model-
based control methods or from conducting a formal stability analysis of the closed-loop
system. As a result, approaches such as MPC (Alora et al., 2023b; Gillespie et al., 2018;
Schäfke et al., 2024), optimal control, or RL (Thuruthel et al., 2018b) are often necessary
for exploiting the learned models for control, coming with the cost of computational
overhead, limiting the maximum control frequencies. Recent research has taken steps
toward incorporating physical structure into learned models. For example, Koopman
operator theory learns linearized dynamics, permitting LQR-based control (Bruder et al.,
2020), and LNNs/HNNs (Lutter et al., 2019) learn a system’s energy function for use in
control or stability analysis. However, more specialized priors are still needed to reflect
the unique dynamics of soft robots. Accordingly, in Chapters 10 & 11, we examine how
to learn models with embedded physical structures that enable closed-form model-based
control strategies, such as energy-shaping feedforward control augmented by error-based
feedback terms. This endeavor directly supports the principal RQ of this thesis.

Research Question 5. How can we generate compliant and precise motion behaviors for
soft robots?

A compliant structure, by virtue of the robot’s soft materials, together with a compliant
low-level controller, e.g., impedance control, does not inherently guarantee safe or compli-
ant motion in human-centric settings. High-level motion policies that provide references
to the low-level controller may still introduce unstable, unnatural, or unsafe motions.
Furthermore, developing motion policies specifically suited to soft robots is, on the whole,
an underexplored field. To address this, Chapters 7 & 12 introduce methods aimed at
producing references that promote compliant, natural, stable, and safe motion. Specifically,
Chapter 7 investigates Brain-Machine Interfaces (BMIs), and Chapter 12 examines learning
motion policies from demonstration to supply setpoints to the low-level controller. This
work contributes to the principal RQ by fostering a safe, holistic approach—beyond mere
low-level control—to operating soft robots.

1.3 Thesis Contributions
In the following, we will detail the key contributions made by this dissertation. We start
with the core contribution, which addresses the principal RQ.

Core Contribution

Safe and Precise Soft Robots via Closed-form Control with Learned Models

In this thesis, we introduce two approaches for learning kinematic and dynamic mod-
els of soft robots that incorporate a physical structure (discussed in more detail under
Contribution IV). Because these learned models encode well-defined kinetic and potential
energy terms, we can leverage established error-based feedback+energy-shaping control
strategies originally designed for rigid manipulators (Kelly, 1995, 1998; Kelly and Carelli,
1996; Sciavicco and Siciliano, 2012). Specifically, we combine a potential-shaping feedfor-
ward term (Della Santina et al., 2023) with an integral-saturated PID (Pustina et al., 2022a)
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for feedback. This setup allows us to utilize the learned model within the feedforward
component while still handling disturbances and compensating for modeling inaccuracies
via the feedback term. Moreover, instead of relying on computationally expensive methods
such as RL or MPC, which are often necessary for learned models, our controller provides a
closed-form solution. This makes it possible to analyze the characteristics of the closed-loop
system and formally prove stability using Lyapunov arguments (Khalil, 2002), as already
demonstrated for the open-loop case (Stölzle and Della Santina, 2024). These stability
guarantees—supported by the interpretability of the learned model—constitute an initial
step toward safe control. To further promote and quantify safety, we i) propose a safety
metric that evaluates potential injury severity from the closed-loop system dynamics and
specifically establishes bounds on the proportional feedback gains to ensure safety require-
ments and ii) develop stable high-level strategies to generate compliant motion behaviors
by providing references/setpoints to the low-level controller. Experimental verification of
the contributions is an important aspect of this thesis, and we present some of the (soft)
robot embodiments used in Fig. 1.6.

This core contribution is enabled by multiple key contributions, which we detail in the
following.
Contribution I. A First Quantitative Safety Metric for Soft Robots

To address RQ 1, we introduce the first quantitative safety metric for soft robots in
Chapter 3. We begin by examining possible uses of such a metric in design, control, and
certification. From there, we define a set of requirements that the metric should ideally
satisfy to be suitable for these applications. Building on the existing, standardized criterion
for collaborative robots (Standard, 2016)—which uses maximum contact pressure during a
collision with a human as a proxy for injury severity—we develop a metric that considers
the distinctive features of soft robots, including their continuous deformability, elasticity,
and the potential for contact along the entire robot body. The proposed safety metric has
two variants: the Soft Robot Injury Severity Criterions (SRISCs) models injury severity for
a given contact geometry, robot configuration, and velocity, while the Soft Robot Design
Hazardousness Criterions (SRDHCs) assesses how safe a soft robotic design is under certain
operating conditions (e.g., maximum velocity and actuation torques).

This contribution outlines a pathway for quantifying, optimizing, ensuring through
control, and ultimately certifying the safety of soft robots—a central objective of this thesis.
Moreover, it highlights the significant impact controllers have on the safety of the closed-
loop system, an aspect often overlooked in soft robotics. Consequently, it guides us toward
designing compliant controllers that maintain safety, for instance, by eliminating integral
terms and minimizing feedback gains, while instead relying on effective feedforward
strategies based on an accurate dynamic model of soft robots.
Contribution II. Leveraging Kinematic Models for Soft Robot Shape Sensing

This contribution, which addresses RQ 2, improves the robustness and accuracy of
shape sensing in soft robots by harnessing existing kinematic model knowledge. We achieve
this by solving nonlinear optimization problems that align sensor measurements with the
backbone shapes predicted by the kinematic model. Enhanced state estimation is critical
for deploying feedback controllers, thus directly supporting the thesis’s core contribution.
Below, we outline two distinct approaches.
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(A) (B) (C) (D)

Figure 1.6: Soft robot prototypes were used for experimental validation of the methods proposed in this thesis.
Panel (A): A three-segment pneumatic continuum soft robot made of silicon with three air cavities per segment.
The picture is taken from Katzschmann et al. (2019). Panel (B): A tendon-driven continuum soft robot consisting
of five segments based on a helicoid structure, coined Helix Robot (Guan et al., 2023). Panel (C): An Handed
Shearing Auxetic (HSA) soft robot based on 3D-printed auxetic metamaterials driven by four servo motors (Lipton
et al., 2018; Truby et al., 2021). Panel (D): A hybrid soft-rigid turtle robot combining a rigid body with limbs
consisting of three servos and a rigid-soft flipper.

The first method presented in Chapter 4 combines monocular cameras embedded into
the soft robot surveilling the environment with visual SLAM (vSLAM) and a projection onto
the kinematic model. Specifically, the vSLAM algorithm estimates multiple poses along the
soft robot’s backbone based on the camera images. We then solve an optimization problem
that projects these pose measurements onto the kinematic model, producing configuration
estimates. This strategy mitigates estimation drift and preserves consistency between pose
estimates and the kinematic model. We verify the algorithm both in simulation and on a
real soft segment equipped with a low-cost Raspberry Pi camera. Its success stems from
blending four well-established elements: (1) low-cost monocular cameras, (2) vSLAM, (3)
the Piecewise Constant Curvature (PCC) (Webster III and Jones, 2010) kinematic model, and
(4) Levenberg-Marquardt optimization (Levenberg, 1944; Marquardt, 1963). Future work
could further boost performance simply by, for example, using more advanced vSLAM
methods or more expressive kinematic parametrizations such as Geometric Variable Strain
(GVS) (Renda et al., 2020).

The second method, included in Chapter 9, centers on shape proprioception with
magnetic sensors. We embed multiple magnets and magnetic sensors in the robot, which
yields complex 3D magnetic fields that are not sufficiently modeled by purely physics-
based approaches. Consequently, we combine modern ML techniques with a physics-based
kinematic model rather than learning the entire sensor-to-configuration mapping in an
end-to-end fashion. Specifically, the kinematic model represents the backbone shape
and parameterizes the spatial relationship between each sensor and magnet using just a
few variables. We then train a neural network to predict sensor readings based on these
parameters. During inference, we solve an optimization problem via gradient descent that
matches the actual sensor outputs to the model’s predictions, thereby recovering the robot’s
shape. This approach illustrates how incorporating a known kinematic model reduces the
size of the black-box that needs to be learned in a data-driven approach.

Contribution III. Soft Robot Control with Advanced Physics-Based Actuation Models

We address RQ 3 by deriving advanced actuation models from first principles and then
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embedding them in model-based controllers. Two case studies guide our work: HSA robots
and pneumatic piston-driven soft robots. These advanced actuation models feed into the
thesis’s core contribution by informing us about the available physical priors for learning
models.

HSA Robots. HSAs robot (Chin et al., 2018; Lipton et al., 2018) typically feature several
HSA rods arranged in parallel and joined at the tip. Applying torsional torque at the
base (e.g., via a servo motor) twists the rods, which in turn elongates and/or bends the
robot through the rod’s auxetic metamaterial. This complex actuation mechanism can
also induce twisting along the robot’s length, a rare deformation for soft robots. Despite
ongoing research into new designs (Good et al., 2025, 2022), fabrication processes (Truby
et al., 2021), and proprioception (Zhang et al., 2022a), accurate models (Garg et al., 2022) and
control methods are lacking. In Chapters 5 and 6, we propose and experimentally validate
various models and controllers for HSA robots. Specifically, Chapter 5 introduces a suite
of kinematic, dynamic, and actuation models. First, we develop the Selective Piecewise
Constant Strain (SPCS) model to parameterize the 3D shape of HSA rods minimally by
fusing the Constant Strain (CS) and Piecewise Constant Strain (PCS) approaches (Renda
et al., 2018). Next, we derive an actuation model that captures how the rod’s stiffness
and rest length vary with twist angle, allowing us to integrate this phenomenon into
existing Discretized Cosserat Rod Model (DCM)-based simulators. We then implement
our findings in a PyElastica (Naughton et al., 2021) extension, enabling 3D simulations
of HSA robots. For planar HSA robots, we detail a simpler kinematic model based on CS,
culminating in a closed-form inverse kinematics solution. Finally, we present a dynamic
model in Euler-Lagrange form suitable for planar HSA manipulators. Chapter 6 leverages
these models to develop two control schemes. The first is a configuration-space P-satI-D
plus potential-shaping regulator, integrating an integral-saturated PID controller (Pustina
et al., 2022a) with force compensation at the setpoint to guide the end-effector to a desired
location in task space. In the future, a strategy that renders a complex, underactuated,
and non-affine control term more amenable to control may also prove valuable when
developing closed-form controllers based on learned models—for instance, if the latent
space exceeds the dimension of the actuation space. The second is an operational space
impedance controller that cancels the soft robot’s inherent dynamics and uses a Cartesian
PD feedback term to shape the desired stiffness field. Key challenges include mapping
generalized torques into the underactuated control input, linearizing actuation terms, and
solving the static inversion problem (Della Santina, 2025).

Pneumatic Actuation Dynamics & Backstepping Control. Pneumatic actuators are
popular in soft robotics for their quick response and distributed force generation (Marchese
et al., 2015; Zaidi et al., 2021), with some variants employing fluidic pistons (Malas et al.,
2024; Marchese et al., 2014; Marchese and Rus, 2016; Parlikar et al., 2024). Such piston-driven
actuation has at least two advantages: (1) the robot’s deformation is directly related to the
piston position, and (2) they are closed fluid systems allowing easy use of the ideal gas
law (Marchese and Rus, 2016). However, relatively little work has been done on modeling
these systems (Marchese et al., 2014; Xavier et al., 2020), and existing controllers often
adopt a cascaded approach that does not consider actuator dynamics, as a PID controller
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unaware of the soft robot dynamics is usually employed to control the piston. This is
viable only if the fluidic system can quickly achieve pressure setpoints, necessitating high-
performance (often costly) actuators or slow robot motions. Chapter 8 addresses this
limitation by modeling the potential energy stored in the fluid as a function of the robot’s
configuration and the piston position, thereby coupling the piston and soft robot dynamics
in Euler-Lagrange form. We then apply a backstepping approach (Khalil, 2002; Kokotovic,
1992; Lozano et al., 1992) to design a nonlinear, model-based feedback controller for the
entire system, enabling tighter integration of actuator and robot dynamics. In the future,
such an actuation model could serve as a structural prior when learning models, such
as learning the potential energy stored in the fluid analog to LNNs (Lutter et al., 2019),
therefore connecting to the core contribution. Furthermore, applying the backstepping
procedure to a learned model appears to be an unexplored but interesting research avenue.
Contribution IV. Integrating Physical Structure and Stability Guarantees into Learned
Models

In this thesis, addressing RQ 4, we propose two approaches for learning control-oriented
dynamical models of soft robots that incorporate the necessary (physical) structure to
facilitate closed-form control through energy shaping, as well as stability analysis of both
the open- and closed-loop systems using Lyapunov arguments (Khalil, 2002). We achieve
this by incorporating physics-based dynamical models into the learning algorithm, which
then identifies the free parameters of the dynamics and optionally optimizes over a change
of coordinates—such as encoding into latent space. We detail the two approaches below.

In Chapter 10, we introduce an algorithm designed to learn a soft robot strain model,
specifically a PCS-based model, directly from data representing the shape evolution of the
soft robot’s backbone. Although PCS (Renda et al., 2018) and similar kinematic parametriza-
tions (Alessi et al., 2024a) are well-established in the literature, their design often requires
significant expert knowledge and/or trial-and-error. For instance, the modeling engineer
must determine the number of segments, the length of each segment, and the active strains
for each segment. Additionally, identifying dynamic system parameters through nonlin-
ear optimization can be computationally intensive and potentially ill-conditioned. Our
proposed approach, comprising two algorithms, circumvents these challenges by directly
identifying all necessary parameters from pose samples approximating the soft robot’s
shape evolution. The first algorithm uses an iterative procedure to determine an appro-
priate kinematic parameterization, including the number and length of the segments, by
analyzing the strain progression along the backbone. The second algorithm then derives
a physics-based dynamical model from first principles using the previously identified
kinematic parameterization, representing the Euler-Lagrangian dynamics as a sum of basis
functions. This enables dynamic parameter identification in closed form through linear
least-squares. Additionally, the algorithm employs heuristics, such as identified strain
stiffness, to neglect certain strains, iteratively reducing the DOF of the model, thereby
improving efficiency and control suitability. We validate the proposed approach through
simulations and benchmark its performance in predicting the soft robot’s future shape
evolution over long horizons against State of the Art (SOTA) ML methods, including RNNs,
NODEs, and others.

The second approach, presented in Chapter 11, considers the problem setting of learning
the dynamics of physical systems, and specifically, of continuum soft robots from high-
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dimensional observations, such as sequences of images. As learning the dynamics directly
in image space is considered to be intractable, an established procedure is to employ an
autoencoder, such as a Variational Autoencoder (VAE) (Kingma and Welling, 2014), and
then learning the dynamics of a lower-dimensional space, referred to as the latent space.
Contrary to existing literature, which mostly uses MLPs, RNNs, or NODEs, we propose to
learn the latent dynamics with a network of coupled oscillators that consists of damped
harmonic oscillators that are connected by a nonlinear potential. Crucially, this now allows
us to assign a mechanical interpretation to each latent variable - the position of one of
the harmonic oscillators. Furthermore, the physical structure of the Coupled Oscillator
Network (CON) dynamics, in particular the network’s energy terms, allows us to derive very
strong stability guarantees, such as Global Asymptotic Stability (GAS) for the unactuated
and Input-to-State Stability (ISS) for the actuated latent dynamical system, using Lyapunov
arguments (Khalil, 2002). Finally, we propose an approximated closed-form solution to
the rollout of the Coupled Oscillator Network (CON) dynamics that enables a speed-up
of both training and inference. We benchmark the proposed approach against SOTA
ML approaches extensively on rendered image sequences of various simulated systems,
including different simulated soft robots.

Contribution V. Exploiting Learned Models for Closed-Form Model-Based Control

Additionally contributing to RQ4 and building on Contribution V, we here propose a
closed-form regulation strategy based on learned models. In doing so, we draw on seminal
work that introduced closed-form model-based controllers for rigid manipulators (Kelly,
1997, 1998; Kelly and Carelli, 1996; Sciavicco and Siciliano, 2012), subsequently adapted for
the physics-based control of soft robots by considering both linear (Della Santina et al.,
2023, 2020c) and, as shown in Chapter 6, nonlinear elastic forces (Borja et al., 2022). The
controller combines an integral-saturated PID (P-satI-D) (Pustina et al., 2022a) with an
energy-shaping feedforward term. We motivate the considerations behind this strategy in
the following.

For the error-based feedback component, we use a P-satI-D controller (Pustina et al.,
2022a), which offers stronger robustness against modeling errors via its integral actionwhile
saturation reduces the risk of instability (Pustina et al., 2022a). Compared to PD feedback
laws (Della Santina et al., 2020c), this approach is more effective at mitigating unmodeled
or wrongly modeled dynamics. A key assumption—akin to purely physics-based models—is
that the state space must be continuous. Consequently, specialized methods (Maithripala
and Berg, 2015) are necessary for other geometric spaces (e.g., Lie groups), where continuity
in this sense does not hold directly.

For the feedforward portion, we compensate the potential forces at the target state,
requiring the potential field to be (locally) convex (Borja et al., 2022; Della Santina et al.,
2023). The aim is to rely on the integral action as little as possible, effectively reshaping
the closed-loop system’s potential energy so its (local) minimum is at the desired setpoint.
Additionally, the control must be able to reach the goal, which requires the setpoint to
be a reachable equilibrium of the closed-loop system. In the underactuated case, it is also
crucial for the null dynamics to be asymptotically stable in order to guarantee a stable
control response (Borja et al., 2022). Compensating for the dynamics—specifically the
static forces—at the target state, rather than canceling them at the current state, enhances
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robustness against mismatches between the learned model and the actual dynamics, as
unmodeled dynamics are less likely to dominate in the closed-loop system.

This combination of integral-saturated PID feedback action and potential shaping
feedforward action yields a straightforward yet powerful control approach. Having already
applied this P-satI-D+potential shaping strategy to a fully physics-based HSA model as
part of Contribution III, we further validate it in simulation with the learned strain-based
model in Chapter 10 and for latent space control using CON dynamics in Chapter 11.

Contribution VI. Beyond Low-Level Control: Generating Compliant Motion Behaviors for
Soft Robots

Turning to RQ 5, we propose two methods for generating compliant soft robot motion
at a higher control level. Chapter 7 covers a BMI-based protocol that uses wearable
Electroencephalography (EEG) to supply references to a low-level impedance controller,
while Chapter 12 focuses on learning motion policies from demonstration via a dynamical
system. These strategies ensure that high-level policies do not undermine the inherent
safety offered by the soft robot body and compliant low-level controllers.

Guiding Soft Robots via Motor Imagery. BMIs allow users to operate machines
through neural signals—particularly appealing for assisting individuals with limited mo-
bility. Yet classification accuracies for motor imagery on wearable EEG devices are low
for more than two classes (Arpaia et al., 2022; Lee et al., 2024), raising safety issues if
used with fast, high-inertia rigid robots. Soft robots, by contrast, offer a passive compli-
ance that can reduce risks from erroneous BMI commands. However, controlling soft
robots with BMI has not yet been explored. In Chapter 7, we introduce a brain-computer
interface protocol that, for the first time, lets users operate a soft robotic manipulator
using motor imagery. We employ a wearable, three-channel EEG cap, aiming to in the
future transition brain-controlled manipulations beyond traditional lab settings. Since
robust motor imagery classification beyond two classes remains challenging, we devised
an effective protocol that combines two parallel binary classifiers: one to select the active
coordinate axis (based on yaw clinching) and another to determine movement direction
along this axis (based on motor imagery). We validate our approach on a planar HSA robot,
where the BMI-derived commands serve as setpoints for a compliant impedance controller
(developed in Contribution III). In a quantitative evaluation of the brain signal-driven con-
trol, we visually project step-function-based operational space goals onto a screen behind
the HSA robot. For benchmarking, we compare this BMI system against (1) a keyboard
interface and (2) a privileged scenario where the low-level controller has direct access
to goal positions. Additionally, we show how this scheme can assist with a real-world
Activities of Daily Living (ADL) task—guiding the robot’s end-effector with brain signals to
spray hairspray—highlighting the synergy between the soft robot’s compliance, a suitable
low-level controller, and higher-level BMI-based commands.

Learning Stable Period Motions from Demonstration. Dynamic Motion Primitives
(DMPs) represent a well-known framework for learning complex motions from demonstra-
tions (Ijspeert et al., 2013; Saveriano et al., 2023). In soft robotics, adopting time-invariant
DMPs is particularly appealing for ensuring compliance under perturbations (Ijspeert et al.,
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2013), yet this approach remains unexplored. In Chapter 12, we present a method for
learning periodic motions from demonstrations and reproducing them in a provably stable
and compliant manner—without explicit time dependence. Our framework extends Stable
Motion Primitive (SMP) (Ijspeert et al., 2013; Pérez-Dattari and Kober, 2023; Rana et al.,
2020) by combining a bijective encoder with latent dynamics governed by a supercritical
Hopf bifurcation. The Hopf system’s simple latent dynamics facilitate stability proofs,
while the diffeomorphism introduced by Euclideanizing flows (Dinh et al., 2016; Rana et al.,
2020) enables us to learn complex motions and transfer stability guarantees back to the
original demonstration space. Practically, we encode the robot’s current position into the
latent space, evaluate the Hopf system to obtain a latent velocity, and then map that velocity
back to the demonstration space via the encoder’s analytical inverse Jacobian—yielding a
velocity reference for a low-level motor controller, such as the configuration or operational
space controllers presented in Chapter 6. We conduct extensive experiments with diverse
systems: a helicoid soft robot (Guan et al., 2023), a swimming turtle robot, a UR5 manipula-
tor for whiteboard cleaning, and a KUKA cobot for tasks involving human contact. The
results demonstrate that our approach can learn intricate motion patterns while preserving
compliance, making it a promising path forward for soft robot motion planning.
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Figure 1.8: Outline of this thesis, highlighting the models’ physical priors and their application areas, including
proprioception/shape sensing, control, motion generation/policies, and Human Robot Interface (HRI).

In the following, we will outline the structure of this thesis, which is also visualized in
Figs. 1.7-1.8.

Chapter 2 aims to provide background on the existing literature on modeling and
control of soft robots and introduce specific kinematic and dynamic models, model-based
controllers, and other concepts that are recurring throughout this thesis. For example, this
includes the PCS kinematic parametrization, Euler-Lagrangian dynamic models of soft
robots, and P-satI-D (Pustina et al., 2022a)+potential shaping (Della Santina et al., 2023)
controllers.

Chapter 3, incorporating Contribution I, analyzes the inherent safety of soft robots and
recognizes the need for a quantitative safetymetric that encompasses both the embodied and
computational intelligence of the robotic system. After identifying interesting applications
of a safety metric, we devise the requirements such a metric would need to meet. We then
propose the first quantitative safety metric for soft robotic manipulators. Finally, we give
recommendations for the safe design of soft robotic systems.

At the outset of this thesis, our understanding of several fundamental aspects of soft
robot behavior was still limited. For instance, we lacked detailed insights into actuation
dynamics (Della Santina et al., 2023)—such as the coupled behavior between soft robots and
pneumatic piston actuators or how power is transmitted from electric actuators through
auxetic metamaterials to induce deformations in HSA robots—as well as in kinematic param-
eterizations that allow for an optimal tradeoff between dimensionality and expressiveness -
as ones that maintain specific strains, such as bending, twist, axial, either constant or piece-
wise constant along the backbone. Consequently, we devoted a significant portion of this
thesis to advancing our understanding by developing physics-based models, experimentally
validating them, and leveraging the results to enhance shape sensing and model-based
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control. This work is presented in Part I, where we introduce advanced physics-based
models for these two applications.

This deeper insight into soft robot characteristics has equipped us to propose more
suitable physical priors for integration into learned models. Specifically, Part II focuses on
incorporating priors related to kinematics, stability, and physical structure into ML-based
methods, thereby employing these hybrid models for improved shape sensing and control.

Parts I & II are discussed in further detail in the following subsections.

Part I - Shape Sensing and Control with Advanced Physics-
based Models
In Part I, we develop advanced physics-based models for soft robots and apply them to shape
sensing and control. Specifically, we: i) enhance shape sensing based on visual sensors by
leveraging pose estimates from Simultaneous Localization and Mapping (SLAM) algorithms
and projecting them onto a kinematic model, ii) propose kinematic and dynamic models for
HSA robots and utilize them for model-based control, iii) introduce a motor-imagery-based
Brain-Computer Interface (BCI) interface for guiding a low-level impedance controller
with brain signals, and iv) model the actuation dynamics of pneumatic piston-driven soft
robots, designing a provably stable backstepping controller for piston motion regulation.
This part includes Contributions II-V and comprises the following chapters:

• Chapter 4 describes a method for combining low-cost monocular cameras with
vSLAM algorithms and projecting pose estimates onto the soft robot’s kinematics
to enable shape sensing. The approach is validated through simulations using a
Constant Curvature (CC) model and experimental tests on a pneumatic soft robot
segment moving in 3D space.

• Chapter 5 presents kinematic, dynamic, and actuation models for HSA robots com-
prising parallel auxetic metamaterial rods. First, we introduce a novel kinematic
parametrization (SPCS) based on the PCS (Renda et al., 2018) model, effectively cap-
turing HSA rod shapes with minimal configuration variables. Next, we formalize the
inclusion of auxetic trajectories (e.g., HSA rods changing length with twist strains) in
Cosserat rod-based models, enabling a PyElastica (Naughton et al., 2021)-based simu-
lator for HSA robots. Additionally, we devise kinematic and underactuated dynamic
models for planar HSA robots, incorporating auxetic trajectories that influence rest
length and stiffness. These models are experimentally validated.

• Chapter 6 extends Chapter 5 by proposing two model-based control strategies for
setpoint regulation with planar HSA robots: a) a configuration-space controller using
an integral-saturated PID feedback term and potential shaping feedforward term,
and b) an operational space impedance controller that enables end-effector stiffness
shaping in Cartesian space through a PD feedback term. The configuration-space
controller leverages a feedforward term evaluating potential forces at desired end-
effector positions via static inversion and a feedback term enabled by linearization
of the actuation term and mapping into collocated form. The operational space
controller uses model knowledge to cancel the existing soft robot dynamics and
applies a least-squares optimizer to solve the underactuated control problem (i.e.,
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mapping configuration space torques to actuation inputs). Both approaches are
extensively validated experimentally and benchmarked against a model-free PID
controller.

• Chapter 7 enhances the operational space impedance controller from Chapter 6
with a BMI protocol, enabling users to control a soft robot through motor imagery.
The protocol processes wearable EEG device measurements, classifies motor imagery
using Linear Discriminant Analysis (LDA), and translates the output into incremental
end-effector attractor movements. The low-level impedance controller then tracks
these setpoints. Experiments with a planar HSA robot compare this approach’s
performance on a reference trajectory against two baselines: a computational control
with privileged access to goal positions and a keyboard-based HRI interface. Finally,
we demonstrate a simple ADL—releasing hairspray by guiding the soft robot to press
a button using motor imagery.

• Chapter 8 develops dynamic models of the actuation dynamics for pneumatic piston-
driven soft robots and designs a nonlinear backstepping controller (Khalil, 2002;
Kokotovic, 1992; Lozano et al., 1992). The model calculates the potential energy stored
in the fluid as a function of the robot’s configuration and piston position, with partial
derivatives representing the potential forces exerted by the fluid. The backstepping
controller integrates a configuration-space setpoint regulator into a piston feedback
controller. This approach is tested through simulations on a three-segment PCC soft
robot.

Part II - IncorporatingPhysical Structure and StabilityGuar-
antees into Learned Models and Controllers
Part II combines several research efforts integrating modern ML techniques with physics-
based models. The goal is to simplify the learning process, provide insights into the learned
components through physical interpretation, ensure stability guarantees, and/or leverage
physical structures for model-based control using energy-shaping approaches. This part
covers Contributions II,IV-VI and includes the following chapters:

• Chapter 9 presents a methodology for achieving 3D shape sensing in soft robots by
embedding multiple magnets and magnetic sensors within their body. The primary
challenge with magnetic sensors lies in interpreting their measurements and map-
ping them to a configuration estimate. To address this, we use the kinematic model
of the soft robot to parameterize the spatial relationship between a magnetic sensor
and its surrounding magnets. We then learn the forward measurement model based
on this low-dimensional parameterization to predict the measurements for each
sensor. Notably, by incorporating knowledge of the kinematic model and reducing
the complexity of the learning black-box, the resulting sensor measurement model
generalizes effectively across all embedded magnetic sensors. Finally, to achieve
proprioception, we formulate an optimization problem where the cost function
minimizes the squared error between predicted and actual sensor measurements.
With both the kinematic model and the neural sensor measurement predictor being
analytically differentiable, this optimization problem is efficiently solved using gra-
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dient descent. The proposed approach is validated through simulations with PCC
and Piecewise Affine Curvature (PAC) soft robots, as well as experiments with a
pneumatically actuated soft segment.

• Chapter 10 introduces an algorithmic framework for identifying low-dimensional
strain models from data describing the shape evolution of soft robots. The approach
takes as input pose measurements along the soft robot’s backbone and consists of two
key steps: First, a suitable low-dimensional PCS-based parameterization is identified
through an iterative procedure to approximate the backbone shape accurately. Next, a
dynamical model is derived from this kinematic parameterization, with its parameters
regressed in closed form. Additionally, the algorithm employs heuristics, such as the
identified stiffness, to determine whether certain strains can be neglected, potentially
further reducing the DOF of the dynamical model. The proposed method is validated
by deriving the dynamical model of a simulated soft robot directly from video data. Its
performance is quantitatively benchmarked against SOTA ML approaches, including
RNNs and NODEs. Results demonstrate that this fully physics-based strain model
significantly outperforms others in extrapolation settings, particularly for actuation
sequences outside the training set. Finally, the learned model is employed for model-
based control using a controller that incorporates an integral-saturated PID feedback
term alongside a potential-shaping feedforward term, similar to the control approach
outlined in Chapter 6.

• Chapter 11 introduces a method for learning the latent dynamics of physical sys-
tems, such as soft robots, using Coupled Oscillator Networks (CONs). Specifically,
high-dimensional observations, like images of the soft robot, are mapped into a
low-dimensional latent space using a learned autoencoder. Each latent variable in
this space corresponds to the position of a mechanical oscillator, providing a clear
mechanical interpretation. A key advantage of this approach is that the CON for-
mulation offers strong stability guarantees: the unactuated system exhibits Global
Asymptotic Stability (GAS), while we prove for the actuated system Input-to-State
Stability (ISS) (Khalil, 2002). The proposed learning method is validated on multiple
datasets comprising image sequences of simulated soft robot motions, and its motion
prediction accuracy is benchmarked against various SOTA ML approaches, such as
Coupled Oscillatory Recurrent Neural Network (coRNN) and Gated Recurrent Unit
(GRU). Furthermore, the physical structure of the CON dynamics is leveraged for
closed-form model-based feedback control in the latent space. This involves using
an integral-saturated PID feedback term and reshaping the CON potential field to
exhibit its minimum at the desired latent goal. The proposed control strategy is
demonstrated on a simulated two-segment PCC soft robot.

• Chapter 12 proposes a method for learning orbitally stable motion policies from
demonstration, which can serve as a reference for the low-level motor controllers
introduced in Chapters 6 and 10–11. Building on pioneering research in Stable Mo-
tion Primitive (SMP), which parameterizes motion policies using (latent) dynamical
systems (Ijspeert et al., 2013; Rana et al., 2020), this chapter integrates a learned
bijective encoder implemented as a Euclideanizing flow (Dinh et al., 2016; Rana et al.,
2020) with an orbitally stable supercritical Hopf bifurcation as the latent dynamics.
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This approach enables the learning of periodic motions from demonstrations with
stability guarantees. The inverse Jacobian of the bijective encoder facilitates the
projection of predicted latent velocities back into the oracle space. The proposed
method is experimentally validated on various robot embodiments, including a
tendon-driven helicoid soft robot (Guan et al., 2023), a swimming turtle robot, a UR5
robotic manipulator, and a KUKA cobot.

Conclusion and Appendices
In the following, we will detail the content of Parts III & IV IV.

• Chapter 13 summarizes our findings and suggests promising directions for future
research.

• Appendix A introduces a framework for the holistic co-design of soft robots, en-
abling the simultaneous optimization of both the robot’s body (e.g., its morphology)
and its brain (e.g., the perception and control systems) (Navez, 2024; Spielberg et al.,
2019; Wang et al., 2024). Importantly, the framework considers a broad array of
criteria beyond task-centric performance, including safety, manufacturability, and
regulatory considerations. It explicitly addresses the practical realization of designs
by demonstrating how prototyping can reduce uncertainty in the computational
evaluation metrics, while also proposing modifications to the co-design process that
could greatly enhance computational efficiency. In summary, this holistic co-design
framework provides guidance on how the soft robot’s structural shape, actuator and
sensor placement (see Chapters 4 & 9), reduced-order modeling (see Chapters 5, 10,
& 11), and controller (see Chapters 6, 8, 10, & 11) might be jointly optimized in the
future to boost performance while ensuring that the closed-loop system remains
sufficiently compliant and safe (see Chapter 3).

• Appendix B contains supplementary material, including details on the experimental
setup and additional results, for Chapter 11.

• Appendix C outlines some of the laboratory infrastructure developed during this
PhD—such as amotion capture system and pneumatic pressure regulation—to support
the research presented in this thesis. Additionally, we introduce several software
libraries that underpin many of the thesis chapters, including a JAX implementation
of control-oriented soft robot models for simulation, model-based control, andmotion
planning, as well as a ROS2 ecosystem for model-based control of HSA robots.

1.4.1 Important Notes
We acknowledge that, although we strived to maintain consistent notation across chapters,
the diversity of problem settings and methods, coupled with the limited pool of available
symbols, necessitated the use of tailored notations for each chapter. Also, please note that,
unless explicitly stated otherwise, the term "soft robot" in this thesis refers to "continuum
soft robots", as opposed to articulated soft robots (Della Santina et al., 2020b). The code and
data associated with this thesis are made available as a dataset on the 4TU.ResearchData
platform2.
2https://doi.org/10.4121/a9ee4280-4ef1-4c2b-bcef-526cd50292a9

https://doi.org/10.4121/a9ee4280-4ef1-4c2b-bcef-526cd50292a9
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2
Background on Modeling and

Control of Soft Robots
In this chapter, we review existing approaches for both kinematic and dynamic modeling
of soft robots and discuss how these models can subsequently be exploited in closed-form
model-based controllers. These topics are highly relevant to the core of the thesis and many
concepts presented in this are employed throughout all chapters of this thesis. Examples
include the PCC (Della Santina et al., 2020a; Webster III and Jones, 2010) and PCS (Renda et al.,
2018) kinematic models, as well as soft robot dynamics expressed in an Euler-Lagrangian
formulation (Della Santina et al., 2023) and their projection into operational (Della Santina
et al., 2020c; Khatib, 1987) and actuation (Pustina et al., 2024a) spaces. Moreover, we report
various closed-form soft robot controllers, such as those based on error-based feedback combined
with energy shaping (Della Santina et al., 2023), integral-saturated PIDs (Pustina et al.,
2022a), or Cartesian impedance controllers (Della Santina et al., 2020c). We emphasize that
kinematic and dynamic modeling (Armanini et al., 2023) of soft robots, as well as model-based
control (Della Santina et al., 2023), remain highly active areas of research, and that much of
the content presented in this chapter has only been proposed in recent years (Yasa et al., 2023).
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2.1 Kinematics: From Planar Constant Strain to Ge-
ometric Variable Strain

I n this section, we review relevant kinematic parameterizations and models for soft robots
that the community has developed in recent years.

2.1.1 Preliminaries
The goal of a kinematic model for robots is to provide a description of the robot’s current
shape—specifically, to determine 𝑆𝐸(3) poses for every point on the robot body given
the current value of its configuration variables 𝑞 ∈ ℝ𝑛. For rigid manipulators, one can
readily derive a kinematic model that describes the position and orientation of the links by
considering the joint angles as the configuration variables (Siciliano et al., 2010). In contrast,
the continuous three-dimensional deformations of continuum soft robots make this task
considerably more challenging (Armanini et al., 2023). To simplify the problem, the com-
munity adopts the slender structure hypothesis for continuum soft robots, which assumes
that the body’s radius is much smaller than its length: 𝑅 ≪ 𝐿. This assumption permits the
use of Cosserat rod theory (Cosserat, 1909) by reducing the analysis to the one-dimensional
deformation of a geometric line that represents an infinitesimally thin backbone of the con-
tinuum robot (Gazzola et al., 2018)1. We then model the backbone’s deformation in 3D space
by examining the variation of the strain field 𝜉(𝑡, 𝑠) = [𝜅x 𝜅y 𝜅z 𝜎x 𝜎y 𝜎z]

⊤ ∈ ℝ6,
where 𝑡 denotes time and 𝑠 ∈ (0,𝐿] is the curvilinear abscissa along the backbone curve.
Here, 𝜅∗ and𝜎∗ represent the rotational and linear strains, measured in units of [rad/m] and
[−], respectively. In particular, when the backbone is aligned with the local 𝑧-axis, 𝜅x and
𝜅y capture bending strains along the two local directions, 𝜅z describes the twist strain, while
𝜎x and 𝜎y account for shear strains, and 𝜎z corresponds to the axial strain (Della Santina
et al., 2023).

Nonetheless, since these Cosserat rod models reside in an infinite-dimensional state
space, it becomes impossible to measure the state of a soft robot directly. Moreover, the
associated dynamics are formulated as Partial Differential Equations (PDEs) (Gazzola et al.,
2018), complicating their direct use in control applications. Therefore, the ultimate aim is
to recast the dynamics as Ordinary Differential Equations (ODEs)—specifically, in Euler-
Lagrangian form—by approximating the backbone deformation with finite-dimensional
parameterizations.

In fact, the continuous strain field can be approximated as 𝜉(𝑡, 𝑠) = Ψ(𝑡,𝑞, 𝑠), where
Ψ(𝑡,𝑞, 𝑠) ∶ ℝ×ℝ𝑛 ×ℝ+ →ℝ6 serves as the functional parameterization, 𝑞 ∈ ℝ𝑛 denotes the
finite-dimensional configuration, and 𝜉0 ∈ ℝ6 represents the rest strain (Mathew et al.,
2025). Then, the forward kinematics can be formalized as 𝜋(𝑞,𝑠) ∶ ℝ𝑛 ×ℝ+ → 𝑆𝐸(3).

Below, we introduce several commonly used kinematic parametrizations—many of
which are employed in this thesis—that range from relatively simple single-segment planar
cases to the most general and expressive GVS models.

1Models that consider the full three-dimensional deformations of soft robots, extending volumetric Finite Element
Method (FEM) to control-oriented modeling, are beyond the scope of this thesis. We refer the interested reader
to Armanini et al. (2023); Coevoet et al. (2017); Faure et al. (2012).
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2.1.2 Planar Constant Strain
Analog to Chapter 52, we first consider a planar CS model that considers a segment that
exhibits constant strain. In the planar case, we need to consider the following three
deformations: the bending strain 𝜅be(𝑠), the shear strain 𝜎sh(𝑠), and the axial strain 𝜎ax(𝑠).
As these strains are assumed to be constant, we can state for any point 𝑠 along the segment
that the strain field is given by 𝜉(𝑡) = [𝜅be(𝑡) 𝜎sh(𝑡) 𝜎ax(𝑡)]

⊤ ∈ ℝ3. After defining the
rest strain 𝜉0 = [0 0 1]

⊤, we can express the strain field as a function of the finite-
dimensional configuration 𝑞 ∈ ℝ3

𝜉(𝑡) = 𝕀3 𝑞(𝑡)⏟⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏟
Ψ(𝑞)

+𝜉0. (2.1)

The goal is now to determine the planar 𝑆𝐸(2) pose 𝜒 = [𝑝x 𝑝y 𝜃]
⊤ ∈ ℝ3 for each

𝑠 ∈ (0,𝐿], where 𝑝x is the x-position, 𝑝y the y-position, and 𝜃 ∈ 𝕊1 the planar orientation
measured as the angle with respect to the x-axis. Assuming that the robot backbone is
aligned with the local y-axis, the infinitesimal change of pose along the backbone is given
as

𝜕𝜋(𝑞,𝑠)
𝜕𝑠

=
⎡
⎢
⎢
⎣

cos(𝜅be𝑠)𝜎sh−sin(𝜅be𝑠)𝜎ax
sin(𝜅be𝑠)𝜎sh+cos(𝜅be𝑠)𝜎ax

𝜅be

⎤
⎥
⎥
⎦
. (2.2)

We can now integrate 𝜕𝜒
𝜕𝑠 in order to obtain the forward kinematics

𝜒 = 𝜋(𝑞,𝑠) = ∫
𝑠

0

𝜕𝜋
𝜕𝑠

(𝑞, 𝑠′) d𝑠′ =
⎡
⎢
⎢
⎢
⎣

𝑝0x +𝜎sh
−sin(𝜃0)+sin(𝜃0+𝜅be𝑠)

𝜅be
+𝜎ax −cos(𝜃0)+cos(𝜃0+𝜅be𝑠)

𝜅be
𝑝0y+𝜎sh

cos(𝜃0)−cos(𝜃0+𝜅be𝑠)
𝜅be

+𝜎ax −sin(𝜃0)+sin(𝜃0+𝜅be𝑠)
𝜅be

𝜃0+𝜅be 𝑠

⎤
⎥
⎥
⎥
⎦

,

(2.3)
where 𝜒 0 = [𝑝0x 𝑝0y 𝜃0]

T is the 𝑆𝐸(2) pose of the base. The geometric Jacobian (Siciliano
et al., 2010) associated with the forward kinematics is given as

𝐽 (𝑞, 𝑠) =
𝜕𝜋(𝑞,𝑠)
𝜕𝑞

=

⎡
⎢
⎢
⎢
⎢
⎣

𝜅be 𝑠 (𝜎sh𝑐be−𝜎ax𝑠be)+𝜎sh(𝑠𝜃0−𝑠be)+𝜎ax(𝑐𝜃0−𝑐be)
𝜅2be

−𝑠𝜃0+𝑠be
𝜅be

−𝑐𝜃0+𝑐be
𝜅be

𝜅be 𝑠 (𝜎sh𝑠be+𝜎ax𝑐be)+𝜎sh(−𝑐𝜃0+𝑐be)+𝜎ax(𝑠𝜃0−𝑠be)
𝜅2be

𝑐𝜃0−𝑐be
𝜅be

−𝑠𝜃0+𝑠be
𝜅be

𝑠 0 0

⎤
⎥
⎥
⎥
⎥
⎦

,

(2.4)
where 𝑠𝜃0 = sin(𝜃0), 𝑐𝜃0 = cos(𝜃0) and 𝑠be = sin(𝜃0+𝜅be𝑠), 𝑐be = cos(𝜃0+𝜅be𝑠). As demon-
strated in Chapter 5, the inverse kinematics 𝑞 = 𝜚(𝜒 ,𝑠) of a planar constant strain segment
are available in closed form

𝑞 = 𝜚(𝜒 ,𝑠) =
𝜃−𝜃0

2𝑠

⎡
⎢
⎢
⎢
⎣

2
−sin(𝜃0)𝑝x+cos(𝜃0)𝑝y−

(cos(𝜃0)𝑝x+sin(𝜃0)𝑝y)sin(𝜃−𝜃0)
cos(𝜃−𝜃0)−1

−cos(𝜃0)𝑝x−sin(𝜃0)𝑝y−
(−sin(𝜃0)𝑝x+cos(𝜃0)𝑝y)sin(𝜃−𝜃0)

cos(𝜃−𝜃0)−1

⎤
⎥
⎥
⎥
⎦

. (2.5)

2In Chapter 5, we leverage a planar constant strain model to describe the kinematics of planar HSA robots.
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Please note that even though both the forward and inverse kinematics - i.e., Eqs. (2.3)- (2.5)
- exhibit a well-defined limit for the case of no bending

lim
𝜅be→0

𝜋(𝑞,𝑠) =
⎡
⎢
⎢
⎣

𝑝0x +𝜎sh cos(𝜃0)𝑠 −𝜎ax sin(𝜃0)𝑠
𝑝0y+𝜎sh sin(𝜃0)𝑠 +𝜎ax cos(𝜃0)𝑠

𝜃0

⎤
⎥
⎥
⎦
,

lim
𝜃→𝜃0

𝜚(𝜒 ,𝑠) =
⎡
⎢
⎢
⎢
⎣

0
cos(𝜃0)𝑝x+sin(𝜃0)𝑝y

𝑠
−sin(𝜃0)𝑝x+cos(𝜃0)𝑝y

𝑠

⎤
⎥
⎥
⎥
⎦

,

(2.6)

in practice, we face numerical issues when evaluating the kinematics or the matrices of
the dynamical model. Therefore, we found it most effective to manually modulate the
configuration for the bending strain 𝜅be to exhibit a minimum magnitude 𝜀 ∈ ℝ+ when
evaluating the kinematics or dynamics of such strain-based models, as, for example, the
case for the JAX Soft Robot Modeling package presented in Appendix C.4

𝜅̃be =

{
sign(𝜅be)𝜀, if |𝜅be| < 𝜀
𝜅be, else

, (2.7)

where 𝜀 ≈ 0.01rad/m determines the minimum magnitude of the bending strain when
evaluating the dynamical matrices. Therefore, 𝜅̃be exhibits a discontinuity at 𝜅be = 0 when
it switches from −𝜀 to 𝜀 and vice-versa. Furthermore, the gradient exhibits a discontinuity
at |𝜅be| = 𝜀 when it transitions between a linear and a constant function.

Planar Constant Curvature
In the special case of a planar CC segment (Della Santina et al., 2023; Webster III and Jones,
2010), we would set 𝜎sh = 0, 𝜎ax = 1 and reformulate the strain field as

𝜉(𝑡) = [
1

02×1]
⏟⏞⏞⏞⏞⏟⏞⏞⏞⏞⏟

Φ

𝑞, (2.8)

where now the configuration only contains the bending strain 𝑞 = 𝜅be ∈ ℝ.

2.1.3 Piecewise Constant Strain
The PCS model (Renda et al., 2018, 2016) extends the idea of planar constant strain to (i)
the 3D case with six-dimensional strains and (2) multiple segments with each segment
exhibiting constant strain. The strain field of a 𝑁 segment PCS soft robot is

𝜉(𝑡, 𝑠) = Ψ(𝑡,𝑞, 𝑠) = [Φ1(𝑠) ⋯ Φ𝑖(𝑠) ⋯ Φ𝑁 ]
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

Φ(𝑠)

𝑞(𝑡)+𝜉0, (2.9)

where 𝑞 ∈ ℝ6𝑁 (i.e., 𝑛 = 6𝑁 ) is the configuration, 𝜉0 ∈ ℝ6 is the rest strain, that is usually
chosen as 𝜉0 = [0 0 0 0 0 1]

⊤ for the case of the backbone being aligned with the
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local z-axis, Φ(𝑠) ∶ ℝ+ →ℝ6×6𝑁 is called the strain basis (Mathew et al., 2025; Renda et al.,
2020) and consists of 𝑁 discontinuous functions Φ𝑖 ∀𝑖 ∈ {1,…,𝑁 } that are defined as

Φ𝑖(𝑠) =

{
𝕀6, if ∑𝑖−1

𝑖′=1 𝑙𝑖′ < 𝑠 ≤ ∑𝑖
𝑖′=1 𝑙𝑖′

06×3, else
∈ ℝ6×6 ∀𝑖 ∈ {1,…,𝑁 }, (2.10)

where 𝑙𝑖 is the length of each segment, therefore fulfilling the property 𝐿 = ∑𝑁
𝑖=1 𝑙𝑖.

For the derivation of the forward kinematics, we point the reader to Renda et al. (2018).
In Section 5.3, we introduce a variation of the PCS parametrization, named SPCS, that
allows for selective strains to remain constant over the entire backbone length instead of
just for each segment - allowing for a reduction of the DOFs of the model. Additionally,
we use a planar version of the PCS model in Chapters 10 & 11.

Piecewise Constant Curvature
In the special case of PCC (Webster III and Jones, 2010)—the most popular soft robot
parametrization—the twist and shear strains are neglected (i.e., 𝜅z,𝜎x,𝜎y = 0), resulting in
the following strain basis functions:

Φ𝑖(𝑠) =

⎧⎪⎪⎪⎪⎪
⎨⎪⎪⎪⎪⎪⎩

⎡
⎢
⎢
⎢
⎣

1 0 0 0 0 0
0 1 0 0 0 0
0 0 0 0 0 1

⎤
⎥
⎥
⎥
⎦

⊤

, if∑𝑖−1
𝑖′=1 𝑙𝑖′ < 𝑠 ≤ ∑𝑖

𝑖′=1 𝑙𝑖′ ,

06×3, else,

∈ ℝ6×6 ∀𝑖 ∈ {1,…,𝑁 }. (2.11)

Even though the name of the model implies otherwise, the configuration of the 𝑖th segment
𝑞𝑖 = [𝜅x,𝑖 𝜅y,𝑖 𝜎z−1]

⊤ ∈ ℝ3 usually contains the two bending strains 𝜅x,𝜅y and the
axial elongation strain 𝜎z. We emphasize that the PCC model extends the previously
mentioned planar CC case to 3D and multi-segment soft robots by approximating the
bending as piecewise constant. The forward kinematics, given by 𝜒 = 𝜋(𝑞,𝑠), is introduced
in Della Santina et al. (2020a); Webster III and Jones (2010), and the inverse kinematics for
up to three segments is available in closed form (Li et al., 2023).

Various alternative versions of the PCC parametrization appear in the literature. In par-
ticular, the seminal work byWebster III and Jones (2010) introduced the (𝜅,𝜙, 𝓁) parametriza-
tion, while Della Santina et al. (2020a) proposed a Δ-parametrization. We discuss both
parameterizations in greater detail below.

(𝜅,𝜙, 𝓁)-Parametrization. Webster III and Jones (2010) defines the configuration of the
𝑖th segment as 𝑞𝑖 = [𝜅𝑖 𝜙𝑖 𝓁𝑖]

⊤, where 𝜅𝑖 ∈ ℝ and 𝓁𝑖 ∈ ℝ+ are the curvature and length
of the arc, respectively, and 𝜙𝑖 ∈ [−𝜋,𝜋] the angle of the direction of bending. We can
easily identify the mapping between the strain-based parametrization and the (𝜅,𝜙, 𝓁)
parametrization

𝜅𝑖 =
√
𝜅2x,𝑖+𝜅2y,𝑖, 𝜙𝑖 = arctan2(𝜅y,𝑖,−𝜅x,𝑖), 𝓁𝑖 = 𝜎z,𝑖 𝑠, (2.12)

and the inverse map as

𝜅x,𝑖 = −sin(𝜙𝑖)𝜅𝑖, 𝜅y,𝑖 = cos(𝜙𝑖)𝜅𝑖, 𝜎z,𝑖 =
𝓁𝑖
𝑠
. (2.13)
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Although the (𝜅,𝜙, 𝓁) parametrization has significantly influenced the soft robotics field
and been widely adopted, it presents several drawbacks affecting both kinematics and
dynamics, as initially noted by Della Santina et al. (2020a): (a) when 𝜅𝑖 = 0, there is a
redundancy because 𝜙𝑖 can take any value without changing the backbone shape; (b) a sign
redundancy exists for 𝜅𝑖, since the configurations (𝜅𝑖,𝜙𝑖, 𝓁𝑖) and (−𝜅𝑖,𝜙𝑖 −𝜋,𝓁𝑖) produce
the same shape; and (c) a discontinuity is observed when 𝜙𝑖 transitions from 𝜋 to −𝜋, or
vice versa.

Δ-Parametrization. Della Santina et al. (2020a) introduced the Δ-parametrization to
address some of the shortcomings of the (𝜅,𝜙, 𝓁) parametrization. In this approach, the
configuration of the 𝑖th PCC segment is represented as 𝑞𝑖 = [Δx,𝑖 Δy,𝑖 𝛿𝐿𝑖]

⊤, which
depends on the difference between the soft segment side lengths and the change in backbone
length, denoted by 𝛿𝐿𝑖. The underlying intuition is that each segment’s shape is uniquely
defined by the lengths of four arcs that are equiangularly distributed at a radial distance of
𝑑𝑖 ∈ ℝ+ from the backbone center line. Taking the example of the four arcs at polar angles
𝜃1 = 0rad,𝜃2 = 𝜋

2 rad,𝜃3 = 𝜋 rad,𝜃4 =
3𝜋
2 rad with the arc lengths 𝐿1,𝑖,𝐿2,𝑖,𝐿3,𝑖,𝐿4,𝑖, given as

a function of the strains 𝜅x,𝑖,𝜅y,𝑖,𝜎z,𝑖

𝐿1,𝑖 = (𝜎z,𝑖−𝜅y,𝑖 𝑑𝑖) 𝑠, 𝐿2,𝑖 = (𝜎z,𝑖+𝜅y,𝑖 𝑑𝑖) 𝑠,

𝐿3,𝑖 = (𝜎z,𝑖+𝜅x,𝑖 𝑑𝑖) 𝑠, 𝐿4,𝑖 = (𝜎z,𝑖−𝜅x,𝑖 𝑑𝑖) 𝑠,
(2.14)

the configuration can be computed as

Δx,𝑖 =
𝐿2,𝑖−𝐿1,𝑖

2
, Δy,𝑖 =

𝐿4,𝑖−𝐿3,𝑖
2

, 𝛿𝐿𝑖 =
𝐿1,𝑖+𝐿2,𝑖

2
−𝑠. (2.15)

Then, Δ𝑖 =
√
Δ2
x,𝑖+Δ2

y,𝑖 would then denote the magnitude of the bending. As the mapping
between the (𝜅,𝜙, 𝓁)- and the Δ-parametrization is already presented in Della Santina et al.
(2020a), we here only report the mapping from the strain-based parametrization into the
Δ-parametrization

Δx,𝑖 = 𝜅y,𝑖 𝑑𝑖 𝑠, Δy,𝑖 = −𝜅x,𝑖 𝑑𝑖 𝑠, 𝛿𝐿𝑖 = (𝜎z,𝑖−1)𝑠, (2.16)

with the inverse map defined as

𝜅x,𝑖 = −
Δy,𝑖

𝑑𝑖 𝑠
, 𝜅y,𝑖 =

Δx,𝑖

𝑑𝑖 𝑠
, 𝜎z,𝑖 = 1+

𝛿𝐿𝑖
𝑠
. (2.17)

We conclude that the Δ-parametrization exhibits many of the same properties and char-
acteristics—such as the absence of redundancies and discontinuities—as the strain-based
formulation, and that configurations can be easily mapped back and forth.

We use a planar version of the PCCmodel in Chapter 8 and leverage theΔ-parametrization
of PCC in Chapters 4 & 9.

2.1.4 Geometric Variable Strain
To our knowledge, GVS (Boyer et al., 2020; Mathew et al., 2025; Renda et al., 2020) represents
the most expressive kinematic parametrization available for Cosserat rods. In particular,
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the strain field is defined as

𝜉(𝑡, 𝑠) = Φ(𝑡,𝑞, 𝑠)𝑞 +𝜉0(𝑠), (2.18)

which is composed of a configuration- and time-dependent strain basis function Φ(𝑡,𝑞, 𝑠) ∶
ℝ×ℝ𝑛 ×ℝ+ → ℝ6×𝑛 (potentially exhibiting discontinuities and a configuration and time
dependencies) and an abscissa-dependent rest strain function 𝜉0(𝑠) ∶ ℝ+→ ℝ6 (Mathew
et al., 2025). Conventionally, Φ(𝑠) is constructed using abscissa-dependent basis functions,
such as those derived from monomial or Legendre polynomial functions (Mathew et al.,
2025). For instance, Della Santina and Rus (2019) examine the polynomial curvature case.

Affine Curvature
A special case of variable strain is Affine Curvature (AC) (Della Santina, 2020; Stella et al.,
2022; Tiburzio et al., 2025), later extended to multi-segment cases via PAC by Stella et al.
(2023c). A strain-based parametrization of AC could look like

𝜉(𝑡, 𝑠) = Ψ(𝑡,𝑞, 𝑠) =
⎡
⎢
⎢
⎣

1 𝑠 0 0
0 0 1 𝑠

04×1 04×1 04×1 04×1

⎤
⎥
⎥
⎦⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

Φ(𝑠)∈ℝ6×4

𝑞(𝑡)+𝜉0, (2.19)

where 𝑞 ∈ ℝ4 is the configuration of the AC robot. Alternatively, we could enforce the same
affine curvature function for both bending directions and additionally allow for an axial
extension of the segment. Accordingly, Baaij et al. (2023); Stella et al. (2023c) parameterized
the configuration of the 𝑖th AC segment as

𝑞𝑖 = [𝜅0,𝑖 𝜅1,𝑖 𝜙𝑖 𝛿𝐿𝑖]
⊤ ∈ ℝ4, (2.20)

where 𝜅0,𝑖,𝜅1,𝑖 ∈ ℝ are the coefficients of the AC function, 𝜙𝑖 ∈ [−𝜋,𝜋] signifies the bending
direction, and 𝛿𝐿𝑖 = 𝐿𝑖(𝑡) − 𝐿0𝑖 captures the elongation of the segment, where 𝐿0𝑖 is the
equilibrium length of the segment. The strains of the segment can be recovered using the
map

𝜉(𝑡, 𝑠) =

⎡
⎢
⎢
⎢
⎢
⎣

−(𝜅0,𝑖+𝜅1,𝑖 𝑠) sin(𝜙𝑖)
+(𝜅0,𝑖+𝜅1,𝑖 𝑠) cos(𝜙𝑖)

03×1
1+ 𝛿𝐿𝑖

𝑠

⎤
⎥
⎥
⎥
⎥
⎦

, (2.21)

where 𝜅𝑖 = 𝜅0,𝑖+𝜅1,𝑖 𝑠 represents the curvature of the (𝑖th) segment. We leverage this AC
parametrization in Chapter 9 of this thesis.

2.2 Euler-Lagrangian Dynamics
In the following section, we introduce the structure and key characteristics of continuum
soft robot dynamics, formulated in Euler-Lagrangian form. For a detailed derivation of
these dynamics, readers are referred to several survey papers in the literature (Alessi et al.,
2024a; Armanini et al., 2023; Della Santina et al., 2023; Gazzola et al., 2018).
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Regardless of the chosen kinematic parameterization, the EOMs for a soft robot can
generally be expressed in Euler-Lagrangian form (Della Santina et al., 2023):

𝑀(𝑞) 𝑞̈ +𝐶(𝑞, 𝑞̇) 𝑞̇ +𝐾(𝑞)+𝐺(𝑞)+𝐷𝑞̇ = 𝐴(𝑞)𝜏, (2.22)

where the mass matrix 𝑀(𝑞) ≻ 0 ∈ ℝ𝑛×𝑛 represents the robot’s inertia, 𝐶(𝑞, 𝑞̇) ∈ ℝ𝑛×𝑛
accounts for Coriolis and centrifugal effects, 𝐾(𝑞) and 𝐺(𝑞) (in ℝ𝑛) correspond to elastic
and gravitational forces, respectively, and 𝐷 ≻ 0 is the damping matrix. This model shares
properties with traditional rigid robot dynamics, such as the skew-symmetry of 𝑀̇(𝑞)−
2𝐶(𝑞, 𝑞̇), provided that 𝐶(𝑞, 𝑞̇) is defined using Christoffel symbols (Della Santina et al.,
2020c).

We assume that the soft robot is actuated by 𝑚 actuators via the mapping 𝛼 ∶ 𝑞 ×𝜏 ↦
𝐴(𝑞)𝜏, where 𝐴(𝑞) ∈ ℝ𝑛×𝑚. 3 Depending on the relationship between 𝑛 and 𝑚, if 𝑛 = 𝑚,
the robot is fully actuated; if 𝑛 < 𝑚 (which is less common), it is considered overactu-
ated (Pustina et al., 2024a); and if 𝑛 >𝑚, the soft robot is regarded as underactuated (Pustina,
2025).

2.2.1 Formulation as a 1st-Order Ordinary Differential Eqa-
tion (ODE)

After defining the state of the soft robot as 𝑦 = [𝑞⊤ 𝑞̇⊤]
⊤ ∈ ℝ2𝑛, (2.22) can be expressed

as a control-affine ODE in nonlinear state-space representation

𝑦̇ = 𝑓 (𝑦,𝜏) =
[

d𝑞
d𝑡
d𝑞̇
d𝑡 ]

= [
𝑞̇

−𝑀−1(𝑞)(𝐶(𝑞, 𝑞̇) 𝑞̇ +𝐾(𝑞)+𝐺(𝑞)+𝐷𝑞̇)]+[
0𝑛×𝑚

𝑀−1(𝑞)𝐴(𝑞)]
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

𝐵(𝑞)

𝜏. (2.23)

2.2.2 Kinetic and Potential Energy
Typically, we can derive analytical expressions for the system’s kinetic and potential energy:

 (𝑞, 𝑞̇) =
1
2
𝑞̇⊤𝑀(𝑞) 𝑞̇,  (𝑞) =K(𝑞)+G(𝑞) = ∫ 𝐾(𝑞)+𝐺(𝑞)d𝑞, (2.24)

where  (𝑞, 𝑞̇) ≥ 0 is the kinetic and  (𝑞) the potential energy consisting of elastic and
gravitational termsK(𝑞),G(𝑞). which results in 𝐾(𝑞)+𝐺(𝑞) = 𝜕

𝜕𝑞 . In the case of linear
elasticity 𝐾(𝑞) = 𝑆 𝑞, where 𝑆 ≻ 0 ∈ ℝ𝑛×𝑛 is the stiffness of the generalized coordinates, the
elastic potential energy becomesK(𝑞) = 1

2𝑞
⊤𝑆 𝑞. Consequently, the Lagrangian is defined

as (𝑞, 𝑞̇) =  (𝑞, 𝑞̇)− (𝑞).
As demonstrated by Della Santina et al. (2023, 2020c) and in Chapters 8 and 11, these

energetic expressions provide a solid foundation for analyzing the stability of both open-
and closed-loop systems using Lyapunov arguments (Khalil, 2002).
3While this control-affine formulation with a configuration-dependent actuation matrix 𝐴(𝑞) captures the char-
acteristics of most existing soft robot actuation methods—such as pneumatic or tendon-driven actuation—the
actuation can also be represented as a more general nonlinear function 𝛼(𝑞,𝜏), as is the case for the HSA robot
actuation model presented in Chapter 5. Furthermore, when accounting for actuator dynamics, as discussed in
Chapter 8 for pneumatic pistons, the generalized actuation torque may also depend on the actuator’s state (𝜇, 𝜇̇).
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2.2.3 Operational Space Dynamics
As originally proposed in the seminal work by Khatib (1987) and later adapted for soft
robots by Della Santina et al. (2020c), the system dynamics can be directly expressed in
operational space4. Regardless of the precise definition of operational space (e.g., end-
effector pose), given the forward kinematics𝜋 ∶ 𝑞 ↦𝑥 , where 𝑥 ∈ℝ𝑜 denotes the operational
space coordinate with 𝑜 ≤ 𝑛, and the corresponding Jacobian 𝐽 (𝑞) = 𝜕𝜋

𝜕𝑞 ∈ ℝ𝑜×𝑛, (2.22) can
equivalently be written in operational space as

Λx(𝑞) 𝑥̈ +𝜂x(𝑞, 𝑞̇) 𝑞̇ + 𝐽+⊤M (𝑞)(𝐺(𝑞)+𝐾(𝑞)+𝐷𝑞̇) = 𝐽+
⊤

M (𝑞)𝐴(𝑞)𝜏, (2.25)

where
𝐽+M(𝑞) = 𝑀

−1(𝑞) 𝐽⊤(𝑞)(𝐽 (𝑞)𝑀−1(𝑞) 𝐽⊤(𝑞))
−1 ∈ ℝ𝑛×𝑜 , (2.26)

denotes the dynamically consistent pseudo-inverse (Chang and Khatib, 1995), which maps
operational space velocities to configuration space and transforms generalized torques into
operational space. Moreover,

Λx(𝑞) = (𝐽 (𝑞)𝑀−1(𝑞) 𝐽⊤(𝑞))
−1 ∈ ℝ𝑜×𝑜 , (2.27)

defines the operational space inertia matrix, and the operational space Coriolis and cen-
trifugal matrix 𝜂(𝑞, 𝑞̇)5 is defined as (Della Santina et al., 2020c; Khatib, 1987)

𝜂x(𝑞, 𝑞̇) = Λ(𝑞) (𝐽 (𝑞)𝑀−1(𝑞)𝐶(𝑞, 𝑞̇)− 𝐽 (𝑞, 𝑞̇)) ∈ ℝ𝑜×𝑜 . (2.28)

Null Space Dynamics
When 𝑜 < 𝑛, there are (𝑛 − 𝑜) redundant DOFs—commonly known as the null space
dynamics (Siciliano et al., 2010). It is crucial to consider these null space dynamics to ensure,
for instance, the stability of the closed-loop robotic system rather than focusing solely
on the end-effector’s operational space movement. Various approaches in the literature
address the derivation of null space dynamics, ranging from projection-based methods to
operational space augmentation techniques (Ott, 2008). In the following, we focus on the
Joint Space Decomposition Method (Ott, 2008).

First, we introduce the additional null space velocities defined as 𝜈n = 𝑁(𝑞) 𝑞̇ ∈ ℝ𝑛−𝑜 ,
which represent the time derivatives of the null space coordinates 𝑛(𝑡) ∈ ℝ𝑛−𝑜 6. With an
appropriate choice of𝑁(𝑞) ∈ ℝ(𝑛−𝑜)×𝑛, this yields the formulation described in (Della Santina
et al., 2020c; Ott, 2008).

[
𝑥̇
𝜈n]

= [
𝐽 (𝑞)
𝑁 (𝑞)] 𝑞̇, (2.29)

where for the nullspace base matrix 𝑍(𝑞) ∈ ℝ(𝑛−𝑜)×𝑛 we define (Ott, 2008)

𝑁(𝑞) = (𝑍(𝑞)𝑀(𝑞)𝑍(𝑞)⊤)
−1 𝑍(𝑞)𝑀(𝑞). (2.30)

4The operational space is also commonly referred to as task space. Since end-effectors (e.g., grippers) are typically
attached to the distal end of the robot, the operational space is often defined by the pose 𝜒 ∈ 𝑆𝐸(3) of the
end-effector.

5Please note that in Chapter 6 this operational space Coriolis matrix is denoted as 𝜇(𝑞, 𝑞̇).
6Note that the null space coordinates can always be recovered via integration, i.e., 𝑛(𝑡) = ∫ 𝑡0 𝜈n(𝑡′)d𝑡′, although
they may not have a direct geometric interpretation (Ott, 2008).
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In the general case, 𝑍(𝑞) can be constructed as (Huang and Varma, 1991; Ott, 2008)

𝑍(𝑞) = [−𝐽⊤n−o(𝑞) 𝐽−⊤o 𝕀𝑛−𝑜] , (2.31)

for which we partitioned the Jacobian 𝐽 (𝑞) as

𝐽 (𝑞) = [𝐽o 𝐽n−o] ∈ ℝ𝑜×𝑛, (2.32)

such that 𝐽o(𝑞) ∈ ℝ𝑜×𝑜 is at least locally invertible.
The EOM of the combined operational and null space dynamics are now given as (Ott,

2008)

[
Λx(𝑞) 0𝑜×(𝑛−𝑜)
0(𝑛−𝑜)×𝑜 Λn(𝑞) ]
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

Λ(𝑞)∈ℝ𝑛×𝑛

[
𝑥̈
𝜈̇n]

+[
𝜂x(𝑞, 𝑞̇)
𝜂n(𝑞, 𝑞̇)]
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝜂(𝑞,𝑞̇)∈ℝ𝑛×𝑛

𝑞̇ + [
𝐽+⊤M (𝑞)
𝑍(𝑞) ]

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝐽 ⊤MZ(𝑞)∈ℝ𝑛×𝑛

(𝐺(𝑞)+𝐾(𝑞)+𝐷𝑞̇) = [
𝑓x
𝑓n]

= 𝐽⊤MZ(𝑞)𝐴(𝑞)𝜏,

(2.33)
where 𝐽MZ(𝑞) can be used to map operational and null space velocities into configuration
space (Ott, 2008)

𝑞̇(𝑡) = [
𝐽+M(𝑞)
𝑍(𝑞) ]
⏟⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏟
𝐽MZ(𝑞)

[
𝑥̇(𝑡)
𝜈n(𝑡)]

, (2.34)

which allows us to decompose 𝜂(𝑞, 𝑞̇) 𝑞̇ into

𝜂(𝑞, 𝑞̇) 𝑞̇ = [
𝜂xx(𝑞, 𝑞̇) 𝜂xn(𝑞, 𝑞̇)
𝜂nx(𝑞, 𝑞̇) 𝜂nn(𝑞, 𝑞̇)] [

𝑥̇
𝜈n]

, (2.35)

where

𝜂xx(𝑞, 𝑞̇) = 𝜂x(𝑞, 𝑞̇) 𝐽+M(𝑞), 𝜂xn(𝑞, 𝑞̇) = 𝜂x(𝑞, 𝑞̇)𝑍(𝑞),
𝜂nx(𝑞, 𝑞̇) = 𝜂n(𝑞, 𝑞̇) 𝐽+M(𝑞), 𝜂nn(𝑞, 𝑞̇) = 𝜂n(𝑞, 𝑞̇)𝑍(𝑞).

(2.36)

Furthermore, the null space inertia Λn(𝑞) is defined as (Ott, 2008)

Λn(𝑞) = 𝑍(𝑞)𝑀(𝑞)𝑍(𝑞)⊤. (2.37)

2.2.4 Actuation Space Dynamics
Pustina et al. (2024a) demonstrated that it is often feasible to directly formulate the dynamics
in actuation coordinates 𝜑 ∈ ℝ𝑛, where the actuation force 𝜏 acts directly on the first 𝑚
actuation coordinates via an identity matrix. This feature is especially appealing for control
applications because it enables a straightforward mapping of a control input devised in
the generalized (collocated) coordinates into an actuation 𝜏. Moreover, this approach may
also be useful in the future in other applications such as inverse kinematics (Della Santina,
2025) or workspace estimation. Since this collocated mapping is particularly beneficial in
underactuated settings, as later demonstrated in Chapter 6, we focus on the case 𝑚 ≤ 𝑛,
which includes both fully actuated and underactuated systems. In the following, we will
assume for the actuation matrix 𝐴(𝑞) to be full-rank (i.e., rank(𝐴) = 𝑚).
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According to Pustina et al. (2024a), there exists a transformation into collocated form
when there is a function 𝑔(𝑞) ∶ ℝ𝑛 ↦ ℝ𝑚 such that 𝜕𝑔𝜕𝑞 = 𝐴⊤(𝑞), which is referred to as
integrability assumption. In practice, as shown in Sec. 6.2), this mapping 𝑔(𝑞) is found by
solving the integral 𝑔(𝑞) = ∫ 𝑡0 𝑞̇(𝑡

′)⊤𝐴(𝑞′)d𝑡′. If 𝐴(𝑞) is constant, the mapping is given by
𝑔(𝑞) = 𝐴⊤𝑞 (Pustina et al., 2024a). If 𝑚 < 𝑛, we stress that the coordinates given by 𝑔(𝑞)
would not be sufficient to fully describe the dynamics of the system, as there would exist
a null space of dimensionality 𝑛−𝑚. Therefore, we can choose which 𝑛−𝑚 coordinates
from the original configuration space to keep. For example, the following transformation
into actuation coordinates would be valid for a given 𝑔(𝑞) (Pustina et al., 2024a)

𝜑 = [
𝜑a
𝜑u]

= ℎ(𝑞) = [
𝑔(𝑞)
0𝑛−𝑚]

+[
0𝑚×𝑚 0𝑚×(𝑛−𝑚)

0(𝑛−𝑚)×𝑚 𝕀𝑛−𝑚 ] 𝑞, (2.38)

where 𝜑a ∈ ℝ𝑚 and 𝜑u ∈ ℝ𝑛−𝑚 refer to the actuated and unactuated actuation coordinates,
respectively, and the function ℎ(𝑞) ∶ ℝ𝑛→ℝ𝑛maps from configuration space into collocated
form. 𝐽h(𝑞) is its associated Jacobian, and it is defined together with its inverse7

𝐽h(𝑞) =
𝜕ℎ(𝑞)
𝜕𝑞

= [
𝐴⊤a (𝑞) 𝐴⊤u (𝑞)
0(𝑛−𝑚)×𝑚 𝕀𝑛−𝑚 ] , 𝐽−1h (𝑞) =(

𝜕ℎ(𝑞)
𝜕𝑞 )

−1

= [
𝐴−⊤
a (𝑞) −𝐴−⊤

a (𝑞)𝐴⊤u (𝑞)
0(𝑛−𝑚)×𝑚 𝕀𝑛−𝑚 ] ,

(2.39)

and 𝐴a(𝑞) ∈ ℝ𝑚×𝑚, 𝐴u(𝑞) ∈ ℝ(𝑛−𝑚)×𝑚 stem from the following partitioning: 𝐴(𝑞) = [
𝐴a(𝑞)
𝐴u(𝑞)]

.

The dynamics in actuation coordinates are then given by

𝑀𝜑(𝑞) 𝜑̈+𝜂𝜑(𝑞, 𝑞̇) 𝜑̇ + 𝐽+⊤h,M(𝑞)(𝐺(𝑞)+𝐾(𝑞)+𝐷𝑞̇) = [
𝜏

0𝑛−𝑚]
, (2.40)

where analog to the operational space dynamics, the actuation space inertia is defined
as (Khatib, 1987)

𝑀𝜑(𝑞) = (𝐽h(𝑞)𝑀−1(𝑞) 𝐽⊤h (𝑞))
−1 = 𝐽−⊤h (𝑞)𝑀(𝑞)𝐽−1h (𝑞) ∈ ℝ𝑛×𝑛, (2.41)

𝐽+⊤h,M(𝑞) ∈ ℝ
𝑛×𝑛 is the dynamically-consistent pseudo-inverse (Chang and Khatib, 1995)

𝐽+h,M(𝑞) = 𝐽
−1
h (𝑞) = [

𝐴−⊤
a (𝑞) −𝐴−⊤

a (𝑞)𝐴⊤u (𝑞)
0𝑚×(𝑛−𝑚) 𝕀𝑛−𝑚 ] , (2.42)

𝜂𝜑(𝑞, 𝑞̇) captures the Coriolis and centrifugal effects

𝜂𝜑(𝑞, 𝑞̇) = 𝑀𝜑(𝑞) (𝐽h(𝑞)𝑀−1(𝑞)𝐶(𝑞, 𝑞̇)− 𝐽h(𝑞, 𝑞̇)) 𝐽−1h (𝑞) ∈ ℝ𝑛×𝑛. (2.43)

The property 𝑀̇𝜑(𝑞) = 𝜂𝜑(𝑞, 𝑞̇)+𝜂⊤𝜑(𝑞, 𝑞̇) still holds. Crucially, we now notice in (2.41) how
𝜏 directly acts via an identity actuation matrix on the first 𝑚 actuation coordinates. We

7We assume in this Chapter for 𝐽h(𝑞) to be either invertible for all 𝑞 ∈ ℝ𝑛 or at least in the relevant workspace
𝑞 ∈ of the soft robot.
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can partition the dynamics of (2.41) into the first 𝑚 (actuated) rows, and the last 𝑛−𝑚
unactuated rows:

[
𝑀𝜑,a(𝑞)
𝑀𝜑,u(𝑞)]

𝜑̈+[
𝜂𝜑,a(𝑞, 𝑞̇)
𝜂𝜑,u(𝑞, 𝑞̇)]

𝜑̇+[
𝐴−1
a (𝑞) 0𝑚×(𝑛−𝑚)

−𝐴u(𝑞)𝐴−1
a (𝑞) 𝕀𝑛−𝑚 ]

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝐽−⊤h (𝑞)

([
𝐺a(𝑞)
𝐺u(𝑞)]

+[
𝐾a(𝑞)
𝐾u(𝑞)]

+[
𝐷aa(𝑞) 𝐷au(𝑞)
𝐷ua(𝑞) 𝐷uu(𝑞)]

𝑞̇)= [
𝜏

0𝑛−𝑚]
,

(2.44)
where 𝐺a(𝑞),𝐾a(𝑞) ∈ ℝ𝑚, 𝐺u(𝑞),𝐾u(𝑞) ∈ ℝ𝑛−𝑚, and 𝐷aa ∈ ℝ𝑚×𝑚, 𝐷au ∈ ℝ𝑚×(𝑛−𝑚), 𝐷ua ∈
ℝ(𝑛−𝑚)×𝑚,𝐷uu ∈ ℝ(𝑛−𝑚)×(𝑛−𝑚). We can simplify the expression while leveraging the structure
of 𝐽−⊤h

[
𝑀𝜑,aa(𝑞) 𝑀𝜑,au(𝑞)
𝑀𝜑,ua(𝑞) 𝑀𝜑,uu(𝑞)]

𝜑̈+[
𝜂𝜑,a(𝑞, 𝑞̇)
𝜂𝜑,u(𝑞, 𝑞̇)]

𝜑̇+[
𝐴−1
a (𝑞)(𝐺a(𝑞)+𝐾a(𝑞))

−𝐴u(𝑞)𝐴−1
a (𝑞)(𝐺a(𝑞)+𝐾a(𝑞))+𝐺u(𝑞)+𝐾u(𝑞)]

+[
𝐷𝜑,a(𝑞)
𝐷𝜑,u(𝑞)]
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝐷𝜑(𝑞)

𝜑̇ = [
𝜏

0𝑛−𝑚]
,

(2.45)
where 𝐷𝜑(𝑞) ≻ 0 ∈ ℝ𝑛×𝑛 is the damping matrix in actuation coordinates8

𝐷𝜑(𝑞) = 𝐽−⊤h (𝑞)𝐷𝐽−1h (𝑞) ≻ 0,

= [
𝐴−1
a (𝑞)𝐷aa𝐴−⊤

a (𝑞) −𝐴−1
a (𝑞)𝐷aa𝐴−⊤

a (𝑞)𝐴⊤u (𝑞)+𝐴−1
a (𝑞)𝐷ua

−𝐴u(𝑞)𝐴−1
a (𝑞)𝐷aa𝐴−⊤

a (𝑞)+𝐷au𝐴−⊤
a (𝑞) −𝐴u(𝑞)𝐴−1

a (𝑞)𝐷ua +𝐷uu ] ,

(2.46)

𝜂𝜑,a(𝑞, 𝑞̇) ∈ ℝ𝑚×𝑛, 𝜂𝜑,u(𝑞, 𝑞̇) ∈ ℝ(𝑛−𝑚)×𝑛,𝑀𝜑,aa(𝑞) ∈ ℝ𝑚×𝑚,𝑀𝜑,uu(𝑞) ∈ ℝ(𝑛−𝑚)×(𝑛−𝑚), and𝑀𝜑,ua(𝑞) ∈
ℝ(𝑛−𝑚)×𝑚, and 𝑀𝜑,au(𝑞) ∈ ℝ𝑚×(𝑛−𝑚).

Assuming access to the inverse map 𝑞 = ℎ−1(𝜑), we can also directly map the potential
and kinetic energy of the system into the new coordinates:

𝜑(𝜑, 𝜑̇) =  (𝑞, 𝑞̇) ||𝑞=ℎ−1(𝜑), 𝑞̇=𝐽−1h 𝜑, 𝜑(𝜑) = (𝑞) ||𝑞=ℎ−1(𝜑). (2.47)

Therefore, we can write the dynamics equivalently as

[
𝑀𝜑,aa(𝑞) 𝑀𝜑,au(𝑞)
𝑀𝜑,ua(𝑞) 𝑀𝜑,uu(𝑞)]

𝜑̈+[
𝜂𝜑,a(𝑞, 𝑞̇)
𝜂𝜑,u(𝑞, 𝑞̇)]

𝜑̇+[
𝜕𝜑a𝜑(𝑞)
𝜕𝜑u𝜑(𝑞)]

+[
𝐷𝜑,a(𝑞)
𝐷𝜑,u(𝑞)]

𝜑̇ = [
𝜏

0𝑛−𝑚]
, (2.48)

with 𝜕𝜑 (𝜑) = 𝜕
𝜕𝜑𝜑(𝜑) ∈ ℝ𝑛 the potential forces.

Fully Actuated Dynamics
Here, we note some expressions of the actuation space dynamics in the fully-actuated case
(i.e., 𝑛 = 𝑚). For example, we can observe that

𝐽h(𝑞) = 𝐴⊤(𝑞) ∈ ℝ𝑛×𝑛, 𝐽−1h (𝑞) = 𝐴−⊤(𝑞), 𝐽+⊤h,M(𝑞) = 𝐽
−⊤
h (𝑞) = 𝐴−1(𝑞), (2.49)

which leads to the actuation space dynamics
𝐴−1(𝑞)𝑀(𝑞)𝐴−⊤(𝑞)
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

𝑀𝜑(𝑞)≻0

𝜑̈ +𝑛𝜑(𝑞, 𝑞̇) 𝜑̇ +𝐴−1(𝑞)(𝐺(𝑞)+𝐾(𝑞))+𝐴−1(𝑞)𝐷𝐴−⊤(𝑞)
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

𝐷𝜑(𝑞)≻0

𝜑̇ = 𝜏, (2.50)

where

𝑛𝜑(𝑞, 𝑞̇) = 𝐴−1(𝑞)𝐶(𝑞, 𝑞̇)𝐴−⊤(𝑞)−𝐴−1(𝑞)𝑀(𝑞)𝐴−⊤(𝑞) 𝐴̇⊤(𝑞)𝐴−⊤(𝑞). (2.51)
8As 𝐷 ≻ 0 and rank(𝐽−1h (𝑞)) = 𝑛 ∀𝑞 ∈ , we can conclude that 𝐷𝜑(𝑞) ≻ 0 ∀𝑞 ∈ , which will be crucial for the
stability proof of many controllers.
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Constant Actuation Matrix. In the case of a constant actuation matrix 𝐴(𝑞) = 𝐴,
the map ℎ(𝑞) is now given by 𝜑 = 𝐴⊤𝑞, which renders the damping matrix to not be
configuration-dependent anymore: 𝐷𝜑 ≻ 0. Furthermore, the actuation space Coriolis
matrix simplifies to

𝜂𝜑(𝑞, 𝑞̇) = 𝐴−1𝐶(𝑞, 𝑞̇)𝐴−⊤. (2.52)

Finally, in case of linear elasticity 𝐾(𝑞) = 𝑆 𝑞, we can define

𝐾𝜑(𝜑) = 𝐴−1 𝑆𝐴−⊤
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

𝑆𝜑

𝜑 = 𝑆𝜑𝜑, (2.53)

where 𝑆𝜑 ≻ 0 if 𝑆 ≻ 0.

End-to-End Mapping from Actuation into Task Space
At least in the fully-actuated case with a square matrix 𝐴(𝑞), which we additionally also
assume to be invertible, we can formulate an end-to-end mapping of velocities and forces
between actuation and task space. Specifically, as 𝑞̇ = 𝐽−1h (𝑞) 𝜑̇ = 𝐴−⊤(𝑞) 𝜑̇ (Pustina et al.,
2024a), we can state

𝑥̇ = 𝐽 (𝑞) 𝑞̇ = 𝐽 (𝑞) 𝐽−1h (𝑞)
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝐽𝜑→𝑥 (𝑞)

𝜑̇, 𝜏 = 𝐽⊤𝜑→𝑥(𝑞)𝑓 , (2.54)

where 𝑓 ∈ ℝ𝑜 are forces in task space.

2.3 Model-Based Control
In this section, we review recently proposed closed-form controllers for soft robots that can
leverage advanced nonlinear models9. Many of these approaches appear throughout the
thesis, such as the P-satI-D+potential shaping controller in Section 6.2 and Chapters 10 and
11, the PD+ controller—augmented with backstepping to consider actuator dynamics—in
Chapter 8, and the operational space impedance controller in Section 6.3. This section
provides a high-level overview of the most common closed-form model-based control laws
developed for soft robots. For a more detailed discussion of these controllers, including
Lyapunov-based stability proofs, interested readers should consult the respective publi-
cations (Borja et al., 2022; Della Santina et al., 2023, 2020c; Pustina et al., 2022a,b). For
an in-depth study of controlling underactuated soft robots, we recommend the thesis by
Pustina (2025).

Unlike much of the existing literature, which formulates controllers in configuration
space (Caasenbrood and Nijmeijer, 2021; Della Santina et al., 2023, 2020c), we develop most
control laws directly in actuation space, which was only very recently made possible by the
mapping into actuation coordinates proposed by Pustina et al. (2024a), which we already
detailed in Sec. 2.2.4. This approach simplifies both the design and convergence analysis of
controllers—even for fully actuated soft robots, where the number of configuration variables
equals the number of actuators—especially when dealing with configuration-dependent
actuationmatrices𝐴(𝑞) that are common in tendon-driven soft robots. The limitation of this
9Please note that this excludes approaches relying on linear/linearized models such as LQR and that model-based
controllers that are not available in closed-form, such as MPC, are out of scope of this thesis.
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strategy is that it requires establishing a mapping into actuation coordinates to formulate
the dynamics in actuation space, as shown in Section 2.2.4, which might not always
possible. Additionally, experimental validation of actuation-space controllers remains very
limited (Pustina, 2025; Stölzle et al., 2024b).

2.3.1 Preliminaries
Problem Statement
The literature on closed-form model-based controllers generally considers two problem
settings (Sciavicco and Siciliano, 2012): setpoint regulation and trajectory tracking. Typically,
a reference trajectory is represented by the tuple (𝑞d(𝑡), 𝑞̇d(𝑡), 𝑞̈d(𝑡)), which comprises the
desired configuration, velocity, and acceleration at each time step. For trajectory tracking,
our objective is to design a controller that enables the soft robotic system to follow the
reference trajectory, and specifically its positional references, as precisely as possible while
rejecting any disturbances

lim
𝑡→∞(𝑞

d(𝑡)−𝑞(𝑡)) = 0𝑛. (2.55)

The trajectory tracking controller proposed by Della Santina et al. (2020c) requires both
𝑞d(𝑡) and 𝑞̇d(𝑡) to be bounded. Therefore, they mandate two positive constants 𝛾𝑞 , 𝛾𝑞̇ > 0
to exist such that

‖𝑞d(𝑡)‖ < 𝛾𝑞 , ‖𝑞̇d(𝑡)‖ < 𝛾𝑞̇ . (2.56)
Alternatively, if only the final goal of the motion is of interest, the problem can be simplified
to a setpoint regulation scenario, where the controller drives the system toward a desired
configuration 𝑞d (with 𝑞̇d = 0). Then, we would like to design a regulator that achieves the
following asymptotic convergence

lim
𝑡→∞(𝑞

d−𝑞(𝑡)) = 0𝑛. (2.57)

Note that these motion references—whether setpoints or trajectories—can be specified
not only in configuration space but also in various coordinate frames, a topic we discuss
further in the subsection Coordinate Frames.

Control Design Objectives
When designing a model-based controller, we often balance several, sometimes conflict-
ing, objectives. The following section outlines a selection of these criteria, enabling a
comparison of the tradeoffs between various model-based controllers.

• Control Frequency/Computational Complexity. In this thesis, we aim to de-
rive a control law in closed form, which greatly enhances computational efficiency
compared to, for example, optimization-based methods and supports higher control
frequencies. This improvement not only boosts performance but also reduces the risk
of instability in feedback controllers. When a closed-form control law is available,
the computational complexity is determined by (a) the complexity of the model and
(b) the specific model terms that must be evaluated for the controller. For instance,
a potential shaping controller, which requires only knowledge about the potential
forces, is computationally more efficient than a computed torque controller that
necessitates evaluating all the dynamical matrices within the EOMs.
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• Stability. Our goal is generally to achieve exponential Global Asymptotic Stability
(GAS) of the closed-loop system. This is best demonstrated in setpoint regulation
scenarios, where the system should converge to a specified setpoint regardless of its
initial state and do so at an exponential rate (Khalil, 2002). If exponential convergence
is unattainable, we still aim for asymptotic stability, which ensures convergence
but without a guaranteed rate. At a minimum, we require local asymptotic stability
around the setpoint, meaning that if the system state starts within a certain region
of attraction, it will stabilize at the setpoint. However, if initialized outside this
region, the system may not converge due to the presence of other stable or unstable
equilibria.

• Control Effort. To facilitate energy-efficient (mobile) robots, we strive to minimize
the power consumed by the actuators, which includes both the applied force/torque
𝜏 and the corresponding actuator velocity 𝜇̇. Since the necessary steady-state force
is typically determined by the soft robot’s design and the task at hand, our focus is
on reducing the control effort—often defined as the integral of 𝜏 over time—which
in turn reduces the required actuator velocity and overall power consumption.

• Compliance. To complement the inherent mechanical compliance of soft robots,
the controller should also be compliant. This means designing feedback controllers
with minimal integral gains to avoid compromising stability margins and potential
safety issues, as well as using low proportional feedback gains to prevent increasing
the closed-loop stiffness—ensuring the robot retains its desired softness. Model-
based control approaches actually generally allow us to analyze the closed-loop
compliance (Stella et al., 2023d) and to certify that they match the task requirements.

• Robustness. Model-based controllers leverage our understanding of system behavior
to craft intelligent feedback and feedforward components that simplify control.
However, as Box (1976) aptly noted, “All models are wrong.” Controllers that rely on
perfect model knowledge to cancel out most of the system dynamics, such as those
based on feedback linearization, are highly sensitive to modeling errors. When the
modeled dynamics are canceled, any unmodeled dynamics can quickly dominate,
potentially inducing instability and poor performance. In contrast, model-based
feedforward controllers, employing partial cancellations or energy shaping, tend to
be more robust to modeling errors, as they reshape rather than entirely eliminate
the open-loop system dynamics.

Coordinate Frames
In the following section, we introduce several coordinate frames for designing control laws
and outline the advantages and disadvantages of each approach.

Control in Configuration Space. As introduced in Sec.2.1, the configuration space is
typically defined by the kinematic variables that parameterize the soft robot’s backbone
shape, which is why control in this space is often referred to as shape control. One advantage
of designing a controller in configuration space is that the robot dynamics are naturally
defined here, as seen in (2.22), making it simpler to derive the control law and prove
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its stability. However, there are disadvantages: (a) establishing a consistent reference in
configuration space can be challenging since the key motion is often specified in operational
space, and in underactuated settings, not all configurations can be statically achieved by
the actuators (Della Santina, 2025); and (b) mapping control inputs defined as generalized
torques into an actuation 𝜏 can be difficult—especially when 𝐴(𝑞) exhibits singularities or
when the soft robot is underactuated, which requires specialized controllers (Pustina et al.,
2022b).

Control in Actuation Space. To address the challenges of mapping generalized torques
into actuator signals, we can exploit the collocated dynamics (Pustina et al., 2024a) pre-
sented in Sec. 2.2.4 to design controllers directly in actuation space. Even in underactuated
scenarios, the first 𝑚 actuation coordinates 𝜑a are directly influenced by 𝜏 through an
identity actuation matrix, significantly simplifying the derivation of controllers. In prac-
tice, a configuration-space reference (𝑞d, 𝑞̇d) can be transformed into an actuation-space
reference using

𝜑d = ℎ(𝑞d), 𝜑̇d = 𝐽h(𝑞d) 𝑞̇, 𝜑̈d = 𝐽h(𝑞d) 𝑞̈d+𝐽h(𝑞d) 𝑞̇d. (2.58)

This approach not only simplifies the mapping of control inputs into an actuation 𝜏
but also makes it easier to enforce actuator limits. Nevertheless, devising a consistent
actuation-space reference, specifically one that is statically or dynamically feasible, remains
a challenge.

Control in Operational Space. In this setting, we use the dynamics defined in (2.25) to
directly design a controller in operational space (Khatib, 1987). Typically, the operational
space reference’s dimensionality 𝑜 must satisfy 𝑜 ≤ 𝑛. Operational space impedance con-
trollers are particularly popular because they allow for direct specification of operational
space stiffness and damping characteristics, which is crucial for robot-environment inter-
actions. Additionally, since the reference is provided directly in operational space, complex
inverse kinematics routines are unnecessary. However, disadvantages include the lack of
formal stability guarantees—especially regarding the null-space dynamics—and the greater
difficulty in considering actuator limits.

In the following sections, we will generally define the control law as a function of
the robot configuration 𝑞 and its time derivative 𝑞̇, since mapping into operational space
via the forward kinematics 𝜒 = 𝜋(𝑞,𝑠) or into actuation coordinates through 𝜑 = ℎ(𝑞) is
usually straightforward if needed. The same applies to the control reference, as discussed
in the next paragraph.

Taxonomy of Control Terms
Most controllers considered in this thesis consist of two components: either (a) a pure
feedforward or mixed feedforward-feedback term that leverages model knowledge and (b)
an error-based feedback term. Specifically, a control law 𝜏(𝑡,𝑞, 𝑞̇) can be decomposed into

𝜏(𝑡,𝑞, 𝑞̇, 𝑞d, 𝑞̇d, 𝑞̈d) = 𝜏mb(𝑡,𝑞, 𝑞̇, 𝑞d, 𝑞̇d, 𝑞̈d)⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
Model-Based

+𝜏fb(𝑡,𝑞, 𝑞̇, 𝑞d, 𝑞̇d)⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
Error-Based Feedback

. (2.59)
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Here, 𝜏mb(𝑡,𝑞, 𝑞̇) ∶ ℝ×ℝ𝑛 ×ℝ𝑛 →ℝ𝑚 denotes a model-based term—not necessarily a pure
feedforward10—while 𝜏fb(𝑡,𝑞, 𝑞̇) is an error-based feedback term that does not incorporate
any model knowledge. To simplify the notation, we will thereafter not explicitly state the
dependence on the reference (𝑞d, 𝑞̇d, 𝑞̈d).

In the following sections, we introduce a range of approaches for error-based feed-
back and model-based terms that can be combined quite flexibly. Finally, we highlight
several control strategies that closely integrate these model-based and feedback compo-
nents, including a computed torque controller based on full feedback linearization and an
operational space impedance controller.

2.3.2 Error-Based Feedback Terms
In this thesis, we consider the following formulation for an error-based feedback controller

𝜏fb = 𝐾p (𝜑da(𝑡)−𝜑a(𝑡))+𝐾i∫
𝑡

0
𝜎(𝜑da(𝑡

′)−𝜑a(𝑡′)) d𝑡′+𝐾d (𝜑̇da(𝑡)− 𝜑̇a(𝑡)) , (2.60)

where 𝐾p,𝐾p,𝐾d ∈ ℝ𝑚×𝑚 are control gain matrices, which we usually choose to be diagonal.
𝜎(𝑟) ∶ ℝ𝑚 →ℝ𝑚 is a function that transforms the control error 𝜑da(𝑡)−𝜑a(𝑡) before inte-
gration. From this general formulation, we can derive several specific versions, which we
outline below.

PID Control. A standard PID controller is obtained by setting the saturation function as
the identity, i.e., 𝜎(𝑟) = 𝑟 . We have used this feedback controller as a baseline in Chapters 6
and 8.

PDControl. The PD+ variant (Kelly, 1997), commonly employed for the low-level control
of rigid robots, is realized by combining a PD controller with static force compensation. In
practice, this is achieved by setting 𝐾i = 0.

P-satI-D Control. Pustina et al. (2022a) introduced an integral-saturated PID for the
shape regulation of soft robots via error-based feedback control. A typical choice for the
saturation function is 𝜎(𝑟) = tanh(𝛾 𝑟), where 𝛾 ∈ ℝ+ is a control gain that compresses the
control error prior to saturation. We implement this integral-saturated PID in Section 6.2
and Chapters 10 and 11.

2.3.3 Model-Based Terms: The Fully Actuated Case
First, we consider common model-based terms for the fully actuated setting (i.e., 𝑛 = 𝑚).
Please note that for all controllers introduced below, we assume that (1) the model is
reasonably accurate—or that sufficiently high feedback gains are chosen, as it is the case in
high-gain control (Marino, 1985),—and (2) the integrability condition (Pustina et al., 2024a)
along with the mapping into actuation coordinates can be identified. Furthermore, (3)
we assume that the square matrix 𝐴(𝑞) ∈ ℝ𝑛×𝑛 is invertible for any 𝑞 ∈ ℝ𝑛, at least locally
within the relevant workspace.
10A pure feedforward term would have the signature 𝜏(𝑡), as it depends solely on the time-based reference (𝑞d, 𝑞̇d)
rather than the current soft robot state (𝑞, 𝑞̇).
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For setpoint regulators, we additionally assume that (4) the setpoint 𝑞d/𝜑d is an attain-
able equilibrium of the underactuated system (Pustina et al., 2022b)—meaning it satisfies

𝐺(𝑞d)+𝐾(𝑞d) = 𝐴(𝑞d)𝜏ss, (2.61)

for a constant control action 𝜏ss—and that (5) the system is initialized within the refer-
ence’s region of attraction. For controllers where GAS can be proven, this condition is
inherently satisfied; however, many controllers only exhibit Local Asymptotic Stability
(LAS). In the latter case, the region of attraction can often be expanded by increasing the
proportional feedback gains to enhance the system’s stiffness that comes with a loss of
compliance (Della Santina et al., 2017, 2023) or by canceling some non-convex potential
forces via nonlinear feedback. Additionally, (6) the actuator must be fast enough in track-
ing its reference (𝜇d, 𝜇d) so that we can approximate 𝜏d ≈ 𝜏(𝜇, 𝜇̇), where 𝜏d denotes the
desired actuation/control input and 𝜏(𝜇, 𝜇̇) represents the actual forces, torques, currents,
or pneumatic pressure generated.

Finally, many controllers formulated in actuation coordinates have not yet been tested in
simulation, and most have not been experimentally verified, as the mapping into actuation
coordinates was only very recently proposed (Pustina et al., 2024a).

Setpoint Regulation with Feedforward Compensation
The following pure feedforward term regulates the system towards the setpoint 𝜑d = ℎ(𝑞d)
in actuation coordinates (Borja et al., 2022; Della Santina et al., 2023; Kelly and Salgado,
1994; Pustina, 2025)

𝜏mb = 𝜕𝜑𝜑(𝜑d) = 𝐴−1(𝑞d)(𝐺(𝑞d)+𝐾(𝑞d)) . (2.62)

This controller with constant control input 𝜏mb is often also referred to as an energy or
potential shaping feedforward term (Borja et al., 2022). Oftentimes, this pure feedforward
term is complemented by a feedback controller that contains a PD-like term (Della Santina
et al., 2023), e.g., 𝜏fb(𝑞, 𝑞̇) = 𝐾p (𝜑d−𝜑)−𝐾d 𝜑̇, which renders the closed-loop dynamics to
take the form

𝑀𝜑(𝑞) 𝜑̈+𝜂𝜑(𝑞, 𝑞̇) 𝜑̇ +𝜕𝜑𝜑(𝜑)−𝜕𝜑𝜑(𝜑d)+𝐾p (𝜑−𝜑d)+(𝐷𝜑(𝑞)+𝐾d) 𝜑̇ = 0𝑛. (2.63)

As mentioned already before, for this regulator to be effective, 𝜑d needs to be an attainable
equilibrium of the system. The stability of the regulator can be demonstrated via the
Lyapunov candidate (Della Santina et al., 2023)

𝑉 (𝜑, 𝜑̇) =
1
2
𝜑̇⊤𝑀𝜑(ℎ−1(𝜑)) 𝜑̇

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
Kinetic Energy

+ 𝜑(𝜑)−𝜑(𝜑d)
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

Centered Potential Energy

+(𝐺(ℎ−1(𝜑d))+𝐾(ℎ−1(𝜑d)))
⊤ 𝐴−⊤(ℎ−1(𝜑d))(𝜑d −𝜑)

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
Correction Term

+
1
2
(𝜑d −𝜑)⊤𝐾p (𝜑d −𝜑)

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
Artificial Potential Energy of Feedback

,

(2.64)

which is a valid Lyapunov function - fulfilling the requirements 𝑉 (𝜑d, 0𝑛) = 0 and 𝑉 (𝜑, 𝜑̇) >
0 ∀ (𝜑, 𝜑̇) ∈ (ℝ𝑛,ℝ𝑛) ⧵ {(𝜑d, 0𝑛)} - if the closed-loop potential energy is locally or globally
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convex
𝜕2

𝜕𝜑2
𝜑(𝜑)

||||𝜑=𝜑d
+𝐾p =

𝜕
𝜕𝜑 (𝐴−1(ℎ−1(𝜑)) (𝐺(ℎ−1(𝜑))+𝐾(ℎ−1(𝜑))))

||||𝜑=𝜑d
+𝐾p ≻ 0. (2.65)

The Lyapunov function exhibits the time derivative (Della Santina et al., 2023)

𝑉̇ (𝜑, 𝜑̇) = 𝜑̇⊤𝑀𝜑(ℎ−1(𝜑)) 𝜑̈+
1
2
𝜑̇⊤ 𝑀̇𝜑(ℎ−1(𝜑)) 𝜑̇− 𝜑̇⊤ (𝜕𝜑𝜑(𝜑)−𝜕𝜑𝜑(𝜑d)+𝐾p (𝜑−𝜑d)) ,

= − 𝜑̇⊤ 𝜂𝜑(𝑞, 𝑞̇) 𝜑̇ +
1
2
𝜑̇⊤ 𝑀̇𝜑(𝑞) 𝜑̇+ 𝜑̇⊤ (𝐷𝜑(ℎ−1(𝜑))+𝐾d) (−𝜑̇),

= − 𝜑̇⊤ (𝐷𝜑(ℎ−1(𝜑))+𝐾d) 𝜑̇ ≤ 0 ∀𝜑, 𝜑̇ ∈ ℝ𝑛.
(2.66)

Finally, as 𝑉̇ (𝜑̇) ≤ 0∀𝜑, 𝜑̇ ∈ ℝ𝑛, asymptotic stability can be proven via LaSalle’s invariance
theorem (Khalil, 2002) as 𝜑d is a static equilibrium of the closed-loop system.

In the following, we will discuss the stability properties of the controller in more detail.
If the open-loop potential energy of the soft robot, consisting of elastic and gravitational
terms, is globally convex

𝜕2

𝜕𝜑2
𝜑(𝜑)

||||𝜑=𝜑d
=
𝜕
𝜕𝜑 (𝐴−1(ℎ−1(𝜑)) (𝐺(ℎ−1(𝜑))+𝐾(ℎ−1(𝜑))))

||||𝜑=𝜑d
≻ 0, (2.67)

what is sometimes also referred to as the soft robot being elastically dominated (Borja et al.,
2022; Della Santina et al., 2023; Pustina, 2025). This means that the robot is considered to
be relatively stiff and able to withstand gravity. In such case, the proportional feedback
term is not strictly necessary (i.e., we can set 𝐾p = 0𝑛×𝑛, and 𝜑d is still an asymptotically
stable equilibrium of the closed-loop system. In turn, when the open-loop potential energy
of the soft robot is non-convex, we can still stabilize the system locally or even globally by
choosing sufficiently large proportional feedback gains 𝐾p ≻ 0. This, however, comes at
the cost of increased system stiffness, reduced compliance, and enlarged risk of instability
because of measurement noise. A derivative feedback term is not necessary as for soft
robots generally 𝐷𝜑(𝜑) ≻ 0∀𝜑 ∈ ℝ𝑛. Still, we can increase dissipation by choosing 𝐾d ≻ 0.

We leverage such a potential shaping feedforward term in Chapters 6, 10-11 of this
thesis. The controller exhibits great robustness to modeling errors and measurement noise.
Also, it is computationally extremely efficient as the controller only needs to be evaluated
once per setpoint. However, this comes at the cost of the necessity for increased feedback
gains to ensure (global) convergence. Also, exponential convergence is not guaranteed.

Setpoint Regulation with Gravity Cancellation and Compensation of
Elastic Forces
When the elastic potential is convex but the gravitational potential makes the overall poten-
tial energy non-convex, we can lower the required (proportional) feedback gains—compared
to the Setpoint Regulation with Feedforward Compensation controller—by canceling rather
than compensating for the gravitational forces. The control law is then given as (Della Santina
et al., 2020c)

𝜏mb(𝑞) = 𝐴−1(𝑞)𝐺(𝑞)
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
Cancel Gravity

+𝐴−1(𝑞d)𝐾(𝑞d)
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
Comp. Elasticity

, (2.68)
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leading to the closed-loop dynamics

𝑀𝜑(𝑞) 𝜑̈+𝜂𝜑(𝑞, 𝑞̇) 𝜑̇ +𝐴−1(𝑞)𝐾(𝑞)−𝐴−1(𝑞d)𝐾(𝑞d)+𝐷𝜑(𝑞) 𝜑̇ = 𝜏fb(𝑡,𝑞, 𝑞̇), (2.69)

which we can rewrite, assuming that a PD term is part of the feedback as

𝑀𝜑(𝑞) 𝜑̈+𝜂𝜑(𝑞, 𝑞̇) 𝜑̇ +𝐴−1(ℎ−1(𝜑))𝐾(ℎ−1(𝜑))−𝐴−1(ℎ−1(𝜑d))𝐾(ℎ−1(𝜑d))+𝐾p (𝜑−𝜑d)+(𝐷𝜑(𝑞)+𝐾d) 𝜑̇ = 0𝑛,
(2.70)

which is asymptotically stable if the elastic potential 𝜑,K(𝜑) is locally or globally convex

𝜕2

𝜕𝜑2
𝜑,K(𝜑)

||||𝜑=𝜑d
+𝐾p =

𝜕
𝜕𝜑 (𝐴−1(ℎ−1(𝜑))𝐾(ℎ−1(𝜑)))

||||𝜑=𝜑d
+𝐾p ≻ 0. (2.71)

This can be shown via the Lyapunov function (Della Santina et al., 2023, 2020c; Khalil,
2002)

𝑉 (𝜑, 𝜑̇) =
1
2
𝜑̇⊤𝑀𝜑(ℎ−1(𝜑)) 𝜑̇

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
Kinetic Energy

+ 𝜑,K(𝜑)−𝜑,K(𝜑d)
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

Centered Elastic Potential Energy

+𝐾⊤(ℎ−1(𝜑d))𝐴−⊤(ℎ−1(𝜑d))(𝜑d−𝜑)
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

Correction Term

+
1
2
(𝜑d−𝜑)⊤𝐾p (𝜑d−𝜑)

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
Artificial Potential Energy of Feedback

,
(2.72)

with the associated time derivative (Della Santina et al., 2023)

𝑉̇ (𝜑, 𝜑̇) = −𝜑̇⊤ (𝐷𝜑(ℎ−1(𝜑))+𝐾d) 𝜑̇ ≤ 0 ∀𝜑, 𝜑̇ ∈ ℝ𝑛 (2.73)

If the condition from (2.71) is locally met for 𝜑 = 𝜑d, then the setpoint 𝜑d is locally asymp-
totically stable. If the convexity condition is met ∀𝜑 ∈ ℝ𝑛, then the setpoint is globally
asymptotically stable.

Here, it is easy to see how the proportional feedback gain makes the robot stiffer and,
with that, can potentially allow for the system to be stable even when the open-loop elastic
potential is non-convex. Still, this comes at the cost of decreased compliance and decreased
robustness against measurement noise. In the case of the actuation space elastic potential
being convex, i.e., 𝜕

𝜕𝜑 (𝐴
−1(ℎ−1(𝜑))𝐾(ℎ−1(𝜑))) ≻ 0, then the proportional feedback gains

are not necessary and can also be chosen as zero. An interesting case is also when (i) a
constant actuation matrix𝐴(𝑞) = 𝐴, which is, for example, the case for many pneumatically-
actuated soft robots, together with (ii) and a convex configuration space elastic potential,
as for example the case for linear elasticity 𝐾(𝑞) = 𝑆 𝑞, where 𝑆 ≻ 0. Then, the closed-loop
dynamics are given by

𝑀𝜑(𝑞) 𝜑̈+𝜂𝜑(𝑞, 𝑞̇) 𝜑̇ +𝑆𝜑(𝜑−𝜑d)+𝐷𝜑 𝜑̇ = 𝜏fb(𝑡,𝑞, 𝑞̇), (2.74)

which renders 𝜑d to be globally asymptotically stable. We leverage such a controller in
Chapter 6 of this thesis.
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Setpoint Regulation with Cancellation of Static Forces
Akin to PD+ (Kelly and Carelli, 1996; Paden and Panja, 1988) controllers originally developed
for rigid manipulators, we can fully cancel the static, including gravitational and elastic,
forces of the soft robot dynamics via nonlinear feedback and achieve setpoint regulation
solely based on the potential field established by the (proportional) feedback term. The
associated control law is given by (Patterson et al., 2024; Pustina, 2025)

𝜏mb(𝑞) = 𝐴−1(𝑞)𝐺(𝑞)
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
Cancel Gravity

+𝐴−1(𝑞)𝐾(𝑞)
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
Cancel Elasticity

(2.75)

which results in the closed-loop dynamics

𝑀𝜑(𝑞) 𝜑̈+𝜂𝜑(𝑞, 𝑞̇) 𝜑̇ +𝐷𝜑(𝑞) 𝜑̇ = 𝜏fb(𝑡,𝑞, 𝑞̇), (2.76)

where the potential of the system is now fully dominated by the feedback controller. Such
a closed-loop system with a proportional feedback term, for example,

𝑀𝜑(𝑞) 𝜑̈+𝜂𝜑(𝑞, 𝑞̇) 𝜑̇ +𝐾p(𝜑−𝜑d)+𝐷𝜑(𝑞) 𝜑̇ = 0𝑛, (2.77)

is for any positive proportional gain 𝐾p ≻ 0 ∈ ℝ𝑛×𝑛 globally asymptotically stable - even for
small gains. This can be proven using the Lyapunov function

𝑉 (𝜑, 𝜑̇) =
1
2
𝜑̇⊤𝑀𝜑(ℎ−1(𝜑)) 𝜑̇+

1
2 (𝜑−𝜑d)

⊤ 𝐾p (𝜑−𝜑d) , (2.78)

that exhibits an associated time derivative of

𝑉̇ (𝜑, 𝜑̇) = −𝜑̇⊤𝐷𝜑(ℎ−1(𝜑))) 𝜑̇ ≤ 0 ∀𝜑, 𝜑̇ ∈ ℝ𝑛, (2.79)

as 𝐷𝜑(ℎ−1(𝜑))) ≻ 0∀𝜑 ∈ ℝ𝑛. By applying LaSalle’s invariance principle, GAS with respect
to the equilibrium 𝜑d can be established (Khalil, 2002). However, this guarantee of global
convergence—even for configuration-dependent actuation matrices 𝐴(𝑞)—may come at the
expense of robustness. In particular, with low proportional feedback gains 𝐾p, unmodeled
system dynamics might dominate, leading to steady-state errors or even instability.

Trajectory Tracking with Feedforward Compensation
In the following, we will assume the actuation matrix to be constant with 𝐴(𝑞) = 𝐴. Then,
extending the previously presented setpoint regulator with feedforward compensation, we
can design a trajectory tracking algorithmwith feedforward compensation as (Della Santina
et al., 2023; Kelly and Salgado, 1994)

𝜏mb(𝑡) = 𝑀𝜑(𝑞d(𝑡)) 𝜑̈d(𝑡)+𝜂𝜑(𝑞d(𝑡), 𝑞̇d(𝑡)) 𝜑̇d(𝑡)+𝐷𝜑 𝑞̇d(𝑡)
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

Compensate Dynamic Forces

+𝐴−1(𝐺(𝑞d(𝑡))+𝐾(𝑞d(𝑡)))
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

Compensate Static Forces

.

(2.80)
This controller is locally asymptotically stable, assuming sufficiently large proportional
and dissipative feedback gains 𝐾p,𝐾d ≻ 0. We refer the interested reader to Della Santina
et al. (2023); Kelly and Salgado (1994) for the full proof. The advantages and disadvantages
mirror the ones of the Setpoint Regulation with Feedforward Compensation controller: robust
against modeling errors and measurement noise and requires relatively high error-based
feedback gains that come with a loss of compliance.
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Trajectory Tracking with Mixed State Feedback
In the following, we assume that the actuation matrix is constant, i.e., 𝐴(𝑞) = 𝐴. Moreover,
since this controller is particularly well-suited for soft robots with a convex elastic potential,
we assume linear elasticity 𝐾(𝑞) = 𝑆 𝑞 with 𝑆 ≻ 0. Note that the controller would still
converge globally for any convex potential field—or locally for non-convex elastic potentials
provided sufficiently high feedback gains are used. For a more detailed discussion, please
refer to the section on Setpoint Regulation with Gravity Cancellation and Compensation of
Elastic Forces.

A trajectory tracking controller that employs full state feedback, except for compen-
sating instead of canceling elastic forces, can be formulated as (Della Santina et al., 2020c;
Kelly and Carelli, 1996)

𝜏mb(𝑡,𝑞, 𝑞̇) = 𝑀𝜑(𝑞(𝑡)) 𝜑̈d(𝑡)+𝜂𝜑(𝑞(𝑡), 𝑞̇(𝑡)) 𝜑̇d(𝑡)+𝐴−1𝐺(𝑞(𝑡))
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

Rigid Manipulator Nonlinear PD/PD+

+ 𝑆𝜑𝜑d(𝑡)+𝐷𝜑 𝜑̇d(𝑡)
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

Shaping Soft Robot Impedance

,

(2.81)
where 𝑆𝜑 = 𝐴−1 𝑆𝐴−⊤ ≻ 0 ∈ ℝ𝑛×𝑛. This leads to the closed-loop dynamics
𝑀𝜑(𝑞(𝑡)) (𝜑̈(𝑡)− 𝜑̈d(𝑡))+𝜂𝜑(𝑞(𝑡), 𝑞̇(𝑡))(𝜑̇(𝑡)− 𝜑̇d(𝑡))+𝑆𝜑 (𝜑(𝑡)−𝜑d(𝑡))+𝐷𝜑 (𝜑̇(𝑡)− 𝜑̇d(𝑡)) = 𝜏fb(𝑡,𝑞, 𝑞̇).

(2.82)
The goal is now to show that the closed-loop error dynamics, which are defined as

𝑀𝜑(𝑞(𝑡))𝑒(𝑡)+(𝜂𝜑(𝑞(𝑡), 𝑞̇(𝑡))+𝐷𝜑) 𝑒̇(𝑡)+𝑆𝜑 𝑒(𝑡) = 𝜏fb(𝑡,𝑞, 𝑞̇), (2.83)

with 𝑒(𝑡) = 𝜑(𝑡) − 𝜑d(𝑡) ∈ ℝ𝑛, 𝑒̇(𝑡) = 𝜑̇ − 𝜑̇d(𝑡), and 𝑒(𝑡) = 𝜑̈(𝑡) − 𝜑̈d(𝑡) asymptotically
converge to zero: lim𝑡→∞ 𝑒(𝑡) = 0. Even without an error-based feedback term (i.e.,
𝜏fb(𝑡,𝑞, 𝑞̇) = 0), the asymptotic convergence to the trajectory (𝜑d, 𝜑̇d) can be shown via the
Lyapunov function

𝑉 (𝑒, 𝑒̇) =
1
2
𝑒̇⊤(𝑡)𝑀𝜑(ℎ−1(𝜑d)) 𝑒̇(𝑡)+

1
2
𝑒⊤(𝑡) (𝑆𝜑+𝐾d) 𝑒(𝑡), (2.84)

that exhibits the time derivative

𝑉̇ (𝑒̇) = −𝑒̇⊤ (𝐷𝜑+𝐾d) 𝑒̇ ≤ 0 ∀ 𝑒̇ ∈ ℝ𝑛, (2.85)

by applying Barbalat’s Lemma (Della Santina et al., 2020c; Slotine et al., 1991). Here,
𝐾p,𝐾d ∈ ℝ𝑛×𝑛 ⪰ 0 are any PD feedback gains that are optionally applied.

2.3.4 Model-Based Terms: The Underactuated Case
Preliminaries
In the following, we will consider the underactuated where𝑚< 𝑛. As underactuation is not
a primary focus of this thesis, we will only broach the subject. For a much more detailed
discussion, we refer the interested reader to the seminal thesis by Pustina (2025).

First, we need to revisit the definition of attainable equilibria. In the case of underactu-
ated soft robots, a setpoint 𝜑d = [𝜑d

⊤
a 𝜑d⊤u ]

⊤ = ℎ(𝑞d), where 𝑞d = [𝑞d
⊤

a 𝑞d⊤u ]
⊤, needs to

be a solution to the equilibrium equation (Pustina, 2025)

[
𝐴−1
a (𝑞d) (𝐺a(𝑞d)+𝐾a(𝑞d))

−𝐴u(𝑞d)𝐴−1
a (𝑞d)(𝐺a(𝑞d)+𝐾a(𝑞d))+𝐺u(𝑞d)+𝐾u(𝑞d)]

= [
𝜏ss
0𝑛−𝑚]

. (2.86)
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Zero Dynamics in the Regulation Case
It is essential for the stability of the system to ensure that the zero dynamics of the system,
i.e., the last 𝑛−𝑚, unactuated DOFs of the closed-loop dynamics, remain bounded. If the
zero dynamics are unstable, the system state will eventually diverge, even if initial stability
is observed from an input-output perspective (Pustina, 2025). For a regulator, that drives
the system towards 𝜑 = 𝜑d, 𝜑̇ = 0, the associated zero dynamics are given as (Pustina, 2025)

𝑀𝜑,uu(𝑞da) 𝜑̈u+𝜂𝜑,u(𝑞da , 𝑞̇da) 𝜑̇u+𝜕𝜑u𝜑(𝜑da)+𝐷𝜑,uu(𝑞da) 𝜑̇u = 0𝑛−𝑚 (2.87)

where 𝑞da = [𝑞d
⊤

a 𝑞⊤u ]
⊤, 𝑞̇da = [0⊤𝑚 𝑞̇⊤u ]

⊤, and 𝜑da = [𝜑d
⊤

a 𝜑⊤u]
⊤. The Lyapunov function

𝑉 (𝜑u, 𝜑̇d) =
1
2
𝜑̇⊤u𝑀𝜑,uu(ℎ−1(𝜑da)) 𝜑̇u+𝜑(𝜑da), (2.88)

that is non-negative provided that both the elastic and gravitational forces are Lipschitz
and upper-bounded in their magnitude (Pustina, 2025), exhibits the time derivative

𝑉̇ (𝜑u, 𝜑̇u) = −𝜑̇⊤u 𝐷𝜑,uu(𝑞
da) 𝜑̇u ≤ 0 ∀𝑞da ∈ ℝ𝑛, 𝜑̇u ∈ ℝ𝑛−𝑚, (2.89)

as 𝐷𝜑,uu(𝑞da) ≻ 0. Subsequently, it can be shown that these zero dynamics are bounded and
converge to (𝜑u, 𝜑̇u) = (𝜑du, 0) (Pustina, 2025), where 𝜑du is a solution to
𝜕
𝜕𝜑u

𝜑([
𝜑da
𝜑du])

=−𝐴u(ℎ−1(𝜑d))𝐴−1
a (ℎ−1(𝜑d))(𝐺a(ℎ−1(𝜑d))+𝐾a(ℎ−1(𝜑d))+𝐺u(ℎ−1(𝜑d))+𝐾u(ℎ−1(𝜑d) = 0𝑛−𝑚.

(2.90)

Setpoint Regulation with Feedforward Compensation
A setpoint regulator with feedforward compensation that shapes the potential of the
actuated coordinates is given by (Pustina, 2025)

𝜏mb =
𝜕𝜑(𝜑)
𝜕𝜑a

||||𝜑=𝜑d
= 𝐴−1

a (𝑞d) (𝐺a(𝑞d)+𝐾a(𝑞d)) , (2.91)

leading to the closed-loop dynamics

𝑀𝜑(𝑞) 𝜑̈+[
𝜂𝜑,a(𝑞, 𝑞̇)
𝜂𝜑,u(𝑞, 𝑞̇)]

𝜑̇+[
𝐴−1
a (𝑞)(𝐺a(𝑞)+𝐾a(𝑞))−𝐴−1

a (𝑞d)(𝐺a(𝑞d)+𝐾a(𝑞d))+𝐾p (𝜑a −𝜑da)+𝐾d 𝜑̇a
−𝐴u(𝑞)𝐴−1

a (𝑞)(𝐺a(𝑞)+𝐾a(𝑞))+𝐺u(𝑞)+𝐾u(𝑞) ]+[
𝐷𝜑,a(𝑞)
𝐷𝜑,u(𝑞)]

𝜑̇ = [
0𝑚
0𝑛−𝑚]

,

(2.92)
where we assumed that the feedback controller 𝜏fb(𝜑, 𝜑̇) contains a PD with gains 𝐾p,𝐾d ∈
ℝ𝑚×𝑚. These closed-loop dynamics are equivalent to

[
𝑀𝜑,aa(𝑞) 𝑀𝜑,au(𝑞)
𝑀𝜑,ua(𝑞) 𝑀𝜑,uu(𝑞)]

𝜑̈+[
𝜂𝜑,a(𝑞, 𝑞̇)
𝜂𝜑,u(𝑞, 𝑞̇)]

𝜑̇+[
𝜕𝜑a𝜑(𝜑)−𝜕𝜑a𝜑(𝜑d)+𝐾p (𝜑a −𝜑da)+𝐾d 𝜑̇a

𝜕𝜑u𝜑(𝜑) ]+[
𝐷𝜑,a(𝑞)
𝐷𝜑,u(𝑞)]

𝜑̇ = [
0𝑚
0𝑛−𝑚]

. (2.93)

We can devise the Lyapunov candidate

𝑉 (𝜑, 𝜑̇) =
1
2
𝜑̇⊤𝑀𝜑(ℎ−1(𝜑)) 𝜑̇

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
Kinetic Energy

+ 𝜑(𝜑)−𝜑(𝜑d)
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

Centered Potential Energy

+
𝜕𝜑(𝜑)
𝜕𝜑a

|||||

⊤

𝜑=𝜑d
(𝜑da −𝜑a)

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
Correction Term on Actuated Coord.

+
1
2
(𝜑a−𝜑da)

⊤𝐾p (𝜑a−𝜑da)
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

Artificial Potential Energy

,
(2.94)
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which is valid if
𝜕2𝜑(𝜑)
𝜕𝜑2

|||||𝜑=𝜑d
+[

𝐾p 0𝑚×(𝑛−𝑚)
0(𝑛−𝑚)×𝑚 0(𝑛−𝑚)×(𝑛−𝑚)]

≻ 0, (2.95)

which can be locally ensured by choosing 𝐾p ≻ 0 sufficiently large (Pustina, 2025). The
time derivative of the Lyapunov function is given as

𝑉̇ (𝜑, 𝜑̇) = − 𝜑̇⊤𝐷𝜑(ℎ−1(𝜑)) 𝜑̇− 𝜑̇⊤a 𝐾d 𝜑̇a,≻ 0 ∀𝜑, 𝜑̇ ∈ ℝ𝑚,𝐾d ⪰ 0, (2.96)

As previously mentioned, the statically attainable equilibrium (𝜑d, 0𝑛) is locally asymp-
totically stable for sufficiently large proportional gains 𝐾p. If the robot is elastically domi-
nated with
𝜕2𝜑(𝜑)
𝜕𝜑2u

=
𝜕
𝜕𝜑u

(−𝐴u(ℎ−1(𝜑))𝐴−1
a (ℎ−1(𝜑))(𝐺a(ℎ−1(𝜑))+𝐾a(ℎ−1(𝜑)))+𝐺u(ℎ−1(𝜑))+𝐾u(ℎ−1(𝜑))) ≻ 0 ∀𝜑 ∈ℝ𝑛,

(2.97)
the regulator additionally achieves GAS for a sufficiently large 𝐾p ≻ 0 (Pustina, 2025).

Remark 1. The controller in (2.91) is equivalent to the energy-shaping controller 𝜏mb =
𝐴L(𝑞d)(𝐾(𝑞d)+𝐺(𝑞d)) as proposed by Della Santina et al. (2023) iff the left inverse is defined
as 𝐴L = 𝐴−1

a [𝕀𝑚 0𝑚×(𝑛−𝑚)].

Proof. We can substitute 𝐴L(𝑞d) until we obtain (2.91)

𝜏mb =𝐴L(𝑞d)(𝐾(𝑞d)+𝐺(𝑞d)) ,

=𝐴−1
a (𝑞d)[𝕀𝑚 0𝑚×(𝑛−𝑚)][

𝐾a(𝑞d)+𝐺a(𝑞d)
𝐾u(𝑞d)+𝐺u(𝑞d)]

,

=𝐴−1
a (𝑞d) (𝐺a(𝑞d)+𝐾a(𝑞d)) .

(2.98)

Please note, though, that this statement generally does not hold if the pseudo-inverse is
chosen as the left inverse such that 𝐴L = 𝐴+ = (𝐴⊤𝐴)−1𝐴⊤.

Setpoint Regulation with Gravity Cancellation and Compensation of
Elastic Forces for Elastically Decoupled Soft Robots
Elastically decoupled soft robots are defined as the generalized elastic force taking the
form (Pustina, 2025)

𝜕𝜑,K

𝜕𝜑
(𝜑) =

[

𝜕𝜑,K
𝜕𝜑a (𝜑a)
𝜕𝜑,K
𝜕𝜑u (𝜑u)]

= [
𝐴−1
a (ℎ−1(𝜑a))𝐾a(ℎ−1(𝜑a))

−𝐴u(ℎ−1(𝜑u))𝐴−1
a (ℎ−1(𝜑u))𝐾a(ℎ−1(𝜑u))+𝐾u(ℎ−1(𝜑u))]

,

(2.99)
which is for example the case for 𝐴(𝑞) = 𝐴 and linear elasticity 𝐾(𝑞) = 𝑆 𝑞, where 𝑆 ∈ ℝ𝑛×𝑛
is defined in a decoupled form

𝑆 = [
𝑆aa 0𝑚×(𝑛−𝑚)

0(𝑛−𝑚)×𝑚 𝑆uu ] . (2.100)
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In this case, a regulator that cancels the gravitational forces and compensates the elastic
forces on the actuated coordinates

𝜏mb(𝜑) =
𝜕𝜑,G(𝜑)
𝜕𝜑a⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

Cancel Gravity

+
𝜕𝜑,K(𝜑)
𝜕𝜑a

||||𝜑a=𝜑da⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
Compensate Elasticity

= 𝐴−1
a (𝑞)𝐺a(ℎ−1(𝜑))⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

Cancel Gravity

+𝐴−1
a (ℎ−1(𝜑da))𝐾a(ℎ−1(𝜑da))⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

Compensate Elasticity

,

(2.101)
renders the 𝜑a = 𝜑da to be globally asymptotically stable provided sufficiently large pro-
portional feedback gains 𝐾p ⪰ 0 (Pustina, 2025). This system exhibits the closed-loop
dynamics

[
𝑀𝜑,aa(𝑞) 𝑀𝜑,au(𝑞)
𝑀𝜑,ua(𝑞) 𝑀𝜑,uu(𝑞)]

𝜑̈+[
𝜂𝜑,a(𝑞, 𝑞̇)
𝜂𝜑,u(𝑞, 𝑞̇)]

𝜑̇+[
𝜕𝜑a𝜑,K(𝜑)−𝜕𝜑a𝜑,K(𝜑d)+𝐾p (𝜑a −𝜑da)+𝐾d 𝜑̇a

𝜕𝜑u𝜑,G(𝜑)+𝜕𝜑u𝜑,K(𝜑) ]+[
𝐷𝜑,a(𝑞)
𝐷𝜑,u(𝑞)]

𝜑̇ = [
0𝑚
0𝑛−𝑚]

.

(2.102)
We can use the Lyapunov candidate

𝑉 (𝜑, 𝜑̇) =
1
2
𝜑̇⊤𝑀𝜑(ℎ−1(𝜑)) 𝜑̇

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
Kinetic Energy

+𝜑,G(𝜑)−𝜑,Ga(𝜑)−𝜑,Gu(𝜑
d)

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
Centered Gravitational Potential Energy

+ 𝜑,K(𝜑)−𝜑,K(𝜑d)
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

Centered Elastic Potential Energy

+
𝜕𝜑(𝜑)
𝜕𝜑a

|||||

⊤

𝜑=𝜑d
(𝜑da −𝜑a)

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
Correction Term on Actuated Coord.

+
1
2
(𝜑a−𝜑da)

⊤𝐾p (𝜑a−𝜑da)
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

Artificial Potential Energy

,

(2.103)

where

𝜑,G(𝜑) =𝜑,Ga(𝜑)+𝜑,Gu(𝜑), (2.104)

with 𝜑,Ga(𝜑) and 𝜑,Gu(𝜑) the gravitational potential energy of the actuated and unactu-
ated coordinates, respectively. These quantities can be computed as

𝜑,Ga(𝜑) = ∫ 𝐴−1
a (𝑞)𝐺a(ℎ−1(𝜑))d𝜑a,

𝜑,Gu(𝜑) = ∫ −𝐴u(ℎ−1(𝜑))𝐴−1
a (ℎ−1(𝜑))𝐺a(ℎ−1(𝜑))+𝐺u(ℎ−1(𝜑))d𝜑u,

(2.105)

and need to fulfill the properties

𝜕𝜑,Ga(𝜑)
𝜕𝜑a

=
𝜕𝜑,G(𝜑)
𝜕𝜑a

,
𝜕𝜑,Gu(𝜑)
𝜕𝜑u

=
𝜕𝜑,G(𝜑)
𝜕𝜑u

. (2.106)

This Lyapunov function has the associated time derivative

𝑉̇ (𝜑, 𝜑̇) = −𝜑̇⊤𝐷𝜑(ℎ−1(𝜑)) 𝜑̇− 𝜑̇⊤a 𝐾d 𝜑̇a,≻ 0 ∀𝜑, 𝜑̇ ∈ ℝ𝑚,𝐾d ⪰ 0, (2.107)

to analyze the stability properties in more detail.
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2.3.5 Unified Controllers
In the following, we will discuss some common closed-form model-based controllers that
cannot (easily) be separated into a model-based term and an error-based feedback term.
For simplicity, we assume in the following the fully actuated case - i.e., 𝑛 = 𝑚, 𝜑 = 𝜑a,
𝑀𝜑(𝑞) = 𝑀𝜑,a(𝑞), etc.

P-satI-D+Potential Shaping
The P-satI-D+Potential Shaping controller consists of P-satI-D feedback term and the Set-
point Regulation with Feedforward Compensation model-based term. As we frequently use
this controller throughout this thesis, such as in Chapter 6 (underactuated version), and
Chapter 10 & 11, we will specify below the control law, assuming a constant actuation
matrix 𝐴(𝑞) = 𝐴

𝜏(𝑡,𝑞, 𝑞̇) = 𝐴−1 (𝐺(𝑞d)+𝐾(𝑞d))
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
Model-Based Feedforward

+𝐾p (𝜑d(𝑡)−𝜑(𝑡))+𝐾i∫
𝑡

0
tanh(𝛾 (𝜑d(𝑡′)−𝜑(𝑡′))) d𝑡′+𝐾d (𝜑̇d(𝑡)− 𝜑̇(𝑡))

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
Model-Free Feedback Term: P-satI-D

,

(2.108)

which generates the closed-loop dynamics

𝑀𝜑(𝑞) 𝜑̈+𝜂𝜑(𝑞, 𝑞̇) 𝜑̇ +𝐴−1 (𝐺(𝑞)+𝐾(𝑞)−𝐺(𝑞d)−𝐾(𝑞d))+𝐷𝜑 𝜑̇

+𝐾p (𝜑(𝑡)−𝜑d(𝑡))+𝐾d (𝜑̇(𝑡)− 𝜑̇d(𝑡))+𝐾i∫
𝑡

0
tanh(𝛾 (𝜑(𝑡′)−𝜑d(𝑡′))) d𝑡′ = 0𝑛,

(2.109)

where 𝐾p,𝐾i,𝐾d ⪰ 0 ∈ ℝ𝑛×𝑛 are the proportional, integral, and derivative feedback gains,
respectively.

Feedback Linearization via Computed Torqe
The idea behind (full) feedback linearization (Slotine and Li, 1987; Spong et al., 2020) is to
cancel the existing dynamics of the robot and ensure that the closed-loop system exhibits
linear dynamics - usually established via a PD term. A computed torque controller for soft
robots assumes the form

𝜏(𝑡,𝑞, 𝑞̇) = 𝑀𝜑(𝑞) (𝐾p (𝜑d −𝜑)+𝐾d (𝜑̇d −𝜑̇)+ 𝜑̈d)+(𝜂𝜑(𝑞, 𝑞̇)+𝐷𝜑(𝑞)) 𝜑̇+𝐴−1(𝑞)(𝐺(𝑞)+𝐾(𝑞)) ,
(2.110)

where 𝐾p,𝐾d ∈ ℝ𝑛×𝑛 are proportional and derivative control gains for tracking the desired
actuation coordinate and actuation velocity, respectively. The closed-loop dynamics read
as

𝑀𝜑(𝑞)(𝐾p (𝜑−𝜑d)+𝐾d (𝜑̇− 𝜑̇d)+(𝜑̈− 𝜑̈d)) = 0. (2.111)

After defining the control error as 𝑒(𝑡) = 𝜑(𝑡)−𝜑d(𝑡) with 𝑒̇(𝑡) = 𝜑̇(𝑡)− 𝜑̇d(𝑡) and 𝑒(𝑡) =
𝜑̈(𝑡)− 𝜑̈d(𝑡), the dynamics of (2.111) can be rewritten as

𝑒(𝑡)+𝐾d 𝑒̇(𝑡)+𝐾p 𝑒(𝑡) = 0, (2.112)
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which lets us notice that now linear dynamics govern with stiffness 𝐾p and damping factor
𝐾d govern the closed-loop system behavior. If we assume scalar control gains 𝐾p,𝐾d ∈ ℝ+,
these error dynamics converge exponentially fast to the global equilibrium 𝑒(𝑡) = 0 with
decay time 1

𝐾d
. Specifically, we can always choose the control such that the closed-loop

system exhibits a critically damped behavior 𝐾d2 =
√
𝐾p. The evolution of the error is then

given in closed form as

𝑒(𝑡) = (𝑒0+(𝑒̇0+
𝐾d

2
𝑒0)(𝑡 − 𝑡0)) 𝑒

− 𝐾d2 (𝑡−𝑡0), (2.113)

where 𝑒0, 𝑒̇0 are the initial error and its velocity at 𝑡0.
As seen in this derivation, computed torque controllers exhibit very nice stability and

convergence properties. However, this comes at the cost of requiring high control rates,
precise actuator motion, high control effort, and, most importantly, very accurate modeling
of the system dynamics. In case of modeling errors, the stability characteristics can be
lost, and the unmodelled dynamics can quickly become dominant. So far, computed torque
controllers have been verified for fully actuated soft robots in simulation (Boyer et al., 2006;
Pustina et al., 2024b), but to the best of our knowledge, not yet experimentally.

Operational Space Impedance Control
An operational space impedance controller uses partial feedback linearization to cancel
out the original task dynamics and replace them with a new set of linear dynamics in
operational space 𝑥 ∈ ℝ𝑛. These new dynamics are defined by a stiffness matrix 𝐾x ∈ ℝ𝑜×𝑜
and a damping matrix 𝐷x ∈ ℝ𝑜×𝑜 , which together drive the closed-loop system toward the
desired operational space reference 𝑥d ∈ ℝ𝑜 (Della Santina et al., 2020c; Khatib, 1987).

𝜏 = 𝐴−1(𝑞)
⏟⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏟
𝐽−⊤h (𝑞)

( 𝐽⊤(𝑞) 𝐽+⊤M (𝑞)(𝐾(𝑞)+𝐷𝑞̇)
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

Cancel Elastic & Diss. Forc. Acting on Task

+ 𝐺(𝑞)
⏟⏞⏞⏞⏟⏞⏞⏞⏟

Cancel Gravity

)

+𝐴−1(𝑞)( 𝐽⊤(𝑞)𝜂x(𝑞, 𝑞̇)(𝕀𝑛 −𝐽+M(𝑞) 𝐽 (𝑞)) 𝑞̇⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
Cancel Coupling of Null-Space Coriolis Force on Task

+ 𝐽⊤(𝑞)(𝐾x (𝑥d −𝑥)−𝐷x 𝑥̇)
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

PD for Shaping Operational Space Impedance

).

(2.114)

As noted earlier, the impedance controller relies on several key assumptions. It presumes
(a) full actuation (i.e., 𝑛 = 𝑚), (b) that the matrix 𝐴(𝑞) ∈ ℝ𝑛×𝑛 is invertible (Della Santina
et al., 2020c), (c) that the operational space—characterized by coordinates 𝑥 ∈ ℝ𝑜—has lower
dimensionality than the configuration space (i.e., 𝑚 ≤ 𝑛), and (d) that the null space is
asymptotically stable, a condition typically met when 𝐾(𝑞) = 𝑆 𝑞 with 𝑆 ≻ 0 and 𝐷 ≻ 0.

In the following, we will guide the reader step-by-step through the control design.
First, we cancel the gravitational forces of the system via 𝜏q = 𝐺(𝑞). Please note that this
immediately ensures that gravity is not acting anymore on the closed-loop null-space
dynamics, which could potentially cause instability. Now, the updated operational and null
space dynamics are given by

[
Λx(𝑞) 0𝑜×(𝑛−𝑜)
0(𝑛−𝑜)×𝑜 Λn(𝑞) ] [

𝑥̈
𝜈̇n]

+[
𝜂xx(𝑞, 𝑞̇) 𝜂xn(𝑞, 𝑞̇)
𝜂nx(𝑞, 𝑞̇) 𝜂nn(𝑞, 𝑞̇)] [

𝑥̇
𝜈n]

+[
𝐽+⊤M (𝑞)
𝑍(𝑞) ] (𝐾(𝑞)+𝐷𝑞̇) = [

𝑓x
𝑓n]

.

(2.115)
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Next, we devise an operational space force 𝑓x ∈ ℝ𝑜

𝑓x = 𝐽+⊤M (𝑞)(𝐾(𝑞)+𝐷𝑞̇)
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

𝑓KD

+𝜂x(𝑞, 𝑞̇)(𝕀𝑛−𝐽+M(𝑞) 𝐽 (𝑞)) 𝑞̇
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

𝑓𝜂xn

+𝐾x (𝑥d−𝑥)−𝐷x 𝑥̇⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝑓PD

, (2.116)

that cancels the existing operational space dynamics, decouples the remaining null space
interactions, and establishes new linear dynamics with a tunable impedance and an asymp-
totically stable equilibrium at 𝑥d via a PD term. In more detail, the force 𝑓KD eliminates
the inherent elastic and dissipative forces in the operational space. Next, the term 𝑓𝜂xn is
designed to remove any residual coupling from the null space dynamics on the operational
space, specifically by canceling the null space Coriolis forces 𝜂xn(𝑞, 𝑞̇)𝜈n. To avoid comput-
ing the null space online, we bypass its derivation by performing the substitution outlined
in (Della Santina et al., 2020c; Ott, 2008).

𝑓𝜂xn =𝜂xn(𝑞, 𝑞̇)𝜈n = 𝜂x(𝑞, 𝑞̇) 𝑞̇ −𝜂xx(𝑞, 𝑞̇) 𝑞̇,
=𝜂x(𝑞, 𝑞̇) 𝑞̇ −𝜂x(𝑞, 𝑞̇) 𝐽+M(𝑞) 𝑥̇ = 𝜂x(𝑞, 𝑞̇) 𝑞̇ −𝜂x(𝑞, 𝑞̇) 𝐽

+
M(𝑞) 𝐽 (𝑞) 𝑞̇

=𝜂x(𝑞, 𝑞̇)(𝕀𝑛−𝐽+M(𝑞) 𝐽 (𝑞)) 𝑞̇,
(2.117)

as 𝑥̇ = 𝐽 (𝑞) 𝑞̇ and 𝜂xx(𝑞, 𝑞̇) = 𝜂x(𝑞, 𝑞̇) 𝐽+M(𝑞). The removal of the existing operational space
dynamics allows us then to establish the desired impedance. Specifically, PD term 𝑓PD
creates an artificial potential field x(𝑥) = 1

2𝑥
⊤𝐾x 𝑥 and establishes dissipation which

ensures asymptotic stability of the operational space dynamics. This forcing 𝑓x results in
the closed-loop task and null space dynamics

[
Λx(𝑞) 0𝑜×(𝑛−𝑜)
0(𝑛−𝑜)×𝑜 Λn(𝑞) ] [

𝑥̈
𝜈̇n]

+[
𝜂xx(𝑞, 𝑞̇) 0𝑜×(𝑛−𝑜)
𝜂nx(𝑞, 𝑞̇) 𝜂nn(𝑞, 𝑞̇)] [

𝑥̇
𝜈n]

+[
𝐾x (𝑥 −𝑥d)−𝐷x 𝑥̇
𝑍(𝑞)(𝐾(𝑞)+𝐷𝑞̇)] = 0𝑛.

(2.118)
We can extract several interesting observations by analyzing these closed-loop dynamics
in more detail. First, the operational space dynamics

Λx(𝑞) 𝑥̈ +𝜂xx(𝑞, 𝑞̇) 𝑥̇ +𝐾x (𝑥 −𝑥d)+𝐷x 𝑥̇ = 0𝑜 , (2.119)

now mirror the ones of coupled damped harmonic oscillators. Furthermore, similar to the
computed torque controller, we can readily demonstrate that the closed-loop operational-
space dynamics converge exponentially fast to the global asymptotic equilibrium 𝑥d11. In
line with the previously introduced setpoint regulation controllers that cancel gravitational
forces while compensating for elastic forces, we do not entirely eliminate the null space
dynamics. Instead, we enhance robustness against disturbances and modeling errors
by preserving the system’s natural elasticity and dissipation while only removing the
gravitational forces. This approach yields closed-loop null-space dynamics that settle in
steady-state at the (local) minimum of their potential field.

After designing the desired forces in operational space 𝑓x, the control input can be
derived via a projection into configuration space. First, 𝑓x is mapped into configuration
space, resulting in a combination of the projected operational space forces and gravity
cancellation: 𝜏q = 𝐽⊤(𝑞)𝑓 +𝐺(𝑞). Finally, by applying the inverse of the actuation matrix,
11Please note that this does not automatically prove the stability of the null-space dynamics.
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the control input based on the desired configuration space torques is obtained as 𝜏 =
𝐴−1(𝑞)𝜏q.

We propose a variation of this operational space impedance controller tailored to the
Cartesian control of underactuated planar HSA robots in Chapter 6.
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3
TowardsQuantifying the

Safety of Soft Robots

Foreword. Traditionally, the robotics community has focused on achieving safety through
computational intelligence—constraining motions within safe state sets, avoiding obstacles,
and using compliant controllers like impedance control. In contrast, one of the most
fascinating and promising features of soft robots is their intrinsic compliance due to
material softness. However, the safety achieved by soft robots has yet to be quantified,
preventing us from determining whether they are indeed safe and how much safer they
are compared to (collaborative) robots—a crucial factor in motivating soft robotics research
and development. Moreover, the community often emphasizes the correlation between
material softness and safety, while overlooking other important factors such as mass
density, operating conditions, and control policy. This lack of understanding about the
factors that significantly influence soft robot safety often leads to overly soft designs
that suffer from degraded performance in practical tasks (e.g., limited payload capacity,
imprecise or oscillatory motion). Since control is a central focus of this thesis, it is vital
to identify which controller characteristics affect the safety of the closed-loop system, an
often overlooked aspect in the soft robotics domain, and how to design controllers that
maximize performance while preserving safety. Therefore, this chapter focuses on deriving
a quantitative safety metric for soft robots.

M.S. conceived and led the project, derived and implemented the safety metric, characterized its behavior, and
wrote the manuscript. N.P. and F.S. contributed Figures 3.1 & 3.2. C.D.S. and G.Z. supervised the project and
contributed funding.
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Abstract. As we work toward integrating robots into human-centric environments, it is
crucial to ensure safety without overly constraining robot design or behavior. Efforts to enhance
robot safety have a long history, primarily focusing on improving control systems to make
them safer and more compliant. Soft robots offer a fundamentally different approach to
this challenge by achieving safety through the passive compliance of their entire structure.
Despite significant advancements in soft robotics over recent years—spanning novel actuators
to sophisticated model-based control methods—one of the field’s core promises, safety, has
rarely been systematically studied. Notably, there is a lack of a quantitative metric to evaluate
how safe a soft robot truly is. Moreover, most existing studies oversimplify the concept of
safety, equating it to material softness. In reality, the safety of a closed-loop system depends
on multiple factors, such as topology and control strategies. This narrow focus often results in
suboptimal soft robot designs, such as robots that are too soft to handle practical payloads
effectively. A quantitative safety metric would enable designers to evaluate and balance the
tradeoff between safety and performance, leading to more optimal designs that meet safety
requirements without sacrificing functionality. In this chapter, we outline the essential criteria
for a safety metric tailored to soft robots. We then propose a metric that assesses injury severity
based on the maximum contact pressure during a collision, aligning with established standards
for collaborative robots. Finally, we characterize the proposed safety metric on continuum soft
robots modeled using the PCS parametrization.
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3.1 Introduction

A s noted in Chapter 1, the soft robotics community often highlights the “intrinsic
safety” and natural compliance of soft robots (Abidi and Cianchetti, 2017) as a key

advantage over conventional rigid robots and even cobots (Laschi and Cianchetti, 2014;
Rus and Tolley, 2015; Yasa et al., 2023). Yet, in contrast to established scientific practices,
the safety improvements of continuum soft robots compared to rigid manipulators have
not been rigorously quantified. We believe it is essential for the community to validate
intrinsic compliance as a fundamental benefit of soft robots, thereby justifying continued
investments in their research and development (Hawkes et al., 2021).

Moreover, in the absence of clear guidelines for determining the optimal level of
safety, designers currently tend to favor overly compliant materials. Many treat the
challenge as a trade-off between performance/precision and softness, assuming that higher
material compliance automatically results in enhanced safety. However, we find that
this oversimplifies the matter; in reality, the lightweight nature and numerous/infinite
DOFs exhibited by soft robots significantly enhance their safety, and the control approach
also has a considerable influence. Furthermore, choosing materials that are too soft can
undermine the robot’s effectiveness, leading to imprecise or oscillatory motions, reduced
payload capacity, and an inability to apply sufficient force to the environment (Cianchetti
et al., 2013; Hawkes et al., 2017; Iida and Laschi, 2011; Majidi, 2014; Mazzolai et al., 2022).
We argue that framing the issue as merely a balance between performance and softness
oversimplifies the problem, since the safety of soft robots depends on both their body
(e.g., morphology) and their brain (e.g., control and perception systems). Formalizing and
quantifying this safety–performance trade-off would enable designers to find an optimal
balance that maximizes performance while ensuring the necessary safety, a consideration
that is particularly critical in human-centered environments.

Beyond safety-aware design, we expect that a comprehensive safety metric will be
invaluable for other applications, such as the safety certification of soft robotic designs
and safety-aware control, where the controller adjusts its actions to continuously meet
required safety levels. After discussing these potential applications in detail, we establish
the requirements a safety metric must satisfy for these purposes. We then introduce a
new model-based safety metric for soft robots by extending the injury criterion from
the existing ISO norms for collaborative robots (Standard, 2016). Our approach modifies
the underlying model to capture key characteristics of soft robots, such as their elastic
structures—which deform under internal actuation and external forces—and the possibility
of collisions occurring along their entire body. By modeling the contact interactions
and collision dynamics between soft robots and humans, and analogously to ISO/TS
15066:2016 (Standard, 2016), we use the maximum contact pressure during a collision as a
proxy for injury severity. Instead of relying on computationally expensive simulations, we
develop a conservative approximation of the collision dynamics that allows us to compute
the maximum contact pressure in closed form. Importantly, our safety metric considers
the closed-loop system dynamics, incorporating the control policy when assessing injury
severity. It is proposed in two variants: the Soft Robot Injury Severity Criterion (SRISC),
which calculates injury severity for a known soft robot state, control input, and contact
geometry (e.g., the specific point of contact and collision direction), making it especially
suited for safety-aware control applications; and the Soft Robot Design Hazardousness
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Criterion (SRDHC), which evaluates safety across all possible contact geometries and robot
states within a given operating envelope. We envision the SRDHC as the metric of choice
for both safety-aware design and design safety certification.

3.2 Towards Quantifying the Safety of Soft Robots
In the following, we contextualize the topic by reviewing the literature on how safety has
been assessed and quantified in the realm of robotics before, where almost all prior work
is on the safety of industrial and collaborative rigid robotic manipulators. Subsequently,
we will motivate the need for a quantitative safety metric for soft robots by showcasing
future applications that such a metric would enable. This will then allow us to define a list
of requirements for characteristics that a safety metric needs to exhibit.

3.2.1 Background on Safety Criteria for Robotic Manipula-
tors

A safety criterion is defined as a measure of the potential injury severity resulting from a
collision between a machine and a human (Haddadin, 2013). Given the scarcity of literature
on the safety quantification of soft robots (Abidi and Cianchetti, 2017), we will primarily
concentrate on work related to establishing safety criteria for rigid, and specifically collab-
orative, robots (De Santis et al., 2008; Haddadin, 2013; Zinn et al., 2004a). In particular, we
want to highlight the seminal work by Haddadin (2013) as well as the established interna-
tional regulations that ensure safe robot (e.g., cobot) behavior in collaborative human-robot
settings.

Motivation
Various factors have motivated the robotics community to assess robot safety and de-
velop corresponding criteria (De Santis et al., 2008; Van Diepen and Shea, 2018). First, by
understanding the key safety-related factors, we can enhance robotic designs and control al-
gorithms (Albu-Schäffer et al., 2007; Bicchi and Tonietti, 2004; Bischoff et al., 2010; Mansfeld
et al., 2018; Park et al., 2011; Zinn et al., 2004b). Second, quantifying the injury risks associ-
ated with robots enables the establishment of minimal safety standards and constraints
on design and actuation—illustrated, for instance, by ISO 10218-1:2011 (ISO 10218-1: 2011,
2011) for industrial robots and ISO/TS 15066:2016 (Standard, 2016) for collaborative robots.
This process allows designers and manufacturers to certify that their designs are safe,
which is crucial for adoption by industrial customers and consumers. Third, modeling
injury risk and explicitly setting operational constraints paves the way for safety-aware
control and motion planning (Bertino et al., 2023; Ferraguti et al., 2020; Haddadin, 2013;
Lacevic and Rocco, 2011; Lacevic et al., 2022; Pupa and Secchi, 2024; Standard, 2016).

There are several approaches to achieving such safety-aware control. One well-
establishedmethod is the use of collision avoidance algorithms (Haddadin, 2013), which trig-
ger evasive maneuvers when a force/torque observer detects contact or collision (De Luca
et al., 2006; Haddadin et al., 2008a, 2011a). However, this reactive approach has its draw-
backs—time delays (from observation and reaction times) and actuator limitations (due to
system inertia) may sometimes prevent injuries from being avoided. Moreover, aiming to
avoid contact altogether runs counter to the vision of close human-robot collaboration.
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To address these shortcomings, another strategy is to incorporate safety criteria di-
rectly into control and motion planning (Haddadin, 2013). A common approach is to define
kinematic constraints that inherently ensure safety. These constraints can be applied to the
robot’s joint-space or task-space positions—often referred to as danger zones in the litera-
ture (Lacevic and Rocco, 2011; Lacevic et al., 2022)—to maintain a safe separation distance
from humans (Standard, 2016) and ensure that the robot can always be slowed or stopped
in time. This can be achieved either by preventing the robot from entering unsafe areas, for
example, using safety filters (Bertino et al., 2023; Haddadin et al., 2010b), or by requiring
humans to steer clear of these zones during operation. Alternatively, kinematic constraints
can be defined in terms of maximum joint- or task-space velocities (Ferraguti et al., 2020;
Pupa and Secchi, 2024; Standard, 2016), enforced via direct saturation or optimization-based
techniques—such as MPC (Pupa and Secchi, 2024) or CBF (Ferraguti et al., 2020)—which aim
to preserve the desired task behavior (Haddadin et al., 2010b). Finally, dynamic constraints
(e.g., maximum contact force or pressure) may also be formulated and enforced through
MPC, CBFs (Ames et al., 2016), or additional safety filters (Hewing et al., 2020).

Classification of Collisions
Collisions between robots and humans are generally categorized as either blunt or sharp
contacts (Haddadin, 2013; Haddadin et al., 2009, 2011b). In blunt contact, the robot engages
with a human using a large, flat, or rounded surface, which spreads the force over a broader
area. Although this distribution may lower the risk of penetration, it can still lead to
injuries—such as bruises, contusions, lacerations (both crush and gash), internal injuries,
or even fractures—if the impact energy is sufficiently high (Haddadin, 2013; Haddadin
et al., 2009, 2011b). Conversely, sharp or acute contacts occur when the robot makes
contact with a small, focused area, like a point, edge, or any protruding element with a
fine geometry. Because the force is concentrated over a smaller area, sharp contact has a
greater potential for causing lacerations (cuts, stabs, or punctures) or abrasion wounds,
making even relatively low forces particularly dangerous (Haddadin et al., 2011a, 2010a).

Since sharp contact is most often caused by tool use or by other sharp elements along
the body of a (soft) robot, it can typically be avoided through an appropriate robot surface
design1. Consequently, our focus will primarily be on reviewing literature related to safety
criteria for blunt contacts (Haddadin, 2013; Haddadin et al., 2011a). Typically, injury severity
is analyzed separately for each body part (e.g., head, neck, chest, arm, eye, etc.) (Haddadin,
2013; Haddadin et al., 2008a), and safety criteria are often specialized to represent the
injury severity on a specific area2. Finally, collisions can also be classified based on
the contact scenario, distinguishing between quasi-static and dynamic interactions, and
considering whether injuries result from direct impact, clamping within the robot structure,
or secondary impacts with the environment following the collision (Haddadin et al., 2009,
2011b).

1According to Haddadin et al. (2011a), similar force-based techniques can be used to derive safety criteria for sharp
contacts as for blunt contacts, with the primary difference being that the relevant safety thresholds need to be
adjusted. For example, the pain/injury tolerance for uncovered skin is approximately 75±45N and 12.4±4.9mm
for forces and deflection, respectively (Haddadin et al., 2011a, 2010a).

2One exception is soft-tissue injuries caused by sharp contact, which generally apply across various body parts
(except for the eye), with the main variation being the lethal penetration depth (Haddadin et al., 2011a, 2010a).
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Safety Criteria for Collaborative Robots
The safety criteria—often referred to as injury severity criteria—that have been proposed
for rigid robots can be broadly categorized into acceleration-, force-, stress/pressure-,
compression-, viscous-, and energy-based criteria (Haddadin, 2013; Haddadin et al., 2009).

Acceleration-based criteria are commonly employed to assess head injuries and, to a
lesser extent, chest injuries (Haddadin, 2013). Most acceleration-based head injury severity
measures were originally developed for automotive applications. For instance, the 3ms
Criterion requires that the maximum 3ms-average head acceleration during a collision
remains below 72 g (Got et al., 1978; Haddadin, 2013). Another notable example—and
the most widely adopted head injury index—is the Head Injury Criterion (HIC) (Versace,
1971), which evaluates the maximum acceleration integrated over a 36ms period during a
collision (Haddadin, 2013). To our knowledge, the first adaptation of the HIC for the robotics
community (Bicchi and Tonietti, 2004; Zinn et al., 2004a,b), later explored further by Bicchi
et al. (2008); Haddadin et al. (2008b); Shin et al. (2008), spearheaded the research on safety
criteria for rigid robotic manipulators (De Santis et al., 2008; Haddadin, 2013). However,
subsequent studies have shown that many injury severity criteria originally designed
for automotive use—and in particular the HIC—are not well-suited as safety measures for
collaborative robots because (a) they are not properly calibrated for the accelerations typical
in human–robot collisions but instead are focused assessing the fatality of impacts, and (b)
even when the robots operate at maximum speed, which is approximately 2m/s (Haddadin
et al., 2009) for common cobots (Albu-Schäffer et al., 2007; Bischoff et al., 2010), the resulting
injury level is assessed as very low on the EuroNCAP (EuroNCAP, 2004) scale. While this
might be acceptable for the relatively rare car crashes, even minor injuries are unacceptable
in human–robot collaboration settings (Haddadin et al., 2009, 2011b).

Force-based criteria (Kirschner et al., 2021a) evaluate the (maximum) contact force
experienced during a collision and are often used to assess the severity of neck and chest
injuries (Haddadin, 2013). In automotive literature, EuroNCAP (EuroNCAP, 2004) cites
a critical neck force of 1100N based on biomechanical and forensic studies (Haddadin
et al., 2009; Madea and Brinkmann, 2019). ISO/TS 15066:2016 (Standard, 2016) establishes
a threshold for minor injuries—derived from biomechanical studies with adults (Muttray
et al., 2014b)—at quasi-static contact forces of 65−300 N, with the lowest pain threshold
applying to the face. It is important to note that in transient scenarios, humans can tolerate
roughly twice these force levels. In these assessments, a contact area of approximately
∼ 2 cm2 is assumed (Standard, 2016).

Pressure/stress-based criteria (Haddadin, 2013; Wassink and Stramigioli, 2007) are
closely related to force-based criteria, as they assess the maximum local ratio of contact
force to contact area. According to the ISO norm (Standard, 2016), these criteria are
pertinent for evaluating pain sensitivity and injury severity from blunt and even sharp
impacts across most body parts. Biomechanical pain tolerance studies (Muttray et al., 2014b)
have set the quasi-static contact threshold at 1.1−3 MPa, with peak pressures measured at
a resolution of 1mm2 (Standard, 2016).

Compression-based criteria are particularly prevalent formodeling chest injuries (Had-
dadin, 2013; Haddadin et al., 2007). For instance, the Compression Criterion (Kroell et al.,
1974; Lobdell et al., 1973) stipulates that the maximum chest deformation should not exceed
22mm. Viscous-based criteria take into account not only the (chest) deformation but also
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the associated velocity (Haddadin, 2013; Haddadin et al., 2007). An example is the Viscous
Criterion (Lau and Viano, 1986; Viano and Lau, 1985), also known as the soft-tissue criterion,
which multiplies these two factors; however, it is prone to measurement noise (Haddadin
et al., 2011b).

Energy-based criteria evaluate the (kinetic) energy transferred to a human during
a collision with the robot (Haddadin, 2013; Haddadin et al., 2011b; Standard, 2016). Such
energy criteria have been used particularly to assess head injury severity (Haddadin et al.,
2009), where a kinetic energy transfer of just 50−100 J can fracture the skull (Haddadin
et al., 2009). Additionally, ISO/TS 15066:2016 (Standard, 2016) has set maximum transferred
energy thresholds for other body parts—approximately 0.1J for the face and 2.6J for the
pelvis. Although the strength of this safety criterion lies in its integration of transient forces
over time, rather than just considering the (peak) contact pressure at a single moment, a
drawback is that it does not factor in the contact area (e.g., blunt versus sharp contacts),
which significantly influences injury severity in practice. This limitation is addressed by
considering normalized energy, also known as energy density, where the threshold is set
at 2.5J/cm2 for soft tissue (Haddadin et al., 2011b). Energy density has also proven to be
an effective indicator for eye injuries (Haddadin, 2013).

The collision between a robot and a human (or a specific body part) is typically modeled
by representing them as two point masses, 𝑚R and 𝑚H, connected by a spring that captures
the serial elasticity of both the robot’s surface and the human soft tissue (Bicchi and Tonietti,
2004; Haddadin et al., 2009; Standard, 2016). This model facilitates the straightforward
evaluation of the safety criteria introduced earlier, since, for example, the contact force
is determined by the evolution of the spring force over time. The robot’s effective mass,
𝑚R (Kirschner et al., 2021b), is obtained by evaluating the system’s reflected inertia at
a given position using operational-space dynamics (Khatib, 1987) (see Section 2.2.3 for
further details). The reflected inertia of the human, 𝑚H, is provided for various body parts
in ISO/TS 15066:2016 (Standard, 2016). However, this value is relevant only for contact
scenarios in which the human is free to move (i.e., unconstrained). In contrast, collision
scenarios involving a (partially) constrained human typically result in significantly higher
injury severities. To represent the worst-case scenario—where the human body part is
completely constrained (Haddadin et al., 2009, 2011b)—we would assume that 𝑚H ≫𝑚R.

Finally, it is worth reiterating that safety criteria for rigid manipulators operating in
human environments (e.g., cobots) have been standardized in ISO/TS 15066:2016 (Standard,
2016). More recently, the methodologies for measuring forces and pressures in physical
human-robot interactions, particularly those involving pressure-forcemeasurement devices,
have been detailed in ISO/PAS 5672:2023 (Standard, 2023).

Towards Safety Criteria for Soft Robots
However, these existing methods for deriving safety metrics for collaborative robots cannot
be directly applied to soft robots without modification. There are several reasons for
this: (a) The aforementioned simplified point-mass models only account for the robot’s
inertia and implicitly assume that the collision point is free to move in space, meaning no
forces act on the joints. In contrast, with soft robots—even when a collision is detected,
and actuation is deactivated—substantial forces still arise from the structure’s inherent
elasticity. (b) Furthermore, while in rigid robots, the considerable mass ensures that contact
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forces and transferred energy are primarily dominated by kinetic energy at the time of
collision (Haddadin et al., 2009), in soft robots, steady-state forces such as elasticity and
gravitational effects play a far more significant role. (c) Finally, existing literature on safety
criteria for rigid robots mainly focuses on contact at the end-effector (Haddadin, 2013;
Haddadin et al., 2009), where the highest velocities are typically observed. In contrast, soft
robots require consideration of collisions along their entire body, particularly given their
higher operational-space stiffness near the proximal end.

To the best of our knowledge, the only preliminary study on the intrinsic safety of soft
robots is the initial work by Abidi and Cianchetti (2017), which approximates a soft robot
as a Timoshenko beam (Timoshenko, 1921) and subsequently links the low stiffness of soft
robots (Rus and Tolley, 2015) to reduced forces. However, this approach falls short as a
safety criterion for several reasons: (a) the force is expressed as a PDE in time and spatial
deformation, making practical evaluation challenging; (b) the Timoshenko-Ehrenfest beam
theory (Timoshenko, 1921) accounts only for shear and bending deformations in a plane,
whereas many soft robots also experience additional deformation modes such as axial
and twist strains (Armanini et al., 2023); (c) it is tailored to small deflections and linear
behavior, even though soft robots can exhibit large deformations and significant nonlinear
behavior (Della Santina et al., 2023); and (d) it does not consider the actuation characteristics
of the soft robot.

3.2.2 Potential Applications for a Safety Metric

We envision a safety metric for soft robots that will enable a variety of applications, as
illustrated in Fig. 3.1. These applications can be categorized into two main domains:
safety-aware control and safety-aware design.

In the realm of safety-aware control, we assume the soft robotic design is already
established and focus on controlling its actions to maintain an acceptable safety level.
This approach does not preclude contact or collisions with the environment; rather, it
ensures that such interactions do not result in significant injuries. Examples include safety
filters (Bertino et al., 2023), which allow the use of high-performance control policies, such
as RL, that do not explicitly account for safety constraints while still guaranteeing safety
by filtering or saturating the control input. Alternative methods like MPC (Hewing et al.,
2020; Pupa and Secchi, 2024) or CBFs (Ames et al., 2016; Ferraguti et al., 2020)—referred to
as safety-constrained control—integrate safety constraints directly into the control strategy.

Another promising direction unlocked by a safety metric is safety-aware design, which
involves evaluating an integrated soft robot design for its safety. We see this as comprising
two subcategories: safety-aware design optimization, which incorporates safety into the
design process either through inequality constraints (ensuring a minimum safety level) or
by maximizing safety via the cost function; and safety certification, where, after a design is
finalized, manufacturers can certify that their product meets the necessary safety standards
for specific applications (e.g., healthcare, agri-food, manufacturing, etc.). This approach
aligns well with established safety standards for collaborative rigid robots as defined in
ISO/TS 15066:2016 (Standard, 2016).
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Figure 3.1: Future applications that a quantitative safety metric for soft robots would enable. Top: Here, we
showcase how the safety metric could be used for safety-aware design optimization and, particularly, for analyzing
and exploiting the performance vs. safety tradeoff. Subsequently, the safety metric could be used for certifying a
given design as safe for the respective application. Bottom: The safety metric could also be used for safety-aware
control - either by filtering the outputs of the controller without safety guarantees or by explicitly including the
safety requirements as constraints during the optimization of the control input sequence (e.g., MPC, CBFs).
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3.2.3 Reqirements for a Soft Robotic Safety Metric
In the following, we outline several requirements that, in our opinion, a safety metric
must satisfy to be well-suited for the applications described in Sec. 3.2.2. First (1), the
metric should account for the dynamics inherent to continuum soft robots and their unique
characteristics. For example, a primary difference between rigid and soft manipulators is
that free-moving joints with integrated motors are replaced by a compliant structure that
deforms under internal actuation and external forces. Consequently, any safety metric
must consider the elastic and inertial properties generated by the distributed material along
the robot’s backbone. Secondly (2), the safety metric must evaluate collisions occurring
anywhere along the soft robot’s body—not just at the end-effector. This represents a
significant departure from existing safety metrics for rigid or collaborative robots, which
often focus solely on the end-effector due to its typically higher motion velocities (Haddadin
et al., 2009, 2011b; Standard, 2016). In contrast, soft robots exhibit high Cartesian stiffness
near their proximal end, making it necessary to assess safety along the entire structure.
Next (3), any simplifying assumptions should yield a conservative safety estimate. For
instance, while soft robot models used in the metric might employ a finite-dimensional
approximation of the continuum shape, in reality, these flexible structures possess infinite
degrees of freedom (Armanini et al., 2023; Della Santina et al., 2023). Therefore, a safety
metric based on such approximations should tend to underestimate rather than overestimate
the design’s safety. Fourthly (4), the computation of the safety metric must be tractable,
which is essential for safety-aware control and design applications that require evaluations
on sub-second to second timescales, respectively. Finally, we highlight a few desirable
characteristics: (5) in applications such as safety-aware control or design, it is advantageous
if the safety metric is differentiable with respect to design parameters, robot states, and
control inputs; and (6) ideally, the metric should also reflect how “safe” the soft robot’s
design (e.g., its friendly appearance) and behavior (e.g., smooth and predictable movements)
are perceived by users. In addition to user studies, the evaluation of this metric might be
enhanced by leveraging Vision-Language Models (VLMs) (Grattafiori et al., 2024; Touvron
et al., 2023).

3.3 A Metric for Quantifying the Safety of Soft
Robots

Thereafter, we propose a quantitative safety metric for blunt contacts (Haddadin et al.,
2011b) between soft robots and humans that captures the particular characteristics that
continuum soft robots exhibit (e.g., elasticity, actuation through their structure, Cosserat
rod dynamics, etc.). Importantly, the presented safety metric fulfills all the mandatory
requirements that we laid out previously. First, we state the necessary background on soft
robotic dynamics and contact models. Subsequently, we derive the dynamics of a collision
between the continuum soft robot and the human (body part). Next, we propose two flavors
of the safety metric: (i) the Soft Robot Injury Severity Criterion (SRISC) captures the injury
risk for a given contact geometry, soft robot state, and actuation sequence. We envision this
criterion to be useful for control applications with safety guarantees. The second flavor, (ii)
the Soft Robot Design Hazardousness Criterion (SRDHC), captures the inherent safety of
an integrated soft robot design (e.g., also considering the control policy) and leverages the
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SRISC for estimating the maximum injury risk over all possible contact geometries, feasible
robot states, and actuation sequences. Apart from the procedure for formulating this safety
metric, one of the key innovations here is that we identify a closed-form solution to the
collision dynamics, which renders the computation of the SRISC to be computationally
tractable.

3.3.1 Background on Soft Robot Dynamics and Contact Model
Following the Cosserat rod theory, we can capture the kinematic behavior of slender
structures such as continuum soft robots by considering the deformations of the robot’s
backbone. As the 1D spatial deformations of this backbone are still an infinite-dimensional
problem, the field has developed many methods, such as PCC (Webster III and Jones, 2010),
PCS (Renda et al., 2018), and GVS (Renda et al., 2020), to describe such deformations with a
finite number of finite vectors of configuration variables 𝑞 ∈ ℝ𝑛. The associated forward
kinematic model then allows us to define the geometric positional Jacobian 𝐽p(𝑞, 𝑠) ∈ ℝ3×𝑛,
where 𝑠 ∈ (0,𝐿] is the backbone abscissa/coordinate and 𝐿 is the length of the entire
continuum structure. Independent of the specific chosen kinematic model, the EOM of
a continuum soft robot can often be stated as (Armanini et al., 2023; Della Santina et al.,
2023)

𝑀(𝑞) 𝑞̈ +𝐶(𝑞, 𝑞̇) 𝑞̇ +𝜕𝑞 (𝑞)+𝐷𝑞̇ = 𝐴𝜏(𝑞)𝜏 +𝜏c, (3.1)
𝑀(𝑞) ∈ ℝ𝑛×𝑛 and 𝐶(𝑞, 𝑞̇) ∈ ℝ𝑛×𝑛 consider the inertial and Coriolis effects of the soft robot
system, respectively. 𝜕𝑞 (𝑞) ∈ ℝ𝑛 captures the forces stemming from the potential (𝑞) ∶
ℝ𝑛→ℝ. Often times, the potential forces simplify to 𝜕𝑞 (𝑞) =𝐺(𝑞)+𝐾𝑞, where𝐺(𝑞) ∈ ℝ𝑛
describes the gravitational forces, and 𝐾 ≻ 0 ∈ ℝ𝑛×𝑛 is the stiffness matrix. Dissipation
is integrated through the damping matrix 𝐷 ≻ 0 ∈ ℝ𝑛×𝑛. 𝜏(𝑡,𝑞, 𝑞̇) ∈ ℝ𝑚 contributes the
actuation (determined by a control policy) that acts through the linear map 𝐴𝜏(𝑞) ∈ ℝ𝑛×𝑚
on the generalized coordinates.

The term 𝜏c ∈ ℝ𝑛 collects all contributions by external contact forces on the generalized
coordinates. In the following, we will assume that the soft robot is only in contact with the
human at one discrete point and that only pure forces are reflected between the bodies
during the contact (i.e., no Cartesian torques). Specifically, we assume that the contact
occurs at the backbone abscissa 𝑠c ∈ (0,𝐿] and that the contact exhibits a constant surface
normal of 𝑛c ∈ 3 which is a unit vector and, with that, 3 = {𝑛c ∈ ℝ3 ∶ ‖𝑛c‖2 = 1}. We now
describe with 𝛿c > 0 a penetration between the soft robot and the soft tissue of the human.
Then, the generalized torque acting on the soft robot as a consequence of the contact is
given by 𝜏c = −𝐽⊤(𝑞, 𝑠c)𝑛c 𝑓c(𝛿c, 𝛿̇c) = −𝐽⊤c (𝑞, 𝑠c,𝑛c)𝑓c(𝛿c, 𝛿̇c), where 𝑓c(𝛿c, 𝛿̇c) ∈ ℝ≥0 is the
scalar non-negative contact force. In the following, we will frequently omit the dependency
of symbols, such as 𝐽c(𝑞), on the (𝑠c,𝑛c) to simplify the notation. While the formulation
that we use in this chapter for formulating the safety metric is compatible with many of
the contact models that have been studied in the literature, such as Hunt-Crossley (Aouaj
et al., 2021; Hunt, 1975), Hertz (Johnson, 1987; Park et al., 2011; She et al., 2020b), etc., we
will mainly focus in the following on a linear spring-damper contact model (Haddadin
et al., 2009; Standard, 2016) given by

𝑓c(𝛿c, 𝛿̇c) =

{
0 𝛿c ≤ 0,
𝑘c 𝛿c+𝑑c 𝛿̇c 𝛿c > 0,

(3.2)
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where 𝑘c ∈ ℝ>0 is the contact stiffness and 𝑑c ∈ ℝ≥0 is the contact damping coefficient. If we
assume the soft robot surface material and the human soft tissue to have spring constants
and damping coefficients of 𝑘R,surf , 𝑘H,st, and 𝑑R, 𝑑H, respectively, then we can connect the
spring-dampers in series

𝑘c = (
1

𝑘R,surf
+

1
𝑘H,st)

−1

, 𝑑c = (
1
𝑑R

+
1
𝑑H)

−1

. (3.3)

Please note that the effective spring constant of many human body parts is reported in
ISO/TS 15066:2016 (Standard, 2016).

3.3.2 Collision Dynamics
We now progress towards a formulation of the collision dynamics as motions of the soft
robot and the human body part along the contact surface normal 𝑛c.

First, we describe the motion of the contact point of the soft robot with position and
velocity 𝑥R, 𝑥̇R ∈ ℝ. We can project the dynamics of (3.1) into this 1D motion through the
expression 𝑥̇R = 𝐽c 𝑞̇ yielding the form (Della Santina et al., 2020c, 2019b; Khatib, 1987;
Stölzle et al., 2024a)

Λc(𝑞) 𝑥̈R+𝜂c(𝑞, 𝑞̇) 𝑥̇R+𝐽+⊤c,M(𝑞)(𝜕𝑞 (𝑞)+𝐷𝑞̇) = 𝐽+⊤c,M(𝑞)𝐴𝜏(𝑞)𝜏 −𝑓c(𝛿c, 𝛿̇c), (3.4)

where 𝐽+⊤c,M(𝑞, 𝑠c,𝑛c) = 𝑀
−1𝐽⊤c (𝐽c𝑀−1𝐽⊤c )−1 ∈ ℝ𝑛×1 is the dynamically consistent pseudo-

inverse, Λc(𝑞, 𝑠c,𝑛c) = (𝐽c𝑀−1𝐽⊤c )−1 ∈ ℝ1×1 is the reflected inertia of the soft robot at the
contact point (Haddadin et al., 2009; Standard, 2016), and 𝜂c(𝑞, 𝑞̇, 𝑠c,𝑛c) = Λc(𝑞)(𝐽c𝑀−1𝐶−
𝐽c) ∈ ℝ1×𝑛 collects the Cartesian Coriolis and centrifugal terms (Khatib, 1987). As mentioned
already previously, if not explicitly stated otherwise, we will in the following, to simplify
the notation, drop the specific dependency on the contact geometry (𝑠c,𝑛c): 𝐽+⊤c,M(𝑞) =
𝐽+⊤c,M(𝑞, 𝑠c,𝑛c), Λc(𝑞) = Λc(𝑞, 𝑠c,𝑛c), etc.

Next, we move towards modeling the behavior of the human body part. In literature, the
human body part is usually modeled as a point mass3 𝑚H (Haddadin et al., 2011b; Standard,
2016) that moves in 1D along the surface normal of the contact with state (𝑥H, 𝑥̇H). Instead,
we take here a conservative approach and assume that the human body is constrained in its
motion with velocity 𝑣H ∈ ℝ towards the soft robots (i.e., 𝑚H ≫Λ(𝑞)∀𝑞). This represents
the worst case. After the coordinate change 𝛿c(𝑡) = 𝑥R(𝑡)−𝑥H, 𝛿̇c = 𝑥̇R(𝑡)+𝑣H, where 𝑥H ∈ ℝ
is the position of the soft tissue surface, and while only considering the case of contact
(i.e., 𝛿c ≥ 0), the collision dynamics are given by

Λc(𝑞) 𝛿̈c+𝜂c(𝑞, 𝑞̇) 𝛿̇c+𝐽+⊤c,M(𝑞)(𝜕𝑞 (𝑞)+𝐷𝑞̇) = 𝐽+⊤c,M(𝑞)𝐴𝜏(𝑞)𝜏 −𝑘c 𝛿c−𝑑c 𝛿̇c. (3.5)

We are now interested in identifying the maximum force 𝑓c(𝑡) that occurs during the entire
time of the contact. Therefore, we can neglect any damping forces, such as 𝑑c 𝛿̇c and 𝐷𝑞̇, as
they dissipate energy, and, therefore, reduce the maximum contact force. Furthermore, we
assume that the Coriolis effects are sufficiently small and can be neglected as well. Finally,

3Please note that the effective mass of various human body parts is reported in ISO/TS 15066:2016 (Standard,
2016).
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we assume that the change of configuration during the collision is sufficiently small such
that the dynamic matrices can be approximated as constant:

𝑚R = Λc(𝑞0c ) ≈ Λc(𝑞), 𝐴𝜏,c = 𝐽+⊤c,M(𝑞
0
c )𝐴𝜏(𝑞

0
c ) ≈ 𝐽

+⊤
c,M(𝑞)𝐴𝜏(𝑞), ∀ 𝑡 ≥ 𝑡0c , (3.6)

where the 𝑞0c is the configuration of the robot at the beginning of the contact. The same
assumption also allows us to linearize the potential forces of the soft robot with

𝑓 = 𝐽+⊤c,M(𝑞)𝜕𝑞 (𝑞) ≈ 𝐽+⊤c,M(𝑞
0
c )𝜕𝑞 (𝑞0c )⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝑓 c0

+
𝜕
𝜕𝑞
𝐽+⊤c,M(𝑞)𝜕𝑞 (𝑞)|||𝑞=𝑞0c

𝐽+c,M(𝑞
0
c )

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝑘R

𝛿c, (3.7)

where 𝑘R ∈ ℝ is the local stiffness of the system against small perturbations and 𝑓 c0 are the
potential forces present at the start of the contact. Furthermore, we assume the actuation
force to be constant, which can be easily accomplished by conservatively considering
the maximum actuation force 𝑓𝜏 = max𝑡 |𝐴𝜏,c 𝜏(𝑡)| that the robot experiences during the
collision. Integrating the stated assumptions into the EOM results in the approximated
collision dynamics (during contact)

𝑚R 𝛿̈c+(𝑘R+𝑘c)𝛿c = 𝑓𝜏 −𝑓 c0 . (3.8)

To avoid computationally expensive simulations of the collision, we identify a closed-form
solution to the collision dynamics

𝛿c(𝑡) = (𝛿
0
c −

𝑓𝜏 −𝑓 c0
𝑘R +𝑘c )

cos
(

√
𝑘R +𝑘c
𝑚R

𝑡
)
+ 𝛿̇0c

√
𝑚R

𝑘R +𝑘c
sin

(

√
𝑘R +𝑘c
𝑚R

𝑡
)
+
𝑓𝜏 −𝑓 c0
𝑘R +𝑘c

,

𝛿̇c(𝑡) = −
√
𝑘R +𝑘c
𝑚R (𝛿

0
c −

𝑓𝜏 −𝑓 c0
𝑘R +𝑘c )

sin
(

√
𝑘R +𝑘c
𝑚R

𝑡
)
+ 𝛿̇0c cos(

√
𝑘R +𝑘c
𝑚R

𝑡
)
,

(3.9)

where we assume without loss of generality that 𝑡0c = 0 at the start of the collision, and 𝛿0c
is the initial penetration depth, although generally 𝛿0c = 0. The initial penetration velocity
can be computed as a function of the configuration-space velocity as 𝛿̇0c = 𝐽c(𝑞0c ) 𝑞̇0c +𝑣H.

3.3.3 Soft Robot Injury Severity Criterion
Following the standards established in ISO/TS 15066:2016 (Standard, 2016), we consider
the maximum contact pressure, also sometimes referred to as stress (Haddadin et al., 2009),
experienced during the collision as a proxy for the injury risk. Therefore, we define the
SRISC for a given tuple (𝑞0c , 𝑠c,𝑛c) capturing the contact geometry as

SRISC(𝑞0c , 𝛿̇
0
c , 𝜏, 𝑠c,𝑛c) = max

𝑡
𝑝c = max

𝑡

𝑓c(𝑡)
𝐴c(𝑡)

≤
max𝑡 𝑓c(𝑡)
min𝑡 𝐴c(𝑡)

=
𝑘cmax𝑡 𝛿c(𝑡)
min𝑡 𝐴c(𝑡)

, (3.10)

where 𝑝c(𝑡) is the contact pressure/stress, and 𝐴c is the contact area. We illustrate the
derivation and definition of the SRISC in Fig. 3.2.

The closed-form solution to the collision dynamics of (3.9) allows us to upper-bound
the maximum contact force max𝑡 𝑓c(𝑡) that is encountered during the collision as

max
𝑡
𝑓c(𝑡) = 𝑘c

⎛
⎜
⎜
⎝

𝑓𝜏 −𝑓 c0
𝑘R+𝑘c

+

√

(𝛿
0
c −

𝑓𝜏 −𝑓 c0
𝑘R+𝑘c )

2

+(𝛿̇0c)
2 𝑚R

𝑘R+𝑘c

⎞
⎟
⎟
⎠
. (3.11)
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Figure 3.2: Proposed Soft Robot Injury Severity Criterion (SRISC) as a safety criterion for soft robots: The
maximum contact pressure/stress max𝑡 𝑝c(𝑡) = max𝑡

𝑓c(𝑡)
𝐴c experienced during the (potential) collision acts as a

proxy for the expected injury risk (Standard, 2016), where 𝑓c(𝑡) denotes the contact force and 𝐴c the contact area.
For computing 𝑓c(𝑡), we derive the dynamics of the collision (i.e., the time evolution of the penetration depth
𝛿c(𝑡)) by projecting the dynamics of the soft robot onto a 1D Cartesian motion along the contact surface normal.
In order to get a conservative estimate of the injury risk, we assume the human body part to be constrained in its
motion (i.e., that the inertia of the human body part dominates the reflected inertia of the soft robot 𝑚R).

We verify and visualize the behavior of the closed-form expression from (3.9) and its
upper bound (3.11) in Fig. 3.3. It can be clearly seen how (3.11) represents a conservative
upper bound on the actual contact forces the system experiences if we were to also account
for the hybrid nature of the dynamics and the damping of the system.

Example: Mass-Spring Robot
First, we consider the most basic soft robot - a damped mass-spring system with dynamics

𝑚R 𝑞̈ +𝑘R (𝑞 −𝑞0)+𝑑R 𝑞̇ = 𝑢+𝑓c, (3.12)

where 𝑞 ∈ ℝ and 𝑞0 ∈ ℝ is the equilibrium extension. Assuming 𝛿c(𝑡) = 𝑞(𝑡) (i.e., the robot
is in contact with the human when 𝑞 ≥ 0) and 𝑣H = 0, the SRISC is then given by

SRISC =
𝑘c
𝐴c (

𝑢−𝑘R(𝑞0c −𝑞0)
𝑘R+𝑘c

+

√

(
𝑢−𝑘R(𝑞0c −𝑞0)

𝑘R+𝑘c )

2

+(𝑞̇0c)
2 𝑚R

𝑘R+𝑘c)
, (3.13)

where 𝑞0c is the mass-spring position at which the collision starts and 𝑞̇0c is the associated
velocity.
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Figure 3.3: Verification of closed-form solution to (3.8): The solid lines represent numerical integrations of the
hybrid dynamics 𝑚R 𝛿̈c+𝑘R 𝛿c+𝑑R 𝛿̇c+𝑓c(𝛿c) = 𝑓𝜏 −𝑓 c0 with 𝑓c(𝛿c) = 𝑘c 𝛿c+𝑑c 𝛿̇c ∀𝛿c > 0 and 𝑓c(𝛿c) = 0∀ 𝛿c ≤ 0.
The dotted lines represent the closed-form solution to the time evolution reported in (3.9) based on the dynamics in
(3.8) that describe the behavior during the contact phase. The dashed lines represent the (conservative) maximum
contact force that could be encountered during the collision as determined by the closed-form expression (3.11).
As system parameters, we choose 𝑚R = 1kg, 𝑘R = 2kN/m, 𝑑R = 4Ns/m, 𝑘c = 25kN/m, which represents the
spring constant of the human chest according to ISO/TS 15066:2016 (Standard, 2016), 𝑑c = 20Ns/m, and 𝛿0c = 0m.
Please note that in all case we assume 𝑓 c0 = 0 and 𝑣H = 0.

Here, the SRISC exhibits the limits

lim
𝑘R→0,𝑢→0

SRISC =
√
𝑚R 𝑘c
𝐴c

𝑞̇0c , lim
𝑘R→∞

SRISC =
𝑘c
𝐴c

(−(𝑞0c −𝑞
0)+ ||𝑞

0
c −𝑞

0||) . (3.14)

If 𝑞0c ≥ 𝑞0, which can be interpreted as the spring being in its equilibrium or stretched at
the beginning of the collision, then the limit 𝑘R →∞ simplifies to lim𝑘R→∞ SRISC = 0.

We characterize the SRISC for this mass-spring robot example in the case of a collision
with a human chest and present the results in Fig. 3.4. Fig. 3.4(a) allows us to analyze
what influence the robot stiffness has on the SRISC: In the limit of 𝑘R → 0 with 𝑢 = 0, the
contact pressure is solely influenced by the robot’s initial velocity 𝑞̇0c , its mass 𝑚R, and the
contact stiffness 𝑘c. However, as 𝑘R > 0, we can notice a bifurcation behavior: if the robot
is stretched at the beginning of the collision (i.e., 𝑞0c > 0), then the contact stress SRISC



3

70 3 TowardsQuantifying the Safety of Soft Robots

0 200 400 600 800 1000

Robot stiffness kR [N/m]

−0.100

−0.075

−0.050

−0.025

0.000

0.025

0.050

0.075

0.100
In

it
ia

l
d

efl
ec

ti
o
n
q0 c

[m
]

1520

1656

1792

1928

2064

2200

2336

2472

2608

2744

In
ju

ry
S

ev
er

it
y

C
ri

te
ri

o
n

S
R

IS
C

[k
P

a
]↑ Unsafe

(a) Initial deflection 𝑞0c vs. Robot stiffness 𝑘R
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(b) Contact stiffness 𝑘c vs. robot stiffness 𝑘R
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(c) Initial velocity 𝑞̇0c vs. robot mass 𝑚R

Figure 3.4: Characterization of the SRISC on the mass-spring robot example. Here, we (closely) consider the
collision between the mass-spring robot and the human chest. Therefore, if we conservatively assume the robot
surface to be rigid, the spring constant of the contact with the chest is given as 𝑘c = 𝑘H = 25kN/m. Furthermore,
we assume a contact area of 1.5cm2, an external force of 𝑢 = 0N, and a equilibrium position of 𝑞0 = 0m. Finally,
according to ISO/TS 15066:2016 (Standard, 2016), the maximum acceptable contact pressure/stress in transient
conditions is given as 2400kPa, which serves as our threshold on the maximum acceptable SRISC. Panel (a):
Evaluating the influence of robot stiffness 𝑘R and the deflection of the soft robot at the beginning of the collision
𝑞0c on the SRISC. We choose 𝑚R = 1kg and 𝑞̇0c = 2m/s. Panel (b): Evaluating the influence of contact stiffness
𝑘c and the robot stiffness 𝑘R on the SRISC. We choose 𝑚R = 1kg, 𝑞0c = −0.1m, and 𝑞̇0c = −1.5m/s. Panel (c):
Evaluating the influence of robot mass 𝑚R and the robot velocity at the beginning of the collision 𝑞̇0c on the SRISC.
We choose 𝑘R = 1kN/m and 𝑞0c = 0m.

is decreased as 𝑘R is increased. Oppositely, if the robot is compressed at the beginning
of the collision (i.e., 𝑞0c < 0), then the contact stress SRISC is increased as 𝑘R is increased.
Fig. 3.4(b) shows, as expected, that increasing the contact stiffness leads to a higher peak
contact pressure. Analog to the known results in the realm of rigid robotics (Haddadin,
2013; Haddadin et al., 2009), it can be easily seen in Fig. 3.4(c) how higher velocities and
higher robot masses/inertia lead to higher injury severities and safety risks. This analysis
allows us to draw two important takeaways: (1) it is crucial to consider the maximum
deformation of the soft robot we would expect to occur during operation to assess its safety,
(2) as the robot’s stiffness is increased, the worst-case injury severity is also increased (Abidi
and Cianchetti, 2017) - confirming the intuition of how soft robots with their material
softness and lower inertia exhibit a more compliant behavior than traditional rigid robots.
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(b) Bending strain 𝜅be vs. axial strain 𝜎ax

Figure 3.5: Characterization of the reflected inertia, also called effective mass (Haddadin et al., 2009; Kirschner
et al., 2021b), on the example of a planar CS soft robot. Left: Variation of the collision backbone coordinate 𝑠c
against the polar angle of contact 𝜃c, where 𝜃c = 0 corresponds to a perpendicular collision with the backbone
and 𝑛c = (1,0) and 𝜃c = 𝜋

2 relates to a parallel collision with the robot backbone and 𝑛c = (0,1). We assume here
a soft robot in its equilibrium configuration (i.e., 𝑞 = 03). Right: Variation of the bending strain 𝜅be and the axial
strain 𝜎ax for a perpendicular collision (𝑛c = (0,1)) at the distal end of the robot (𝑠c = 0.1m).

Example: Planar Piecewise Constant Strain Robot
We now consider a planar 𝑁 segment PCS robot, as introduced in Chapter 2. Here,
the configuration of the 𝑖th segment is characterized by its spatially constant strain
𝜉𝑖 = [𝜅be,𝑖 𝜎sh,𝑖 𝜎ax,𝑖]

⊤, where 𝜅be,𝑖 is the bending, 𝜎sh,𝑖 the shear, and 𝜎ax,𝑖 the axi-
al/elongation strain (Renda et al., 2018). The collision dynamics are then given as

Λc(𝑞) 𝛿̈c+𝜂c(𝑞, 𝑞̇) 𝛿̇c+𝐽+⊤c,M(𝑞)(𝐺(𝑞)+𝑆 𝑞 +𝐷𝑞̇) = 𝐽
+⊤
c,M(𝑞)𝐴𝜏(𝑞)𝜏 −𝑘c 𝛿c−𝑑c 𝛿̇c, (3.15)

where 𝑆 ∈ ℝ3𝑁×3𝑁 is the linear stiffness of the robot, 𝐺(𝑞) ∈ ℝ3𝑁 captures the gravitational
forces, and 𝜏 ∈ ℝ𝑚 represents the actuator forces. We build the JAX (Bradbury et al., 2018)
implementation of these dynamics on the JSRM4 package (Stölzle et al., 2024b).

As we have seen in the previous example of the mass-spring robot, two of the variables
that have the largest impact on the SRISC are the reflected inertia 𝑚R, as defined in (3.6),
and the local soft robot stiffness in the collision direction 𝑘R, as defined in (3.7). Therefore,
we present in Figures 3.5 & 3.6 a characterization of the reflected inertia 𝑚R and the local
robot stiffness 𝑘R, respectively. In both cases, we consider a planar CS segment (i.e., 𝑁 = 1)
that has a length of 0.1m, a radius of 0.02m, a material density of 1070 kg/m3, an elastic
modulus of 𝐸 = 0.5MPa and a shear modulus of 𝐺 = 0.2MPa. The results show that the
reflected inertia is highest at the proximal end of the robot/segment (i.e., 𝑠c → 0) and for
collisions that are parallel to the backbone, which, for our definition of our coordinate
system with the soft robot in its straight configuration aligned with the y-axis, means that
𝜃c = 𝜋

2 +𝜋𝑛 and 𝑛c = [0 ±1]
⊤. Furthermore, when considering perpendicular collisions

with the backbone, the inertia increases with the bending strain and a compressed backbone
(i.e., an increase in mass density). Concerning the robot collision stiffness, we find that
4https://github.com/tud-phi/jax-soft-robot-modelling

https://github.com/tud-phi/jax-soft-robot-modelling
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(a) Contact backbone coordinate 𝑠c vs. polar angle 𝜃c
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(b) Bending strain 𝜅be vs. contact polar angle 𝜃c

Figure 3.6: Characterization of the local robot collision stiffness 𝑘R vs. polar angle 𝜃c on the example of a planar
CS soft robot. Left: Variation of the collision backbone coordinate 𝑠c against the polar angle of contact 𝜃c, where
𝜃c = 0 corresponds to a perpendicular collision with the backbone and 𝑛c = (1,0) and 𝜃c = 𝜋

2 relates to a parallel
collision with the robot backbone and 𝑛c = (0,1). We assume here a soft robot in its equilibrium configuration
(i.e., 𝑞 = 03). Right: Variation of the bending strain 𝜅be against the polar angle of contact 𝜃c at the distal end of
the robot (𝑠c = 0.1m).

it is highest at the proximal end of the soft robot. At the distal end, we identify larger
stiffnesses for parallel collisions, although the exact characteristics will depend on the
choice of backbone radius/second moment of area. With increased bending strain, the
polar angle with the highest stiffness will also change, as seen in Fig. 3.6(b).

In Fig. 3.7, we characterize the behavior of the SRISC on the case of a planar CS soft
robot with a nominal robot length 𝐿 = 0.25m, a backbone radius of 𝑅 = 0.02m, a nominal
mass density of 𝜌 = 1070kg/m3, an elastic modulus of 𝐸 = 0.5MPa, a shear modulus
of 𝐺 = 0.2MPa, a contact area of 𝐴c = 1.5cm2, the spring constant of the human chest
𝑘H,st = 25kN/m, and a soft robot surface material stiffness of 𝑘R,surf = 7.5kN/m. In all
cases, we set the external forcing to 𝑓𝜏 = 03, consider the human to be stationary and
constrained with 𝑣H = 0m/s, and assume a maximum threshold of 2400 kPa on the SRISC,
which mirrors the maximum transient contact stress that is acceptable for collisions with
the chest sternum according to ISO/TS 15066:2016 (Standard, 2016). In Fig.3.7(a), we
see that, as expected, the maximum contact stress—and therefore the SRISC—rises with
increased mass density and higher bending velocity in the collision direction. The results
in Fig. 3.7(b) are particularly intriguing: while the SRISC increases with longer segment
lengths—as longer soft robots exhibit higher Cartesian velocities for the same strain-space
velocities—the maximum contact stress is typically not located at the very tip of the distal
end but rather around 75 % of the robot’s length. We hypothesize that this occurs because
certain factors, such as stiffness and reflected inertia, peak at the proximal end, whereas
others—especially Cartesian velocity—are maximized at the distal end, leading to an overall
maximum SRISC somewhere between the two. Similarly, Fig. 3.7(c) displays analogous
behavior, with the polar angle corresponding to the maximum contact stress varying based



3.3 A Metric forQuantifying the Safety of Soft Robots

3

73

500 1000 1500 2000 2500 3000

Mass density ρ [kg/m3]

−600

−500

−400

−300

−200

−100

0

B
en

d
in

g
st

ra
in

ve
lo

ci
ty
κ̇

b
e

[r
ad

/s
]

0

315

630

945

1260

1575

1890

2205

2520

2835

In
ju

ry
S

ev
er

it
y

C
ri

te
ri

on
S

R
IS

C
[k

P
a
]

↑ Unsafe

(a) Bending strain velocity 𝜅̇be vs. mass density 𝜌
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(b) Robot length 𝐿 vs. backbone coordinate 𝑠c
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(c) Contact backbone coordinate 𝑠c vs. polar angle 𝜃c
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(d) Bending strain 𝜅be vs. polar angle 𝜃c

Figure 3.7: Characterization of the SRISC on a planar CS robot. Panel (a): Variation of the robot’s mass density 𝜌
and the bending strain velocity 𝜅̇be. We assume a perpendicular collision (𝑛c = (1,0)) at the tip of the segment
(𝑠c = 0.25m). Panel (b): Variation of the total robot length 𝐿 and the backbone coordinate 𝑠c where the collision
occurs. We assume a perpendicular collision (𝑛c = (1,0)) with a soft robot in its equilibrium configuration (i.e.,
𝑞 = 03). Panel (c): Variation of the backbone coordinate 𝑠c against the polar angle 𝜃c of the contact surface where
the collision occurs. Here, 𝜃c = 0 corresponds to a surface normal of 𝑛c = (1,0) and 𝜃c = 𝜋

2 to 𝑛c = (0,1). The soft
robot is assumed to be in its equilibrium configuration (i.e., 𝑞 = 03). Panel (d): Variation of the bending strain 𝜅be
against the polar angle 𝜃c of the contact surface where the collision occurs. We assume a collision with the distal
end of the soft robot (i.e., 𝑠c = 0.25m).

on the velocities and actuation applied to the soft robot. Finally, Fig. 3.7(d) shows that the
maximum SRISC occurs at a straight backbone configuration, with the maximum SRISC
decreasing as bending strain increases.

Example: Integrating a Control Policy
An important question when analyzing the safety of a closed-loop soft robotic system is
what influence the control policy has on the SRISC. First, we consider a case where the
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behavior of the control policy 𝜏(𝑞, 𝑞̇) cannot be bounded or even inspected, such as it
would be the case for controllers that contain integral terms or for many RL-based control
policies. In this case, access to actuation bounds [𝜏min, 𝜏max] provides us with the injury
risk in the worst case scenario.

Next, we consider the example of a PD+Feedforward-like control structure that is
relevant for many control policies that involve feedforward and/or feedback terms. Specifi-
cally, we consider a fully-actuated setting (i.e., 𝑛 = 𝑚) with an identity actuation matrix
𝐴𝜏(𝑞) = 𝕀𝑛. Then, a regulator 𝜏(𝑞, 𝑞̇) = 𝜕𝑞 (𝑞d) + 𝐾p (𝑞d − 𝑞) −𝐾d 𝑞̇ drives the system
towards the setpoint 𝑞d (Della Santina et al., 2023) and establishes the closed-loop dynamics

𝑀(𝑞) 𝑞̈ +𝐶(𝑞, 𝑞̇) 𝑞̇ +𝜕𝑞 (𝑞)+𝐾p 𝑞 + (𝐷+𝐾d) 𝑞̇ = 𝜕𝑞 (𝑞d)+𝐾p 𝑞d+𝜏c, (3.16)

where 𝐾p,𝐾d ∈ ℝ𝑛×𝑛 are the proportional and derivative feedback gains, respectively. When
re-formulating the simplified collision dynamics of (3.8),

𝑚R 𝛿̈c+(𝑘R+𝑘c)𝛿c = 𝐽+c,M(𝑞
0
c ) (𝜕𝑞 (𝑞d)+𝐾p 𝑞d−𝜕𝑞 (𝑞0c )). (3.17)

We notice that the feedforward control term acts through a constant force on the oscillatory
system. The proportional feedback term increases the local stiffness of the robot: 𝑘R =
𝜕
𝜕𝑞 𝐽

+⊤
c,M(𝑞) (𝜕𝑞 (𝑞)+𝐾p 𝑞)

|||𝑞=𝑞0c
𝐽+c,M(𝑞

0
c ). This analysis agrees with similar results known

in literature (Della Santina et al., 2017).

3.3.4 Soft Robot Design Hazardousness Criterion
As presented in Fig. 3.1, one application of a soft robotic safety metric would be to answer
the question "How safe is this proposed soft robot design?". The SRISC on its own is not
sufficient to answer this question as it relies on a knowledge of the soft robot state at the
beginning of the collision (𝑞0c , 𝑞̇0c ), and the contact geometry (𝑠c,𝑛c). Therefore, we define
the SRDHC as the maximum injury severity that can be imposed by the soft robot over all
feasible soft robot states, all possible contact geometries, and actuation sequences (Wassink
and Stramigioli, 2007)

SRDHC = max
𝑞∈

max
𝛿̇0c∈[0,𝛿̇max

c ]
max

𝜏∈[𝜏min ,𝜏max]
max
𝑠c∈(0,𝐿]

max
𝑛c∈3

SRISC(𝑞0c , 𝛿̇
0
c , 𝜏, 𝑠c,𝑛c),

≤ max
𝑞∈

max
𝑠c∈(0,𝐿]

max
𝑛c∈3

SRISC(𝑞0c , 𝛿̇
max
c , ‖𝜏max‖2, 𝑠c,𝑛c),

(3.18)

where  is the set of feasible soft robot configurations. To make this optimization more
tractable, we can leverage the stated upper bound with 𝛿̇max

c = ‖𝐽c‖2 ‖𝑞̇max‖2+𝑣H and 𝑓 max
𝜏 =

‖𝐴𝜏,c‖2 ‖max(|𝜏min|, |𝜏max|)‖2. We note that the maximum value of 𝑞̇max that the robot can
achieve autonomously is, in practice, often given by certain actuator characteristics (e.g.,
maximum servo velocity for tendon-driven actuation).

We conducted a study to assess how discretization affects the estimated safety, with a
particular focus on the SRDHC. The initial results shown in Fig. 3.8 for varying the number
of PCS segments while keeping the robot length and all other system parameters constant
indicate that approximating the soft robot with one or only a few segments leads to a
conservative safety estimate—that is, an overestimation of the injury severity. This occurs
because actual soft robots can deform in an infinite-dimensional space, whereas the planar
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Figure 3.8: Analysis of the impact of varying the discretization of a planar PCS robot on SRDHC while keeping
the total soft robot length constant at 1m.

PCS model limits the available deformation modes and often increases the stiffness at the
point of contact. By refining the discretization of the underlying kinematic model, we can
capture more deformation modes and thereby reduce the overestimation of injury severity.

3.4 Conclusion
In this chapter, we first underscore the absence of a safety metric for soft robots—a gap
that hinders the community from quantifying their safety benefits compared to rigid
robots. This shortfall often leads to designs that perform poorly in real-world tasks because
they tend to be overly soft and lack sufficient payload capacity. We then explored how a
quantitative safety metric could be applied in both design and control contexts, ensuring
safety without forcing the robot to be too soft or its motion overly cautious. Finally, we
defined the criteria that such a safety metric must satisfy.

Next, we derived a quantitative safety metric for soft robots by considering the maxi-
mum contact pressure during a collision, analogous to the existing ISO norms for cobots (Stan-
dard, 2016), as our safety criterion. For the derivation, we relied on established soft robot
dynamic models, such as PCS (Renda et al., 2018)5, and assumed a constrained human
model to represent the worst case scenario (Haddadin et al., 2009). The proposed safety
metric is offered in two forms: the SRISC, which can be computed in closed-form and
estimates the maximum contact pressure during a soft robot–human collision given a
specific initial condition—comprising the robot’s configuration, velocity, contact geome-
try, and a predetermined (e.g., worst-case) actuation—and is particularly well-suited for
safety-aware control applications. In contrast, when designing soft robots, it is necessary to
guarantee safety across an operating envelope that encompasses infinitely many initial
conditions. For this purpose, we developed the SRDHC, which determines the maximum
SRISC for a given set of operating conditions (e.g., maximum deformation, actuator bounds,
configuration-space velocities), especially considering all potential contact geometries.

Notably, the proposed safety metric fulfills all mandatory requirements outlined in
Sec. 3.2.3. For instance, it takes into account collisions along the entire soft robot body, and
5Please refer to Chapter 2 for a discussion of alternative soft robot models that could serve as the basis for the
safety metric.
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the assumptions and simplifications made during its derivation result in a conservative
estimate of true safety. Additionally, the metric is computationally tractable because (a) it
bypasses the need to simulate collision dynamics over time by providing the maximum
contact pressure in closed form, and (b) portions of the computation can be vectorized or
parallelized. Moreover, the metric is differentiable—even analytically—since our implemen-
tation in JAX (Bradbury et al., 2018) offers gradients through autodifferentiation.

Notably, the characterization of the proposed safety metric demonstrates that the safety
of soft robots is determined not only by their material softness but also by factors such
as mass density, actuation, control, and operating conditions (e.g., velocity, maximum
deformation). In particular, increased feedback gains raise the stiffness of the closed-loop
system (Della Santina et al., 2017, 2023), thereby reducing safety even for soft robots.
Moreover, contrary to common intuition, the maximum injury severity does not occur at
either the proximal or distal end, but rather somewhere in between. Finally, preliminary
research suggests that the numerous degrees of freedom (DOFs) in soft robots may play a
significant role in distributing contact energy and reducing the maximum local contact
pressure.

Looking ahead, two key aspects emerge for future work: (1) the experimental validation
of the safety criterion—i.e., quantifying the discrepancy between predicted and actual
safety—and (2) the establishment of appropriate thresholds (Behrens et al., 2022; Standard,
2016) for the safety criterion (in terms of acceptable injury risk) to ensure safety in human-
centric environments. Drawing inspiration from existing literature on rigid robots (Behrens
et al., 2022; Muttray et al., 2014a; Yamada et al., 1997), empirical biomechanical studies could
play a crucial role in this process. It is also essential to recognize that safety requirements
may vary considerably depending on the specific robotic application and task. For example,
a soft robot designed as a children’s toy must comply with much stricter safety standards
than one intended for industrial refueling. Understanding these differences is key to
achieving safe and effective performance.

Furthermore, the safety metric itself can be extended and refined. By developing
specialized metrics tailored to different soft robot modeling techniques—such as FEM-
or GVS-based approaches—more accurate risk assessments can be achieved for specific
designs. Extending these metrics to closed-chain robots, locomotors, and wearable systems
will further strengthen safety evaluation frameworks across a diverse range of robotic
applications.

Finally, with regard to practical applications, it is vital to develop design and control
strategies that take full advantage of the proposed safety metric. In the context ofsafety-
aware design, a crucial next step is to identify which design parameters most significantly
impact safety for various actuation types, such as tendon-driven versus pneumatically
actuated soft robots. Mapping these dependencies will provide designers with actionable
insights to enhance safety. Additionally, as outlined in Appendix A, we propose a holistic
co-design strategy for optimizing the safety of soft robots (Navez, 2024; Spielberg et al.,
2019; Wang et al., 2024; Zardini, 2023), which will enable the explicit formalization and
quantification of the trade-off between safety and performance in soft robotics. Additionally,
safety-aware control can be implemented, for example, using MPC or CBFs (Ames et al.,
2016; Ferraguti et al., 2020), enabling us to maximize performance, such as the motion
speed (Haggerty et al., 2023), while ensuring safety in all scenarios.
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Afterword
In this chapter, we introduced a quantitative safety metric for continuum soft robots and
discussed potential applications—such as safety-aware design and control—that could
benefit from it. Specifically, it outlines a pathway for determining, ensuring, and certifying
soft robot safety in the future. Additionally, characterizing the metric revealed that factors
like material softness, mass density, and operating conditions significantly affect soft robot
safety. Notably, the control policy—often overlooked in the soft robotics community—plays
a critical role; our analysis confirms that, similar to findings in collaborative robotics, higher
proportional feedback gains tend to reduce safety. Consequently, since ensuring safety is
an important goal of this thesis, it is essential to design control strategies that maintain
compliance (for instance, by eliminating integral terms and reducing feedback gains). This
insight motivates both (a) the adoption of compliant controllers for soft robots, such as
the impedance controller presented in Chapter 6, and (b) the development of effective
feedforward terms based on accurate system dynamics modeling—a topic we explore from
first principles in Chapters 5, 6, and 8, as well as through learning-based approaches in
Chapters 10–11.
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4
Shape Sensing with Cameras:

An Investigation on
Kinematics-Aware SLAM

Foreword. Before we can develop advanced soft robot controllers, we require access to
state information. Specifically, we need to know the configuration of the soft robot, which,
as introduced in Chapter 2, is usually defined for soft robots as the parametrized shape of
the backbone. In this chapter, we demonstrate how we can augment in a plug-and-play
fashion existing state-of-the-art SLAM algorithms with kinematic knowledge to achieve
shape sensing for soft robots.

Abstract. One way to achieve proprioception of the soft robot’s shape while not substantially
modifying their bodies’ softness is to develop innovative and completely deformable sensors.
However, these solutions tend to be less reliable than classic sensors for rigid robots. As an
alternative, we consider here the use of monocular cameras. By admitting a small rigid
component in our design, we can leverage well-established solutions from mobile robotics.
We propose a shape-sensing strategy that combines an SLAM algorithm with nonlinear
optimization based on the robot’s kinematic model. We prove the method’s effectiveness in
simulation and with experiments of a single-segment continuous soft robot with a camera
mounted to the tip. We achieve mean relative translational errors below 9% in simulations
and experiments alike, and as low as 0.5% on average for some simulation conditions.

This chapter is partly based on� E. Rosi*,M. Stölzle*, F. Solari, and C. Della Santina (2022, April). Sensing Soft
Robots’ Shape with Cameras: an Investigation on Kinematics-Aware SLAM. In 2022 IEEE 5th International Conference
on Soft Robotics (RoboSoft) (pp. 795-801). IEEE. (Rosi et al., 2022).

C.D.S. conceived and led the project. E.R. implemented the methodology, collected the simulation results, and
executed the lab experiments with a soft segment. M.S. contributed ideas to the methodology, helped debug the
implementation of the approach in code, contributed to the experimental setup (e.g., motion capture system,
fabrication of the soft segment), and wrote the paper. C.D.S., E.R., and M.S. revised the manuscript. C.D.S., F.S.,
and M.S. supervised the research project. C.D.S. provided funding.
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4.1 Introduction

Amajor challenge with shape perception in soft robots is that sensing strategies must
not compromise the intrinsic softness of these systems (Polygerinos et al., 2017; Wang

et al., 2018a). To this end, researchers have proposed several entirely deformable sensors
over the years, including capacitive (Scimeca et al., 2019) and optical sensors (Li et al., 2021),
liquid metal (Wall et al., 2017). These solutions are quite attractive since they minimally
corrupt the physical softness of the robot. However, they usually require complex learning
strategies to be used since their behavior is hard to model (Thuruthel et al., 2019; Truby
et al., 2020). An alternative is to relax the constraint of complete deformability and allow
for small rigid components. This strategy enables rethinking the use of existing sensing
technologies in this radically new context. Examples are hall sensors (Guo et al., 2019),
Inertial Measurement Units (IMUs) (Hughes et al., 2020), and microphones (Zöller et al.,
2018). The information gathered from inward-facing cameras looking at features in soft
chambers’ inner walls has proven sufficient to estimate the configuration (She et al., 2020a;
Werner et al., 2020), and characterize contacts with the environment (Lin et al., 2020; Ward-
Cherrier et al., 2018). However, all these strategies need machine learning to transform
the image information into the desired physical quantity. Alternatively, cameras mounted
outwards on the robot’s tip have been used to execute visual servoing (Homberg et al., 2019;
Wang et al., 2013). To the best of the Authors’ knowledge, the only two works dealing with
continuum (non-soft) robots are (Weber et al., 2012) and (Cheng et al., 2020). The first uses
Bundle Adjustment (BA) to integrate the output of multiple cameras embedded in a single
segment. The second uses hand-tuned features to estimate the robot configuration within
a novel kinematic model. Thus, no general strategy exists in the literature to estimate
the whole state of a soft segment from a single monocular camera. SLAM is one of the
most effective and largely used strategies for vision-based localization for mobile robots
and autonomous vehicles (Fuentes-Pacheco et al., 2015; Mur-Artal and Tardós, 2017). In
this chapter, we investigate using monocular SLAM to estimate the location of selected
points across the soft robot. We then propose a mechanism for simultaneously refining the
estimation and reconstructing the complete shape of the robot. We do that by retracting the
output of the SLAM to the manifold of camera configurations admitted by the kinematic
model of the soft robot. We formulate this action as a nonlinear optimization problem.
Fig. 4.1(a) summarizes the proposed architecture. We test the strategy with simulations
and experiments, achieving mean relative translational errors between 0.4 % and 9 % in the
former and from 5 % to 9 % in the latter.
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(b) Kinematics

Figure 4.1: Panel (a) shows a pictorial representation of the proposed perception strategy. Cameras are attached
to a soft continuum robot. We propose to use ORB-SLAM (Mur-Artal and Tardós, 2017) to gather a pose estimate
for each camera. The results are iteratively combined to extract local transformation and refined by projecting
the resulting postures onto the manifold of configurations attainable with the PCC kinematics. The result is an
estimation of the full shape within the selected kinematic description 𝑞̂. Panel (b) reports the main quantities of
the kinematic model of one segment.

4.2 Proposed Methodology: Shape Estimation with
Kinematics-Aware SLAM

In this chapter, we propose to use SLAM for the proprioception of continuum soft robots.
Common kinematic parametrizations for soft robots, such as PCC (Webster III and Jones,
2010) or PCS (Renda et al., 2018), model the soft arm to consist of multiple segments with
independent kinematic state variables. In the following, we assume that the robot’s model
consists of 𝑛S segments and that a monocular camera is attached to each segment. We rely
on a PCC kinematic formulation. However, the proposed results can be directly generalized
to the PCS case. Our goal is to reconstruct the full shape (i.e., a configuration 𝑞𝑖 for each
segment) of the soft robot from the stream of images recorded by the cameras.

Fig. 4.1(a) shows an overview of the proposed architecture. We use SLAM algorithms
such as monocular ORB-SLAM (Mur-Artal and Tardós, 2017) to estimate the pose of cameras
attached to the soft robotic arm. The pose estimation consists of 3D translation and rotations
describing the relative camera movement from initial calibration to the current state (𝑡c𝑖0 , 𝑅̂

c𝑖
0

in the figure). Then, the kinematic model is simultaneously used to refine the outputs of the
SLAM and transform them to the desired estimation of the configurations (𝑞̂1, 𝑞̂3, 𝑞̂3 in the
figure). Starting from the base segment and progressively iterating up until reaching the tip
of the robot, we express translation and rotations in local coordinates, and we optimize the
estimated configurations segment-by-segment starting at the proximal end by projecting
the pose estimate into the 3D PCC kinematics.

In the following subsections, we provide more details on the various components of
this architecture.

4.2.1 Background: Monocular ORB-SLAM
We choose monocular ORB-SLAM (Mur-Artal and Tardós, 2017) for pose estimation of
the camera locations. Although this technological solution has never been applied to soft
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robots, the algorithm itself is well established, and its applications to mobile robotics are
widespread. As such, we briefly describe here only the major steps of the algorithm.

1. Map Initialization: ORB-SLAM initializes a map of 3D points based on two video
frames. The 3D points and relative camera pose are computed using triangulation of
2D ORB feature correspondences.

2. Tracking: Once the map is initialized, the camera pose is estimated for each new
frame by matching features in the current frame to features in the last keyframe.
The estimated camera pose is refined by tracking the local map.

3. Local Mapping: If the current frame is identified as a keyframe, it is used to create
new 3D map points. At this stage, BA is used to minimize re-projection errors by
adjusting the camera pose and 3D points.

4. Loop Closure: Loops are detected for each keyframe by comparing it against all
previous ones. This information is used to optimize the poses.

An important aspect of SLAM algorithms are keyframes, which are a subset of video frames
that contain cues for localization and tracking. Two consecutive keyframes usually involve
sufficient visual change.

4.2.2 Projection into PCC-Kinematics
Once the SLAM algorithm provides us with the estimated camera poses, we want to
interpret and correct them such as that they are coherent with the PCC kinematic model.
In this chapter, we consider the Delta parametrization (Della Santina et al., 2020a) of
the PCC kinematics, but the formulation could also be easily adapted to other kinematic
parametrizations such as PCS (Renda et al., 2018).

We show a pictorial representation of this kinematic model in Fig. 4.1(b). Each seg-
ment of original length 𝐿0,𝑖 is described with three configuration variables 𝑞𝑖 ∈ ℝ3 =
(Δ𝑥,𝑖 Δ𝑦,𝑖 𝛿𝐿𝑖)

⊤, where 𝛿𝐿𝑖 is the segment’s extension, and Δ𝑥,𝑖 and Δ𝑦,𝑖 are the differ-
ences of the arc lengths of the segment at a radial distance of 𝑑𝑖 from the center-line along
both cardinal directions of the base (Della Santina et al., 2020a). The complete robot’s
configuration is 𝑞 ∈ ℝ3𝑛S . The coordinate transformation for segment 𝑖 from the base frame
{𝑆𝑖−1} into the tip frame {𝑆𝑖} as a function of the configuration 𝑞𝑖 is given by (Della Santina
et al., 2020a)

𝑅𝑖𝑖−1 =

⎛
⎜
⎜
⎜
⎜
⎝

1+ Δ2
𝑥,𝑖
Δ2
𝑖
(c𝑖−1) Δ𝑥,𝑖Δ𝑦,𝑖

Δ2
𝑖

(c𝑖−1) Δ𝑥,𝑖
Δ𝑖 s𝑖

Δ𝑥,𝑖Δ𝑦,𝑖
Δ2
𝑖

(c𝑖−1) 1+
Δ2
𝑦,𝑖
Δ2
𝑖
(c𝑖−1) Δ𝑦,𝑖

Δ𝑖 s𝑖
−Δ𝑥,𝑖
Δ𝑖 s𝑖

−Δ𝑦,𝑖
Δ𝑖 s𝑖 c𝑖

⎞
⎟
⎟
⎟
⎟
⎠

,

𝑡 𝑖𝑖−1 =
𝑑𝑖(𝐿0,𝑖+𝛿𝐿𝑖)

Δ2
𝑖

(Δ𝑥,𝑖(1−c𝑖) Δ𝑦,𝑖(1−c𝑖) Δ𝑖s𝑖)
⊤ ,

(4.1)

where we substituted Δ𝑖 =
√
Δ2
𝑥,𝑖+Δ2

𝑦,𝑖, s𝑖 = sin(Δ𝑖
𝑑𝑖 ), and c𝑖 = cos(Δ𝑖

𝑑𝑖 ) for conciseness.
We describe the coordinate frame of camera 𝑖with {𝑆c𝑖 }. It is assumed that there exists a

fixed transformation 𝑇 c𝑖
č,𝑖 ∈ 𝑆𝐸(3) from frame {𝑆č,𝑖} to the camera frame {𝑆c𝑖 }. {𝑆č,𝑖} is localized
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at a distance 𝑙c𝑖 along the center-line from the base of segment 𝑖. The transformation
𝑇 č,𝑖
𝑖−1(𝑞𝑐̌,𝑖) from the base to the frame {𝑆č,𝑖} can be found with (4.1) by plugging in the

adjusted configuration 𝑞𝑐̌,𝑖 defined as

𝑞𝑐̌,𝑖 =
𝑙c𝑖
𝐿0,𝑖

𝑞𝑖, (4.2)

and the adjusted original length 𝑙c𝑖 .
The SLAM algorithm provides a pose estimate for the translation 𝑡c𝑖c,t0,𝑖 ∈ ℝ3 and rotation

𝑅̂c𝑖c,t0,𝑖 ∈ 𝑆𝑂(3) relative to the known initial reference frame of the camera {𝑆c,t0,𝑖}. Thus, we
first transform the pose estimates to the inertial frame of the robot {𝑆0}

(
𝑡c𝑖0
1 ) = 𝑇 c,t0,𝑖

0 (
𝑡c𝑖c,t0,𝑖
1 ), 𝑅̂c𝑖0 = 𝑅c,t0,𝑖0 𝑅̂c𝑖c,t0,𝑖, (4.3)

where 𝑇 c,t0,𝑖
0 ∈ 𝑆𝐸(3) and 𝑅c,t0,𝑖0 ∈ 𝑆𝑂(3) are the known transformation and rotation matrices

from the world frame to the initial frame of the 𝑖th camera, respectively.
We introduce the following notations for the PCC kinematics

𝑡c𝑖𝑖−1 = Πt(𝑞̂𝑖) = 𝑇̂ č,𝑖
𝑖−1(

𝑙c𝑖
𝐿0,𝑖

𝑞̂𝑖)𝑡
c𝑖
č,𝑖

𝑅̂c𝑖𝑖−1 = ΠR(𝑞̂𝑖) = 𝑅̂č,𝑖𝑖−1(
𝑙c𝑖
𝐿0,𝑖

𝑞̂𝑖)𝑅
c𝑖
č,𝑖,

(4.4)

where 𝑡 č,𝑖𝑖−1 and 𝑅̂
č,𝑖
𝑖−1 describe the translation and rotation from the base of the segment to

the camera frame according to the PCC kinematic model for an estimated configuration
of the segment 𝑞̂𝑖. 𝑇̂ č,𝑖

𝑖−1(𝑞𝑐̌,𝑖) and 𝑅̂
č,𝑖
𝑖−1(𝑞𝑐̌,𝑖) are based on (4.1) and a function of the adjusted

configuration 𝑞𝑐̌,𝑖 referenced in (4.2).
Additionally, the pose estimates by the SLAM algorithm need to be transformed to the

base frame of segment 𝑖. Thus, we introduce the following

𝑡c𝑖𝑖−1 = Ψt(𝑞1…𝑞𝑖−1, 𝑡c𝑖0 ) =
𝑖−1
∏
𝑖=1

(𝑇
𝑖
𝑖−1 (𝑞̂𝑖))

⊤

(
𝑡c𝑖0
1 ),

𝑅̂c𝑖𝑖−1 = ΨR(𝑞1…𝑞𝑖−1, 𝑅̂c𝑖0 ) =
𝑖−1
∏
𝑖=1

(𝑅
𝑖
𝑖−1 (𝑞̂𝑖))

⊤
𝑅̂c𝑖0 .

(4.5)

Next, we define a cost function to optimize the pose estimate by projecting it into the
PCC-kinematics

min
𝑞̂

𝑛S
∑
𝑖=1
𝑓t,𝑖(𝑞̂)+𝜆R𝑓R,𝑖(𝑞̂), (4.6)

with

𝑓t,𝑖(𝑞̂) = ‖‖Πt(𝑞̂𝑖)−Ψt(𝑞1…𝑞𝑖−1, 𝑡c𝑖0 )‖‖2,

𝑓R,𝑖(𝑞̂) = ‖‖ΠR(𝑞̂𝑖)−ΨR(𝑞1…𝑞𝑖−1, 𝑅̂c𝑖0 )‖‖𝐹 ,
(4.7)
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where the Euclidean norm is used to compute the translational error between the predicted
translation by the PCC kinematic model and the estimated translation by SLAM. The
rotational error is weighted with 𝜆R ∈ ℝ and computed with the Frobenius norm between
the predicted rotation matrix by the PCC kinematics and the estimated orientation by
SLAM represented as a rotation matrix as well.

Please note that the optimization of the configuration estimate 𝑞̂ can be decoupled
for each segment. We start by optimizing the configuration of the first segment 𝑞̂1 based
on Ψt(𝑡c,10 ) and ΨR(𝑅̂c,10 ). Next, we optimize the configuration of the second segment 𝑞̂2
taking into account the already optimized configuration of segment one in Ψt(𝑞̂1, 𝑡c,20 ) and
ΨR(𝑞̂1, 𝑅̂c,20 ). Subsequently, we move on to optimize the remaining segments sequentially
as described by Algorithm 1. This procedure is also graphically represented by the right
side of Fig. 4.1(a).

Algorithm 1 Pose estimation for soft robots through SLAM

Input: 𝑜 ∈ ℝ𝑛S×ℎo×𝑤o ⊳ Observations of all cameras
Input: 𝑅c,t0,𝑖0 ∈ 𝑆𝑂(3), 𝑇 c,t0,𝑖

0 ∈ 𝑆𝐸(3) ⊳ Transformation world to initial 𝑖th camera frame.
Input: 𝜆R ∈ ℝ ⊳Weight of rotational error
Input: SLAM ∶ ℝℎo×𝑤o →ℝ3 ×𝑆𝑂(3) ⊳ SLAM algorithm providing translations and

orientations based on images.
Input: Πt ∶ ℝ3 →ℝ3 ⊳ Translation component of CC forward kinematics.
Input: ΠR ∶ ℝ3 → 𝑆𝑂(3) ⊳ Rotational component of CC forward kinematics.
Input: Ψt ∶ ℝ3(𝑖−1) ×ℝ3 →ℝ3 ⊳ Translation of SLAM estimates.
Input: ΨR ∶ ℝ3(𝑖−1) ×𝑆𝑂(3) → 𝑆𝑂(3) ⊳ Rotation of SLAM estimates.
Output: 𝑞̂ ∈ ℝ3𝑛S ⊳ Estimated robot configuration
1: 𝑖 ← 1
2: while 𝑖 ≤ 𝑛S do
3: (𝑡c𝑖c,t0,𝑖 , 𝑅̂

c𝑖
c,t0,𝑖) ← SLAM(𝑜𝑖) ⊳ SLAM algorithm

4: (𝑡c𝑖0 , 𝑅̂
c𝑖
0 ) ← (𝑇 c,t0,𝑖

0 𝑡c𝑖c,t0,𝑖 ,𝑅
c,t0,𝑖
0 𝑅̂c𝑖c,t0,𝑖) ⊳ Transformation into world frame.

5: 𝑓t,𝑖(𝑞̂) ← ‖‖Πt(𝑞̂𝑖)−Ψt(𝑞1…𝑞𝑖−1, 𝑡c𝑖0 )‖‖2
6: 𝑓R,𝑖(𝑞̂) ← ‖‖ΠR(𝑞̂𝑖)−ΨR(𝑞1…𝑞𝑖−1, 𝑅̂c𝑖0 )‖‖𝐹
7: 𝑓𝑐,𝑖(𝑞̂) ← 𝑓t,𝑖(𝑞̂)+𝜆R 𝑓R,𝑖(𝑞̂) ⊳ Cost function for 𝑞̂𝑖
8: 𝑞̂𝑖 ← argmin𝑞𝑖 𝑓𝑐(𝑞̂)
9: 𝑖 ← 𝑖+1
10: end while

4.3 Simulations
We quantitatively evaluate our approach in simulation for one soft robotic segment with a
camera attached to the tip of the robot. We first compute trajectories that behave according
to PCC kinematics. Next, we render photo-realistic images for the camera attached to the
tip of the segment for every time step using a virtual environment implemented in Blender.
Subsequently, we process the synthetic camera images with the ORB-SLAM (Mur-Artal
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Table 4.1: Parameters of the implemented trajectories. We list the amplitudes and the frequencies of the trajectories
parametrized by Δ𝑥,1 and Δ𝑦,1 as specified in (4.8).

Trajectory 𝐴𝑥 𝐴𝑦 𝐹𝑥 𝐹𝑦
Trajectory 1: planar side bending 0.1 0 0.5 0
Trajectory 2: half 8-shape 0.05 0.05 1 0.5
Trajectory 3: full 8-shape 0.05 0.05 2 1

and Tardós, 2017) algorithm and project the estimated poses of the tip of the segment into
the PCC kinematic model as outlined in Section 4.2. Finally, we compare the estimated
poses against the ground truth and statistically evaluate the Root Mean Squared Error
(RMSE) both for translational and rotational estimates. More details follow.

4.3.1 System
We consider a soft robotic segment of diameter 20mm diameter and with varying lengths
𝐿0,1 between 15 cm and 100 cm. As the camera is attached to the tip of the segment, we set
𝑙c1 = 𝐿0,1 and define 𝑇 c,1

č,1 = 𝕀4.

4.3.2 Trajectories and Calibration Seqence
Three different trajectories are considered for the simulated movement of the soft robotic
segment and its attached virtual camera. While the first one represents a planar side
bending, the second one describes an “8” shape with the tip, and the last one covers a
lobe of the “8”. Those trajectories were commanded in Δ𝑥,1 and Δ𝑦,1, with the following
mathematical formulas:

Δ𝑥,1 = 𝐿0,1𝐴𝑥 sin(2𝜋𝑓𝑥) Δ𝑦,1 = 𝐿0,1𝐴𝑦 sin(2𝜋𝑓𝑦), (4.8)

with 𝐿0,1 the unextended length of the robot, 𝐴𝑥 and 𝐴𝑦 amplitudes of the sinusoids and 𝑓𝑥
and 𝑓𝑦 frequencies of the sinusoids. The parameters 𝑓𝑥 and 𝑓𝑦 are defined as follows with
𝑘 representing the current time index:

𝑓𝑥 =
𝐹𝑥(𝑘 −1)
𝑛t

, 𝑓𝑦 =
𝐹𝑦(𝑘 −1)

𝑛t
. (4.9)

Please note that these trajectories do not contain any segment elongation. We list the chosen
amplitudes and frequencies of the trajectories in Table 4.1. Each trajectory is generated
considering different robot lengths, namely 15 cm, 30 cm and 100 cm. The number of time
steps 𝑛t is chosen at 120. The commanding of Δ𝑥,1 and Δ𝑦,1 is such that the amplitude
and frequency of the trajectory are independent of the number of frames (i.e., time steps).
In Figure 4.2, we show a 3D visualization of the trajectories corresponding to a segment
length of 15 cm.

In addition to the robot trajectory, a calibration sequence trajectory is designed to
initialize the SLAM map. It is good practice to move the camera parallel to the scene
captured. Accordingly, we decide to move the camera into the 𝑥 cardinal direction of the
segment base frame with the translation distance proportional to the robot length.
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(a) Trajectory 1 (b) Trajectory 2 (c) Trajectory 3 (d) Virtual interior scene

Figure 4.2: 3D visualization of the three trajectories used in our simulations and experiments for a segment with
15 cm length. In magenta, we visualize the trajectory of the full robot, and in black, the tip positions. Additionally,
the tip orientation (red = x-axis, green = y-axis, blue = z-axis) is displayed. The virtual interior scene used for the
Blender renderings is presented in the last column.
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Figure 4.3: Sequence of stills showing the rendered images by the virtual camera in Blender for three different
trajectories and a robot segment of length 15 cm. The trajectories are visualized in Figure 4.2.

4.3.3 Rendering of Synthetic Images
The rendering software Blender allows us, among other things, to load a 3D model of
the environment, follow customized trajectories with a virtual camera, and render photo-
realistic synthetic pictures of the environment from the chosen camera perspective. We
use an interior scene published by Nextwave Multimedia. We report a view of the scene in
Fig. 4.2(d). The virtual camera is set to be perspective with a focal length of 30mm. For
each run, we randomly initialize the trajectory at one of seven predefined launch points
in the indoor environment to diversify the coverage of the environment. The x-, y-, and
z-coordinates of the seven initial positions have a standard deviation of 0.5m, 0.2m, 0.4m,
respectively. The initial orientation represented in XYZ Euler angles varies with a standard
deviation of 0.05 rad, 0.13 rad, and 1.17 rad. For each trajectory, we render 120 synthetic
images along the trajectory and save them to a folder for later offline processing by the
ORB-SLAM (Mur-Artal and Tardós, 2017) algorithm. Fig. 4.3 reports a few representative
stills of what the robot sees during one execution of the three trajectories discussed above.

4.3.4 Implementation of ORB-SLAM
The synthetic images along the trajectory are processed offline by the ORB-SLAM (Mur-
Artal and Tardós, 2017) algorithm. We rely on the official MATLAB implementation of
ORB-SLAM. While we run our simulations offline to decouple any delays by the rendering

https://www.nextwavemultimedia.com/html/3dblendermodel.html
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and/or SLAM pipeline, we would like to point out that other ORB-SLAM implementations,
such as, for example, in C++, are able to be run in real-time at frame rates of between 10Hz
to 30Hz (Mur-Artal and Tardós, 2017).

4.3.5 Projection into PCC kinematics
The trade-off parameter 𝜆R between the rotational and the translational error in the cost
function (4.6) was manually tuned and set to 𝜆R = 0.4. As the simulations do not con-
tain any elongations of the segment, we set 𝛿𝐿1 = 0 in (4.1). We solve the optimization
problem outlined in (4.6) using nonlinear least-squares with the Levenberg-Marquardt
solver (Levenberg, 1944; Marquardt, 1963) implemented in MATLAB as lsqnonlin.

4.3.6 Evaluation metrics
To quantitatively evaluate the performance of our proposed approach, we introduce error
metrics for both the translation and orientation estimates. We measure the translational
pose prediction error with a relative RMSE 𝑒t

𝑒t =

√
∑𝑛t
𝑡=1 (‖𝑡

c,1
0,𝑡 −𝑡

c,1
0,𝑡 ‖2)

2

√𝑛t 𝑙traj
, (4.10)

where 𝑙traj corresponds to the length of the trajectory and 𝑛t the total number of data points
along the trajectory. Similarly, we leverage the Frobenius norm for the rotational error 𝑒R

𝑒R =

√
𝑛t
∑
𝑡=1

(‖‖𝑅̂
c,1
0,𝑡 −𝑅

c,1
0,𝑡
‖‖𝐹)

2

𝑛t
. (4.11)

As torsion can often be neglected for soft robotic arms, we state the angle error for
the orientation of the local z-axis of the tip of the segment for intuitive analysis of the
orientation estimates. First, the unit vector of the local z-axis {𝑜1}0 is computed in the base
frame {𝑆0}

{𝑜1}0 = 𝑅10,𝑡 (0 0 1)
⊤ , {𝑜̂1}0 = 𝑅̂10,𝑡 (0 0 1)

⊤ , (4.12)

which allows us to subsequently compute the angle error between the ground-truth z-axis
of the tip {𝑜1}0 and the estimated z-axis {𝑜̂1}0

𝑒𝜃𝑧 =

√
𝑛t
∑
𝑡=1

(arccos({𝑜1}0 ⋅ {𝑜̂1}0))2

𝑛t
. (4.13)

4.3.7 Results
We evaluate our proposed method in simulation on three different robot segment lengths
(15 cm, 30 cm, and 100 cm) and for the three trajectories previously described. We state
statistical results such as mean, standard deviation, and lower and upper bounds over seven
separate trials, each covering a different part of the indoor environment. The errors are
reported both for the SLAM estimates before optimization and after projection into the PCC
kinematics. While the results for the relative RMSE of translation estimates through the
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Table 4.2: Relative RMSE [%] for translations as referenced in (4.10) of various trajectories and of robot segments
with different lengths (15 cm, 30 cm, 100 cm). We state the error as mean± stdev (min,max) and compute the
statistics over seven trials from different initial poses.

Trajectory Optimization 𝐿0,1 = 15cm 𝐿0,1 = 30cm 𝐿0,1 = 100cm

Trajectory 1 No 9±3 (5,12) 7±3 (3,13) 3±2 (1,7)
Trajectory 1 Yes 0.4±0.2 (0.3,0.8) 2±1 (0,4) 1.0±0.7 (0.5,2.3)

Trajectory 2 No 9±4 (4,17) 6±2 (3,8) 1.9±0.9 (1.0,3.0)
Trajectory 2 Yes 0.7±0.7 (0.3,1.8) 0.7±0.4 (0.2,1.2) 0.6±0.3 (0.3,0.9)

Trajectory 3 No 6±5 (3,16) 2.6±0.6 (1.7,3.3) 6±14 (1,37)
Trajectory 3 Yes 2±3 (0,9) 0.5±0.3 (0.1,0.8) 2±5 (0,15)

Table 4.3: Rotational errors of various trajectories and for robot segments with different lengths (15 cm, 30 cm,
100 cm). We report both an absolute RMSE computed with the Frobenius norm between the rotation matrices as
stated in (4.11) and an angle error [rad] for the orientation of the z-axis of the tip of the segment as defined in
(4.13). We state the error as mean± stdev and compute the statistics over seven trials from different initial poses.

Trajectory Optim. 𝐿0,1 = 15cm 𝐿0,1 = 30cm 𝐿0,1 = 100cm
𝑒R 𝑒𝜃𝑧 [rad] 𝑒R 𝑒𝜃𝑧 [rad] 𝑒R 𝑒𝜃𝑧 [rad]

Trajectory 1 No 0.010±0.004 0.005±0.002 0.016±0.007 0.009±0.005 0.027±0.017 0.02±0.01
Trajectory 1 Yes 0.007±0.002 0.005±0.002 0.012±0.007 0.008±0.005 0.027±0.019 0.02±0.01

Trajectory 2 No 0.02±0.02 0.01±0.02 0.011±0.006 0.006±0.002 0.015±0.008 0.009±0.005
Trajectory 2 Yes 0.02±0.02 0.01±0.02 0.016±0.009 0.005±0.002 0.019±0.008 0.013±0.006

Trajectory 3 No 0.1±0.2 0.1±0.1 0.010±0.002 0.006±0.001 0.2±0.4 0.1±0.2
Trajectory 3 Yes 0.1±0.2 0.1±0.1 0.02±0.01 0.005±0.002 0.2±0.3 0.1±0.2
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entire trajectory are shown in Table 4.2, the absolute RMSE of rotation matrices computed
with the Frobenius norm of the rotation matrices or the z-axis orientation axis angle error
are displayed in Table 4.3.

Our results show translation errors of on average 6 % to 9 % for short segments and 2 %
to 6 % RMSE relative to the trajectory length for long segments before optimization. The
projection into PCC kinematics significantly decreases the translational error by between
66 % and 96 % to 0.4 % to 2 % for short segments and 0.6 % to 2 % for long segments. We
state an absolute RMSE for the orientation estimates of the z-axis of the tip 𝑒𝜃𝑧 as defined
in Eq. 4.13 of between 0.005 rad and 0.1 rad after optimization. The rotational error of the
orientation estimates varies by trial but, on average, stays constant across the optimization.
Choosing a bigger weight 𝜆R on the rotational loss during the optimization resulted in
larger improvements for estimation of the orientation at the cost of higher translational
errors.

4.4 Experiments
We confirm the simulation results in a preliminary experimental study by mounting a
Raspberry Pi camera to the tip of a soft segment (Katzschmann et al., 2019). The robotic
segment is guided to follow three trajectories similar to the ones tested in simulation (see
Section 4.3.2). A motion capture setup is employed to gather an accurate ground truth on
the shape of the segment.

4.4.1 Experimental Setup
We show the experimental setup in Figure 4.4(a). We consider a soft robotic silicone segment
consisting of four independently inflatable cavities. The segment has a cylindrical shape
with a length 𝐿0,1 of 11 cm and a radius 𝑑1 of 21mm. A 3D-printed ring with four motion
capture markers is located near the tip of the segment. We mount a Raspberry Pi camera
module v2.0 to the tip of the segment. This camera has a 8MP sensor and records frames at
a sampling rate of 30Hz and a resolution of 1080p. The focal length is 3.04mm and the field
of view is 62.2◦ ×48.8◦. The camera module is attached to a Raspberry Pi 3B+ single-board
computer, which saves the frames for later processing by the ORB-SLAM (Mur-Artal and
Tardós, 2017) algorithm. The camera is screwed onto a custom 3D-printed holder, which in
turn is glued with the tip plane of the segment. The segment with its four air chambers is
actuated with a proportional pressure regulator. Tubing attached to the base of the segment
connects each chamber with the assigned pneumatic valve of the pressure regulator. The
segment is attached in an up-side-down configuration to the top plane of a cubical cage of
750mm side length. For a straight segment, the camera is facing downwards towards the
floor of the cage, which is covered by multiple printed checkerboard patterns. We acquire
ground-truth pose information of the tip of the segment using an Optitrack motion capture
system. The ground-truth poses of the tip of the segment are recorded at 30Hz. We also
include the elongation of the segment 𝛿𝐿1 in the cost function (4.6) of our optimization. To
resemble the calibration sequence from the simulation for the SLAM map, we manually
move the robot laterally into the x-coordinate direction before fixing it to the cage for the
start of the experiments.
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(a) Experimental setup

(b) Trajectory 3

Figure 4.4: In Panel (a), a soft robotic segment is mounted to a cage with attached motion capture cameras. The
segment is pneumatically actuated by a pressure regulator (Festo Motion Terminal). A Raspberry Pi camera v2.0
is attached to the tip of the segment and, in a straight segment configuration, looks down towards check-board
patterns. Panel (b) depicts a sequence of stills showing the robot following trajectory 3 from two different vantage
points. The second vantage point differs 90◦ from the first one. The third row displays a few representative
frames, as recorded by the camera attached to the tip of the segment.
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Table 4.4: Real-world results before and after optimization. The translational errors are stated through a relative
RMSE as described in (4.10). For rotation, we report both an absolute RMSE computed with the Frobenius norm
between the rotation matrices as stated in (4.11) and an angle error [rad] for the orientation of the z-axis of the
tip of the segment as defined in (4.13). The results are averaged over two trials for each trajectory.

Error category Opt. Traj. 1 Traj. 2 Traj. 3

Translation 𝑒t No 20.3% 14.2% 9.1%
Translation 𝑒t Yes 9.1% 8.9% 5.0%

Rotation 𝑒R No 0.145 0.103 0.126
Rotation 𝑒R Yes 0.130 0.099 0.120

Rotation 𝑒𝜃𝑧 No 0.079rad 0.068rad 0.084rad
Rotation 𝑒𝜃𝑧 Yes 0.080rad 0.067rad 0.084rad

4.4.2 Results
Our experimental results reported in Table 4.4 and visualized for trajectory 3 in Figure 4.5
show translational relative RMSE of between 9 % and 20 % for the three trajectories before
optimization. The orientation of the z-axis of the tip is estimated with a mean error of
approximately 0.075 rad. The translational error is improved to between 5 % and 9 % after
projection into the PCC-kinematics. The optimization also slightly improves the rotational
RMSE by 4 % to 10 % relative to naive SLAM.

The experimental results of the SLAM algorithm are coherent with the simulations,
as the small segment length (11 cm) used in the experiments increases the translational
errors, as shown similarly in the simulations for a robot of length 15 cm. Even though the
translational error is greatly reduced through optimization, it is still significantly higher
than in simulation. Two reasons for this difference could be that a) the segment in the
simulation was modeled as in-extensible, while the real robot segment is extended via
pneumatic pressurization, which introduces additional errors by SLAM not accurately
estimating the elongation movement and b) the real robot does not perfectly behave
according to the CC approximation as the simulated robot does.
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Figure 4.5: Experimental results for trajectory 3. Comparison between ground-truth (solid line), SLAM (dashed
line), and optimized through projection into PCC kinematics (dotted line) for translation and orientation estimates.

4.5 Conclusion
This chapter investigated using a monocular camera in shape sensing of continuum soft
robots, with the ultimate goal of implementing precise and reliable estimations at the cost
of introducing small rigid parts into the hardware design. The contribution of this chapter
has been twofold. First, we proposed to use monocular SLAM with a soft robot. Second, we
propose a regularization of the estimation based on a nonlinear projection in the manifold
of the admitted configuration. A nonlinear optimization implements the latter based on
the kinematic model of the robot. We have performed extensive simulations with rendered
images in Blender and lab experiments with a single-segment soft robot. The nonlinear
optimization based on the robot’s kinematic model led to a significant improvement in
translations and a marginal improvement in rotations. Future work will focus on extending
the experimental validation of the method to multiple segments and cameras, bettering the
SLAM by feeding back the kinematic projection in its state, and using this estimation to
implement closed-loop control. While we conducted our experiments in a lab environment
under ideal conditions with the camera pointed at checkerboard patterns, thus resulting
in plenty of image features for SLAM to track, future work should investigate whether
deployment environments for soft robots would be sufficiently feature-rich for the use of
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our proposed method.

Afterword
This chapter demonstrated how inexpensive commercialized monocular cameras can be
effectively used together with established SLAM algorithms and kinematic models (e.g.,
PCC) to achieve shape sensing for soft robots. One of the main advantages of this solution
is that all necessary components are readily available - either commercially or even via
open source. Sharing the same vision, recent work by Caroleo et al. (2025) integrates
commercial miniature Time of Flight (TOF) sensors mounted at the segment tip with a
particle filter to estimate the end-effector pose by considering the deviation from a known
map of the environment.

However, the approach presented in this chapter also has some drawbacks: i) Firstly,
while cameras have been significantly miniaturized in recent years, the requirement for
them to have a clear, unobstructed view of the environment necessitates the inclusion of
a rigid component on the surface of the soft robot, which we generally prefer to avoid
for safety reasons. Secondly, ii), the performance of SLAM algorithms is affected in en-
vironments with limited visually distinguishable features. Finally, iii) high-dimensional
perceptive data, such as images, are generally computationally expensive to process, leading
to higher computational requirements and/or relatively low sampling rates of the shape-
sensing information. Therefore, we present in Chapter 9 an alternative shape-sensing
approach based on magnetic sensors. The necessary magnets and magnetic sensors can
be deeply embedded into the soft robot body, thus allowing us to keep the robot surface
entirely soft and compliant. Furthermore, the sensory data is several orders of magni-
tude lower-dimensional, and thus, its processing is potentially much less computationally
demanding.
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5
Modeling of Handed

Shearing Auxetics (HSA)
Robots

Foreword. Novel soft robots based on HSAs show great promise by integrating mul-
tiple DOF in a compact form. Their parallel nature promises a larger payload capacity
while preserving compliance. Notably, they represent a paradigm shift in the soft robotics
domain by i) establishing compliance through their metamaterial structure rather than
material softness and ii) transmitting actuation through their elasticity with the auxetic
metamaterial instead of directly applying forces and torques into the desired directions
of deformation. However, despite the extensive literature on their design, fabrication,
and integration of sensing, the absence of kinematic and dynamic models hinders their
widespread adoption. These models are crucial for developing accurate simulators and
effective model-based controllers. This chapter addresses this gap by demonstrating how
kinematic (Section 5.3) and dynamical (Section 5.2) models can be derived for general 3D
motion scenarios. Furthermore, we present in Section 5.4 low-dimensional kinematical
parametrizations and a control-oriented Euler-Lagrangian model tailored explicitly to pla-
nar HSA robot motions. We follow here a strategy of exploiting the vast and well-grounded
literature on control-oriented modeling of rigid robotic manipulators and augment them
with a specialized kinematic model based on the PCS parametrization and a nonlinear,
actuation-dependent elastic model.
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Abstract. Electrically-actuated continuum soft robots based on HSAs promise rapid actuation
capabilities while preserving structural compliance. However, the foundational models of these
novel actuators required for precise control strategies are missing. This chapter proposes two key
components extending the Discretized Cosserat Rod Model (DCM) to allow for modeling HSAs.
First, we propose a mechanism for incorporating the auxetic trajectory into DCM dynamical
simulations. We also implement this extension as a plugin for the Elastica simulator. Second,
we introduce a SPCS kinematic parameterization that can describe an HSA rod’s shape with
fewer configuration variables. Subsequently, based on the augmented DCM model, we devise
a low-dimensional kinematic and a control-oriented dynamical model for planar HSA robots.
We verify all theoretical contributions experimentally. The HSA robot simulator is used to
replicate experimental data of the mechanical characterization of HSA rods. For the kinematic
description of the HSA rods, we attach motion capture markers at various points to a parallel
HSA robot and find that the shape of the HSAs can be kinematically represented with an
average accuracy of 0.3mm for positions and 0.07 rad for orientations. Finally, the identified
Euler-Lagrangian model for planar HSA robots exhibits exceptional accuracy at predicting
future system states over a horizon of more than 4 s.

This chapter is partly based on

� M. Stölzle, L. Chin, R. L. Truby, D. Rus, and C. Della Santina (2023, April). Modeling Handed Shearing
Auxetics: Selective Piecewise Constant Strain Kinematics and Dynamic Simulation. In 2023 IEEE International
Conference on Soft Robotics (RoboSoft) (pp. 1-8). IEEE (Stölzle et al., 2023).

� M. Stölzle, D. Rus, and C. Della Santina (2023, December). An Experimental Study of Model-based Control
for Planar Handed Shearing Auxetics Robots. In Experimental Robotics: The 18th International Symposium.
Springer (Stölzle et al., 2024b).

M.S. and C.D.S. conceived the project. M.S. and C.D.S. devised the modeling approaches. L.C., R.L.T., and D.R.
designed and fabricated the HSA robot. M.S. implemented the model, planned and executed the simulations
and the experiments, performed the data analysis, and wrote the manuscript. C.D.S. supervised the project and
revised the manuscript. C.D.S. and D.R. provided funding.



5.1 Introduction

5

99

5.1 Introduction

R obots based on Handed Shearing Auxetic (HSA) are a recent development in the soft
robotics field (Chin et al., 2018, 2019; Lipton et al., 2018; Truby et al., 2021; Zhang et al.,

2022a), which directly transform applied motor torques into complex motion primitives.
This novel type of actuator is based on an architected metamaterial. The most important
characteristic of this cylindrical metamaterial is that twist strains along the handedness of
the structure lead to an elongation of the rod, which is also called auxetic trajectory (Good
et al., 2022). An HSA robot combines multiple HSAs of different handedness with a platform
constraining the movement of the distal ends in the fashion of a soft parallel manipulator.
Differential elongation of the rods enables complex motion primitives such as elongation,
bending, and twisting (Chin et al., 2018), which can be seen in Fig. 5.2. HSA robots are
particularly difficult to model and control as the forces and torques causing the evolution of
the system are not directly produced by the actuator but instead are intrinsically generated
as an effect of the modified cell state of the metamaterial and of the interaction forces
coming from the parallel arrangement.

3D-FEM based approaches (Farrell et al., 2020) have proven to be effective in simu-
lating soft parallel structures (Vanneste et al., 2021) and could be a good candidate for
representing the complex behavior of HSA robots. However, in this chapter, we strive for
a less computationally expensive solution - towards applications in model-based control
(Della Santina et al., 2023). For this reason, we look at the framework of the DCM. The
Cosserat rod theory assumes the slenderness of the object, e.g., that the length is much
larger than the radius, and allows for the rod to exhibit all six principal strains. The 1D
discretization of the rod along its length dramatically reduces the computational demand
compared to FEM (Gazzola et al., 2018). Several works in recent literature have successfully
applied this framework to soft robotics (Armanini et al., 2023; Grazioso et al., 2019; Sadati
et al., 2021). Among them, in PCS (Renda et al., 2018), the continuum dynamics of the
Cosserat model are discretized in space by keeping a selection of strains constant along a
segment of the continuum. The most popular PCS is PCC (Webster III and Jones, 2010),
which assumes a sequence of arcs. Functional extensions of PCS use a continuous function
to approximate the strain (Della Santina and Rus, 2019; Renda et al., 2020).

However, none of these methods are currently applicable to HSA robots, as they do not
embed a mechanism for incorporating the effect of the auxetic trajectory. We are aware of
just one work looking into kinematic modeling of HSA robots (Garg et al., 2022), which,
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Kinematic model

Figure 5.1: An HSA robot in a twisted state: simulation and schematic of the kinematic model of a single HSA rod.
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<latexit sha1_base64="/YfNCXYpr58N4d9Wg0ye/8rYNTI=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6CqGXQxsIiAfMByRH2NnPJmr29Y3dPCCG/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mbz2h0jyWD2acoB/RgeQhZ9RYqX7fK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpqVsndZvqhXStWbLI48nMApnIMHV1CFO6hBAxggPMMrvDmPzovz7nwsWnNONnMMf+B8/gCl14zX</latexit>

L
<latexit sha1_base64="/YfNCXYpr58N4d9Wg0ye/8rYNTI=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6CqGXQxsIiAfMByRH2NnPJmr29Y3dPCCG/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mbz2h0jyWD2acoB/RgeQhZ9RYqX7fK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpqVsndZvqhXStWbLI48nMApnIMHV1CFO6hBAxggPMMrvDmPzovz7nwsWnNONnMMf+B8/gCl14zX</latexit>

L
<latexit sha1_base64="sQWuJli0RQJNzDA5UP85oX0m2d4=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaJUY9ELx7ByCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJYPZpygH9GB5CFn1Fipft8rltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1m+qFdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AK7vjN0=</latexit>

R

<latexit sha1_base64="sQWuJli0RQJNzDA5UP85oX0m2d4=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaJUY9ELx7ByCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJYPZpygH9GB5CFn1Fipft8rltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1m+qFdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AK7vjN0=</latexit>

R
<latexit sha1_base64="/YfNCXYpr58N4d9Wg0ye/8rYNTI=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6CqGXQxsIiAfMByRH2NnPJmr29Y3dPCCG/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mbz2h0jyWD2acoB/RgeQhZ9RYqX7fK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpqVsndZvqhXStWbLI48nMApnIMHV1CFO6hBAxggPMMrvDmPzovz7nwsWnNONnMMf+B8/gCl14zX</latexit>

L

<latexit sha1_base64="5yD3tkSWSVD6vYZ3esUvQRcDxng=">AAAB7nicbVBNS8NAEJ34WetX1aOXYBE8laSIeix48VjFfkAbymY7bZduNmF3IpTQH+HFgyJe/T3e/Ddu2xy09cHA470ZZuaFiRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNE6eaY4PHMtbtkBmUQmGDBElsJxpZFEpshePbmd96Qm1ErB5pkmAQsaESA8EZWan1gIaEGvZKZa/izeGuEj8nZchR75W+uv2YpxEq4pIZ0/G9hIKMaRJc4rTYTQ0mjI/ZEDuWKhahCbL5uVP33Cp9dxBrW4rcufp7ImORMZMotJ0Ro5FZ9mbif14npcFNkAmVpISKLxYNUulS7M5+d/tCIyc5sYRxLeytLh8xzTjZhIo2BH/55VXSrFb8q8rlfbVcq+ZxFOAUzuACfLiGGtxBHRrAYQzP8ApvTuK8OO/Ox6J1zclnTuAPnM8faVWPkw==</latexit>

Resting
<latexit sha1_base64="lKRUcTPQG3wS7l4G9dzwpuv6VJU=">AAAB8XicbZDLSgMxFIbP1Futt6pLN8EiuCozRdRlQQSXFewF26Fk0kwbmkmGJCOUoW/hxoUibn0bd76NmekstPWHwMd/ziHn/EHMmTau++2U1tY3NrfK25Wd3b39g+rhUUfLRBHaJpJL1QuwppwJ2jbMcNqLFcVRwGk3mN5k9e4TVZpJ8WBmMfUjPBYsZAQbaz3ecinGOQ6rNbfu5kKr4BVQg0KtYfVrMJIkiagwhGOt+54bGz/FyjDC6bwySDSNMZniMe1bFDii2k/zjefozDojFEplnzAod39PpDjSehYFtjPCZqKXa5n5X62fmPDaT5mIE0MFWXwUJhwZibLz0YgpSgyfWcBEMbsrIhOsMDE2pIoNwVs+eRU6jbp3Wb+4b9SajSKOMpzAKZyDB1fQhDtoQRsICHiGV3hztPPivDsfi9aSU8wcwx85nz+0WpDl</latexit>

Elongation
<latexit sha1_base64="gH2be2KnYxumll/jtjI17KjUGBQ=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj04kkq2A9pQ9lsJu3SzSbsboRS+iu8eFDEqz/Hm//GbZuDtj4YeLw3w8y8IBVcG9f9dlZW19Y3Ngtbxe2d3b390sFhUyeZYthgiUhUO6AaBZfYMNwIbKcKaRwIbAXDm6nfekKleSIfzChFP6Z9ySPOqLHS4zXKkMs+ueuVym7FnYEsEy8nZchR75W+umHCshilYYJq3fHc1PhjqgxnAifFbqYxpWxI+9ixVNIYtT+eHTwhp1YJSZQoW9KQmfp7YkxjrUdxYDtjagZ60ZuK/3mdzERX/pjLNDMo2XxRlAliEjL9noRcITNiZAllittbCRtQRZmxGRVtCN7iy8ukWa14F5Xz+2q5Vs3jKMAxnMAZeHAJNbiFOjSAQQzP8ApvjnJenHfnY9664uQzR/AHzucPJtSP8A==</latexit>

Bending N
<latexit sha1_base64="4nWXXokKaG/06l6Jr5+VOChdzVk=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj04rGi/ZA2lM1m0i7dbMLuRiilv8KLB0W8+nO8+W/ctjlo64OBx3szzMwLUsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZIphg2WiES1A6pRcIkNw43AdqqQxoHAVjC8mfqtJ1SaJ/LBjFL0Y9qXPOKMGis9XqMMueyT+16p7FbcGcgy8XJShhz1XumrGyYsi1EaJqjWHc9NjT+mynAmcFLsZhpTyoa0jx1LJY1R++PZwRNyapWQRImyJQ2Zqb8nxjTWehQHtjOmZqAXvan4n9fJTHTlj7lMM4OSzRdFmSAmIdPvScgVMiNGllCmuL2VsAFVlBmbUdGG4C2+vEya1Yp3UTm/q5Zr1TyOAhzDCZyBB5dQg1uoQwMYxPAMr/DmKOfFeXc+5q0rTj5zBH/gfP4ALmiP9Q==</latexit>

Bending S
<latexit sha1_base64="mulWnqfX29RNtCumk46+UIWK2KI=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48V7Ie0oWw2k3bpZhN2N0Ip/RVePCji1Z/jzX/jts1BWx8MPN6bYWZekAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCahGwSU2DTcCO6lCGgcC28Hodua3n1BpnsgHM07Rj+lA8ogzaqz0eIMy5HJA2v1yxa26c5BV4uWkAjka/fJXL0xYFqM0TFCtu56bGn9CleFM4LTUyzSmlI3oALuWShqj9ifzg6fkzCohiRJlSxoyV39PTGis9TgObGdMzVAvezPxP6+bmejan3CZZgYlWyyKMkFMQmbfk5ArZEaMLaFMcXsrYUOqKDM2o5INwVt+eZW0alXvsnpxX6vUa3kcRTiBUzgHD66gDnfQgCYwiOEZXuHNUc6L8+58LFoLTj5zDH/gfP4ANHiP+Q==</latexit>

Bending W
<latexit sha1_base64="h5xZzgS+ALJCOGdaxWcGgaYG0eY=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9VgUwWMF+yFtKJvNpF262YTdjVBKf4UXD4p49ed489+4bXPQ1gcDj/dmmJkXpIJr47rfzsrq2vrGZmGruL2zu7dfOjhs6iRTDBssEYlqB1Sj4BIbhhuB7VQhjQOBrWB4M/VbT6g0T+SDGaXox7QvecQZNVZ6vEYZctknt71S2a24M5Bl4uWkDDnqvdJXN0xYFqM0TFCtO56bGn9MleFM4KTYzTSmlA1pHzuWShqj9sezgyfk1CohiRJlSxoyU39PjGms9SgObGdMzUAvelPxP6+TmejKH3OZZgYlmy+KMkFMQqbfk5ArZEaMLKFMcXsrYQOqKDM2o6INwVt8eZk0qxXvonJ+Xy3XqnkcBTiGEzgDDy6hBndQhwYwiOEZXuHNUc6L8+58zFtXnHzmCP7A+fwBGTCP5w==</latexit>

Bending E
<latexit sha1_base64="nO2xfXN/aKdjtpmXjRAJS1auAlE=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9ktoh4LvXis0C9pl5JNs21okl2SrFKW/govHhTx6s/x5r8x3e5BWx8MPN6bYWZeEHOmjet+O4WNza3tneJuaW//4PCofHzS0VGiCG2TiEeqF2BNOZO0bZjhtBcrikXAaTeYNhZ+95EqzSLZMrOY+gKPJQsZwcZKD60nuwI1Gt1hueJW3QxonXg5qUCO5rD8NRhFJBFUGsKx1n3PjY2fYmUY4XReGiSaxphM8Zj2LZVYUO2n2cFzdGGVEQojZUsalKm/J1IstJ6JwHYKbCZ61VuI/3n9xIS3fspknBgqyXJRmHBkIrT4Ho2YosTwmSWYKGZvRWSCFSbGZlSyIXirL6+TTq3qXVev7muVei2PowhncA6X4MEN1OEOmtAGAgKe4RXeHOW8OO/Ox7K14OQzp/AHzucPE3iP4w==</latexit>

Twist CCW
<latexit sha1_base64="QF2G7VUc5lKANCM6xw629YkzV7o=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKewGUY+BXDxGyAuSJcxOZpMhs7PrTK8SQn7CiwdFvPo73vwbJ8keNLGgoajqprsrSKQw6LrfTm5jc2t7J79b2Ns/ODwqHp+0TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfj2txvP3JtRKwaOEm4H9GhEqFgFK3UaTzZFaTW7hdLbtldgKwTLyMlyFDvF796g5ilEVfIJDWm67kJ+lOqUTDJZ4VeanhC2ZgOeddSRSNu/Oni3hm5sMqAhLG2pZAs1N8TUxoZM4kC2xlRHJlVby7+53VTDG/9qVBJilyx5aIwlQRjMn+eDITmDOXEEsq0sLcSNqKaMrQRFWwI3urL66RVKXvX5av7SqlayeLIwxmcwyV4cANVuIM6NIGBhGd4hTfnwXlx3p2PZWvOyWZO4Q+czx+GKo+W</latexit>

Twist CW

<latexit sha1_base64="XuVmVFh8ZEMPtXepP7zAqUcY/GA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBLyUpoh4LXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSA7volytu1Z2DrBIvJxXI0eiXv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzS+dkjOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCGz/jMkkNSrZYFKaCmJjM3iYDrpAZMbGEMsXtrYSNqKLM2HBKNgRv+eVV0qpVvavq5X2tUq/lcRThBE7hHDy4hjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nDyddjRE=</latexit>

c)

<latexit sha1_base64="1lfGKEf9KYRrawYbQhLNJUNigrU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBLyUpoh4LXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQ3DRL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m186JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSEN37GZZIalGyxKEwFMTGZvU0GXCEzYmIJZYrbWwkbUUWZseGUbAje8surpFWrelfVy/tapV7L4yjCCZzCOXhwDXW4gwY0gUEIz/AKb87YeXHenY9Fa8HJZ47hD5zPHyXYjRA=</latexit>

b)

<latexit sha1_base64="iX/NGbPVD3rUNQ9zcKuEjY5U5aM=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBLyUpoh4LXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSA73olytu1Z2DrBIvJxXI0eiXv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzS+dkjOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCGz/jMkkNSrZYFKaCmJjM3iYDrpAZMbGEMsXtrYSNqKLM2HBKNgRv+eVV0qpVvavq5X2tUq/lcRThBE7hHDy4hjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nDyRTjQ8=</latexit>

a)

<latexit sha1_base64="HrAptShQKpVEjz9XYKHTaXetu+A=">AAACAHicbVBNS8NAEN3Ur1q/qh48eFksghdLUkQ9Frx4rGI/oA1ls5kkSzebsLsRSujFv+LFgyJe/Rne/Ddu2xy09cHA470ZZuZ5KWdK2/a3VVpZXVvfKG9WtrZ3dveq+wcdlWSSQpsmPJE9jyjgTEBbM82hl0ogsceh641upn73EaRiiXjQ4xTcmISCBYwSbaRh9eiehZE+j4jwwcfAExEWTs2u2zPgZeIUpIYKtIbVr4Gf0CwGoSknSvUdO9VuTqRmlMOkMsgUpISOSAh9QwWJQbn57IEJPjWKj4NEmhIaz9TfEzmJlRrHnumMiY7UojcV//P6mQ6u3ZyJNNMg6HxRkHGsEzxNA/tMAtV8bAihkplbMY2IJFSbzComBGfx5WXSadSdy/rFXaPWbBRxlNExOkFnyEFXqIluUQu1EUUT9Ixe0Zv1ZL1Y79bHvLVkFTOH6A+szx+ltJZn</latexit>

Right-handed elongation
<latexit sha1_base64="1xkcBUb27Fw4QPe1mx1yF7L9EHs=">AAAB/3icbVA9SwNBEN3zM8avqGBjsxgEG8NdELUM2FhYRDAfkBxhb28uWbK3e+zuCeFM4V+xsVDE1r9h579xk1yhiQ8GHu/NMDMvSDjTxnW/naXlldW19cJGcXNre2e3tLff1DJVFBpUcqnaAdHAmYCGYYZDO1FA4oBDKxheT/zWAyjNpLg3owT8mPQFixglxkq90uEtROZsQEQIIQYuRT83ym7FnQIvEi8nZZSj3it9dUNJ0xiEoZxo3fHcxPgZUYZRDuNiN9WQEDokfehYKkgM2s+m94/xiVVCHEllSxg8VX9PZCTWehQHtjMmZqDnvYn4n9dJTXTlZ0wkqQFBZ4uilGMj8SQMHDIF1PCRJYQqZm/FdEAUocZGVrQhePMvL5JmteJdVM7vquVaNY+jgI7QMTpFHrpENXSD6qiBKHpEz+gVvTlPzovz7nzMWpecfOYA/YHz+QPIcZXq</latexit>

Left-handed elongation
<latexit sha1_base64="yMF+K9grCV6XUcnS1Vg5N1d5ID8=">AAAB9HicbVBNS8NAEN34WetX1aOXxSJ4KkkR9VjworcK9gPaUDbbSbt0s4m7k0IJ/R1ePCji1R/jzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcNHGqOTR4LGPdDpgBKRQ0UKCEdqKBRYGEVjC6nfmtMWgjYvWIkwT8iA2UCAVnaCX/XgkUTFKDDKFXKrsVdw66SryclEmOeq/01e3HPI1AIZfMmI7nJuhnTKPgEqbFbmogYXzEBtCxVLEIjJ/Nj57Sc6v0aRhrWwrpXP09kbHImEkU2M6I4dAsezPxP6+TYnjjZ0IlKYLii0VhKinGdJYA7QsNHOXEEsa1/Z9TPmSacbQ5FW0I3vLLq6RZrXhXlcuHarlWzeMokFNyRi6IR65JjdyROmkQTp7IM3klb87YeXHenY9F65qTz5yQP3A+fwCsB5H+</latexit>

Initial state
<latexit sha1_base64="VEDWwKvitIViLR6CSWF2VH4KjSM=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksgqeSFFHxVPHSY0XbCm0om+2mXbrZhN2JWEIv/hUvHhTx6s/w5r9xm+agrQ8GHu/NMDPPjwXX4DjfVmFpeWV1rbhe2tjc2t6xd/daOkoUZU0aiUjd+0QzwSVrAgfB7mPFSOgL1vZH11O//cCU5pG8g3HMvJAMJA84JWCknn3QBfYIfpDWb68woZBk+uWkZ5edipMBLxI3J2WUo9Gzv7r9iCYhk0AF0brjOjF4KVHAqWCTUjfRLCZ0RAasY6gkIdNemj0wwcdG6eMgUqYk4Ez9PZGSUOtx6JvOkMBQz3tT8T+vk0Bw4aVcxgkwSWeLgkRgiPA0DdznilEQY0MIVdzciumQKBOEyaxkQnDnX14krWrFPauc3lTLtWoeRxEdoiN0glx0jmqojhqoiSiaoGf0it6sJ+vFerc+Zq0FK5/ZR39gff4AqJiWZw==</latexit>

HSA actuation:

Figure 5.2: Motion primitives of HSA robots: elongation, bending in the four cardinal directions (e.g., north (N),
south (S), west (W), east (E)), and clockwise (CW) and counter-clockwise (CCW) twisting. First row (a): depicts
the necessary actuation inputs to generate these motion primitives. Pure elongation is achieved by applying the
motor torques of the same magnitude but in opposite directions to the left-handed (L) and right-handed (R) HSAs.
For bending, a delta exists in the elongation of the rods, while the sum of torques is still zero. Last but not least,
counter-clockwise twisting is achieved by applying more torque to the right-handed than to the left-handed HSA
rods. Second row (b): Snapshots of the experimental platform when actuated according to the above-specified
sequence. Third row (c): Renderings of simulated steady-states of an HSA robot. It consists of four HSA rods
and a platform at the distal end. The red arrows point along the local x-axis, and the green arrows along the local
y-axis, respectively. The blue arrow signifies the z-axis of the local frame of the platform.

however, models the backbone of the robot with PCC instead of modeling the HSAs. As a
consequence, the model cannot represent complex behaviors of the module, like the twist
in Fig. 5.1.

The goal of this chapter is to provide such a mechanism for the general movement of
HSA robots in 3D-space, to introduce a strategy for further reducing the dimensionality
of the model, to derive a control-oriented model for planar HSA robots, and to provide
extensive experimental validation for all. More specifically, our extension to the DCM
framework couples the twisting strain of the HSA rod to its rest length. Additionally, we
allow the rigidity of the rod to be modified as a function of the twist strain. We have
implemented this mechanism as a plugin for Elastica (Naughton et al., 2021), which we
provide open source1.

We then use a combination of CS and PCSs (Renda et al., 2018) to describe the shape of
HSA rods, which we call a SPCS model: while some strains, such as twist & stretch, are
mostly constant over the length of the entire HSA, other strains, such as bend & shear,
significantly vary and are thus captured in a piecewise parametrization. Our results show
that a kinematic parametrization with 11 DOFs is sufficient to capture the shape of HSAs.
Compared to the DCM strategy used for simulating HSAs, we have, therefore, significantly
reduced the DOF of the kinematics. We provide an open-source implementation of this
kinematic model in JAX2.

1https://github.com/tud-phi/HSA-PyElastica
2https://github.com/tud-phi/jax-spcs-kinematics

https://github.com/tud-phi/HSA-PyElastica
https://github.com/tud-phi/jax-spcs-kinematics
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This kinematic model could then be used to parametrize the deformation of each
limb in the parallel HSA rod. However, this would require the enforcement of kinematic
constraints (Armanini et al., 2021), which can be algorithmically and computationally chal-
lenging. We propose to avoid this complexity in the planar case by natively incorporating
the kinematic constraints into the model. In particular, we defining the CS of a virtual
backbone in the center of the robot to be our configuration variable. Finally, we derive the
system dynamics of a planar HSA robot in Euler-Lagrangian form.

In summary, we contribute to the state of the art in the modeling of soft robots with:

1. A mechanism for integrating the auxetic trajectory of HSAs into the discrete Cosserat
rod theory (Gazzola et al., 2018; Mathew et al., 2022).

2. A plugin for the Elastica simulator (Naughton et al., 2021), which also includes the
necessary boundary conditions and joint formulations to simulate HSA robots.

3. A Selective Piecewise Constant Strain (SPCS) kinematic model to parameterize the
shape of a single HSA rod with a dramatically reduced number of states.

4. A closed-form solution for the inverse kinematics of a planar CS formulation.

5. A Euler-Lagrangian dynamical model for planar HSA robots.

Contributions (1) and (2) are covered in Section 5.2. Subsequently, we introduce the
kinematic model from contribution (3) and experimentally verify it in Section 5.3. The
control-oriented model for planar HSA robots from contributions (4) and (5) and the
experimental validation are presented in Section 5.4.

5.2 Dynamic Simulation of HSA Robots
We introduce a new concept to enable the simulation of HSA robots with the discretized
Cosserat rod theory, which is used by many of the SOTA simulators of soft continuum
robots (Mathew et al., 2022; Naughton et al., 2021). While we provide an implementation of
the proposed concept as a plugin to Elastica (Naughton et al., 2021), the same strategy could
be used to adapt other simulators, such as SoRoSim (Mathew et al., 2022), to HSA robots. We
give some background on the DCM in Section 5.2.1. Then, in 5.2.2, we propose a mechanism
to infuse the auxetic trajectory for a HSA into the DCM framework. Subsequently, we
verify the steady-state behavior of an HSA against the mechanical characteristics in 5.2.3.
Next, we lay out in 5.2.4 the necessary boundary conditions of the HSAs and describe the
joint mechanism connecting the platform with the rods. Finally, we explain in Section 5.2.5
how we were able to reproduce in simulation the main motion primitives of HSA robots.

5.2.1 Background: Discretized Cosserat Rod Model
This subsection will introduce the governing equations of the DCM following the work
by Gazzola et al. (2018). According to the Cosserat rod theory, a slender rod’s shape can
be purely described by the line along its backbone. The backbone curve is divided into a
discrete set of nodes with position 𝑟𝑖(𝑡) ∈ ℝ3 ∀ 𝑖 ∈ {1,…,𝑛v+1} and 𝑛v links of orientation
𝑄𝑖(𝑡) ∈ ℝ3×3. Differentiating the position and orientation with respect to time gives the
translational and angular velocities 𝑣𝑖 = 𝜕𝑟𝑖

𝜕𝑡 ∈ ℝ
3 and 𝜔𝑖 ∈ ℝ3. Each node has a mass of 𝑚𝑖,
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and the rigid links are modeled to have a second mass moment of inertia 𝐽𝑖. When a rod of
unstretched length 𝐿̂ is at rest, each link has a length of 𝑙𝑖 and connects two consecutive
vertices. The circumflex accent will denote quantities in the rest configuration of the rod.
When the rod is in a deformed state, 𝑙 describes the current edge length and the shear
and axial strains are considered in the vector 𝜎 = (𝜎𝑥 𝜎𝑦 𝜎𝑧)

⊤. The curvature vector
𝜅 = (𝜅𝑥 𝜅𝑦 𝜅𝑧)

⊤ captures the bending and twist strains. All strains are defined with
respect to the rest length of the link 𝑙𝑖, and the dilation factor 𝑒𝑖 = 𝑙𝑖

𝑙𝑖
denotes the deviation

from that rest length. The shear and stretch stiffness is specified through the diagonal
matrix 𝑆 = diag(𝐸𝐼𝑥𝑥 ,𝐸𝐼𝑦𝑦 ,𝐺𝐼𝑧𝑧) ∈ ℝ3×3, where 𝐸, 𝐺 are the elastic and shear modulus
respectively, and 𝐼 ∈ ℝ3×3 is the second area moment of inertia. Analogue, the bending
and twist rigidity is stored in 𝐵 = diag(𝐵𝑥 ,𝐵𝑦 ,𝐵𝑧) ∈ ℝ3×3. For conciseness, we include only
the equation for the translational accelerations below. We refer the interested reader to
(Gazzola et al., 2018) for the equation on rotational accelerations and more complementary
details about the DCM.

𝑚𝑖
𝜕𝑣𝑖
𝜕𝑡

=Δℎ
(
𝑄⊤𝑖 𝑆𝑖𝜎𝑖
𝑒𝑖 )

+𝐹𝑖, 𝑖 ∈ {1,…,𝑛v+1}, (5.1)

where 𝐹𝑖 ∈ ℝ3 is the external force acting on the 𝑖th vertex. Several quantities are expressed
in the Voronoi domain , in which the length of the region 𝑖 can be computed as
𝑖 = 𝑙𝑖+1+𝑙𝑖

2 , 𝑖 ∈ [1,𝑛v − 1]. Examples are the the Voronoi curvature 𝜅̂𝑖 over the interior
vertices, and the bend twist stiffness matrix 𝐵̂𝑖. Δℎ ∶ {ℝ3}𝑁 → {ℝ3}𝑁+1 is used as the discrete
difference operator.

5.2.2 Auxetic Trajectory
We propose several adjustments to the standard definition of the DCM to allow for realistic
simulation of HSAs. The main assumption behind the proposed concept is that twist strains
agreeing with the handedness of the rod will modify the internal angle between the auxetic
pattern cells and, with that, also change the system characteristics such as spring constant,
blocked force, etc.

Most importantly, we introduce a distinction between the printed, initial length of the
HSA 𝐿̄ and the rest length of the rod 𝐿̂. This allows us to mirror the auxetic trajectory, as
the minimum energy length is increased with applied twist angles / strains (Good et al.,
2022). Similar to the hat accent, which denotes rest quantities, the bar accent will point
out quantities of the HSA in the initial / printed state. We propose to linearly scale the
edge rest length 𝑙𝑖 with the twist strain 𝜅𝑖,𝑧 :

𝑙𝑖 = (1+𝜀𝑖) 𝑙 𝑖 ∈ {1,…,𝑛v+1}, (5.2)
𝜀𝑖 = max(min(ℎ𝐶𝜀ℎ(𝜅𝑖,𝑧), 𝜀max) ,𝜀min) . (5.3)

In this expression, the twist strain 𝜅𝑖,𝑧 is elevated from the Voronoi to the vertex domain
with the averaging operatorℎ ∶ {ℝ3}𝑁 → {ℝ3}𝑁+1. ℎ ∈ {−1,1} is the handedness of the rod.
Right is defined as the positive, and left as the negative handedness. 𝐶𝜀 is the extension
factor, which needs to be tuned with respect to the chosen auxetic pattern. The minimum
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and maximum extension 𝜀min, 𝜀max are the limits of the auxetic trajectory and depend on
the HSA type: for example, closed HSAs can only exhibit positive elongations (Good et al.,
2022). After the rest length is adjusted, the axial stiffness of the rod will guide the current
edge length 𝑙𝑖 towards the (target) edge rest length. Furthermore, we recall the definition
of bend/twist strains: 𝜅𝑖 = log(𝑄𝑖+1𝑄⊤𝑖 )

̂𝑖
. To keep the twist strain constant across the entire

auxetic trajectory, we define the twist strain with respect to the initial Voronoi length
̄𝑖 = 𝑙𝑖+1−𝑙𝑖

2 :

𝜅𝑖,𝑧 =
log(𝑄𝑖+1𝑄⊤𝑖 )

̄𝑖
, 𝑖 ∈ {1,…,𝑛v+1} (5.4)

Table 5.1: Parameters of simulated HSA rods in Section 5.2.3 for various number of HSA row tilings 𝑛rows. Row
tilings represent the number of vertically stacked unit cells (Good et al., 2022). The rest length 𝐿̂ and the elastic
modulus 𝐸 are linear functions of the twist strain 𝜅𝑧 . 𝐵𝑧 represents the twist rigidity.

𝑛rows 𝐿̂ [mm] 𝐸 [kPa] 𝐵𝑧 [Nm2/rad]

4 75(1+3.04𝜅𝑧) 576.9+36.1𝜅𝑧 0.00375
6 89(1+3.50𝜅𝑧) 309.3+13.1𝜅𝑧 0.00213
8 100(1+3.77𝜅𝑧) 203.5+10.6𝜅𝑧 0.00183
10 112(1+3.64𝜅𝑧) 197.6+7.5𝜅𝑧 0.00167
12 124(1+3.53𝜅𝑧) 197.6+2.4𝜅𝑧 0.00124

Finally, recent work by Good et al. (2022) has shown that HSAs exhibits special mechan-
ical characteristics, such as the spring constant increasing with the twist angle. Therefore,
we allow the shear/stretch and bend / twist rigidity matrices 𝑆 and 𝐵 to be modified dy-
namically during the simulation with the twist strain. For example, the axial stiffness of a
closed HSA can be modeled as a linear function of the twist strain (Good et al., 2022)

𝑆𝑖𝑧 = 𝑆
𝑖
𝑧 +𝐶𝑆𝑧

ℎ(𝜅𝑖,𝑧), (5.5)

where 𝐶𝑆𝑧 is a tunable constant.

5.2.3 Verification of HSA Rod Steady-State Behaviour
We verify that our simulator can represent the steady-state behavior of a real HSA by
re-producing the characterization results for closed HSAs by Good et al. (2022). More
specifically, we let the simulator converge to a steady state and then identify several
mechanical properties such as blocked force (𝐹b), minimum energy length, holding torque
(𝜏h), and the spring constant (𝑘). Following the reporting in (Good et al., 2022), we tune the
parameters of our simulation to match the behavior of closed Carbon FPU50 HSAs with
19mm outside diameter, 2mm wall thickness, as good as possible. We report the chosen
simulation parameters in Table 5.1. The HSA rod is modelled to consist of 𝑛v = 10 nodes
and 9 links with a material density of 𝜌 = 1050kg/m3. For all simulations, the proximal
end of the rod is constrained, and only rotations around the z-axis are allowed to mirror
the actuation with electric motors. Furthermore, twisting is constrained at the distal end,
which allows twist strains to build up in the rod. Otherwise, the distal end is unconstrained.
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Figure 5.3: Results for verification of steady-state behavior of the proposed simulator: the solid lines represent the
mechanical characteristics obtained for closed HSA rods by Good et al. (2022) with corresponding error bars. The
dashed lines correspond to the same characteristics obtained with our simulator. The simulation parameters are
separately tuned for HSAs with a variety of row tilings. When an HSA contains a higher number of row tiling, it
will allow for larger elongations while simultaneously trading off the spring constant (Good et al., 2022).

Next, we will go into more detail about each mechanical characteristic. Holding
torque: We apply a given torsional torque 𝜏h at the proximal end of the HSA and then
record the twist angle of the base 𝜙0 at steady-state. Minimum energy length: The
proximal end of the HSA is rotated to a given twist angle 𝜙0. The minimum energy length
is then identified as the steady-state length of the HSA. Spring constant: For a given twist
angle 𝜙0 with the HSA at rest, the spring constant is identified by applying a small pulling
force to the distal end and then measuring the displacement of the tip at steady-state.
Blocked force: Different from the other simulations, the distal end is constrained at its
initial position to prevent the rod from extending. The blocked force 𝐹b is identified by
evaluating the internal axial force for a given twist angle.

The results show that the proposed simulator can accurately represent the steady-state
behavior of the HSAs with the simulated characteristics mostly staying within the stated
error range of the experimental measurements by Good et al. (2022). The only exception is
Fig. 5.3(a), in which the simulation is overestimating the blocked force 𝐹b. This points to
the fact that this linear approximation of the auxetic trajectory is only accurate in a limited
range of the motion range of the closed HSAs. Further research is necessary to come up
with auxetic trajectory models for semi-closed and open HSAs.

5.2.4 Simulating HSA Robots: Boundary Conditions and Joints
We discuss here how to combine a platform and multiple HSAs to form a HSA robot.
Assume to have 𝑛HSA rods equally distributed along a circle of radius 𝑅cHSA in the x-y
plane with the rods pointing towards the positive z-direction in a straight configuration.
We need boundary conditions for the proximal ends of the rods to generate the parallel
structure. The positions of the proximal nodes are constrained to remain at their initial
position 𝑟0. For the same purpose, the translational rates, e.g., 𝑣0, are set to zero at each
time step.

In our plug-in to Elastica, we provide the user with two options for actuating the HSAs.
(a) The orientation of the proximal link 𝑄0 is moved to a desired orientation 𝑄d

0 . In this
case, the twist angle 𝜙d0 of the proximal end is controlled. Again, the rotational rates 𝜔0
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are set to zero. (b) Twist torques 𝜏0,𝑧 are applied to the proximal link of the HSA. The two
remaining rotational DOFs (rolling and pitching) of the proximal link are constrained by
setting their rotational rates 𝜔0,𝑥 and 𝜔0,𝑦 to zero.

Additionally, rigid joints between the rods and the platform are necessary. These are
achieved by simulating a spring-damper system between the distal end of each HSA and
the platform. For the translations, we compute the contact force 𝐹c as

𝐹c = 𝑘𝐹 (𝑟 𝑗p −𝑟𝑛v+1)+𝜈𝐹 (𝑣
𝑗
p−𝑣𝑛v+1), (5.6)

where 𝑘𝐹 is the translational joint stiffness, and 𝜈𝐹 the translational damping coefficient.
While 𝑟𝑛v+1, and 𝑣𝑛v+1 are the position and the velocity of the distal node of the rod,
respectively, 𝑟 𝑗p and 𝑣𝑗𝑛v+1) are the position and velocity of the attachment point of the
same rod (e.g. the 𝑗th rod) on the platform. We determine the position and velocity of this
attachment point using rigid body kinematics with regard to the Center of Mass (COM) of
the platform. The contact force 𝐹c is applied with an opposite sign to the distal end of the
HSA and to the platform, respectively. Please note that the contact force 𝐹 also generates a
torque 𝜏𝐹c on the platform, as the force is not applied at the COM of the rigid body.

Similarly to the contact force, a contact torque 𝜏c is computed to reduce any error in
the orientation and angular velocity between the two systems

𝜏c = 𝑘𝜏 (𝑄⊤p log(𝑄p𝑄⊤𝑛v))+𝜈𝜏 (𝑄
⊤
p𝜔

𝑗
p−𝑄

⊤
𝑛v𝜔𝑛v) (5.7)

where the log(⋅) ∶ ℝ3×3 → ℝ3 operator computes the rotation vector from the rotation
matrix (Gazzola et al., 2018), and 𝑄p is the material frame of the platform.

5.2.5Qualitative Evaluation of Motions in Simulation
We reproduce the typical motion primitives of a HSA robot consisting of four HSAs (e.g.,
𝑛HSA = 4) in simulation and show the final steady-states in Fig. 5.2. Two of the HSAs are
left-handed and positioned diagonally from each other. Each rod is discretized by 𝑛v = 25
links and 26 point mass vertices. Furthermore, it has a printed length of 𝐿̄ = 100mm,
an outside radius of 25.4mm and a wall-thickness of 2.43mm. The rods are placed at
a radial distance of 𝑅cHSA = 24mm from the center of the robot, and a material density
of 𝜌HSA = 1050kg/m3 is assumed. Therefore, the chosen simulation parameters mirror
the geometric characteristics of our experimental platform. Based on an elastic modulus
𝐸 = 10MPa and a shear modulus 𝐺 = 0.6MPa, the shear and stretch stiffnesses amount to
𝑆𝑥,𝑦 = 101.5N/m, and 𝑆𝑧 = 1753.5N/m. We set the bend and twist rigidities 𝐵𝑥 ,𝐵𝑦 , and
𝐵𝑧 to 0.02Nm2/rad and 0.014Nm2/rad respectively. When twist strains are present, we
extend the rest length of the rod by 0.01m/rad after taking into account the handedness of
the HSA.

The cylindrical platform is of diameter 95mm, has a thickness of 3mm and is modeled
to have a density of 𝜌p = 700kg/m3. The joint stiffness parameters 𝑘𝐹 = 5 ⋅ 105N/m and
𝑘𝜏 = 20Nm/rad are chosen for the fixed joint between HSAs and platform. The joint
damping coefficients 𝜈𝐹 , 𝜈𝜏 are set to zero.

Our qualitative results in Fig. 5.2 demonstrate that we are able to generate all motion
primitives in simulation. For the shown deformations, we apply maximum twist angles of
𝜙0,max = 𝜋 rad.
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5.3 A Kinematic Model for HSA Rods
In this section, we aim to derive a forward kinematic model that can be used to describe
the shape of a single HSA rod with a minimum amount of parameters. More specifically,
we want to describe the transformation from the base frame {𝑆} to a local frame {𝑆𝑠}, a
coordinate 𝑠 ∈ (0, 𝐿̄], which is a function of the soft robot’s configuration 𝑞. This coordinate
lies on the backbone of a HSA rod of printed (i.e., initial) length 𝐿̄.

5.3.1 Selective Piecewise Constant Strain (SPCS) Kinematics
For this purpose, we combine the existing kinematic models CS and PCS (Renda et al., 2018)
to selectively keep specific strains constant along the entire length of the robot or vary
them piece-wise among the segments. This parametrization can be combined with the
results in Sec. 5.2 to generate a compact dynamic model for the movement of HSA robots
in 3D space.

Figure 5.4: Visualization of the proposed SPCS kinematic model for the case of 𝑛S = 2 segments: The forward
kinematics describe a transformation from the base frame {𝑆} to the local frame {𝑆𝑠} at the coordinate 𝑠 ∈ [0, 𝐿̄]
and consist of a) a rotation around the 𝑧-axis of the base frame by angle 𝜙0, b) an exponential map 𝑒(𝑠−𝐿̄𝑖)𝜉𝑖 for
the transformation from the proximal end of the 𝑖th segment to the local frame of the coordinate 𝑠.

First, we define that

𝜉(𝑞, 𝑠) = (𝜅𝑥 𝜅𝑦 𝜅𝑧 𝜎𝑥 𝜎𝑦 𝜎𝑧)
⊤ ∈ ℝ6 (5.8)

represents the three rotational and three linear strains present in a rod (Renda et al., 2018).
Subsequently, propose the following configuration vector for an HSA

𝑞 = (𝜙0 𝑞⊤CS 𝑞⊤PCS,1 ⋯ 𝑞⊤PCS,𝑖 ⋯ 𝑞⊤PCS,𝑛S)
⊤ (5.9)

where 𝜙0 ∈ ℝ is the twist angle at the base and allows for the rotation of the motor
actuating the HSA rod. 𝑞CS ∈ ℝ𝑛𝑞,CS is a strain component constant along the entire rod, and
𝑞PCS,𝑖 ∈ ℝ𝑛𝑞,PCS , 𝑖 ∈ {1,…,𝑛PCS} is the configuration of each PCS segment. The 𝑖th segment
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has a initial length of 𝑙𝑖 with its tip at the coordinate 𝐿̄𝑖 The strain in the 𝑖th segment is
then the sum of the rest strain 𝜉0 = (0 0 0 0 0 1)

⊤, 𝜉CS, and 𝜉PCS,𝑖:

𝜉𝑖 = 𝜉0+ΦCS 𝑞CS+ΦPCS,𝑖 𝑞PCS,𝑖, 𝑖 ∈ {1,…,𝑛S}. (5.10)

Analogue to the concept introduced in (Renda et al., 2020), ΦCS ∈ ℝ6×𝑛𝑞,CS , ΦPCS ∈ ℝ6×𝑛𝑞,PCS

are the strain bases of 𝑞CS and 𝑞PCS respectively.
In this chapter, we specifically investigate a setting where the twist & stretch strains

are constant across the entire rod and the bend & shear strains vary for each segment.
Accordingly, we choose 𝑞CS = (𝜅𝑧 𝜎𝑧)

⊤ and 𝑞PCS,𝑖 = (𝜅𝑥,𝑖 𝜅𝑦,𝑖 𝜎𝑥,𝑖 𝜎𝑦,𝑖)
⊤. Then, the

corresponding strain bases are determined to be

ΦCS = [
0 0 1 0 0 0
0 0 0 0 0 1]

⊤

∈ ℝ6×2,

ΦPCS,𝑖 =
⎡
⎢
⎢
⎢
⎣

1 0 0 0 0 0
0 1 0 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0

⎤
⎥
⎥
⎥
⎦

⊤

∈ ℝ6×4.
(5.11)

Next, we find homogeneous forward kinematic mappings for the given configuration
and strains. As the twist angle 𝜙0 demands a rotation around the local 𝑧-axis of the
base frame, the matrix 𝑅0(𝜙0) ∈ 𝑆𝑂(3) contains the rotation from the base frame {𝑆} to
the proximal end of the rod denoted as frame {𝑆0}. For a point 𝑠 on the 𝑖th segment with
constant strain 𝜉𝑖, the transformation matrix from the segment’s proximal frame {𝑆𝑖−1} to
the local frame at coordinate 𝑠 is given by the exponential map 𝑒 ∶ se(3) ↦ 𝑆𝐸(3) (Renda
et al., 2018)

𝑒(𝑠−𝐿̄𝑖−1)𝜉𝑖 =𝐼4+(𝑠 − 𝐿̄𝑖−1)𝜉𝑖+(1−cos((𝑠 − 𝐿̄𝑖−1)𝜃𝑖))
𝜉2𝑖
𝜃2𝑖

+((𝑠 − 𝐿̄𝑖−1)𝜃𝑖−sin((𝑠 − 𝐿̄𝑖−1)𝜃𝑖))
𝜉3𝑖
𝜃3𝑖
.

(5.12)

where 𝜉𝑖 ∈ se(3) is the strain twist vector and 𝜃𝑖 =
√
𝜅2𝑥,𝑖+𝜅2𝑦,𝑖+𝜅2𝑧,𝑖 is the magnitude of the

rotational strain. Therefore, the fully assembled transformation 𝑇 𝑖(𝑞) from the base frame
{𝑆} to the tip frame of the 𝑖th segment can be expressed as

𝑇 𝑖(𝑞) = 𝑇
0
(𝜙0)Π

𝑖
𝑗=1 𝑒

𝑙𝑗 𝜉𝑗 (𝑞) ∈ 𝑆𝐸(3). (5.13)

5.3.2 Verification of SPCS Kinematics
The section is structured as follows. We introduce relevant actuation sequences for the
HSA robot. Next, we present an inverse kinematic approach to identify the kinematic
configuration. Translational and rotational error metrics are then defined to evaluate
the quality of reconstructions. Finally, we verify the performance of the proposed SPCS
kinematic model both for simulated data and on experimental datasets. The code and all
datasets are made available on GitHub 3.
3https://github.com/tud-phi/hsa-kinematic-model

https://github.com/tud-phi/hsa-kinematic-model
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Figure 5.5: Verification of kinematic models in simulation. The plot in the first row shows the positional error 𝑒p of
the kinematic model against the simulated HSA. The plot in the second row visualizes the rotational error metric
𝑒quat, which is based on the vector component of the unit quaternion. For more information on the evaluation
metrics, we refer to Section 5.3.2. The kinematic model used here assumes the twist & stretch strains to be
constant along the entire HSA and the bend & shear strains to be captured by 𝑛S segments. Along this line, we
report the performance of the kinematic model for a parametrization containing one to five segments.
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Figure 5.6: Experimental setup with the HSA robot attached in platform-down configuration to the motion capture
cage. The robot contains two left-handed (L) and two right-handed (R) HSA rods, respectively. Rods of the same
handedness are placed opposite of each other. The reflective markers allow us to determine the pose information
of the base, an intermediate point along the left HSA rod, and the platform.

Actuation Seqences
We collect datasets with a variety of actuation sequences, which include both pure motion
primitives and random actuation. For all sequences, we apply a twist angle of magnitude
|𝑢d| ∈ [0,𝜋 rad] at the base of each HSA. The sign of 𝑢d is determined by the handedness ℎ of
the respective HSA. The elongation dataset consists of samples between the rest and fully-
elongatedHSA state. Please refer to Fig. 5.2(a) formore details on how eachmotion primitive
can be invoked. For the bending motion primitive, we consider two separate trajectory
types: a) a Lemniscate trajectory and b) a trajectory containing circles of varying bending
angles. The different bending angles are achieved by varying the actuation angle from 20%
to 100 % of its maximum magnitude. For each fixed bending angle, we collect 15 samples
along the circle, e.g. 15 different azimuth angles. To achieve the desired azimuth angle, we
smoothly interpolate between the east, north, west, and south actuation specifications of
Fig. 5.2(a). The twisting trajectory collects discrete samples between maximum clockwise
(CW) and maximum counterclockwise (CCW) twisting. Finally, we collect a dataset of
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randomly sampled actuation inputs, which combines the elongation, bending, and twisting
motion primitives. In total, the elongation and Lemniscate trajectories contain 100 samples
each, and the circles and twisting trajectory have 225 and 100 samples, respectively. 500
samples are included in the random actuation sequence.

Inverse Kinematics
Differential inverse kinematics can be used to reconstruct the rod’s configuration 𝑞 from 𝑁
known poses 𝑇 𝑠𝑖 ∈ 𝑆𝐸(3), 𝑖 ∈ [1,𝑁 ] along the rod. We implemented an inverse kinematics
algorithm based on the analytical Jacobian 𝐽 𝑠𝑖A ∈ ℝ6×7 of the pose representation

𝜒 𝑠𝑖 = (𝜀𝑥 𝜀𝑦 𝜀𝑧 𝜂 𝜀𝑧 𝑝𝑥 𝑝𝑦 𝑝𝑧)
⊤ ∈ ℝ7,

which includes rotational orientation estimates in unit quaternion representation  =
(𝜀𝑥 𝜀𝑦 𝜀𝑧 𝜂)

⊤ and positions in Cartesian space 𝑝 = (𝑝𝑥 𝑝𝑦 𝑝𝑧)
⊤. Please note that

usually 𝜙0 does not need to be found through (differential) inverse kinematics but can rather
be directly read out from the encoders of the electric servos. All 𝑁 poses and Jacobians
can be vertically stacked as 𝜒 ∈ ℝ7𝑁 and 𝐽A ∈ ℝ7𝑁×6 respectively. This then allows us to
iteratively optimize the pose error 𝑒𝜒 = 𝜒d−𝜒 between the known pose 𝜒d and the pose 𝜒
computed using the forward kinematics

𝑞it+1 = 𝑞it+𝜆𝐽⊤A (𝑞) (𝜒d−𝜒(𝑞)) , (5.14)

where 𝑞 is the current configuration estimate, and 𝜆 is the step size.

Evaluation Metrics
We briefly introduce the metrics to quantify shape reconstruction accuracy by the proposed
kinematic parametrization. We first define a RMSE for comparing each ground-truth
position 𝑝𝑖𝑡 ∈ ℝ3, 𝑡 ∈ {1,…,𝑛𝑡}, 𝑖 ∈ {1,…,𝑁 } to the position estimated by the kinematic model
𝑝̃𝑖𝑡 over a time period of 𝑛𝑡 steps

𝑒p =

√
𝑛t
∑
𝑡=1

𝑁
∑
𝑖=1

(‖‖𝑝̃
𝑖
𝑡 −𝑝𝑖𝑡 ‖‖2)

2

𝑛t𝑁
∈ ℝ. (5.15)

The rotational RMSEs 𝑒quat is computed analogue by substituting 𝑝 in (5.15) with the
quaternion vector component 𝜀 = (𝜀𝑥 𝜀𝑦 𝜀𝑧)

⊤. Finally, we compute the XYZ Euler
angle error as

𝑒eul =

√
𝑛t
∑
𝑡=1

𝑁
∑
𝑖=1

(𝑓𝜗(𝑅𝑡,𝑖 𝑅̃⊤𝑡,𝑖))
2

𝑛t𝑁
∈ ℝ3, (5.16)

where 𝑓𝜗(⋅) is the operator to compute the XYZ Euler angles 𝜗 = (𝛼 𝛽 𝛾)
⊤ from a

rotation matrix 𝑅 ∈ 𝑆𝑂(3).

Simulation Results
We employ the higher-dimensional HSA robot simulator proposed in Section 5.2 to generate
steady-state HSA states. We use the same simulation parameters as in Section 5.2.5.
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Table 5.2: Experimental verification of kinematic models on an HSA robot. Motion capture markers attached to
one of the HSAs provide two ground-truth poses along the rod, and we measure 𝜙0 from the servo readings (13
constraints in total). In the spirit of an ablation study, we investigate different variations of the proposed kinematic
parametrization. For Constant Curvature (CC), Constant Twist (CT), Constant Shear (CSH), and Constant Axial
(CA) strain, the strain is kept constant along the entire HSA. For Piecewise Constant Curvature (PCC), Piecewise
Constant Twist (PCT), Piecewise Constant Shear (PCSH), and Piecewise Constant Axial (PCA) strain, the strain
components are parameterized separately for each of the two segments. Additionally, we test the importance of
including the shear strain component. For each kinematic parametrization, we state the DOFs. We report RMSEs
for both translations and rotations (see Sec. 5.3.2).

Trajectory CC CT CSH CA PCC PCT PCSH PCA DOF 𝑒p [mm] 𝑒quat [-] 𝑒eul,𝛼 [rad] 𝑒eul,𝛽 [rad] 𝑒eul,𝛾 [rad]

Elongation ✗ ✓ ✗ ✓ ✓ ✗ ✗ ✗ 7 1.010 0.0092 0.0029 0.0079 0.0166
Elongation ✗ ✓ ✗ ✓ ✓ ✗ ✓ ✗ 11 0.126 0.0082 0.0020 0.0031 0.0166
Elongation ✗ ✗ ✗ ✗ ✓ ✓ ✓ ✓ 13 0.009 0.0042 0.0020 0.0031 0.0070

Circles ✗ ✓ ✗ ✓ ✓ ✗ ✗ ✗ 7 1.744 0.0136 0.0108 0.0123 0.0228
Circles ✗ ✓ ✗ ✓ ✓ ✗ ✓ ✗ 11 0.227 0.0082 0.0110 0.0122 0.0227
Circles ✗ ✗ ✗ ✗ ✓ ✓ ✓ ✓ 13 0.092 0.0093 0.0116 0.0125 0.0075

Lemniscate ✗ ✓ ✗ ✓ ✓ ✗ ✗ ✗ 7 1.227 0.0098 0.0042 0.0051 0.0195
Lemniscate ✗ ✓ ✗ ✓ ✓ ✗ ✓ ✗ 11 0.215 0.0082 0.0045 0.0053 0.0195
Lemniscate ✗ ✗ ✗ ✗ ✓ ✓ ✓ ✓ 13 0.023 0.0052 0.0043 0.0054 0.0076

Twisting ✗ ✓ ✗ ✓ ✓ ✗ ✗ ✗ 7 2.931 0.0136 0.0121 0.0186 0.0195
Twisting ✗ ✓ ✗ ✓ ✓ ✗ ✓ ✗ 11 0.263 0.0141 0.0130 0.0196 0.0194
Twisting ✗ ✗ ✗ ✗ ✓ ✓ ✓ ✓ 13 0.030 0.0127 0.0131 0.0217 0.0017

Rand. actuation ✗ ✓ ✗ ✓ ✓ ✗ ✗ ✗ 7 4.345 0.0381 0.0678 0.0544 0.0195
Rand. actuation ✗ ✓ ✗ ✓ ✓ ✗ ✓ ✗ 11 0.365 0.0383 0.0681 0.0544 0.0193
Rand. actuation ✗ ✗ ✗ ✗ ✓ ✓ ✓ ✓ 13 0.255 0.0380 0.0700 0.0527 0.0200

This provides us with 25 discrete poses along each of the four HSAs. Then, we perform
differential inverse kinematics with a step size of 𝜆 = 0.2 to find an optimal configuration 𝑞
describing the shape of the HSA. We choose a higher step size (𝜆 = 1) for regressing the
twist strains.

For the kinematic model, we assume that the twist & stretch strains are constant along
the entire HSA rod. The bend & shear strains, on the other hand, are instead piece-wise
constant across 𝑛S segments. We evaluate the influence of the 𝑛S parameter and test the
performance of a kinematic model involving between 1 and 5 PCS segments.

The results are in Fig. 5.5. While a kinematic model with a single CS segment still
works sufficiently well for the elongation and bending motion primitives, its performance
deteriorates for any trajectories involving twisting. Instead, two segments of our model
are sufficient to accurately represent the shape of the HSA.

Experimental Results
In addition to the simulations, we also experimentally verify the kinematic model using
an HSA robot consisting of four closed rods 3D-printed via digital projection lithography
from the flexible photopolymer resin Carbon FPU 50 (Truby et al., 2021). Each HSA rod
was printed to a length of 𝐿̄ = 101.6mm and is independently actuated by DYNAMIXEL
MX-28T servo motors. As seen in Fig. 5.6, we attach motion capture markers to several
points on the robot to track the ground-truth pose information. Namely, we measure the
pose of the motor base, the platform, and the midpoint of one of the right-handed HSA
rods (i.e., the front-left HSA on the picture). Please note that we extract the rotation angle
𝜙0 from the servo encoders directly. The robot is mounted at its base to a cubical cage of
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i)

(b) Twisting trajectory

Figure 5.7: Sequence of stills for a Lemniscate and a twisting trajectory. Top row i): frames of a video recording of
the HSA robot during the experiments. The shape of the front-left HSA rod is fitted using inverse kinematics and
rendered in ii). Bottom row ii): Rendered shape of the HSA rod produced by evaluating the forward kinematics
along the backbone length. The arrows with full opacity denote the ground-truth pose of three points along
the HSA rod as measured by the motion capture system. The red arrow points along the local x-axis, and the
green arrow along the local y-axis, respectively. The arrows with slight transparency represent poses along the
backbone computed with the forward kinematics. We assume the last 25mm and 20mm at the proximal and
distal end of the rod, respectively, to be rigid and therefore do not include them in the kinematic parametrization.

side length 750mm in platform-down configuration. Eight Optitrack Prime X 13 cameras
are attached to the cage, tracking the reflective markers at 30Hz.

We actuate the robot from a workstation next to it, with the control loop running at
10Hz. The control loop communicates motor position setpoints 𝑢d ∈ ℝ4 to the servos. The
inner control loop of the servos then applies the appropriate torques to guide the motors
toward the desired position. As soon as the motors have reached their goal position, we
wait for 2 s to reach steady-state and then read out the pose measurements.

In Fig. 5.7, we show sequences of stills for the Lemniscate and twisting trajectory.
The kinematic model used here assumes a constant twist strain along the entire rod and
employs two PCS segments to capture the remaining five strains. We see that, except for
extreme twisting states, e.g., the far right image in Fig. 5.7(b), the kinematic model is able
to represent the complex HSA shape very well.

In Tab. 5.2, we quantitatively evaluate multiple kinematic models on the trajectories
defined in 5.3.2. The first (7 DOFs) and second (11 DOFs) kinematic models are very similar,
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as both assume constant twist and constant stretch along the entire HSA. The other strains
are contained in two PCS segments in both cases. However, the first model exhibits much
larger positional errors as it neglects shear strains, which are very important in HSA robots
but were not accounted for in the literature (Garg et al., 2022). The third model provides
the upper bound on the performance, as it has with 13 comparatively many DOFs and uses
a piecewise formulation with two segments for all segments.

5.4 Kinematic and Dynamic Modeling of Planar HSA
Robots

In this section, we present a control-oriented, compact kinematic and dynamic model for
planar HSA robots. We first introduce the kinematic model of the robot and then derive
the dynamic model in Euler-Lagrangian form. We then verify the predictive capabilities of
the dynamic model on unseen trajectories.

5.4.1 Kinematic Model
Following the discrete Cosserat approach (Renda et al., 2018), we characterize the configura-
tion space of the virtual backbone by assuming a CSmodel 𝜉(𝑡) = [𝜅be 𝜅sh 𝜎ax]

⊤ =
𝕀3 𝑞(𝑡) ∈ ℝ3, where 𝜅be, 𝜎sh, and 𝜎ax denote the bending, shear, and axial strain respectively.
Given 𝑞, the pose 𝜒 = [𝑝𝑥 𝑝𝑦 𝜃]

⊤ ∈ 𝑆𝐸(2), and a point coordinate along the backbone
𝑠 ∈ [0, 𝑙0], the forward and inverse kinematics are provided in closed form as

𝜒 = 𝜋(𝑞,𝑠) =
⎡
⎢
⎢
⎢
⎣

𝜎sh sbe
𝜅be

+𝜎ax cbe−1
𝜅be

𝜎sh 1−cbe
𝜅be

+𝜎ax sbe
𝜅be

𝜅be 𝑠

⎤
⎥
⎥
⎥
⎦

, 𝑞 = 𝜚(𝜒 ,𝑠) =
𝜃
2𝑠

⎡
⎢
⎢
⎢
⎣

2
𝑝𝑦 − 𝑝𝑥 s𝜃

c𝜃−1
−𝑝𝑥 −

𝑝𝑦 s𝜃
c𝜃−1

⎤
⎥
⎥
⎥
⎦

, (5.17)

where we use the shorthand notations sbe = sin(𝜅be𝑠), cbe = cos(𝜅be𝑠), s𝜃 = sin(𝜃), and
c𝜃 = cos(𝜃). Furthermore, the forward kinematics of the physical rods 𝑖, 𝑖 ∈ {1,2} can be
derived by first following the transformations of the virtual backbone and then adding a
local translation [±𝑟off , 0]⊤ with 𝑟off being the offset distance from the virtual backbone to
the centerline of the HSA rod. After closing the kinematic chain, we identify a mapping
𝛽𝑖 ∶ 𝜉 → 𝑖𝜉 from the strains of the virtual backbone to the strains in the physical rods:
𝛽𝑖(𝜉) = [𝜅be, 𝜎sh, 𝜎ax±𝑟off 𝜅be]

⊤. Analog to the dynamic simulator in Sec. 5.2,
we model the auxetic trajectory of the HSAs by coupling the rest length 𝑙𝑖 to the twist
strain 𝜅tw,𝑖 of the 𝑖th HSA rod: 𝑙𝑖 = (1+𝜖𝑖)𝑙0 = (1+ℎ𝑖𝐶𝜖𝜅tw,𝑖) where 𝑙0 is the printed length
of the rod and 𝐶𝜖 a positive constant. The handedness ℎ𝑖 ∈ {−1,1} describes if positive or
negative twist angles are needed to elongate the closed HSA. For a given vector of rod twist
angles 𝜙 ∈ ℝ2 and after defining 𝜙+𝑖 = ℎ𝑖𝜙𝑖, the elongation of the 𝑖th rod is then 𝜖𝑖 = 𝐶𝜖

𝜙+𝑖
𝑙0 .

5.4.2 Dynamic Model
We aim to devise a dynamic model in the Euler-Lagrange form 𝑀(𝑞)𝑞̈ +𝐶(𝑞, 𝑞̇)𝑞̇ +𝐺(𝑞)+
𝐾(𝑞 −𝑞0)+𝐷𝑞̇ = 𝛼(𝑞,𝜙), where 𝑀(𝑞),𝐶(𝑞, 𝑞̇),𝐾 ,𝐷 ∈ ℝ3×3 are the inertia, Coriolis (derived
with Christoffel symbols), elastic, and damping matrices, respectively. 𝑞0 ∈ ℝ3 captures
the rest configuration. The terms 𝐺(𝑞) and 𝛼(𝑞,𝜙) ∈ ℝ3 describe the gravitational and
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actuation forces acting on the generalized coordinates. The state of the robot at time 𝑡
can be therefore described by 𝑥(𝑡) = [𝑞⊤(𝑡) 𝑞̇⊤]

⊤ ∈ ℝ6. The inertia matrix is found by
following the standard procedure of integrating mass and rotational inertia along the HSA
rods (Della Santina et al., 2023). Additionally, we consider the inertial contribution of the
platform mounted to the distal end of the robot. Under the small strain assumption, the
elastic forces of the 𝑖th HSA rod can be modeled as

𝜏K,𝑖 =
⎡
⎢
⎢
⎣

𝑆be,𝑖(𝜙𝑖) 𝑆be,sh 0
𝑆be,sh 𝑆sh,𝑖(𝜙𝑖) 0
0 0 𝑆ax,𝑖(𝜙𝑖)

⎤
⎥
⎥
⎦

⎛
⎜
⎜
⎝

⎡
⎢
⎢
⎣

𝑖𝜅be
𝑖𝜎sh

𝑖𝜎ax

⎤
⎥
⎥
⎦
−
⎡
⎢
⎢
⎣

𝜅0be
𝜎0
sh

𝜎0
ax+𝜖𝑖(𝜙𝑖)

⎤
⎥
⎥
⎦

⎞
⎟
⎟
⎠
, (5.18)

where 𝑖𝜉
0 = [𝜅0be 𝜎0

sh 𝜎0
ax]

⊤ denotes the rest strain, 𝑆be,𝑖(𝜙𝑖), 𝑆sh,𝑖(𝜙𝑖), 𝑆ax,𝑖(𝜙𝑖) are the
bending, shear, and axial stiffnesses which are defined as linear functions with respect to
the twist angle of the rod 𝜙𝑖 (Good et al., 2022; Stölzle et al., 2023):

𝑆be,𝑖(𝜙𝑖) = 𝑆be+𝐶Sbe 𝜙
+
𝑖 , 𝑆sh,𝑖(𝜙𝑖) = 𝑆sh+𝐶Ssh 𝜙

+
𝑖 , 𝑆ax,𝑖(𝜙𝑖) = 𝑆ax+𝐶Sax 𝜙

+
𝑖 . (5.19)

The coefficient 𝑆be,sh accounts for the elastic coupling between the bending and the shear
strain. Subsequently, we project the forces into the virtual backbone by premultiplying with
𝐽⊤𝛽 = 𝜕𝛽

𝜕𝑞
⊤
and then sum the contribution of all rods. Finally, we group all terms depending

on the control input 𝜙 in 𝛼(𝑞,𝜙) and everything else in 𝐾 . After modeling the dissipative
forces in each HSA as diag(𝜁be, 𝜁sh, 𝜁ax) 𝑖 𝜉̇ , we derive the damping matrix in configuration
space as 𝐷 =∑2

𝑖=1 𝐽⊤𝛽,𝑖 diag(𝜁be, 𝜁sh, 𝜁ax) 𝐽𝛽,𝑖 = 2diag((𝜁be+𝑟2off 𝜁ax), 𝜁sh, 𝜁ax). We open-source
the derivation of the Euler-Lagrangian dynamics and a JAX implementation of a simulator
based on them on GitHub4.

5.4.3 Model Verification
Experimental Setup
We evaluate the planar HSAmodel experimentally. Thematerial choice of the HSA is crucial
and has a significant influence on the resulting mechanical characteristics of the robot (e.g.,
blocked force, holding torque, bending stiffness, etc.) (Truby et al., 2021). Furthermore,
specific material requirements are dictated by the nature of the design of the HSA rod. The
structure of the metamaterial is made of struts connected by living hinges. These living
hinges must be thin, flexible, and accommodate high strains (Truby et al., 2021). In order to
ensure that the system model is effective and suitable for a range of different materials, we
decided to conduct the experimental verification on HSAs 3D-printed via digital projection
lithography either using the photopolymer resin Carbon FPU 50 (Car, 2020b) (stiffer) or
the elastomeric polyurethane EPU 40 resin (Car, 2020a) (softer).

The Dynamixel MX-28 servo motors are set to use position control mode. The robot
is mounted platform-down on a cage with an Optitrack motion capture system, which
measures the SE(3) pose of the platform at 200Hz. Our algorithms run within a ROS2
framework5. The pose measurements are first projected into the plane of actuation and
serve as an input to the closed-form inverse kinematics introduced in (5.17).
4https://github.com/tud-phi/jax-soft-robot-modeling
5https://github.com/tud-phi/ros2-hsa

https://github.com/tud-phi/jax-soft-robot-modeling
https://github.com/tud-phi/ros2-hsa
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(a) FPU: End-effector pose (b) FPU: Configuration

(c) EPU: End-effector pose (d) EPU: Configuration

Figure 5.8: Verification of the system model and the identified system parameters on an unseen trajectory with the
HSA being randomly actuated through a GBN sequence: the solid line denotes the actual trajectory. In contrast,
the dashed line visualizes the trajectory simulated with the system model. We report results for both FPU and
EPU-based HSAs.

System Identification
Next, we strive to identify the parameters used in our dynamic model. We assume the
robot’s geometric and mass density properties to be known or easily measurable. As
knowledge about the damping coefficients is not required by the control law, only the
experimental identification of elongation and stiffness characteristics remains. For this, we
measure the response of the system to step and staircase actuation sequences. Afterward,
the parameters are regressed using least squares. For the FPU-based robot, we identify
𝐶FPU
𝜀 = 0.0098m/rad, 𝑆FPUbe = 0.00057 ⋅ 10−5 −9.7 ⋅ 10−6 𝜙

+
𝑖
𝑙0 Nm

2, 𝑆FPUsh = 0.591−0.00048 𝜙
+
𝑖
𝑙0 N,

𝑆FPUax = 5.665+0.0151 𝜙
+
𝑖
𝑙0 N, and 𝑆

FPU
b,sh = 4.48 ⋅ 10−3Nm/rad where 𝑙0 = 0.059m. Furthermore,

we regress 𝐶EPU
𝜀 = 0.0079m/rad, 𝑆EPUbe = −2.5 ⋅ 10−5 + 3.9 ⋅ 10−7 𝜙

+
𝑖
𝑙0 Nm

2, 𝑆EPUsh = 0.0428 −

0.0029 𝜙
+
𝑖
𝑙0 N, 𝑆

EPU
ax = 0.0+0.0098 𝜙

+
𝑖
𝑙0 N, and 𝑆

EPU
b,sh = −0.0005Nm/rad for the EPU HSAs which

have the same length as the FPU HSAs. Finally, we identify the axial rest strain 𝜎0
ax before

the start of each experiment. We notice that the EPU-based HSA robot is approximately
one order of magnitude more flexible than the FPU-based robot.

Results
We verify the accuracy of the proposed system model and the identified parameters on
trajectories unseen during system identification. We generate the trajectories by actuating
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the robot with a Generalized Binary Noise (GBN) (Tulleken, 1990) sequence with a settling
time of 0.5 s and at each time step 𝑘 randomly sample 𝜙(𝑘) ∼ (0,𝜙max). We simulate the
model evolution with a Dormand-Prince 5(4) integrator and a time step of 0.1ms. Fig. 5.8(a)
shows the model exhibiting excellent accuracy for representing the behavior of FPU-based
HSA robots. We observe more significant errors in the shear estimate for EPU-based HSA
robots in Fig.5.8(d). Specifically, the CS model no longer seems sufficient for capturing
the robot’s shape, particularly for larger bending angles. Therefore, we suggest for future
work to employ kinematic models with more DOF such as PCS as proposed, for example,
in Sec. 5.3 or (Renda et al., 2018).

5.5 Conclusion
This chapter provided solutions for the first time for modeling the kinematics and the
dynamics of electrically-actuated continuum soft robots based onHanded ShearingAuxetics.
We have shown that coupling the twist strains to rest lengths can allow simulators based on
the discrete Cosserat rod theory. While the proposed linear approximation of the auxetic
trajectory works well for closed HSAs within a bounded motion range, future work shall
derive a more general model also applicable for semi-closed and open HSAs (Good et al.,
2022). Furthermore, we have proposed the SPCS kinematic model that can express the
shape of HSAs with 11 DOFs. Fitting this kinematic model to the experimental results
showed a very good match for representing the shape of the HSAs. In particular, for large
actuation magnitudes within the twisting motion primitive, the HSAs leave the auxetic
trajectory and seem to experience buckling behavior. For this case, the SPCS model is not
accurate anymore. Finally, we presented a control-oriented dynamic model for planar HSA
robots and verified it experimentally. The conducted experiments gave us deep insights
into the particular characteristics of HSAs and how well our model is able to capture them.
We see excellent agreement for predicting the dynamical behavior of HSA robots made of
FPU material. We observed the time lag of the model to be larger for EPU-based robots, as
seen in Fig. 5.8(c). This probably is the result of the hysteresis characteristics of HSAs (Good
et al., 2022). For EPU-based HSAs robots, we observe that the model does not fully capture
the shear dynamics.

Afterword
This chapter presented approaches for representing the kinematics and dynamics of HSA
rods in the general case. Additionally, we introduced the first low-dimensional kinematic
parameterizations and control-oriented dynamical models for planar HSA robots. Next,
Chapter 6 will focus on leveraging the models proposed in this chapter for model-based
control of planar HSA robots. Namely, this includes the development of stable and effec-
tive configuration-space integral-saturated PID+potential-shaping and operational space
impedance controllers. Subsequently, Chapter 7 will develop a BMI strategy for guiding
soft robots, and specifically HSA robots, using motor imagery in a safe and compliant
fashion.
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6
Model-Based Control of

Handed Shearing Auxetics
(HSA) Robots

Foreword. In Chapter 6, we developed kinematic and dynamical models for planar HSA
robots. However, the control of HSA remains an unexplored area, both in our previous
chapters and in the existing literature. We present in this chapter various model-based
control approaches for planar HSA robots, ranging from PID (with integral saturation) +
potential-shaping configuration-space control (Section 6.2) to Cartesian-space impedance
control (Section 6.3). Notably, we rigorously validate and benchmark the proposed control
strategies experimentally on two different HSA robot prototypes.

Abstract. The control of robots based on Handed Shearing Auxetics (HSAs) is especially
challenging due to varying and coupled stiffness, shearing, non-affine terms in the actuation
model, and underactuation. In this chapter, we present two model-based control strategies
for planar HSA robots enabling regulation in operational space. Firstly, we propose a control
strategy composed of steady-state planning for identifying a statically admittable robot
shape with matching actuation and a P-satI-D feedback controller compensating elastic and
gravitational forces in configuration space. Secondly, we derive an operational space impedance
controller that allows us to unite the soft robot’s embodied intelligence with computational
intelligence to guarantee compliance and interaction safety. We experimentally verify both
proposed control strategies in closed loop.

This chapter is partly based on

� M. Stölzle, D. Rus, and C. Della Santina (2023, December). An Experimental Study of Model-based Control
for Planar Handed Shearing Auxetics Robots. In Experimental Robotics: The 18th International Symposium.
Springer (Stölzle et al., 2024b).

3 � M. Stölzle*, S. S. Baberwal*, D. Rus, S. Coyle, and C. Della Santina (2024). Guiding Soft Robots with
Motor-Imagery Brain Signals and Impedance Control. In Proceedings of the 2024 IEEE 7th International
Conference on Soft Robotics (RoboSoft) (pp. 1-8). IEEE. Received the Best Paper Award (Stölzle et al., 2024a).

M.S. and C.D.S. conceived the project. M.S. and C.D.S. devised both control approaches. L.C., R.L.T., and D.R.
designed and fabricated the HSA robot. M.S. implemented the model, planned and executed the simulations
and the experiments, performed the data analysis, and wrote the manuscript. S.S.B. and S.C. were not directly
involved with the control aspects presented in this chapter, but instead contributed to the BMI presented in
Chapter 7. C.D.S. supervised the project and revised the manuscript. C.D.S. and D.R. provided funding.
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6.1 Introduction

R ecent work has investigated proprioception (Zhang et al., 2022a), the mechanical
characterization (Good et al., 2022), simulation (Stölzle et al., 2023), and kinematic

modeling (Garg et al., 2022; Stölzle et al., 2023) of HSA robots but control has yet to
be tackled. In this work, we make a first step towards achieving task space control by
designing model-based regulators for planar motions. Our approach considers essential
characteristics of HSA robots, such as underactuation, shear strains, and varying stiffness.

In Chapter 5, we derived a dynamic model for planar HSA in Euler-Lagrange form and
experimentally verified it. We notice that the resulting planar dynamics are underactuated
and that the actuation forces are non-affine with respect to the control inputs, which are
the motor angles. The latter is a peculiarity of these systems, rarely observed in other
robots. Based on the model knowledge, we propose in this chapter two control strategies
for planar HSA robots capable of regulating the end-effector towards a desired position in
task space. The first strategy, as shown in Fig. 6.1(a), performs steady-state planning to
identify an admittable configuration and steady-state control input matching the desired
end-effector position and then subsequently applies a P-satI-D feedback controller (Pustina
et al., 2022a) on the collocated form (Pustina et al., 2024a) of the system dynamics. The
second strategy, as shown in Fig. 6.13, directly regulates the end-effector position using a
Cartesian impedance controller that fully preserves the softness of the robot.

In summary, we state our contributions as (i) a provably stable model-based control
strategy for guiding the end-effector of the robot towards a desired position in Cartesian
space with a configuration-space controller that combines an integral-saturated PID with
a potential shaping feedforward term, (ii) a Cartesian impedance controller that allows
combining the passive compliance of the HSA robot with active compliance in the control
strategy and (iii) extensive experimental verification of both control strategies. A video
accompanies this chapter explaining the methodology and displaying video recordings of
the control experiments1.

6.2 Configuration Space Regulation
In this section, we derive amodel-based control strategy in configuration space for achieving
setpoint regulation that combines an integral-saturated PID controller with a potential-
shaping feedforward term. We first introduce the dynamical model of the planar HSA
robot and then present the control strategy. Subsequently, we present a steady-state plan-
ning procedure to identify admittable configurations and matching steady-state actuation.
Finally, we experimentally verify the proposed control strategy in closed loop.

6.2.1 Background: Dynamical Model
As introduced in Sec. 5.4, the state of a planar HSA robot at time 𝑡 can be therefore described
by 𝑥(𝑡) = [𝑞⊤(𝑡) 𝑞̇⊤]

⊤ ∈ ℝ6, where 𝜅be, 𝜎sh, and 𝜎ax denote the bending, shear, and axial
strain respectively. The dynamical model is then given in Euler-Lagrange form as

𝑀(𝑞)𝑞̈ +𝐶(𝑞, 𝑞̇)𝑞̇ +𝐺(𝑞)+𝐾(𝑞 −𝑞0)+𝐷𝑞̇ = 𝛼(𝑞,𝜙), (6.1)

1https://youtu.be/7PgKnE_MOsY

https://youtu.be/7PgKnE_MOsY
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where 𝑀(𝑞),𝐶(𝑞, 𝑞̇),𝐾 ,𝐷 ∈ ℝ3×3 are the inertia, Coriolis, elastic and damping matrices,
respectively. 𝑞0 ∈ ℝ3 captures the rest configuration. The terms 𝐺(𝑞) and 𝛼(𝑞,𝜙) ∈ ℝ3

describe the gravitational and actuation forces acting on the generalized coordinates. We
provide examples in Fig. 6.1(b) of the operational workspace that can be achieved with
this kinematic model. We stress that (a) the derived dynamical model is not affine in the
control input and (b) the system is underactuated.

(a) Blockscheme (b) Operational workspace

Figure 6.1: Panel (a): Block scheme for configuration-space regulator: we plan the steady-state behavior such
that the end-effector matches the given desired position 𝑝dee. The outputs of this planning are the steady-state
actuation 𝜙ss and a suitable end-effector orientation 𝜃dee. After leveraging inverse kinematics to identify the
desired and current configuration, 𝑞 is mapped into a collocated form where the inputs are decoupled. Finally, we
use a P-satI-D feedback controller on the actuation coordinates 𝜑. Panel (b): Visualization of the operational
workspace of a planar HSA robot consisting of FPU rods. The colored area within the black dashed borders
represents the positions the end-effector (visualized as a dot) can reach. The coloring denotes the mean magnitude
of actuation (i.e., twisting of the rods). Furthermore, we plot three sample configurations: the unactuated straight
configuration 𝑞 = [0,0,0]⊤ (blue), maximum clockwise bending 𝑞 = [−11.2rad/m,0.08,0.30]⊤ (red), and maximum
counter-clockwise bending 𝑞 = [11.2rad/m,−0.08,0.30]⊤ (green).

6.2.2 Control Strategy
Our goal is to control the end-effector, which is defined as the distal surface of the platform,
to a desired position in Cartesian space 𝑝dee ∈ ℝ2. However, the mapping into configuration
space is not trivial as we do not knowwhich end-effector orientation 𝜃ee is feasible at steady-
state. To tackle this challenge, we perform steady-state planning identifying admittable
configurations 𝑞d and matching steady-state actuations 𝜙ss, which allow the robot’s end-
effector to statically remain at 𝑝dee. More details on the used planning procedure can be
found in Section 6.2.3.

In principle, we can command 𝜙 = 𝜙ss to achieve regulation towards the desired end-
effector position. Nevertheless, we add a feedback controller to compensate for any errors
in 𝜙ss caused by unmodelled effects such as hysteresis. Unfortunately, as illustrated in
Fig. 6.2, the non-affine actuation 𝛼(𝑞,𝜙) would complicate the design of such a feedback
controller. Therefore, we perform a first-order Taylor expansion of the actuation forces with
respect to 𝜙 resulting in a configuration-dependent actuation matrix 𝐴𝜙ss(𝑞) = 𝜕𝛼

𝜕𝜙
||𝜙=𝜙ss ∈

ℝ3×2. This allows us to re-write the right side of the EOM as 𝜏𝑞 = 𝛼(𝑞ss,𝜙ss) +𝐴𝜙ss(𝑞)𝑢
where 𝑢 = 𝜙−𝜙ss is the new control input. To improve the robustness of the control
loop, we compute 𝑢 with a P-satI-D control law (Pustina et al., 2022a). However, our
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system is underactuated and in a non-collocated form. Therefore, we apply a coordinate
transformation ℎ ∶ 𝑞 → 𝜑 ∈ ℝ3 recently introduced by Pustina et al. (2024a) which maps
the EOM into a form where 𝜙 applies direct forces on the actuated configuration variables.
The map is given by ℎ(𝑞) = [∫

𝑡
0 𝑞̇

⊤𝐴𝜙ss(𝑞)d𝜏, 𝜎sh]
⊤
= [ℎ1(𝑞), ℎ2(𝑞), 𝜎sh]

⊤ with

ℎ𝑖(𝑞) = 𝐶S,ax
ℎ𝑖
𝑙0 [

2𝜀𝑖(𝜙ss𝑖 ) (±𝑟off𝜅be +𝜎ax)∓ 𝑟
2
off
𝜅2be
2

±𝑟off 𝜎0
ax 𝜅be ∓𝑟off 𝜅be𝜎ax +𝜎

0
ax𝜎ax

−
𝜎2
ax
2 ]+𝐶S,b

ℎ𝑖
𝑙0 [

𝜅0be 𝜅be −
𝜅2be
2 ]+𝐶S,sh

ℎ𝑖
𝑙0 [

𝜎0
sh𝜎sh −

𝜎2
sh
2 ]+𝑆ax

ℎ𝑖
𝑙0
𝐶𝜀[± 𝑟off 𝜅be +𝜎ax]. (6.2)

The Jacobian 𝐽h(𝑞) = 𝜕ℎ
𝜕𝑞 is used to formulate the dynamics 𝑀𝜑𝜑̈ +𝜂𝜑(𝜑, 𝜑̇) 𝑞̇ +𝐺𝜑+𝐾𝜑+

𝐷𝜑 𝜑̇ = 𝐽−Th (𝑞)𝛼(𝑞ss,𝜙ss) + 𝐴𝜑𝑢 in the collocated variables (Khatib, 1987), where 𝐴⊤𝜑 =

[𝕀2 02×1]
⊤. In the following, we will denote with the subscript 𝑎 the first two actuated

coordinates 𝜑a. Finally, the full control law of the P-satI-D is given in collocated form as

𝜙 = 𝜙ss+𝐾p(𝜑da −𝜑)−𝐾d𝜑̇a+𝐾i∫
𝑡

0
tanh(𝛾 (𝜑da,𝑡′ −𝜑a,𝑡′)) d𝑡

′, (6.3)

where 𝐾p,𝐾d,𝐾i ∈ ℝ2×2 are the proportional, derivative, and integral gains respectively, and
𝛾 ∈ ℝ2×2 horizontally compresses the hyperbolic tangent. While the proposed P-satI-D
control law compensates gravity through 𝜙ss, we can extend the approach to include gravity
cancellation (P-satI-D + GC) by evaluating 𝐺𝜑,a at the current configuration:

𝜙 = 𝜙ss−𝐺𝜑,a(𝑞d)+𝐺𝜑,a(𝑞)+𝐾p(𝜑da −𝜑)−𝐾d𝜑̇a+𝐾i∫
𝑡

0
tanh(𝛾 (𝜑da,𝑡′ −𝜑a,𝑡′)) d𝑡

′. (6.4)

The implementation of all control laws is available on GitHub2.

6.2.3 Steady-State Planning
Our approach, as detailed in Section 6.2.2, requires us for a given desired end-effector
position 𝑝dee to identify a statically-feasible configuration 𝑞d with the matching steady-state
actuation 𝜙ss.

We perform online static inversion to identify admittable desired configurations 𝑞d
and matching steady-state control inputs 𝜙ss during our experiments involving the FPU
HSA robots. First, we substitute the inverse kinematics 𝜚ee(𝜒ee) into the static EOM.
Then, as illustrated in Fig 6.3, we find the roots of the equation 𝐺◦𝜚ee(𝜒 dee)+𝐾 ◦𝜚ee(𝜒 dee)−
𝛼(𝜚ee(𝜒 dee),𝜙ss)with respect to (𝜃ee,𝜙ss) ∈ ℝ3 using nonlinear least-squares while enforcing
constraints on the sign of 𝜙. We solve this optimization problem with projected gradient
descent.

In contrast, the static inversion optimization problem is not well-behaved for the
identified EPU system parameters. Instead, we rely on rolling out the dynamics over a
duration 𝑡ss to steady-state and then optimize the steady-state input 𝜙ss such that the final
end-effector error ‖𝑝dee−𝑝ssee‖ is as small as possible. We formalize this optimization problem

2https://github.com/tud-phi/hsa-planar-control

https://github.com/tud-phi/hsa-planar-control
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in a least-squares fashion

𝜙ss = argmin
𝜙

1
2
‖𝑝dee−𝑝

ss
ee(𝜙)‖

2
2,

s.t. 𝑥ss = 𝑥(𝑡0)+∫
𝑡ss

𝑡0
𝑓 (𝑥(𝑡),𝜙)d𝑡, 𝜒 ssee = [

𝑝ssee
𝜃ssee]

= 𝜋ee(𝑞ss),
(6.5)

where 𝑥̇(𝑡) = 𝑓 (𝑥(𝑡),𝜙) are the nonlinear state-space dynamics based on the EOM derived
in Section 5.4.2 and 𝜙 ∈ ℝ2 is constant in time. We solve (6.5) online using the Levenberg-
Marquardt algorithm. Finally, we choose 𝑞𝑑 = 𝑞ss and 𝜒 dee = 𝜋ee(𝑞𝑑).

6.2.4 Experimental Setup
We evaluate the system model and our proposed control approach on a robot consisting of
four HSA rods. The material choice of the HSA is crucial and has a significant influence on
the resulting mechanical characteristics of the robot (e.g., blocked force, holding torque,
bending stiffness, etc.) (Truby et al., 2021). Furthermore, specific material requirements
are dictated by the nature of the design of the HSA rod. The structure of the metamaterial
is made of struts connected by living hinges. These living hinges must be thin, flexible,
and accommodate high strains (Truby et al., 2021). Therefore, we decided to 3D-print the
HSAs via digital projection lithography either from the photopolymer resin Carbon FPU
50 (stiffer) or the elastomeric polyurethane EPU 40 resin (softer).

Each HSA rod is actuated by a Dynamixel MX-28 servo motor. The Dynamixel motors
are set to use position control mode. The robot is mounted platform-down on a cage with
an Optitrack motion capture system, which measures the SE(3) pose of the platform at
200Hz. Our algorithms run within a ROS2 framework3. The pose measurements are first
projected into the plane of actuation and serve as an input to the closed-form inverse
kinematics introduced in (5.17). We use a Savitzky-Golay filter with a window duration of
0.1s to numerically differentiate 𝜒ee(𝑡), 𝑞(𝑡) and gather with that 𝜒̇ee(𝑡) and 𝑞̇(𝑡). We fit a
cubic spline to the last 16 configuration measurements and differentiate (Kaptanoglu et al.,
2022) to gather 𝑞̇(𝑡).

6.2.5 System Identification
We follow the same system identification procedure as in Sec. 5.4.3. For the FPU-based
robot, we identify 𝐶FPU

𝜀 = 0.0079m/rad, 𝑆FPUbe =−2.5 ⋅10−5+3.9 ⋅10−7 𝜙
+
𝑖
𝑙0 Nm

2, 𝑆FPUsh = 0.043+

0.0029 𝜙
+
𝑖
𝑙0 N, 𝑆

FPU
ax = 0.74 + 0.0098 𝜙

+
𝑖
𝑙0 N, and 𝑆

FPU
b,sh = −5.0 ⋅ 10−4Nm/rad where 𝑙0 = 0.059m.

Furthermore, we regress 𝐶EPU
𝜀 = 0.0098m/rad, 𝑆EPUbe = 5.7 ⋅ 10−4−9.7 ⋅ 10−6 𝜙

+
𝑖
𝑙0 Nm

2, 𝑆EPUsh =

0.59−0.00047 𝜙
+
𝑖
𝑙0 N, 𝑆

EPU
ax = 5.7+0.015 𝜙

+
𝑖
𝑙0 N, and 𝑆

EPU
b,sh =−0.00048Nm/rad for the EPU HSAs

which have the same length as the FPU HSAs. Finally, we identify the axial rest strain 𝜎0
ax

before the start of each experiment.

6.2.6 Implementation of Closed-Loop Control
Next, we implement the closed-loop control strategy laid out in Section 6.2.2. After eval-
uating the control law at a rate of 40Hz and saturating the control inputs to the ranges
3https://github.com/tud-phi/ros2-hsa

https://github.com/tud-phi/ros2-hsa
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[0,3.40]rad for FPU and [0,4.71]rad for EPU, respectively, we map 𝜙 ∈ ℝ2 to desired po-
sitions of the four motors. For this, we consider the handedness of the HSAs and apply
the same actuation magnitude to both rods on the same side of the virtual backbone.
After tuning the gains for the feedback part of the model-based control laws in (6.3)
and (6.4), we select 𝐾p = diag(0.3,0.3), 𝐾i = diag(0.05,0.05)1/s, 𝐾d = diag(0.01,0.01)s, and
𝛾 = diag(100,100). Furthermore, we report the performance of a model-free PID controller
as a baseline. Here, the control input in task-space is given by 𝑢ts = [𝑢ts,x 𝑢ts,y]

⊤ =
𝐾PID
p (𝑝dee −𝑝ee) −𝐾PID

d 𝑝̇ee +𝐾PID
i ∫ 𝑡0 𝑝

d
ee,𝑡′ −𝑝ee,𝑡′ d𝑡

′, which is then mapped to the actu-
ation via 𝜙 = [𝑢ts,x+𝑢ts,y, −𝑢ts,x+𝑢ts,y]

⊤. Here, we select 𝐾PID
p = diag(10,10)rad/m,

𝐾PID
i = diag(110,110)rad/m/s, and 𝐾PID

d = diag(0.25,0.25)rads/m.

6.2.7 Evaluation
We define a reference trajectory 𝑝dee(𝑘),𝑘 ∈ {1,…,𝑛𝑘} with a duration of 110 s and con-
sisting of eleven step functions as the reference trajectory. We report the RMSE metric√
∑𝑛𝑘
𝑘=1

‖𝑝dee(𝑘)−𝑝ee(𝑘)‖22
𝑛𝑘

for assessing the control performance, where 𝑝ee(𝑘) is the actual
trajectory of the end-effector.

6.2.8 Results for Controlling an FPU-based HSA Robot
The baseline PID achieves an RMSE of 5.86mm with respect to the reference trajectory.
The P-satI-D based on (6.3) (with gravity compensation) exhibits an RMSE of 4.17mm.
Similarly, the P-satI-D + GC based on (6.4) (with gravity cancellation) displays an RMSE of
4.13mm. We present a comparison of the three different controllers for a step response in
Fig. 6.5 and plot the entire trajectories of the baseline PID and the P-satI-D in Figures 6.6 and
6.7, respectively. Additionally, we discretize various continuous reference trajectories into
setpoints: star trajectory (873 setpoints and duration of 109 s), the flame of the TU Delft
logo (680 setpoints and duration of 85 s), the contour of the MIT-CSAIL logo (1046 setpoints
and duration of 131 s), and the outline of a bat at three different sizes (1510 setpoints and
189 s duration). The resulting Cartesian evolutions of the P-satI-D controller tracking these
continuous references are displayed in Fig. 6.9.

The step response in Fig. 6.5 shows how the two model-based controllers P-satI-D and
P-satI-D + GC can leverage the planned 𝜙ss and 𝑞d to achieve a fast response time of roughly
1.2 s. In contrast, the baseline PID needs to wait for the integral error to build up and
thus has a much slower response time of approximately 4.2 s. Furthermore, overshooting
caused by the baseline PID is usually more extensive than that caused by the model-based
controllers. We conclude that P-satI-D (gravity compensation) and P-satI-D + GC (gravity
cancellation) exhibit quite similar behavior. Sometimes, P-satI-D exhibits undershooting
at the beginning of the transient and P-satI-D + GC overshooting towards the end of the
transient (see Fig. 6.5(a)).

Results for Controlling an EPU-based HSA robot
Tracking the reference trajectory of eleven-step functions with an EPU-based robot, the
baseline PID controller has an RMSE of 4.40mm. The P-satI-D (with gravity compensation)
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can able to achieve an RMSE of 3.63mm. The P-satI-D + GC controller exhibits similar
performance(RMSE of 3.71mm). We visualize the step response of all three controllers in
Fig. 6.11 and the entire trajectory of the P-satI-D controller in Fig. 6.12.

Again, we notice that the response time of the model-based controllers (0.54 s) is much
shorter than the response time of the baseline PID (3.84 s). Furthermore, the importance of
a model-based control law is motivated by the oscillations in the transient of the baseline
PID (see x-coordinate in Fig. 6.11(a)). The steady-state error for the model-based controllers
on the EPU material is slightly higher compared to the FPU material, as seen in Figures
6.11(a) & 6.12(a). In Section 5.4.3, we noticed that the shear model doesn’t fully capture the
actual system behavior. This then results in an error in the planned desired configuration
𝑞d, which the controller is not able to resolve because of the underactuation of the robot
(see Fig. 6.12(b)).
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(a) 𝛼(𝑞,𝜙) for FPU

(b) 𝛼(𝑞,𝜙) for EPU

(c) 𝛼(𝑞ss,𝜙ss)+𝐴𝜙ss (𝑞)(𝜙−𝜙ss) for EPU

(d) 𝐴𝜑 (𝜙−𝜙ss)

Figure 6.2: Mapping of actuation 𝜙 ∈ ℝ2 to configuration-space torques 𝜏 ∈ ℝ3 for planar HSA robots. The first
two rows visualize the modeled nonlinear, coupled mapping for the FPU and EPU materials, respectively. The
third row illustrates the mapping for a linearized actuation term. Finally, in actuation coordinates, the mapping is
fully decoupled, as shown in the fourth row.
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Figure 6.3: Illustration of the idea behind steady-state planning: we balance the static forces that are acting at
steady-state on the robot with torques generated by a steady-state actuation 𝜙ss.
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4x HSAs

Figure 6.4: Experimental setup: the parallel robot consists of four HSA rods connected by a platform at their
distal end. Four servo motors actuate the HSAs. We track the pose of the end-effector with a motion capture
system by attaching reflective markers to the platform.
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(a) End-effector position (b) Configuration

Figure 6.5: Step response of the baseline PID, P-satI-D (with gravity compensation), and P-satI-D + GC (with
gravity cancellation) controllers on an FPU-based HSA robot.

(a) End-effector position (b) Configuration (c) Control input

Figure 6.6: Experimental results for tracking a reference trajectory of eleven step functions with the baseline
PID controller on an FPU-based HSA robot. Panel (a): End-effector position with the dotted and solid lines
denoting the task space reference and actual position, respectively. Panel (b): The planned (dotted) and the
actual (solid) configuration. Panel (c): The planned (dotted) and the actual (solid) actuation coordinates of the
collocated system. Panel(d): The saturated planar control inputs are visualized with solid lines and the computed
steady-state actuation with dotted lines.
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(a) End-effector position (b) Configuration

(c) Actuation coordinates (d) Control input

Figure 6.7: Experimental results for tracking a reference trajectory of eleven step functions with the P-satI-D
controller on an FPU-based HSA robot. Panel (a): End-effector position with the dotted and solid lines denoting
the task-space reference and actual position, respectively. Panel (b): The planned (dotted) and the actual (solid)
configuration. Panel (c): The planned (dotted) and the actual (solid) actuation coordinates of the collocated system.
Panel(d): The saturated planar control inputs are visualized with solid lines and the computed steady-state
actuation with dotted lines.
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(a) End-effector position (b) Configuration

(c) Actuation coordinates (d) Control input

Figure 6.8: Experimental results for tracking a reference trajectory of eleven step functions with the P-satI-D +
gravity cancellation controller on an FPU-based HSA robot. Panel (a): End-effector position with the dotted and
solid lines denoting the task-space reference and actual position, respectively. Panel (b): The planned (dotted)
and the actual (solid) configuration. Panel (c): The planned (dotted) and the actual (solid) actuation coordinates
of the collocated system. Panel(d): The saturated planar control inputs are visualized with solid lines and the
computed steady-state actuation with dotted lines.
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(a) Star (b) TUD flame (c) MIT-CSAIL

(d) Bat trajectories

Figure 6.9: Cartesian evolution of the proposed P-sat-D controller (solid lines) tracking various continuous
reference trajectories (dotted lines) on the FPU robot.

(a) t=0 s (b) t=47 s (c) t=94 s (d) t=141 s (e) t=188 s

Figure 6.10: Sequence of stills for the large bat trajectory performed with the P-satD controller on the FPU robot.
The red and black dots visualize the desired and current end-effector positions, respectively. The past trajectory
is plotted in red (reference) and black (actual). The blue line renders the shape of the virtual backbone.
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(a) End-effector position (b) Configuration

Figure 6.11: Step responses of the baseline PID, P-satI-D (with gravity compensation), and P-satI-D + GC (with
gravity cancellation) controllers on an EPU-based HSA robot.

(a) End-effector position (b) Configuration

(c) Actuation coordinates (d) Control input

Figure 6.12: Experimental results for tracking a reference trajectory of eleven step functions with the P-satI-D
controller on an EPU-based HSA robot. Panel (a): End-effector position with the dotted and solid lines denoting
the task-space reference and actual position, respectively. Panel (b): The planned (dotted) and the actual (solid)
configuration. Panel (c): The planned (dotted) and the actual (solid) actuation coordinates of the collocated system.
Panel(d): The saturated planar control inputs are visualized with solid lines and the computed steady-state
actuation with dotted lines.
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6.3 Cartesian Space Impedance Control
We introduce below a novel control strategy that addresses some limitations of the configuration-
space regulation controller presented in Sec. 6.2.2 that are critical for achieving both struc-
tural and computational compliance. Namely, we (i) avoid computationally demanding
planning procedures, (ii) remove integral terms that are unsafe for environment interaction,
and (iii) enable impedance shaping in operational space. This Cartesian-space impedance
controller is inspired by (Ott, 2008) and (Della Santina et al., 2020c), but specifically de-
signed for and tailored to HSA robots. Crucially, we need to overcome the challenges
of underactuation and the nonlinearity in the actuation, which were not present in that
original work.

6.3.1 Background: Operational Space Dynamics
Although this has never been done in the context of HSA robots, it is immediate to see that
their dynamics (6.1) can be projected into operational space, yielding the form (Della Santina
et al., 2020c, 2019b)

Λ(𝑞) 𝑥̈ +𝜇(𝑞, 𝑞̇)𝑞̇ + 𝐽+⊤M (𝐺(𝑞)+𝐾(𝑞 −𝑞0)+𝐷𝑞̇) = 𝐽+⊤M 𝛼(𝑞,𝜙), (6.6)

where 𝐽+M(𝑞) = 𝑀−1𝐽⊤(𝐽𝑀−1𝐽⊤)−1 ∈ ℝ3×2 is the dynamically consistent pseudo-inverse,
Λ(𝑞) = (𝐽 𝑀−1𝐽⊤)−1 ∈ℝ2×2 is the inertiamatrix in operational space, and 𝜇(𝑞, 𝑞̇) =Λ(𝑞)(𝐽𝑀−1𝐶−
𝐽 ) ∈ ℝ2×3 collects the Cartesian Coriolis and centrifugal terms.

6.3.2 Control Strategy
We will present the control strategy in two steps: first, we will introduce the control law
and derive the associated desired configuration-space torques, and second, we will discuss
how to map the control inputs to the actuation 𝜙.

Proposed Controller
We propose the following dynamic feedback law that renders 𝑥d an attractor of the closed-
loop system

𝜏 = 𝐽⊤(𝑞) (𝐾𝑥 (𝑥d−𝑥)−𝐷𝑥 𝑥̇)+𝐺(𝑞)+𝐾 (𝑞 −𝑞0)

+ 𝐽⊤(𝑞) 𝐽+⊤M (𝑞)𝐷 𝑞̇ + 𝐽⊤(𝑞)𝜇(𝑞, 𝑞̇)(𝕀3−𝐽+M(𝑞)𝐽 (𝑞)) 𝑞̇
(6.7)

where 𝜏 ∈ ℝ3 is the desired torque in configuration space, 𝐺(𝑞)+𝐾 (𝑞 −𝑞0) cancels the
acting gravitational and elastic forces, and 𝐽⊤𝐽+⊤M 𝐷𝑞̇ removes the natural dissipation in
operational space. We emphasize that because the system is underactuated, we need
to cancel the stiffness directly in the configuration instead of operational space as done
in previous work (Della Santina et al., 2020c). We can shape our desired impedance
characteristics in Cartesian space with the PD term 𝑓PD = 𝐾𝑥 (𝑥d−𝑥)−𝐷𝑥 𝑥̇ which is then
projected into configuration space by premultiplying with 𝐽⊤(𝑞).

The term 𝜇(𝑞, 𝑞̇)(𝕀3−𝐽+M(𝑞)𝐽 (𝑞)) 𝑞̇ decouples the operational space dynamics from the
residual of the null-space dynamics (Della Santina et al., 2020c; Ott, 2008). The identity
𝑞̇ = 𝐽+M 𝑥̇ +𝑍

⊤ 𝜈N, where 𝑍⊤ ∈ ℝ3×1 is the dynamically-consistent pseudo-inverse of the null
space, allows us to formulate 𝑞̇ as a sum of the operational space velocity 𝑥̇ and the null-
space velocity 𝜈N. Leveraging this identity, the Coriolis and centrifugal matrix 𝜇(𝑞, 𝑞̇) can be
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<latexit sha1_base64="oay4SSDvuuqV2wKu6r7MCZWW/+M=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFX4uMY8OIxAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c381hMqzWP5YMYJ+hEdSB5yRo2V6he9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCW3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpHlZ9q7LV/VKqVrJ4sjDCZzCOXhwA1W4hxo0gAHCM7zCm/PovDjvzseiNedkM8fwB87nD3CPjKs=</latexit>

+

<latexit sha1_base64="oay4SSDvuuqV2wKu6r7MCZWW/+M=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFX4uMY8OIxAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c381hMqzWP5YMYJ+hEdSB5yRo2V6he9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCW3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpHlZ9q7LV/VKqVrJ4sjDCZzCOXhwA1W4hxo0gAHCM7zCm/PovDjvzseiNedkM8fwB87nD3CPjKs=</latexit>

+

<latexit sha1_base64="filmW8D7A3gA+BEDH3p3KmNa0I4=">AAAB+nicbVDJTgJBEK3BDXEb9OilIzGBqGTG4HIk8aCJF0xkSWAkPU0jHXoWuns0ZORTvHjQGK9+iTf/xgbmoOBLKnl5rypV9dyQM6ks69tILSwuLa+kVzNr6xubW2Z2uyaDSBBaJQEPRMPFknLm06piitNGKCj2XE7rbv9i7NcfqJAs8G/VMKSOh+991mUEKy21zexlflA4uEatQ5QfHA3urELbzFlFawI0T+yE5CBBpW1+tToBiTzqK8KxlE3bCpUTY6EY4XSUaUWShpj08T1taupjj0onnpw+Qvta6aBuIHT5Ck3U3xMx9qQceq7u9LDqyVlvLP7nNSPVPXdi5oeRoj6ZLupGHKkAjXNAHSYoUXyoCSaC6VsR6WGBidJpZXQI9uzL86R2XLRPiyc3pVy5lMSRhl3YgzzYcAZluIIKVIHAIzzDK7wZT8aL8W58TFtTRjKzA39gfP4AeH2Rhg==</latexit>

G(q) + K (q � q0)

<latexit sha1_base64="YRkw8bTvs0Y0BmpQii2byXDlaWU=">AAAB8HicbVDJSgNBEK2JW4xb1KOXxiB4CjMBl2PES44RzSLJEHo6PUmTXobuHiGEfIUXD4p49XO8+Td2kjlo4oOCx3tVVNWLEs6M9f1vL7e2vrG5ld8u7Ozu7R8UD4+aRqWa0AZRXOl2hA3lTNKGZZbTdqIpFhGnrWh0O/NbT1QbpuSDHSc0FHggWcwItk56rN3fIK0iZXvFkl/250CrJMhICTLUe8Wvbl+RVFBpCcfGdAI/seEEa8sIp9NCNzU0wWSEB7TjqMSCmnAyP3iKzpzSR7HSrqRFc/X3xAQLY8Yicp0C26FZ9mbif14ntfF1OGEySS2VZLEoTjmyCs2+R32mKbF87AgmmrlbERlijYl1GRVcCMHyy6ukWSkHl+WLu0qpWsniyMMJnMI5BHAFVahBHRpAQMAzvMKbp70X7937WLTmvGzmGP7A+/wBIFaP7g==</latexit>

HSA robot

<latexit sha1_base64="bczl2RcjXKLEHjnNC/gvUQK2Xvg="></latexit>

Cancellation of
null-space Coriolis forces

EUCLIDEANIZING FLOWS: DIFFEOMORPHIC REDUCTION FOR LEARNING STABLE DYNAMICAL SYSTEMS
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Figure 1: (a)-(b): Isocontours showing equidistant points from the origin (green cross) in a Euclidean space
and a Riemannian manifold respectively. (c)-(d): Velocity fields governing shortest distance paths to the
origin in the two spaces; rollouts from specific locations are overlayed in red.

3. Background: Stability, Diffeomorphism, and Riemannian Manifolds
We briefly summarize the theoretical background for this paper. First, we introduce the concept
of global asymptotic stability and how it can be shown through an auxiliary function, i.e. a Lya-
punov function. Next, we discuss how one dynamical system can be described in different ways
through a change of coordinates using a diffeomorphism. Finally, we shed light into the geometric
interpretation of diffeomorphisms, especially when applied to gradient descent dynamical systems.

Notation: To define mappings, we use symbol ! to specify domains and co-domians, e.g.
 : Rn ! R, and 7! for how individual elements of the domains are mapped, e.g.  : x ! y. We
use both symbols r and @ to denote derivatives, with a transposed relationship: consider x 2 Rn

and a differentiable map  : Rn ! R, then rx (x) = @ 
@x

>
. To evaluate functions which involve

derivatives denoted by @, we use subscripts of brackets, e.g.,
⇥@ 
@x

⇤
x=0

= rx (0)>. We use the
notation � for function composition, i.e., for f : Rm ! Rp and g : Rn ! Rm, (f�g)(x) = f(g(x)).

3.1. Global Asymptotic Stability
Consider an n-dimensional differentiable manifold M with a global coordinate x : M ! Rn,
which maps the manifold M to a point in Rn. With a slight abuse of notation, we will use the
coordinate x to both represent the map x : M ! Rn and the point x 2 Rn. A dynamical system on
the manifold M can be described as a dynamical system on Rn under coordinate x. We consider
the dynamical system in the following form,

ẋ = f(x), where f : Rn ! Rn is locally Lipschitz continuous. (1)
While there are multiple definitions of stability, we are specifically concerned with whether the sys-
tem can converge to a point of interest x⇤ 2 Rn from an arbitrary initial state on Rn. Assume that
x⇤ is an equilibrium point for the system, i.e., f(x⇤) = 0, this desired convergent property can be
characterized by global asymptotic stability1 of the equilibrium point x⇤. The global asymptotic sta-
bility can be shown through a continuously differentiable, positive-definite, and radially unbounded
function called Lyapunov function [17]. A Lyapunov function V : Rn ! R is a scalar valued
function which satisfies that (i) V̇ (x) = rxV (x)> f(x) < 0 for all x 6= x⇤ and (ii) V̇ (x⇤) = 0 at
the equilibrium x⇤. If there exists such a Lyapunov function V , the equilibrium point x⇤ is globally
asymptotically stable: all trajectories converge to the point x⇤.

3.2. Change of Coordinates for Dynamical Systems
Consider a bijective map  : Rn ! Rn. The bijective map  is a diffeomorphism if both the map  
and its inverse map  �1 are continuously differentiable. We further assume that the diffeomorphism

1. We refer the reader to [17] for a more rigorous and thorough introduction of stability properties of dynamical system.
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Figure 6.13: Block scheme of the operational space space impedance controller: after the cancellation of the existing
soft robot dynamics (e.g., null-space Coriolis forces, gravity, stiffness, and damping), we reshape the potential
field according to the desired Cartesian impedance 𝐾𝑥 ,𝐷𝑥 with a globally asymptotically stable equilibrium at
𝑥 = 𝑥d. Subsequently, we project the desired forcing 𝑓 from operational space to configuration space. Finally,
we solve a nonlinear least-squares optimization problem to match the desired configuration-space torques 𝜏 as
closely as possible with the torques generated by the actuation 𝜙d.
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split into a term 𝜇𝑥(𝑞, 𝑞̇) = 𝜇 𝐽+M ∈ ℝ2×2 excited by 𝑥 and the expression 𝜇N(𝑞, 𝑞̇) = 𝜇𝑍⊤ ∈ ℝ2×1

that is excited by the null-space coordinates resulting in 𝜇(𝑞, 𝑞̇) 𝑞̇ = 𝜇𝑥(𝑞, 𝑞̇) 𝑥̇ +𝜇N(𝑞, 𝑞̇)𝜈N.
This allows us to cancel the term 𝜇N(𝑞, 𝑞̇)𝜈N through 𝜇(𝑞, 𝑞̇)(𝕀3−𝐽+M(𝑞)𝐽 (𝑞)) 𝑞̇ without
having to compute the null space explicitly.

In summary, the closed-loop dynamics in operational space can be stated as

Λ(𝑞) 𝑥̈ +𝜇(𝑞, 𝑞̇) 𝐽+M 𝑥̇ +𝐾𝑥 (𝑥 −𝑥
d)+𝐷𝑥 𝑥̇ = 0, (6.8)

which results in 𝑥d being the globally asymptotically stable equilibrium of the closed-loop
operational space dynamics. 4

Mapping to Actuation
Now that we have formulated our control law 𝜏 in configuration space, we need to identify
a strategy to specify the motor angles 𝜙 ∈ ℝ2 such that 𝛼(𝑞,𝜙) ≈ 𝜏. Note that, in contrast to
other continuum soft robots studied in literature (Della Santina et al., 2023), the actuation
term 𝛼(𝑞,𝜙) is not affine in control. In previous work (Stölzle et al., 2024b), we side-stepped
this challenge by linearizing with respect to the steady-state actuation 𝜙ss: 𝐴(𝑞) = ‖ 𝜕𝛼𝜕𝜙 ‖𝜙=𝜙ss
therefore recovering the usual scenario of an affine actuation function. Unfortunately, this
is not possible in the setting of this work as i) we do not have access to such 𝜙ss, and ii)
linearizing around 𝜙 causes the closed-loop system to become unstable. We, therefore,
propose to formulate instead a nonlinear least-squares problem𝜙d = argmin𝜙

1
2 ‖𝜏−𝛼(𝑞,𝜙)‖

2

and solve it in real-time with a Levenberg Marquardt solver implemented in JAX (Blondel
et al., 2021).

We note that this approach is not guaranteed to be valid for the general case of an
underactuated soft robot but for this particular structure of 𝛼(𝑞,𝜙) ∈ ℝ3 with 𝜙 ∈ ℝ2 it is
possible to identify solutions 𝜙 with the Euclidean norm of the residual being smaller than
0.001. The source code of the controller is available on GitHub5.

6.3.3 Experimental Setup
We use the same experimental setup as introduced in Sec. 6.2.4. Over a duration of 540 s,
we randomly generate nine setpoints 𝑥d(𝑡) ∈ ℝ2 within the operational workspace of the
robot (see Fig. 6.1(b)). We evaluate the Cartesian impedance controller using the gains
𝐾p = 300N/m, 𝐾d = 1.5Ns/m at a frequency of 50Hz and finally send the desired motor
positions to the servos.

6.3.4 Results
In Fig. 6.14, we present the results of the experimental evaluation of the Cartesian impedance
controller. The fast response time, a well-known characteristic of model-based control
approaches, is evident. However, the errors in the model (for example, caused by hysteresis
or unmodeled nonlinearities) (Stölzle et al., 2024b), together with the lack of integral action,
lead to steady-state errors, which are especially pronounced for the y-coordinate.

4Please note that this only holds under the assumption that the desired operational-space control input can be
perfectly tracked by the actuators, which is generally not the case in underactuated settings.

5https://github.com/tud-phi/hsa-planar-control

https://github.com/tud-phi/hsa-planar-control
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(a) End-effector x-coordinate (b) End-effector y-coordinate

(c) Configuration 𝑞 (d) Control input 𝜙

Figure 6.14: Experimental results for tracking a reference trajectory of nine-step functions with the Cartesian
impedance controller. Panel (a) & (b): The x/y-coordinate of the end-effector position with the solid line denoting
the actual position, the dotted line the attractor position, and the dashed line the reference (i.e., the setpoint).
Panel (c): The evolution of the configuration. Panel (d): The saturated planar control inputs.

6.4 Conclusion
This chapter presented two strategies for effective, model-based regulation of planar HSA
robots: the first proposes a configuration-space controller in conjunction with steady-state
planning for mapping task-space setpoints to configuration-space setpoints, and the second
introduces an operational space impedance controller.

6.4.1 Configuration Space Regulation
First, we introduced a configuration-space controller that combines an integral-saturated
PID controller with a potential-shaping feedforward term. The excellent agreement of the
model with the actual system behavior (as shown in Section 5.4) enables our model-based
controllers to perform very well at the task of setpoint regulation. For the model-based
controllers, any mismatch between the dynamic model and the actual system (as analyzed
in Section 5.4.3) has two impacts: (i) the steady-state planning provides us with a desired
configuration 𝑞d which the underactuated robot cannot achieve. This then, in turn, causes
a small steady-state error in the end-effector position as seen for the manual setpoints in
Fig. 6.7(a) & 6.8(a) and for the continuous references in Fig. 6.9. This steady-state error
is absent in the baseline PID as its integral term acts directly in task space. We suggest
that future work include an integral term directly on the end-effector position to remove
the remaining steady-state error of the model-based controller. Secondly, as (ii), model
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errors will lead to an offset in the planned steady-state actuation 𝜙ss. Therefore, applying
a constant 𝜙ss will not move the robot exactly to 𝑝dee. As shown in Fig. 6.7(d) & 6.8(d),
the P-satI-D feedback term can compensate for this effect through its proportional and
integral terms applied in the collocated variables. As clearly seen in Fig. 6.7(d), the control
input drifts away from the planned 𝜙ss to counteract the modeling errors. In particular, for
small to medium bending and axial strains, we observe a very good agreement between
the model and the actual system behavior and, therefore, excellent control performance.
The story slightly changes for more significant bend and twist angles. While the system
identification showed that the expressiveness of the model was sufficient, we saw significant
errors in our feedforward terms in some of our control experiments, which needed to be
compensated for by the P-satI-D feedback controller. Precisely, Fig. 6.7(b) displays errors
in the planned shear strain, which subsequently also leads to minor steady-state deviations
in the x-coordinate of the end-effector, as can be seen in Fig. 6.7(a). We hypothesize that
these errors are mainly caused by the hysteresis characteristics of the HSAs (Good et al.,
2022). This hypothesis is corroborated by the fact that we had to recalibrate the axial rest
strain 𝜎0

ax before the start of each experiment.

6.4.2 Operational Space Impedance Control
The Cartesian impedance controller, on the other hand, is designed to regulate the end-
effector position directly and allows us to shape the impedance in operational space and,
with that, fully preserve the softness of the robot. It is, therefore, particularly suitable
for applications where the robot interacts with the environment. For example, we will
in Chapter 7 demonstrate how the impedance controller can be combined with motor-
imagery brain signals to guide the robot towards a desired position and how the impedance
controller guarantees safety even when the setpoints are wrongly planned. This impedance
needs to be traded offwith steady-state errors. We observed that the impedance controller is
particularly sensitive to the model errors, as it does not have an integral term to compensate
for them.

Afterword
This chapter presented the first control strategies in literature for HSA robots and verified
them experimentally on two HSA robot prototypes in the planar case. Each of the two
presented controllers offers unique advantages: On the one hand, the configuration-space
P-satI-D + potential shaping controller exhibits exceptional regulation accuracy, with
minimal or no steady-state errors and exceptionally short response times. Excitingly,
follow-up work by Soleti et al. (2025) has extended and adapted this control approach
to underactuated dielectric elastomer soft robots. On the other hand, the operational
space impedance controller complements the passive compliance of the soft robot with
active compliance in the control strategy. It accomplishes this by eliminating integral
terms that could pose potential safety hazards. Additionally, it enables us to precisely
shape the stiffness of the closed-loop system in Cartesian space. In envisioning a future
where soft robots assist elderly individuals with activities of daily living, an effective HRI
is paramount. While this chapter has focused on programmatically specifying setpoints
for regulation controllers, we recognize a gap in how humans can intuitively command



6

136 6 Model-Based Control of Handed Shearing Auxetics (HSA) Robots

these robots. A BMI emerges as a compelling solution, offering a direct and barrier-free
interaction method that could significantly enhance the usability of assistive robotics.
Consequently, in Chapter 7, we explore the feasibility of guiding an operational space
impedance controller via EEG-based motor imagery, aiming to create a more natural and
accessible means of control of soft, and specifically HSA, robots. Furthermore, we illustrate
how the Cartesian-space stiffness enables us to apply force in the desired directions (in this
case, releasing hairspray by pressing a button with the end-effector) while maintaining
the compliance and, consequently, the embodied intelligence of the soft robot in all other
directions.
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7
Guiding Soft Robots with

Motor-Imagery Brain Signals

Foreword. In Chapter 6, we demonstrated how the motion of HSA robots in planar
operational space can be effectively controlled. However, these controllers inherently
require setpoints or reference trajectories, which we have so far predefined. In this chapter,
we explore how operational space setpoints can be guided more effectively by a (human)
user within the framework of HRI. Specifically, we consider a scenario where soft robots
assist elderly or impaired individuals with Activities of Daily Living (ADL). Soft robots are
particularly suitable for this application due to their passive compliance, which enhances
safety in close-contact interactions with humans, as discussed in Chapter 3. For such HRIs,
it is crucial that the interaction be: (a) intuitive and effective for guiding the robot in its
task, (b) minimally invasive and barrier-free, (c) wearable rather than relying on stationary
interfaces, and (d) capable of ensuring the robot continues to operate safely even in cases
of user or system error. Wearable BMI present a compelling solution, as they allow users
to control the robot (in this case, a soft robot) through thought, eliminating the need for
physical interaction with the interface. One prominent type of BMI involves EEG devices
combined with motor imagery (i.e., the user imagining motor movements). However,
current wearable, few-channel EEG devices face challenges, including low classification
accuracies, which can compromise safety if the robot’s motion deviates from the user’s
intent. Additionally, existing classifiers are generally limited to binary or, at most, three-
class problems, making it difficult to generate meaningful motion commands for the robot.
To address these issues, we propose in this chapter a protocol for operating soft robots,
particularly planar HSA robots, using motor imagery. This protocol integrates the BMI
approach with an impedance controller, combining the passive compliance of soft robots
with the active compliance of a Cartesian-space impedance controller. This integration
ensures safe operation, even when brain signals or user intent are misclassified.
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Abstract. Integrating Brain-Machine Interfaces into non-clinical applications like robot
motion control remains difficult - despite remarkable advancements in clinical settings. Specif-
ically, EEG-based motor imagery systems are still error-prone, posing safety risks when rigid
robots operate near humans. This chapter presents an alternative pathway towards safe and
effective operation by combining wearable EEG with physically embodied safety in soft robots.
We introduce and test a pipeline that allows a user to move a soft robot’s end effector in real
time via brain waves that are measured by as few as three EEG channels. A robust motor
imagery algorithm interprets the user’s intentions to move the position of a virtual attractor to
which the end effector is attracted, thanks to a Cartesian impedance controller. We specifically
focus here on planar soft robot-based architected metamaterials. Due to their compact and
portable nature, they could be mounted to a mobile platform in the future and allow assis-
tance with Activities of Daily Living (ADL). We preliminarily but quantitatively evaluate the
approach on the task of setpoint regulation. We observe that the user reaches the proximity of
the setpoint in 66% of steps and that for successful steps, the average response time is 21.5s.
We also demonstrate the execution of simple real-world tasks involving interaction with the
environment, which would be extremely hard to perform if it were not for the robot’s softness.

This chapter is partly based on � 3 M. Stölzle*, S. S. Baberwal*, D. Rus, S. Coyle†, and C. Della Santina† (2024).
Guiding Soft Robots with Motor-Imagery Brain Signals and Impedance Control. In Proceedings of the 2024 IEEE 7th
International Conference on Soft Robotics (RoboSoft) (pp. 1-8). IEEE. Received the Best Paper Award (Stölzle et al.,
2024a).
∗M.S. and S.S.B. contributed equally to this work. †C.D.S and S.C. shared equal supervising duties. M.S., S.S.B.,
and C.D.S. conceived the research project. M.S. and S.S.B. devised the protocol for translating motor imagery
classification into end-effector motion, conducted all experiments, and wrote the paper together. M.S. formulated
and developed the Cartesian impedance controller (presented in Chapter 6) and constructed the experimental
setup (e.g., motion capture system, setpoint projection, mounting the hairspray container). S.S.B. implemented
and trained the EEG data processing and classification pipeline. C.D.S. and S.C. supervised the project and
provided funding.
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7.1 Introduction

B rain Machine Interfaces (BMI) (Liu et al., 2024b) facilitate the translation of neural
activity into actionable commands, enabling individuals to control external devices and

systems through their thoughts and attention (Coyle et al., 2007; Lee et al., 2017). Compared
to traditional bulky EEG setups (Van Erp et al., 2012), one of the emerging avenues towards
practical and wearable EEGs devices are systems based on motor imagery signals due to
their intuitiveness and no external dependency on (e.g., visual) stimuli. These have been
use in stroke rehabilitation (Khan et al., 2020). Several works in literature have considered
using this technology to control robot manipulators (Aldini et al., 2019; Bhattacharyya
et al., 2017; Lee et al., 2024; Liu et al., 2018b; Schiatti et al., 2017).

However, the state-of-the-art classifiers on few-channel, online EEG signals are still
limited in achieving an accuracy of 65-75 % (Arpaia et al., 2022; Lee et al., 2024) and are
prone to producing outliers, which make it very challenging to operate robots safely and
robustly using these techniques (Liu et al., 2024b). In (rigid) robotics literature, this has been
addressed by relying on force-based (i.e., impedance) control (Schiatti et al., 2017) and by
making the robot’s behavior more predictable (Aldini et al., 2019). In this chapter, we follow
a different path and investigate embodying safety by pairing soft robots (Della Santina et al.,
2020b; Rus and Tolley, 2015) with BMI. This way, risks can be mitigated, and more natural
interactions with an unstructured environment can be achieved by relying on structural
compliance.
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Figure 1: (a)-(b): Isocontours showing equidistant points from the origin (green cross) in a Euclidean space
and a Riemannian manifold respectively. (c)-(d): Velocity fields governing shortest distance paths to the
origin in the two spaces; rollouts from specific locations are overlayed in red.

3. Background: Stability, Diffeomorphism, and Riemannian Manifolds
We briefly summarize the theoretical background for this paper. First, we introduce the concept
of global asymptotic stability and how it can be shown through an auxiliary function, i.e. a Lya-
punov function. Next, we discuss how one dynamical system can be described in different ways
through a change of coordinates using a diffeomorphism. Finally, we shed light into the geometric
interpretation of diffeomorphisms, especially when applied to gradient descent dynamical systems.

Notation: To define mappings, we use symbol ! to specify domains and co-domians, e.g.
 : Rn ! R, and 7! for how individual elements of the domains are mapped, e.g.  : x ! y. We
use both symbols r and @ to denote derivatives, with a transposed relationship: consider x 2 Rn

and a differentiable map  : Rn ! R, then rx (x) = @ 
@x

>
. To evaluate functions which involve

derivatives denoted by @, we use subscripts of brackets, e.g.,
⇥@ 
@x

⇤
x=0

= rx (0)>. We use the
notation � for function composition, i.e., for f : Rm ! Rp and g : Rn ! Rm, (f�g)(x) = f(g(x)).

3.1. Global Asymptotic Stability
Consider an n-dimensional differentiable manifold M with a global coordinate x : M ! Rn,
which maps the manifold M to a point in Rn. With a slight abuse of notation, we will use the
coordinate x to both represent the map x : M ! Rn and the point x 2 Rn. A dynamical system on
the manifold M can be described as a dynamical system on Rn under coordinate x. We consider
the dynamical system in the following form,

ẋ = f(x), where f : Rn ! Rn is locally Lipschitz continuous. (1)
While there are multiple definitions of stability, we are specifically concerned with whether the sys-
tem can converge to a point of interest x⇤ 2 Rn from an arbitrary initial state on Rn. Assume that
x⇤ is an equilibrium point for the system, i.e., f(x⇤) = 0, this desired convergent property can be
characterized by global asymptotic stability1 of the equilibrium point x⇤. The global asymptotic sta-
bility can be shown through a continuously differentiable, positive-definite, and radially unbounded
function called Lyapunov function [17]. A Lyapunov function V : Rn ! R is a scalar valued
function which satisfies that (i) V̇ (x) = rxV (x)> f(x) < 0 for all x 6= x⇤ and (ii) V̇ (x⇤) = 0 at
the equilibrium x⇤. If there exists such a Lyapunov function V , the equilibrium point x⇤ is globally
asymptotically stable: all trajectories converge to the point x⇤.

3.2. Change of Coordinates for Dynamical Systems
Consider a bijective map  : Rn ! Rn. The bijective map  is a diffeomorphism if both the map  
and its inverse map  �1 are continuously differentiable. We further assume that the diffeomorphism

1. We refer the reader to [17] for a more rigorous and thorough introduction of stability properties of dynamical system.

3

<latexit sha1_base64="hOzneaC1s3Bdedvb3 k8ZgeBWuxU=">AAAB9HicbVDLSgMxFM34rPVVdekmWARXZaZIdVlw47KCfUA7lkyaaUOTzJjcKZah3+HGhSJu/Rh3/o2ZdhbaeiBwOOde7skJYsENuO63s7a+sbm1Xdgp7u7tHxyWjo5bJko0ZU0aiUh3AmKY4Io1gYNgnVgzIgPB2sH4JvPbE6YNj9Q9TGPmSzJUPOSUgJX8p4eeJDDSMiUw65fKbsWdA68SLydllKPRL331BhFNJFNABTGm67kx+CnRwKlgs2IvMSwmdEyGrGupIpIZP52HnuFzqwxwGGn7FOC5+nsjJdKYqQzsZBbRLHuZ+J/XTSC89lOu4gSYootDYSIwRDhrAA+4ZhTE1BJCNbdZMR0RTSjYnoq2BG/5y6ukVa14tUrt7rJcr+Z1FNApOkMXyENXqI5uUQM1EUWP6Bm9ojdn4rw4787HYnTNyXdO0B84nz9tVZJ/</latexit>

xat

<latexit sha1_base64="uHWatCDtGcaI2pcQfG40kfyrFJI=">AAACGXicbVDLSsNAFJ3UV42vqEs3wSK4KkkX1WXFjcsK9gFNKZPJbTt0MgkzN0IJ/Q03/oobF4q41JV/4/QhaOuBgcM553LnnjAVXKPnfVmFtfWNza3itr2zu7d/4BweNXWSKQYNlohEtUOqQXAJDeQooJ0qoHEooBWOrqd+6x6U5om8w3EK3ZgOJO9zRtFIPccLQhhwmTOQCGpiXyEqyjBRQWAPMh5RycAOQEY/iZ5T8sreDO4q8RekRBao95yPIEpYFptxJqjWHd9LsZtThZwJmNhBpiGlbEQH0DFU0hh0N59dNnHPjBK5/USZJ9Gdqb8nchprPY5Dk4wpDvWyNxX/8zoZ9i+7OZdphiDZfFE/Ey4m7rQmN+IKGIqxIZQpbv7qsiGdVmPKtE0J/vLJq6RZKfvVcvW2UqpVFnUUyQk5JefEJxekRm5InTQIIw/kibyQV+vRerberPd5tGAtZo7JH1if34OKoTQ=</latexit>

Attractor
guidance

<latexit sha1_base64="NYZacrR4wR2EDFjWvIsj6YjMrVA=">AAACFXicbVDLSsNAFJ34rPEVdekmWAQXUpIuqsuCFF1WsA9oQplMbtuhk0mYmQgl9Cfc+CtuXCjiVnDn3zhNI2jrgYHDOefOzD1BwqhUjvNlrKyurW9slrbM7Z3dvX3r4LAt41QQaJGYxaIbYAmMcmgpqhh0EwE4Chh0gvHVzO/cg5A05ndqkoAf4SGnA0qw0lLfOvcCGFKeEeAKxNRsNK49zyQMS6lTIEwPePjj9q2yU3Fy2MvELUgZFWj2rU8vjEka6fH8yp7rJMrPsFCUMJiaXiohwWSMh9DTlOMIpJ/lW03tU62E9iAW+nBl5+rviQxHUk6iQCcjrEZy0ZuJ/3m9VA0u/YzyJFXAyfyhQcpsFduziuyQCiCKTTTBRFD9V5uMsMBEdyBNXYK7uPIyaVcrbq1Su62W69WijhI6RifoDLnoAtXRDWqiFiLoAT2hF/RqPBrPxpvxPo+uGMXMEfoD4+MblGyfDg==</latexit>

EEG
classifier

<latexit sha1_base64="zKJf7Lq2U02qIzkuU 30rlL+7d+I=">AAAB73icbVA9SwNBEJ2LXzF+RS1tDoNgFe5SRMuAjZ0RzAckR9jbzCVL9nbP3T0hHPkTNhaK2Pp37Pw3bpIrNPHBwOO9GWbmhQln2njet1PY2Nza3inulvb2Dw6PyscnbS1TRbFFJZeqGxKNnAlsGWY4dhOFJA45dsLJzdzvPKHSTIoHM00wiMlIsIhRYqzUvUtQESPVoFzxqt4C7jrxc1KBHM1B+as/lDSNURjKidY930tMkBFlGOU4K/VTjQmhEzLCnqWCxKiDbHHvzL2wytCNpLIljLtQf09kJNZ6Goe2MyZmrFe9ufif10tNdB1kTCSpQUGXi6KUu0a68+fdIVNIDZ9aQqhi9laXjoki1NiISjYEf/XlddKuVf16tX5fqzRqeRxFOINzuAQfrqABt9CEFlDg8Ayv8OY8Oi/Ou/OxbC04+cwp/IHz+QM7b5AP</latexit>

Operator

<latexit sha1_base64="hYNrOlotH+p8cb60yqSI6mSM430=">AAACInicbVDLSgMxFM34rONr1KWbYBFclZkuqu4K3bisYB/QKSWTuW1DM8mQZIQy9Fvc+CtuXCjqSvBjTB+Cth4IHM45l5t7opQzbXz/01lb39jc2i7suLt7+weH3tFxU8tMUWhQyaVqR0QDZwIahhkO7VQBSSIOrWhUm/qte1CaSXFnxil0EzIQrM8oMVbqeddhBAMmcgrCgJq4NaIMaEZEGLosSSEmggKmUhgluRuCiH+iPa/ol/wZ8CoJFqSIFqj3vPcwljRL7DjlROtO4Kemm9uFjHKYuGGmISV0RAbQsVSQBHQ3n504wedWiXFfKvuEwTP190ROEq3HSWSTCTFDvexNxf+8Tmb6V92ciTQzIOh8UT/j2Eg87QvHTAE1fGwJoYrZv2I6JIpQ24F2bQnB8smrpFkuBZVS5bZcrJYXdRTQKTpDFyhAl6iKblAdNRBFD+gJvaBX59F5dt6cj3l0zVnMnKA/cL6+AbdcpPs=</latexit>

Cartesian
impedance control

<latexit sha1_base64="cF/TiegyNbmPYbvoKxsSnseJ7eA=">AAACEXicbVDLSsNAFJ34rPFVdelmsAhdlaSL6rIgRZcV7AOaUCaTm3boZBJmJkIJ/QU3/oobF4q4defOv3H6ELT1wMDhnHu4c0+Qcqa043xZa+sbm1vbhR17d2//4LB4dNxWSSYptGjCE9kNiALOBLQ00xy6qQQSBxw6wehq6nfuQSqWiDs9TsGPyUCwiFGijdQvlr0ABkzkFIQGObE7QCQxYdxoXNseiPDH6RdLTsWZAa8Sd0FKaIFmv/jphQnNYhOnnCjVc51U+zmRmlEOE9vLFKSEjsgAeoYKEoPy89lFE3xulBBHiTRPaDxTfydyEis1jgMzGRM9VMveVPzP62U6uvRzJtJMg6DzRVHGsU7wtB4cMglU87EhhEpm/orp0FRCTQfKNiW4yyevkna14tYqtdtqqV5d1FFAp+gMlZGLLlAd3aAmaiGKHtATekGv1qP1bL1Z7/PRNWuROUF/YH18A0dhnUI=</latexit>

Wearable EEG
<latexit sha1_base64="f3+oQdsg5Q6jqDRh3NS/sopCbLw=">AAACDnicbVDLSgMxFM34rOOr6tJNsBRclZkuqsuKmy4r2ge0Q8lkbtvQTDIkGaEM/QI3/oobF4q4de3OvzF9CNp6IHA45x5u7gkTzrTxvC9nbX1jc2s7t+Pu7u0fHOaPjptapopCg0ouVTskGjgT0DDMcGgnCkgccmiFo+up37oHpZkUd2acQBCTgWB9RomxUi9f7IYwYCKjIAyoiVu7vcJKhtK4XRDRj9zLF7ySNwNeJf6CFNAC9V7+sxtJmsY2TjnRuuN7iQkyogyjHCZuN9WQEDoiA+hYKkgMOshm50xw0SoR7ktlnzB4pv5OZCTWehyHdjImZqiXvan4n9dJTf8yyJhIUgOCzhf1U46NxNNucMQUUMPHlhCqmP0rpkOiCLUdaNeW4C+fvEqa5ZJfKVVuyoVqeVFHDp2iM3SOfHSBqqiG6qiBKHpAT+gFvTqPzrPz5rzPR9ecReYE/YHz8Q09F5wy</latexit>

HSA robot

Figure 7.1: High-level control scheme of an operator steering an HSA robot with brain signals. We leverage
the EEG signal classifications for guiding an attractor in the plane. Subsequently, an impedance controller is
designed to shape the impedance in Cartesian space and render the attractor to be a globally asymptotically stable
equilibrium of the potential.

While BMI-based assistance has been investigated with a focus on soft exosuits assisting
hand-rehabilitation (Zhang et al., 2019) or with strenuous arm acitivites (Tacca et al., 2022),
it is still an open challenge how BMI can be used for controlling soft manipulators. In this
chapter, we make a first step towards solving this challenge by proposing a pipeline (see
Fig. 7.1) that lets the user steer the soft robot’s end-effector in Cartesian space. The two key
ingredients are a novel mapping strategy transforming the brain signals into meaningful
references and Cartesian impedance control. The latter is essential because it allows for
preserving the robot’s compliance in closed-loop (Della Santina et al., 2017). We build the
proposed BMI pipeline around a HSA soft robot (Stölzle et al., 2023, 2024b), which relies on
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architected metamaterials and electrical actuation to elongate, bend, and twist. HSA robots
are an excellent match for our test case of assisting with ADL, as they can be portable
because of their electrical actuation, they are compact and combine many DOFs in one
segment, and easy to manufacture via 3D printing (Truby et al., 2021).

4x
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Impedance control:
active compliance

Figure 7.2: In this work we propose combining wearable EEG devices with continuum soft robots and impedance
control. The classification accuracy of motor imagery based on signals from few-channel, wearable EEG devices
is currently limited to less than 75 %. The inevitable operation errors can be accepted by establishing both passive
and active compliance: The embodied intelligence of soft robots guarantees safety during interactions with the
environment, which is complemented by an impedance controller that allows us to design the Cartesian stiffness
and damping characteristics of the robot.

We quantitatively verify the entire approach on mind-controlled setpoint regulation
involving tracking a reference consisting of nine-step functions and demonstrate the
qualitative behavior when assisting with a simple daily living activity. Furthermore, we
compare the performance of our motor imagery-based control to an approach that can be
considered an upper bound on performance: The control using keyboard inputs is a very
effective and efficient Human Machine Interface (HMI) strategy but requires the user to
always interact physically with a keyboard, which is not always desirable or possible (e.g.,
for users with disabilities).

Our contribution is establishing a BMI strategy for continuum soft robots. This strat-
egy is supported by experiments in which we perform setpoint regulation with a planar
HSA robot and motor imagery, which we experimentally validated on a simple ADL task
involving environment interaction: the user needs to steer the end-effector towards the tip
of a hairspray container, apply force for releasing the fluid, and finally let the robot retreat
from the contact.

A video attachment to this chapter, including recordings of experimental results, can be
found on YouTube1. Furthermore, we have open-sourced our code, including the OpenVibe
pipeline, on GitHub2.

7.2 Methodology
In this chapter, we let the user steer with motor imaginary brain signals the Cartesian
position 𝑥 ∈ ℝ2 of the end-effector (i.e., the platform) of a planar HSA robot. We realize this
strategy by first classifying the motor imaginary signals into Cartesian-space movement
directions (e.g., the active axis and sign of the movement). We use this information to adjust
1https://youtu.be/wZTOxBPZmPc
2https://github.com/tud-phi/sr-brain-control

https://youtu.be/wZTOxBPZmPc
https://github.com/tud-phi/sr-brain-control
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Figure 7.3: Scheme of the proposed approach to control HSA robots with motor imagery. Brain signals steer an
attractor in operational space: first, we switch the active coordinate axis when we detect jaw clenching. If no
jaw clenching is detected, we classify the EEG signals based on left/right motor imaginations into positive and
negative movements along the active axis. Next, we regulate the robot towards the chosen attractor position 𝑥at
with a Cartesian impedance controller. This controller first cancels all static forces and the residual coupling of
the null space on the operational space dynamics. This allows us to now shape our own potential with a PD term
in operational space. As the robot is underactuated, we optimize least-squares to identify the actuation 𝜙d so that
the residual between the desired and actual torques in the configuration space is minimized. Icons created by
Flaticon©.

the position of a operational space attractor iteratively (see Section 7.2.2). We illustrate the
methodology in Fig. 7.3.

7.2.1 Background: Motor Imagery-based BMI systems
Imagining the movement of body parts or limbs (e.g., hands, legs, tongue) without moving
it or the mental rehearsal of a motor act without overt movement execution is termed
Motor Imagery (Lotze and Halsband, 2006). The neuronal activities observable inside a
frequency range of 8Hz to 12Hz (Mu) and 12Hz to 30Hz (Beta) are associated with cortical
areas directly connected to the brain’s motor output (activating primary sensorimotor
areas that can be modulated with imaginary mental movement in healthy as well people
with neuromuscular disabilities).

The motor imagery BMI framework typically consists of four integral components:

1. Signal acquisition: The initial stage involves the recording of neural signals while
the person imagines the movements of the limbs, generally acquired using noninva-
sive methodologies (e.g., EEG).

2. Feature extraction: Following signal acquisition, signal processing techniques are
applied to extract salient features from the neural patterns associated with specific
cognitive processes or intentions.

3. Feature translation: This translation phase interprets the user’s cognitive intent,
converting it into actionable instructions for external devices.
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Figure 7.4: EEG data processing pipeline: The EEG data is acquired in real-time, pre-processed, and divided into
episodes and subbands. Next, we extract power features and pass them to two LDA classifiers: the first outputs
the axis of movement (for example, moving along the x- or y-axis), and the second provides the sign of movement
(for example, positive or negative movement along the active axis). These commands are then used to move the
attractor in Cartesian space.

4. Device output: The culmination of the BMI process is the application of the inter-
preted commands to external devices.

As detailed further in Sec. 7.3.2, we leverage the difference in signals when imagining
motor actions vs. rest state to control the sign of movement. The active axis of movement
can be switched by clenching the jaw.

7.2.2 Planning Attractors with Brain Signals
Our brain signal processing pipeline provides us with two pieces of information at each
time step 𝑘: i) the unit vector 𝑒a(𝑘) ∈ {[1,0]⊤, [0,1]⊤} corresponding to the current active
axis of movement and ii) the sign of movement 𝑠(𝑘) ∈ {−1,1}. We use 𝑒a(𝑘) and 𝑠(𝑘) to
incrementally steer a virtual attractor defined in operational space 𝑥at ∈ ℝ2 as follows

𝑢(𝑘) = 𝑠(𝑘)𝑒a(𝑘) ∈ ℝ2, 𝑥at(𝑘) = 𝑥at(𝑘 −1)+Δx𝑢(𝑘), (7.1)

where Δx ∈ ℝ+ is a tunable constant influencing the velocity of the attractor movement.
Later, we will shape the potential field with a computational controller such that the
attractor becomes a globally asymptotically stable equilibrium (see Section 7.2.3).

7.2.3 Computational Controller
We adopt the Cartesian impedance controller from Sec. 6.3.2 to shape the potential field with
a computational controller such that the attractor 𝑥at becomes a globally asymptotically
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(a) Operational workspace (b) Experimental setup

Figure 7.5: Panel (a: Operational workspace of a HSA robot with attached end-effector: the color displays the
mean steady-state actuation 𝜙ss1 +𝜙ss2

2 necessary for the end-effector to remain at the position. Additionally, we
visualize three example shapes: the straight configuration with 𝜙ss = (0,0) (blue), maximum clockwise bending
with 𝜙ss = (3.49,0)rad (red), and maximum counter-clockwise bending with 𝜙ss = (0,3.49)rad (green). Panel
(b): The HSA robot is mounted platform-down to a motion capture cage with 8x Optitrack PrimeX 13 cameras,
which track the 3D pose of the platform (i.e., the end-effector). A Dynamixel MX-28 servo actuates each of the
four HSAs. We project a rendering of the current (white dot) and desired (red dot) end-effector position, the
attractor (green square), and the operational workspace (grey area) onto the black screen in the background. The
study subject wears a cap with the Neuroconcise FlexEEG sensor, and we acquire the data from three electrodes
connected to the motor cortex.

stable equilibrium

𝜏 = 𝐽⊤(𝑞) (𝐾𝑥 (𝑥at−𝑥)−𝐷𝑥 𝑥̇)+𝐺(𝑞)+𝐾 (𝑞 −𝑞0)

+ 𝐽⊤(𝑞) 𝐽+⊤M (𝑞)𝐷 𝑞̇ + 𝐽⊤(𝑞)𝜇(𝑞, 𝑞̇)(𝐼3−𝐽+M(𝑞)𝐽 (𝑞)) 𝑞̇.
(7.2)
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Figure 7.6: ERD/S (overall average) over a time period of 2.5 s of training data for right-hand Imagination v/s rest
state including the Alpha and Beta bands of the EEG signals where the cue is presented at 0 s. We plot the data of
three sensors (i.e., channels): FC3-CP3 (left), FCZ-CPZ (middle), and FC4-CP4 (right).

(a) End-effector x-coordinate (b) End-effector y-coordinate

(c) Configuration 𝑞 (d) Control input 𝜙

Figure 7.7: Experimental results for tracking a reference trajectory of nine-step functions with motor imagery.
Panel (a) & (b): The x/y-coordinate of the end-effector position with the solid line denoting the actual position,
the dotted line the attractor position, and the dashed line the reference (i.e., the setpoint). Panel (c): The evolution
of the configuration. Panel(d): The saturated planar control inputs.
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7.3 Experiments
7.3.1 Experimental Setup
In the following, we detail the EEG data processing procedure (see also Fig. 7.4) and present
our experimental setup, which is annotated in Fig. 7.5(b).

EEG Data Processing
We integrate the 3-channel flexEEG Neuroconcise device with the OpenVibe software to
acquire the EEG data and process it in real-time. This configuration facilitates data recording
and cue presentation. We process the EEG signals at a sampling frequency of 125Hz with a
pipeline that involves three bi-polar channels around the motor cortex: FC3-CP3, FCZ-CPZ,
and FC4-CP4. After a notch filter of 50Hz, we apply Independent Component Analysis
(ICA) to extract three independent components from the recorded EEG data, which is
represented by the equation 𝑆(𝑡) = 𝑊 𝑋(𝑡), where 𝑆(𝑡) are the extracted independent
components and 𝑊 represents the unmixing matrix, allowing us to separate eye blink
artifacts in EEG signals, which is critical for enhancing the accuracy. Subsequently, we
apply a Butterworth filter bank to isolate specific frequency bands of interest, including 8-15
Hz and 15-42 Hz. This enhances the ability to analyze EEG data by isolating and examining
different frequency band components within the EEG signals. Once the signals are filtered
in sub-bands and epoched with a duration of 2 s and time interval of 0.065 s, the features
are extracted by the log of the power: 𝐿𝑖(𝑡) = log(𝑃𝑖(𝑡)), where the power 𝑃𝑖(𝑡) = |𝐸𝑖(𝑡)|2
is represented by square of magnitude of the EEG signal 𝐸𝑖(𝑡) at time instance 𝑡. These
features are then provided to a classifier, which we select as LDA due to its simplicity (Lotte,
2014).

We implement a second classifier with the same pipeline, where jaw clenching is
provided as a muscle artifact that is classified v/s raw EEG data.

Robotic System
We consider a robot consisting of four HSA rods, which were 3D printed via digital
projection lithography from the photopolymer resin Carbon FPU 50. Each HSA rod is
electrically actuated by a Dynamixel M-28 servo up to a maximum twist angle of 𝜙max =
3.49rad. The robot is attached platform-down to a motion capture cage with eight Optitrack
Prime X13 cameras tracking at 200Hz the pose of reflective markers attached to the end-
effector of the HSA robot. We estimate the current Cartesian-space velocity of the end-
effector with a Savitzky-Golay filter. Subsequently, we leverage a closed-form expression
of the inverse kinematics of a CS model (Stölzle et al., 2024b) to compute the current
configuration 𝑞 of the robot. We render an image of the current shape of the robot together
with the present end-effector position (white dot), the attractor planned by the user (green
square), the operational workspace (grey, see also Fig. 7.5(a)) and if applicable, the goal
position (red dot). We specify the currently active axis of movement 𝑒a with a double
arrow and project the resulting image onto a black screen in the background of the motion
capture cage. The robot is operated with a ROS2 software framework3. We receive the
predicted and classified brain signals via TCP at a frequency of 18Hz and move the attractor
subsequently with Δx = 0.2mm. We evaluate the Cartesian impedance controller using the
3https://github.com/tud-phi/ros2-hsa

https://github.com/tud-phi/ros2-hsa
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gains 𝐾p = 300N/m, 𝐾d = 1.5Ns/m at a frequency of 50Hz and finally send the desired
motor positions to the servos.

The entire control pipeline from measuring EEG signals to sending the actuation
commands to the motors exhibits a maximum latency of (i.e., is upper-bounded by) 130ms.

7.3.2 BMI Protocol
In the following, we will describe the protocol for collecting the motor imagery dataset,
training the EEG classifiers, and mapping classifier outputs into actionable robot commands.

Training Protocol
The participant is given brief instructions about motor imagery signals. We follow the
Graz-BCI (Roc et al., 2021) paradigm, which assists with training, where the display of
the cue instructs the participant to perform imagination of movements: when a left arrow
appears, the participant is asked to rest and not focus on motor movement. When the right
arrow appears on the screen, the participant is asked to imagine the motor activity from the
dominant hand (here, the right hand), such as grasping or squeezing an object. The training
protocol for right-hand motor imagery v/s rest demands fifty cues per class. We similarly
collect data for the second classifier by asking participants to clench their jaw, which can be
detected as muscular artifacts (vs. no muscular movement) in the EEG signals. At the end
of the trial, we train both classifiers (see Sections 7.2.1 and 7.3.1 for more information) and
repeat the procedure until an accuracy of 75 % is obtained for right-hand motor imagery
v/s rest and accuracy of 85 % for jaw clench artifact v/s raw EEG. We evaluate the trained
motor imagery classifier on the test set and report the results in Tab. 7.1.

Prediction

Rest Right-handed
motor imagery

Rest 70.7 % 29.3 %

La
be

l

Right-handed
motor imagery 33.3 % 68.7 %

Table 7.1: Confusion matrix for the LDA classifier at predicting right-hand motor imagery vs. rest based on the
preprocessed EEG signals evaluated on a test set.

Online Robot Control
Now, the participant operates the HSA robot in real-time, with both classifiers being
executed online. Moreover, we map the outputs of the classifier into actionable commands:
we initialize the x-axis as the active axis of movement (i.e., 𝑒a = [1,0]). When the first
classifier detects jaw clenching for at least 80 % of samples over a duration of 2.8 s, we switch
to the y-axis: 𝑒a = [0,1] and vice-versa. If we do not detect any jaw-clenching artifacts, we
evaluate the output of the second classifier in parallel: if there is motor imagery activity
identified in the EEG classifier, the attractor will be moved in the positive direction (i.e.,
𝑠 = 1) along 𝑒a. In contrast, if the EEG signals are classified as the participant being at rest,
𝑠 = −1 (i.e., movement in the negative direction).
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(a) End-effector x-coordinate (b) End-effector y-coordinate

(c) Configuration 𝑞 (d) Control input 𝜙

Figure 7.8: Experimental results for tracking a reference trajectory of nine step functions with keyboard inputs.
Panel (a) & (b): The x/y-coordinate of the end-effector position with the solid line denoting the actual position,
the dotted line the attractor position, and the dashed line the reference (i.e., the setpoint). Panel (c): The evolution
of the configuration. Panel(d): The saturated planar control inputs.

7.3.3 Setpoint Regulation
We randomly generate nine setpoints 𝑥d(𝑡) ∈ ℝ2 within the operational workspace of
the robot (see Fig. 7.5(a) and display them as a red circle to the user over a duration of
540 s. The user can freely move the attractor to reach and keep the end-effector at the
setpoint. In addition to the motor imagery-based control, we conduct experiments where
the subject controls the robot with a keyboard. As a keyboard is a very efficient and precise
HMI (Mahmud et al., 2020; Vasiljevic et al., 2016), this represents an upper bound on the
performance we could expect from the Brain-Computer Interface (BCI). Here, the space
button is used to switch that axis of movement 𝑒a and positive/negative movement can be
controlled via the left/right arrows.

7.3.4 InteractingwiththeEnvironmentonaReal-WorldTask
We consider the ADL task of releasing hairspray by actuating the button of its container
with the HSA robot’s end-effector (see Fig. 7.10). For successful execution, the end-effector
must be very stiff in the normal direction of the contact. On the other hand, we might want
to benefit from the physical intelligence of the system by being relatively flexible in the
tangential direction. Therefore, we first define the perpendicular stiffness 𝑘⟂ = 500N/m
and the tangential stiffness as 𝑘∥ = 50N/m. We assume that the normal direction of the
contact can be described by the polar angle 𝜃⟂ (with respect to the x-axis). We envision
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(a) 𝑡 = 0s (b) 𝑡 = 12s (c) 𝑡 = 24s (d) 𝑡 = 36s (e) 𝑡 = 48s

(f) 𝑡 = 60s (g) 𝑡 = 72s (h) 𝑡 = 84s (i) 𝑡 = 96s (j) 𝑡 = 108s

Figure 7.9: Sequence of stills for completing a basic Activity of Daily Living (ADL) by controlling the robot with
EEG-based motor imagery. Note: Fig. 7.9(i) is edited for improved contrast.

that in the future, the user can adjust such stiffness characteristics online via a BMI system
similar to (Schiatti et al., 2017). In this chapter, however, we estimate by visual inspection
that 𝜃⟂ = 1.31rad. The Cartesian stiffness matrix in global coordinates is then given by
𝐾𝑥 = 𝑅(𝜃⟂)diag(𝑘⟂, 𝑘∥)𝑅(𝜃⟂)⊤ where 𝑅(𝜃⟂) ∈ 𝑆𝑂(2) is the rotation matrix between global
and contact frames.

7.3.5 Evaluation Metrics
In the following, we will introduce and define a few metrics that help us assess the perfor-
mance of the approach.

Event-Related Synchronization/De-Synchronization:
Weapply Event-RelatedDesynchronization (ERD) / Event-Related Synchronization (ERS) (Pfurtscheller
and Da Silva, 1999) to demonstrate the difference between EEG signals when the participant
imagines right-hand movement vs. rest, i.e., no activity. ERD/ERS corresponds to a shift in
power during imagination with respect to a baseline. It is defined by

ERD/ERS(𝑡, 𝑓 ) =
𝑃(𝑡, 𝑓 )−𝑃base(𝑓 )

𝑃base(𝑓 )
, (7.3)

where ERD/ERS(𝑡, 𝑓 ) represents the ERD or ERS at a specific time 𝑡 and frequency 𝑓 ,
𝑃(𝑡, 𝑓 ) stands for the power of brain activity during imagination, and 𝑃base(𝑓 ) denotes the
baseline power.
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Figure 7.10: Cartesian impedance shaping when interacting with the environment, for example, while performing
ADL.

7.3.6 Step Response Metrics
For the task of setpoint regulation, we analyze primarily two aspects: (a) is the participant
able to reach the proximity of setpoint within the (generously) allotted time of 60 s? We
define the proximity of the setpoints as ‖𝑥d−𝑥(𝑡)‖2 ≤ 2mm. And (b) what is the response
time for reaching the proximity of the setpoint for the first time?
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(a) End-effector 𝑥-coordinate (b) End-effector 𝑦-coordinate

(c) Configuration 𝑞 (d) Control input 𝜙

Figure 7.11: Experimental results for completing a basic Activity of Daily Living (ADL) by controlling the robot
with EEG-based motor imagery. Panel (a) & (b): The x/y-coordinate of the end-effector with the solid line and
dotted lines denoting the actual and attractor position, respectively. Panel (c): The evolution of the configuration.
Panel(d): The saturated planar control inputs.

7.4 Results and Discussion
First, we analyze the ERD/ERS behavior with respect to rest vs. motor imaginations in
Fig. 7.6. It is evident that the baseline of rest remained the same in both scenarios when the
participant did not perform motor imagery, but as soon as the cue is presented at 0.0 s, a
shift in power for the right-hand motor imagery with comparison to rest state is noticeable.

We present the results for setpoint regulation employing motor imagery in Fig. 7.7. We
observe that the participant can reach the proximity of the setpoint within the allotted
time of 60 s six out of nine times (i.e., 66.6 %). For the successful steps, the average response
time is 21.5 s. However, as our protocol does not contain a command to let the attractor
rest, it is challenging to keep the end-effector at the setpoint and we observe oscillations,
particularly with respect to the x-coordinate. From the results in Fig. 7.8, it is evident that
a keyboard is a superior HMI. It only takes the participant two setpoints to get familiar
with the interface, and afterwards, the performance displayed is excellent. However, for
instance, for people with limb impairment, or people with Spinal Cord Injury (SCI), such
an interface is inaccessible and, therefore, only represents an upper bound of what we
strive to achieve with BCI systems.

Finally, we consider the ADL task of releasing hair spray using the end-effector of the
HSA robot. We present a sequence of stills in Fig. 7.9 and plots of the entire sequence in
Fig. 7.11. Already during the first attempt, the participant can steer the end-effector toward
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the button, apply force, and release the fluid within 86 s. The impedance of the controller is
clearly visible in Fig. 7.11(b) when the manipulator is in contact with the object at time 74 s
to 104 s. Also, we noticed that the end-effector does not need to be perfectly aligned with
the center of the button and can still complete the task successfully due to the compliance
of the closed-loop system in the tangential direction.

We noticed that the variability of setting up the EEG device on each study participant
and the EEG sensor noise caused by external factors (e.g., floor vibrations) still pose a
considerable challenge for deploying motor imagery-based tools in practice. Furthermore,
subject-specific factors such as the ability to focus on imagining motor actions, mental
tiredness, etc., significantly affected the performance (e.g., classification accuracy, setpoint
tracking error).

7.5 Conclusion
In this chapter, we proposed to combine motor imagery-based BMI systems with continuum
soft robots. This symbiosis promises the safe and compliant operation of robots that
can assist people with limb impairments in their daily lives. While the binary motor
imagery classifier achieves an accuracy of only ≈ 70%, we demonstrated experimentally
its effectiveness through assistance with an activity of daily living and safe operation.
As demonstrated in the ADL experiment, the physical intelligence of the soft robot can
compensate for errors and deviations in the output of the BMI classifier.

For future work, we recommend conducting a user study with a diverse group of
non-expert participants and incorporating a broader range of soft robots. Connected, it
would be interesting to apply this methodology to soft robots with more DOFs, such as the
Helix soft robot (Guan et al., 2023). Finally, utilizing SOTA EEG classifiers like CTNet (Zhao
et al., 2024a) could improve classification accuracy and ultimately enable full 3D spatial
brain control of the soft robot’s task space motion—including the addition of a rest mode
to keep the end-effector at a fixed pose.

Afterword
In this chapter, we introduced a BMI protocol for soft robots using motor imagery with
wearable, few-channel EEG devices. However, controlling the soft robot via motor imagery
demands the user’s full attention and can become highly exhausting after a few minutes.
Consequently, our goal is to develop fully autonomous (soft) robots. Rather than conveying
low-level end-effector setpoints, we aim to communicate high-level task assignments. In
Chapter 12, we take a first step toward this objective by presenting a strategy for learning
compliant and stable motion policies for periodic movements from demonstration. This
approach enables the user to demonstrate the required (periodic) movement once, allowing
the (soft) robot to perform the task autonomously in a compliant, stable, and safe manner.
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8
Backstepping Control of
Pneumatic Piston-Driven

Soft Robots

Foreword. So far, our models and controllers, as presented in Chapters 5 and 6, have
neglected the dynamics of the actuator (e.g., the dynamics of the servo motor driving
the HSA rods). The underlying assumption is that the controller within the actuator is
sufficiently fast and accurate to regulate the actuator towards the desired actuation (i.e.,
the control input). This approach is akin to a cascade controller, where the output of the
outer control loop (the soft robot controller) serves as a reference to the inner control loop
(the actuator controller), which operates at a faster rate. However, literature has shown
that cascade controllers fail when the inner closed-loop system cannot track its reference
accurately. While the mentioned assumption may be acceptable in certain scenarios, such
as when the actuator is over-dimensioned (e.g., a fast-moving servo paired with a relatively
slow-moving soft robot), it inherently limits our pursuit of more practical, fast-moving soft
robots. It prevents us from fully exploiting the dynamics of the soft robot system. In this
chapter, we model in Section 8.2 the integrated dynamics of a pneumatically-actuated soft
robot where pressure is generated using pneumatic pistons. Subsequently, in Section 8.3, we
exploit this dynamical model within a backstepping controller that considers the dynamics
of the pneumatic pistons.

This chapter is based on�M. Stölzle, C. Della Santina (2021). Piston-driven pneumatically-actuated soft robots:
Modeling and backstepping control. IEEE Control Systems Letters, 6, 1837-1842. (Stölzle and Della Santina, 2021).

C.D.S. conceived the project, provided funding, derived the backstepping controller, including proof of stability,
and supervised the project. M.S. derived the model for the fluid volume contained in a planar PCC soft robot as a
function of the configuration, implemented the controller, planned and carried out the simulations, and wrote the
manuscript. C.D.S. revised the manuscript.
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Abstract. Actuators’ dynamics have been mostly neglected when devising feedback controllers
for continuum soft robots since the problem under the direct actuation hypothesis is already
quite hard to solve. Directly considering actuation would have made the challenge too complex.
However, these effects are, in practice, far from being negligible. The present chapter focuses
on model-based control of piston-driven pneumatically-actuated soft robots. We propose a
model of the relationship between the robot’s state, the acting fluidic pressure, and the piston
dynamics, which is agnostic to the chosen model for the soft system dynamics. We show that
backstepping is applicable even if the feedback coupling of the outer on the inner subsystem is
not linear. Thus, we introduce a general model-based control strategy based on backstepping
for soft robots actuated by fluidic drive. As an example, we derive a specialized version for a
robot with piecewise constant curvature.
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8.1 Introduction

A ccurate low-dimensional models of the continuum dynamics have been thoroughly
investigated in recent years (Faure et al., 2012; Grazioso et al., 2019; Sadati et al.,

2021), serving as the base for model-based controllers (Boyer et al., 2020; Della Santina
et al., 2023). In comparison, researchers have devoted little or no attention to modeling the
actuator dynamics, despite this being far from a negligible effect in practice, in particular for
pneumatic actuation. The lack of models pairs with the scarcity of model-based dynamic
controllers. Existing strategies only rarely reason on the actuators’ dynamics, if not
through simple heuristics. For example, (Della Santina et al., 2020c; Lindenroth et al., 2016;
Marchese and Rus, 2016) use a combination of PID control and inversion of quasi-static
linear approximations to compensate for the actuators’ dynamics. This strategy may
present clear limitations in terms of performance and stability assessment.

As model-based control of soft robots becomes a mature discipline, the need for general
ways of dealing with actuators’ dynamics becomes more pressing. In this chapter, we
deal with this challenge by following a backstepping approach, which is an established
strategy to deal with dynamical systems with a triangular structure. A pneumatic model
based on the ideal gas law is derived, and the pneumatic actuation system is compensated
in a quasi-static fashion in Falkenhahn et al. (2016). Recent work by Wang et al. (2019)
uses backstepping for control of a continuum soft bending arm. Although interesting,
the work is limited because it targets a linear model of a single DOF. Similarly, Franco
et al. (2021) derive an energy-based control scheme for pneumatic manipulators while
using a backstepping-based controller for comparison purposes. Both pieces of work focus
on pneumatic actuation with valves and thus cannot be immediately applied to systems
actuated with fluidic drive cylinders.

To conclude, this chapter targets the dynamic control of piston-driven pneumatic-
actuated soft robots (see, for example, Fig. 8.2, 8.3). We provide general strategies for (i)
augmenting existing dynamic models of soft robots through a description of pneumatic
actuation, (ii) controlling these systems via model-based feedback. As an example, we
specialize the model to planar soft robots satisfying the PCC assumption (Della Santina
et al., 2020c), including the proposal of a kinematic model for the air volume in the chambers,
and the controller for the set-point regulation of configuration. In this context, we also
propose a simplified, potential coupling-aware PID-like controller. We provide simulations
showing the effectiveness of both strategies.
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Figure 8.1: Schematic block diagram of the proposed nonlinear backstepping controller for a pneumatically-
actuated soft robot. The approach considers both the fluidic drive cylinder and the soft system dynamics. It is
agnostic to the chosen soft system controller in configuration-space 𝜏(𝑞, 𝑞̇).

8.2 Dynamic Model
We consider the robot made by a sequence of 𝑛S ∈ ℕ+ segments. Each segment is described
with 𝑛D ∈ ℕ+ configuration variables by using one of the many modeling techniques being
developed in the state-of-the-art (Boyer et al., 2020; Faure et al., 2012; Grazioso et al., 2019;
Sadati et al., 2021). We denote with 𝑛q = 𝑛S𝑛D ∈ ℕ+ the total number of configuration
variables, which also represents the approximated DOFs of the soft arm. Although we
show planar kinematic relations for the PCC-case in Figure 8.3 as an example, the dynamic
model derived in this section is agnostic to the chosen kinematic approximation.

All kinematic modeling techniques produce multi-body dynamics of the unactuated
soft robot as follows (Della Santina et al., 2023)

𝑀(𝑞)𝑞̈ +𝐶(𝑞, 𝑞̇)𝑞̇ +𝐺(𝑞)+𝐾(𝑞)+𝐷(𝑞, 𝑞̇) = 0, (8.1)

where 𝑞 ∈ ℝ𝑛q describes the configuration of the robot in generalized coordinates, 𝑀(𝑞) ∈
ℝ𝑛q×𝑛q the inertial matrix, 𝐶(𝑞, 𝑞̇) ∈ ℝ𝑛q×𝑛q contains the Coriolis and Centrifugal forces
and 𝐺(𝑞) ∈ ℝ𝑛q compensates for the gravitational effects. The elastic (restoring) forces are
captured in the matrix 𝐾 ∈ ℝ𝑛q and the natural damping is represented by 𝐷(𝑞, 𝑞̇) ∈ ℝ𝑛q .

Each segment is actuated through a set of 𝑛C dedicated chambers. Adapting the pressure
in a chamber will lead to a different chamber volume, ultimately resulting in a changed
configuration of the segment. Each chamber is connected to a dedicated piston, as shown in
Figure 8.3. If more than one chamber is connected to the same piston, it can be considered
to be the same chamber for the sake of this chapter. These hypotheses are not paramount,
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but they are instrumental in making the notation easier. Accordingly, the total number
of pistons is described with 𝑛𝜇p = 𝑛S𝑛C. Please note that if 𝑛C = 𝑛D, the model of the soft
robot is fully-actuated, if 𝑛C > 𝑛D it is over-actuated, and with 𝑛C < 𝑛D under-actuated
respectively. The dynamics of the piston, when not interacting with the fluid, can be easily
written as being

𝑀p𝜇̈p+𝐷p𝜇̇p+𝐺
𝜇𝑝
P = 𝑓p, (8.2)

where 𝜇p ∈ ℝ𝑛𝜇p denoting the displacement of every piston from the zero-volume config-
uration, 𝑀p ∈ ℝ𝑛𝜇p×𝑛𝜇p the mass matrix of the piston system, 𝐺𝜇𝑝P ∈ ℝ𝑛𝜇p describing the
conservative force caused by the compressed fluid acting on the pistons, and 𝐷p ∈ ℝ𝑛𝜇p×𝑛𝜇p
the damping matrix of the piston system. As the piston system is fixed to the ground and
connected via tubing to the robot chambers, note that the gravity force here is constant,
so w.l.o.g., we consider it to be zero (or alternatively as being compensated by a constant
offset in 𝑓p).
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Figure 8.2: Fluidic drive cylinder parameters for a piston of mass 𝑚p, length 𝑙p and cross-sectional area 𝐴p:
𝑓p describes the actuation force while 𝐺𝜇pP is the conservative force applied by the compressed fluid on the
cylinder. 𝜇p represents the actuators’ state variable. These pneumatic pistons could be, for example, actuated by
current-controlled DC motors or linear electric actuators (Marchese et al., 2014).

<latexit sha1_base64="hQrRdnmHcUm4onQky6I90Ij8VcU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbTbt0s4m7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuLaiFg94DjhfkQHSoSCUbTS/WPP65UrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+ien53Xqld53EU4QiO4RQ8uIQa3EIdGsBgAM/wCm+OdF6cd+dj3lpw8plD+APn8wcD9I2i</latexit>q1

<latexit sha1_base64="Bt6P+fA60zaAhMACW3I89yBH+dA=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYJUY9ELx4xyiOBDZkdZmHC7Ow602tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbmZ+64lrI2L1gOOE+xEdKBEKRtFK94+9Sq9YcsvuHGSVeBkpQYZ6r/jV7ccsjbhCJqkxHc9N0J9QjYJJPi10U8MTykZ0wDuWKhpx40/mp07JmVX6JIy1LYVkrv6emNDImHEU2M6I4tAsezPxP6+TYnjlT4RKUuSKLRaFqSQYk9nfpC80ZyjHllCmhb2VsCHVlKFNp2BD8JZfXiXNStm7KFfvqqXadRZHHk7gFM7Bg0uowS3UoQEMBvAMr/DmSOfFeXc+Fq05J5s5hj9wPn8ABXiNow==</latexit>q2

<latexit sha1_base64="fWuLcod2hAlqHAuStAiNWMHJm2k=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaVqEeiF48Y5ZHAhswOA0yYnV1nek3Ihk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEEth0HW/ndzK6tr6Rn6zsLW9s7tX3D9omCjRjNdZJCPdCqjhUiheR4GSt2LNaRhI3gxGN1O/+cS1EZF6wHHM/ZAOlOgLRtFK94/d826x5JbdGcgy8TJSggy1bvGr04tYEnKFTFJj2p4bo59SjYJJPil0EsNjykZ0wNuWKhpy46ezUyfkxCo90o+0LYVkpv6eSGlozDgMbGdIcWgWvan4n9dOsH/lp0LFCXLF5ov6iSQYkenfpCc0ZyjHllCmhb2VsCHVlKFNp2BD8BZfXiaNs7J3Ua7cVUrV6yyOPBzBMZyCB5dQhVuoQR0YDOAZXuHNkc6L8+58zFtzTjZzCH/gfP4ABvyNpA==</latexit>q3

<latexit sha1_base64="uSW0H71JUat1zrUvRTNUif2jrkk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5rBfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8fz2OM9A==</latexit>g

<latexit sha1_base64="4W3lAUEm3GNkjod4S2CEllMiBO0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWw2k3bpZhN2N0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCahGwSU2DTcCO6lCGgcC28Hodua3n1BpnshHM07Rj+lA8ogzaqz0EPZ5v1xxq+4cZJV4OalAjka//NULE5bFKA0TVOuu56bGn1BlOBM4LfUyjSllIzrArqWSxqj9yfzUKTmzSkiiRNmShszV3xMTGms9jgPbGVMz1MveTPzP62YmuvYnXKaZQckWi6JMEJOQ2d8k5AqZEWNLKFPc3krYkCrKjE2nZEPwll9eJa2LqndZrd3XKvWbPI4inMApnIMHV1CHO2hAExgM4Ble4c0Rzovz7nwsWgtOPnMMf+B8/gBFBo3N</latexit>

di

<latexit sha1_base64="cpfTJkS0aJuavDxr5AjVR4A92n8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlpuiXK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSvqh6l9Vas1ap3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MH1veM+Q==</latexit>

l

<latexit sha1_base64="EfydvG1+03igaygvgI7rLLtqdvw=">AAACCHicbZDLSsNAFIYn9VbrLerShYNFcKElkaIui924rGAv0IYwmUzaoTNJmJkIJWTpxldx40IRtz6CO9/GSRtBW38Y+PjPOcw5vxczKpVlfRmlpeWV1bXyemVjc2t7x9zd68goEZi0ccQi0fOQJIyGpK2oYqQXC4K4x0jXGzfzeveeCEmj8E5NYuJwNAxpQDFS2nLNQ9+l8Az6bjrgSI0ET5vZ6Q+iLHPNqlWzpoKLYBdQBYVarvk58COccBIqzJCUfduKlZMioShmJKsMEklihMdoSPoaQ8SJdNLpIRk81o4Pg0joFyo4dX9PpIhLOeGe7sxXlPO13Pyv1k9UcOWkNIwTRUI8+yhIGFQRzFOBPhUEKzbRgLCgeleIR0ggrHR2FR2CPX/yInTOa/ZFrX5brzauizjK4AAcgRNgg0vQADegBdoAgwfwBF7Aq/FoPBtvxvustWQUM/vgj4yPb6bFmcg=</latexit>

di � dC,a

<latexit sha1_base64="Enn6K0K0inIjdNgq9MUd5d2oMXs=">AAACAnicbZDLSsNAFIYnXmu9RV2Jm8EiuJCSSFGXxW5cVrAXaEOYTCbt0JlJmJkIJQQ3voobF4q49Snc+TZO2wja+sPAx3/OYc75g4RRpR3ny1paXlldWy9tlDe3tnd27b39topTiUkLxyyW3QApwqggLU01I91EEsQDRjrBqDGpd+6JVDQWd3qcEI+jgaARxUgby7cPQz/rc6SHkmeN/OwHgzz37YpTdaaCi+AWUAGFmr792Q9jnHIiNGZIqZ7rJNrLkNQUM5KX+6kiCcIjNCA9gwJxorxsekIOT4wTwiiW5gkNp+7viQxxpcY8MJ2TFdV8bWL+V+ulOrryMiqSVBOBZx9FKYM6hpM8YEglwZqNDSAsqdkV4iGSCGuTWtmE4M6fvAjt86p7Ua3d1ir16yKOEjgCx+AUuOAS1MENaIIWwOABPIEX8Go9Ws/Wm/U+a12yipkD8EfWxzcv4Zf0</latexit>
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Figure 8.3: Shape regulation under PCC approximation - Left: A planar soft robot consisting of three segments,
each modeled to have constant curvature Right: Model parameters for fluidic volume in soft segment chambers.
Each chamber is actuated independently by a fluidic drive cylinder connected through tubing.

In the first approximation, we model the compressible fluid (typically air) as an ideal
gas. Furthermore, we consider the process to be isothermal, and no fluid exchange with
the external world is happening. We neglect the volume of fluid in any tubes connecting
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the pistons with the chambers. The overall volume of the fluid can be evaluated as

𝑉 (𝑞,𝜇p) = 𝑉C(𝑞)+𝑉p(𝜇p) = 𝑉C(𝑞)+𝐴p𝜇p, (8.3)

where 𝑉 (𝑞,𝜇p) ∈ ℝ𝑛𝜇p describes the total volume of fluid stored in the system, 𝑉C(𝑞) ∈ ℝ𝑛𝜇p
the volume of fluid in each chamber and 𝑉p(𝑞) ∈ ℝ𝑛S𝑛p the volume in the piston with
𝐴p ∈ ℝ𝑛𝜇p the cross-sectional area of every piston. We will present an example of analytical
derivation of 𝑉C(𝑞) in Section 8.4.1. For now, we consider it known.

The total energy stored in the system due to fluid compression is

fluid(𝑞,𝜇p) =
𝑛𝜇p

∑
𝑗=1

∫
𝑉𝑗 (𝑞𝑖 ,𝜇p,𝑗 )

𝑉𝑗 ,0
−(𝑝𝑗 (𝜈)−𝑝atm)d𝜈

=
𝑛𝜇p

∑
𝑗=1

−𝛼air,𝑗 (ln
𝑉𝑗 (𝑞𝑖, 𝜇p,𝑗 )
𝑉𝑗 ,0

−
𝑉𝑗 (𝑞𝑖, 𝜇p,𝑗 )
𝑉𝑗 ,0

+1),

(8.4)

where 𝑉𝑗 (𝑞𝑖, 𝜇p,𝑗 ) =
𝛼air,𝑗

𝑝𝑗 (𝑞𝑖 ,𝜇p,𝑗 ) represents the total fluidic volume in the system of chamber
and piston 𝑗 in segment 𝑖. We assume that this fluid system is filled with air at atmospheric
pressure 𝑝atm with an initial volume of 𝑉𝑗 ,0 = 𝑉𝑗 (0, 𝑙p) (e.g., straight robot configuration
and with fully extended pistons). This lets us find an expression for 𝛼air:

𝛼air,𝑗 = 𝑛𝑗𝑅𝑇 = 𝑝atm𝑉𝑗 ,0 = 𝑝𝑗 (𝑞,𝜇p)𝑉𝑗 (𝑞,𝜇p). (8.5)

The force exerted on the 𝑖th segment of the robot by the fluid is

𝐺q
P,𝑖(𝑞𝑖, 𝜇p,𝑗 ) = 𝜕𝑞𝑖fluid(𝑞,𝜇p) = −𝜕𝑞𝑖𝑉𝐶,𝑗 (𝑝𝑗 (𝑞𝑖, 𝜇p,𝑗 )−𝑝atm) , (8.6)

Similarly, the force applied on the 𝑗th piston by the fluid is

𝐺𝜇pP,𝑗 (𝑞𝑖, 𝜇p,𝑗 ) = 𝜕𝜇p,𝑗fluid(𝑞,𝜇p) = −𝐴p,𝑗 (𝑝𝑗 (𝑞𝑖, 𝜇p,𝑗 )−𝑝atm) , (8.7)

The overall dynamic model is

𝑀(𝑞)𝑞̈+𝐶(𝑞, 𝑞̇)𝑞̇+𝐺(𝑞)+𝐾(𝑞)+𝐷(𝑞, 𝑞̇)+𝐺q
P(𝑞,𝜇p) = 0,

𝑀p𝜇̈p+𝐷p𝜇̇p+𝐺
𝜇p
P (𝑞,𝜇p) = 𝑓p,

(8.8)

which is always underactuated. Note that this structure is similar to classic flexible joint
robots under Spong’s approximation (Della Santina, 2021) due to the fact that the fluidic
drive cylinders are fixed to the ground. Two of the major differences making the control
problem harder are that that 𝑛𝜇p ≠ 𝑛q, and that𝐺

q
P and𝐺

𝜇p
P are not linear. The latter renders

the feedback coupling of the outer on the inner subsystems non-affine. In the rest of the
chapter, we will use the following definitions to simplify the notation

𝑓 (𝑞, 𝑞̇) = −𝐵−1(𝑞)(𝐶(𝑞, 𝑞̇)𝑞̇ +𝐺(𝑞)+𝐾(𝑞)+𝐷(𝑞, 𝑞̇)) ,

𝑔(𝑞,𝜇p) = −𝐵−1(𝑞)(𝐺
q
P(𝑞,𝜇p)) .

(8.9)
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8.3 Backstepping Control
This section discusses the main contribution of this chapter, a backstepping-based approach
to generalize controllers Γ(𝑞, 𝑞̇) designed in the directly actuated case, to systems that can
be modeled through (8.8). We suppose that we have access to Γ(𝑞, 𝑞̇) controlling the piston
position 𝜇p. Next, we perform backstepping twice to the controllers of the piston velocity 𝜇̇p
and the piston actuation force 𝑓p and prove the stability of each controller with Lyapunov
arguments. The derived model-based control approach assumes that all model parameters
are known, and all states are measurable (namely the configuration 𝑞, its time derivative 𝑞̇,
the piston position 𝜇p and the piston velocity 𝜇̇p), and that there are no disturbances or
model uncertainties. We first introduce a Lemma, which will be instrumental to the proof
of the main theorem. It allows us to relate an offset in the actuation space to a change in
acceleration in the configuration space that is proportional to the offset.

Lemma 1. The input field defined in (8.9) verifies

𝑔(𝑞,𝜇p,a)−𝑔(𝑞,𝜇p,b)=−𝐵−1(𝑞)𝑆(𝑞,𝜇p,a, 𝜇p,b)(𝜇p,a−𝜇p,b),

∀𝜇p,a, 𝜇p,b ∈ ℝ𝑛𝜇p and 𝑞 ∈ ℝ𝑛q with 𝑆 ∈ ℝ𝑛q×𝑛𝜇p defined via

𝑆𝑖𝑗 =
𝐴p,𝑗𝛼air,𝑗𝜕𝑞𝑖𝑉C,𝑗

(𝑉C,𝑗 (𝑞𝑖)+𝐴p,𝑗𝜇p,a,𝑗 )(𝑉C,𝑗 (𝑞𝑖)+𝐴p,𝑗𝜇p,b,𝑗 )
.

Proof. We express the left term of the equality using (8.9)

𝑔(𝑞,𝜇p,a)−𝑔(𝑞,𝜇p,b) = −𝐵−1(𝑞)(𝐺q
P(𝑞,𝜇p,a)−𝐺

q
P(𝑞,𝜇p,b)),

where we recognize the term 𝐵−1(𝑞) appearing in the Lemma. The term between brackets
can be adjusted by using (8.6)

𝐺q
P,𝑖(𝑞,𝜇p,a)−𝐺

q
P,𝑖(𝑞,𝜇p,b) =−

(

𝑛𝜇p

∑
𝑗=1

𝛼air,𝑗𝜕𝑞𝑖𝑉C,𝑗
𝑉C,𝑗 (𝑞𝑖)+𝐴p,𝑗𝜇p,a,𝑗

−
𝑛𝜇p

∑
𝑗=1

𝛼air,𝑗𝜕𝑞𝑖𝑉C,𝑗
𝑉C,𝑗 (𝑞𝑖)+𝐴p,𝑗𝜇p,b,𝑗)

,

=
𝑛𝜇p

∑
𝑗=1

𝐴p,𝑗𝛼air,𝑗𝜕𝑞𝑖𝑉C,𝑗 (𝜇p,a,𝑗 −𝜇p,b,𝑗 )
(𝑉C,𝑗 (𝑞𝑖)+𝐴p,𝑗𝜇p,a,𝑗 )(𝑉C,𝑗 (𝑞𝑖)+𝐴p,𝑗𝜇p,b,𝑗 )

,

=
𝑛𝜇p

∑
𝑗=1
𝑆𝑖𝑗 (𝜇p,a,𝑗 −𝜇p,b,𝑗 ) = 𝑆 (𝜇p,a−𝜇p,b).

(8.10)

The Lemma follows by simple factorization of the latter term.

Thus, even if the robot side of the dynamics (8.8) is not affine in control when taking
𝜇p as input, still Lemma 1 provides some structure that we leverage in the next theorem.
Assuming a soft robot controller 𝜏(𝑞, 𝑞̇) that regulates the soft robot to the setpoint 𝑞̄ while
neglecting actuator dynamics, Theorem 1 introduces—via the backstepping procedure—a
fluidic piston force controller 𝑓p = Ψ(𝑞, 𝑞̇,𝜇p, 𝜇̇p) that ensures the closed-loop system con-
verges to the setpoint. In particular, the system reaches the desired soft robot configuration
𝑞̄ along with the corresponding steady-state piston position 𝜇̄p = Γ(𝑞). As depicted in
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Fig. 8.1, the function Γ(𝑞) maps positions from the configuration space to the actuation
space, while the controller ̄̇𝜇p = Π(𝑞, 𝑞̇,𝜇p) supplies piston velocity references that are
then converted into piston force commands by Ψ(𝑞, 𝑞̇,𝜇p, 𝜇̇p). Here, 𝐾1 ≻ 0 ∈ ℝ𝑛𝜇p×𝑛𝜇p is
a proportional feedback gain applied to the error (𝜇p − 𝜇̄p) between actual and desired
piston positions, and 𝐾2 ≻ 0 ∈ ℝ𝑛𝜇p×𝑛𝜇p is a proportional feedback gain on the error (𝜇̇p− ̄̇𝜇p)
between actual and desired piston velocities.

Theorem 1. Suppose that a Γ(𝑞, 𝑞̇) exists s.t. the reduced system

𝑞̈ = 𝑓 (𝑞, 𝑞̇)+𝑔(𝑞,Γ(𝑞, 𝑞̇)) (8.11)

converges to a desired trajectory 𝑞̄(𝑡), ∀(𝑞(0), 𝑞̇(0)) ∈ ℝ2𝑛q . Suppose that the convergence is
proven by Lyapunov arguments through the function 𝐻(𝑞, 𝑞̇). Then the closed loop of the full
system (8.8) and the controller

𝑓p = Ψ(𝑞, 𝑞̇,𝜇p, 𝜇̇p) = 𝐺
𝜇p
P +𝐷pΠ+𝑀pΠ̇−𝐾2(𝜇̇p−Π)−(𝜇p−Γ),

̄̇𝜇p = Π(𝑞, 𝑞̇,𝜇p) = Γ̇−𝐾1(𝜇p−Γ)+𝑆⊤(𝑞,𝜇p, Γ)𝐵−1(𝑞)𝜕𝑞̇𝐻⊤,
(8.12)

with𝐾1,𝐾2 ≻ 0, is such that 𝑞 → 𝑞̄ and 𝜇p→Γ(𝑞̄, ̇̄𝑞), ∀(𝜇p(0), 𝜇̇p(0)) ∈ ℝ2𝑛𝜇p , and ∀(𝑞(0), 𝑞̇(0)) ∈
ℝ2𝑛q .

Proof. We first consider the problem of deriving a controller under the assumption that the
velocity of the piston 𝑣p is set by a controller. This serves as a first step toward the general
solution of the problem. System (8.8) is thus reduced into

𝑀(𝑞)𝑞̈+𝐶(𝑞, 𝑞̇)𝑞̇+𝐺(𝑞)+𝐾(𝑞)+𝐷(𝑞, 𝑞̇)+𝐺q
P(𝑞,𝜇p) = 0,

𝜇̇p = 𝑣p.
(8.13)

We introduce the following control Lyapunov candidate

𝑊(𝑞, 𝑞̇,𝜇p) = 𝐻(𝑞, 𝑞̇)+
1
2
(𝜇p−Γ)⊤(𝜇p−Γ) , (8.14)

which can thus be differentiated obtaining

𝑊̇ (𝑞, 𝑞̇,𝜇p) =𝜕𝑞𝑊𝑞̇ +𝜕𝑞̇𝑊𝑞̈ +𝜕𝜇p𝑊 𝜇̇p,

=𝐻̇ + (𝜇p−Γ)⊤(𝑣p− Γ̇),

=𝜕𝑞𝐻𝑞̇ +𝜕𝑞̇𝐻(𝑓 (𝑞, 𝑞̇)+𝑔(𝑞,𝜇p))+ (𝜇p−Γ)⊤(𝑣p− Γ̇),
=𝜕𝑞𝐻𝑞̇ +𝜕𝑞̇𝐻(𝑓 (𝑞, 𝑞̇)+𝑔(𝑞,Γ(𝑞, 𝑞̇)))

+𝜕𝑞̇𝐻(𝑔(𝑞,𝜇p)−𝑔(𝑞,Γ(𝑞, 𝑞̇)))+ (𝜇p−Γ)⊤(𝑣p− Γ̇) ,

(8.15)

where we first used the chain rule on 𝐻̇ and then we added and subtracted 𝜕𝑞̇𝐻𝑔(𝑞,Γ(𝑞, 𝑞̇)).
We now propose the controller 𝑣p = Π(𝑞, 𝑞̇,𝜇p) for stabilizing this system, with

Π(𝑞, 𝑞̇,𝜇p) = Γ̇−𝐾1(𝜇p−Γ)+𝑆⊤(𝑞,𝜇p, Γ)𝐵−⊤(𝑞)𝜕𝑞̇𝐻⊤.
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The derivative of the Lyapunov candidate for the closed-loop system is thus

𝑊̇ (𝑞, 𝑞̇,𝜇p) =𝜕𝑞𝐻𝑞̇ +𝜕𝑞̇𝐻(𝑓 (𝑞, 𝑞̇)+𝑔(𝑞,Γ(𝑞, 𝑞̇)))
+𝜕𝑞̇𝐻(𝑔(𝑞,𝜇p)−𝑔(𝑞,Γ(𝑞, 𝑞̇)))− (𝜇p−Γ)⊤𝐾1(𝜇p−Γ)

+𝜕𝑞̇𝐻𝐵−1(𝑞)𝑆(𝑞,𝜇p, Γ)(𝜇p−Γ) ,

where we exploited that all terms are scalar to extract the transpose of the last one. This
equation can be simplified by invoking Lemma 1 into

𝑊̇ (𝑞, 𝑞̇,𝜇p) = 𝜕𝑞𝐻𝑞̇ +𝜕𝑞̇𝐻(𝑓 (𝑞, 𝑞̇)+𝑔(𝑞,Γ(𝑞, 𝑞̇)))
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

𝐻̇

−(𝜇p−Γ)⊤𝐾1(𝜇p−Γ).
(8.16)

Consider now that 𝐻 is a Lyapunov function for (8.11) under the control action Γ. This
assures that

0 > 𝐻̇ = 𝜕𝑞𝐻𝑞̇ +𝜕𝑞̇𝐻(𝑓 (𝑞, 𝑞̇)+𝑔(𝑞,Γ(𝑞, 𝑞̇))). (8.17)
Note that we are considering here the case of strict sign definiteness of 𝐻̇ . However, the
same results can be achieved in the case of semi-definiteness. We can now conclude that
𝑊̇ < 0, thus proving that the controller Π stabilizes (8.13). This concludes the first step of
the proof.

We now reiterate this sequence of operations to generalize the controller Π to work on
the actual system (8.8). The complete Lyapunov candidate that we propose is

𝑄 =𝑊 +
1
2
(𝜇̇p−Π)⊤𝑀p(𝜇̇p−Π), (8.18)

with time derivative

𝑄̇ = 𝑊̇ + (𝜇̇p−Π)⊤(Ψ−𝐺𝜇pP −𝑀pΠ̇)

= 𝜕𝑞𝑊𝑞̇ +𝜕𝑞̇𝑊𝑞̈ +𝜕𝜇p𝑊𝜇̇𝑝 +(𝜇̇p−Π)⊤(Ψ−𝐺𝜇pP −𝐷p𝜇̇p−𝑀pΠ̇).

We, therefore, propose the controller

Ψ(𝑞, 𝑞̇,𝜇p, 𝜇̇p) = 𝐺
𝜇p
P +𝐷pΠ+𝑀pΠ̇−𝐾2(𝜇̇p−Π)−𝜕𝜇p𝑊

⊤, (8.19)

which generates the following closed-loop Lyapunov candidate

𝑄̇ =𝜕𝑞𝑊𝑞̇ +𝜕𝑞̇𝑊𝑞̈ +𝜕𝜇p𝑊 Π
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

𝑊̇

−(𝜇̇p−Π)⊤(𝐾2+𝐷p)(𝜇̇p−Π) < 0,
(8.20)

where we exploit that 𝑊 is a Lyapunov function for the previous system when 𝜇̇p ≡ Π.
This assures the asymptotic stability of the closed loop system when (8.19) is used. The
Theorem follows considering that 𝜕𝜇p𝑊 ⊤ = (𝜇p−Γ).

8.4 Shape Regulation under PCC Approximation
This section provides an example of the application of the proposed model augmentation
and model-based control strategy for the setpoint regulation of a pneumatically actuated
planar soft robot, modeled through PCC approximation with acting gravity forces.
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8.4.1 Model
Background: PCC Dynamic Model
We consider a planar soft robotic arm consisting of three segments, analogous to (Della Santina
et al., 2020c), modeled using the PCC (Jones and Walker, 2006) assumption, but the formu-
lation can be easily extended to the 3D case while neglecting the torsional deformations.
Alternatively, a strain-based parameterization could be employed (Boyer et al., 2020). We
assume a weight distribution of 𝑚𝑖 = ∫ 𝑙𝑖0 𝜌𝑖(𝑠′)𝑑𝑠′ along the center line of the segment 𝑖.
Gravity is acting along the vector 𝑔 ∈ ℝ2. We consider the following EOM with diagonal
matrices 𝐾 and 𝐷:

𝑀(𝑞)𝑞̈ +𝐶(𝑞, 𝑞̇) 𝑞̇ +𝐺(𝑞)+𝐾 𝑞 +𝐷𝑞̇ +𝐺q
P(𝑞,𝜇p) = 0,

𝑀p 𝜇̈p+𝐷p 𝜇̇p+𝐺
𝜇p
P (𝑞,𝜇p) = 𝑓p.

(8.21)

Model for Fluid Volume in Chamber
A model of the fluid volume in the chambers as a function of the configuration of the
segment is required to evaluate the conservative forces by the fluid as specified in (8.6) and
(8.7). In this section, we derive a simple analytical model based on CC kinematics. It is
assumed that the volume of the chamber is only dependent on the curvature of the segment,
as we model the segment length 𝑙0,𝑖 to stay constant and the chambers to be inextensible
in the radial direction of the curvature. We visualize the model and its parameters in
Figure 8.3. Thus, the volume of chamber 𝑗 part of segment 𝑖 is defined as:

𝑉C,𝑗 (𝑞𝑖) = ∫
𝑑C,b,𝑗

𝑑C,a,𝑗
𝑏C 𝑙𝑖(𝑑′C)d𝑑

′
C, (8.22)

where 𝑏C describes the constant planar thickness of the chamber and 𝑙𝑖(𝑑′C) the length
of segment 𝑖 at offset 𝑑′C from the center-line. The function 𝑙𝑖(𝑑′C) is derived from the
properties of CC of the segment

𝑙𝑖(𝑑′C) = 𝑙0,𝑖−𝑞𝑖𝑑
′
C. (8.23)

The integration inherits an opposite sign for the change of volume with 𝑞𝑖 for the left and
right chamber, respectively for an inner and outer chamber wall radius of 0 < 𝑑C,a < 𝑑C,b < 𝑑𝑖
and a continuum segment of radius 𝑑𝑖:

𝑉C,𝑗 (𝑞𝑖) = 𝑏C(𝑙0,𝑖(𝑑C,b−𝑑C,a)∓
𝑞𝑖
2
(𝑑2C,b−𝑑

2
C,a)) . (8.24)

The partial derivative 𝜕𝑞𝑉C is determined as

𝜕𝑞𝑖𝑉C,𝑗 = ∓0.5𝑏C (𝑑2C,b−𝑑
2
C,a). (8.25)

8.4.2 Setpoint Control
Configuration-space control: Consider the following regulator of desired configuration
𝑞̄ ∈ ℝ𝑛q ,

𝜏̄(𝑞, 𝑞̄) = 𝐾𝑞̄ +𝐺(𝑞), (8.26)
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Figure 8.4: Simulation of posture regulation under PCC approximation comparing the performance of an end-
to-end PID baseline controller (1st row), with a coupling-aware PID controller (2nd row) and the nonlinear
backstepping controller (3rd row). The set-point reference configuration is shown with solid lines.

where 𝜏̄ ∈ ℝ𝑛q is the torque in configuration space. Asymptotic stability of the equilibrium
𝑞̄ is proven through the Lyapunov function 𝐻(𝑞, 𝑞̇) = 𝑞̇⊤𝑀(𝑞)𝑞̇/2+𝑞⊤𝐾𝑞/2, which yields
the time derivative 𝐻̇ = −𝑞̇⊤𝐷𝑞̇/2 ≤ 0.

Mapping from configuration to actuation space with force balance: Our back-
stepping controller requires access to Γ(𝑞, 𝑞̇) which returns a desired piston 𝜇̄p given the
desired torque 𝜏̄ and the current state of the soft system (𝑞, 𝑞̇). In the planar case with
inextensible segments, there exists a redundancy in actuating the pistons controlling the
pressure in the left and right chambers of a segment to trigger 𝜏̄ on the segment. Thus, we
decide to solve this redundancy by equally attributing the desired torque to both pistons.

We assume that the system is calibrated at a straight configuration 𝑞t0 = 0 with pistons
preloaded at position 𝜇𝑝,𝑡0 ∈ ℝ𝑛𝜇p leading to a fluidic volume of

𝑉t0,𝑗 = 𝑉C,𝑗 (𝑞t0,𝑖)+𝜇p,t0,𝑗 𝐴p,𝑗 (8.27)

in the system. After preloading, the fluids in the left and right chambers each apply a
preloaded torque of magnitude 𝐺𝑞P,t0 ∈ ℝ𝑛q on the soft system. It is implicitly assumed that
the piston length 𝑙p, piston area 𝐴p, the preloaded piston position 𝜇p,t0 and the preloaded
volume 𝑉t0 are equal for the left and right chambers of segment 𝑖. We canwrite the conserva-
tive forces acting on the left chamber 𝐺𝑞P,L(𝑞,𝜇p) ∈ ℝ𝑛q and right chamber 𝐺𝑞P,R(𝑞,𝜇p) ∈ ℝ𝑛q
as differences from the neutral conservative force 𝐺𝑞P,t0

𝐺𝑞P,L = 𝐺
𝑞
P,t0+Δ𝐺𝑞P,L, 𝐺𝑞P,R = −𝐺𝑞P,t0+Δ𝐺𝑞P,R. (8.28)
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Figure 8.5: Simulation of posture regulation under PCC approximation comparing the control input (i.e., the
piston actuation force 𝑓p) of an end-to-end PID baseline controller, a coupling-aware PID controller, and the
nonlinear backstepping controller.

The force applied by the fluid in the left and right chambers on the system is

𝐺𝑞P(𝑞,𝜇𝑝) = 𝐺
𝑞
P,L+𝐺

𝑞
P,R = Δ𝐺𝑞P,L+Δ𝐺𝑞P,R. (8.29)

We re-arrange to find an expression for the desired conservative force offsets, which equally
distribute a commanded torque 𝜏̄ to the fluid in both chambers. Setting Δ𝐺̄𝑞̄P,L = Δ𝐺̄𝑞̄P,R =
0.5 𝜏̄(𝑞, 𝑞̄) results for the chosen setpoint controller 𝜏̄ and a diagonal elastic matrix 𝐾 with
elements 𝑘𝑖 in:

𝐺̄𝑞̄P,𝑗 (𝑞, 𝑞̄𝑖) = ±𝐺𝑞P,t0,𝑖−0.5(𝑘𝑖𝑞̄𝑖+𝐺𝑖(𝑞)) . (8.30)

Eq. (8.7) is inversed to compute the desired piston position 𝜇̄p = Γ(𝑞, 𝑞̄):

Γ𝑗 (𝑞, 𝑞̄) =
1
𝐴p,𝑗 (

𝛼air,𝑗 𝜕𝑞𝑖𝑉C,𝑗
𝑝atm 𝜕𝑞𝑖𝑉C,𝑗 −𝐺̄

𝑞̄
P,𝑗 (𝑞, 𝑞̄)

−𝑉C,𝑗 (𝑞))
. (8.31)

Backstepping: The system is now in the form of Eq. (8.11), so Theorem 1 can be invoked
and a specialized version of Eq. (8.12) can be derived for the PCC-case and our chosen
set-point controller of Eq. (8.26). The partial derivative of the Lyapunov function of the
soft system controller evaluates to 𝜕𝑞̇𝐻(𝑞, 𝑞̇) = 𝑞̇⊤𝑀(𝑞), which allows to re-formulate (8.12)
into:

̄̇𝜇p = Π(𝑞, 𝑞̇,𝜇p) = Γ̇(𝑞, 𝑞̇)−𝐾1(𝜇𝑝 −Γ(𝑞))+𝑆⊤(𝑞,𝜇p, Γ(𝑞)) 𝑞̇,

𝑓p = Ψ(𝑞, 𝑞̇,𝜇p, 𝜇̇p) = 𝐺
𝜇p
P +𝐷pΠ(𝑞, 𝑞̇,𝜇p)+𝑀p Π̇−𝐾2 (𝜇̇p −Π(𝑞, 𝑞̇,𝜇p))− (𝜇p −Γ(𝑞)).

(8.32)
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Figure 8.6: Simulation of posture regulation under PCC approximation for an actuation system with increased
inertia (𝑚p = 0.5kg) comparing the performance of an end-to-end PID baseline controller (1st row), with a
coupling-aware PID controller (2nd row) and the nonlinear backstepping controller (3rd row). The set-point
reference configuration is shown with solid lines.

8.5 Simulations
8.5.1 System
We consider a planar soft robot arm consisting of three independently actuated CC segments,
modeled upon the second half of the robot in (Della Santina et al., 2020c). Segments have
equal length 𝑙0 = 11cm, uniform mass density 𝜌 = 0.99kg/m concentrated on the central
axis. The stiffness 𝐾 and damping 𝐷 matrices are diagonal with constants 0.01N/rad
and 0.01Ns/rad. The segment has a diameter of 44.5mm. Based on CAD analyses of
a real system, we take 𝑑C,a = 7.14mm, 𝑑C,b = 20.19mm, and 𝑏C = 8.07mm. A positive
curvature and positive configuration 𝑞𝑖 correspond to bending counter-clockwise. The
straight configuration of the robot along the x-axis is perpendicular to gravity acting in
the negative y-direction, as shown in Figure 8.3, so that gravity tends to induce clockwise
bending. Moving to the pistons, 𝐴p = 7.9cm2, 𝑚p = 0.19kg, 𝑙p = 0.5m are chosen. We
consider a damping matrix 𝐷p with damping constants 𝑑p = 10kNsm−1 along the diagonal.
The pistons are filled with air at 𝜇p,0 = 𝑙p and 𝑝atm = 1bar and subsequently pre-loaded to
𝜇p,t0 = 0.25𝑙p. We set the backstepping gains to 𝐾1 = 6000s−1 and 𝐾2 = 4.5kNm−1.

8.5.2 End-to-End PID
We first introduce an end-to-end PID controller, which will serve as a baseline

Δ𝑓p = 𝐾p(𝑞̄ −𝑞)+𝐾i∫
𝑡

0
(𝑞̄ −𝑞)d𝑡′−𝐾d 𝑞̇ (8.33)
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Figure 8.7: Simulation of posture regulation under PCC approximation for an actuation system with increased
inertia (𝑚p = 0.5kg) comparing the control input (i.e., the piston actuation force 𝑓p]) of an end-to-end PID baseline
controller, of a coupling-aware PID controller and the nonlinear backstepping controller.

where 𝐾p,𝐾i,𝐾d ≥ 0 are scalar gains. Δ𝑓p ∈ ℝ𝑛𝑞 is the scalar offset from the actuation force
𝑓p,t0 corresponding to the pre-loaded pressure 𝑝t0. Analog to (8.30), Δ𝑓p can be equally
distributed on both chambers within a segment. The PID gains have been selected so to
achieve a similar transient behavior as for the backstepping controller and are equal to
𝐾p = 200Nrad−1, 𝐾i = 7Nrad−1 s−1, and 𝐾d = 200Nsrad−1.

8.5.3 Coupling-Aware PID
Next, we implement a control strategy that takes advantage of the understanding of the
potential coupling and uses a PID for low-level control of the pistons

𝑓p = 𝐾p (Γ(𝑞, 𝑞̄)−𝜇p)+𝐾i∫
𝑡

0
(Γ(𝑞, 𝑞̄)−𝜇p)d𝑡′−𝐾d 𝜇̇p. (8.34)

Here, 𝐾p,𝐾i,𝐾d ≥ 0 are scalar gains, and Γ(𝑞, 𝑞̄) is the correction on (8.26) which takes the
coupling defined in (8.31) in account. The PID gains are tuned similarly to the coupling-
aware PID and are equal to 𝐾p = 150000Nm−1, 𝐾i = 15000Nm−1 s−1, and 𝐾d = 100Nsm−1.

8.5.4 Results
We simulate the response of the closed-loop generated by all three controllers to a sequence
of step references. The segments are initialized at the equilibrium configuration. At 10 s,
the reference is moved to the straight configuration 𝑞̄ = 0. After another 30 s, we change it
again to 𝑞̄ = [0.6981rad −0.5236rad 0.1745rad]

⊤.
Figures 8.4-8.5 show that the backstepping controller is approaching the set-point

reference with no oscillations or overshooting. These are instead visible for coupling-are
PID controller after the second change in reference configuration. The end-to-end PID
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Figure 8.8: Cartesian evolution of the soft robot for an actuation system with increased inertia (𝑚p = 0.5kg). All
gains remain unchanged and are tuned for the original system with 𝑚p = 0.19kg. The dotted lines mark the
evolution of the tip of the segments. The soft robot consists of three segments (blue, orange, and yellow). The
reference configuration at the three set points is marked with a thick black line.

controller does not converge to the desired configuration within 60 s as it does not take
into account gravity.

Next, we increase the inertia of the actuation system by setting the piston mass 𝑚p
to 0.5 kg. We leave both the backstepping and the PID gains unchanged. Figures 8.6-8.8
demonstrate that the backstepping-based approach is able to adapt to the new system,
while the end-to-end PID shows large oscillations at 50 s and the coupling-aware PID
displays significant overshoot in curvatures and piston positions. Note that the latter are
especially dangerous in real experiments since they may signify that pistons reach their
limits.

8.6 Conclusion
This chapter proposed a model for soft robots actuated using pneumatic fluidic drive
cylinders and introduced a model-based controller to take the actuators’ dynamics into
account. The stability of this backstepping-based control strategy was proven using a
Lyapunov argument. As an example of application, model and control strategy have been
specialized for the planar PCC-case. We also proposed a coupling-aware extension of the
standard hierarchical PID strategy as a middle-ground solution.

Future work will focus on extending this strategy to more sophisticated models and
controllers while validating it experimentally in a lab environment. In particular, the
model—especially the fluidic volume model—and the controller should be enhanced and
augmented to enable 3D control rather than being limited to planar settings. Additionally,
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it would be interesting to explore whether a similar backstepping-based control approach
could be applied to alternative pneumatic actuation methods (Franco et al., 2024), such as
pressure regulation via valve systems.

Afterword
In this chapter, we have presented a dynamical model that, in addition to the standard soft
robot dynamics, also considers the dynamics of a piston-driven pneumatic actuation system.
Subsequently, we exploited the actuation dynamics within a backstepping controller. We
believe that similar approaches could also be applied to other soft robotic actuationmethods,
such as tendons pulled by electrical motors or Shape-Memory Alloy (SMA) actuators (Zaidi
et al., 2021). For example, recently, a similar backstepping-based control approach has been
successfully applied to soft robots actuated by valve-driven pressure regulators (Franco
et al., 2024), and a singular-perturbation approach for taking into account the actuation
dynamics of tendon-driven soft robots has been proposed by Ribeiro et al. (2025).

Sometimes, modeling the dynamics of soft robots from first principles can be chal-
lenging, making it difficult to control their behavior effectively. In other cases, such as
pneumatic systems, hysteresis effects are prevalent (Vo-Minh et al., 2010), and direct mea-
surement of the hysteretic displacement is not possible using available sensor data. In such
situations, employing learning approaches (e.g., machine learning with neural networks)
can be beneficial. Still, we would like to preserve the interpretability, structure, and guar-
antees provided by fully physics-based models. For that reason, we explore integrating
physical structures and stability guarantees into learning-based models and controllers in
Part II of this thesis.
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9
Exploiting Learned
Magnetic Fields and

Kinematic Models for Shape
Sensing

Foreword. Proprioception is essential for (soft) robots, enabling applications like control
and motion planning. In Chapter 4, we introduced a kinematics-aware SLAM approach
based on images from a monocular camera attached to the robot. However, this method has
drawbacks: i) Cameras, despite their miniaturization, require a clear, unobstructed view, ne-
cessitating rigid components on the robot’s surface, which potentially compromises safety.
ii) SLAM algorithms perform poorly in environments with few visually distinguishable
features. iii) Processing high-dimensional image data is computationally intensive, leading
to higher processing demands and/or lower shape-sensing sampling rates. To address
these issues, this chapter proposes an alternative proprioception method using magnetic
sensors. These sensors, along with embedded magnets, can be fully integrated into the
robot’s body, maintaining a soft, compliant surface. Additionally, the sensory data is much
lower-dimensional, making it significantly less computationally demanding to process.
However, the complex nature of magnetic fields makes the mapping from magnetic sensor
readings to shape information very challenging, and it would be very hard to develop a fully
physics-based model to help us interpret the sensor readings. Instead, we leverage modern
ML methods for this task. Akin to projecting the SLAM pose measurements onto the
kinematic model (Chapter 4), we again leverage here kinematic knowledge to simplify the
problem setting. Specifically, instead of learning proprioception end-to-end from magnetic
sensor measurements to configuration values, we simplify the learning problem by asking
a neural network to predict the measurements of a sensor given a parametrization of the
spatial relation between the magnetic sensor and all magnets embedded in the robot. We
present the proposed methodology in detail in Sec. 9.2. We verify the proposed approach
extensively in simulations based on PCC- & PAC-parametrized soft robots (Section 9.3 &
9.4), and experimentally in Section 9.5 on a one-segment soft robot moving in 3D space.
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Abstract. Sensing the shape of continuum soft robots without obstructing their movements
and modifying their natural softness requires innovative solutions. This chapter proposes to use
magnetic sensors that are fully integrated into the robot to achieve proprioception. Magnetic
sensors are compact, sensitive, and easy to integrate into a soft robot. We also propose a
neural architecture to make sense of the highly nonlinear relationship between the perceived
intensity of the magnetic field and the shape of the robot. By injecting a priori knowledge
from the kinematic model, we obtain an effective yet data-efficient learning strategy. We first
demonstrate in simulation the value of this kinematic prior by investigating the proprioception
behavior when varying the sensor configuration, which does not require us to re-train the neural
network. We validate our approach in experiments involving one soft segment containing a
cylindrical magnet and three magnetoresistive sensors. During the experiments, we achieve
mean relative errors of 4.5%.

This chapter is partly based on� T. Baaij*, M. K. Holkenborg*,M. Stölzle*, D. van der Tuin*, J. Naaktgeboren, R.
Babuška, and C. Della Santina (2023). Learning 3D shape proprioception for continuum soft robots with multiple
magnetic sensors. Soft Matter, 19(1), 44-56 (Baaij et al., 2023).

T.B., M.K.H., M.S., and D.v.d.T contributed equally to this chapter. C.D.S. and R.B. conceived and led the project.
M.S. invented the proprioception algorithm and implemented all simulations. T.B., M.K.H., J.N., and D.v.d.T
designed the strategy to integrate sensors and magnets into the robot. T.B., M.K.H., J.N., and D.v.d.T developed
the PCB and sensing electronics. T.B., M.K.H., and D.v.d.T fabricated the soft robot. T.B., M.K.H., J.N., and D.v.d.T
implemented the experimental data processing pipeline. T.B., M.K.H., M.S., and D.v.d.T conducted experiments.
T.B., M.K.H., M.S., and D.v.d.T tuned the learning strategy and developed suitable trajectories. T.B., M.K.H., M.S.,
and D.v.d.T wrote the manuscript. C.D.S. and R.B. revised the manuscript.
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9.1 Introduction

S hape sensing for continuum soft robots is especially complex because it is both a
technological and algorithmic challenge. Rigid sensors must not obstruct the natural

behavior or reduce the compliance of soft robots. At the same time, non-collocated and
nonlinear sensors require algorithms for the measurements to be interpreted and connected
to a description of the robot’s shape.

Several sensing modalities have been considered to implement shape sensing, such as
resistive (Kramer et al., 2011; Shih et al., 2019), capacitive (Scimeca et al., 2019; Shintake
et al., 2018), optical (Li et al., 2021), and visual (Rosi et al., 2022). Magnetic sensors (Guo
et al., 2019; Luo et al., 2017; Mitchell et al., 2021; Ozel et al., 2015; Song et al., 2015) are
a promising solution. Magnetic sensors are compact, highly sensitive, and can be easily
integrated into existing soft robot designs. Thus, they can provide reliable and fully
proprioceptive measurements at the cost of a minimal decrease in the robot’s softness.
Among the above-cited papers, the only work leveraging external magnetic fields is by
Song et al. (2015), where coils placed at a distance generate the magnetic field. Along these
lines, an obvious choice would be to measure the Earth’s magnetic field for proprioception
purposes. However, it would only allow for the estimation of two rotational components,
and any translational effects, such as an elongation of the continuum robot, could not be
captured. Alternatively, some papers (Guo et al., 2019; Luo et al., 2017; Ozel et al., 2015) use
coaxial pairs of magnets and sensors embedded in the robot to estimate planar deformations.
Recently, Mitchell et al. (2021) has shown that a similar strategy can sense 3D deformations.
Such simple arrangements greatly simplify the analysis, allowing for connecting readings
to shape through direct interpolation. Nevertheless, relying on isolated pairs of sensors and
magnets also strongly limits the density and the amount of information gathered through
this method.

<latexit sha1_base64="9+NDzn0AMqOg1AVhvWTyB184ZT8=">AAACEHicbVDLSgMxFM34rOOr6tJNsIiuykwRdVlwI67qow9oh5LJ3LahSWZIMkIZ+glu/BU3LhRx69Kdf2P6ELT1QOBwzj3c3BMmnGnjeV/OwuLS8spqbs1d39jc2s7v7NZ0nCoKVRrzWDVCooEzCVXDDIdGooCIkEM97F+M/Po9KM1ieWcGCQSCdCXrMEqMldr5o1YIXSYzCtKAGro3QDi+HWgDwm2BjH6Mdr7gFb0x8Dzxp6SApqi085+tKKapsHHKidZN30tMkBFlGOUwdFuphoTQPulC01JJBOggGx80xIdWiXAnVvZJg8fq70RGhNYDEdpJQUxPz3oj8T+vmZrOeZAxmaQGJJ0s6qQcmxiP2sERU0ANH1hCqGL2r5j2iCLUdqBdW4I/e/I8qZWK/mnx5LpUKF9N68ihfXSAjpGPzlAZXaIKqiKKHtATekGvzqPz7Lw575PRBWea2UN/4Hx8Az7TnWM=</latexit>
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<latexit sha1_base64="yDjdC3AKIwcWEG5H4qRYYNT1lyI=">AAACH3icbVDLSgMxFM3UVx1fVZdugkVwVWaKVJcFN6IIFe0DOkPJZG7b0ExmSDJCGfonbvwVNy4UEXf9G9OHoK0XAodzzr259wQJZ0o7ztjKrayurW/kN+2t7Z3dvcL+QUPFqaRQpzGPZSsgCjgTUNdMc2glEkgUcGgGg8uJ3nwEqVgsHvQwAT8iPcG6jBJtqE6h4gXQYyKjIDTIkX1rZND4HoSKpefZN2ZuZLxU2R6I8MfXKRSdkjMtvAzcOSiiedU6hS8vjGkamXbKiVJt10m0nxFpRnMY2V6qICF0QHrQNlCQCJSfTe8b4RPDhLgbS/OExlP2d0dGIqWGUWCcZte+WtQm5H9aO9XdCz9jIkk1CDr7qJtyrGM8CQuHTALVfGgAoZKZXTHtE0moyUDZJgR38eRl0CiX3Erp7K5crF7P48ijI3SMTpGLzlEVXaEaqiOKntALekPv1rP1an1YnzNrzpr3HKI/ZY2/Ae1go5A=</latexit>

Magnet Sensor
Kinematics

<latexit sha1_base64="+M7MwpmDang+y7AmtYIq/dsUJX4=">AAACFXicbVDLSsNAFJ34rPEVdekmWAQXUpIi6rLgRlxIBfuAJpTJ5KYdOpmEmYlSQn/Cjb/ixoUibgV3/o3TNoK2Hhg4nHMPd+4JUkalcpwvY2FxaXlltbRmrm9sbm1bO7tNmWSCQIMkLBHtAEtglENDUcWgnQrAccCgFQwuxn7rDoSkCb9VwxT8GPc4jSjBSktd69gLoEd5ToArECPzGjKBmedpou4TMTA94OGP27XKTsWZwJ4nbkHKqEC9a316YUKyWMcJw1J2XCdVfo6FooTByPQyCSkmA9yDjqYcxyD9fHLVyD7USmhHidCPK3ui/k7kOJZyGAd6MsaqL2e9sfif18lUdO7nlKeZAk6mi6KM2SqxxxXZIRVAFBtqgomg+q826WOBie5AmroEd/bkedKsVtzTyslNtVy7KuoooX10gI6Qi85QDV2iOmoggh7QE3pBr8aj8Wy8Ge/T0QWjyOyhPzA+vgEvfp9/</latexit>

Neural
Network

<latexit sha1_base64="5vNMrm7CRrJ345Dkrqe0d0UKRCg=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF/FUwX5AG8pmu2mXbjZxdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDPz209cGxGrB5wk3I/oUIlQMIpWavdGFLPHab9ccavuHGSVeDmpQI5Gv/zVG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5uVNyZpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmf1OBkJzhnJiCWVa2FsJG1FNGdqESjYEb/nlVdK6qHqX1dp9rVK/y+Mowgmcwjl4cAV1uIUGNIHBGJ7hFd6cxHlx3p2PRWvByWeO4Q+czx+q74/T</latexit>

q̂

<latexit sha1_base64="YHRxxKBIzTg5aH0RL3d5bZSTeJg=">AAAB83icbVDLSgMxFM34rPVVdekmWARXZaaIuiy6cWcF+4B2KJk004YmmZDcEWrpb7hxoYhbf8adf2M6nYW2Hrhwcs695N4TacEt+P63t7K6tr6xWdgqbu/s7u2XDg6bNkkNZQ2aiMS0I2KZ4Io1gINgbW0YkZFgrWh0M/Nbj8xYnqgHGGsWSjJQPOaUgJO6dxq45E/Zo1cq+xU/A14mQU7KKEe9V/rq9hOaSqaACmJtJ/A1hBNigFPBpsVuapkmdEQGrOOoIpLZcJLtPMWnTunjODGuFOBM/T0xIdLasYxcpyQwtIveTPzP66QQX4UTrnQKTNH5R3EqMCR4FgDuc8MoiLEjhBrudsV0SAyh4GIquhCCxZOXSbNaCS4q5/fVcu06j6OAjtEJOkMBukQ1dIvqqIEo0ugZvaI3L/VevHfvY9664uUzR+gPvM8fgxmSAA==</latexit>

Optimization

<latexit sha1_base64="qDf6pzroMMJvMcIkHWdR/tYPv+o=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRS1GPRi8cKthbaUDabTbt2sxt2J4VS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8MBXcoOd9O4W19Y3NreJ2aWd3b/+gfHjUMirTlDWpEkq3Q2KY4JI1kaNg7VQzkoSCPYbD25n/OGLacCUfcJyyICF9yWNOCVqp1R1FCk2vXPGq3hzuKvFzUoEcjV75qxspmiVMIhXEmI7vpRhMiEZOBZuWuplhKaFD0mcdSyVJmAkm82un7plVIjdW2pZEd67+npiQxJhxEtrOhODALHsz8T+vk2F8HUy4TDNkki4WxZlwUbmz192Ia0ZRjC0hVHN7q0sHRBOKNqCSDcFffnmVtC6q/mW1dl+r1G/yOIpwAqdwDj5cQR3uoAFNoPAEz/AKb45yXpx352PRWnDymWP4A+fzB85dj0s=</latexit>...

<latexit sha1_base64="qDf6pzroMMJvMcIkHWdR/tYPv+o=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRS1GPRi8cKthbaUDabTbt2sxt2J4VS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8MBXcoOd9O4W19Y3NreJ2aWd3b/+gfHjUMirTlDWpEkq3Q2KY4JI1kaNg7VQzkoSCPYbD25n/OGLacCUfcJyyICF9yWNOCVqp1R1FCk2vXPGq3hzuKvFzUoEcjV75qxspmiVMIhXEmI7vpRhMiEZOBZuWuplhKaFD0mcdSyVJmAkm82un7plVIjdW2pZEd67+npiQxJhxEtrOhODALHsz8T+vk2F8HUy4TDNkki4WxZlwUbmz192Ia0ZRjC0hVHN7q0sHRBOKNqCSDcFffnmVtC6q/mW1dl+r1G/yOIpwAqdwDj5cQR3uoAFNoPAEz/AKb45yXpx352PRWnDymWP4A+fzB85dj0s=</latexit>...

<latexit sha1_base64="qDf6pzroMMJvMcIkHWdR/tYPv+o=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRS1GPRi8cKthbaUDabTbt2sxt2J4VS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8MBXcoOd9O4W19Y3NreJ2aWd3b/+gfHjUMirTlDWpEkq3Q2KY4JI1kaNg7VQzkoSCPYbD25n/OGLacCUfcJyyICF9yWNOCVqp1R1FCk2vXPGq3hzuKvFzUoEcjV75qxspmiVMIhXEmI7vpRhMiEZOBZuWuplhKaFD0mcdSyVJmAkm82un7plVIjdW2pZEd67+npiQxJhxEtrOhODALHsz8T+vk2F8HUy4TDNkki4WxZlwUbmz192Ia0ZRjC0hVHN7q0sHRBOKNqCSDcFffnmVtC6q/mW1dl+r1G/yOIpwAqdwDj5cQR3uoAFNoPAEz/AKb45yXpx352PRWnDymWP4A+fzB85dj0s=</latexit>...

<latexit sha1_base64="qDf6pzroMMJvMcIkHWdR/tYPv+o=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRS1GPRi8cKthbaUDabTbt2sxt2J4VS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8MBXcoOd9O4W19Y3NreJ2aWd3b/+gfHjUMirTlDWpEkq3Q2KY4JI1kaNg7VQzkoSCPYbD25n/OGLacCUfcJyyICF9yWNOCVqp1R1FCk2vXPGq3hzuKvFzUoEcjV75qxspmiVMIhXEmI7vpRhMiEZOBZuWuplhKaFD0mcdSyVJmAkm82un7plVIjdW2pZEd67+npiQxJhxEtrOhODALHsz8T+vk2F8HUy4TDNkki4WxZlwUbmz192Ia0ZRjC0hVHN7q0sHRBOKNqCSDcFffnmVtC6q/mW1dl+r1G/yOIpwAqdwDj5cQR3uoAFNoPAEz/AKb45yXpx352PRWnDymWP4A+fzB85dj0s=</latexit>...

<latexit sha1_base64="kNUW3C0O/ADoTt5OB+bsz6SL6BM=">AAACFnicbVDLSsNAFJ34rPEVdekmWAQ3lqSIuiy6cSNUtA9oQplMbtqhk0mYmQgl9Cvc+CtuXCjiVtz5N07bCNp6YOBwzj3cuSdIGZXKcb6MhcWl5ZXV0pq5vrG5tW3t7DZlkgkCDZKwRLQDLIFRDg1FFYN2KgDHAYNWMLgc+617EJIm/E4NU/Bj3OM0ogQrLXWtYy+AHuU5Aa5AjMxrbYOixPPMW+AyEaYHPPyxu1bZqTgT2PPELUgZFah3rU8vTEgW6zhhWMqO66TKz7HQKxiMTC+TkGIywD3oaMpxDNLPJ2eN7EOthHaUCP24sifq70SOYymHcaAnY6z6ctYbi/95nUxF535OeZop4GS6KMqYrRJ73JEdUgFEsaEmmAiq/2qTPhaY6A6kqUtwZ0+eJ81qxT2tnNxUy7WLoo4S2kcH6Ai56AzV0BWqowYi6AE9oRf0ajwaz8ab8T4dXTCKzB76A+PjG90yn9I=</latexit>

Magnetic
Sensor

<latexit sha1_base64="wT+oSrNQFnrYzNY25z+fIMaIbQ0=">AAACEnicbVDLSsNAFJ34rPEVdekmWAQFKUkRdVlw40aoYh/QhDKZ3LRDJ5MwMxFK6De48VfcuFDErSt3/o3TNoK2Hhg4nHMud+4JUkalcpwvY2FxaXlltbRmrm9sbm1bO7tNmWSCQIMkLBHtAEtglENDUcWgnQrAccCgFQwux37rHoSkCb9TwxT8GPc4jSjBSktd69gLoEd5ToArECPzlvKe55nXOgXK9ICHP1bXKjsVZwJ7nrgFKaMC9a716YUJyWI9ThiWsuM6qfJzLBQlDEaml0lIMRngHnQ05TgG6eeTk0b2oVZCO0qEflzZE/X3RI5jKYdxoJMxVn05643F/7xOpqILP6c8zRRwMl0UZcxWiT3uxw6pAKLYUBNMBNV/tUkfC0x0B9LUJbizJ8+TZrXinlVOb6rl2klRRwntowN0hFx0jmroCtVRAxH0gJ7QC3o1Ho1n4814n0YXjGJmD/2B8fENZFSd3g==</latexit>

Ring
Magnet

<latexit sha1_base64="QmpXWpNFlUxglSGhpPSpD1rdxb0=">AAACKHicbVDLSgMxFM3UVx1fVZdugkVwIWWmiLqzUATBTQX7gE4pmcydNjSTGZKMUIZ+jht/xY2IIt36JaYPQVsPBA7n3pN77/ETzpR2nLGVW1ldW9/Ib9pb2zu7e4X9g4aKU0mhTmMey5ZPFHAmoK6Z5tBKJJDI59D0B9VJvfkIUrFYPOhhAp2I9AQLGSXaSN3CtedDj4mMgtAgR/aN0iwiGgJ8Z340jFHPs6uxCFkvlVOT7YEIfgzdQtEpOVPgZeLOSRHNUesW3rwgpmlk7JQTpdquk+hORqSZxGFke6mChNAB6UHbUEEiUJ1seugInxglwGEszRMaT9XfjoxESg0j33Sa1ftqsTYR/6u1Ux1edTImklSDoLNBYcqxjvEkNRwwCVTzoSGESmZ2xbRPJKEmA2WbENzFk5dJo1xyL0rn9+Vi5WweRx4doWN0ilx0iSroFtVQHVH0hF7QO/qwnq1X69Maz1pz1txziP7A+voGmZenew==</latexit>

Estimated Kinematic
Configuration

<latexit sha1_base64="WqLRlsPVFziCvDbJQm87rfOYar8=">AAACGHicbVDLSgMxFM34rPU16tJNsAgupM6Uom6EghuXFewD2umQSTNt2iQzJBmhDPMZbvwVNy4Ucdudf2P6ELT1wIXDOfdy7z1BzKjSjvNlrayurW9s5rby2zu7e/v2wWFdRYnEpIYjFslmgBRhVJCappqRZiwJ4gEjjWB4O/Ebj0QqGokHPYqJx1FP0JBipI3k2xdtjnRf8hTJHqcig22VcD8d3LhZJxX+j6uyDBJ/0Cn5dsEpOlPAZeLOSQHMUfXtcbsb4YQToTFDSrVcJ9aeWacpZiTLtxNFYoSHqEdahgrEifLS6WMZPDVKF4aRNCU0nKq/J1LElRrxwHRODlWL3kT8z2slOrz2UiriRBOBZ4vChEEdwUlKsEslwZqNDEFYUnMrxH0kEdYmy7wJwV18eZnUS0X3sli+Lxcq5/M4cuAYnIAz4IIrUAF3oApqAIMn8ALewLv1bL1aH9bnrHXFms8cgT+wxt9VR6Eg</latexit>

argmin

nsX

j=1

e2
j

<latexit sha1_base64="K0F+XZyE7sDU9uPQzMKf9FvrY/0=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBg5REinosePFYwX5AEspmu2mXbnbD7kQsoT/DiwdFvPprvPlv3LY5aOuDgcd7M8zMi1LBDbjut1NaW9/Y3CpvV3Z29/YPqodHHaMyTVmbKqF0LyKGCS5ZGzgI1ks1I0kkWDca38787iPThiv5AJOUhQkZSh5zSsBKfjAikAdPfNr3+tWaW3fnwKvEK0gNFWj1q1/BQNEsYRKoIMb4nptCmBMNnAo2rQSZYSmhYzJkvqWSJMyE+fzkKT6zygDHStuSgOfq74mcJMZMksh2JgRGZtmbif95fgbxTZhzmWbAJF0sijOBQeHZ/3jANaMgJpYQqrm9FdMR0YSCTaliQ/CWX14lncu6d1Vv3DdqzYsijjI6QafoHHnoGjXRHWqhNqJIoWf0it4ccF6cd+dj0Vpyiplj9AfO5w9TcZE5</latexit>

⇠̂1

<latexit sha1_base64="hsWkaHJDrKtelxTtXqLyZ7387pI=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4kJJIUY8FLx4r2A9IQtlsN+3azW7YnYgl9Gd48aCIV3+NN/+N2zYHbX0w8Hhvhpl5USq4Adf9dlZW19Y3Nktb5e2d3b39ysFh26hMU9aiSijdjYhhgkvWAg6CdVPNSBIJ1olGN1O/88i04UrewzhlYUIGksecErCSHwwJ5METn/QeepWqW3NnwMvEK0gVFWj2Kl9BX9EsYRKoIMb4nptCmBMNnAo2KQeZYSmhIzJgvqWSJMyE+ezkCT61Sh/HStuSgGfq74mcJMaMk8h2JgSGZtGbiv95fgbxdZhzmWbAJJ0vijOBQeHp/7jPNaMgxpYQqrm9FdMh0YSCTalsQ/AWX14m7Yuad1mr39WrjfMijhI6RifoDHnoCjXQLWqiFqJIoWf0it4ccF6cd+dj3rriFDNH6A+czx+p1ZFy</latexit>

⇠̂j

<latexit sha1_base64="CMyS1CQZmRLX14KUGsD8ylkKOyE=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSyCCymJFHVZcOOygn1AE8JkOmmHzkzCzEQsIW78FTcuFHHrX7jzb5y0WWjrgQuHc+7l3nvChFGlHefbWlpeWV1br2xUN7e2d3btvf2OilOJSRvHLJa9ECnCqCBtTTUjvUQSxENGuuH4uvC790QqGos7PUmIz9FQ0IhipI0U2IfeCOnMe6B5kInA40iPJM9Ungd2zak7U8BF4pakBkq0AvvLG8Q45URozJBSfddJtJ8hqSlmJK96qSIJwmM0JH1DBeJE+dn0gxyeGGUAo1iaEhpO1d8TGeJKTXhoOosT1bxXiP95/VRHV35GRZJqIvBsUZQyqGNYxAEHVBKs2cQQhCU1t0I8QhJhbUKrmhDc+ZcXSee87l7UG7eNWvOsjKMCjsAxOAUuuARNcANaoA0weATP4BW8WU/Wi/Vufcxal6xy5gD8gfX5A/g+l9A=</latexit>

⇠̂ns

<latexit sha1_base64="Cxq7lTADTPEzEfW+YtzJ/xCw7qU=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4kJJIUY8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlRtovld2KOwdZJV5OypCj3i999QYxSyOUhgmqdddzE+NnVBnOBE6LvVRjQtmYDrFrqaQRaj+bHzol51YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IS3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2RRtCN7yy6ukdVXxrivVRrVcu8zjKMApnMEFeHADNbiHOjSBAcIzvMKb8+i8OO/Ox6J1zclnTuAPnM8f3f2M7A==</latexit>u

<latexit sha1_base64="oJP5y4te8Tfc1J+E7BWzInwWHtQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REinosePFY0X5AG8pmu2mXbjZhdyKU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrR5wk3I/oUIlQMIpWekj7Xr9ccavuHGSVeDmpQI5Gv/zVG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5qVNyZpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDG/8TKgkRa7YYlGYSoIxmf1NBkJzhnJiCWVa2FsJG1FNGdp0SjYEb/nlVdK6rHpX1dp9rVK/yOMowgmcwjl4cA11uIMGNIHBEJ7hFd4c6bw4787HorXg5DPH8AfO5w8Dbo2Q</latexit>u1

<latexit sha1_base64="2VnSgS+MXnkkl+3OuI3m5xOQ93c=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4kJJIUY8FLx4r2g9oQ9lsJ+3azSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm6nfekKleSwfzDhBP6IDyUPOqLHSfdp77JXKbsWdgSwTLydlyFHvlb66/ZilEUrDBNW647mJ8TOqDGcCJ8VuqjGhbEQH2LFU0gi1n81OnZBTq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwms/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0ijYEb/HlZdK8qHiXlepdtVw7z+MowDGcwBl4cAU1uIU6NIDBAJ7hFd4c4bw4787HvHXFyWeO4A+czx9Z0o3J</latexit>uj

<latexit sha1_base64="i0bSGVcWr40PSozWS0qsb9qWKto=">AAAB+XicbVDLSsNAFL2pr1pfUZdugkVwISWRoi4LblxWsA9oQ5hMJ+3QmUmYmRRKyJ+4caGIW//EnX/jpM1CWw8MHM65l3vmhAmjSrvut1XZ2Nza3qnu1vb2Dw6P7OOTropTiUkHxyyW/RApwqggHU01I/1EEsRDRnrh9L7wezMiFY3Fk54nxOdoLGhEMdJGCmw7DTIRDDnSE8kzleeBXXcb7gLOOvFKUocS7cD+Go5inHIiNGZIqYHnJtrPkNQUM5LXhqkiCcJTNCYDQwXiRPnZInnuXBhl5ESxNE9oZ6H+3sgQV2rOQzNZRFSrXiH+5w1SHd35GRVJqonAy0NRyhwdO0UNzohKgjWbG4KwpCargydIIqxNWTVTgrf65XXSvW54N43mY7PeuirrqMIZnMMleHALLXiANnQAwwye4RXerMx6sd6tj+VoxSp3TuEPrM8feu6UJw==</latexit>uns

<latexit sha1_base64="8YjkbrD1cg2NXKZOuqRk6N7216Y=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXEhJpKjLghuXFewDmhAm00k7dGYSZiZCiVn4K25cKOLW33Dn3zhps9DWAwOHc+7lnjlhwqjSjvNtVVZW19Y3qpu1re2d3T17/6Cr4lRi0sExi2U/RIowKkhHU81IP5EE8ZCRXji5KfzeA5GKxuJeTxPiczQSNKIYaSMF9pE3RjpL8yATgceRHkueqTwP7LrTcGaAy8QtSR2UaAf2lzeMccqJ0JghpQauk2g/Q1JTzEhe81JFEoQnaEQGhgrEifKzWf4cnhplCKNYmic0nKm/NzLElZry0EwWEdWiV4j/eYNUR9d+RkWSaiLw/FCUMqhjWJQBh1QSrNnUEIQlNVkhHiOJsDaV1UwJ7uKXl0n3ouFeNpp3zXrrvKyjCo7BCTgDLrgCLXAL2qADMHgEz+AVvFlP1ov1bn3MRytWuXMI/sD6/AFs25b0</latexit>

ûns

<latexit sha1_base64="t3Ff4u4YyjUKFul5513dkG/wssM=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBE8SEmkqMeCF48V7Ie0oWy2m3bt7ibsToQS+iu8eFDEqz/Hm//GbZuDtj4YeLw3w8y8MBHcoOd9Oyura+sbm4Wt4vbO7t5+6eCwaeJUU9agsYh1OySGCa5YAzkK1k40IzIUrBWObqZ+64lpw2N1j+OEBZIMFI84JWilh+6QYJZOeo+9UtmreDO4y8TPSRly1Hulr24/pqlkCqkgxnR8L8EgIxo5FWxS7KaGJYSOyIB1LFVEMhNks4Mn7qlV+m4Ua1sK3Zn6eyIj0pixDG2nJDg0i95U/M/rpBhdBxlXSYpM0fmiKBUuxu70e7fPNaMoxpYQqrm91aVDoglFm1HRhuAvvrxMmhcV/7JSvauWa+d5HAU4hhM4Ax+uoAa3UIcGUJDwDK/w5mjnxXl3PuatK04+cwR/4Hz+ACkMkJY=</latexit>

ûj

<latexit sha1_base64="X4BsCPTMGtEbau61vlzl+rdpu38=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBg5REinosePFYwX5IG8pmu2mXbjZhdyKU0F/hxYMiXv053vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrB5wk3I/oUIlQMIpWeuyNKGbptO/1yxW36s5BVomXkwrkaPTLX71BzNKIK2SSGtP13AT9jGoUTPJpqZcanlA2pkPetVTRiBs/mx88JWdWGZAw1rYUkrn6eyKjkTGTKLCdEcWRWfZm4n9eN8Xwxs+ESlLkii0WhakkGJPZ92QgNGcoJ5ZQpoW9lbAR1ZShzahkQ/CWX14lrcuqd1Wt3dcq9Ys8jiKcwCmcgwfXUIc7aEATGETwDK/w5mjnxXl3PhatBSefOYY/cD5/ANKZkF0=</latexit>

û1

<latexit sha1_base64="+jwJhupcFwPNHgzJ1MsV3PUnkhU=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4kJJIUY8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlBvZLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeGtn3GZpAYlWywKU0FMTGZfkwFXyIyYWEKZ4vZWwkZUUWZsNkUbgrf88ippXVW860q1US3XLvM4CnAKZ3ABHtxADe6hDk1ggPAMr/DmPDovzrvzsWhdc/KZE/gD5/MHxb2M3A==</latexit>e

<latexit sha1_base64="N565SkclHC/Tp3emPFWIEvKn+Gc=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4kJJIUY8FLx4r2A9pQ9lsN+3S3STuToQS+iu8eFDEqz/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+Oyura+sbm4Wt4vbO7t5+6eCwaeJUM95gsYx1O6CGSxHxBgqUvJ1oTlUgeSsY3Uz91hPXRsTRPY4T7is6iEQoGEUrPXSHFLPHSc/rlcpuxZ2BLBMvJ2XIUe+Vvrr9mKWKR8gkNabjuQn6GdUomOSTYjc1PKFsRAe8Y2lEFTd+Njt4Qk6t0idhrG1FSGbq74mMKmPGKrCdiuLQLHpT8T+vk2J47WciSlLkEZsvClNJMCbT70lfaM5Qji2hTAt7K2FDqilDm1HRhuAtvrxMmhcV77JSvauWa+d5HAU4hhM4Aw+uoAa3UIcGMFDwDK/w5mjnxXl3PuatK04+cwR/4Hz+AMx9kFk=</latexit>

q̂1

<latexit sha1_base64="vCPaSlff0pkNwWTDtHfPwY0umQk=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4kJJIUY8FLx4r2A9pQ9lsN+3S3STuToQS+iu8eFDEqz/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+Oyura+sbm4Wt4vbO7t5+6eCwaeJUM95gsYx1O6CGSxHxBgqUvJ1oTlUgeSsY3Uz91hPXRsTRPY4T7is6iEQoGEUrPXSHFLPHSU/0SmW34s5AlomXkzLkqPdKX91+zFLFI2SSGtPx3AT9jGoUTPJJsZsanlA2ogPesTSiihs/mx08IadW6ZMw1rYiJDP190RGlTFjFdhORXFoFr2p+J/XSTG89jMRJSnyiM0XhakkGJPp96QvNGcox5ZQpoW9lbAh1ZShzahoQ/AWX14mzYuKd1mp3lXLtfM8jgIcwwmcgQdXUINbqEMDGCh4hld4c7Tz4rw7H/PWFSefOYI/cD5/ACFskJE=</latexit>

q̂i

<latexit sha1_base64="POY07uoI3YLWDgKCfmeBLFQkGHQ=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCCymJFHVZcOOygn1AE8JkOmmHzkzizEQoMQt/xY0LRdz6G+78GydtFtp6YOBwzr3cMydMGFXacb6tpeWV1bX1ykZ1c2t7Z9fe2++oOJWYtHHMYtkLkSKMCtLWVDPSSyRBPGSkG46vC7/7QKSisbjTk4T4HA0FjShG2kiBfeiNkM7u8yATgceRHkmehXke2DWn7kwBF4lbkhoo0QrsL28Q45QToTFDSvVdJ9F+hqSmmJG86qWKJAiP0ZD0DRWIE+Vn0/w5PDHKAEaxNE9oOFV/b2SIKzXhoZksIqp5rxD/8/qpjq78jIok1UTg2aEoZVDHsCgDDqgkWLOJIQhLarJCPEISYW0qq5oS3PkvL5LOed29qDduG7XmWVlHBRyBY3AKXHAJmuAGtEAbYPAInsEreLOerBfr3fqYjS5Z5c4B+APr8wdMpZbf</latexit>

q̂nb

<latexit sha1_base64="5h6hMa7g5ghKqkGBOpaGMBLQ+kw=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi6koKblxWsA9oQ5lMJu3QySTM3Agl9CPcuFDErd/jzr9x2mahrQcGDuecy9x7glQKg6777ZTW1jc2t8rblZ3dvf2D6uFR2ySZZrzFEpnobkANl0LxFgqUvJtqTuNA8k4wvpv5nSeujUjUI05S7sd0qEQkGEUrdfrSRkM6qNbcujsHWSVeQWpQoDmofvXDhGUxV8gkNabnuSn6OdUomOTTSj8zPKVsTIe8Z6miMTd+Pl93Ss6sEpIo0fYpJHP190ROY2MmcWCTMcWRWfZm4n9eL8Poxs+FSjPkii0+ijJJMCGz20koNGcoJ5ZQpoXdlbAR1ZShbahiS/CWT14l7Yu6d1W/fLisNW6LOspwAqdwDh5cQwPuoQktYDCGZ3iFNyd1Xpx352MRLTnFzDH8gfP5Az5/j4I=</latexit>

�

<latexit sha1_base64="yKx5X8fQ9wXNFO5OzCEh3wfPhzU=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpePFYwX5AG8pku2nXbjZhdyOU0P/gxYMiXv0/3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nirImjUWsOgFqJrhkTcONYJ1EMYwCwdrB+Hbmt5+Y0jyWD2aSMD/CoeQhp2is1OqhSEbYL1fcqjsHWSVeTiqQo9Evf/UGMU0jJg0VqHXXcxPjZ6gMp4JNS71UswTpGIesa6nEiGk/m187JWdWGZAwVrakIXP190SGkdaTKLCdEZqRXvZm4n9eNzXhtZ9xmaSGSbpYFKaCmJjMXicDrhg1YmIJUsXtrYSOUCE1NqCSDcFbfnmVtC6q3mW1dl+r1G/yOIpwAqdwDh5cQR3uoAFNoPAIz/AKb07svDjvzseiteDkM8fwB87nD407jx0=</latexit>↵
<latexit sha1_base64="ksBZckmQlOyHE94D0CoZbkEA3Hs=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1JMUvHisYNpCG8pmu2mXbjZhdyKU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhakUBl332ymtrW9sbpW3Kzu7e/sH1cOjlkkyzbjPEpnoTkgNl0JxHwVK3kk1p3EoeTsc38389hPXRiTqEScpD2I6VCISjKKV/F7IkfarNbfuzkFWiVeQGhRo9qtfvUHCspgrZJIa0/XcFIOcahRM8mmllxmeUjamQ961VNGYmyCfHzslZ1YZkCjRthSSufp7IqexMZM4tJ0xxZFZ9mbif143w+gmyIVKM+SKLRZFmSSYkNnnZCA0ZygnllCmhb2VsBHVlKHNp2JD8JZfXiWti7p3Vb98uKw1bos4ynACp3AOHlxDA+6hCT4wEPAMr/DmKOfFeXc+Fq0lp5g5hj9wPn8AxZCOqQ==</latexit>

�<latexit sha1_base64="XUWU/T/z7bUiyvN5Zt9VnSuGYHc=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpePFYwX5AG8pmu2nXbjZhdyKU0P/gxYMiXv0/3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrB5wk3I/oUIlQMIpWavVwxJH2yxW36s5BVomXkwrkaPTLX71BzNKIK2SSGtP13AT9jGoUTPJpqZcanlA2pkPetVTRiBs/m187JWdWGZAw1rYUkrn6eyKjkTGTKLCdEcWRWfZm4n9eN8Xw2s+ESlLkii0WhakkGJPZ62QgNGcoJ5ZQpoW9lbAR1ZShDahkQ/CWX14lrYuqd1mt3dcq9Zs8jiKcwCmcgwdXUIc7aEATGDzCM7zCmxM7L86787FoLTj5zDH8gfP5A6Wxjy0=</latexit>

✓

<latexit sha1_base64="SWcuOzA9hR44FXeUWefEqn7yGks=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpePHYgq2FNpTNZtKu3WzC7kYopb/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMC1LBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jrJFMMWS0SiOgHVKLjEluFGYCdVSONA4EMwup35D0+oNE/kvRmn6Md0IHnEGTVWaob9csWtunOQVeLlpAI5Gv3yVy9MWBajNExQrbuemxp/QpXhTOC01Ms0ppSN6AC7lkoao/Yn80On5MwqIYkSZUsaMld/T0xorPU4DmxnTM1QL3sz8T+vm5no2p9wmWYGJVssijJBTEJmX5OQK2RGjC2hTHF7K2FDqigzNpuSDcFbfnmVtC+q3mW11qxV6jd5HEU4gVM4Bw+uoA530IAWMEB4hld4cx6dF+fd+Vi0Fpx85hj+wPn8AcmjjO0=</latexit>

d

<latexit sha1_base64="vmm/p4aSIG24N4/6TyZuYfJpJdQ=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGUU8S8OIxQfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c781hMqzWP5YMYJ+hEdSB5yRo2V6ve9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCa3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpFkpe5fli3qlVL3J4sjDCZzCOXhwBVW4gxo0gAHCM7zCm/PovDjvzseiNedkM8fwB87nD68/jNo=</latexit>

S
<latexit sha1_base64="7TnwWYjLqCR53WmZNwHSHlcpNIw=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGUU8S8OJJEjAPSJYwO+lNxszOLjOzQgj5Ai8eFPHqJ3nzb5wke9DEgoaiqpvuriARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mbz2h0jyWD2acoB/RgeQhZ9RYqX7fK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpqVsndZvqhXStWbLI48nMApnIMHV1CFO6hBAxggPMMrvDmPzovz7nwsWnNONnMMf+B8/gCnq4zV</latexit>

N

<latexit sha1_base64="5h6hMa7g5ghKqkGBOpaGMBLQ+kw=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi6koKblxWsA9oQ5lMJu3QySTM3Agl9CPcuFDErd/jzr9x2mahrQcGDuecy9x7glQKg6777ZTW1jc2t8rblZ3dvf2D6uFR2ySZZrzFEpnobkANl0LxFgqUvJtqTuNA8k4wvpv5nSeujUjUI05S7sd0qEQkGEUrdfrSRkM6qNbcujsHWSVeQWpQoDmofvXDhGUxV8gkNabnuSn6OdUomOTTSj8zPKVsTIe8Z6miMTd+Pl93Ss6sEpIo0fYpJHP190ROY2MmcWCTMcWRWfZm4n9eL8Poxs+FSjPkii0+ijJJMCGz20koNGcoJ5ZQpoXdlbAR1ZShbahiS/CWT14l7Yu6d1W/fLisNW6LOspwAqdwDh5cQwPuoQktYDCGZ3iFNyd1Xpx352MRLTnFzDH8gfP5Az5/j4I=</latexit>

�

<latexit sha1_base64="yKx5X8fQ9wXNFO5OzCEh3wfPhzU=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpePFYwX5AG8pku2nXbjZhdyOU0P/gxYMiXv0/3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nirImjUWsOgFqJrhkTcONYJ1EMYwCwdrB+Hbmt5+Y0jyWD2aSMD/CoeQhp2is1OqhSEbYL1fcqjsHWSVeTiqQo9Evf/UGMU0jJg0VqHXXcxPjZ6gMp4JNS71UswTpGIesa6nEiGk/m187JWdWGZAwVrakIXP190SGkdaTKLCdEZqRXvZm4n9eNzXhtZ9xmaSGSbpYFKaCmJjMXicDrhg1YmIJUsXtrYSOUCE1NqCSDcFbfnmVtC6q3mW1dl+r1G/yOIpwAqdwDh5cQR3uoAFNoPAIz/AKb07svDjvzseiteDkM8fwB87nD407jx0=</latexit>↵
<latexit sha1_base64="ksBZckmQlOyHE94D0CoZbkEA3Hs=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1JMUvHisYNpCG8pmu2mXbjZhdyKU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhakUBl332ymtrW9sbpW3Kzu7e/sH1cOjlkkyzbjPEpnoTkgNl0JxHwVK3kk1p3EoeTsc38389hPXRiTqEScpD2I6VCISjKKV/F7IkfarNbfuzkFWiVeQGhRo9qtfvUHCspgrZJIa0/XcFIOcahRM8mmllxmeUjamQ961VNGYmyCfHzslZ1YZkCjRthSSufp7IqexMZM4tJ0xxZFZ9mbif143w+gmyIVKM+SKLRZFmSSYkNnnZCA0ZygnllCmhb2VsBHVlKHNp2JD8JZfXiWti7p3Vb98uKw1bos4ynACp3AOHlxDA+6hCT4wEPAMr/DmKOfFeXc+Fq0lp5g5hj9wPn8AxZCOqQ==</latexit>

�<latexit sha1_base64="XUWU/T/z7bUiyvN5Zt9VnSuGYHc=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpePFYwX5AG8pmu2nXbjZhdyKU0P/gxYMiXv0/3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrB5wk3I/oUIlQMIpWavVwxJH2yxW36s5BVomXkwrkaPTLX71BzNKIK2SSGtP13AT9jGoUTPJpqZcanlA2pkPetVTRiBs/m187JWdWGZAw1rYUkrn6eyKjkTGTKLCdEcWRWfZm4n9eN8Xw2s+ESlLkii0WhakkGJPZ62QgNGcoJ5ZQpoW9lbAR1ZShDahkQ/CWX14lrYuqd1mt3dcq9Zs8jiKcwCmcgwdXUIc7aEATGDzCM7zCmxM7L86787FoLTj5zDH8gfP5A6Wxjy0=</latexit>

✓

<latexit sha1_base64="SWcuOzA9hR44FXeUWefEqn7yGks=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpePHYgq2FNpTNZtKu3WzC7kYopb/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMC1LBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jrJFMMWS0SiOgHVKLjEluFGYCdVSONA4EMwup35D0+oNE/kvRmn6Md0IHnEGTVWaob9csWtunOQVeLlpAI5Gv3yVy9MWBajNExQrbuemxp/QpXhTOC01Ms0ppSN6AC7lkoao/Yn80On5MwqIYkSZUsaMld/T0xorPU4DmxnTM1QL3sz8T+vm5no2p9wmWYGJVssijJBTEJmX5OQK2RGjC2hTHF7K2FDqigzNpuSDcFbfnmVtC+q3mW11qxV6jd5HEU4gVM4Bw+uoA530IAWMEB4hld4cx6dF+fd+Vi0Fpx85hj+wPn8AcmjjO0=</latexit>

d

<latexit sha1_base64="vmm/p4aSIG24N4/6TyZuYfJpJdQ=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGUU8S8OIxQfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c781hMqzWP5YMYJ+hEdSB5yRo2V6ve9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCa3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpFkpe5fli3qlVL3J4sjDCZzCOXhwBVW4gxo0gAHCM7zCm/PovDjvzseiNedkM8fwB87nD68/jNo=</latexit>

S
<latexit sha1_base64="7TnwWYjLqCR53WmZNwHSHlcpNIw=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGUU8S8OJJEjAPSJYwO+lNxszOLjOzQgj5Ai8eFPHqJ3nzb5wke9DEgoaiqpvuriARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mbz2h0jyWD2acoB/RgeQhZ9RYqX7fK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpqVsndZvqhXStWbLI48nMApnIMHV1CFO6hBAxggPMMrvDmPzovz7nwsWnNONnMMf+B8/gCnq4zV</latexit>

N

<latexit sha1_base64="qDf6pzroMMJvMcIkHWdR/tYPv+o=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRS1GPRi8cKthbaUDabTbt2sxt2J4VS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8MBXcoOd9O4W19Y3NreJ2aWd3b/+gfHjUMirTlDWpEkq3Q2KY4JI1kaNg7VQzkoSCPYbD25n/OGLacCUfcJyyICF9yWNOCVqp1R1FCk2vXPGq3hzuKvFzUoEcjV75qxspmiVMIhXEmI7vpRhMiEZOBZuWuplhKaFD0mcdSyVJmAkm82un7plVIjdW2pZEd67+npiQxJhxEtrOhODALHsz8T+vk2F8HUy4TDNkki4WxZlwUbmz192Ia0ZRjC0hVHN7q0sHRBOKNqCSDcFffnmVtC6q/mW1dl+r1G/yOIpwAqdwDj5cQR3uoAFNoPAEz/AKb45yXpx352PRWnDymWP4A+fzB85dj0s=</latexit>...

<latexit sha1_base64="qDf6pzroMMJvMcIkHWdR/tYPv+o=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRS1GPRi8cKthbaUDabTbt2sxt2J4VS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8MBXcoOd9O4W19Y3NreJ2aWd3b/+gfHjUMirTlDWpEkq3Q2KY4JI1kaNg7VQzkoSCPYbD25n/OGLacCUfcJyyICF9yWNOCVqp1R1FCk2vXPGq3hzuKvFzUoEcjV75qxspmiVMIhXEmI7vpRhMiEZOBZuWuplhKaFD0mcdSyVJmAkm82un7plVIjdW2pZEd67+npiQxJhxEtrOhODALHsz8T+vk2F8HUy4TDNkki4WxZlwUbmz192Ia0ZRjC0hVHN7q0sHRBOKNqCSDcFffnmVtC6q/mW1dl+r1G/yOIpwAqdwDj5cQR3uoAFNoPAEz/AKb45yXpx352PRWnDymWP4A+fzB85dj0s=</latexit>...
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Figure 9.1: Proprioception for continuum soft robots with magnetic sensors: an initial configuration estimate
𝑞̂ is employed to derive the kinematic relationship 𝜉 between a sensor and each magnet. Subsequently, this
kinematic description is used to predict the sensor measurements 𝑢̂ ∈ ℝ𝑛s with a neural network trained in
advance. A Mean Squared Error (MSE) metric evaluates the accuracy of the predictions 𝑢̂ compared to the actual
measurements 𝑢. Finally, we optimize the configuration estimate 𝑞̂ to achieve proprioception by minimizing the
sensor measurement prediction loss.

This chapter proposes to use permanent ring magnets and multiple magnetic sensors
for shape sensing of continuum soft robots. Importantly, we remove the requirement
of magnets and sensors being placed in coaxial pairs. We have been inspired by recent
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work leveraging deep learning to interpret various types of non-magnetic sensor data for
proprioception purposes (Ding et al., 2021; Soter et al., 2018; Thuruthel et al., 2019; Truby
et al., 2020). However, learning end-to-end mappings from sensors to configurations has
three significant drawbacks: (i) it is data-intensive, (ii) it calls for recurrent architectures
to encourage temporal consistency for the robot’s configuration estimates, and (iii) it
requires re-training when changing the kinematic model of the robot. We propose a neural
architecture that circumvents all three issues (see Fig. 9.1). First, we train shallow neural
networks to predict the measurements of the magnetic sensors from a parameterization
describing their relative pose with respect to the magnets. We then optimize the configura-
tion estimate - and thus the sensor positions - to minimize the error between the predicted
and actual sensor measurements. This way, we introduce a priori information on the modes
of deformation of a continuum soft robot, effectively removing the kinematics from the
black box. The presented strategy enables us to re-arrange and remove redundant sensors
during inference without requiring us to re-train the neural network on the adjusted sensor
configuration.

To summarize, this chapter contributes to the state of the art in soft robot sensing with:

• A proprioceptive sensing modality relying on multiple magnetic sensors in conjunc-
tion with a neural network-based architecture that learns to estimate the full 3D
shape of the robot from the sensor readings.

• Injection of kinematic priors through a description to spatially relate the poses of a
sensor to the magnets. This proposed description serves as input to a neural network
that predicts sensor measurements.

• Experimental verification of the approach for a one-segment robot with three inte-
grated Magnetoresistive Sensors (MRSs) and proprioception of 3D curvature.

We open-source a Python/PyTorch implementation of the proposed algorithm and the
corresponding datasets on GitHub 1.

9.2 Proposed Methodology: Proprioception with
Magnetic Sensors

This section introduces a methodology to achieve proprioception for soft robots with
magnetic sensors. We consider a continuum robot with the shape of its backbone de-
scribed by the configuration variables 𝑞 ∈ ℝ𝑛q . In the commonly used PCC kinematic state
parametrization (Webster III and Jones, 2010), the continuum robot is assumed to consist
of 𝑛b segments with each segment exhibiting constant curvature and elongation along its
length. Therefore, the configuration of the soft robot can be described with 𝑞 ∈ ℝ3𝑛b . Please
refer to Appendix 9.2.3 for more details. We indeed use PCC for most of our simulations
and experiments. Note, however, that the proposed proprioception algorithm applies to
any finite-dimensional kinematic description of a soft robot (Armanini et al., 2023). Indeed,
we also specifically consider a robot with AC (Della Santina, 2020; Stella et al., 2023c) with
its shape described by the configuration 𝑞 ∈ ℝ4. We document this alternative kinematic
1https://www.github.com/tud-phi/promasens

https://www.github.com/tud-phi/promasens
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(b) Coordinate transformations

Figure 9.2: Panel (a): Parameters used to describe the kinematics between the 𝑗 th sensor and the 𝑘th magnet. To
simplify the illustration, we visualize the unextended planar case with both magnet and sensor part of the 𝑖th
segment. However, this is not a strict assumption, as magnets and sensors can also be part of different segments.
Panel (b): Coordinate frames for a soft segment containing the 𝑗 th magnetoresistive sensor and the 𝑘th cylindrical
magnet placed along the center line. {𝑆𝑖−1} and {𝑆𝑖} describe the frames of the base and tip of the 𝑖th segment,
respectively.

model in Appendix 9.2.4. The proprioception methodology described in the remaining
section is agnostic to the chosen kinematic model.

9.2.1 Proposed Method at a Glance
We integrate 𝑛m axially symmetric magnets and 𝑛s magnetic sensors into the robot. The
magnets must be installed along the center line of the segment, while the sensors can
be arbitrarily placed. Fig. 9.1 concisely describes the proposed shape-sensing strategy
with a pictorial example of a soft robot described with three constant curvature segments
equipped with five magnetic sensors and three cylindrical magnets.

The goal of the algorithmic part (center of the figure) is to regress the robot shape (left)
by estimating the configuration 𝑞̂ of all segments (right), starting from the measurements of
the magnetic sensors 𝑢 (e.g., usually the magnetic flux density). We achieve this by training
a sensor measurement predictor and subsequently optimizing the configuration estimate
𝑞̂ for the prediction 𝑢̂ to match the actual sensor measurement 𝑢. Instead of predicting
the sensor measurements end-to-end, we decouple the kinematics by explicitly describing
the kinematic relationship 𝜉𝑗 = 𝑓𝜉,𝑗 (𝑞̂) between sensor 𝑗 and each magnet. Then, we train
a neural network 𝑓𝜋𝑗 to predict the measurement 𝑢̂𝑗 based on the input 𝜉𝑗 . To achieve
proprioception, we jointly optimize 𝑞̂ for all sensor measurement predictions.
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9.2.2 Background: Continuum Soft Robot Kinematics
A kinematic description provides us with the forward kinematic transformation 𝑇 𝑠𝑖−1(𝑞𝑖, 𝑠)
from base frame {𝑆𝑖−1} at the proximal end of the 𝑖th segment to the local frame {𝑆𝑣} at
a coordinate 𝑣 ∈ [0,1] for a given configuration 𝑞𝑖. Furthermore, the tip frame of the 𝑖th
segment located at the coordinate 𝑣 = 1 is denoted as {𝑆𝑖}, as shown in Fig. 9.2(b).

9.2.3 Piecewise Constant Curvature Kinematics
Under the PCC hypothesis, the shape of each segment 𝑖 of length 𝐿𝑖 and radius 𝑑𝑖 can be
fully parameterized through three variables

𝑞𝑖 = [Δ𝑥,𝑖 Δ𝑦,𝑖 𝛿𝐿𝑖]
⊤ ∈ ℝ3 (9.1)

where Δ𝑥,𝑖 and Δ𝑦,𝑖 represent bending into the local 𝑥 and 𝑦 directions respectively and
𝛿𝐿𝑖 defines the elongation of the segment. The base frame of segment 𝑖 is referred to as
{𝑆𝑖−1} as stated in Fig. 9.2(b). Given 𝑞𝑖, a homogeneous transformation 𝑇 𝑣𝑖−1(𝑞𝑖, 𝑣) to the
point frame {𝑆𝑣} is available

𝑅𝑣𝑖−1(𝑞𝑖, 𝑣) =

⎡
⎢
⎢
⎢
⎢
⎣

1+ Δ2
𝑥,𝑖
Δ2
𝑖
(C𝑣 −1) Δ𝑥,𝑖Δ𝑦,𝑖

Δ2
𝑖

(C𝑣 −1) Δ𝑥,𝑖
Δ𝑖 S𝑣

Δ𝑥,𝑖Δ𝑦,𝑖
Δ2
𝑖

(C𝑣 −1) 1+
Δ2
𝑦,𝑖
Δ2
𝑖
(C𝑣 −1) Δ𝑦,𝑖

Δ𝑖 S𝑣
−Δ𝑥,𝑖
Δ𝑖 S𝑣

−Δ𝑦,𝑖
Δ𝑖 S𝑣 C𝑣

⎤
⎥
⎥
⎥
⎥
⎦

,

𝑝𝑖𝑖−1(𝑞𝑖, 𝑣) =
𝑑𝑖(𝐿0,𝑖+𝛿𝐿𝑖)

𝑣Δ2
𝑖

[Δ𝑥,𝑖(1−C𝑣) Δ𝑦,𝑖(1−C𝑣) Δ𝑖S𝑣 ,]
⊤

(9.2)

where 𝑅𝑣𝑖−1, 𝑝𝑖𝑖−1(𝑞𝑖, 𝑣) denote the rotation matrix and translation vector respectively. We
substituted Δ𝑖 =

√
Δ2
𝑥,𝑖+Δ2

𝑦,𝑖, S𝑣 = sin( 𝑣Δ𝑖𝑑𝑖 ), and C𝑣 = cos( 𝑣Δ𝑖𝑑𝑖 ) for conciseness.

9.2.4 Affine Curvature Kinematics
The AC hypothesis (Della Santina, 2020; Stella et al., 2023c) models the bending of the soft
segment to be conforming to the affine function 𝜅(𝑡, 𝑣) = 𝜅0(𝑡)+𝜅1(𝑡)𝑣, where 𝜅 describes
the local curvature of the backbone at the coordinate 𝑣 ∈ [0,1] along the segment and
𝜅0(𝑡), 𝜅1(𝑡) are the zero-order and first-order term of the curvature polynomial respec-
tively (Della Santina and Rus, 2019). Specifically, we implement the recently proposed
extension to 3D environments (Stella et al., 2023c), which specifies an azimuth angle of
the bending direction 𝜙(𝑡) and additionally allows for an elongation 𝛿𝐿(𝑡) of the segment.
Accordingly, the configuration of the 𝑖th segment is described at any point in time by

𝑞𝑖 = [𝜅0,𝑖 𝜅1,𝑖 𝜙𝑖 𝛿𝐿𝑖]
⊤ ∈ ℝ4. (9.3)

Now that the configuration space is defined, we aim to find a description of the forward
kinematics. Firstly, the bending angle 𝜃𝑖(𝑞, 𝑣) is found by integrating the curvature

𝜃(𝑞, 𝑣) = ∫
𝑣

𝑣′=0
𝜅𝑖(𝑞, 𝑣′)d𝑣′ = 𝜅0,𝑖 𝑣 +𝜅1,𝑖

𝑣2

2
. (9.4)
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The rotation to the frame {𝑆𝑣} can then be easily determinedwith𝑅𝑖𝑖−1(𝑞, 𝑣) = 𝑅𝜙𝑖(𝑞, 𝑣)𝑅𝜃(𝑞, 𝑣)𝑅⊤𝜙𝑖(𝑞, 𝑣).
After substituting 𝑆⋅ = sin(⋅), 𝐶⋅ = cos(⋅) for conciseness, we state the homogeneous trans-
formation as

𝑅𝑣𝑖−1(𝑞, 𝑣) =
⎡
⎢
⎢
⎣

𝑆2𝜙𝑖𝐶𝜃𝑣 +𝐶
2
𝜙𝑖 −𝑆𝜙𝑖𝐶𝜙𝑖𝐶𝜃𝑖 +𝑆𝜙𝑖𝐶𝜙𝑖 𝑆𝜙𝑖𝑆𝜃𝑣

−𝑆𝜙𝑖𝐶𝜙𝑖𝐶𝜃𝑖 +𝑆𝜙𝑖𝐶𝜙𝑖 𝑆2𝜙𝑖 +𝐶
2
𝜙𝑖𝐶𝜃𝑣 −𝑆𝜃𝑣𝐶𝜙𝑖

−𝑆𝜙𝑖𝑆𝜃𝑣 𝑆𝜃𝑣𝐶𝜙𝑖 𝐶𝜃𝑖

⎤
⎥
⎥
⎦
,

𝑝𝑣𝑖−1(𝑞, 𝑣) = (𝐿0,𝑖+𝛿𝐿𝑖)
⎛
⎜
⎜
⎝

∫ 𝑣𝑣′=0 sin(𝜃(𝑞, 𝑣
′))d𝑣′ sin(𝜙𝑖)

−∫ 𝑣𝑣′=0 sin(𝜃(𝑞, 𝑣
′))d𝑣′ cos(𝜙𝑖)

∫ 𝑣𝑣′=0 cos(𝜃(𝑞, 𝑣
′))d𝑣′

⎞
⎟
⎟
⎠
.

(9.5)

We choose to integrate the translational terms in (9.5) numerically with 101 sample points
using the Torchquad (Gómez et al., 2021) implementation of the Simpson’s rule, which
makes the forward kinematics fully and automatically differentiable.

9.2.5 Magnet Sensor Kinematics
This subsection derives the kinematic relationship 𝜉𝑗 = 𝑓𝜉𝑗 (𝑞) ∈ ℝ1+4𝑛m between the 𝑗 th
sensor and all 𝑛m magnets as we hypothesize that we can estimate the sensor measurement
𝑢𝑗 solely based on a) the angle 𝜆𝑗 ∈ ℝ1 to the earth’s magnetic field, b) the distance 𝑑𝑘𝑗
between the 𝑗 th sensor and 𝑘th magnet, c) the angle 𝛼𝑘𝑗 between the sensor measurement
direction and the cylindrical axis of the magnet, d) the angle 𝛽𝑘𝑗 between the sensor
measurement direction and the vector from the magnet to the sensor, and e) the angle 𝜃𝑘𝑗
between the cylindrical axis of the magnet and the vector from the magnet to the sensor.
Accordingly, 𝜉𝑗 is defined as

𝜉𝑗 = 𝑓𝜉,𝑗 (𝑞) = (𝜆𝑗 𝜉1𝑗
⊤ ⋯ 𝜉𝑘𝑗

⊤ ⋯ 𝜉𝑛m𝑗
⊤)
⊤
∈ ℝ1+4𝑛m , (9.6)

with 𝜉𝑘𝑗 ∈ ℝ4 the kinematic relationship between the 𝑗 th sensor and the 𝑘th magnet: 𝜉𝑘𝑗 =

(𝑑𝑘𝑗 𝛼𝑘𝑗 𝛽𝑘𝑗 𝜃𝑘𝑗 )
⊤ ∈ ℝ4. We visualize the parameters incorporated in 𝜉𝑘𝑗 in Fig. 9.2(a).

In the following, we present the derivation of all components of 𝜉𝑘𝑗 . Please note that all
kinematic frames used in the following paragraphs are visualized in Fig. 9.2(b).

We define that the 𝑘th magnet is integrated into the 𝑖th segment. Now, we first derive
a transformation matrix 𝑇m𝑘

𝑖−1 from the base frame {𝑆𝑖−1} to the magnet frame {𝑆m𝑘 }. This
can be achieved by evaluating the chosen kinematic model, two of which we report in the
Appendix 9.2.2, at the segment coordinate 𝑣 = 𝑑m𝑘

𝐿0,𝑖 . This means that the cylindrical magnet
is integrated at a distance, which is measured along the backbone, of 𝑑m𝑘 from the base of
the segment.

Subsequently, we describe the pose of the 𝑗 th sensor with respect to the base of the 𝑖th
segment. Denote with 𝑑s𝑗 ,r the radial distance of the sensor from the center line, with 𝜑𝑗 the
azimuth angle of the sensor in the cylindrical plane, and with 𝑑s𝑗 ,a the axial distance along
the center line from the base of the 𝑖th segment. We derive the transformation 𝑇 s𝑗 ,r0

𝑖−1 to the
center of the cylindrical plane of the sensor analogously as for the magnets by evaluating
the forward kinematics at 𝑣 =

𝑑s𝑗 ,a
𝐿0,𝑖 . This is followed by applying the radial offset 𝑑s𝑗 ,r in
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the cylindrical plane of the sensor

𝑇 s𝑗
𝑖−1 = 𝑇

s𝑗 ,r0
𝑖−1

⎡
⎢
⎢
⎢
⎣

cos𝜑𝑗 −sin𝜑𝑗 0 𝑑s𝑗 cos(𝜑𝑗 )
sin𝜑𝑗 cos𝜑𝑗 0 𝑑s𝑗 sin(𝜑𝑗 )
0 0 1 0
0 0 0 1

⎤
⎥
⎥
⎥
⎦

. (9.7)

Optionally, a static rotation offset can be applied to 𝑅s𝑗𝑖−1 such that local z-axis {𝑜s𝑗 } corre-
sponds to the sensor measurement direction.

Knowing the transformation matrices from the base frame of the respective segment to
the sensor and magnet frames, we express them in the inertial frame {𝑆0} by multiplying
with the kinematic chain 𝑇 𝑖−10 = Π𝑖−1𝑖=1𝑇

𝑖
𝑖−1.

Next, we need to express the sensor measurement direction {𝑜s𝑗 }0 and the cylindrical
axis of the magnet {𝑜m𝑘 }0 in the inertial frame

{𝑜s𝑗 }0 = 𝑅
s𝑗
0 (0 0 1)

⊤ , {𝑜m𝑘 }0 = 𝑅
m𝑘
0 (0 0 1)

⊤ . (9.8)

As the sensor measures contributions of the earth’s magnetic field, we need to state the
angle 𝜆𝑗 between {𝑜s𝑗 }0 and the earth’s magnetic field unit vector {𝑛e}0. Similarly, we
investigate the angle 𝛼𝑘𝑗 between {𝑜s𝑗 }0 and the cylindrical axis of the magnet {𝑜m𝑘 }0

cos(𝜆𝑗 ) = {𝑛e}0 ⋅ {𝑜s𝑗 }0, cos(𝛼𝑘𝑗 ) = {𝑜m𝑘 }0 ⋅ {𝑜s𝑗 }0. (9.9)

We define the translation and distance between the magnet and the sensor in the frame
{𝑆0} as:

𝑝𝑘𝑗 = 𝑝
s𝑗
0 −𝑝m𝑘0 , 𝑑𝑘𝑗 = ‖𝑝𝑘𝑗 ‖2. (9.10)

Building on the derivation in (9.10), we compute the angles 𝛽𝑘𝑗 and 𝜃𝑘𝑗 using the dot product
rule

cos(𝛽𝑘𝑗 ) =
𝑝𝑘𝑗 ⋅ {𝑜s𝑗 }0
‖𝑝𝑘𝑗 ‖2

, cos(𝜃𝑘𝑗 ) =
𝑝𝑘𝑗 ⋅ {𝑜m𝑘 }0

‖𝑝𝑘𝑗 ‖2
. (9.11)

Lastly, the kinematic descriptions for all sensors are vertically stacked as

𝜉 = (𝜉⊤1 …𝜉⊤𝑗 …𝜉⊤𝑛s)
⊤ ∈ ℝ𝑛s+4𝑛m𝑛s . (9.12)

We will in the following refer to the mapping 𝑓𝜉 (𝑞) ∶ 𝑞 ∈ ℝ𝑛q →𝜉 ∈ ℝ𝑛s+4𝑛m𝑛s as the magnet
sensor kinematics.

9.2.6 Data-driven Sensor Measurement Model
We use a data-driven approach to learn the forward sensor model 𝑢̂ = 𝑓𝜋(𝜉𝑗 ) for each sensor
using a neural network parameterized with 𝜋. We note that the same neural network
weights can be shared for all sensors, but oftentimes, performance can be improved by
training a specialized model with weights 𝜋𝑗 for each sensor. During training on a dataset
of length 𝑛t, we minimize the MSE between the predicted sensor measurement 𝑢̂𝑗 and the
actual sensor measurement 𝑢𝑗 :

min
𝜋

1
𝑛t

𝑛t
∑
𝑡=0

(𝑓𝜋(𝜉𝑗 (𝑡))−𝑢𝑗 (𝑡))
2 , (9.13)
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Algorithm 2 Proprioception with magnetic sensors
Input: 𝑢(𝑡) ∈ ℝ𝑛s ⊳ Sensor measurements
Input: 𝑞̂(𝑡 −1) ∈ ℝ3𝑛b ⊳ Estimated configuration at the last time step
Input: 𝑓𝜉 ∶ ℝ2𝑛b →ℝ𝑛s+4𝑛m𝑛s ⊳Magnet sensor kinematics
Input: 𝑓𝜋 ∶ ℝ𝑛s+4𝑛m𝑛s →ℝ𝑛s ⊳ Trained neural network
Input: 𝛾 ∈ ℝ ⊳ Step size
Output: 𝑞̂(𝑡) ∈ ℝ2𝑛b ⊳ Estimated robot configuration
1: 𝑞̂0 ← 𝑞̂(𝑡 −1)
2: 𝑙 ← 0
3: 𝑏𝑙 ← 0 ∈ ℝ3𝑛b

4: while 𝑙 < 𝑛it do
5: 𝜉𝑙 ← 𝑓𝜉 (𝑞̂𝑙)

6: 𝑢̂𝑙 ← 𝑓𝜋(𝜉𝑙)
7: 𝑢̂error𝑙 ← ‖𝑢̂𝑙 −𝑢(𝑡)‖2
8: 𝑏𝑙+1 ← 𝜇𝑏𝑙 + 2

𝑛s
𝜕
𝜕𝑞̂𝑙
𝑓 ⊤𝜉 (𝑞̂𝑙)

𝜕
𝜕𝜉𝑙
𝑓 ⊤𝜋 (𝜉𝑙) (𝑢̂𝑙 −𝑢(𝑡))

9: 𝑞̂𝑙+1 ← 𝑞̂𝑙 −𝛾 𝑏𝑙+1
10: 𝑙 ← 𝑙 +1
11: end while
12: 𝑙∗ ← argmin𝑙 𝑢𝑒𝑟𝑟𝑜𝑟𝑙
13: 𝑞̂(𝑡) ← 𝑞̂∗𝑙

where 𝑡 denotes the current time index. Note that whenever we omit the time index in our
notation, we always refer to the current time 𝑡. Finally, to simplify the notation, we combine
each sensor measurement prediction 𝑢𝑗 ∈ ℝ into an array 𝑢 ∈ ℝ𝑛s and stack the neural
networks as 𝑓Π(𝜉) ∶ 𝜉 → 𝑢. We discuss the choice of the specific network architecture later
in Section 9.3.

9.2.7 Proprioception via Optimization
Now, that we are able to predict the sensor measurement 𝑢̂ using the composition of the
kinematics 𝑓𝜉 (𝑞̂) and the neural networks 𝑓Π(𝜉), we need to optimize the configuration
estimate 𝑞̂ for the predictions 𝑢̂ to match the actual sensor measurements 𝑢 as closely as
possible. We detail the procedure in Alg. 2. We capture the error between the predicted
sensor measurements 𝑢̂ and the actual sensor measurements 𝑢 by the MSE loss function
we strive to minimize

𝑢(𝑞̂) =
𝑛s
∑
𝑗=1

(𝑓𝜋(𝜉𝑗 )−𝑢𝑗)
2

𝑛s
(9.14)

Accordingly, the optimal configuration estimate 𝑞̂ can be found with

𝑞̂ = argmin𝑢(𝑞̂𝑙). (9.15)

We optimize the cost function (9.14) through iterative gradient descent, as detailed in
Fig. 9.3. The gradient descent is initialized with the best estimate of the previous time-step
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Figure 9.3: A block diagram of the gradient descent as an iterative update loop for the configuration belief 𝑞̂(𝑡).
The gradient descent is initialized with the optimized solution 𝑞̂0 = 𝑞̂(𝑡 −1) from the previous time-step. Note
that during the iterative loop, 𝑞̂𝑙+1 updates 𝑞̂𝑙 in the memory block.

𝑞̂0(𝑡) = 𝑞̂(𝑡 −1). As common in literature, we optimize the state belief 𝑞̂𝑙 with a step size 𝛾
and the momentum 𝜇 using the Jacobian of the loss 𝜕

𝜕𝑞̂𝑡
𝑢(𝑞̂)

𝑏𝑙+1 = 𝜇𝑏𝑙 +
𝜕
𝜕𝑞̂𝑡

𝑢(𝑞̂), 𝑞̂𝑙+1 = 𝑞̂𝑙 −𝛾 𝑏𝑙+1. (9.16)

We can use the chain rule to derive an analytical expression for the gradient of the loss
incorporating the gradient of the magnet sensor kinematics 𝜕𝑞̂𝑓𝜉 (𝑞̂) and the gradient of
the neural network 𝜕𝜉𝑓Π(𝜉):

𝜕
𝜕𝑞̂

𝑢(𝑞̂) =
2
𝑛s (

𝜕
𝜕𝑞̂
𝑓𝜉 (𝑞̂))

⊤

(
𝜕
𝜕𝜉
𝑓Π(𝜉))

⊤

(𝑢̂−𝑢). (9.17)

After executing the gradient descent for 𝑛it iterations, we evaluate which iteration 𝑙∗ had
the lowest loss 𝑢 and accordingly select 𝑞̂(𝑡) = 𝑞̂𝑙∗ as the best configuration estimate of
time-step 𝑡.

9.3 Piecewise Constant Curvature Simulations
We evaluate the proposed methodology for estimating the PCC kinematic configuration
𝑞 ∈ ℝ3𝑛b of soft continuum robots thoroughly in simulations. The PCC model allows for
the bending and elongation of each segment in 3D space. Please refer to Appendix 9.2.3
for more details. We vary the number of robot segments 𝑛b, remove and add sensors (i.e.,
change 𝑛s), modify the arrangement of sensors, and the direction of the earth’s magnetic
field 𝑛e. To motivate some of the unique advantages of our method, we use the same
learned neural network weights for all these trials.

9.3.1 Simulation Setup
In our simulations, we consider a robot consisting of one, two, or three segments. All
cylindrical segments have an unextended length of 𝐿0,𝑖 = 110mm and a radius of 𝑑𝑖 = 22mm.
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û4

û5
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Simulated failure of
sensors 4, 8 & 12

(b) Simulated sensor failure

Figure 9.4: Panel (a): Simulated magnetic field of a robot with three segments. The blue arrows mark the
measurement directions of the sensors, the magnets are rendered in green, and the three segments are visualized
in a color sequence from black to violet. The magnetic flux density 𝐵 is shown via streamlines and logarithmic
coloring. Panel (b): Sensor measurement predictions (top) and configuration estimates (bottom) for a three-
segment robot with twelve sensors nominally. We simulate a sensor failure of the 4th, 8th, and 12th sensors after
5 s of trajectory time by removing the measurements of these sensors from the gradient descent. This can be
compensated for automatically by the redundancy of the sensor configuration. We plot the ground-truth values
𝑢 and 𝑞 in solid, the estimate 𝑢̂ and 𝑞̂ as a mean over three random seeds with dashed lines, and the standard
deviation as an error band.

Each segment has a neodymium N50 ring magnet of outer diameter 12mm, inner diameter
6mm and thickness 6mm integrated along the backbone at a distance of 𝑑m𝑘 = 55mm
from the base of the segment. In the nominal case, three sensors are placed symmetrically
in the tip plane of each segment at a radius of 13mm from the center with the sensor
measurement direction pointing along the local, negative z-axis of the tip plane {𝑆𝑖}. We
also consider alternative placements of the sensors, which we further detail in Section 9.3.5.

We build on Magpylib (Ortner and Coliado Bandeira, 2020) to simulate the magnetic
field behavior. We model the magnets as cylindrical neodymium grade N50 rings with
a magnetization of 1450mT in the local z-direction. After simulating the magnetic field,
we rotate the B-field into the local reference frame of each sensor and take the local
z-component of the magnetic flux density as the sensor measurement.

9.3.2 Prediction Network
The training set consists of 120000 random configurations sampled from uniform distribu-
tion Δ𝑥,𝑖 ∼ (−20.7mm,20.7mm), Δ𝑦,𝑖 ∼ (−20.7mm,20.7mm), and 𝛿𝐿𝑖 ∼ (0,5.5mm),
where the upper bound represents a bending of the tip of 54◦ with respect to the base
of a segment and an elongation of 5 %. We also randomize the placement of the sensors
in the training set. While in the nominal case, the first of the symmetrically placed sen-
sors is placed on the local x-axis, we randomly sample an offset angle 𝜑off ∼  (0, 2𝜋𝑛s𝑖 )
for each training sample, where 𝑛s𝑖 = 3 is the number of sensors per segment. Finally,
we also randomly sample the radial displacement of the sensors from the center with
𝑑s,r ∼  (8.7,17.3)mm and consider a tilting of the sensors (e.g. a rotation around the
tangential axis) with 𝜓s ∼ (−20◦, 20◦). Before training, we randomly split off 30 % of the
training set for validation purposes.
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We conducted a selection study involving hyperparameters and feed-forward neural
network architectures (number of layers, nodes, and nonlinear activation layer types)
on the validation set. In particular, we aimed to generate a smooth loss landscape to
improve the gradient descent convergence, leading us to employ a Stochastic Gradient
Descent (SGD) (Ruder, 2016) optimizer in conjunction with the StochasticWeight Averaging
(SWA) (Izmailov et al., 2018) strategy. The neural network itself has 18 layers in total and
contains, after an initial 1D batch norm layer, four blocks, and is concluded with a fully
connected layer at the end. Each block consists of a dropout with a probability of 1 %, a
linear layer, a ReLU, and a 1D batch norm layer. The hidden state is first increased to 96
nodes, then to 256 nodes, and finally reduced again to 64 and 24 nodes. We minimize a MSE
loss of the neural network prediction 𝑢̂𝑗 (𝑡) for 250 epochs with batch size 650 while setting
an initial learning rate of 0.18 for the cosine annealing learning rate scheduler (Loshchilov
and Hutter, 2016). The SWA (Izmailov et al., 2018) strategy is started after 125 epochs. We
train the neural network such that all sensors in the 𝑖th segment share the same weights
𝜋𝑖. When the training is finished, we select the model from the epoch with the lowest
validation loss and save it for later testing.

(a) 𝑡 = 0s (b) 𝑡 = 2s (c) 𝑡 = 4s (d) 𝑡 = 6s (e) 𝑡 = 8s (f) 𝑡 = 10s

Figure 9.5: Sequence of stills for simulated sensor failure as shown in Figure 9.4(b): the number of sensors per
segment, which are rendered in blue, is reduced from four to three at 𝑡 = 5s. We visualize the ground-truth shape
of the soft robot with full opacity and the estimated configuration with slight transparency. The magnets are
rendered in green, and the three segments are visualized in a color sequence that ranges from black to violet.

9.3.3 Optimization
We optimize the configuration variables 𝑞̂𝑖 = (Δ̂𝑥,𝑖, Δ̂𝑦,𝑖, 𝛿̂𝐿𝑖)⊤ for each segment to minimize
the sensor measurement prediction loss as defined in (9.14). The optimization strategy
solely relies on gradient descent and uses the best solution from the last time step 𝑞̂∗(𝑡 −1)
as an initialization 𝑞̂0(𝑡). For the first time step of the trajectory, we initialize with the
ground truth. We use a step size 𝛾 = 3.5 ⋅ 10−4, 3 ⋅ 10−3, and 2 ⋅ 10−3 during gradient descent
for a one-segment, two-segment, and three-segment robot, respectively. For all robots
with more than one segment, the step size is reduced by a factor of ten when optimizing
the elongation. The momentum 𝜇 is 0.3 for all trials and we perform 20 gradient descent
iterations for each time step.

9.3.4 Evaluation
We evaluate the performance of our method at estimating the configuration of the segment
by computing a relative RMSE metric with respect to the ground-truth configuration 𝑞(𝑡)
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for each configuration variable separately

𝑒𝑞⋆ =

√
∑𝑛t
𝑡=0 (𝑞̂⋆(𝑡)−𝑞⋆(𝑡))

2

√𝑛t 𝐷𝑞⋆
, (9.18)

where 𝑛t is the number of discrete time-steps and 𝐷𝑞⋆ is the dynamic range of each
configuration variable between the maximum and minimum value in the test set. All
simulations are evaluated on a full lemniscate trajectory, which is very similar to what
is plotted based on experimental data in Fig. 9.9(d). The maximum bending angle of this
trajectory is 45◦ and the elongation of the segment follows a cosine wave with a minimum
and maximum at 1.25 % and 3.75 % respectively.

9.3.5 Results
We present all simulation results in Tab. 9.1. In the first section, robots with one to three
segments, which all exhibit a nominal sensor placement, are considered separately. Neural
networks are trained separately for each of these robots, as the input dimension needs to
be adjusted to the number of magnets. The results show that the method works well for
robots with 1-3 segments. It can be observed that the estimation error is usually lower for
the distal segment(s).

Next, the number of sensors 𝑛s is varied for a three-segment robot. We always apply a
symmetrical placement of the sensors in the tip plane of each segment. In the first trial,
two sensors are mounted in the tip plane of each segment opposite to each other (6 sensors
in total). While the bending along Δ𝑥,𝑖 and the elongation of the segments 𝛿𝐿𝑖 can still
be estimated, the setup does not contain sufficient information to accurately determine
the bending into Δ𝑦,𝑖. While the nominal case of nine sensors in total already achieves
relative RMSEs in the range of 1.6 % to 6 %, the proprioception performance can be slightly
improved by adding more sensors. We emphasize that the neural networks are not retrained
when adding or removing sensors. In Figures 9.4(b) and 9.5, we plot the proprioceptive
performance of a three-segment robot with four sensors per segment. Then, we simulated
a failure of the 4th, 8th, and 12th sensor at 5 s by removing these sensor measurements
from (9.16) (i.e., the gradient descent). Our method is able to adapt without re-training and
leverage the nominal redundancy of sensor measurements, as three sensors per segment
are sufficient for shape estimation.

Then, two adjusted sensor placements are investigated while keeping the neural net-
work weights constant. First, the sensors are tilted from the nominal case of pointing along
the local z-axis by 𝜓s = 10◦ towards the inside. In a separate simulation, the sensors are
moved radially from nominally 13mm to 16mm. As the results show, the configuration of
all three segments can still be estimated accurately with a mean error of 3.3 %.

Finally, the Earth’s magnetic field of magnitude 0.065mT is added. A separate neural
network is trained on a training set with randomly sampled magnetic field vector directions
𝑛e. As the last section of Tab. 9.1 demonstrates, the methodology is able to adapt to any
Earth’s magnetic field direction by leveraging the 𝜆𝑗 input parameter.
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9.4 Affine Curvature Simulations
To demonstrate the efficacy of the proposed method for higher-order kinematic models
than PCC, we also conduct simulations of an AC soft robot. The AC kinematic parametriza-
tion (Della Santina, 2020) has been shown capable of representing the shape of soft tenta-
cles (Stella et al., 2023c, 2022) and provides a continuous function 𝜅 = 𝜅0+𝜅1 𝑣 to describe
the curvature of the soft robot, where 𝜅0, 𝜅1 are two configuration variables and 𝑣 ∈ [0,1]
is the backbone coordinate. We allow for movement in 3D space by also specifying an
azimuth bending angle 𝜙 and the elongation 𝛿𝐿. Please refer to Section 9.2.4 for more
implementation details about the AC model.

9.4.1 Simulation Setup
We use the same simulation setup as described in Section 9.3.1. Therefore, we report
in the following only the implemented modifications to simulate an AC soft robot in
Magpylib (Ortner and Coliado Bandeira, 2020). Namely, we consider one AC segment of
length 𝐿0,𝑖 = 200mm with in total 𝑛s = 9 magnetic sensors. The sensors are placed on three
separate cylindrical planes at distances 𝑑sa of 0mm, 100mm, and 200mm from the base of
the robot. In each plane, the three sensors are spaced at an angle of 120◦ and at a radial
distance 𝑑sr = 13mm from the backbone, as it can be seen in Fig. 9.7. Two ring magnets
are positioned at a distance of 50mm and 150mm from the robot’s base, respectively.

Figure 9.6: Sensor measurement predictions (top) and configuration estimates (bottom) for an AC segment with
nine magnetic sensors. We plot the ground-truth values 𝑢 and 𝑞 in solid, the estimate 𝑢̂ and 𝑞̂ as a mean over
three random seeds with dashed lines, and the standard deviation as an error band. The random seed determines
the initialization of the neural network weights at the start of the training.

9.4.2 Prediction Network and Optimization
We simulate 120000 random configurations of the AC robot to generate the training
set. For this purpose, we sample the configuration variables from uniform distributions:
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(a) 𝑡 = 0s (b) 𝑡 = 2s (c) 𝑡 = 4s (d) 𝑡 = 6s (e) 𝑡 = 8s (f) 𝑡 = 10s

Figure 9.7: Sequence of stills for a simulated AC robot. We visualize the ground-truth shape of the soft robot with
full opacity and the estimated configuration with slight transparency. The two magnets are rendered in green,
and the nine sensors in blue.

the AC parameters 𝜅0 ∈  (0,0.942rad/m), 𝜅1 ∈  (0,3.770rad/m2), the azimuth angle
𝜙 ∈ (0,2𝜋 rad), and the elongation 𝛿𝐿 ∈ (0,6.6mm). Before training, we randomly split
off 30 % of the training set for validation purposes. We train a specialized neural network
𝑓𝜋𝑗 (𝜉𝑗 ) for each sensor and use the same neural network architecture as in Section 9.3.2
with the exception of the addition of a final layer 𝑦(𝑥) = sign(𝑥) 𝑒|𝑥|. The training runs for
a total of 250 epochs and uses the SWA (Izmailov et al., 2018) strategy with a learning rate
of 0.01. All other training hyperparameters are the same as in Section 9.3.2.

The four configuration variables are optimized to minimize the loss between the pre-
dictions and simulated measurements of the nine sensors as defined in 9.14. For this
optimization procedure, we employ gradient descent running at 40Hz with step sizes of
𝛾𝜅0 = 1, 𝛾𝜅1 = 5, 𝛾𝜙 = 1, and 𝛾𝛿𝐿 = 2 ⋅10−4. The momentum is set to 𝜇 = 0.3 and 20 iterations
are performed at each time step.

9.4.3 Evaluation
We evaluate the trained model on a flower trajectory of duration 10 s and sample rate 40Hz.
The evaluation trajectory has the following characteristics: 𝜅0 is actuated by a sinusoidal
wave of frequency 0.3Hz in the range [0, 𝜋4 rad/m]. Similarly, 𝜅1 is also varied through a
sinusoidal function of the same frequency and has a dynamic range of [0.1𝜋,𝜋]rad/m2. The
azimuth angle 𝜙 is linearly scaled from 0 rad to 2𝜋 rad over the duration of the trajectory.
Finally, 𝛿𝐿 follows a sinusoidal sequence of frequency 0.1Hz in the range of [0,5.5]mm.
We use the same evaluation metrics as first introduced in Section 9.3.4. We report the error
as mean ± stdev and compute the statistics over three different random seeds. The random
seed determines the initialization of the neural network weights at the start of the training.

9.4.4 Results
The trained neural networks achieve an RMSE error for predicting the magnetic sensor
measurements of 0.025± 0.002mT on the test set. When we run inference (see Fig. 9.6)
on the flower trajectory, the configuration variables can be estimated with an absolute
RMSE of 𝑒𝜅0 = 0.042±0.005 rad/m, 𝑒𝜅1 = 0.11±0.04 rad/m2, 𝑒𝜙 = 0.08±0.02 rad, and 𝑒𝛿𝐿 =
0.001± 0.001mm. We state the relative RMSE errors for the configuration estimates as
𝑒𝜅0 = 5.4±0.7%, 𝑒𝜅1 = 4.0±1.4%, 𝑒𝜙 = 1.3±0.4%, and 𝑒𝛿𝐿 = 3.8±1.6%. In Fig. 9.7, we render
at six different points along the trajectory the robot’s shape according to the ground truth
and estimated configurations, respectively. The sequence qualitatively shows that our
proposed method is able to estimate the affine curvature robot’s shape very accurately.
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Motion capture
cameras

<latexit sha1_base64="qEvIe7BFdkzHRQYObweABiwINmg=">AAACLXicbVDLSsNAFJ3UV42vqEs3g0VwVZIi6rKgC5cV7AOaUibT23ToZBLmIZTQH3Ljr4jgoiJu/Q2nD0FbDwwczrlnLvdEGWdK+/7EKaytb2xuFbfdnd29/QPv8KihUiMp1GnKU9mKiALOBNQ10xxamQSSRBya0fBm6jcfQSqWigc9yqCTkFiwPqNEW6nr3YYRxEzkFIQGOXZrAkxiPYq1iZiIw9DVKbZfKmUkYAmx4USn0g1B9H5SXa/kl/0Z8CoJFqSEFqh1vdewl1KT2DjlRKl24Ge6kxNpF3MYu6FRkBE6JDG0LRUkAdXJZ9eO8ZlVerifSvuExjP1dyIniVKjJLKT9pKBWvam4n9e2+j+dSdnIjMaBJ0v6huObQHT6nCPSaCajywhVLJpSXRAJKG2A+XaEoLlk1dJo1IOLssX95VStbyoo4hO0Ck6RwG6QlV0h2qojih6Qi9ogt6dZ+fN+XA+56MFZ5E5Rn/gfH0D/MKpwg==</latexit>
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Power
supply
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Arduino Uno +
ADS1115 module
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Magnet
holder

Figure 9.8: Left: Exploded rendering visualizing the robot design with the three MRSs integrated into a PCB at the
tip of the segment. The electrical wires from the Printed Circuit Board (PCB) are passed through the backbone to
the base. A ring magnet attached to a 3D-printed holder is integrated into the backbone at a half-segment-length
distance from the proximal end. The air chambers of the segment are connected to a pressure regulator via tubing
glued at the base of the segment. Right: Experimental setup with the soft robot segment attached in tip-down
configuration to the motion capture cage.

We verify the performance of our proposed proprioception method in experiments
involving one soft robot segment with three magnetoresistive sensors attached to the
tip. We aim to estimate the CC configuration 𝑞̂ = (Δ𝑥,1,Δ𝑦,1)⊤ ∈ ℝ2 from the measured
sensor values 𝑢(𝑡) ∈ ℝ3. We let the robot follow a diverse set of trajectories and evaluate
the proprioception performance. After measuring the ground-truth pose of the tip of the
segment with a motion capture system, we perform inverse kinematics with the closed-
form solution reported by Della Santina et al. (2020a) and quantitatively compare the
proprioceptive configuration estimate of the segment with the ground-truth configuration.

9.5.1 Robot Design
We use a cylindrical, pneumatically-actuated soft robotic silicon segment of length 𝐿0 =
110mm and radius 𝑑1 = 22mm consisting of three independently inflatable cavities evenly
spaced in the radial direction from the center line (Marchese et al., 2015). The proprioceptive
sensing system is achieved by embedding one ring magnet in the backbone at a distance
𝑑m0 = 55mm from the base of the segment and three symmetrically-placed MRSs at the
tip of the segment as visualized in Fig. 9.8. Although we use MRSs in our experimental
setup for their high sensitivity (Popovic et al., 2002), this is not a strict condition, and other
sensor types measuring the magnetic field, such as Hall-effect sensors, can be combined
with the methodology proposed in this chapter, too. For casting the silicone segment, we
use a 3D-printed mold with a magnet holder that keeps it in place inside the segment. The
magnet used is a neodymium ring of grade N50 with a thickness and inner diameter of
6mm each and an outer diameter of 12mm. The MRSs of type Honeywell HMC1021Z are
integrated into a Printed Circuit Board (PCB) and output a voltage difference of 50mV/mT.
The three sensors are equally spaced at 120◦ from each other and are placed at a radial
distance of 𝑑s,r = 13mm, and at a longitudinal distance of 𝑑s,a = 116mm from the base in a
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Table 9.2: Experimental results: absolute [mm] and relative RMSE [%] of sensor measurement predictions and
robot configuration estimates for various trajectories. The RMSE is normalized with the range of the dataset
for 𝑢 and each configuration variable, respectively, as stated in (9.18). We report the error as mean± stdev and
compute the statistics over three different random seeds. The random seed determines the initialization of the
neural network weights at the start of the training.

Trajectory 𝑒𝑢 [mV] 𝑒𝑢 [%] 𝑒Δ𝑥 [mm] 𝑒Δ𝑥 [%] 𝑒Δ𝑦 [mm] 𝑒Δ𝑦 [%]

T5.train → T0.test 9.90±0.90 3.90±0.40 0.37±0.06 3.70±0.60 0.44±0.01 3.50±0.10
T5.train → T1.test 8.80±0.30 4.40±0.10 0.36±0.08 6.50±1.50 0.43±0.05 -
T5.train → T2.test 11.10±0.30 4.30±0.10 0.78±0.03 13.60±0.60 0.74±0.23 5.90±1.80
T5.train → T3.test 12.30±0.30 4.60±0.10 0.52±0.06 4.50±0.50 0.47±0.03 3.10±0.20
T5.train → T4 3.01±0.05 1.08±0.02 0.33±0.02 2.40±0.10 0.52±0.06 3.10±0.40
T5.train → T5.test 1.60±0.10 0.58±0.05 0.24±0.05 1.90±0.30 0.24±0.01 1.40±0.05

straight configuration. For each sensor, we implemented a Set / Reset and an amplification
circuit on the PCB. The Set / Reset circuit is used to calibrate the sensor by re-aligning the
magnetic domains. After amplification of the sensor output by a factor of 100, the output
of the sensors is processed with a Texas Instruments ADS1115 module resulting in a digital
signal of 16 bit resolution. All sensor measurements 𝑢 are in the range [0mV,2048mV],
which corresponds to magnetic flux densities of [0mT,41mT].

9.5.2 Experimental Setup
We conducted our experiments in a lab environment with the base of the soft robot segment
mounted in a tip-down configuration to a cubical cage, as shown in Figure 9.8. A 3D-printed
ring with four reflective markers is mounted on the tip of the segment. Eight motion capture
cameras are attached to the cage, tracking at 40Hz the 3D pose of the ring. We transform
the pose measurements of the tip to the base frame of the robot and compute the closed-
form inverse kinematics (Della Santina et al., 2020a) to receive a ground-truth configuration
estimate 𝑞(𝑡) ∈ ℝ2. Each of the three pneumatic chambers of the segment is connected via
tubing to a separate valve of a proportional pressure regulator operated at 100Hz. We read
out the analog signals of the MRSs with an Arduino Uno at 40Hz and save them for later
offline processing. We temporally align the motion capture and the magnetic sensor data
by detecting the initial extension of the robot with a suitable threshold. The sensor noise
is determined for both an unelongated straight configuration and during fully inflated
bending. Here, the standard deviations of the white noise are 0.24mV and 3.55mV, which
normalizes to 0.03 % and 2 % of the dynamic range, respectively. Furthermore, we identify
the earth’s magnetic field direction in the base from as {𝑛̂e}0 = (−0.311,−0.234,0.921)⊤
using a compass and the World Magnetic Model (WMM) (Chulliat et al., 2020).

9.5.3 Pneumatic Actuation and Trajectories
We consider, as visualized in Fig. 9.9, six continuous actuation sequences in this chapter:
random configuration way-points which are connected through linear interpolation (T0),
planar side bending (T1), the tip following a half lemniscate (T2) and full lemniscate (T3),
a spiral with constant linear velocity (Carrasco-Zevallos et al., 2018) (T4) and finally a
flower-shape (T5). We define our trajectories as wrenches 𝜏xyz = [𝜏x 𝜏y]

⊤ on the tip of
the segment in Cartesian space, where 𝜏x and 𝜏y cause bending around the local x- and
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y-axis of the tip respectively. The pressures we command from the pressure regulator are
given by inversely evaluating the force produced at the center of pressure at the tip of the
segment for each chamber for a given chamber pressure (Della Santina et al., 2019a). All
actuation sequences are preceded by first applying an offset pressure of 225mBar in all
chambers, which causes a near-constant elongation of the segment. The peak pressure,
which causes maximum bending, is set for all trajectories to 450mBar.

The 1D bending (T1), half lemniscate (T2) and full lemniscate (T3) are all executed
periodically with a period of 5 s, 10 s, and 10 s respectively. Trajectories T0 and T4 are
characterized by a constant velocity in torque-space of 0.025Nm/s and 0.0125 kNm/s
respectively. The flower trajectory T5 can be described as periodic 1D bending with a
linearly changing azimuth angle. It exhibits an angular velocity of 0.0126 rad/s and a period
of 10 s for the bending, which results in 50 bending cycles per circumnavigation. While
the random configuration setpoints of T0 are recorded for 200 s, T1, T2 and T3 have total a
duration of 90 s each, and the spiral T4 and flower T5 last for 120 s and 1500 s respectively.
We split off the final 20 % of all datasets as a test set.

9.5.4 Prediction Network and Optimization
We use the same neural network architecture and training procedure as in Section 9.3.2,
but with an adjusted initial learning rate of 5 ⋅ 10−5 and train the model separately for each
sensor on the 1200 s long T5 / flower trajectory, which results in 48000 training samples
for each neural network.

We optimize the configuration variables Δ𝑥 and Δ𝑦 for the one segment to minimize the
sensor measurement prediction loss as defined in (9.14). The optimization strategy solely
relies on gradient descent running at 40Hz with a step size 𝛾 = 1.5 ⋅ 10−8 and momentum
𝜇 = 0.2. We visualize a sample loss landscape in Fig. 9.10(a).

9.5.5 Results
First, we quantify the performance of the neural network predicting the sensor measure-
ments 𝑢̂(𝑡) for a known, ground-truth configuration 𝑞(𝑡), which we report in Table 9.2. We
observe that the relative RMSE lies between 0.6 % and 4.6 % of the range of the respective
datasets with a mean of 3.1 %. As expected, the predictions are generally the most accurate
when evaluated on a trajectory of the same type as the neural network was trained on (T5).
Next, we analyze the proprioception performance on the same trajectories. We report rela-
tive RMSEs between 1.9 % and 13.6 % for estimating the bending of the robot. Additionally,
we visualize the configuration estimates for two trajectories: in the top-right of Fig. 9.10(b),
we run inference for our trained model on T2. While the proprioception estimate tracks
the general shape of the trajectory well, the optimization, particularly for Δ𝑦 , gets trapped
in local minima, sometimes leading to periods of higher error. Next, we consider a model
trained and evaluated on separated sets of the T5 trajectory. The configuration estimate
tracks the ground truth very well, as can be seen at the bottom right. Finally, we present a
sequence of stills based on camera views and renderings of the soft segment for inference
on T3 in Fig. 9.11.
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(a) T0: random setpoints (b) T1: 1D bending (c) T2: half lemniscate

(d) T3: full lemniscate (e) T4: spiral (f) T5: flower

Figure 9.9: Trajectories used during the experiments. We plot the shape of the segment under PCC approximation
in light blue and the position of the tip of the segment in dark blue.
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(b) Experimental results for T2 (top) and T5 (bottom)

Figure 9.10: Panel (a): Sample loss landscape for optimization of Δ𝑥 and Δ𝑦 on T5. With the hue, we visualize the
RMSE of the sensor measurement prediction 𝑢̂ for a given configuration 𝑞̂ = (Δ𝑥 ,Δ𝑦 )⊤. Additionally, we denote
the initial configuration estimate with 𝑞̂0, the trajectory of the gradient descent with 𝑞̂𝑙 , the optimal configuration
with 𝑞̂, and the ground truth with 𝑞. Panel (b) top: Proprioception on the test set of T2 using a model trained on
T5. Panel (b) bottom: Configuration estimates for a model trained and evaluated on separated parts of trajectory
5. We plot the ground-truth configuration 𝑞 in solid, the estimate 𝑞̂ as a mean over three random seeds with
dashed lines, and the standard deviation as an error band. The bottom right plot zooms onto a selected part of T5
(e.g., 18 s to 22 s) to more clearly visually distinguish the dashed lines from the solid lines.

(a) 𝑡 = 0s (b) 𝑡 = 2s (c) 𝑡 = 4s (d) 𝑡 = 6s (e) 𝑡 = 8s (f) 𝑡 = 10s

Figure 9.11: Sequence of stills for inference on T3 (full lemniscate) of a model trained on T5. The top row
shows camera recordings of an external view, and the sequence in the bottom row consists of renderings of
the ground-truth state (in full opacity) and the estimated segment shape (slightly transparent). The sensors are
colored in blue, and the ring magnet integrated into the backbone is shown in green.
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9.6 Conclusion
This chapter proposed a sensing strategy for soft-bodied robots that relies on multiple
magnetic sensors embedded directly in the robot. Thanks to a novel kinematics-aware
neural architecture, we can simultaneously use information coming from all the sensors to
reconstruct the full robot shape reliably. The decoupling of the kinematics from the learned
sensor measurement predictor allows modifications to the placement of the sensors without
requiring a re-training of the neural network. The proposed method is agnostic to the used
kinematic state parametrization, which we verified in simulations using either PCC or AC
models. Extensive experiments with a soft segment showed that a model can be trained
on one trajectory type and then be used for inference on a variety of other trajectories
in the same workspace. In future work, we will validate the proposed proprioception
methodology to execute closed-loop control. We also invite future research studying the
optimal placement of sensors in continuum soft robots, where the optimization procedure
might take advantage of the gradients provided by our algorithm. Additionally, we would
like to validate the proprioception methodology, which we have developed for the general
case of 𝑛b segments, experimentally on a multi-segment robot.

Afterword
This chapter presented an example of how prior knowledge, in this case, a soft robot
kinematic model, can be leveraged to simplify a learning problem, which in turn improves
the data efficiency of the learning, as we drastically reduced the number of inputs and
outputs compared to a naive solution of learning proprioception end-to-end. Essentially,
the prior knowledge here allowed us to reduce the size of the learned black-box by pulling
out the kinematics. In the following two chapters, Chapters 10 & 11, we again strive to
leverage prior knowledge, this time for learning the dynamics of soft robots. Contrary to
this chapter, instead of reducing the size of the black-box, we endeavor towards a grey-box
model that incorporates physical structure and exhibits certain stability guarantees.
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10
Learning Low-Dimensional

Strain Models Based on
Shape Evolution

Foreword. As discussed in Chapter 2, dynamical models for soft robots are developed
by first establishing a parametrization of their configuration (i.e., defining the kinematic
model). Currently, the process of selecting and fine-tuning such a model largely relies
on the modeling engineer’s intuition and iterative adjustments. Beyond selecting the
strain model approach (e.g., PCC, PCS, PAC, GVS, etc.), it is also necessary to determine
other model-specific parameters. For instance, when using kinematics based on the PCS
approximation, decisions must be made regarding the number of backbone segments, the
length of each segment, and the active strains per segment. As demonstrated in Chapter 5,
these choices—such as the selection of active strains—significantly impact the accuracy of
the shape approximation and, consequently, the quality of the dynamic model. Moreover,
there is an inherent trade-off between model complexity (i.e., the DOF of the model) and
model performance, a consideration that is currently underappreciated within the soft
robotics modeling community. To address these challenges, we recognize the need for an
automated algorithm that thoroughly analyzes this trade-off and selects an appropriate
kinematic model based on the analysis. Additionally, we seek a method capable of deriving a
dynamic model and efficiently identifying its associated parameters from data. Crucially, we
aim to preserve the interpretability and structure of these physics-based models throughout
the learning process. In this chapter, as described in Sec. 10.3, we propose a two-step
approach to tackle this problem. First, the Kinematic Fusion algorithm automatically
determines a suitable PCS-based kinematic parametrization using pose samples of the
backbone shape. Second, the Dynamic Regression & Sparsification algorithm identifies
the parameters of a physics-based dynamic model in closed form while simultaneously
reducing model complexity by eliminating negligible strains. This approach enables us
to maintain the interpretability of a physics-based white-box model while learning its
parameters in a data-driven manner. Finally, it allows us in Sec. 10.4.5 to leverage P-
satI-D+Feedforward controllers, as already applied to the physics-based HSA model in
Chapter 6, for model-based shape regulation of the soft robot.
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Abstract. Obtaining dynamic models of continuum soft robots is central to the analysis
and control of soft robots, and researchers have devoted much attention to the challenge of
proposing both data-driven and first-principle solutions. Both avenues have, however, shown
their limitations; the former lacks structure and performs poorly outside training data, while
the latter requires significant simplifications and extensive expert knowledge to be used in
practice. This paper introduces a streamlined method for learning low-dimensional, physics-
based models that are both accurate and easy to interpret. We start with an algorithm that
uses image data (i.e., shape evolutions) to determine the minimal necessary segments for
describing a soft robot’s movement. Following this, we apply a dynamic regression and strain
sparsification algorithm to identify relevant strains and define the model’s dynamics. We
validate our approach through simulations with various planar soft manipulators, comparing
its performance against other learning strategies, showing that our models are both compu-
tationally efficient and 25x more accurate on out-of-training distribution inputs. Finally, we
demonstrate that thanks to the capability of the method of generating physically compatible
models, the learned models can be straightforwardly combined with model-based control
policies.

This chapter is partly based on � R. Valadas*, M. Stölzle*, J. Liu, and C. Della Santina (2025). Learning Low-
Dimensional Strain Models of Soft Robots by Looking at the Evolution of Their Shape with Application to Model-
Based Control. In Proceedings of the 2025 IEEE 8th International Conference on Soft Robotics (RoboSoft) (pp. 1-8).
IEEE. (Valadas et al., 2025).
∗R.V. and M.S. contributed equally to this work. M.S. conceived the research project, devised the overall approach,
and wrote the paper. R.V. implemented the methodology, came up with the kinematic fusion algorithm, was in
charge of most simulations, and created most graphics. M.S. implemented and compared against the baseline
approaches and conducted the closed-loop control simulations. M.S., J.L., and C.D.S. contributed ideas, supervised
the research project, and revised the manuscript. C.D.S. provided the funding.
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10.1 Introduction

M odeling the dynamical behavior (Armanini et al., 2023) of soft robots with com-
putationally tractable models is important for many applications, such as efficient

simulation (Alkayas et al., 2025), model-based control (Della Santina et al., 2023), state
estimation (Shao et al., 2023), and co-design (Wang et al., 2024). Developing such (low-
dimensional) dynamic models is challenging and is an active area of research (Alora et al.,
2023a; Armanini et al., 2023). The use of data-driven approaches has been extensively
investigated in this context (Alora et al., 2023a; Bruder et al., 2020; Chen et al., 2024; Thu-
ruthel et al., 2017). These learned models exhibit poor extrapolation performance (Kim
et al., 2021), a lack of interpretability, and (physical) structure preventing us from directly
leveraging closed-form control solutions such as the PD+feedforward (Della Santina et al.,
2023). Instead, researchers had to fall back to computationally expensive planning methods
such as MPC (Alora et al., 2023a; Bruder et al., 2020).

The traditional avenue established by the robotics and continuum dynamics commu-
nities has been to derive the dynamical model directly from first principles (Armanini
et al., 2023; Boyer et al., 2020; Della Santina et al., 2023; Gazzola et al., 2018; Grazioso
et al., 2019; Renda et al., 2018) which provides physical interpretability and structure at the
cost of needing substantial expert knowledge, for example, in the selection of the proper
kinematic approximations (e.g., PCC (Webster III and Jones, 2010), PCS (Renda et al., 2018),
GVS (Boyer et al., 2020)). Suboptimal choices or even errors in applying this modeling
procedure can lead to significant issues like inaccurate predictions and overly complex
models. This hinders the democratization of soft robots, as only specialized research labs
possess the required expertise (Aracri et al., 2024).

Recently, there has been a community push towards integrating physical structures
and stability guarantees into learned models (e.g., Lagrangian Neural Networks (Liu et al.,
2024a), residual dynamical formulations (Bruder et al., 2024; Gao et al., 2024), or oscillatory
networks (Stölzle and Della Santina, 2024)) which combine benefits from both worlds:
they are learned directly from data which reduces the expert knowledge that is needed
but at the same time exhibit a physical structure that can be exploited for model-based
control and stability analysis. This work positions itself in this new trend of research,
specifically focusing on deriving kinematic and dynamic models for continuum soft robots
in a data-driven way.

Indeed, deriving reduced-order kinematic representations remains the core challenge
in physics-based modeling. Previous works have relied heavily on the modeling engineer’s
intuition and experience to make decisions on the number of PCS segments, the length of
each segment, and which strains to consider (Toshimitsu et al., 2021). However, these deci-
sions are not straightforward and could easily result in models that are higher-dimensional
than necessary, or that important strains are ignored based on a wrong intuition (Garg et al.,
2022). Very recently, Alkayas et al. (2025) proposed a data-driven algorithm to identify the
optimal discrete GVS (Boyer et al., 2020) strain basis of continuum soft robots via Proper
Orthogonal Decomposition (POD). However, the discrete strain basis requires careful nu-
merical integration at runtime, and identifying the dynamical parameters (e.g., stiffness,
damping coefficients) of the soft robot relies upon solving a nonlinear least-squares problem
that is not always well behaved (Stölzle et al., 2024b).

This chapter proposes to solve these challenges by introducing an end-to-end approach
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that can automatically learn both a PCS kinematic parametrization and the corresponding
dynamical model, including its dynamic parameters, directly from image/Cartesian pose
data. First, a kinematic fusion algorithm aims to minimize the DOFs of the PCS kinematic
model while preserving a desired shape reconstruction accuracy for the given discrete
shape measurements in Cartesian space. In contrast to previous work (Alkayas et al.,
2025), we do not necessitate prior knowledge about strain discontinuities. Secondly, an
integrated strategy is proposed to simultaneously sparsify the strains of the PCS model
and estimate the parameters of the dynamical model with closed-form linear least-squares.
Contrary to common symbolic regression approaches such as Sparse Identification of
Nonlinear Dynamics (SINDy) (Kaiser et al., 2018), we crucially preserve the (physical)
structure of the Euler-Lagrangian dynamics as derived according to the PCS model. This
feature allows the derived dynamical model to be subsequently rapidly deployed within
established model-based controllers (Della Santina et al., 2023).

We verify the approach in simulation in a diverse set of scenarios, including different
robot topologies and the performance when measurement noise is present. Impressively,
the method is able to accurately perform long-horizon (7 s) shape predictions when being
trained on 4 s of trajectory data. We benchmark the proposed approach against several
state-of-the-art dynamical model learning approaches (e.g., NODEs, CON, LNNs). On the
training set, our proposed method exhibits a 70 % lower shape prediction error than the
best-performing baseline method (NODE). However, we find that the difference is even
greater in extrapolation scenarios (i.e., actuation sequences and magnitudes unseen during
training): Here, our proposed method reduces the shape prediction error on the test set by
96 % compared to the best performing ML baseline (NODE). Finally, we demonstrate how
the Lagrangian structure of the identified dynamical model allows us to easily design a
model-based controller that is effective at regulating the shape of the soft robot.

A video attachment presents the research idea & methodology and contains supple-
mentary plots and animations of the results presented in the chapter.1

10.2 Preliminaries
In the following, we will provide some background on the PCS kinematic model and
the derivation of soft robot dynamics following a Lagrangian approach, which are two
fundamental topics for this chapter.

10.2.1 Piecewise Constant Strain (PCS) Kinematics
The PCS model (Renda et al., 2018) describes the kinematics of continuum soft robots by
assuming that the six elemental local backbone strains (shear, axial, bending, twist) are
piecewise constant across 𝑛s segments but variable in time. We remark that other popular
kinematic models for soft robots, such as PCC (Webster III and Jones, 2010), are often a
special case of the PCS model.

For the planar case, the configuration of the 𝑖th segment is referred to as

𝑞𝑖 = [𝜅be,𝑖 𝜎sh,𝑖 𝜎ax,𝑖]
⊤ ∈ ℝ3, (10.1)

1https://youtu.be/dfO-PhDIiHI

https://youtu.be/dfO-PhDIiHI
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where 𝜅be,𝑖,𝜎sh,𝑖,𝜎ax,𝑖 are the bending, shear, and axial strains, respectively, and 𝑖 ∈ {1,…,𝑛s}.
Therefore, the configuration of the entire soft robot is defined as 𝑞 ∈ ℝ𝑛q , where 𝑛q = 3𝑛s.
We also have access to closed-form expressions for the forward and inverse kinematics
of a single constant strain segment (Stölzle et al., 2024b). As a consequence, forward
and inverse kinematics for the entire planar PCS soft robot can be implemented using an
iterative procedure starting at the proximal end without having to resort to differential
(inverse) kinematic techniques. Namely, the forward kinematics 𝜋 ∶ ℝ𝑛q → 𝑆𝐸(2) allow
us to compute the pose 𝜒𝑗 = [𝑝x,𝑗 𝑝y,𝑗 𝜃𝑗]

⊤ = 𝜗(𝑞,𝑠𝑗 ), where 𝑠𝑗 ∈ [0,𝐿] is the backbone
abscissa/coordinate, 𝐿 is the length of the entire continuum structure in an undeformed
configuration, 𝑝x,𝑗 ,𝑝y,𝑗 ∈ ℝ and 𝜃𝑗 are the positions and orientations at point 𝑠, respectively.
Given 𝑁 poses along the backbone, we can also define the inverse kinematic mapping
𝜚 ∶ 3𝑁 ×𝑁 → 𝑛q that provides us with the configuration 𝑞 = 𝜚(𝜒 ,𝑠) in closed-form. Here,
𝑞𝑖 will describe the configuration of the 𝑖th constant strain segment connecting the 𝑖 − 1th
and the 𝑖th markers with associated poses 𝜒𝑖−1 and 𝜒𝑖. This means that 𝑛s = 𝑁 −1 in order
that 𝜌 can be bijective.

10.2.2 Lagrangian Dynamics
The Lagrangian of a mechanical system as a function of the configuration 𝑞 ∈ ℝ𝑛q and the
corresponding time derivative 𝑞̇ ∈ ℝ𝑛q can be expressed as

(𝑞, 𝑞̇) =  (𝑞, 𝑞̇)− (𝑞) =
1
2
𝑞̇⊤𝑀(𝑞) 𝑞̇

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
 (𝑞,𝑞̇)

−
1
2
𝑞⊤𝐾𝑞 −∫ 𝐺(𝑞)d𝑞

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
 (𝑞)

, (10.2)

where  (𝑞, 𝑞̇),  (𝑞) are the kinetic and potential energy of the system, respectively, and
𝑀(𝑞) ≻ 0 ∈ ℝ𝑛q×𝑛q is referred to as the mass matrix. 𝐺(𝑞) ∈ ℝ𝑛q contribute the gravitational
forces and 𝐾 ∈ ℝ𝑛q×𝑛q represents the linear elastic stiffness of the system. Subsequently, the
Euler-Lagrangian equation can be leveraged to derive the EOM of continuum soft robots
as (Della Santina et al., 2023; Liu et al., 2024a)

𝜕2
𝜕𝑞̇2

𝑞̈ +
𝜕2
𝜕𝑞 𝜕𝑞̇

𝑞̇ −
𝜕
𝜕𝑞

+𝐷𝑞̇ = 𝜏 (10.3)

where we are also considering the generalized dissipative forces 𝐷𝑞̇ and the actuation
torques 𝜏 ∈ ℝ𝑛q . In this work, we assume, without loss of generality, that both the stiffness
matrix 𝐾 = diag(𝑘1,… ,𝑘𝑛q) and the damping matrix 𝐷 = diag(𝑑1,… ,𝑑𝑛q) ⪰ 0 are diagonal.
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Figure 10.1: Overview of the proposed methodology with the key contributions (Kinematic Fusion and Dynamic
Regression and Strain Sparsification) highlighted in orange. Inputs: We consider 𝑁 Cartesian pose measurements
𝜒 distributed along the soft robot backbone, for example, obtained using Computer Vision (CV) techniques from
video recordings, as inputs. Kinematic Fusion: We apply an iterative procedure that involves (i) computing
the robot configuration 𝑞 using PCS inverse kinematics, and (ii), to avoid overly complex and high-dimensional
models, we merge adjacent segments with similar strains across the dataset into one segment of constant strain.
Dynamic Regression: We identify the PCS dynamic model by iteratively regressing coefficients using linear
least squares and further reduce the model complexity by neglecting insignificant strains. Output: The identified
dynamic model has a Lagrangian structure suitable, for example, for model-based control applications.

10.3 Methodology
In this work, we propose a strategy for automatically identifying low-dimensional strain
models for continuum robots directly from shape trajectories, as outlined in Figure 10.1. We
assume that we have access to the poses of 𝑁 markers along the backbone that represent
a discretized shape description of the soft robot. In this work, we primarily focus on the
planar case, where we extract SE(2) poses using computer vision techniques. However,
the proposed Kinematic Fusion approach, along with the Dynamic Regression and Strain
Sparsification strategy, can be extended to 3D scenarios with SE(3) inputs. While obtaining
consistent and unoccluded SE(3) poses solely from vision-based information in 3D can
be challenging, it is feasible (Zheng et al., 2024). Additionally, SE(3) pose measurements
can always be acquired through other proprioceptive (Rosi et al., 2022) or exteroceptive
methods, such as motion capture systems.

The goal is now to identify kinematic and dynamical models that allow (a) to represent
the shape with 𝑛s PCS segments (Renda et al., 2018), where necessarily the final 𝑛s ≪𝑁 ,
and (b) to predict the future shape evolution of the soft robot. We tackle this task by (i)
identifying a low-dimensional parametrization (e.g., number of constant strain segments,
the length of each segment, etc.) of the kinematics over a series of static snapshots and
(ii) identifying the parameters of the Lagrangian model and simultaneously eliminating
strains from the model that do not have a significant effect on the shape evolution. We
refer to component (i) as the Kinematic Fusion algorithm, as it is an iterative approach to
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Figure 10.2: Schematic of the kinematic fusion algorithm. As inputs serve a sequence of 𝑁 discrete poses along
the backbone of the soft robot. Next, we execute inverse kinematics in closed form with a 𝑛s = 𝑁 −1 segment
PCS model to identify the (unmerged) configuration of the robot. Initially, each constant strain segment connects
two neighboring backbone poses. Subsequently, we compute a strain similarity measure 𝑑̄𝑖,𝑖+1 between each pair
of adjacent segments. If segments exhibit a similar strain (i.e., the metric falls below a threshold ℎ), we merge
them into one constant strain segment. This process is repeated until no more merging is possible, resulting in a
kinematic model with (hopefully) fewer segments: 1 ≤ 𝑛s ≤ 𝑁 −1.

merge parts of the backbone that exhibit a similar strain into constant strain segments.
The component (ii), named Dynamic Regression & Strain Sparsification algorithm, is an
iterative procedure that, at each iteration, first regresses in closed-form the coefficients of
the dynamic using linear least-squares and then eliminates strains from the dynamic model
if the stiffness associated with a strain exceeds a given threshold. The intuition here is that
strain would oscillate at very high frequencies, which are usually not relevant for practical
control, and that it would take very high forces to introduce a significant deflection in the
strain. The output of our approach is low-dimensional kinematic and dynamical models
that preserve the physical & PCS strain model structures.

10.3.1 Kinematic Fusion
As previously introduced, the algorithm is provided for each training dataset sample
𝑘 ∈ {1,…,𝑇 } with 𝑁 pose measurements 𝜒 and associated backbone abscissas 𝑠 ∈ ℝ𝑁
distributed along the backbone of the soft robot. Therefore, we initialize at 𝑙 = 1: 1𝑁 = 𝑁
and 1𝜒 = 𝜒 , where 𝑙 ∈ ℕ≥1 denotes the iteration index.

At the beginning of each iteration, we leverage the closed-form inverse kinematics to
compute the configuration 𝑙𝑞 = 𝜌(𝑙𝜒 , 𝑙𝑠) of a 𝑙𝑛s = 𝑙𝑁 −1 segment PCS model. We now
compute between each of the total 𝑙𝑛s−1 segment pairs, the following normalized strain
similarity measure

𝑙𝑑̄𝑖,𝑖+1 =
1
𝑇

𝑇
∑
𝑘=1

‖‖‖‖
𝑙𝑞𝑖+1(𝑘)− 𝑙𝑞𝑖(𝑘)
𝑞max−𝑞min

‖‖‖‖2
, ∀𝑖 ∈ {1, 𝑙𝑛s−1}, (10.4)
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Figure 10.3: Schematic of the dynamic model identification process that simultaneously regresses the dynamic
parameters and neglects unimportant strains. Based on a 𝑛s-segment PCS model, a library of basis functions
is constructed to parameterize the system’s Lagrangian and EOM. A regression framework is established on
a dataset of configuration-space positions 𝑞̇(𝑘), velocities 𝑞̇(𝑘), accelerations 𝑞̈(𝑘), and actuation torques 𝜏(𝑘)
that estimates the dynamic parameters 𝜋̂+ with closed-form, linear least squares. Strains that exhibit a stiffness
higher than a predefined threshold are neglected, prompting adjustments to the basis functions. Subsequently,
this procedure is repeated until all strain stiffnesses lie below the threshold.

where
𝑞min = min

𝑖∈ℕ𝑛 ,𝑘∈ℕ𝑇
𝑞𝑖(𝑘), 𝑞max = max

𝑖∈ℕ𝑛 ,𝑘∈ℕ𝑇
𝑞𝑖(𝑘), (10.5)

are the minimum and maximum configuration values across the dataset, respectively. This
normalization is necessary as strains usually exhibit vastly different magnitudes. For
example, the bending strains are usually more than one order of magnitude larger than
the axial strains. We keep all segment pairs with 𝑙𝑑̄𝑖,𝑖+1 > ℎ, where ℎ is a tunable threshold,
separate. Oppositely, we merge all neighboring/adjacent segments with 𝑙𝑑̄𝑖,𝑖+1 ≤ ℎ into
one single segment of constant strain. If indeed ∃ 𝑖 ∈ {ℕ

𝑙𝑛s | 𝑙𝑑̄𝑖,𝑖+1 < ℎ}, then then kinematic
model is reduced to 𝑙+1𝑛s segments, where 𝑙+1𝑛s < 𝑙𝑛s. As a final step of the iteration, we
now subsample the Cartesian poses 𝑙+1𝜒 and the associate backbone coordinates 𝑙+1𝑠 such
that they only contain the tip of each of the fused segments.

The kinematic fusion step is repeated with 𝑙 = 𝑙 +1 for 𝑛kf −1 iterations until no more
merging is possible, which can occur either if 𝑛kf 𝑑̄𝑖,𝑖+1 > ℎ∀𝑖 ∈ {1,𝑛kf𝑛s−1} (i.e., the strain
similarity measure is larger than ℎ for every pair of segments) or the model gets reduced to
a single segment (i.e., 𝑛kf𝑛s = 1). We illustrate the kinematic fusion algorithm in Fig. 10.2,
and an example of the thresholding is visualized in Fig. 10.4(a).

10.3.2 Dynamic Regression & Strain Sparsification
After obtaining a kinematic model with the Kinematic Fusion algorithm, we can employ
the identified parametrization as a foundation for deriving a dynamic model. First, we
symbolically derive the basis functions of the PCS dynamical model. Subsequently, we
implement an iterative procedure to (i) regress dynamic coefficients with linear least squares
and (ii) identify strains that can be neglected and remove them from the dynamical model.
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Parametrization of the PCS Dynamic Model with Basis Functions
In order to easily regress the dynamic parameters with linear least squares, we first derive
the PCS dynamics for a 𝑛s segment soft robot from first principle (Armanini et al., 2023;
Della Santina et al., 2023), with all rotational and linear strains taken into account, and
subsequently parametrize both the Lagrangian and Euler-Lagrangian equations as a linear
combination of monomial basis function.

(𝑞, 𝑞̇) =
𝑛f
∑
𝑗=1
𝜋𝑗𝑓𝑗 (𝑞, 𝑞̇), 𝜏 =

𝑛Ψ
∑
𝑗=1
𝜋+
𝑗 Ψ𝑗 (𝑞, 𝑞̇, 𝑞̈) ∈ ℝ

𝑛𝑞 , (10.6)

where 𝑓𝑗 ∶ ℝ𝑛q ×ℝ𝑛q →ℝ denotes each of the basis functions, and 𝜋 ∈ ℝ𝑛f the corresponding
coefficients. Analog, we derive symbolically the EOM using an Euler-Lagrangian approach
(see Section 10.2.2) and now state the corresponding basis functions as Ψ(𝑞, 𝑞̇, 𝑞̈) ∈ ℝ𝑛Ψ×𝑛q
with Ψ𝑗 ∶ ℝ𝑛q ×ℝ𝑛q ×ℝ𝑛q →ℝ𝑛q such that

𝜏 =
𝑛𝑓

∑
𝑗=1 [

𝜋𝑗 (
𝜕2𝑓𝑗
𝜕𝑞̇2

𝑞̈ +
𝜕2𝑓𝑗
𝜕𝑞 𝜕𝑞̇

𝑞̇ −
𝜕𝑓𝑗
𝜕𝑞 )]+𝐷𝑞̇, (10.7)

where 𝜋+ = [𝜋⊤ 𝑑⊤]
⊤ ∈ ℝ𝑛Ψ contains the associated coefficients and consists of 𝜋 and

the damping coefficients 𝑑 = diag(𝐷) ∈ ℝ𝑛q .

Regression of Dynamic Parameters
In order to estimate the dynamic coefficients, we formulate the linear regression problem as
 = 𝑋𝜋+, which accommodates the dataset of positions, velocities, and accelerations  =
[Ψ(𝑞(1), 𝑞̇(1), 𝑞̈(1))⊤, ...,Ψ(𝑞(𝑇 ), 𝑞̇(𝑇 ), 𝑞̈(𝑇 ))⊤]⊤ ∈ ℝ𝑇𝑛q×𝑛Ψ and the corresponding actuation
inputs  = [𝜏⊤(1),…,𝜏⊤(𝑇 )] ∈ ℝ𝑇𝑛q . We solve this optimization problem with linear least
squares, which minimizes the residual error as min‖ − 𝜋+‖22 and allows us to identify
the dynamic model coefficients in closed form as

𝜋̂+ = (⊤)−1⊤ . (10.8)

Sparsification of Strains
This dynamic identification method offers the advantage of having interpretable results, as
each estimated coefficient has some physical meaning within the PCS dynamic derivation.
Specifically, among those we can extract the estimated stiffness matrix 𝐾̂ = diag(𝑘̂1,… , 𝑘̂𝑛q),
allowing us to assess the importance of each strain through its stiffness magnitude 𝑘̂𝑒 . A
strain with high stiffness usually exhibits low displacement, approximating rigid behavior.
Therefore, such strain can be considered non-essential and neglected in the dynamics. We
define a maximum allowable stiffness 𝑘max

𝑒 ∈ ℝ≥0 for each strain/configuration variable as
a function of the maximum Elastic and Shear moduli 𝐸max,𝐺max ∈ ℝ≥0. For example, in the
planar case and for constant cross sections of area 𝐴c and second moment of inertia 𝐼c, this
can be conveniently done as

𝑘max
be = 𝐼𝑐𝐸max, 𝑘max

sh = 𝐴𝑐𝐺max, 𝑘max
ax = 𝐴𝑐𝐸max. (10.9)
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Given these maximum stiffnesses, the 𝑒-th strain is neglected if its estimated stiffness
lies above the threshold 𝑘̂𝑒 > 𝑘max

𝑒 . Therefore, the 𝑒-th strain is removed as a configuration
variable through

𝑞′ = [𝑞1, 𝑞2,… ,𝑞𝑒−1, 𝑞𝑒+1,… ,𝑞𝑛q)]
⊤ , (10.10)

and its influence on the dynamics needs to be eliminated as well. We update the Euler-
Lagrange basis functions asΨ= lim(𝑞𝑒 ,𝑞̇𝑒 ,𝑞̈𝑒)→0Ψ(𝑞, 𝑞̇, 𝑞̈). Any columns that turn into all-zeros
are also removed, and the coefficient vector 𝜋+ is updated accordingly by removing the
corresponding rows. A similar procedure applies to the Lagrangian basis functions 𝑓 and
their coefficients 𝜋.

This procedure of regressing dynamic coefficients and sparsifying strains, as presented
in Sections 10.3.2 and 10.3.2, respectively, is the number of strains/configuration variables
converges (i.e., remains constant). We stress that the (likely) computationally expensive
operation of symbolically deriving the library of basis functions only needs to be done
once at the beginning, as we subsequently update the library by taking the limit at the end
of each iteration.

10.4 Validation
To validate the proposed approach, we verify the kinematic and dynamic regression algo-
rithms separately. We test the kinematic fusion algorithm on simulated continuum soft
robots that behave according to the PCS and PAC model. Subsequently, we compare the
dynamic prediction performance of the proposed method against multiple ML baseline
methods on various PCS soft robots. Finally, we demonstrate how the regressed meth-
ods can be used in a plug-and-play fashion within a closed-form, model-based setpoint
regulation framework.

10.4.1 Experimental Setup
Evaluation Cases
Cases 1-3 (1-3S PCS) These cases consider one-segment, two-segment, and three-
segment planar PCS soft robots (𝑛s ∈ {1,2,3}), respectively, with configurations 𝑞 ∈ ℝ𝑛q
where 𝑛q ∈ {3,6,9} and actuation 𝜏 ∈ ℝ3,ℝ6,ℝ9, assuming full actuation.

Case 4 (1S PCS H-SH) This case is a one-segment PCS robot with high shear stiffness,
three orders of magnitude larger than in Case 1.

Case 5 (2S PCS H-AX/SH) This case is a two-segment PCS robot, where the 1st segment
has a significantly increased axial stiffness and 2nd segment an increased shear stiffness
w.r.t Case 2.

Case 6 ( 1S PAC) This case considers a one-segment PAC robot whose curvature can be
described by an affine function (Stella et al., 2023c).

Dataset Generation
In order to illustrate the end-to-end nature of our proposed method, we generate the
datasets as short video sequences of the soft robot’s movement. Therefore, we mimic a
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camera placed parallel to the robot’s plane of motion to capture the soft robot’s ground-
truth dynamics. At each time step, we render an image of the soft robot that contains
𝑁 = 21 equally distant, visually salient features. In the real world, this could be achieved
by attaching markers to the soft robot that allow tracking of points along the backbone
across time (Stella et al., 2022). We simulate the robot’s ground-truth dynamics using the
planar PCS simulator presented in (Stölzle et al., 2024b).

For Cases 1 to 4, we include eight trajectories with randomly sampled initial conditions
in the training set. We consider stepwise actuation sequences for which we randomly
sample a torque every 10ms. Each trajectory produces a 0.5 s video captured at 1000Hz.
For Case 6, since the PAC simulator only accounts for kinematics, we generate an image
sequence featuring the robot in 500 randomly selected configurations. As the test set, an
additional trajectory with 7 s duration is generated by applying a sinusoidal actuation
sequence with 𝜏 = 𝑎1 sin(𝜔1𝑡)+𝑎2 cos(𝜔2𝑡) ∈ ℝ𝑛q , where 𝑎1 and 𝑎2 are random amplitudes,
and 𝜔1 and 𝜔2 are random frequencies.

Backbone Shape Detection from Images
To apply our proposed model identification method, we first extract the motion of several
Cartesian-space samples along the robot’s backbone. As we consider a planar problem
setting and rendered images of the soft robot’s shape, the goal is to extract the SE(2) poses
of 𝑁 cross-sections along the robot. To satisfy the assumption behind the Kinematic Fusion
algorithm, the number of extracted poses𝑁 should be significantly larger than the expected
number of PCS segments required to model the robot’s behavior accurately: 𝑁 ≫ 𝑛s. We
leverage the OpenCV library for detecting the soft robot contour (findContours)
and extracting pose measurements along its backbone (minAreaRect). Each frame is
binarized, and the contours of cross-sections are identified. This allows the extraction
of the center position (𝑝x,𝑗 ,𝑝y,𝑗 ) and orientation 𝜃𝑗 of each cross-section (also referred
to as marker). As in our case, the markers are equally distant, we compute, without loss
of generality, the backbone abscissa as 𝑠𝑗 = 𝑗−1

𝑁 𝐿. For 𝑇 video frames, this results in a
time sequence of SE(2) poses {𝜒 (1), ..., 𝜒 (𝑇 )}, 𝜒𝑗 = [𝜒⊤1 …𝜒⊤𝑁 ]

⊤ ∈ ℝ3𝑁 , and 𝑗 ∈ {1,…,𝑁 }. We
leverage a Savitzky-Golay filter (3rd-order, window length 25) to estimate the associated
pose velocities 𝜒̇ and velocities 𝜒 .

Evaluation metrics
To evaluate the models quantitatively, we introduce position and orientation task space
metrics. We use a Cartesian-space Mean Absolute Error (MAE) measuring the deviation of
the estimated from the actual robot body shape, given by

𝑒bodyp =
𝑇
∑
𝑘=1

𝑁
∑
𝑗=1

‖𝑝̂𝑗 (𝑘)−𝑝𝑗 (𝑘)‖2
𝑁𝑇

, 𝑒body𝜃 =
𝑇
∑
𝑘=1

𝑁
∑
𝑗=1

|𝜃̂𝑗 (𝑘)−𝜃𝑗 (𝑘)|
𝑁𝑇

, (10.11)

where 𝑝̂𝑖(𝑘) and 𝜃̂𝑖(𝑘) ∈ ℝ are the estimated position and orientation of point 𝑖 along the
structure, respectively, while 𝑝𝑖(𝑘) and 𝜃𝑖(𝑘) are the ground-truth counterparts. These
metrics give the average pose error across all 𝑇 frames of a trajectory and all 𝑁 cross-
sections tracked along the robot, enabling a good evaluation of the kinematic model by
capturing how well it represents the overall shape of the soft robot structure.
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(a) 2S PCS: Strain distances
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(b) 3S PCS: Strain distances
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(c) 1S PAC: Strain distances
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(d) 1S PAC: Kinematic Pareto Front

Figure 10.4: Kinematic Fusion Results: Panels (a) & (b): Average strain distances between pairs of adjacent
segments for Cases 2 & 3. The poses of 20 markers along the manipulators are tracked, resulting in 19 pairs of
segments to be evaluated for strain similarity. The threshold is represented by a dashed line, and the background
shading marks the resulting segments (separate segments are shaded in different colors). Panel (c): Average
strain distances between segments after the first iteration of the kinematic fusion algorithm for Case 6. Panel (d):
Pareto front that describes the trade-off between the DOF of the kinematic model (i.e., the number of segments)
and the shape reconstruction error for Case 6. The blue and orange lines represent the average kinematic body
position error 𝑒bodyp and the body orientation error 𝑒body𝜃 , respectively. The strain distance threshold ℎ that is used
for separating segments is plotted on the upper x-axis.

In addition, we consider an end-effector Cartesian-space MAE given by

𝑒ee𝑝 =
1
𝑇

𝑇
∑
𝑘=1

‖𝑝̂ee(𝑘)−𝑝ee(𝑘)‖2, 𝑒ee𝜃 =
1
𝑇

𝑇
∑
𝑘=1

|𝜃̂ee(𝑘)−𝜃ee(𝑘)|, (10.12)

where 𝑝̂ee(𝑘) = 𝑝̂𝑁 (𝑘) ∈ ℝ2 and 𝜃̂ee(𝑘) ∈ ℝ are the estimated end-effector position and
orientation, respectively, with 𝑝ee(𝑘) and 𝜃ee(𝑘) being the ground-truth counterparts. This
metric is particularly useful for assessing the obtained dynamic models with a control
perspective, as the accuracy of the end-effector predictions is crucial for effective control
in task space.

10.4.2 Kinematic Fusion Results
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Cases 1, 2, and 3
Figs. 10.4(a) & 10.4(b) presents the average strain distances between the adjacent segment
pairs for Cases 2-3, as the result of the first and final iteration of the kinematic fusion
algorithm. The plots for Cases 2 and 3 reveal one and two peaks, respectively, revealing
where we need to separate segments in the kinematic model. The strain distance threshold
ℎ is a hyperparameter that trades off model complexity with model accuracy. For common
soft robots that exhibit a PCS-like behavior, we recommend choosing ℎ such as that the
segmented model exhibits isolated peaks in the strain distance metric, as visible in Fig. 10.4.
The number of segments and respective lengths for the resulting models obtained with a
threshold of ℎ = 0.2 are presented in the third column of Table 10.1, and by comparing to
the second column, it is easily visible that our algorithm almost perfectly identified the
segment lengths. As a consequence of the correct identification of the number of segments
and segment lengths, the identified kinematic model also accurately captures the shape
of the robot with the position errors below 0.2 % of the robots’ length, as it can be seen
from the body shape reconstruction errors stated in the first three rows of Table 10.1. We
remark that the error can be further reduced by using a finer discretization of backbone
pose markers (i.e., increasing 𝑁 ).

Table 10.1: Kinematic fusion results: The second and third columns contain the actual and estimated segment
lengths, respectively. The Cartesian pose error between the actual and estimated backbone shape is stated in the
third and fourth columns, respectively. Case 6 represents a one-segment PAC soft robot of total length 150mm
and can be, therefore, not be represented with a (one-segment) PCS model.

Case Actual segment
lengths 𝐋 [mm]

Estimated segment
lengths 𝐋̂ [mm] 𝐞bodyp [mm] 𝐞body𝜃 [rad]

1: 1S PCS [100] [100] 0.082 6.38×10−3
2: 2S PCS [70,100] [68,102] 0.240 1.15×10−2
3: 3S PCS [50,100,60] [52.5,94.5,63.0] 0.210 9.67×10−3
6: 1S PAC [150] [7.5,105.0,37.5] 0.746 8.92×10−2

Case 6
Even though the kinematics of many continuum soft robotic manipulators can be described
by PCS/PCC kinematics, other continuum soft robots can only be described by piecewise
constant models in the limit 𝑁 →∞ as they exhibit polynomial curvature (Della Santina
and Rus, 2019; Stella et al., 2022) or even more generally GVS (Boyer et al., 2020). This
is particularly the case when external or gravitational forces dominate the elastic and
actuation forces (Della Santina et al., 2023). In order to verify that our approach is also able
to identify effective models in such situations, we test the kinematic fusion algorithm on the
case of an affine curvature robot (Stella et al., 2023c) and plot the resulting average strain
distances in Fig. 10.4(c). Indeed, the strain distance plot no longer exhibits clear, isolated
peaks (i.e., a single solution). Therefore, we formulate a Pareto front in Fig. 10.4(d) (by
varying the strain distance threshold ℎ) that describes the tradeoff between the number of
PCS segments (i.e., the DOF of the kinematic model) and the shape reconstruction accuracy.
Analyzing and exploiting this tradeoff allows the user to choose their sweetspot between
model complexity and performance. In this case, we find that three segments represent a
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suitable compromise between model complexity and shape reconstruction accuracy, as it
exhibits a position error of only 0.5 % of the robot’s length.

10.4.3 Dynamic Model Identification Results
Verification of Dynamical Regression
We verify the dynamical regression algorithm on one and two-segment PCS robots (i.e.,
Cases 1 & 2), both with and without measurement noise. After regressing the dynamic
parameters on the training set, we perform a rollout on the test set and compare the resulting
predicted trajectory with the ground truth. To confirm that the dynamic regression is also
effective when applied to real-world data, we apply in some experiments Gaussian noise that
mirrors measurement noise as we would encounter it for motion capture data, computer
vision detection errors, etc. to the poses included in the training set (i.e., 𝜒 = 𝜒 + (0,𝜎n)).
For Case 1, we sample the noise from a normal distribution with standard deviations 0.5mm
and 1◦ for the position and orientation measurements, respectively. Analog, we define the
standard deviation of the noise for Case 2 as 0.1mm and 0.5◦.

The results are reported in Tab. 10.2 (top four rows), and the rollouts of Cases 1 & 2 are
included in Figs. 10.5-10.6. We also present a sequence of stills of the rollout of Case 2 in
Fig. 10.7. We conclude that even though the dynamical parameters are regressed on only
4 s of robot motion data, the dynamical predictions are extremely accurate on the long
horizon of 7 s (most control algorithms such as MPC operate on a much smaller horizon).
The position error for the experiments not involving noise stays below 5 % in both cases.
When noise is present in the training data, the position error is roughly tripled. Still, we
observe that the error is mostly related to the transient terms and the model converges
during the slower sequences of the trajectory to the ground truth. Most importantly, the
learned model, even when trained on noisy data, remains stable, as shown in Fig. 10.6.

Verification of Strain Sparsification
Next, we verify that the strain sparsification algorithm can detect and eliminate strains that
do not have a significant effect on the dynamics and can be, therefore, neglected to reduce
the model complexity. For this purpose, we apply the integrated Dynamic Regression and
Strain Sparsification algorithm to Cases 4 & 5, which exhibit no shear strain and no axial
strain (1st-segment) & no shear strain (2nd-segment), respectively. We define the maximum
elastic and shear modulus as 𝐸max = 100MPawhich leads to the stiffness thresholds for each
segment 𝐾max

𝑗 = diag(12.6Nm2, 168N,126kN). For example, in Case 4, after determining
the dynamic parameters during the first iteration, the algorithm detects that the estimated
shear stiffness 𝐾̂sh = 1200N > 𝐾max

sh = 168N. Therefore, the shear strain is eliminated from
the dynamic model, and the dynamic parameters are newly regressed during the next
iteration. Similarly, the algorithm correctly neglects the axial strain for the 1st segment
and the shear strain for the 2nd segment of Case 5. We visualize the test set rollouts for
Cases 4 & 5 in Fig. 10.8 and report the error metrics in the last three rows of Tab. 10.2.
The results show that in Case 4, the model without shear even exhibits a slightly smaller
position error than the model that includes all strains. A possible explanation could be
that with the Lagrangian being parametrized by fewer basis functions, the coefficients
for the remaining strains can be more accurately regressed. If we compare Case 2 and
Case 5 (both two-segment PCS robots), Case 5 exhibits significantly increased position and
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orientation errors. Still, we notice that the model predictions are usable, in particular for
shorter horizons.

Table 10.2: Dynamic regression results: End-effector position and orientation errors 𝐞eep , 𝐞ee𝜃 for the obtained
dynamic models evaluated on the 7 s sinusoidal test set trajectory. In some cases, we add artificial measurement
noise to the training data. For Case 4, we present two variants of the learned model: in the first instance, we
report the performance of a model that neglects strains as suggested by the dynamic sparsification algorithm. For
completeness, we furthermore also state the performance of a model that considers all strains. In Case 5, the 1st
segment only exhibits bending and shear strains (i.e, no axial strain), and the 2nd segment only exhibits bending
and axial strains (i.e., no shear strain)

Case Meas. Noise Model Strains 𝐞eep [mm] 𝐞ee𝜃 [rad]

1: 1S PCS ✗ All 4.89 0.113
1: 1S PCS ✓ All 13.7 0.307

2: 2S PCS ✗ All 5.22 0.138
2: 2S PCS ✓ All 16.8 0.135

4: 1S PCS H-SH ✗ No shear 4.57 0.099
4: 1S PCS H-SH ✗ All 5.14 0.116

5: 2S PCS H-AX/SH ✗ (✓, ✓, ✗, ✓, ✗, ✓) 17.9 0.305
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Figure 10.5: Verification of the model obtained for Case 1 on a sinusoidal trajectory. The dotted line denotes
the ground-truth (GT) trajectory, while the green and orange lines correspond to the models trained with and
without noise, respectively.

10.4.4 Benchmarking of Identified Dynamics against ML Base-
lines

We benchmark the derived dynamical model of Case 2 (i.e., a two-segment planar PCS
soft robot) against several models trained using machine learning approaches. Specifically,
we consider various learning-based approaches that range from completely data-driven
(e.g., NODE) over approaches that take into account the structure of Lagrangian systems
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(b) End-effector pose

Figure 10.6: Verification of the dynamical model with noise for a two-segment PCS soft robot (Case 2). The dotted
lines denote the ground-truth (GT) trajectory. For the configuration plot, blue lines refer to the first segment,
while orange lines are associated with the second segment. For the end-effector pose plot, the orange and green
lines mark the models trained with and without noise, respectively.

Table 10.3: Results for learning dynamics of a two-segment PCS soft robot (Case 2). We report the position (𝑒bodyp )
and orientation (𝑒body𝜃 ) metrics that capture the mean shape error averaged over all time steps. The shape error is
computed by considering the dynamical evolution of three marker poses with 𝑠𝑗 ∈ {68,119,170} mm. We report
the metrics for a rollout of the dynamics on both a 0.5 s sequence on the training set and the entire (i.e., 7 s) test
set.

Method Train 𝐞bodyp Train 𝐞body𝜃 Test 𝐞bodyp Test 𝐞body𝜃

NODE 10.4mm 0.27 rad 245.6mm 12.22 rad
LNN (Liu et al., 2024a) 550.8mm 5.16 rad ∞ ∞

CON (Stölzle and Della Santina, 2024) 12.9mm 0.24 rad 789.5mm 29.49 rad
PCS Regression (Ours) 𝟑.𝟏 mm 𝟎.𝟎𝟒 rad 𝟗.𝟖 mm 𝟎.𝟏𝟑 rad
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(a) 𝑡 = 0.0s (b) 𝑡 = 1.4s (c) 𝑡 = 2.8s

(d) 𝑡 = 4.2s (e) 𝑡 = 5.6s (f) 𝑡 = 7.0s

Figure 10.7: Sequence of stills for the test rollout of the regressed dynamic model trained on the two-segment
PCS dataset (Case 2). The blue and red dots represent the ground truth and estimated shape of the soft robot,
respectively. The orange line represents the shape estimated by a model trained on a training set with added
measurement noise.

(e.g., LNN, CON). To keep the comparison fair, we define the inputs for all methods as the
Cartesian poses 𝜒𝑗 ∈ ℝ3 and the corresponding time derivative 𝜒̇𝑗 of 𝑁 discrete markers
along the backbone. Furthermore, we also provide the actuation torques 𝜏 ∈ ℝ6 as a dynamic
model input. Therefore, the total model input exhibits a dimensionality of ℝ6𝑁+6. The task
of the dynamic model is to predict the acceleration 𝜒(𝑘) ∈ ℝ3𝑁 . We tried supplying all 21
markers, which our method also has access to, to the baseline approaches. However, this
proved to be infeasible as the problem would become too high-dimensional in terms of
the number of inputs and outputs, and the baseline approaches would overfit the training
set. Therefore, we settled to give the baseline methods access to the pose measurements of
𝑁 = 3 markers distributed along the backbone of the robot at 𝑠𝑗 ∈ {68,119,170} mm, where
𝑠 = 170mm corresponds to the end-effector.

Implementation of Baseline Methods The NODE is parametrized by a six-layer MLP
with hidden dimension 256 and hyperbolic tangent activation function that predicts based
on the input (𝜒 (𝑡), 𝜒̇ (𝑡),𝜏(𝑡)) the acceleration 𝜒 . We remark that with this strategy, we
already infuse the prior knowledge that the time derivative of the pose is the velocity, which
would not be the case in a naive implementation of a NODE. CONs (Stölzle andDella Santina,
2024) allow for learning of (latent) dynamics of Lagrangian systems with strong stability
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guarantees (global asymptotic stability / input-to-state stability) by leveraging a network
of damped harmonic oscillators that are coupled by a hyperbolic potential. In order to
allow for arbitrary placement of the global asymptotically stable equilibrium point, we
learn a linear coordinate transformation into the latent coordinates 𝑧 = 𝑊𝜒 + 𝑏 ∈ ℝ9,
𝑧̇ = 𝑊 𝜒̇ . LNNs learn the components of the Lagrangian (𝜒 , 𝜒̇ ) = 1

2 𝜒̇
⊤𝑀(𝜒)𝜒̇ − (𝜒 )

such as the mass matrix 𝑀(𝜒) ≻ 0 ∈ ℝ9×9, the potential energy  (𝜒 ) ∈ ℝ, the damping
matrix 𝐷 ⪰ 0 ∈ ℝ9×9 and the actuation matrix 𝐴 ∈ ℝ6×9 and subsequently derive the EOM as
𝑀(𝜒)𝜒 + 𝜕

𝜕𝜒𝜕𝜒̇ 𝜒̇ +
𝜕
𝜕𝜒 +𝐷𝜒̇ = 𝐴𝜏 using autodifferentiation. We regard 𝐴 and 𝐷 as trainable

weights and parametrize 𝑀(𝜒) and  (𝜒 ) with six-layer MLPs with hidden dimension
256 (softplus activation). We leverage the Cholesky decomposition to make sure that
𝑀(𝜒),𝐷 ≻ 0.

Training The first loss term is a MSE between the predicted ̂̈𝜒 (𝑘) and actual acceleration
𝜒(𝑘). Additionally, we roll out the trajectories over a horizon of 0.3 s and add loss terms
that compute the MSE error between the predicted states (𝜒 (𝑘 + 𝑟), ̂̇𝜒 (𝑘 + 𝑟)) and the
labels (𝜒 (𝑘 + 𝑟), 𝜒̇ (𝑘 + 𝑟)), where 𝑟 is the index of the rollout step. As training LNNs is
computationally very demanding due to the need to differentiate w.r.t. both inputs and
neural network parameters, we had to reduce the training rollout horizon.

Results We present the benchmarking results in Fig. 10.9 (evaluation on the training
set) and Fig. 10.10 (evaluation on the test set). Quantitative error metrics are provided
in Table 10.3. We report the performance for rollouts on both the training and the test
set. All methods, except for LNN, are able to predict the Cartesian-space evolution of
the markers attached to the soft robot backbone decently accurately over the training
set trajectory. Still, the our proposed method exhibits an 70 % to 80 % lower error than
NODE and CON (Stölzle and Della Santina, 2024). As LNN does not exhibit any stability
guarantees and it is trained on a relatively short horizon, it diverges from the ground-truth
trajectory after roughly 0.15 s. As shown in panels (d) of Figs. 10.9 and 10.10, the axial
actuation forces on the validation set are one order of magnitude higher than in the training
set. Therefore, these axial forces can be considered to be out-of-distribution for the trained
models. Our proposed method is amazingly able to still exhibit very good performance,
while all baseline methods are no longer able to predict the dynamic evolution of the
system. LNN even becomes fully unstable after a few milliseconds, and we are, therefore,
not able to report test errors for this method.

10.4.5 Demonstration of Model-based Control
To demonstrate how the derived models can be used in a plug-and-play fashion for model-
based control, we simulate the closed-loop dynamics of a simulated two-segment PCS soft
robot (Case 2) with configuration 𝑞 ∈ ℝ7 under a P-satI-D+FF (Della Santina et al., 2023;
Stölzle and Della Santina, 2024; Stölzle et al., 2024b) setpoint control policy

𝜏(𝑡,𝑞) = 𝐺̂(𝑞d)+ 𝐾̂𝑞d
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

Learned feedforward term

+ 𝐾p (𝑞d−𝑞)−𝐾d 𝑞̇ +𝐾i 𝑒int(𝑡)
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

P-satI-D feedback term (Pustina et al., 2022a)

,
(10.13)

where 𝐾p,𝐾i,𝐾d ∈ ℝ𝑛×𝑛 are the proportional, integral, and derivative control gains, respec-
tively. The feedback control term is a PID-like controller with integral saturation (Pustina
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et al., 2022a) and the dimensionless gain Υ ∈ ℝ which bounds the integral error at each
time step to the interval (−1,1) and reduces the risk of instability for nonlinear systems

𝑒int(𝑡,𝑞) = ∫
𝑡

0
tanh(Υ(𝑞d(𝑡′)−𝑞(𝑡′))) d𝑡′, (10.14)

𝐺̂(𝑞) ∈ ℝ6 and 𝐾̂ ∈ ℝ6×6 are the estimated gravitational forces and stiffness matrix, respec-
tively. We simulate the closed-loop dynamics with a Tsitouras 5(4) integrator at a timestep
of 0.05ms. Please note that we use the ground-truth dynamics as a state transition function.

To verify that the learned model performs well within the model-based control policy,
we create a sequence of 7 randomly sampled setpoints 𝑞d(𝑘) ∈ ℝ6. The results in Fig. 10.11
show that the controller is able to effectively regulate a two-segment planar soft robot. The
tracking of the bending strain reference is perfect. For the linear strains, we notice small
errors in the feedforward term, but the integral control is able to compensate for them and
drive the system toward the reference. We stress that the structure and characteristics of
the learned model enabled us to formulate the control policy in closed form easily, and we
did not have to resort to techniques such as MPC or RL as it would be necessary for other
model learning techniques (e.g., LSTMs, NODEs).
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Figure 10.8: Verification of the strain sparsification algorithm on a one-segment PCS robot with shear modulus
(Case 4) and on a two-segment PCS robot where the 1st segment exhibits high axial stiffness and the second
segment high shear stiffness. We roll out both the ground truth (dotted line) and the learned (solid line) model
dynamics from the same initial condition and for a given sinusoidal actuation sequence. Verification of the model
obtained for Case 4 on a sinusoidal trajectory. The dotted line denotes the ground-truth trajectory, while the
green and orange lines correspond to the models trained with and without noise, respectively.
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Figure 10.9: Benchmarking of the proposed method against various machine learning baselines on a PCS soft
robot consisting of two segments (Case 2) on the train dataset: We train the baseline methods on the dynamical
evolution of the Cartesian SE(2) poses of three markers distributed over the backbone of the soft robot with a
total length of 170mm. The upper and lower rows visualize the rollout of all methods on the training and the
test set, respectively. The first three columns show the evolution of each of the three markers, where the last
marker represents the end-effector. The last column displays the actuation torques that were used to generate the
datasets.
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Figure 10.10: Benchmarking of the proposed method against various machine learning baselines on a PCS soft
robot consisting of two segments (Case 2) on the test dataset: We train the baseline methods on the dynamical
evolution of the Cartesian SE(2) poses of three markers distributed over the backbone of the soft robot with a
total length of 170mm. The upper and lower rows visualize the rollout of all methods on the training and the
test set, respectively. The first three columns show the evolution of each of the three markers, where the last
marker represents the end-effector. The last column displays the actuation torques that were used to generate the
datasets.
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Figure 10.11: Demo of model-based control of a two-segment soft robot based on the learned dynamical model.
We ask the controller to track a sequence of 7 setpoints 𝑞d ∈ ℝ6 which is denoted with dotted lines. The
controller contains a feedforward and feedback term where the feedforward term compensates for the elastic and
gravitational forces at the setpoint.



10

216 10 Learning Low-Dimensional Strain Models Based on Shape Evolution

10.5 Conclusion
In this work, we propose a data-driven approach leveraging the PCS strain model to identify
low-dimensional kinematic and dynamic models for continuum soft robots directly from
discrete pose measurements of the backbone’s shape. Compared to ML-based models
(e.g., neural networks, symbolic regression), we preserve the physical structure of the
continuum soft robot model, leading to a significantly improved training data efficiency
and out-of-training-distribution performance. Furthermore, our method preserves the
physical structure, enabling fast and efficient model-based control design. Compared
to deriving and formulation continuum soft robot models by hand using PCC, PCS, etc.
approximations, our approach requires (i) less expert knowledge as the number of segments,
segment lengths, active strains, etc. are automatically determined and (ii) we can regress
all dynamic parameters with closed-form linear least-squares which is more efficient and
robust than traditionally used system identification procedures (e.g., constrained nonlinear
least squares, determination of parameters using mechanical testing equipment).

We verified both the Kinematic Fusion and the Dynamic Regression and Sparsification
algorithms in simulation. The Kinematic Fusion method can automatically and accurately
determine the number of planar PCS segments and their respective length purely based
on extracted SE(2) poses of the backbone shape. For continuum soft robots whose shape
by definition cannot be represented by the PCS model (e.g., soft robots exhibiting affine
curvature), we formulated a Pareto front between the DOF of the model and the shape
reconstruction accuracy. This enables the user to easily choose the best kinematic model
for a given computational budget. We showed that our proposed method is able to derive
accurate dynamic models from just 4 s of video recordings and can generalize to out-of-
distribution actuation sequences, which is not the case for the ML-based baseline methods
that we considered (e.g., NODE, LNN (Liu et al., 2024a), and CON (Stölzle and Della Santina,
2024)). Furthermore, even for samples inside the training distribution, our method exhibits
a more than 70 % lower shape prediction error than the baselines. Finally, we demonstrated
that the physical structure of the dynamical model that remains intact during the regression
allows us to leverage the learned dynamics within closed-form model-based control in a
plug-and-play fashion. For future work, it would be interesting to validate the proposed
approach on both 3D (i.e., 𝑆𝐸(3) input poses) and real-world data. Furthermore, it would be
valuable to identify ways to regress a possibly underactuated actuation matrix𝐴(𝑞) ∈ ℝ𝑛q×𝑚,
where 𝑚 is the number of actuators.

Afterword
In this chapter, we presented a data-driven approach for identifying strain-based models
for continuum soft robots. Crucially, we preserve all insight and physical interpretability
into the kinematic and dynamical models, respectively. These features enable us to debug
the model and apply the fundamentally the same model-based control concepts (e.g., P-satI-
D+potential shaping) that we previously used in Chapter 6 for the HSA robot. Furthermore,
the strain distance threshold in the Kinematic Fusion algorithm and the maximum stiffness
threshold in the Strain Sparsification algorithm allow us to make the tradeoff between
model complexity and model performance (i.e., shape reconstruction for the kinematic
model and prediction accuracy for the dynamic model) explicit. As we basically derive an
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entirely whitebox model, the dynamic model exhibits excellent extrapolation performance
compared to blackbox or even greybox (e.g., LNNs) SOTA ML techniques. Although the
approach presented in this chapter demonstrates excellent performance and produces low-
dimensional, control-oriented models, it cannot capture very complex soft robot behaviors.
These include deformations of the backbone cross-sections, which the Cosserat rod model
neglects, as well as time-dependent effects such as hysteresis. While features like nonlinear
elasticity, observed in HSA robots (see Chapter 5), could theoretically be integrated into
the model, they currently cannot be automatically identified by the algorithm introduced
in this chapter. Additionally, since the approach relies on a PCS-based parametrization
derived from Cosserat rod theory, it performs poorly for robots that do not satisfy the
slender rod assumption. Moreover, the problem setting assumes access to pose samples
of the backbone’s shape. However, in scenarios where soft robots are intended to assist
humans with daily activities, exteroceptive sensing methods like Motion Capture Systems
(MCSs) become impractical. Extracting the backbone shape using Computer Vision (CV) is
also prone to errors, especially when tracking key points along the soft robot’s body over
time is challenging.

Therefore, in Chapter 11, we propose an alternative approach that employs a network of
basic mechanical systems (e.g., a harmonic oscillator) to learn latent dynamics directly from
image pixels. This method can be viewed as a greybox model, where both the reduced-order
coordinates (approximated by an autoencoder) and the dynamical system (approximated
by a CON) are learned using modern ML techniques. Crucially, this approach retains a
mechanical interpretation of both latent variables and their dynamics, enabling analysis of
the learned latent system’s properties (e.g., kinetic and potential energy). This insight can
then be leveraged for model-based control within the latent space.
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11
Learning Latent Dynamics

with ISS Coupled Oscillator
Networks

Foreword. In Chapter 10, we presented a data-driven approach for learning strain models
for continuum soft robots that exhibits full white-box interpretability of the identified
kinematic parametrization and the physics-based dynamics. However, the kinematic and
dynamical behavior of certain more complex robots, such as non-slender soft robots or
soft robots exhibiting nonlinear stiffness, varying cross-sections, and hysteresis, cannot be
captured by the proposed strain-based approach that builds on the Cosserat rod theory.
Furthermore, we sometimes cannot easily extract low-dimensional state information and
instead only have access to high-dimensional observation in the form of images or depth
measurements. As a solution, we leverage in this chapter Coupled Oscillator Network
(CON) for learning latent dynamics of physical systems directly from image observations.
The CON network, as introduced in Section 11.2, consists of harmonic oscillators that
are coupled by a potential energy. As described in Section 11.4, we utilize a VAE-based
autoencoder to encode the pixels into latent space. Interestingly, this setup now allows us
to assign a mechanical interpretation to the latent encoding of the image, as each latent
variable corresponds to the position of a harmonic oscillator. Furthermore, we can learn the
potential energy of the system in such a way that strong stability guarantees for the latent
dynamics are automatically incorporated. In particular, we can, for example, guarantee
Global Asymptotic Stability (GAS) for the unactuated system and Input-to-State Stability
(ISS) for the actuated system. Finally, we exploit in Section 11.5 the physical structure
of the CON dynamics for closed-form model-based control with P-satI-D+Feedforward
controllers, as already seen previously in Chapters 6 & 10.
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Abstract. Even though a variety of methods have been proposed in the literature, efficient
and effective latent-space control (i.e., control in a learned low-dimensional space) of physical
systems remains an open challenge. We argue that a promising avenue is to leverage powerful
and well-understood closed-form strategies from control theory literature in combination with
learned dynamics, such as potential-energy shaping. We identify three fundamental shortcom-
ings in existing latent-space models that have so far prevented this powerful combination: (i)
they lack the mathematical structure of a physical system, (ii) they do not inherently conserve
the stability properties of the real systems, (iii) these methods do not have an invertible map-
ping between input and latent-space forcing. This work proposes a novel Coupled Oscillator
Network (CON) model that simultaneously tackles all these issues. More specifically, (i) we
show analytically that CON is a Lagrangian system - i.e., it possesses well-defined potential
and kinetic energy terms. Then, (ii) we provide formal proof of global Input-to-State stability
using Lyapunov arguments. Moving to the experimental side, we demonstrate that CON
reaches SOTA performance when learning complex nonlinear dynamics of mechanical systems
directly from images. An additional methodological innovation contributing to achieving
this third goal is an approximated closed-form solution for efficient integration of network
dynamics, which eases efficient training. We tackle (iii) by approximating the forcing-to-input
mapping with a decoder that is trained to reconstruct the input based on the encoded latent
space force. Finally, we leverage these three properties and show that they enable latent-space
control. We use an integral-saturated PID with potential force compensation and demonstrate
high-quality performance on a soft robot using raw pixels as the only feedback information.

This chapter is partly based on� 3M. Stölzle, and C. Della Santina (2024). Input-to-State Stable Coupled Oscillator
Networks for Closed-form Model-based Control in Latent Space. In Proceedings of Advances in Neural Information
Processing Systems (NeurIPS) 37, Accepted as a Spotlight paper (Stölzle and Della Santina, 2024).

M.S. and C.D.S. conceived the project, developed the formulation of the coupled oscillator network, and derived the
stability proof. M.S. devised the closed-form approximation to the CON dynamics, came up with the model-based
control approach, and implemented the training and control pipeline. M.S. planned and conducted all experiments
and wrote the manuscript. C.D.S. revised the manuscript, provided funding, and supervised the project.
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11.1 Introduction

L earning how the environment evolves around us from high-dimensional observations
(i.e., world models (Ha and Schmidhuber, 2018)) is essential for achieving both artificial

and physical intelligence (Hafner et al., 2023). For example, world models are required
for effectively planning an artificial/robotic agent’s actions in complex and unstructured
environments (Matsuo et al., 2022). However, learning such dynamics directly in high-
dimensional observation space is usually intractable. Seminal works have shown that we
can leverage autoencoders to compress the state information into a low-dimensional latent
space (Kingma and Welling, 2014; Liou et al., 2014) in which it is much more feasible to
learn the dynamics (Champion et al., 2019; Lenz et al., 2015; Wahlström et al., 2015; Watter
et al., 2015; Zhong and Leonard, 2020). However, strong limitations still persist when it
comes to using these learned models to generate low-level intelligence.

One outstanding challenge is how to perform closed-loop control in the learned latent
space - i.e., how to generate control inputs based on a high dimensional sensory input
such that a desired movement is generated. Prior works have explored, among other
approaches, RL (Gelada et al., 2019; Hafner et al., 2019a; Schwarting et al., 2021; Van Hoof
et al., 2016), MPC (Alora et al., 2023b; Hafner et al., 2019b; Hewing et al., 2020; Lenz et al.,
2015), LQRs (Brunton et al., 2016; Haggerty et al., 2023; Mamakoukas et al., 2019) and
gradient-based optimization (Yamada et al., 2023) for planning and control towards a target
evolution that is given in observation space. However, all existing latent-space control
strategies have shortcomings, such as a limited planning horizon and slow control rates
(MPC and gradient-based approaches), sample inefficiency (RL), or they pose a requirement
for learning linear dynamics (Watter et al., 2015) (LQR), which is not even possible for
systems that are inherently non-linearizable (Cenedese et al., 2022). One interesting avenue
is to leverage model-based control approaches, such as potential shaping (Bloch et al.,
2001; Ortega et al., 2021; Zhong and Leonard, 2020), for effective and computationally
efficient control in latent space (Lepri et al., 2023). For these techniques to be feasible, the
dynamical model needs to fulfill four characteristics: (i) the dynamics need to have the
mathematical structure of physical systems, (ii) conserve the stability properties of real
systems, (iii) the latent state needs to be relatively low-dimensional, and (iv) there needs
to exist a well-defined, invertible mapping between the input and the forcing in latent
space. However, existing model structures that are used for learning latent dynamics (Botev
et al., 2021) do not meet all of these criteria. Relevant examples are MLPs, NODEs (Chen
et al., 2018; Sholokhov et al., 2023), many variants of RNNs (e.g., LSTMs (Hochreiter
and Schmidhuber, 1997), GRUs (Cho et al., 2014; Roth et al., 2025), etc.), and physics-
informed neural networks (e.g., LNNs (Cranmer et al., 2020; Lutter et al., 2019; Zhong and
Leonard, 2020), HNNs (Greydanus et al., 2019)). For example, MLPs do not have a physical
interpretation and do not provide an invertible mapping of the forcing generated by the
input, NODEs are usually not easily stabilizable (White et al., 2023), most RNNs require
a relatively high-dimensional latent space (i.e., many hidden states), and energy-shaping
control approaches based on LNNs (Zhong and Leonard, 2020) do not come with any formal
stability guarantees.

In recent years, oscillatory networks (Ceni et al., 2024; Lanthaler et al., 2024; Rusch
and Mishra, 2020, 2021; Rusch and Rus, 2024) have been shown to exhibit state-of-the-
art performance on time sequence modeling tasks while being parameter-efficient, thus
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fulfilling our requirement (iii). Consequently, we believe that they are a promising option
for control-oriented dynamics learning in latent space. Still, these models do not fulfill
the remaining requirements that we have listed above. Despite being an interpretable
combination of harmonic oscillators, they do not have the structure of a physical system -
i.e., they do not possess a well-defined energy function. Moreover, only local stability (Ceni
et al., 2024; Rusch and Mishra, 2020) has been shown, with sufficient conditions that appear
to be very stringent. Finally, in addition to training an encoder that maps inputs to latent-
space forcing, we propose also training a decoder that learns to reconstruct inputs based
on latent-space forcing. This enables us to easily switch between inputs and forcing, which
is essential when implementing control strategies.

We resolve all the above-mentioned challenges by proposing CONs, a new formulation
of a coupled oscillator network that is inherently Input-to-State Stability (ISS) stable, for
learning the dynamics of physical systems and subsequently exploiting its structure for
model-based control in latent space. The network consists of damped, harmonic oscillators
connected through elastic springs, damping elements, and a neuron-like coupling force
and can be excited by a nonlinear actuation term. We identify a transformation into a set
of coordinates from which we can derive the networks’ kinetic and potential energy. This
allows us to leverage Lyapunov arguments (Khalil, 2002) for proving the global asymptotic
stability of the unforced system and ISS stability for the forced system under relatively
mild assumptions on the network parameters. Even though we constrain the dynamics to a
very specific structure, we demonstrate (a) the CON network achieves similar performance
as NODEs when learning the dynamics of unactuated, mechanical systems with two orders
of magnitude fewer parameters and (b) that the proposed model achieves, for the complex
task of learning the actuated, highly nonlinear dynamics of continuum soft robots (Alora
et al., 2023a; Stölzle and Della Santina, 2021) directly from pixels, a 60 % lower prediction
error than coRNN (Rusch and Mishra, 2020) and reaches the SoA performance across
all techniques that we tested. Finally, we show some initial results that the proposed
CON model is also able to learn the latent dynamics of PDEs, in this case containing
reaction-diffusion (Champion et al., 2019; Epstein and Xu, 2016) dynamics.

Subsequently, we derive an approximate closed-form solution, that is, in parameter
regimes in which the linear, decoupled dynamics dominate transient, more accurate than
numerical integrators with comparable computational requirements and which increases
training speed by 2x with a small decrease in prediction accuracy. Finally, as we can derive
the system’s potential energy, we can leverage potential shaping (Bloch et al., 2001; Ortega
et al., 2021) to derive a controller that combines an integral-saturated PID controller with a
feedforward term compensating potential forces. As the feedback acts on a well-shaped
potential field, tuning the feedback gains becomes very simple and out-of-the-box, and the
controller exhibits a faster response time and a 26 % lower trajectory tracking RMSE than a
pure feedback controller based on a latent NODE (Chen et al., 2018) model.

The proposed methodology is particularly well-suited for learning the latent dynamics
of mechanical systems with continuous dynamics, dissipation, and a single, attractive
equilibrium point. Examples of such systems include many soft robots, deformable objects
with dominant elastic behavior, Lagrangian systems immersed in a dominant potential
field, or locally other mechanical systems such as robotic manipulators, legged robots,
etc. For these systems, we can fully leverage the structural prior of the proposed latent
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dynamics, including the integrated stability guarantees. If the system is actuated, the
learned dynamics can be subsequently exploited for model-based control, as demonstrated
in Sec. 11.5.

The code associated with this chapter is available on GitHub1. Furthermore, we provide
more details about the experimental setup and present additional results in Appendix B.

11.2 Input-to-State Stable (ISS) Coupled Oscillator
Networks (CONs)

11.2.1 Formulation
The integral component to (coupled) oscillatory RNNs (Ceni et al., 2024; Lanthaler et al.,
2024; Rusch and Mishra, 2020, 2021) are one-dimensional, potentially damped, harmonic
oscillators, which are described by their state 𝑦𝑖 = [𝑥𝑖 𝑥̇𝑖]

⊤ ∈ ℝ2, where 𝑥𝑖 and 𝑥̇𝑖 are the
position and velocity of the oscillator, respectively. Then, the oscillator’s dynamics are
defined by the following EOM

𝑚𝑖 𝑥̈𝑖(𝑡)+𝑑𝑖 𝑥̇𝑖(𝑡)+𝜅𝑖 𝑥𝑖(𝑡) = 𝐹𝑖(𝑡), with 𝑚𝑖,𝜅𝑖,𝑑𝑖 ∈ ℝ+. (11.1)

Here, 𝑚𝑖 is the mass, 𝜅𝑖 is the stiffness, and 𝑑𝑖 is the damping coefficient of the damped
harmonic oscillator. 𝐹𝑖(𝑡) ∈ ℝ is a (possibly time-dependent) external forcing term acting
on the mass.

Even though the state is extremely low dimensional and the number of parameters is
small, this single, damped harmonic oscillator can already exhibit a variety of (designable)
behaviors: The expressions 𝜔n,𝑖 =

√
𝜅𝑖
𝑚𝑖 and 𝜁𝑖 =

𝑑𝑖
2√𝜅𝑖𝑚𝑖 let us determine the natural fre-

quency and the damping factor, respectively and allow us to design the transient behavior.
For example, 𝜔n,𝑖 lets us isolate a spectrum of the input signal 𝐹𝑖(𝑡) (Ceni et al., 2024) and
𝜁𝑖 determines the damping regime: underdamped (𝜔n,𝑖 < 1), critically damped (𝜔n,𝑖 = 1),
overdamped (𝜔n,𝑖 > 1). Furthermore, as (damped) harmonic oscillators are omnipresent in
nature (and especially in physical systems), they have been intensively studied and are well
understood (e.g., characteristics, closed-form solutions, etc.). In this work, we will exploit
some of these properties and knowledge to learn stable (latent) dynamics efficiently.

By intercoupling damped harmonic oscillators, we can drastically increase the expres-
siveness of the dynamical system (Ceni et al., 2024; Lanthaler et al., 2024; Rusch and Mishra,
2020) while preserving some of the intuition and understanding we have for these systems.
In this work, we propose a ISS-stable CON consisting of 𝑛 damped harmonic oscillators
that are coupled through both linear and nonlinear terms. The networks’ state is defined
as 𝑦 = [𝑥⊤ 𝑥̇⊤]

⊤ ∈ ℝ2𝑛 and its dynamics can be formulated as a 2nd-order ODE

𝑦̇(𝑡) = [

d𝑥
d𝑡
d𝑥̇
d𝑡 ]

= 𝑓 (𝑦(𝑡),𝑢(𝑡)) = [
𝑥̇(𝑡)

𝑔(𝑢(𝑡))−𝐾𝑥(𝑡)−𝐷𝑥̇(𝑡)− tanh(𝑊 𝑥(𝑡)+𝑏)] , (11.2)

where 𝐾,𝐷 ∈ ℝ𝑛×𝑛 are the linear stiffness and damping matrices, respectively. The neuron-
inspired term tanh(𝑊 𝑥(𝑡)+𝑏)with𝑊 ∈ℝ𝑛×𝑛, 𝑏 ∈ ℝ𝑛 provides nonlinear coupling between
the harmonic oscillators. The network is excited by the time-dependent input 𝑢(𝑡) ∈ ℝ𝑚

1https://edu.nl/yu9vw

https://edu.nl/yu9vw
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y(t)

<latexit sha1_base64="K4VZxsEFYN+nYF0r/RCqST8o6S8=">AAAB63icbVDLSsNAFL3xWeur6tLNYBHqpiTio8uCG5cV7APaUCbTSTt0ZhJmJkII/QU3LhRx6w+582+ctFlo64ELh3Pu5d57gpgzbVz321lb39jc2i7tlHf39g8OK0fHHR0litA2iXikegHWlDNJ24YZTnuxolgEnHaD6V3ud5+o0iySjyaNqS/wWLKQEWxyKa2Zi2Gl6tbdOdAq8QpShQKtYeVrMIpIIqg0hGOt+54bGz/DyjDC6aw8SDSNMZniMe1bKrGg2s/mt87QuVVGKIyULWnQXP09kWGhdSoC2ymwmehlLxf/8/qJCRt+xmScGCrJYlGYcGQilD+ORkxRYnhqCSaK2VsRmWCFibHxlG0I3vLLq6RzWfdu6tcPV9Vmo4ijBKdwBjXw4BaacA8taAOBCTzDK7w5wnlx3p2PReuaU8ycwB84nz+Djo3g</latexit>

y(t)

<latexit sha1_base64="kAWcSlkXwbXKFkJ2bWJ9+DsAq9s=">AAAB/3icbVDLSgNBEOyNrxhfUY9eBoMgCGFXfOQY8OIxAfOAZAmzk9lkyOzMMjMrhCUHz171G7yJVz/FT/AvnE32oIkFDUVVN91dQcyZNq775RTW1jc2t4rbpZ3dvf2D8uFRW8tEEdoikkvVDbCmnAnaMsxw2o0VxVHAaSeY3GV+55EqzaR4MNOY+hEeCRYygo2VmheDcsWtunOgVeLlpAI5GoPyd38oSRJRYQjHWvc8NzZ+ipVhhNNZqZ9oGmMywSPas1TgiGo/nR86Q2dWGaJQKlvCoLn6eyLFkdbTKLCdETZjvexl4r9ephgpuV46wIQ1P2UiTgwVZLE/TDgyEmVhoCFTlBg+tQQTxewLiIyxwsTYyEo2G285iVXSvqx6N9Xr5lWlXstTKsIJnMI5eHALdbiHBrSAAIVneIFX58l5c96dj0VrwclnjuEPnM8f6ueWiw==</latexit>

+

<latexit sha1_base64="VmUWqJgL2CWL95h7mZiZB6Bf6UA=">AAAB/3icbVDLSgNBEOyNrxhfUY9eBoPgxbArPnIMePGYgHlAsoTZyWwyZHZmmZkVwpKDZ6/6Dd7Eq5/iJ/gXziZ70MSChqKqm+6uIOZMG9f9cgpr6xubW8Xt0s7u3v5B+fCorWWiCG0RyaXqBlhTzgRtGWY47caK4ijgtBNM7jK/80iVZlI8mGlM/QiPBAsZwcZKzYtBueJW3TnQKvFyUoEcjUH5uz+UJImoMIRjrXueGxs/xcowwums1E80jTGZ4BHtWSpwRLWfzg+doTOrDFEolS1h0Fz9PZHiSOtpFNjOCJuxXvYy8V8vU4yUXC8dYMKanzIRJ4YKstgfJhwZibIw0JApSgyfWoKJYvYFRMZYYWJsZCWbjbecxCppX1a9m+p186pSr+UpFeEETuEcPLiFOtxDA1pAgMIzvMCr8+S8Oe/Ox6K14OQzx/AHzucP7h2WjQ==</latexit>�

<latexit sha1_base64="kAWcSlkXwbXKFkJ2bWJ9+DsAq9s=">AAAB/3icbVDLSgNBEOyNrxhfUY9eBoMgCGFXfOQY8OIxAfOAZAmzk9lkyOzMMjMrhCUHz171G7yJVz/FT/AvnE32oIkFDUVVN91dQcyZNq775RTW1jc2t4rbpZ3dvf2D8uFRW8tEEdoikkvVDbCmnAnaMsxw2o0VxVHAaSeY3GV+55EqzaR4MNOY+hEeCRYygo2VmheDcsWtunOgVeLlpAI5GoPyd38oSRJRYQjHWvc8NzZ+ipVhhNNZqZ9oGmMywSPas1TgiGo/nR86Q2dWGaJQKlvCoLn6eyLFkdbTKLCdETZjvexl4r9ephgpuV46wIQ1P2UiTgwVZLE/TDgyEmVhoCFTlBg+tQQTxewLiIyxwsTYyEo2G285iVXSvqx6N9Xr5lWlXstTKsIJnMI5eHALdbiHBrSAAIVneIFX58l5c96dj0VrwclnjuEPnM8f6ueWiw==</latexit>

+

<latexit sha1_base64="VmUWqJgL2CWL95h7mZiZB6Bf6UA=">AAAB/3icbVDLSgNBEOyNrxhfUY9eBoPgxbArPnIMePGYgHlAsoTZyWwyZHZmmZkVwpKDZ6/6Dd7Eq5/iJ/gXziZ70MSChqKqm+6uIOZMG9f9cgpr6xubW8Xt0s7u3v5B+fCorWWiCG0RyaXqBlhTzgRtGWY47caK4ijgtBNM7jK/80iVZlI8mGlM/QiPBAsZwcZKzYtBueJW3TnQKvFyUoEcjUH5uz+UJImoMIRjrXueGxs/xcowwums1E80jTGZ4BHtWSpwRLWfzg+doTOrDFEolS1h0Fz9PZHiSOtpFNjOCJuxXvYy8V8vU4yUXC8dYMKanzIRJ4YKstgfJhwZibIw0JApSgyfWoKJYvYFRMZYYWJsZCWbjbecxCppX1a9m+p186pSr+UpFeEETuEcPLiFOtxDA1pAgMIzvMCr8+S8Oe/Ox6K14OQzx/AHzucP7h2WjQ==</latexit>�

<latexit sha1_base64="kAWcSlkXwbXKFkJ2bWJ9+DsAq9s=">AAAB/3icbVDLSgNBEOyNrxhfUY9eBoMgCGFXfOQY8OIxAfOAZAmzk9lkyOzMMjMrhCUHz171G7yJVz/FT/AvnE32oIkFDUVVN91dQcyZNq775RTW1jc2t4rbpZ3dvf2D8uFRW8tEEdoikkvVDbCmnAnaMsxw2o0VxVHAaSeY3GV+55EqzaR4MNOY+hEeCRYygo2VmheDcsWtunOgVeLlpAI5GoPyd38oSRJRYQjHWvc8NzZ+ipVhhNNZqZ9oGmMywSPas1TgiGo/nR86Q2dWGaJQKlvCoLn6eyLFkdbTKLCdETZjvexl4r9ephgpuV46wIQ1P2UiTgwVZLE/TDgyEmVhoCFTlBg+tQQTxewLiIyxwsTYyEo2G285iVXSvqx6N9Xr5lWlXstTKsIJnMI5eHALdbiHBrSAAIVneIFX58l5c96dj0VrwclnjuEPnM8f6ueWiw==</latexit>

+

<latexit sha1_base64="VmUWqJgL2CWL95h7mZiZB6Bf6UA=">AAAB/3icbVDLSgNBEOyNrxhfUY9eBoPgxbArPnIMePGYgHlAsoTZyWwyZHZmmZkVwpKDZ6/6Dd7Eq5/iJ/gXziZ70MSChqKqm+6uIOZMG9f9cgpr6xubW8Xt0s7u3v5B+fCorWWiCG0RyaXqBlhTzgRtGWY47caK4ijgtBNM7jK/80iVZlI8mGlM/QiPBAsZwcZKzYtBueJW3TnQKvFyUoEcjUH5uz+UJImoMIRjrXueGxs/xcowwums1E80jTGZ4BHtWSpwRLWfzg+doTOrDFEolS1h0Fz9PZHiSOtpFNjOCJuxXvYy8V8vU4yUXC8dYMKanzIRJ4YKstgfJhwZibIw0JApSgyfWoKJYvYFRMZYYWJsZCWbjbecxCppX1a9m+p186pSr+UpFeEETuEcPLiFOtxDA1pAgMIzvMCr8+S8Oe/Ox6K14OQzx/AHzucP7h2WjQ==</latexit>�

<latexit sha1_base64="SBHfdTWZzi6AKGVbvIXRTXhYlKM=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYhDiJeyKxBwDgniMYB6QLGF2MpuMmZ1ZZnqFEPIPXjwo4tX/8ebfOEn2oIkFDUVVN91dYSK4Qc/7dtbWNza3tnM7+d29/YPDwtFx06hUU9agSijdDolhgkvWQI6CtRPNSBwK1gpHNzO/9cS04Uo+4DhhQUwGkkecErRS87bnl/CiVyh6ZW8Od5X4GSlChnqv8NXtK5rGTCIVxJiO7yUYTIhGTgWb5rupYQmhIzJgHUsliZkJJvNrp+65VfpupLQtie5c/T0xIbEx4zi0nTHBoVn2ZuJ/XifFqBpMuExSZJIuFkWpcFG5s9fdPteMohhbQqjm9laXDokmFG1AeRuCv/zyKmlelv1KuXJ/VaxVszhycApnUAIfrqEGd1CHBlB4hGd4hTdHOS/Ou/OxaF1zspkT+APn8wdcu45S</latexit>

F1(t)

<latexit sha1_base64="zf6lPHJ/tldIlYz8fN12ScW1ZK4=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYhDiJeyKxBwDgniMYB6QLGF2MpuMmZ1ZZnqFEPIPXjwo4tX/8ebfOEn2oIkFDUVVN91dYSK4Qc/7dtbWNza3tnM7+d29/YPDwtFx06hUU9agSijdDolhgkvWQI6CtRPNSBwK1gpHNzO/9cS04Uo+4DhhQUwGkkecErRS87bHS3jRKxS9sjeHu0r8jBQhQ71X+Or2FU1jJpEKYkzH9xIMJkQjp4JN893UsITQERmwjqWSxMwEk/m1U/fcKn03UtqWRHeu/p6YkNiYcRzazpjg0Cx7M/E/r5NiVA0mXCYpMkkXi6JUuKjc2etun2tGUYwtIVRze6tLh0QTijagvA3BX355lTQvy36lXLm/KtaqWRw5OIUzKIEP11CDO6hDAyg8wjO8wpujnBfn3flYtK452cwJ/IHz+QOyQ46K</latexit>

Fi(t)

<latexit sha1_base64="EYWfZzllUGV5O1yLOIvO2tyCRIo=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYhDiJeyKxBwDgniMYB6QLGF2MpuMmZ1ZZnqFEPIPXjwo4tX/8ebfOEn2oIkFDUVVN91dYSK4Qc/7dtbWNza3tnM7+d29/YPDwtFx06hUU9agSijdDolhgkvWQI6CtRPNSBwK1gpHNzO/9cS04Uo+4DhhQUwGkkecErRS87YnS3jRKxS9sjeHu0r8jBQhQ71X+Or2FU1jJpEKYkzH9xIMJkQjp4JN893UsITQERmwjqWSxMwEk/m1U/fcKn03UtqWRHeu/p6YkNiYcRzazpjg0Cx7M/E/r5NiVA0mXCYpMkkXi6JUuKjc2etun2tGUYwtIVRze6tLh0QTijagvA3BX355lTQvy36lXLm/KtaqWRw5OIUzKIEP11CDO6hDAyg8wjO8wpujnBfn3flYtK452cwJ/IHz+QO55o6P</latexit>

Fn(t)
<latexit sha1_base64="9Zzfm6b0zquxbsqxw2AcJW6fHD4="></latexit>

yn(t)

<latexit sha1_base64="QcTHR5MU018ymfikujaK8XUOoCE="></latexit>

gn(u)

<latexit sha1_base64="yVugM+z1WFJEj64PD+e5Tl2B2A8=">AAACJ3icbVDLSsNAFJ34rPFVdelmsAiuSlJ8LQsiuKxgH9CEMpnctkMnkzAzEUvoX/gT/oJb3bsTXeqXOG0j2NYDA4dz7uHeOUHCmdKO82ktLa+srq0XNuzNre2d3eLefkPFqaRQpzGPZSsgCjgTUNdMc2glEkgUcGgGg6ux37wHqVgs7vQwAT8iPcG6jBJtpE6x7AXQYyKjIDTIkX39QJmeeJ6HORmCtD0Q4a/fKZacsjMBXiRuTkooR61T/PbCmKaRiVNOlGq7TqL9jEjNKIeR7aUKEkIHpAdtQwWJQPnZ5F8jfGyUEHdjaZ7QeKL+TWQkUmoYBWYyIrqv5r2x+J/XTnX30s+YSFINgk4XdVOOdYzHJeGQSaCaDw0hVDJzK6Z9Igk1HcxuCaKRbUpx5ytYJI1K2T0vn91WStXTvJ4COkRH6AS56AJV0Q2qoTqi6BE9oxf0aj1Zb9a79TEdXbLyzAGagfX1A2Lspx4=</latexit>

Excitation
layer

<latexit sha1_base64="ixeDw9+PVUH4uiHOcIEH5wXYZtY="></latexit>

Forced mechanical
oscillators

<latexit sha1_base64="sCYJBBFxUUzulT4CXJHCPPk2UKs=">AAAB7HicbVDLSgMxFL2pr1pfVZdugkVwVWaKr2XBje4qOG2hHUomzbShmcyQZIQy9BvcuFDErR/kzr8x085CWw8EDufcS+45QSK4No7zjUpr6xubW+Xtys7u3v5B9fCoreNUUebRWMSqGxDNBJfMM9wI1k0UI1EgWCeY3OZ+54kpzWP5aKYJ8yMykjzklBgrefcySc2gWnPqzhx4lbgFqUGB1qD61R/GNI2YNFQQrXuukxg/I8pwKtis0k81SwidkBHrWSpJxLSfzY+d4TOrDHEYK/ukwXP190ZGIq2nUWAnI2LGetnLxf+8XmrCGz/jeSIm6eKjMBXYxDhPjodcMWrE1BJCFbe3YjomilBj+6nYEtzlyKuk3ai7V/XLh0ateVHUUYYTOIVzcOEamnAHLfCAAodneIU3JNELekcfi9ESKnaO4Q/Q5w/mj462</latexit>

Input
<latexit sha1_base64="SAUXJxwnDcdtCn1BuVbwe8CHJA8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKX8eCF48VTVtoQ9lsN+3SzSbsToRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNEmmGfdZIhPdDqnhUijuo0DJ26nmNA4lb4Wj25nfeuLaiEQ94jjlQUwHSkSCUbSS/4AUea9ccavuHGSVeDmpQI5Gr/zV7Scsi7lCJqkxHc9NMZhQjYJJPi11M8NTykZ0wDuWKhpzE0zmx07JmVX6JEq0LYVkrv6emNDYmHEc2s6Y4tAsezPxP6+TYXQTTIRKM+SKLRZFmSSYkNnnpC80ZyjHllCmhb2VsCHVlKHNp2RD8JZfXiXNWtW7ql7e1yr1izyOIpzAKZyDB9dQhztogA8MBDzDK7w5ynlx3p2PRWvByWeO4Q+czx/P7o6n</latexit>

State

<latexit sha1_base64="MSKKPBOCbwNd0B1+Sj6xUeLsnIo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXfOQY8OIxgnlAsoTZyWwyZnZmmZkVliX/4MWDIl79H2/+jZNkD5pY0FBUddPdFcScaeO6305hbX1jc6u4XdrZ3ds/KB8etbVMFKEtIrlU3QBrypmgLcMMp91YURwFnHaCye3M7zxRpZkUDyaNqR/hkWAhI9hYqZ0OvKo5H5Qrbs2dA60SLycVyNEclL/6Q0mSiApDONa657mx8TOsDCOcTkv9RNMYkwke0Z6lAkdU+9n82ik6s8oQhVLZEgbN1d8TGY60TqPAdkbYjPWyNxP/83qJCet+xkScGCrIYlGYcGQkmr2OhkxRYnhqCSaK2VsRGWOFibEBlWwI3vLLq6R9UfOua1f3l5VGPY+jCCdwClXw4AYacAdNaAGBR3iGV3hzpPPivDsfi9aCk88cwx84nz+qtI6E</latexit>

y1(t)

<latexit sha1_base64="mP4+kvOsJqNhIj2LpODhVi6axQ0="></latexit>

u(t)
<latexit sha1_base64="qHHxmamcJWvrX46HD0eeUP29LI4="></latexit>

gi(u)

<latexit sha1_base64="lI9XYotrEkGt04VOeAXfa5f/9w0="></latexit>

g1(u)

<latexit sha1_base64="mfJDUaPzT1ufQsK14UAuk0vgx2g="></latexit>

Input-to-Forcing
mapping

<latexit sha1_base64="pcE63Qt/mTsMwniOI0MfctogkHQ="></latexit>

nth Oscillator

<latexit sha1_base64="KQt64t/eOTEDhoXKN9P2bRNQ3Y4="></latexit>

ẍ + x + dẋ + (K � )x + (D � d)ẋ + tanh(Wx + b) = g(u)

Figure 11.1: The proposed Coupled Oscillator Network (CON) network consists of 𝑛 damped harmonic oscillators
that are coupled through the neuron-like connection tanh(𝑊𝑥 +𝑏) and the non-diagonal stiffness 𝐾 −𝑘 and
damping coefficients 𝐷−𝑑, respectively. The state of the network is captured by the positions 𝑥(𝑡) and velocities
𝑥̇(𝑡) of the oscillators. The time-dependent input is mapped through the (possibly nonlinear) function 𝑔(𝑢) to a
forcing 𝜏 acting on the oscillators.

through the possibly nonlinear mapping 𝑔 ∶ ℝ𝑚 → ℝ𝑛. Specifically, we consider in this
work a formulation where an input-dependent matrix 𝐵(𝑢) ∈ ℝ𝑛×𝑚 projects the input 𝑢(𝑡)
to a time-dependent forcing on the oscillators: 𝜏 = 𝑔(𝑢) = 𝐵(𝑢)𝑢. Here, 𝐵(𝑢) could, for
example, be parametrized by a MLP.

We specifically designed the network architecture such that (i) the system exhibits
a unique and isolated equilibrium and (ii) we can derive expressions for the kinetic and
potential energies. These two features allow us to (a) prove GAS and ISS stability using an
established procedure based on strict Lyapunov arguments (Calzolari et al., 2020; Wu et al.,
2022), and (b) implement model-based controller based on potential shaping.

11.2.2 Potential Energy and Derivation of Eqilibria
One key insight of this work is that in the coordinates 𝑥(𝑡), 𝑥̇(𝑡), we cannot derive a
potential as the hyperbolic force tanh(𝑊𝑥(𝑡)+𝑏) is not symmetric. Therefore, we propose

a coordinate transformation into-coordinates: 𝑦w(𝑡) = [
𝑥w(𝑡)
𝑥̇w(𝑡)]

= [
𝑊 𝑥(𝑡)
𝑊 𝑥̇(𝑡)] ∈ ℝ

2𝑛. The

coordinate transformation is valid if its Jacobian is full-rank, which is the case if rank(𝑊) =
𝑛. In-coordinates, the dynamics can be rewritten as

𝑦̇w(𝑡) = [

d𝑥w
d𝑡
d𝑥̇w
d𝑡 ]

= 𝑓w(𝑦(𝑡),𝑢(𝑡)) = [
𝑥̇w(𝑡)

𝑀−1
w (𝑔(𝑢(𝑡))−𝐾w𝑥w(𝑡)−𝐷w 𝑥̇w(𝑡)− tanh(𝑥w(𝑡)+𝑏))]

(11.3)
with 𝐾w = 𝐾𝑊 , 𝐷w = 𝐷𝑊 and 𝑀w =𝑊 −1.
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A difference of this formulation compared to prior work (Ceni et al., 2024; Lanthaler
et al., 2024; Rusch and Mishra, 2020, 2021) is that (i) the forcing produced by the input
term 𝜏 = 𝑔(𝑢) is fully separated from the forcing produced by the elastic coupling terms
𝐾w, and (ii) the generalized force is symmetric as stated in Lemma 2, allowing us to define
a potential energy expression, which we can later on leverage for stability analysis and
control.
Lemma 2. Let 𝑥̃w ∈ ℝ𝑛 be generalized coordinates and 𝑥̄w,𝑏 ∈ ℝ𝑛 constants. Then, the
potential force of system (11.10)

𝑓w(𝑥̃w) = 𝐾w(𝑥̄w+ 𝑥̃w)+ tanh(𝑥̄w+ 𝑥̃w+𝑏), (11.4)
stems from the potential

w(𝑥̃w) =
𝑛
∑
𝑖=1

∫
𝑥̃w,𝑖

0
tanh(𝑥̄w,𝑖+𝜎+𝑏𝑖)d𝜎−

𝑛
∑
𝑖=1

∫
𝑥̃w,𝑖

0
tanh(𝑥̄w,𝑖+𝑏𝑖)d𝜎 ∈ ℝ. (11.5)

Proof. First, we take the derivative of  (𝑥̃w):
𝜕w

𝜕𝑥̃w
= 𝐾w(𝑥̄w+ 𝑥̃w)+ tanh(𝑥̄w+ 𝑥̃w+𝑏) = 𝑓w . (11.6)

The Hessian of the potential is given by

𝐻w(𝑥̃w) =
𝜕2w

𝜕𝑥̃2w
=
𝜕𝑓w

𝜕𝑥̃w
= 𝐾w+𝑆2sech(𝑥̃w) ∈ ℝ

𝑛×𝑛. (11.7)

As 𝐾w ≻ 0 ⇒ 𝐾w = 𝐾⊤w , we can easily show that the potential force is symmetric:
𝐻⊤w = 𝐾⊤w +𝑆2sech(𝑥̃w)

⊤ = 𝐾w+𝑆2sech(𝑥̃w) = 𝐻w . (11.8)

The equilibria 𝑦̄w = [𝑥̄⊤w 0⊤]
⊤ ∈ ℝ2𝑛 of the unforced network are given by the roots

of the characteristic equation tanh(𝑥̄w+𝑏)+𝐾w 𝑥̄w = 0.
Lemma 3. Let𝐾w ≻ 0. Then, the dynamics defined in (11.3) have a single, isolated equilibrium
𝑦̄w = [𝑥̄⊤w 0⊤]

⊤
.

Proof. We regard the characteristic equation as a function: ℎeq(𝑥w) = tanh(𝑥w+𝑏)+𝐾w 𝑥w.
For there to exist multiple equilibria, ℎeq(𝑥̄w) = 0 would need to be true for multiple 𝑥̄ .
However, we take the partial derivative of ℎeq(𝑥w) w.r.t. 𝑥w and see that
𝜕ℎeq
𝜕𝑥w

= 𝐾w+𝑆2sech(𝑥w) ≻ 0, ∀𝑥w ∈ ℝ𝑛 with 𝑆sech(𝑥w) = diag(sech(𝑥w+𝑏)) ∈ ℝ𝑛×𝑛

(11.9)
as 𝑆sech(𝑥w) ≻ 0 ∀𝑥w ∈ ℝ𝑛 and 𝐾w ≻ 0. Therefore, ℎeq(𝑥w) is continuously increasing and
can only cross the zero line once.

Next, we introduce a mapping into the ̃tilde coordinates 𝑦̃w = 𝑦w − 𝑦̄w. The residual
dynamics (w.r.t. the equilibrium 𝑦̄w) can now be stated as

̇̃𝑦w(𝑡) = 𝑓w(𝑦,𝑢) = [
̇̃𝑥w(𝑡)

𝑀−1
w (𝑔(𝑢(𝑡))−𝐾w (𝑥̄w+ 𝑥̃w(𝑡))−𝐷w ̇̃𝑥w(𝑡)− tanh(𝑥̄w+ 𝑥̃w(𝑡)+𝑏))]

(11.10)
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(b) ISS

Figure 11.2: Illustration of global asymptotic stability for the unforced system with 𝑔(𝑢) = 0 and input-to-state
stability for the forced system, where the black dashed line denotes the input 𝑢(𝑡).

11.2.3 Global Asymptotic Stability (GAS) for the unforced
system

We first consider the unforced system with 𝜏 = 𝑔(𝑢) = 0, ∀𝑡 ∈ [𝑡0, 𝑡∞) and strive to prove
global asymptotic stability (Khalil, 2002) for the attractor 𝑥̄ . For this, we need to first
identify a valid (strict) Lyapunov function and subsequently demonstrate that, except at
the global equilibrium, the time derivative of the Lyapunov function is negative definite.

Strict Lyapunov candidate
We propose a strict Lyapunov candidate with skewed level sets (Wu et al., 2022)

𝑉𝜇(𝑦̃w) =
1
2
𝑦̃⊤w 𝑃V 𝑦̃w+

𝑛
∑
𝑖=1

∫
𝑥̃w,𝑖

0
tanh(𝑥̄w,𝑖+𝜎+𝑏𝑖)d𝜎−

𝑛
∑
𝑖=1

∫
𝑥̃w,𝑖

0
tanh(𝑥̄w,𝑖+𝑏𝑖)d𝜎,

=
1
2
𝑦̃⊤w 𝑃V 𝑦̃w+

𝑛
∑
𝑖=1

(lcosh(𝑥̄w,𝑖+ 𝑥̃w,𝑖+𝑏𝑖)− lcosh(𝑥̄w,𝑖+𝑏𝑖)− tanh(𝑥̄w,𝑖+𝑏𝑖) 𝑥̃w,𝑖) ,

with 𝑃V = [
𝐾w 𝜇𝑀w
𝜇𝑀⊤

w 𝑀w ] ∈ ℝ
2𝑛×2𝑛, lcosh(⋅) = log(cosh(⋅)), and 𝜇 > 0.

(11.11)

In the following, we will write ‖𝐴‖ to denote the induced norm of matrix 𝐴 and 𝜆m(𝐴),
𝜆M(𝐴) to refer to its minimum and maximum eigenvalue respectively. The gradient of
𝑉𝜇(𝑦̃w) w.r.t. the residual coordinate 𝑦̃w is given by

𝜕𝑉𝜇
𝜕𝑦̃w

(𝑦̃w) = 𝑃V 𝑦̃w+[
tanh(𝑥̄w+ 𝑥̃w+𝑏)

0𝑛 ]−[
tanh(𝑥̄w+𝑏)

0𝑛 ] . (11.12)

Next, the Hessian of the Lyapunov candidate can be derived as

𝐻V(𝑥̃w) =
𝜕2𝑉𝜇
𝜕𝑦̃2w

= [
𝐾w+𝑆2sech(𝑥̃w) 𝜇𝑀w

𝜇𝑀⊤
w 𝑀w ] ∈ ℝ

2𝑛×2𝑛, (11.13)
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where
𝑆sech(𝑥̃w) = diag(sech(𝑥̄w+ 𝑥̃w+𝑏)) ∈ ℝ𝑛×𝑛 ≻ 0 ∀𝑥̃w ∈ ℝ𝑛. (11.14)

Furthermore, the Schur complement of 𝑃V is given by

𝑆𝑃V = 𝑀w−𝜇2𝑀⊤
w𝐾w𝑀w (11.15)

Below, we will first introduce three auxiliary Lemmas and subsequently proof Lemma 7
that states that (11.11) is a valid Lyapunov candidate.

Lemma 4. Suppose𝑀w ≻ 0,𝐾w ≻ 0 and 0 < 𝜇 <
√
𝜆m(𝑀w)𝜆m(𝐾w)

‖𝑀w‖
∶= 𝜇V. Then 𝑆𝑃V , as defined

in (11.15), is positive definite.

Proof. The minimum eigenvalue of 𝑆𝑃V is bounded by

𝜆m(𝑆𝑃V) ≥𝜆m(𝑀w)−𝜇2 ‖𝑀⊤
w𝐾w𝑀w‖,

≥𝜆m(𝑀w)−𝜇2
‖𝑀w‖2

𝜆w (𝐾w)
(11.16)

Based on the assumption 𝑀w ≻ 0,𝐾w ≻ 0, we can state ‖𝑀w‖
𝜆w(𝐾w) > 0. Therefore, the critical

case for the lower bound on 𝜆m(𝑆𝑃V) is 𝜇 =
√
𝜆m(𝑀w)𝜆m(𝐾w)

‖𝑀w‖
∶= 𝜇V. Hence,

𝜆m(𝑆𝑃V) >𝜆m(𝑀w)−
𝜆m(𝑀w)𝜆m (𝐾w)

‖𝑀w‖2
‖𝑀w‖2

𝜆w(𝐾w)
= 0 (11.17)

Consequently, the eigenvalue sensitivity theorem (Golub and Van Loan, 2013) demands
that 𝑆𝑃V ≻ 0.

Lemma 5. Let 𝑀w ≻ 0,𝐾w ≻ 0, and 0 < 𝜇 <
√
𝜆m(𝑀w)𝜆m(𝐾w)

‖𝑀w‖
∶= 𝜇V. Then, it follows that

𝑃V ≻ 0 and 𝐻V(𝑥̃w) ≻ 0 ∀ 𝑥̃w ∈ ℝ𝑛.

Proof. By inspecting the expressions for 𝑃V ≻ 0 and𝐻V(𝑥̃w) ≻ 0∀𝑥̃w ∈ℝ𝑛 in Equations (11.11)
and (11.13), respectively, it can be easily seen that 𝐻V(𝑥̃w) ⪰ 𝑃V ∀𝑥̃w ∈ ℝ. As Lemma 4 states
that the Schur complement of 𝑃V is positive definite, it follows that 𝐻V(𝑥̃w) ⪰ 𝑃V ≻ 0.

Lemma 6. Suppose 𝑥̄w, 𝑥̃w,𝑏 ∈ ℝ𝑛 and 𝑛 ∈ ℕ+. Then,

ℎV,th(𝑥̃w) =
𝑛
∑
𝑖=1

∫
𝑥̃w,𝑖

0
tanh(𝑥̄w,𝑖+𝜎+𝑏𝑖)d𝜎−

𝑛
∑
𝑖=1

∫
𝑥̃w,𝑖

0
tanh(𝑥̄w,𝑖+𝑏𝑖)d𝜎 (11.18)

is a positive semi-definite function.

Proof. Proving ℎV,th(𝑥̃w) ≥ 0 is equivalent to showing that the scalar function ℎ̆V,th(𝑟) =
∫ 𝑟0 tanh(𝜎+𝑎)d𝜎−∫ 𝑟0 tanh(𝑎)d𝜎 ≥ 0 ∀ 𝑟,𝑎 ∈ ℝ, where we set 𝑟 = 𝑥̃w,𝑖 and 𝑎 = 𝑥̄w,𝑖+𝑏𝑖.

We strive to find the critical points (i.e., minimas and maximas) 𝑟 of ℎ̆V,th(𝑟) and, for
this, analyze where the first derivative of ℎ̆V,th(𝑟) is zero

𝜕ℎ̆V,th
𝜕𝑟

(𝑟) = tanh(𝑟 +𝑎)− tanh(𝑎) = 0, (11.19)
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which is the case only for 𝑟 = 0. Next, we compute the second derivative at 𝑟 as

𝜕ℎ̆V,th
𝜕𝑟

(𝑟) = sech2(𝑟) = 1. (11.20)

Thus, ℎ̆V,th(𝑟) is convex and its global minimum at 𝑟 = 0 takes the value ℎV,th(0) = 0. As a
result, ℎV,th(𝑥̃w) is also positive semi-definite.

Lemma 7. The scalar function 𝑉𝜇(𝑦̃w) defined in (11.11) is continuously differentiable and
verifies the condition 𝑉𝜇(0) = 0. Furthermore, let 𝑀w,𝐾w ≻ 0. Now, if we choose 0 < 𝜇 <√
𝜆m(𝑀w)𝜆m(𝐾w)

‖𝑀w‖
∶= 𝜇V, then 𝑉𝜇(𝑦̃w) > 0∀ 𝑦̃w ∈ ℝ2𝑛 ⧵{0}. Additionally, then 𝑉𝜇(𝑦̃w) is radially

unbounded as ‖𝑦̃w‖ → ∞⇒ 𝑉𝜇(𝑦̃w) → ∞.

Proof. Step 1: It can be easily seen that 𝑉𝜇(𝑦̃w) in (11.11) is smooth and continuously
differentiable.

Step 2: Proof that 𝑉𝜇(0) = 0.

𝑉𝜇(0) = 0+
𝑛
∑
𝑖=1

∫
0

0
tanh(𝑦̄w,𝑖+𝜎+𝑏𝑖)d𝜎−

𝑛
∑
𝑖=1

∫
0

0
tanh(𝑦̄w,𝑖+𝑏𝑖)d𝜎 = 0. (11.21)

Step 3: Proof that the Lyapunov candidate is positive definite; i.e., 𝑉𝜇(𝑦̃w) > 0 ∀𝑦̃w ∈
ℝ𝑛 ⧵ {0}.

As the gradient of the Lyapunov candidate, as defined in (11.12), is zero for 𝑦̃w = 0:

𝜕𝑉𝜇
𝜕𝑦̃w

(0) = [
tanh(𝑥̄w+𝑏)

0𝑛 ]−[
tanh(𝑥̄w+𝑏)

0𝑛 ] = 0, (11.22)

𝑦̃w = 0 is a critical point of 𝑉𝜇(𝑦̃w). According to Lemma 5, the Hessian in (11.13) is
positive-definite (Boyd and Vandenberghe, 2004): 𝐻V(𝑦̃w) ≻ 0 ∀𝑦̃w ∈ ℝ2𝑛. With that, (11.11)
is convex and its global minimum is at 𝑦̃w = 0, where 𝑉𝜇(0) = 0. In summary, we state
𝑉𝜇(𝑦̃w) > 0 ∀𝑦̃w ∈ ℝ𝑛 ⧵ {0}.

Step 4: Proof that the Lyapunov candidate is radially unbounded: i.e., ‖𝑦̃w‖ → ∞ ⇒
𝑉𝜇(𝑦̃w) → ∞. Lemma 6 is exploited for identifying a lower bound on 𝑉𝜇(𝑦̃w):

𝑉𝜇(𝑦̃w) =
1
2
𝑦̃⊤w 𝑃V 𝑦̃w+

𝑛
∑
𝑖=1

∫
𝑥̃w,𝑖

0
tanh(𝑥̄w,𝑖+𝜎+𝑏𝑖)d𝜎−

𝑛
∑
𝑖=1

∫
𝑥̃w,𝑖

0
tanh(𝑥̄w,𝑖+𝑏𝑖)d𝜎,

≥
1
2
𝑦̃⊤w 𝑃V 𝑦̃w ≥

1
2
𝜆m(𝑃V) ‖𝑦̃w‖2.

(11.23)

Lemma 5 tells us that 𝑃V ≻ 0 and with that 𝜆m(𝑃V) > 0. Therefore, if ‖𝑦̃w‖ → ∞, it also
follows that 𝑉𝜇(𝑦̃w) → ∞.

Proof of Global Asymptotic Stability
In the following, wewill demonstrate how the strict Lyapunov candidate of (11.11) allows us
to prove Global Asymptotic Stability (GAS) of the unforced system. We will first introduce
two auxiliary Lemmas before stating Theorem 2.
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Lemma 8. Suppose 𝑥̄w, 𝑥̃w,𝑏 ∈ ℝ𝑛 and 𝑛 ∈ ℕ+. Then, the function ℎV̇,th(𝑥̃w) defined as

ℎV̇,th(𝑥̃w) = (tanh(𝑥̄w+ 𝑥̃w+𝑏)− tanh(𝑥̄w+𝑏))⊤ 𝑥̃w, (11.24)

is positive semi-definite.

Proof. Proving ℎV̇,th(𝑥̃w) ≥ 0 is equivalent to proving that the scalar function ℎ̆V̇,th(𝑟) =
(tanh(𝑟 +𝑎)− tanh(𝑎)) 𝑟 ≥ 0 ∀ 𝑟,𝑎 ∈ ℝ, where we set 𝑟 = 𝑥̃w,𝑖 and 𝑎 = 𝑥̄w,𝑖 +𝑏𝑖. Now, we
expand the hyperbolic tangent:

ℎ̆V̇,th(𝑟) = (tanh(𝑟 +𝑎)− tanh(𝑎)) 𝑟 = (
𝑒2(𝑟+𝑎)−1
𝑒2(𝑟+𝑎)+1

−
𝑒2𝑎−1
𝑒2𝑎+1)

𝑟,

=
2𝑒2𝑎 (𝑒2𝑟 −1)

𝑒2𝑟+4𝑎+𝑒2𝑟+2𝑎+𝑒2𝑎+1
𝑟 ≥ 0,

(11.25)

as the denominator 𝑒2𝑟+4𝑎+𝑒2𝑟+2𝑎+𝑒2𝑎+1 > 0 ∀𝑟 ∈ ℝ and as sign(2𝑒2𝑎 (𝑒2𝑟 −1)) = sign(𝑟).
For example, 𝑒2𝑟 −1 ≥ 0∀ 𝑟 ≥ 0. Analog, 𝑒2𝑟 −1 < 0∀ 𝑟 < 0.

Lemma 9. Let 𝑀w ≻ 0, 𝐾w ≻ 0, and 𝐷w ≻ 0. Also, let 𝜇 ∈ ℝ+ be chosen such that 0 < 𝜇 <
𝜆m(𝐷w)

𝜆m(𝑀w)+
‖𝐷w‖2

4𝜆m(𝐾w)

∶= 𝜇V̇. Then, the matrix 𝑃𝑉̇ = [
𝜇𝐾w

1
2𝜇𝐷w

1
2𝜇𝐷

⊤
w 𝐷w−𝜇𝑀w]

∈ ℝ𝑛 is positive definite.

Proof. The Schur complement of 𝑃𝑉̇ is given by

𝑆𝑃𝑉̇ = 𝐷w−𝜇𝑀w−
1
4
𝜇𝐷⊤w𝐾

−1
w 𝐷w. (11.26)

The lower bound on the smallest eigenvalue of 𝑆𝑃𝑉̇ can be identified as

𝜆m (𝑆𝑃𝑉̇ ) ≥ 𝜆m(𝐷w)−𝜇𝜆m(𝑀w)−𝜇
‖𝐷w‖2

4𝜆m(𝐾w)
. (11.27)

As 𝐾w,𝐷w ≻ 0, we know that ‖𝐷w‖2
𝜆m(𝐾w) > 0. Therefore, the case 𝜇 = 𝜆m(𝐷w)

𝜆m(𝑀w)+
‖𝐷w‖2

4𝜆m(𝐾w)

∶= 𝜇V̇

determines the lower bound on 𝜆m(𝑆𝑃𝑉̇ ):

𝜆m (𝑆𝑃𝑉̇ ) > 𝜆m(𝐷w)−𝜇V̇(𝜆m(𝑀w)−
‖𝐷w‖2

4𝜆m(𝐾w))
= 0. (11.28)

We conclude, based on the eigenvalue sensitivity theorem of symmetric matrices (Golub
and Van Loan, 2013), that 𝑆𝑃𝑉̇ ≻ 0 and with that 𝑃𝑉̇ ≻ 0 (Boyd and Vandenberghe, 2004).

Theorem 2. Let 𝑀w,𝐾w and 𝐷w be positive definite and suppose the system be unforced:
𝑔(𝑢(𝑡)) = 0. Then, 𝑦̃w = 0 is globally asymptotically stable for the system dynamics defined
(11.10) such that 𝑉̇𝜇(𝑦̃w) < 0, ∀ 𝑦̃w ∈ ℝ2𝑛 ⧵ {0}.

Proof. First, we show that 𝑦̃w = 0 is an equilibrium of (11.10):

𝑓w(0,0) = [
0

𝑀−1
w (−𝐾w 𝑥̄w−tanh(𝑥̄w+𝑏))] = [

0
𝑀−1

w (−𝐾w 𝑥̄w+𝐾w 𝑥̄w)]
= [

0
0] (11.29)
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Lemma 7 states that we can always choose 𝜇 such that (11.11) is strict Lyapunov
function (e.g., Lipschitz continuous, zero-valued at 𝑦̃w = 0, positive definite, and radially
unbounded) (Khalil, 2002; Wu et al., 2022). We now evaluate the time-derivative of 𝑉̇𝜇(𝑦̃w)
in the case of an unforced system (i.e., 𝑔(𝑢(𝑡)) = 0):

𝑉̇𝜇(𝑦̃w) =
𝜕𝑉𝜇
𝜕𝑦̃w

̇̃𝑦w =
𝜕𝑉𝜇
𝜕𝑦̃w

𝑓w(𝑦̃w) = 𝑦̃⊤w 𝑃V ̇̃𝑦w+(tanh(𝑥̄w+ 𝑥̃w+𝑏)− tanh(𝑥̄w+𝑏))⊤ ̇̃𝑥w

= − 𝑦̃⊤w [
𝜇𝐾w

1
2 𝜇𝐷w

1
2 𝜇𝐷

⊤
w 𝐷w−𝜇𝑀w]

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝑃V̇

𝑦̃w−𝜇(tanh(𝑥̄w+ 𝑥̃w+𝑏)⊤+ 𝑥̃⊤w𝐾w) 𝑥̃w,

= − 𝑦̃⊤w 𝑃V̇ 𝑦̃w−𝜇 (tanh(𝑥̄w+ 𝑥̃w+𝑏)− tanh(𝑥̄w+𝑏))⊤ 𝑥̃w,

≤ − 𝑦̃⊤w 𝑃V̇ 𝑦̃w ≤ −𝜆m (𝑃V̇) ‖𝑦̃w‖
2
2,

(11.30)

where we exploited the force balance at equilibrium 𝐾w 𝑥̄w = −tanh(𝑥̄w+𝑏) and Lemma 8
for defining the upper bound on 𝑉̇𝜇(𝑦̃w). Lemma 9 states that 𝑃V̇ ≻ 0 for 0 < 𝜇 < 𝜇V̇.
Similarly, Lemma 7 requests that 0 < 𝜇 < 𝜇V. Indeed, both conditions can always be fulfilled
by choosing 𝜇 ∈ (0,min{𝜇V, 𝜇V̇}). With 𝑃V̇ ≻ 0 ⇔ 𝜆m (𝑃V̇) > 0 (Golub and Van Loan, 2013),
we can state that 𝑉̇𝜇(𝑦̃w) < 0 ∀ 𝑦̃w ∈ ℝ2𝑛 ⧵ {0} and conclude that the unforced system is
globally asymptotically stable around 𝑦̃w = 0.

11.2.4 Global Input-to-State Stability (ISS) for the forced sys-
tem

We now take the forcing 𝑔(𝑢) into account again and demonstrate that the system states
remain proportionally bounded to the initial conditions and as a function of the supremum
of the input forcing. In the following, we will first state two auxiliary Lemmas and
subsequently prove Theorem 3 to provides the conditions for ISS.

Lemma 10. Let 𝑥̄w, 𝑥̃w,𝑏 ∈ ℝ𝑛. Then,

ℎV,𝑡ℎ(𝑥̃w) =
𝑛
∑
𝑖=1

∫
𝑥̃w,𝑖

0
tanh(𝑥̄w,𝑖+𝜎+𝑏𝑖)d𝜎−

𝑛
∑
𝑖=1

∫
𝑥̃w,𝑖

0
tanh(𝑥̄w,𝑖+𝑏𝑖)d𝜎 ≤ 2 |𝑥̃w| . (11.31)

Proof. Proving ℎV,𝑡ℎ(𝑥̃w) ≤ 2 |𝑥̃w| is equivalent to proving that the scalar function ℎ̆V,th(𝑟) =
∫ 𝑟0 tanh(𝜎 +𝑎)d𝜎−∫ 𝑟0 tanh(𝑎) d𝜎 ≤ 2 |𝑟| ∀ 𝑟,𝑎 ∈ ℝ, where we set 𝑟 = 𝑥̃w,𝑖 and 𝑎 = 𝑥̄w,𝑖+𝑏𝑖.
We perform the integration contained in ℎ̆V,th(𝑟):

ℎ̆V,th(𝑟) = ∫
𝑟

0
tanh(𝜎+𝑎)d𝜎−∫

𝑟

0
tanh(𝑎) d𝜎,

ℎ̆V,th(𝑟) = log(cosh(𝑟 +𝑎))− log(cosh(𝑎))− tanh(𝑎)𝑟.
(11.32)

Next, we demonstrate that the slope of 2 |𝑟| is always larger than the magnitude of the
slope of ℎ̆V,th(𝑟):

|||||

𝜕ℎ̆V,th
𝜕𝑟

|||||
= |tanh(𝑟 +𝑎)− tanh(𝑎)| < 2 =

𝜕
𝜕𝑟

(2 |𝑟 |). (11.33)
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Additionally, ℎ̆V,th(0) = 2 |0| = 0. We conclude that ℎ̆V,th(𝑟) ≤ 2|𝑟| ∀ 𝑟 ∈ ℝ and with that,
ℎV,𝑡ℎ(𝑥̃w) ≤ 2 |𝑥̃w| ∀ 𝑥̃w ∈ ℝ𝑛.

Lemma 11. Let 𝑀w ≻ 0 and 𝐾w ≻ 0. Then, (11.11) is bounded by the two scalar, class
∞ functions 𝛼1(𝑟) = 1

2 𝜆m(𝑃V) 𝑟
2 and 𝛼2(𝑟) = 1

2 𝜆M(𝑃V) 𝑟
2 +2

√
𝑛𝑟 : 𝛼1(‖𝑦̃w‖22) ≤ 𝑉𝜇(𝑦̃w) ≤

𝛼2(‖𝑦̃w‖)22.

Proof. With Lemma 7, we already showed that 𝑉𝜇(𝑦̃w) is a Lyapunov candidate. Now, we
additionally also verify the conditions for ISS-Lyapunov candidates (Khalil, 2002).

Step 1: Establishing bounds on 𝑉𝜇(𝑦̃w).
We first identify the lower bound of 𝑉𝜇(𝑦̃w) by leveraging Lemma 6:

𝑉𝜇(𝑦̃w) =
1
2
𝑦̃⊤w 𝑃V 𝑦̃w+

𝑛
∑
𝑖=1

∫
𝑥̃w,𝑖

0
tanh(𝑥̄w,𝑖+𝜎+𝑏𝑖)d𝜎−

𝑛
∑
𝑖=1

∫
𝑥̃w,𝑖

0
tanh(𝑥̄w,𝑖+𝑏𝑖)d𝜎,

=
1
2
𝑦̃⊤w 𝑃V 𝑦̃w+ℎV,th(𝑥̃w),

≥
1
2
𝑦̃⊤w 𝑃V 𝑦̃w ≥

1
2
𝜆m(𝑃V) ‖𝑦̃w‖22 = 𝛼1(‖𝑦̃w‖2).

(11.34)

Similarly, we derive an upper bound for 𝑉𝜇(𝑦̃w) exploiting Lemma 10.

𝑉𝜇(𝑦̃w) =
1
2
𝑦̃⊤w 𝑃V 𝑦̃w+

𝑛
∑
𝑖=1

∫
𝑥̃w,𝑖

0
tanh(𝑥̄w,𝑖+𝜎+𝑏𝑖)d𝜎−

𝑛
∑
𝑖=1

∫
𝑥̃w,𝑖

0
tanh(𝑥̄w,𝑖+𝑏𝑖)d𝜎

≤
1
2
𝜆M(𝑃V) ‖𝑦̃w‖22+2‖𝑥̃w‖1 ≤

1
2
𝜆M(𝑃V) ‖𝑦̃w‖22+2

√
𝑛‖𝑥̃w‖2

≤
1
2
𝜆M(𝑃V) ‖𝑦̃w‖22+2

√
𝑛‖𝑦̃w‖2 = 𝛼2(‖𝑦̃w‖2).

(11.35)

Step 2: Proof that 𝛼1(𝑟),𝛼2(𝑟) belong to class ∞.
According to Lemma 5, 𝑃V ≻ 0 and with that 𝜆m(𝑃V) > 0. First, we analyze the behavior
of 𝛼1(𝑟): as it is strictly increasing and 𝛼1(0) = 0, it belongs to class . Furthermore, we
can evaluate lim𝑟→∞𝛼1(𝑟) = ∞. Therefore, 𝛼1(𝑟) ∈∞ (Khalil, 2002). 𝛼2(𝑟) is also strictly
increasing for 𝑟 ∈ [0,∞), 𝛼2(0) = 0, and it is radially unbounded as lim𝑟→∞𝛼2(𝑟) = ∞. For
that reason, 𝛼2(𝑟) ∈∞ as well.

Theorem 3. Suppose 𝑀w,𝐾w,𝐷w ≻ 0, 0 < 𝜃 < 1, and that we choose 0 < 𝜇 < min{𝜇V, 𝜇V̇}}.
Then, (11.10) is globally Input-to-State Stable (ISS) such that the solution 𝑦̃w(𝑡) verifies

‖𝑦̃w‖2 ≤ 𝛽 (‖𝑦̃w(𝑡0)‖2, 𝑡 − 𝑡0)+𝛾 (
sup
𝑡0≤𝑡′≤𝑡

‖𝑔(𝑢(𝑡′))‖2)
, ∀ 𝑡 ≥ 𝑡0 (11.36)

where 𝛽(𝑟, 𝑡) ∈, 𝛾(𝑟) =
√

(1+𝜇2)𝜆M(𝑃V) 𝑟2+4𝜃
√
𝑛
√

1+𝜇2 𝜆m(𝑃V̇) 𝑟
𝜃2 𝜆m(𝑃V)𝜆2m(𝑃V̇)

∈.
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Proof. Step 1: Bounds on ISS-Lyapunov candidate.
Lemma 11 provides the ∞ functions 𝛼1(𝑟) = 1

2 𝜆m(𝑃V) 𝑟
2 and 𝛼2(𝑟) = 1

2 𝜆M(𝑃V) 𝑟
2+2

√
𝑛𝑟

such that 𝛼1(‖𝑦̃w‖22) ≤ 𝑉𝜇(𝑦̃w) ≤ 𝛼2(‖𝑦̃w‖)22.
Step 2: Minimum energy dissipation.

Let 0 < 𝜇 < min{𝜇V, 𝜇V̇}} as in the proof of Theorem 2. We compute the input-dependent
time-derivative of the ISS Lyapunov candidate. We do not repeat the derivations already
made as part of (11.30) (e.g., exploiting Lemmas 8 and 9).

𝑉̇𝜇(𝑦̃w,𝑢(𝑡)) = − 𝑦̃⊤w 𝑃V̇ 𝑦̃w−𝜇 (tanh(𝑥̄w+ 𝑥̃w+𝑏)− tanh(𝑥̄w+𝑏))⊤ 𝑥̃w+ 𝑦̃⊤w [
𝜇𝑔(𝑢(𝑡))
𝑔(𝑢(𝑡)) ] ,

≤ −𝜆m (𝑃V̇) ‖𝑦̃w‖
2
2+

‖‖‖‖
𝑦̃⊤w [

𝜇𝑔(𝑢(𝑡))
𝑔(𝑢(𝑡)) ]

‖‖‖‖1
,

≤ −𝜆m (𝑃V̇) ‖𝑦̃w‖
2
2+‖𝑦̃w‖2

‖‖‖‖[
𝜇𝑔(𝑢(𝑡))
𝑔(𝑢(𝑡)) ]

‖‖‖‖2
,

≤ −𝜆m (𝑃V̇) ‖𝑦̃w‖
2
2+

√
1+𝜇2 ‖𝑦̃w‖2‖𝑔(𝑢(𝑡))‖2,

(11.37)

where we leveraged Hölder’s inequality. We choose 𝜃 such that 0 < 𝜃 < 1. As a consequence,

𝑉̇𝜇(𝑦̃w,𝑢(𝑡)) ≤ −(1−𝜃)𝜆m (𝑃V̇) ‖𝑦̃w‖
2
2, ∀ ‖𝑦̃w‖2 ≥

√
1+𝜇2

𝜃𝜆m (𝑃V̇)
‖𝑔(𝑢(𝑡))‖2 > 0. (11.38)

We define

𝛼3(𝑟) = (1−𝜃)𝜆m (𝑃V̇) 𝑟
2, and 𝜌(𝑟) =

√
1+𝜇2

𝜃𝜆m (𝑃V̇)
𝑟. (11.39)

Lemma 9 shows that 𝜆m (𝑃V̇) > 0. Therefore, 𝛼3(𝑟) is a continuous positive function.
Furthermore, as 𝜇 > 0, 𝜌(𝑟) is a strictly increasing for 𝑟 ∈ [0,∞). Additionally with 𝜌(0) = 0
verified, it can be stated that 𝜌(𝑟) belongs to class  (Khalil, 2002). We conclude that

𝑉̇𝜇(𝑦̃w,𝑢(𝑡)) ≤ −𝛼3 (‖𝑦̃w‖22) , ∀ ‖𝑦̃w‖2 ≥ 𝜌(‖𝑔(𝑢(𝑡))‖2) > 0. (11.40)

Step 3: Conclusions.
As a result of Steps 1 and 2, the system is input-to-state stable, and with that, the

solution 𝑦̃t satisfies (Khalil, 2002)

‖𝑦̃w‖2 ≤ 𝛽 (‖𝑦̃w(𝑡0)‖2, 𝑡 − 𝑡0)+𝛾 (
sup
𝑡0≤𝑡′≤𝑡

‖𝑔(𝑢(𝑡′))‖2)
, (11.41)

with

𝛾(𝑟) = 𝛼−11 ◦ 𝛼2 ◦ 𝜌(𝑟) =

√
(1+𝜇2)𝜆M(𝑃V) 𝑟2+4𝜃

√
𝑛
√
1+𝜇2 𝜆m(𝑃V̇) 𝑟

𝜃2 𝜆m(𝑃V)𝜆2m(𝑃V̇)
. (11.42)

Indeed, based on Theorem 2 and the associated proof, we can easily verify that 𝛾(𝑟) is
strictly increasing for 𝑟 ∈ [0,∞) and that 𝛾(0) = 0. As a consequence, 𝛾(𝑟) ∈  (Khalil,
2002).
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11.3 An Approximate Closed-Form Solution to the
CON Dynamics

11.3.1 Approach
To predict future system states, we need to integrate the ODE in Eq. (11.2), with the solution
given by 𝑦(𝑡𝑘+1) = 𝑦𝑡𝑘 +∫ 𝑡𝑘+1𝑡𝑘

𝑓 (𝑦(𝑡′),𝑢(𝑡′))d𝑡′. Unfortunately, a closed-form solution for
the nonlinear dynamics 𝑓 (𝑦,𝑢) does not (yet) exist. Therefore, we traditionally need to
revert to (high-order) numerical ODE solvers that are computationally very expensive and
introduce additional memory overhead (Kidger, 2021). This considerably increases the
training time of models involving such continuous-time dynamics. While the computational
time can be reduced by increasing the (minimum) time step of the integrator, this comes
at the expense of an integration error, and we lose (part of) the theoretical guarantees
and practical characteristics that the nominal ODE provides. In this work, we take an
alternative approach by splitting the problem into (i) decoupled linear dynamics that can be
cheaply and precisely integrated using a closed-form solution and (ii) the residual, coupled
nonlinear dynamics, which we integrate numerically at a slower time scale:

𝑥̈(𝑡) = 𝐹 −𝜅𝑥(𝑡)−𝑑 𝑥̇(𝑡)
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

𝑓𝑥̈,ld(𝑦)∶decoupled, linear dynamics

+𝑔(𝑢(𝑡)− (𝐾 −𝜅)𝑥(𝑡)− (𝐷−𝑑) 𝑥̇(𝑡)− tanh(𝑊𝑥(𝑡)+𝑏)
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

𝑓𝑥̈,nld(𝑦,𝑢)∶ coupled, nonlinear dynamics
(11.43)

where 𝜅 = diag(𝐾11…𝐾𝑛𝑛), 𝑑 = (𝐷11…𝐷𝑛𝑛) are the diagonal components of the stiffness
and damping matrices, respectively, and 𝐹 ∈ ℝ𝑛 is a constant, external forcing term on the
oscillators.

For a short-time-interval 𝛿𝑡, we now approximate (11.43) as

𝑥̈(𝑡𝑘 +𝛿𝑡) ≈ 𝑓𝑥̈,ld(𝑦(𝑡𝑘 +𝛿𝑡),𝐹(𝑡𝑘)) with 𝐹(𝑡𝑘) = −𝑓𝑥̈,nld(𝑦(𝑡𝑘),𝑢(𝑡𝑘)). (11.44)

For a scalar 2nd-order, linear ODE of the form 𝑦̇𝑖 = 𝑓ld,𝑖(𝑥(𝑡′),𝐹(𝑡𝑘)), a well-known, closed-
form solution (Pas, 2023) exists. We exploit this characteristic by formulating the approxi-
mate solution as

𝑦(𝑡𝑘 +𝛿𝑡) ≈ 𝑓CFA−CON(𝑦(𝑡𝑘),𝑢(𝑡𝑘)) = 𝑦(𝑡𝑘)+∫
𝑡𝑘+𝛿𝑡

𝑡𝑘
𝑓ld(𝑦(𝑡′),𝐹(𝑡𝑘))d𝑡′ (11.45)

and denote 𝑓CFA−CON ∶ ℝ𝑛 ×ℝ𝑚 →ℝ𝑛 as the Closed-Form Approximation of CON (CFA-
CON) model. The implicit assumption behind (11.44) is that 𝑓𝑥̈,ld(𝑦) ≻ 𝑓𝑥̈,nld(𝑦,𝑢) (i.e., the
linear, decoupled dynamics dominate the nonlinear, coupled, time-varying dynamics).

11.3.2 Closed-Form Solution to a Forced Harmonic Oscillator
As introduced in (11.1), we consider the linear dynamics of a 1D forced harmonic oscillator
with state 𝑦𝑖 = [𝑥𝑖 𝑥̇𝑖] ∈ ℝ2

𝑦̇𝑖 = [

d𝑥𝑖
d𝑡
d𝑥̇𝑖
d𝑡 ]

= 𝑓ld,𝑖(𝑦𝑖, 𝐹𝑖) = [
𝑥̇𝑖

𝐹𝑖(𝑡)−𝜅𝑖 𝑥𝑖(𝑡)−𝑑𝑖 𝑥̇𝑖(𝑡)]
, (11.46)
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where 𝐹𝑖(𝑡) ∈ ℝ is the externally applied force acting on the oscillator.
The characteristic equation for the unforced dynamics (i.e., 𝐹𝑖(𝑡) = 0) can be stated

as (Pas, 2023)

𝜆2+2𝜁𝑖𝜔n,𝑖 𝜆+𝜔2
n,𝑖 = 0, with the solutions𝜆1,2 = −𝜁𝑖𝜔n,𝑖±𝜔n,𝑖

√
𝜁 2𝑖 −1, (11.47)

where 𝜔n,𝑖 =
√𝜅𝑖 and 𝜁𝑖 = 𝑑𝑖

2√𝜅𝑖 are the natural frequency and the damping factor of the
𝑖th homogeneous oscillator, respectively. This harmonic oscillator exhibits three regimes:
underdamped (𝜁𝑖 < 1), critically damped (𝜁𝑖 = 1), and overdamped regime (𝜁𝑖 > 1).

We approximate the forcing using the Heavyside function 𝐻(𝑡): 𝐹𝑖(𝑡) = 𝐹𝑖(𝑡𝑘)𝐻(𝑡),
where 𝐹𝑖(𝑡𝑘) is the constant external forcing as computed by (11.44). The solution for 𝜁𝑖 ≠ 1
is given by (Pas, 2023)

𝑦𝑖(𝑡𝑘+1) = [
𝑥𝑖(𝑡𝑘+1)
𝑥̇𝑖(𝑡𝑘+1)]

= [
(𝑐1,𝑖 cos(𝛽𝑖 𝛿𝑡)+𝑐2,𝑖 sin(𝛽𝑖 𝛿𝑡)) 𝑒−𝛼𝑖 𝛿𝑡 + 𝐹𝑖

𝜅𝑖
−((𝑐1,𝑖𝛼𝑖−𝑐2,𝑖𝛽𝑖) cos(𝛽𝑖 𝛿𝑡)+ (𝑐1,𝑖𝛽𝑖+𝑐2,𝑖𝛼𝑖) sin(𝛽𝑖 𝛿𝑡)) 𝑒−𝛼𝑖 𝛿𝑡]

,

(11.48)
where 𝛿𝑡 = 𝑡𝑘+1−𝑡𝑘 , 𝛼𝑖 = 𝜁𝑖𝜔n,𝑖, and 𝛽𝑖 = 𝜔n,𝑖

√
1−𝜁 2𝑖 . After enforcing the initial conditions

𝑥𝑖(𝑡𝑘),𝑥𝑖(𝑡𝑘), the integration constants

𝑐1,𝑖 = 𝑥𝑖(𝑡𝑘)−
𝐹𝑖(𝑡𝑘)
𝜅𝑖

, 𝑐2,𝑖 = −2𝑗
𝑥̇𝑖(𝑡𝑘)+𝛼𝑖 (𝑥𝑖(𝑡𝑘)− 𝐹𝑖

𝑘𝑖 )
Δ𝜆𝑖

, (11.49)

can be identified with Δ𝜆𝑖 = 𝜆𝑖,2−𝜆𝑖,1 = −2𝛽𝑖 𝑗 , where 𝑗 is the imaginary value. While we
could derive the solution for the critically damped case 𝑑𝑖 < 2√𝜅𝑖 separately, we instead ap-

proximate it in our network dynamicswith (11.48) by settingΔ𝜆𝑖 ≅

{
sign(−2𝛽𝑖 𝑗)𝜖 |2𝛽𝑖 𝑗 | < 𝜖
−2𝛽𝑖 𝑗 |2𝛽𝑖 𝑗 | ≥ 𝜖

,

where 𝜖 ∈ ℝ+ ≪ 1 is a small, positive value.

11.3.3 Algorithmic Implementation
We can now leverage the closed-form solution to the evolution of a single, decoupled
damped harmonic oscillator of (11.48) to solve the integral in (11.45)

𝑦(𝑡𝑘+1) ≈ 𝑓CFA−CON(𝑦(𝑡𝑘),𝑢(𝑡𝑘)),

[
𝑥(𝑡𝑘+1)
𝑥̇(𝑡𝑘+1)]

≈ [
(𝑐1⊙cos(𝛽 𝛿𝑡)+𝑐2⊙sin(𝛽 𝛿𝑡))⊙𝑒−𝛼 𝛿𝑡 + 𝐹(𝑡𝑘)

𝜅
−((𝑐1⊙𝛼 −𝑐2⊙𝛽) cos(𝛽 𝛿𝑡)+ (𝑐1⊙𝛽+𝑐2⊙𝛼) sin(𝛽 𝛿𝑡))⊙𝑒−𝛼 𝛿𝑡]

,
(11.50)

with

𝜅 = diag(𝐾11…𝐾𝑛𝑛), 𝑑 = (𝐷11…𝐷𝑛𝑛), 𝜔n =
√
𝜅, 𝜁 =

𝑑
2
√
𝜅
,

𝐹(𝑡𝑘) = 𝑔(𝑢(𝑡𝑘))− (𝐾 −𝜅)𝑥(𝑡𝑘)− (𝐷−𝑑) 𝑥̇(𝑡𝑘)− tanh(𝑊𝑥(𝑡𝑘)+𝑏) ,

𝛿𝑡 = 𝑡𝑘+1−𝑡𝑘 , 𝛼 = 𝜁 ⊙𝜔n, 𝛽 = 𝜔n
√
1−𝜁 2,

𝑐1 = 𝑥(𝑡𝑘)−
𝐹(𝑡𝑘)
𝜅

, 𝑐2 =
1
𝛽 (𝑥̇(𝑡𝑘)+𝛼 ⊙(𝑥(𝑡𝑘)−

𝐹(𝑡𝑘)
𝜅 )).

(11.51)

We summarize the approach of integrating/rolling out the CFA-CON dynamics in Algo-
rithm 3.
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Algorithm 3 Rollout of CFA-CON.
Inputs: initial state 𝑦(𝑡0), input sequence {𝑢(𝑡0),…𝑢(𝑡𝑘),…𝑢(𝑡𝑁 )}
Outputs: state sequence {𝑦(𝑡0),…𝑦(𝑡𝑘),…𝑦(𝑡𝑁 )}

1: 𝑘 ← 0
2: while 𝑘 ≤ 𝑁 do
3: (𝑥(𝑡𝑘), 𝑥̇(𝑡𝑘)) ← 𝑦(𝑡𝑘)
4: 𝐹(𝑡𝑘) ← 𝑔(𝑢(𝑡𝑘))− (𝐾 −𝜅)𝑥(𝑡𝑘)− (𝐷−𝑑) 𝑥̇(𝑡𝑘)− tanh(𝑊𝑥(𝑡𝑘)+𝑏)
5: 𝜔n, 𝜁 ←

√
𝜅, 𝑑

2
√
𝜅 ⊳ Compute the characteristics of the decoup. harm. oscillators.

6: 𝛼, 𝛽 ← 𝜁 ⊙𝜔n, 𝜔n
√
1−𝜁 2

7: 𝑐1 ← 𝑥(𝑡𝑘)−
𝐹(𝑡𝑘)
𝜅 ⊳ Compute integration constants using initial conditions.

8: 𝑐2 ← 1
𝛽 (𝑥̇(𝑡𝑘)+𝛼 ⊙(𝑥(𝑡𝑘)−

𝐹(𝑡𝑘)
𝜅 ))

9: 𝛿𝑡 = 𝑡𝑘+1−𝑡𝑘 ⊳ Set time step.
10: ⊳ Update state with approximated closed-form solution.
11: 𝑥(𝑡𝑘+1) ← (𝑐1⊙cos(𝛽 𝛿𝑡)+𝑐2⊙sin(𝛽 𝛿𝑡))⊙𝑒−𝛼 𝛿𝑡 + 𝐹

𝜅
12: 𝑥̇(𝑡𝑘+1) ← −((𝑐1⊙𝛼 −𝑐2⊙𝛽) cos(𝛽 𝛿𝑡)+ (𝑐1⊙𝛽+𝑐2⊙𝛼) sin(𝛽 𝛿𝑡))⊙𝑒−𝛼 𝛿𝑡
13: 𝑘 ← 𝑘+1 ⊳ Update time index.
14: end while

11.3.4 Approximation Bounds for CFA-CON
Lemma 12 demonstrates how, for the particular case of no external input and linearly
decoupled oscillators (which we are always free to choose), we can establish bounds on
the approximation error when using the closed-form solution instead of the ground-truth
coupled oscillator dynamics.

Lemma12. Suppose that the network is unforced with 𝑔(𝑢(𝑡)) = 0 and that𝐾 =diag(𝜅1,… ,𝜅𝑛),
𝐷 = diag(𝑑1,… ,𝑑𝑛) such that the oscillators are not linearly coupled. Then, given any 𝑡 ≥ 0,
and the initial state 𝑦(0) ∈ ℝ2𝑛, the error between the continuous dynamics 𝑥̈(𝑡) of (11.2) and
the approximated dynamics ̂̇𝑥(𝑡) in (11.44), is bounded by ‖𝑥̈(𝑡)− ̂̈𝑥(𝑡)‖ ≤ 2.

Proof. (11.2), (11.44) and 𝐹 = −𝑓𝑥̈,nld(𝑦(0),0) give us

‖𝑥̈(𝑡)− ̂̈𝑥(𝑡)‖ =(𝑓𝑥̈,ld(𝑦(𝑡),0)+ 𝑓𝑥̈,nld(𝑦(𝑡),0))−𝑓𝑥̈,ld(𝑦(𝑡),𝐹),

= −𝐾𝑥(𝑡)−𝐷𝑥̇ − tanh(𝑊𝑥(𝑡)+𝑏)+𝐾𝑥(𝑡)+𝐷𝑥̇ + tanh(𝑊𝑥(0)+𝑏),
= ‖−tanh(𝑊𝑥(𝑡)+𝑏)+ tanh(𝑊𝑥(0)+𝑏)‖ ≤ 2.

(11.52)

11.3.5 Empirical Evaluation of Approximation Error
In Table 11.1, we present a comparison of CFA-CON with several other strategies for
integrating nonlinear dynamics, such as CON. Following the implicit assumption made
in the concept for the closed-form approximation (i.e., Sec. 11.3.1), we consider the case
of 𝑔(𝑢) = 0, 𝐾 = diag(𝜅1,… ,𝜅𝑛) and 𝐷 = diag(𝑑1,… ,𝑑𝑛) but with the hyperbolic coupling
between the oscillators active (i.e., a full𝑊 matrix). Integrating the dynamics at a very



11

236 11 Learning Latent Dynamics with ISS Coupled Oscillator Networks

small time step (i.e., 𝛿𝑡 = 5× 10−5 s) with a high-order ODE solver would give us a very
accurate solution, but this is computationally infeasible in practice. We, therefore, regard
this as the upper bound on the accuracy of the solution. A feasible solution would be
to implement either a high-order solver such as Tsit5 at a larger integration time-step,
e.g., 𝛿𝑡 = 1 × 10−1 s) or a low-order solver with a slightly smaller integration time step,
e.g., 𝛿𝑡 = 5×10−2 s). Therefore, we also benchmark these options. We also benchmark an
implementation specialized on the underdamped case (i.e., 𝜁𝑖 < 1): Closed-Form Approxi-
mation of Underdamped CON (CFA-UDCON). This specialized implementation allows us
to avoid using complex numbers in the algorithm and reduces the number of computations
necessary for calculating the approximated solution. As a result, we see a considerable
increase in the sim-time to real-time factor.
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Figure 11.3: Analysis of approximation error of CFA-CON: we compare the ground-truth solution of a 40 s rollout
of the CON network consisting of three oscillators (𝑛 = 3) with the CFA-CON executed at a time step of 𝛿𝑡 = 0.1s
and a solution generated by integrating the ODE at a time step of 𝛿𝑡 = 0.05s with the Euler method.

Integration error
We perform the integration error benchmark over 100 different network configurations,
all consisting of 50 oscillators (𝑛 = 50): First, we sample the natural frequency of the
𝑖th oscillator from a uniform distribution as 𝜔n,𝑖 ∼  (0.05Hz,0.5Hz), then we sample
𝜅𝑖 ∼ (0.2N/m,2N/m) such that 𝐾 = diag(𝜅1,… ,𝜅𝑛) ≻ 0, which lets us determine each
mass𝑚𝑖 = 𝜅𝑖

𝜔2
n,𝑖
. Next, the damping ratio is determined as 𝜁𝑖 ∼ (0.1,0.9) and 𝜁𝑖 ∼ (0.1,2.0)

for the underdamped and general case, respectively. As a result, 𝐷 = diag(𝑑1,… ,𝑑𝑛) ≻ 0
with 𝑑𝑖 = 2𝜁𝑖

√𝑚𝑖𝜅𝑖 given. Finally, by leveraging the Cholesky decomposition, we sample a
𝑊 ≻0 and 𝑏𝑖 ∼ (−1,1). We compute the estimation error of all integrated trajectories with
respect to the high-precision solution (i.e., Tsitouras’ 5/4 method (Tsit5) at 𝛿𝑡 = 5×10−4 s).
For this, we compute the RMSE for each 60 s trajectory and then take the mean and standard
deviation across the 100 different network configurations.

Simulation-Time to Real-Time Factor
The simulation vs. real-time factor is computed as the simulated rollout duration per
second of computational time. For this, we let each method simulate a 60 s trajectory for
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100 times and record the minimum run time on an Intel Core i7-10870H CPU (single core)
over 10 trials. Because of computational constraints, we simulated the trajectory with the
high-precision Tsit5 solver only 5 times.

Results
We also provide qualitative results for the integration accuracy in Fig. 11.3 The results
in Table 11.1 show that CFA-CON is 30 % more accurate than the Euler integrator at half
of the speed. Comparing against the Tsit5 integrator, CFA-CON exhibits a 1.56x speed
increase while being significantly less accurate. For the underdamped case with 𝜁 < 1,
the specialized implementation CFA-UDCON is 14.8 % faster and at the same time 32 %
more accurate than the Euler integrator. Furthermore, CFA-UDCON is 3.7x faster and
significantly less accurate than the Tsit5 integrator. We can conclude that in the pure
rollout setting (i.e., no backpropagation involved) for a generic CON, the CFA-CON does
not show clear advantages to an appropriately tuned Euler or Tsit5 solver. However, the
specialized version CFA-UDCON demonstrates a 2.4x speed-up at no reduction of accuracy
vs. CFA-CON for underdamped oscillator networks.

Method RMSE [m] ↓ RMSE 𝜁 < 1 [m] ↓ Complexity ↓ Sim. time
Real time ↑

CON with Tsit5
at 𝛿𝑡 = 5×10−5 s n/a n/a (

𝑛log2 7𝑝ℎ
𝛿𝑡 ) = (3.5 × 1011) 5.68x

CON with Tsit5
at 𝛿𝑡 = 1×10−1 s 5×10−5 ±1×10−5 8×10−6 ±1×10−5 (𝑛

𝑛log2 7𝑝ℎ
𝛿𝑡 ) = (1.8 × 108) 11310x

CON with Euler
at 𝛿𝑡 = 5×10−2 s 0.010±0.003 0.022±0.005 (

𝑛log2 7ℎ
𝛿𝑡 ) = (7.1 × 107) 36500x

CFA-CON (our)
with 𝛿𝑡 = 1×10−1 s 0.007±0.002 0.015±0.003 (

𝑛log2 7ℎ
𝛿𝑡 ) = (3.5 × 107) 17680x

CFA-UDCON (our)
with 𝛿𝑡 = 1×10−1 s n/a 0.015±0.003 (

𝑛log2 7ℎ
𝛿𝑡 ) = (3.5 × 107) 𝟒𝟏𝟗𝟎𝟎x

Table 11.1: Benchmarking of various methods for integrating the CON dynamics. The RMSE is computed with
respect to the Tsitouras’ 5/4 method (Tsit5) (i.e., extremely high accuracy but also extremely high computational
complexity). We denote with 𝑛 the number of oscillators in the network (in this case 𝑛 = 50), with 𝑝 the order of
the numerical ODE solver, and with 𝛿𝑡 the time-step. When stating the complexity, we refer to ℎ = 𝑡𝑁 −𝑡0 as
the rollout horizon in seconds. In this case, we report the results for a horizon of ℎ = 60s. The RMSE column
states the RMSE of the various integration strategies with respect to the CON with Tsit5 at 𝛿𝑡 = 5×10−5s solution,
which we consider to be the ground-truth. The RMSE 𝜁 < 1 computes the same metrics, but this time for a dataset
that contains only underdamped oscillators. The Sim. time

Real time column states the ratio between the duration of the
simulation achieved (in seconds) per second of real-time (i.e., computational time). We report the mean and
standard deviation of the RMSE over 100 different network configurations.

11.4 Learning Control-Oriented Latent Dynamics
from Pixels

We now move towards learning latent dynamical models based on CON and CFA-CON.
CONs are an ideal fit for learning latent dynamics as they guarantee that the latent states
stay bounded.
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<latexit sha1_base64="X+2HmOZqFnyMvKFaAvTVxq+/r7M=">AAAB83icbVA9TwJBEJ3DL8Qv1NJmI5hgQ+4o0JLERjtMBEngQvaWPdiwt3fZDxNy4W/YWGiMrX/Gzn/jHlyh4EsmeXlvJjPzgoQzpV332ylsbG5t7xR3S3v7B4dH5eOTroqNJLRDYh7LXoAV5UzQjmaa014iKY4CTh+D6U3mPz5RqVgsHvQsoX6Ex4KFjGBtpcGdSIxGVVPTl9VhueLW3QXQOvFyUoEc7WH5azCKiYmo0IRjpfqem2g/xVIzwum8NDCKJphM8Zj2LRU4ospPFzfP0YVVRiiMpS2h0UL9PZHiSKlZFNjOCOuJWvUy8T+vb3R47acse4wKslwUGo50jLIA0IhJSjSfWYKJZPZWRCZYYqJtTCUbgrf68jrpNupes968b1RazTyOIpzBOdTAgytowS20oQMEEniGV3hzjPPivDsfy9aCk8+cwh84nz93HpCh</latexit>

Input u(t)

<latexit sha1_base64="TIgizCD7UAMMckdEoZ8vEzorE9M=">AAACFXicbVBNS8NAFNzUrxq/oh69BFuhgpSkh+qxIILHCrYWmlA2m9d26WYTdjdCCf0TXvwrXjwo4lXw5r9x20bQ1oGFYeYNb98ECaNSOc6XUVhZXVvfKG6aW9s7u3vW/kFbxqkg0CIxi0UnwBIY5dBSVDHoJAJwFDC4C0aXU//uHoSkMb9V4wT8CA847VOClZZ61pkXwIDyjABXICbmFSdxCMLzzPKgkp6WTQ94+OP2rJJTdWawl4mbkxLK0exZn14YkzTSccKwlF3XSZSfYaEoYTAxvVRCgskID6CrKccRSD+bXTWxT7QS2v1Y6MeVPVN/JzIcSTmOAj0ZYTWUi95U/M/rpqp/4WeUJ6kCTuaL+imzVWxPK7JDKoAoNtYEE0H1X20yxAIT3YE0dQnu4snLpF2ruvVq/aZWatTzOoroCB2jCnLROWqga9RELUTQA3pCL+jVeDSejTfjfT5aMPLMIfoD4+MbarGeUQ==</latexit>

Encoder
g(u)

<latexit sha1_base64="pPCk1xCV74ZZfOejRORDGrE98sQ=">AAACG3icbVDLSsNAFJ3UV42vqEs3wVaom5J0UV0WdOGygn1AE8pkctsOnUzCzEQoof/hxl9x40IRV4IL/8ZpG0FbDwwczjmXO/cECaNSOc6XUVhb39jcKm6bO7t7+wfW4VFbxqkg0CIxi0U3wBIY5dBSVDHoJgJwFDDoBOOrmd+5ByFpzO/UJAE/wkNOB5RgpaW+VfMCGFKeEeAKxNS8BhKHIDzPLHugcMVTOD0vmx7w8CfTt0pO1ZnDXiVuTkooR7NvfXhhTNJIjxOGpey5TqL8DAtFCYOp6aUSEkzGeAg9TTmOQPrZ/LapfaaV0B7EQj+u7Ln6eyLDkZSTKNDJCKuRXPZm4n9eL1WDSz+jPEkVcLJYNEiZrWJ7VpQdUgFEsYkmmAiq/2qTERaY6A6kqUtwl09eJe1a1a1X67e1UqOe11FEJ+gUVZCLLlAD3aAmaiGCHtATekGvxqPxbLwZ74towchnjtEfGJ/fPWCg4w==</latexit>

Decoder
⌘(⌧)

<latexit sha1_base64="v292+ZRf3H+dMYJq944CTebpP1U=">AAACJ3icbVDLSgMxFM34rOOr6tJNsAq6KTNdVFdScOOyilWhU0omc9sGM5khuSOUoX/jxl9xI6iILv0T04egrQcCh3Pu5eacMJXCoOd9OnPzC4tLy4UVd3VtfWOzuLV9bZJMc2jwRCb6NmQGpFDQQIESblMNLA4l3IR3Z0P/5h60EYm6wn4KrZh1legIztBK7eJpEEJXqJyDQtAD9xJ4ogzqjCNEQeAKlWZI94MewzwbHOLRvhuAin7m28WSV/ZGoLPEn5ASmaDeLr4EUcKz2K5zyYxp+l6KrZxpFFzCwA0yAynjd6wLTUsVi8G08lHOAT2wSkQ7ibZPIR2pvzdyFhvTj0M7GTPsmWlvKP7nNTPsnLTyUVZQfHyok0mKCR2WRiOhgaPsW8K4FvavlPeYZrYkbVxbgj8deZZcV8p+tVy9qJRq1UkdBbJL9sgh8ckxqZFzUicNwskDeSKv5M15dJ6dd+djPDrnTHZ2yB84X98D/KaY</latexit>

Reconstructed
input û(t)

<latexit sha1_base64="hlhJtK3Vf0euRghOTNPv8sxZEJs=">AAACH3icbVC7SgNBFJ31GddX1NJmMAhWYTdFtAyksdII5gFJCLOzd5MhszPLzKwSlvyJjb9iY6GI2OVvnDwETbzV4Ty4954g4Uwbz5s4a+sbm1vbuR13d2//4DB/dNzQMlUU6lRyqVoB0cCZgLphhkMrUUDigEMzGFanevMBlGZS3JtRAt2Y9AWLGCXGUr18uRNAn4mMgjCgxm5VpgmHEN9qyjgnRip8A+ZRqqHbARH++Hr5glf0ZoNXgb8ABbSYWi//1QklTWMbp5xo3fa9xHQzogyjHMZuJ9WQEDokfWhbKEgMupvN/hvjc8uEOLK3RFIYPGN/JzISaz2KA+uMiRnoZW1K/qe1UxNddTMmktSAoPNFUcqxkXhaFg6ZAmr4yAJCFbO3YjogilDbgXZtCf7yy6ugUSr65WL5rlSolBd15NApOkMXyEeXqIKuUQ3VEUVP6AW9oXfn2Xl1PpzPuXXNWWRO0J9xJt9sraPQ</latexit>

Coupled Oscillator Network

<latexit sha1_base64="DpDwYl3l5+4XXS1ZcLGgaeRRKrE=">AAACD3icbVC7TsMwFHV4lvAKMLJEVCCmKulQGCuxwFYk+pCaqHKcm9Sq40S2g1RF/QMWfoWFAYRYWdn4G9w2SNByJMtH59wj+54gY1Qqx/kyVlbX1jc2K1vm9s7u3r51cNiRaS4ItEnKUtELsARGObQVVQx6mQCcBAy6wehq6nfvQUia8js1zsBPcMxpRAlWWhpYZ14AMeUFAa5ATMwbfcUCq1SYHvDwRx9YVafmzGAvE7ckVVSiNbA+vTAleaLjhGEp+66TKb/AQlHCYGJ6uYQMkxGOoa8pxwlIv5jtM7FPtRLaUSr04cqeqb8TBU6kHCeBnkywGspFbyr+5/VzFV36BeVZroCT+UNRzmyV2tNy7JAKIIqNNcFEUP1XmwyxwER3IE1dgru48jLp1Gtuo9a4rVebjbKOCjpGJ+gcuegCNdE1aqE2IugBPaEX9Go8Gs/Gm/E+H10xyswR+gPj4xv8s509</latexit>

Integrator
<latexit sha1_base64="HWYsgoesXTJ1X8ln8clyHTgRh/0=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoMQL2FXJHoMePEYwTwgWcLsZDYZMzuzzPQKMeQfvHhQxKv/482/cZLsQRMLGoqqbrq7wkRwg5737eTW1jc2t/LbhZ3dvf2D4uFR06hUU9agSijdDolhgkvWQI6CtRPNSBwK1gpHNzO/9ci04Ure4zhhQUwGkkecErRS86mMPe+8Vyx5FW8Od5X4GSlBhnqv+NXtK5rGTCIVxJiO7yUYTIhGTgWbFrqpYQmhIzJgHUsliZkJJvNrp+6ZVfpupLQtie5c/T0xIbEx4zi0nTHBoVn2ZuJ/XifF6DqYcJmkyCRdLIpS4aJyZ6+7fa4ZRTG2hFDN7a0uHRJNKNqACjYEf/nlVdK8qPjVSvXuslSrZnHk4QROoQw+XEENbqEODaDwAM/wCm+Ocl6cd+dj0Zpzsplj+APn8weqiI6D</latexit>

z(t0)

<latexit sha1_base64="yBf9sgifhlaXZuXwj7eKcDq8mQQ=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48V7Ae0oWy2m3bpbhJ2J0IJ/QtePCji1T/kzX/jps1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUkS8jQIl7yWaUxVI3g2md7nffeLaiDh6xFnCfUXHkQgFo5hLA6TpsFpz6+4CZJ14BalBgdaw+jUYxSxVPEImqTF9z03Qz6hGwSSfVwap4QllUzrmfUsjqrjxs8Wtc3JhlREJY20rQrJQf09kVBkzU4HtVBQnZtXLxf+8forhrZ+JKEmRR2y5KEwlwZjkj5OR0JyhnFlCmRb2VsImVFOGNp6KDcFbfXmddK7qXqPeeLiuNRtFHGU4g3O4BA9uoAn30II2MJjAM7zCm6OcF+fd+Vi2lpxi5hT+wPn8ASEjjkc=</latexit>⌧

<latexit sha1_base64="tK321McjNpX905VSJeWeFsGFQHo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBahXkoiUj0WvHisYD+gDWWz3bRLN5uwOxFK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZv7nSeujYjVI04T7kd0pEQoGEUrdfpI0ypeDsoVt+YuQNaJl5MK5GgOyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOyMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8NbPhEpS5IotF4WpJBiT+e9kKDRnKKeWUKaFvZWwMdWUoU2oZEPwVl9eJ+2rmlev1R+uK416HkcRzuAcquDBDTTgHprQAgYTeIZXeHMS58V5dz6WrQUnnzmFP3A+fwDAQI8q</latexit>

⌧(t)

<latexit sha1_base64="NHsMrmvDHn1mjZPjNKRJltKM25Y=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEWo8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKDzhwB+WKW3UXIOvEy0kFcjQH5a/+MGZpxBUySY3peW6CfkY1Cib5rNRPDU8om9AR71mqaMSNny1OnZELqwxJGGtbCslC/T2R0ciYaRTYzoji2Kx6c/E/r5dieONnQiUpcsWWi8JUEozJ/G8yFJozlFNLKNPC3krYmGrK0KZTsiF4qy+vk/ZV1atVa/fXlUYtj6MIZ3AOl+BBHRpwB01oAYMRPMMrvDnSeXHenY9la8HJZ07hD5zPHwQKjZo=</latexit>

t0

<latexit sha1_base64="NHsMrmvDHn1mjZPjNKRJltKM25Y=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEWo8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKDzhwB+WKW3UXIOvEy0kFcjQH5a/+MGZpxBUySY3peW6CfkY1Cib5rNRPDU8om9AR71mqaMSNny1OnZELqwxJGGtbCslC/T2R0ciYaRTYzoji2Kx6c/E/r5dieONnQiUpcsWWi8JUEozJ/G8yFJozlFNLKNPC3krYmGrK0KZTsiF4qy+vk/ZV1atVa/fXlUYtj6MIZ3AOl+BBHRpwB01oAYMRPMMrvDnSeXHenY9la8HJZ07hD5zPHwQKjZo=</latexit>

t0

<latexit sha1_base64="Vcku6nvsUOem31YbJRkplz3lufs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEWo8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKDzjwBuWKW3UXIOvEy0kFcjQH5a/+MGZpxBUySY3peW6CfkY1Cib5rNRPDU8om9AR71mqaMSNny1OnZELqwxJGGtbCslC/T2R0ciYaRTYzoji2Kx6c/E/r5dieONnQiUpcsWWi8JUEozJ/G8yFJozlFNLKNPC3krYmGrK0KZTsiF4qy+vk/ZV1atVa/fXlUYtj6MIZ3AOl+BBHRpwB01oAYMRPMMrvDnSeXHenY9la8HJZ07hD5zPHwWOjZs=</latexit>

t1

<latexit sha1_base64="tERXxmCn8TrPcJWaLsIUx6uI5Rs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEWo8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKDziYDMoVt+ouQNaJl5MK5GgOyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOiMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8MbPhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+2rqler1u6vK41aHkcRzuAcLsGDOjTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifP112jdU=</latexit>

tk

<latexit sha1_base64="rVAdKM6avlsDJ1HSbj9MGrqNuSE=">AAAB83icbVDLSgMxFL3js9ZX1aWbYBHqpsyIVJcFNy4r2Ad0hpJJ0zY0kxmSO2IZ+htuXCji1p9x59+YtrPQ1gOBwzn3cG9OmEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1LDpVC8iQIl7ySa0yiUvB2Ob2d++5FrI2L1gJOEBxEdKjEQjKKVfL8fY+Y/iWkFL3qlslt15yCrxMtJGXI0eqUvG2dpxBUySY3pem6CQUY1Cib5tOinhieUjemQdy1VNOImyOY3T8m5VfpkEGv7FJK5+juR0ciYSRTayYjiyCx7M/E/r5vi4CbIhEpS5IotFg1SSTAmswJIX2jOUE4soUwLeythI6opQ1tT0ZbgLX95lbQuq16tWru/KtdreR0FOIUzqIAH11CHO2hAExgk8Ayv8Oakzovz7nwsRtecPHMCf+B8/gDgFJGO</latexit>

⇠̇(t)

<latexit sha1_base64="E8ce3863uvsirNizL2qRvXewMy4=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoMQL2FXJHoMePEYwTwgWcLsZDYZMzuzzPQKMeQfvHhQxKv/482/cZLsQRMLGoqqbrq7wkRwg5737eTW1jc2t/LbhZ3dvf2D4uFR06hUU9agSijdDolhgkvWQI6CtRPNSBwK1gpHNzO/9ci04Ure4zhhQUwGkkecErRS86mMPf+8Vyx5FW8Od5X4GSlBhnqv+NXtK5rGTCIVxJiO7yUYTIhGTgWbFrqpYQmhIzJgHUsliZkJJvNrp+6ZVfpupLQtie5c/T0xIbEx4zi0nTHBoVn2ZuJ/XifF6DqYcJmkyCRdLIpS4aJyZ6+7fa4ZRTG2hFDN7a0uHRJNKNqACjYEf/nlVdK8qPjVSvXuslSrZnHk4QROoQw+XEENbqEODaDwAM/wCm+Ocl6cd+dj0Zpzsplj+APn8wesDY6E</latexit>

z(t1)

<latexit sha1_base64="IZx22dOcqaCE+C9RPgiwoLBzfBs=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoMQL2FXJHoMePEYwTwgWcLsZDYZMzuzzPQKMeQfvHhQxKv/482/cZLsQRMLGoqqbrq7wkRwg5737eTW1jc2t/LbhZ3dvf2D4uFR06hUU9agSijdDolhgkvWQI6CtRPNSBwK1gpHNzO/9ci04Ure4zhhQUwGkkecErRS86mMvdF5r1jyKt4c7irxM1KCDPVe8avbVzSNmUQqiDEd30swmBCNnAo2LXRTwxJCR2TAOpZKEjMTTObXTt0zq/TdSGlbEt25+ntiQmJjxnFoO2OCQ7PszcT/vE6K0XUw4TJJkUm6WBSlwkXlzl53+1wzimJsCaGa21tdOiSaULQBFWwI/vLLq6R5UfGrlerdZalWzeLIwwmcQhl8uIIa3EIdGkDhAZ7hFd4c5bw4787HojXnZDPH8AfO5w8EPo6+</latexit>

z(tk)

<latexit sha1_base64="gD6ORxOA6TmVbR/nCj9WeQ/PBgI=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KIVI8FLx4rmLbQhrLZbtqlm03YfRFK6G/w4kERr/4gb/4bt20O2jqwMMy8Yd+bMJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSS3x8maAbVmlt3FyDrxCtIDQq0BtUvm2NZzBUySY3peW6KQU41Cib5rNLPDE8pm9AR71mqaMxNkC+WnZELqwxJlGj7FJKF+juR09iYaRzayZji2Kx6c/E/r5dhdBvkQqUZcsWWH0WZJJiQ+eVkKDRnKKeWUKaF3ZWwMdWUoe2nYkvwVk9eJ+2ruteoNx6ua81GUUcZzuAcLsGDG2jCPbTABwYCnuEV3hzlvDjvzsdytOQUmVP4A+fzB/FejsE=</latexit> ..
.

<latexit sha1_base64="gD6ORxOA6TmVbR/nCj9WeQ/PBgI=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KIVI8FLx4rmLbQhrLZbtqlm03YfRFK6G/w4kERr/4gb/4bt20O2jqwMMy8Yd+bMJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSS3x8maAbVmlt3FyDrxCtIDQq0BtUvm2NZzBUySY3peW6KQU41Cib5rNLPDE8pm9AR71mqaMxNkC+WnZELqwxJlGj7FJKF+juR09iYaRzayZji2Kx6c/E/r5dhdBvkQqUZcsWWH0WZJJiQ+eVkKDRnKKeWUKaF3ZWwMdWUoe2nYkvwVk9eJ+2ruteoNx6ua81GUUcZzuAcLsGDG2jCPbTABwYCnuEV3hzlvDjvzsdytOQUmVP4A+fzB/FejsE=</latexit> ..
.<latexit sha1_base64="+fnOs4XfnSUS/Elg7OZWeHIV83A=">AAACJXicbVDLSgMxFM3UVx1fVZduBluhbspMF9WFi4Ib3VWwD+iUkklv29BMMiSZQhn6M278FTcuLCK48ldMpxW09UDg5NxzuNwTRIwq7bqfVmZjc2t7J7tr7+0fHB7ljk8aSsSSQJ0IJmQrwAoY5VDXVDNoRRJwGDBoBqPb+bw5Bqmo4I96EkEnxANO+5RgbaRu7sYPYEB5QoBrkFP7nlNNMfN9WwQK5Di1mV9BFHXXvSzYPvDej7uby7slN4WzTrwlyaMlat3czO8JEocmThhWqu25ke4kWGpKGExtP1YQYTLCA2gbynEIqpOkV06dC6P0nL6Q5nHtpOrvRIJDpSZhYJwh1kO1OpuL/83ase5fdxLKo1gDJ4tF/Zg5WjjzypwelUA0mxiCiTT9EIcMscTEdKBsU4K3evI6aZRLXqVUeSjnq5VlHVl0hs5REXnoClXRHaqhOiLoCb2gNzSznq1X6936WFgz1jJziv7A+voGK0Ck/w==</latexit>

Initial
observation

o(t0)

<latexit sha1_base64="sya9dvMJ4vOQeragLAUsL86U8nY=">AAACHXicbVDLSsNAFJ34rPEVdekmWARXJSlSXRbcuKxgH9CEMpnctEMnkzAzKZTQH3Hjr7hxoYgLN+LfOE0jaOuBgcM553LnniBlVCrH+TLW1jc2t7YrO+bu3v7BoXV03JFJJgi0ScIS0QuwBEY5tBVVDHqpABwHDLrB+GbudycgJE34vZqm4Md4yGlECVZaGliXXgBDynMCXIGYmS0BISUKQs8zk0CCmBRBaXrAw5/UwKo6NaeAvUrcklRRidbA+vDChGSxHicMS9l3nVT5ORaKEgYz08skpJiM8RD6mnIcg/Tz4rqZfa6V0I4SoR9XdqH+nshxLOU0DnQyxmokl725+J/Xz1R07eeUp5kCThaLoozZKrHnVdkhFUAUm2qCiaD6rzYZYYF1PUKaugR3+eRV0qnX3EatcVevNhtlHRV0is7QBXLRFWqiW9RCbUTQA3pCL+jVeDSejTfjfRFdM8qZE/QHxuc3Dn2jHw==</latexit>

Predicted
observations

<latexit sha1_base64="+4/wKfTrP1S5OpNbG0ooKQTKKkw=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkoiUj0WvHisYD+gCWWz3bZLN5uwOxFK6N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzwkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ28SpZrzFYhnrbkgNl0LxFgqUvJtoTqNQ8k44uZv7nSeujYjVI04THkR0pMRQMIpW8v0xxSyeVbHvXfbLFbfmLkDWiZeTCuRo9stf/iBmacQVMkmN6XlugkFGNQom+azkp4YnlE3oiPcsVTTiJsgWN8/IhVUGZBhrWwrJQv09kdHImGkU2s6I4tisenPxP6+X4vA2yIRKUuSKLRcNU0kwJvMAyEBozlBOLaFMC3srYWOqKUMbU8mG4K2+vE7aVzWvXqs/XFca9TyOIpzBOVTBgxtowD00oQUMEniGV3hzUufFeXc+lq0FJ585hT9wPn8AcjWRRg==</latexit>

ô(t1)

<latexit sha1_base64="jQfpIVWJkKJNcqEwQBpSeYjgKm4=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkoiUj0WvHisYD+gCWWz3bZLN5uwOxFK6N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzwkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ28SpZrzFYhnrbkgNl0LxFgqUvJtoTqNQ8k44uZv7nSeujYjVI04THkR0pMRQMIpW8v0xxSyeVbE/ueyXK27NXYCsEy8nFcjR7Je//EHM0ogrZJIa0/PcBIOMahRM8lnJTw1PKJvQEe9ZqmjETZAtbp6RC6sMyDDWthSShfp7IqORMdMotJ0RxbFZ9ebif14vxeFtkAmVpMgVWy4appJgTOYBkIHQnKGcWkKZFvZWwsZUU4Y2ppINwVt9eZ20r2pevVZ/uK406nkcRTiDc6iCBzfQgHtoQgsYJPAMr/DmpM6L8+58LFsLTj5zCn/gfP4AyleRgA==</latexit>

ô(tk)

<latexit sha1_base64="8ucjkMdk81R0AiPJ1q4/4HiM9KU=">AAACGHicbVDLSgMxFM3UVx1foy7dDLZC3dSZLqrLggguK9gHdErJZG7b0EwyJBmhDP0MN/6KGxeKuO3OvzF9CFo9EDiccy4394QJo0p73qeVW1vf2NzKb9s7u3v7B87hUVOJVBJoEMGEbIdYAaMcGppqBu1EAo5DBq1wdD3zWw8gFRX8Xo8T6MZ4wGmfEqyN1HMughAGlGcEuAY5sW84ERHIILCLQX1IS+K8aAfAo+9Azyl4ZW8O9y/xl6SAlqj3nGkQCZLGZpwwrFTH9xLdzbDUlDCY2EGqIMFkhAfQMZTjGFQ3mx82cc+MErl9Ic3j2p2rPycyHCs1jkOTjLEeqlVvJv7ndVLdv+pmlCepBk4Wi/opc7VwZy25EZVANBsbgomk5q8uGWKJielA2aYEf/Xkv6RZKfvVcvWuUqhVl3Xk0Qk6RSXko0tUQ7eojhqIoEf0jF7Rm/VkvVjv1scimrOWM8foF6zpF6f2n38=</latexit>

Encoder
�(o)

<latexit sha1_base64="Rs4vVJGf/Y0hNKScvfA2l1zAVZ4=">AAACGHicbVDLSsNAFJ3UV42vqEs3wVaom5p0UV0WdOGygn1AE8pkctsOnUzCzESooZ/hxl9x40IRt935N04fgrYeGDiccy537gkSRqVynC8jt7a+sbmV3zZ3dvf2D6zDo6aMU0GgQWIWi3aAJTDKoaGoYtBOBOAoYNAKhtdTv/UAQtKY36tRAn6E+5z2KMFKS13rwgugT3lGgCsQY/MGSByC8Dyz6NUlLT2eF00PePgT6FoFp+zMYK8Sd0EKaIF615p4YUzSSI8ThqXsuE6i/AwLRQmDsemlEhJMhrgPHU05jkD62eywsX2mldDuxUI/ruyZ+nsiw5GUoyjQyQirgVz2puJ/XidVvSs/ozxJFXAyX9RLma1ie9qSHVIBRLGRJpgIqv9qkwEWmOgOpKlLcJdPXiXNStmtlqt3lUKtuqgjj07QKSohF12iGrpFddRABD2hF/SG3o1n49X4MD7n0ZyxmDlGf2BMvgG6ZJ+L</latexit>

Decoder
 (z)

Figure 11.4: Exploiting CONs for learning latent dynamics from pixels: We encode the initial observation 𝑜(𝑡0)
and the input 𝑢(𝑡) into latent space where we leverage the CON to predict future latent states. Finally, we decode
both the latent-space torques 𝜏(𝑡) and the predicted latent states 𝑧(𝑡).

We assume to have access to observations in the form of images 𝑜 ∈ ℝℎo×𝑤o×𝑐o , where 𝑐o
denotes the number of channels. Please note that this could also be other high-dimensional
observations such as LiDAR scans, point clouds, etc. We now leverage an encoder-decoder
architecture to map these high-dimensional observations into a compressed latent space:
The encoder Φ ∶ ℝℎo×𝑤o×𝑐o →ℝ𝑛𝑧 with 𝑛𝑧 ≪ℎo𝑤o identifies a low-dimensional latent repre-
sentation 𝑧 ∈ ℝ𝑛𝑧 of the images. The decoder Ψ ∶ ℝ𝑛𝑧 →ℝℎo×𝑤o×𝑐o approximates the inverse
operation by reconstructing an image 𝑜̂ ∈ ℝℎo×𝑤o×𝑐o based on the latent representation. To
promote the learning of a smooth and monotonic mapping into latent space, we specifically
choose to implement the autoencoder here as a 𝛽-VAE (Higgins et al., 2017; Kingma and
Welling, 2014). Instead of just statically reconstructing the image 𝑜̂(𝑡𝑘), we are interested
in predicting future observations 𝑜̂(𝑡𝑘+𝑙), where 𝑙 ∈ 1…𝑁 . For this, we train a 2nd-order
dynamical model that is, when integrated, able to predict future latent representations
𝑧(𝑡𝑘+𝑙). This requires us to define a latent state 𝜉(𝑡) = [𝑧⊤(𝑡) 𝑧̇⊤(𝑡)]

⊤ ∈ ℝ2𝑛𝑧 consisting
of the latent representation and latent velocity 𝑧̇(𝑡) ∈ ℝ𝑛𝑧 .

We now rely on CONwith 𝑛= 𝑛𝑧 oscillators to provide us with the latent state derivative
𝜉̇ = 𝑓w(𝑧(𝑡),𝑢(𝑡)), where we defined 𝜉 = 𝑦w, and 𝑧 = 𝑥w. To ensure stability, we make use
of the Cholvesky decomposition to ensure that 𝑀w,𝐾w and 𝐷w always remain positive
definite (see Theorem 3). It is important to note that we train the encoder, decoder, and
dynamical model all jointly. Please refer to Appendix B.1 for more implementation details.

11.4.1 Training
It is important to remember that because we are using a 𝛽-VAE (Higgins et al., 2017; Kingma
andWelling, 2014), the image encoding becomes stochastic, and the encoder neural network
actually outputs 𝜇𝑧(𝑜),2 log(𝜎𝑧)(𝑜) ∈ ℝ𝑛𝑧 . After executing the reparametrization trick as



11.4 Learning Control-Oriented Latent Dynamics from Pixels

11

239

M
od

el
R
M
SE

M
-S
P+

F
↓

R
M
SE

S-
P+

F
↓

R
M
SE

D
-P
+F

↓
R
M
SE

C
S
↓

R
M
SE

PC
C
-N

S-
2
↓

R
M
SE

PC
C
-N

S-
3
↓

R
M
SE

R
-D

↓

RN
N

0.
27
39

±
0.
00
57

0.
23
78

±
0.
03
52

0.
16
94

±
0.
00
04

𝟎.
𝟏𝟎
𝟏𝟏

±
𝟎.
𝟎𝟎
𝟎𝟗

0.
13
73

±
0.
01
85

0.
22
32

±
0.
00
75

0.
37
63

±
0.
03
74

GR
U
(C
ho

et
al
.,2

01
4)

0.
02
67

±
0.
00
33

0.
14
57

±
0.
00
78

0.
13
29

±
0.
00
05

0.
11
25

±
0.
01
00

𝟎.
𝟎𝟗
𝟓𝟏

±
𝟎.
𝟎𝟎
𝟐𝟏

0.
21
48

±
0.
01
96

0.
32
32

±
0.
03
68

co
RN

N
(R
us
ch

an
d
M
ish

ra
,2
02
0)

𝟎.
𝟎𝟐
𝟔𝟓

±
𝟎.
𝟎𝟎
𝟎𝟐

0.
13
33

±
0.
00
44

0.
13
24

±
0.
00
16

0.
25
37

±
0.
00
18

0.
25
04

±
0.
08
99

0.
24
74

±
0.
00
18

𝟎.
𝟎𝟕
𝟒𝟏

±
𝟎.
𝟎𝟎
𝟎𝟏

N
O
D
E
(C
he
n
et

al
.,2

01
8)

𝟎.
𝟎𝟐
𝟔𝟒

±
𝟎.
𝟎𝟎
𝟏𝟎

𝟎.
𝟏𝟐
𝟔𝟎

±
𝟎.
𝟎𝟎
𝟏𝟑

0.
13
24

±
0.
00
24

0.
24
15

±
0.
00
21

0.
18
67

±
0.
05
61

0.
33
73

±
0.
05
65

𝟎.
𝟎𝟕
𝟑𝟖

±
𝟎.
𝟎𝟎
𝟎𝟕

M
EC

H
-N

O
D
E

0.
03
28

±
0.
00
34

0.
16
50

±
0.
02
05

0.
17
10

±
0.
01
11

0.
24
94

±
0.
00
28

0.
10
35

±
0.
00
12

0.
19
00

±
0.
00
24

N
/A

CO
N
-S

(o
ur
)

0.
03
03

±
0.
00
53

0.
13
03

±
0.
00
64

0.
13
23

±
0.
00
18

0.
19
93

±
0.
06
46

0.
09
96

±
0.
00
12

0.
17
92

±
0.
00
38

0.
11
10

±
0.
01
60

CO
N
-M

(o
ur
)

0.
03
03

±
0.
00
53

0.
13
03

±
0.
00
64

0.
13
23

±
0.
00
18

0.
10
63

±
0.
00
27

0.
10
08

±
0.
00
06

𝟎.
𝟏𝟕
𝟖𝟓

±
𝟎.
𝟎𝟎
𝟐𝟑

0.
11
10

±
0.
01
60

CF
A-
CO

N
(o
ur
)

0.
03
13

±
0.
00
26

0.
13
52

±
0.
00
73

𝟎.
𝟏𝟑
𝟎𝟕

±
𝟎.
𝟎𝟎
𝟏𝟐

0.
14
62

±
0.
02
11

0.
11
24

±
0.
00
25

0.
18
03

±
0.
00
03

0.
10
68

±
0.
00
59

Ta
bl
e
11
.2
:B

en
ch
m
ar
ki
ng

of
CO

N
an
d
CF

A-
CO

N
at

le
ar
ni
ng

la
te
nt

dy
na
m
ic
sa

ga
in
st
ba
se
lin

e
m
et
ho

ds
.T

he
fir
st
th
re
e
da
ta
se
ts
,b
as
ed

on
(B
ot
ev

et
al
.,
20
21
),
co
nt
ai
n

sa
m
pl
es

of
am

as
s-
sp
rin

g
w
ith

fri
ct
io
n
(M

-S
P
+
F)
,a

sin
gl
ep

en
du

lu
m

w
ith

fri
ct
io
n
(S
-P

+
F)
,a
nd

ad
ou

bl
ep

en
du

lu
m

w
ith

fri
ct
io
n
(D
-P

+
F)

(a
ll
w
ith

ou
ts
ys
te
m

in
pu

ts
).
Th

e
C
S
da
ta
se
tc
on

sid
er
sa

co
nt
in
uu

m
so
ft
ro
bo

tc
on

sis
tin

g
of

on
e
se
gm

en
tw

ith
th
re
e
co
ns
ta
nt

pl
an
ar

st
ra
in
s.
Th

e
PC

C
-N
S-
2
an
d
PC

C
-N
S-
3
da
ta
se
ts
co
nt
ai
n
tra

je
ct
or
ie
so

fa
co
nt
in
uu

m
so
ft
ro
bo

tm
ad
e
of

tw
o
an
d
th
re
e
pi
ec
ew

ise
co
ns
ta
nt

cu
rv
at
ur
e
se
gm

en
ts
,r
es
pe
ct
iv
el
y.
W
e
ch
oo

se
th
e
la
te
nt

di
m
en
sio

ns
of

th
e
m
od

el
sa

s𝑛
𝑧
=
4,
𝑛 𝑧

=
4,
an
d

𝑛 𝑧
=
12

fo
rt
he

M
-S
P
+
F,
S-
P
+
F,
an
d
D
-P

+
F
da
ta
se
ts
,a
nd
𝑛 𝑧

=
8,
𝑛 𝑧

=
12
,a
nd
𝑛 𝑧

=
12

fo
rt
he

PC
C
-N
S-
2,
PC

C
-N
S-
3,
an
d
C
S
so
ft
ro
bo

tic
da
ta
se
ts
.W

er
ep
or
tt
he

m
ea
n
an
d

st
an
da
rd

de
vi
at
io
n
ov
er

th
re
e
di
ffe

re
nt

ra
nd

om
se
ed
s.



11

240 11 Learning Latent Dynamics with ISS Coupled Oscillator Networks

D
ataset

𝐧
𝐳

R
N
N

G
R
U
(Cho

etal.,2014)
coR

N
N
(Rusch

and
M
ishra,2020)

N
O
D
E
(Chen

etal.,2018)
M
EC

H
-N

O
D
E

C
O
N
-S

(our)
C
O
N
-M

(our)
C
FA

-C
O
N
(our)

M
-SP+F

(Botev
etal.,2021)

4
88

248
40

3368
3244

𝟑𝟒
𝟑𝟒

𝟑𝟒
S-P+F

(Botev
etal.,2021)

4
88

248
40

3368
3244

𝟑𝟒
𝟑𝟒

𝟑𝟒
D
-P+F

(Botev
etal.,2021)

12
672

1968
348

4404
4032

𝟐𝟒𝟔
𝟐𝟒𝟔

𝟐𝟒𝟔
CS

12
696

2040
𝟑𝟑𝟔

4374
4002

1386
8568

8568
PCC-N

S-2
8

320
928

𝟏𝟓𝟐
3856

3062
676

7048
7048

PCC-N
S-3

12
696

2040
𝟑𝟑𝟔

4374
4002

1386
8568

8568
R-D

(Cham
pion

etal.,2019)
4

𝟐𝟎
52

𝟐𝟎
3064

-
24

24
24

Table
11.3:Num

beroftrainableparam
etersfortheeach

latentdynam
icm

odelsdepending
on

the
respectivedataset:m

ass-spring
w
ith

friction
(M

-SP+F),single
pendulum

w
ith

friction
(S-P+F),double

pendulum
w
ith

friction
(D
-P+F),a

constantstrain
softrobot(C

S),a
piecew

ise
constantcurvature

w
ith

tw
o
segm

ents(PC
C
-N
S-2,a

piecew
ise

constantcurvature
softrobotw

ith
three

segm
ents(PC

C
-N
S-3,and

reaction-diffusion
(R-D

).



11.4 Learning Control-Oriented Latent Dynamics from Pixels

11

241

0 5 10 15 20 25 30

nz

0.1

0.2

0.3

0.4

0.5

R
M

S
E

RNN

MECH-NODE-S

MECH-NODE

CON-S

CON-M

CFA-CON

(a) RMSE vs. latent dimension 𝑛𝑧

0 2000 4000 6000 8000 10000 12000

Model parameters

0.1

0.2

0.3

0.4

0.5

R
M

S
E

RNN

MECH-NODE-S

MECH-NODE

CON-S

CON-M

CFA-CON

(b) RMSE vs. model parameters

Figure 11.5: Evaluation of prediction performance of the various models vs. the dimension of their latent
representation 𝑛𝑧 and the number of trainable parameters of the dynamics model, respectively, on the PCC-NS-2
dataset. All hyperparameters are tuned for each model separately for 𝑛𝑧 = 8. The error bar denotes the standard
deviation across three random seeds.

𝑧(𝑡𝑘) ∼  (𝜇𝑧(𝑡𝑘),𝜎2
𝑧(𝑡𝑘)), we formulate the loss function, evaluated on each trajectory

consisting of 𝑁 time-steps, as

 =
𝑁
∑
𝑘=0

⎛
⎜
⎜
⎜
⎜
⎝

MSE(𝑜(𝑡𝑘),Ψ(𝑧(𝑡𝑘)))
𝑁 +1⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

Static image reconstruction loss

+𝛽
KL ((𝜇𝑧(𝑡𝑘),𝜎𝑧(𝑡𝑘))

𝑁 +1⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
Kullback–Leibler divergence

⎞
⎟
⎟
⎟
⎟
⎠

+
𝑁
∑
𝑘=1

⎛
⎜
⎜
⎜
⎜
⎝

𝜆𝑜
MSE(𝑜(𝑡𝑘),Ψ(𝑧̂(𝑡𝑘)))

𝑁⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
Dynamic image reconstruction loss
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𝑁⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
Latent dynamics consistency loss

⎞
⎟
⎟
⎟
⎟
⎠

,

(11.53)

where 𝑧̂(𝑡𝑘) is predicted by 𝜉(𝑡𝑘) = ∫ 𝑡𝑘𝑡=𝑡0 𝑓𝜉 (𝜉(𝑡
′),𝑢(𝑡′)) d𝑡′, and 𝜉(𝑡0) = [𝑧⊤(𝑡0) 𝑧̇⊤(𝑡0)]

⊤.
Here, 𝑧(𝑡0) is given by the encoder, and 𝑧̇(𝑡0) is approximated using finite differences in
image-space. 𝛽,𝜆𝑜 ,𝜆z ∈ ℝ are loss weights.

Estimation of Initial Latent Velocity
For 2nd-order systems and when integrating the evolution of the latent state 𝜉(𝑡) =
[𝑧⊤(𝑡) 𝑧̇⊤(𝑡)]

⊤ in time, we need to have access to an initial latent velocity 𝑧̇(𝑡0) such
that we can roll out the latent state 𝜉(𝑡) in time. A naive approach to estimating such an
initial latent velocity would be to encode multiple (at least two) images of the system at
the start of the trajectory into latent space and then perform numerical differentiation (e.g.,
finite differences) in latent space. However, we found the resulting 𝑧̇(𝑡𝑘) to be relatively
noisy and susceptible to small encoding errors. Instead, we propose to perform numerical
differentiation in image space and then map this velocity into latent space using the en-
coder’s Jacobian. First, we estimate the image-space velocity at 𝑡𝑘 using finite differences:
𝑜̇(𝑡𝑘) ≈

𝑜(𝑡𝑘+1)−𝑜(𝑡𝑘−1)
𝑡𝑘+1−𝑡𝑘−1

. The latent velocity is then estimated as 𝑧̇(𝑡𝑘) = 𝜕Φ
𝜕𝑜 (𝑜(𝑡𝑘)) 𝑜̇(𝑡𝑘), where

𝜕Φ
𝜕𝑜 is obtained with forward-mode automatic differentiation.
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11.4.2 Models
We train the CONwith the input-to-forcingmapping 𝑔(𝑢) =𝐵(𝑢)𝑢, where𝐵(𝑢) is parametrized
by a MLP with a hyperbolic tangent activation function applied in between layers. We
report results for two variants of the CON model: for the medium-sized CON-M and small-
sized CON-S, the MLP consists of five and two layers with a hidden dimension of 30 and
12, respectively. The model CFA-CON uses the same architecture as CON-M. We compare
against several popular latent space model architectures: The NODE model uses a MLP
with an hyperbolic activation functions and predicts 𝜉̇ (𝑡) = 𝑓NODE(𝜉(𝑡),𝑢(𝑡)). To make the
comparison fair, we parametrize the NODE’s MLP in the same fashion as for CON-M. The
MECH-NODE integrates prior knowledge towards learning 2nd-order mechanical ODEs
and, therefore, predicts 𝑧̈(𝑡) = 𝑓MECH−NODE(𝜉(𝑡),𝑢(𝑡)). Furthermore, we consider multiple
autoregressive models: RNN, GRU, and coRNN and let them parameterize the following
transition function: 𝜉(𝑡𝑘+1) = 𝑓ar(𝜉(𝑡𝑘),𝑢(𝑡𝑘)) As common in the relevant literature (Botev
et al., 2021), we allow the autoregressive models to perform multiple time step transitions
before predicting the next sample. For the autoencoder, we use a vanilla Convolutional
Neural Network (CNN). More details can be found in Appendix B.1.

11.4.3 Datasets
We consider in total seven datasets that are based on simulations of unactuated mechanical
systems, actuated continuum soft robots, and the reaction-diffusion dynamics. The first
three, mechanical datasets are based on the work of Botev et al. (2021) and contain video
sequences of a mass-spring system with friction (M-SP+F ), a single pendulum with friction
(S-P+F ), and a double pendulum with friction (D-P+F ). Continuum soft robots have theo-
retically infinite DOF, evolve with highly nonlinear and often time-dependent dynamical
behaviors, and are notoriously difficult to model from first principles (Armanini et al.,
2023). For that reason, it is a very interesting proposition if we could learn latent-space
dynamical models directly from video (Thuruthel and Iida, 2023) and later leverage them
for control (Almanzor et al., 2023). Therefore, we generate three datasets based on the PCS
soft robot model. CS considers one segment with constant strain and is modeled using three
configuration variables. PCC-NS-2 and PCC-NS-3 only consider bending deformations and
contain soft robots with two and three segments, respectively. As all previous examples
exampled ODEs, we strive to test the proposed approach also on a system that is governed
by PDEs. Specifically, we consider the Reaction-diffusion (R-D) dataset as included in the
SINDy Autoencoder paper (Champion et al., 2019). For all datasets, we generate images of
size 32×32px and subsequently normalize the pixels to the interval [−1,1].

Unactuated Mechanical Datasets
We consider multiple mechanical datasets based on a standard implementation included in
the Toy Physics category of the NeurIPS 2021 Track on Datasets and Benchmarks publication
by Botev et al. (2021): mass-spring with friction (M-SP+F), a single pendulum with friction
(S-P+F), and a double pendulum with friction (D-P+F). All datasets contain 5000 system
trajectories in the training set and 1000 trajectories each in the validation and test set.
Each trajectory is generated by first randomly initializing the system, then rolling it out
for 3s using an Euler integrator with a time step size of 5ms. Samples are recorded at a
rate of 20Hz (i.e., a time step of 0.05 s). As a result, each trajectory contains 60 images of
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the system’s state. As all of these datasets are unactuated, we can deactivate the input-to-
forcing mapping component from all models (e.g., set 𝑔(𝑢) = 0 for the CON model).

The M-SP+F dataset contains motion samples of a damped harmonic oscillator with
a mass of 0.5kg, a spring stiffness of 2N/m, and a damping coefficient of 0.05Ns/m. For
each trajectory, the initial condition of the mass-spring is randomly sampled by combining
a random sign(𝑞) with a uniformly sampled |𝑞| ∼ (0.1m,1m). The position of the mass
is rendered with a filled circle in a grayscale image.

The SP+F and DP+F datasets include the evolutions of a single-link pendulum and
double-link pendulum, respectively, with a mass of 0.5 kg attached to the end of each link,
which has a length of 1m. The dataset considers a gravitational acceleration of 3m/s2. A
rotational damper with coefficient 0.05Nms/rad provides the friction. Similarly to the M-
SP+F dataset, both the sign and the absolute value of the initial configuration are randomly
sampled, where |𝑞(0)| ∼ (1.3rad,2.3rad). The position of each mass is rendered with a
filled circle. For the single-link pendulum, this is done in grayscale, and for the double
pendulum, each mass is rendered with a different color (i.e., blue and red).

Actuated Continuum Soft Robot Datasets
The shape of slender and deformable rods can be approximated by considering the de-
formations along the 1D curve of the backbone (Gazzola et al., 2018). While this curve is
still infinite-dimensional, it is possible to discretize the backbone into (many) segments
with piecewise constant strain (Gazzola et al., 2018; Renda et al., 2016). Accordingly, we
describe the kinematics of a planar continuum soft robot consisting of 𝑛b segments with
the PCS model (Renda et al., 2016). We assume each segment has a length of 100mm
and a diameter of 20mm. The PCS model assumes each segment to have constant strain.
In the planar case, this means that the shape of the 𝑖th segment can be parametrized by
𝜉𝑖 = [𝜅be,𝑖 𝜎sh,𝑖 𝜎ax,𝑖]

⊤ ∈ ℝ3 where 𝜅be,𝑖 is the bending strain (i.e., the curvature) in the
unit rad/m, 𝜎sh,𝑖 is the shear strain (dimensionless), and 𝜎ax,𝑖 is the axial elongation strain
(dimensionless). The robot’s configuration is then defined as 𝑞 = [𝜉⊤1 ⋯ 𝜉⊤𝑖 ⋯ 𝜉⊤𝑛b]

⊤.
In the case of PCC, only the bending strain is active as shear strains and axial strains are
neglected, and the configuration is now 𝑞 ∈ ℝ𝑛b . The PCS model generates EOM in the
form of (Della Santina et al., 2023)

𝑀(𝑞) 𝑞̈ +𝐶(𝑞, 𝑞̇) 𝑞̇ +𝐺(𝑞)+𝐾q 𝑞 +𝐷q 𝑞̇ = 𝑢(𝑡), (11.54)

where𝑀(𝑞) ≻ 0 and 𝐶(𝑞, 𝑞̇) are the inertia and Corioli matrices, respectively. 𝐺(𝑞) collects
the gravitational forces, 𝐾q ≻ 0 is the stiffness matrix, and 𝐷q ≻ 0 contains the damping
coefficients. 𝑢(𝑡) ∈ ℝ𝑛b is an external force acting on the generalized coordinates, and now
𝑚 = 𝑛b.

We derive the corresponding dynamics for a continuum soft robot of material density
600kg/m3, elastic modulus of 20000 Pa, shear modulus of 10000 Pa, and damping coeffi-
cients of 0.00001Nm2s for bending strains, 0.01Ns for shear strains, and 0.01Ns for axial
strains, respectively. Gravity is pointing downwards. The implementation of the dynamics
in JAX (Bradbury et al., 2018) is based on the JSRM library (Stölzle et al., 2024a,b), and we
simulate the robot using a constant integration time step of 0.1ms. We render grayscale
images of the robot with a size of 32×32px at a rate of 50Hz using OpenCV (Bradski, 2000).
We generate 10000 trajectories, each of duration 2.0 s and a sampling time-step of 0.02s.
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We use 60 % training, 20 % validation, and 20 % test split. For each trajectory, we randomly
sample a constant actuation/input 𝑢 ∼ (−𝑢max,𝑢max). We choose the maximum actuation
magnitude to be equal to the sum of the contribution of the potential forces (i.e., elastic
and gravitational forces): 𝑢max = 𝐺(𝑞max)+𝐾 𝑞max with 𝑞max,𝑖 = [5𝜋 rad/m,0.2,0.2]

⊤.
We generate three datasets based on this continuum soft robot model: in the CS dataset,

we consider one segment with all three planar strains active (i.e., bending, shear, and
elongation). This results in three DOF and six-state variables in the dynamical model. In
the case of the PCC-NS-2 and PCC-NS-3 datasets, we base the dataset on a simulated system
consisting of two planar bending segments, respectively. Each segment is parametrized
using CC (Rosi et al., 2022; Webster III and Jones, 2010), which results in two configuration
variables and a state dimension of four.

Unactuated PDE Reaction-Diffusion Dataset
We consider the 1st-order Reaction-diffusion (R-D) PDE on which Champion et al. (2019)
evaluated their SINDy Autoencoder on. The PDE of the high-dimensional lambda-omega
reaction-diffusion system is defined as

𝜕𝑢
𝜕𝑡

= (1− (𝑢2+𝑣2))𝑢+𝛽 (𝑢2+𝑣2)𝑣 +𝑑1(
𝜕2𝑢
𝜕𝑞21

+
𝜕2𝑢
𝜕𝑞22 )

,

𝜕𝑣
𝜕𝑡

= −𝛽(𝑢2+𝑣2)𝑢+ (1− (𝑢2+𝑣2))𝑣 +𝑑2(
𝜕2𝑣
𝜕𝑞21

+
𝜕2𝑣
𝜕𝑞22 )

,
(11.55)

where 𝑢(𝑡,𝑞) ∶ ℝ×ℝ2 →ℝ and 𝑣(𝑡,𝑞) ∶ ℝ×ℝ2 →ℝ are time-dependent two vector fields
defined over the spatial domain 𝑞 ∈ ℝ2. We choose the same system parameters and initial
condition as Champion et al. (2019): 𝑑1,𝑑2 = 0.1, and 𝛽 = 1 and

𝑢(0,𝑞) = tanh(
√
𝑞21 +𝑞22 cos(∠(𝑞1+ 𝑖𝑞2)−

√
𝑞21 +𝑞22)),

𝑣(0,𝑞) = tanh(
√
𝑞21 +𝑞22 sin(∠(𝑞1+ 𝑖𝑞2)−

√
𝑞21 +𝑞22)).

(11.56)

After discretizing the spatial domain into 32 points along each dimension, we solve
the PDE with a MATLAB ODE45 solver the solution of 𝑢(𝑡,𝑞) and 𝑣(𝑡,𝑞) at each time step
and grid point. Subsequently, the solution is multiplied with a Gaussian centered at the
origin (Champion et al., 2019)

𝑢̄(𝑡,𝑞) = exp(−0.01(𝑞21 +𝑞
2
2)) 𝑢̄(𝑡,𝑞),

𝑣(𝑡,𝑞) = exp(−0.01(𝑞21 +𝑞
2
2))𝑣(𝑡,𝑞).

(11.57)

We integrate the system from the specified initial condition for 500 s and store samples at
a time step of 0.05 s. We divide the entire sequence into 99 subsequences each containing
101 samples. We train the models to predict these subsequences that have a horizon of 5.0s
each.

We stack the solution of 𝑢̄(𝑡,𝑞) and 𝑣(𝑡,𝑞) contained in the two grids 𝑜u(𝑡),𝑜v(𝑡) ∈ ℝ32×32,
respectively, to gather the images 𝑜(𝑡) ∈ ℝ32×32×2 containing two channels. A sample
sequence of the generated images is presented in Fig. 11.9. We use 60 % of the subsequences
(i.e., 59) as our training set, and employ 20 % (i.e., 19) for the validation and test sets,
respectively.
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11.4.4 Results
Results for Unactuated Mechanical Datasets
The results in Tab. 11.2 show that the NODE model slightly outperforms the CON network
on the M-SP+F and S-P+F datasets. However, as the datasets do not consider system inputs,
we can remove the input mapping from all models (e.g., RNN, GRU, coRNN, CON, and
CFA-CON ). With that adjustment, the CON network has the fewest parameters among all
models, particularly two orders of magnitude less than the NODE model. Therefore, we
find it very impressive that the CON network is roughly on par with the NODE model. For
the D-P+F dataset, we can conclude that the CFA-CON model offers the best performance
across all methods. Finally, most of the time, the CON & CFA-CON networks outperform
the other baseline methods that have more trainable parameters. Sequences of stills of
the rollout of the CON model trained on the M-SP+F, and D-P+F datasets are presented in
Figs. 11.6 and 11.7.

Results for Actuated Continuum Soft Robot Datasets
The results in Tab. 11.2 show that CON-M matches the performance of the state-of-the-
art methods across all experiments. In the case of PCC-NS-3, CON-M even decreases
the RMSE error by 6 % w.r.t. the closest baseline method (MECH-NODE). Impressively,
the performance is not reduced (but instead often even improved) compared to other
models that offer a much larger design space for learning the dynamics (e.g. NODE).
Furthermore, CON-S andCFA-CON often only exhibit slightly lower performance thanCON-
M, even though they have significantly fewer parameters and consider an approximated
solution, respectively. Supplementary results (e.g., more evaluation metrics) can be found
in Appendix B.2. Sequences of stills for the CON model trained on the PCC-NS-3 dataset
are provided in Fig. 11.8.

We also conduct on the PCC-NS-2 dataset an analysis concerning the effect of the latent
dimension on the performance (see Fig. 11.5). For this experiment, all hyperparameters were
tuned for 𝑛𝑧 = 8, and we observe that the CON models have a much-improved consistency
and smaller variance w.r.t. the baseline methods when the latent dimensionality is increased.

Results for Reaction-Diffusion Dataset
To address the unactuated nature of the R-D dataset, we remove, analog to the M-SP+F,
S-P+F, and D-P+F datasets, the input-to-state mapping parameters of the dynamical models
(e.g., the 𝐵(𝑢) and 𝐸(𝜏)MLPs for the CON models). Furthermore, the PDE describing the
system dynamics is of 1st-order. Therefore, we leverage the 1st-order versions of the latent
dynamics, in particular for the coRNN, CON, CFA-CON models, as specified in Apx. B.1.3.
We report the RMSE of the test set evaluations in Tab. 11.2. Furthermore, we also present
a sequence of stills of the rollout of a trained latent dynamics CON model in Fig. 11.9.
We find it impressive that CON with its strong stability guarantees can accurately model
the dynamics of a high-dimensional PDE system. Still, these initial results show that,
for a comparable number of model parameters, the coRNN model exhibits a 32 % better
performance than the CON model. Therefore, in particular as coRNN and CON are both
oscillatory networks, it would be interesting to analze in future work which characteristic
gives coRNN the most performance benefits compared to CON on this PDE datasets.
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(a) t=0.0 s (b) t=0.55 s (c) t=1.10 s (d) t=1.65 s (e) t=2.20 s (f) t=2.75 s

Figure 11.6: Prediction sequence of a CON model with latent dimension 𝑛𝑧 = 4 trained on the damped harmonic
oscillator (M-SP+F ) dataset (Botev et al., 2021). Top row: Ground-truth evolution of the system. Bottom row:
Predictions of the CON model.
The prediction model is given three images centered around 𝑡 = 0 for encoding the initial latent 𝑧(0) and estimation
of the initial latent velocity 𝑧̇(0). Subsequently, we roll out the autonomous network dynamics (i.e., unforced)
and compare the decoded predictions with the ground-truth evolution of the system.

(a) t=0.0 s (b) t=0.55 s (c) t=1.10 s (d) t=1.65 s (e) t=2.20 s (f) t=2.75 s

Figure 11.7: Prediction sequence of a CON model with latent dimension 𝑛𝑧 = 12 trained on the double pendulum
with friction (D-P+F ) dataset (Botev et al., 2021). Top row: ground-truth evolution of the system. Bottom row:
predictions of the CON model.
The prediction model is given three images centered around 𝑡 = 0 for encoding the initial latent 𝑧(0) and estimation
of the initial latent velocity 𝑧̇(0). Subsequently, we roll out the autonomous network dynamics (i.e., unforced)
and compare the decoded predictions with the ground-truth evolution of the system.
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(a) t=0.0 s (b) t=0.36 s (c) t=0.72 s (d) t=1.08 s (e) t=1.44 s (f) t=1.80 s

Figure 11.8: Prediction sequence of a forced CON model with latent dimension 𝑛𝑧 = 12 trained on the soft robotic
PCC-NS-3 dataset containing trajectories of a simulated piecewise constant curvature robot with three segments.
Top row: Ground-truth evolution of the system. Bottom row: Predictions of the CON-M model.
The prediction model is given three images centered around 𝑡 = 0 for encoding the initial latent 𝑧(0) and estimation
of the initial latent velocity 𝑧̇(0). Subsequently, we roll out the autonomous network dynamics (i.e., unforced)
and compare the decoded predictions with the ground-truth evolution of the system.

(a) t=0.0 s (b) t=1.0 s (c) t=2.0 s (d) t=3.0 s (e) t=4.0 s (f) t=5.0 s

Figure 11.9: Prediction sequence of an unforced, 1st-order CON model with latent dimension 𝑛𝑧 = 4 trained on
the reaction-diffusion (R-D) dataset. Top row: Ground-truth evolution of the system. Bottom row: Predictions
of the CON-M model. We roll out the autonomous, 1st-order network dynamics (i.e., unforced) and compare the
decoded predictions with the ground-truth evolution of the system.
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11.5 Exploiting the Dynamic Structure for Latent
Space Control

We consider the problem setting of guiding the system towards a desired observation
𝑜d by providing a sequence of inputs 𝑢(𝑡𝑘) such that at time 𝑡𝑁 , the actual observation
𝑜(𝑡𝑁 ) matches 𝑜d. A relatively simple way would be to encode the desired observation
into latent space 𝑧d = Φ(𝑜d) and then to design a feedback controller (e.g., PID) in latent
space: 𝑔(𝑢) = PID(𝑧d − 𝑧(𝑡),−𝑧̇). Unfortunately, several challenges appear: first, it is
not clear how the latent-space force 𝜏 = 𝑔(𝑢) can be mapped back to an actual input
𝑢(𝑡) as the inverse input-to-forcing mapping 𝑔−1 is generally not known. Furthermore,
relying entirely on a PID controller has several well-known drawbacks, such as poor
and slow transient behavior, steady-state errors (in case the integral gain is chosen to
be zero), and instability for high proportional and integral gains. We take inspiration
from potential shaping strategies (Bloch et al., 2001; Ortega et al., 2021), which are widely
used for effectively controlling (elastic) robots, and, therefore, combine a feedforward
term compensating the latent-space potential forces with an integral-saturated, PID-like
feedback term. For mapping the desired forcing 𝜏 back to an input 𝑢(𝑡), we train an forcing
decoder 𝜂 ∶ ℝ𝑛 →ℝ𝑚 that approximates 𝑔−1. Specifically, we consider here the structure
𝑢 = 𝜂(𝜏) = 𝐸(𝜏)𝜏, where 𝐸 ∈ ℝ𝑚×𝑛 is parameterized by an MLP.

11.5.1 Control Strategy
The latent-space control law is given by

𝜏(𝑡) = 𝑔(𝑢) = 𝐾w 𝑧d+tanh(𝑧d+𝑏)
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

Feedforward term:
compensation of potential forces

+𝐾p (𝑧d−𝑧)−𝐾d 𝑧̇ +𝐾i∫
𝑡

0
tanh(𝜐(𝑧d(𝑡′)−𝑧(𝑡′)))d𝑡′

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
Feedback term: P-satI-D

(11.58)
where 𝐾p,𝐾i,𝐾d ∈ ℝ𝑛×𝑛 are the proportional, integral, and derivative control gains, re-
spectively. As integral terms can often lead to instability when applied to nonlinear
systems (Stölzle et al., 2024b), we adopt an integral term saturation (Pustina et al., 2022a)
with the associated dimensionless gain 𝜐 ∈ ℝ, which ensures that the integral error added
at each time step is bounded to the interval (−1,1). Subsequently, 𝜏 is decoded to the input
as 𝑢(𝑡) = 𝜂(𝜏) = 𝐸(𝜏)𝜏. For training this decoder, we add a reconstruction loss to (11.53):
u(𝑡𝑘) = 𝜆uMSE(𝑢(𝑡𝑘), 𝑢̂(𝑡𝑘)) = 𝜆uMSE(𝑢(𝑡𝑘),𝜂(𝑔(𝑢(𝑡𝑘)))).

11.5.2 Implementation of Closed-Loop Control
We generate a trajectory of 7 setpoints, where 𝑞d(𝑡𝑗 ) ∈ ℝ𝑛q is a sampled configuration of
the actual system. Then, we render an image 𝑜d(𝑡𝑗 ) that represents the target observation
for the controller and encode it into latent space to retrieve 𝑧d ∈ ℝ𝑛z . At time step 𝑘, we
render an image 𝑜(𝑡𝑘) of the robot’s current configuration 𝑞(𝑡𝑘) and encode the image.
Subsequently, we evaluate the control law and apply the decoder 𝑢(𝑡𝑘) = 𝜂(𝜏(𝑡𝑘))), which is
finally passed to the simulator that integrates the ground-truth dynamics to the next time-
step 𝑡𝑘+1 considering the actuation 𝑢(𝑡𝑘). The controller runs at 100Hz, and we simulate
the ground-truth dynamics with a Dopri5 ODE integrator at a time-step of 5×10−4 s.
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Future perspective
Whereas evolution has integrated self-assembly, self-organization 
and periodic RD processes at the nanoscale to produce beautiful 
nanomachinery, there is clearly a lot to do to combine these three 
processes in nanoscale abiological systems. We believe that the 
advances outlined in this Review have laid the foundation for inves-
tigating self-assembly, self-organization and RD at the nano- and 
microscales in a holistic manner.

Recent studies of the prototypical BZ oscillating chemical reac-
tion in nano- and microdroplets have provided considerable insight 
into how emergent properties arise from RD processes. Moreover, 
self-assembly systems have reached a high level of sophistication. 
Using DNA origami, for example, it is now possible to design a 
sequence of DNA that will give almost any desired shape102. A 

future challenging task would be to render such DNA objects with 
desired functionalities as well47. From an instrumentation point of 
view, the rapid progress of tools such as cryo-electron microscopy103 
and X-ray crystallography104 has greatly enhanced our capability to 
study self-assembly, self-organization and RD processes.

Finally, observing that a key feature of life is its rhythmic 
nature105, we take chemical oscillation as an example to direct the 
reader towards a set of speci!c problems that merit attention from 
researchers. First, new chemical oscillators: the BZ reaction has 
revealed many important insights about oscillating reactions and 
may still serve as a good toy model; how can we use these princi-
ples to develop new types of chemical oscillator for controlling RD 
processes106,107 or regulating RD processes in living systems? Second, 
communication, computation and memory: we know that BZ oscilla-
tors can communicate and exhibit certain features of computation108 
and memory systems, so how can we develop synthetic systems, with 
intermediate complexity between chemical oscillators and the brain, 
but not based on silicon electronics, that can perform such tasks? 
"ird, motion: nature has evolved ATP motors by integrating self-
assembly, self-organization and RD processes, so what do we need to 
construct an analogous e#cient chemomechanical engine? Fourth, 
periodicity: how can nanoscale oscillations that result in micro- and 
macroscale phenomena help us to develop RD processes for control-
ling the fate of cells and treating diseases? (Although some progress 
has been made towards this latter goal, we are still at a very early 
stage before we can treat diseases109–111.) Fi$h, multiscale aspects: 
although there is an observable, phenomenological link between a 
variety of nanoscale processes and microscale phenomena, how can 
we rationalize how large-scale behaviour emerges from an under-
standing of nanoscale processes and interactions?

We hope that this short Review will stimulate scientists to develop 
new, nanoscale, synthetic systems for a wide range of functions and 
inspire them to shi$ from studying single molecules (or objects) to 
multiple entities, from homotypic to heterotypic molecular interac-
tions, from single to multiple events, from static to dynamic patterns, 
and from structure to function. Of course, it is unlikely that the inte-
gration of self-assembly, self-organization and RD processes at the 
nanoscale will produce systems that capture all the features of living 
systems. But exploration along these lines will undoubtedly not only 
lead to a new paradigm of doing nanoscience and to the develop-
ment of new nanotechnologies, but may also help address fundamen-
tal questions, such as how life evolves from the coupling of chemical 
reactions1,112–114 and other types of nonlinear behaviour115,116.
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Figure 5 | Pattern formation, communication and energy conversion 
produced by chemical oscillations. a, Pattern formation in BZ reactions 
occurring in a microemulsion of the surfactant sodium bis(2-ethylhexyl)
sulfosuccinate. Jumping waves are presented as snapshots (left) and 
as a space–time plot (right, obtained across the white line shown in 
the left snapshot). Three types of Turing pattern are shown: left, ‘black 
dots’ (honeycomb); centre, ‘frozen waves’; and right, ‘white dots’ 
(distorted hexagons). Standing waves are shown as two antiphase 
snapshots. ‘Memory’ shows persistence of image briefly projected 
onto a photosensitive medium that exhibits localized subcritical Turing 
structures. Localized waves are obtained in the same manner using a 
striped mask. Other patterns are spiral in chaotic waves, bubble waves, 
oscillion, segmented sprials, packet waves, and antispirals. b, Pattern 
generation in macroemulsions produced by microfluidics. Schematic of 
two-dimensional ‘π–S’ pattern in which each triangle of drops is composed 
of two drops that are π radians out of phase with one another, and the third 
is stationary: grey circles represent stationary (non-oscillatory) droplets; 
blue and red circles show oscillatory droplets 180° out of phase with each 
other. c, Chemomechanical oscillation of active gels with flow of aqueous 
BZ solution that achieve ~500% volume change. Figure adapted with 
permission from: a, ref. 6, American Chemical Society; b, ref. 92, American 
Chemical Society; c, ref. 96, American Chemical Society.
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<latexit sha1_base64="Co6OPWdqelnoZAqV/jaSOEI7Ccw=">AAACGXicdVDLSsNAFJ3UV42vqEs3g0VwVZIK0WXBjcsK9gFNKZPpTTp0MgkzE6GE/oYbf8WNC0Vc6sq/cfqCKnpg4HDOvdw5J8w4U9p1v6zS2vrG5lZ5297Z3ds/cA6PWirNJYUmTXkqOyFRwJmApmaaQyeTQJKQQzscXU/99j1IxVJxp8cZ9BISCxYxSrSR+o4bhBAzUVAQGuTExriRasMZ4VgNScZEbNsBiMFyou9U3Ko7A14lnn/h+thbKBW0QKPvfASDlOaJWaecKNX13Ez3CiI1oxwmdpAryAgdkRi6hgqSgOoVs2QTfGaUAY5SaZ7QeKaubhQkUWqchGYyIXqofntT8S+vm+voqlcwkeUmLZ0finKOdYqnNeEBk0A1HxtCqGTmr5gOiSTUdKBsU8IyKf6ftGpVz6/6t7VK3V/UUUYn6BSdIw9dojq6QQ3URBQ9oCf0gl6tR+vZerPe56Mla7FzjH7A+vwGe9qglg==</latexit>

Potential shaping

<latexit sha1_base64="ufdVOncBds1D1TJ6momsihM5G2k="></latexit>

Latent-space
forcing decoder

<latexit sha1_base64="DqBYlr253hP9Us3gas2vOwaUJ7A=">AAACGHicdVDLSgMxFM34rOOr6tJNsAhuWmcqjC4LutBdBfuAtpRM5k4bmskMSUYoQz/Djb/ixoUibrvzb0xfUEUPBA7nnMvNPX7CmdKO82WtrK6tb2zmtuztnd29/fzBYV3FqaRQozGPZdMnCjgTUNNMc2gmEkjkc2j4g+uJ33gEqVgsHvQwgU5EeoKFjBJtpG7+vO1Dj4mMgtAgRzbG1aIi+q54g0OAwCd0YLdBBItAN19wSs4UeJm43oXjYXeuFNAc1W5+3A5imkZmnHKiVMt1Et3JiNSMchjZ7VRBYraQHrQMFSQC1cmmh43wqVECHMbSPKHxVF2eyEik1DDyTTIiuq9+exPxL6+V6vCqkzGRpBoEnS0KU451jCct4YBJoJoPDSFUMvNXTPtEEmo6ULYpYXEp/p/UyyXXK3n35ULFm9eRQ8foBJ0hF12iCrpFVVRDFD2hF/SG3q1n69X6sD5n0RVrPnOEfsAafwOuX5+M</latexit>

P-satI-D feedback
<latexit sha1_base64="jWBisV3aY+4ZNOqVwki9MLcRRJE="></latexit>

⌧fb =Kp (zd � z) � Kd ż + Ki

Z t

0

tanh(�(zd(t0) � z(t0)))dt0

<latexit sha1_base64="OhW6rQyNeBYhL40qLaNGkL1/W04="></latexit>

⌧↵ = Kw zd + tanh(zd + b)

<latexit sha1_base64="BN1bD6y1skfENVS6QSyZD24cpFU=">AAAB/HicdVDLSsNAFJ34rPUV7dLNYBEqSEmqRDdCQQSXFewDmlAm00k7dPJgHkII9VfcuFDErR/izr9x0kaoogcuHM65l3vv8RNGhbSsT2NpeWV1bb20Ud7c2t7ZNff2OyJWHJM2jlnMez4ShNGItCWVjPQSTlDoM9L1J1e5370nXNA4upNpQrwQjSIaUIyklgZmRcFLeF1zJVLH0D2BORmYVatuzQAXie2cWg60C6UKCrQG5oc7jLEKSSQxQ0L0bSuRXoa4pJiRadlVgiQIT9CI9DWNUEiEl82On8IjrQxhEHNdkYQzdXEiQ6EQaejrzhDJsfjt5eJfXl/J4MLLaJQoSSI8XxQoBmUM8yTgkHKCJUs1QZhTfSvEY8QRljqvsg7h+1P4P+k06rZTd27Pqs1GEUcJHIBDUAM2OAdNcANaoA0wSMEjeAYvxoPxZLwab/PWJaOYqYAfMN6/AAdKkxA=</latexit>

u = E(⌧) ⌧

<latexit sha1_base64="E+/U+hUhTzjxOLTXC9CrRS0zsKQ=">AAAB7nicdVBNS8NAEJ3Ur1q/qh69LBbBU0kqRI8FETxWsB/QhrLZbNqlm92wuxFK6I/w4kERr/4eb/4bt22EKvpg4PHeDDPzwpQzbVz30ymtrW9sbpW3Kzu7e/sH1cOjjpaZIrRNJJeqF2JNORO0bZjhtJcqipOQ0244uZ773QeqNJPi3kxTGiR4JFjMCDZW6t4IIiOqhtWaW3cXQKvE8y9cH3mFUoMCrWH1YxBJkiVUGMKx1n3PTU2QY2UY4XRWGWSapphM8Ij2LRU4oTrIF+fO0JlVIhRLZUsYtFBXJ3KcaD1NQtuZYDPWv725+JfXz0x8FeRMpJmhgiwXxRlHRqL57yhiihLDp5Zgopi9FZExVpgYm1DFhvD9KfqfdBp1z6/7d41a0y/iKMMJnMI5eHAJTbiFFrSBwAQe4RlenNR5cl6dt2VrySlmjuEHnPcvVsaPjQ==</latexit>

Encoder

<latexit sha1_base64="LKI88LtM6NDwHNA+S9uDx9pJF3E=">AAACHnicdVDLSgMxFM34rOOr6tJNsAiuykzF0WWhG5cV7AM6Q8mkt21oJjMkmUIZ+iVu/BU3LhQRXOnfmLZTqKIHAifnnkNyT5hwprTjfFlr6xubW9uFHXt3b//gsHh03FRxKik0aMxj2Q6JAs4ENDTTHNqJBBKFHFrhqDabt8YgFYvFvZ4kEERkIFifUaKN1C1e+SEMmMgoCA1yamNcS6U0F983PA4VyPHcavsgektbt1hyys4ceJW43qXjYTdXSihHvVv88HsxTSMTp5wo1XGdRAcZkZpRDlPbTxUkhI7IADqGChKBCrL5elN8bpQe7sfSHKHxXF1NZCRSahKFxhkRPVS/ZzPxr1kn1f2bIGMiSTUIunion3KsYzzrCveYBKr5xBBCJTN/xXRIJKGmA2WbEpab4v9Js1J2vbJ3VylVvbyOAjpFZ+gCuegaVdEtqqMGougBPaEX9Go9Ws/Wm/W+sK5ZeeYE/YD1+Q1G5KKV</latexit>

Current
observation

<latexit sha1_base64="8Pl1+qf27vLuc9M/8nPzie5gsE4=">AAACHXicdVDLSsNAFJ34rPFVdelmsAiuSlIluiy4cVmhL2hCmUxu26GTSZiZFEroj7jxV9y4UMSFG/FvnL6gih4YOJxzLnfuCVPOlHacL2ttfWNza7uwY+/u7R8cFo+OmyrJJIUGTXgi2yFRwJmAhmaaQzuVQOKQQysc3k791gikYomo63EKQUz6gvUYJdpI3eKVH0KfiZyC0CAnNsZ1Ivugfd/QJFQgR7Ok7YOIlqluseSUnRnwKnG9S8fD7kIpoQVq3eKHHyU0i8045USpjuukOsiJ1IxymNh+piAldEj60DFUkBhUkM+um+Bzo0S4l0jzhMYzdXUiJ7FS4zg0yZjogfrtTcW/vE6mezdBzkSaaRB0vqiXcawTPK0KR0wC1XxsCKGSmb9iOiCSUNOBsk0Jy0vx/6RZKbte2buvlKreoo4COkVn6AK56BpV0R2qoQai6AE9oRf0aj1az9ab9T6PrlmLmRP0A9bnN07Mog8=</latexit>

Target
observation

<latexit sha1_base64="E+/U+hUhTzjxOLTXC9CrRS0zsKQ=">AAAB7nicdVBNS8NAEJ3Ur1q/qh69LBbBU0kqRI8FETxWsB/QhrLZbNqlm92wuxFK6I/w4kERr/4eb/4bt22EKvpg4PHeDDPzwpQzbVz30ymtrW9sbpW3Kzu7e/sH1cOjjpaZIrRNJJeqF2JNORO0bZjhtJcqipOQ0244uZ773QeqNJPi3kxTGiR4JFjMCDZW6t4IIiOqhtWaW3cXQKvE8y9cH3mFUoMCrWH1YxBJkiVUGMKx1n3PTU2QY2UY4XRWGWSapphM8Ij2LRU4oTrIF+fO0JlVIhRLZUsYtFBXJ3KcaD1NQtuZYDPWv725+JfXz0x8FeRMpJmhgiwXxRlHRqL57yhiihLDp5Zgopi9FZExVpgYm1DFhvD9KfqfdBp1z6/7d41a0y/iKMMJnMI5eHAJTbiFFrSBwAQe4RlenNR5cl6dt2VrySlmjuEHnPcvVsaPjQ==</latexit>

Encoder

<latexit sha1_base64="b2wFAZekV+NphkNj4kWHRf6rfBE=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoMgCGFXZfUY8OIxAfOAZAmzk95kzOyDmVkhLPkCLx4U8eonefNvnCQrRNGChqKqm+4uPxFcadv+tAorq2vrG8XN0tb2zu5eef+gpeJUMmyyWMSy41OFgkfY1FwL7CQSaegLbPvjm5nffkCpeBzd6UmCXkiHEQ84o9pIjbN+uWJX7TnIMnHcC9slTq5UIEe9X/7oDWKWhhhpJqhSXcdOtJdRqTkTOC31UoUJZWM6xK6hEQ1Redn80Ck5McqABLE0FWkyV5cnMhoqNQl90xlSPVK/vZn4l9dNdXDtZTxKUo0RWywKUkF0TGZfkwGXyLSYGEKZ5OZWwkZUUqZNNiUTwven5H/SOq86btVtXFZqbh5HEY7gGE7BgSuowS3UoQkMEB7hGV6se+vJerXeFq0FK585hB+w3r8AiAeMvg==</latexit>

+

<latexit sha1_base64="0rSdlPgu0RDXRvESBIT1FVBGDt4=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoPgxbCrsnoMePGYgHlAsoTZSW8yZvbBzKwQlnyBFw+KePWTvPk3TpIVomhBQ1HVTXeXnwiutG1/WoWV1bX1jeJmaWt7Z3evvH/QUnEqGTZZLGLZ8alCwSNsaq4FdhKJNPQFtv3xzcxvP6BUPI7u9CRBL6TDiAecUW2kxlm/XLGr9hxkmTjuhe0SJ1cqkKPeL3/0BjFLQ4w0E1SprmMn2suo1JwJnJZ6qcKEsjEdYtfQiIaovGx+6JScGGVAgliaijSZq8sTGQ2VmoS+6QypHqnf3kz8y+umOrj2Mh4lqcaILRYFqSA6JrOvyYBLZFpMDKFMcnMrYSMqKdMmm5IJ4ftT8j9pnVcdt+o2Lis1N4+jCEdwDKfgwBXU4Bbq0AQGCI/wDC/WvfVkvVpvi9aClc8cwg9Y71+LD4zA</latexit>�

<latexit sha1_base64="QeDzNGXsFS4nxHtN7XfkxWInPfo=">AAAB83icdVDLSsNAFJ3UV62vqks3g0VwVRKV6LLgxmUF+4Amlslk0g6dR5iZCCX0N9y4UMStP+POv3HSRqiiBwYO59zLPXOilFFtXPfTqaysrq1vVDdrW9s7u3v1/YOulpnCpIMlk6ofIU0YFaRjqGGknyqCeMRIL5pcF37vgShNpbgz05SEHI0ETShGxkqBvA84MmPF83g2rDfcpjsHXCaef+760CuVBijRHtY/gljijBNhMENaDzw3NWGOlKGYkVktyDRJEZ6gERlYKhAnOsznmWfwxCoxTKSyTxg4V5c3csS1nvLIThYJ9W+vEP/yBplJrsKcijQzRODFoSRj0EhYFABjqgg2bGoJworarBCPkULY2JpqtoTvn8L/Sfes6flN//ai0fLLOqrgCByDU+CBS9ACN6ANOgCDFDyCZ/DiZM6T8+q8LUYrTrlzCH7Aef8CobmSDw==</latexit>

od

<latexit sha1_base64="xlIX3dKHWH6l7Ysx9CUD+WGYSpo=">AAAB6HicdVBNS8NAEJ34WetX1aOXxSJ4KolK9Fjw4rEF+wFtKJvtpF272YTdjVBKf4EXD4p49Sd589+4bSNU0QcDj/dmmJkXpoJr47qfzsrq2vrGZmGruL2zu7dfOjhs6iRTDBssEYlqh1Sj4BIbhhuB7VQhjUOBrXB0M/NbD6g0T+SdGacYxHQgecQZNVaqJ71S2a24c5Bl4vkXrk+8XClDjlqv9NHtJyyLURomqNYdz01NMKHKcCZwWuxmGlPKRnSAHUsljVEHk/mhU3JqlT6JEmVLGjJXlycmNNZ6HIe2M6ZmqH97M/Evr5OZ6DqYcJlmBiVbLIoyQUxCZl+TPlfIjBhbQpni9lbChlRRZmw2RRvC96fkf9I8r3h+xa9flqt+HkcBjuEEzsCDK6jCLdSgAQwQHuEZXpx758l5dd4WrStOPnMEP+C8fwHvF40C</latexit>o

<latexit sha1_base64="9JuWWRHHwDJ1tKp5IDjqx9Dm7rg=">AAAB63icdVBNS8NAEJ3Ur1q/qh69LBbBU0lUoseCF48V7Ae0oWy2m3bpZhN2J0Ip/QtePCji1T/kzX/jpo2gog8GHu/NMDMvTKUw6LofTmlldW19o7xZ2dre2d2r7h+0TZJpxlsskYnuhtRwKRRvoUDJu6nmNA4l74ST69zv3HNtRKLucJryIKYjJSLBKOZSH2k2qNbcursA+U48/9z1iVcoNSjQHFTf+8OEZTFXyCQ1pue5KQYzqlEwyeeVfmZ4StmEjnjPUkVjboLZ4tY5ObHKkESJtqWQLNTvEzMaGzONQ9sZUxyb314u/uX1MoyugplQaYZcseWiKJMEE5I/ToZCc4ZyagllWthbCRtTTRnaeCo2hK9Pyf+kfVb3/Lp/e1Fr+EUcZTiCYzgFDy6hATfQhBYwGMMDPMGzEzuPzovzumwtOcXMIfyA8/YJN6+OVw==</latexit>⌧

<latexit sha1_base64="jhCud80NR0BHVouCP53T2/WQYCY=">AAAB+XicdVDLSsNAFL2pr1pfUZduBovgqiQq0WXBjcsK9gFNKJPppB06mYSZSaGE/okbF4q49U/c+TdO2ghV9MDA4Zx7uWdOmHKmtON8WpW19Y3Nrep2bWd3b//APjzqqCSThLZJwhPZC7GinAna1kxz2kslxXHIaTec3BZ+d0qlYol40LOUBjEeCRYxgrWRBrbta5wN/BjrsYzzKJoP7LrTcBZAq8T1Lh0PuaVShxKtgf3hDxOSxVRowrFSfddJdZBjqRnhdF7zM0VTTCZ4RPuGChxTFeSL5HN0ZpQhihJpntBooa5u5DhWahaHZrKIqH57hfiX1890dBPkTKSZpoIsD0UZRzpBRQ1oyCQlms8MwUQykxWRMZaYaFNWzZTw/VP0P+lcNFyv4d1f1ZteWUcVTuAUzsGFa2jCHbSgDQSm8AjP8GLl1pP1ar0tRytWuXMMP2C9fwE6NJQI</latexit>⌧↵

<latexit sha1_base64="eAb6dkgzpdG69Sn/xD4U2qGRneQ=">AAAB+XicdVDLSsNAFL2pr1pfUZduBovgqiQq0WXBjcsK9gFNKJPppB06mYSZSaGE/okbF4q49U/c+TdO2ghV9MDA4Zx7uWdOmHKmtON8WpW19Y3Nrep2bWd3b//APjzqqCSThLZJwhPZC7GinAna1kxz2kslxXHIaTec3BZ+d0qlYol40LOUBjEeCRYxgrWRBrbta5wN/BjrsYzzKJwP7LrTcBZAq8T1Lh0PuaVShxKtgf3hDxOSxVRowrFSfddJdZBjqRnhdF7zM0VTTCZ4RPuGChxTFeSL5HN0ZpQhihJpntBooa5u5DhWahaHZrKIqH57hfiX1890dBPkTKSZpoIsD0UZRzpBRQ1oyCQlms8MwUQykxWRMZaYaFNWzZTw/VP0P+lcNFyv4d1f1ZteWUcVTuAUzsGFa2jCHbSgDQSm8AjP8GLl1pP1ar0tRytWuXMMP2C9fwE0IJQE</latexit>⌧fb

<latexit sha1_base64="gX+3H37FbhFdIFyQ2nfC1ILNamc=">AAAB6HicdVBNS8NAEJ34WetX1aOXxSJ4KolK9Fjw4rEF+wFtKJvtpF272YTdjVBKf4EXD4p49Sd589+4bSNU0QcDj/dmmJkXpoJr47qfzsrq2vrGZmGruL2zu7dfOjhs6iRTDBssEYlqh1Sj4BIbhhuB7VQhjUOBrXB0M/NbD6g0T+SdGacYxHQgecQZNVaqZ71S2a24c5Bl4vkXrk+8XClDjlqv9NHtJyyLURomqNYdz01NMKHKcCZwWuxmGlPKRnSAHUsljVEHk/mhU3JqlT6JEmVLGjJXlycmNNZ6HIe2M6ZmqH97M/Evr5OZ6DqYcJlmBiVbLIoyQUxCZl+TPlfIjBhbQpni9lbChlRRZmw2RRvC96fkf9I8r3h+xa9flqt+HkcBjuEEzsCDK6jCLdSgAQwQHuEZXpx758l5dd4WrStOPnMEP+C8fwH4L40I</latexit>u

<latexit sha1_base64="ANZesX/3Fp+PdGob6Tz7LAOh4kI=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoPgKeyqrB4DXjwmYB6QLGF20puMmX0wMyvEJV/gxYMiXv0kb/6Nk2SFKFrQUFR1093lJ4IrbdufVmFldW19o7hZ2tre2d0r7x+0VJxKhk0Wi1h2fKpQ8AibmmuBnUQiDX2BbX98PfPb9ygVj6NbPUnQC+kw4gFnVBup8dAvV+yqPQdZJo57brvEyZUK5Kj3yx+9QczSECPNBFWq69iJ9jIqNWcCp6VeqjChbEyH2DU0oiEqL5sfOiUnRhmQIJamIk3m6vJERkOlJqFvOkOqR+q3NxP/8rqpDq68jEdJqjFii0VBKoiOyexrMuASmRYTQyiT3NxK2IhKyrTJpmRC+P6U/E9aZ1XHrbqNi0rNzeMowhEcwyk4cAk1uIE6NIEBwiM8w4t1Zz1Zr9bborVg5TOH8APW+xf/w40N</latexit>z

<latexit sha1_base64="bou4H+z3K7dqJ0wRQBpYDLhDVz8=">AAAB83icdVBNS8NAFHypX7V+VT16WSyCp5KoRI8FLx4r2FZoYtlsNu3S3STsboQa+je8eFDEq3/Gm//GTRuhig4sDDPv8WYnSDlT2rY/rcrS8srqWnW9trG5tb1T393rqiSThHZIwhN5G2BFOYtpRzPN6W0qKRYBp71gfFn4vXsqFUviGz1JqS/wMGYRI1gbyXu48wTWIynycDqoN+ymPQNaJI57arvIKZUGlGgP6h9emJBM0FgTjpXqO3aq/RxLzQin05qXKZpiMsZD2jc0xoIqP59lnqIjo4QoSqR5sUYzdXEjx0KpiQjMZJFQ/fYK8S+vn+nows9ZnGaaxmR+KMo40gkqCkAhk5RoPjEEE8lMVkRGWGKiTU01U8L3T9H/pHvSdNyme33WaLllHVU4gEM4BgfOoQVX0IYOEEjhEZ7hxcqsJ+vVepuPVqxyZx9+wHr/ArLekho=</latexit>

zd

<latexit sha1_base64="MuWgD9Acsgs5Qi9p5YiHfmuoWrE=">AAAB+HicdVDLSgMxFL3js9ZHR126CRbBVZmpMLosuHFZwT6gHUomTdvQJDMkGWEc+iVuXCji1k9x59+YtiNU0QMXTs65l9x7ooQzbTzv01lb39jc2i7tlHf39g8q7uFRW8epIrRFYh6rboQ15UzSlmGG026iKBYRp51oej33O/dUaRbLO5MlNBR4LNmIEWysNHArzUmm7YsjnWlDxcCtejVvAbRK/ODCC5BfKFUo0By4H/1hTFJBpSEca93zvcSEOVaGEU5n5X6qaYLJFI9pz1KJBdVhvlh8hs6sMkSjWNmSBi3U1YkcC60zEdlOgc1E//bm4l9eLzWjqzBnMkkNlWT50SjlyMRongIaMkWJ4ZklmChmd0VkghUmxmZVtiF8X4r+J+16zQ9qwW292giKOEpwAqdwDj5cQgNuoAktIJDCIzzDi/PgPDmvztuydc0pZo7hB5z3Lwg5k1A=</latexit>

Physical system

(b) Blockscheme of model-based control in latent space

Figure 11.10: Panel (a): Samples of some of the datasets used as part of the experimental verification, specifically
for the results reported in Tab. 11.2. The real-world Reaction-Diffusion image is adopted from (Epstein and Xu,
2016). Panel (b): Model-based control in latent space by exploiting the physical structure of the CON model.

11.5.3 Latent Space Control of a Damped Harmonic Oscillator
We consider an actuated version of the M-SP+F dataset (i.e., a damped harmonic oscillator)
and denote it with M-SP+F+A. All system, trajectory sampling and rendering parameters
remain the same, except that for each trajectory in the dataset we randomly sample a
forcing 𝑢 ∼ (−1N,1N).

We train a CON model with latent dimension 𝑛𝑧 = 1 over three random seeds on the
M-SP+F+A dataset. This means that the network consists of a single oscillator. From the
three different random seeds, we choose the model that achieves the best validation loss,
which results in an RMSE of 0.0327, a PSNR of 5.99, and SSIM of 0.9796 on the test set.

Fig. 11.11 shows how the encoder learns an almost linear relationship between the actual
configuration of the system and the predicted latent space representation. Furthermore, we
notice that both the ground-truth and the learned potential energy are convex and exhibit
a global minimum at 𝑞 = 0m.

We compare the performance of P-satI-D, D+FF, and P-satI-D+FF controllers based on
the CON model in Fig. 11.12. For the P-satI-D controller, we choose the control gains
𝐾p = 10,𝐾i = 10,𝐾d = 5,𝜐 = 1. The D+FF controller uses 𝐾d = 3.5. Finally, the P-satI-D+FF
is configured with 𝐾p = 2,𝐾i = 0.3,𝐾d = 3.5,𝜐 = 1. The results show that the P-satI-D+FF
controller exhibits thanks to its feedforward term no overshooting and a faster response
time than the pure feedback controller P-satI-D. The high accuracy of the feedfoward term
can be seen from the performance of the D+FF controller, that only exhibits relatively
small steady-state error. Adding small proportional and integral feedback actions in the
P-satI-D+FF controller keeps the compliance high while removing the steady-state error
and reducing the response time.

Finally, we visualize the behavior of the P-satI-D+FF controller as a sequence of stills in
Fig. 11.13.
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(b) Ground-truth and learned potential energy 

Figure 11.11: Panel (a): Learned mapping from configuration to latent space for the CON model with 𝑛𝑧 (i.e.,
consisting of a single oscillator) trained on the actuated damped harmonic oscillator (M-SP+F+A) dataset. Panel
(b): The blue line represents the ground-truth potential energy of the damped harmonic oscillator. The orange line
represents the learned potential energy of the CON model evaluated vs. the system configuration by rendering
and subsequently encoding into latent space each configuration value.

11.5.4 Latent Space Control of a Two Segment PCC Soft Robot
Experimental Setup.
We train a CON model with two latent variables (𝑛𝑧 = 2) on the PCC-NS-2 dataset. Analog
to the input encoder mapping 𝐵(𝑢), the forcing decoder mapping 𝐸(𝜏) is parametrized
by an MLP consisting of five layers with hidden dimension 30 and a hyperbolic tangent
activation function. The CON model achieves an RMSE of 0.1628 on the test set.

Model Selection
For the control experiments, we train instances of the MECH-NODE and CON-M models
with latent dimension 𝑛𝑧 = 2 and with neural network weights initialized with three
different random seeds. We found that model-based control does not perform as well when
the latent stiffness Γw (as visualized in Fig. 11.14(a)) is significantly larger along one of
the Eigenvectors than along the other one. Therefore, we evaluate the Eigenvalues of
the learned stiffness matrix in -coordinates after training: 𝜆1,2(Γw). Particularly, we
choose the seed that minimizes the normalized standard deviation of the Eigenvalues:
seed = argmin 𝜎𝜆

𝜇𝜆
, where

𝜇𝜆 =
𝜆1(Γw)+𝜆2(Γw)

2
, 𝜎𝜆 =

√
(𝜆1(Γw)−𝜇𝜆)2+(𝜆2(Γw)−𝜇𝜆)2

2
. (11.59)

We benchmark two controllers on the simulated continuum soft robot consisting of two
segments: (i) a pure P-satI-D controller (i.e., the feedback term in (11.58)) that leverages the
smooth mapping into the latent representation enabled by the CON dynamic model and the
𝛽-VAE, and (ii) a P-satI-D+FF (i.e., (11.58)) that exploits the structure of the CON dynamics
by compensating for the potential forces. The stable closed-loop system dynamics made the
control gain tuning very easy, and we selected 𝐾p = 1,𝐾i = 2,𝐾d = 0.02,𝜐 = 1 for the P-satI-D
controller and 𝐾p = 0,𝐾i = 2,𝐾d = 0.05,𝜐 = 1 for the P-satI-D+FF controller, respectively.
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Figure 11.12: Latent-space control of an actuated damped harmonic oscillator (M-SP+F+A) following a sequence
of setpoints. We compare multiple controllers based on a trained CON network with 𝑛𝑧 = 1. The CON model
weights are initialized using a random seed of 0. The blue line represents a pure feedback controller (P-satI-D).
The orange line visualizes the behavior of a feedforward controller with only a damping term applied in feedback
(D+FF ). The green line shows the performance of our proposed combination of feedback and feedforward terms
(P-satI-D+FF ). The dotted and solid lines show the reference and actual values, respectively. For each setpoint, we
randomly sample a desired shape 𝑞d and render the corresponding image 𝑜d. This image is then encoded to a
target latent 𝑧d. The controller then computes a latent-space torque 𝐹d, which is decoded to an input 𝑢. Finally,
we provide this input to the simulator, which performs a roll-out of the closed-loop dynamics. Important: The
robot’s configuration (i.e., the first-principle, minimal-order state) is solely used for generating a target image and
simulating the closed-loop system.

Furthermore, we compare the control performance of ourmodel-based controllers with a
baseline control strategy based on theMECH-NODE (𝑛𝑧 = 2) that achieves an error of 0.1104
on the test set. For MECH-NODE, we chose the model with the lowest validation loss (seed
0) First, we utilize the same P-satI-D feedback controller as for the CON model to generate
the control action 𝜏(𝑡) in latent space. As the MECH-NODE uses an MLP to parameterize
the function 𝜉̇ = 𝑓𝜉 (𝜉 ,𝑢), we cannot easily map 𝜏(𝑡) into an input 𝑢(𝑡). Therefore, we
linearize the latent space dynamics w.r.t to the input as 𝑓𝜉,ac(𝜉 ,𝑢) = 𝑓𝜉 (𝜉 ,0)+𝐴(𝜉)𝑢, where
𝐴(𝜉) = 𝜕𝑓𝜉

𝜕𝑢 (𝜉 ,0) is computed using autodiff. Then, 𝑢(𝑡) = 𝐴⊤(𝜉)𝜏(𝑡). After tuning the
control gains, we choose 𝐾p = 0.001,𝐾i = 0.02,𝐾d = 1×10−5, 𝜐 = 1.

Potential energy landscape
When leveraging (learned) dynamical models for setpoint regulation, it is essential to
accurately estimate the potential energy as this dictates the efficacy of the feedforward
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terms. Therefore, we qualitatively evaluate the potential energy landscape of the CON
latent dynamic model.

In Fig. 11.14(a), we can see how CON contains a single, isolated, and globally asymptot-
ically stable equilibrium as proven in Section 11.2, respectively. Furthermore, we want to
verify that the learned potential corresponds to the actual potential energy of the simu-
lated system. An autonomous continuum soft robot with the tip pointing downwards in a
straight configuration exhibits an isolated, globally asymptotically stable equilibrium at
𝑞 = 0 (i.e., zero strains) (Stölzle and Della Santina, 2021). For this purpose, we can compare
the learned potential energy field in Fig. 11.14(b) with the ground-truth potential energy
field in Fig. 11.14(c). We confirm, based on Fig. 11.14(b), that, indeed, the learned potential
also has its minimum close to/at 𝑞 = 0. Although the field is shaped slightly differently, the
potential forces are clearly pointing inwards towards the global attractor.

Results
As an evaluation metric, we consider the RMSE between the actual and the reference
trajectory. The P-satI-D applied to the MECH-NODE model (baseline) achieves an RMSE
of 2.88 rad/m w.r.t. to the desired configuration 𝑞d (but unknown to the algorithm). The
P-satI-D CON controller, which does not exploit the learned latent dynamics for control,
exhibits an RMSE of 4.08 rad/m w.r.t. to the desired configuration 𝑞d. The P-satI-D+FF
controller exhibits an RMSE of 2.12 rad/m w.r.t. to the desired configuration 𝑞d. We also
visualize the closed-loop trajectories in Fig. 11.15 and as sequences of stills in Fig. 11.16. We
conclude that the nicely structured latent space generated by the 𝛽-VAE allows the P-satI-D
controller to effectively regulate the system towards the setpoint, although the response
time is rather slow. The P-satI-D+FF controller is able to exploit the structure of the CON
model through its potential shaping feedforward term. With that, CON P-satI-D+FF exhibits
a faster response time and a 26 % lower RMSE than the MECH-NODE P-satI-D baseline.
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(a) t=0.0 s (b) t=0.5 s (c) t=1.0 s (d) t=1.5 s (e) t=2.0 s (f) Target 0−4.9s

(g) t=5.00 s (h) t=5.5 s (i) t=6.0 s (j) t=6.5 s (k) t=7.5 s (l) Target 5−9.9s

Figure 11.13: Sequence of closed-loop control of an actuated damped harmonic oscillator (M-SP+F+A) with a
P-satI-D+FFcontroller based on a trained CON with 𝑛𝑧 = 1. Columns 1-4: show the actual behavior of the
closed-loop system. Column 5: demonstrates the target image that the control sees for all time instances in the
row.
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Figure 11.14: Potential energy landscapes of a CON with 𝑛𝑧 = 2 trained to learn the latent space dynamics of a
continuum soft robots (simulated with two PCC segments). Panel (a): Here, we visualize the learned potential
energy of CON using the color scale as a function of the latent representation 𝑧 = 𝑥w ∈ ℝ2. The arrows denote
the gradient of the potential field 𝜕

𝜕𝑧 (i.e., the potential force), with the magnitude of the gradient expressed as
the length of the arrow. Panel (b): Again, we display the learned potential energy of CON using the color scale,
but in this case, as a function of the configuration 𝑞 ∈ ℝ of the robot (that is hidden from the model). First, we
render an image 𝑜 of the shape of the robot for each configuration 𝑞 = [𝑞1 𝑞2]

⊤ ∈ ℝ2. Then, we encode the
image into latent space as 𝑧 = Φ(𝑜). This allows us then to compute the potential energy  (𝑧) of the CON latent
dynamics model. Panel (c): Here, we display the potential energy and its associated potential forces of the actual
(i.e., simulated) system.
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(a) Config. for P-satI-D with MECH-NODE.
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(b) Latent for P-satI-D with MECH-NODE.
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(c) Configuration for P-satI-D with CON.
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(d) Latent for P-satI-D with CON.

0 5 10 15 20 25 30 35

Time t [s]

−20

−10

0

10

20

C
on

fi
gu

ra
ti

on
q

[r
ad

/m
]

qd
0

q0

qd
1

q1

(e) Configuration for P-satI-D+FF with CON.
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(f) Latent for P-satI-D+FF with CON.

Figure 11.15: Latent-space control of a continuum soft robot (simulated using two piecewise constant curvature
segments) at following a sequence of setpoints: The upper two rows show the performance of a pure P-satI-D
feedback controller operating in latent space 𝑧 learned with the MECH-NODE and CON models, respectively.
The lower row displays the results for a latent space controller based on the CON model that additionally also
compensates for the learned potential forces.
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(a) t=0.0 s (b) t=0.2 s (c) t=0.4 s (d) t=0.6 s (e) t=0.8 s (f) Target 0−4.9s

(g) t=5.00 s (h) t=5.2 s (i) t=5.4 s (j) t=5.6 s (k) t=5.8 s (l) Target 5−9.9s

Figure 11.16: Sequence of closed-loop control of a continuum soft robot consisting of two constant curvature
segments with the P-satI-D+FF based on a trained CON with 𝑛𝑧 = 2. Columns 1-4: show the actual behavior of
the closed-loop system. Column 5: demonstrates the target image that the control sees for all time instances in
the row.
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11.6 Conclusion and Limitations
11.6.1 Conclusion
In this work, we propose a new formulation for a coupled oscillator that is inherently
input-to-state stable. Additionally, we identify a closed-form approximation, that is able to
simulate the network dynamics more accurately compared to numerical ODE integrators
with similar computational costs. When learning latent dynamics with CON, we observe
that the performance is on par or slightly better compared to SoA methods such as RNNs,
NODEs, etc., even though we constrained the solution space to a ISS-stable coupled oscilla-
tor structure. Furthermore, we point out that the performance of the CON models is more
consistent across latent dimensions compared to the baselines and improved when not
specifically tuned for a given dimension. Furthermore, as seen in Tab. B.5, the closed-form
approximation achieves, with the same number of model parameters, similar accuracies
and double the training speed w.r.t. to the continuous-time model. Finally, we demonstrate
that even a simple PID-like latent-space controller can effectively regulate the system to
a setpoint. By exploiting the network structure and compensating for potential forces,
regulation performance can be greatly improved, and response time decreased by more
than 55 %.

11.6.2 Limitations
While we think our proposed method shows great potential and opens interesting avenues
for future research, there exist certain limitations. For example, the proposed method
of learning (latent) dynamics implicitly assumes that the underlying system adheres to
the Markov property (e.g., the full state of the system is observable), that a system with
mechanical structure can approximate it, and that it has an isolated, globally asymptotically
stable equilibrium. This is, for example, the case for many mechanical systems (e.g.,
some continuum soft robots, deformable objects, and elastic structures) with continuous
dynamics, convex elastic behavior, dissipation, and whose time-dependent effects (e.g.,
viscoelasticity, hysteresis) are negligible. Even if these conditions are not met globally,
the method can be applied to model the local behavior around an asymptotic equilibrium
point of the system (e.g., robotic manipulators, legged robots) with added stability benefits
for out-of-distribution samples. Alternatively, the method could be extended to relax
some of these assumptions, e.g., by allowing for multiple equilibria, zero damping, or by
incorporating additional terms to capture discontinuous dynamics (e.g., stick-slip models)
or period motions (e.g., limit cycles such as the Van der Pol oscillator). The proposed
method might not be suitable for some physical systems, such as nonholonomic systems,
partially observable systems, or systems with non-Markovian properties. Examples of such
systems include mobile robots and systems with hidden states or delayed observations.

Furthermore, the approximated closed-form solution shows the best integration for sit-
uations where linear, decoupled dynamics dominate the transient. For dominant nonlinear,
coupled forces, the performance of CFA-CON degrades, and it might be better to revert to
numerical integration of the CON ODE. Finally, the control works exceptionally well in the
setting where the latent dimension equals the input dimension. We hypothesize that this
enables the method to identify a diffeomorphism between the input and the latent-space
forcing. Still not investigated is how the performance could degrade if 𝑛𝑧 > 𝑚 (or 𝑛𝑧 < 𝑚
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for that matter).

Afterword
In this chapter, we introduced Coupled Oscillator Network (CON) and leveraged it for
learning mechanically interpretable latent dynamics of physical systems. The ability to
derive kinetic and potential energy terms of the CON i) allows us to provide strong stability
guarantees (e.g., GAS, ISS), and ii) enables us to apply computationally efficient model-based
control strategies established in the (soft) robotics community such as P-satI-D+potential
shaping directly in latent space. Although the learned dynamics no longer map directly
to a soft robot model as they did in Chapter 10, the fact that the latent dynamics retain a
physical (in this case, mechanical) interpretation offers several advantages: (a) it enables
us to enforce stability characteristics in the learned system similar to those observed in the
original physical system, and (b) it allows the application of control strategies originally
designed for fully physics-derived models. These attributes underscore the benefits of
greybox approaches, particularly those that incorporate physical structure and provide
stability guarantees.

The proposed approach of integrating an encoding into a latent space with a latent
dynamical system that incorporates specific physical structures and stability guarantees
proves valuable not only for learning models but also for motion planning. In recent years,
there has been a growing trend in the research community to develop motion policies with
stability guarantees by leveraging diffeomorphic encoders and latent dynamics represented
by stable dynamical systems within the framework of Stable Motion Primitive (SMP)(Pérez-
Dattari and Kober, 2023; Rana et al., 2020; Zhi et al., 2024). In Chapter 12, we expand this
method to learn periodic motions and demonstrate its ability to generate natural, compliant,
and safe behavior across various real (soft) robots.
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12
Learning Stable Periodic

Robot Motions from
Demonstration

Foreword. This thesis has so far concentrated primarily on the use of learned models in
shape sensing and control. However, a critical challenge in achieving fully autonomous
robots lies in high-level decision-making. The controllers discussed in this work require
either a setpoint or a trajectory to follow. In Chapter 7, we explored a method enabling
users to guide the soft robot directly through their thoughts by manipulating setpoints in
space, which a compliant impedance controller subsequently tracks. While this low-level
HRI provides precise control over the robot’s actions, it demands the user’s full attention
and can become exhausting, thereby limiting the efficiency gains we expect to gain by
introducing intelligent, autonomous robots. An alternative approach involves the user spec-
ifying only high-level tasks, allowing the robot to plan its motions independently. Among
potential methods, including RL and optimization-based strategies like MPC, Learning
from Demonstration (LFD) stands out as particularly promising as it allows the learning
of complex motions from humans or even from other biological creatures. As a special
case of LFD, research on learning motion policies using dynamical systems has been well-
established (Ijspeert et al., 2013). Being referred to as Dynamic Motion Primitive (DMP)
or Stable Motion Primitive (SMP), this strategy exhibits interpretability, compliant behav-
ior, and convergence guarantees. Recently, advances in deep learning and normalizing
flows (Kobyzev et al., 2020) have given rise to frameworks that increase the expressiveness
of the motion policy by leveraging diffeomorphic mappings into latent spaces, parametrized
by neural networks, combined with latent dynamical systems (Pérez-Dattari and Kober,
2023; Rana et al., 2020; Zhi et al., 2024). These methods enable the learning of more complex
behaviors while maintaining interpretability, stability, and convergence guarantees. In
this chapter, we extend this approach to learn periodic motions with guaranteed orbital
stability. This is achieved by integrating a bijective encoder based on Euclideanizing flows
with latent dynamics modeled as supercritical Hopf bifurcations. The approach aligns in
terms of vision with the work in Chapter 11, but here, it is applied to motion policy rather
than dynamical model learning.
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Abstract. Learning from demonstration provides a sample-efficient approach to acquiring
complex behaviors, enabling robots to move robustly, compliantly, and with fluidity. In this
context, Dynamic Motion Primitives offer built-in stability and robustness to disturbances but
often struggle to capture complex periodic behaviors. Moreover, they are limited in their ability
to interpolate between different tasks. These shortcomings substantially narrow their applica-
bility, excluding a wide class of practically meaningful tasks such as locomotion and rhythmic
tool use. In this work, we introduce Orbitally Stable Motion Policys (OSMPs)—a framework that
combines a learned diffeomorphic encoder with a supercritical Hopf bifurcation in latent space,
enabling the accurate acquisition of periodic motions from demonstrations while ensuring
formal guarantees of orbital stability and transverse contraction. Furthermore, by conditioning
the bijective encoder on the task, we enable a single learned policy to represent multiple motion
objectives, yielding consistent zero-shot generalization to unseen motion objectives within the
training distribution. We validate the proposed approach through extensive simulation and
real-world experiments across a diverse range of robotic platforms—from collaborative arms
and soft manipulators to a bio-inspired rigid–soft turtle robot—demonstrating its versatility
and effectiveness in consistently outperforming state-of-the-art baselines such as diffusion
policies, among others.

This chapter is partly based on � M. Stölzle, T.K. Rusch*, Z.J. Patterson*, R. Pérez Dattari, F. Stella, J. Hughes,
C. Della Santina, and D. Rus (2025). Learning to Move in Rhythm: Task-Conditioned Motion Policies with Orbital
Stability Guarantees. In Science Robotics Special issue on Transfer Learning, Foundation Models, and Emerging
Capabilities. Under Review (Stölzle et al., 2025b).

T.K.R. and Z.J.P. contributed equally to this work. M.S. conceived the project, and M.S., Z.J.P., T.K.R., C.D.S.,
and D.R. developed the research idea. M.S. developed the framework for training the orbital motion primitives.
M.S. and C.D.S. derived the phase synchronization approach. M.S. and T.K.R. designed the encoder conditioning
technique, and M.S. devised the smooth conditioning interpolation loss. Z.J.P. and M.S. performed the turtle robot
experiments; M.S. conducted the UR5 robotic manipulator experiments; R.P.D. and M.S. executed the KUKA cobot
experiments; M.S. and F.S. carried out the Helix soft robot experiments. M.S., Z.J.P., R.P.D., and F.S. performed the
data analysis. M.S., Z.J.P., R.P.D., and F.S. wrote the manuscript. D.R., C.D.S., T.K.R., and Z.J.P. supervised the
research project. D.R., C.D.S., and J.H. provided funding.
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12.1 Introduction

Imitation Learning (Schaal, 1999; Zare et al., 2024) has regained substantial traction in
recent years due to its superior sample and iteration efficiency in acquiring complex tasks

compared to RL. Recent work has focused on improving the robustness, expressiveness,
and generalization of motion policies learned from demonstration by leveraging modern
ML architectures such as diffusion and flow matching models (Black et al., 2024; Chi
et al., 2023); scaling up the number of demonstrations to increase robustness (Black et al.,
2024; O’Neill et al., 2024; Team, 2025); training across multiple robot embodiments (e.g.,
different manipulators) to promote generalization (Black et al., 2024; O’Neill et al., 2024);
and conditioning policies on semantic task instructions and environment context via
embeddings from large VLMs (Black et al., 2024; Team, 2025). Among these, DMPs (Hu
et al., 2024; Ijspeert et al., 2013, 2002; Saveriano et al., 2023) parametrize a motion policy
through dynamical systems that predict the desired velocity or acceleration based on the
system’s current state. By grounding the formulation in dynamical systems, researchers
can leverage established tools from nonlinear system theory (Khalil, 2002) to analyze and
ensure-by-design convergence properties in motion primitive—such as global asymptotic
stability (Ijspeert et al., 2013; Kober and Peters, 2009; Pérez-Dattari et al., 2024; Pérez-
Dattari and Kober, 2023; Rana et al., 2020; Urain et al., 2020; Zhang et al., 2022b) or orbital
stability (Abu-Dakka et al., 2024, 2021; Ijspeert et al., 2002; Khadivar et al., 2021; Kober and
Peters, 2009; Nah et al., 2025; Urain et al., 2020; Wensing and Slotine, 2017; Zhi et al., 2024).
This is not typically the case for other ML-based motion policies like RNNs or Diffusion
Policys (DPs) (Black et al., 2024; Chi et al., 2023; O’Neill et al., 2024; Team, 2025). Such
approaches—often referred to as SMPs—are robust to perturbations, disturbances, and
model mismatches, as the motion policy continuously steers the system back to the desired
reference. This also enhances data efficiency, a trait that is increasingly important as robots
take on a broader range of tasks.

An important subclass of DMP strategies addresses tasks that require continuous,
non-resting motion—those for which rest-to-rest trajectories are neither representative
nor sufficient. Canonical examples include wiping a surface, swimming, or walking,
where motion generation must produce sustained activity across cycles. These so-called
rhythmic or periodic DMPs have spurred extensive research, both within the traditional
dynamical systems formulation (Abu-Dakka et al., 2024; Hu et al., 2024; Ijspeert et al.,
2013, 2002; Kober and Peters, 2009; Kramberger et al., 2018; Nah et al., 2025; Saveriano
et al., 2023; Wensing and Slotine, 2017) and in more recent methods combining simple
latent-space limit cycles with learned diffeomorphic mappings (Khadivar et al., 2021;
Urain et al., 2020; Zhi et al., 2024). Still, despite these advances, existing approaches
struggle to reproduce non-trivial trajectories—especially those with sharp transitions, high
curvature, or discontinuous velocity profiles, which are common in real-world rhythmic
tasks. Overcoming this typically requires many demonstrations, thus strongly limiting
their applicability in practical settings.

Such limitations are exacerbated by the incapability of classical deterministic DMPs to
generalize across tasks (Jaquier et al., 2025): a fresh or fine-tuned model must be trained for
every new motion or task (Saveriano et al., 2023). Although several studies have introduced
task-conditioned variants—such as conditioning on encoded visual observations (Bahl et al.,
2020; Mohammadi et al., 2024) or adopting probabilistic DMPs formulations (Pekmezci et al.,
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2024; Saveriano et al., 2023; Seker et al., 2019)—these methods often yield incoherent trajec-
tories when presented with tasks they did not explicitly encounter during training (Jaquier
et al., 2025), even when those tasks lie within the original training distribution.

So, despite their promise of being an alternative to data-intensive learning strategies,
DMPs ultimately require a substantial amount of data and a complex training process when
tasks are varied and trajectories are not straightforward. Instead, the ability to generate
purposeful motions in zero-shot settings for unseen tasks will be essential on the path
towards truly generalist autonomous robots in the future.

In this paper, we introduce OSMPs, a framework, visualized in Fig. 12.1, designed to
address the limitations of existing rhythmic motion primitives by learning an expressive,
orbitally stable limit cycle capable of capturing elaborate periodic behaviors. Our approach
imposes a dynamic inductive bias by shaping the latent space according to a supercritical
Hopf bifurcation oscillator; a well-studied system in nonlinear dynamics (Khadivar et al.,
2021; Nah et al., 2025; Strogatz, 2018) that has remained unexplored in the context ofmachine
learning. This core dynamical prior is complemented by a novel bijective Euclideanizing-
flow encoder, extending the Real NVP architecture (Dinh et al., 2017; Rana et al., 2020).

Under mild architectural assumptions, we prove OSMPs are almost-globally transverse
contracting, so every trajectory converges exponentially—not merely asymptotically—to
the learned limit cycle. A tailored loss suite binds the cycle’s shape and speed to the
demonstration, eliminating the long-standing mismatch between a stable latent orbit and a
highly curved, nonlinear sample. Thus, a single demonstration already yields an effective
policy, drastically outperforming the data efficiency of DPs (Chi et al., 2023). A novel
conditioning–interpolation loss then drives smooth, zero-shot transitions between related
tasks: for example, the model continuously morphs between reverse and forward turtle-
swimming gaits after seeing only those two exemplars. This ability sharply reduces the
need to densely sample the motion task space and further increases data efficiency. We
also introduce solutions for synchronizing multiple primitives in their phase and, without
retraining, affinely scale, translate, or otherwise modulate the learned velocity field, turning
rhythmic DMPs into a practical, data-efficient controller for complex robots.

We rigorously validate our approach in both simulation and on hardware. Quantita-
tive and qualitative benchmarks compare it with classical neural models (MLPs, RNNs,
NODEs), state-of-the-art motion policies like DP (Chi et al., 2023), and diffeomorphic-
encoder methods with stable latent dynamics, including Imitation Flow (iFlow) (Urain et al.,
2020) and Stable Periodic Diagrammatic Teaching (SPDT) (Zhi et al., 2024). Experiments
show our OSMPs accurately track periodic trajectories on diverse robotic platforms—UR5
and KUKA arms, the Helix soft robot, and a hybrid underwater “crush turtle” robot. Ex-
pressed as autonomous dynamical systems, they deliver more compliant, natural behavior
than time-indexed, error-based controllers. We further demonstrate in both simulations
and real-world experiments in-phase synchronization of multiple OSMPs and, via encoder
conditioning, smooth interpolation among several distinct motion tasks with a single
motion policy.

12.1.1 Methodology in a Nutshell
Below, we provide a brief overview of the OSMP methodology and architecture, as depicted
in Fig. 12.2. Further details are provided in Sec. 12.2. In the DMP framework, an OSMP
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Figure 12.1: Overview of Features and Characteristics of OSMPs. OSMPs enable the learning of periodic
motions from demonstrations while guaranteeing exponential orbital stability & transverse contraction, instilling
compliant and natural motion behavior, and outstanding data efficiency as they are able to learn complex motion
behaviors from just one demonstration. Furthermore, a motion task conditioning allows the same motion policy
to exhibit multiple distinct behaviors while a specially crafted loss term encourages smooth interpolation between
motion tasks seen during training leading to meaningful motion behaviors on task unseen during training (i.e.,
zero-shot transfer).

outputs the desired system velocity as 𝑥̇ = 𝑓 (𝑥;𝑧), with 𝑥 ∈ ℝ𝑛 the configuration and 𝑧 the
motion-task conditioning. The computation proceeds in three steps: (i) map 𝑥 into a latent
coordinate 𝑦 ∈ ℝ𝑛 using a 𝑧-conditioned bijective encoder (a learned diffeomorphism);
(ii) evaluate the designed latent dynamics to obtain 𝑦̇; and (iii) project 𝑦̇ back to the
original space via the encoder’s inverse Jacobian. While the architecture can be trained
under various regimes (e.g., reinforcement learning), this paper focuses on imitation
learning—specifically, behavior cloning—where both the latent representation y and the
predicted velocity 𝑥̇ are supervised.

12.1.2 Related Work
While there is a long history of research on both discrete and rhythmic/periodic DMPs (Abu-
Dakka et al., 2024; Hu et al., 2024; Ijspeert et al., 2013, 2002; Kober and Peters, 2009;
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Kramberger et al., 2018; Nah et al., 2025; Saveriano et al., 2023; Wensing and Slotine, 2017),
the expressive power of classical DMPs (Ijspeert et al., 2013, 2002; Kober and Peters, 2009;
Wensing and Slotine, 2017) is limited, preventing them from learning highly complex and
intricate trajectories.

Recently, however, an exciting research direction has emerged that combines dif-
feomorphisms into a latent space—learned using ML techniques—with relatively simple,
analytically tractable (e.g., linear) latent space dynamics to enhance expressiveness while
preserving stability and convergence guarantees (Pérez-Dattari and Kober, 2023; Rana
et al., 2020; Urain et al., 2020; Zhang et al., 2022b). Most of these works focus on point-to-
point motions and aim to ensure GAS (Pérez-Dattari et al., 2024; Pérez-Dattari and Kober,
2023; Rana et al., 2020; Zhang et al., 2022b), although there have also been several works
combining diffeomorphic encoders with rhythmic latent dynamics for learning periodic
motions from demonstration (Khadivar et al., 2021; Urain et al., 2020; Zhi et al., 2024).
However, in the existing methods, either the chosen architecture for the bijective encoder
lacks expressiveness (Khadivar et al., 2021; Urain et al., 2020), the method training is very
sensitive to the initial neural network parameter (Urain et al., 2020), the method does not
learn the demonstrated velocities but only the general direction of motion (Zhi et al., 2024),
or cannot accurately learn very complex oracle shapes (Zhi et al., 2024).

Although the proposed model architecture is similar to that of Zhi et al. (2024), our
training pipeline differs substantially: we incorporate an imitation loss that teaches the
model the demonstrated velocities, replace the Hausdorff-distance objective with a limit-
cycle matching loss better suited to complex or discontinuous paths, optionally guide latent
polar angles with a time-alignment term to capture highly curved, possibly concave, con-
tours, and regularize workspace velocities outside the demonstration to improve numerical
stability during inference. Finally, we allow a parametrization of the polar angular velocity
with a neural network, allowing the learning of complex velocity profiles along the limit
cycle without compromising the strong contraction guarantees.

Furthermore, the above-mentioned methods do not offer solutions for many practical
issues, such as synchronizing multiple systems—a common requirement in locomotion or
bimanual manipulation (Gams et al., 2015)—or to shape the learned velocity online.

We provide a comparison with relevant existing methods in Table 12.1.
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Figure 12.2: Methodology of OSMPs. Periodic motions can be learned from demonstration via a DMP that
combines a bijective encoder with latent space dynamics defined by a supercritical Hopf bifurcation. After
encoding the current oracle space position of the system into latent space and predicting the latent space velocity,
the pullback operator projects the velocity back into oracle space and represents a motion reference for the
various robot embodiments. During training, we enforce both the predicted velocity and the exhibited limit cycle
to match the demonstrations that are, for example, provided via kinesthetic teaching or based on biological oracles.
Multiple contributions increase the practical usefulness of the proposed methods, which include a technique
to synchronize multiple OSMPs in phase, an approach to shape the learned motion online without requiring
retraining via affine transformations or even modulating the convergence characteristics, and a methodology for
conditioning the encoder on the oracle which allows the OSMP to capture multiple distinct motion behaviors
and even smoothly interpolate between them. The depiction of the Euclideanizing flows encoder architecture is
adapted from Rana et al. (2020).

Table 12.1: Comparison of characteristics of proposed methods against relevant baseline methods. In
some cases, we denote with a x∗ that the feature could (probably) be developed for the respective method, but
was not presented in the original paper. Note: The CLF-CBF-NODE only guarantees convergence to a target
trajectory as predicted by the learned NODE. However, the learned NODE is not guaranteed to exhibit a stable
limit cycle behavior.

Method Model Orb. Stability Velocity 𝑁 -Policies Task Smooth Task
Expressiveness Guarantees Imitation Sync. Conditioning Interpolation

MLP & RNN Moderate x Noisy x ✔ x
NODE Moderate x ✔ x ✔ x
DP (Chi et al., 2023) High x Noisy x ✔ x
Classical Rhythmic DMPs Limited ✔ ✔ ✔ 7 x
HB-GMR (Khadivar et al., 2021) Limited ✔ x x∗ x x
Imitation Flow (iFlow) (Urain et al., 2020) Moderate ✔ ✔ x∗ x∗ x
CLF-CBF-NODE (Nawaz et al., 2024) Moderate x ✔ x x∗ x
SPDT (Zhi et al., 2024) Moderate ✔ x x∗ x x
OSMP (ours) Moderate ✔ ✔ ✔ ✔ ✔



12

266 12 Learning Stable Periodic Robot Motions from Demonstration

12.2 Methodology
In this work, we introduce OSMPs, which can be trained to capture complex periodic
motions from demonstrations while ensuring convergence to a limit cycle that aligns
with a predefined oracle. To accomplish this, we build on previous research (Rana et al.,
2020; Zhi et al., 2024) that combines learned bijective encoders with a prescribed motion
behavior in latent space. These latent dynamics generate velocities or accelerations that
are subsequently mapped back into the oracle space via a pullback operator (Zhang et al.,
2022b)—in the case of a bijective encoder, this operator is the inverse of the encoder’s
Jacobian. In this formulation, themotion in latent space exhibits key convergence properties,
such as Global Asymptotic Stability (GAS) (Pérez-Dattari and Kober, 2023; Rana et al.,
2020; Sochopoulos et al., 2024) or Orbital Stability (OS) (Zhi et al., 2024), while the learned
encoder provides the necessary expressiveness to capture complexmotions and transfers the
convergence guarantees from latent to oracle space through the established diffeomorphism.

However, compared to existing work (Zhi et al., 2024), we introduce several crucial
modifications that enhance both the performance and practical utility of the proposed
method: (1) we develop a limit cycle matching loss to reduce the discrepancy between
the learned limit cycle and the periodic oracle; (2) we design strategies to modulate the
learned velocity field online without the need for retraining—for instance, to adjust the
convergence behavior; (3) we establish a procedure to synchronize the phase of multiple
OSMPs; and (4) we condition the encoder on a task, enabling a single OSMP to exhibit
multiple distinct motion behaviors. Moreover, we introduce loss terms that allow the
trained OSMP to smoothly interpolate between the learned motion behaviors—something
that has not been possible before.

12.2.1 Orbitally Stable Motion Primitives
The dynamical motion policy 𝑥̇ = 𝑓 (𝑥;𝑧) is typically defined in task space but can also
be defined in other Cartesian or generalized coordinates (e.g., joint space). Therefore,
we will, in the following, refer to these coordinates as Oracle space. In this work, we
are specifically interested in cases where we train 𝑓 (𝑥) to learn periodic motions. Then,
the smooth diffeomorphism between the oracle and latent space is made via a bijective
encoder Ψ ∶ ℝ𝑛 → ℝ𝑛, which maps positional states 𝑥 ∈ ℝ𝑛 into the latent states 𝑦 ∈ ℝ𝑛.
Optionally, this encoding is conditioned on a continuous variable 𝑧 ∈ ℝ as a homotopy such
that 𝑦 = Ψ(𝑥;𝑧). Furthermore, we construct Ψ such that it is invertible and a closed-form
inverse function Ψ−1 ∶ 𝑦 ↦ 𝑥 allows us to map from latent space back into oracle space.
In latent space, we apply dynamics 𝑦̇ = 𝑓y(𝑦) that exhibit a stable limit cycle behavior. In
summary, the orbitally stable motion primitive is given as

𝑥̇ = 𝑓 (𝑥;𝑧) = 𝑓s(𝑥) 𝐽−1Ψ (𝑥;𝑧)𝑓y (Ψ(𝑥;𝑧)) , (12.1)

where 𝐽Ψ = 𝜕Ψ(𝑥;𝑧)
𝜕𝑥 defines the Jacobian of the encoder. The function 𝑓s(𝑥) ∶ ℝ𝑛 → ℝ>0

scales the velocity magnitude and is implemented as 𝑓s(𝑥) = 𝑒MLP(𝑥)+𝜀, where 𝜀 ∈ ℝ>0 is a
small value (Rana et al., 2020). As Ψ is a diffeomorphism (w.r.t. 𝑥 and 𝑦), the motion policy
is orbitally stable by construction (Rana et al., 2020; Zhi et al., 2024).
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Diffeomorphic Encoder
We consider a bijective encoder Ψ𝜃 ∶ ℝ𝑛 ×ℝ → ℝ𝑛, which maps positional states 𝑥 ∈ ℝ𝑛
into the latent states 𝑦 ∈ ℝ𝑛 conditioned on 𝑧 ∈ ℝ, where we assume that 𝑛 ∈ ℕ ≥ 2. The
encoder 𝑦 = Ψ𝜃(𝑥;𝑧) adopting the Euclideanizing flows (Dinh et al., 2017; Rana et al., 2020)
architecture is parametrized by the learnable weights 𝜃 ∈ ℝ𝑛𝜃 and consists of 𝑛b blocks,
where each block is analytically invertible. If a conditioning is used, 𝑧 is first lifted into
an embedding 𝑧̄, which is subsequently used to condition each block. More details on the
encoder architecture can be found in the pioneering work (Dinh et al., 2017; Rana et al.,
2020) and Section 12.2.2.

Latent Dynamics
In latent space, we consider the 1st-order dynamics of a supercritical Hopf bifurcation (Khadi-
var et al., 2021; Nah et al., 2025; Strogatz, 2018; Zhi et al., 2024)

𝑦̇ =
⎡
⎢
⎢
⎣

𝑦̇1
𝑦̇2
𝑦̇3∶𝑛

⎤
⎥
⎥
⎦
= 𝑓y(𝑦) =

⎡
⎢
⎢
⎢
⎣

−𝜔(𝑦)𝑦2+𝛼 (1−
𝑦21+𝑦

2
2

𝑅2 ) 𝑦1

+𝜔(𝑦)𝑦1+𝛼 (1−
𝑦21+𝑦

2
2

𝑅2 ) 𝑦2
−𝛽𝑦3∶𝑛

⎤
⎥
⎥
⎥
⎦

, (12.2)

where 𝜔(𝑦) = 𝑓𝜔(atan2(𝑦2,𝑦1)) > 0 determines the angular velocity. Here, the dynamics of
𝑦1 and 𝑦2 describe the Cartesian-space behavior of a simple limit cycle whose behavior in
polar coordinates 𝑦pol = [𝑟 𝜑 𝑦⊤3∶𝑛]

⊤ is expressed as

𝑦̇pol =
⎡
⎢
⎢
⎣

𝑟̇
𝜑̇
𝑦̇3∶𝑛

⎤
⎥
⎥
⎦
= 𝑓pol(𝑦pol) =

⎡
⎢
⎢
⎢
⎣

𝛼 (1−
𝑟2
𝑅2) 𝑟

𝑓𝜔(𝜑)
−𝛽𝑦3∶𝑛

⎤
⎥
⎥
⎥
⎦

, (12.3)

where 𝑓𝜔(𝜑) ∶ [−𝜋,𝜋) → ℝ>0 computes the positive angular velocity as a function of
the polar angle. Often, in particular, when employing 𝑓s(𝑥) ≠ 1, it can also be set to a
constant: 𝜔 = 1. If not, we define in practice 𝜔(𝑦) = 𝑓𝜔(𝑦̄1∶2) = 𝑒MLP(𝑦̄1∶2) + 𝜖𝜔, where
𝑦̄1∶2 = [

𝑦1√
𝑦21+𝑦

2
2

𝑦2√
𝑦21+𝑦

2
2 ]
⊤
∈ ℝ2 with 𝜖𝜔 > 0.

𝛼 > 0 and 𝛽 > 0 are positive gains that determine how fast the system converges onto
the limit cycle. When learning the dynamics, we choose 𝛼 = 𝛽 = 1. 𝑅 ∈ ℝ>0 expresses the
radius of the limit cycle in latent space. Again, it is sufficient to choose 𝑅 = 1 or 𝑅 = 0.5.

Map from Polar to Cartesian Coordinates The map ℎp2y(𝑦pol) ∶ ℝ𝑛 →ℝ𝑛 from latent
polar coordinates to latent Cartesian coordinates and its inverse ℎy2p(𝑦) = ℎ−1p2y(𝑦) is given
by

𝑦 = ℎp2c(𝑦pol) =
⎡
⎢
⎢
⎣
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⎤
⎥
⎥
⎦
. (12.4)

Then, the Jacobian of the Polar-to-Cartesian map 𝜕ℎp2c
𝜕𝑦pol

∈ ℝ𝑛×𝑛 is given by

𝜕ℎp2c
𝜕𝑦pol

=
⎡
⎢
⎢
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cos(𝜑) −𝑟 sin(𝜑) 01×(𝑛−2)
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0(𝑛−2)×1 0(𝑛−2)×1 𝕀𝑛−2

⎤
⎥
⎥
⎦

(12.5)
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We can also substitute 𝑦pol = 𝑦 into the Jacobian and determine its inverse
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(12.6)
which are both full-rank for 𝑟 =

√
𝑦21 +𝑦22 > 0.

12.2.2 Training
We consider a dataset ⟨𝑇 ,𝑋d, 𝑋̇d,𝑍⟩ as a tuple between timestamps 𝑇 = ⟨𝑡(1),…, 𝑡(𝑘),…, 𝑡(𝑁 )⟩
positions 𝑋d = ⟨𝑥d(1),…,𝑥d(𝑘),…,𝑥d(N)⟩, the corresponding, demonstrated velocities
𝑋̇d = ⟨𝑥̇d(1),…, 𝑥̇d(𝑘),…, 𝑥̇d(N)⟩ and an optional conditioning 𝑍 = ⟨𝑧(1),…,𝑧(𝑘),…,𝑧(N)⟩,
where 𝑘 ∈ ℕN = {1,2,…,𝑁 }.

Bijective Encoder
The bijective encoder based on Euclideanizing flow (Rana et al., 2020) / Real NVP (Dinh
et al., 2017) uses coupling layers with the scaling and translation functions parametrized by
Random Fourier Features Networkss (RFFNs) that integrate ELU activation functions and a
hidden dimension of 100. The number of encoder layers/blocks varies by the complexity of
the task and ranges from 10 for simple tasks to 25 for very complex tasks. At the start of
the training, the encoder is initialized as an identity mapping.

(Angular) Velocity Scaling Network
The optional velocity scaling network 𝑓s(𝑥) is parametrized by a three-to-five-layerMLP(𝑥)
(depending on the nonlinearities and discontinuities that the demonstration velocity profile
exhibits) with a hidden dimension of 128 and LeakyReLU activation functions.

Similarly, the angular velocity network 𝜔(𝑦) = 𝑓𝜔(𝑦̄1∶2) = 𝑒MLP(𝑦̄1∶2)+𝜖𝜔, where 𝑦̄1∶2 =

[
𝑦1√
𝑦21+𝑦

2
2

𝑦2√
𝑦21+𝑦

2
2 ]
⊤
∈ ℝ2 with 𝜖𝜔 = 10−6, is parametrized by a five-layerMLPwith a hidden

dimension of 128 and LeakyReLU activation functions.

Loss Functions
The total training loss function is then given by

 = 𝜁vivi⏟⏞⏞⏞⏞⏟⏞⏞⏞⏞⏟
Vel. Imitation

+ 𝜁lcmlcm⏟⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏟
Limit Cycle Matching

+ 𝜁tgdtgd
⏟⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏟

Time Guidance

+ 𝜁erer⏟⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏟
Encoder Reg.

+𝜁vrvr⏟⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏟
Vel. Reg.

+ 𝜁scisci⏟⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏟
Cond. Interpolation

(12.7)
where 𝜁vi, 𝜁lcm, 𝜁tgd, 𝜁er, 𝜁vr, 𝜁sci ∈ ℝ are scalar loss weights. vi is a loss term that enforces
that the velocity of the motion primitive matches the one demanded by the demonstration
at all samples in the demonstration dataset, lcm ensures that the encoded demonstration
positions lie on the latent limit cycle. The time-guidance loss tgd can support the limit
cycle matching loss for highly curved demonstrations. The term er regularizes the
encoder by penalizing deviations from the identity encoder. The optional sci gives rise to
smooth interpolation between different encoder conditioning. The discretionary velocity
regularization loss 𝜁vr increases the numerical stability by penalizing very high velocities.
In the following, we define each loss term formally.
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Velocity Imitation Loss Analog to the literature on stable point-to-point motion primi-
tives (Rana et al., 2020), the predicted oracle space velocity is supervised by a smooth 𝓁1
loss (Girshick, 2015), which computes a squared term if the absolute error falls below 𝛽𝓁1
and the 𝓁1 term otherwise, and can be formally defined as

vi =
1
𝑁

𝑁
∑
𝑘=1

⎧⎪⎪
⎨⎪⎪⎩

(𝑓 (𝑥d(𝑘);𝑧(𝑘))−𝑥̇d(𝑘))2
2𝛽𝓁1

, if ‖‖𝑓 (𝑥d(𝑘);𝑧(𝑘))− 𝑥̇d(𝑘)‖‖1 < 𝛽𝓁1
‖‖𝑓 (𝑥

d(𝑘);𝑧(𝑘))− 𝑥̇d(𝑘)‖‖1−
𝛽𝓁1
2 , otherwise

, (12.8)

where we choose 𝛽𝓁1 = 1.

Limit Cycle Matching Loss Next, we consider a subset of the demonstrations  ⊂ ℕN
that exhibit a periodic motion. To guarantee the OS of the learned system, we need to make
sure that the learned limit cycle matches the periodic demonstration. For this purpose, we
design a limit cycle matching loss lcm in latent space

𝑦p(𝑘) = [

√
𝑦21 (𝑘)+𝑦22 (𝑘)

𝑦3∶𝑛 ] ∈ ℝ
𝑛−1, 𝑦dp (𝑘) = [

𝑅
0𝑛−2]

, lcm = ∑
𝑘∈

‖‖𝑦
d
p (𝑘)−𝑦p(𝑘)‖‖

2
2

| |
, (12.9)

where | | is the cardinality of  , and 𝑦 = Ψ(𝑥d; 𝑧) ∈ ℝ𝑛 is the latent encoding.

Time Reference Guidance Loss For strongly curved oracles, we have found it advanta-
geous to use the oracle’s time parameterization to steer how its positions map onto the
latent polar angle. Doing so spreads the oracle samples uniformly around the latent-space
limit cycle, preventing the encoders from bunching up in one angular sector while leaving
other portions of the cycle without corresponding oracle points.

First, we compute for each position contained in the rhythmic demonstration a desired
latent polar angle based on the normalized time reference. Simultaneously, we evaluate
the actual encoded polar angle of 𝑥d(𝑘) as

𝜑d(𝑘) = 𝜑0+2𝜋
𝑡(𝑘)
𝑃
, 𝜑(𝑘) = atan2(Ψ(𝑥(𝑘);𝑧(𝑘))2, {Ψ(𝑥(𝑘);𝑧(𝑘))}1) , (12.10)

where 𝜑0 is the polar angle anchor and 𝑃 is the period of the rhythmic demonstration.
Subsequently, we define a positive alignment loss between the

tgd = ∑
𝑘∈

max(
|||mod(𝜑d(𝑘)−𝜑(𝑘)+𝜋, 2𝜋)−𝜋

||| −𝑚tgd, 0)
2

| |
, (12.11)

where 𝑚tgd ∈ ℝ>0 is the allowed margin between the time reference and the actual polar
phase and the function 𝑛𝑒𝜑(𝑒𝜑) = mod(𝑒𝜑(𝑘)+𝜋, 2𝜋)−𝜋 normalizes the polar angle error
𝑒𝜑(𝑘) = 𝜑d(𝑘)−𝜑(𝑘) into the interval [−𝜋,𝜋).

Encoder Regularization Similar to Zhi et al. (2024), we employ an encoder regulariza-
tion loss Ψ,reg that penalizes deviations from an identity encoder 𝑦 = Ψ(𝑥) = 𝑥 . We draw
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in each epoch 𝑁 random positions samples 𝑥(𝑘) ∼ (𝑥min, 𝑥max) ∀𝑘 ∈ ℕ𝑁 from a uniform
distribution within the workspace [𝑥min, 𝑥max] of the system. Then, the loss is computed as

er =
𝑁
∑
𝑘=1

‖𝑥 −Ψ(𝑥;𝑧)‖
𝑁

. (12.12)

Velocity Regularization The velocity-imitation loss vi constrains the predicted ve-
locities only along the demonstration trajectory. When demonstrations are sparse and
clustered, large regions of the workspace receive no direct supervision on velocity magni-
tude, even though orbital stability and transverse contraction are still guaranteed. However,
in practice, large predicted velocities frequently lead to numerical instability. Therefore, it
can be helpful to regularize the predicted velocities.

For this purpose, we draw in each epoch 𝑁 random positions samples

𝑥(𝑘) ∼ (𝑥min, 𝑥max) ∀𝑘 ∈ ℕ𝑁 (12.13)

from a uniform distribution within the workspace [𝑥min, 𝑥max] of the system. Then, the
loss is computed as

vr =
𝑁
∑
𝑘=1

max(‖𝑓 (𝑥(𝑘);𝑧)‖2−𝑚vr, 0𝑁 )
𝑁

, (12.14)

where𝑚∈ℝ≥0 is the margin. In practice, we choose𝑚vr to be 50% higher than the maximum
velocity magnitude in the dataset in order not to conflict with the vi objective.

Smooth Conditioning Interpolation Loss Next, optionally, we can add a loss term
that encourages a smooth interpolation of the learned limit cycle between conditionings 𝑧.
We assume that all conditionings in the dataset 𝑧(𝑘) ∈, where= {𝑧(1),…,𝑧(𝑘),…,𝑧(𝑁 )},
are bounded in the interval [𝑧min, 𝑧max]. Now, consider a convex hull

conv() = [min(),min()] = [𝑧min, 𝑧max].

Next, we draw𝑁sci random conditionings from a uniform distribution: 𝑧̃(𝑗) ∼ (conv()) ∈
ℝ with 𝑗 ∈ ℕ𝑁sci . Additionally, we also generate 𝑁sci samples on the latent limit cycle by
uniformly sampling polar angles 𝜑(𝑗) ∼ [−𝜋,𝜋) and subsequently first map into Cartesian
latent coordinates and then into oracle space using the inverse encoder

𝑦(𝑗) = [𝑅 cos(𝜑(𝑗)) 𝑅 sin(𝜑(𝑗)) 0⊤𝑛−2]
T , 𝑥̃(𝑗) = Ψ−1(𝑦(𝑗) ; 𝑧̃(𝑗)). (12.15)

Now, we define the floor ⌊⋅⌋ and ceil ⌈⋅⌉ functions that round down, or up to the next
conditioning 𝑧 ∈ in the dataset

⌊𝑧̃⌋ = max{𝑧 ∈ ℤ ∣ 𝑧 ≤ 𝑧̃}, ⌈𝑧̃⌉ = min{𝑧 ∈ ℤ ∣ 𝑧 ≥ 𝑧̃}. (12.16)

Then, the target for 𝑥̃(𝑗) that represents a smooth linear interpolation between conditioning
⌊𝑧̃⌋ and ⌈𝑧̃⌉ is given by

𝑥̃∗(𝑗) = ⌊𝑥̃(𝑗)⌋+
𝑧̃(𝑗)− ⌊𝑧̃(𝑗)⌋
⌈𝑧̃(𝑗)⌉− ⌊𝑧̃(𝑗)⌋

(⌈𝑥̃(𝑗)⌉− ⌊𝑥̃(𝑗)⌋) (12.17)
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where
⌊𝑥̃(𝑗)⌋ = Ψ−1(𝑦(𝑗) ; ⌊𝑧̃(𝑗)⌋), ⌈𝑥̃(𝑗)⌉ = Ψ−1(𝑦(𝑗) ; ⌈𝑧̃(𝑗)⌉). (12.18)

Finally, the smooth conditioning interpolation loss can be formulated as

sci =
𝑁sci
∑
𝑗=1

(𝑥̃∗(𝑗)− 𝑥̃(𝑗))2

𝑁sci
. (12.19)

12.2.3 Inference
Maintaining discrete-time stability demands that the OSMP—or any DMP—runs at suffi-
ciently high control rates. This requirement becomes even tougher when computational
resources are limited, as in our turtle-swimming setup where the OSMPs runs on a Rasp-
berry Pi 5. To minimise latency, we sought to shorten the OSMP’s inference time by
exploiting PyTorch’s compilation and export utilities. Unfortunately, most current PyTorch
compilers/exporters are incompatible with autograd, which we still need at inference to
obtain the encoder Jacobian 𝐽Ψ = 𝜕

𝜕𝑥Ψ(𝑥;𝑧). Consequently, we explored modern options
in the torch.func namespace—including combinations of vmap with the forward
and reverse functional Jacobian operators (jacfwd, jacrev) and the vector-Jacobian
product (vjp). Our analysis, presented in the Sec. 12.3.7, shows that simple two-point
finite-difference schemes for the Jacobian compile and export cleanly, run quickly, and
yield Jacobians whose accuracy is very close to the analytic solution. In practice, we use
an (absolute) step size 𝛿𝑥 = 510−4 such that

𝐽 (𝑥;𝑧) ≈ [
Ψ(𝑥+𝛿𝑥 𝑒1;𝑧)−Ψ(𝑥;𝑧)

𝛿𝑥 … Ψ(𝑥+𝛿𝑥 𝑒𝑗 ;𝑧)−Ψ(𝑥;𝑧)
𝛿𝑥 … Ψ(𝑥+𝛿𝑥 𝑒𝑛;𝑧)−Ψ(𝑥;𝑧)

𝛿𝑥 ] , (12.20)

where 𝑒𝑗 ∈ ℝ𝑛 is the 𝑗th canonical basis vector in 𝑥-coordinates. This allows us to exploit
AOTInductor, a specialized version of TorchInductor, to export a compiled executable, which
runs at up to 15 kHz on the M4 Max CPU - a 9x increase over the standard eager inference
mode.

In case the Jacobian of the encoder 𝐽Ψ(𝑥;𝑧) exhibits close-to-singular values, the nu-
merical stability of the inference, can be improved by computing the inverse as 𝐽−1Ψ (𝑥;𝑧) ≡
(𝐽Ψ(𝑥;𝑧)+𝜖inv 𝕀𝑛)−1, where, for example, 𝜖inv = 10−6.

12.2.4 Online Shaping of the Learned Motion
In order to improve the practicality of using the learned orbital motion primitives, we
introduce in this section approaches that allow us to modulate the learned velocity field to
adjust the task or modify its characteristics without having to retrain the OSMP.

First, we introduce variables that allow us to spatially translate and scale the learned
velocity field

𝑥̇(𝑡) = 𝑓 (𝑥 ;𝑧) ≔ 𝑠f 𝑓 (
𝑥(𝑡)−𝑥o

𝑠f
; 𝑧). (12.21)

Here, 𝑠f ∈ ℝ>0 controls the spatial scale of the velocity field. When 𝑠f = 1, the executed
motion primitive is equal to the learned motion primitive. 𝑥o ∈ ℝ𝑛 defines the origin of the
velocity field.
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However, we are not limited to affine transformations such as translation and scaling.
Additionally, we can adjust the period and convergence characteristics of the velocity field
online. Specifically, by scaling the polar angular velocity 𝜔(𝜑) with the factor 𝑠𝜔 ∈ ℝ>0, we
can either slow-down (0 < 𝑠𝜔 < 1) or speed-up (𝑠𝜔 > 1) the periodic motion. Furthermore,
the convergence of trajectories onto the 𝕊1 limit cycle can be made more or less aggressive
by adjusting the convergence gain 𝑘conv ∈ ℝ>0. Usually, we set 𝛼 = 𝛽 = 𝑘conv 𝑠𝜔.

Finally, constraints in the oracle or actuation space (e.g., joint limits, environment
obstacles) might pose challenges to the deployment of the orbital motion primitive in
real-world settings when the system is initialized (far) off the oracle. In these situations, we
would not want to start our periodic motion directly, but instead, we would first converge
into a neighborhood around the oracle that is collision-free. We devise a strategy that is
able to accomplish such behavior by scaling the polar angular velocity 𝜔̃ as a function
𝜎 ∶ ℝ>0 →ℝ of the distance from the limit cycle 𝑑lc

𝑑lc =

√
(
√
𝑦21 +𝑦22 −𝑅)

2
+∑𝑛

𝑖=2 𝑦2𝑖
𝑛−1

, 𝜔̃ = 𝜎(𝜑,𝑑lc) = exp(−
max(𝑑lc −𝑅sm, 0)2

2𝜎2sm ) 𝜔(𝜑), (12.22)

where 𝑑lc ∈ ℝ>0 the Euclidean distance of the latent state 𝑦 from the limit cycle normalized
by the DOF. The mapping 𝑑lc ↦ 𝜔̃ can be intuitively interpreted as follows: in a tube
of radius 𝑅sm around the limit cycle, we apply the nominal polar angular velocity 𝜔(𝜑).
Outside of that tube, we reduce the angular velocity using a Gaussian function with RMS
width 𝜎sm ∈ ℝ>0. In the limit 𝑑lc →∞, the polar angular velocity is zero: lim𝑑lc→∞𝜎(𝑑lc) = 0.

12.2.5 Phase Synchronization of Multiple Motion Primitives
In many real-world applications, it is essential to synchronize the phases of multiple learned
(orbital) motion primitives (Gams et al., 2015). For instance, in turtle swimming, the phases
of the two limbs must align, while in (human) walking, the periodic movement of the two
legs should be offset by 𝜋. To address this, we developed a controller that can synchronize
the motion of two or more systems. Here, we consider that we trained 𝑛s OSMPs. We refer
to the latent state of the 𝑖th system, where 𝑖 ∈ ℕ𝑛s , as 𝑖𝑦. The polar phase of each system
is given by 𝑖𝜑 = atan2(𝑖𝑦2, 𝑖𝑦1). We then construct a symmetric matrix 𝛿Φ∗ ∈ ℝ(𝑛s−1)×(𝑛s−1)

that contains the desired phase offsets. For example, 𝛿Φ∗
𝑖𝑗 = 𝛿Φ∗

𝑗𝑖 ∈ [−𝜋,𝜋) specifies the
desired phase offset between the 𝑖th and the 𝑗th system. In the case of 𝛿Φ∗ = 0(𝑛s−1)×(𝑛s−1),
we ask the phase difference between all systems to be zero. We then adopt a technique from
the field of network synchronization (Dörfler and Bullo, 2014) that allows the alignment
of the OSMPs in phase. Namely, we define a feedback controller that acts on the angular
velocity of the latent system

𝑖𝜔̃(𝜑) = 𝑖𝜔(𝑖𝜑) (
1−𝑘ps

𝑛s
∑
𝑗=1

sin(𝛿Φ∗
𝑖𝑗 + 𝑖𝜑− 𝑗𝜑))

, (12.23)

where 𝜔(𝜑), 𝜔̃ ∈ ℝ are the default and modified polar angular velocities of the systems,
respectively. 𝑘ps ∈ ℝ>0 is the phase synchronization gain that determines how quickly the
systems synchronize.
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12.3 Experiments and Results
12.3.1 OSMPs are Asymptotically Orbitally Stable and Trans-

verse Contracting
In this section, we analyze the convergence characteristics of OSMPs from a theoretical
perspective. Specifically, we show that OSMPs exhibit Asymptotic Orbital Stability (AOS)
and under which conditions they are transverse contracting and lead to Exponential Orbital
Stability (EOS)

Proof of Asymptotic Orbital Lyapunov Stability
In the general setting, we show that OSMPs possess AOS. This property was noted—but not
fully proven—in earlier work (Urain et al., 2020; Zhi et al., 2024). Instead, in the following,
we formally prove AOS.

Theorem 4. Let 𝛼,𝛽,𝑅 > 0 and 𝑓s(𝑥) ∶ ℝ𝑛 →ℝ>0 and 𝑧 be constant. Then, the dynamics
𝑥̇ = 𝑓 (𝑥;𝑧) are asymptotically orbitally stable under the transverse Lyapunov function

𝑉x(𝑥;𝑧) =
𝛼𝑅2

4 (𝑦21 +𝑦
2
2 −𝑅

2)
2+

1
2
𝑦⊤3∶𝑛 𝛽𝑦3∶𝑛

|||||𝑦=Ψ(𝑥;𝑧)
. (12.24)

Proof. Step 1: Proof of Orbital Stability in Polar Latent Dynamics. Consider the
transverse Lyapunov candidate (Manchester, 2011) for the polar latent dynamics 𝑦̇pol =
𝑓pol(𝑦pol)

𝑉pol(𝑦pol) = 𝛼
𝑅2

4 (𝑟2−𝑅2)
2+

1
2
𝑦⊤3∶𝑛 𝛽𝑦3∶𝑛. (12.25)

We can demonstrate that 𝑉pol is a valid Lyapunov candidate with respect to the limit cycle
pol = {𝑟,𝜑 ∈ ℝ,𝑦3∶𝑛 ∈ ℝ𝑛−2|𝑟 = 𝑅,𝜑 ∈ [−𝜋,𝜋),𝑦3∶𝑛 = 0𝑛−2} via

𝑉pol(𝑦pol) = 𝛼
𝑅2

4 (𝑅2−𝑅2)
2 = 0, ∀𝑦pol ∈ , (12.26)

and
𝑉pol(𝑦pol) =

𝛼𝑅2

4 (𝑟2−𝑅2)
2

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
≥0

+
1
2
𝑦⊤3∶𝑛 𝛽𝑦3∶𝑛

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
≥0

> 0, ∀𝑦pol ∈ ℝ𝑛 ⧵pol. (12.27)

The time derivative of the Lyapunov candidate perpendicular to the orbital flow [0 𝑓𝜔(𝜑) 0]
⊤

is given by

𝑉̇pol,𝑓pol,⟂(𝑦pol) =
𝜕𝑉y
𝜕𝑦pol

𝑓pol,⟂ = [−𝛼(1−
𝑟2
𝑅2)𝑟 0 𝛽𝑦3∶𝑛]

⎡
⎢
⎢
⎢
⎣

𝛼 (1−
𝑟2
𝑅2)𝑟

0
−𝛽𝑦3∶𝑛

⎤
⎥
⎥
⎥
⎦

,

= −𝛼2(1−
𝑟2

𝑅2)

2

𝑟2

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
≥0

−𝑦⊤3∶𝑛 𝛽
2 𝑦3∶𝑛⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

≥0

< 0, ∀𝑦pol ∈ ℝ𝑛 ⧵pol.

(12.28)
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with 𝑉̇pol,𝑓pol,⟂(𝑦pol) = 0∀𝑦pol ∈ pol.
Step 2: Proof of Orbital Stability in Cartesian Latent Dynamics. First, we define
the limit cycle in latent space as y = {𝑦 ∈ ℝ𝑛|

√
𝑦21 +𝑦22 = 𝑅,𝑦3∶𝑛 = 0𝑛−2} The Lyapunov

function in Cartesian latent coordinates 𝑦 = ℎp2c(𝑦pol) can be stated as

𝑉y(𝑦) = 𝑉pol(ℎy2p(𝑦)) =
𝛼𝑅2

4 (𝑦21 +𝑦
2
2 −𝑅

2)
2+

1
2
𝑦⊤3∶𝑛 𝛽𝑦3∶𝑛. (12.29)

Naturally, the two conditions on the Lyapunov candidate 𝑉y(𝑦) = 0∀𝑦 ∈ y and 𝑉y(𝑦) >
0∀𝑦 ∈ ℝ𝑛 ⧵y still hold. As the flow orthogonal to the orbit is given by

𝑓y,⟂(𝑦) =
𝜕ℎp2c
𝜕𝑦pol

𝑓pol,⟂(ℎc2p(𝑦)) =
⎡
⎢
⎢
⎢
⎣

𝛼 (1−
𝑦21+𝑦

2
2

𝑅2 ) 𝑦1

𝛼 (1−
𝑦21+𝑦

2
2

𝑅2 ) 𝑦2
−𝛽𝑦3∶𝑛

⎤
⎥
⎥
⎥
⎦

, (12.30)

the corresponding time derivative of the Lyapunov function can be computed as

𝑉̇y,𝑓y,⟂(𝑦) =
𝜕𝑉y(𝑦)
𝜕𝑦

𝑓y,⟂(𝑦) =
𝜕𝑉pol(ℎ𝑐2𝑝(𝑦))

𝜕𝑦
𝜕ℎp2c(𝑦pol)
𝜕𝑦pol

𝑓pol,⟂(𝑦pol)
|||||𝑦pol=ℎ𝑐2𝑝(𝑦)

,

=
𝜕𝑉pol(𝑦pol)
𝜕𝑦pol

𝜕ℎc2p
𝜕𝑦

𝜕ℎp2c
𝜕𝑦pol

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝕀𝑛

𝑓pol,⟂(𝑦pol)
|||||𝑦pol=ℎ𝑐2𝑝(𝑦)

,

=
𝜕𝑉pol(𝑦pol)
𝜕𝑦pol

𝑓pol,⟂(𝑦pol)
|||||𝑦pol=ℎ𝑐2𝑝(𝑦)

< 0, ∀𝑦 ∈ ℝ𝑛 ⧵y.

(12.31)

Step 3: Proof of Asymptotic Orbital Stability of OSMP Dynamics. Similar to prior
work (Rana et al., 2020; Urain et al., 2020; Zhi et al., 2024), we transfer the orbital stability
guarantees back into oracle space. The orbit/limit cycle in oracle space is given by x =
{𝑥 ∈ ℝ𝑛|𝑦 = Ψ(𝑥;𝑧),

√
𝑦21 +𝑦22 = 𝑅,𝑦3∶𝑛 = 0𝑛−2}. Then, define the Lyapunov function by

substituting 𝑦 = Ψ(𝑥;𝑧) into 𝑉y(𝑦)

𝑉x(𝑥;𝑧) = 𝑉y(Ψ(𝑥;𝑧)) =
𝛼𝑅2

4 (𝑦21 +𝑦
2
2 −𝑅

2)
2+

1
2
𝑦⊤3∶𝑛 𝛽𝑦3∶𝑛

|||||𝑦=Ψ(𝑥;𝑧)
, (12.32)

which still admits to the properties 𝑉x(𝑥) = 0∀𝑥 ∈x and 𝑉x(𝑥) > 0∀𝑥 ∈ ℝ𝑛 ⧵x. The flow
orthogonal to the limit cycle can be expressed as

𝑓x,⟂(𝑥) = 𝑓s(𝑥) 𝐽−1Ψ (𝑥;𝑧)𝑓y,⟂(Ψ(𝑥;𝑧)). (12.33)

Similar to Step 2, but now also considering the oracle-space velocity scaling 𝑓s(𝑥), we
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derive the time derivative of the Lyapunov function orthogonal to the limit cycle flow as

𝑉̇x,𝑓x,⟂(𝑥) =
𝜕𝑉x(𝑥)
𝜕𝑥

𝑓x,⟂(𝑥) =
𝜕𝑉y(Ψ(𝑥;𝑧))

𝜕𝑥
𝑓s(𝑥) 𝐽−1Ψ (𝑥;𝑧)𝑓y,⟂(Ψ(𝑥;𝑧))

|||||𝑦=Ψ(𝑥;𝑧)
,

= 𝑓s(𝑥)
𝜕𝑉y(𝑦)
𝜕𝑦

𝐽Ψ(𝑥;𝑧) 𝐽−1Ψ (𝑥;𝑧)
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

𝕀𝑛

𝑓y,⟂(Ψ(𝑥;𝑧))
|||||𝑦=Ψ(𝑥;𝑧)

,

= 𝑓s(𝑥)⏟⏞⏞⏞⏟⏞⏞⏞⏟
>0

𝜕𝑉y(𝑦)
𝜕𝑦

𝑓y,⟂(𝑦pol)
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

≤0

||||𝑦=Ψ(𝑥;𝑧)
< 0, ∀𝑥 ∈ ℝ𝑛 ⧵x.

(12.34)

Proof of Transverse Contraction
Now, we move to analyzing the transverse contraction conditions. To our knowledge,
earlier studies have not tackled EOS or contraction (Lohmiller and Slotine, 1998). When a
velocity scaling is applied in the original coordinates—as in Euclideanizing flows (Rana
et al., 2020)—such guarantees cannot be established unless the scaling factor is explicitly
bounded. By contrast, if no velocity scaling is used in the x-coordinates (i.e., 𝑓s = 1), we
can prove contraction in the directions orthogonal to the limit cycle, a property known
as transverse contraction (Manchester and Slotine, 2014). Transverse contraction implies
EOS, ensuring trajectories converge to the limit cycle at an exponential rate.

This section is organized as follows: First, we provide formal definitions of (transverse)
contraction and EOS. Subsequently, we prove transverse contraction of the polar latent
dynamics. Then, we transfer this proof into Cartesian latent coordinates and, finally, also
into the original/oracle coordinates.

Definitions

Definition 1. An autonomous system 𝑥̇ = 𝑓 (𝑥) with is said to be transverse contracting in
the region 𝑥 ∈  ⊆ ℝ𝑛 with rate 𝜁 ∈ ℝ>0 if a positive definite metric 𝑀(𝑥) ≻ 0 ∈ ℝ𝑛×𝑛 exists
such that

𝛿⊤𝑥 (
𝜕𝑓 (𝑥)
𝜕𝑥

⊤
𝑀(𝑥)+𝑀(𝑥)

𝜕𝑓 (𝑥)
𝜕𝑥

+𝑀̇(𝑥)+2𝜁 𝑀(𝑥))𝛿𝑥 ≤ 0 ∀𝑥 ∈  (12.35)

for all 𝛿𝑥 ≠ 0 orthogonal to the flow satisfying 𝛿⊤𝑥 𝑀(𝑥)𝑓 (𝑥) = 0 (Manchester and Slotine,
2014).

Definition 2. Let 𝑥̇ = 𝑓 (𝑥) be an autonomous, transverse contracting system in the region
𝑥 ∈  ⊆ ℝ𝑛 with contracting rate 𝜁 ∈ ℝ>0. Also, consider the non-trivial 𝑇 -periodic solution
𝑥lc(𝑡) ∈  that defines the solution curve 𝑋lc = {𝑥 ∈ ℝ𝑛 ∶ ∃𝑡 ∈ [0,𝑇 ) ∶ 𝑥 = 𝑥lc}. Then, the
solution 𝑥lc(𝑡) is said to be exponentially orbitally stable as there exists a 𝑘 > 0 such that for
any 𝑥0 ∈ 

inf
𝑥lc∈𝑋lc

‖𝑥(𝑡)−𝑥lc‖2 ≤ 𝑘 inf
𝑥lc∈𝑋lc

‖𝑥0−𝑥lc‖2 𝑒−𝜁 𝑡 . (12.36)
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Please note that the notion of EOS, also referred to as transverse exponential stability,
is stronger than the commonly used AOS as it guarantees exponential convergence to
the orbit/limit cycle (Manchester, 2011).

Proof of Transverse Contraction of Latent Dynamics in Polar Coordinates First,
we prove that the latent dynamics in polar coordinates 𝑦̇pol = 𝑓pol(𝑦pol) are transversely
contracting: i.e., they are not contracting along the polar phase variable 𝜑, but contracting
orthogonal to the flow 𝑓pol(𝑦pol) (Manchester and Slotine, 2014). Inspired by a recent proof
of transverse contraction for the Andronov-Hopf oscillator with state (𝑟,𝜑) (Nah et al.,
2025), we define the following Proposition.

Proposition 1. Let 𝛼,𝛽 > 0, 𝑅 > 0, 𝑓𝜔(𝑟) ∶ [−𝜋,𝜋)→ℝ>0, and 𝑦pol = [𝑟 𝜑 𝑦⊤3∶𝑛]
⊤ ∈pol.

Then, the latent dynamics in polar coordinates from (12.3) are transverse contracting under
the metric

𝑀pol(𝑦pol) =

⎡
⎢
⎢
⎢
⎢
⎣

1
𝑟2 −

𝛼(1−
𝑟2
𝑅2 )

𝑓𝜔(𝜑)𝑟 01×(𝑛−2)

−
𝛼(1−

𝑟2
𝑅2 )

𝑓𝜔(𝜑)𝑟 𝑚𝜑𝜑(𝑟) 01×(𝑛−2)
0(𝑛−2)×1 0(𝑛−2)×1 𝕀𝑛−2

⎤
⎥
⎥
⎥
⎥
⎦

≻ 0 ∈ ℝ𝑛×𝑛, (12.37)

with the contraction rate 𝜁pol ≥ ( 2𝛼
𝑅2 +𝛽)

𝑟2𝜖
𝑟2𝜖+1

in the region

pol =
{
𝑦pol ∈ ℝ𝑛|𝑟𝜖 ∈ ℝ>0, 𝑟 ≥ 𝑟𝜖 ,𝜑 ∈ [−𝜋,𝜋)

}
. (12.38)

Proof. The proof consists of three steps: proof of positive-definiteness of the contraction
metric, and the fulfillment of the orthogonality and contraction conditions in order to meet
the conditions for transverse contraction stated in Theorem 3 of Manchester and Slotine
(2014).
Step 1: Positive definite contraction metric. Positive definite contraction metric
𝑀pol(𝑦pol). In order for 𝑀pol(𝑦pol) ∈ ℝ𝑛×𝑛 to be a valid contraction metric, we need to
ensure that it is positive definite (i.e., that the real part of its Eigenvalues is positive
∀𝑦pol ∈ pol). For this to be the case, the following condition, derived from the smallest
Eigenvalue of the contraction metric 𝜁m(𝑀pol(𝑦pol)), must hold

𝑚𝜑𝜑(𝑟) 𝑟2 +1
2𝑟2

−

√
(𝑅4𝑓 2𝜔(𝜑)𝑟4)𝑚2

𝜑𝜑 +(−2𝑅4𝑓 2𝜔(𝜑)𝑟2)𝑚𝜑𝜑(𝑟)+(4𝛼2𝑟6 −8𝑅2𝛼2𝑟4 +4𝑅2𝛼2𝑟2 +𝑅4𝑓 2𝜔(𝜑))
2𝑅2 𝑓𝜔(𝜑)𝑟2

≥ 0

(12.39)
which can be ensured if the following two conditions hold

𝑚𝜑𝜑 ≥ 0, (𝑅4)𝑚2
𝜑𝜑(𝑟)+(−2𝑅4𝑓 2𝜔(𝜑)𝑟

2) 𝑚𝜑𝜑(𝑟)+(4𝛼2𝑟6 −8𝑅2𝛼2𝑟4 +4𝑅2𝛼2𝑟2 +𝑅4𝑓 2𝜔(𝜑)) ≤ 0.
(12.40)

Solving the quadratic equation results in

0 ≤ 𝑚𝜑𝜑(𝑟) ≤ 𝑚ub
𝜑𝜑(𝑟) =

𝑅2𝑓𝜔(𝜑)+2𝛼
√
−𝑟4+2𝑅2𝑟2−𝑅4 |𝑟 |

𝑅2 𝑓𝜔(𝜑)𝑟2
. (12.41)
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Thus, for example, the choice of 𝑚𝜑𝜑(𝑟) = 𝑚ub
𝜑𝜑(𝑟) admits to the stated condition. Then, the

Eigenvalues of the 𝑀pol(𝑦pol) are given by

𝜁1,2(𝑀pol(𝑟)) =
𝑅2𝑓𝜔(𝜑)+𝛼

√
−𝑟4+2𝑅2𝑟2−𝑅4 |𝑟 |

𝑅2 𝑓𝜔(𝜑)𝑟2
, 𝜁3∶𝑛𝑀pol(𝑟)) = 1. (12.42)

with Re(𝜁1,2(𝑀pol(𝑟))) > 0∀𝑟 ∈ 𝑅>0. Therefore, 𝑀pol(𝑦pol) ≻ 0∀𝑟 ∈ 𝑅>0.
Step 2: Orthogonality condition. Let 𝛿𝑦pol = 𝑐 [1 0 1𝑛−2]

⊤ with 𝑐 ∈ ℝ+ be the incre-
mental motion orthogonal to the flow. Then, the contraction metric (12.37) fulfills the
orthogonality condition for the stated choice of 𝛿𝑦pol (Manchester and Slotine, 2014)

𝛿⊤𝑦pol𝑀pol(𝑦pol)𝑓pol(𝑦pol) = [𝑐 0 𝑐 11×(𝑛−2)]

⎡
⎢
⎢
⎢
⎣

0
𝑚𝜑𝜑(𝑟)𝑓𝜔(𝜑)−𝛼2 (𝑅2−𝑟2)2

𝑅4 𝑓𝜔(𝜑)
−𝛽𝑦3∶𝑛

⎤
⎥
⎥
⎥
⎦

= −𝑐𝛽𝑦3∶𝑛.

(12.43)

Since −𝑐𝛽𝑦3∶𝑛 converges uniformly to zero, the orthogonality condition defined in (12.43)
converges to zero and is, therefore, fulfilled1.
Step 3: Transverse contraction condition. The transverse contraction condition is given
by (Manchester and Slotine, 2014)

𝛿⊤𝑦pol (
𝜕𝑓pol
𝜕𝑦pol

⊤
𝑀pol(𝑦pol)+𝑀pol(𝑦pol)

𝜕𝑓pol
𝜕𝑦pol

+𝑀̇pol(𝑦pol)+2𝜁pol𝑀pol(𝑦pol))𝛿𝑦pol ≤ 0,

2𝑐2

𝑟2 (𝜁pol (𝑟
2+1)−(

2𝛼
𝑅2

+𝛽)𝑟
2
) ≤ 0,

(12.44)

where

𝜕𝑓pol
𝜕𝑦pol

=
⎡
⎢
⎢
⎢
⎣

𝛼 −3𝛼 𝑟
2

𝑅2 0 01×(𝑛−2)
0 𝑓𝜔(𝜑)

𝜕𝜑 01×(𝑛−2)
0(𝑛−2)×1 0(𝑛−2)×1 −𝛽 𝕀𝑛−2

⎤
⎥
⎥
⎥
⎦

,

𝑀̇pol =

⎡
⎢
⎢
⎢
⎢
⎣

− 2𝛼
𝑟2 +

2𝛼
𝑅2

𝛼(𝑅2−𝑟2)(𝛼(𝑅2+𝑟2)+𝑅2
𝜕𝑓𝜔
𝜕𝜑 )

𝑅4 𝑟 𝑓𝜔(𝜑)
01×(𝑛−2)

𝛼(𝑅2−𝑟2)(𝛼(𝑅2+𝑟2)+𝑅2
𝜕𝑓𝜔
𝜕𝜑 )

𝑅4 𝑟 𝑓𝜔(𝜑)
𝛼 𝑅

2−𝑟2
𝑅2 𝑟 𝜕𝑚𝜑𝜑𝜕𝑟 01×(𝑛−2)

0(𝑛−2)×1 0(𝑛−2)×1 0(𝑛−2)×(𝑛−2)

⎤
⎥
⎥
⎥
⎥
⎦

.

(12.45)

We can simplify (12.44) to

2𝑐2(𝜁pol(1+
1
𝑟2)

−(
2𝛼
𝑅2

+𝛽)) ≤ 0,

𝜁pol (𝑟2+1)−(
2𝛼
𝑅2

+𝛽)𝑟
2 ≤ 0,

𝜁pol ≤ (
2𝛼
𝑅2

+𝛽)
𝑟2

𝑟2+1
.

(12.46)

1See proof of Theorem 5 in (Manchester and Slotine, 2014).
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Given 𝑦pol ∈ pol (i.e., 𝑟 ≥ 𝑟𝜖), we can, therefore, guarantee that the actual contraction rate
admits to the lower bound

𝜁pol ≥ (
2𝛼
𝑅2

+𝛽)
𝑟2𝜖

𝑟2𝜖 +1
. (12.47)

In practical robotics settings, the contraction rate is particularly relevant for the region
𝑟 ≥ 𝑅2 (i.e., the system is outside the defined limit cycle contour). In such a setting with
𝑟𝜖 = 𝑅, the contraction rate is given ∀𝑟 ≥ 𝑅 by 𝜁pol ≥ 2𝛼+𝛽𝑅2

𝑅2+1 and for 𝑅 = 1 by 𝜁pol ≥ 𝛼 + 𝛽
2 .

This illustrates well how the latent dynamics, 𝛼,𝛽, allow us to modulate the contraction
behavior of the system.

Proof of Transverse Contraction of Latent Dynamics in Cartesian Coordinates

Proposition 2. Let 𝜔 ≥ 0, 𝛼,𝛽 > 0, 𝑅 > 0, and 𝑦 = [𝑦1 𝑦2 𝑦⊤3∶𝑛]
⊤ ∈  . Then, the latent

dynamics in Cartesian coordinates from (12.2) are transverse contracting under the metric

𝑀𝑦(𝑦) =
𝜕ℎp2c
𝜕𝑦pol

−⊤
𝑀pol

𝜕ℎp2c
𝜕𝑦pol

−1|||||𝑦pol=ℎ−1p2c(𝑦)
≻ 0 ∈ ℝ𝑛×𝑛, (12.48)

with the contraction rate 𝜁𝑦 ≥( 2𝛼
𝑅2 +𝛽)

𝑟2𝜖
𝑟2𝜖+1

in the region =
{
𝑦 ∈ ℝ𝑛|𝑟𝜖 ∈ ℝ>0,

√
𝑦21 +𝑦22 ≥ 𝑟𝜖

}
.

Proof. Again, the proof consists of three steps: proof of positive-definiteness of the contrac-
tion metric, and the fulfillment of the orthogonality and contraction conditions in order to
meet the conditions for transverse contraction.
Step 1: Positive definite contraction metric. As shown in Proposition 1, 𝑀pol(𝑦) ≻

0∀𝑦 ∈ ℝ𝑛. As𝑀pol is square and rank(
𝜕ℎp2c
𝜕𝑦pol

−1

) = 𝑛∀𝑦 ∈ ,𝑀𝑦(𝑦), as defined in (12.48), is
positive definite (Petersen et al., 2008).
Step 2: Orthogonality condition. Let the incremental motion orthogonal to the flow be
defined as

𝛿𝑦 =
𝜕ℎp2c
𝜕𝑦pol

𝛿𝑦pol
||||𝑦pol=ℎ−1p2c(𝑦)

= 𝑐 [
𝑦1√
𝑦21+𝑦

2
2

𝑦2√
𝑦21+𝑦

2
2

1
]
⊤
. (12.49)

The orthogonality condition is then given by

𝛿⊤𝑦 𝑀𝑦(𝑦)𝑓𝑦(𝑦) = −𝑐𝛽𝑦3∶𝑛. (12.50)

Since −𝑐𝛽𝑦3∶𝑛 converges uniformly to zero, the orthogonality condition defined in (12.43)
converges to zero.
Step 3: Transverse contraction condition. The transverse contraction condition can be
stated as

𝛿⊤𝑦 (
𝜕𝑓𝑦
𝜕𝑦

⊤
𝑀𝑦(𝑦)+𝑀𝑦(𝑦)

𝜕𝑓𝑦
𝜕𝑦

+𝑀̇𝑦(𝑦)+2𝜁𝑦𝑀𝑦(𝑦))𝛿𝑦 ≤ 0

2𝑐2

𝑅2 (𝑦21 +𝑦22 )
(−2𝛼(𝑦21 +𝑦

2
2 )−𝛽𝑅

2(𝑦21 +𝑦
2
2 )+ 𝜁𝑦𝑅

2(𝑦21 +𝑦
2
2 )+ 𝜁𝑦𝑅

2) ≤ 0,

−(2𝛼 +𝛽𝑅2)(𝑦21 +𝑦
2
2 )+ 𝜁𝑦𝑅

2(𝑦21 +𝑦
2
2 +1) ≤ 0.

(12.51)
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Subsequently, we can isolate the contraction rate in the inequality condition

𝜁𝑦 ≤ (
2𝛼
𝑅2

+𝛽)
𝑦21 +𝑦22

𝑦21 +𝑦22 +1
. (12.52)

Now, if we define the contraction region as
√
𝑦21 +𝑦22 ≥ 𝑟𝜖 > 0, we can guarantee a transverse

contraction rate 𝜁𝑦 ≥ ( 2𝛼
𝑅2 +𝛽)

𝑟2𝜖
𝑟2𝜖+1

∀𝑦 ∈  .

Proof of Transverse Contraction in Oracle/Original Coordinates

Theorem 5. Let 𝛼,𝛽 > 0, 𝑅 > 0, and 𝑧 ∈ ℝ be constants. Also, choose 𝑓s(𝑥) = 1 and 𝜔(𝑦̄1∶2) ∶
ℝ2 →ℝ>0. Then, the OSMP dynamics 𝑥̇ = 𝑓 (𝑥;𝑧) defined in (12.1) are transverse contracting
in the region  =

{
𝑥 ∈ ℝ𝑛|

√
{Ψ(𝑥,𝑧)}21+{Ψ(𝑥,𝑧)}22 > 0

}
.

Proof. The proof consists of the following steps:

1. Proposition 1 proves that the polar latent dynamics are transverse contracting in the
region pol =

{
𝑦pol ∈ ℝ𝑛|𝑟 > 0,𝜑 ∈ [−𝜋,𝜋)

}
.

2. Proposition 2 shows that the same transverse contraction properties hold in the
Cartesian latent coordinates with dynamics 𝑦̇ = 𝑓y(𝑦).

3. Existing work (Beik-Mohammadi et al., 2024; Jaffe et al., 2024; Manchester and
Slotine, 2017) demonstrates that such contraction properties also hold after a change
of coordinates 𝑥 = Ψ−1(𝑦;𝑧) that is defined by a smooth diffeomorphism, which is
the case for our encoder based on Euclideanizing flows (Rana et al., 2020). This is
equivalent to proving the transverse contraction of the oracle space dynamics as
𝑓s(𝑥) = 1.

Intuitively, Theorem 5 tells us that two trajectories starting from any initial conditions
outside the exact center of the limit cycle will converge exponentially to the same periodic
orbit (Manchester and Slotine, 2014), demonstrating almost-global contraction. This, in
turn, implies almost-global exponential orbital stability: no matter the initial conditions
(as long as they are outside the center of the limit cycle with 𝑟 = 0), the trajectories will
reach the stable limit cycle specified by the OSMP in exponential time.

12.3.2 OSMPs Exhibit a High Imitation Fidelity and Ensure
Global Convergence to the Oracle

We conduct both quantitative and qualitative evaluations of OSMPs against several baselines.
Specifically, we evaluate the transverse contracting/exponentially stable variant of OSMP
with 𝑓s(𝑥) = 1. The baselines include classical neural motion policies—MLPs, RNNs, and
LSTMs—that directly predict the next system position, plus NODEs (Chen et al., 2018),
which instead predict the desired velocity. We also compare with state-of-the-art robotic
imitation-learning methods such as DPs that predict system trajectory over a horizon and
existing SMPs designed for periodic motion, namely Imitation Flows (iFlow) (Urain et al.,
2020) and SPDT (Zhi et al., 2024), predicting system velocities.



12

280 12 Learning Stable Periodic Robot Motions from Demonstration

Training
TheOSMPmotion policy is trained by aAdamWoptimizer (Kingma and Ba, 2014; Loshchilov
and Hutter, 2018) with (𝛽1,𝛽2) = (0.9,0.999) and a default weight decay of 𝜆 = 10−10. We
employ a learning rate scheduler that sequences a linear warmup phase (usually 10 epochs),
with a relatively short constant learning rate period and subsequent long cosine anneal-
ing (Loshchilov and Hutter, 2016) period for the remaining epochs. We remark that we
don’t use a minibatch-based training strategy but instead process all given demonstrations
in a single batch. Please note that we also apply the described training procedure to the
baseline methods if not explicitly mentioned otherwise.

Datasets
In the following, we will introduce the datasets that we considered for the evaluation. We
note that before training, all positions contained in the datasets are normalized to the
interval [−0.5,0.5] with zero mean.

IROS Letters Originally published by Urain et al. (2020) and later adopted for bench-
marking by Nawaz et al. (2024), the IROS Letters dataset provides several demonstrations
for each character (IShape, RShape, OShape, and SShape), sometimes spanning multiple
cycles. A noteworthy characteristic is that demonstrations of the same task are widely
separated in state space, posing a challenge for deterministic policies. We smooth every
trajectory with a Savitzky–Golay filter (order 3, window 8). Because the IShape sequence
contains very few sample points and large gaps between consecutive states, we upsample
it by a factor of 5. The duration of the demonstrations is chosen as 20 s.

Drawing2D The Drawing2D dataset introduced by Nawaz et al. (2024) offers four demon-
strations of a kidney-bean-shaped periodic drawing. We train a separate motion policy
for each demonstration, applying the same Savitzky–Golay filter (order 3, window 8) for
smoothing. Trajectories are normalised to a SI20s duration.

Image Contour We contribute a new benchmark category based on image contours
that range from simple shapes (Ellipse, Square) to highly intricate outlines such as the TU
Delft flame logo, Bat, and Eagle. Compared to prior benchmarks like IROS Letters (Urain
et al., 2020) and Drawing2D (Nawaz et al., 2024), these oracles introduce sharp corners (e.g.,
Star, Bat), strongly concave curves (e.g., TUD-Flame), and discontinuous velocity profiles
(e.g., Star, Bat, Eagle), all of which are difficult for most DMP-based approaches. We extract
each outline with OpenCV (Bradski, 2000) and lightly smooth it using a Savitzky–Golay
filter (order 3, window 25). Every trajectory lasts 20 s. The list of image contours is: Ellipse,
Square, Star, MIT-CSAIL, TUD-Flame, Doge, Bat, Dolphin, and Eagle.

Turtle Swimming This category contains four datasets. (i) The first two comprise
Cartesian trajectories of the flipper tip of wild green sea turtles (Chelonia mydas) captured
by marine biologists (van der Geest et al., 2022) and represented by Fourier series. We
train on two variants: position only (3-D oracle) and position plus twist angle (4-D oracle),
each with a period of 4.2 s. (ii) A subsequent dataset from the same authors applies
inverse kinematics to those trajectories, yielding a three-joint-space oracle for bioinspired
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robotic turtles (van der Geest et al., 2023). After smoothing with a 30th-degree polynomial,
we compute velocities; this oracle has a 4.3 s period. (iii) Finally, we include a reverse-
swimming template defined in joint space by sinusoidal functions, with a 4 s period. This
template was designed by constructing waypoints to produce “reverse rowing” movement
patterns, interpolating between themwith a spline, and finally approximating the trajectory
with a Fourier fit.

A key distinction from previous periodic-motion datasets is the pivotal influence of the
velocity profile on swimming performance: if the velocity profile with which the trajectory
is executed is wrong, the cost of transport rises, and in extreme cases, the turtle robot
either stalls or even moves in the opposite direction.

Baseline Methods
Next, we formalize the baseline methods that we used during the evaluation.

Trajectory Tracking PD Controller A classical error-based feedback controller track-
ing a time-parametrized trajectory (𝑥d(𝑡), 𝑥̇d(𝑡), 𝑥̈d(𝑡)) ∀ 𝑡 ∈ [𝑡0, 𝑡f], referred to in this thesis
as Trajectory Tracking (TT), is usually given in the form

𝑥̇(𝑡) = 𝑥̇d(𝑡)+𝐾p (𝑥d(𝑡)−𝑥(𝑡)), (12.53)

where 𝐾p ∈ ℝ𝑛×𝑛 is a proportional feedback gain that operates on the error between the
current position 𝑥(𝑡) and the desired position 𝑥d(𝑡). In practice, we choose a scalar 𝑘p ∈ ℝ+
such that 𝐾p = 𝑘p 𝕀𝑛.

Multilayer Perceptron (MLP) As the most basic neural motion policy, we consider an
MLP that predicts the next position/state of the system according to the discrete transition
function 𝑥(𝑘 + 1) = 𝑓MLP(𝑥). We employ a five-layer MLP with a hidden dimension of
128 and a LeakyReLU activation function. During training, we randomly sample at the
start of each epoch 𝑁init = 64 initial positions from the oracles contained in the dataset.
Subsequently, we roll out each trajectory for 𝑇 = 25 steps and enforce an MSE loss between
the predicted 𝑥𝑖(𝑘) and demonstrated trajectory 𝑥d𝑖 (𝑘)

ro =
∑𝑁init
𝑖=1 ∑𝑇

𝑘=1 (𝑥𝑖(𝑘)−𝑥d𝑖 (𝑘))
2

𝑁init𝐾
. (12.54)

Recurrent Neural Networks (RNNs, LSTM) For the RNN-like networks (i.e., Elman
RNN & LSTM), we employ a five-layer recurrent neural network with a hidden dimension
of 128. For example, in the case of the Elman RNN, the transition function of the hidden
state ℎ𝑗 ∈ ℝ128 of the 𝑗th layer is given by

ℎ𝑗 (𝑘) = tanh(𝑊xh𝑢𝑗 (𝑘)+𝑊hh ℎ𝑗 (𝑘 −1)+𝑏) . (12.55)

Here, 𝑢𝑗 (𝑘) is the input to the 𝑗th layer such that 𝑢1(𝑘) = 𝑥(𝑘) and 𝑢𝑗 (𝑘) = ℎ𝑗−1(𝑘) ∀𝑗 ∈
2,…,5 and the output of the RNN (i.e., the next state prediction) is given by 𝑥(𝑘 + 1) =
𝑊o ℎ5(𝑘), where 𝑊o ∈ ℝ𝑛×128 is a learned matrix. For training, we use the same rollout
procedure and loss ro as in the case of the discrete MLP motion policy, with the difference
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that we initialize the RNN’s concatenated hidden state ℎ = [ℎ⊤1 … ℎ⊤5 ]
⊤ as ℎ(1) = 0640

at the beginning of the trajectory and subsequently propagate through each of the 25
transitions.

Neural ODE (NODE) A NODE-based motion policy can be defined as 𝑥̇ = 𝑓NODE(𝑥)
where 𝑓NODE(𝑥) ∶ ℝ𝑛 →ℝ𝑛 is parametrized by an MLP. Specifically, we choose a five-layer
MLP with hidden dimensions of 128 and LeakyReLU activation functions. In addition
to supervising the predicted velocity via vi, we compute position-based losses based
on rolled-out trajectories analogous to the MLP and RNN obtained via forward Euler
integration of 𝑓NODE(𝑥).

Diffusion Policy (DP) We use the official open-source implementation of DPs (Chi et al.,
2023) and train them on the respective datasets for 250 epochs while employing a batch size
of 256, an AdamW (Kingma and Ba, 2014; Loshchilov and Hutter, 2018) optimizer configured
with a learning rate of 10−4, a weight decay of 10−6, and (𝛽1,𝛽2) = (0.95,0.999) and a cosine
learning rate scheduler with 10 warmup steps. For this task, we define the observation
as the current and last position of the system 𝑜(𝑘) = [𝑥⊤(𝑘 −1) 𝑥⊤(𝑘)]

⊤ ∈ ℝ2𝑛 and the
action as the positional state of the system 𝑎 = 𝑥 ∈ ℝ𝑛. For each observation 𝑜(𝑘), the
DP is trained to predict a sequence of ℎ = 16 actions 𝑎(𝑘 +1),…𝑎(𝑘 +ℎ), of which during
inference only eight actions are executed before replanning takes place. The sampled
noise is denoised in a sequence of 100 steps via a Denoising Diffusion Probabilistic Models
(DDPMs) squaredcos_cap_v2 scheduler (Ho et al., 2020). The noise samples are
clipped to the range [−1,1] and the noise prediction network is parametrized by a 1D
UNet (Ronneberger et al., 2015) with dimension (256,512,1024), kernel size 5 and global
conditioning on the observation 𝑜(𝑘).

Imitation Flows (iFlow) We leverage the official iFlow (Urain et al., 2020) implemen-
tation for the training on the considered dataset. Specifically, we train the model with a
normalizing flows (Rezende and Mohamed, 2015) bijective encoder consisting of 15 ResNet
coupling layers for 1000 epochs with a batch size of 100 using an Adamax (Kingma and Ba,
2014) optimizer with learning rate 10−3 and (𝛽1,𝛽2) = (0.9,0.999). To define the dynamics
in latent space, the method uses a stochastic variant of linear polar limit cycle dynamics
transformed into Cartesian coordinates.

Stable Periodic Diagrammatic Teaching (SPDT) The model architecture of SPDT (Zhi
et al., 2024) is very similar to OSMPs, apart from the parametric angular velocity. Further-
more, in addition to advanced features, such as online shaping of the learned motion, phase
synchronization, and motion/task conditioning, that OSMPs exhibit, the main difference in
training a SPDT lies in the loss function: Instead of employing a velocity imitation loss
vi, a limit cycle matching loss lcm, a time reference guidance loss trg, and velocity
regularization loss vr, SPDT in mainly relies on on the Hausdorff distance to ensure that
the encoded demonstrations match the limit cycle defined in latent space

haus ∶= max
{
max
𝑘∈ℕ𝑁

min
𝜅∈ℕ𝑁

𝑑𝑦(𝑘,𝜅), max
𝜅∈ℕ𝑁

min
𝑘∈ℕ𝑁

𝑑𝑦(𝜅,𝑘)
}
, (12.56)
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where
𝑑𝑦(𝑘,𝜅) = ‖Ψ(𝑥(𝑘);𝑧(𝑘))−𝑦d(𝜅)‖2, (12.57)

and 𝑦d(𝑘) = [𝑟 cos(𝜑(𝑘)) 𝑟 sin(𝜑(𝑘)) 0⊤𝑛−2]
⊤ ∈ ℝ𝑛 ∀𝑘 ∈ ℕ𝑛 is a sequence of length 𝑁 of

positions on the latent-space limit cycle obtained via arranging equally-spaced polar angles
𝜑d(𝑘) ∈ [−𝜋,𝜋) and subsequently projecting them back into cartesian space with radius
𝑟 = 𝑅. Additionally, the method also employs the encoder regularization loss er.

Imitation Metrics
We adopt several metrics from the literature that measure how well the motion policy is
able to track the given demonstration, both along the time and spatial dimensions. For
all metrics, we initialize the motion policy at the starting position of the demonstration
(i.e., 𝑥(1) = 𝑥d(1)) and subsequently roll out the motion for 𝑁 steps (i.e., as many steps
as included in the demonstration). Subsequently, we evaluate the mismatch between the
actual 𝑥(𝑘) ∈ ℝ𝑛 ∀𝑘 ∈ ℕ𝑁 and desired trajectory 𝑥d(𝑘) ∈ ℝ𝑛 ∀𝑘 ∈ ℕ𝑁 , where we define
ℕ𝑁 = 1,…,𝑁 . In case a dataset contains multiple demonstrations, we separately initialize
the motion policy at the starting point of each demonstration and report the mean of the
metrics across all demonstrations. Please note that we compute all evaluation metrics
on the normalized datasets (i.e., with the positions normalized into the range [−0.5,0.5]),
which makes it easier to compare and aggregate metrics across several datasets within the
same dataset category. For all imitation metrics, we rely on the Python implementation by
Jekel et al. (2019) open-sourced in the similaritymeasures package.

Trajectory RMSE The Trajectory Root Mean Square Error (Traj. RMSE), used, for example,
by Khadivar et al. (2021), measures the deviation of the actual from the nominal trajectory
in position space and is computed as

RMSEx ({𝑥(𝑘)}𝑘∈ℕ𝑁 , {𝑥
d(𝑘)}𝑘∈ℕ𝑁 ) ∶=

𝑁
∑
𝑘=1

𝑛
∑
𝑖=1

(𝑥d𝑖 (𝑘)−𝑥𝑖(𝑘))
2

𝑁 𝑛
. (12.58)

Normalized Trajectory DTW Dynamic Time Warping (DTW) (Sakoe and Chiba, 1978)
searches across all allowable temporal warpings to identify the alignment that minimizes the
Euclidean distance between two time series and is used frequently to benchmark imitation
learning and behavioral cloning algorithms in robotics (Nawaz et al., 2024; Pérez-Dattari
and Kober, 2023; Urain et al., 2020) is defined as

DTWx ({𝑥(𝑘)}𝑘∈ℕ𝑁 , {𝑥
d(𝑘)}𝑘∈ℕ𝑁 ) ∶= min

𝜋
∑

(𝑘,𝜅)∈𝜋

‖‖‖𝑥
𝑑(𝑘)−𝑥(𝜅)‖‖‖2 . (12.59)

where 𝜋 = ((𝑘1,𝜅1),… , (𝑘𝑁 ,𝜅𝑁 )) is commonly referred to as the alignment path of length
𝑁 that contains the sequence of index pairs2. In order for 𝜋 to be a valid alignment path, it
needs to fulfill the following constraints

𝜋1 = (𝑘1,𝜅1) = (1,1), 𝜋𝑁 = (𝑘1,𝜅1) = (𝑁 ,𝑁 ),
𝑘𝜄+1−𝑘𝜄 ∈ {0,1}, 𝜅𝜄+1−𝜅𝜄 ∈ {0,1}, 𝑘𝜄+1−𝑘𝜄+𝜅𝜄+1−𝜅𝜄 ≥ 1,

(12.60)

2Although DTW is formally not a valid mathematical metric and instead a similarity measure as the triangle
inequality doesn’t hold, we refer to it here for convenience as one of the evaluation metrics.
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where the first row contains constraints that ensure that the beginning and the end of each
sequence are connected, and the second row verifies that the indices are monotonically
increasing in both 𝑘 and 𝜅 and are contained in the sequence at least once. However, as
can be seen in (12.59), the magnitude of the DTW is proportional to the demonstration
length 𝑁 , which makes it challenging to aggregate the measure across several datasets of
varying demonstration lengths. Therefore, we instead compute a normalized version of
the DTW, the Normalized Trajectory Dynamic Time Warping measure, as

NDTWx ({𝑥(𝑘)}𝑘∈ℕ𝑁 , {𝑥
d(𝑘)}𝑘∈ℕ𝑁 ) =

1
𝑁

DTWx ({𝑥(𝑘)}𝑘∈ℕ𝑁 , {𝑥
d(𝑘)}𝑘∈ℕ𝑁 ) . (12.61)

Fréchet Distance Let the Minkowski distance between two points be given by

𝑑m,𝑝(𝑥(𝑘),𝑥d(𝜅)) = ‖𝑥(𝑘)−𝑥d(𝜅)‖𝑝 = (

𝑛
∑
𝑖=1

|||𝑥𝑖(𝑘)−𝑥
d
𝑖 (𝜅)

|||
𝑝

)

1
𝑝

∀𝑘,𝜅 ∈ ℕ𝑁 , (12.62)

where we choose the Minkowski order 𝑝 = 2. Then, for all monotone lattices paths 𝜎 from
(1,1) to (𝑁 ,𝑁 ) that move only right, up, or diagonally-up-right, the Fréchet distance is
given by (Eiter et al., 1994)

𝐷F ({𝑥(𝑘)}𝑘∈ℕ𝑁 , {𝑥
d(𝑘)}𝑘∈ℕ𝑁 ) ∶= min

𝜎
max
(𝑘,𝜅)∈𝜎

𝑑m,𝑝(𝑥(𝑘),𝑥d(𝜅)). (12.63)

Velocity RMSE The Velocity Root Mean Square Error (Vel. RMSE) measures the deviation
of the actual from the nominal velocities along the trajectory and is computed as

RMSEẋ ({𝑥̇(𝑘)}𝑘∈ℕ𝑁 , {𝑥̇
d(𝑘)}𝑘∈ℕ𝑁 ) ∶=

𝑁
∑
𝑘=1

𝑛
∑
𝑖=1

(𝑥̇d𝑖 (𝑘)− 𝑥̇𝑖(𝑘))
2

𝑁 𝑛
, (12.64)

where 𝑥̇(𝑘) is either directly given by the motion policy (e.g., DMP, OSMP, NODE) or
obtained via finite differences as 𝑥̇(𝑘) = 𝑥(𝑘)−𝑥(𝑘−1)

𝛿𝑡 (e.g., DP). This metric is particularly
relevant for tasks in which it is crucial that the demonstrated velocity, and not just trajectory,
is accurately tracked, as in the case of turtle swimming.

Convergence Metrics
Our convergence study pursues two questions: (i) Does the method display orbital stability,
converging to a stable limit cycle from any initial state in the workspace? and (ii) Does
that limit cycle coincide with the desired oracle? Unlike the imitation metrics, we do not
examine timing or velocity profiles; our attention is restricted to the geometric path of the
motion. To the best of our knowledge, no standardized protocol yet exists for gauging the
orbital-convergence behavior of rhythmic motion policies. Therefore, we devised a protocol
based on several rollouts from randomly sampled initial conditions that verifies both the
local and global convergence characteristics of the motion policy, which we describe in
more detail in the next paragraph. We evaluate the convergence metrics on all rollouts and
subsequently compute the mean value over the resulting trajectories.
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Local vs. Global Convergence We evaluate both local and global convergence charac-
teristics of the motion policies. In both cases, we sample randomly 25 positions 𝑥d(𝜅) ∀𝜅 ∈
1,…,25 from the set of positions contained in the demonstration 𝑥d(𝑘)∀𝑘 ∈ 1,…,𝑁 . Subse-
quently, we sample an offset Δ𝑥𝜅 ∼ (0,𝜎) ∈ ℝ𝑛. Now, we consider 𝑥𝜅(1) = 𝑥d(𝜅)+Δ𝑥𝜅 as
the initial position for the rollout of the motion policy. For the local convergence analysis,
we initialize close to the demonstration by choosing 𝜎 = 0.05. For the global convergence
analysis, we select instead 𝜎 = 0.15.

Subsequently, we roll out the motion policy for 𝑁 and 2𝑁 steps for the local and global
convergence analysis, respectively, resulting in the trajectory sequences (𝑥𝜅(1),…,𝑥𝜅(𝑁 ))
and (𝑥𝜅(1),…,𝑥𝜅(2𝑁 )). For the global convergence, we strive to give the motion policy
sufficient time to converge to its limit cycle, and therefore, only evaluate the metrics on the
trajectory after the demonstration duration - i.e., we compute the metric on the trajectory
sequence (𝑥𝜅(𝑁 +1),…,𝑥𝜅(2𝑁 )). For simplicity of notation, we assume in the following a
reset of time indices such that 𝑘 = 𝑘−𝑁 .

Directed HausdorffDistance The directed Hausdorff distance (Hausdorff, 1914; Hutten-
locher et al., 1993) computes the largest distance between closest-neighbor correspondences
from the actual convergence trajectory to the desired limit cycle

ℎ→({𝑥(𝑘)}𝑘∈ℕ𝑁 , {𝑥
d(𝜅)}𝜅∈ℕ𝑁 ) ∶= max

𝑘∈ℕ𝑁
min
𝜅∈ℕ𝑁

‖‖‖𝑥(𝑘)−𝑥
d(𝜅)‖‖‖2 . (12.65)

The undirected/symmetric version of the Hausdorff distance was used by Zhi et al. (2024)
for evaluating the similarity between the desired and actual trajectory shape.

Iterative Closest Point MED We use an Iterative Closest Point (ICP) algorithm (Besl
and McKay, 1992) to identify the optimal alignment between the two sequences 𝑥d(𝑘) ∀𝑘 ∈
1,…,𝑁 and 𝑥(𝜅) ∀𝜅 ∈ 1,…,𝑁 containing the desired limit cycle shape (i.e., the demonstra-
tion) and the actual (asymptotic) behavior generated by the motion policy, respectively,
by iteratively estimating the transformation, consisting of a translation and a rotation,
between the two shapes. After initializing the translation between the points as 𝑝0 = 0𝑛
and the rotation as 𝑅 = 𝕀𝑛, each iteration of the ICP algorithm performs two steps

(correspondence-search step) 𝑐𝑚(𝑘) ∶= argmin
𝜅∈𝑁

‖‖𝑥(𝑘) − (𝑅𝑚−1 𝑥d(𝜅)+𝑝𝑚−1)‖‖2,

(alignment step) (𝑅𝑚,𝑝𝑚) ∶= arg min
𝑅∈𝑆𝑂(𝑛)
𝑝∈ℝ𝑛

𝑛
∑
𝑘=1

‖‖𝑥(𝑘) − (𝑅𝑥d(𝑐𝑚(𝑘))+𝑝)‖‖
2
2,

(12.66)
where the nearest-neighborhood correspondence-search returns a correspondence map
𝑐 ∶ 𝑁 → 𝑁 that provides for each point 𝑥(𝑘) on the actual trajectory the closest point on
the desired shape 𝑥d(𝑐(𝑘)). The alignment-step identifies the optimal transformation that
aligns the two point sequences and is, in practice, implemented using a closed-form SVD
step. After the algorithm has converged to 𝑐̂ ∶= 𝑐𝑚⋆ , 𝑅̂ ∶= 𝑅𝑚⋆ , and 𝑝̂ ∶= 𝑝𝑚⋆ , the Mean



12

286 12 Learning Stable Periodic Robot Motions from Demonstration

Euclidean Distance (MED) between the two aligned shapes is computed as

MEDconv ({𝑥(𝑘)}𝑘∈ℕ𝑁 , {𝑥
d(𝑘)}𝑘∈ℕ𝑁 ) =

𝑁
∑
𝑘=1

‖‖‖𝑥(𝑘) − (𝑅̂𝑥d(𝑐𝑚(𝑘))+ 𝑝̂)
‖‖‖2

𝑁
. (12.67)

Please note that ICP-based MED is designed to compare the shape of the desired and
measured limit cycles. Because the algorithm also finds a single translation that minimizes
the point-to-point distances, two identical shapes that are simply shifted in space will still
produce an MED of zero, even though the measured limit cycle is displaced relative to the
demonstration. Therefore, it is crucial to also always evaluate other metrics, such as the
directed Hausdorff distance.

Table 12.2: Orbitally Stable Motion Primitives (OSMPs) provide the best tradeoff between imitation
accuracy, global convergence characteristics, and computational time when compared to classical
neural motion policies (e.g., MLPs, RNNs, NODEs), current SOTA algorithms such as DPs (Chi et al.,
2023), and prior work on period motion policies with stability guarantees (e.g., iFlow (Urain et al.,
2020), SPDT (Zhi et al., 2024)). We report the mean ± std across three random seeds for each dataset/method
evaluation. Entries marked with a ∗ diverged for some random seeds, and we only report the statistics for the
seeds that converged. We label other cases where all random seeds diverged or exhibited extremely high errors
using the ∞ symbol.

Dataset Imitation Metrics Local Convergence Metrics Global Convergence Metrics Eval. Time
Category Method Traj. RMSE ↓ Norm. Traj. RMSE ↓ Vel. RMSE ↓ Hausdorff Dist. ↓ ICP MED ↓ Hausdorff Dist. ↓ ICP MED ↓ per Step ↓

IROS Letters

MLP 0.257±0.011 0.0745±0.0042 0.630±0.011 0.049±0.003 0.011±0.000 0.039±0.003 0.011±0.000 0.0017
Elman RNN 0.267±0.011 0.0935±0.0286 0.680±0.004 0.092±0.011 0.013±0.002 0.048±0.014 0.013±0.003 0.0009
LSTM 0.406±0.058 0.2719±0.0473 0.777±0.055 0.267±0.104 0.032±0.008 0.149±0.050 0.019±0.008 0.0010
NODE 0.751±0.573 0.5894±0.5618 0.856±0.062 ∞ ∞ ∞ ∞ 0.0009
DP 𝟎.𝟐𝟓𝟓±𝟎.𝟎𝟎𝟒 𝟎.𝟎𝟖𝟗𝟏±𝟎.𝟎𝟎𝟐𝟗 𝟎.𝟔𝟒𝟖±𝟎.𝟎𝟎𝟒 0.103±0.001 0.024±0.001 0.101±0.001 0.024±0.001 0.0272
iFlow 0.783±0.481 0.6832±0.6326 1.317±0.895 1.248±1.201 0.441±0.449 1.242±1.204 0.441±0.449 𝟎.𝟎𝟎𝟎𝟕
SPDT 0.374±0.002 0.1406±0.0017 0.707±0.004 0.103±0.002 0.027±0.001 0.098±0.003 0.027±0.001 0.0019
OSMP (ours) 0.344±0.007 0.1759±0.0010 0.895±0.007 𝟎.𝟎𝟒𝟒±𝟎.𝟎𝟎𝟏 𝟎.𝟎𝟏𝟎±𝟎.𝟎𝟎𝟎 𝟎.𝟎𝟑𝟐±𝟎.𝟎𝟎𝟏 𝟎.𝟎𝟎𝟗±𝟎.𝟎𝟎𝟎 0.0020

Drawing2D

MLP 𝟎.𝟎𝟑𝟗±𝟎.𝟎𝟎𝟒 𝟎.𝟎𝟎𝟔𝟎±𝟎.𝟎𝟎𝟎𝟐 𝟎.𝟎𝟕𝟏±𝟎.𝟎𝟎𝟒 0.046±0.003 𝟎.𝟎𝟎𝟓±𝟎.𝟎𝟎𝟎 𝟎.𝟎𝟏𝟓±𝟎.𝟎𝟎𝟏 𝟎.𝟎𝟎𝟒±𝟎.𝟎𝟎𝟎 0.0008
Elman RNN 0.109±0.009 0.0457±0.0382 0.199±0.011 0.119±0.002 0.012±0.001 0.041±0.003 0.009±0.003 0.0007
LSTM 0.384±0.039 0.2891±0.0911 0.482±0.121 0.191±0.021 0.017±0.004 0.079±0.043 0.006±0.005 0.0008
NODE 0.075±0.039 0.0279±0.0300 0.093±0.028 ∞ ∞ ∞ ∞ 0.0008
DP 0.178±0.028 0.0858±0.0238 0.245±0.015 0.156±0.007 0.031±0.001 0.154±0.006 0.030±0.001 0.0494
iFlow 0.337±0.264 0.2526±0.3407 0.347±0.296 0.921±1.238 0.124±0.166 0.907±1.243 0.124±0.166 𝟎.𝟎𝟎𝟎𝟕
SPDT 0.462±0.001 0.2866±0.0020 0.528±0.019 0.070∗ ±0.022∗ 0.014∗ ±0.006∗ 0.049∗ ±0.025∗ 0.014∗ ±0.006∗ 0.0017
OSMP (ours) 0.053±0.002 0.0062±0.0001 0.081±0.000 𝟎.𝟎𝟒𝟎±𝟎.𝟎𝟎𝟎 𝟎.𝟎𝟎𝟓±𝟎.𝟎𝟎𝟎 𝟎.𝟎𝟏𝟔±𝟎.𝟎𝟎𝟎 𝟎.𝟎𝟎𝟒±𝟎.𝟎𝟎𝟎 0.0019

Image Cont.

MLP 0.124±0.023 0.1049±0.0237 0.106±0.004 0.051±0.003 0.006±0.001 0.030±0.005 0.004±0.001 0.0012
Elman RNN 0.318±0.021 0.2793±0.0197 0.397±0.034 0.118±0.013 0.010±0.000 0.059±0.020 0.004±0.002 0.0012
LSTM 0.494±0.024 0.5415±0.0071 0.719±0.073 0.220±0.023 0.012±0.004 0.098±0.032 0.003±0.002 0.0385
NODE ∞ ∞ ∞ ∞ ∞ ∞ ∞ 𝟎.𝟎𝟎𝟎𝟗
DP 0.158±0.016 0.0928±0.0078 0.228±0.008 0.113±0.005 0.023±0.002 0.125±0.005 0.019±0.001 0.0410
iFlow 0.337±0.114 0.2342±0.1799 0.792±0.280 0.688±0.608 0.047±0.045 0.679±0.613 0.047±0.045 0.0014
SPDT 0.433±0.000 0.3453±0.0005 0.454±0.009 0.114±0.014 0.024±0.000 0.094∗ ±0.002∗ 0.023∗ ±0.001∗ 0.0027
OSMP (ours) 𝟎.𝟎𝟑𝟑±𝟎.𝟎𝟎𝟗 𝟎.𝟎𝟏𝟐𝟗±𝟎.𝟎𝟎𝟖𝟔 𝟎.𝟎𝟓𝟎±𝟎.𝟎𝟎𝟏 𝟎.𝟎𝟒𝟑±𝟎.𝟎𝟎𝟐 𝟎.𝟎𝟎𝟒±𝟎.𝟎𝟎𝟏 𝟎.𝟎𝟏𝟔±𝟎.𝟎𝟎𝟐 𝟎.𝟎𝟎𝟑±𝟎.𝟎𝟎𝟎 0.0028

Turtle Swim.

MLP 0.138±0.001 0.2089±0.0003 0.294±0.003 𝟎.𝟎𝟖𝟒±𝟎.𝟎𝟎𝟏 𝟎.𝟏𝟏𝟐±𝟎.𝟎𝟒𝟏 𝟎.𝟎𝟑𝟔±𝟎.𝟎𝟎𝟗 𝟎.𝟎𝟖𝟗±𝟎.𝟎𝟔𝟐 0.0008
Elman RNN 0.174±0.021 0.1756±0.0286 1.165±0.120 0.177±0.037 0.126±0.020 0.109±0.056 0.120±0.013 𝟎.𝟎𝟎𝟎𝟔
LSTM 0.476±0.096 0.5712±0.2284 2.748±0.518 0.317±0.095 0.042±0.020 0.101±0.070 0.008±0.009 0.0008
NODE 0.085±0.022 0.0621±0.0223 0.236±0.016 5.133±1.414 1.085±0.247 3198±1800 599±332 0.0007
DP 0.211±0.014 0.1813±0.0526 1.511±0.175 0.183±0.017 0.124±0.022 0.190±0.035 0.129±0.004 0.0382
iFlow 0.242±0.144 0.2129±0.2555 0.739±0.329 0.590∗ ±0.323∗ 0.183∗ ±0.123∗ 0.391±0.376 0.187±0.096 0.0013
SPDT 0.321±0.009 0.2616±0.0114 0.671±0.029 0.331±0.042 0.137±0.005 0.233±0.071 0.154±0.027 0.0016
OSMP (ours) 𝟎.𝟎𝟎𝟗±𝟎.𝟎𝟎𝟎 𝟎.𝟎𝟎𝟓𝟔±𝟎.𝟎𝟎𝟎𝟖 𝟎.𝟎𝟓𝟐±𝟎.𝟎𝟎𝟎 0.135±0.021 0.114±0.015 0.045±0.023 0.112±0.011 0.0017
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Results
Table 12.2 summarizes the quantitative benchmarking of OSMPs versus the baselines,
assessing both imitation fidelity and convergence characteristics. To gauge imitation
quality, we compute trajectory and velocity RMSE, together with the DTW distance,
following prior work (Nawaz et al., 2024; Pérez-Dattari and Kober, 2023; Urain et al., 2020).
Convergence is examined at two levels. For local convergence, the system is initialized
near a demonstration; we roll out each policy for one estimated period and compare the
resulting shapes using directed Hausdorff distance and MED after aligning the sequences
with ICP. This scenario reflects small deviations from the desired limit cycle caused by
low-level control errors or external disturbances. For global convergence, the system starts
farther from the demonstrations. We roll out the motion policy for two full periods, then
compute the same shape metrics on the second half of the rollout, allowing each policy
sufficient time to settle into its limit cycle before measuring how closely that cycle matches
the target demonstration.

Our benchmarks span several dataset categories. We include datasets used in earlier
studies—such as the IROS letter drawings (Urain et al., 2020) and other 2-D shapes (Nawaz
et al., 2024)—as well as particularly challenging 2-D image contours (e.g., Star, MIT CSAIL
and TU Delft flame logos, Dolphin, Bat), whose tight curves and discontinuous velocity
profiles test the methods limits. In addition, we employ turtle-swimming datasets gen-
erated from biologically inspired oracles; unlike previous work, these sequences require
reproducing not only the positional trajectory but also its complex, nonlinear velocity
profile.

Please note that we train a separate motion policy on each dataset contained in the
dataset category and report the mean of all datasets and demonstrations contained in a
dataset category. In order to give statistical relevance to the results, we conduct three
training runs on each model+dataset combination, where we initialized the neural network
weights in each run with a different random seed. Subsequently, we report the mean and
standard deviation across the three random seeds.

The results in Tab. 12.2 indicate that, across most dataset categories and evaluation
metrics, OSMPs outperform the baselines. They not only converge more reliably than
neural policies without formal guarantees, but also imitate the demonstrations and align
their limit cycles to intricate periodic shapes more accurately than other orbitally stable
methods, including iFlow (Urain et al., 2020) and SPDT (Zhi et al., 2024). This conclusion is
also supported by the qualitative benchmarking in Fig. 12.3, that shows while some of the
baseline methods, such as MLPs, Neural ODEs, or SPDT (Zhi et al., 2024), might be sufficient
for simpler oracles, such as the RShape (Urain et al., 2020), the planar drawing (Nawaz et al.,
2024), or the Star oracle, but fail to track the periodic demonstration for more complex and
highly curved oracles, such as the TUD-Flame or the Dolphin image contour.

Ablation Study Loss Functions
In order to quantify the impact of each loss term on the overall performance of OSMP,
we conduct an ablation study and report the statistics of the evaluation metrics across
three random seeds in Tab. 12.3 and qualitative results in Fig. 12.4. It can be seen that the
combination of velocity imitation loss vi, the encoder regularization loss er, the limit
cycle matching loss lcm, and the time guidance loss tgd works the best for very complex
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Figure 12.3: Qualitative benchmarking of OSMP against baselines. In this figure, we display the qualitative
benchmarking results when comparing the proposed OSMP against baseline methods, such as MLPs, RNNs,
NODEs, DPs (Chi et al., 2023), or SPDT (Zhi et al., 2024). The various columns represent oracles on which
the motion policies were separately trained, shown as white dotted lines on the plots. The color map and the
streamlines denote the velocity of the learned motion policy when evaluated on a grid. We initialize the trained
motion policies at 10 different randomly sampled initial conditions and roll out their trajectory, visualized using
solid green lines, for a duration of one period.

and curved oracles, such as the TUD-Flame. For “easier” oracles, such as the Ellipse and
the Star, the encoder regularization loss and the time guidance loss can slightly degrade
performance and can be left out of training. For very basic oracles, such as the Ellipse, even
the limit cycle matching loss is not necessary, and it is sufficient to rely on the velocity
imitation loss. Finally, while the Hausdorff (Hausdorff, 1914) loss is suitable for simple
oracle shapes (Zhi et al., 2024), the limit cycle matching loss proposed in this paper is better
suited for complex oracle shapes.

12.3.3 Stable and Accurate Tracking of Oracles Across Robot
Embodiments

While the previous section focused on evaluating and benchmarking the learning of the
OSMP, we now aim to demonstrate that the proposed OSMP can effectively control robot
motion in real-world scenarios. To achieve this, we apply the method to a diverse range of
robot embodiments, including robot manipulators (UR5), cobots (KUKA), continuum soft
robots (Helix Soft Robot) (Guan et al., 2023), and prototypes of hybrid soft-rigid underwater
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Table 12.3: Quantitative results for ablation study on loss functions. We report the mean ± std across three
random seeds for each dataset evaluation. As a particular point of emphasis, we compare the limit cycle matching
loss lcm proposed in this work with the Hausdorff distance loss as employed by Zhi et al. (2024) as they serve a
similar purpose.

Imitation Metrics Local Convergence Metrics Global Convergence Metrics
Dataset Loss Config. Traj. RMSE ↓ Norm. Traj. DTW ↓ Vel. RMSE ↓ Hausdorff Dist. ↓ ICP MED ↓ Hausdorff Dist. ↓ ICP MED ↓

Ellipse

vi 0.001±0.000 0.0010±0.0000 0.004±0.000 𝟎.𝟎𝟒𝟐±𝟎.𝟎𝟎𝟎 𝟎.𝟎𝟎𝟐±𝟎.𝟎𝟎𝟎 0.002±0.000 0.001±0.000
vi +er 0.001±0.000 0.0007±0.0001 0.004±0.000 𝟎.𝟎𝟒𝟐±𝟎.𝟎𝟎𝟎 𝟎.𝟎𝟎𝟐±𝟎.𝟎𝟎𝟎 𝟎.𝟎𝟎𝟏±𝟎.𝟎𝟎𝟎 𝟎.𝟎𝟎𝟎±𝟎.𝟎𝟎𝟎
vi +er +haus 0.006±0.002 0.0025±0.0006 0.006±0.000 𝟎.𝟎𝟒𝟐±𝟎.𝟎𝟎𝟎 0.003±0.000 0.005±0.001 0.002±0.001
vi +er +lcm 𝟎.𝟎𝟎𝟎±𝟎.𝟎𝟎𝟎 𝟎.𝟎𝟎𝟎𝟔±𝟎.𝟎𝟎𝟎𝟏 𝟎.𝟎𝟎𝟒±𝟎.𝟎𝟎𝟎 𝟎.𝟎𝟒𝟐±𝟎.𝟎𝟎𝟎 𝟎.𝟎𝟎𝟐±𝟎.𝟎𝟎𝟎 𝟎.𝟎𝟎𝟏±𝟎.𝟎𝟎𝟎 𝟎.𝟎𝟎𝟎±𝟎.𝟎𝟎𝟎
vi +er +lcm +tgd 𝟎.𝟎𝟎𝟎±𝟎.𝟎𝟎𝟎 𝟎.𝟎𝟎𝟎𝟔±𝟎.𝟎𝟎𝟎𝟏 𝟎.𝟎𝟎𝟒±𝟎.𝟎𝟎𝟎 𝟎.𝟎𝟒𝟐±𝟎.𝟎𝟎𝟎 𝟎.𝟎𝟎𝟐±𝟎.𝟎𝟎𝟎 𝟎.𝟎𝟎𝟏±𝟎.𝟎𝟎𝟎 𝟎.𝟎𝟎𝟎±𝟎.𝟎𝟎𝟎

Star

vi 0.153±0.026 0.0817±0.0193 0.124±0.018 0.368±0.065 0.068±0.014 0.350±0.055 0.062±0.017
vi +er 0.172±0.041 0.1024±0.0246 0.095±0.008 0.393±0.118 0.072±0.018 0.340±0.081 0.067±0.014
vi +er +haus 0.077±0.020 0.0144±0.0040 0.089±0.018 𝟎.𝟎𝟒𝟏±𝟎.𝟎𝟎𝟏 0.006±0.000 0.015±0.001 0.005±0.000
vi +er +lcm 𝟎.𝟎𝟐𝟒±𝟎.𝟎𝟎𝟔 𝟎.𝟎𝟎𝟑𝟏±𝟎.𝟎𝟎𝟎𝟕 𝟎.𝟎𝟒𝟏±𝟎.𝟎𝟎𝟕 0.044±0.002 𝟎.𝟎𝟎𝟑±𝟎.𝟎𝟎𝟎 𝟎.𝟎𝟏𝟑±𝟎.𝟎𝟎𝟐 𝟎.𝟎𝟎𝟐±𝟎.𝟎𝟎𝟎
vi +er +lcm +tgd 0.027±0.007 0.0035±0.0007 0.049±0.008 0.049±0.005 0.004±0.000 0.017±0.003 0.003±0.000

TUD-Flame

vi 0.116±0.127 0.0879±0.1198 0.107±0.058 0.069±0.042 0.009±0.007 ∞ ∞
vi +er 0.084±0.070 0.0287±0.0352 0.114±0.058 0.082±0.057 0.011±0.010 0.066±0.072 0.010±0.011
vi +er +haus 0.375±0.048 0.4067±0.0289 0.180±0.006 0.094±0.020 0.016±0.004 0.113±0.030 0.010±0.005
vi +er +lcm 0.113±0.084 0.0249±0.0282 0.114±0.049 0.053±0.018 0.006±0.004 ∞ ∞
vi +er +lcm +tgd 𝟎.𝟎𝟑𝟑±𝟎.𝟎𝟎𝟖 𝟎.𝟎𝟎𝟐𝟓±𝟎.𝟎𝟎𝟎𝟐 𝟎.𝟎𝟕𝟑±𝟎.𝟎𝟏𝟎 𝟎.𝟎𝟑𝟗±𝟎.𝟎𝟎𝟑 𝟎.𝟎𝟎𝟑±𝟎.𝟎𝟎𝟎 𝟎.𝟎𝟎𝟗±𝟎.𝟎𝟎𝟏 𝟎.𝟎𝟎𝟐±𝟎.𝟎𝟎𝟎

robots (Crush turtle robot). Figure 12.5 illustrates the effectiveness of OSMPs across all
tested robot embodiments.

First, we deploy the OSMPs trained on image contours on both the UR5 arm and
the Helix soft robot, achieving accurate and stable contour tracking. The deviations and
oscillations seen on the Helix stem not from the OSMP itself but from the low-level con-
troller—particularly inverse-kinematics errors—as demonstrated in Fig. 12.6 and Movie S13,
where we benchmark against a classical trajectory-tracking controller. Also, a quantita-
tive evaluation of the imitation metrics and shape similarity between the actual system
trajectory and the desired oracle shape is contained in Tab. 12.4.

We then target swimming behavior on the Crush Turtle robot using biologically in-
spired oracles collected by marine biologists. Our goal is for the OSMP to drive the two
front flippers, the main propulsion surfaces. We use both a three-dimensional joint-space
oracle (van der Geest et al., 2023) and a four-dimensional task-space oracle comprising
flipper-tip position and twist (van der Geest et al., 2022), each derived from video record-
ings of green sea turtles (Chelonia mydas) (van der Geest et al., 2023, 2022). The resulting
joint-space velocity commands are executed by the robot’s actuators. Experiments show
that OSMPs enable accurate tracking of the biological oracle at moderate speeds. Because
of joint-motor velocity and acceleration limits, the system cannot perfectly track shape or
speed at higher 𝑠𝜔 values; yet even when motion diverges slightly, stability is preserved,
the trajectory rapidly reconverges to the oracle, and the turtle robot successfully swims.
We observe that an OSMP trained on the joint-space swimming oracle yields more effective
propulsion than one based on the task-space oracle—likely because the latter omits the full
3-D pose of the flippers. In addition, the joint-space OSMP avoids kinematic singularities
that can destabilize task-space control.

Next, we test OSMP performance on kinesthetic-teaching demonstrations, which are
typically jerkier and less smooth than the oracles above. In periodic demonstrations, the
trajectory often fails to close exactly, leaving a spatial offset between start and end poses
3The movies are included in the Supplementary Material available at https://doi.org/10.5061/
dryad.4f4qrfjrd.

https://doi.org/10.5061/dryad.4f4qrfjrd
https://doi.org/10.5061/dryad.4f4qrfjrd


12

290 12 Learning Stable Periodic Robot Motions from Demonstration

TUD FlameStarEllipse

Figure 12.4: Qualitative results for ablation study on loss functions. This figure presents the qualitative
results for the ablation study on the effect of the proposed loss functions on the imitation and convergence
characteristics of the learned motion policy on a selection of datasets demonstrating that the full set of loss
functions improves the quality of the learned velocity field on very complex and highly-curved oracles, such as
the TUD-Flame logo dataset.

that complicates limit-cycle fitting. We investigate a whiteboard-erasure task on a UR5
manipulator and a brooming task on a KUKA cobot. For the UR5, we encode only the
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Figure 12.5: Deployment of OSMPs on diverse robot embodiments. We showcase the motion behavior
generated by OSMPs deployed on various robot embodiments. (A & B) Tracking of image contours with the UR5
manipulator and the helix soft robot. The black line denotes the oracle shape and the red line the trajectory of the
system over a horizon of the past 3 s. (C-E) Forward and reverse turtle robot swimming with the biological oracles
defined either in joint or task space. (F-G) Demonstrations provided via kinesthetic teaching on whiteboard
cleaning (UR5 manipulator) and brooming tasks (KUKA cobot) and subsequent execution of OSMPs trained on
these demonstrations.
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end-effector positions, whereas for the KUKA, we encode both position and orientation.
On the UR5, we observe successful task completion (i.e., cleaning the writing from the
whiteboard), rapid convergence to the limit cycle, and strong oracle tracking, with only
minor errors where start and end points were fused. On the KUKA, tracking error is
somewhat larger—likely due to the demanding six-DOF oracle and low feedback gains in
the low-level controller—but the robot still completes the task reliably and repeats it with
high consistency, even remaining robust to external disturbances and perturbations as seen
in Movie S2.
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|ẋ
| 2

[m
/
s]

0.45 0.50 0.55 0.60 0.65 0.70 0.75

x1 [m]

°0.10

°0.05

0.00

0.05

0.10

x
2

[m
]

Oracle xd(t)

Robot traj. x(t)

0.000

0.038

0.076

0.114

0.152

0.190

0.228

0.266

0.304

0.342

|ẋ
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Figure 12.6: Supplementary results for stable tracking of oracles across robot embodiments in the real
world. This figure shows the trajectories of various robot embodiments controlled with OSMPs based on data
recorded during real-world experiments. The first row shows the behavior of a UR5 manipulator in task space
where the OSMP is trained on various geometric shape oracles, including an ellipse, a square, and a doge. The
black dotted lines denote the oracle, the orange line is the actual trajectory of the UR5’s end-effector, and the
velocity field is based on the learned OSMP. The second row considers the same trained OSMPs, but this time
evaluates their behavior on a Helix soft robot. The third row presents the behavior of classical trajectory tracking
controllers on the Helix soft robot for the same oracles. Finally, the fourth row contains measurements of the
Crush turtle robot operated (in water) by OSMPs trained on biological oracles, where the black dotted line denotes
the oracle and the colored line the actual behavior of the right flipper arm.
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Table 12.4: Imitation and shape similarity evaluationmetrics for real-world robot experiments. We report
the imitation metrics that evaluate the similarity between the actual robot behavior and the oracle/demonstration.
Furthermore, we report shape similarity metrics between the actual trajectory shape and the desired oracle. In
order to compute the metrics, we first identify the alignment between the first oracle time step and the actual
trajectory by identifying the time shift that minimizes the error between the two. Subsequently, we evaluate the
similarity between the oracle and the system trajectory that was resampled to the same timings for the imitation
metrics and to the same number of steps for the shape similarity metrics, respectively. For the Helix soft robot
experiments, we also compare the performance of OSMP against a classical TT controller.

Robot Task/Oracle Speed-up Motion Policy Imitation Metrics Shape Similarity Metrics
Factor 𝑠𝜔 Traj. RMSE ↓ Norm. Traj. DTW ↓ Traj. Frechet Dist. ↓ Vel. RMSE ↓ Hausdorff Dist. ↓ ICP MED ↓

UR5

Square 2.0 OSMP 0.0094 m 0.0014 0.016 m 0.0225 m/s 0.0077 m 0.0012 m
Star 2.0 OSMP 0.0390 m 0.0083 0.111 m 0.0802 m/s 0.0102 m 0.0019 m
Doge 2.0 OSMP 0.0090 m 0.0018 0.007 m 0.0230 m/s 0.0071 m 0.0016 m

MIT-CSAIL 2.0 OSMP 0.0178 m 0.0027 0.041 m 0.0426 m/s 0.0063 m 0.0015 m
Dolphin 0.5 OSMP 0.0152 m 0.0016 0.037 m 0.0166 m/s 0.0033 m 0.0007 m

Whiteboard Cleaning 0.5 OSMP 0.0136 m 0.0024 0.031 m 0.0240 m/s 0.0142 m 0.0016 m

Turtle Robot

Joint Space Forw. Swim. 0.5 OSMP 0.2237 rad 0.0398 0.536 rad 0.3673 rad/s 0.0854 rad 0.0215 rad
Joint Space Forw. Swim. 1.0 OSMP 0.2544 rad 0.0660 0.590 rad 0.8805 rad/s 0.1790 rad 0.0419 rad
Joint Space Rev. Swim. 1.5 OSMP 0.6715 rad 0.3609 1.835 rad 2.1995 rad/s 0.3815 rad 1.4600 rad
Task Space Forw. Swim. 0.5 OSMP 0.0620 m 0.0244 0.083 m 0.0609 m/s 0.0517 m 0.0125 m

Helix Soft Robot

Ellipse 2.0 TT 0.0096 m 0.0126 0.017 m 0.0119 m/s 0.0175 m 0.0122 m
Ellipse 2.0 OSMP 0.0308 m 0.0066 0.055 m 0.0195 m/s 0.0061 m 0.0020 m
Square 2.0 TT 0.0166 m 0.0123 0.039 m 0.0526 m/s 0.0388 m 0.0099 m
Square 2.0 OSMP 0.0216 m 0.0073 0.067 m 0.0302 m/s 0.0112 m 0.0026 m
Doge 2.0 TT 0.0128 m 0.0141 0.033 m 0.0514 m/s 0.0290 m 0.0101 m
Doge 2.0 OSMP 0.0059 m 0.0039 0.011 m 0.0182 m/s 0.0108 m 0.0033 m

12.3.4 The Learned Policies Exhibit Compliant and Natural
Motion Behavior

We aim for robots in human-centric environments to demonstrate robust, compliant,
and predictable behavior. Specifically, robustness means that if a robot deviates from its
intended path—perhaps due to a disturbance—it will always converge back to the desired
motion. Compliance indicates that robots should exert only minimal forces when coming
into contact with humans, and predictability ensures that their motions are sufficiently
consistent for humans to anticipate their behavior and respond appropriately.

In this section, we compare the reaction upon disturbances and perturbations of OSMPs
against classical trajectory tracking controllers that rely on a time-parametrized trajectory,
given in the form

𝑥̇(𝑡) = 𝑥̇d(𝑡)+𝑘p (𝑥d(𝑡)−𝑥(𝑡)), (12.68)

where 𝑘p ∈ ℝ is a proportional feedback gain that operates on the error between the
current position 𝑥(𝑡) and the desired position 𝑥d(𝑡). We stress here the reliance on a
time-parametrized trajectory provided in the form (𝑥d(𝑡), 𝑥̇d(𝑡)) ∀ 𝑡 ∈ [𝑡0, 𝑡f]. We evaluate
three motion controllers: a pure feedforward trajectory tracking controller, which we
gather by setting 𝑘p = 0, an error-based feedback controller with 𝑘p > 0, and the learned
OSMP. In this setting, we are particularly interested in analyzing the behavior of the motion
controllers upon encountering an external disturbance that perturbs the state of the system
with respect to the time reference. For example, in simulation, we shift the time reference
when initializing the system by half a period (i.e., a phase shift of 𝜋 rad) and in the real
world experiments with the KUKA robot running a low level impedance controller we
apply external perturbations to the system that prevents or disturbs the nominal motion.

The results in Fig. 12.7 and Movie S3 show that the pure feedforward trajectory tracking
controller entirely drifts off the desired trajectory. When adding an error-based feedback
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term, the classical trajectory tracking controller is able to recover and rejoin the demon-
strated trajectory after a bit. However, while doing so, the feedback term generates a very
aggressive correction action, which could cause incompliant behavior and would not seem
natural to humans. Instead, the OSMP, which is solely conditioned on the system state
and not time, is not affected by the perturbation of the time reference and perfectly tracks
the demonstration, immediately returning to the closest point on the limit cycle after a
perturbation, while exhibiting compliant and natural behavior.

12.3.5 Achieving Phase Synchronization Across Multiple Mo-
tion Primitives

In many practical applications, such as locomotion or bimanual manipulation, synchro-
nizing multiple motion policies is critical. In this section, we illustrate how our approach
can synchronize multiple learned OSMPs by evaluating the polar phase of each and then
aligning them via an error-based feedback controller (Dörfler and Bullo, 2014). Crucially,
we only adjust the velocity magnitude without altering the system’s spatial motion, thereby
preserving the imitation and convergence properties of each learned motion policy.

In Fig. 12.8 and Movie S4, we show simulation and experimental results for synchroniz-
ing between two and six OSMPs. The simulation outcomes illustrate how the controller
identifies the most efficient strategy to align the OSMPs, achieving rapid polar phase syn-
chronization. A proportional gain determines the aggressiveness of the synchronization
process. The simulation results confirm that the phase synchronization approach is effective
not only for two systems but also for three or more. In complex systems with many DOFs,
we have found it can be more effective to train separate OSMPs and synchronize them
during execution rather than relying on one large OSMP that covers every DOF. With a
joint OSMP, a disturbance in even a few DOFs can pull the rest off the limit cycle—and away
from the oracle—until the system reconverges. By contrast, synchronized but independent
OSMPs are insulated from such disturbances: if some DOFs are perturbed, the remaining
DOFs managed by their own OSMPs can keep tracking the oracle accurately, and the phase
synchronization ensures that all OSMPs stay locked in their phase.

Regarding experimental findings, we examined the swimming performance of the
Crush turtle robot. Tests in a swimming pool revealed that the robot can swim effectively
only when both front flippers—the primary means of locomotion in water (van der Geest
et al., 2023, 2022)—are fully synchronized. In practice, even aside from external disturbances
and inherent differences between the flippers, desynchronization occurs already during
initialization when the flipper arms start in slightly different configurations with varying
polar phases. Our results show that using our method, the two flipper arms synchronize,
even with flippers initialized far from the oracle, within 4.72s to less than 1◦ in phase error,
and subsequently for the entire experiment exhibit a mean phase error of less than 0.2◦,
thereby enabling the turtle robot to swim effectively.

12.3.6 Smooth Interpolation Between Motion Behaviors via
Encoder Conditioning

As robotics shifts toward generalist motion policies that choose among varied behaviors
based on task, state, and perception, those policies must support multiple skills rather than
one (Black et al., 2024; O’Neill et al., 2024; Team, 2025). Leveraging semantic cues—e.g.,
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embeddings from vision–language models—could supply such conditioning, yet dynamic
motion-primitive work seldom tackles it. Existing methods (Pérez-Dattari et al., 2024; Pérez-
Dattari and Kober, 2023; Rana et al., 2020; Sochopoulos et al., 2024; Zhi et al., 2024) also lack
smooth interpolation between trained behaviors. Examples include applications such as
surface cleaning, where the robot must in the future seamlessly switch wiping motions as
materials change. In locomotion, blending oracles for flat walking and stair climbing enables
natural movement over moderately stepped terrain. Such cases underscore the need for
motion policies that transfer to unseen tasks with few- or zero-shot generalization (Jaquier
et al., 2025).

We introduce task conditioning in the bijective encoder through a scalar variable 𝑧 ∈ ℝ,
allowing the desiredmotion behavior to be selected online by simply setting 𝑧. To ensure the
learned policy transitions smoothly across behaviors (e.g., for 𝑧 ∈ [−1,1]), we add a loss term
sci during training. As illustrated in Fig. 12.9 and Movie S5, both simulation and hardware
experiments with the turtle robot show that (a) a single OSMP faithfully reproduces all
behaviors encountered during training, and (b)sci promotes smooth interpolation between
oracles, enabling meaningful zero-shot performance on unseen tasks that fall within the
training distribution. An ablation study—comparing against an OSMP trained without
sci—confirms this finding. Crucially, switching behaviors requires no elaborate sequence:
once 𝑧 is updated, the OSMP’s convergence guarantees rapidly steer the system to the new
behavior, preserving EOS for constant or slowly varying conditioning values.

12.3.7 Inference Time Benchmarking
We benchmarked multiple inference modes and Jacobian-estimation schemes for an OSMP
trained with the CorneliaTurtleRobotJointSpace oracle; the outcomes are listed in Tab. 12.5.
Here, “inference time” is the wall-clock duration—measured on an Apple MacBook M4
Max CPU—for a single forward pass (batch size = 1), averaged over 1000 runs.

Because numerical Jacobians reduce accuracy, we also computed the velocity RMSE
with respect to the demonstrated velocities. In addition, starting from the oracle’s initial
states, we determined the trajectory RMSE. Unlike Section 12.3.2, we did not enforce the
demonstration’s fixed integration step; instead, each rollout used a step size equal to the
model’s measured inference time. Consequently, faster models are integrated with finer
temporal resolution, potentially achieving higher numerical accuracy.

The results reveal an interesting trade-off: models with an exact Jacobian run more
slowly, whereas those using approximate Jacobians support higher control rates and can
sometimes track the trajectorymore precisely thanks to the finer integration grid. Switching
from analytical to numerical Jacobians increases the velocity RMSE by 12.5 %, yet the lowest
trajectory RMSE is obtained with an Ahead-Of-Time (AOT)-compiled model that employs
numerical Jacobians — 36 % lower than an eager-mode baseline with autograd Jacobians.
This improvement stems from the roughly ninefold reduction in integration step size made
possible by the compilation speed-up.

We note that this Trajectory RMSE tradeoff highly depends on the specific trained
model, the oracle, and the available inference hardware. For example, the advantages of a
high control rate are particularly pronounced where fast velocities are needed, such as in
the case of a turtle swimming. Therefore, we recommend a separate analysis for each use
case if losing accuracy via numerical Jacobians can be outweighed by a faster inference
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Table 12.5: Numerical Jacobians allow for compilation of the motion policy and inference rates of up to
15000Hz on modern CPUs. We evaluated the OSMP model trained on the CorneliaTurtleRobotJointSpace dataset
with 𝑛 = 3 and report the inference time, the Velocity RMSE, and the Trajectory RMSE for various inference modes
and methods for computing the Jacobian of the encoder 𝐽Ψ. It is crucial to describe the evaluation procedure of
the Trajectory RMSE. We begin by measuring the inference time for a single motion-policy step, from which we
derive the control frequency at which the policy can run. We then execute the policy using a time step equal to
this measured inference time, so a faster model, with its shorter step, can integrate the trajectory more finely and
may, therefore, attain higher accuracy as long as it doesn’t compromise the performance with a lowered velocity
prediction accuracy.

Inference Mode Jacobian Method Inference Time [ms] ↓ Vel. RMSE ↓ Traj. RMSE ↓
Eager Autograd 0.563 𝟎.𝟎𝟎𝟖𝟒𝟏 0.0315
Eager VJP 0.474 𝟎.𝟎𝟎𝟖𝟒𝟏 0.0326

Compiled VJP 0.116 𝟎.𝟎𝟎𝟖𝟒𝟏 0.0270
Eager Numerical 0.441 0.00946 0.0236

Compiled Numerical 0.117 0.00946 0.0212
Export Numerical 0.135 0.00946 0.0212

AOTInductor Numerical 𝟎.𝟎𝟔𝟒 0.00946 𝟎.𝟎𝟐𝟎𝟐

time.
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Figure 12.7: OSMPs exhibit compliant and natural motion behavior. In this figure, we analyze the motion
behavior of OSMPs upon perturbations and interaction with humans and the environment. We compare the
behavior of OSMPs against classical error-based trajectory tracking controllers 𝑥̇(𝑡) = 𝑥̇d(𝑡)+𝑘p (𝑥d(𝑡)−𝑥(𝑡)) that
operate on a time-parametrized reference 𝑥̇d(𝑡), where 𝑘p ∈ ℝ≥0 is the proportional control gain. (A) Simulations
with time perturbations where we compare the behavior of traditional, time-parametrized trajectory tracking
controllers against the OSMP. Here, the dashed black lines denote the oracles/demonstrations, the solid blue
lines the behavior of a pure feedforward trajectory tracking controller with zero feedback gain 𝑘p = 0, the orange
line the behavior of an error-based feedback trajectory tracking controller with 𝑘p = 1, and the green line the
behavior of the learned OSMP. Compared to nominal scenarios, we perturb the time reference - i.e., the time
reference exhibits a 𝜋 offset in phase with respect to the initial position. (B) Experiments on a KUKA cobot that
runs a compliant low-level impedance controller where a human interacts with the robot and exerts disturbances
on the robot, comparing the behavior of the trajectory tracking controller with a feedback gain 𝑘p = 1. We
also plot the Cartesian distance with respect to the time reference (trajectory tracking controller only), the
next low-level control setpoint 𝑥 ∗ (𝑡), and the closest point on the oracle over time. Experiments on a KUKA
cobot equipped with a compliant, low-level impedance controller while a human interacted with the robot and
deliberately introduced disturbances/perturbations. The study compares the trajectory-tracking controller’s
behavior with a feedback gain of 𝑘p = 1 against that of the OSMP. We also plot, over time, the Cartesian distance
to the time-indexed reference (trajectory-tracking controller only), the next low-level control setpoint 𝑥∗(𝑡), and
the distance to the nearest point on the Ellipse oracle. In the snapshots, the red line represents the past trajectory,
and the blue line the trajectory of past low-level control setpoints.
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Figure 12.8: The error-based feedback controller successfully synchronizes multiple OSMPs in their
phase. Results for the phase synchronization of multiple motion policies. (A) Simulation results for the phase
synchronization of two and three OSMPs on the Ellipse and Dolphin oracles, respectively. The first row shows
the Cartesian-space evolution of each OSMP, where the color of the markers communicates the time information.
The second row shows the position vs. time, and the last row shows the polar phase 𝜑 of the systems over time.
(B) Experimental results for phase synchronization of the robotic turtle flippers for turtle swimming based on
the joint-space oracle. Naturally, the flippers are initialized at the start of the experiment at slightly different
positions, causing a phase offset. If this phase offset is not corrected and the flippers remain unsynchronized (left
side), the turtle robot doesn’t swim or only very slowly. On the right side, the flippers rapidly synchronize, which
leads to successful swimming. (C & D) Comparison of a “large”, joined OSMP trained on two systems compared
to “small” OSMPs trained on each system separately and then synchronized during inference. When one of the
systems is initialized off the oracle/perturbed, this leads the other system controlled by the joined OSMP to drift
off its own limit cycle as well. Contrarily, the synchronized separate OSMPs do not cause each other to drift off
the limit cycle.
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Figure 12.9: Smooth interpolation between distinct motion behaviors via encoder conditioning. Re-
sults demonstrating the conditioning of the encoder on multiple learned motion behaviors, including smooth
interpolation between behaviors. (A) Graphic explaining the formulation of the sci loss. (B) OSMPs trained
with sci on multiple image contour transition datasets - horizontal ellipse to vertical ellipse (HE2VE), square to
CSAIL logo (Square2CSAIL), and horizontal ellipse to square to - evaluated for various, both seen and unseen
during training, task conditioning values. (C) Ablation study for OSMPs trained without and with the smooth
conditioning interpolation loss sci, where we smoothly vary the conditioning value over the duration of the
trajectory (e.g., 𝑧 = 0 at 𝑡 = 0 to 𝑧 = 1 at 𝑡 = 140 s) (D) Turtle swimming motion for various conditioning values,
ranging from 𝑧 = −1 (reverse swimming joint space oracle) to 𝑧 = 1 (forward swimming joint space oracle), with
𝑧 = −0.5 and 𝑧 = 0.5 unseen during training.
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12.4 Discussion
Convergence Guarantees The first result introduced in the previous section is theoreti-
cal in nature: we establish that the proposed OSMP guarantees almost-global asymptotic
orbital stability. Under mild architectural conditions, this further strengthens into almost-
global exponential orbital stability via transverse contraction. Yet this result is not merely
of theoretical interest—it carries profound practical implications. Indeed, it ensures that,
regardless of network weights or conditioning, any trajectory converges exponentially
fast to the learned limit cycle. Exponential convergence prevents slow-dynamics plateaus
where the system might otherwise stall, while the near-global basin drastically reduces the
need for far-reaching training data coverage. Together, these properties yield significant
gains in data efficiency, as they obviate the need to densely sample the state space. Be-
yond training, exponential convergence also facilitates system-level analysis and enhances
modularity. Most critically, contractiveness plays a central role in enabling policy reuse
and transfer learning: while interconnecting merely stable systems can lead to instability,
contracting systems are provably composable and lend themselves naturally to transfer
and hierarchical control (Angeli et al., 2025; Ofir et al., 2022).

In the same spirit, it is important to underscore that our stability results hold uniformly
for any fixed conditioning value 𝑧, thereby reinforcing their relevance for transferability.
This property suggests robustness not only to different instances within a task family
but also to transitions across them. While outside the current scope, it is natural to ask
whether convergence still holds under time-varying conditioning 𝑧(𝑡), such as during
policy switching. Thanks to the global nature of the underlying result, the extension to
the case where 𝑧(𝑡) eventually stabilizes (i.e., 𝑧(𝑡) ≡ 𝑧∞ for 𝑡 > 𝑡′) is straightforward. More
ambitiously, we believe that the exponential convergence rate can be leveraged to establish
stability even under piecewise-constant 𝑧(𝑡), including non-smooth transitions over finite
horizons. This opens the door to formal tools for designing learning-based schedules of
optimal conditioning patterns—a direction we leave for future investigation.

Quantitative Benchmark Quantitative benchmarks show that OSMPs surpass most
baselines across the majority of dataset categories. They display superior convergence
— especially when initialized far from the demonstration—compared with classic neural
motion policies such as MLPs, RNNs, LSTMs, NODEs, and even state-of-the-art DPs (Chi
et al., 2023). While other orbitally stable approaches like iFlow (Urain et al., 2020) and
SPDT (Zhi et al., 2024) guarantee convergence to a limit cycle, they often struggle to (a)
imitate highly curved shapes or discontinuous velocity profiles and (b) ensure that the
resulting limit cycle accurately reproduces those complex demonstrations. For example,
compared to SPDT (Zhi et al., 2024), OSMPs are able to imitate the velocity profile, and
their limit cycle captures the oracle shape 5x more accurately, as the global convergence
analysis shows. The few cases in which baselines outperform OSMPs highlight avenues
for improvement. On the IROS letters dataset (Urain et al., 2020), DPs (Chi et al., 2023)
achieve lower imitation errors, likely because widely separated demonstrations of the same
letter must be captured by a single policy, which favors probabilistic methods like DPs and
iFlow over deterministic ones, such as NODEs, SPDT, and OSMPs. For image-contour data,
MLP policies slightly edge out OSMPs when starting near the demonstration but degrade
markedly when initialized farther away. Regarding inference time/runtime, OSMPs demand
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more computation than classical neural policies (which forgo gradient evaluations during
inference) and iFlow (Urain et al., 2020) (given our more expressive bijective encoders),
yet they strike a favorable performance-to-inference-time balance and are 10–20× faster
than standard diffusion policies (Chi et al., 2023). Note, too, that the timings in Table 12.2
stem from unoptimized, eager-mode inference; with numerical gradients and PyTorch
ahead-of-time compilation, OSMPs can run at up to 15 kHz on modern CPUs, as shown in
Tab. 12.5.

Real-World Experiments When moving to real-world experiments, we quickly real-
ized how the interpretable latent-dynamics structure allows us to inspect post-training
how closely the learned cycle mirrors the periodic demonstration, promoting predictable
behavior when the policy is deployed on a real robot. This aspect will require further
quantification in future work.

On the UR5 robot, OSMPs are able to track the oracle with directed Hausdorff distance
between 3mm and 14mm. As the Helix soft robot employs a less accurate low level
controller, the shape tracking accuracy drops to 6 − 11 mm. Still, OSMPs outperform
classical trajectory tracking controller in terms of shape accuracy on the Helix soft robot
by approximately 60−65 %.

OSMPs enable highly successful locomotion in the turtle robot by leveraging biologically
derived swimming oracles. Although oracle tracking is not perfectly precise (directed
Hausdorff distance of 0.085-0.382 rad)—especially at higher speeds due to motor limits and
external disturbances like water drag—the system remains stable, quickly reconverges to
the limit cycle, and keeps the limbs nearly perfectly synchronized.

Next, we trained individual OSMPs on multiple kinesthetic-teaching demonstrations
for the UR5 and KUKA manipulators. Although some demonstrations were jerky and
uneven, the OSMPs accurately captured the intended motions: the UR5 achieved a 100 %
success rate in cleaning the whiteboard using the learned policy. Similarly, the KUKA
robot consistently completed the brooming task over many repetitions—despite limited
execution speed and tracking accuracy imposed by the low feedback gains of its impedance
controller—and even succeeded when its motion was perturbed by external disturbances.

Although orbital stability is always guaranteed, large deformations in the learned dif-
feomorphism can push the system far from the demonstrated path. On real robots, that drift
is risky because joint position and velocity limits—or a finite task-space workspace—can be
violated. We saw this on the Crush turtle robot, whose joint range and velocity/acceleration
caps constrain what the low-level controller can track. Two design choices proved helpful:
(i) encoder regularization during training and (ii) a sliding-mode–style motion modulation
that first draws the system into a neighborhood of the oracle before advancing along the
polar phase. Since motion directly on the oracle is usually feasible, these measures prevent
most of the problems. Looking ahead, embedding CBFs could explicitly keep the system
out of infeasible or unsafe regions in the oracle space, echoing recent advances in the DMP
literature (Davoodi et al., 2022; Mohammadi et al., 2024; Nawaz et al., 2024; Simmoteit et al.,
2025).

Phase synchronization is vital when deploying OSMPs for turtle swimming: without it,
the limb controllers—lacking an explicit time parameter—would drift out of phase, sharply
increasing the cost of transport. Instead, our phase synchronization strategy is able to keep
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the mean phase error between the two flippers at less than 0.2◦. The same synchronization
strategy can be applied in the future to other platforms, such as bipedal or quadrupedal
robots. We also demonstrate that training separate OSMPs and synchronizing their phases
at runtime can outperform a single large OSMP, as disturbances affecting one subsystem
do not pull the others away from their limit cycles.

Conditioning DMPs on task information enables them to produce purposeful motions
for tasks never encountered during training, marking a paradigm shift that opens the
door to zero-shot transfer of convergence-guaranteed motion policies to far more complex,
unseen scenarios. Here, we take an initial step toward that vision: our training procedure
enables smooth interpolation between motions observed in the dataset. For instance, a
single OSMP trained on both forward and reverse turtle swimming can effortlessly blend
the two behaviors into a continuum. Crucially, the orbital stability is always preserved,
even when the shape of the stable limit cycle changes as a function of the conditioning 𝑧.

Limitations The proposed OSMP exhibits several limitations that highlight promising
directions for future development. First, it presumes prior annotation of the demonstra-
tion’s attractor regime, requiring that each trajectory be segmented to isolate the periodic
portion and implicitly modeled as a limit cycle. While our approach accommodates sharp
turns and discontinuities more robustly than existing baselines, such features still induce
sizable deformations in the learned vector field. These deformations manifest as locally
aggressive dynamics, where nearby trajectories may temporarily diverge markedly before
reconverging toward the limit cycle.

Second, like other time-invariant dynamical motion primitive frameworks (Ijspeert
et al., 2013, 2002; Pérez-Dattari and Kober, 2023; Rana et al., 2020), OSMP inherits the
limitation of being ill-posed under intersecting demonstrations or oracles—situations that
demand multi-valued flows at a single point in state space. In addition to existing ideas in
literature (Sun et al., 2024), formulating the motion policy as second-order dynamics or
augmenting the dynamics with an explicit notion of trajectory progress could resolve this
ambiguity by lifting the state into a higher-dimensional phase space.

Looking ahead, we envision extending the framework to support multiple classes of
attractors—such as point attractors with GAS, multistable basins with Multistability (MS),
and limit cycles with Orbital Stability (OS)—within a single primitive. The supercritical
Hopf bifurcation already captures a transition between equilibrium and periodic behavior,
suggesting that the inclusion of an additional “attractor type” parameter could generalize
the formalism to support richer behaviors (Strogatz, 2018). Finally, replacing the explicit
conditioning variable 𝑧 with implicit observation-based embeddings (e.g., task images or
object states) would make OSMP compatible with vision-language-action models such as
𝜋_0 (Black et al., 2024) and SmolVLA (Shukor et al., 2025), offering a path toward more
expressive and versatile control policies.

12.5 Conclusion
In this chapter, we introduced an approach for learning periodic/cyclical motions from
demonstrations using OSMPs, where—similar to DMPs (Ijspeert et al., 2013, 2002)—the
motion policy is parametrized by a dynamical system. We combined the advantages of ML
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methods, such as their high expressiveness, with nonlinear system theory to ensure that
the periodic motion is tracked via a limit cycle that exhibits AOS and transverse contrac-
tion. This is achieved by integrating a learned bijective encoder based on Euclideanizing
flows (Dinh et al., 2016; Rana et al., 2020), which establishes a diffeomorphism between
the oracle and latent space, with fixed, inspectable dynamics in latent space provided by
a supercritical Hopf bifurcation (Strogatz, 2018). Compared to previous work (Zhi et al.,
2024), our approach significantly improves the accuracy of matching the periodic demon-
stration to the generated limit cycle. Furthermore, benchmarking against standard ML
techniques shows that OSMPs guarantee convergence, whereas traditional methods such
as RNNs and NODEs (Zhi et al., 2024) often exhibit spurious attractors. We also validate
our method extensively in real-world settings across various robotic platforms, including
robotic manipulators and cobots, soft robots, and bioinspired hybrid soft-rigid underwater
robots.

Moreover, we developed several techniques to enhance the capabilities of dynamic
motion primitives. These include online reshaping of the velocity field to adjust convergence
characteristics without retraining, synchronizing multiple OSMPs in phase via an error-
based feedback term, and enabling the same motion policy to learn multiple distinct
behaviors by conditioning the encoder on the task. With the addition of a tailored loss
term, we can even achieve smooth interpolation between two motion behaviors.
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13
Conclusions & Future Work

This final chapter summarizes and examines the key findings of this dissertation. First, we
revisit the various contributions of this thesis, evaluate their potential impact on the field,
and acknowledge observed limitations. Next, we outline directions for future work. We begin
with general recommendations for the field of soft robotics and then detail several specific
avenues for future research, ranging from community-wide efforts to establish a safety metric
to integrating SMPs with Vision-Language-Action (VLA) models, which aims to achieve high-
performance, generalist motion control of (soft) robots while preserving robustness, compliance,
and decision interpretability.
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13.1 Conclusions
In the following, we will begin by summarizing the conclusions associated with each key
contribution of this thesis. Next, as detailed in Sec. 13.1.7, we will synthesize overarching
insights, with a particular focus on the core contribution.

13.1.1 Contribution I - Safety Metric
Addressing RQ 1, we introduced in Chapter 3 a quantitative safety metric for soft robots
by modeling the collision dynamics between a soft robot and a human from first principles.
Following the ISO standards for cobots (Standard, 2016), we use the maximum contact
pressure/stress during a collision as a proxy for injury severity. To keep the evaluation com-
putationally efficient, we derived a conservative upper bound that allows for a closed-form
expression of the maximum contact pressure. Notably, the proposed SRISC accommodates
collisions along the entire continuum of the soft robot and is built on validated dynamic
models that incorporate its inertia, elasticity, and actuation. We then apply this metric
to assess a soft robotic design by evaluating the maximum SRISC under its operating
conditions.

We acknowledge that our safety metric has not yet been experimentally validated,
which should be an emphasis for future work. Additionally, to ensure computational
tractability, we made several simplifying assumptions—such as neglecting dissipation,
using a linear spring contact model, modeling the human as a constrained point mass, and
limiting the number of backbone segments—which result in a conservative injury severity
estimate. This conservative bias might lead, for example when leveraging the metric for
safety-aware control, to overly cautious robot behavior.

In Section 13.2, we give recommendations for future research and interesting applica-
tions for the proposed safety metric.

13.1.2 Contribution II - Leveraging Kinematic Models for Soft
Robot Shape Sensing

Answering RQ 2, in Chapters 4 and 9, we demonstrated that kinematic models, such as
PCC (Webster III and Jones, 2010), can be employed for shape sensing by solving a nonlinear
optimization problem that aligns sensor measurements with the backbone shapes attainable
by the chosen kinematic model. We proposed two approaches: one using cameras, where
the robot perceives and tracks its environment combined with vSLAM algorithms, and
another utilizing embedded magnets with magnetic sensors. Both methods were validated
experimentally on a pneumatically-actuated soft segment.

Future work should evaluate the reliability and performance of the proposed method
on multi-segment robots. In addition, since current proprioception techniques rarely
incorporate dynamic model information when filtering state estimates, we recommend that
future studies explore nonlinear observers (Shao et al., 2023) to enhance state estimation.

Connected to this contribution, we have observed promising recent work (Caroleo
et al., 2025) that integrates commercial sensors—specifically, miniature TOF sensors—for
soft robot proprioception by analyzing environmental motion within the soft body’s local
frame. This approach, akin to the vSLAM method presented in Chapter 4, could benefit
from incorporating kinematic model knowledge to improve shape sensing.
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13.1.3 Contribution III - ControlwithAdvanced Physics-based
Actuation Models for Soft Robots

Examining RQ 4, in Chapters 5 and 8, we derived physics-based actuation models for
soft robots from first principles and demonstrated how to leverage these models for con-
trol—using methods like mapping into actuation coordinates (Pustina et al., 2024a) and
backstepping (Khalil, 2002). For planar HSA robots, we further validated both the model
and controller through extensive experiments.

However, the wide range of soft robot actuation modalities—from pneumatic and
tendon-driven systems to dielectric elastomers, metamaterials (Zaidi et al., 2021), and shape
memory alloys—poses a significant challenge for the community, as each actuation method
requires its own tailored modeling approach and specialized controller - something we
recommend future work to address (Copaci et al., 2020; Soleti et al., 2024, 2025).

13.1.4 Contribution IV - Integrating Physical Structure and
Stability Guarantees into Learned Models

In this thesis, to tackle RQ 4, we proposed two methods to integrate physical structure and
stability guarantees into learned soft robot models. By physical structure, we mean a for-
mulation of the dynamics that explicitly defines potential and kinetic energy terms. Rather
than modeling the entire dynamics with a black-box approach (e.g., a neural network),
both methods leverage existing physics-based dynamic models by identifying their free
parameters. This process can optionally include a coordinate transformation or encoding
into a latent space to enhance expressiveness and reduce dimensionality.

The first method, presented in Chapter 10, introduces a data-driven strategy for deriving
a PCS-based kinematic model. Our approach explicitly balances the trade-off between
configuration dimensionality and backbone shape reconstruction accuracy. An Euler-
Lagrange dynamic model is then derived, with its parameters identified in closed form.
Stability for both open-loop and closed-loop systems can subsequently be analyzed using
Lyapunov arguments (Khalil, 2002), similar to previous work on physics-based soft robotic
models (Della Santina et al., 2023).

The second method, described in Chapter 11, focuses on learning the latent dynamics
of soft robots through a network of nonlinearly coupled harmonic oscillators. This strategy
provides a clear mechanical interpretation of the latent space, as each latent variable
corresponds to the position of an oscillator. Moreover, the kinetic and potential energy
terms inherent to this system enable us to prove its open-loop stability—specifically global
asymptotic and input-to-state stability—using established Lyapunov techniques. A current
limitation of the latent dynamics approach presented in Chapter 11 is that the input encoder-
decoder—crucial for converting physical actuation into a forcing on the oscillators and vice
versa—is not guaranteed to be a diffeomorphism. This may result in an incorrect mapping of
the control input to the system’s actuation. Future work could, therefore, explore bijective
neural-network encoders, such as those based on normalizing flows (Kobyzev et al., 2020),
to learn an analytically invertible mapping of the inputs into latent space.

Finally, we compare the two methods. A major advantage of the strain-model-based
approach from Chapter 10 is its fully white-box nature, resulting in a fully interpretable,
physics-based dynamical model with a strong inductive bias for soft robot dynamics. This
bias improves data efficiency, reduces overfitting, and enhances extrapolation, but it may
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struggle with dynamics such as hysteresis, nonlinear elasticity, deforming cross-sections, or
significant environmental interactions. In contrast, the second approach, through its latent
space encoding, is better equipped to learn a wider variety of dynamics, as demonstrated
in the presented results. Where needed in the future, the network can be easily augmented
with additional components (e.g., hysteresis or contact models, discussed in Sec. 13.2).
The expressiveness added by the encoder sacrifices the direct interpretability of the latent
variables as parameters of a kinematic model for the soft robot’s backbone shape.

13.1.5 ContributionV - Exploiting LearnedModels forClosed-
Form Model-Based Control

This thesis, while exploring RQ 4, has shown that existing PID+energy shaping con-
trollers (Della Santina et al., 2023; Kelly, 1995, 1998; Kelly and Carelli, 1996; Sciavicco
and Siciliano, 2012) can be effectively combined with learned models that incorporate
a physical structure. In particular, the regulation controller we examined employs an
integral-saturated PID (P-satI-D) (Pustina et al., 2022a) as the feedback component along-
side a potential shaping feedforward term. Here, the proportional term rejects disturbances,
the saturated integral term compensates for modeling errors in a stable manner, and the
derivative term adds extra damping as needed. Meanwhile, the feedforward term adjusts
the potential energy of the learned dynamics so that its local or global minimum coincides
with the desired state.

We applied this control strategy to both the identified PCS-based soft robot dynamics in
Chapter 10 and the learned latent dynamics from the CON in Chapter 11. Simulation results
indicate that the P-satI-D plus potential energy controller effectively steers the system
toward a given setpoint. Notably, the characteristics of the learned potential field are
quite interesting: for the ISS CON, the potential field is guaranteed to be convex, ensuring
that the closed-loop latent space system—shaped by the feedforward term—is globally
asymptotically stable, even if this might not hold for the actual soft robot. In contrast,
the learned PCS-based dynamics can produce a non-convex potential field influenced by
gravitational and elastic effects, which may result in only local asymptotic stability for the
closed-loop system.

Several avenues for future research remain open: (1) experimental validation of the
control strategy with learned models is yet to be performed; (2) while this thesis focused
on setpoint regulation, extending the approach to trajectory tracking controllers would be
both interesting and valuable; (3) we have so far considered only configurations where the
learnedmodel’s dimensionalitymatches that of the actuation (i.e., the fully actuated case). In
particular, for learned latent dynamics, exploring underactuated settings (Della Santina et al.,
2023)—where the dynamics have a higher dimensionality than the available actuators—could
enhance the model’s expressiveness. A promising tool for addressing underactuation may
be the mapping into actuation coordinates proposed by Pustina et al. (2024a), which we
have already utilized for the physics-based HSA model in Chapter 6.

13.1.6 Contribution VI - Beyond Low-Level Control: Generat-
ing Compliant Motion Behaviors for Soft Robots

Finally, exploring RQ 5, in this thesis, we introduced two methods for achieving compliant
motion in soft robots that allow guidance of low-level controllers with setpoints. In
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Chapter 7, we developed a Brain-Machine Interface (BMI) that enables users to control
soft robots through motor imagery. By binary classifying brain signals recorded with a
wearable EEG device, this approach effectively and safely directs the robot’s end-effector.

In Chapter 12, we presented a SMP-based method to parameterize periodic motion poli-
cies using a dynamical system that guarantees orbital stability. This technique allows for the
learning of complex periodic motions from demonstrations without sacrificing stability or
insight into the motion behavior, with the generated velocity commands—whether defined
in task or configuration space—serving as references for low-level controllers. Our results
show that this method produces more compliant and natural motions under environmental
perturbations compared to traditional time-parametrized trajectory tracking.

Both approaches were experimentally validated on HSA and helicoid soft robots (Guan
et al., 2023), respectively, illustrating that techniques originally developed for rigid manip-
ulators can be adapted with minimal modifications for soft robots. However, despite some
initial research (Goldman et al., 2014; Greer et al., 2020; Rao, 2024; Rao et al., 2024; Selvaggio
et al., 2020), high-level motion planning and policy design tailored to soft robots remain
underexplored. Unlike rigid manipulators that avoid unintended environmental contacts,
soft robots should capitalize on contact along their entire bodies to fully leverage their
embodied intelligence. This shift calls for new motion planning strategies that optimally
exploit these interactions.

13.1.7 Core Contribution - Safe and Precise Soft Robots via
Closed-form Control with Learned Models

In the following, we summarize our approach for achieving safe and precise motion in soft
robots by leveraging control strategies based on learned models.

As discussed in Chapter 3, the inherent elasticity of both the structure and the surface of
soft robots enhances their safety compared to traditional rigid manipulators. Nevertheless,
further research is needed to experimentally validate the proposed safety metric and
quantify the additional safety benefits relative to rigid robots.

Existing control methods struggle to deliver precise motion behavior without sacrific-
ing safety. This is because (1) controllers based solely on physics-based models derived
from first principles cannot fully capture the complex dynamics of soft robots—such as
nonlinear elasticity and hysteresis—as well as their interactions with the environment, and
(2) fully learned controllers (e.g., those based on RL) are sample inefficient, provide limited
insight into their decision-making processes, and lack stability guarantees, potentially
compromising safety.

Instead, this thesis, in its second part, proposes controlling soft robots with learned
models, a strategy that combines the expressive power of modern ML techniques with
enhanced data efficiency and improved transparency in decision-making. Although similar
ideas have been explored in the literature on world models and reduced-order models,
existing methods leveraging learned models for control through MPC, optimal control,
or Model-Based Reinforcement Learning (MBRL) is computationally intensive. This com-
putational burden restricts their control frequency and prevents full exploitation of soft
robots’ dynamic capabilities. In contrast, our approach embeds a physical structure into
the learned model, enabling closed-form control and, therefore, significantly boosting
computational efficiency. Specifically, we developed a model-based controller that inte-
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grates an integral-saturated PID (P-satI-D) (Pustina et al., 2022a) with a potential-shaping
feedforward term (Della Santina et al., 2023) for regulation. The key innovation was incor-
porating physical structure into the learned models, which allows us to compute the kinetic
and potential energy of the system—something most existing dynamic model learning
strategies, such as RNNs or NODEs, cannot do. In this thesis, we introduce two approaches
(detailed in Chapter 10 and Chapter 11) that both leverage physics-based dynamic models.
Our learning algorithm identifies the free parameters of these models, along with an op-
tional coordinate transformation (e.g., an encoding into latent space). In both cases, we
can express the system’s kinetic and potential energy, allowing us to derive the potential
shaping feedforward term in closed form. This framework also enables us to analyze the
open- and closed-loop stability of the system using standard nonlinear systems theory
tools, such as Lyapunov methods (Khalil, 2002).

There are, however, some limitations to this work. While we have been able to ex-
tensively experimentally validate Part I of this thesis, the model learning or the control
strategies based on learnedmodels have not been experimentally validated yet. We therefore
recommend extensive experimental testing of both components in future work, preferably
using various soft robot embodiments. Additionally, our current study has focused solely
on setpoint regulation scenarios; future research should explore extending these strategies
to trajectory tracking. In Chapter 11, we address control only for the case where the
dimensionality of the latent dynamics matches that of the actuators (i.e., the fully actuated
case). Future investigations might consider underactuated scenarios, where expanding
the latent space could lead to more accurate dynamic modeling. Moreover, the current
learned models do not account for environmental interactions—a crucial factor for soft
robots intended to exploit their embodied intelligence through frequent contact with their
surroundings. Finally, while the inherent softness of the robot enhances the safety of
both open- and closed-loop systems, it would be worthwhile in future work to explicitly
incorporate safety into the control strategy. One promising direction could be to use the
safety metric proposed in Chapter 3 as a constraint within MPC or CBF (Ames et al., 2016)
frameworks.

13.2 Future Work
First, we will introduce several overarching recommendations for the field moving into a
future where soft robots are an essential contributor to our daily lives. Next, we outline
several concrete avenues for future research building directly on this thesis.

13.2.1 General Recommendations
Historically, soft robotics research has primarily focused on design and actuation. Although
the modeling and control of soft robots have garnered more attention in recent years, we
find that cognitive intelligence for soft robots remains still underexplored. In particular,
there is a notable lack of research on critical areas such as perception, high-level motion
planning, task assignment, and reasoning—with tailored algorithms suited for soft robotic
applications in human-centric environments or scenarios involving physical contact.

We believe one reason for this gap in high-level cognitive intelligence research is the
scarcity of commercially available continuum soft robots compared to rigid manipulators,



13.2 Future Work

13

313

cobots, and quadrupeds. This limitation makes it challenging for labs specializing in cogni-
tive intelligence to venture into soft robotics, as developing a competitive, robust prototype
requires years of expertise. We hypothesize that broader access to affordable continuum
soft robots would catalyze rapid, exponential progress in the cognitive/computational
intelligence of soft robots.

Furthermore, the emergence of more reliable, robust, and longer-lasting commercial
soft robots would enable extensive field trials, moving beyond the breadboard and lab
environments that have thus far dominated experimental validation. Demonstrating that
soft robots outperform standard rigid manipulators or cobots in at least one measurable
dimension is crucial. Such evidence is essential for sustaining and increasing investment
in soft robotics research, fostering a vibrant field, and avoiding a potential “robotic winter”
reminiscent of past challenges in Artificial Intelligence (AI) (Muthukrishnan et al., 2020).

In addition to field trials, we advocate for user studies that clearly establish soft robots
as safer than cobots, along with defining explicit safety requirements—potentially tailored
to various relevant applications, such as assisting the elderly with ADLs or collaborative
manufacturing. More research is also needed to determine whether soft robots are perceived
as safer and friendlier than traditional rigid robots. Essentially, further investigation
into social soft robots is needed—mirroring the research already conducted on their rigid
counterparts (Breazeal et al., 2016). Although initial findings suggest that soft robots may
not be inherently perceived as more natural than rigid ones (Jørgensen et al., 2022), further
investigations across diverse settings and designs are warranted (Pasquier et al., 2025).

In the following section, we outline several future research directions directly linked
to the work presented in this thesis. These avenues focus on enhancing the physical
intelligence of soft robots by improving their precision, dexterity, and capability to handle
complex, sequential real-world tasks—especially in human-centric environments where
safety is paramount. Ultimately, increasing the practical utility of soft robots by several
orders of magnitude is necessary for soft robots to become an economically viable option,
and this challenge should be a primary focus for the research community in the coming
years.

13.2.2 Towards a Universally Accepted Safety Metric
For future work, we recommend experimentally validating the safety metric introduced in
Chapter 3. This validation should involve a comprehensive experimental characterization
of the collision properties of soft robots, covering various designs (e.g., silicon and helicoid
soft robots) and different actuation methods (e.g., pneumatic, tendon-driven), and should
verify whether the maximum contact force/pressure predicted by the metric corresponds
with experimental measurements. Additionally, controlled user studies should determine
appropriate thresholds for maximum force/pressure across different body areas, similar to
the approach taken for collaborative robots (Muttray et al., 2014b). Such research could pave
the way for establishing an internationally recognized standard (e.g., ISO) that certifies soft
robots as sufficiently safe for specific applications. Moreover, we encourage exploring how
the proposed safety metric can be integrated into safety-aware control strategies (Wong
et al., 2025). Potential approaches might include leveraging MPC, CBFs (Ames et al., 2016;
Wong et al., 2025), or developing conditions for safe operation (e.g., maximum velocity,
torque, stiffness, reflected mass, etc.) through a safety map (Mansfeld et al., 2018).
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13.2.3 Towards Dexterous and Precise HSA Robots
In Chapter 6, we introduced several control strategies for planar HSA robots and demon-
strated their effectiveness experimentally. Nonetheless, this control framework has several
limitations: (a) it is confined to planar motions, (b) it applies only to single-segment HSA
robots, (c) it is geared toward setpoint regulation rather than trajectory tracking, and (d) it
does not explicitly account for the hysteresis inherent to HSA robots (Truby et al., 2021),
necessitating a calibration of the rest strain before each experiment. In particular, future
work should explore the twisting motion primitives illustrated in Fig. 5.2, which contribute
to the unique behavior of HSA robots within soft robotics.

To address limitation (a), a kinematic parameterization that captures the three-dimensional
motion of HSA robots is needed. Future research could build on the SPCS model introduced
in Chapter 5—which describes the deformation of each HSA rod—by deriving closed-chain
dynamics through the enforcement of Pfaffian constraints (Armanini et al., 2021; Tsounis
et al., 2025) to eliminate drift in the redundant degrees of freedom.

Regarding limitation (b), recent work by Good et al. (2025) has shown that multi-
segment HSA robots can be realized by actuating the distal segments with servo motors
mounted at the robot base via Bendable Extendable Torque Resistant (BETR) shafts. This
design reduces the inertia in motion compared to themore naive approach of placingmotors
at the proximal end of each segment. While extending existing models and controllers to
accommodate multi-segment systems appears straightforward—as evidenced by work on
standard continuum soft robots (Della Santina et al., 2020c)—new actuation models will
likely be necessary to capture the unique properties of BETR shafts accurately.

Concerning limitation (c), the main challenge in developing trajectory-tracking con-
trollers lies in the underactuated nature of the robot model. Although trajectory tracking
controllers for fully actuated systems are well-established in the literature (Della Santina
et al., 2020c), recent research by Soleti et al. (2025) on trajectory tracking for underactuated
soft robots based on dielectric elastomers suggests that similar strategies could be adapted
for HSA robots.

Fig. 3. HSA Mechanical Characterization. (a-d) Data are organized by column for (a) PTFE, (b) RPU, (c) FPU, and (d) EPU HSAs. (Top row) Force
versus extension data from tensile extension tests are provided for HSAs of varying thicknesses. For improved visibility, one plot for a given thickness is
provided as a thick line, while the other two are given as thinner, transparent ones. Note that all axes are scaled identically, except for the x axes of PTFE
and RPU data, to aid visualization of details. (Bottom row) Force versus extension data from cyclic extension tests are provided. Each plot corresponds
to one HSA of a single thickness. PTFE, FPU, and EPU HSA cyclic tests are performed for 100 cycles at 10 mm/s extension rate; RPU HSA cyclic tests
are for 10 cycles at 1 mm/s extension rate. All axes are scaled identically, except for the y axes of RPU and EPU data, to aid visualization of details.

Overall, 3D printing provides a more reliable, repro-
ducible, and higher resolution fabrication method than laser
cutting. For example, 3D printing provided more consistent
patterning of the thin constraint features needed for bending
in HSA fingers, enabling the printing of HSAs with P3 repeat
unit scaling (Fig 2a). By contrast, laser cutting these fine
features produces more inconsistent results, yielding HSAs
that vary greatly in performace and/or are prone to failure
(see Sect. IIA for earlier discussion on HSA design).

B. Mechanical Properties and Behavior

Mechanical characterization data of PTFE, RPU, FPU,
and EPU HSAs from tensile and cyclic extension tests are
provided in Fig. 3 as the top and bottom row of plots,
respectively. As shown in the tensile extension tests in Fig. 3a
with the original PTFE HSAs, an elongating HSA undergoes
three stages of deformation when fixed at one end and
allowed to freely rotate at the other. First, the HSA begins
to open from its initial closed state, with the living hinges
accommodating the auxetic behavior resulting from outward
expansion of the individual struts. This opening behavior
(from extensions of 0 to ⇠80 mm) requires little force.
Second, as the HSA opens, the struts align along the tensile
direction and the structure effectively hardens. The tensile
load now primarily acts on the struts, and the force quickly
increases, as shown in the J-shaped response up to ⇠90 mm
extension. Finally, the struts plastically deform until ultimate
failure. Similar deformation responses are reported for other
auxetic structures [31]–[34]. From these data and prior works
[23], [25], we can interpret that higher forces needed to
elongate an HSA correspond to higher torques from a servo
motor needed to rotate - and thereby actuate - HSAs.

Generally, most of the RPU, FPU, and EPU HSAs we
investigated exhibit similar mechanical behaviors as the
original PTFE HSAs. As seen in the tensile extension data

in Fig. 3b, RPU HSAs all elongate under much higher
forces than PTFE HSAs given RPU’s higher stiffness, with
forces increasing with thickness. RPU HSAs all fail at lower
extensions than PTFE HSAs (i.e., 80 mm extension) due
to the living hinges’ inability to accommodate high strains.
Importantly, we observed inconsistent auxetic behavior in the
T4 RPU HSAs. Of all the printed HSAs, FPU HSAs had the
most similar behavior to PTFE HSAs in the extension range
of 0 to 100 mm, as seen in Fig. 3c. Again, force needed for
elongation increases with thickness. However, FPU HSAs
accommodated larger plastic deformations than PTFE HSAs
when possessing a thickness of T3 or T4. Finally, as expected
from an elastomeric composition, the EPU HSAs extend
longer than any other HSAs and elongate under the lowest
forces. Mechanical deformation of EPU HSAs is also similar
to that in PTFE HSAs from 0 to 100 mm.

As revealed by the cyclic extension data in Fig. 3a, PTFE
HSAs are highly hysteretic given the plastic deformation of
the living hinges even under modest HSA extensions. With
repeated cycles of tensile extension, the HSAs behave more
repeatably. Similar behavior is also observed for the other
materials (Fig. 3b-d). Interestingly, the RPU HSAs failed
consistently after only several cycles during experiments at
a 10 mm/s elongation rate, and the data shown was obtained
with slower extension rates of 1 mm/s (Fig. 3b). FPU HSAs
appear to have a more pronounced hysteretic behavior than
PTFE HSAs (Fig. 3c), while that of EPU HSAs is less (Fig.
3d), most likely as a result of the EPU HSAs’ living hinges
undergoing elastic rather than plastic deformation.

Overall, results from the HSAs’ mechanical characteriza-
tion suggest that RPU HSAs are not appropriate for use in
HSA-based soft robots, given the high servo torques needed
to actuate them and their poor robustness to repeated defor-
mations. Conversely, FPU and EPU are promising materials
for printed HSAs, and we exclusively used FPU and EPU

(a) HSA rod characterization by Truby et al. (2021)
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(b) HSA rod behavior simulated with a Bouc-Wen
model

Figure 13.1: Left: Mechanical characterization of FPU HSA rods by Truby et al. (2021). Right: Preliminary
simulation of a HSA rod based on the model derived in Chapter 5 augmented with a Bouc-Wen model to capture
hysteretic behavior.
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Finally, to overcome limitation (d), the hysteretic behavior of HSA robots could be
modeled using the Bouc-Wen framework (Bouc, 1967; Wen, 1976) or related approaches. As
shown in Fig. 13.1, preliminary results show that a Bouc-Wen model with 𝛼 = 0.1, 𝛽 = 0.25,
and 𝛾 = −0.75 representing strain hardening can capture the hysteretic behavior of HSA
rods, as experimentally characterized by Truby et al. (2021) relatively well. A nonlinear
observer (Shao et al., 2023) could then be developed to estimate the hidden hysteretic
displacement in real-time based on the current state. Ultimately, incorporating an optimal
control strategy—such as MPC—would allow the system to consider its hysteretic state
when determining the next control action.

13.2.4 Towards Expressive Learned Models by Integrating Ad-
vanced Physical Priors

The CON model introduced in Chapter 11 is currently formulated to learn latent dynamics
only for physical systems that display continuous dynamics, global asymptotic stabil-
ity (i.e., they possess a unique, isolated fixed point attractor), and inherent dissipation.
However, in practical applications, soft robots—especially when interacting with their
environment—may not meet these criteria. For instance, depending on the gravitational
field, a soft robot (much like a pendulum) might exhibit multiple equilibria; contact interac-
tions could introduce hybrid dynamics, and time-dependent phenomena such as hysteresis
or material degradation may occur. To address these issues, future work could (a) relax
some of the network parameter constraints to accommodate non-convex potential energy
landscapes and multistability and (b) enhance the expressiveness of the learned (latent)
dynamics by incorporating additional components into the network, such as models for
contact, Bouc-Wen (Bouc, 1967; Wen, 1976) hysteresis, or specialized actuation models.

13.2.5 Towards Efficient Co-Design of Computational and Em-
bodied Intelligence

In this thesis, we assume a given soft robot morphology (e.g., an HSA or piston-driven
pneumatic actuation) and develop the computational intelligence required for precise
control of continuum soft robots. This involves creating accurate reduced-order models,
designing efficient low-level controllers, and implementing compliant high-level motion
policies. For instance, for the existing HSA robot design presented by Chin et al. (2018);
Lipton et al. (2018); Truby et al. (2021), we developed the corresponding models (Chapter 5),
controllers (Chapter 6), and BMIs (Chapter 7). Similarly, in Chapter 8, we developed a
model capturing the coupled dynamics between soft robot and actuator for pneumatic
piston-driven soft robots (Marchese et al., 2014; Marchese and Rus, 2016), which we then
exploited for backstepping-based control. Finally, Chapter 9 demonstrates the need for
co-optimization of sensor (and magnet) placement alongside the kinematic model and the
proprioception algorithm.

These examples highlight how the current soft robotic development process typically
follows a one-way street: a mechatronics engineer devises an innovative design (includ-
ing actuator and sensor placement), then a modeling expert formulates a kinematic and
dynamical model, followed by a perception specialist developing proprioception and exte-
roception methods, a control theorist implementing a low-level controller, and finally a
motion planning specialist designing a high-level motion policy. This sequential approach
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often results in designs that are very challenging to model and control.
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Figure 13.2: Traditional soft robot design follows a sequential process: first, the structure is created in Computer-
aided Design (CAD); next, the robot’s behavior is simulated (for example, using FEM); then, reduced-order
kinematic and dynamic models are developed; and finally, the controller is designed based on these models.
Moving forward, research should focus on a co-design approach that simultaneously optimizes the robot’s body
(e.g., structure, actuation, sensors) and its brain (modeling, perception, control).

Looking ahead, our goal is to co-design the body and the brain of the soft robot,
fostering an optimal integration of embodied (Mengaldo et al., 2022) and computational
intelligence, as illustrated in Fig.13.2. Although some initial work on soft robot co-design
exists (Bhatia et al., 2021; van Diepen and Shea, 2022; Spielberg et al., 2019; Wang et al.,
2024, 2022, 2023b), these methods are often too simplistic, discretizing the continuum into
passive, actuated, and sensorized voxels or particles. As a result, the derived designs are
rarely practical (Legrand et al., 2023; Wang et al., 2024). Additionally, most studies train a
learning-based controller (e.g., using RL) from scratch for every design iteration, which
creates a significant computational bottleneck in the co-design process (Bhatia et al., 2021;
Wang et al., 2022, 2023b). We conclude that the high computational demands of co-design
currently restrict its practical usefulness, limiting the scope of the design space that can be
explored within available computing budgets.

Future research should develop and integrate computationally efficient metrics for
manufacturability, observability, controllability, and safety to provide early feedback on the
design to the optimizer—avoiding the need for costly RL training and FEM simulations for
every design. While rigid manipulators benefit from fixed joints that simplify modeling, the
deformability of soft robots complicates the creation of low-dimensional models (Armanini
et al., 2023). Traditional trial-and-error methods for selecting backbone models (e.g., PCC,
PCS, GVS) depend heavily on a robot’s topology, actuation, and dynamics, making it
essential to co-design reduced-order models with the morphology. Moreover, using model-
based controllers rather than training a new RL policy from scratch for each design could
further accelerate the process. We discuss our perspective on soft robot co-design in more
detail in Appendix A.
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13.2.6 TowardsGeneralist Policies forRobust, Compliant, and
Interpretable Motion Behavior by Integrating Stable
Motion Primitives with Vision-Language-Action Models

In Chapter 12, we introduced a motion policy based on SMP for learning periodic motions
from demonstrations. By parameterizing the policy with an interpretable dynamical
system, we can ensure both stability and compliant behavior. However, several limitations
currently restrict its practicality: (a) most DMP/SMP methods are confined to a single
attractor type (e.g., fixed-point, limit cycle, multistability), (b) a single DMP cannot readily
capture intersecting trajectories, (c) information about the task setting and environment is
not incorporated into decision-making, and (d) these methods typically learn only one or a
few trajectories at a time.

To address these issues, future work might integrate SMPs with modern VLM/VLA
models. As shown in Fig.13.3, a VLM could generate sequences of motion steps that are then
tracked by an SMP combined with a low-level controller (e.g., an impedance controller).
This setup forms a cascaded control scheme, illustrated in Fig.13.3(a): a low-level controller
with configuration-space state feedback runs at high frequencies (around 1000Hz), the SMP
supplies end-effector motion references at approximately 100Hz, and the VLM operates at
about 10Hz, processing visual feedback to issue motion steps to the SMP.

More specifically, as depicted in Fig.13.3(b), we envision a hierarchical approach (Haresh
et al., 2024) that breaks down a high-level task—such as folding laundry—into task phases
(e.g., folding the right side of a shirt halfway) and individual motion steps, utilizing both
pretrained and posttrained VLMs1. The connection between the VLMs and the SMP is
facilitated by a motion head network—potentially based on diffusion policies (Chi et al.,
2023)—that predicts the necessary robot step, including a motion goal or waypoints, the
corresponding SMP attractor type (e.g., fixed-point, limit cycle, multistability), and the
conditioning of the SMP encoder on a motion demonstration from training. Figure 13.3(c)
illustrates how this conditioning mechanism enhances the expressiveness of SMPs, enabling
a single policy to represent a wide range of motions. During inference, both the motion
goal 𝑥d and the current end-effector position 𝑥 are passed through a bijective encoder (Rana
et al., 2020), which maps them into latent space coordinates 𝑧d and 𝑧, respectively. The
latent dynamics—governed by the latent goal and the selected attractor type—yield a latent
velocity 𝑧̇, which is then projected back into the original space using the encoder’s inverse
Jacobian. A low-level controller subsequently tracks this velocity reference by computing
the required actuation commands.

This strategy has the potential to enhance the expressiveness and generalization of
SMP-based policies by combining them with state-of-the-art models while still preserving
the interpretability and stability guarantees inherent to SMPs. These features notably
distinguish our approach from current VLA policies (Black et al., 2024; Kim et al., 2024),
which generally do not provide insight into the action generation process or offer stability
guarantees.

1Here, pretrained refers to a VLM trained on internet-scale data and large cross-embodiment datasets (Kim et al.,
2024; O’Neill et al., 2024), while posttrained indicates a version fine-tuned on smaller, high-quality datasets
specific to the robot embodiment and task (Black et al., 2024).
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End-E!ector Position x

<latexit sha1_base64="1ylgcz6Q7gbXKK6Q56ueW56CJ8U=">AAACInicbVDLSgMxFM3UVx1fVZdugkWomzLTRdVdwY2LFirYB3RKyWRu29BMZkgyQhn6LW78FTcuFHUl+DGmD0FbDwQO55zLzT1+zJnSjvNpZdbWNza3stv2zu7e/kHu8KipokRSaNCIR7LtEwWcCWhopjm0Ywkk9Dm0/NH11G/dg1QsEnd6HEM3JAPB+owSbaRe7srzYcBESkFokBO7yaZRXCVikJABeJ5diwLguNCs1s5tD0TwE+3l8k7RmQGvEndB8miBei/37gURTUIzTjlRquM6se6mRGpGOUxsL1EQEzoyazuGChKC6qazEyf4zCgB7kfSPKHxTP09kZJQqXHom2RI9FAte1PxP6+T6P5lN2UiTjQIOl/UTzjWEZ72hQMmgWo+NoRQycxfMR0SSajpQNmmBHf55FXSLBXdcrF8W8pXyos6sugEnaICctEFqqAbVEcNRNEDekIv6NV6tJ6tN+tjHs1Yi5lj9AfW1zeeRKOr</latexit>

Vision Language
Model (VLM)

<latexit sha1_base64="GRtGXGSyEMGTjXhM8WSSg4ragag=">AAACGHicbVDLSsNAFJ3UV42vqEs3g0VwVZMuqsuCG3dWsA9oQplMb9uhk0mYmRRK6Ge48VfcuFDEbXf+jdM2grYeGDiccy537gkTzpR23S+rsLG5tb1T3LX39g8Oj5zjk6aKU0mhQWMey3ZIFHAmoKGZ5tBOJJAo5NAKR7dzvzUGqVgsHvUkgSAiA8H6jBJtpK5z5YcwYCKjIDTIqd1kKiUc34cK5HiRUbYPovcT6Dolt+wugNeJl5MSylHvOjO/F9M0MuOUE6U6npvoICNSM8phavupgoTQERlAx1BBIlBBtjhsii+M0sP9WJonNF6ovycyEik1iUKTjIgeqlVvLv7ndVLdvwkyJpJUg6DLRf2UYx3jeUu4xyRQzSeGECqZ+SumQyIJNR0o25TgrZ68TpqVslctVx8qpVo1r6OIztA5ukQeukY1dIfqqIEoekIv6A29W8/Wq/VhfS6jBSufOUV/YM2+ARr0oQs=</latexit>

Visual Observations

<latexit sha1_base64="BoKbRkFn/xPyIuMccq3diBDHZ40=">AAACCXicbVDLSsNAFJ3UV42vqEs3g0VwVZIuqsuCG5cV+oI2lMnkph06mYSZiVBCt278FTcuFHHrH7jzb5y2EbT1wMDhnHu4c0+Qcqa0635ZpY3Nre2d8q69t39weOQcn3RUkkkKbZrwRPYCooAzAW3NNIdeKoHEAYduMLmZ+917kIoloqWnKfgxGQkWMUq0kYYOHgQwYiKnIDTImd0iamIPQIQ/ytCpuFV3AbxOvIJUUIHm0PkchAnNYhOnnCjV99xU+zmRmlEOM3uQKUgJnZAR9A0VJAbl54tLZvjCKCGOEmme0Hih/k7kJFZqGgdmMiZ6rFa9ufif1890dO3nTKSZBkGXi6KMY53geS04ZBKo5lNDCJXM/BXTMZGEmg6UbUrwVk9eJ51a1atX63e1SqNe1FFGZ+gcXSIPXaEGukVN1EYUPaAn9IJerUfr2Xqz3pejJavInKI/sD6+AeyBmnU=</latexit>

Task

<latexit sha1_base64="txBfmtgoBcN6KPypvZlVJIeDRFU="></latexit> O
u
te

r
C

on
tr

o
l
L
o
op

<latexit sha1_base64="t3JLWAYaulHoRVtr9JH/HGVsSvs="></latexit> In
n
er

C
on

tr
ol

L
o
op

(a) Overview: Integration of Stable Motion Primitives (SMPs) with Vision-
Language-Action (VLAs) Models

<latexit sha1_base64="g06Nrz9zzm8zMHGBHBxVQ96bBtM=">AAAB+XicbVDLSgNBEOyNrxhfqx69DAbBU9jNIXoM6MFjhDyEZAmzk95kyOzsMjMbCEv+xIsHRbz6J978GyePgyYWNBRV3XR3hang2njet1PY2t7Z3Svulw4Oj45P3NOztk4yxbDFEpGop5BqFFxiy3Aj8ClVSONQYCcc3839zgSV5olsmmmKQUyHkkecUWOlvus2qR6Te9RM8XQplb2KtwDZJP6KlGGFRt/96g0SlsUoDRNU667vpSbIqTKcCZyVepnGlLIxHWLXUklj1EG+uHxGrqwyIFGibElDFurviZzGWk/j0HbG1Iz0ujcX//O6mYlug5zLNDMo2XJRlAliEjKPgQy4QmbE1BJqX7e3EjaiijJjwyrZEPz1lzdJu1rxa5XaY7Vcr67iKMIFXMI1+HADdXiABrSAwQSe4RXenNx5cd6dj2VrwVnNnMMfOJ8/aJqTew==</latexit>

Task Description
<latexit sha1_base64="kfw+aN53AWzaL2jKtJfCnNFZisM=">AAACFXicbVDLSsNAFJ3UV42vqEs3wSK4kJJ0UV0W3LhQqGAf0IQymdy0QyeTMDMRSuhPuPFX3LhQxK3gzr9x2kbQ1gMDh3PumZl7gpRRqRznyyitrK6tb5Q3za3tnd09a/+gLZNMEGiRhCWiG2AJjHJoKaoYdFMBOA4YdILR5dTv3IOQNOF3apyCH+MBpxElWGmpb515AQwozwlwBWJiNgUogfVloeeZ7esb0wMe/rh9q+JUnRnsZeIWpIIKNPvWpxcmJIt1nDAsZc91UuXnWChKGExML5OQYjLCA+hpynEM0s9nW03sE62EdpQIfbiyZ+rvRI5jKcdxoCdjrIZy0ZuK/3m9TEUXfk55mingZP5QlDFbJfa0IjukAohiY00wEVT/1SZDLDDRHUhTl+AurrxM2rWqW6/Wb2uVRq2oo4yO0DE6RS46Rw10hZqohQh6QE/oBb0aj8az8Wa8z0dLRpE5RH9gfHwDp4qfFQ==</latexit>

Pretrained
VLM

<latexit sha1_base64="6i8quyYzc1gDs4VBT7mUofZNFKo=">AAAB7HicbVBNS8NAFHzxs9avqkcvi0XwVJIi1WPBi8cKpi20oWy2m3bpZhN2X4QS+hu8eFDEqz/Im//GbZuDtg4sDDNv2PcmTKUw6Lrfzsbm1vbObmmvvH9weHRcOTltmyTTjPsskYnuhtRwKRT3UaDk3VRzGoeSd8LJ3dzvPHFtRKIecZryIKYjJSLBKFrJ7w8TNINK1a25C5B14hWkCgVag8qXzbEs5gqZpMb0PDfFIKcaBZN8Vu5nhqeUTeiI9yxVNOYmyBfLzsilVYYkSrR9CslC/Z3IaWzMNA7tZExxbFa9ufif18swug1yodIMuWLLj6JMEkzI/HIyFJozlFNLKNPC7krYmGrK0PZTtiV4qyevk3a95jVqjYfrarNe1FGCc7iAK/DgBppwDy3wgYGAZ3iFN0c5L86787Ec3XCKzBn8gfP5A/Aqjr0=</latexit> ..
.

<latexit sha1_base64="3HtKCo7x6amukce3wRcNpYBvzPg=">AAACFnicbVDLSsNAFJ3UV42vqEs3wSK4sSRdVJcFNy4UKtgHNKFMJjft0MkkzEyEEvoVbvwVNy4UcSvu/BunbQRtPTBwOOeembknSBmVynG+jNLK6tr6RnnT3Nre2d2z9g/aMskEgRZJWCK6AZbAKIeWoopBNxWA44BBJxhdTv3OPQhJE36nxin4MR5wGlGClZb61pkXwIDynABXICZmM5FKCaxvCz3PbF/fmB7w8MfuWxWn6sxgLxO3IBVUoNm3Pr0wIVms44RhKXuukyo/x0JRwmBiepmEFJMRHkBPU45jkH4+W2tin2gltKNE6MOVPVN/J3IcSzmOAz0ZYzWUi95U/M/rZSq68HPK00wBJ/OHoozZKrGnHdkhFUAUG2uCiaD6rzYZYoGJ7kCaugR3ceVl0q5V3Xq1flurNGpFHWV0hI7RKXLROWqgK9RELUTQA3pCL+jVeDSejTfjfT5aMorMIfoD4+MboWefng==</latexit>

Posttrained
VLM

<latexit sha1_base64="yyixmv6gO0og4VpxpBiuWDu6JVE=">AAACJHicbVDLSgMxFM3U9/iqunQTLIKCDDNdVMGNoItuhArWFjqlZDJ32tBMZkgyQhn6MW78FTcufODCjd9iplZQ64HA4Zxzk9wTpJwp7brvVmlufmFxaXnFXl1b39gsb23fqCSTFJo04YlsB0QBZwKammkO7VQCiQMOrWB4XvitW5CKJeJaj1LoxqQvWMQo0UbqlU/9APpM5BSEBjm2L5NCx3Ugoe/bB+D0nSN8waIoK644tH0Q4Xe4V664jjsBniXelFTQFI1e+cUPE5rFZpxyolTHc1PdzYnUjHIY236mICV0SPrQMVSQGFQ3nyw5xvtGCXGUSHOExhP150ROYqVGcWCSMdED9dcrxP+8Tqajk27ORJppEPTroSjjWCe4aAyHTALVfGQIoZKZv2I6IJJQ04GyTQne35VnyU3V8WpO7apaOatO61hGu2gPHSAPHaMzVEcN1EQU3aEH9ISerXvr0Xq13r6iJWs6s4N+wfr4BJtepCI=</latexit>

Motion Head
(e.g., Di!usion)

<latexit sha1_base64="Wp8MQRuIO7cC+WZhZNahQd8JFwM="></latexit>

EE Waypoint
(0.4, 0.2, 0.4)

: To evaluate our base

<latexit sha1_base64="qoMxct4fUpkavi0q9V5BIXLfvBc=">AAACGnicbVDLSsNAFJ34rPFVdekmWARXJemiuix040aoYB/QlDKZ3KRDJzNhZiKU0O9w46+4caGIO3Hj3zhpK2jrgYHDeTDcE6SMKu26X9ba+sbm1nZpx97d2z84LB8dd5TIJIE2EUzIXoAVMMqhralm0Esl4CRg0A3GzcLv3oNUVPA7PUlhkOCY04gSrI00LHt+ADHlOQGuQU7tG1Hovm83BQ9pwSmPbR94+BMZlitu1Z3BWSXeglTQAq1h+cMPBckSUycMK9X33FQPciw1JQymtp8pSDEZ4xj6hnKcgBrks9OmzrlRQicS0jyunZn6u5HjRKlJEphkgvVILXuF+J/Xz3R0NcgpTzMNnMw/ijLmaOEUOzkhlUA0mxiCiTRLEIeMsMTEbKBsM4K3fPIq6dSqXr1av61VGrXFHCV0is7QBfLQJWqga9RCbUTQA3pCL+jVerSerTfrfR5dsxadE/QH1uc3VayhpQ==</latexit>
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<latexit sha1_base64="zRWZFVxF7ilO1VH+PwQKfwcDVTQ=">AAACDXicbVC7TsMwFHV4lvAKMLJYFCSmKulQGCuxsFEk+pDaqHKcm9aq40S2g1RF/QEWfoWFAYRY2dn4G9w2SNByJEtH59xj+54g5Uxp1/2yVlbX1jc2S1v29s7u3r5zcNhSSSYpNGnCE9kJiALOBDQ10xw6qQQSBxzawehq6rfvQSqWiDs9TsGPyUCwiFGijdR3TnsBDJjIKQgNcmLfSEI5YM/ugQh/1L5TdivuDHiZeAUpowKNvvPZCxOaxSZOOVGq67mp9nMiNTO3T+xepiAldEQG0DVUkBiUn8+2meAzo4Q4SqQ5QuOZ+juRk1ipcRyYyZjooVr0puJ/XjfT0aWfM5FmGgSdPxRlHOsET6vBIZNANR8bQqhk5q+YDokpxHSgbFOCt7jyMmlVK16tUrutluvVoo4SOkYn6Bx56ALV0TVqoCai6AE9oRf0aj1az9ab9T4fXbGKzBH6A+vjG1Cxm60=</latexit>

Oracle 1
<latexit sha1_base64="KcdZQKC6tMTn78f3jxhjufzw4KM=">AAACDXicbVC7TsMwFHV4lvAKMLJYFCSmKslQGCuxsFEk+pCaqHLc29aq40S2g1RF/QEWfoWFAYRY2dn4G9w2SNByJEtH59xj+54o5Uxp1/2yVlbX1jc2S1v29s7u3r5zcNhUSSYpNGjCE9mOiALOBDQ00xzaqQQSRxxa0ehq6rfuQSqWiDs9TiGMyUCwPqNEG6nrnAYRDJjIKQgNcmLfSEI5YN8OQPR+1K5TdivuDHiZeAUpowL1rvMZ9BKaxSZOOVGq47mpDnMiNTO3T+wgU5ASOiID6BgqSAwqzGfbTPCZUXq4n0hzhMYz9XciJ7FS4zgykzHRQ7XoTcX/vE6m+5dhzkSaaRB0/lA/41gneFoN7jEJVPOxIYRKZv6K6ZCYQkwHyjYleIsrL5OmX/GqleqtX675RR0ldIxO0Dny0AWqoWtURw1E0QN6Qi/o1Xq0nq03630+umIVmSP0B9bHN1JCm64=</latexit>

Oracle 2

<latexit sha1_base64="0vL2hBv0fpGWQDwzcT5AspaqF3g=">AAACDXicbVDLSgMxFM3UVx1fVZduglVwVWYqVJcFN+6sYB/QGUomc6cNzWSGJCOUoT/gxl9x40IRt+7d+TemD0FbDwQO59yT5J4g5Uxpx/myCiura+sbxU17a3tnd6+0f9BSSSYpNGnCE9kJiALOBDQ10xw6qQQSBxzawfBq4rfvQSqWiDs9SsGPSV+wiFGijdQrnXgB9JnIKQgNcmzfSEI54HPbAxH+qL1S2ak4U+Bl4s5JGc3R6JU+vTChWWzilBOluq6Taj8nUjNz+9j2MgUpoUPSh66hgsSg/Hy6zRifGiXEUSLNERpP1d+JnMRKjeLATMZED9SiNxH/87qZji79nIk00yDo7KEo41gneFINDpkEqvnIEEIlM3/FdEBMIaYDZZsS3MWVl0mrWnFrldpttVyvzusooiN0jM6Qiy5QHV2jBmoiih7QE3pBr9aj9Wy9We+z0YI1zxyiP7A+vgFT05uv</latexit>

Oracle 3

<latexit sha1_base64="xHsAcpyYLdmWbJunHTzDRbkUoBU=">AAACEXicbVDLSsNAFJ34rPEVdekmWISuStJFdVkQxGUF+4AmlMnkth06mQkzE6GE/oIbf8WNC0XcunPn3zhtI2jrgYHDOfdw554oZVRpz/uy1tY3Nre2Szv27t7+waFzdNxWIpMEWkQwIbsRVsAoh5ammkE3lYCTiEEnGl/N/M49SEUFv9OTFMIEDzkdUIK1kfpOJYhgSHlOgGuQU/tasDgIbDWiUtsB8PjH6Ttlr+rN4a4SvyBlVKDZdz6DWJAsMXHCsFI930t1mGOpKWEwtYNMQYrJGA+hZyjHCagwn180dc+NErsDIc3j2p2rvxM5TpSaJJGZTLAeqWVvJv7n9TI9uAxzytNMAyeLRYOMuVq4s3rcmEogmk0MwURS81eXjLDExHSgbFOCv3zyKmnXqn69Wr+tlRu1oo4SOkVnqIJ8dIEa6AY1UQsR9ICe0At6tR6tZ+vNel+MrllF5gT9gfXxDdf+nZ8=</latexit>

Fold
shirt

<latexit sha1_base64="UTmm/K4f/pEg2bEmA2love94DFM=">AAACG3icbVDLSsNAFJ34rPEVdekmWARXJemiuiy4UXBRwT6gCWUyuUmHTiZhZiKU0P9w46+4caGIK8GFf+O0jaCtBwYO55zLnXuCjFGpHOfLWFldW9/YrGyZ2zu7e/vWwWFHprkg0CYpS0UvwBIY5dBWVDHoZQJwEjDoBqPLqd+9ByFpyu/UOAM/wTGnESVYaWlg1b0AYsoLAlyBmJg3mMc5jsHzzGsulcjJNGd6wMOfzMCqOjVnBnuZuCWpohKtgfXhhSnJEz1OGJay7zqZ8gssFCUMJqaXS8gwGem1fU05TkD6xey2iX2qldCOUqEfV/ZM/T1R4ETKcRLoZILVUC56U/E/r5+r6MIvKM9yBZzMF0U5s1VqT4uyQyqAKDbWBBNB9V9tMsQCE92BNHUJ7uLJy6RTr7mNWuO2Xm3Wyzoq6BidoDPkonPURFeohdqIoAf0hF7Qq/FoPBtvxvs8umKUM0foD4zPbzAuoho=</latexit>
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<latexit sha1_base64="B80VKFg3c84YR48E283Zcizm70c=">AAACFXicbVDLSsNAFJ3UV42vqEs3wSK4kJJ0UV0WunFZwT6gCWUyuWmHTiZhZiKW0J9w46+4caGIW8Gdf+O0jaCtBwYO59zDnXuClFGpHOfLKK2tb2xulbfNnd29/QPr8Kgjk0wQaJOEJaIXYAmMcmgrqhj0UgE4Dhh0g3Fz5nfvQEia8Fs1ScGP8ZDTiBKstDSwLrwAhpTnBLgCMTU7VGaYeZ7ZTLRwr0wPePjjDqyKU3XmsFeJW5AKKtAaWJ9emJAs1nHCsJR910mVn2OhKGEwNb1MQorJGA+hrynHMUg/n181tc+0EtpRIvTjyp6rvxM5jqWcxIGejLEayWVvJv7n9TMVXfk55WmmgJPFoihjtkrsWUV2SAUQxSaaYCKo/qtNRlhgojuQpi7BXT55lXRqVbderd/UKo1aUUcZnaBTdI5cdIka6Bq1UBsR9ICe0At6NR6NZ+PNeF+Mlowic4z+wPj4BjXtn3E=</latexit>
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<latexit sha1_base64="0jvkk4CcvZ/FBIKZlc6Zmp4BLE8="></latexit>

Fold the right
side of the shirt

to the half

<latexit sha1_base64="Djbw2t3wEjq1Kw9OAA3GbxqN3js=">AAACEXicbVDLSsNAFJ3UV42vqEs3wSJ0VZIuqsuCG3dWsA9oQplMbtuhk0mYmRRK6C+48VfcuFDErTt3/o3TNIK2Hhg4nHMPd+4JEkalcpwvo7SxubW9U9419/YPDo+s45OOjFNBoE1iFotegCUwyqGtqGLQSwTgKGDQDSbXC787BSFpzO/VLAE/wiNOh5RgpaWBVfUCGFGeEeAKxNy8DSSIaW5K0wMe/jgDq+LUnBz2OnELUkEFWgPr0wtjkkY6ThiWsu86ifIzLBQlDOaml0pIMJngEfQ15TgC6Wf5RXP7QiuhPYyFflzZufo7keFIylkU6MkIq7Fc9Rbif14/VcMrP6M8SRVwslw0TJmtYntRjx1SAUSxmSaYCKr/apMxFpjoDqSpS3BXT14nnXrNbdQad/VKs17UUUZn6BxVkYsuURPdoBZqI4Ie0BN6Qa/Go/FsvBnvy9GSUWRO0R8YH9+5m54t</latexit>

Observations

<latexit sha1_base64="6i8quyYzc1gDs4VBT7mUofZNFKo=">AAAB7HicbVBNS8NAFHzxs9avqkcvi0XwVJIi1WPBi8cKpi20oWy2m3bpZhN2X4QS+hu8eFDEqz/Im//GbZuDtg4sDDNv2PcmTKUw6Lrfzsbm1vbObmmvvH9weHRcOTltmyTTjPsskYnuhtRwKRT3UaDk3VRzGoeSd8LJ3dzvPHFtRKIecZryIKYjJSLBKFrJ7w8TNINK1a25C5B14hWkCgVag8qXzbEs5gqZpMb0PDfFIKcaBZN8Vu5nhqeUTeiI9yxVNOYmyBfLzsilVYYkSrR9CslC/Z3IaWzMNA7tZExxbFa9ufif18swug1yodIMuWLLj6JMEkzI/HIyFJozlFNLKNPC7krYmGrK0PZTtiV4qyevk3a95jVqjYfrarNe1FGCc7iAK/DgBppwDy3wgYGAZ3iFN0c5L86787Ec3XCKzBn8gfP5A/Aqjr0=</latexit> ..
.

<latexit sha1_base64="FO7SOWDETtnBu2CE5QyqUBRF8a0=">AAACEXicbVC7TsMwFHV4lvAKMLJYVEidqqRDYazEwlikvqQ2qhznprXqOJHtIFVRf4GFX2FhACFWNjb+BrcNErQcydLROffYvidIOVPadb+sjc2t7Z3d0p69f3B4dOycnHZUkkkKbZrwRPYCooAzAW3NNIdeKoHEAYduMLmZ+917kIoloqWnKfgxGQkWMUq0kYZOZRDAiImcgtAgZ3aLqAlujs2N2LMHIMIfZ+iU3aq7AF4nXkHKqEBz6HwOwoRmsYlTTpTqe26q/ZxIzSiHmT3IFKSETsgI+oYKEoPy88VGM3xplBBHiTRHaLxQfydyEis1jQMzGRM9VqveXPzP62c6uvZzJtJMg6DLh6KMY53geT04ZBKo5lNDCJXM/BXTMZGEmg6UbUrwVldeJ51a1atX63e1cqNW1FFC5+gCVZCHrlAD3aImaiOKHtATekGv1qP1bL1Z78vRDavInKE/sD6+ARWwnSM=</latexit>

Task Phase 1

<latexit sha1_base64="EFsRPCN+eUhG4kJO6DqSwDujUOc=">AAACE3icbVDLSgMxFM3UVx1foy7dBFtBXJSZLqrLghtXUqEvaIeSSW/b0ExmSDJCGfoPbvwVNy4UcevGnX9j2o6grQcCh3PuSXJPEHOmtOt+Wbm19Y3Nrfy2vbO7t3/gHB41VZRICg0a8Ui2A6KAMwENzTSHdiyBhAGHVjC+nvmte5CKRaKuJzH4IRkKNmCUaCP1nItuAEMmUgpCg5zadaLGuDYyN+LibdHuguj/eD2n4JbcOfAq8TJSQBlqPeez249oEpo45USpjufG2k+J1IxymNrdREFM6JgMoWOoICEoP53vNMVnRunjQSTNERrP1d+JlIRKTcLATIZEj9SyNxP/8zqJHlz5KRNxokHQxUODhGMd4VlBuM8kUM0nhhAqmfkrpiMiCTUdKNuU4C2vvEqa5ZJXKVXuyoVqOasjj07QKTpHHrpEVXSDaqiBKHpAT+gFvVqP1rP1Zr0vRnNWljlGf2B9fAMSfp2c</latexit>
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Figure 2: Architecture of the diffeomorphic mapping network.

Figure 1(a)–(b) shows the iso-contours of a potential function � which generate straight-line
motions on the Euclidean space, and the corresponding potential function � � on the Riemannian
manifold. The isocontours show equidistant points to the goal in the Riemannian manifold, thus
revealing the underlying geometry. Figure 1(c)–(d) shows the trajectories generated by the same
underlying system observed in the corresponding coordinate systems.

4. Learning Stable Dynamics Using Diffeomorphisms
We view human demonstrations as goal-directed motions on an n-dimensional Riemannian man-
ifold, governed by a stable dynamical system of the form (4). We view this dynamical system to
be equivalent, under a change of coordinates, to another system defined on a latent space. Our key
insight here is: a diffeomorphism can warp a simple potential function into a more complicated
one, and hence transform straight-line trajectories into severely curved motions. As a result, the
problem of learning stable dynamical systems reduces to a diffeomorphism learning problem.

4.1. Problem Statement
Assume the availability of N human demonstrations, each composed of Ti position-velocity pairs,
denoted by {{(x̃i,t, ˙̃xi,t)}Ti

t=1}N
i=1. We seek to find a dynamical system ẋ = f (x) that reproduces

the demonstrations while ensuring stability. As illustrated in Section 3.3, we represent the system
as the gradient descent system ẏ = �ry�(y) after a change of coordinates defined by  .

Although both the diffeomorphism  and the potential function � can shape the dynamical
system (4), we view them as playing fundamentally different roles: the potential function � dictates
the theoretical property of the dynamics, e.g. stability guarantees, while the diffeomorphism  
provides expressivity to our hypothesis class. As a result, we specify a simple potential function
�(y) = ky � y⇤k, with y⇤ =  (x⇤). This potential function generates unit-velocity straight-
line motions to the globally asymptotically stable equilibrium point y⇤. The diffeomorphism acts to
deform these straight lines to arbitrarily curved motions converging to x⇤, where the demonstrations
converge. With a parameterized diffeomorphism  ✓, the learning problem reduces to solving,

✓̂ = arg min
✓

1
PN

i=1 Ti

NX

i=1

TiX

t=1

�� ˙̃xi,t � f ✓
(x̃i,t)

��2

2
(5)

To avoid notation complexity, we will drop the subscript ✓ in the remainder of this paper.

4.2. A Class of Expressive Diffeormorphisms
By definition, a diffeomorphism is required to be both, bijective and continuously differentiable.
To achieve this, we impose structure in the learning problem by realizing a diffeomorphism by a
composition of K diffeomorphisms =  1� 2�· · ·� K , with each diffeomorphism k : Rn ! Rn
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ẋ/ẍ
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(a) (b) (c) (d)

Figure 1: (a)-(b): Isocontours showing equidistant points from the origin (green cross) in a Euclidean space
and a Riemannian manifold respectively. (c)-(d): Velocity fields governing shortest distance paths to the
origin in the two spaces; rollouts from specific locations are overlayed in red.

3. Background: Stability, Diffeomorphism, and Riemannian Manifolds
We briefly summarize the theoretical background for this paper. First, we introduce the concept
of global asymptotic stability and how it can be shown through an auxiliary function, i.e. a Lya-
punov function. Next, we discuss how one dynamical system can be described in different ways
through a change of coordinates using a diffeomorphism. Finally, we shed light into the geometric
interpretation of diffeomorphisms, especially when applied to gradient descent dynamical systems.

Notation: To define mappings, we use symbol ! to specify domains and co-domians, e.g.
 : Rn ! R, and 7! for how individual elements of the domains are mapped, e.g.  : x ! y. We
use both symbols r and @ to denote derivatives, with a transposed relationship: consider x 2 Rn

and a differentiable map  : Rn ! R, then rx (x) = @ 
@x

>
. To evaluate functions which involve

derivatives denoted by @, we use subscripts of brackets, e.g.,
⇥@ 
@x

⇤
x=0

= rx (0)>. We use the
notation � for function composition, i.e., for f : Rm ! Rp and g : Rn ! Rm, (f�g)(x) = f(g(x)).

3.1. Global Asymptotic Stability
Consider an n-dimensional differentiable manifold M with a global coordinate x : M ! Rn,
which maps the manifold M to a point in Rn. With a slight abuse of notation, we will use the
coordinate x to both represent the map x : M ! Rn and the point x 2 Rn. A dynamical system on
the manifold M can be described as a dynamical system on Rn under coordinate x. We consider
the dynamical system in the following form,

ẋ = f(x), where f : Rn ! Rn is locally Lipschitz continuous. (1)
While there are multiple definitions of stability, we are specifically concerned with whether the sys-
tem can converge to a point of interest x⇤ 2 Rn from an arbitrary initial state on Rn. Assume that
x⇤ is an equilibrium point for the system, i.e., f(x⇤) = 0, this desired convergent property can be
characterized by global asymptotic stability1 of the equilibrium point x⇤. The global asymptotic sta-
bility can be shown through a continuously differentiable, positive-definite, and radially unbounded
function called Lyapunov function [17]. A Lyapunov function V : Rn ! R is a scalar valued
function which satisfies that (i) V̇ (x) = rxV (x)> f(x) < 0 for all x 6= x⇤ and (ii) V̇ (x⇤) = 0 at
the equilibrium x⇤. If there exists such a Lyapunov function V , the equilibrium point x⇤ is globally
asymptotically stable: all trajectories converge to the point x⇤.

3.2. Change of Coordinates for Dynamical Systems
Consider a bijective map  : Rn ! Rn. The bijective map  is a diffeomorphism if both the map  
and its inverse map  �1 are continuously differentiable. We further assume that the diffeomorphism

1. We refer the reader to [17] for a more rigorous and thorough introduction of stability properties of dynamical system.
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(c) Expressive SMPs

Figure 13.3: Concept for the Integrating SMPs with VLAs models: The VLM, composed of a pretrained and
posttrained part, receives, possibly multimodal, task instructions, and its motion head translates them into robot
motion steps instead of directly outputting actions. These robot motion steps, consisting of, for example, a motion
goal, the motion attractor class, and conditioning on the demonstration/oracle, then shape the behavior of the
motion policy parametrized by a dynamical system (i.e., a SMP).
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A
Safe yet Effective Soft

Robots via Holistic
Co-Design

Foreword. In this thesis, we employed (so far) a traditional sequential design process:
the soft robot’s morphology—including its structural shape, actuation, and sensor place-
ment—was predefined and assumed fixed. We then derived or learned reduced-order
kinematic and control-oriented dynamic models, leveraging this model knowledge within
controllers whose parameters (e.g., gains) were subsequently tuned. A notable example
of this process is the design of HSA robots, extensively covered in this work. First, their
design and actuation were developed at the Distributed Robotics Laboratory (DRL) at
MIT (Chin et al., 2018; Lipton et al., 2018; Truby et al., 2021). Subsequently, we developed in
this thesis modeling and control approaches for such HSA robots. In Chapter 5, we derived
kinematic and dynamic models from first principles—relying heavily on our intuition and
prior experience for the kinematic model—and determined their parameters via system
identification. We then devised model-based controllers in Chapter 6 and experimentally
tuned their gains, culminating in the development of a BMI interface in Chapter 7 to guide
the low-level controller using EEG-measured brain signals. However, this sequential pro-
cess prevents insights gained during later stages, such as closed-loop control experiments,
from influencing the morphological design. This is a common challenge within the soft
robotics community, where many designs prove difficult to model with reduced-order
approaches and control accurately. In this appendix, we instead consider the co-design of
the body (morphology) and the brain (control and perception algorithms) of soft robots,
incorporating structured feedback mechanisms to iteratively optimize the entire design.
Specifically, we review current gaps in soft robot co-design techniques and propose solu-
tions through a holistic co-design framework, which also considers the co-optimization of
control-oriented reduced-order models and (model-based) controllers.
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Abstract. Soft robots promise inherent safety via their material compliance for seamless
interactions with humans or delicate environments. Yet, their development is challenging
because it requires integrating materials, geometry, actuation, and autonomy into complex
mechatronic systems. Despite progress, the field struggles to balance task-specific performance
with broader factors like durability and manufacturability—a difficulty that we find is com-
pounded by traditional sequential design processes with their lack of feedback loops. In this
perspective, we review emerging co-design approaches that simultaneously optimize the body
and brain, enabling the discovery of unconventional designs highly tailored to the given tasks.
We then identify three key shortcomings that limit the broader adoption of such co-design
methods within the soft robotics domain. First, many rely on simulation-based evaluations
focusing on a single metric, while real-world designs must satisfy diverse criteria. Second,
current methods emphasize computational modeling without ensuring feasible realization,
risking sim-to-real performance gaps. Third, high computational demands limit the explo-
ration of the complete design space. Finally, we propose a holistic co-design framework that
addresses these challenges by incorporating a broader range of design values, integrating
real-world prototyping to refine evaluations, and boosting efficiency through surrogate metrics
and model-based control strategies. This holistic framework, by simultaneously optimizing
functionality, durability, and manufacturability, has the potential to enhance reliability and
foster broader acceptance of soft robotics, transforming human-robot interactions.

This chapter is partly based on�M. Stölzle*, N. Pagliarani*, F. Stella, J. Hughes, C. Laschi, D. Rus, M. Cianchetti, C.
Della Santina, and G. Zardini (2025). Soft yet Effective Robots via Holistic Co-Design. In Nature Machine Intelligence,
Under Review (Stölzle et al., 2025a).
∗M.S. and N.P. contributed equally to this work. M.S. conceived and led the project. All authors contributed ideas
to this perspective. M.S., N.P., and F.S. collaborated on the figures and graphics. M.S. wrote the majority, and N.P.
and F.S. wrote parts of the manuscript. All authors revised the manuscript. G.Z., C.D.S., M.C., and J.H. supervised
the project and provided funding.
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A.1 Introduction

R obots have long been used in industrial tasks requiring precision and strength, such as
assembly and manufacturing (Todd, 1996). However, societal challenges now call for

robots designed for human-centered environments like homes and public spaces (Chibani
et al., 2013; Nahavandi, 2019; Royakkers and Van Est, 2015). To operate safely in dynamic,
unpredictable settings—and in line with Asimov’s First Law to avoid harming humans (Asi-
mov, 1941; Villani et al., 2018)—robots should incorporate inherent physical compliance.
Modern systems use advanced controls like safety filters, compliant control, real-time colli-
sion detection, and predefined safety zones (Zhao et al., 2024b), relying on sophisticated
sensors and algorithms to preempt hazards (Fragapane et al., 2021). Collaborative robots
(cobots) are designed with decoupled actuators, reduced inertia, and compliant controllers
for safer human interaction, yet their rigid components can still pose risks (Haddadin et al.,
2009). Although collision detection can mitigate danger by slowing or stopping robots near
humans (Haddadin, 2013), it does not completely eliminate injury risk.

Soft robotics offers a transformative approach by embedding safety directly into
a robot’s materials and structure, reducing reliance on complex computational algo-
rithms (Laschi et al., 2016; Rus and Tolley, 2015). This inherent compliance enables safe
human interaction and operation in sensitive settings such as personal assistance, care-
giving, and handling delicate items (Abidi and Cianchetti, 2017; Pasquier et al., 2025).
However, soft robot development is inherently complex, requiring the seamless integration
of materials, geometry, actuation, sensing, compliant continuum dynamics, perception,
and control systems. It is notably difficult to predict how morphological changes affect
closed-loop motion, as the design space is much larger than for rigid robots, and the capa-
bilities of the autonomy stack and control are inherently limited by the body. For some
morphologies with very complex deformations, designing effective proprioception and
control systems is even intractable. Consequently, we observe that traditional sequential
design processes (van Boeijen et al., 2020)—which move from conceptual design through
mechatronic design to the development of autonomy and control systems—struggle with
this complexity, leading to robots that exhibit imprecise, oscillatory motions, limited pay-
load capacity, and inadequate force output (Cianchetti et al., 2013; Hawkes et al., 2017; Iida
and Laschi, 2011; Majidi, 2014; Mazzolai et al., 2022).

RelatedWork and Limitations Co-design strategies have proven effective in addressing
multi-objective problems and accommodating the compositional, hierarchical nature of
complex systems (Zardini, 2023). In this perspective, we review recent studies that have
introduced algorithms for simultaneous optimization of soft robot morphology and control
systems (Bhatia et al., 2021; Chen and Wang, 2020; Junge and Hughes, 2022; Legrand
et al., 2023; Medvet et al., 2021; Navez, 2024; Spielberg et al., 2021, 2019; Van Diepen and
Shea, 2018; Wang et al., 2024, 2022, 2023b). However, we identify several shortcomings
that limit their broader application. First, computationally expensive optimization cycles
hinder exploration of the full design space (Chen andWang, 2020), due to high-dimensional
discretizations (Legrand et al., 2023; Medvet et al., 2021, 2022; Spielberg et al., 2019; Wang
et al., 2023a, 2024, 2022, 2023b), inefficient algorithms (e.g., evolutionary ones) (Bhatia
et al., 2021; Chen and Wang, 2020; Hiller and Lipson, 2012; Medvet et al., 2021, 2022;
Rieffel et al., 2014), costly RL-based control training (Bhatia et al., 2021; Wang et al.,
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2023a, 2022, 2023b), and reliance on intensive simulations for fitness evaluation (Legrand
et al., 2023; Medvet et al., 2021, 2022; Spielberg et al., 2019; Wang et al., 2023a, 2024, 2022,
2023b). Second, a narrow focus on easily computable evaluation metrics (e.g., locomotion
speed (Wang et al., 2024), workspace (Guan et al., 2023)) often neglects other vital design
values such as manufacturability (Kim et al., 2025), safety, cost, ecological impact, usability,
and regulatory requirements (Junge and Hughes, 2022). Third, the actual realization of
the design is rarely (Junge and Hughes, 2022) factored into the co-design optimization
process, which limits the incorporation of insights gained from fabrication, prototyping, and
lab/field testing. Similarly, the uncertainty associated with simulation-derived evaluation
metrics is seldom considered (Chen and Wang, 2020), leading to designs that perform
well in simulations but underperform in real-world scenarios. Finally, current co-design
methods generally fail to incorporate diverse stakeholder input or account for (all) end-user
requirements.

We recognize that parallel yet disconnected efforts exist to address these challenges.
For instance, efficient category theory–based algorithms have recently been developed
for the co-design of self-driving vehicles, considering diverse design values such as cost,
compute requirements, vehicle mass, and power (Milojevic et al., 2025; Zardini et al., 2021b,
2022b). In ML, there is a strong emphasis on generative models for design generation (Vah-
dat et al., 2022), with recent applications in soft robot co-design (Song et al., 2024; Wang
et al., 2024), enabling optimization in a reduced-order space while recovering the full
design description. Furthermore, literature in ML and soft robotics explores how to learn
reduced-order dynamic models for efficient model-based controller derivation (Alkayas
et al., 2025; Alora et al., 2023a; Della Santina et al., 2023; Hewing et al., 2020; Stölzle and
Della Santina, 2024) as an alternative to sample-inefficient RL. Additionally, concepts
from nonlinear systems and robotics—such as observability (Griffith and Kumar, 1971),
controllability (Zheng et al., 2019), and safety (Haddadin, 2013; Standard, 2016)—offer
computationally inexpensive metrics to assess design fitness. Finally, a robust body of
work in Bayesian optimization (Garnett, 2023; Hernández-Lobato et al., 2014), RL (Sutton
et al., 1998), and co-design (Furter et al., 2025; Huang et al., 2025) has explored incorpo-
rating uncertainty in evaluation metrics during optimization and using exploration (i.e.,
realization) to reduce that uncertainty. The goal of this perspective is to synthesize these
related yet isolated research directions into a holistic co-design framework that addresses
the shortcomings of existing approaches.

Proposed Framework This perspective outlines a holistic co-design framework that
integrates design components, stakeholder values, design processes, and optimization
strategies, addressing key limitations of prior soft robotic co-design approaches through
five core advances. First, the framework broadens the range of considered objectives and
constraints to include safety, fabrication and operational costs, environmental impact,
and regulatory compliance. Second, we introduce enhancements to computational co-
design, boosting computational efficiency and allowing for global optimization over the
design space. Specifically, this is achieved by (i) sampling from reduced-order design
spaces decoded into full morphologies (Wang et al., 2024); (ii) co-optimizing reduced-order
dynamical models, both physics-based (Armanini et al., 2023) and learned (Alkayas et al.,
2025; Liu et al., 2024a; Navez et al., 2025; Stölzle and Della Santina, 2024; Valadas et al., 2025),
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to capture task-relevant deformations with minimal complexity; (iii) using fast-to-compute
surrogate metrics (e.g., controllability or observability) to guide the optimizer away from
poor designs early in the process; and (iv) replacing costly RL training with efficient model-
based control methodologies grounded in the same reduced-order models (Della Santina
et al., 2023; Stölzle and Della Santina, 2024). Third, the framework incorporates purposeful
physical prototyping to reduce uncertainty in computational evaluations. By treating co-
design probabilistically, it accounts for uncertainties, such as the sim-to-real gap (Dubied
et al., 2022), and uses high-fidelity simulation and prototyping across varying Technology
Readiness Levels (TRLs) (Manning) to refine evaluation metric estimates. This enables
formal trade-offs between computational “refinement” and physical “realization”, taming
the sim-to-real gap discrepancies in performances during the development cycle. Fourth,
the integration of structured stakeholder engagement ensures that diverse values and
requirements are reflected throughout the design process. Finally, the framework supports
reproducibility (Baines et al., 2024) by maintaining an auditable design trail, which is critical
for the deployment of soft robots in real-world contexts.

As illustrated in Fig. A.1, this co-design paradigm holds promise for enabling soft robots
to take on vital roles in caregiving, education, and other human-centered domains. By
ensuring both performance and safety, it can support societal well-being and increase
public trust in robotic technologies.
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Figure A.1: Holistic Co-Design of Soft Robots. The five pillars of holistic co-design are (1) Incorporating
comprehensive design requirements and values directly into multi-objective optimization; (2) Efficiently exploring
the full design space bymelding design priors (e.g., biological inspirations, existing solutions) with computationally
efficient co-design routines; (3) Explicitly accounting for design realization (e.g., prototyping and testing) via a
probabilistic treatment of evaluation metrics and by formalizing the refinement-vs-realization trade-off—enabling
targeted prototyping to reduce metric uncertainty and narrow the sim-to-real gap; (4) Fostering cross-disciplinary
collaboration and involving all relevant stakeholders in defining design values and providing iterative feedback;
(5) Ensuring auditability to preserve design knowledge and guarantee reproducibility. These pillars are inherently
interconnected (see green arrows)—for example, stakeholders and the design team co-define design requirements,
certain design values (e.g., HRI) demand evaluation in the real world (i.e., enabled by realization), and both the
exploration of the design space and the fulfillment of design requirements remain fully auditable.
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A.2 The Past and Present Soft RobotDesign Process
In this section, we review established design processes in the field of soft robotics. The
discussion is organized into two parts: first, we examine the fundamental design cycle
typically employed in soft robotics, covering the progression from initial task specifications
to experimental prototyping and final design approval. Second, we explore recent work
on the co-design of soft robots that showcases some initial ideas on how we could jointly
design the body and brain.

Traditional Design Process of Soft Robots
The basic design cycle typically described in the literature involves several key steps (van
Boeijen et al., 2020; Roozenburg and Eekels, 1995): (1) The cycle begins with defining
criteria, where designers explicitly specify the values, requirements, and functions that
the design must satisfy; (2) Next is the provisional design stage, in which solution ideas,
concepts, and implementations are synthesized; (3) Following this, simulations can be used
to anticipate the potential properties and performance of the design. These predictions are
validated in step (4) by manufacturing prototypes at various TRLs (Manning); (5) Finally, if
the prototypes meet the established criteria, the design is approved.

This traditional design process is also widely applied within soft robotics. As illustrated
in Fig. A.2 (Left), it begins with task specifications and proceeds to a preliminary conceptual
design, followed by detailed mechatronic development. The open-loop behavior of the
resulting design is verified through simulation, fabrication, and testing on breadboard
prototypes. Typically, control design and reduced-order modeling occur only after validat-
ing a viable soft robotic prototype, enabling verification of closed-loop behavior within
laboratory settings. Furthermore, steps (2)-(4) often involve iterative cycles of diverging
and converging phases (Feldhusen et al., 2013). During the diverging phase, new design
ideas, concepts, and implementations are generated. Conversely, the converging phase
evaluates these concepts through simulations or prototype tests to identify, for example,
via selection matrices (Ulrich and Eppinger, 2016), promising designs worthy of further
development.

However, the traditional design cycle has several notable deficiencies: (i) Although
multiple iterations can theoretically "close the loop" of the design cycle, practical con-
straints—such as costs and complexity—often render iterative processes prohibitively
expensive. Additionally, no formal or automated method typically exists to systemati-
cally incorporate insights from evaluated performance metrics back into improving the
original design. (ii) Similarly, divergence and convergence cycles frequently lack effective
feedback mechanisms, preventing valuable knowledge acquired during detailed design or
high-fidelity prototyping from informing the generation of new design solutions. Indeed,
for example, Suh’s first axiom on design theory for systems argues that cycles should
be avoided and functional requirements should be orthogonal to each other (Suh, 1998).
However, numerous practical examples in product development have shown that iterative
approaches can substantially enhance product quality and performance and decrease cost
over time. Therefore, a design process for soft robots should embed such feedback mech-
anisms from the beginning. (iii) Constraints and metrics critical in later stages, such as
manufacturability and compliance with regulatory standards, such as International Orga-
nization for Standardization (ISO) norms, are often inadequately considered during initial
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stages. (iv) The sequential workflow between mechatronic design, perception, modeling,
and control teams creates informational silos. For instance, modeling engineers typically
transfer completed models to control engineers without sufficient feedback channels, thus
restricting iterative enhancements. (v) A significant drawback of conventional design
processes is the potential loss of "design history." Critical insights, rationale for decisions,
and trade-offs are frequently undocumented, particularly when team members transition
roles or leave the project. Consequently, revisiting earlier stages or building on previous
knowledge becomes increasingly challenging. For example, a research team seeking to
modify an earlier actuator design after identifying field performance issues may find the
original design rationale inaccessible.

Co-Design of Soft Robots
Given the complexity of soft robots and the limitations of traditional design processes—especially
the absence of structured and effective feedback cycles and the isolated design of com-
ponents—the community has recently begun exploring how co-design algorithms could
support soft robot development (Bhatia et al., 2021; Cianchetti, 2021; van Diepen and Shea,
2022; Junge andHughes, 2022; Spielberg et al., 2019;Wang et al., 2024, 2022, 2023b). The term
“co-design” highlights several distinctions from traditional design approaches, including a
compositional and hierarchical nature - i.e., designing all system components, such as body
and brain, together (Junge and Hughes, 2022); a collaborative approach involving all teams
and stakeholders, and a continuous process of design improvement (Zardini, 2023). Co-
design strategies have proven highly effective at solving complex, possibly multi-objective,
optimization problems with a well-defined design space, cost function, and equality/inequal-
ity constraints. Notable examples stem from the fields of chemistry (Nørskov et al., 2009;
Vaissier Welborn and Head-Gordon, 2018), construction engineering (Knippers et al., 2021),
mobility systems (Zardini et al., 2022a, 2020), autonomous vehicles (Zardini, 2023; Zardini
et al., 2021b), articulated robotics (Ha et al., 2018; Zhao et al., 2020).

Initial attempts have applied co-design methods to soft robots by simultaneously
optimizing the body/morphology (i.e., structural shape, actuation, and sensing) and the
brain (e.g., controller) (Bhatia et al., 2021; Cianchetti, 2021; van Diepen and Shea, 2022;
Junge and Hughes, 2022; Navez, 2024; Spielberg et al., 2019; Wang et al., 2024, 2022, 2023b).
Drawing on extensive research in mechanical and morphological design—particularly
geometric design—these approaches can be classified (Chen and Wang, 2020) into three
categories: (a) size optimization, which focuses on regular shapes defined by (hand-picked)
geometric parameters (e.g., radii, segment lengths, pneumatic chamber dimensions) (Calisti
et al., 2011; Dämmer et al., 2018; Guan et al., 2023; Junge and Hughes, 2022; Navez et al., 2024;
Pagliarani et al., 2024; Polygerinos et al., 2015; Wang et al., 2018b); (b) shape optimization,
which incrementally modifies the parametric surfaces of an initial design while preserving
its connectivity or topology (Siéfert et al., 2019); and (c) full topology optimization, which
rethinks the structure entirely by creating, repurposing, or removing elements from the
topology (Caasenbrood et al., 2020; Jewett and Carstensen, 2019; Legrand et al., 2023;
Pinskier et al., 2024; Sigmund and Maute, 2013; Spielberg et al., 2019; Wang et al., 2023a,
2024, 2022, 2023b; Zhang et al., 2018).

However, the existing co-design approaches exhibit several shortcomings: (i) The
current topology optimization approaches often oversimplify the design process by dis-
cretizing the morphology spatially into passive, actuated, or sensorized voxels or parti-



A.3 The Future: A Framework for Holistic Co-Design of Soft Robots

A

329

cles (Legrand et al., 2023; Medvet et al., 2021, 2022; Spielberg et al., 2019; Wang et al., 2023a,
2024, 2022, 2023b), resulting in designs that rarely translate effectively to practical applica-
tions (Legrand et al., 2023; Wang et al., 2024). Additionally, (ii) most existing methods train
learning-based controllers (e.g., using RL) from scratch for each iteration, creating a signifi-
cant computational bottleneck in the overall co-design cycle (Bhatia et al., 2021; Wang et al.,
2022, 2023b). Recent progress in differentiable physics-based simulation (Coevoet et al.,
2017; Fang et al., 2020; Hu et al., 2019) suggests that integrating real-time gradient-based
optimization of neural-network parametrized controllers could significantly reduce the
computational overhead associated with iterative design-control loops, improving sample
efficiency and convergence speed (Bächer et al., 2021; Spielberg et al., 2019; Wang et al.,
2024). However, these methods assume smooth, end-to-end differentiability—which can
fail under contact or discontinuities—and can be prone to local minima. Relatedly, (iii)
these approaches typically require completing an entire cycle—from design generation,
control policy training, and high-fidelity simulation through task-specific performance
evaluation—before updating the design. This sequence can be highly computationally
demanding and results in unnecessary resource use for designs that could have been
earlier identified as suboptimal through intermediate metrics. Finally, (iv) most studies
predominantly focus on computationally implementable aspects of the design process (i.e.,
computational co-design), neglecting critical downstream considerations (Junge and Hughes,
2022) such as breadboard testing, validation with prototypes, or regulatory compliance.
Although topology optimization and multi-material design techniques (Chen and Wang,
2020) are gaining traction, their integration with fabrication constraints remains an open
challenge. Considering manufacturability from the early stages of co-design—particularly
in the context of additive manufacturing- could enhance the feasibility of computationally
optimized soft robots (Navez, 2024). However, we conclude that the high computational
demands of co-design caused by computationally expensive simulations and inefficient
optimization routines currently restrict its practical usefulness, limiting the scope of the
design space that can be explored within available computing budgets (Chen and Wang,
2020).

A.3 TheFuture: A FrameworkforHolisticCo-Design
of Soft Robots

Holistic co-design marks a significant shift in soft robotics by adopting an integrated,
application-driven strategy that emphasizes the seamless interaction between a robot’s
physical morphology, its control system, and user engagement. Unlike traditional design
cycles—which remain prevalent—it provides a structured framework that concurrently
develops all system components, refining the design iteratively through effective feedback
loops. Moreover, this approach distinguishes itself from other co-design methods by em-
bracing a broader set of design values, advocating for cross-disciplinary collaboration and
active participation from diverse stakeholders, introducing techniques to enhance compu-
tational efficiency, and proposing a probabilistic view that acknowledges uncertainties in
evaluation metrics while outlining strategies to mitigate them as the design evolves.

In detail, the proposed holistic co-design framework introduces several key innova-
tions. First, it optimizes a range of design attributes simultaneously—such as task comple-
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Figure A.2: Left: A traditional sequential design cycle (van Boeijen et al., 2020) applied to soft robots. This sequential
workflow lacks iterative feedback loops, leading to information silos and preventing regular, bidirectional sharing
of insights and data across the development team and the relevant stakeholders. Right: A holistic co-design
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- visualized as “onion” layers in this graphic. Solid yellow lines denote the prototyping pathway, while dashed
orange arrows illustrate how empirical findings continuously inform and update the estimates 𝑐̂𝑗 for the real-world
design values 𝑐𝑗 .

tion time, safety, material and fabrication costs, energy consumption, and environmental
impact—instead of focusing on a single metric like locomotion speed, as most current
approaches do. Second, it significantly boosts the efficiency of computational co-design
by (i) establishing a reduced-order design space that avoids the complexity of directly
optimizing a high-dimensional spatial morphology (as seen in voxel-based methods); (ii)
developing a control-oriented reduced-order model within the co-design process; (iii)
employing computationally inexpensive auxiliary metrics, such as controllability, observ-
ability (leveraging the reduced-order model), or manufacturability, which provide early
feedback to the optimizer instead of relying solely on the outcome of resource-intensive
closed-loop simulations; and (iv) efficient derivation/learning of controllers based on the
reduced-order model (i.e., model-based control). Furthermore, while existing methods
typically address only the fully computational aspects of design and evaluation, our frame-
work explicitly accounts for the inherent uncertainties in these metrics—uncertainties
that can only be properly identified through high-fidelity simulations or, ideally, extensive
testing with physical prototypes. By introducing a probabilistic evaluation of a design’s
“fitness,” we also formalize strategies to reduce such uncertainties through prototyping, as
visualized in Fig. A.2 (Right). Additionally, we emphasize that collaboration among team
members with varied expertise and backgrounds, as well as engagement with stakeholders
(including customers, scientific advisors, and domain experts), is essential for developing
a high-performing soft robot. Finally, we conclude that co-design approaches not only
help preserve design knowledge but also enhance reproducibility, addressing a well-known
challenge in soft robotics (Baines et al., 2024).

Multi-Objective Co-Design: Satisfying Comprehensive Requirements and Eval-
uation Metrics Current co-design approaches for soft robots typically consider only
one (Medvet et al., 2022; Navez et al., 2024; Spielberg et al., 2021, 2019; Wang et al., 2024,
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2023b), or at most a few (Navez et al., 2025), evaluation metrics1 per task. For locomotion
tasks, this often means measuring the velocity achieved or the distance traveled in a fixed
time period (Spielberg et al., 2019; Wang et al., 2023b), while in manipulation tasks (e.g.,
pushing), the focus is on how far an object is safely moved (Wang et al., 2024). However,
as soft robots evolve from research prototypes into commercial products, a broader set of
design values becomes critical. These include, but are not limited to, safety (as discussed in
Chapter 3), manufacturing costs (especially in relation to production batch sizes) (Junge and
Hughes, 2022; Majidi, 2014; Miriyev et al., 2017; Schmitt et al., 2018), material supply, and
the robot’s operational lifetime—which depends on both the materials used and the stresses
experienced—as well as ecological and recycling considerations (Mazzolai and Laschi,
2020). Additionally, traditional design processes tend to address regulatory standards only
at the end or not at all. For example, medical soft robots must meet the FDA or EMA
guidelines, which dictate acceptable materials, manufacturing methods, and performance
criteria. Incorporating these regulatory factors into the design optimization loop helps
prevent late-stage redesigns that could delay product deployment and significantly increase
development costs. Holistic co-design integrates these values and constraints from the
beginning, ensuring that the resulting designs are optimal across all dimensions.

Increasing the Efficiency of Computational Co-Design Computational co-design for
soft robots refers to developing an automatic algorithm that optimizes the integrated design
(encompassing both body and control components) to meet specified performance criteria
and design values (Carlone and Pinciroli, 2019; Wang et al., 2023a). In its most general form,
co-design can be formulated as a constrained nonlinear optimization problem (Zardini,
2023) over a parameterized design 𝑥 , such that

min
𝑥

𝑓 (𝑥)

s.t. 𝑔(𝑥) = 0
ℎ(𝑥) ≤ 0,

(A.1)

where 𝑓 (𝑥) ∶  →  represents the cost or loss function, and 𝑔(𝑥) ∶  → ℝ𝑛eq and
ℎ(𝑥) ∶  → ℝ𝑛ineq denote the equality and inequality constraints, respectively. For ex-
ample, in multi-objective optimization, we can define 𝑓 (𝑥) = [𝑐̂

⊤
1 (𝑥),…, 𝑐̂⊤𝑛obj(𝑥)]

⊤, with
each 𝑓𝑗 (𝑥) = 𝑐̂𝑗 (𝑥) for 𝑗 = 1,…,𝑛obj corresponding to design objectives implemented via
the (estimated) evaluation metrics 𝑐̂𝑗 (𝑥) ∶  → 𝑗 . These objectives might include task
performance, manufacturing, and operational costs, or environmental impact. Equality
constraints typically capture system dynamics, while inequality constraints ensure physical
feasibility (such as non-negative volume, adherence to manufacturing tolerances, or mini-
mum geometric dimensions for manufacturability) and guarantee that the design satisfies
essential requirements (like minimum safety levels or regulatory standards). Please note
that such (inequality) constraints can also be a function of an estimated evaluation metric
𝑐̂𝑗 (𝑥).

In our view, one key reason co-design approaches are not yet widely adopted in
soft robotics is their computational inefficiency and high cost, which severely restrict
1Commonly, such evaluation metrics are also referred to as costs, losses, or rewards
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the design space that can be explored and diminish the chances of finding the optimal
design, thereby reducing their practical utility (Chen and Wang, 2020). We identify three
primary sources of computational inefficiency in current methods: (i) they often operate in
high-dimensional design spaces—for instance, by discretizing the soft robotic geometry
into voxels—which makes it extremely challenging, if not impossible, to locate the global
optimum; (ii) the optimization loop is closed via performance metrics obtained from one
or multiple closed-loop system simulations, and using high-fidelity simulators makes this
evaluation process computationally demanding; (iii) assessing closed-loop performance
requires access to a controller. In principle, there are two ways to address this: one can train
a controller over a set of different designs (Boekel, 2025; Zardini et al., 2021a), though this
means the controller may not be optimized for a specific design, so the evaluation might
not reflect the true performance achievable with a specialized controller. Alternatively,
training a controller tailored to the proposed design can fully exploit its kinematics and
dynamics to achieve optimal task performance, but this approach is computationally very
intensive—especially when using RL controllers trained from scratch (Bhatia et al., 2021;
Wang et al., 2023a, 2022, 2023b) or control policies trained via gradient descent using a
differentiable simulation (Bächer et al., 2021; Spielberg et al., 2019; Wang et al., 2023a,
2024)—which often struggle with complex hybrid dynamics such as contact.

Our framework, depicted in Fig. A.3, paves the way for significantly more efficient
computational co-design of soft robots by introducing four key modifications that address
the previously mentioned challenges: (1) Building on previous work (Spielberg et al., 2019;
Wang et al., 2024), we advocate for performing optimization in a reduced-order design
space, which can be either entirely learned or partially defined manually (e.g., specifying
the length and diameter of a soft segment). In practice, reduced-order designs 𝑥 are sampled
from a distribution, and then a design decoder reconstructs the full design description (such
as a volumetric mesh with sensor and actuator placement). After evaluating the design, the
optimizer updates the posterior belief of the sampling distribution to bias it towards effec-
tive designs. We elaborate on reduced-order design in Section A.4. (2) A control-oriented
reduced-order model can greatly assist in analyzing the system’s motion characteristics and
behavior (Alkayas et al., 2025; Alora et al., 2023a; Armanini et al., 2023; Bruder et al., 2020;
Ménager et al., 2023; Stölzle and Della Santina, 2024; Valadas et al., 2025). While deriving
such models for rigid manipulators is generally straightforward (Siciliano et al., 2010; Zhao
et al., 2020), soft robotics presents an inherent interplay between design, actuation, and
task (e.g., payload, gravitational forces) on one side and the resulting deformations on the
other. This interdependence makes it essential to jointly synthesize the design (including
actuation) and the kinematic model. We discuss this further in Sec. A.6. (3) To reduce the
reliance on performance metrics derived from resource-intensive closed-loop simulations,
we introduce several auxiliary metrics that are computationally cheaper to evaluate. These
metrics provide early feedback to the optimizer, allowing for the early discarding of designs
with very low predicted fitness. Examples include metrics assessing observability and
controllability based on the reduced-order model (which directly links actuator and sensor
placement to the structural design), open-loop compliance (Guan et al., 2023), safety (as
discussed in Chapter. 3), embodied intelligence (Cianchetti, 2021; Mengaldo et al., 2022;
Vihmar et al., 2023), or heuristics estimating manufacturability. We further discuss con-
trollability and observability metrics in Sec. A.6. (4) Finally, we propose leveraging the
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reduced-order model to derive the control law in a model-based fashion. Recent advance-
ments provide a solid foundation for exploiting dynamical models—whether physics-based
or data-driven—for control (Della Santina et al., 2023; Laschi et al., 2023). For example,
using Koopman theory to learn a linear model (or linearizing a nonlinear model around
equilibrium) enables the design of optimal controllers in closed form via LQR (Bruder et al.,
2020). For nonlinear models with a physical structure (i.e., with well-defined kinetic and
potential energy terms) (Alkayas et al., 2025; Armanini et al., 2023; Liu et al., 2024a; Stölzle
and Della Santina, 2024; Valadas et al., 2025), PID+Feedforward (Della Santina et al., 2023;
Stölzle and Della Santina, 2024; Stölzle et al., 2024b) or similar closed-form controllers, such
as PD+ (Della Santina et al., 2020c) or computed torque, can be designed. When dynamics
are modeled as generic nonlinear transition functions, such as RNNs (Thuruthel et al.,
2017) or NODEs (Kasaei et al., 2023), optimal control techniques such as MPC (Alora et al.,
2023a) or model-based RL (Thuruthel et al., 2018b) can compute the control input. These
model-based approaches to deriving a control law are dramatically more computationally
efficient than training an RL control policy from scratch for each design (Bhatia et al., 2021;
Wang et al., 2023a, 2022, 2023b).

Probabilistic Evaluation Metrics Another key tenet of holistic co-design is the explicit
recognition of uncertainty when evaluating a design computationally across multiple
dimensions (Chen and Wang, 2020). In contrast to many existing approaches (Wang
et al., 2024) that rely on one or a few metrics derived from simulations as stand-ins for a
design’s actual performance, our perspective acknowledges that such performance metrics
estimated via simulation are only proxies. For example, the DiffuseBot study (Wang et al.,
2024) assesses various robotic tasks—such as balancing, landing, crawling, gripping, and
box manipulation—using performance metrics based on closed-loop simulation outcomes.
However, the well-known sim-to-real gap (Dubied et al., 2022) means that a design’s
simulation performance often deviates from its real-world behavior (Junge and Hughes,
2022). Moreover, important factors like manufacturing costs (Junge and Hughes, 2022),
ecological sustainability, or the operational lifetime of a soft robot are difficult to evaluate
solely through simulation and instead require prototyping, verification, and real-world
testing, often with human involvement. As a result, the “optimal” design identified through
computational co-design may not be optimal in practice.

To address these challenges, we propose a framework that adopts a probabilistic view
of evaluation metrics—treating them as probabilistic beliefs about expected performance
conditioned on the design specifications. This approach enables us to (a) explicitly account
for uncertainty in the metrics during the design optimization process, (b) optimize the
design also based on metrics that cannot be directly evaluated in simulation (e.g., manufac-
turability), and (c) progressively build confidence in the metrics and reduce uncertainty
through high-fidelity simulations and/or prototyping. In our framework, the optimization
process leverages the current probabilistic estimates of the metrics (i.e., refinement) to
assess and improve designs computationally while using prototyping and experimental
validation to refine these metric estimates (i.e., realization). This balance draws on well-
established techniques from Bayesian optimization and reinforcement learning to manage
the trade-off between refinement and realization effectively. In Fig. A.2 (Right), refinement
is depicted as the iterative design cycles within the innermost layer, while realization is
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Figure A.3: A Framework for Efficient Computational Co-Design of Soft Robots: We sample reduced-order
design parameters 𝑥 from an initial distribution that can include design priors from biological inspiration (Chen
and Wang, 2020; Laschi and Mazzolai, 2024; Mazzolai and Laschi, 2020), known mechanisms, or existing soft
robot designs. This design space—either learned or explicitly defined by physical or geometric values (i.e., size
optimization)—is translated by a design decoder into a detailed robot body description (such as a 3D mesh with
sensor and actuator placements) that provides immediate manufacturability feedback. A reduced-order model is
then derived (Alkayas et al., 2025; Alora et al., 2023a; Stölzle and Della Santina, 2024; Valadas et al., 2025) or learned
to efficiently assess workspace, open-loop compliance, and embodied intelligence (Cianchetti, 2021; Mengaldo
et al., 2022; Vihmar et al., 2023), offering inexpensive feedback to the optimizer. Similarly, perception and control
systems can be developed using this model (via model-based control (Della Santina et al., 2023), MPC (Alora et al.,
2023a), or differentiable physics (Bächer et al., 2021; Spielberg et al., 2019; Wang et al., 2023a)), while observability
and controllability are evaluated without costly simulations. Finally, closed-loop simulations (low-fidelity using
the reduced-order model or high-fidelity FEM-based (Coevoet et al., 2017)) assess integrated performance metrics,
which in turn optimize the sampling distribution, decoder, and all relevant system parameters. References in
graphic: (1): (Navez, 2024), (2): (Bhatia et al., 2021), (3): (Wang et al., 2023a), (4): (Wang et al., 2024), (5): (Song et al.,
2024), (6): (Sutton et al., 1998), (7): (Garnett, 2023), (8): (Medvet et al., 2022), (9): (Guan et al., 2023), (10): (Armanini
et al., 2023), (11): (Valadas et al., 2025), (12): (Alkayas et al., 2025), (13): (Ménager et al., 2023), (14): (Alora et al.,
2023a), (15): (Spielberg et al., 2021), (16): (Junge and Hughes, 2022), (17): (Zheng et al., 2019), (18): (Amehri,
2022), (19): (Cianchetti, 2021), (20): (Mengaldo et al., 2022), (21): (Vihmar et al., 2023), (22) (Spielberg et al., 2019),
(23): (Della Santina et al., 2023).

shown by selected designs transitioning to the outer layers—achieved through building
prototypes with varying TR-Ls to enhance confidence in both the evaluation metrics and
the designs. Ultimately, this methodology ensures that resources are allocated efficiently
by prioritizing prototyping and testing in areas where predictive confidence is low but
the potential for outstanding real-world performance is high. We discuss this approach in
greater detail in Sec. A.5.

Synergistic Cross-Disciplinary Collaboration Collaboration is another pillar of this
co-design process. The approach actively involves diverse stakeholders, engineers, end-
users, material scientists, and domain experts from the outset. This collective input ensures
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that requirements are practical and adaptable to real-world constraints. For instance, when
designing a robotic arm for harvesting, growers provide insights into crop fragility and
harvesting techniques, guiding the development of soft end-effectors that minimize damage
and maximize yield.

In traditional design workflows, this kind of collaboration is often sequential: the
modeling engineer finishes their work and hands it over to the control engineer, who then
applies control strategies without sufficient feedback loops. This hand-off model creates
information silos and limits opportunities for iterative improvement. In contrast, co-design
promotes continuous communication between these roles. For instance, the modeling
engineer and the control engineer work in tandem, iterating on the design as new insights
emerge, resulting in a more refined final product.

Preserving Design Knowledge and Enabling Reproducibility A significant draw-
back of conventional design processes is the potential loss of the "design history". Key
insights, decisions, and trade-offs often remain undocumented, especially when team mem-
bers leave or shift roles. As a result, revisiting earlier design stages or learning from past
iterations becomes challenging or even impossible. For instance, if a research team wants
to tweak a previously tested actuator geometry after realizing performance limitations in
the field, they might discover that the rationale behind the original design choices is no
longer accessible.

Holistic co-design naturally addresses this issue by serving as a transparent log of the
development process. Design discussions, iterations, and parameter choices are recorded
throughout the project, creating an accessible "audit trail". If a team needs to revisit an
earlier design step, they can do so with clarity, regardless of team turnover or changing
project priorities. Furthermore, the audibility significantly eases the certification process,
which we already discussed previously.

In a co-design approach, however, the process remains inherently flexible. Since pa-
rameter definitions, performance assessments, and stakeholder inputs are continuously
documented, engineers can backtrack when needed to refine or adjust the design by re-
calibrating safety margins based on updated risk analyses, testing alternative hardware
configurations to optimize for cost or power consumption, or revisiting software algo-
rithms in response to emerging performance data. This iterative workflow inherently
aligns technical feasibility, regulatory compliance, and evolving business objectives in
a transparent manner, ensuring that every modification is grounded in both empirical
evidence and strategic considerations.

A.4 Reduced-Order Design Parametrizations
Since direct optimization of soft robots requires parameterization, we represent the design
via 𝑛x variables 𝑥 ∈ , where  = ℝ𝑛x defines an 𝑛x-dimensional continuous design space.2
In soft robot co-design, these parameters typically encode essential characteristics, includ-
ing the spatial geometry of the robot’s body, actuator (Wang et al., 2024) and sensor (Junge
and Hughes, 2022; Spielberg et al., 2021) placement, material selection, and other structural
attributes. Traditionally, two methods have been employed to parameterize soft robot
2While a continuous space is assumed here, discrete design choices can be naturally embedded into this framework.
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designs: (1) size optimization (Chen and Wang, 2020), where (morphological) design opti-
mization parameters such as the number of segments, radii, segment lengths, and materials
are chosen explicitly (Calisti et al., 2011; Guan et al., 2023; Junge and Hughes, 2022; Navez
et al., 2024; Pagliarani et al., 2024; Polygerinos et al., 2015), or (2) discretization-based
shape/topology3 optimization (Chen and Wang, 2020), which partition the continuous
design into two- or three-dimensional voxels or particles (Bhatia et al., 2021; Caasenbrood
et al., 2020; Medvet et al., 2022; Nadizar et al., 2022; Pinskier et al., 2024; Wang et al., 2022),
each categorized as empty (removed), passive (unactuated), active (actuated), or sensorized.

However, these traditional approaches have distinct drawbacks. Manually selected
parameters are often suboptimal, can introduce redundancies, or might include parameters
that have minimal or no impact on design objectives, unnecessarily complicating the
co-design process. Discretization-based parameterizations, on the other hand, create high-
dimensional optimization spaces that are computationally expensive to explore effectively.
Furthermore, these discretizations typically oversimplify practical constraints, such as
interactions between actuators and structural components, and frequently yield designs
difficult to realize in practice (Legrand et al., 2023).

To overcome these challenges, recent studies (Navez, 2024; Song et al., 2024; Wang
et al., 2024) have proposed optimizing within a reduced-order design space and then using
a (potentially learned) generative decoder to reconstruct the complete design—such as
generating a 3D mesh of the soft robot that includes sensor and actuator placements. In this
context, we incorporate a design sampler in the reduced-order space along with a design
decoder into our comprehensive co-design framework. Specifically, we define a proba-
bilistic design policy 𝜗(𝑥) ∶  → [0,1] that maps the design parameters 𝑥 to a probability
Pr(𝑥). During co-design, the generator samples parameters from this distribution, 𝑥 ∼ 𝜗(⋅),
which are then expanded into a full design description 𝑑 ∈  by the decoder 𝑑 = 𝜓(𝑥).
The decoder may be either model-based - e.g., utilizing parametric CAD - or implemented
as a learned generative model, such as VAEs (Navez, 2024; Song et al., 2024), Generative
Adversarial Networks (GANs) (Hu et al., 2022), or Diffusion models (Wang et al., 2024).
Design priors—for example, proven soft robot designs (Navez, 2024), or biological inspira-
tion (Chen and Wang, 2020; Laschi and Mazzolai, 2024; Mazzolai and Laschi, 2020)—can
inform the initial guess (i.e., the prior) for the distribution 𝜗(𝑥). Throughout the co-design
process, the optimizer iteratively refines the posterior belief of 𝜗(𝑥) via update steps (Song
et al., 2024; Sutton et al., 1998).

This flexible framework supports both model-based and learning-based approaches
while enabling optimization in a reduced-order space, thereby making the co-design process
more computationally tractable without sacrificing the detailed design information required
for accurate evaluation and subsequent fabrication.

Sensitivity analysis can play a crucial role within the aforementioned “design generator”
by reducing the dimensionality of the design parameters we sample and improving the
conditioning of the design decoder (Chen and Wang, 2020; Guan et al., 2023; Navez, 2024).
When choosing geometrical parameters, manufacturing constraints, and actuation variables,

3Shape optimization refers to adjusting the boundaries or surfaces of an existing design while maintaining the
overall connectivity (or topology) of the structure. On the other hand, topology optimization rethinks the
structure from the ground up while potentially adjusting the connectivity (e.g., creating or removing elements)
of the structure (Chen and Wang, 2020).
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sensitivity analysis is vital for pinpointing and eliminating parameters that exert minimal
influence on performance. This involves systematically varying parameters—such as wall
thickness, segment lengths, material stiffness, and actuator placement—to evaluate their
impact on key performance metrics like gripping force, range of motion, and energy
consumption. Formally, for a given metric𝑚𝑗 (𝑥) ∶ ℝ𝑛x →ℝ𝑛c𝑗 that maps design parameters
to an optimization objective 𝑐𝑖, the local sensitivity of the 𝑖th design parameter 𝑥𝑖 at a
design 𝑥 is given by 𝑠𝑖 =

|||
𝜕𝑚𝑗 (𝑥)
𝜕𝑥𝑖

||| ∈ ℝ
𝑛c𝑗 , which measures the magnitude of its influence. For

instance, in a soft robotic gripper designed for fruit harvesting, sensitivity analysis may
show that finger curvature and material elasticity have a significant effect on grasping
delicate produce (yielding a high 𝑠𝑖), whereas small variations in actuator placement may
have a negligible impact (a low 𝑠𝑖). Consequently, the optimization process can focus
computational resources on refining the most critical parameters—either by (a) employing
a curriculum approach that defers optimization of less sensitive parameters until later
stages or (b) completely fixing these parameters to reduce the search space.

Encoding deformations in a low-dimensional subspace improves computational effi-
ciency for both design optimization and control. Rather than tackling high-dimensional,
resource-intensive simulations, designers can employ reduced-order models that encapsu-
late the primary deformation modes of soft robotic morphology.

A.5 Probabilistic Co-Design Metrics: Formalizing
the Refinement vs. Realization Trade-Off

As discussed earlier, our holistic co-design framework inherently balances a trade-off
between refinement and realization when evaluation metrics—such as manufacturability
or task-centric performance—are treated probabilistically. In this setting, refinement in-
volves running a computational co-design cycle that evaluates new design candidate(s) and
updates the posterior design sampling policy based on the current evaluation metric prior.
Conversely, realization seeks to enhance our confidence in the metric by performing high-
fidelity simulations and/or fabricating prototypes with progressively higher TRLs (Junge
and Hughes, 2022).

To formalize this further, consider an evaluation metric 𝑐𝑗 = 𝑚𝑗 (𝑥) that assigns a cost
𝑐𝑗 ∈ 𝑗 to a design 𝑥 ∈ , which we aim to minimize during the co-design process. Here, the
subscript 𝑗 indicates the 𝑗th metric and its associated cost 𝑐𝑗 . As noted earlier, the soft robot
co-design problem is typically addressed in a multi-objective context where various metrics
capture aspects such as task performance (e.g., task completion time, energy consumption),
safety, controllability, observability, manufacturing costs, and more. In practice, however,
accurately evaluating these metrics is typically very expensive since it involves building
a prototype and conducting extensive field trials or user studies. Instead, we may have
access to a simplified computational model or a current probabilistic belief about the metric,
denoted as 𝑚̂𝑗 (𝑐̂𝑗 , 𝑥) ∶ 𝑗 × → [0,1], which maps a design 𝑥 and an estimated cost4 𝑐̂𝑗 ∈ 𝑗
to a probability Pr(𝑐̂𝑗 , 𝑥). We now detail the definitions of refinement and realization in
this framework.

Refinement. During refinement, we adopt a Monte Carlo procedure by querying

4The cost is equivalent to a loss and may also be viewed as a negative reward.
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# Refinement Iterations

Sparse Exploration Holistic Exploration of Design Space Refinement vs. Realization
Tradeoff Analysis

# Realization Iterations

Deterministic 
Evaluation Metrics Probabilistic Evaluation Metrics

Design Priors

Figure A.4: Refinement vs. Realization. Top Left: This panel shows how refinement affects the design
sampling distribution 𝜗(𝑥). Unlike (most) conventional co-design methods that sparsely explore the design
space, we condition 𝜗(𝑥) on design priors (e.g., biological inspiration and existing soft robot designs) and
iteratively update it via the co-design optimizer until the optimum is reached. Bottom Left: Here, we demonstrate
how iterative realization refines probabilistic evaluation metrics. Rather than using deterministic metrics that
ignore inherent simulation uncertainty, we define a probabilistic distribution 𝑚̂𝑗 (𝑐̂𝑗 , 𝑥) for each metric, with
purposeful prototyping reducing the uncertainty over iterations. Right: This panel examines the tradeoff between
refinement and realization. We define the realization ratio RealR as the fraction of realization iterations relative
to the total iterations and the sim-to-real error as ‖𝑐𝑗 −𝔼[𝑐̂𝑗 ]‖. We then plot the evolution of real-world cost
𝑐𝑗 versus sim-to-real error as iterations increase for a fixed RealR: when limRealR → 0, designs are optimized
computationally with realization occurring only at the end, while RealR = 1 means only the confidence in the
evaluation metrics is increased. The optimal ratio RealR∗ efficiently minimizes the real-world cost to its optimum
min𝑥 𝑐𝑗 (𝑥) via refinement and reduces the sim-to-real error to zero by updating 𝑚̂𝑗 (𝑐̂𝑗 , 𝑥) via realization.

the metric conditioned on the design, i.e., 𝑐̂𝑗 ∼ 𝑚𝑗 (⋅,𝑥). The resulting estimated cost 𝑐̂𝑗 is
then employed either as an optimization objective or as part of a constraint. Crucially, the
optimizer leverages this estimated cost to update the posterior distribution of the design
variables 𝑥 , adjust any free parameters of the decoder 𝜗(𝑥), and tune other pertinent
parameters such as control or observer gains or hyperparameters of the reduced-order
model. This process represents one iteration of computational co-design, which can be
visualized as one cycle in Fig. A.3 and as a cycle within the innermost layer in Fig. A.2 (Right).
Drawing an analogy to traditional product development cycles, refinement resembles the
diverging phase, where new concepts and designs are explored and assessed. Similarly,
during exploitation phases in RL, where a fixed action policy 𝜋(𝑎,𝑠) is followed during
inference without necessarily updating the policy’s parameters. In our context, instead
of a reward for following the action policy, our outcome is a posterior design generator
distribution along with updated design decoder parameters.

Realization. In realization, our goal is to boost our confidence in the defined metrics.
Specifically, we aim to maximize the expected information gain regarding the metrics for
the current best design—effectively reducing the entropy (or uncertainty) of the metric’s
posterior around the optimal design. To do this, we can employ methods like Predictive
Entropy Search (PES) from Bayesian optimization (Hernández-Lobato et al., 2014), which
assists in pinpointing the global minimizer 𝑥∗ of the 𝑗th cost 𝑐𝑗 . The acquisition function
𝛼PES(𝑥) ∶ → 𝑗 then enables us to select the next candidate point 𝑥n = argmin𝑥∈ 𝛼PES(𝑥)
that most effectively reduces the uncertainty regarding the location of 𝑥∗ (Hernández-
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Lobato et al., 2014), where

𝛼PES(𝑥) = 𝐻[𝑚̂𝑗 (𝑥)]−𝔼𝑚̂𝑗 (𝑥∗) [𝐻(Pr(𝑐̂𝑗 ∣ 𝑥,𝑥∗))] , (A.2)

and 𝐻[𝑝(𝑥)] = −∫ 𝑝(𝑥) log(𝑝(𝑥))d𝑥 denotes the differential entropy. Another challenge in
holistic co-design is that our goal is not only to reduce uncertainty about the optimum of a
single metric through realization but to do so for all metrics involved in the multi-objective
optimization problem. Consequently, future research should focus on developing methods
that effectively select the next sample point 𝑥n for realization, simultaneously minimizing
the uncertainty across multiple metric estimates 𝑚̂𝑗 (𝑥n) while also accounting for the cost,
time, and effort required to obtain accurate ground-truth measurements. We conclude that
in holistic co-design, realization aligns with the converging phases of traditional product
development, where concepts and designs are validated through simulations or prototypes
to reduce risk and uncertainty, thereby informing better future decisions (for instance, by
ruling out designs that are suboptimal based on more certain metrics). Similarly, just as RL
utilizes random policies to explore unseen state-action pairs (Sutton et al., 1998) within
exploration phases5, we advocate leveraging high-fidelity simulators and prototypes to
verify and enhance metrics for previously untested designs.

In practice, it is crucial to strike a balance between refinement and realization, similar
to the exploitation vs. exploration tradeoff in RL. Refinement can generate (potentially)
better designs at the cost of computational time, and the resulting design may not be
optimal due to uncertainties in the predicted costs of the various metrics—essentially,
a discrepancy between model predictions and reality. In contrast, realization does not
directly enhance the design; instead, it bolsters our confidence in the metrics through
high-fidelity simulations and prototyping tests at different TRLs, often incurring significant
expense, particularly when human designers are involved in fabricating and validating
the prototypes. To manage this trade-off, established techniques from RL (Sutton et al.,
1998) and Bayesian optimization (Garnett, 2023) can be applied. For example, one viable
approach is to assess the Expected Improvement (EI) (Jones et al., 1998) when sampling a
new design and building its prototype while accounting for the uncertainty inherent in the
metric under consideration.

Evenwhen a balance between refinement and realization is achieved, realization—through
prototyping and real-world validation—remains both resource- and cost-intensive. To ad-
dress this challenge, we propose that the community create a shared database where
researchers and engineers can contribute soft robotic designs along with their performance
benchmarks. In line with efforts to enhance soft robot benchmarking (Bhatia et al., 2021;
Wang et al., 2023a) and reproducibility (Baines et al., 2024), such a repository would im-
prove the initial probabilistic beliefs in the metrics and reduce uncertainty in computational
evaluations. Ultimately, this would lessen the reliance on expensive realization processes,
which is especially important for aspects like serial production costs that are impractical
to repeat multiple times during a given design cycle.

5A key difference between exploration in RL and realization in co-design is that in product development, the final
optimized system must be implemented, whereas in RL, further exploration may be unnecessary if the policy
already meets performance expectations.
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A.6 Co-Design of Physical Intelligence

For rigid robotic manipulators, the joint and link topology is well-defined, which simplifies
deriving a kinematic model that describes the robot’s state using a limited number of con-
figuration variables (e.g., joint angles) (Siciliano et al., 2010; Zhao et al., 2020). Such models
are crucial for downstream tasks like model-based control, model-based RL, and motion
planning. In contrast, the continuous deformability of continuum soft robots makes it chal-
lenging to establish such reduced-order models. Traditionally, the soft robotics community
has relied on expert intuition and trial-and-error to determine finite-dimensional descrip-
tions of the robot’s backbone shape, such as PCC (Webster III and Jones, 2010), PCS (Renda
et al., 2018), GVS (Renda et al., 2020). However, the appropriateness of these choices de-
pends heavily on the robot’s topology, actuation, and dynamic modes. Consequently, it
is vital to co-design the reduced-order model alongside the soft robot hardware. In this
context, our focus is on applying algorithms capable of automatically identifying a suitable,
potentially control-oriented model without requiring user intervention. One promising
direction involves modern machine learning methods to derive reduced-order models in
a data-driven fashion (Alora et al., 2023a; Bern et al., 2020; Chen et al., 2024; Ménager
et al., 2023; Thuruthel et al., 2017), with recent applications emerging in co-design/design
optimization (Navez, 2024). Alternatively, to address the sample inefficiency and limited
extrapolation of fully learned models, the community has recently proposed methods to
automatically adapt existing finite-dimensional strain approximations to a given soft robot
design using data-driven approaches (Alkayas et al., 2025; Navez et al., 2025; Valadas et al.,
2025).

As noted in Sec. A.2, most current co-design approaches indirectly assess the system’s
controllability and observability by running simulations or real-world experiments with a
learned controller. However, this process provides a weak signal because it is difficult to
determine whether poor control performance arises from an inadequate controller or from
inherent challenges in controlling or observing the system. We contend that integrating
direct metrics for controllability and observability into the co-design process could acceler-
ate convergence and reduce the reliance on computationally expensive simulations and
experiments. For example, the controllability and observability of a nonlinear soft robot
dynamic model can be evaluated using established techniques (Griffith and Kumar, 1971;
Zheng et al., 2019). Alternatively, one may linearize the system around an equilibrium (e.g.,
the straight configuration) and then use the resulting state-space description to assess the
well-known linear properties. Moreover, it is important to consider the stability of the
closed-loop system dynamics. When guiding the soft robot towards a desired configuration
𝑞d, previous work has shown that common control strategies, such as PD+Feedforward, are
locally stable within a region where the potential field is convex (e.g., when 𝜕2

𝜕𝑞2 +𝐾p ≻ 0).
Given that we typically aim to keep proportional feedback gains as low as possible to
enhance phase margins and reduce control effort, it follows that achieving closed-loop
stability over a larger region—or even global asymptotic stability—requires optimizing the
soft robot design so that 𝜕2𝜕𝑞2 ≻ 0 throughout the entire desired workspace.
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A.7 Exploiting Safety vs. Performance Trade-off
via Multi-Objective Optimization

Safety and performance are fundamental components in multi-objective co-design, often in
conflict. Specifically, safety can be treated as either a maximization objective—continuously
optimizing for compliance—or a design/control constraint, ensuring a minimum threshold
is met. Furthermore, unlike rigid robotics, which predominantly ensures safety through
computational methods, or conventional soft robotics, which relies primarily on material
compliance, we argue in this chapter that the safety of soft robots should be addressed by
jointly considering both the characteristics of the robot’s body and its brain.

In our proposed holistic approach, we treat the trade-off between safety and perfor-
mance as a multi-objective optimization problem during the design of the soft robot’s body
(i.e., morphology) and brain (i.e., controller). Specifically, we simultaneously maximize both
objectives while enforcing a constraint to ensure that the worst-case safety of the closed-
loop system always meets or exceeds the specified task requirements. During deployment
(i.e., the control phase), adaptive strategies dynamically balance safety and performance
according to real-time conditions, again ensuring safety always remains above the required
task threshold. This layered approach broadens the design space by reducing constraints
traditionally imposed on structural components. It also increases resilience, as the robot
remains safe even in scenarios where control performance is compromised.

A.8 Conclusion and Open Challenges
A.8.1 Conclusion
In this chapter, we introduced an approach that leverages holistic co-design to develop soft
robots that are both safe and high-performing. First, we reviewed existing soft robot design
approaches, covering both traditional design processes and early research on co-design.
This review revealed shortcomings in current co-design methods, such as computational
inefficiencies and a tendency to focus solely on aspects that can be fully simulated while
neglecting critical downstream factors like prototyping, real-world evaluation, manufac-
turability, safety, and regulatory issues. We subsequently proposed a framework for holistic
co-design that incorporates several essential modifications and additions. This framework
emphasizes the optimization of broader design values—such as manufacturability, safety,
and cost considerations in both manufacturing and operation—rather than relying solely on
a single, simulation-based performance metric. Furthermore, we identified several avenues
to boost the computational efficiency of co-design, including the use of reduced-order
design spaces, the co-learning of reduced-order models, and auxiliary metrics that provide
early, cost-effective feedback on controllability, observability, and open-loop compliance,
as well as the model-based derivation of controllers. We also presented a probabilistic
perspective on co-design metrics, explaining how high-fidelity simulations and a strategic
selection of prototypes can build confidence and reduce uncertainty in evaluation metrics.
Looking ahead, exploiting the trade-off between design refinement and realization may
lead to solutions that are not only optimal in simulation but also effective in the real
world. Finally, we stressed the importance of synergistic cross-disciplinary collaboration,
noting that a holistic co-design approach can help preserve design knowledge and enhance
reproducibility within soft robotics.
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This holistic co-design approach would also be instrumental in formalizing the trade-
off between safety and performance, allowing us to pinpoint effective soft robotic de-
signs—integrating both morphology and control—that excel at the task while satisfying a
broad range of values and requirements without compromising safety.

A.8.2 Next Steps and Open Challenges
As the next steps, we suggest taking initial steps to enable its realization. This includes but is
not limited to: (1) deriving and verifying metrics such as manufacturability, fabrication and
operation costs, controllability, and observability in a model-based fashion so they can be
computationally evaluated and integrated into co-design methodologies—with an emphasis
on making these metrics openly accessible and easily combinable; (2) investigating effective
methods to incorporate design priors, such as existing soft robotic designs (Navez et al.,
2024) or biological inspirations from invertebrates (Chen and Wang, 2020; Krieg et al., 2015;
Laschi et al., 2012; Laschi and Mazzolai, 2024), into the design sampling process. Generative
and foundation models—such as VLMs trained on internet-scale data (Grattafiori et al., 2024;
Hurst et al., 2024)—offer promising avenues for accelerating the development of novel soft
robotic architectures. Initial studies should explore how these models can serve as design
samplers by proposing bioinspired or unconventional morphologies that might not arise
from traditional optimization routines. For instance, a VLM could be prompted to suggest
soft robot designs for specific tasks and constraints (Ghasemi and Moghaddam, 2025; Stella
et al., 2023a), potentially conditioned on renderings or descriptions of previously evaluated
designs - i.e., through in-context learning (Brown et al., 2020), which could then be mapped
into a reduced-order design space 𝑥 via a learned neural network. Connected to this, (3)
VLMs could also be effective as design critics (Ghasemi and Moghaddam, 2025)—assessing
factors such as perceived human safety, environmental impact, feasibility, ergonomics, and
functional versatility, aspects that are challenging to model from first principles. (4) As
discussed in Sec. A.5, it is crucial to investigate how to effectively exploit the trade-off
between design refinement and realization. The ideal approach should account for the
resources (e.g., effort, cost) required for each refinement and realization cycle, allocating
them optimally to enhance design improvement efficiency. (5) As emphasized in Sec. A.6,
a major challenge in the co-design of soft robots is optimizing effective control policies
in a computationally tractable manner. One potential alternative to the model-based
control approach presented here is to draw inspiration from emerging X-Embodiment
policies (O’Neill et al., 2024) developed for rigid manipulators and to develop controllers
that work across a variety of soft robotic designs, thereby avoiding the need to train
a specialized controller for each design from scratch. Moreover, (6) characterizing the
Pareto front between safety and performance will enable a structured trade-off analysis,
particularly in common tasks such as pick-and-place, where payload capacity, speed, and
compliance must be optimized simultaneously.
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Supplementary Material to

Chapter 11 - Coupled
Oscillator Networks

This appendix provides supplementary material for Chapter 11. In particular, we offer further
details on the training and evaluation process, including the mathematical definitions of all
baseline methods and evaluation metrics considered. Additionally, we present extra results on
learning latent dynamics—such as a complete set of evaluation metrics and the number of
trainable parameters for every evaluated method—as well as sequences of stills illustrating
the prediction results of CON across all datasets. Finally, we include additional findings on
model-based latent space control, featuring baselines like a pure feedback controller based on
a NODE model and one based on the learned CON dynamics.

This appendix is partly based on � 3 M. Stölzle, and C. Della Santina (2024). Input-to-State Stable Coupled
Oscillator Networks for Closed-form Model-based Control in Latent Space. In Proceedings of Advances in Neural
Information Processing Systems (NeurIPS) 37, Spotlight (Stölzle and Della Santina, 2024). M.S. and C.D.S conceived
the project, developed the formulation of the coupled oscillator network, and derived the stability proof. M.S.
devised the closed-form approximation to the CON dynamics, came up with the model-based control approach,
and implemented the training and control pipeline. M.S. planned and conducted all experiments and wrote the
manuscript. C.D.S. revised the manuscript, provided funding, and supervised the project.
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B.1 Appendix on Experimental Setup
B.1.1 Autoencoder Architecture
For the encoder and decoder, we rely on a vanilla CNNs implemented as a 𝛽-VAE (Kingma
and Welling, 2014).

Encoder. The encoder consists of two convolutional layers with kernel size (3,3) and
stride (1,1) mapping to 16, 32, respectively. The features are flattened and then passed to
two linear layers with hidden dimensions 256 and 𝑛𝑧 . Each layer (except for the last) is
followed by a layer norm (Ba et al., 2016) and a LeakyReLU nonlinearity.

Decoder. The decoder first uses two linear layers to map to hidden dimensions of 256
and 32768, respectively. We then apply two 2D transposed convolutions (Dumoulin and
Visin, 2016), reducing the number of channels first to 16, and then to 1. Each layer (except
for the last linear and last convolutional) is followed by a layer norm (Ba et al., 2016) and a
LeakyReLU nonlinearity. Finally, we apply a sigmoid function to clip the output into the
range [−1,1].

B.1.2 Latent Dynamic Models
In the following section, we provide implementation details for the latent dynamic models
that we evaluated as part of this work.

Coupled Oscillator Network (CON)
We leverage the CON in -coordinates given by (11.3) for learning latent space dynamics.
Specifically, we consider the input-to-force mapping 𝑔(𝑢)) = 𝐵(𝑢)𝑢(𝑡), where 𝐵(𝑢) ∈ ℝ𝑛×𝑚
is parametrized by few-layer MLP. We report results for two different sizes of the MLP: one
medium-sized variant consisting of five layers with a hidden dimension of 30 and a small
variant with two layers and a hidden dimension of 12. In both cases, we use a hyperbolic
tangent as a nonlinearity.

When training the model, we jointly optimize 𝑀−1
w ,𝐾w,𝐷w,𝑏 and 𝑔(𝑢). However, we

also need to make sure that we adhere to the stability constraints 𝑀−1
w ,𝐾w,𝐷w ≻ 0. For

this, we leverage the Cholesky decomposition (Petersen et al., 2008). Instead of directly
learning the full matrix 𝐴 ∈ ℝ𝑛𝑧×𝑛𝑧 , we designate the elements of an upper triangular
matrix 𝑈 ∈ ℝ𝑛𝑧×𝑛𝑧 as the trainable parameters. The Cholesky decomposition demands that
diag(𝑈11,… ,𝑈𝑛𝑧𝑛𝑧 ) > 0. Therefore, we apply the operation

𝑈𝑖𝑖 = log(1+𝑒
𝑈̆𝑖𝑖+𝜖1

)+𝜖2, (B.1)

where 𝑈̆ is the learned upper triangular matrix, and 𝜖1 = 1×10−6 and 𝜖2 = 2×10−6 are two
small, positive values. The positive-definite matrix 𝐴 is now given by 𝐴 = 𝑈⊤𝑈 ≻ 0.

Neural ODEs
We consider two kinds of NODEs (Chen et al., 2018): the vanilla 𝑓NODE ∶ 𝜉(𝑡) ×𝑢(𝑡) ↦ 𝜉̇(𝑡)
maps latent state and system actuation directly into a time derivative of the latent state.
In contrast, for the MECH-NODE, we enforce the latent dynamics to have a mechanical
structure

𝜉̇ (𝑡) = [

d𝑧
d𝑡
d𝑧̇
d𝑡 ]

= [
𝑧̇(𝑡)

𝑓MECH−NODE(𝜉(𝑡),𝑢(𝑡))]
. (B.2)
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We represent both 𝑓NODE and 𝑓MECH−NODE as MLPs consisting of 5 layers, a hidden dimen-
sion of 30, and a hyperbolic tangent nonlinearity.

Autoregressive models
For the below stated autoregressive models, we divide the integration between two (latent)
samples 𝜉(𝑡𝑘) and 𝜉(𝑡𝑘+1) into 𝑁int integration steps 𝜉(𝑡𝑘 +𝛿𝑡),…,𝜉(𝑡𝑘 +𝑘′𝛿𝑡),…,𝜉(𝑡𝑘 +
𝑁int𝛿𝑡) where 𝛿𝑡 is the integration step size and 𝑡𝑘+1 = 𝑡𝑘 +𝑁int𝛿𝑡. The autoregressive
model now describes the transition 𝜉(𝑡𝑘′+1) = 𝑓ar(𝜉(𝑡𝑘′),𝑢(𝑡𝑘))) ∀𝑘′ ∈ 1,…,𝑁int.

RNN. We implement a standard, single-layer Elman RNN with tanh nonlinearity. The
hidden state captures the latent state of the system. The latent state transition functions
are given by

𝜉(𝑡𝑘′+1) = tanh(𝑊hh 𝜉(𝑡𝑘′)+𝑏hh+𝑊ih𝑢(𝑡𝑘)+𝑏ih), (B.3)

where𝑊hh ∈ ℝ2𝑛𝑧×2𝑛𝑧 , 𝑏hh ∈ ℝ2𝑛𝑧 ,𝑊ih ∈ ℝ2𝑛𝑧×𝑚, and 𝑏ih ∈ ℝ2𝑛𝑧 .

GRU. We implement a standard, single-layer GRU (Cho et al., 2014) with sigmoid
activation function, where we interpret the latent state of the system as the hidden state of
the cell. The latent state transition functions are given by

𝑟 =𝜎 (𝑊hr 𝜉(𝑡𝑘′)+𝑏hr+𝑊ir𝑢(𝑡𝑘)+𝑏ir)

𝑝 =𝜎(𝑊hp 𝜉(𝑡𝑘′)+𝑏hp+𝑊ip𝑢(𝑡𝑘)+𝑏ip)
𝑛 = tanh(𝑟 ⊙ (𝑊hn 𝜉(𝑡𝑘′)+𝑏hn)+𝑊in𝑢(𝑡𝑘)+𝑏in)

𝜉(𝑡𝑘′+1) = (1−𝑝)⊙𝑛+𝑝⊙𝜉(𝑡𝑘′)

(B.4)

where 𝜎 is the sigmoid function, ⊙ the Hadamard product, 𝑊hr,𝑊hp,𝑊hn ∈ ℝ2𝑛𝑧×2𝑛𝑧 ,
𝑊ir,𝑊ip,𝑊in ∈ ℝ2𝑛𝑧×𝑚, and 𝑏hr,𝑏ir,𝑏ip,𝑏in ∈ ℝ2𝑛𝑧 .

coRNN. A time-discrete coRNN is defined by the transition function

𝜉(𝑡𝑘′+1) = [
𝑧(𝑡𝑘′+1)
𝑧̇(𝑡𝑘′+1)]

= [
𝑧(𝑡𝑘′)+𝛿𝑡 𝑧̇(𝑡𝑘′)

𝑧̇(𝑡𝑘′)+𝛿𝑡 (−𝛾𝑧(𝑡𝑘′)− 𝜀𝑧̇(𝑡𝑘′)+ tanh(𝑊𝜉(𝑡𝑘′)+𝑉𝑢(𝑡𝑘)+𝑏))]
(B.5)

where 𝛾 ,𝜀 ∈ ℝ+ are positive, scalar hyperparameters representing the stiffness and damping
coefficients, respectively. The term tanh(𝑊𝜉(𝑡𝑘′)+𝑉𝑢(𝑡𝑘)+𝑏) with 𝑊 ∈ ℝ2𝑛𝑧×2𝑛𝑧 , 𝑉 ∈
ℝ𝑛𝑧×𝑚, and 𝑏 ∈ ℝ𝑛𝑧 contributes nonlinear state-to-state connections. It is implemented with
a linear layer operating on (𝜉(𝑡𝑘′),𝑢(𝑡𝑘)) followed by a hyperbolic tangent nonlinearity.

CFA-CON. We adapt the Alg. 3 for predicting the time evolution in latent-space

𝜉(𝑡𝑘′+1) = 𝑓CFA−CON(𝜉(𝑡′𝑘),𝑢(𝑡𝑘)), (B.6)

where 𝑓CFA−CON describe the autoregressive state transition by the CFA-CON model as
introduced in Eq. 11.45.



B

346 B Supplementary Material to Chapter 11 - Coupled Oscillator Networks

B.1.3 First-Order Variants of Dynamical Models
For learning (latent) dynamics of 1st-order systems (e.g., the reaction-diffusion dataset R-D),
it might also be beneficial to formulate the dynamical model to be of 1st-order. While this
is straightforward for some dynamics that do not explicitly take the order into account
(e.g., RNN, GRU, NODE), for other models such as coRNN, CON, and CFA-CON, more
adjustments are necessary. Namely, we substitute the d𝑧

d𝑡 component of the ODE with the
expression for d𝑧̇

d𝑡 . Furthermore, we remove any terms that depend on the velocity 𝑧̇ (e.g.,
damping effects). Below, we report in detail the adapted, 1st-order formulations for the
coRNN, CON, and CFA-CON models.

CON. In the 1st-order version, we adapt the standard, 2nd-order ODE of the CON network
as defined in (11.3) to

𝜉̇ (𝑡) = 𝑧̇(𝑡) = 𝑀−1
w (𝑔(𝑢(𝑡))−𝐾w𝑧(𝑡)− tanh(𝑧(𝑡)+𝑏)) . (B.7)

coRNN. In the 1st-order version, we define the transition function as

𝜉(𝑡𝑘′+1) = 𝑧(𝑡𝑘′+1) = 𝑧(𝑡𝑘′)−𝛿𝑡 𝛾 𝑧(𝑡𝑘′)+𝛿𝑡 tanh(𝑊𝜉(𝑡𝑘′)+𝑉𝑢(𝑡𝑘)+𝑏) . (B.8)

CFA-CON. We adapt a 1st-order version of Alg. 3 for predicting the time evolution in
latent-space

𝜉(𝑡𝑘′+1) = 𝑧(𝑡𝑘′+1) = 𝑧(𝑡𝑘′)+∫
𝑡𝑘′+𝛿𝑡

𝑡𝑘′
𝐹(𝑡𝑘′)−𝜅𝑧(𝑡′)d𝑡′,

𝐹 (𝑡𝑘′) = 𝑔(𝑢(𝑡𝑘))− (𝐾 −𝜅)𝑧(𝑡𝑘′)− tanh(𝑊𝑧(𝑡𝑘′)+𝑏),
(B.9)

where the closed-form solution for the integral is given by

∫
𝑡𝑘′+𝛿𝑡

𝑡𝑘′
𝐹(𝑡𝑘′)−𝜅𝑧(𝑡′)d𝑡′ =

𝐹(𝑡𝑘′)
𝜅 (1− 𝑒−𝜅𝛿𝑡) . (B.10)

B.1.4 Training
We implement the network dynamics and the neural networks (e.g., encoder, decoder,
and MLPs) in JAX (Bradbury et al., 2018) and Flax (Heek et al., 2023), respectively. When
training or inferring time-continuous dynamical models (e.g., NeuralODE, CON), we rely
on Diffrax (Kidger, 2021) for numerical integration of the ODE using the Dormand-Prince’s
5/4 method (Dormand and Prince, 1980) (Dopri5). For the numerical integration of both
the time-continuous and the time-discrete models (e.g., RNN, coRNN, CFA-CON), we use
an integration time-step 𝛿𝑡 of 0.025 s and 0.01s for the Toy Physics (Botev et al., 2021) and
soft robotic datasets, respectively.

Because of the GPU memory constraints, we limit ourselves to a batch size of 30 and
80 trajectories for the Toy Physics (Botev et al., 2021) and soft robotic datasets, respectively.
We implement a learning rate schedule consisting of a warm-up (5 epochs) and a cosine
annealing (Loshchilov and Hutter, 2016) period (remaining epochs). We employ an AdamW



B.1 Appendix on Experimental Setup

B

347

optimizer (Kingma and Ba, 2014; Loshchilov and Hutter, 2018) with 𝛽1 = 0.9, 𝛽2 = 0.999
for updating both neural network weights (e.g., encoder, decoder) and parameters of the
dynamical model (e.g., 𝐾,𝐷w, 𝑀w, etc.).

B.1.5 Evaluation Metrics
Similar to other publications in the field (Liu et al., 2018a; Stölzle et al., 2022; Yu et al., 2018),
we state the RMSE, the Peak Signal-to-Noise Ratio (PSNR) and the Structural Similarity
Index Measure (SSIM) (Wang et al., 2004) between the ground-truth image 𝑜 ∈ ℝℎo×𝑤o and
the predicted image image 𝑜̂ ∈ ℝℎo×𝑤o . We use the separated test set for all evaluation
results.

Root Mean-Sqare Error
The RMSE between the two images is given by

RMSE(𝑜, 𝑜̂) =

√
ℎo
∑
𝑢=1

𝑤o

∑
𝑣=1

(𝑜𝑢𝑣 − 𝑜̂𝑢𝑣)2

ℎo𝑤o
. (B.11)

Peak Signal-to-Noise Ratio
The PSNR is a function of the total MSE loss and the maximum dynamic range of the image
𝐿.

PSNR(𝑜, 𝑜̂) = 20 log10(𝐿)−10 log10(

ℎo
∑
𝑢=1

𝑤o

∑
𝑣=1

(𝑜𝑢𝑣 − 𝑜̂𝑢𝑣)2

ℎo𝑤o )
. (B.12)

As we work with normalized images with pixels in the interval [−1,1], the dynamic range
is 𝐿 = 2.

Structural Similarity Index Measure
As simple pixel-by-pixel metrics such as RMSE or PSNR tend to average out any encountered
errors, this could lead to a situation in which a significant reconstruction error in a part of
the image is not seen in the RMSE metric but has a huge impact on the visual appearance
of the reconstruction. SSIM (Wang et al., 2004) incorporates not just the absolute errors, but
also the strong inter-dependencies between pixels, especially when they are spatially close.
The SSIM metric between two observations 𝑜 and 𝑜̂ is given by

SSIM(𝑜, 𝑜̂) = 𝑙𝛼(𝑜, 𝑜̂)𝑐𝛽(𝑜, 𝑜̂) 𝑠𝛾 (𝑜, 𝑜̂), (B.13)

where

𝑙(𝑜, 𝑜̂) =
2𝜇𝑜𝜇𝑜̂ +𝐶1

𝜇2𝑜 +𝜇2𝑜̂ +𝐶1
, 𝑐(𝑜, 𝑜̂) =

2𝜎𝑜𝜎𝑜̂ +𝐶2

𝜎2
𝑜 +𝜎2

𝑜̂ +𝐶2
, 𝑠(𝑜, 𝑜̂) =

𝜎𝑜𝑜̂ +𝐶3

𝜎𝑜𝜎𝑜̂ +𝐶3
. (B.14)

We use the constants 𝐶1 = (𝑘1𝐿)2, 𝐶2 = (𝑘2𝐿)2 and 𝐶3 =𝐶2/2, where 𝐿 signifies the dynamic
range as previously used for the PSNR metric, and 𝑘1 = 0.01 and 𝑘2 = 0.03. The average
𝜇 and the variance 𝜎2 are computed with a Gaussian filter with a 1D kernel of size 11
and sigma 1.5. We set the weight exponents 𝛼, 𝛽, and 𝛾 for the luminance, contrast, and
structure comparisons all to one. We rely on the PIX library (DeepMind et al., 2020) for
efficiently computing the SSIM metric.
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B.1.6 Compute Resources
We trained the models on several desktop workstations for a total duration of roughly
150 h. In total, we relied on 10x RTX 3090/4090 GPUs, each with 24 GB of VRAM, training
the models in parallel. Each workstation contained between 64 and 128 GB of RAM, and
we used roughly 100 GB of total storage. Training each model on one random seed took
between 45min and 4 h depending on the model type, the integration time constant, and
the number of trainable parameters. The hyperparameter tuning we conducted beforehand
(only on one random seed) took roughly the same time and computational resources as
generating the final results.

For the control experiments, we additionally used a laptop with a 16-core Intel Core
i7-10870H CPU and 32 GB RAM. We did not need to use a GPU for evaluating the model
during closed-loop control.
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B.2 Appendix on Learning Latent Dynamics
We report the full set of quantitative results, including the additional evaluation metrics
PSNR and SSIM, in Tables B.4 to B.7. For PCC-NS-2 in Tab. B.5, we additionally recorded the
training steps per second on an Nvidia RTX 3090 GPU with a batch size of 80 (which leads
to 8080 images per batch). We plot the results of a sweep across the latent dimensions for
the additional evaluation metrics PSNR and SSIM in Fig. B.1. Correspondingly, we visualize
the number of trainable parameters of each model vs. the latent dimension in Fig. B.2. In
Figs. B.3- B.5, we present sequences of stills for the rollout of the trained CON (-M) models
on the various datasets.

Model RMSE ↓ PSNR ↑ SSIM ↑ # Params. ↓

RNN 0.2739±0.0057 4.16±0.02 0.6958±0.0122 88
GRU (Cho et al., 2014) 0.0267±0.0033 𝟔.𝟏𝟑±𝟎.𝟎𝟗 0.9861±0.0022 248

coRNN (Rusch and Mishra, 2020) 𝟎.𝟎𝟐𝟔𝟓±𝟎.𝟎𝟎𝟎𝟐 𝟔.𝟏𝟑±𝟎.𝟎𝟏 𝟎.𝟗𝟖𝟓𝟑±𝟎.𝟎𝟎𝟎𝟔 40
NODE (Chen et al., 2018) 𝟎.𝟎𝟐𝟔𝟒±𝟎.𝟎𝟎𝟏𝟎 𝟔.𝟏𝟒±𝟎.𝟎𝟑 𝟎.𝟗𝟖𝟓𝟖±𝟎.𝟎𝟎𝟎𝟗 3368

MECH-NODE 0.0328±0.0034 5.99±0.07 0.9821±0.0024 3244
CON (our) 0.0303±0.0053 6.05±0.13 0.9847±0.0027 𝟑𝟒

CFA-CON (our) 0.0313±0.0026 6.02±0.06 0.9843±0.0008 𝟑𝟒

Table B.1: Benchmarking of CON and CFA-CON at learning latent dynamics on the M-SP+F (mass-spring
with friction) dataset. For all models, a latent dimension of 𝑛𝑧 = 4 is chosen. As this dataset does not consider
any inputs, we remove all parameters in the RNN, GRU, coRNN, CON, and CFA-CON models related to the
input mapping. MECH-NODE is a NODE with prior knowledge about the mechanical structure of the system
(i.e., d𝑥

d𝑡 = 𝑥̇). We report the mean and standard deviation over three different random seeds and the number of
parameters of each latent dynamics model.

Model RMSE ↓ PSNR ↑ SSIM ↑ # Params. ↓

RNN 0.2378±0.0352 4.31±0.15 0.7568±0.0350 88
GRU (Cho et al., 2014) 0.1457±0.0078 4.78±0.05 0.9168±0.0093 248

coRNN (Rusch and Mishra, 2020) 0.1333±0.0044 4.86±0.03 0.9194±0.0055 40
NODE (Chen et al., 2018) 𝟎.𝟏𝟐𝟔𝟎±𝟎.𝟎𝟎𝟏𝟑 𝟒.𝟗𝟏±𝟎.𝟎𝟏 𝟎.𝟗𝟑𝟕𝟗±𝟎.𝟎𝟎𝟎𝟗 3368

MECH-NODE 0.1650±0.0205 4.67±0.12 0.8985±0.0153 3244
CON (our) 0.1303±0.0064 4.88±0.04 0.9175±0.0095 𝟑𝟒

CFA-CON (our) 0.1352±0.0073 4.85±0.05 0.9133±0.0052 𝟑𝟒

Table B.2: Benchmarking of CON and CFA-CON at learning latent dynamics on the S-P+F (single pendulum
with friction) dataset. For all models, a latent dimension of 𝑛𝑧 = 4 is chosen. As this dataset does not consider
any inputs, we remove all parameters in the RNN, GRU, coRNN, CON, and CFA-CON models related to the
input mapping. MECH-NODE is a NODE with prior knowledge about the mechanical structure of the system
(i.e., d𝑥

d𝑡 = 𝑥̇). We report the mean and standard deviation over three different random seeds and the number of
parameters of each latent dynamics model.
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Model RMSE ↓ PSNR ↑ SSIM ↑ # Params. ↓

RNN 0.1694±0.0004 4.631±0.002 0.7082±0.0032 672
GRU (Cho et al., 2014) 0.1329±0.0005 4.858±0.003 𝟎.𝟖𝟑𝟒𝟎±𝟎.𝟎𝟎𝟐𝟏 1968

coRNN (Rusch and Mishra, 2020) 0.1324±0.0016 4.862±0.012 0.8229±0.0039 348
NODE (Chen et al., 2018) 0.1324±0.0024 4.861±0.016 0.8101±0.0024 4404

MECH-NODE 0.1710±0.0111 4.624±0.063 0.7170±0.0439 4032
CON (our) 0.1323±0.0018 4.862±0.013 0.8067±0.0038 𝟐𝟒𝟔

CFA-CON (our) 𝟎.𝟏𝟑𝟎𝟕±𝟎.𝟎𝟎𝟏𝟐 𝟒.𝟖𝟕𝟑±𝟎.𝟎𝟎𝟖 0.8147±0.0034 𝟐𝟒𝟔

Table B.3: Benchmarking of CON and CFA-CON at learning latent dynamics on the D-P+F (double pendulum
with friction) dataset. For all models, a latent dimension of 𝑛𝑧 = 12 is chosen. As this dataset does not consider
any inputs, we remove all parameters in the RNN, GRU, coRNN, CON, and CFA-CON models related to the
input mapping. MECH-NODE is a NODE with prior knowledge about the mechanical structure of the system
(i.e., d𝑥

d𝑡 = 𝑥̇). We report the mean and standard deviation over three different random seeds and the number of
parameters of each latent dynamics model.

Model RMSE ↓ PSNR ↑ SSIM ↑ # Params. ↓

RNN 𝟎.𝟏𝟎𝟏𝟏±𝟎.𝟎𝟎𝟎𝟗 𝟐𝟓.𝟗𝟐±𝟎.𝟎𝟖 𝟎.𝟗𝟕𝟕𝟕±𝟎.𝟎𝟎𝟎𝟒 696
GRU (Cho et al., 2014) 0.1125±0.0100 24.99±0.74 0.9730±0.0040 2040

coRNN (Rusch and Mishra, 2020) 0.2537±0.0018 17.93±0.06 0.8820±0.0024 𝟑𝟑𝟔
NODE (Chen et al., 2018) 0.2415±0.0021 18.36±0.08 0.8946±0.0023 4374

MECH-NODE 0.2494±0.0028 18.08±0.10 0.8898±0.0016 4002
CON-S (our) 0.1993±0.0646 20.03±2.44 0.9218±0.0380 1386
CON-M (our) 0.1063±0.0027 25.49±0.22 0.9758±0.0011 8568
CFA-CON (our) 0.1462±0.0211 22.72±1.17 0.9573±0.0103 8568

Table B.4: Benchmarking of CON and CFA-CON at learning latent dynamics on the CS (soft robot with one
constant strain segment) dataset. For all models, a latent dimension of 𝑛𝑧 = 12 is chosen. CON-S and CON-M
are small and medium-sized versions of the CON model, respectively. MECH-NODE is a NODE with prior
knowledge about the mechanical structure of the system (i.e., d𝑥

d𝑡 = 𝑥̇). We report the mean and standard deviation
over three different random seeds and the number of parameters of each latent dynamics model.

Model RMSE ↓ PSNR ↑ SSIM ↑ # Params. ↓ Train. steps
second ↑ Inf. time [ms] ↑

RNN 0.1373±0.0185 23.27±1.10 0.9643±0.0077 320 1.87 02.6
GRU (Cho et al., 2014) 0.0951±0.0021 𝟐𝟔.𝟒𝟓±𝟎.𝟏𝟗 0.9730±0.0040 928 1.83 03.2

coRNN (Rusch and Mishra, 2020) 0.2504±0.0899 18.05±2.66 0.9814±0.0006 𝟏𝟓𝟐 𝟏.𝟖𝟗 02.7
NODE (Chen et al., 2018) 0.1867±0.0561 20.60±2.28 0.8774±0.0857 3856 0.79 50.2

MECH-NODE 0.1035±0.0012 25.07±0.06 0.9778±0.0004 3062 0.79 50.3
CON-S (our) 0.0996±0.0012 26.05±0.11 𝟎.𝟗𝟕𝟗𝟐±𝟎.𝟎𝟎𝟎𝟕 676 0.78 50.2
CON-M (our) 0.1008±0.0006 25.95±0.05 0.9786±0.0003 7048 0.60 60.1
CFA-CON (our) 0.1124±0.0025 25.01±0.19 0.9734±0.0012 7048 1.12 13.6

Table B.5: Benchmarking of CON and CFA-CON at learning latent dynamics on the PCC-NS-2 (soft robot with
two constant curvature segments) dataset. For all models, a latent dimension of 𝑛𝑧 = 8 is chosen. CON-S and
CON-M are small and medium-sized versions of the CON model, respectively. MECH-NODE is a NODE with prior
knowledge about the mechanical structure of the system (i.e., d𝑥

d𝑡 = 𝑥̇). We report the mean and standard deviation
over three different random seeds. Furthermore, we state the number of parameters of each latent dynamics
model and the training steps per second on an Nvidia RTX 3090 GPU. Each batch contains 80 trajectories and
8080 images of resolution 32x32px in total. Finally, we report the inference time averaged over 5000 runs for
performing a rollout of 2.02 s (while encoding and decoding all images along the trajectory) on an Nvidia RTX
3090 GPU with a batch size of 1.
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Model RMSE ↓ PSNR ↑ SSIM ↑ # Params. ↓

RNN 0.2232±0.0075 19.05±0.29 0.8955±0.0083 696
GRU (Cho et al., 2014) 0.2148±0.0196 19.38±0.76 0.9039±0.0223 2040

coRNN (Rusch and Mishra, 2020) 0.2474±0.0018 18.15±0.06 0.8877±0.0011 𝟑𝟑𝟔
NODE (Chen et al., 2018) 0.3373±0.0565 15.46±1.34 0.7432±0.0935 4374

MECH-NODE 0.1900±0.0024 20.45±0.11 0.9315±0.0011 4002
CON-S (our) 𝟎.𝟏𝟕𝟗𝟐±𝟎.𝟎𝟎𝟑𝟖 𝟐𝟎.𝟗𝟔±𝟎.𝟏𝟖 𝟎.𝟗𝟑𝟗𝟐±𝟎.𝟎𝟎𝟐𝟑 1386
CON-M (our) 𝟎.𝟏𝟕𝟖𝟓±𝟎.𝟎𝟎𝟐𝟑 𝟐𝟎.𝟗𝟗±𝟎.𝟏𝟏 𝟎.𝟗𝟑𝟗𝟓±𝟎.𝟎𝟎𝟏𝟖 8568
CFA-CON (our) 0.1803±0.0003 20.90±0.01 0.9366±0.0004 8568

Table B.6: Benchmarking of CON and CFA-CON at learning latent dynamics on the PCC-NS-3 (soft robot with
three constant curvature segments) dataset. For all models, a latent dimension of 𝑛𝑧 = 12 is chosen. CON-S
and CON-M are small and medium-sized versions of the CON model, respectively. MECH-NODE is a NODE with
prior knowledge about the mechanical structure of the system (i.e., d𝑥

d𝑡 = 𝑥̇). We report the mean and standard
deviation over three different random seeds and the number of parameters of each latent dynamics model.

Model RMSE ↓ PSNR ↑ SSIM ↑ # Params. ↓

RNN 0.3763±0.0374 3.82±0.12 0.4463±0.1358 𝟐𝟎
GRU (Cho et al., 2014) 0.3232±0.0368 𝟑.𝟗𝟗±𝟎.𝟏𝟑 0.6798±0.0949 52

1st-order coRNN (Rusch and Mishra, 2020) 𝟎.𝟎𝟕𝟒𝟏±𝟎.𝟎𝟎𝟎𝟏 𝟓.𝟑𝟓±𝟎.𝟎𝟎 𝟎.𝟗𝟕𝟐𝟒±𝟎.𝟎𝟎𝟏𝟒 𝟐𝟎
NODE (Chen et al., 2018) 𝟎.𝟎𝟕𝟑𝟖±𝟎.𝟎𝟎𝟎𝟕 𝟓.𝟑𝟔±𝟎.𝟎𝟏 𝟎.𝟗𝟔𝟖𝟑±𝟎.𝟎𝟎𝟐𝟐 3064

CON (our) 0.1110±0.0160 5.03±0.12 0.9372±0.0109 24
CFA-CON (our) 0.1068±0.0059 5.05±0.05 0.9418±0.0026 24

Table B.7: Benchmarking of CON and CFA-CON at learning latent dynamics on the R-D (reaction-diffusion)
dataset. For all models, a latent dimension of 𝑛𝑧 = 4 is chosen. As this dataset does not consider inputs, we
remove all parameters in the RNN, GRU, coRNN, CON, and CFA-CON models related to the input mapping. Also,
as the reaction-diffusion system is governed by 1st-order PDE dynamics, we use specialized, 1st-order version
of the CON, CFA-CON, and coRNN dynamics. We report the mean and standard deviation over three different
random seeds and the number of parameters of each latent dynamics model.
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Figure B.1: Evaluation of prediction performance of the various models vs. the dimension of their latent
representation 𝑛𝑧 and the number of trainable parameters of the dynamics model, respectively. We optimize the
hyperparameters for the case of 𝑛𝑧 = 8, and execute the tuning separately for each model and dataset.
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Figure B.2: Plot of number of trainable parameters vs. the latent dimension 𝑛𝑧 of various models trained on
the PCC-NS-2 dataset. As we have configured them, CON-M and CFA-CON always have the same number of
parameters (i.e., overlaying lines).
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(a) t=0.0 s (b) t=0.55 s (c) t=1.10 s (d) t=1.65 s (e) t=2.20 s (f) t=2.75 s

Figure B.3: Prediction sequence of a CON model with latent dimension 𝑛𝑧 = 4 trained on the single pendulum
with friction (S-P+F ) dataset (Botev et al., 2021). Top row: Ground-truth evolution of the system. Bottom row:
Predictions of the CON model.
The prediction model is given three images centered around 𝑡 = 0 for encoding the initial latent 𝑧(0) and estimation
of the initial latent velocity 𝑧̇(0). Subsequently, we roll out the autonomous network dynamics (i.e., unforced)
and compare the decoded predictions with the ground-truth evolution of the system.

(a) t=0.00 s (b) t=0.04 s (c) t=0.08 s (d) t=0.12 s (e) t=0.16 s (f) t=0.20 s

Figure B.4: Prediction sequence of a forced CON model with latent dimension 𝑛𝑧 = 12 trained on the soft robotic
CS dataset containing trajectories of a simulated constant strain robot with one segment. Top row: Ground-truth
evolution of the system. Bottom row: Predictions of the CON-M model.
The prediction model is given three images centered around 𝑡 = 0 for encoding the initial latent 𝑧(0) and estimation
of the initial latent velocity 𝑧̇(0). Subsequently, we roll out the autonomous network dynamics (i.e., unforced)
and compare the decoded predictions with the ground-truth evolution of the system.
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(a) t=0.0 s (b) t=0.3 s (c) t=0.6 s (d) t=0.9 s (e) t=1.2 s

Figure B.5: Prediction sequence of an unforced CON model with latent dimension 𝑛𝑧 = 8 trained on the PCC-NS-2
dataset. Top row: Ground-truth evolution of the system. Bottom row: Predictions of the CON-M model.
The prediction model is given three images centered around 𝑡 = 0 for encoding the initial latent 𝑧(0) and estimation
of the initial latent velocity 𝑧̇(0). Subsequently, we roll out the autonomous network dynamics (i.e., unforced)
and compare the decoded predictions with the ground-truth evolution of the system.

(a) t=0.0 s (b) t=0.3 s (c) t=0.6 s (d) t=0.9 s (e) t=1.2 s

Figure B.6: Prediction sequence of a forced CON model with latent dimension 𝑛𝑧 = 8 trained on the PCC-NS-2
dataset. Top row: Ground-truth evolution of the system. Bottom row: Predictions of the CON-M model.
The prediction model is given three images centered around 𝑡 = 0 for encoding the initial latent 𝑧(0) and estimation
of the initial latent velocity 𝑧̇(0). Subsequently, we provide the same constant input 𝑢 to both the simulator and
the network dynamics (i.e., unforced) and compare the decoded predictions with the ground-truth evolution of
the system.
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B.3 Appendix on Latent Space Control
Below, we present supplementary results for the model-based, latent-space control on the
two-segment PCC soft robot (PCC-NS-2).
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(a) Configuration 𝑞(𝑡) ∈ ℝ2
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(b) Latent representation 𝑧(𝑡) ∈ ℝ2
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(c) Control input 𝑢(𝑡) ∈ ℝ2

Figure B.7: Latent-space control of a continuum soft robot (simulated using two PCC segments) following a
sequence of setpoints with a pure P-satI-D feedback controller operating in a 2D latent space learned with the
MECH-NODE model. The CON model weights are initialized using a random seed of 0. The dotted and solid
lines show the reference and actual values, respectively. For each setpoint, we randomly sample a desired shape
𝑞d and render the corresponding image 𝑜d. This image is then encoded to a target latent 𝑧d. The controller
then computes a latent-space torque 𝐹d, which is decoded to an input 𝑢. Finally, we provide this input to the
simulator, which performs a roll-out of the closed-loop dynamics. Important: The robot’s configuration (i.e., the
first-principle, minimal-order state) is solely used for generating a target image and simulating the closed-loop
system.



B

356 B Supplementary Material to Chapter 11 - Coupled Oscillator Networks

0 5 10 15 20 25 30 35

Time t [s]

−15

−10

−5

0

5

10

C
o
n

fi
g
u

ra
ti

o
n
q

[r
ad

/
m

]

qd
0

q0

qd
1

q1
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0 5 10 15 20 25 30 35

Time t [s]

−0.3

−0.2

−0.1

0.0

0.1

0.2

L
at

en
t

va
ri

ab
le
z

zd
0

z0

zd
1

z1

(b) Latent representation 𝑧(𝑡) ∈ ℝ2
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(c) Control input 𝑢(𝑡) ∈ ℝ2
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(d) Potential energy 𝑈(𝑡) ∈ ℝ

Figure B.8: Latent-space control of a continuum soft robot (simulated using two PCC segments) following a
sequence of setpoints with a pure P-satI-D feedback controller operating in a 2D latent space learned with the
CONmodel. The CON model weights are initialized using a random seed of 0. The dotted and solid lines show the
reference and actual values, respectively. For each setpoint, we randomly sample a desired shape 𝑞d and render
the corresponding image 𝑜d. This image is then encoded to a target latent 𝑧d. The controller then computes a
latent-space torque 𝐹d, which is decoded to an input 𝑢. Finally, we provide this input to the simulator, which
performs a roll-out of the closed-loop dynamics. Important: The robot’s configuration (i.e., the first-principle,
minimal-order state) is solely used for generating a target image and simulating the closed-loop system.
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(b) Latent representation 𝑧(𝑡) ∈ ℝ2
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(c) Control input 𝑢(𝑡) ∈ ℝ2
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(d) Potential energy 𝑈(𝑡) ∈ ℝ

Figure B.9: Latent-space control of a continuum soft robot (simulated using two PCC segments) following a
sequence of setpoints with a pure P-satI-D+FF feedback & feedforward controller operating in a 2D latent space
learned with the CON model. The CON model weights are initialized using a random seed of 0. The dotted and
solid lines show the reference and actual values, respectively. For each setpoint, we randomly sample a desired
shape 𝑞d and render the corresponding image 𝑜d. This image is then encoded to a target latent 𝑧d. The controller
then computes a latent-space torque 𝐹d, which is decoded to an input 𝑢. Finally, we provide this input to the
simulator, which performs a roll-out of the closed-loop dynamics. Important: The robot’s configuration (i.e., the
first-principle, minimal-order state) is solely used for generating a target image and simulating the closed-loop
system.
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Software Libraries & Lab

Infrastructure
In this appendix, we present multiple software libraries and packages that were developed as
part of the Ph.D and are all openly hosted within the tud-phi organization on GitHub 1.
Furthermore, we report on essential components of the lab infrastructure that the Ph.D. can-
didate significantly contributed to. Although these contributions are technical rather than
scientific, their development required considerable effort and was crucial to achieving the
scientific results presented in this thesis. We believe that sharing these technical resources will
be valuable for the community and help advance research in this domain. For instance, we
anticipate that the ROS2 package for Optitrack MCS, along with the Festo pressure regulator
documentation—including its pneumatic circuitry schematic and ROS2 drivers—will be valu-
able for soft robotics practitioners setting up their own experimental systems. Additionally,
our JAX implementation of soft robotic dynamic models marks a step toward modernizing the
algorithmic software stack, enabling researchers to leverage techniques such as automatic dif-
ferentiation, Just-In-Time (JIT)-compilation, and Graphics Processing Unit (GPU) deployment,
which are essential for integrating these models into ML approaches. Finally, our fully-fledged
HSA software ecosystem will enable the community to rapidly bootstrap their HSA robot
control research and inspire the creation of similar ROS2 packages for other soft robots.

1https://github.com/tud-phi

https://github.com/tud-phi
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T his appendix is organized as follows: First, we detail the setup of our motion capture
system used to acquire ground-truth data on the shape evolution of soft robots. Next,

we describe the configuration and interfacing with a Festo pressure regulator that actuates
pneumatic soft robots. Third, we document the fabrication process for a multi-segment
pneumatic soft arm made of silicon. Fourth, we introduce the JSRM package, which
implements control-oriented soft robot models in JAX. Finally, we provide an overview of
the ROS2 ecosystem developed for the control and operation of HSA robots.

C.1 Motion Capture System
Our soft robot experiments demand precise state information. For example, tasks like
closed-loop control (as demonstrated in Chapter 6) and the quantitative evaluation of
proprioceptive shape sensing approaches (as outlined in Chapters 4 and 9) rely on accurate
soft robot backbone shape information. In line with common practice in both research and
industry, we use an Optitrack MCS system equipped with eight Infrared (IR)-illuminated
cameras (Optitrack Prime X13). To ensure that our trials are reproducible while minimizing
setup effort, we built a cubical cage with a 750mm side length using standard aluminum
T-beams. The cameras are flexibly mounted to the beams with clamps, which keep their
relative positions fixed and eliminate the need for frequent, time-consuming recalibrations
whenever a camera’s pose might change.

To enable closed-loop control using the MCS measurements, we implemented a ROS2
package built on the NatNet SDK. This package, available on GitHub2, streams the poses of
tracked rigid bodies from a Windows workstation running the Optitrack Motive software
and publishes them as ROS messages. Subsequently, the package transforms the poses
from the MoCap world frame to a soft robot base coordinate system, with the origin at the
robot’s base and the z-axis aligned with the backbone direction.

2https://github.com/tud-phi/ros2-mocap_optitrack

https://github.com/tud-phi/ros2-mocap_optitrack


C.2 Pneumatic Pressure Regulator

C

361

Cubical 

Cage

Festo

Motion Terminal


Workstation

Pneumatic 

Tubing

Motion Capture 

Cameras

Motion Capture 

Calibration Square

Robot

Base

Motion Capture

Marker Ring


Pneumatic
Chambers


Figure C.1: Experimental Setup with a Pneumatic Soft Robot Segment: A soft robotic segment is attached to the
top of a cage equipped with motion capture cameras. Pneumatic actuation is achieved using a pressure regulator
(Festo VTEM Motion Terminal), while a workstation manages communication via Ethernet with both the motion
capture system and the pressure regulator.

C.2 Pneumatic Pressure Regulator
In this thesis, we consider at various times (e.g., Chapters 4, 2, 9) pneumatically-actuated
robots. Two primary methods exist for implementing such actuation. The first involves
fluidic drive cylinders, where the robot’s air chambers are connected to an array of cylin-
ders (Marchese et al., 2014; Taheri et al., 2014). In this setup, moving the pistons adjusts
the volume of the closed system, causing the pressure to change inversely according to the
ideal gas law (Stölzle and Della Santina, 2021) (see Chapter 8). Alternatively, pneumatic
valves can be used to manage airflow: they control the entry of air from a high-pressure
source into the chamber and facilitate pressure release by allowing air to escape to the
atmosphere (Falkenhahn et al., 2016).

We opted for the valve-based approach and selected Festo’s Motion Terminal VTEM3,
which can regulate airflow into 16 independent chambers. Although pressure regulation is
our primary focus, the VTEM also supports flow control and additional tasks. To connect
the motion terminal with the air supply unit, we developed a sophisticated pneumatic
circuitry (see Fig. C.2). Pressure set-points are transmitted via Modbus / Transmission
Control Protocol (TCP) over a Local Area Network (LAN), and the regulator’s built-in
low-level PID controller adjusts the valve positions to achieve these targets. Simultaneously,
current pressure readings from the valves are made available for purposes such as system
identification. For this communication, we developed drivers in both C++ and MATLAB
based on the VTEM protocol4, which are distributed together with a ROS2 package on
GitHub5. These tools allow users to both publish pressure commands and subscribe to the

3https://www.festo.com/de/en/p/motion-terminal-id_VTEM/
4https://www.festo.com/net/SupportPortal/Files/684271/VTEM_PLC_
QuickReference_V1-4.pdf

5https://github.com/tud-phi/ros2-vtem_control

https://www.festo.com/de/en/p/motion-terminal-id_VTEM/
https://www.festo.com/net/SupportPortal/Files/684271/VTEM_PLC_QuickReference_V1-4.pdf
https://www.festo.com/net/SupportPortal/Files/684271/VTEM_PLC_QuickReference_V1-4.pdf
https://github.com/tud-phi/ros2-vtem_control
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Figure C.2: Pneumatic Circuitry: The air supply unit reduces the input pressure to approximately 3–4 bars, which
is then fed into the VTEM pressure regulator through two ports. In parallel, a higher-pressure pilot air (around
7–8 bars) is provided by the same unit to actuate the VTEM’s valves. This configuration enables independent
pressure control across 16 chambers. Moreover, a workstation can interface with the system via Modbus/TCP,
allowing it to monitor the current valve pressures and update the pressure set points for the regulator’s low-level
PID controller.

C.3 Pneumatic Soft Robot Arm
To kick off PhI-Lab’s experimental soft robotics research, we adopted a pneumatic soft
robotic arm made up of a chain of identical segments. Each segment contains three to four
inflatable cavities, evenly distributed along the radial direction from its centerline (Marchese
et al., 2015). By controlling the air pressure within these cavities, the segment can extend
and bend in three-dimensional Cartesian space.

The fabrication process of the silicone body is quite intricate. It begins by casting wax
negatives for the air chambers—beeswax is poured into a silicon mold to form the initial
shape. Once hardened, these wax inserts are placed into a 3D-printed mold designed for
the segment. After mixing and degassing the silicone in a vacuum chamber, it is slowly
poured into the mold. Following curing, the segment is removed and then heated in an
oven to melt away the wax, thereby leaving behind the inflatable chambers (Marchese
et al., 2015). Although the CAD design was already available, we had to source materials
from Dutch suppliers, develop a detailed manufacturing procedure, and learn the practical
dos and don’ts of producing these pneumatic soft segments.
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Figure C.1 illustrates our laboratory setup for controlling this pneumatic soft robot, as
utilized in Chapters 4 and 9.

C.4 An Implementation of Soft Robot Models in JAX
In recent years, several open-source soft robot simulators have emerged—such as SOFA (Co-
evoet et al., 2017), SimSOFT (Grazioso et al., 2019), ChainQueen (Hu et al., 2019), TMT-
Dyn (Sadati et al., 2021), Elastica (Naughton et al., 2021), SoRoSim (Mathew et al., 2022),
and Sorotoki (Caasenbrood et al., 2024)—yet control-oriented dynamic models (i.e., low-
dimensional, control-affine Euler-Lagrange formulations) based on kinematic models like
the PCC (Webster III and Jones, 2010), PCS (Renda et al., 2018), and GVS (Boyer et al., 2020;
Renda et al., 2020) remain seldom available. Moreover, since most of these models are im-
plemented in MATLAB, integrating them into ML applications is challenging and prevents
the straightforward application of modern techniques offered by Python frameworks (e.g.,
PyTorch (Paszke et al., 2019), JAX (Bradbury et al., 2018)), such as automatic differentiation,
JIT-compilation, and GPU/Tensor Processing Unit (TPU) inference. Consequently, we
recognized the need for an open-source implementation of widely adopted dynamic soft
robot models within a modern, high-performance Python framework.

We chose to implement the soft robotic models in JAX (Bradbury et al., 2018) for several
key reasons. First, JAX provides JIT compilation for fast execution after an initial build
phase while allowing for rapid Pythonic development instead of more cumbersome and
time-consuming C++ coding. Second, it offers first-class vectorization support, which is
invaluable for tasks encountered in this thesis—such as evaluating forward kinematics
across many points along the backbone. Third, unlike many ML frameworks that focus on
differentiating only the trainable parameters of neural networks, JAX makes it very easy to
perform auto differentiation with respect to any function input. This capability enables us to
differentiate through the forward kinematic model for iterative inverse kinematics (i.e., the
Jacobian inverse method) as shown in Section 5.3 or to implement a latent dynamic model
within an approach where we jointly optimize both dynamic and autoencoder parameters
via gradient descent, as demonstrated in Chapter 11. Finally, JAX allows us to deploy
and parallelize dynamic model rollouts on GPUs and TPUs without any code changes—a
significant advantage over existing soft robotic simulators like Elastica (Naughton et al.,
2021) or SoRoSim (Mathew et al., 2022), which are limited to CPU execution, unlike modern
rigid robotics simulators such as Mujoco’s MJX (Todorov et al., 2012) or Nvidia Isaac
Sim (Makoviychuk et al., 2021) that support parallel GPU-based simulations.

Below, we provide further details on the implementation. We chose to separate the
model derivation and implement it in Sympy (Meurer et al., 2017) for three main reasons:
(a) a symbolic derivation of the kinematics and dynamics allows us to inspect and correct
the individual terms as needed; (b) several steps in the derivation require integrating
terms along the robot or segment length (Della Santina et al., 2023; Renda et al., 2018),
and symbolic integration offers a closed-form expression instead of the inherent tradeoff
between integration accuracy and computational complexity that numerical integration
at runtime exhibits; (c) the simplify functions available in most symbolic computing li-
braries often reduce the computational load significantly compared to a naive algorithmic
implementation.

Accordingly, we derive symbolically the forward kinematics 𝜋(𝑞,𝑠), the Jacobian 𝐽 (𝑞, 𝑠),
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the inertia matrix 𝐵(𝑞), the Coriolis matrix 𝐶(𝑞, 𝑞̇), the gravitational forces 𝐺(𝑞), the
kinetic energy  (𝑞, 𝑞̇), the potential energy  (𝑞), and several other terms as outlined
in the literature (Della Santina et al., 2023; Stölzle et al., 2024b). We then store these
symbolic expressions in binary format (i.e., we pickle them) using the dill package.
Next, we lambdify the expressions into a JAX function that accepts inputs such as the
robot parameters (e.g., geometric and material characteristics), the robot state, and, for
the forward dynamics, the control input. Crucially, this approach enables automatic
differentiation of the kinematics and dynamics with respect to the robot’s state (𝑞, 𝑞̇), the
control input 𝜏, and various model parameters, including the robot length 𝐿, backbone
radius 𝑅, and the material’s elastic modulus, among others.

In case the model should be used as a simulator, we can formulate an ODE of the
dynamics, as referenced in Chapter 2, and integrate numerically in time with an established
ODE solver. In JAX (Bradbury et al., 2018), a suitable choice for this task is the Diffrax
library (Kidger, 2021), which implements several popular solvers such as forward Euler,
Tsitouras’ 5/4 method (Tsitouras, 2011), or Dormand-Prince’s 5/4 method (Dormand and
Prince, 1980).

Currently, our package supports (elastic) N-link pendula, planar soft robots based on
the PCS kinematic model, and planar HSA robots. It is available as open-source on GitHub6.
In the future, we intend to add additional soft robotic models to the package, including 3D
PCS (Renda et al., 2018), PAC (Stella et al., 2023c), and GVS (Boyer et al., 2020). Furthermore,
we have discovered that the current implementation strategy does not scale well with the
number of soft robot segments. In particular, the time required for symbolically integrating
the kinematics and dynamic terms along the segment, simplifying these expressions with
Sympy (Meurer et al., 2017), and JIT-compiling the (unsimplified) symbolic expressions
in JAX (Bradbury et al., 2018) increases exponentially with each additional segment. As a
result, it is currently only feasible to simulate soft robots with up to three PCS segments.
To address this issue, we plan to eliminate the symbolic derivation steps and perform
all necessary computations directly in JAX, including numerical integration along the
backbone to compute the mass matrix, among other quantities.

This package has been integral to multiple chapters of this thesis. In Chapter 3, for
instance, we derive the soft robotic safety metric—the Soft Robot Injury Severity Criterion
(SRISC)—using the PCS model from the package to compute the necessary Jacobians,
Cartesian inertias, stiffnesses, and more. In Chapter 5, we validate the package’ planar
HSA model against experimental data. Chapter 6 leverages the implemented forward and
inverse kinematics, along with dynamic terms (e.g., potential forces), within our proposed
HSA robot controllers. In Chapter 10, the proposed kinematic fusion algorithm is based
on both the inverse and forward kinematics of the planar PCS model. Additionally, we
derive the dynamic basis functions using symbolic expressions from Sympy and verify the
learned dynamics against the simulated model. Finally, in Chapter 11, we utilize the planar
PCS model to generate the soft robot datasets.

6https://github.com/tud-phi/jax-soft-robot-modeling

https://github.com/tud-phi/jax-soft-robot-modeling
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C.5 ROS2 Ecosystem for HSA Robots
To facilitate the experimental validation of the HSA robot models, controllers, and BMIs
introduced in Chapters 5, 6, and 7, we established a comprehensive ROS2 ecosystem. This
open-source framework, available on GitHub7, comprises the following packages and
nodes:

• Dynamixel Control Package. Based on the Dynamixel SDK, this package im-
plements a ROS2 service that sends commands to and receives encodings from the
four Dynamixel MX-28 motors of the HSA robot. It offers two modes of operation:
individual read & write for single motors and synchronized read & write for all four.

• HSA Actuation Package. This package features a ROS2 node that publishes the
current motor angles at a frequency of 100Hz and provides a subscriber for sending
motor angle setpoints via the Dynamixel control service. Key steps include converting
discrete motor positions into continuous angles and mapping planar control inputs
(i.e., two positive angles 𝜙) into four motor angles and vice-versa while accounting
for the handedness of the HSA rods.

• HSA Inverse Kinematics Package. Subscribing to the 200Hz pose messages of the
HSA published by the ROS2 Optitrack package (see Section C.1), this node applies the
CS inverse kinematics for the planar case as detailed in Chapter 5 and then publishes
the resulting configuration of the planar HSA robot.

• HSA Velocity Estimation Package. This ROS2 node subscribes to both the MCS
pose measurements and the configuration values from the inverse kinematics node,
estimating the time derivatives of the pose and configuration at a rate of 200Hz. For
this purpose, we use Scipy’s (Virtanen et al., 2020) implementation of the Savitzky-
Golay filter (Savitzky and Golay, 1964) with a window length of 20 and a third-order
polynomial.

• HSA Simulation Package. We wrapped the planar HSA model from Chapter 5
together with the JAX Soft Robot Modeling package in a ROS2 node, creating a digital
twin for the physical robot. This node subscribes to control inputs (i.e., two HSA
rod twist angles in the planar case) and simulates the system at a control frequency
of 100Hz with a simulation time step of 0.1ms, leveraging the Dormand-Prince 5/4
method (Dormand and Prince, 1980; Shampine, 1986) for numerical integration.

• HSAVisualization Package. Implemented in OpenCV (Bradski, 2000), this package
provides a visualization of the kinematic state of planar HSA robots. A ROS2 wrapper
node publishes the rendered images at 20Hz. Additionally, it can optionally display
the end-effector workspace, the attractor of the low-level impedance controller,
and the setpoint/goal of a control task. This visualization was used to verify both
open-loop and closed-loop behaviors in simulation, as illustrated in Fig. 7.5(b) and
Chapter 7.

7https://github.com/tud-phi/ros2-hsa

https://github.com/tud-phi/ros2-hsa
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• HSA Joy Operation. To support both keyboard- and BMI-based operation of
the HSA robot, we implemented a joy interface. This interface interprets sig-
nals (e.g., from keyboard arrows or a joystick, as defined in the ROS2 message
sensor_msg/msg/Joy) as values in the set {−1,0,1} along two axes—where
+1 corresponds to up/right, 0 indicates no input, and −1 corresponds to down/left.
These signals are then translated into an incremental movement of the setpoint by
0.1mm in the planar Cartesian space, with the updated setpoint subsequently used
as an attractor by the operational space impedance controller (see Sec. 6.3).

• HSA Kinematic Control Package. Serving as a baseline, we implemented a shape
controller for HSA robots using a PID law operating on the configuration values.

• HSA Model-Based Control Package. The hsa_planar_control package8
comprises several nodes that support model-based control of planar HSA robots:

– Calibration Node. This node identifies the rest strains of the HSA robot based
on MCS measurements, configuration estimates, motor actuation angles, and
payload mass. Assuming steady-state conditions, it solves the static inversion
problem for the rest strain 𝜉0 using linear least-squares, as further detailed in
Chapter 5.

– Model-Based Control Node. Subscribing to end-effector pose measurements,
configuration data, and their time derivatives, this node computes the control
input for planar HSA robots. It supports several controllers used in Chapter 6:
(1) a basic operational-space PID controller, (2) a configuration-space P-satI-
D+FF controller that compensates static forces at the desired configuration
via a steady-state actuation 𝜙ss (see Section 6.2), (3) a configuration-space P-
satI-D+GC controller that cancels gravitational forces, (4) an operational-space
impedance controller (Khatib, 1987) as described in Sec 6.3, (5) an operational-
space PD+ controller (Della Santina et al., 2020c; Ott, 2008; Paden and Panja,
1988) that cancels both gravitational and elastic forces at the current state,
among other variations. All controllers run at frequencies between 40Hz and
50Hz. Notably, we utilize JAX’s JIT functionality to compile the controller at
the experiment’s outset, enabling these (relatively) high control rates.

– Static Planning Node. This node addresses the static inversion problem by
determining a steady-state actuation 𝜙ss and a feasible orientation 𝜃d that keep
the end-effector at a desired position 𝑥d. After applying the closed-form CS-
based inverse kinematics, it also computes the corresponding configuration

𝑞d for the end-effector pose 𝜒 d = [
𝑥d
𝜃d], which then serves as a setpoint for

the configuration-space controllers. As described in Sec. 6.2, we implemented
two strategies: (a) for FPU (Car, 2020b) material, we solve the static inver-
sion as a root-finding problem—balancing actuation with static forces (elastic
and gravitational)—using Scipy’s implementation of the Levenberg-Marquardt
algorithm (Levenberg, 1944; Marquardt, 1963), and (b) for EPU (Car, 2020a) ma-
terial, where the force balance problem is ill-conditioned, we employ a method

8https://github.com/tud-phi/hsa-planar-control

https://github.com/tud-phi/hsa-planar-control
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based on forward rollouts of the dynamics (similar to the shooting method
in numerical analysis and as proposed by Amehri (2022) for identifying soft
robot workspaces). In this approach, the planar HSA robot starts at its rest
configuration, the optimizer proposes an actuation 𝜙ss, and the dynamics are
forward-simulated until steady-state (i.e., until 𝑞̇ is below a threshold). The
steady-state configuration 𝑞ss is then used to evaluate the forward kinemat-
ics to obtain the end-effector pose 𝜒 ss, with the cost function defined as the
squared residual between the desired position 𝑥d and the achieved position
𝑥ss. This nonlinear least-squares problem is solved using Scipy’s (Virtanen
et al., 2020) Levenberg-Marquardt algorithm (Levenberg, 1944; Marquardt, 1963).
Importantly, we JIT-compile the dynamics to expedite the rollouts.
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Abbreviations
AC Affine Curvature.

ADL Activities of Daily Living.

AI Artificial Intelligence.

AOS Asymptotic Orbital Stability.

AOT Ahead-Of-Time.

BA Bundle Adjustment.

BCI Brain-Computer Interface.

BMI Brain-Machine Interface.

CAD Computer-aided Design.

CBF Control Barrier Function.

CC Constant Curvature.

CFA-CON Closed-Form Approximation of CON.

CFA-UDCON Closed-Form Approximation of Underdamped CON.

CLF Control Lyapunov Function.

CNN Convolutional Neural Network.

cobot collaborative robot.

COM Center of Mass.

CON Coupled Oscillator Network.

coRNN Coupled Oscillatory Recurrent Neural Network.

CS Constant Strain.

CV Computer Vision.

DCM Discretized Cosserat Rod Model.

DMP Dynamic Motion Primitive.



418 Abbreviations

DNN Deep Neural Network.

DOF Degrees of Freedom.

DP Diffusion Policy.

DTW Dynamic Time Warping.

EEG Electroencephalography.

EOM Equation of Motion.

EOS Exponential Orbital Stability.

ERD Event-Related Desynchronization.

ERS Event-Related Synchronization.

FEM Finite Element Method.

GAN Generative Adversarial Network.

GAS Global Asymptotic Stability.

GBN Generalized Binary Noise.

GP Gaussian Process.

GPU Graphics Processing Unit.

GRU Gated Recurrent Unit.

GVS Geometric Variable Strain.

HIC Head Injury Criterion.

HMI Human Machine Interface.

HNN Hamiltonian Neural Network.

HRI Human Robot Interface.

HSA Handed Shearing Auxetic.

ICP Iterative Closest Point.

ILC Iterative Learning Control.

IMU Inertial Measurement Unit.

IR Infrared.
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ISO International Organization for Standardization.

ISS Input-to-State Stability.

JIT Just-In-Time.

LAN Local Area Network.

LAS Local Asymptotic Stability.

LDA Linear Discriminant Analysis.

LFD Learning from Demonstration.

LNN Lagrangian Neural Network.

LQR Linear-Quadratic Regulator.

LSTM Long Short-Term Memory.

MAE Mean Absolute Error.

MBRL Model-Based Reinforcement Learning.

MCS Motion Capture System.

MED Mean Euclidean Distance.

ML Machine Learning.

MLP Multilayer Perceptron.

MPC Model Predictive Control.

MRS Magnetoresistive Sensor.

MS Multistability.

MSE Mean Squared Error.

NN Neural Network.

NODE Neural ODE.

ODE Ordinary Differential Equation.

OS Orbital Stability.

OSMP Orbitally Stable Motion Policy.

PAC Piecewise Affine Curvature.
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PCB Printed Circuit Board.

PCC Piecewise Constant Curvature.

PCS Piecewise Constant Strain.

PDE Partial Differential Equation.

POD Proper Orthogonal Decomposition.

PSNR Peak Signal-to-Noise Ratio.

RFFN Random Fourier Features Networks.

RL Reinforcement Learning.

RMSE Root Mean Squared Error.

RNN Recurrent Neural Network.

RQ Research Question.

SGD Stochastic Gradient Descent.

SINDy Sparse Identification of Nonlinear Dynamics.

SLAM Simultaneous Localization and Mapping.

SMA Shape-Memory Alloy.

SMP Stable Motion Primitive.

SOTA State of the Art.

SPCS Selective Piecewise Constant Strain.

SPDT Stable Periodic Diagrammatic Teaching.

SRDHC Soft Robot Design Hazardousness Criterion.

SRISC Soft Robot Injury Severity Criterion.

SSIM Structural Similarity Index Measure.

SWA Stochastic Weight Averaging.

TCP Transmission Control Protocol.

TOF Time of Flight.

TPU Tensor Processing Unit.

TRL Technology Readiness Level.
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TT Trajectory Tracking.

VAE Variational Autoencoder.

VLA Vision-Language-Action.

VLM Vision-Language Model.

vSLAM visual SLAM.
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Propositions
accompanying the dissertation

Safe yet Precise Soft Robots
Incorporating Physics into Learned Models for Control

by
Maximilian Stölzle

1. Integrating physical priors into learned dynamical models enables computa-
tionally efficient, provably stable control while also enhancing model expres-
siveness through data-driven learning. [Core Contribution]

2. A key limitation in the soft robotic literature is that the tradeoff between perfor-
mance and safety remains insufficiently quantified and exploited. [Chapter 3]

3. Substantial progress in soft robot proprioception can be achieved by optimiz-
ing the hardware and software integration of established commercial sensing
modalities—such as cameras or IMUs—instead of relying on novel, yet unproven,
technologies. [Chapter 4]

4. We need to strive for compliance in both body and brain when operating robots
close to humans. [Chapter 7]

5. A primary barrier to advancing soft robotics research is the absence of inte-
grated benchmarks and baselines.

6. Simply increasing the quantity and diversity of data is not enough to develop ef-
fective, robust robot models and motion policies unless we also integrate phys-
ical structure and stability guarantees.

7. Although motion policies jointly learned across different robots can improve
generalization, specialized policies for each robot are essential to fully exploit
its characteristics and maximize performance on highly dynamic tasks.

8. Universities expanding non-managerial career paths solely dedicated to research
would enhance research quality and its societal impact.

9. Restructuring large tech companies as worker cooperatives would promote bal-
anced decision-making, enhance inclusivity, and reduce societal division.

10. Unless international treaties that establish guidelines and guardrails for deploy-
ing robots and AI are implemented within this decade, the societal drawbacks
of robotics are likely to outweigh its benefits.

These propositions are regarded as opposable and defendable and have been
approved as such by the promotor Prof. Dr. R. Babuška and the copromotor Dr. C.

Della Santina.
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