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Abstract
Two new interacting particle systems are introduced in this paper: dynamic versions of
the asymmetric inclusion process (ASIP) and the asymmetric Brownian energy process
(ABEP). Dualities and reversibility of these processes are proven, where the quantum algebra
Uq(su(1, 1)) and the Al-Salam–Chihara polynomials play a crucial role. Two hierarchies of
duality functions are found, where the Askey-Wilson polynomials and Jacobi polynomials
sit on top.

Keywords Markov Duality · Inclusion Process · Diffusion Process · Orthogonal
Polynomials

1 Introduction

The main objective of this paper is to introduce two new stochastic processes and prove their
reversibility as well as several of their dualities. The first process is a generalization of the
asymmetric inclusion process (ASIP [11]) that we call the dynamic asymmetric inclusion
process (Dynamic ASIP). Here the term ‘dynamic’ essentially means that the jump rates
of the process now also depend on a height function (which is non-local) corresponding to
the particle process. This process, which has one extra parameter compared to ASIP, is the
inclusion version of the recently introduced (generalized) dynamic asymmetric exclusion
process (dynamic ASEP, [5, 6, 28]). The second process is a diffusion limit of dynamic ASIP
that we call dynamic ABEP. This is a generalization of the asymmetric Brownian energy
process (ABEP, [11]).

For both processes we show aMarkov duality, a useful tool in studying interacting particle
systems. Duality allows us to study oneMarkov process by analysing another (often simpler)
one. For example, duality can help considerably in proving hydrodynamic limits of interacting
particle systems (e.g. [31]) or computing correlation functions (e.g. [34]). Crucial for duality
is finding duality functions. In recent years, many duality functions were found that can be
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expressed as products of (q-)hypergeometric polynomials which are orthogonal with respect
to the reversible measure of the process. The advantage of such orthogonal duality functions
is that they form an orthogonal basis for the Hilbert space induced by the reversible measure
of the process. This can greatly simplify the expansion of observables in terms of the duality
function. For example, this was used in [2, 3] to study Boltzmann-Gibbs principles and
higher order fluctuation fields, and in [8, 15] in the study of n-point correlation functions in
non-equilibrium steady states.

In the past 15 years, many examples of hypergeometric orthogonal polynomials have
been found to be duality functions for symmetric processes. Franceschini and Giardinà [16]
showed that Krawtchouk polynomials arise as self-duality functions for the generalized sym-
metric exclusion process (‘generalized exclusion’ is sometimes also referred to as ‘partial
exclusion’). This process has a product of binomial distributions as reversible measure,
which corresponds to the orthogonality of the Krawtchouk polynomials. Other examples are
Meixner polynomials, Laguerre polynomials, and Hermite polynomials ( [13], [17], [25],
[32], [37]). Very recently, q-hypergeometric orthogonal polynomials were also found as
duality functions, this time for asymmetric particle processes. Because of the asymmetry, the
products of these polynomials have a nested structure,which connects them to themultivariate
orthogonal polynomials of Tratnik-type from [20]. In [9], Carinci, Franceschini, and Groen-
evelt show that certain q-Krawtchouk and q-Meixner polynomials appear as duality functions
for generalized ASEP andASIP. The results from [9] were extended tomulti-species versions
of generalized ASEP in [4], [18], where also nested products of q-Krawtchouk polynomials
appear as duality functions. In [28] Groenevelt and the author show that q-Racah polynomials
appear as duality functions for dynamic ASEP. These polynomials sit on top of a hierarchy
of explicit polynomials which are orthogonal on a finite set. Many other dualities related to
(a)symmetric exclusion processes can be derived as a limit of these q-Racah polynomials.
In this paper, we aim to do something similar to [28] for the inclusion processes, where now
the Askey-Wilson polynomials sit on top of this hierarchy.

A valuable tool in the context of stochastic duality is the use of (Lie/quantum) algebras.
For many interacting particle systems, the generator can be expressed as a representation of
a special element of the algebra (often the coproduct of the Casimir). Therefore, tools of the
algebras can be leveraged which can e.g. help in finding symmetries of the generator, duality
functions and reversible measures. In this paper, we rely on the quantum algebraUq(su(1, 1))
for our results. However, many results can be stated without the algebra. Therefore, for the
readers convenience, the first part of this paper can be read without knowledge on (quantum)
algebras. For more information on the algebraic approach to stochastic duality, see e.g. [23,
35].

Let us describe the processes and results of this paper in a bit more detail. Dynamic ASIP
is an interacting particle system on the lattice {1, 2, .., M} with closed boundary conditions
where each site can hold an infinite number of particles. The process depends on three
parameters: the intensity parameter q > 0, where q �= 1, the parameter �k = (k1, k2, ..., kM )

with k j > 0 and the boundary dynamic parameter which we will call λ or ρ. The parameter �k
determines the balance between the attraction of particles to each other and the (asymmetric)
randomwalk character of the particles.When �k is close to 0, the attraction between particles is
dominant, when �k goes to infinity, the random walk of the particles dominates. As is the case
for generalized dynamic ASEP, we introduce two versions of dynamic ASIP which can be
obtained from each other by reversing the order of sites. The ‘left’ version of dynamic ASIP,
ASIPL, has a boundary dynamic parameter λ on the left of site 1. The ‘right’ version, ASIPR,
has a boundary dynamic parameter ρ on the right of site M . Through a height function, this
boundary value influences the rates of all particles in the system. The parameter q cannot be
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Table 1 Dualities of (dynamic) ASIP.

Duality Type of duality function
Free parameter No free parameter

ASIPL ↔ASIPR Askey-Wilson polynomials Special case Askey-Wilson polynomials

ASIPL ↔ASIP Big q-Jacobi polynomials Al-Salam–Chihara polynomials

ASIP(q) ↔ASIP(1/q) Big q-Laguerre polynomials Triangular

Self-duality ASIP q-Meixner polynomials Triangular

seen as an asymmetry parameter, as dynamic ASIP is invariant under sending q to q−1 (as is
the case for generalized dynamic ASEP). By letting the boundary dynamic parameter go to
±∞, we get back ASIP with parameter q or q−1.

Dynamic ASIP is reversible and has an orthogonal Markov duality with dynamic ASIP on
the reversed lattice (i.e. the order of sites is reversed). The orthogonal duality functions are
Askey-Wilson polynomials. These functions sit on top of theAskey-Scheme [29]: a hierarchy
of explicit orthogonal polynomials. By considering limiting cases of this duality, we obtain
many otherMarkov dualities. The resulting duality can be ordered into ones with and without
a free parameter, see Table 1 (‘↔’ meaning a duality between the two processes). The latter
is a parameter, independent of both Markov processes, that appears in a non-trivial way in
the duality function. In the case of the self-duality of ASIP (and limits of this), the duality
functions without a free parameter are often referred to as the ‘classical’ or ‘triangular’
duality functions and the ones with a free parameter as the ‘orthogonal’ ones. These names
are a bit confusing for dynamic ASIP, since the duality functions without a free parameter
are orthogonal and do not have a triangular structure. Some of the dualities in Table 1 are
well-known, such as self duality of ASIP, and some of which are new.

The other process, dynamic ABEP, is a diffusion process on the lattice {1, ..., M} where
each site j can hold an infinite amount of energy x j ≥ 0. It depends on three parameters,
the intensity parameter σ ∈ R, the parameter �k and again a boundary dynamic parameter
λ or ρ. It generalizes ABEP in the sense that taking a limit in the dynamic parameter gives
back ABEP. The process has similarities with dynamic ASIP. The process is invariant under
sending σ to −σ and the boundary value influences the rates of the process through a height
function (which is slightly different from the one of dynamic ASIP). Via a deterministic non-
local transformation, this process can be turned into the Brownian energy process (BEP), as
is the case for ABEP. Taking a limit in the dynamic parameter gives the known transformation
between ABEP and BEP. This non-local transformation can be used to carry over several
results of BEP to dynamic ABEP, including duality and reversibility. Therefore, dynamic
ABEP is dual to any process to which BEP is dual. Previously known was a self-duality of
BEP as well as a duality with SIP. We will generalize the latter by showing that BEP has a
duality with dynamic SIP, the q = 1 version of dynamic ASIP. An overview of the dualities
related to BEP can be found in Table 2.

1.1 Outlook

It would be interesting to find hydrodynamic limits of dynamic ASIP and dynamic ABEP.
In the near future, the author intends to report on the hydrodynamic limit of the latter. It is
known that the hydrodynamic limit of BEP is the heat equation [31]. Using the non-local
transformation between BEP and dynamic ABEP, we can use this result to find a hydrody-
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Table 2 Dualities of BEP.

Duality Type of duality function
Free parameter No free parameter

BEP↔ dynamic SIP Jacobi polynomials Special case Jacobi polynomials

BEP↔SIP Laguerre polynomials Monomials

Self-duality BEP Bessel functions Bessel functions

namic limit of dynamic ABEP. The resulting PDE will involve a tanh term and generalizes
Burger’s equation. Furthermore, so far it has been difficult to introduce amultispecies version
of ASIP. Known algebraic methods how to do this for ASEP seem to fail for ASIP, since
the resulting operator is not a Markov generator. It would be interesting to see whether a
multispecies version of ASIP exists for which the generator has an algebraic interpretation.

1.2 Outline of the Paper

The organization of this paper is as follows. In Section 2 we introduce a slight generalization
of ASIP by allowing the parameter k to vary per site. Then we are ready to introduce dynamic
ASIP, where we have to be careful how to choose our dynamic parameter. In contrast with the
corresponding exclusion process, generalized dynamicASEP,where the rates are nonnegative
for each value of the height function, the rates of dynamicASIPmay become negative if one is
not careful in choosing the proper dynamic parameter and state space. After this, we prove the
duality between ASIP and dynamic ASIP with the Al-Salam–Chihara polynomials as duality
functions. This in turn implies duality of dynamic ASIP on the reversed lattice with ASIP.
Therefore, we can use the scalar-product method (see e.g. [13]) to show that dynamic ASIP
is dual to dynamic ASIP on the reversed lattice with Askey-Wilson polynomials as duality
function. Crucial here is a summation formula between Al-Salam–Chihara polynomials in
base q and q−1 to the Askey-Wilson polynomials. Next, we show reversibility of dynamic
ASIP, where the reversible measure comes from the orthogonality measure of the q−1-Al-
Salam–Chihara polynomials, and introduce dynamic SIP, the q = 1 version of dynamic
ASIP.

In Section 3, we will take limits of the duality of dynamic ASIP with the same process on
the reversed lattice to obtain the other dualities of Table 1.

Thenwe turn our attention to dynamic ABEP in Section 4.We introduce the process, some
special cases of the process and show that it arises as a diffusion limit of dynamic ASIP. We
also prove a duality between dynamic ABEP and SIP and use that to derive that dynamic
ABEP can be turned into BEP with a non-local transformation. Using this, we can show the
reversibility of dynamic ABEP using the reversibility of BEP.We end the section by giving an
overview of the dualities related to BEP (and thus dynamic ABEP), where the main novelty
is that we find Jacobi polynomials as duality function between BEP and dynamic SIP.

In sections 5 and 6 we will discuss the algebraic background of dynamic ASIP, which we
postponed until now for the readers‘ convenience.We first introduce the necessary knowledge
about the quantum algebra Uq(su(1, 1)) and the Al-Salam–Chihara polynomials in Section
5, before we go to the construction of the generator of dynamic ASIP in Section 6. The
method of constructing dynamic ASIP is similar to the construction of generalized dynamic
ASEP [28], where in essence we have to replace N j ∈ N, the maximum number of particles
that can be at site j , by ‘−k j ’. The Al-Salam–Chihara polynomials now play the role the
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q-Krawtchouk polynomials played in [28]. In algebraic terms, this boils down to going from
the compact quantized Lie algebra Uq(su(2)) to the non-compact one Uq(su(1, 1)). This is
no surprise, since the same happens when going fromASEP to ASIP. Lastly, in the Appendix
we have put two calculations which have been removed from the main text for readability.

1.3 Preliminaries and Notations

Let us start with the definition of Markov (generator) duality. Let {Xt }t≥0 and {̂Xt }t≥0 be
Markov processes with state spaces X and ̂X and generators L and ̂L . We say that Xt and̂Xt

are dual to each other with respect to a duality function D : X × ̂X → C if

[LD(·, η̂)](η) = [̂LD(η, ·)](η̂)

for all η ∈ X and η̂ ∈ ̂X . If {̂Xt }t≥0 is a copy of {Xt }t≥0, we say that the process {Xt }t≥0 is
self-dual with respect to the duality function D.

For future reference, we also make the following remark.

Remark 1.1 Let L and̂L be generators of interacting particle systems where the total number
of particles is preserved (as all processes in this paper will be). Denote for a vector η ∈ R

M

the sum of its components by |η|, i.e.
|η| = η1 + . . . + ηM .

Then we have the following two basic results.

• Let D(η, η̂) be a duality function between the two processes. If f is a function only
depending on parameters of the processes and the total number of (dual) particles |η|
and |η̂|, then f (|η|, |η̂|)D(η, η̂) is again a duality function since f is invariant under the
action of both generators.

• Let μ be a reversible measure for the process with generator L , i.e. the detailed balance
condition holds:

μ(η)L(η, η′) = μ(η′)L(η′, η),

where L(η, η′) is the jump rate from the state η to η′. Note that both sides of the above
equation become zero if |η| �= |η′| since in that case L(η, η′) = 0. If g is a function
only depending on parameters of the process and the total number of particles |η|, then
g(|η|)μ(η) is again a reversiblemeasure sincewe can justmultiply above detailed balance
condition on both sides by g(|η|) = g(|η′|).

Let us introduce some notations and conventions we use throughout the paper. For discrete
states of particle systems we will use the greek letters ζ, η and ξ . For continuous states we
use �x and �y. We fix a scaling parameter q > 0 with q �= 1, where we will sometimes require
q ∈ (0, 1). By N we denote all positive integers,

Z≥0 = N ∪ {0}, R≥0 = {x ∈ R : x ≥ 0}, and R>0 = {x ∈ R : x > 0}.
For a ∈ R, let

[a]q =
⎧

⎨

⎩

qa − q−a

q − q−1 for q �= 1,

a for q = 1,

which is justified by

lim
q→1

[a]q = a.
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We use standard notation for q-shifted factorials and q-hypergeometric functions as in [19].
In particular, q-shifted factorials are given by

(a; q)n = (1 − a)(1 − aq) · · · (1 − aqn−1),

with n ∈ Z≥0 and the convention (a; q)0 = 1. Also, for a1, . . . , ar ∈ R, we define

(a1, . . . , ar ; q)n =
r

∏

j=1

(a j ; q)n .

For q ∈ (0, 1), we define
(a; q)∞ = lim

n→∞(a; q)n .

The q-hypergeometric series r+1ϕr is given by

r+1ϕr

(

a1, . . . , ar+1

b1, . . . , br
; q, z

)

=
∞
∑

n=0

(a1, . . . , ar+1; q)n

(b1, . . . , br ; q)n

zn

(q; q)n
.

If for some k we have ak = q−N with N ∈ Z≥0, the series terminates after N + 1 terms,
since (q−N ; q)n = 0 for n > N . The shifted factorials are given by

(a)0 = 1, (a)n = a(a + 1) · · · (a + n − 1), n ∈ N,

and the hypergeometric series r+1Fr is defined by

r+1Fr

(

a1, . . . , ar+1

b1, . . . , br
; z

)

=
∞
∑

n=0

(a1)n · · · (ar+1)n

(b1)n · · · (br )n
zn

n! ,

where the series terminates if ak ∈ −Z≥0 for some k. The following limit relations hold: the
q-shifted factorials become shifted factorials,

lim
q→1

(a; q)n

(1 − q)n
= (a)n, a ∈ R, n ∈ Z≥0,

and for a1, . . . , ar , b1, . . . , br ∈ R and n ∈ Z≥0,

lim
q→1

r+1ϕr

(

q−n, qa1 , . . . , qar

qb1 , . . . , qbr
; q, z

)

= r+1Fr

(−n, a1, . . . , ar
b1, . . . , br

; z
)

.

For an ordered M-tuple η = (η1, . . . , ηM ) we denote by ηrev the reversed M-tuple,

ηrev = (ηM , . . . , η1).

Also, for a particle state η = (η1, ..., ηM )with η j ∈ Z≥0 we define η j,m to be the state where
a particle moved from site j to site m if possible and η j,m = η otherwise, i.e.

η j,m =
{

η if η j = 0,

η − ε j + εm if η j ≥ 1,

where ε j is the standard unit vector in RM with 1 as j-th element.
All interacting particle processes and functions in this paper will depend on certain param-

eters. To simplify notation, we suppress the dependence on the parameters in notations, but
occasionally add one or more parameters in the notation to stress dependency on the included
parameters.
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2 Dynamic ASIP

This section will introduce dynamic ASIP by specifying its generator. Before we do so,
we will introduce ASIP(q, �k), a slight generalization of ASIP(q, k) from [11] where the
parameter k may now vary per site. The generators of these processes can be constructed
using quantum algebra techniques, which will be done in sections 5 and 6. However, for
defining the processes, the quantum algebra is not necessary. We will define two versions of
dynamic ASIP: a ‘left’ version ASIPL and and a ‘right’ version ASIPR. They can be obtained
from each other by reversing the order of sites. We will show that both versions are dual to
ASIP and are dual to each other with a product of orthogonal hypergeometric polynomials
as duality functions. After this we will show that dynamic ASIP is reversible, where the
reversible measure comes from the orthogonality measure of the duality function. We end
the section by introducing dynamic SIP, the q = 1 version of dynamic ASIP and showing
some dualities as well as its reversibility.

2.1 Definition

As said, let us start with a slight generalization ofASIP(q, k)with closed boundary conditions
introduced in [11], where the parameter k can differ per site. For j = 1, . . . , M , let k j > 0
and denote �k = (k1, . . . , kM ). The process ASIP(q, �k) is the continuous time Markov jump
process on the state space Xd = Z

M≥0, where the subscript d stands for discrete states. Besides
�k, it depends on the parameter q , which corresponds to the asymmetry of the process. Given
a state η = (η j )

M
j=1 ∈ Xd , a particle on site j jumps to site j + 1 at rate

c+
j = qη j+k j−η j+1−1[η j ]q [η j+1 + k j+1]q , (2.1)

and to site j − 1 at rate

c−
j = q−(η j+k j−η j−1−1)[η j ]q [η j−1 + k j−1]q . (2.2)

The Markov generator of the process, acting on functions f : Xd → R with finite support,
is then given by

[LASIP
q,�k f ](η) =

M−1
∑

j=1

c+
j [ f (η j, j+1) − f (η)] + c−

j+1[ f (η j+1, j ) − f (η)].

The process admits a reversible (inhomogeneous) product measure

W (η) = W
(

η; �k, q) = qu(η,�k)
M
∏

j=1

w(η j ; k j , q), (2.3)

where

w(n; k, q) = q−n(k−1) (q
2k; q2)n

(q2; q2)n (2.4)

and

u
(

η, �k) =
M

∑

j=1

η j

(

k j + 2
j−1
∑

i=1

ki

)

. (2.5)
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This can be proven by either checking the detailed balance condition or showing that the
generator is symmetric with respect to this measure on the space of function with finite
support. The latter will be proven in Section 5. The inhomogeneity comes from the factor
(2.5), which can be put into the single site measure w(η; k, q).

Remark 2.1 • When taking q → 1, one obtains the symmetric inclusion process SIP(�k),
first introduced in [15]. In this process, a particle jumps from site j to j + 1 at rate
η j (η j+1 + k j ) and from site j to j − 1 at rate η j (η j−1 + k j−1).

• Since the process is reversible, it is self-dual. When k1 = k2 = ... = kM , non-trivial self-
duality functions where already found, including triangular [11] as well as orthogonal
ones [9]. In Section 3 we will generalize these functions to the case where k j may vary
per site.

• Note that reversing the order of sites, i.e. interchanging site j with site M + 1− j so that
M ↔ 1, M − 1 ↔ 2, etc., is equivalent with sending q to q−1 in the rates.

• ASEP, the exclusion variant of ASIP, has a charge-parity symmetry (introduced in [30]),
meaning that interchanging ‘particles’ with ‘free spaces’ (sending ‘η j ’ to ‘N j − η j ’) is
similar to reversing the order of sites, which in turn is the same as sending q → q−1.
SinceASIP(q, �k) can formally be obtained fromASEPby replacing N j by−k j , one could
expect a similar symmetry to be present for ASIP(q, �k). Indeed, one has the following
symmetry in the rates

c+
j (q,−η − �k) = c−

j+1(q
−1, η),

c−
j+1(q,−η − �k) = c+

j (q−1, η).

This can, for example, be used to obtain duality for ASIP(q, �k) ↔ ASIP(q−1, �k) from
the self-duality of ASIP(q, �k).

Let us now define dynamic ASIP, an interacting particle system on the statespace Xd which
generalizes ASIP. Constructing the generator is done using quantum algebra techniques in
Section 6. However, the process and results can be stated without knowledge of quantum
algebras.

Dynamic ASIP is the inclusion variant of generalized dynamic ASEP [28] and has 3
parameters: q , �k and one boundary value on either the left or right side. If the boundary value
is on the left we will call it λ and on the right ρ. Analogous to dynamic ASEP, the jump
rates of dynamic ASIP will be a product of the ASIP rates and a factor containing a ‘height
function’. Compared to dynamic ASEP, we have to replace ‘N j ’ by ‘−k j ’ in this height
function. Let η ∈ Xd be a particle configuration. There are two ways to define this height
function, following either the rule

h j (η) = h j−1(η) + 2η j + k j , (‘left to right’) (2.6)

or

h j (η) = h j+1(η) + 2η j + k j . (‘right to left’). (2.7)

For (2.6), we introduce a left boundary value λ at the virtual site 0,

h−
0 = λ,

and work inductively from the left-most site towards site j to obtain

h−
j (η) = λ +

j
∑

m=1

2ηm + km .
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The superscript ‘−’ indicates we sum over sites lower than and including j . Note that

h−
0 (η) < h−

1 (η) < ... < h−
M (η). (2.8)

For (2.7), we work in the opposite direction. We introduce the right boundary value ρ at the
virtual site M + 1,

h+
M+1 = ρ,

and go from the right-most site towards site j to obtain

h+
j (η) = ρ +

M
∑

i= j

2ηi + ki .

This height function is monotone in the other direction,

h+
M+1(η) < h+

M (η) < ... < h+
1 (η).

We will define a ‘left’ and ‘right’ version of dynamic ASIP. These two versions are the same
process, but where the order of sites is reversed. Note that both height functions h− and h+
can also be obtained from each other by reversing the order of sites. To make sure the rates of
dynamic ASIP are non-negative, we have to put restrictions on the parameters of the process.
The most natural restriction is to require that λ, ρ > −1, since this implies non-negativity
of the rates for all possible states of the particle system, see also the second point of Remark
2.3 after the definition.

Definition 2.2 (Dynamic ASIP for λ, ρ > −1)

(1) Let λ > −1. ASIPL(q, �k, λ), the left version of dynamic ASIP, is the Markov process on
the statespace Xd with parameters q , �k ∈ R

M
>0 and left boundary value λ. Its generator,

acting on functions f : Xd → R with finite support, is given by

[

LASIPL
q,�k,λ f

]

(ζ ) =
M−1
∑

j=1

CL,+
j

[

f (ζ j, j+1) − f (ζ )
] + CL,−

j+1

[

f (ζ j+1, j ) − f (ζ )
]

,

where

CL,+
j = CL,+

j (ζ, �k, λ, q) = c+
j (ζ )

(

1 − q2h
−
j−1+2ζ j

)(

1 − q2h
−
j +2ζ j+1

)

(

1 − q2h
−
j
)(

1 − q2h
−
j −2)

,

CL,−
j = CL,−

j (ζ, �k, λ, q) = c−
j (ζ )

(

1 − q2h
−
j−1−2ζ j−1

)(

1 − q2h
−
j −2ζ j

)

(

1 − q2h
−
j−1

)(

1 − q2h
−
j−1+2)

,

(2.9)

where c+
j and c−

j are the rates of ASIP(q, �k) from (2.1) and (2.2).

(2) Let ρ > −1. ASIPR(q, �k, ρ), the right version of dynamicASIP, is theMarkov process on
the statespace Xd with parameters q , �k ∈ R

M
>0 and right boundary value ρ. Its generator,

acting on functions f : Xd → R with finite support, is given by

[

LASIPR
q,�k,ρ f

]

(ξ) =
M−1
∑

j=1

CR,+
j

[

f (ξ j, j+1) − f (ξ)
] + CR,−

j+1

[

f (ξ j+1, j ) − f (ξ)
]

,
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where

CR,+
j = c+

j (ξ)

(

1 − q2ξ j−2h+
j

) (

1 − q2ξ j+1−2h+
j+1

)

(

1 − q−2h+
j+1

)(

1 − q−2h+
j+1−2

) ,

CR,−
j (ξ) = c−

j (ξ)

(

1 − q−2ξ j−1−2h+
j

)(

1 − q−2ξ j−2h+
j+1

)

(

1 − q−2h+
j

)(

1 − q−2h+
j +2

) ,

(2.10)

where c+
j and c−

j are the rates of ASIP(q, �k) from (2.1) and (2.2).

Remark 2.3

• The left and right version of dynamic ASIP can be obtained from each other by reversing
the order of sites. That is, by interchanging sites 1 ↔ M , 2 ↔ M − 1, etc.

• One can rewrite the rates for ASIPL(q, �k, λ) into

CL,+
j = [ζ j ]q [ζ j+1 + k j+1]q

[h−
j−1 + ζ j ]q [h−

j + ζ j+1]q
[h−

j ]q [h−
j − 1]q

,

CL,−
j = [ζ j ]q [ζ j−1 + k j−1]q

[h−
j−1 − ζ j−1]q [h−

j − ζ j ]q
[h−

j−1]q [h−
j−1 + 1]q

.

(2.11)

Since [a]q [b]q > 0 if a, b > 0 and

[a]q−1 = −[a]q ,
we can see that the rates are non-negative if λ > −1 and that the process is invariant
under sending q → q−1. Similarly for ASIPR(q, �k, ρ).

The question arises whether we can also define a version of dynamic ASIP when we pick the
boundary value λ, ρ ≤ −1. In that case, the rates might become negative. We can solve this
problem by restricting our statespace Xd to configurations where the rates are non-negative.
For ASIPL, if we only allow states ζ such that

2|ζ | + |�k| + λ < 0,

then h−
j (ζ ) < 0 for all j by (2.8). One can then see from the rewritten rates (2.11) that

CL,+
j (ζ ) and CL,−

j (ζ ) will be nonnegative. An entirely similar reasoning shows that the rates

CR,+
j (ξ) and CR,−

j (ξ) are nonnegative if

2|ξ | + |�k| + ρ < 0.

Therefore we can define ASIPL(q, �k, λ) and ASIPR(q, �k, ρ) when λ, ρ ≤ −1 on the states-
paces Xd,λ and Xd,ρ respectively, where

Xd,a = {η ∈ Xd : 2|η| + |�k| + a < 0}.

Definition 2.4 (Dynamic ASIP for λ, ρ ≤ −1)

(1) Let λ ≤ −1, then ASIPL(q, �k, λ) is the Markov process on the statespace Xd,λ where in
the state ζ , a particle jumps from site j to j + 1 with rate CL,+

j (ζ ) and from site j to

j − 1 with rate CL,−
j (ζ ) from (2.9).
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(2) Let ρ ≤ −1, then ASIPR(q, �k, ρ) is the Markov process on the statespace Xd,ρ where

in the state ξ , a particle jumps from site j to j + 1 with rate CR,+
j (ξ) and from site j to

j − 1 with rate CR,−
j (ξ) from (2.10).

Remark 2.5

• Note that when |�k| + a ≥ −2, the set Xd,a is either empty or only contains the state
with zero particles. Therefore, we only have a non-trivial process if λ, ρ < −2 and �k is
chosen such that Xd,a contains at least the states with 1 particle.

• If 0 < q < 1, the rates of ASIPL(q, �k, λ) converge to the rates of ASIP(q, �k) in the limit
λ → ∞. Similarly, the limit λ → −∞ of ASIPL(q, �k, λ) is ASIP(q−1, �k) and

lim
ρ→∞ASIPR(q, �k, ρ) = ASIP(q−1, �k),
lim

ρ→−∞ASIPR(q, �k, ρ) = ASIP(q, �k).

If q > 1, we can use that dynamic ASIP is invariant under sending q to q−1 and above
limits to show that

lim
λ→σ∞ASIPL(q, �k, λ) = ASIP(q−σ , �k),
lim

ρ→σ∞ASIPR(q, �k, ρ) = ASIP(qσ , �k),
where σ ∈ {−1, 1}.

2.2 Duality Dynamic ASIP with ASIP

Next, we will turn to the duality between ASIP and dynamic ASIP, for which the proof will
be done in Section 6. The duality function is a product of 1-site duality functions given in
terms of the Al-Salam–Chihara polynomials [29, §14.8]. We define a renormalized version
of these polynomials by a 3ϕ2,

pA(n, x; ρ; k; q) = q− 1
2 n(2ρ+k+1)

3ϕ2

(

q−2n, q−2x , q2x+2ρ+2k

q2k, 0
; q2; q2

)

. (2.12)

Throughout this paper, the first two entries of pA will be Z≥0-valued. Consequently, the 3ϕ2

terminates either after n or after x terms, whichever is lower. The 3ϕ2 part of pA has a ‘dual
structure’ in the following sense. It can be seen as a polynomial of degree x in the variable
q−2n since the q-shifted factorial

(q−2n; q2) j
is a polynomial of degree j in the variable q−2n . However, it can also be seen as a polynomial
of degree n in the variable q−2x + q2x+2ρ+2k since

(q−2x ; q2) j (q2x+2ρ+2k; q2) j
is a polynomial of degree j in the variable q−2x + q2x+2ρ+2k . A nested product of pA is a
duality function between ASIP and dynamic ASIP.

Theorem 2.6 Define

PR(η, ξ) = q− 1
2 u(η,�k)

M
∏

j=1

pA(η j , ξ j ; h+
j+1; k j ; q),
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where the factor u
(

η, �k) can be found in (2.5). Then PR(η, ξ) is a duality function between

ASIP(q, �k) and ASIPR(q, �k, ρ), i.e.
[

LASIP
q,�k PR(·, ξ)

]

(η) =
[

LASIPR
q,�k,ρ PR(η, ·)

]

(ξ).

Proof See Section 6. �

Remark 2.7 The factor containing u

(

η, �k) can also be put into the 1-site duality function
since

q− 1
2 u(η,�k) =

M
∏

j=1

q− 1
2 η j (k j+2

∑ j−1
i=1 ki ).

Together with the height function h+
j+1, which depends on ξ j+1, ..., ξM , this makes PR a

nested product of 1-site duality functions. Note that in the limit q → 1 this nested structure
disappears.

From the duality between ASIP and ASIPR we can also find duality functions between ASIP
and ASIPL, using the following observations.

• ASIPL(q, �k, λ) is the same as ASIPR(q, �krev, λ) where the order of sites is reversed.
• If we reverse the order of sites of ASIP(q, �k), we obtain ASIP(q−1, �krev).
• The rates of dynamic ASIP are invariant under sending q to q−1.

Therefore, if we reverse the order of sites and replace q by q−1 in Theorem 2.6, we obtain
duality functions between ASIP and ASIPL.

Corollary 2.8 Define

PL(η, ζ ) = q
1
2 u(η,�k)

M
∏

j=1

pA(η j , ζ j ; h−
j−1; k j ; q−1).

Then PL(η, ζ ) are duality functions between ASIP(q, �k) and ASIPL(q, �k, λ), i.e.
[

LASIP
q,�k PL(·, ζ )

]

(η) =
[

LASIPL
q,�k,λ PL(η, ·)

]

(ζ ).

2.3 DualityASIPL andASIPR

Since both ASIPL and ASIPR are dual to the reversible process ASIP, they are dual to each
other. Via the scalar-product method [13, Proposition 4.1], duality functions can be obtained.
The resulting duality functions are given by a nested product of Askey-Wilson polynomials,
which can be defined by a 4ϕ3. We give a sketch of the proof here, the details can be found
in Section 6.

Theorem 2.9 Define for v �= 0 the 1-site duality function

pAW(y, x; λ, ρ, v, k; q) = (vqρ+λ+k+1; q2)x (vq−ρ−λ−k−1; q−2)y

× 4ϕ3

(

q−2y, q2y+2λ+2k, q−2x , q2x+2ρ+2k

q2k, vqρ+λ+k+1, v−1qρ+λ+k+1 ; q2, q2
)

.

(2.13)
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Then the function

Pv
AW(ζ, ξ) = Pv

AW(ζ, ξ ; λ, ρ, �k; q) =
M
∏

j=1

pAW(ζ j , ξ j ; h−
j−1(ζ ), h+

j+1(ξ), v, k j ; q) (2.14)

is a duality function between ASIPL(q, �k, λ) and ASIPR(q, �k, ρ), i.e.

[LASIPL
q,�k,λ Pv

AW(·, ξ)](ζ ) = [LASIPR
q,�k,ρ Pv

AW(ζ, ·)](ξ). (2.15)

Sketch of proof Let Lx , Ly, Lz be generators of Markov processesXt ,Yt andZt on a count-
able statespace. If Yt is reversible w.r.t. the reversible measure wy , D1(x, y) is a duality
function between Xt and Yt , and D2(y, z) a duality function between Yt and Zt , then the
scalar-product method says that Xt is dual to Zt with duality function given by

D(x, z) =
∑

y

D1(x, y)D2(y, z)wy(y),

if the sum converges. Applying this in our setting tells us that

D(ζ, ξ) =
∑

η∈Xd

PR(η, ξ)PL(η, ζ )W (η)

is a duality function between ASIPL and ASIPR, where w is the reversible measure of ASIP
from (2.3). In Section 6 we explicitly compute this summation to prove the theorem. �

Remark 2.10

• As an example, let us compute the 1-site duality function when there is one particle at
that site, say x = 1. The q-hypergeometric series then terminates after two terms, giving

pAW(y, 1; λ, ρ, v, k; q) =(1 − vqρ+λ+k+1)(vq−ρ−λ−k−1; q−2)y

×
(

1 − (1 − q−2y)(1 − q2y+2λ+2k)(1 − q2+2ρ+2k)

(1 − q2k)(1 − vqρ+λ+k+1)(1 − v−1qρ+λ+k+1)

)

,

where we used that
(1 − q−2)

(1 − q2)
q2 = −1.

• Askey-Wilson polynomials are on top of the so-called ‘Askey-scheme’: a hierarchy of
explicit orthogonal polynomials. By taking appropriate limits in these functions, one can
obtain many other orthogonal polynomials, such as the Al-Salam–Chihara polynomials
and Jacobi polynomials. We will exploit this in sections 3 and 4.

• Since ASIPL and ASIPR can be obtained from each other by reversing the order of sites,
one would expect a similar symmetry in the duality function Pv

AW. This is indeed the
case. From the definition (2.13) we obtain the symmetry

pAW(x, y; λ, ρ, v, k; q) = pAW(y, x; ρ, λ, v, k; q−1)

for the 1-site duality function. Then, using the definition (2.14), we obtain1

Pv
AW(ζ, ξ ; λ, ρ, �k; q) = Pv

AW(ξ rev, ζ rev; ρ, λ, �krev; q−1). (2.16)

1 The case when there are only 2 sites gives some intuition for the computation behind this symmetry.
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2.4 Reversibility Dynamic ASIP

We will now show that ASIPL(q, �k, λ) and ASIPR(q, �k, ρ) admit reversible measures for
both λ, ρ > −1 and λ, ρ ≤ −1. Throughout this section we will assume that q < 1. This
is because we will use infinite shifted factorials (a; q)∞ which are only defined for q < 1.
Since the rates of dynamic ASIP are invariant under sending q → q−1, we can then obtain
results for dynamic ASIP for q > 1 as well.

The reversibility follows from the orthogonality relations of the 1-site duality functions
pA which is the content of the following proposition. Let us first define the relevant measure,

wdyn(z; a, k, q) =
⎧

⎨

⎩

1−q4z+2a+2k

1−q2z+2a+2k
(q2k ;q2)z
(q2;q2)z

(q2z+2a+2;q2)∞
(q2z+2a+2k+2;q2)∞ q2z(z+a) if a > −1,

1−q4z+2a+2k

1−q2z+2a+2k
(q2k ;q2)z
(q2;q2)z

(q−2z−2a−2k ;q2)∞
(q−2z−2a ;q2)∞ q−2z(z+a+k) if a ≤ −1.

Proposition 2.11 We have the following orthogonality relations for the Al-Salam–Chihara
polynomials pA.

(i) If λ > −1, we have
∞
∑

y=0

pA(n, y; λ, k; q−1)pA(n′, y; λ, k; q−1)wdyn(y; λ, k, q) = δn,n′

w(n; k, q)
(2.17)

∞
∑

n=0

pA(n, y; λ, k; q−1)pA(n, y′; λ, k; q−1)w(n; k, q) = δy,y′

wdyn(y; λ, k, q)
(2.18)

for all n, n′, y, y′ ∈ Z≥0.
(ii) If ρ ≤ −1, we have

∞
∑

n=0

pA(n, x; ρ, k; q)pA(n, x ′; ρ, k; q)w(n; k, q) = δx,x ′

wdyn(x; ρ, k, q)
(2.19)

for all x, x ′ ∈ {x ∈ Z≥0 : x + ρ + k < 0}.
Proof The first orthogonality relation (2.17) can be found in [1] and (2.18) is the dual2

orthogonality relation of (2.17). The relation (2.19) is the dual orthogonality relation of [29,
(14.8.3)], with a = qk+ρ and b = qk−ρ . �

Remark 2.12 If λ ≤ −1, the q−1-Al-Salam–Chihara polynomials are still orthogonal. How-
ever, the support of the measure will not be a subset of the nonnegative integers. Therefore,
it will not be a reversible measure for dynamic ASIP. The same holds for the q-Al-Salam–
Chihara polynomials when ρ > −1.

Using the previous proposition, we can show that the duality functions PL and PR are orthog-
onal with respect to the reversible measure W for ASIP(q, �k) from (2.3) and the measures

WL(ζ ) = WL(ζ ; λ, �k, q) =
M
∏

j=1

wdyn(ζ j ; h−
j−1(ζ ), k j , q), (2.20)

WR(ξ) = WR(ξ ; ρ, �k, q) =
M
∏

j=1

wdyn(ξ j ; h+
j+1(ξ), k j , q). (2.21)

2 For a brief explanation and proof of the dual orthogonality, see appendix A.
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Corollary 2.13

(i) If λ > −1, the duality functions PL are orthogonal with respect to the measures WL and
W,

∑

η∈Xd

PL(η, ζ )PL(η, ζ ′)W (η) = δζ,ζ ′

WL(ζ )
for all ζ, ζ ′ ∈ Xd , (2.22)

∑

ζ∈Xd

PL(η, ζ )PL(η
′, ζ )WL(ζ ) = δη,η′

W (η)
for all η, η′ ∈ Xd . (2.23)

(ii) If ρ ≤ −1, the duality functions PR are orthogonal with respect to the measure W,

∑

η∈Xd

PR(η, ξ)PR(η, ξ ′)W (η) = δξ,ξ ′

WR(ξ)
for all ξ ∈ Xd,ρ . (2.24)

Remark 2.14 SinceASIPL andASIPR are the sameprocesswhere the order of sites is reversed,
above corollary might at first glance seem odd since this symmetry between the processes
is not immediately clear. This is because ASIP(q, �k) is an asymmetric process where the
direction of the asymmetry depends on whether q ∈ (0, 1) or q ∈ (1,∞). By reversing the
order of sites in (2.22) and (2.23), one can show that PR(η, ξ ; q−1) is an orthogonal duality
function for ρ > −1 betweenASIPR(q, �k, ρ) andASIP(q−1, �k). Similarly, one can show that
PL(η, ζ ; q−1) is an orthogonal duality function between ASIPL(q, �k, λ) and ASIP(q−1, �k) if
λ ≤ −1.

Since W (η) is a reversible measure for ASIP, its generator is symmetric with respect to
functions with finite support. This does not have to hold for arbitrary functions since LASIP

q,�k
is an unbounded operator. However, as a consequence of the orthogonal duality, we get that
LASIP
q,�k is symmetric with respect to the duality functions PL and PR in the weighted L2 space

with respect to the reversible measure W (η).

Proposition 2.15 Let H be the Hilbert space of square integrable functions on Xd with
respect to W (η). That is, it has inner product

〈 f , g〉W =
∑

η∈Xd

f (η)g(η)W (η).

Then LASIP
q,�k is symmetric with respect to the duality functions PL and PR, i.e.

〈LASIP
q,�k f , g〉W = 〈 f , LASIP

q,�k g〉W ,

for all f , g ∈ {PL(·, ζ )}ζ∈Xd ∪ {PR(·, ξ)}ξ∈Xd .

Proof Wewill prove this for f = PL(η, ζ ) and g = PL(η, ζ ′), other cases are proven entirely
similar. Define for N ∈ Z≥0 the restriction of PL to states where the total number of particles
is smaller or equal N ,

PN
L (η, ξ) = PL(η, ξ)1|η|≤N .

Since W (η) is a reversible measure and PN
L (·, ζ ) has finite support, we have

〈LASIP
q,�k PN

L (·, ζ ), PN
L (·, ζ ′)〉W = 〈PN

L (·, ζ ), LASIP
q,�k PN

L (·, ζ ′)〉W .
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We take the limit N → ∞ on both sides and use the dominated convergence theorem to
justify taking the limit inside the infinite sum. For finding a dominating function, we will use
the duality relation for PL. First note that

[

LASIP
q,�k PN

L (·, ζ )
]

(η) =
{[

LASIP
q,�k PL(·, ζ )

]

(η) for |η| ≤ N ,

0 for |η| > N .

Therefore, we can use the duality relation from Corollary 2.8,
∣

∣

[

LASIP
q,�k PN

L (·, ζ )
]

(η)
∣

∣ ≤ ∣

∣LASIP
q,�k

[

PL(·, ζ )
]

(η)
∣

∣

= ∣

∣

[

LASIPL
q,�k,λ PL(η, ·)](ζ )

∣

∣

≤ C(ζ )

M−1
∑

j=1

|PL(η, ζ j, j+1)| + |PL(η, ζ j+1, j )| + 2|PL(η, ζ )|,

where C(ζ ) is the maximum over j of the absolute value of the rates CL,±
j (ζ ) of ASIPL.

Since we also have
|PN

L (η, ξ)| ≤ |PL(η, ξ)|,
we obtain a dominating function

∣

∣

[

LASIP
q,�k PN

L (·, ζ )
]

(η)PN
L (η, ζ ′)

∣

∣ ≤ |PL(η, ζ ′)|C(ζ )

M−1
∑

j=1

|PL(η, ζ j, j+1)|

+ |PL(η, ζ j+1, j )| + 2|PL(η, ζ )|.
To see that the right-hand side is integrable, use Cauchy-Schwarz and

∣

∣

∣

∣PL(·, ζ )
∣

∣

∣

∣

H = 1/WL(ζ )

by Corollary 2.13. �


Next, we proceed to showing reversibility of dynamicASIP,which follows quite directly from
the orthogonality relations of the duality functions PL and PR and the previous proposition.

Theorem 2.16 (Reversibility)

(i) The measure WL is reversible forASIPL(q, �k, λ) on Xd if λ > −1 and on Xd,λ if λ ≤ −1.
(ii) ThemeasureWR is reversible forASIPR(q, �k, ρ) on Xd if ρ > −1 and on Xd,ρ if ρ ≤ −1.

Proof Let us first prove (i) for λ > −1. Fix ζ1, ζ2 ∈ Xd such that ζ1 �= ζ2 and define

δζ1(ζ ) = δζ1,ζ , ζ ∈ Xd .

Note that for reversibility, it is enough to show that
〈

LASIPL
q,�k,λ δζ1 , δζ2

〉

WL
= 〈

δζ1 , L
ASIPL
q,�k,λ δζ2

〉

WL
, (2.25)

where
〈 f , g〉WL =

∑

ζ∈Xd

f (ζ )g(ζ )WL(ζ )
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Indeed, we have
〈

LASIPL
q,�k,λ δζ1 , δζ2

〉

WL
=

∑

ζ∈Xd

[

LASIPL
q,�k,λ δζ1

]

(ζ )δζ2(ζ )WL(ζ )

= WL(ζ2)
[

LASIPL
q,�k,λ δζ1

]

(ζ2)

= WL(ζ2)CL(ζ1, ζ2),

where CL(ζ1, ζ2) is the rate in which ASIPL(q, �k, λ) goes from state ζ1 to state ζ2. Therefore,
the detailed balance condition follows from (2.25).

By (2.22), we have

δζ1(ζ2) = WL(ζ1)
∑

η∈Xd

PL(η, ζ1)PL(η, ζ2)W (η),

δζ2(ζ1) = WL(ζ2)
∑

η∈Xd

PL(η, ζ1)PL(η, ζ2)W (η).

Therefore, using that PL is a duality function between ASIP(q, �k) and ASIPL(q, �k, λ), and
Proposition 2.15,

[

LASIPL
q,�k,λ δζ1

]

(ζ2) = WL(ζ1)
∑

η∈Xd

PL(η, ζ1)
[

LASIPL
q,�k,λ PL(η, ·)](ζ2)W (η)

= WL(ζ1)
∑

η∈Xd

PL(η, ζ1)
[

LASIP
q,�k PL(·, ζ2)

]

(η)W (η)

= WL(ζ1)
∑

η∈Xd

[

LASIP
q,�k PL(·, ζ1)

]

(η)PL(η, ζ2)W (η)

= WL(ζ1)
∑

η∈Xd

[

LASIPL
q,�k,λ PL(η, ·)](ζ1)PL(η, ζ2)W (η).

Hence
〈

LASIPL
q,�k,λ δζ1 , δζ2

〉

WL
= WL(ζ2)

[

LASIPL
q,�k,λ δζ1

]

(ζ2)

= WL(ζ1)WL(ζ2)
∑

η∈Xd

[

LASIPL
q,�k,λ PL(η, ·)](ζ1)PL(η, ζ2)W (η)

= WL(ζ1)
[

LASIPL
q,�k,λ δζ2

]

(ζ1)

= 〈

δζ1 , L
ASIPL
q,�k,λ δζ2

〉

WL
,

proving (2.25). Since ASIPR is just ASIPL with the order of sites reversed, we also get (ii)
for ρ > −1. The statement (i) in the case λ ≤ −1 (and therefore (ii) with ρ ≤ −1) is proven
similarly. �

Remark 2.17

• By taking a limit in the dynamic parameter λ or ρ, dynamic ASIP becomes ASIP. One
would expect that we can take this limit in the reversible measure of dynamic ASIP as
well and obtain a reversible measure of ASIP. This is indeed true. For example, we have

lim
λ→∞ q2λ|η|WL(η) = q |η|(2|η|−1)W (η),

which follows by a straighforward calculation.
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• Since dynamic ASIP is invariant under sending q to q−1, the measures WL and WR are
reversible for dynamic ASIP with q > 1 as well. One just has to plug in q−1 in the
measures in that case.

The duality functions Pv
AW between ASIPL and ASIPR are (bi)orthogonal with respect to the

reversible measure WL if λ > −1 and ρ ≤ −1 and with respect to WR if ρ > −1 and λ ≤ 1.
They are biorthogonal in the sense that Pv

AW is orthogonal to Pv−1

AW . The conditions on λ and
ρ come from the orthogonality of PL and PR given in corollary 2.13.

Theorem 2.18 Define the factor

ωv
AW(y, x, λ, ρ, q) = (vq2y+|�k|+λ−ρ+1; q2)∞(v−1q2y+|�k|+λ−ρ+1; q2)∞

(vq−2x−|�k|+λ−ρ+1; q2)∞(v−1q−2x−|�k|+λ−ρ+1; q2)∞
.

If λ > −1 and ρ ≤ −1, we have for all ξ, ξ ′ ∈ Xd,ρ the orthogonality relations

∑

ζ∈Xd

Pv
AW(ζ, ξ ; q)Pv−1

AW (ζ, ξ ′; q)WL(ζ, q)ωv
AW(|ζ |, |ξ |, λ, ρ, q) = δξ,ξ ′

WR(ξ, q)
. (2.26)

If λ ≤ −1 and ρ > −1, they are orthogonal with respect to the reversible measure WR,

∑

ξ∈Xd

Pv
AW(ζ ′, ξ ; q−1)Pv−1

AW (ζ, ξ ; q−1)WR(ξ, q)ωv
AW(|ξ |, |ζ |, ρ, λ, q) = δζ,ζ ′

WL(ζ, q)
. (2.27)

Proof In Section 6 we will show that

Pv
AW(ζ, ξ) = (vq−2|ξ |−|�k|+λ−ρ+1; q2)∞

(vq2|ζ |+|�k|+λ−ρ+1; q2)∞
∑

η∈Xd

v|η|PL(η, ζ )PR(η, ξ)W (η).

Using this, we have that
∑

ζ∈Xd

Pv
AW(ζ, ξ ; q)Pv−1

AW (ζ, ξ ′; q)WL(ζ, q)ωv
AW(|ζ |, |ξ |, λ, ρ, q)

is equal to
∑

ζ,η,η′∈Xd

v|η|−|η′|PL(η, ζ )PR(η, ξ)W (η)PL(η
′, ζ )PR(η

′, ξ ′)W (η′)WL(ζ, q). (2.28)

If we first sum over ζ and use the orthogonality relation (2.23) for PL, we get that (2.28) is
equal to

∑

η∈Xd

PR(η, ξ)PR(η
′, ξ ′)W (η)

for λ > −1. Now (2.26) follows from the orthogonality relation (2.24) for PR, which is valid
for ρ ≤ −1. The second equations (2.27) follows from the previous one since ASIPL and
ASIPR are the same processes but with the order of sites reversed. That is, use the symmetry
(2.16) of Pv

AW and
WL(ξ

rev, ρ) = WR(ξ, ρ).

�
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Remark 2.19

• The factor ωv
AW only depends on parameters that are kept invariant by the generators

of ASIPL and ASIPR. Therefore one could also choose to put this factor in the duality
function Pv

AW or the reversible measures WL and WR. However, we choose to put this
factor separately in the orthogonality relation to keep the duality functions and reversible
measures simpler.

• Since dynamic ASIP is invariant under sending q to q−1, one would expect that the
requirement q < 1 is not necessary for the orthogonality relations of the previous theo-
rem. This is indeed true. One can show that Pv

AW is almost invariant under sending (q, v)

to (q−1, v−1),

Pv−1

AW (ζ, ξ ; q−1) = (−v)|ζ |+|ξ |q−α(|ξ |)−β(|ζ |)Pv
AW(ζ, ξ ; q),

where

α(x) = −x(x − |�k| − λ − ρ),

β(y) = −y(y + |�k| + λ + ρ).

Applying this symmetry to (2.26), we have for λ > −1 and ρ ≤ −1 that
∑

ζ∈Xd

Pv
AW(ζ, ξ ; q−1)Pv−1

AW (ζ, ξ ′; q−1)WL(ζ, q)ωv
AW(|ζ |, |ξ |, λ, ρ, q)q2β(|ζ |)

= δξ,ξ ′

WR(ξ, q)q2α(|ξ |) .

Similarly, from (2.27) we obtain for λ ≤ −1 and ρ > −1 that
∑

ξ∈Xd

Pv
AW(ζ, ξ ; q)Pv−1

AW (ζ ′, ξ ; q)WR(ξ, q)ωv
AW(|ξ |, |ζ |, ρ, λ, q)q2β(|ξ |)

= δζ,ζ ′

WL(ζ, q)q2α(|ζ |) .

• Only looking at the 4ϕ3 part of Pv
AW, one can see that it is invariant under sending v to

v−1. Even more is true, one can show that

Pv−1

AW (ζ, ξ) = γ Pv
AW(ζ, ξ),

where γ is a factor depending on the total number of particles of both processes. Thus
we can obtain orthogonality instead of biorthogonality by putting this factor γ into ωv

AW.
However, the factor ωv

AW would contain four more infinite shifted factorials. Therefore,
we choose to keep the biorthogonality.

• These orthogonality relations do not correspond to the usualmeasure of theAskey-Wilson
polynomials,which consists of an integral over the unit circle and, if the parameters satisfy
certain conditions, a sum over discrete mass points. The orthogonality relations of this
theorem correspond to the dual orthogonality of the Askey-Wilson polynomials when
the measure has discrete mass points, see Appendix A for a brief explanation and proof
of dual orthogonality.

2.5 Dynamic SIP

By letting q → 1 in the rates of dynamic ASIP, we obtain a dynamic version of SIP(�k) from
Remark 2.1. Similar to dynamic ASIP, we have to be careful with choosing the parameters
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in order to have non-negative rates. The height functions h+
j and h−

j are the same as the ones
defined in Section 2.1.

Definition 2.20 (Dynamic SIP for λ, ρ > −1)

(1) Let λ > −1. SIPL(q, �k, λ), the left version of dynamic SIP, is the Markov process on the
statespace Xd with parameters �k ∈ R

M+ and left boundary value λ. A particle jumps from
site j to j + 1 at rate

ζ j (ζ j+1 + k j+1)(h
−
j−1(ζ ) + ζ j )(h

−
j (ζ ) + ζ j+1)

h−
j (ζ )(h−

j (ζ ) − 1)
, (2.29)

and from site j to site j − 1 at rate

ζ j (ζ j−1 + k j−1)(h
−
j−1(ζ ) − ζ j−1)(h

−
j (ζ ) − ζ j )

h−
j−1(ζ )(h−

j−1(ζ ) + 1)
. (2.30)

(2) Let ρ > −1. SIPR(�k, ρ), the right version of dynamic SIP, is the Markov process on the
statespace Xd with parameters �k and right boundary value ρ. A particle jumps from site
j to site j + 1 at rate

ξ j (ξ j+1 + k j+1)(h
+
j (ξ) − ξ j )(h

+
j+1(ξ) − ξ j+1)

h+
j+1(ξ)(h+

j+1(ξ) + 1)
, (2.31)

and from site j to site j − 1 at rate

ξ j (ξ j−1 + k j−1)(h
+
j (ξ) + ξ j−1)(h

+
j+1(ξ) + ξ j )

h+
j (ξ)(h+

j (ξ) − 1)
. (2.32)

Just as before, whenwewant λ, ρ ≤ −1, we have the same rates, but on a different statespace.

Definition 2.21 (Dynamic SIP for λ, ρ ≤ −1)

(1) Let λ ≤ −1, then SIPL(�k, λ) is the Markov process on the statespace Xd,λ where in the
state ζ , a particle jumps from site j to j +1 with rate given by (2.29) and from j to j −1
with rate (2.30).

(2) Let ρ ≤ −1, then SIPR(�k, ρ) is the Markov process on the statespace Xd,ρ where in the
state ξ , a particle jumps from site j to j + 1 with rate given by (2.31) and from site j to
j − 1 with rate given by (2.32).

Remark 2.22 When letting λ → ±∞ in SIPL(�k, λ), one obtains SIP(�k) from Remark 2.1.
Similarly, when letting ρ → ±∞ in SIPR(�k, ρ), one also obtains SIP(�k).
By replacing v by q2v and letting q → 1 in an appropriate way in the duality relation (2.15),
we obtain duality functions between SIPL(�k, λ) and SIPR(�k, ρ). The corresponding 1-site
duality functions are given in terms of Wilson polynomials, which are the q = 1 variant
of the Askey-Wilson polynomials. We have put a hat on the duality functions and measures
without a parameter q to distinguish between them and their counterparts that do depend on
q .

Proposition 2.23 Define the 1-site duality functions

p̂W(y, x; λ, ρ; v, k) = ( 1
2α + v

)

x

( 1
2α − v

)

y 4F3

(−y, y + λ + k,−x, x + ρ + k

k, 1
2α + v, 1

2α − v
; 1

)

,
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where α = ρ + λ + k + 1. Then

P̂v
W (ζ, ξ) =

M
∏

j=1

p̂W(ζ j , ξ j ; h−
j−1(ζ ), h+

j+1(ξ); v, �k) (2.33)

is a duality function between SIPL(�k, λ) and SIPR(�k, ρ), i.e.

[LSIPL
�k,λ P̂v

W(·, ξ)](ζ ) = [LSIPR
�k,ρ P̂v

W(ζ, ·)](ξ). (2.34)

Proof We take the limit q → 1 in the duality relation (2.15) in an appropriate way. Since

lim
q→1

LASIPL
q,�k,λ = LSIPL

�k,λ

and
lim
q→1

LASIPR
q,�k,ρ = LSIPR

�k,ρ ,

we only have to compute

lim
q→1

Pv
AW(ζ, ξ) = lim

q→1

M
∏

j=1

pAW(ζ j , ξ j ; h−
j−1(ζ ), h+

j+1(ξ), v, k; q), (2.35)

where we recall that

pAW(y, x; λ, ρ, v, k; q) = (vqρ+λ+k+1; q2)x (vq−ρ−λ−k−1; q−2)y

× 4ϕ3

(

q−2y, q2y+2λ+2k, q−2x , q2x+2ρ+2k

q2k, vqρ+λ+k+1, v−1qρ+λ+k+1 ; q2, q2
)

.

Since

lim
q→1

1 − qa

1 − qb
= a

b
, (2.36)

we have

lim
q→1

(q2a; q2) j
(q2b; q2) j = (a) j

(b) j
.

Therefore, we have the following limit between a basic hypergeometric series and a regular
hypergeometric series,

lim
q→1

r+1ϕr

(

q−2y, q2a1 , ..., q2ar

q2b1 , ..., q2br
; q2; q2

)

= r+1Fr

(−y, a1, ..., ar
b1, ..., br

; 1
)

.

In order to get a non-zero limit of (2.35), we replace v by q2v and divide the duality function
Pv
AW by (1 − q2)|ξ |(1 − q−2)|ζ |. The latter is done since the factors in front of the 4ϕ3 of

the 1-site duality function pAW from (2.13) go to 0 when q → 1. Since this factor is kept
invariant by both generators, we still have a duality function. Then taking the limit q → 1
gives

lim
q→1

pAW(x, y; λ, ρ; q2v, �k, q)

(1 − q2)|ξ |(1 − q−2)|ζ | = p̂W(y, x; λ, ρ; v, k),

proving the proposition. �
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From Theorem 2.16 and letting q → 1 in the reversible measures WR and WL we obtain
reversible measures for dynamic SIP. We define the 1-site measure ŵdyn. This is, up to a

factor depending on |�k|, the q → 1 limit of wdyn,

ŵdyn(z; a, k) =
{

(2z+a+k)
(z+a+k)

(k)z
z!

�(z+a+k+1)
�(z+a+1) if a > −1,

(2z+a+k)
(z+a+k)

(k)z
z!

�(−z−a)
(�(−z−a−k) if a ≤ −1.

Its product we denote by

ŴL(ζ ) = ŴL(ζ ; λ, �k) =
M
∏

j=1

ŵdyn(ζ j ; h−
j−1(ζ ), k j ), (2.37)

ŴR(ξ) = ŴR(ξ ; ρ, �k) =
M
∏

j=1

ŵdyn(ξ j ; h+
j+1(ξ), k j ). (2.38)

Then we have the following result.

Proposition 2.24

(i) The measure ŴL is reversible for SIPL(�k, λ) on Xd if λ > −1 and on Xd,λ if λ ≤ −1.
(ii) The measure ŴR is reversible for SIPR(�k, ρ) on Xd if ρ > −1 and on Xd,ρ if ρ ≤ −1.

Proof We will show that

lim
q→1

wdyn(z; a, k, q)

(1 − q2)k
= ŵdyn(z; a, k), (2.39)

after which the result follows from Theorem 2.16, the observation that

M
∏

j=1

(1 − q2)k j = (1 − q2)|�k|

is kept invariant by the generator and the fact that the generator of dynamic ASIP becomes
the generator of dynamic SIP in the limit q → 1.

The only difficulty in taking the limit of q → 1 inwdyn lies in the infinite shifted factorials.
We can make sense of this limit by rewriting the infinite shifted factorials in wdyn in terms
of the q-Gamma function, which is defined by [19, (1.10.1)],

�q(α) = (q; q)∞
(qα; q)∞

(1 − q)1−α, 0 < q < 1.

It becomes the regular Gamma-function in the limit q → 1,

lim
q→1

�q(α) = �(α).

Rewriting the definition of the q-Gamma function gives

(q2α; q2)∞ = (q2; q2)∞
�q2(α)

(1 − q2)1−α,

and thus
(q2α; q2)∞
(q2β; q2)∞ = �q2(β)

�q2(α)
(1 − q2)β−α.
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Table 3 Three limits of the
duality between ASIPL(q, �N , λ)

and ASIPR(q, �N , ρ).

Duality between Corresponding limit

(i) ASIP(q, �k) ASIPR(q, �k, ρ) λ → ∞
(ii) ASIP(q, �k) ASIP(q, �k) λ → ∞, ρ → −∞
(iii) ASIP(q, �k) ASIP(q−1, �k) λ, ρ → ∞

This gives for a > −1,

wdyn(z; a, k, q) = 1 − q4z+2a+2k

1 − q2z+2a+2k

(q2k; q2)z
(q2; q2)z

�q2(z + a + k + 1)

�q2(z + a + 1)
(1 − q2)kq2z(z+a)

Thus (2.39) for a > −1 follows from (2.36). The case a ≤ −1 is proven similarly. �


3 Limits of (orthogonal) Dualities for Discrete Asymmetric Processes.

3.1 Duality Functions which follow fromTheorem 2.9

In this section, we will take limits in the duality relation between ASIPL(q, �k, λ) and
ASIPR(q, �k, ρ) given in Theorem 2.9 to obtain other dualities. We will assume through-
out this section without loss of generality that 0 < q < 1. Recall from Section 2 the limits
from dynamic ASIP to ASIP when 0 < q < 1,

lim
ρ→±∞ LASIPR

q,�k,ρ = LASIP
q∓1,�k and lim

λ→±∞ LASIPL
q,�k,λ = LASIP

q±1,�k . (3.1)

This gives us three ‘different3’ limit cases of the duality between ASIPL ↔ASIPR, which
are listed in Table 3. When q > 1, similar limits can be taken which yield the same results
in terms of duality functions.

The resulting duality functions will again be products of orthogonal polynomials. We
need the following three families of orthogonal polynomials, which are special cases of
Askey-Wilson polynomials.

(i) The Big q-Jacobi polynomials [29, §14.5] are defined by

Jn(x; a, b, c; q) = 3ϕ2

(

q−n, abqn+1, x

aq, cq
; q, q

)

.

We define the 1-site duality function

pJ(n, x; λ, ρ, v, k; q) = (vq−λ−ρ−k−1; q−2)n Jx (q
−2n; q2(k−1), q2ρ, v−1qρ+λ+k−1; q2)

= (vq−λ−ρ−k−1; q−2)n 3ϕ2

(

q−2x , q2x+2ρ+2k, q−2n

q2k, v−1qρ+λ+k+1 ; q2, q2
)

(ii) The q-Meixner polynomials [29, §14.13] are defined by

Mn(q
−x ; b, c; q) = 2ϕ1

(

q−n, q−x

bq
; q,−qn+1

c

)

. (3.2)

3 Different in the sense that they cannot be obtained from reversing the order of sites or sending q → q−1.

123



   13 Page 24 of 61 C. Wagenaar

We define the 1-site duality function

pM(n, x; λ, ρ, v, k; q) = Mx (q
−2n; q2(k−1),−v−1q−ρ+λ−k+1; q2)

= 2ϕ1

(

q−2x , q−2n

q2k
; q2, vq2x+ρ−λ+k+1

)

.

(iii) The Big q-Laguerre polynomials [29, §14.11] are defined by

PL
n (x; a, b; q) = 3ϕ2

(

q−n, 0, x

aq, bq
; q, q

)

.

We define the 1-site duality function

pL(n, x; λ, ρ, v, k; q) = (v−1q−λ−ρ−k−1; q−2)n P
L
x (q−2n; q2(k−1), vqρ+λ+k−1; q2)

= (v−1q−λ−ρ−k−1; q−2)n 3ϕ2

(

q−2x , 0, q−2n

q2k, vqρ+λ+k+1 ; q2, q2
)

.

Aswe take appropriate limits in the duality relation (2.15), we obtain the following duality
functions which correspond to the dualities given in Table 3. Parameters of these functions
will sometimes contain a height function without the dynamic parameter λ or ρ. Therefore,
we define

h−
j,0(η) =

j
∑

i=1

2η j + k j ,

h+
j,0(η) =

M
∑

i= j

2η j + k j .

Now we have the following result.

Proposition 3.1

(i) Define the function Pv
J : Xd × Xd → R by

Pv
J (η, ξ) = lim

λ→∞ Pvqλ

AW (η, ξ).

Then Pv
J is a duality function between ASIP(q, �k) ↔ ASIPR(q, �k, ρ) and

Pv
J (η, ξ) =

M
∏

j=1

pJ(η j , ξ j ; h−
j−1,0(η), h+

j+1(ξ); v, k j ).

(ii) Define the function Pv
M : Xd × Xd → R by

Pv
M(η, ξ) = lim

ρ→−∞ Pvq−ρ

J (η, ξ),

Then Pv
M is a self-duality function for ASIP(q, �k) and

Pv
M(η, ξ) =

M
∏

j=1

pM(η j , ξ j ; h−
j−1,0(η), h+

j+1,0(ξ); v, k j ).
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(iii) Define the function Pv
L : Xd × Xd → R by

Pv
L (η, ξ) = lim

ρ→∞ Pv−1qρ

R (η, ξ).

Then Pv
L is a duality function between ASIP(q, �k) ↔ ASIP(q−1, �k) and

Pv
L (η, ξ) =

M
∏

j=1

pL(η j , ξ j ; h−
j−1,0(η), h+

j+1,0(ξ); v, k j ).

Proof All computation are straightforward limits which follow from

lim
α→−∞

1 − βqα

1 − γ qα
= β

γ
.

�


As is the case for other situations (see e.g. [28]), one can go from ‘orthogonal’ duality func-
tions to ‘classical’ (sometimes also called ‘triangular’) duality functions by taking appropriate
limits involving the free parameter ‘v’. For example, one can show that

lim
v→∞ v−|η|Pv

J (η, ξ) = γ PR(η, ξ),

where γ is a factor depending on preserved quantities of the process. That is, for the duality
between ASIP and ASIPR, one can go from the Big q-Jacobi duality functions ‘Pv

J ’ to
the Al-Salam–Chihara ones PR from Section 2. At this point, the names ‘orthogonal’ and
‘triangular’ duality function are confusing, since both duality functions are orthogonal and
PR is not triangular. However, in some sense the Al-Salam–Chihara polynomials PR can be
considered as the ‘triangular’ duality functions between ASIP and dynamic ASIP: it does
not involve a free parameter and when one would take an appropriate limit involving the
dynamic parameter, one obtains the triangular self-duality function of ASIP.

One can also take a limit in the free parameter of the Big q-Laguerre polynomials (duality
ASIP(q, �k) ↔ ASIP(q−1, �k)) and the q-Meixner polynomials (self-duality of ASIP(q, �k)).
One then obtains classical duality functions. The first is new, the latter gives a similar duality
function as in [11, Theorem 5.1], where now the parameter k can vary per site.

Proposition 3.2 (‘Triangular’ duality functions)

(i) The function D : Xd × Xd → R defined by

D(η, ξ) =
M
∏

j=1

(q2ξ j+2k j ; q2)η j

(q2k j ; q2)η j

q−η j (η j+2ξ j+h−
j−1,0(η)+h+

j+1,0(ξ)+k j ),

is a duality function between ASIP(q, �k) and ASIP(q−1, �k).
(ii) The function Dtr : Xd × Xd → R defined by

Dtr(η, ξ) =
M
∏

j=1

(q−2ξ j ; q2)η j

(q2k j ; q2)η j

q−η j (η j−2ξ j+h−
j−1,0(η)−h+

j+1,0(ξ)−k j )1η j≤ξ j

is a self-duality function for ASIP(q, �k).
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Proof For (i), we take the limit v → 0 in the Big q-Laguerre duality function Pv
L between

ASIP(q, �k) and ASIP(q−1, �k). To make the limit convergent, we multiply by (−v)|η|,

lim
v→0

(−v)|η|Pv
L (η, ξ) = lim

v→0

M
∏

j=1

(−v)η j (v−1q−h−
j−1,0(η)−h+

j+1,0(ξ)−k j−1; q−2)η j

× 3ϕ2

(

q−2ξ j , 0, q−2η j

q2k j , vqh
−
j−1,0(η)+h+

j+1,0(ξ)+k j+1 ; q2, q2
)

.

Since

lim
v→0

(−v)n(v−1q−λ−ρ−k−1; q−2)n 3ϕ2

(

q−2x , 0, q−2n

q2k, vqρ+λ+k+1 ; q2, q2
)

= q−n(n+λ+ρ+k)
2ϕ1

(

q−2x , q−2n

q2k
; q2, q2

)

,

we can use the q-Chu-Vandermonde summation formula [19, (II.6)] for a 2ϕ1 to prove (i).
The triangular duality function in (ii) follows from taking the limit v → ∞ in the q-

Meixner self-duality function Pv
M for ASIP(q, �k). In order for the limit to converge, we

require η ≤ ξ and multiply by v−|η|,

lim
v→∞

Pv
M(η, ξ)1η≤ξ

v|η|

= lim
v→∞

M
∏

j=1

v−η j
2ϕ1

(

q−2ξ j , q−2η j

q2k j
; q2, vq2ξ j+h+

j+1,0(ξ)−h−
j−1,0(η)+k j+1

)

1η j≤ξ j .

For the one-site duality functions we have

lim
v→∞ v−n

2ϕ1

(

q−2x , q−2n

q2k
; q2, vq2x+ρ−λ+k+1

)

1n≤x

= (q−2x , q−2n; q2)n
(q2k, q2; q2)n qn(2x+ρ−λ+k+1)1n≤x .

Note that 1n≤x could be left out since (q−2x ; q2)n = 0 if n > x . However, we leave it
in to emphasize the triangular structure of the duality function. Now (ii) follows from the
observation that

(q−2n; q2)n
(q2; q2)n = (−1)nq−n(n+1).

�


Remark 3.3 A short computation shows that

Dtr(η,−ξ − �k) = D(η, ξ).

This is exactly what was pointed out in Remark 2.1: duality between ASIP(q, �k) and
ASIP(q−1, �k) can be obtained from the self-duality of ASIP(q, �k) by replacing ‘ξ ’ by
‘−ξ − �k’.
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Table 4 Three limits of the
orthogonal duality between
ASIPL(q, �N , λ) and
ASIPR(q, �N , ρ).

Orthogonal duality between Corresponding limit

(i) ASIP(q, �k) ASIPR(q, �k, ρ) λ → ∞
(ii) ASIP(q−1, �k) ASIPR(q, �k, ρ) λ → −∞
(iii) ASIP(q, �k) ASIP(q, �k) λ → ∞, ρ → −∞

3.2 Orthogonality Relations which Follow fromTheorem 2.18

Let us now turn to the orthogonality of the duality functions found in the previous subsection.
In terms of functions, the duality between ASIP(q−1, �k) and ASIPR(q, �k, ρ) can be obtained
from the duality ASIP(q, �k) ↔ ASIPR(q, �k, ρ) by sending q → q−1 (since dynamic ASIP
is invariant under that transformation). However, this cannot be done for their orthogonality
relations due to convergence problems. Therefore, we will now distinguish between the
dualities ASIP(q−1, �k) ↔ ASIPR(q, �k, ρ) and ASIP(q, �k) ↔ ASIPR(q, �k, ρ).

Wewill prove the orthogonality relations by taking limits from the ones on top in hierarchy:
the duality ASIPL(q, �k, λ) ↔ ASIPR(q, �k, ρ), which has the Askey-Wilson polynomials
Pv
AW as duality function. The (bi)orthogonality with respect to the reversible measures can

be found in Theorem 2.18. There is a (bi)orthogonality relation with respect to the reversible
measures if either (i) λ > −1 and ρ ≤ −1 or (ii) λ ≤ −1 and ρ > −1. Therefore, the
(bi)orthogonality can only survive the following limits:

• λ → ±∞,
• ρ → ±∞,
• λ → ∞ and ρ → −∞,
• λ → −∞ and ρ → ∞.

Combining this with the limits (3.1) between dynamic ASIP and ASIP, we obtain three
dualities which have orthogonal duality functions, where we filtered out the ones which can
be obtained from one another by reversing the order of sites, see Table 4.

Note that no orthogonal duality functions between ASIP(q, �k) and ASIP(q−1, �k) can be
found in this manner.

Let us start with the limit λ → ∞ in the (bi)orthogonality relation (2.26). We obtain an
orthogonality relation for the Big q-Jacobi duality function.

Proposition 3.4 (Orthogonality Big q-Jacobi) If ρ ≤ −1 we have the following orthog-
onality relation for the Big q-Jacobi duality function Pv

J (η, ξ) between ASIP(q, �k) and
ASIPR(q, �k, ρ),

∑

η∈Xd

Pv
J (η, ξ)Pv

J (η, ξ ′)W (η)ωv
J (|η|, |ξ |, ρ) = δξ,ξ ′

WR(ξ)
for all ξ, ξ ′ ∈ Xd,ρ,

where

ωv
J (|η|, |ξ |, ρ) = v−2|η|q |η|(2|η|−1) (v

−1q |�k|+ρ+1; q2)|ξ |
(v−1q |�k|+ρ+1; q2)|η|

(v−1q2|η|+|�k|−ρ+1; q2)∞
(v−1q−2|ξ |−|�k|−ρ+1; q2)∞

.

Proof We start with the orthogonality relation (2.26) with ζ replaced η,

∑

η∈Xd

Pv
AW(η, ξ ; q)Pv−1

AW (η, ξ ′; q)WL(η, q)ωv
AW(|η|, |ξ |, λ, ρ, q) = δξ,ξ ′

WR(ξ, q)
.
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Let us replace v by vqλ and take the limit λ → ∞. Justifying interchanging the infinite sum
and the limit λ → ∞ is done in Appendix B. Per term, we have the following limits,

lim
λ→∞ Pvqλ

AW (η, ξ) = Pv
J (η, ξ), (3.3)

lim
λ→∞ q2λ|η|Pv−1q−λ

AW (η, ξ) = v−2|η| (v−1q |�k|+ρ+1; q2)|ξ |
(v−1q |�k|+ρ+1; q2)|η|

Pv
J (η, ξ), (3.4)

lim
λ→∞ q−2λ|η|WL(η) = q |η|(2|η|−1)W (η), (3.5)

lim
λ→∞ ω

vqλ

AW(|η|, |ξ |, λ, ρ, q) = (v−1q2|η|+|�k|−ρ+1; q2)∞
(v−1q−2|ξ |−|�k|−ρ+1; q2)∞

, (3.6)

from which the proposition easily follows. The first one (3.3) follows by definition (see
Proposition 3.1). The third (3.5) and fourth (3.6) are straightforward4 computations.

So we are left with proving (3.4). Note that we actually obtain an orthogonality relation
(whilst (2.26) is biorthogonal), since we obtain some factor times Pv

J instead of Pv−1

J in (3.4).
On the one-site duality function level we have

lim
λ→∞ q2λn pAW(n, x; λ, ρ, v−1q−λ, k; q)

= (v−1qρ+k+1; q2)x
(−v)nqn(ρ+k+n) 3ϕ2

(

q−2n, q−2x , q2x+2ρ+2k

q2k, v−1qρ+k+1 ; q2, q2
)

,

where we used that
(a; q−2)n = (−a)nq−n(n−1)(a−1; q2)n .

Therefore,

lim
λ→∞ q2λ|η|Pv−1q−λ

AW (η, ξ) = v−2|η|Pv
J (η, ξ)

M
∏

j=1

(v−1qh
−
j−1,0(η)+h+

j+1(ξ)+k j+1; q2)ξ j
(v−1qh

−
j−1,0(η)+h+

j+1(ξ)+k j+1; q2)η j

.

At this point, it is not at all clear that

M
∏

j=1

(v−1qh
−
j−1,0(η)+h+

j+1(ξ)+k j+1; q2)ξ j
(v−1qh

−
j−1,0(η)+h+

j+1(ξ)+k j+1; q2)η j

is a factor depending on the total number of particles. However, since for m ∈ Z≥0 we have

(a; q2)m = (a; q2)∞
(aq2m; q2)∞ ,

we obtain

M
∏

j=1

(v−1qh
−
j−1,0(η)+h+

j+1(ξ)+k j+1; q2)ξ j
(v−1qh

−
j−1,0(η)+h+

j+1(ξ)+k j+1; q2)η j

=
M
∏

j=1

(v−1qh
−
j−1,0(η)+h+

j+1(ξ)+k j+1+2η j ; q2)∞
(v−1qh

−
j−1,0(η)+h+

j+1(ξ)+k j+1+2ξ j ; q2)∞

=
M
∏

j=1

(v−1qh
−
j,0(η)+h+

j+1(ξ)+1; q2)∞
(v−1qh

−
j−1,0(η)+h+

j (ξ)+1; q2)∞

4 For the third, use that
∑M

j=1 η j (η j + 2
∑ j−1

i=1 ηi ) = |η|2.
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= (v−1qh
−
M,0(η)+h+

M+1(ξ)+1; q2)∞
(v−1qh

−
0,0(η)+h+

1 (ξ)+1; q2)∞
= (v−1q2|η|+|�k|+ρ+1; q2)∞

(v−1q2|ξ |+|�k|+ρ+1; q2)∞
= (v−1q |�k|+ρ+1; q2)|ξ |

(v−1q |�k|+ρ+1; q2)|η|
,

proving (3.4). �

Remark 3.5 We mentioned that one can go from the Big q-Jacobi duality function Pv

J to the
Al-Salam–Chihara one PR by taking a limit in the free parameter v. If we would take this
limit in above orthogonality relation as well, we end up with the orthogonality (2.24) from
Corollary 2.13(ii).

Let us now turn to the second orthogonality of Table 4, the one between ASIP(q−1, �k)
and ASIPR(q, �k, ρ), which corresponds to the limit λ → −∞. Duality functions for this
duality can be obtained from the duality function Pv

J between ASIP(q, �k) ↔ ASIPR(q, �k, ρ)

by replacing q by q−1. That is, we obtain Big q−1-Jacobi polynomials Pv
J (η, ξ ; q−1). For

orthogonality, we cannot simply replace q by q−1 in Proposition 3.4 because of the infinite
shifted factorials. However, we can take the limit λ → −∞ in the orthogonality relation
(2.27) between ASIPL and ASIPR. Before we do so, we have to make the connection between
the limit λ → −∞ of the Askey-Wilson duality function Pv

AW with q−1 and the Big q−1-
Jacobi ones.

Lemma 3.6 The following limits hold,

lim
λ→−∞ Pvq−λ

AW (η, ξ ; q−1) = Pv
J (η, ξ ; q−1),

lim
λ→−∞ q−2λ|η|Pv−1qλ

AW (η, ξ ; q−1) = v−2|η| (v−1q−|�k|−ρ−1; q−2)|ξ |
(v−1q−|�k|−ρ−1; q−2)|η|

Pv
J (η, ξ ; q−1).

Proof Both limits follow from the already known limits (3.3) and (3.4). Indeed, we can
replace q−λ by ε in the limits of this lemma. The limit λ → −∞ then becomes the limit
ε → 0. Thus the limits in this lemma are equivalent to

lim
ε→0

Pvε
AW(η, ξ ; q−1) and lim

ε→0
ε2|η|Pv−1ε−1

AW (η, ξ ; q−1),

where q−λ should be replaced by ε everywhere in Pvε
AW as well. Similarly, if we replace qλ

by ε in the limits (3.3) and (3.4) from the previous proposition, we obtain

lim
ε→0

Pvε
AW(η, ξ ; q) and lim

ε→0
ε2|η|Pv−1ε−1

AW (η, ξ ; q).

Therefore, the limits of this lemma follow from (3.3) and (3.4) by replacing q by q−1. �

Applying this lemma,we can prove orthogonal duality relations of Pv

J (η, ξ ; q−1)with respect
to the reversible measure WR. The proof is similar to the proof of the previous proposition.

Proposition 3.7 [Orthogonality Big q−1-Jacobi] let ρ > −1, then we have the follow-
ing orthogonality relation for the Big q−1-Jacobi duality function Pv

J (η, ξ ; q−1) between
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ASIP(q−1, �k) and ASIPR(q, �k, ρ),

∑

ξ∈Xd

Pv
J (η, ξ ; q−1)Pv

J (η′, ξ ; q−1)WR(ξ)ωv
J′(|η|, |ξ |, ρ, q)= δη,η′

W (η, q−1)
for all η, η′ ∈ Xd ,

where

ωv
J′(|η|, |ξ |, ρ) = v−2|η|q |η|(1−2|η|) (v−1q−|�k|−ρ−1; q−2)|ξ |

(v−1q−|�k|−ρ−1; q−2)|η|
(v−1q2|ξ |+|�k|+ρ+1; q2)∞
(v−1q−2|η|−|�k|+ρ+1; q2)∞

.

Proof As said, we take the limit λ → −∞ in (2.27) with v replaced by vq−λ and ζ by η,

∑

ξ∈Xd

Pvq−λ

AW (η, ξ ; q−1)Pv−1qλ

AW (η′, ξ ; q−1)WR(ξ, q)ω
vq−λ

AW (|ξ |, |η|, ρ, λ, q) = δη,η′

WL(η, q)
.

Justifying interchanging the sum and limit is done similarly as in Proposition 3.4. Per term,
we have the following limits,

lim
λ→−∞ Pvq−λ

AW (η, ξ ; q−1) = Pv
J (η, ξ ; q−1), (3.7)

lim
λ→−∞ q−2λ|η|Pv−1qλ

AW (η, ξ ; q−1) = v−2|η| (v−1q−|�k|−ρ−1; q−2)|ξ |
(v−1q−|�k|−ρ−1; q−2)|η|

Pv
J (η, ξ ; q−1), (3.8)

lim
λ→−∞ ω

vq−λ

AW (|ξ |, |η|, ρ, λ, q) = (v−1q2|ξ |+|�k|+ρ+1; q2)∞
(v−1q−2|η|−|�k|+ρ+1; q2)∞

, (3.9)

lim
λ→−∞ q2λ|η|WL(η) = q |η|(1−2|η|)W (η, q−1). (3.10)

Using these four limits, proving the proposition is straightforward. The first two are the
content of Lemma 3.6, the third and fourth are straightforward calculations similar to the
ones in the proof of Proposition 3.4. �

Remark 3.8 Similarly as discussed in the previous remark, one can go from the Big q−1-
Jacobi polynomials to the q−1-Al-Salam–Chihara polynomials by taking a limit in the free
parameter v. When taking this limit in the free parameter v, the orthogonality relation of
this proposition is equivalent5 to the second one of Corollary 2.13(i), which corresponds
to the dual orthogonality of the q−1-Al-Salam–Chihara polynomials. However, the q−1-Al-
Salam–Chihara polynomials also have their usual orthogonality relation, namely the first
one of Corollary 2.13(i). Thus, something a bit unexpected happens: the duality function
Pv
J (η, ξ ; q−1) has one orthogonality relation with respect to a reversible measure, but a limit

of this function has two. From the perspective of orthogonal polynomials this has to do with
the following. This proposition is the dual orthogonality of the Big q−1-Jacobi polynomials.
Their usual orthogonality consist of two infinite sums. One sumhas supportZ≥0, but the other
one has not. Therefore, it cannot be a reversible measure since part of the support lies outside
the statespace of the process. However, this part disappears when taking the limit in the free
parameter v, so that only the infinite sum with support Z≥0 remains, which corresponds to
the first orthogonality of Corollary 2.13(i).

Let us now turn to the orthogonality of (iii) in Table 4: the self-duality of ASIP(q, �k). Duality
functions are given by the q-Meixner duality functions Pv

M. Orthogonality can be obtained

5 One has to reverse the order of sites so that ASIPL ↔ ASIPR and ASIP(q, �k) ↔ ASIP(q−1, �k).
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from the orthogonality of the Big q-Jacobi duality functions Pv
J by replacing v by vq−ρ and

letting ρ → −∞, see Proposition 3.1(ii). If k1 = k2 = ... = kM is the same for every site,
this result was already proven in [9].

Proposition 3.9 We have the following orthogonality relation for the q-Meixner self-duality
functions Pv

M for ASIP(q, �k),
∑

η∈Xd

Pv
M(η, ξ)Pv

M(η, ξ ′)W (η)ωv
M(|η|, |ξ |) = δξ,ξ ′

W (ξ)
for all ξ, ξ ′ ∈ Xd ,

where

ωv
M(|η|, |ξ |) = (−v)|η|−|ξ | (v−1q2|η|+|�k|+1; q2)∞

(v−1q−2|ξ |−|�k|+1; q2)∞
q |η|(|η|−|�k|−1)+|ξ |(1−|ξ |−|�k|).

Proof We use proposition 3.4 with v replaced by vq−ρ ,

∑

η∈Xd

Pvq−λ

J (η, ξ)Pvq−λ

J (η, ξ ′)W (η)ω
vq−λ

J (|η|, |ξ |, ρ) = δξ,ξ ′

WR(ξ)
,

and then we take the limit λ → −∞ on both sides. We have the limits,

lim
ρ→−∞ Pvq−ρ

J (η, ξ) = Pv
M(η, ξ),

lim
ρ→−∞ q−2ρ|ξ |ωvq−ρ

J = (−v)|η|−|ξ | (v−1q2|η|+|�k|+1; q2)∞
(v−1q−2|ξ |−|�k|+1; q2)∞

q |η|(|η|−|�k|−1)+|ξ |(|ξ |+|�k|),

lim
ρ→−∞ q2ρ|ξ |WR(ξ) = q |ξ |(1−2|ξ |−2|�k|)W (ξ).

The first is Proposition 3.1(ii), the second and third are similar computations as before. From
these limits, the required identity easily follows. �

Remark 3.10 In this section, we have taken limits in the duality between ASIPL(q, �k, λ)

and ASIPR(q, �k, ρ) to obtain (orthogonal) dualities for asymmetric discrete processes. One
could do something similar for the symmetric case. That is, take limits in the duality between
SIPL(�k, λ) and SIPR(�k, ρ) to find (orthogonal) dualities between (dynamic) SIP and SIP.
Alternatively, these dualities could also be found by taking the limit q → 1 in the results of
this section.

4 Dynamic ABEP

In [11], an asymmetric version of the Brownian energy process (ABEP) was introduced. This
diffusion process was shown to arise as a limit of ASIP where simultaneously the number of
particles goes to infinity and the weak asymmetry goes to zero. Moreover, it was proven there
exists a deterministic transformation ‘g’ which turns BEP into ABEP. This transformation
can be used to transfer some properties of BEP towards ABEP, such as reversibility, duality
and existence. In this section, we will do something similar for dynamic ABEP, a process that
arises as a limit of dynamicASIP. Again, there exists a deterministic transformation ‘g’ which
turns BEP into dynamic ABEP and we will exploit this to prove duality and reversibility of
the process.
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4.1 Definition Dynamic ABEP

Before we introduce dynamic ABEP, we need the partial energy E−
j (�x) of �x = (x1, ..., xM ),

where x j ≥ 0 represents the energy on site j . We define this to be the sum of energies left of
and including site j ,

E−
j (�x) =

j
∑

i=1

xi .

Similarly, we define

E+
j (�x) =

M
∑

i= j

xi .

Moreover, we introduce the following two functions to ease notation later on,

sinhσ (x) = sinh(σ x) and coshσ (x) = cosh(σ x).

Nowwe defineABEPL, the left version of the dynamic asymmetric Brownian energy process,
as follows.

Definition 4.1 (Dynamic ABEP) Let σ ∈ R\{0} be the asymmetry parameter, λ > 0, and
�k = (k1, k2, ..., kM ) with each k j > 0. Then ABEPL(σ, �k, λ) is the diffusion process on
Xc = R

M≥0 with generator acting on f ∈ C2(Xc) by

[

LABEPL
σ,�k,λ f

]

(�x) =
M−1
∑

j=1

A j (�x, σ, λ)

(

∂

∂x j
− ∂

∂x j+1

)2

f (�x) + Bj (�x, σ, �k, λ)

(

∂

∂x j
− ∂

∂x j+1

)

f (�x),

where

A j = 1

σ 2 sinhσ (x j ) sinhσ (x j+1)
sinhσ (λ + 2E−

j − x j ) sinhσ (λ + 2E−
j + x j+1)

sinhσ (λ + 2E−
j )2

,

B j = 1

σ

[

k j sinhσ (x j+1)
sinhσ (λ + 2E−

j + x j+1)

sinhσ (λ + 2E−
j )

− k j+1 sinhσ (x j )
sinhσ (λ + 2E−

j − x j )

sinhσ (λ + 2E−
j )

− 2 sinhσ (x j ) sinhσ (x j+1)
coshσ (λ + 2E−

j ) sinhσ (λ + 2E−
j − x j ) sinhσ (λ + 2E−

j + x j+1)

sinhσ (λ + 2E−
j )3

]

.

Remark 4.2

• Note that if c is a factor depending on the total energy |�x |, then
[

LABEPL
σ,�k,λ c f

]

(�x) = c
[

LABEPL
σ,�k,λ f

]

(�x),
since by the chain rule,

( ∂

∂xi
− ∂

∂x j

)

c(|�x |) = 0.

Therefore, duality functions multiplied by a factor depending on |�x | are still duality
functions. Similarly for reversible measures.

• Similar to the q → q−1 invariance of the dynamic ASIP rates, we have that the dynamic
ABEP rates are invariant under sending σ → −σ .
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• One could also write the rates without the hyperbolic function, then we have

A j = 1

4σ 2

(

1 − e2σ x j
)(

e−2σ x j+1 − 1
)

(

1 − e
2σ {λ+2E−

j −x j })(1 − e
2σ {λ+2E−

j +x j+1})

(

1 − e
2σ {λ+2E−

j })2
,

B j = 1

2σ

[

k j
(

1 − e−2σ x j+1
)

(

1 − e
2σ {λ+2E−

j +x j+1}

1 − e
2σ {λ+2E−

j }

)

+ k j+1
(

1 − e2σ x j
)

(

1 − e
2σ {λ+2E−

j −x j }

1 − e
2σ {λ+2E−

j }

)

+ (

1 − e2σ x j
)(

e−2σ x j+1 − 1
)

(

1 + e
2σ {λ+2E−

j })(
1 − e

2σ {λ+2E−
j −x j })(1 − e

2σ {λ+2E−
j +x j+1})

(

1 − e
2σ {λ+2E−

j })3

]

.

• Similarly as for dynamic ASIP, one can also define a right version of dynamic ABEP by
reversing the order of sites. One then obtains the rates

A j = 1

4σ 2 sinhσ (x j+1) sinhσ (x j )
sinhσ (ρ + 2E+

j+1 − x j+1) sinhσ (ρ + 2E+
j+1 + x j )

sinhσ (ρ + 2E+
j+1)

2
,

B j = 1

2σ

[

k j+1 sinhσ (x j )
sinhσ (ρ + 2E+

j+1 + x j )

sinhσ (ρ + 2E+
j+1)

+ k j sinhσ (x j+1)
sinhσ (ρ + 2E+

j+1 − x j+1)

sinhσ (ρ + 2E+
j+1)

+ sinhσ (x j+1) sinhσ (x j )
coshσ (ρ+2E+

j+1) sinhσ (ρ+2E+
j+1−x j+1) sinhσ (ρ+2E+

j+1+x j )

sinhσ (ρ + 2E+
j+1)

3

]

.

• One can also define dynamic ABEP for λ ≤ 0. To ensure positivity of A j in that case, it
is sufficient to require

λ + 2|�x | < 0.

We will do this by limiting our statespace Xc, similarly as done for dynamic ASIP. That
is, if λ ≤ 0, we will define dynamic ABEP with the same rates, but on the statespace

Xc,λ = {�x ∈ Xc : λ + 2|�x | < 0}.

4.2 Special Cases Dynamic ABEP

Without loss of generality, we will take σ > 0 in the remaining of this section.

• [ABEP, λ → −∞]. When taking the limit λ → −∞, one obtains ABEP(−σ, �k) and
when λ → ∞ one gets ABEP(σ, �k). This process is a slight generalization of ABEP
introduced in [11], where the parameter k may vary per site. Its generator is given by

[

LABEP
σ,�k f

]

(�x)=
M−1
∑

j=1

C j (�x, σ )

(

∂

∂x j
− ∂

∂x j+1

)2

f (�x)+Dj (�x, σ, �k)
(

∂

∂x j
− ∂

∂x j+1

)

f (�x),

with

C j (�x, σ ) = 1

4σ 2

(

1 − e−2σ x j
)(

e2σ x j+1 − 1
)

,

Dj (�x, σ, �k) = 1

2σ

(

k j
(

e2σ x j+1 − 1
) + k j+1

(

e−2σ x j − 1
)

+ (

e−2σ x j − 1
)(

e2σ x j+1 − 1
))

.
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• [Dynamic BEP, σ → 0]. By taking the limit σ → 0 from dynamic ABEP, we can obtain
a dynamic version of BEP, which we well call BEPL(�k, λ). This is the diffusion process
on Xc with generator given by

[

LBEPL
�k,λ f

]

(�x)=
M−1
∑

j=1

Â j (�x, λ)

(

∂

∂x j
− ∂

∂x j+1

)2

f (�x)+B̂ j (�x, �k, λ)

(

∂

∂x j
− ∂

∂x j+1

)

f (�x),

where

Â j (�x, λ) =x j x j+1
(λ + 2E−

j − x j )(λ + 2E−
j + x j+1)

(λ + 2E−
j )2

,

B̂ j (�x, �k, λ) =k j x j+1

(

λ + 2E−
j + x j+1

λ + 2E−
j

)

− k j+1x j

(

λ + 2E−
j − x j

λ + 2E−
j

)

+ 2x j x j+1
(λ + 2E−

j − x j )(λ + 2E−
j + x j+1)

(λ + 2E−
j )3

.

• [BEP, σ → 0 and λ → ±∞]. Lastly, when taking the limit λ → ±∞ of dynamic BEP
or when taking the limit σ → 0 of ABEP, one obtains BEP(�k), which has generator

[

LBEP
�k f

]

(�x) =
M−1
∑

j=1

x j x j+1

(

∂

∂x j
− ∂

∂x j+1

)2

f (�x)

+ (k j x j+1 − k j+1x j )

(

∂

∂x j
− ∂

∂x j+1

)

f (�x).

For later reference, we mention that BEP(�k) has a reversible measure given by a product
measure of gamma distributions (see [25]),

μBEP(�x, �k) =
M
∏

j=1

xk j−1

�(k j )
e−x j . (4.1)

4.3 Dynamic ABEP as a Diffusion Limit of Dynamic ASIP

Dynamic ABEP arises as a weak asymmetric limit of dynamic ASIP, where the number of
particles go to infinity, similarly as done in [11]when going fromASIP toABEP. Take �x ∈ Xc

and for ε > 0, let q = (1− εσ ) and replace λ by λ/ε. Take ζ ε = ��x/ε� ∈ Xd , where ��y� is
�y where each component is rounded down to an integer. Then �xε = εζ ε converges to �x as ε

goes to 0. Moreover, the rates of the interacting particle system dynamic ASIP converge to
the rates of the diffusion process dynamic ABEP, similarly as in [11]. That is, the difference
operator LASIPL

q,�k,λ becomes the differential operator LABEPL
σ,�k,λ in the following sense:

lim
ε→0

[

LASIPL
1−εσ,�k,λ/ε

fε
]

(��x/ε�) = [

LABEPL
σ,�k,λ f ](�x),

where fε, f : Xc → R are sufficiently smooth functions such that

lim
ε→0

fε(�x/ε) = f (�x).
The next theorem makes this claim rigorous.
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Theorem 4.3 Let f ∈ C3(Xc) and suppose that there exists ε′ > 0 such that for each
0 < ε < ε′ we have a function fε ∈ C3(Xc) where each partial derivative of fε(·/ε) of
order 3 is bounded in an ε′-neighbourhood of �x, uniformly6 in ε. If for each �x ∈ Xc

lim
ε→0

fε(�x/ε) = f (�x) (4.2)

and

lim
ε→0

[(

∂

∂x j
− ∂

∂x j+1

)

fε(·/ε)
]

(x) =
[(

∂

∂x j
− ∂

∂x j+1

)

f

]

(�x), (4.3)

lim
ε→0

[

(

∂

∂x j
− ∂

∂x j+1

)2

fε(·/ε)
]

(�x) =
[

(

∂

∂x j
− ∂

∂x j+1

)2

f

]

(�x) (4.4)

for each j = 1, .., M − 1, then the difference operator LASIPL
1−εσ,�k,λ/ε

applied to fε(·/ε) con-
verges to differential operator LABEPL

σ,�k,λ applied to f ,

lim
ε→0

[

LASIPL
1−εσ,�k,λ/ε

fε
]

(��x/ε�) = [

LABEPL
σ,�k,λ f ](�x). (4.5)

Proof We can use the Taylor expansion of fε in the coordinates j and j + 1 to write

fε(�y j, j+1) = fε(�y) −
(

∂

∂ y j
− ∂

∂ y j+1

)

fε(�y) + 1

2

(

∂

∂ y j+1
− ∂

∂ y j

)2

fε(�y) + R.

If we replace �y by �x/ε, the chain rule gives us

fε((�x/ε) j, j+1) = fε(�x/ε) − ε

[(

∂

∂x j
− ∂

∂x j+1

)

fε(·/ε)
]

(�x)

+ 1

2
ε2

[

(

∂

∂x j+1
− ∂

∂x j

)2

fε(·/ε)
]

(�x) + O(ε3),

where we used that each partial derivative of fε of order 3 is bounded uniformly in ε.
Therefore, we obtain

fε((�x/ε) j, j+1) − fε(�x/ε) = − ε

[(

∂

∂x j
− ∂

∂x j+1

)

fε(·/ε)
]

(�x)

+ 1

2
ε2

[

(

∂

∂x j+1
− ∂

∂x j

)2

fε(·/ε)
]

(�x) + O(ε3).

(4.6)

Similarly, we get

fε((�x/ε) j+1, j ) − fε(�x/ε) =ε

[(

∂

∂x j
− ∂

∂x j+1

)

fε(·/ε)
]

(�x)

+ 1

2
ε2

[

(

∂

∂x j+1
− ∂

∂x j

)2

fε(·/ε)
]

(�x) + O(ε3).

(4.7)

6 A function gε is bounded on X uniformly in ε if sup
�x∈X

|gε(�x)| < M , where M is independent of ε.

123



   13 Page 36 of 61 C. Wagenaar

Moreover, we claim that for the rates of ASIPL(1 − εσ, �k, λ/ε) we have

CL,+
j (�x/ε) = A j (�x, σ, λ)/ε2 + O(1/ε), (4.8)

CL,−
j+1(�x/ε) = A j (�x, σ, λ)/ε2 + O(1/ε), (4.9)

CL,−
j+1(�x/ε) − CL,+

j (�x/ε) = Bj (�x, σ, �k, λ)/ε + O(1), (4.10)

where A and B are the factors in the rates of dynamic ABEP from Definition 4.1. Indeed,
define ζ ε = ��x/ε� and �xε = εζ ε , then from (4.6)-(4.10) we get

[

LASIPL
1−εσ,�k,λ/ε

fε
]

(ζ ε) =
M−1
∑

j=1

ε
(

CL,−
j+1(ζ

ε) − CL,+
j (ζ ε)

)

[(

∂

∂x j+1
− ∂

∂x j

)

fε(·/ε)
]

(�xε)

+1

2
ε2

(

CL,+
j (ζ ε) + CL,−

j+1(ζ
ε)

)

[

(

∂

∂x j+1
− ∂

∂x j

)2

fε(·/ε)
]

(�xε) + O(ε)

=
M−1
∑

j=1

Bj (�xε, σ, �k, λ)

[(

∂

∂x j+1
− ∂

∂x j

)

fε(·/ε)
]

(�xε)

+A j (�xε, σ, λ)

[

(

∂

∂x j+1
− ∂

∂x j

)2

fε(·/ε)
]

(�xε) + O(ε).

From this and the assumptions (4.2)-(4.4) the desired limit (4.5) follows. Proving (4.8), (4.9),
and (4.10) comes down to calculating the Taylor series of CL,+

j (�x/ε) and CR,−
j (�x/ε). For

readability, the proof can be found in Appendix C. �


Remark 4.4 If one has a function f ∈ C3(Xc), one can find a candidate fε by defining
fε(�x) = f (��x/ε�). However, more useful is the other way around. That is, if we have
functions fε for which the pointwise limit

lim
ε→0

fε(�x/ε) = f (�x)

exists, does (4.5) hold?Using theTheoremabove, it is sufficient to showuniformboundedness
in ε of all partial derivatives of order 3 and showing (4.3) and (4.4). This basically comes
down to showing that taking the limit ε → 0 and the derivative can be interchanged. In the
next section, we will use this strategy to show duality between dynamic ABEP and SIP from
the duality between dynamic ASIP and ASIP.

4.4 Duality Dynamic ABEP with SIP

Recall from Corollary 2.8 that ASIPL and ASIP are in duality with PL as duality functions,

[

LASIPL
q,�k,λ PL(η, ·)

]

(ζ ) =
[

LASIP
q,�k PL(·, ζ )

]

(η).

We want to use Theorem 4.3 to show that this results in a duality between ABEPL and SIP.
That is, we want to replace q , λ and ζ by 1− εσ , λ/ε and �x/ε respectively and then take the
limit ε → 0. This comes down to two steps. First, we have to find the limit

lim
ε→0

PL(�x/ε, η; λ/ε, �k; 1 − εσ ).
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Secondly, we have to find the limit of the generators on both sides. The right-hand side is
easy since this is just the limit q → 1,

lim
ε→0

[

LASIP
1−εσ,�k f

]

(η) =
[

LSIP
�k f

]

(η).

For the left-hand side, we want to use Theorem 4.3. For the first step, we have the following
result.

Proposition 4.5 Let �x ∈ Xc and η ∈ Xd, then we have

lim
ε→0

(

1 − (1 − εσ )−2

2σ

)|η|
PL(�x/ε, η; λ/ε, �k; 1 − εσ ) = D′(�x, η), (4.11)

where D′ : Xc × Xd → R is given by

D′(�x, η) =
L

∏

j=1

�(k)

�(k + η j )

(coshσ (λ + 2E−
j (�x)) − coshσ (λ + 2E−

j−1(�x))
σ

)η j

.

Proof The factor
(

1 − (1 − εσ )−2

2σ

)|η|

is present to make the limit convergent and have a similar form as the known duality function
between ABEP and SIP [11]. The 1-site duality function of PL is given by

(

1 − (1 − εσ )−2

2σ

)n

(1 − εσ )
λ
ε
+ 1

2 k+ 1
2

×
n

∑

j=0

((1 − εσ )2n, (1 − εσ )
2x
ε , (1 − εσ )

−2(λ+x)
ε

−2k; (1 − εσ )−2) j

((1 − εσ )−2k, (1 − εσ )−2; (1 − εσ )−2) j
(1 − εσ )−2 j .

Since
lim
ε→0

(1 − εσ )a+b/ε = e−bσ

and

lim
ε→0

1 − (1 − εσ )a

1 − (1 − εσ )b
= a

b
,

the limit (4.11) follows from a straightforward computation, using that

(k)n = �(k + n)

�(k)
.

�

Remark 4.6 Multiplying D′ by (− exp(σλ))|η|, letting λ → −∞ and reversing the order of
sites, we recover a similar7 duality function between ABEP and SIP as the one in from [11,
(5.6)],

DAB
S (�x, η) =

L
∏

j=1

�(k)

�(k + η j )

(

e−2σ E+
j−1(�x) − e−2σ E+

j (�x)

2σ

)η j

.

7 Taking k j = k for all sites j gives the same duality function.
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Moreover, letting σ → 0 in the DAB
S gives a similar duality function between BEP and SIP

as in [12],

DB
S(�x, η) =

L
∏

j=1

�(k j )

�(k j + η j )
x

η j
j . (4.12)

Above remark shows that D′ would fit in naturally in the hierarchy of duality functions.
To make the claim that D′ is a duality function rigorous, we have to show that PL(�x/ε, η)

satisfies the assumptions from Theorem 4.3, which will be done in the next theorem.

Theorem 4.7 The function D′(�x, η) is a duality function betweenABEPL(σ, �k, λ)and SIP(�k),
[

LABEPL
σ,�k,λ D′(·, η)

]

(�x) = [

LSIP
�k D′(�x, ·)](η).

Proof Let

fε(�x) =
(

1 − (1 − εσ )−2

2σ

)|η|
PL(�x/ε, η; λ/ε, �k; 1 − εσ )

and
f (�x) = D′(�x, η).

Then we have to show that fε and f satisfy the assumptions of Theorem 4.3. Note that
f ∈ C3(Xc). Now let ε′ > 0 be small enough such that |ε′σ | < 1. Then fε ∈ C3(Xc) for
ε ∈ (0, ε′). From Proposition 4.5 we obtain

lim
ε→0

fε(�x/ε) = f (�x).
Let us now show that taking a partial derivative of order ≤ 3 and taking the limit ε → 0
of fε(�x) can be interchanged. If that would be true, then the limit ε → 0 of each partial
derivative of order ≤ 3 of fε exists and

lim
ε→0

[(

∂

∂x j
− ∂

∂x j+1

)

fε(·/ε)
]

(�x) =
[(

∂

∂x j
− ∂

∂x j+1

)

f

]

(�x),

lim
ε→0

[

(

∂

∂x j
− ∂

∂x j+1

)2

fε(·/ε)
]

(�x) =
[

(

∂

∂x j
− ∂

∂x j+1

)2

f

]

(�x).

To show that we can interchange the limit of ε → 0 and taking a partial derivative, note that
fε is a finite sum of terms of the form

a(ε)

M
∏

j=1

(1 − εσ )b j (ε)x j /ε,

where a(ε) and b j (ε) are independent of all xi andwhose limit ε → 0 exist. A straightforward
calculation shows that

lim
ε→0

∂

∂x j
(1 − εσ )b j (ε)x j /ε = lim

ε→0
b j (ε)(1 − εσ )b j (ε)x j /ε ln(1 − εσ )

ε

= −σb j (0)e
−σb j (0)x j

and
∂

∂x j
lim
ε→0

(1 − εσ )b j (ε)x j /ε = ∂

∂x j
e−σb j (0)x j

= −σb j (0)e
−σb j (0)x j .
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Therefore, the partial derivatives of fε are also sums of terms of the form

a(ε)

M
∏

j=1

(1 − εσ )b j (ε)x j /ε

and taking the limit of ε → 0 and a partial derivative can be interchanged. Lastly, we
have to show that each partial derivative of fε(·/ε) is bounded in an ε′-neighborhood of �x ,
uniformly in ε. We have the estimate

(1 − εσ )b j (ε)x j /ε ≤ max{(1 − ε|σ |)−|b j (ε)|Mj /ε, (1 + ε|σ |)|b j (ε)|Mj /ε}

where Mj = x j + ε′. Since

lim
ε→0

(1 − ε|σ |)−|b j (ε)|Mj /ε = e|σ ||b j (0)|Mj ,

lim
ε→0

(1 + ε|σ |)|b j (ε)|Mj /ε = e|σ ||b j (0)|Mj ,

each of the terms

a(ε)

M
∏

j=1

(1 − εσ )b j (ε)x j /ε

is bounded in an ε′-neighborhood of x , uniformly in ε. �


4.5 Transforming Dynamic ABEP to BEP

Notice the similarity between the duality function D′ betweenABEPL and SIP and the duality
function DB

S between BEP and SIP. If we define g : Xc → Xc by g(�x) = (g j (�x))Mj=1, where
each component is given by

g j (�x) = coshσ (λ + 2E−
j (�x)) − coshσ (λ + 2E−

j−1(�x))
σ

,

we have the following relations between those two duality functions,

DB
S(g(�x), η) = D′(�x, η). (4.13)

We can exploit this relation to show that g is a non-local transformation which connects BEP
and ABEPL.

Theorem 4.8 The function g is a non-local transformation between BEP(�k) and
ABEPL(σ, �k, λ) in the following sense, for f ∈ C3(Xc) we have

[

LBEP
�k f

]

(g(�x)) = [

LABEPL
σ,�k,λ ( f ◦ g)

]

(�x). (4.14)

Consequently, ifX(t) is an instance ofABEPL(σ, �k, λ)withX(0) = �x. Then the processZ(t)
defined by Z(t) = g(X(t)) is an instance of BEP(�k) with initial position Z(0) = g(�x).
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Proof Wewill prove (4.14) using the duality between SIP and ABEPL given in (4.13). Using
the latter, we obtain

[LABEPL
σ,�k,λ DB

S(g(·), η)](�x) = [LABEPL
σ,�k,λ D′(·, η)](�x)

= [LSIP
�k D′(�x, ·)](η)

= [LSIP
�k DB

S(g(�x), ·)](η)

= [LBEP
�k DB

S(·, η)](g(�x)).

Therefore, we obtain (4.14) for all f in the linear span of {DB
S(·, η)}η∈Xd , which are all

polynomials since DB
S(�x, η) is just a constant times the monomial

M
∏

j=1

x
η j
j .

Now let f ∈ C3(Xc) and �x ∈ Xc be arbitrary. Let T2 be the second order Taylor polynomial
of f around the point g(�x). Then T2 and f are equal in g(�x), as well as all their first and
second order partial derivatives. Hence,

[

LBEP
�k ( f − T2)

]

(g(�x)) = 0 = [

LABEPL
σ,�k,λ (( f − T2) ◦ g)

]

(�x).
Consequently, by linearity of the generators,

[

LBEP
�k f

]

(g(�x)) = [

LBEP
�k ( f − T2

)](g(�x)) + [

LBEP
�k T2

]

(g(�x))
= [

LABEPL
σ,�k,λ (( f − T2) ◦ g)

]

(�x) + [

LABEPL
σ,�k,λ (T2 ◦ g)

]

(�x)
= [

LABEPL
σ,�k,λ ( f ◦ g)

]

(�x).
�


Remark 4.9

• As said before, this transformation g can be used to transfer many properties from BEP
to ABEPL including dualities and reversibility. We will exploit this in the next sections.

• Since multiplying D′ by α|η| also gives a duality function, multiplying each g j by α also
gives a transformation between BEP(�k) and ABEPL(σ, �k, λ).

• This non-local transformation generalizes the one between ABEP and BEP given in [11].
Indeed, multiplying each g j by − exp(σλ), letting λ → −∞ and reversing the order of
sites gives the desired transformation.

Later on, we need the following property of the function g.

Proposition 4.10 Let λ ≥ 0, then the function g : Xc → Xc is bijective. The inverse g−1 has
components given by

g−1
j (�y) =

cosh−1
(

cosh(σλ) + ∑ j
i=1 yi

)

− cosh−1
(

cosh(σλ) + ∑ j−1
i=1 yi

)

2σ
,

where cosh−1 : [1,∞) → [0,∞) is the inverse of cosh : [0,∞) → [1,∞).
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Proof By telescoping, we have

σ

j
∑

i=1

gi (�x) = cosh
(

σλ + 2σ E−
j (�x)) − cosh(σλ).

Since cosh : [0,∞) → [1,∞) is bijective, we can apply cosh−1 : [1,∞) → [0,∞) to obtain

2σ E−
j (�x) = cosh−1

(

cosh(σλ) + σ

j
∑

i=1

gi (�x)
)

− σλ.

Thus

x j =E−
j (�x) − E−

j−1(�x)

=cosh−1
(

cosh(σλ) + σ
∑ j

i=1 gi (�x)
) − cosh−1

(

cosh(σλ) + σ
∑ j−1

i=1 gi (�x)
)

2σ

and g−1(g(�x)) = �x . A straightforward computation shows that g(g−1(�y)) = �y as well. �


4.6 Reversibility Dynamic ABEP

Since BEP(�k) is reversible with measure μBEP from (4.1), we can use the function g that
transforms ABEPL(σ, �k, λ) into BEP(�k) to show that ABEPL(σ, �k, λ) is reversible as well.

Theorem 4.11 Let λ ≥ 0, then ABEPL(σ, �k, λ) has a family of reversible measures given by

μL(�x, σ, �k, λ)=
M
∏

j=1

sinhσ

(

λ + 2E−
j (�x))

(

coshσ

(

λ+2E−
j (�x)) − coshσ

(

λ+2E−
j−1(�x)

)

)k j−1

σ k j−1�(k j )
.

Proof We will show μL is a reversible measure by showing that the generator of
ABEPL(σ, �k, λ) is self-adjoint with respect to μL. That is, for any f1, f2 ∈ C2(Xc) with
compact support we have

∫

Xc

[

LABEPL
σ,�k,λ f1

]

(�x) f2(�x)μL(�x)d�x =
∫

Xc

f1(�x)
[

LABEPL
σ,�k,λ f2

]

(�x)μL(�x)d�x . (4.15)

Since μBEP is a reversible measure for BEP(�k), we have for any F1, F2 ∈ C2(Xc) with
compact support,

∫

Xc

[

LBEP
�k F1

]

(�y)F2(�y)dμBEP(�y)d�y =
∫

Xc

F1(�y)
[

LBEP
�k F2

]

(�y)μBEP(�y)d�y.

Doing a change of variables �y = g(�x) gives
∫

Xc

[

LBEP
�k F1

]

(g(�x))F2(g(�x))μBEP(g(�x))|Jg(�x)|d�x

=
∫

Xc

F1(g(�x))
[

LBEP
�k F2

]

(g(�x))μBEP(g(�x))|Jg(�x)|d�x,
(4.16)
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where Jg(�x) is the Jacobian of g whose entries are given by

(

Jg(�x)
)

i j =
[

∂

∂x j
gi

]

(�x) =

⎧

⎪

⎨

⎪

⎩

0 if j > i,

2 sinhσ

(

λ + 2Ei
)

if j = i,

2 sinhσ

(

λ + 2Ei
) − 2 sinhσ

(

λ + 2Ei−1
)

if j < i,

and |Jg(�x)| is the absolute value of the determinant of Jg(�x). Since Jg(�x) is a lower triangular
matrix,

|Jg(�x)| =
M
∏

j=1

2 sinhσ

(

λ + 2E−
j

)

.

Using (4.14), we get that (4.16) is equivalent to
∫

Xc

[

LABEPL
σ,�k,λ

(

F1 ◦ g
)

]

(�x)(F2 ◦ g
)

(�x)μBEP(g(�x))|Jg(�x)|d�x

=
∫

Xc

(

F1 ◦ g
)

(�x)
[

LABEPL
σ,�k,λ

(

F2 ◦ g
)

]

(�x)μBEP(g(�x))|Jg(�x)|d�x,

Since g is invertible, we can take F1 = f1 ◦ g−1 and F2 = f2 ◦ g−1. Therefore, LABEPL
σ,�k,λ is

self-adjoint with respect to the measure

μBEP(g(�x))|Jg(�x)|d�x =
M
∏

j=1

2 sinhσ

(

λ + 2E−
j (�x))g j (�x)k j−1

�(k j )
e−g j (�x)dx j

=c
M
∏

j=1

sinhσ

(

λ + 2E−
j (�x))g j (�x)k j−1

�(k j )
dx j ,

where

c = 2Me
(

coshσ (λ)−coshσ (λ+2EN (�x))
)

/σ

is a factor depending on |�x |, thus proving (4.15). �


4.7 Dualities of Dynamic ABEP

Let us give an overview of all the dualities related to BEP, ABEP and dynamic (A)BEP. We
have already proven that dynamic ABEP is dual to SIP and used this to show that there is
non-local transformation g which transforms the BEP into dynamic ABEP. By taking an
appropriate limit, we can also show that there is non-local transformation which transforms
the BEP into dynamic BEP. Therefore, any duality between BEP and another process can be
lifted to duality between ABEP or dynamic (A)BEP and that process. Thus, we only have to
look at dualities of BEP. We know that BEP is dual to itself [32] and to SIP [21]. The duality
between BEP and SIP can be generalized to a duality between BEP and dynamic SIP.

Proposition 4.12 Let

P(α,β)
n (x) = (α + 1)n

n! 2F1

(−n, α + β + n + 1

α + 1
; 1 − x

2

)
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be the Jacobi polynomials. Then BEP(�k) is dual to SIPR(�k, ρ) with duality function P̂v
J (�y, ξ)

given by

P̂v
J (�y, ξ ; �k) =

M
∏

j=1

(v + E−
j−1(�y))ξ j

ξ j !
(k j )ξ j

P
(k j−1,h+

j+1(ξ))

ξ j

(

1 + 2y j
v + E−

j−1(�y)
)

=
M
∏

j=1

(v + E−
j−1(�y))ξ j 2F1

(

−ξ j , ξ j + h+
j+1(ξ) + k j

k j
; −y j
v + E−

j−1(�y)

)

.

Proof We start by obtaining a duality function between SIP and dynamic SIP from the duality
function P̂v

W between SIPL(�k, λ) and SIPR(�k, ρ) given in (2.34). By replacing v by v − 1
2λ,

dividing by λ|ζ | and letting λ → ∞ we obtain

lim
λ→∞ λ−|ζ | P̂v− 1

2 λ

W (ζ, ξ) = lim
λ→∞

M
∏

j=1

λ−ζ j pW(ζ j , ξ j ; h−
j−1(ζ ), h+

j+1(ξ); v − 1
2λ, �k)

=
M
∏

j=1

( 12β + v)ξ j 3F2

(−ζ j ,−ξ j , ξ j + h+
j+1(ξ) + k j

k j ,
1
2β + v

; 1
)

,

where
β = h−

j−1,0(ζ ) + h+
j+1(ξ) + k j + 1.

Let us now do the diffusion limit of SIP to BEP: take �y ∈ Xc and define ζ ε = �y/ε. If we
then replace v by v/ε, multiply above duality function between SIP and dynamic SIP by ε|ξ |
and take the limit ε → 0 we obtain

M
∏

j=1

(v + E−
j−1(�y))ξ j 2F1

(

−ξ j , ξ j + h+
j+1(ξ) + k j

k j
; −y j
v + E−

j−1(�y)

)

.

The proposition is now proven similarly as Theorem 4.7. �


Remark 4.13 We can relate this duality function to known duality functions as follows. If we
replace v by −ρv, divide the duality function by ρ|ξ |, let ρ → ∞ and divide the resulting
duality function by (−v)|ξ |, we obtain Laguerre polynomials which were found to be duality
functions between SIP and BEP ( [16, 25, 32]). In our case, we have an extra parameter v

and the parameter k j may vary per site,

M
∏

j=1

1F1

(−ξ j

k j
; y j

v

)

. (4.17)

If we multiply (4.17) by (−v)|ξ | and let v → ∞ we obtain the classical duality function
between SIP and BEP from [22], where the parameter k j may now vary per site,

M
∏

j=1

y
ξ j
j

(k j )ξ j
.
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If we replace v by v/ε and ξ j by x j/ε in (4.17) and let ε → 0, we obtain Bessel functions
of the first kind as self-duality functions for BEP,

M
∏

j=1

0F1

( −
k j

;− x j y j
v

)

,

similar to the ones found in [25] and [32].

5 The QuantumAlgebraUq(su(1, 1)) and Al-Salam–Chihara
Polynomials

In this section, we will state the necessary properties regarding the quantum algebra
Uq(su(1, 1)) and the Al-Salam–Chihara polynomials required for

• constructing the generator of dynamic ASIP,
• proving duality between ASIP and dynamic ASIP with Al-Salam–Chihara polynomials

as duality functions (Theorem 2.6),
• proving duality between the left and right version of dynamic ASIP with the Askey-

Wilson polynomials as duality functions (Theorem 2.9).

We will first introduce Uq(su(1, 1)) and give a representation of this algebra which has close
connections with ASIP and dynamic ASIP. Afterwards, we will connect this algebra with the
Al-Salam–Chihara polynomials pA(n, x). Readers unfamiliar with representation theory of
quantum algebras and special functions, we refer to e.g. [36].

5.1 The AlgebraUq(su(1, 1))

We introduce Uq := Uq
(

su(1, 1)
)

, the quantized universal enveloping algebra of the Lie
algebra su(1, 1). This is the unital, associative, complex algebra generated by K , K−1, E ,
and F , subject to the relations

KK−1 = 1 = K−1K , K E = qEK , K F = q−1FK , EF − FE = K 2 − K−2

q − q−1 .

(5.1)

The Casimir element

� = q−1K 2 + qK−2 − 2

(q−1 − q)2
+ EF = q−1K−2 + qK 2 − 2

(q−1 − q)2
+ FE (5.2)

is a central element of Uq , i.e. �X = X� for all X ∈ Uq . The ∗-structure on Uq is an
anti-linear involution defined on the generators by

K ∗ = K , E∗ = −F, F∗ = −E, (K−1)∗ = K−1.

Note that the Casimir element is self-adjoint in Uq , i.e. �∗ = �.
The comultiplication � : Uq → Uq ⊗ Uq is a ∗-algebra homomorphism defined on the
generators by

�(K ) = K ⊗ K , �(E) = K ⊗ E + E ⊗ K−1,

�(K−1) = K−1 ⊗ K−1, �(F) = K ⊗ F + F ⊗ K−1.
(5.3)
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The self-adjoint element �(�) will be the generator of our Markov processes. It follows
from (5.2) and (5.3) that

�(�) = 1

(q−1 − q)2

[

q(K 2 ⊗ K 2) + q−1(K−2 ⊗ K−2) − 2(1 ⊗ 1)
]

+ K 2 ⊗ FE + K E ⊗ FK−1 + FK ⊗ K−1E + FE ⊗ K−2.

(5.4)

Another important element in Uq is the twisted primitive element8 Yρ , defined by

Yρ = q
1
2 EK − q− 1

2 FK + μρ(K 2 − 1), ρ ∈ R,

where

μρ = qρ + q−ρ

q−1 − q
.

Then Y ∗
ρ = Yρ and it satisfies the co-ideal property,

�(Yρ) = K 2 ⊗ Yρ + Yρ ⊗ 1. (5.5)

In Lie algebras, the comultiplication of an element X is defined by �(X) = 1⊗ X + X ⊗ 1.
Note that Yρ almost satisfies this. The K 2 in above equation will cause the asymmetry of the
process.

5.2 A Representation ofUq Related toASIP(q, �k)

In [11] it was shown that the generator of ASIP(q, �k) can be realized by �(�) when k j = k
for all sites j . Non-surprisingly, this is still true when the k j may vary per site, which we will
show here. Define Hj to be the Hilbert space of functions f : Z≥0 → C with inner product
induced by the orthogonality measure (2.4),

〈 f , g〉w j =
∞
∑

n=0

f (n)g(n)w(n; q, k j )u j (�k)−2n,

where we recall that w(n; q, k j ) is given by

w(n; q, k) = q−n(k−1) (q
2k; q2)n

(q2; q2)n = w(η; q−1, k) (5.6)

and the factor

u j (�k) = q
1
2 k j−

∑ j
l=1 k j (5.7)

is present to prevent ground-state transformations later which is done in [11]. Note that

M
∏

j=1

w(η j ; q, k j )u j (�k)−2η j = W (η; q, �k),

8 Note the subtle difference with Yρ from [28]. Because of the different ∗-structure on Uq (su(1, 1)) compared
to Uq (su(2)), there is a minus sign in front of FK to make sure Yρ is self-adjoint. Moreover, the constant in
front of the factor K 2 − 1 is slightly different. This is due to the form of the spectrum we will encounter in
the representation of Uq (su(1, 1)) of Yρ .
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where W is the reversible measure of ASIP given in (2.3). Recall that H is the Hilbert space
of functions on Xd = ZM≥0 with inner product given by

〈 f , g〉W =
∑

η

f (η)g(η)W (η; q, �k),

Since H is isomorphic to the closure of the algebraic M-fold tensor product of Hj ,

H � H1 ⊗ H2 ⊗ . . . ⊗ HM . (5.8)

We can identify functions in
H1 ⊗ H2 ⊗ . . . ⊗ HM

as functions on Xd = ZM≥0. Let Fj be the subspace of Hj consisting of functions with
compact support. Then we define the (unbounded) ∗-representation π j of Uq on Hj with Fj

as dense domain by

[π j (K ) f ](n) = qn+ 1
2 k j f (n),

[π j (E) f ](n) = u j (�k)[n]q f (n − 1),

[π j (F) f ](n) = −[n + k j ]q
u j (�k)

f (n + 1),

[π j (K
−1) f ](n) = q−n− 1

2 k j f (n).

(5.9)

One can easily verify that this is a ∗-representation, i.e.
〈π j (X) f , g〉w j = 〈 f , π j (X

∗)g〉w j

for all X ∈ Uq and f , g ∈ Fj , by checking this for the generators K , K−1, E and F .
Denote by π j, j+1 the tensor product representation of π j and π j+1,

π j, j+1(X ⊗ Y ) = π j (X) ⊗ π j+1(Y ), X , Y ∈ Uq .

A direct calculation shows that the representation π j, j+1 of −�(�) is the generator of
ASIP(q, �k) for sites j and j + 1 minus some constant, i.e.

[π j, j+1(−�(�)) f ](η) =c+
j [ f (η j, j+1) − f (η)] + c−

j+1[ f (η j+1, j ) − f (η)]
− [ 1

2 (k j + k j+1 − 1)
]2
q f (η).

(5.10)

where

c+
j = qη j+k j−η j+1−1[η j ]q [k j+1 + η j+1]q ,

c−
j = q−(η j+k j−η j−1−1)[η j ]q [k j−1 + η j−1]q .

Therefore, if we add the constant and sum over j , we get the generator of ASIP(q, �k),

LASIP
q,�k =

M−1
∑

j=1

π j, j+1
([ 1

2 (k j + k j+1 − 1)
]2
q − �(�)

)

.

LASIP
q,�k is symmetric on functions with finite support with respect to the measureW , since the

π j are ∗-representations, � is a ∗-homomorphism and �∗ = �. Therefore,W is a reversible
measure for ASIP.
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In the representation π j , the Al-Salam–Chihara polynomials pA(·, x) are eigenfunctions of
Yρ (see e.g. [26]),

[π j (Yρ)pA(·, x)](n) = (μ2x+k+ρ − μρ)pA(n, x). (5.11)

This can be proven by using the 3-term recurrence relation for the Al-Salam–Chihara poly-
nomials (see [29, (14.8.4)]) and matching this with the explicit action of π j (Yρ),

[π j (Yρ) f ](n) = u j (�k)q 1
2 k j+n− 1

2 [n]q f (n − 1) + μρ(qk+2n − 1) f (n)

− q
1
2 k j+n+ 1

2
[k + n]q
u j (�k)

f (n + 1).

6 Algebraic Construction of Dynamic ASIP

6.1 Constructing the Generator

The generator of dynamic ASIP is found in the same way as the generator of generalized
dynamic ASEP in [28]: we transfer the action of π j, j+1(�(�)) from the η-variable to the ξ -
variable, where we now use the Al-Salam–Chihara polynomials instead of the q-Krawtchouk
polynomials. We will proceed in the following three steps.

(1) In their usual action, we can let the operators π j, j+1(�(Yh+
j+2(ξ))) and π j, j+1(�(K−2))

act on the η variable of the duality function PR(η, ξ) defined in Theorem 2.6, which is
a nested product of Al-Salam–Chihara polynomials. We will show that we can transfer
these actions to be exclusively depending on the ξ variable. This is the content of Lemma
6.1. Conceptually, this is similar to the three-term recurrence relation of orthogonal
polynomials {pn(x)}∞n=0,

xpn(x) = an pn−1(x) + bn pn(x) + cn pn+1(x).

Here, an action in the x-variable is transferred to an action only depending on the n-
variable.

(2) Then we show that� can be written in terms of a polynomial of degree 3 in Yρ and K−2,
i.e. the latter two elements are ‘building blocks’ for the Casimir �. Consequently, �(�)

can be written in terms of �(Yρ) and �(K−2).
(3) In the last step, we explicitly compute the action of π j, j+1(�(�)) on PR(η, ξ) in the ξ

variable by combining the previous two steps. This will give the generator on sites j and
j + 1 of ASIPR(q, �k, ρ), which is summarized in Theorem 6.2.

For step (1), we will show that we can transfer the η-dependent actions

[π j, j+1(�(Yh+
k+2(ξ)))PR(·, ξ)](η) and [π j, j+1(�(K−2))PR(·, ξ)](η)

to the ξ variable. For the first, we show that PR(·, ξ) are eigenfunctions of �(Yh+
k+2(ξ)),

which follows from the univariate case (5.11) and the structure (5.5) of the twisted primitive
element Yρ with respect to comultiplication. For the second, we show that PR(η, ξ) satisfies
a 9-term recurrence relation, which follows from q-difference equations of the univariate
Al-Salam–Chihara polynomials pA(n, x).
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Lemma 6.1 The operator π j, j+1

(

�
(

Yh+
k+2(ξ)

))

acts as a multiplication operator on

PR(η, ξ),

[

π j, j+1

(

�
(

Yh+
k+2(ξ)

))

PR(·, ξ)
]

(η) = (

μh+
j (ξ) − μh+

j+2(ξ)

)

PR(η, ξ). (6.1)

The operator π j, j+1
(

�(K−2)
)

is a 9-term operator for PR(η, ξ) in the ξ -variable,

[

π j, j+1
(

�
(

K−2))PR(·, ξ)
]

(η) =
1

∑

i1,i2=−1

C j (i1, i2)PR(η, ξ + i1ε j + i2ε j+1), (6.2)

where all C j (i1, i2) can be explicitly computed and do not depend on η. The terms relevant
for this paper are given by

C j (−1, 1) = αq(h
+
j (ξ))CR,+

j (ξ), (6.3)

C j (1,−1) = αq(h
+
j (ξ))CR,−

j+1(ξ), (6.4)

where

αq(ρ) = − q2(q + q−1)(q − q−1)2

(1 − q2−2ρ)(1 − q2ρ+2)

and CR,+
j , CR,−

j+1 are the rates from ASIPR(q, �N , ρ) given in 2.10.

Proof Both (6.1) and (6.2) can be found in [26], but with different notation and normalization.
Let us first reduce to two sites by taking M = 2, since the general case follows easily from
this. Then

PR(η, ξ) = pA(η1, ξ1; h+
2 (ξ))pA(η2, ξ2; h+

3 (ξ))

= pA(η1, ξ1; ρ + 2ξ2 + k2)pA(η2, ξ2; ρ).

For (6.1), the first equation of [26, Proposition 5.5] with N = j = 2, u = 1 and
(qh

+
1 (ξ), qh

+
2 (ξ)) instead of (x1, x2) reads

[π1,2(�(Yρ))PR(·, ξ)](η) = (

μh+
1 (ξ) − μρ

)

PR(η, ξ),

which proves (6.1) for M = 2. Alternatively, the result also follows from the fact that the
1-site duality function pA is an eigenfunction of π j (Yρ) and the structure of Yρ with respect
to the coproduct �, see Appendix D of [28] for more details.
From [26, Proposition 5.10] we obtain (6.2) by taking

N = j = 2, u = 1

and variables (qh
+
1 (ξ), qh

+
2 (ξ), qρ) instead of (x1, x2, x3). The terms that are relevant in this

paper are the terms where ξ → ξ j, j+1 and ξ → ξ j+1, j . Since h+
1 (ξ) does not change if a

particlemoves from site 1 to 2 or vice versa, we have to look at the terms in [26] corresponding
to (q2ν1qh

+
1 (ξ), qν2qh

+
2 (ξ)) where ν1 = 0 and ν2 = ±1. Let us explicitly calculate

C1(−1, 1) = Ak2

(

qh
+
2 (ξ), qρ

)

Dk1

(

qh
+
1 (ξ), qh

+
2 (ξ)

)

,
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where Ak2 and Ck1 can be found in [26, Lemma 3.5] and [26, Lemma 5.9] respectively. This
gives

C1(−1, 1) = q−k2 (1 − q2h
+
2 (ξ)−2x2 )(1 − q2x2+2k2 )

(1 − q2h
+
2 (ξ))(1 − q2h

+
2 (ξ)+2)

q3−k1 (q + q−1)(1 − q2h
+
1 (ξ)−2x1 )(1 − q−2x1 )

(1 − q2h
+
1 (ξ)+2)(1 − q2−2h+

1 (ξ))

= − q2(q + q−1)(q − q−1)2

(1 − q2h
+
1 (ξ)+2)(1 − q2−2h+

1 (ξ))

[h+
2 (ξ) − x2]q [x2 + k2]q [h+

1 (ξ) − x1]q [x1]q
[h+

2 (ξ)]q [h+
2 (ξ) + 1]q

= − q2(q + q−1)(q − q−1)2

(1 − q2h
+
1 (ξ)+2)(1 − q2−2h+

1 (ξ))
CR,+

j (ξ).

Similarly we obtain

C1(1,−1) = − q2(q + q−1)(q − q−1)2

(1 − q2h
+
1 (ξ)+2)(1 − q2−2h+

1 (ξ))
CR,−

j+1(ξ).

To obtain the general case, note that in the above steps we could pick the parameter ρ freely
and π j, j+1 acts on η j , η j+1, while leaving η1, ..., η j−1, η j+2, ..., ηM invariant. Moreover,
for m /∈ { j, j + 1} we have

h+
m

(

ξ j, j+1) = h+
m

(

ξ
)

.

Therefore, we can inductively work from right to left to obtain (6.1) where we have to adjust
ρ every step: we have to add 2ξ j+1+k j+1 to ρ when going from sites ( j, j +1) to ( j −1, j).
We do this for j = M − 1 down to j = 1. This exactly agrees with our definition of the
height function h+

j , see the proof of [28, Lemma 7.1] for more details. �


Let us now turn to step (2): writing � as a degree 3 polynomial in Yρ and K−2. One can
prove that

� = − f (Yρ + μρ, K−2)

(q + q−1)(q − q−1)2
+ (q + q−1)K−2

(q − q−1)2
+ μρ

Yρ + μρ

q + q−1 − 2

(q − q−1)2
, (6.5)

where f : Uq × Uq → Uq is the function given by

f (A, B) = (q2 + q−2)ABA − A2B − BA2. (6.6)

This identity inUq can be shown by either a direct calculation using the commutation relations
(5.1), or by observing that (6.5) is actually a relation in the degenerate version of the Askey-
Wilson algebra AW(3) generated by Yρ and K−2, see e.g. [24] or [27, Theorem 2.2]9. Now,
taking the coproduct on both sides we obtain

�(�) = − f (�(Yρ) + μρ,�(K−2))

(q + q−1)(q − q−1)2
+ (q + q−1)�(K−2)

(q − q−1)2
+ μρ

�(Yρ) + μρ

q + q−1

− 2

(q − q−1)2
, (6.7)

completing step (2). Note that we can pick our parameter ρ freely, in particular we can take
ρ = h+

j+2(ξ) for all j = 1, ..., M − 1.
Now we have all the ingredients to transfer the action of π j, j+1(�(�)) on PR from the

η-variable to the ξ variable by combining (6.7) with Lemma 6.1.

9 Note that in [27], the Casimir differs from � by a scaling factor and an additive constant.
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Theorem 6.2 The action of the operator π j, j+1(�(�)) on the η-variable of PR(η, ξ) can be
transferred to the ξ -variable,

[π j, j+1(−�(�))PR(·, ξ)](η) =CR,+
j [PR(η, ξ j, j+1) − PR(η, ξ)] + CR,−

j+1[PR(η, ξ j+1, j )

− PR(η, ξ)] − [ 1
2 (k j + k j+1 − 1)

]2
q)PR(η, ξ).

Here, CR,+
j and CR,−

j+1 are the rates from ASIPR(q, �N , ρ) given in (2.10).

Remark 6.3 Note that the factor
[ 1
2 (k j + k j+1 − 1)

]2
q is the same as the one appearing in

(5.10) for ASIP(q, �k).
Proof The idea is to use (6.7) and Lemma 6.1 to transfer the action of π j, j+1(�(�)) on
PR(η, ξ) from the η-variable to the ξ -variable. Applying π j, j+1 to (6.7) and using that
π j, j+1 is a homomorphism, we obtain for any ρ ∈ C,

π j, j+1(−�(�)) = f
(

π j, j+1(�(Yρ) + μρ, π j, j+1(�(K−2))
) − (q + q−1)2π j, j+1(�(K−2))

(q + q−1)(q − q−1)2

− μρ
π j, j+1(�(Yρ) + μρ)

q + q−1 + π j, j+1(2)

(q − q−1)2
.

(6.8)

By Lemma 6.1, we have

[π j, j+1(�(Yh+
j+2(ξ)) + μh+

j+2(ξ))PR(·, ξ)](η) = μh+
j (ξ)PR(η, ξ) (6.9)

and that π j, j+1(�(K−2)) acts on PR(η, ξ) as a 9-term operator in the ξ -variable. We will
show that only 3 terms of this 9-term operator are nonzero in (6.8). These are exactly the
terms corresponding to PR(η, ξ + i1ε j − i1ε j+1) where i1 ∈ {−1, 0, 1}. That is, the number
of particles is preserved. Writing out (6.8), with ρ = h+

k+2(ξ), applied to PR we obtain

[

π j, j+1(−�(�))PR(·, ξ)
]

(η) =
1

∑

i1,i2=−1

β j (i1 + i2)C j (i1, i2)PR(η, ξ + i1ε j + i2ε j+1)

+
(μh+

j+2(ξ)μh+
j (ξ)

q + q−1 − 2

(q − q−1)2

)

PR(η, ξ),

(6.10)

where C j (i1, i2) can be found in Lemma 6.1 and

β j (m) =
(q2 + q−2)μh+

j (ξ)μh+
j (ξ)+2m − μ2

h+
j (ξ)

− μ2
h+
j (ξ)+2m

− (q + q−1)2

(q + q−1)(q − q−1)2
.

For all ρ ∈ R we have the identities

(q2 + q−2)μρμρ+2 − μ2
ρ − μ2

ρ+2 − (q + q−1)2 = 0, (6.11)

(q2 + q−2)μρμρ − μ2
ρ − μ2 − (q + q−1)2 = −q−2(1 − q2−2ρ)(1 − q2ρ+2), (6.12)

as readily verified by a direct computation. Therefore, β j (m) = 0 if m = ±1 and

β j (0) = 1/αq(h
+
j (ξ)),
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where αq(h
+
j (ξ)) can be found in Lemma 6.1. Therefore, only the terms in (6.10) with

PR(η, η, ξ + i1ε j − i1ε j+1) remain. Thus, using (6.3) and (6.4), the right-hand side of (6.10)
becomes

CR,+
j

[

PR(η, ξ j, j+1) − PR(η, ξ)
] + CR,−

j+1

[

PR(η, ξ j+1, j ) − PR(η, ξ)
] + γ PR(η, ξ), (6.13)

for some constant γ independent of η. To find this factor, observe that PR(0, ξ) = 1 for any
ξ since pA(0, x) = 1 by (2.12). Thus, if we take η = 0 in (6.13), we obtain

[π j, j+1(−�(�))PR(·, ξ)](0) = γ.

Since π j, j+1(�(�)) is related to the generator of the ASIP(q, �k) process via (5.10), we also
have that

[π j, j+1(−�(�))PR(·, ξ)](0) = −[ 1
2 (k j + k j+1 − 1)

]2
q ,

proving the theorem. �


6.2 Duality ASIP and Dynamic ASIP

From the way we constructed the generator of dynamic ASIP, we automatically get a duality
between ASIP(q, �k) and ASIPR(q, �k, ρ) with the multivariate Al-Salam–Chihara polynomi-
als PR as duality function, which was the content of Theorem 2.6.

Proof of Theorem 2.6 We have to show that
[

LASIP
q,�k PR(·, ξ)

]

(η) = [

LASIPR
q,�k,ρ PR(η, ·)](ξ),

where PR are the multivariate Al-Salam–Chihara polynomials. Combining (5.10) with The-
orem 6.2, we have

[

LASIP
q,�k PR(·, ξ)

]

(η) =
M−1
∑

j=1

c+j [PR(η j, j+1, ξ) − PR(η, ξ)] + c−j+1[PR(η j+1, j , ξ) − PR(η, ξ)].

=
M−1
∑

j=1

[π j, j+1
([ 12 (k j + k j+1 − 1)]2q − �(�)

)

PR(·, ξ)](η)

=
M−1
∑

j=1

CR,+
j [PR(η, ξ j, j+1)−PR(η, ξ)] + CR,−

j+1[PR(η, ξ j+1, j )−PR(η, ξ)]

= [

LASIPR
q,�k,ρ PR(η, ·)](ξ).

�


6.3 DualityASIPL(q, �k,�) andASIPR(q, �k,�)

In this section wewill prove Theorem 2.9, which states the duality betweenASIPL andASIPR
with the multivariate Askey-Wilson polynomials Pv

AW as duality function. By Theorem 2.6,
ASIPR is dual to ASIP, and by Corollary 2.8, ASIP is dual to ASIPL. Since ASIP is reversible,
ASIPR is also dual to ASIPL with duality functions given by the scalar-product approach (see
[13, Proposition 4.1]), which was sketched below Theorem 2.9.
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Proposition 6.4 The function Pv : Xd × Xd → R defined by

Pv(ζ, ξ) =
∑

η∈Xd

v|η|PL(η, ζ )PR(η, ξ)W (η),

is a duality function between ASIPL(q, �k, λ) and ASIPR(q, �k, ρ),

[LASIPL
q,�k,λ Pv(·, ξ)](ζ ) = [LASIPR

q,�k,ρ Pv(ζ, ·)](ξ).

Proof Since v|η| only depends on the total number of particles which is invariant under the
action of the generator, the function

Pv
L (η, ζ ) = v|η|PL(η, ζ )

is also a duality function between ASIP(q, �k) and ASIPL(q, �k, λ). Therefore,

[

LASIPL
q,�k,λ Pv(·, ξ)

]

(ζ ) =
∑

η∈Xd

[

LASIPL
q,�k,λ Pv

L (η, ·)](ζ )PR(η, ξ)W (η)

=
∑

η∈Xd

[

LASIP
q,�k Pv

L (·, ζ )
]

(η)PR(η, ξ)W (η).

Since LASIP
q,�k is symmetric with respect to W for the duality functions PL and PR (see Propo-

sition 2.15), above expression equals
∑

η∈Xd

Pv
L (η, ζ )

[

LASIP
q,�k PR(·, ξ)

]

(η)W (η) =
∑

η∈Xd

Pv
L (η, ζ )

[

LASIPR
q,�k,ρ PR(η, ·)](ξ)W (η)

= [

LASIPR
q,�k,ρ Pv(ζ, ·)](ξ),

proving the proposition. �


Let us now show that the duality function Pv is a doubly nested product of Askey-Wilson
polynomials. Doubly nested in the sense that the j-th product depends on ξ j+1, ξ j+2, . . . , ξM
via h+

j+1(ξ) and also on ζ1, ζ2, . . . , ζ j−1 via h
−
j−1(ζ ). This result is a direct corollary of the

following lemma, which shows that the inner product of the 1-site duality functions pA in
base q and q−1 are Askey-Wilson polynomials, where the inner product is with respect to
the 1-site reversible measure w of ASIP(q, �k). This
Lemma 6.5 Let pAW(y, x; λ, ρ; v, k, q) be the 1-site duality function from (2.13) and let
q < 1. If

|vq| < q2x+k+ρ−λ,

then we have the following summation formula between the Al-Salam–Chihara polynomials
and Askey-Wilson polynomials,

(vq2y+λ−ρ+k+1; q2)∞
(vq−2x+λ−ρ−k+1; q2)∞ pAW(y, x; λ, ρ; v, k; q)

=
∞
∑

n=0

vn pA(n, y; λ; k, q−1)pA(n, x; ρ; k, q)w(n; q, k).

(6.14)
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Consequently, Pv is a doubly nested product of Askey-Wilson polynomials if v <

q2|ξ |+|�k|+λ−ρ−1,

Pv(ζ, ξ) =
M
∏

j=1

(vq2ζ j+h−
j−1(ζ )−h+

j+1(ξ)+k j+1; q2)∞
(vq−2ξ j+h−

j−1(ζ )−h+
j+1(ξ)−k j+1; q2)∞

pAW(ζ j , ξ j ; h−
j−1(ζ ), h+

j+1(ξ); v, k j ; q).

(6.15)

Proof Writing out the right hand side of (6.14) in terms of 3ϕ2’s gives

∞
∑

n=0

vnqn(λ−ρ−k+1) (q
2k; q2)n

(q2; q2)n 3ϕ2

(

q−2n, q−2x , q2x+2ρ+2k

q2k, 0
; q2, q2

)

× 3ϕ2

(

q2n, q2y, q−2y−2λ−2k

q−2k, 0
; q−2, q−2

)

.

Showing that this sum of Al-Salam–Chihara polynomials are Askey-Wilson polynomials
comes down to [26, Lemma 4.6] and a change parameters. Indeed, [26, Lemma] gives

c1 4ϕ3

(

q−2m , abcdq2(m−1), ax̂, ax̂−1

ab, ac, ad
; q2, q2

)

=
∞
∑

n=0

c2 3ϕ2

(

q−2n, σqk x̂, σqk x̂−1

q2k , 0
; q2, q2

)

3ϕ2

(

q2n, τq−k ŷ, τq−k ŷ−1

q−2k , 0
; q−2, q−2

)

,

(6.16)

where

c1 = q−m(m−1) (acq
2m, bcq2m; q2)∞

(cx̂, cx̂−1; q2)∞
(ac, ad; q2)m

(−ad)m
,

c2 = vnqn(k−1)

(σ τ)n

(q−2k; q−2)n

(q−2; q−2)n
,

and (a, b, c, d, ŷ) = (qkσ, qkσ−1, qvτ−1, qv−1τ−1, τq−k−2m). Taking

m = y, x̂ = q2x+ρ+k, τ = q−λ, σ = qρ,

(6.16) becomes

c1 4ϕ3

(

q−2y, q2y+2λ+2k , q−2x , q2x+2ρ+2k

q2k , vqρ+λ+k+1, v−1qρ+λ+k+1 ; q2, q2
)

=
∞
∑

n=0

c2 3ϕ2

(

q−2n, q−2x , q2x+2ρ+2k

q2k , 0
; q2, q2

)

3ϕ2

(

q2n, q2y, q−2y−2λ−2k

q−2k , 0
; q−2, q−2

)

,

(6.17)

where

c1 = q−y(y−1) (vq2y+ρ+λ+k+1, vq2y−ρ+λ+k+1; q2)∞
(vq2x+ρ+λ+k+1, vq−2x−ρ+λ−k+1; q2)∞

(vqρ+λ+k+1, v−1qρ+λ+k+1; q2)y
(−v−1qρ+λ+k+1)y

= q−y(y−1) (vq
ρ+λ+k+1; q2)x (vq2y−ρ+λ+k+1; q2)∞

(vq−2x−ρ+λ−k+1; q2)∞
(v−1qρ+λ+k+1; q2)y
(−v−1qρ+λ+k+1)y

,

c2 = vnqn(k−1)

(qρ−λ)n

(q−2k; q−2)n

(q−2; q−2)n
= vnqn(λ−ρ−k+1) (q

2k; q2)n
(q2; q2)n ,
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and the sum converges absolutely if |vq| < q2x+k+ρ−λ (see [26, section 7.1] for details).
Now (6.14) follows from the definition (2.13) of pAW. To show that Pv is a doubly-nested

product of Askey-Wilson polynomials, let us write out its definition,

Pv(ζ, ξ) =
∑

η∈Xd

v|η|PL(η, ζ )PR(η, ξ)W (η)

=
∑

η1

∑

η2

· · ·
∑

ηM

M
∏

j=1

vη j pA(η j ; ζ j ; h−
j−1; k j , q−1)pA(η j ξ j ; h+

j+1; k j , q)w(η j , q, k j ).

Note that η j only appears in the j-th term of the product, since the terms with u j (�k) exactly
cancel. Therefore, we can interchange sum and product to obtain

Pv(ζ, ξ) =
M
∏

j=1

∑

η j

vη j pA(η j ; ζ j ; h−
j−1; k j , q−1)pA(η jξ j ; h+

j+1; k j , q)w(η j , q, k j ).

Now (6.15) follows from taking |v| < q2|ξ |+|�k|+ρ−λ−1 and applying the summation formula
(6.14) M-times. �

Let us now show that Pv and Pv

AW from (2.14) are the same up to a factor depending on
preserved quantities of the process and the stricter conditions on q and v can be lifted,
proving Theorem 2.9.

Proof of Theorem 2.9 By Lemma 6.5 and the definition (2.14) of Pv
AW, we have

Pv(ζ, ξ) =
M
∏

j=1

(vq2ζ j+h−
j−1(ζ )−h+

j+1(ξ)+k j+1; q2)∞
(vq−2ξ j+h−

j−1(ζ )−h+
j+1(ξ)−k j+1; q2)∞

pAW(ζ j , ξ j ; h−
j−1(ζ ), h+

j+1(ξ); v, k j ; q)

= Pv
AW(ζ, ξ)

M
∏

j=1

(vq2ζ j+h−
j−1(ζ )−h+

j+1(ξ)+k j+1; q2)∞
(vq−2ξ j+h−

j−1(ζ )−h+
j+1(ξ)−k j+1; q2)∞

.

Now note that
M
∏

j=1

(vq2ζ j−h+
j+1(ξ)+h−

j−1(ζ )+k j+1; q2)∞
(vq−2ξ j−h+

j+1(ξ)+h−
j−1(ζ )−k j+1; q2)∞

=
M
∏

j=1

(vqh
−
j (ζ )−h+

j+1(ξ)+1; q2)∞
(vqh

−
j−1(ζ )−h+

j (ξ)+1; q2)∞

= (vqh
−
M (ζ )−h+

M+1(ξ)+1; q2)∞
(vqh

−
0 (ζ )−h+

1 (ξ)+1; q2)∞
= (vq2|ζ |+|�k|+λ−ρ+1; q2)∞

(vq−2|ξ |−|�k|+λ−ρ+1; q2)∞
,

since h+
M+1(ξ) = ρ, h+

1 (ξ) = ρ + 2|ξ | + |�k|, h−
0 (ζ ) = λ and h−

M (ζ ) = λ + 2|ζ | + |�k|.
Therefore, the factor above depends only on the preserved quantities λ, ρ, |ξ |, |ζ | and �k,
showing that Pv

AW is also a duality function between ASIPL(q, �k, λ) and ASIPR(q, �k, ρ).
Note that both sides of the duality relation

[LASIPL
q,�k,λ Pv

AW(·, ξ)](ζ ) = [LASIPR
q,�k,ρ Pv

AW(ζ, ·)](ξ)

are analytic in v, so the condition on v can be lifted by using analytic continuation. Similarly,
both sides are meromorphic functions in q and analytic for q > 1. Therefore, the duality
relation is also valid for q > 1. �
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Remark 6.6 The reason toworkwith Pv
AW as duality function instead of Pv is purely aesthetic.

Workingwith Pv
AW is easier since the factor in front of theAskey-Wilson polynomial is shorter

and doesn’t involve infinite shifted factorials. Therefore, we can more easily send q → q−1

in the duality function. Moreover, when taking limits of the duality function in Section 3, the
factors in front of the q-hypergeometric functions are shorter as well.

Appendix A. Dual Orthogonality

Let {pn(x)}∞n=0 be a set of orthogonal polynomials whose orthogonality has a continuous
and discrete part, i.e.

∫

R

pn(x)pm(x)w(x)dx +
α

∑

j=0

pn(x j )pm(x j )w(x j ) = δn,m

h(n)
,

where α ∈ Z≥0 ∪ {∞} and w(x j ) �= 0 for all j = 0, 1, . . . , α. The case where there is no
continuous part is allowed, i.e. w(x) = 0 on R\{1, 2, . . . , α}. Let H be the Hilbert space
induced by this measure, i.e. it has inner product

〈 f , g〉w =
∫

R

f (x)g(x)w(x)dx +
α

∑

j=0

f (x j )g(x j )w(x j ).

If {pn(x)}∞n=0 is an orthogonal basis for H , then we have the dual orthogonality relation

∞
∑

n=0

pn(xi )pn(x j )h(n) = δxi ,x j

w(x j )

for all j = 0, 1, . . . , α.
To prove this, fix x j and consider the delta function

δx j (x) = δx j ,x ,

which is in H . Writing out δx j in the orthogonal basis {pn}∞n=0 yields

δx j =
∞
∑

n=0

〈pn, δx j 〉H
〈pn, pn〉H

pn, (A.1)

where the convergence is in H . Since
(

δx j (xi ) −
N

∑

n=0

〈pn, δx j 〉H
〈pn, pn〉H

pn(xi )

)2

w(x j ) ≤
∣

∣

∣

∣

∣

∣δx j (xi ) −
N

∑

n=0

〈pn, δx j 〉H
〈pn, pn〉H

pn(xi )
∣

∣

∣

∣

∣

∣

H
,

which goes to zero when N → ∞, we also get the pointwise equality

δx j (xi ) =
∞
∑

n=0

〈pn, δx j 〉H
〈pn, pn〉H

pn(xi ).

Using

〈pn, δx j 〉H = pn(x j )w(x j ),

〈pn, pn〉H = 1/h(n),

the dual orthogonality follows.
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Appendix B. Interchanging Sum and Limit in Proposition 3.4

Let us prove that

lim
λ→∞

∑

η∈Xd

Pvqλ

AW (η, ξ ; q)Pv−1q−λ

AW (η, ξ ′; q)WL(η, q)ω
vqλ

AW(|η|, |ξ |, λ, ρ, q)

=
∑

η∈Xd

lim
λ→∞ Pvqλ

AW (η, ξ ; q)Pv−1q−λ

AW (η, ξ ′; q)WL(η, q)ω
vqλ

AW(|η|, |ξ |, λ, ρ, q).

We will show that on the 1-site duality function level we have

pAW(n, x; vqλ)pAW(n, x ′; v−1q−λ)wdyn(n; λ) ∼ q−n(2x+2x ′+2ρ+2k), (B.1)

and for the factor ω
vqλ

AW,

ω
vqλ

AW(|η|, |ξ |, λ, ρ, q) ∼ 1,

both for large n and all λ > T for some number T . Since ξ ∈ Xd,ρ , we have 2x + k+ρ < 0.
Hence, the sum

∞
∑

n=0

q−n(2x+2x ′+2ρ+2k)

converges absolutely. Therefore, interchanging the limit and sum is justified using the dom-
inated convergence theorem and summing from right to left (i.e. start with ηM , then ηM−1,
etc.). To prove (B.1), let us write out

pAW(n, x; vqλ) = (vqρ+2λ+k+1; q2)x (vq−ρ−k−1; q−2)n

× 4ϕ3

(

q−2n, q2n+2λ+2k, q−2x , q2x+2ρ+2k

q2k, vqρ+2λ+k+1, v−1qρ+k+1 ; q2, q2
)

.

We have
(vqρ+2λ+k+1; q2)x ∼ 1,

since
|1 − vqρ+2λ+k+1| < 1

for λ large enough. Using that

(a; q−2)n = (−a)nq−n(n−1)(a−1; q2)n,
we get

(vq−ρ−k−1; q−2)n ∼ vnq−n(ρ+k+n).

For the 4ϕ3 we use that
(q2n+2λ+k; q2) j

(vqρ+2λ+k+1; q2) j ∼ 1,

to obtain

4ϕ3

(

q−2n, q2n+2λ+2k, q−2x , q2x+2ρ+2k

q2k, vqρ+2λ+k+1, v−1qρ+k+1 ; q2, q2
)

∼ q−2nx .

Thus

pAW(n, x; vqλ) ∼ vnq−n(n+2x+ρ+k). (B.2)
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Similarly,

q2λn pAW(n, x; v−1q−λ) ∼ v−nq−n(n+2x ′+ρ+k) (B.3)

Lastly, we have

q−2λnwdyn(n; λ) ∼ q2n
2
.

Combining this with (B.2) and (B.3) proves (B.1).

Appendix C. Details proof Theorem 4.3

In this section we prove the following equations,

CL,+
j (�x/ε) = A j (�x, σ, λ)/ε2 + O(1/ε), (C.1)

CL,−
j+1(�x/ε) = A j (�x, σ, λ)/ε2 + O(1/ε), (C.2)

CL,−
j+1(�x/ε) − CL,+

j (�x/ε) = Bj (�x, σ, �k, λ)/ε + O(1), , (C.3)

where A j and Bj are the factors in the rates ABEPL(σ, �k, λ) from Definition 4.1,

A j = 1

σ 2 sinhσ (x j ) sinhσ (x j+1)
sinhσ (λ + 2E−

j − x j ) sinhσ (λ + 2E−
j + x j+1)

sinhσ (λ + 2E−
j )2

,

Bj = 1

σ

[

k j sinhσ (x j+1)
sinhσ (λ + 2E−

j + x j+1)

sinhσ (λ + 2E−
j )

− k j+1 sinhσ (x j )
sinhσ (λ + 2E−

j − x j )

sinhσ (λ + 2E−
j )

− 2 sinhσ (x j ) sinhσ (x j+1)
coshσ (λ + 2E−

j ) sinhσ (λ + 2E−
j − x j ) sinhσ (λ + 2E−

j + x j+1)

sinhσ (λ + 2E−
j )3

]

.

Recall from (2.11) that we can write the rates of ASIPL(q, �k, λ) as

CL,+
j = [ζ j ]q [ζ j+1 + k j+1]q

[h−
j−1 + ζ j ]q [h−

j + ζ j+1]q
[h−

j ]q [h−
j − 1]q

,

CL,−
j = [ζ j ]q [ζ j−1 + k j−1]q

[h−
j−1 − ζ j−1]q [h−

j − ζ j ]q
[h−

j−1]q [h−
j−1 + 1]q

.

(C.4)

Therefore, the rate CL,+
j (�x/ε) of ASIPL(1 − εσ, �k, λ/ε) is equal to

[ x j
ε

]

1−εσ

[ x j+1

ε
+ k j+1

]

1−εσ

[

x j+λ

ε
+ ∑ j−1

i=1 2 xi
ε

+ ki
]

1−εσ

[

x j+1+λ

ε
+ ∑ j

i=1 2
xi
ε

+ ki
]

1−εσ
[

λ
ε

+ ∑ j
i=1 2

xi
ε

+ ki
]

1−εσ

[

λ
ε

− 1 + ∑ j
i=1 2

xi
ε

+ ki
]

1−εσ

= sinhα

( x j
ε

)

sinhα

( x j+1
ε

+ k j+1
)

sinhα

( x j+λ

ε
+ 2E−

j−1

( �x
ε

+ �k)) sinhα

( x j+1+λ

ε
+ 2E−

j

( �x
ε

+ �k))

sinhα

(

1
)2 sinhα

(

λ
ε

+ 2E−
j

( �x
ε

+ �k)) sinhα

(

λ
ε

− 1 + 2E−
j

( �x
ε

+ �k))
,

where α = ln(1 − εσ ). By the summation formula for a geometric series, we have for
|ε| < 1/|σ |,

2 sinh
(

ln(1 − εσ )
) = 1 − εσ − (1 − εσ )−1 = −2σε + O(ε2).
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Therefore,

1

sinhα(1)2
= 1

σ 2ε2
+ O(1/ε), (C.5)

where we used that the meromorphic function10 1/ sinhα(1)2 has a Laurent series around
ε = 0. Let us define the function g1 as the rate C

L,+
j (x/ε) without the factor sinhα(1)2 in the

denominator, i.e.

g1(ε) = sinhα

( x j
ε

)

sinhα

( x j+1
ε

+ k j+1
)

sinhα

( x j+λ

ε
+ E j−1

( 2x
ε

+ �k)) sinhα

( x j+1+λ

ε
+ E j

( 2x
ε

+ �k))

sinhα

(

λ
ε

+ E j
( 2x

ε
+ �k)) sinhα

(

λ
ε

− 1 + E j
( 2x

ε
+ �k)) .

Since

lim
ε→0

ln(1 − εσ
)(

a + b/ε
) = −bσ, (C.6)

g1 is analytic in a neighborhood around 0, which has a Taylor series. With (C.1), (C.2), (C.3),
and (C.5) in mind, we are interested in the first two terms,

g1(ε) = g1(0) + g′
1(0)ε + O(ε2).

From (C.6) we obtain

g1(0) = 4 sinhσ (x j ) sinhσ (x j+1)
sinhσ (λ + 2E j−1(x) + x j

)

sinhσ

(

λ + E j (x) + x j+1
)

sinhσ

(

λ + 2E j (x)
)2

= σ 2A j (x, σ, λ),

which combined with (C.5) proves (C.1). Entirely similar one can show that

CL,−
j+1(x/ε) = g2(ε)

sinhα(1)2
,

where

g2(ε) = sinhα

( x j+1
ε

)

sinhα

( x j
ε

+ k j
)

sinhα

( λ−x j
ε

+ E j
( 2x

ε
+ �k)) sinhα

( λ−x j+1
ε

+ E j+1
( 2x

ε
+ �k))

sinhα

(

λ
ε

+ E j
( 2x

ε
+ �k)) sinhα

(

λ
ε

+ 1 + E j
( 2x

ε
+ �k)) .

Then again
g2(ε) = g2(0) + g′

2(0)ε + O(ε2),

where
g2(0) = σ 2A j (x, σ, λ),

proving (C.2). Let us now turn to (C.3). Since g1(0) = g2(0), we have

CL,−
j+1(x/ε) − CL,+

j (x/ε) = g2(ε) − g1(ε)

sinhα(1)2
= (g′

2(0) − g′
1(0))

4σ 2ε
+ O(1). (C.7)

Therefore, we have to compute g′
1(0) and g

′
2(0). Let us define the numerator en denominator

of g1 and g2 by

g j (ε) = n j (ε)

d j (ε)
.

10 We use the principal branch of the logarithm.
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Since n1(0) = n2(0) and d1(0) = d2(0), the quotient rule gives us

g′
2(0) − g′

1(0) = n′
2(0) − n′

1(0)

d1(0)
+ n1(0)(d ′

1(0) − d ′
2(0))

d1(0)2
. (C.8)

Using

d

dε
sinhln(1−εσ )(a + b/ε)

∣

∣

∣

ε=0
= − coshln(1−εσ )(a+b/ε)

(

σ(a+b/ε)

1 − εσ
+ b ln(1−εσ )

ε2

)

∣

∣

∣

ε=0

= − coshσ (b)(aσ − 1
2bσ

2),

we can compute n′
2(0) − n′

1(0) and see that only the terms with k j and k j+1 do not cancel,

n′
2(0) − n′

1(0) = k jσ coshσ (xε
j ) sinhσ (xε

j+1) sinhσ (λ + 2E j (x) − xε
j ) sinhσ (λ + 2E j+1(x) − xε

j+1)

+ k jσ coshσ (λ + 2E j (x) − xε
j ) sinhσ (xε

j+1) sinhσ (xε
j ) sinhσ (λ + 2E j+1(x) − xε

j+1)

− k j+1σ coshσ (xε
j+1) sinhσ (xε

j ) sinhσ (λ + 2E j−1(x) + xε
j ) sinhσ (λ + 2E j (x) + xε

j+1)

+ k j+1σ coshσ (λ + 2E j+1(x) − xε
j+1) sinhσ (xε

j+1) sinhσ (xε
j ) sinhσ (λ + 2E j (x) − xε

j ).

If we now use

2 cosh(x) sinh(y) = sinh(x + y) − sinh(x − y),

we obtain

n′
2(0) − n′

1(0) = σk j sinhσ (λ + 2E j (x) sinhσ (xε
j+1) sinhσ (λ + 2E j (x) + xε

j+1))

−σk j+1 sinhσ (λ + 2E j (x) sinhσ (xε
j ) sinhσ (λ + 2E j (x) − xε

j )).

Since
d1(0) = sinhσ (λ + 2E j (x))

2,

the equation (C.3) for the terms of Bj (x, σ, �k, λ) with k j and k j+1 follows from (C.7) and
(C.8). The last term of Bj (x, σ, �k, λ) then follows from computing d ′

1(0) − d ′
2(0) and n1(0)

and using again (C.7) and (C.8). We have

d ′
1(0) − d ′

2(0) = −2σ coshσ (λ + 2E j (x)) sinhσ (λ + 2E j (x))

and

n1(0) = sinhσ (x j ) sinhσ (x j+1) sinhσ (λ + 2E j (x) − x j
)

sinhσ

(

λ + E j (x) + x j+1
)

,

and (C.3) follows.
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