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Abstract

This research investigates the assumptions and limitations in geotechnical modeling, specifically focusing on
the influence of using associated and non-associated flow rules in Finite Element Method (FEM) calculations.
These models are used with various assumptions, including plane-strain conditions, the Mohr-Coulomb failure
criterion, strength parameter determination (e.g., triaxial tests or Cone Penetration Test (CPT) correlations),
(non-)associated flow rules, drained or undrained conditions, and mesh size in FEM analyses. While these
assumptions simplify complex soil behavior, they can also lead to inaccuracies, making it necessary to critically
assess their effects on model outcomes.

A key aspect of this research is evaluating the influence of the dilatancy angle ¥ in non-associated
plasticity models. In this research this influence of the dilatancy angle will mainly be assessed in a linear-
elastic perfectly-plastic Mohr-Coulomb model. An associated flow rule makes the assumption that the plastic
potential function g is equal to the yield function f, meaning the friction angle ¢ and dilatancy angle 1 are
equal upon failure (1) = ¢). However, this assumption overpredicts soil strength and can lead to unrealistic,
overly optimistic designs by inaccurately modeling plastic volumetric strain. In non-associated flow rules the
plastic potential function g is defined separate from the yield function f, allowing for ¢ # ¢. While this
assumption allows for a more accurate representation of soil behavior, it will lead to non-unique solutions.
This study will assess to what extent this dilatancy angle influences model outcomes using non-associated
plasticity in relation to confined and constrained deformation.

Another focus of this research is the effect of mesh refinement in FEM simulations of geotechnical struc-
tures. When using non-associated plasticity, failure can lead to strain localization, resulting in a non-unique
solution that is dependent on mesh size. In practice, the degree of mesh refinement required for reliable
results is not well defined. This study will investigate the level of mesh refinement necessary to ensure nu-
merical convergence in two types of geotechnical problems: slope stability analysis of an embankment, where
the goal is to achieve a stable Factor of Safety (FoS), and the bending moment along a retaining structure,
where the mesh influence on results will be evaluated. The findings will contribute to proposing general or
project-specific guidelines for selecting an appropriate mesh size in FEM models.

Finally, this research will assess the performance of an equivalent associated plasticity model, which
provides a theoretical approach to define associated material parameters based on non-associated material
parameters. While this method has been proposed as a means to improve the accuracy of non-associated flow
models, its practical implementation and effectiveness in boundary value problems solved in finite element
method (FEM) remain unclear. This study will evaluate the conditions under which equivalent associated
plasticity can be applied in FEM calculations.

By addressing these key aspects this research aims to enhance the understanding of model assumptions
and limitations in geotechnical engineering in the context of non-associated plasticity. The ultimate objective
is to bridge the gap between theoretical models and real-world geotechnical applications.
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1 Introduction

In geotechnical engineering, models are essential tools used to estimate how soil and structural systems will
behave under specific conditions. These models rely on a range of simplifying assumptions, such as plane
strain conditions, the Mohr-Coulomb failure criterion, the application of strength parameters from triaxial
to plane strain conditions, associated or non-associated flow rules, drained or undrained behavior, and mesh
discretization FEM analyses. While these assumptions are necessary to make complex problems workable,
they also introduce uncertainty and potential deviation from real-world behavior. Engineers must maintain
a careful balance between the assumptions they make and the specific problem in hand. This principal was
emphasized by Vaughan (1994), following similar views expressed by Terzaghi and Peck (1948), who also
highlighted the importance of testing theory against practice. In order to make a more critical assessment of
existing and new geotechnical structures, it is necessary to challenge the assumptions on which these models
are based. The effect of the assumptions and approaches used by geotechnical engineers should be validated
and tested to narrow the gap between models and reality. It is important to be aware of the application and
limitations of assumptions and approaches used to model geotechnical problems. In particular, awareness of
how specific modeling choices influence model outcomes, whether they lead to overly conservative or overly
optimistic design, is crucial in geotechnical practice. This research aims to provide insight into the role
and limitations of one such modeling choice: the assumption of associated versus non-associated plasticity.
Through a series of simulations involving direct simple shear tests, slope stability problems, and retaining
structures, this work investigates how these assumptions affect the mechanical response of soils in FEM
simulations. The objective is to evaluate when and how associated or non-associated flow rules introduce
biases in strength prediction, deformation, or failure mechanisms. The remainder of this chapter outlines the
problem description, research objectives, and the boundaries and scope of the project.

1.1 Problem description

An associated flow rule makes the assumption that the plastic potential function g, which governs the
development of plastic strain rates, is equal to the yield function f. In the literature this assumption is
referred to as Drucker’s Postulate (Drucker, 1959). In the context of the Mohr-Coulomb failure criterion
this associated flow rule leads to the assumption that the friction angle ¢ and the dilatancy angle v are
equal at failure (¢ = ¢). However, this results in an significant overestimation of soil strength and overly
optimistic designs due to the incorrect prediction of plastic volumetric strain. In contrast, for the non-
associated flow rule the plastic potential function g is defined separate from the yield function f, thereby
the Drucker’s Postulate no longer holds (Drucker, 1959). In this formulation, the dilatancy angle 9 plays a
crucial role when using a non-associated flow rule, where it is independent of the friction angle (¢ # ). In
this approach, ¥ governs the relationship between plastic volumetric strain and distortion, providing a more
accurate representation of granular material behavior (de Borst et al., 2022). In this context, the goal of the
research will be to systematically investigate to what extent the dilatancy angle influences model outcomes
using both associated and non-associated plasticity in FEM simulations

Calculating with non-associated plasticity can lead to localization upon failure and thus to a non-unique
solution. When using non-softening material models, convergence to a fixed solution upon mesh refinement
is not always guaranteed and must be evaluated carefully. According to the Projectoverstijgende Verkenning
Macrostabiliteit guideline (POVM, 2020), local mesh refinement is required in regions where large gradients
in stress or deformation are anticipated, such as near potential failure planes in slope stability analyses. To
ensure numerical reliability, it must be demonstrated that further mesh refinement does not significantly
alter the model outcome. However, in engineering practice excessively fine meshes often lead to very long
computation time, which is impractical for routine design. Therefore, this study aims to investigate the
influence of mesh refinement on model results and to identify a level of mesh fineness beyond which additional
refinement has negligible effect. This will enable the formulation of practical recommendations for mesh
discretization, either as a general guideline or adapted to project-specific requirements.

Davis (1968) proposed a method to relate the mobilized shear strength in a slip plane in non-associated
materials to an equivalent associated formulation. This approach establishes a theoretical link between asso-
ciated and non-associated plasticity by adjusting the friction angle such that calculations using an associated
flow rule can replicate the strength behavior of non-associated materials. In essence, it enables the use of
numerically more stable associated plasticity while preserving realistic strength predictions. This research
aims to evaluate the applicability of this equivalent associated plasticity approach in FEM simulations and
to determine its performance across different geotechnical applications.
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1.2 Research objective

The aim of the research is to provide insight on assumptions and limitations in geotechnical models concerning
associated and non-associated plasticity, and to investigate how they influence the model outcome in terms of
theoretical optimism or conservatism in relation to different applications. The primary goal is to understand
how to ultimately obtain a realistic outcome or have an idea on degree of optimism or conservatism introduced
by modeling assumptions. The research will focus on the influence of using an associated and non-associated
flow rule and the role of the dilatancy v and friction angle ¢ in relation to confined and constrained defor-
mation. Additionally, the mesh dependence in FEM models using associated and non-associated plasticity
will be discussed. The aim will be to provide clarification in which level of mesh refinement is refined enough
for standard engineering practice for typical geotechnical problems. Two boundary value problems will be
investigated in this context: (1) slope stability (2) a retaining structure. The hypotheses is that the dilatancy
angle ¢ will play a more significant role with increased restriction in confined and constrained deformation.
Finally, the applicability of equivalent associated plasticity, based on approaches such as that proposed by
Davis (1968), will be explored. This includes assessing the conditions under which this method can be applied
effectively in FEM simulations. In this context, the following research questions are formulated:

e RQ1: What is the influence of the dilatancy angle 1, in relation to confined and constrained deforma-
tion, in the case of associated and non-associated plasticity?

e RQ2: Which level of mesh refinement converges the model outcome of a slope stability and retaining
structure problem when using non-associated plasticity in FEM?

e RQ3: Under which conditions can equivalent associated plasticity be applied in FEM models?

1.3 Research scope

The research will challenge assumptions and highlight limitations in geotechnical modeling practices. The
primary focus will be on the role of dilatancy angle v in associated and non-associated plasticity in relation to
confined and constrained deformation. Given the significance of the dilatancy angle, the research will mainly
include drained dense sands, as these materials have the most relevant mechanical properties for this research.
For the research the various alternatives of the Mohr-Coulomb failure criterion (e.g. Matsuoka-Nakai or Lade)
will not be taken into account to show their influence on strength. How the equivalent associated plasticity
can be applied in FEM and how it performs will also be highlighted. Topics such as parameter determination
from laboratory testing and undrained behavior are beyond the scope of this study and will not be addressed.

Dilatancy Friction
angle angle

Yield function # plastic Yield function = plastic
potential function potential function

Associated flow
rule

Non-associated
flow rule

Type |: Slope Stability
Output; Factor of Safety (FoS)

Output dependent on value of dilatancy angle and mesh discretization
[ + Inthe case of y=g¢: FoS not (strongly) dependent on mesh discretization T
In the case of y<@: FoS depends on both dilatancy angle and mesh discretization

Qutput dependent (to a higher degree) on value of dilatancy angle and mesh
discretization

In the case of y=@: bending moment not (strongly) dependent on mesh
discretization

In the case of w<@: bending moment depends on both dilatancy angle and mesh
discretization

Figure 1: Conceptual framework
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1.4 Research methodology

The research will be carried out in four main phases, each contributing to a systematic approach in answering
the research questions: literature review, numerical modeling, testing & validation and analysis & recommen-
dation. In the literature review phase extensive research on the relevant theories and assumptions is carried
out, with a particular focus on associated and non-associated plasticity, dilatancy, and mesh dependency in
FEM. In the numerical modeling phase, the theoretical insights from the literature will be applied to two
representative boundary value problems. The first involves a slope stability analysis of an embankment, with
the factor of safety (FoS) as model outcome. The second involves a retaining structure, where the focus will
be on evaluating the convergence behavior of bending moments. The conceptual framework of this study is
illustrated in Figure 1

1.5 Report structure

The following chapter discusses the theoretical framework supporting the research. This includes an in depth
review of associated and non-associated plasticity, the role of the dilatancy angle ¢, shear band orientation,
limitations and opportunities of current models, and the concept of equivalent associated plasticity. Relevant
studies and key equations are evaluated to establish the basis for the numerical analyses.

Chapter 3 focuses on the role of the dilatancy angle ¢ in both associated and non-associated plasticity
framework. This chapter demonstrated the influence of 1 through numerical simulations, including DSS
tests, a slope stability problem and retaining structure problem. The numerical simulations are used to
assess how ¢ influences strength and plastic deformation under varying levels of confined and constrained
deformation.

Chapter 4 investigates the sensitivity of FEM model outcome to mesh refinement for both associated and
non-associated plasticity. The mesh dependence is studies for two geotechnical problems: a slope stability
analysis and a retaining structure model. This chapter provides recommendations on mesh refinement levels
required for reliable results.

Chapter 5 the applicability of equivalent associated plasticity to mitigate numerical issues inherent in non-
associated flow rules while maintaining modeling accuracy. This chapter includes validation through DSS test
simulations and assessment of the potential of this method through a slope stability analyses and retaining
structure model.

Chapter 6 provides a summary of the findings of the research, answering the formulated research questions,
and provides recommendations for engineering practice in the field of geotechnical FEM modeling.
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2 Literature review

This chapter provides the theoretical foundation for th research by reviewing key concepts related to soil
plasticity and numerical simulations. It introduces the principles of associated and non-associated plasticity,
emphasizing the importance of the dilatancy angle v in capturing realistic soil behavior. The Mohr-Coulomb
failure criterion and it variation are discussed, along with their limitations and opportunities in geotechnical
models. Furthermore, the chapter addresses the issue of mesh dependency in FEM simulations and introduces
the concept of equivalent associated plasticity as a means to balance accuracy and numerical stability.

2.1 Non-associated plasticity

General analytical approaches for designing geotechnical structures make the assumption of an associated
flow rule, meaning the friction angle (¢) and the dilatancy angle (¢) are equal upon failure (¢ = v). This
assumption tends to overpredict the strength of the soil, leading to a too optimistic design. The root of the
problem lies in the incorrect prediction of the plastic volumetric flow in granular materials with the use of
an associated flow rule. This incorrect prediction of the plastic volumetric strain will be compensated by
elastic volumetric strain in kinematically constrained conditions, leading to much higher stresses than occur
in reality (de Borst et al., 2022). Figure 2 illustrates this overprediction by comparing the actual measured
volumetric strain in a triaxial test and the volumetric strain predicted with an associated flow rule for a
Mohr-Coulomb yield criterion.

Associated flow rule

Volumetric strain

A Typical test result

\ J

Axaal strain

Figure 2: Typical result of a triaxial test on a granular material, in
which the volumetric strain is plotted as a function of the axial strain
together with the volume increase that would be generated by an as-
sociated flow rule (de Borst et al., 2022)

An alternative for this assumption is an non-associated flow rule, which assumes the friction angle (¢) to be
different from the dilatancy angle (¢) upon failure (¢ # v). The non-associated flow rules incorporate a plastic
potential function, independent of the yield function, in which the plastic rates are derived by differentiation
with respect to the stress tensor. Equation 1 gives a yield function f based on the Mohr-Coulomb failure
criterion, with oy being the major principal stress and o5 the minor principal stress (de Borst et al., 2022).
Its important to note that this holds in absolute sense. The stresses in the Mohr-Coulomb circle represent
compression stresses. As soil cannot hold tensile stresses, these compression stresses are often taken as
positive. In reality the dilatancy angle will be much smaller than the friction angle. For quartz sand the
dilatancy angle will typically be 1 ~ ¢ — 30° (Vermeer, 1990).

f:%(gl—03)+%(01+03)Sin¢—CCOS¢ (1)

Equation 2 represents the plastic potential function g,in terms of principal stresses, incorporated by the non-
associated flow rule. The only difference from the Mohr-Coulomb yield function f and the plastic potential
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function g is the replacement of the friction angle ¢ with the dilatancy angle ¢ (Vermeer and de Borst, 1984).
1 1 .
g:§(01—03)+§(01 + o3)siney) — ccos (2)

Differentiating Equation 2 with respect to the principal stress Equation 3 is obtained, which represents the
plastic strain rates or the flow rule (Vermeer and de Borst, 1984).

. dg .

p 99 1,1

€1 91 5 + 5 siny

b =2 22 | =) 0 (3)
3 8572 1,1

3 9 —= + =sin

54 L 5+ 5siny

In numerical analyses it is this flow rule, rather than the plastic potential function g itself, that is implemented
in the actual computation (Vermeer and de Borst, 1984). Equation 3 shows that the dilatancy angle ¢ plays
an important part in a non-associated flow rule. In this context, the research will go into the influence of this
dilatancy angle, in relation to confined and constrained deformation, in the case of non-associated plasticity.

2.2 The role of dilatancy angle

An important difference in non-associated plasticity theory is the inclusion of the dilatancy angle ¢, which
governs the inelastic (plastic) volume changes. Dilation may be described as the change in volume due to shear
distortion. A suitable parameter to characterize the degree of dilatancy in materials is the dilatancy angle.
Through tests it has been shown that the dilatancy angle is typically significantly lower than the friction
angle for soils (Vermeer and de Borst, 1984). In the literature the difference between the friction angle and
the dilatancy angle of soil is referred to the degree of non-associativity A. The degree of non-associativity is
determined through Equation 4.

A=o— (4)

The significance of the dilatancy angle ¢ can be shown through a simple shear test on a dense sand. In a
typical shear stress - shear strain relation (Figure 3a) usually a peak will be observed, followed by a reduction
in shear strength upon further loading. Therefore a distinction is made between the peak and large strain
(residual) friction angles, denoted as ¢, and ¢, respectively. The subscript ”cv” denotes that shearing takes
place at ”constant volume”, meaning that no dilation occurs. In a simple shear test, illustrated in Figure
3c, a dense sand expands in volume, referred to as dilation. This usually takes place after a small initial
compaction, as illustrated in Figure 3b. The magnitude of this expansion strongly depends on the density of
the sample, as denser soils will expand more rapidly (Houlsby, 1991).

Peak ’

Large Strain
ﬁ!i—.:n_ L
l\’ Compression Y
v

(a) (b)

Figure 3: Typical curves of a simple shear test on a dense sand (a) shear stress - shear strain relation
(b) volumetric strain - shear strain relation (c¢) geometry, stress and strains Houlsby (1991)

In Figure 4 the Mohr’s circles for stress and strain rate are illustrated for a cohesionless (¢ = 0) soil. As

Figure 4a illustrates, the friction angle ¢ can be expressed as the ratio between the shear stress to the normal
stress. This expression can be defined in terms of principal stresses (Houlsby, 1991):
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b =<2 -

inv —(g, + &)
siny=———
£ -8
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(a) (b)

Figure 4: Mohr’s circle for (a) stress and (b) strain rate (Houlsby, 1991)

In a similar manner Figure 4b the dilatancy angle i) can be expressed as the ratio between the volumetric
strain rate and the shear strain rate. In the case of plain strain (o = 0) in terms of principal strain rates
can be defined as (Houlsby, 1991):
. €1+¢€
sing) = ——— 3 (6)
€1 — €3
In defining the dilatancy angle ¢ it is important to distinguish between elastic (reversible) strain and plastic
(irreversible) strain. The dilatancy angle 1 should be strictly defined in terms of plastic components of the
strain rates (Houlsby, 1991).

e=¢e%+¢? (7)
With this the definition of the dilatancy angle ¢ can be modified to (Roscoe, 1970; Houlsby, 1991):
Dy 2P
. €] T €3
= _ 8
sin v a2 (8)

In theory it would mean that determining the dilatancy angle ¢ from a test becomes more difficult, as a
distinction should be made between the elastic and plastic components of the shear strain. In practice this
distinction appears to be irrelevant as, for most soils, the elastic stiffness is sufficiently high such that the
elastic strains are significantly smaller than the plastic strains. In particular, at the peak in several commonly
used shear tests the stress remains unchanged, resulting in zero elastic strain rates (Houlsby, 1991). One
could also argue that during plastic deformation stress will remain roughly constant resulting in trivial elastic
strain, as change in stress is directly related to elastic strain. This means that in practice Equations 6 and 7
coincide.

NS 7 A 7NN S AN

(a) (b)

Figure 5: The sawtooth model for (a) the case of ) = 0° (b) the
case of ¢ # 0° (Houlsby, 1991)

In Figure 5 the relation between the friction angle and the dilatancy angle is illustrated using the sawtooth
model. The case of ) = 0° is illustrated by a frictional block sliding over another on a flat plane (Figure 5a).
The friction angle in this case is represented by the constant volume friction angle ¢, where that shearing
takes place at constant volume, which means that no dilation occurs (Houlsby, 1991). The ratio between the
shear stress and normal stress is in this case defined by:
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L = tan gy (9)

On
The case of ¢ #£ 0° is illustrated by a sawtooth with teeth inclined at an angle 1) and the same friction angle
@y acting on these teeth. The friction angle ¢ is now the sum of the constant volume friction angle ¢, and
the dilatancy angle . This relationship is referred to as the flow rule (Houlsby, 1991). The ratio between
the shear stress and normal stress now becomes:

T tan ¢ = tan(¢ey + ¥) (10)

n

In the literature more sophisticated models exist to define the relation between the constant volume friction
angle and the dilatancy angle. Bolton (1986) defined this relation based on a purely empirical approach.
This relation is defined as Equation 11.

¢ = ey + 0.8 (11)

It is important to note that the dilatancy angle plays a significant role as it influences the appropriate friction
angle. In confined and constrained soil conditions the effect of dilation is more pronounced. As soil becomes
increasingly constraint, its ability to deform is limited, and the effects of dilation are more pronounced. In
less confined soil conditions like slopes, soil can deform freely, the role of dilation is much less important
except for its effect on strength (Houlsby, 1991).

Apart from the strength of a soil, the dilatancy angle also defines the plastic strain generated. This phe-
nomenon is illustrated in Figure 6. In this Figure a stress path in the case of ¥ = 0° and the case of ¢ = ¢
is illustrated in the deviatoric plane (Figure 6a) and in principal stress space (Figure 6b). In Figure 6a two
Mohr-Coulomb contour cross-sections are shown for the two different cases of ¥» = 0° and ¥ = ¢. The stress
paths for these two cases coincide until failure. In the case of ¥ = 0° failure was reached at a principal stress
of p = 85.82 kPa and in the case of ) = ¢ failure was reached at p = 146.25 kPa.

a

Hydrostatic
axis

Yielting

-
-

p' = 8582 kPa P
\_ & 2
7 - 14625 kPa \13

(a) (b)

ap

Figure 6: Stress paths concerning a simple shear test for ¢ = ¢ and ¢ = 0 in (a) the deviatoric
plane (b) three-dimensional view in the principal stress space (Di Prisco and Pisano, 2011)

From Figure 6 it can be observed that the case of 1) = ¢ shows more plastic deformation, compared to the case
of ¢ = 0°. This falls in line with the statement that the dilatancy angle 1) governs the plastic deformation,
with a more dilatant material showing more plastic strain.

2.3 Shear band orientation

Through numerical simulations, experiments and practical problems it has been shown that localization of
deformations is one of the most frequent failure modes of soils. In frictional material, like sand, the localization
will be in the form of a shear band as illustrated in Figure 7 (Teunissen, 2008).
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T

Figure 7: Geometry of biaxial test with shear band
(Teunissen, 2008)

The orientation of the shear band 8 will be between two limits. These two limits are Scouioms and Broscoes
which will follow Equation 12 and 13 respectively (Teunissen, 2007). The difference between these two
orientations is significant, as the friction angle ¢ is usually much larger than the dilatancy angle ¢. The
difference is in the range of 30°. Efforts to validate either the Bcouioms OF BRoscoe Orientation have shown
that both are supported by experimental evidence, with results varying depending on the material type and
falling within a certain range. The experimental data indicates that the actual orientation of the shear bands
varies between these two limits and that fine sands typically form Coulomb-type shear bands, whereas coarse
sands tend to form Roscoe-type shear bands (Vermeer, 1990).

ﬂCoulomb =45° + % (12)
ﬂRoscoe = 45° + % (13)

The orientation Beoyioms follows from maximum strength and the orientation Sroscoe follows from maximum
plasticity (Teunissen, 2022). The orientation of Bcouiomb and Broscoe in the Mohr’s circle is illustrated in
Figure 8, where they are defined as the angle between the principal stress/strain direction and the local
stress/strain direction. Mohr’s circle is determined through the center of the circle o, = (o1 + 03)/2 and
the radius of the circle 7,,, = (01 — 03)/2, with o1 representing the major principal stress and o3 representing
the minor principal stress. The circle hits the envelope when sin ¢ = 7,,,/(ccot ¢ + o,). This can be reduced
to T,mccos ¢ + sin ¢po,,, which can be written as the yield function f = 7 — ccos ¢ — sin ¢o,,. In the case of
f < 0 there will be elastic behavior and in the case of f = 0 there will be plastic behavior where the stresses
will follow the yield criterion. Stress states in the special case of f > 0 will theoretically result in stresses
above the yield criterion (Teunissen, 2016), highlighted by ”impossible stress states” in Figure 8. The plastic
strains in the Mohr-Coulomb model are determined through the plastic potential g = 7,,, — ccos ¥ — sin o,,.
As previously mentioned, v represent the dilatancy angle and governs the degree of plastic volume strain.
The plastic strain generated are defined by the derivative of the plastic potential with respect to stress j—g.
In principal space this will lead to de] = d)\(% — %sin ¢) and deh, = d)\(—% — %Sin ¢). In these formulas dA
represents the plastic multiplier, which is a measure of the degree of plasticity. The plastic multiplier is set
in place in order to satisfy the consistency relation. This relation allows stresses to stay on in yield contour
f =0 in plastic behavior, even if the stress state changes (Teunissen, 2016).
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Figure 8: Mohr’s circle for (a) stress with Scouioms = Bs = 450—1—% (b) strain with Srescoe = B = 45°+%
(Teunissen, 2016)

Teunissen (2016) highlighted that the orientation of the shear band can be linked to strength. The orientation
Bcoutoms follows from the maximum shear strength (Equation 14), and the orientation SRrescoe follows from
the maximum ratio between plastic normal deformation and plastic shear deformation with respect to the
minor principal stress. Only through the orientation Sgryscoe continuous plastic deformation is possible. The
shear strength that follows from the orientation Sgroscoe is as represented in Equation 15 (Teunissen, 2016).
Teunissen (2022) mentioned that Bcouioms follows for maximum strength and Broscoe follows for maximum
plasticity. Roscoe (1970) mentioned that the orientation of the slip line must be influenced by the plastic
flow rule.

T=c+otang (14)

cos Y cos ¢ cos ) sin ¢
=c
1 —sint cos ¢ 1 —sintsin ¢

Equation 15 directly follows from the Davis approach. Davis (1968) stated that only in the case of ¥ = ¢
the classical Coulomb equation, as defined in Equation 14, is satisfied. For any other non-associated case of
Y # ¢, the strength parameters on the slip planes no longer satisfy the Coulomb equation (Equation 14).
Therefore, the strength in the slip plane is defined as Equation 16 (Davis, 1968).

(15)

Tk = ¢k + oy tan ¢y, (16)

Theoretically, Equation 16 will hold if ¢; and ¢, are used as cohesion and friction angle in the slip planes. In
the case of associated plasticity (¢ = ¢) ¢, and ¢y are equal to the Coulomb ¢ and ¢. However, when ¢ < ¢
both ¢ and ¢ are less than the Coulomb ¢ and ¢ and Equation 17 and 18 can be used to calculate their
values (Davis, 1968).

€CoS 1 cos ¢

* T T Singsine (17)
_ cosysing
tan g = 1 —sinsin ¢ (18)

Substituting ¢ and ¢y, for the case of ¥ < ¢, in Equation 16 will result in Equation 15, which holds for any
case of 1) < ¢. In the special case of plastic deformation at constant volume, ¥ = 0°, the strength parameters
are defined as follows (Davis, 1968).

Cr, = CCOS ¢ (19)
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tan ¢y, = sin ¢ (20)
Substituting ¢ and ¢, for the case of ¢ = 0°, in Equation 16 will result in Equation 21.

T=ccos¢+ osing (21)

The difference between the definitions of the upper and lower limit following the two approaches for strength,
as defined in Equation 14 and 21, gets greater with an increase in friction angle. The difference in strength
following the two approaches is especially noticeable with ¢ > 20°. When a slip circle is analyzed for
actual embankment failure or to validate a FEM simulation, it is essential to base the analysis on the sin ¢
strength relation (Teunissen, 2016). The difference in strength is illustrated in Figure 9, in which the blue
line represents the sin ¢ relation (Equation 21) and the red line represents the tan ¢ relation (Equation 14).

0.9

&

0.8 #

&
&
o
07h &
&
06|
‘..«v"’"j
z e
= 05) "
g o
o
Q o
b 04 —~
=4 s
S

03 r

02}

01}

o . : . s \ .
0 5 10 15 25 30 35 40

20
¢ [Degrees]

Figure 9: Upper and lower limit of shear stress ratio for a non-
dilatant material with different friction angles (Teunissen, 2016)

The applied failure criteria also yields a difference in strength for a non-dilatant material. The Coulomb
strength will follow the tan ¢ relation as defined in Equation 14 and the Davis strength will follow the sin ¢
relation as defined in Equation 21 for a non-dilatant material. The difference in strength is illustrated in
Figure 10 for different friction angles.
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Figure 10: The Davis strength normalized to the Coulomb
strength for different failure criteria for non-dilatant material with
different friction angles (Teunissen, 2022)
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Overall, the shear band that will form in a failure mechanism is not known upfront. It is known between which
theoretical limit the orientation of the shear band will form. The actual shear band will form somewhere
between these limits. In a simulation to predict a failure mode of a geotechnical structure (i.e. slope, footing,
retaining structure) an assumption can be made on the expected orientation of the shear band. It is very
important to justify which orientation will be assumed, as this will have a significant effect on the strength.

2.4 Limitations

In calculation models following an associated flow rule the output will not be strongly mesh dependent.
However, Calculations involving non-associated plasticity can lead to localization upon failure, resulting in a
non-unique and strongly mesh-dependent solution de Borst (1987); de Borst and Sabet (2019). When using
non-softening models, the solution will generally converge to a fixed output with increased mesh refinement.
In FEM, a slope stability problem generally a decrease of factor of safety (FoS) will be observed with a increase
in mesh density (Teunissen, 2016; Tschuchnigg et al., 2015). A displacement based finite element analyses
adopting a strength reduction technique will show numerical instability when imposing non-associated plas-
ticity. This is especially the case with high friction angles and relatively low dilatancy angle (Tschuchnigg
et al., 2018), meaning that an increase in degree of non-associativity A will lead to an increase in numerical
instability and mesh dependence.

The displacement based FEM analyses in PLAXIS 2D determines a FoS of a slope by a so called ¢/c-reduction
also referred to as strength reduction. The method of strength reduction was first introduced by Zienkiewicz
et al. (1975), which is achieved by gradually reducing tan ¢ and ¢ until equilibrium is no longer satisfied.
This leads to the following definition of the factor of safety (Brinkgreve et al., 2016), where the ”mobilized”
subscript represents the strength quantities at failure:

tan ¢ B c

tan ¢mobilized Cmobilized

FoS = (22)
In the case of associated flow rule, both the friction angle ¢ and dilatancy angle ¥ will be reduced simulta-
neously. In the case of non-associated flow rule the friction angle ¢ is reduced and the dilatancy angle v is
kept constant, as long as the friction angle ¢ is larger than the dilatancy angle i (¢ > ). The moment the
friction angle ¢ is equal to the dilatancy angle v, both values will be reduced at the same time (Brinkgreve
et al., 2016).

User-defined model reduces tan ¢, tan ¢ and ¢ simultaneously. As a consequence the degree of non-associativity
is also affected by the reduced .

tan ¢ B c tan

tan (bmobilized Cmobilized tan ’(/}failure

FoS = (23)

2.5 [Equivalent associated plasticity

As previously mentioned applying non-associated plasticity in geotechnical calculations causes discrepancies
in the model outcome. Although non-associated plasticity allows to model soil behavior in a more realistic
manner, this method causes instability and mesh dependency in the model outcome (Chen et al., 2019).
An associated flow rule does not cause these discrepancies in numerical instability and will not show strong
mesh dependence. However, in slope stability analyses an associated flow rule may overestimate the FoS
of a geotechnical structure. Therefore, an equivalent associated plasticity will be assessed which allows to
calculate with associated plasticity based on non-associated parameters. In this case the output of the model
will not be strongly mesh dependent. The equivalent associated parameters will be determined through
equation 18 as defined by Davis (1968).

11



MSc Thesis

3 Influence dilatancy angle

This chapter investigates the influence of the dilatancy angle v on model outcome when using associated
(¢ = ¢) and non-associated plasticity (¢» = 0°). The analysis begins with Direct Simple Shear (DSS) test
simulations to demonstrate the impact of 1) on shear strength and plastic deformation. The study then extends
to practical geotechnical applications, including slope stability and retaining structure models, to illustrate
how the dilatancy angle ¢ plays a significant role particularly under confined and constrained conditions.
The findings highlight the importance of selecting an appropriate plasticity formulation, associated or non-
associated, based on the specific characteristics of the problem, particularly the boundary conditions and
expected deformation modes.

3.1 DSS test simulation

To isolate and better understand the influence of the dilatancy angle 1, this section presents a series of
DSS test simulations in PLAXIS SoilTest. The DSS test provides a controlled environment for studying
shear behavior under plane strain conditions with constant vertical stress, making it particularly suitable
for examining the effects of plastic flow rules. By incrementally varying the dilatancy angle, from fully non-
dilatant (1 = 0°) to fully associated flow (1) = ¢), the impact on shear strength and plastic strain development
can be clearly assessed. These results serve as a conceptual foundation for interpreting the influence of v
in more complex geotechnical problems addressed later in this chapter. For the DSS simulations, the Mohr-
Coulomb constitutive model is applied and the corresponding material properties of the simulated sample are
listed in Table 1. As previously mentioned, in this research the main focus will be on drained dense sands,
thus the material properties are chosen accordingly.

Table 1: Material parameters used for the simulated
soil sample in the DSS test

Description Symbol Value
Unsaturated unit weight | ~Yunsat 0 kN /m3
Saturated unit weight Ysat 0 kN/m?
Young’s modulus E.; | 10,000 kN/m?
Poisson’s ratio v 0.3
Cohesion Cref 0 kN/m?
Friction angle 10} 30°

In the DSS simulation, the unit weight of the soil sample is irrelevant and therefore set to zero. The friction
angle ¢ is held constant at 30°, while the dilatancy angle 1 is varied within the range 0° < ¢ < ¢. The
test conditions applied in PLAXIS SoilTest are listed in Table 2. These conditions will remain unchanged
throughout the report and will be applied to every DSS simulation to ensure comparability of the results.

Table 2: Test conditions applied in the DSS simulations

Description Value
Type of test Drained
Initial vertical stress o,, | 100 kN/m?
Maximum shear strain 20%
Number of steps 100

The first validation of the maximum mobilized shear strength follows through a shear stress - shear strain
relation from the simulated DSS test. In Figure 11a the shear stress and shear strain relation is illustrated for
cases ¥ = ¢ and ¥ = 0° under isotropic initial conditions (Ky = 1). In the case of ¥ = ¢, the mobilized shear
strength follows the classical Coulomb equation with the tan ¢ relation (Equation 14). Given an initial vertical
stress of o,, = 100kN/m? and a friction angle of 30°, the classical Coulomb relation will yield a mobilized
shear strength of 7 = 100kN/m? - tan(30°) = 57.7kN/m?. In the case of ¢ = 0 the mobilized shear strength
follows the Davis approach for non-dilatant material with the sin ¢ relation (Equation 21). Under the same
test conditions the Davis approach for non-dilatant material will yield 7 = 100kN/m? - sin(30°) = 50kN/m?.
Every case of 0 < ¢ < ¢ follows the Davis approach for dilatant material as defined in Equation 15. This
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is illustrated in Figure 11b. Note that the Davis approach (Equation 15) also holds for negative dilatancy
angles, which simulates compaction. This means the theoretical range for ¢ lies within —¢ < ¥ < ¢.
However, compaction is beyond the scope of this research and will not be further evaluated. This simulation
validates that the dilatancy angle 1) governs the maximum mobilized shear strength in a slip plane, with
higher dilatancy angles resulting in higher resistance.
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Figure 11: Shear stress - shear strain relation from a DSS test simulation with ¢ = 30° and Ky =1 for

the case of: (a) ¥ = ¢ and p = 0°; (b) ¢ # ¢

The case of ¢ = 0° in Figure 11a shows linearly elastic-perfectly plastic Mohr-Coulomb behavior. After
yielding the stress-strain curve plateaus, indicating that the shear strength has been fully mobilized and no
further stress can be sustained. This is a consequence of the material not being able to develop further plastic
strain after yielding. The material will show zero plastic strain. This is validated by the stress path presented
in the figure below, which confirms that no continued plastic deformation occurs once the failure envelope is
reached.
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Figure 12: Stress path from a DSS test simulation with ¢ = 30°
and Ky =1 for the case of 9 = ¢ and ¢ = 0°

As can be seen in Figure 12, both cases of 1 = ¢ and ¥ = 0° start from the same initial stress state, as
they share the same initial conditions. In the case of ¥ = 0° no plastic strain is generated. Once the stress
path reaches the failure envelope the simulated sample fails without any additional plastic deformation. This
behavior is directly linked to the dilatancy angle being zero. The stress path on the failure line is an indication
of the developed plastic strain. In a Mohr-Coulomb framework, the developed plastic strain is governed by
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the plastic potential function g, more specifically the derivative of the plastic potential function with respect
to stress g—g. The formulation of the plastic potential function g is dependent on the difference in stress,
dilatancy angle and cohesion. As this case is isotropic, meaning that the vertical stress o,, and horizontal
stress 0., are equal, the difference in stress is zero. As listed in Table 1 the cohesion equals zero in this
simulation. Consequently, the dilatancy angle is the only parameter that controls the development of plastic

strain. This explains why the non-dilatant case shows no development of plastic strain.

In the case of 1y = ¢ plastic deformation is generated unlike in the case of ¢ = 0. This is a direct result
of the increase in the dilatancy angle. As mentioned in Chapter 2, the dilatancy angle governs the plastic
volumetric strains generated. When the simulation hits the failure envelope (f = 0) trial stresses will be
generated above the failure envelope (f < 0), in the ”impossible stress space” as illustrated in Figure 8a.
These trail stress will be corrected with the plastic multiplier A in order to simulate a feasible stress state
following the failure line (f = 0).

In order to assess the influence of the initial stress state on the mobilized shear strength and the stress path,
a normally consolidated sample (Ko = 0.5) is simulated. In this stress state the initial horizontal stress o, is
half the initial vertical stress oy,. This variation in initial stress state is introduced to examine how difference
in stress influences the development of plastic strain and mobilized shear resistance. As previously stated,
the development of plastic strain is governed by the plastic potential function. For a cohesionless material,
this function is dependent on the stress difference and the dilatancy angle .
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Figure 13: Shear stress - shear strain relation from a DSS test simulation with ¢ = 30° and Ky = 0.5
for the case of: (a) » = ¢ and ¥ = 0°; (b) ¥ # ¢

To assess the influence of the difference in stress on the mobilized shear strength and plastic deformation,
simulations are performed with a different value of Ky. This parameter, defined as the ratio between the
initial vertical and horizontal stress, is now be set to 0.5. This means that the initial horizontal stress o,
is now half the initial vertical stress oy,. As a result, the initial stress state becomes anisotropic and the
difference between principal stresses is no longer zero. Figure 13 illustrates the mobilized shear strength for
0° < ¢ < ¢ with ¢ = 30° and Ky = 0.5. In this simulation the sample no longer shows a linearly elastic-
perfectly plastic Mohr-Coulomb behavior. This is an effect of stress rotation during shear. Despite the change
in stress state, the residual mobilized shear strength remains unaffected by the value of K, provided the
initial vertical stress oy, is held constant. In every case of 0° < ¢ < ¢, the peak in the mobilized shear
strength is primarily governed by the dilatancy angle . However, the initial stress anisotropy introduced
by varying Ky does influence the stress path, particularly in terms of the amount of plastic strain generated
during loading.

The corresponding simulated stress paths of the normally consolidated sample, imposed with Ky = 0.5, are

illustrated in Figure 14. A similar overall trend is observed in the stress path when compared to the isotropic
case. In the case of ¥ = 0°, less plastic strain is simulated than in the case of ¥ = ¢, as expected due to
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the dilatancy angle being set to zero. However, unlike the isotropic case this non-dilatant case (¢ = 0°)
does show development of plastic strain. This is a direct effect of the non-zero difference is stress. As
previously discussed, the development of plastic strain is determined through the derivative of the plastic
potential function with respect to stress. For a cohesionless material, this gradient is influenced by both the
dilatancy angle 1) and the difference between stresses. Since the stress difference in this case is non-zero,
plastic deformation occurs even when ¥ = 0°, demonstrating the influence of stress anisotropy on plastic flow
behavior.
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Figure 14: Stress path from a DSS test simulation with ¢ = 30°
and Ky = 0.5 for the case of ¢ = ¢ and ¢ = 0°

It is important to note that Figure 14, which illustrates the simulation with Ky = 0.5, also shows the final
stress states. In the case of ¥ = 0°, the simulation shows a final stress state of o3 = 150kN/m? and
o3 = 50kN/m?. For the case of 1 = ¢, the final stress state is o1 = 200kN/m? and o3 = 66.6kN/m?. These
final stress conditions are consistent with those obtained in the isotropic simulations (K, = 1). This indicates
that the initial stress ratio Ko, when applied with constant vertical stress oy,, does not affect the final stress
state.

In Figure 15a a DSS simulation of an overconsolidated sample is illustrated, imposed with initial stress ratio
Ky = 1.5. In this simulation, the initial horizontal stress o, is larger than the initial vertical stress oy,.
The maximum mobilized shear strength in both cases of 1) = ¢ and ¥ = 0° is identical to the simulations
imposing Ko = 1 and Ky = 0.5. This confirms that the initial stress state, governed by the value of Ky, does
not influence the maximum shear strength. Instead, the mobilized shear strength is solely governed by the
dilatancy angle v, when keeping the friction angle ¢ constant. Interestingly, in the case of ¥» = 0° a peak
shear strength can be observed, which is equal to the shear strength in the case of ¢ = ¢. The softening
behavior that can be observed after the peak resistance in the case of ¢ = 0° is caused by stress rotation.

In reality, a dense sand will dilate significantly at yield. This plastic dilation will create a looser sand, which
results in material degradation leading to a reduction in the friction angle. This material degradation is not
incorporated in the model, as the friction angle is kept constant. This simulation assumes perfect plasticity,
meaning that the strength parameters remain constant during yielding (Teunissen, 2007). The softening
behavior is the result of a decrease in horizontal stress o,,. This phenomenon is referred to as non-associated
softening, and only occurs in the case of a non-associative flow rule g # f (Vermeer, 1990).
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Figure 15: Shear stress - shear strain relation from a DSS simulation with ¢ = 30° and ¢ = 0% ¢
imposing: (a) Ko = 1.5; (b) Ky = 2.0

The stress paths corresponding to the two overconsolidated simulations in Figure 15 are illustrated in Figure
16. Interestingly, these simulations generated more plastic deformation in the case of ¥» = 0° compared to
the case of ¢ = ¢. This outcome is in contradiction with the literature, as it is stated that a higher dilatancy
angle ¢ will result in a higher degree of plastic deformation. This is a direct result of the initial stress states,
governed by Kj. It is important to note that the final stress states illustrated in Figure 16 remain unchanged
compared the previous simulations. This is because the final stress state is not influenced by K, provided the
initial vertical stress oy, is kept constant. The case of 1) = 0° shows a final stress state of o1 = 150kN/ m?>
and o3 = 50kN/m?. In the case of 9) = ¢ the simulation shows a final stress state of o7 = 200kN/m?
and o3 = 66.6kN/m?2. Only the initial stress state changes, as this is governed by Ky, which influences the
starting point of the stress path. The evolution of the stress path itself is determined through both the yield
function f and the plastic potential function g. The fact that the stress path will have to reach the unchanged
final stress path from varying initial conditions partly explains the behavior shown in Figure 15.

=== Failure line P 250  --- Failure line )%
td
200 — y=¢ (’ — y=9¢ z
p=w 200 w=0° /‘\
5 150 L fo
S & £ 150 —~
= 100 =2 X y
- & =100 s
e} p4 [e) ne
e 4
// //
50 // 50 //
0 [ Y N P e e e 0 =
S == T
s e mmm— 2 mmemm—
2 mmm——— 2 mm————
e D A —
iy ———— 0 <E---
0 20 40 60 80 100 0 20 40 60 80 100
'3 [kN/m?] o's [kN/m?]

(a) (b)

Figure 16: Stress paths from a DSS test simulation with ¢ = 30° and ) = 0°; ¢ imposing: (a) Kq = 1.5;
(b) Ko =2.0

The influence of the initial stress state on the mobilized shear strength is more clearly illustrated in Figure
17. For the case of ¢y = ¢ (Figure 17a), no peak resistance is observed and the maximum shear strength
in the simulation follows the classical Coulomb equation with the tan ¢ relation. In contrast, for the case
of ¢ = 0° (Figure 17b) the simulation shows a peak shear strength dependent on the initial stress state of
the sample. Specifically, for an overconsolidated sample the simulation shows a peak shear strength equal
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to the classical Coulomb equation, but reduces to a residual shear strength equal to the Davis approach for
non-dilatant material following the sin ¢ relation.
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Figure 17: Shear stress - shear strain relation from a DSS simulation with ¢ = 30° and varying initial
stress states imposed by K for the case of: (a) ¥ = ¢; (b) ¥ =0°

It is important to note that the Mohr’s circles corresponding to the final stress state in each simulation shift
to the right with increasing dilatancy angle . This shift is due to the increased maximum strength 7 as
a result of an increase in dilatancy angle ¥. The failure envelope remains unchanged across all cases of v
and K, as the friction angle ¢ is held constant. The failure line represents the Coulomb failure envelope,
which is governed by the friction angle ¢ and cohesion c. Since the simulations concern dense cohesionless
sand, the cohesion c is irrelevant as this is set to zero. The increase in strength affects the radius of the circle
which has to fit under the failure line, as stresses above the failure line are impossible. As a result of this
the Mohr circle shifts to the right. The simulations with Ky = 0.5, Ky = 1 and Ky = 1.5, the Mohr’s circles
of the final stress state are identical. This highlights that the initial stress ratio Ky does not affect the final
strength condition when the initial vertical stress oy, is kept constant.

100 — y=¢ — 100 — y=¢ =1 100 — y=¢ —F
p=20° L ~ y=20° 7 w=20° 4
80 SRSSRUSIOS - I (e - L (R
— y=0° s — y=0° s — y=0° 2

=== Failure line ~=~ Failure line ~== Failure line

T [kN/m?]

0 25 50 75 100 125 150 175 200 0 25 50 75 100 125 150 175 200 0 25 50 75 100 125 150 175 200
o' [kN/m?] o' [kN/m?] o' [kN/m?]

(a) (b) (c)

Figure 18: Mohr’s circles of the final stress state from the DSS test simulation with ¢ = 30° imposing
different initial stress conditions: (a) Ky = 0.5; (b) Ko =1.0; (¢) Ko = 1.5

In summary, numerical simulations of a DSS test demonstrated that the dilatancy angle 1 is the primary
factor governing the mobilized shear strength, independent of the initial stress state imposed by Ky. The
results validated that the case of ¢ = 0° satisfies the classical Coulomb equation following the sin ¢ relation.
The case of 1) = ¢ satisfies the Davis approach for non-dilatant material following the tan ¢ relation. For any
case in between 0 < 1) < ¢ the Davis expression for dilatant material will hold. While ¢ controls the peak
shear strength, the initial stress state imposed by K influences the stress path, degree of stress rotation, and
the amount of plastic deformation generated during loading. Simulations with different K values revealed
that the final stress state remains unchanged when the initial vertical stress o, is kept constant, meaning
the mobilized strength is unaffected by the initial stress state. However, the evolution of the stress path
and the developed plastic strain is sensitive to the difference in stresses caused by variations in Ky. An
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overconsolidated non-associated material (Ko > 1; ¢ = 0°) shows a peak Coulomb resistance followed
by a residual Davis resistance. This is known as non-associated softening (Vermeer, 1990). A normally
consolidated non-associated samples (Ko < 1; ¢ = 0°) do not show softening but instead mobilize a residual
Davis strength directly. Associated material (1) = ¢), showed a peak Coulomb resistance with no softening
behavior regardless of the initial stress state. The Mohr’s circles of the final stress states consistently shift
to the right with increasing 1, reflecting higher shear strength, while the failure envelope defined by ¢ and
zero cohesion remains unchanged. These findings confirm that while the dilatancy angle governs the peak
mobilized strength, the imposed initial stress ratio K controls the stress path and plastic deformation.

3.2 Slope stability

To evaluate the influence of the dilatancy angle 1 on slope stability, an embankment model is developed in
PLAXIS 2D. According to Houlsby (1991), the differences between of associated (¢ = ¢) and non-associated
(¢ = 0°) plasticity are expected to be limited for relatively unconstrained problems, such as slopes. In such
conditions, the soil mass is free to deform allowing dilation to occur at yield without significant restraint. As
a result, it is anticipated that, other than the strength, the dilatancy angle ¥ should have little influence on
model outcome. The embankment geometry applied to the model is illustrated in Figure 19. The mesh used
in this model consists of 11,350 15-node elements, which is a relatively fine mesh discretization. This level
of refinement was chosen because the difference in model outcome between associated and non-associated
plasticity becomes more pronounced with increasing mesh refinement. This aspect will be further discussed
in Chapter 4.

1 2m |
I 1

Figure 19: Geometry of the embankment used for the slope stability problem

For this analysis, the Mohr-Coulomb constitutive model is applied. The material parameters, which are
representative of a dense sand, are listed in Table 3. Although a dense sand is typically known to be
cohesionless, a small cohesion value of 1 kPa is introduced in the model. In simulations with zero cohesion,
the failure mechanism develops as a shallow slip surface along the slope. This is not representative of practical
slope failures. Including a small cohesion value helps develop a deeper and more realistic failure mechanism,
thereby improving the relevance of the simulation results for engineering applications.

Table 3: Material parameters used for the embankment
model in the slope stability analysis

Description Symbol Value
Unsaturated unit weight | ~Yunsat 18 kN/ m3
Saturated unit weight Vsat 20 kN/m3
Young’s modulus rer | 15,000 kN/m?
Poisson’s ratio v 0.3
Cohesion Cref 1 kN/m?
Friction angle 0] 30°
Dilatancy angle P 0°;30°

The aim of this model is to determine the factor of safety (FoS) and to evaluate the failure mechanism for
two scenarios: an associative case (¢ = ¢) and a non-dilatant non-associative case ¢ = 0°. The FoS is
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determined using a ¢/c-reduction method, in which both tan ¢ and ¢ are gradually reduced until the model
can no longer maintain equilibrium. In Figure 20 the safety analysis of the embankment in PLAXIS 2D is
illustrated for both cases. It should be noted that the absolute magnitude of the displacements shown in
the figure is irrelevant. When the FoS stabilizes as the displacement increase, the FoS of the slope has been
determined. The results show a higher FoS for the case of ¢y = ¢, which is due to the higher strength as
a result of the increased dilatancy angle. This case allows for greater plastic volumetric deformation before
failure occurs, resulting in improved slope stability.
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Figure 20: Comparison of the FoS in the slope stability model for
the cases of ¢ = ¢ and ¢ = 0°

As previously mentioned, in the case of 1) = ¢ the soil will show a higher strength at failure, following the
tan ¢ relation as defined in Equation 14. In contrast, for the case of non-dilatant non-associated material
(1 = 0) the soil will have a lower strength following the sin ¢ relation as defined in Equation 21. The difference
between these two relations become more pronounced with mesh refinement, a topic that will be addressed
in detail in Chapter 4. Since soil on a slope is able to deform in a relatively unconfined manner the effect
of dilation should be limited, apart from its influence on strength. This is supported by the results shown
in Figure 21, where the failure mechanisms are similar in both cases. This figure represents a shear strain
plot, illustrating the failure mechanism through the development of shear bands. The primary differences are
minor shifts in the location of the shear band near the toe and crest of the embankment. Although the output
suggests that the case of ¥ = ¢ shows less plastic deformation in the shear band than in the case of ©» =0,
this observation should be interpreted with caution. The deformations shown in a ¢/c-reduction analysis are
not absolute, as they are affected by the numerical step size adopted by PLAXIS during the analysis. Since
the method approaches a failure condition in which deformations theoretically become infinite, the step sizes
and resulting displacement magnitudes can vary between cases. Therefore, the interpretation should focus
on the failure mechanism’s shape rather than the absolute values of the deformations.

(a) (b)

Figure 21: Shear strain plot showing the shear band formation of the slope stability simulation
for the case of: (a) ¥ = ¢; (b) » =0
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The movement mechanism of the slope is illustrated in Figure 22 for the case of ¢ = ¢ and ¥ = 0°. While
the overall movement patterns are similar, the case of ¥ = ¢ (Figure 22a) shows a movement mechanism that
extends deeper into the soil body and further along the slope. This is a result of the volumetric expansion
which is controlled by . As % increases, the soil will tend to develop more plastic deformation before failure,
allowing for greater displacement and a more extensive failure mechanism.

(b)

Figure 22: Incremental displacement showing soil movement of the slope stability simulation
for the case of: (a) ¥ = ¢; (b) ¥ =0

In addition to the dilatancy angle 1, the FoS of a slope is also influenced by the friction angle ¢ itself. In
Figure 23 the relation between the dilatancy angle ¥ and the FoS for different values of the friction angle ¢
is illustrated. Each curve in the figure represents a different friction angle. For each curve a similar trend
can be observed, namely an increasing FoS with increasing ). This increase in FoS is a result of the higher
strength followed by the tan ¢ relation when 1 = ¢. Notably, all curves converge to a nearly constant FoS
at a dilatancy angle of approximately 20°, regardless of the friction angle. This suggests that beyond this
point, further increases in 1 have a negligible effect on the slope’s overall stability.
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Figure 23: Relation between FoS and dilatancy angle v, with
varying friction angles ¢ for a slope inclination oo = 26.5°

The convergence of the model outcome, in terms of FoS, in the slope stability simulations shown in Figure 23
beyond a dilatancy angle of approximately 20° is due to the way PLAXIS determines FoS in non-associated
cases (¢ # ¢). During a PLAXIS ¢/c-reduction, the friction angle ¢ is incrementally reduced while the
dilatancy angle 1 remains fixed. When the reduced, or "mobilized,” friction angle decreases to equal the
dilatancy angle, both parameters are then reduced simultaneously until equilibrium is no longer maintained.
In essence, the model behaves as non-associated until the mobilized friction angle matches the dilatancy
angle, after which the parameters become effectively associated. Once the dilatancy angle reaches a cer-
tain threshold, the difference between associated and non-associated model outcome disappears because the
friction angle must be reduced below the dilatancy angle to cause instability. For example, in the case of
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1) = ¢ for the curve with ¢ = 40° (purple curve in Figure 23), the FoS was found to be approximately 2.1.
Using tan ¢moep = t;zg according to Equation 23, the mobilized friction angle ¢, is calculated as 21.8°.
This means that the friction angle must be reduced to this value to destabilize the slope. Therefore, any
simulation with a dilatancy angle exceeding about 21.8° will yield the same FoS as an associated plasticity
model, independent of the non-associated parameters. Since the slope angle « is kept constant in these
simulations, the mobilized friction angle remains roughly the same across different friction angles represented
by the various curves. This explains why all curves converge to a constant FoS beyond a dilatancy angle near

20°.

In Table 4, the difference in FoS between the cases of 1) = ¢ and ¢ = 0° is listed for the different friction
angles ¢. This difference in the FoS is primarily a result of the difference in shear strength, where one case
follows the classical Coulomb strength and the other follows the Davis strength for non-dilatant material.
As discussed in the literature review, this difference between these strength models increases with increasing

friction angle (illustrated in Figure 9). This trend is also reflected in the slope stability simulations, where
the difference in FoS is 5.08% for ¢ = 20° and 6.74% for ¢ = 40°.

Table 4: Difference in FoS with varying
friction angle ¢ for a slope inclination o =
26.5°

v=¢ | p=0°| A%

¢ =20° | 1.042 | 0.992 5.08%
¢ =25°| 1.269 | 1.205 5.31%
¢ =30° | 1.5618 | 1.432 6.01%
¢ =235°| 1.784 | 1.672 6.70%
¢ =40° | 2.091 | 1.959 6.74%

Besides the dilatancy angle ¢ and the friction angle ¢, the FoS is also influenced by the slope inclination
a. The relation between the dilatancy angle ¥ and the FoS for different slope inclinations is illustrated in
Figure 24. Each curve corresponds to a different slope inclination «. A similar trend can be observed across
all curves. In every case of ¥ = 0° a lower FoS was determined, while in every case of 1) = ¢ a higher FoS was
determined. This directly follows from the dilatancy angle v, which governs the soil strength. Additionally, as
the slope inclination increases the FoS decreases for all cases. This figure further confirms that the mobilized
friction angle depends on the slope inclination. Holding the friction angle constant while increasing the slope
steepness reduces the required mobilized friction angle for instability to occur.
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Figure 24: Relation between FoS and dilatancy angle v, for vary-
ing slope inclinations o with ¢ = 35°

Figure 24 validates that the value of the dilatancy angle 1 at which the FoS converges to a fixed value
depends on the mobilized friction angle ¢,,0,. The black hollow dots on each curve in this figure represent
the mobilized friction angle corresponding to the specific slope inclinations. A black dotted line connects
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these points to better illustrate the influence of the mobilized friction angle. It can be observed that the
FoS output converges near the point where each curve intersects this dotted line. This implies that when
the dilatancy angle equals the mobilized friction angle, there is no difference in results between associated
and non-associated plasticity models, as the parameters effectively become associated during the reduction
process. Note that convergence occurs at a v slightly less than ¢,,0,. This is due to the degree of non-
associativity A. Because the difference between v and ¢y, is small at this stage, the model outcome will
not be very different from that of the associated case.

Table 5: Difference in FoS for varying
slope inclination a with ¢ = 35°

v=¢ | p=0°| A%
a=20° | 2540 | 2474 | 2.57%
a=25°|1.968 | 1.889 | 4.18%
a=30°| 1.593 | 1.471 | 8.29%
a=35 | 1.323 | 1.160 | 14.05%

Note that the absolute difference in FoS between the cases of 1) = ¢ and ) = 0° increases with increasing slope
inclination «. Table 5 lists this difference for various slope inclinations. At a = 35° the difference reaches
14.05%, whereas at o = 20° it is only 2.57%. As discussed in the literature review, the difference between
associated and non-associated plasticity cases increases with increasing friction angle ¢. With steeper slopes,
the friction angle needs to be mobilized less to induce failure, effectively resulting in a higher friction angle.
Therefore, the increasing difference is not directly caused by slope inclination itself, but rather by the higher
mobilized friction angle.

To summarize, the influence of the dilatancy angle ¥ on slope stability was investigated by modeling an
embankment in PLAXIS 2D. Theoretically, ¥ governs the orientation of the shear band that forms upon
failure, which in its turn controls the mobilized shear resistance in a potential slip surface. This concept was
initially validated through DSS test simulations, but practical slope stability analysis reveals some nuances.
For the slope stability problem, the case of 1) = 0° resulted in a consistently lower FoS compared to the case of
1 = ¢. This difference increased with increasing friction angle ¢, confirming findings from the literature that
non-associativity A magnifies the discrepancy between model outcomes. However, for intermediate dilatancy
angles (0° < ¢ < ¢), the FoS did not vary continuously but instead converged toward a constant value at
around 1 = 20° regardless of the friction angle for a slope inclination of & = 26.5°. This convergence behavior
arises from the numerical implementation in PLAXIS, which uses a ¢/c-reduction method to determine the
FoS. For non-associated cases, the friction angle ¢ is incrementally reduced while the dilatancy angle 1 remains
constant, until both parameters become equal. Beyond this point, ¢ and ¢ are reduced simultaneously,
effectively shifting the problem to an associated scenario. As a result, for dilatancy angles greater than this
threshold the model behaves as if fully associated. This effectively eliminates differences in FoS between
associated and non-associated cases. While the dilatancy angle plays a crucial role in governing the strength
and deformation behavior of soil in slope stability problems, numerical settings and boundary conditions
strongly influence the observed effect of 1) on model outcome.

3.3 Retaining structure

In this section, the influence of the dilatancy angle v is further investigated using a retaining structure model.
According to Houlsby (1991), the difference between associated and non-associated plasticity becomes more
pronounced as deformation becomes increasingly confined and constrained. This makes retaining structures
an ideal case to study the role of dilation under restricted deformation conditions. The retaining structure
problem is modeled as illustrated in Figure 25. To accurately capture model outcome, a mesh consisting
of 26,204 15-node elements is applied for the retaining structure simulations. As the difference between
associated and non-associated flow tend to become more nuanced with increasing mesh refinement. The
influence of mesh refinement on this behavior will be discussed in detail in the following chapter.

The geometry of the retaining structure model is shown in Figure 25. The model is constructed under plane

strain conditions to represent a typical 2D cross-section of a construction pit. In the figure, the blue vertical
line represents the retaining wall. Attached to this wall are green lines marked with “+” and “-”, which
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Figure 25: Geometry of retaining structure model

represent the positive and negative interface elements used to simulate the soil-structure interaction. The
rotated “T” symbol at the top of the wall indicates the anchor connection, providing lateral support to the
structure. On the right side of the figure, the black-outlined boxes indicate the soil volume that will be
excavated during the simulation. The right boundary of the model is treated as a symmetry axis, meaning
only half of the construction pit is modeled to reduce computational effort while maintaining accuracy.

Table 6: Soil properties used for the retaining structure model

Description Symbol Value
Unsaturated unit weight | ~vVunsat 18 kN/m?
Saturated unit weight Vsat 20 kN/m?
Young’s modulus ref 20,000 kN/m?
Poisson’s ratio v 0.25
Cohesion Cref 0.01 kN/m?
Friction angle 1) 35°
Dilatancy angle P 0°;35°

The soil and structural properties used in the retaining structure model are listed in Table 6 and Table 7,
respectively. A parameter set resembling a relatively stiff soil is used in this simulation. This choice ensures
that the soil mass bears a significant portion of the applied load, which results in greater stress redistribution
and strain development in the soil mass itself. As a result, the simulations yields clearer patterns in the
shear strain plots. These plots, which visualize the formation of shear bands, provide valuable insight into
the failure mechanism simulation by the model. This is essential for effectively assessing the influence of the
various parameters investigated in this study.

Table 7: Structural element properties used for the retaining
structure model

Description Symbol Value

0 o Unit weight w 8 kN/m/m
£ 3 Axial stiffness EA 5-10 kN/m
Z £ | Bending stiffuess | EI | 5-10° kNm2/m
~ £ Poisson’s ratio v 0.2

5 Spacing Lpacing 5m

g Axial stiffness EA 5-10 kN/m

i direction x - 15m
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The shear strain distribution from the retaining structure simulations is illustrated in Figure 26 for both cases
of 1 = ¢ and ¢ = 0°. These shear strain plots visualize the formation of shear bands, which serve as a clear
representation of the failure mechanism in each scenario. As anticipated, the failure mechanisms are very
different between the cases of ¢ = ¢ and ¢ = 0°. The literature review highlighted that the influence of the
dilatancy angle becomes more pronounced in problems where deformation is highly confined or constrained,
such as retaining structures. In the case of ¢ = 0°, distinct and well-defined shear bands develop on both
the active and passive side of the wall. At first glance, the case of ¢» = ¢ shows no distinct shear band
formation in Figure 26a. However, a more detailed inspection of the shear strain contours (Figure 27) reveals
the presence of a local failure mechanism.

(a) (b)

Figure 26: Shear strain plot showing shear band formation in the retaining structure simu-
lation for the case of: (a) ¥ = ¢; (b) ¥y =0

Figure 27 shows a zoomed-in view of the shear strain distribution for the case of 1) = ¢, focusing on the passive
side of the retaining structure. This detailed vied reveals the simulated failure mechanism more clearly. The
highest concentration of shear strain is observed near the bottom of the excavated zone, which corresponds
to the location where the retaining structure exerts the greatest pressure on the soil at the passive side. This
zone experiences the most significant stress changes due to the force imposed by the wall. Given the high
dilatancy angle in this simulation (¥ = ¢), the soil tends to expand as it deforms plastically. However, this
dilation is constrained by the retaining structure. The inability of the soil to expand in response to loading
leads to failure in this confined zone.

Figure 27: Shear strain plot zoomed in on the passive
side of the retaining structure, showing the local failure
mechanism for the case of ¥ = ¢

The incremental displacements generated in the final phase of the retaining structure simulation is illustrated
in Figure 28 for the cases of 9 = ¢ and ¢ = 0°. These displacement plot provide insight on the overall
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deformation behavior of the soil mass. For the case of 1) = 0°, the largest displacements are observed along
the active and passive sides of the retaining structure, particularly concentrated near the shear bands. In
contrast, for the case of ¥ = ¢ the displacements are predominantly concentrated on the passive side near
retaining structure. This is consistent with the observed shear strain distribution (Figure 27), where soil
dilation is most pronounced but also most restricted. The contrast in displacement patterns between the two
cases further highlights the influence of the dilatancy angle on deformation behavior in confined geotechnical
problems.

AT

TATATATAVATL.S

(a) (b)

Figure 28: Incremental displacements for the retaining structure in the case of: (a) ¥ = ¢;

(b) ¥ =0°

In Figure 29 the incremental displacement is visualized using arrows, zoomed in on the passive side of the
retaining structure for the case of ¢p = ¢. This figure validates the simulated failure mechanism. The
displacement arrows indicate that the soil is being pushed away by the retaining structure. Due to the high
dilatancy angle, the soil tends to expand upon loading. However, this dilation is constrained by the retaining
structure, resulting in failure.

Figure 29: Incremental displacement plot zoomed in
on the passive side of the retaining structure, showing
the local movement mechanism in the case of ¢ = ¢

In addition to influencing the failure mechanism, the dilatancy angle 1 also affects the displacements, forces
and bending moment of the retaining structure. For consistency, this report will focus on the bending
moment, which provides a clear indication of the influence of the different parameters investigated in this
research. The simulated bending moment along the retaining structure is illustrated in Figure 30. The
positive bending moment is caused by the soil on the active side pressing against the retaining structure. In
the case of b = 0°, this positive bending moment is higher compared to the case of 1 = ¢. As the strength
of the soil is lower in the case of ) = 0°, the retaining structure will bear a larger share of the load. This
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will result in an increase in bending moment along the retaining structure. A similar effect of reduced soil
strength was also observed in the slope stability simulations. In the case of ¥ = ¢, the negative bending
moment is higher compared to the case of 1 = 0°. This is caused by the failure mechanism characteristic of
the high dilatancy case. As mentioned earlier, the retaining structure exerts the greatest pressure against the
top of the excavated soil. Because the soil has a high dilatancy angle, it tends to expand upon failure. This
volumetric expansion generates a significant bending moment at this location along the retaining structure.
Since this failure mechanism is dominant only when 1 = ¢, it explains why the negative bending moment is
higher in that case.
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Figure 30: Bending moment of the retaining structure for the
cases of ¥ = ¢ and ¥ = 0°

Figure 31 illustrates the influence of the friction angle ¢ on the bending moment in the retaining structure.
Each curve represents a different friction angle and includes simulations for every case within the range of
0° < ¥ < ¢. When examining the positive bending moment in Figure 31a, a similar trend can be observed
as the slope stability simulations. Specifically, comparing the two extremes ¥ = ¢ and ¥ = 0° shows that
the case of ¥ = ¢ results in a lower positive bending moment, whereas the case of ¢ = 0° results in a higher
bending moment. This is due to the higher strength of the soil in the case of ¥ = ¢, allowing it to carry a
greater portion of the load. In contrast, the weaker non-dilatant soil (¢» = 0°) causes the retaining structure
to bear more of the load, leading to increased bending moments.
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Figure 31: Influence of the friction angle ¢ on model outcome in the retaining structure simulations in
terms of: (a) Positive bending moment; (b) Negative bending moment
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Interestingly, in contrast to the slope stability simulations, the intermediate cases 0° < ¥ < ¢ shows a dip
in bending moment that was not previously observed. The negative bending moment shows a similar trend,
initially decreasing and then increasing with increasing dilatancy angle ¢. These dips are a direct consequence
of the changing failure mechanisms in the simulations.

To gain a better understanding of this phenomenon, the bending moment of the retaining structure for
different values of ¢ with constant ¢ is illustrated in Figure 32. For the positive bending moment, a decrease
is observed from 1 = 0° up to ¢ = 25°. From 3 = 25° to ¥ = ¢ there is an increase in positive bending
moment, as observed in Figure 31a and Figure 32. A similar trend is found in the negative bending moment
of the retaining structure. In the negative bending moment there is an initial increase in moment from v = 0°
to ¢ = 5°, which is followed by a decrease in moment from ¥ = 5° to ¥» = ¢. These non-linear responses are
linked to the developed failure mechanisms, which shift as a results of an increase in the dilatancy angle .
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Figure 32: Influence dilatancy angle ¢ on the bending moment of
the retaining structure with ¢ = 35°

Figure 33 illustrates the failure mechanisms corresponding to the cases plotted in Figure 32. These figures
show the shear strain plots in logarithmic scale for varying dilatancy angle ¢, with the friction angle ¢ kept
constant. It can be observed that starting after a dilatancy angle of approximately 1) = 5°, the shear bands
begin to concentrate on the passive side of the retaining structure. The shear strain plots start to show
darker contouring as the passive side. This shift in the failure mechanism explains the trend observed in
the negative bending moment beyond v = 5°, the failure mechanism becomes increasingly dominant on the
passive side, resulting in an increasing magnitude of the negative bending moment (i.e. the bending moment
becomes more negative). As the dilatancy angle increases further, and reaches 1 = 25°, the failure mechanism
becomes localized near the top of the excavated soil on the passive side. At this point, the dilative behavior
of the soil is significant enough to cause pronounced expansion, leading to a distinct failure mechanism. The
resulting soil expansion causes a strong force against the retaining structure in this region, increasing the
negative bending moment to such an extent that it must be counteracted by an increase in the positive
bending moment. This interaction explains the non-linear behavior observed in the positive bending moment
curve beyond 1 = 25°.
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(e) ()

Figure 33: Influence of the dilatancy angle ¥ on the failure mechanism (logarithmic scale)
for the retaining structure model keeping the friction angle constant at ¢ = 35° for the case

of: (a) 1 = 0% (b) ¢ = 5% (c) ¢ =10% (d) ¥ = 20°; (e) ¥ = 25% (f) Y = ¢

To summarize, in the retaining structure simulations the influence of the dilatancy angle i) on the failure
mechanism and bending moment was assessed. The model was designed with a relatively flexible retaining
structure and stiff soil to ensure that the soil body carried most of the load, allowing for clear visualization
of the failure mechanism through shear strain plots. Results showed a significant difference in the failure
mechanism between the cases of ©» = ¢ and ©¥» = 0°. In the non-associated case, shear bands developed on both
the active and passive sides, while in the associated case, failure localized at the top of the excavated passive
side due to restricted dilation. The bending moments further demonstrated the effect of dilation. A lower
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strength in the case of 1) = 0° resulted in higher positive bending moments, as the retaining structure had to
resist more soil load. In contrast, the case of 1 = ¢ led to higher negative bending moments. Interestingly,
intermediate values of 1 (0° < 1 < ¢) revealed non-linear trends in bending moments, showing peaks not
observed in previous sections. These were linked to shifting failure mechanisms, where at low ¢ failure was
more distributed, while at higher v failure became localized on the passive side. This transition explains
the observed peaks in both positive and negative bending moments. Overall, the simulations confirmed that
dilatancy plays a crucial role in confined problems like retaining structures, not only in strength but also in
determining the failure mechanism.
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4 Mesh dependency

Using non-associated plasticity in FEM will lead to numerical instability, non-uniqueness and localization,
which will result in a mesh dependent outcome. In contrast, when associated plasticity is applied, the
model outcome tends to be consistent under mesh refinement. As highlighted in the previous chapter, the
dilatancy angle v plays a significant role in influencing model outcome, particularly in problems where the
soil deformation is constrained. Therefore, this chapter will discuss the same two problems, slope stability
and a retaining structure, to investigate the extent of mesh dependency in model outcome in the case of
associated (1) = ¢) and non-associated plasticity (¢ = 0°).

4.1 Slope stability

The slope stability model previously discussed in Chapter 3.1 is used in this section to evaluate the mesh
dependence in model outcome the case of associated (¢ = ¢) and non-associated plasticity (¢ = 0°). As
in the previous chapter, the model outcome will be measured in terms of factor of safety (FoS). In addition
to model outcome, the simulated failure mechanisms for both plasticity formulations will be analyzed, with
particular attention to how they are influence by mesh density and the magnitude of the dilatancy angle .
The geometry of the embankment is illustrated in Figure 19 and the soil properties are listed in Table 3,
which can be found in Chapter 3.1.

The degree of mesh refinement is illustrated in Figure 34. Figure 34a shows the coarsest mesh, consisting
of 118 elements, and Figure 40b shows the finest mesh, containing 46,420 elements. The mesh elements
generated in PLAXIS are high-order 15-node triangles with 4th-order interpolation of displacements.

(a) (b)

Figure 34: Degree of mesh refinement applied in the slope stability model: (a) Coarsest mesh consisting
of 118 elements; (b) Finest mesh consisting of 46,240 elements

Given the relatively simple geometry of this model, no local mesh refinement was applied. Instead, the global
mesh coarseness was incrementally reduced across the entire geometry. For more complex geometries local
mesh refinement is recommend to reduce computation time. A practical approach is to first run the model
using the “very fine” mesh preset in PLAXIS to identify the formed failure mechanism. Based on the failure
mechanism, the mesh can the be locally refined to enhance the accuracy of model outcome while limiting
overall computation time.

The relation between mesh density and FoS is presented in Figure 35. In the case of ¥ = ¢, the FoS is
not strongly dependent on the mesh density. Some convergence at very coarse meshes can be observed,
as a very coarse mesh will not allow to capture the slip plain accurately. In contrast, the case of ¢ = 0°
shows a pronounced mesh dependence, with the FoS decreasing approximately 8.5% as the mesh is refined.
This sensitivity is caused by localization, a known issue in non-associated plasticity. With increasing mesh
refinement the FoS appears to converge, showing a variation of about 1.4% in the post-converged range.

Notice that the difference in FoS between the case of 1 = ¢ and ¥ = 0° becomes more pronounced with mesh

refinement, eventually hitting a plateau at 10,000 elements in this particular geometry. At convergence, the
difference in terms of FoS between the cases 1) = ¢ and 1) = 0° is approximately 7%.
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Figure 35: Effect of mesh refinement on model outcome in terms
of FoS for a slope stability simulation in the case of ¥ = ¢ and

=0

In PLAXIS, a preset mesh density can be selected without manually adjusting the coarseness factor in the
geometry. Figure 36 highlights the output corresponding to the “very fine” mesh, which contains 796 elements
in this particular geometry. As the name suggests, this mesh is generally considered to be sufficiently refined
to produce mesh independent results. In the case of ¢ = ¢ this hold true, as the output shows a FoS of 1.52
corresponding to the “very fine” mesh and remains unchanged with further mesh refinement. However, in
the case of ¢ = 0° the output has not yet converged at the “very fine” mesh. In this case the FoS is 1.47 for
the “very fine” mesh and eventually reducing to 1.42 with mesh refinement. This observation demonstrates
that the conventionally accepted “very fine” mesh is not adequate when using non-associated plasticity, due
to the increased sensitivity to mesh refinement.
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Figure 36: Highlighted model outcome of the slope stability sim-
ulation for the “very fine” mesh preset in PLAXIS for the case of

= ¢ and ¢ = 0°

Figure 37 illustrates the influence of the friction angle ¢ on the convergence behavior of the slope stability
simulations. The curves in this figure represent different values of ¢, ranging form 20° to 40°. Each curve
corresponds to a non-dilatant and non-associated case, where the dilatancy angle is set to zero (¢ = 0°). The
simulation were performed with mesh densities ranging from 55 to 19,673 elements. Refinement was stopped
at 19,673 elements, as further increases in mesh density had negligible influence on model outcome. The
results indicate that the number of elements required for convergence is independent of the magnitude of the
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friction angle ¢. For all cases, the model outcome converges at approximately 10,000 elements. This suggests
that convergence is not governed by the model parameters of the soil, but is instead primarily dependent on
the geometry of the model.
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Figure 37: Effect of mesh refinement on model outcome in terms
of FoS for varying friction angle ¢ in the case of ¢ = 0°

In addition to evaluating the model outcome, the simulated failure mechanism is assessed under mesh re-
finement. More specifically, attention is given to the formation of the shear band. Figure 38 presents the
development of shear bands for increasing mesh densities in the case of ¢ = ¢. In this case, both the shape
and thickness of the shear band remain relatively consistent under mesh refinement, indicating limited sen-
sitivity to mesh refinement. Note that the mesh containing 11,350 elements, depicted in Figure 38c, was
applied in Chapter 3.

(c) (d)

Figure 38: Shear band formation in the slope stability simulation for the case of 1) = ¢ using a mesh
of: (a) 796 elements; (b) 5,093 elements; (c) 11,350 elements; (d) 28,902 elements
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The shear bands for the case of ¢ = 0° with increasing mesh density are illustrated in Figure 39. It is
evident that mesh refinement has a significant influence on the thickness of the formed shear band. The
thickness of the shear band decreases significantly with mesh refinement. This behavior is a consequence of
the absence of an internal length scale in the model to constrain shear band thickness. Since non-associated
plasticity is used in this case, the model will show strain localization. As a result, the formed shear band
will thin indefinitely with further mesh refinement and theoretically approaches a zero-thickness shear band
(Miihlhaus and Vardoulakis, 1987). In reality, a shear band has a finite thickness, amounting to a small
multiple of the mean grain diameter. This finite width is due to the microstructural interaction between the
soil particles, such as grain rotation and contact forces (Desrues et al., 1996).

(a) (b)

(d)

Figure 39: Shear band formation in the slope stability simulation for the case of ¥» = 0° using a mesh
of: (a) 796 elements; (b) 5,093 elements; (c) 11,350 elements; (d) 28,902 elements

In summary, the results show that in the case of ©» = ¢ the model outcome of a slope stability problem
is relatively insensitive to mesh refinement. The model outcome proved to be stable even at moderate
mesh densities. Correspondingly, the shape and thickness of the shear bands remain consistent as mesh
densities increase. In contrast, the model outcome corresponding to the case of 1 = 0° showed to be strongly
mesh dependent. The FoS decreased by 8.5% with mesh refinement, showing a variation of approximately
1.4% post-convergence, which was reached at around 8,000 elements. Moreover, the thickness of the shear
bands decreased substantially with mesh refinement. This behavior is a consequence of the absence of an
internal length scale in the model, allowing the shear band to thin indefinitely, theoretically approaching zero
thickness with further refinement. Furthermore, the analysis demonstrated that the mesh density required for
convergence is largely dependent on geometry applied in the model. These findings highlight the importance
of the applied mesh density in FEM, especially when using non-associated plasticity (¢» = 0°), to ensure
reliable model outcome.

4.2 Retaining structure

This section investigates the influence of mesh refinement on the model outcome of the retaining structure
problem previously introduced in Chapter 3.2. The analysis will be done for both the case of ¥ = ¢ and ¢ =
0°. For this problem, the primary focus is on the bending moment distribution within the retaining structure
as the key model outcome. In addition, the simulated failure mechanism, particularly the development of
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shear bands in the surrounding soil, is evaluated under different mesh densities. The geometry of the retaining
structure model is illustrated in Figure 25. The corresponding soil and structural properties are listed in
Table 6 and 7 respectively.

The degree of mesh refinement is illustrated in Figure 40. Figure 40a shows the coarsest mesh, consisting of
213 elements, and Figure 40b shows the finest mesh, consisting of 47,743 elements. It is important to note
that in PLAXIS automatically applies local mesh refinement around a structural element, to better capture
stress concentration and interaction effects.

(a) (b)

Figure 40: Degree of mesh refinement applied in the retaining structure model: (a) Coarsest mesh
consisting of 213 elements; (b) Finest mesh consisting of 47,743 elements

The effect of mesh refinement on the model outcome, in terms of bending moment, of the retaining structure
simulation is illustrated in Figure 41. In this figure, the solid lines represent the bending moment obtained
with the coarsest mesh. The dotted lines represent the bending moment obtained with a finer mesh. A trend
similar trend to that of the slope stability analysis can be observed. In the case of 1) = ¢, the bending moment
on the retaining structure is relatively independent to mesh density. In contrast, the bending moment in the
case of ¥ = 0° shows strong dependence on the mesh refinement. Similar to the slope stability simulations,
this analysis proved that when using non-associated plasticity coarser meshes tend to yield more conservative
soil strength. Finer meshes simulate lower mobilize strength due to increase strain localization, which in turn
leads to a higher bending moment on the retaining structure.
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Figure 41: Effect of mesh refinement on model outcome in
terms of bending moment acting on the retaining structure
for the case of ¢ = ¢ and ¢ = 0°
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As discussed in Chapter 3, the two cases result in different failure mechanisms, which in turn influence the
strain development and consequently the stress change in the simulation. For the case of ¥ = ¢, the bending
moment is largely insensitive to mesh refinement. Only a slight increase in the negative bending moment is
observed with mesh refinement. The behavior is a result of the failure mechanism developing at the passive
side of the retaining structure, where the wall pushes against the soil. In this region the soil tends to dilate
heavily, however its deformation is constrained. Mesh refinement allows this failure mechanism to be more
accurately captured, leading to localized increase in bending moment. In contrast, the case of ) = 0° shows
strong sensitivity to mesh refinement. Both the positive and negative bending moment increase significantly
as the mesh is refined. The difference in positive and negative bending moment between coarsest and finest
mesh in this case reaches approximately 19% and 9% respectively. This result reflects the influence of strain
localization associated with non-associated flow, which becomes more pronounced with finer mesh densities.
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Figure 42: Effect of mesh refinement on model outcome acting on the retaining structure for the case
of Y = ¢ and ¢ = 0° in terms of: (a) Positive bending moment; (b) Negative bending moment

The convergence of the model outcome, in terms of positive and negative bending moment, is illustrated
in Figure 42. As with the slope stability simulations, the retaining structure analysis shows strong mesh
dependence in the case of ¢ = 0°, while the case of ¥ = ¢ shows relatively stable results with mesh
refinement. Focusing on the convergence of the positive bending moment in the case of ¢ = 0°, as shown in
Figure 42a, a greater spread can be observed compared to the slope stability simulations. This variability
is even more pronounced in the negative bending moment, illustrated in Figure 42b. The observed scatter
is a result of the formation of shear bands. The shear strain plots (Figure 45) reveal that the location and
intensity of shear bands in the retaining structure varies across different mesh densities, particularly near
the base of the retaining wall. These localized strain concentrations influence the internal forces within the
wall, including the bending moment. This explains the greater scatter observed in the convergence plots,
highlighting the increased sensitivity to mesh refinement in problems where soil deformation is constrained,
such as retaining structures.

The model outcome corresponding to the “very fine” mesh preset in PLAXIS is highlighted in Figure 43.
In this geometry the “very fine” mesh preset contains 2,361 elements. As with previous results, the “very
fine” mesh proves to be sufficiently refined for the case of ¥ = ¢, as the bending moment output remains
unchanged with further mesh refinement. However, in the case of 1) = 0° required further mesh refinement
for convergence. This once again proved that the “very fine” mesh preset is not adequate when using non-
associated plasticity due to the model’s increased sensitivity to strain localization and mesh density.
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Figure 43: Highlighted model outcome of the retaining structure simulation for the “very fine” mesh
preset in PLAXIS for the case of ¢ = ¢ and ¢ = 0° in terms of: (a) Positive bending moment; (b)
Negative bending moment

As highlighted in the previous chapter, the case of 1) = ¢ does not show pronounced shear banding in the
shear strain plots. Therefore, to evaluate the influence of the mesh refinement on the simulated failure
mechanism, incremental displacement plots are assessed instead. These are illustrated in Figure 44. As
shown, the displacement patterns remain consistent with increasing mesh density, further confirming the
mesh independent behavior of the associated plasticity formulation in this retaining structure simulation.

(©) (d)

Figure 44: Total incremental displacement in the retaining structure simu-
lation for the case of 1) = ¢ using a mesh of: (a) 2,361 elements; (b) 11,403
elements; (c) 26,204 elements; (d) 35,478 elements
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(c) (d)

Figure 45: Shear band formation in the retaining structure simulation for the case of ¥ = 0°
using a mesh of: (a) 2,361 elements; (b) 11,403 elements; (c) 26,204 elements; (d) 35,478
elements

The shear band formation with increasing mesh refinement for the case of ¥y = 0° is illustrated in Figure
45. As observed in the slope stability simulations, the shear bands become progressively thinner with finer
mesh densities, due to the model lacking an internal length scale. Additionally, the intensity of the shear
strain, indicated by the shaded lines, also increases with mesh refinement. Particularly the shear bands near
the lower part of the retaining wall vary in location and intensity across mesh densities. This variability
introduces considerable uncertainty in the bending moment along the retaining structure. The inconsistency
in strain localization patterns at the lower part of the structure explains the considerable spread observed in
the convergence plots, particularly for the negative bending moment.

This section examined the influence of mesh refinement on the numerical behavior of the retaining structure,
for both cases of ¥ = ¢ and b = 0°. The primary focus was on the bending moment distribution along the
retaining structure, with additional evaluation of failure mechanisms through displacement and shear strain
plots. The results demonstrate that the case of 1y = ¢ produces mesh independent results. Both bending
moments and displacement patterns remained consistent across different mesh densities, and shear banding
was not strongly expressed. In contrast, the case of ¢» = 0° showed clear dependence on mesh density, with
the bending moment starting to converge after approximately 11,000 elements, though it continued to show a
wide scatter across different mesh densities. The bending moment, especially the negative component, showed
significant variation with mesh refinement. Shear strain plots revealed increasingly narrow and intense shear
bands with refinement, particularly near the base of the wall.

37



MSc Thesis

5 Equivalent associated plasticity

While non-associated plasticity models offer a more accurate representation of granular soil behavior, they are
often accompanied by numerical challenges. These include mesh dependence, localization and non-unique
solutions in FEM simulations. To address these limitations, equivalent associated plasticity approaches
have been proposed. These methods simulate non-associated behavior by adjusting strength parameters
within an associated flow rule framework, offering improved numerical robustness. This chapter explores
the effectiveness of equivalent associated plasticity, with particular focus on the approach proposed by Davis
(1968). The method is evaluated using the same three problems introduced in previous chapters: the DSS
test, the slope stability model and the retaining structure model. The objective is to assess to what extent
equivalent associated models can replicate the mechanical response of non-associated models and to identify
the limitations and conditions under which they provide a reliable approximation.

5.1 DSS test simulation

To validate the applicability of equivalent associated plasticity a DSS test is simulated in PLAXIS SoilTest.
The simulation setup mirrors the earlier case described in Chapter 3, ensuring a consistent basis for com-
parison. The material parameters applied are listed in Table 8. In this case, an equivalent associated model
is established by calculating an equivalent friction angle ¢y based on the Davis approach (Equation 18).
This equivalent friction angle is then used in an associated flow rule framework by setting the dilatancy angle
Y = ¢pqv. This allows for simulating non-associated behavior within an associated plasticity model, thereby
improving numerical stability.

Table 8: Material parameters used for the equivalent
associated sample in the DSS test simulation

Description Symbol Value
Unsaturated unit weight | ~Vunsat 0 kN/m?
Saturated unit weight Vsat 0 kN/m?
Young’s modulus E.; | 10,000 kN/m?
Poisson’s ratio v 0.3
Consolidation Ky 0.5
Cohesion Cref 0 kN/m?

Using the material properties listed in Table 8, a DSS test is simulated in PLAXIS SoilTest to evaluate
the performance of the equivalent associated plasticity model in replicating shear strength. The equivalent
friction angle ¢rqgy is calculated using Equation 18, with ¢ = 30° and ¥ = 0° as input. The corresponding
parameter sets for both cases are provided in Table 9. The results are presented in Figure 46, which illustrates
the shear stress—shear strain relations for the two cases of 1 = 0° and ¥ = ¢rqv.

Table 9: Parameter sets applied in the DSS simulation

Parameter Non-associated flow | Equivalent associated flow
(v =0°) (Y = dpqv)
Friction angle ¢ = 30° ¢ = 26.6°
Dilatancy angle P =0° 1 = 26.6°

The simulated mobilized shear stress is identical for the cases of ¢ = ¢pgy and ¢ = 0°. As explained in
Chapter 3, a non-associated case will show mobilized strength as defined by the Davis approach for non-
dilatant material (Equation 15). With an initial vertical stress oy, of 100kN/m? and a friction angle of
30° in the case of 1 = 0° will lead to a mobilized shear strength of 7 = 100kN/m? - sin(30°) = 50kN/m?.
An associated case will follow the classical Coulomb equation. In the case of ¥ = ¢gqy this will yield
a mobilized shear strength of 7 = 100kN/m? - tan(26.6°) = 50kN/m?2. This confirms that the equivalent
associated plasticity approach reproduces the same mobilized shear strength as the non-associated model.
The mobilized shear strength is illustrated in Figure 46 for both cases.
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Figure 46: Shear stress - shear strain relation from a DSS simula-
tion for non-associated plasticity (¢ = 0°; ¢ = 30°) and equivalent
plasticity (¢ = PEQV = 26.6°)

The corresponding stress paths for the DSS simulation presented in Figure 46 are illustrated in Figure 47.
In the case of ¥y = ¢ggv, more plastic strain is simulated due to the higher dilatancy angle. As discussed
earlier, the magnitude of plastic strain generated is primarily governed by the value of v). Additionally, it can
be observed that the stress path in the case of 1 = ¢y follows a different failure envelope than the case of
1 = 0°. This is a result of the difference in friction angle, as the cases where simulated for ¢ gy = 26.57°
and ¢ = 30°. Since the Mohr-Coulomb contour is directly influenced by the friction angle ¢, each stress path
will conform to its respective failure envelope. As a result, the stress evolution and failure mechanism differ
slightly between the two models.
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Figure 47: Stress path from a DSS simulation for non-associated
plasticity (¢ = 0°¢ = 30°) and equivalent plasticity (¢ =
¢EqQv = 26.6°) with corresponding failure lines

In Figure 48 the Mohr’s circles corresponding to the final stress state are illustrated, for both the cases of
1 = 0° and ¢ = ¢ppqv. Although both simulations exhibit the same mobilized shear strength, the maximum
shear strength in the final stress state, defined as 7 = 22523 differs between the two cases. For the case of
1 = 0° with o7 = 150kN/m? and o3 = 50kN/m?, the maximum shear strength is 7 = 50kN/m?. In contrast,
the case of ¢ = ¢pgy yields o1 = 180kN/m? and o3 = 70kN/m?, resulting in a maximum shear strength is
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T = 55kN/m?. This discrepancy arises from the use of an associated flow rule in the equivalent model, which
permits greater plastic volumetric deformation, thereby altering the stress redistribution despite achieving
the same mobilized shear strength.
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Figure 48: Mohr circles for the DSS simulation for non-associated
plasticity (¢p = 0°¢ = 30°) and equivalent plasticity (¢p =
¢V = 26.6°) with corresponding failure lines

In this section, a DSS test was simulated using PLAXIS SoilTest to evaluate the effectiveness of equivalent
associated plasticity in replicating non-associated behavior. Two cases were compared: a non-associated
model with ¢ = 0° and ¢ = 30°, and an equivalent associated model using ¢ = ¢rpgy = 26.6°. Both
simulations yielded the same mobilized shear strength of 50kN/m?, validating that equivalent associated
plasticity can accurately reproduce the strength behavior of a non-dilatant material. However, differences
were observed in plastic strain development and stress path trajectories. The equivalent associated model,
due to its non-zero dilatancy angle, showed more plastic deformation and followed a different Mohr-Coulomb
contour. Mohr’s circle analysis further revealed that while the mobilized shear strength was identical, the
maximum shear strength differed between the two cases due to differing flow rule. These findings confirm
that equivalent associated plasticity can replicate the strength of non-associated behavior, but introduces
differences in deformation characteristics due to the associated flow rule framework.

5.2 Slope stability

In the DSS simulation, the equivalent associated plasticity, based on the Davis approach, was shown to
accurately reproduce the mobilized shear strength of a non-associated model at a single stress point. However,
slope stability analyses involve complex stress states and strain distributions. In this section, the performance
of the equivalent associated plasticity is assessed in a slope stability model. The same slope geometry and
material properties as presented in previous chapters are used to ensure consistency and comparability. The
parameter sets applied for the associated and non-associated cases, along with the equivalent associated
model, are listed in Table 10.

Table 10: Parameter sets applied to the slope stability model

Parameter Associated flow | Non-associated flow | Equivalent associated flow
(v =9) (1 =0°) (¥ = ¢pov)
Friction angle ¢ = 30° ¢ = 30° ¢ = 26.6°
Dilatancy angle ¥ = 30° P =0° 1 = 26.6°

The relation between mesh size and the FoS is illustrated in Figure 49 for three cases: associated (¢ = ¢),
non-associated (¢ = 0°) and equivalent associated (¢ = ¢gpgv). As expected, the model outcome for the
case of ¢ = ¢pqv shows limited sensitivity to mesh refinement, attributed to the use of an associated flow

40



MSc Thesis

rule. However, the FoS predicted by this case is significantly lower than that of the case of ¥y = 0° on
which the equivalent model was based. This indicates that the equivalent associated plasticity simulates a
weaker soil response than the original non-associated model. This underprediction is a direct result of the
conservative nature of the Davis approach. As discussed in the literature review, the Davis method provides
a lower boundary of shear strength by assuming the orientation of the shear band follows 5 = 45° + %, with
1 = 0° in the non-dilatant case. In contrast, the upper boundary corresponds to 8 = 45° + %, which results
in the classical Coulomb relation. The true failure mechanism likely lies somewhere between these bounds.
Therefore, while the Davis approach offers a simplified and robust means to approximate non-associated
behavior within an associated framework, it inherently yields conservative predictions in boundary value
problems such as slope stability.
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Figure 49: Effect of mesh refinement on model outcome in
terms of FoS for the slope stability simulation in the case of

Y =¢,¢%=0°and ¥ = drqv

Figure 50 presents the model outcome corresponding to the “very fine” mesh preset in PLAXIS for the
three cases. It can be observed that the “very fine” mesh is sufficiently refined for the case of ¥ = ¢rgv,
as the FoS stabilizes and becomes nearly mesh independent. This indicates that the equivalent associated
plasticity model performs well in terms of numerical stability and convergence. Despite its conservative
prediction of shear strength, as discussed previously, the method shows promise in producing consistent and
mesh independent results. This characteristic is particularly valuable in practical applications, where mesh
sensitivity can compromise the reliability of FEM simulations.
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Figure 50: Highlighted model outcome of the slope stability

simulation for the “very fine” mesh preset in PLAXIS for
the case of ¢ = ¢, ¥ = 0° and ¥ = ¢prgv
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By reducing the friction angle from 30° to 27.8°, referred to as ¢rgp, the model outcome from the non-
associated case with ¢ = 0° was successfully matched. Since this reduced friction angle was applied within
an associated plasticity framework, the model was not strongly mesh dependent. This demonstrates that
an associated model with a carefully calibrated reduced friction angle can replicate the behavior of a non-
associated model, while avoiding the numerical issues typically experienced with non-associated formulations.
Notably, the reduced friction angle ¢prpp is approximately 0.9 times the actual friction angle, which could
a practical rule of thumb for calibrating equivalent associated models. Furthermore, the value of ¢rgp falls
between the actual friction angle and the equivalent friction angle (drov < ¢rep < ¢), confirming that
the true simulated mobilized strength lies between the upper and lower bounds defined by the Coulomb and
Davis formulations respectively.
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Figure 51: Effect of mesh refinement on model outcome
in terms of FoS for the slope stability simulation in the

case of 1) = ¢, 1) = 0° and ¥ = ¢rED

Figure 52 illustrated the shear band formation of the slope stability simulations for the cases of non-associated
plasticity (¢ = 0°), associated plasticity (¢ = ¢), equivalent associated plasticity (¢ = ¢rgv) and reduced
associated plasticity (¢ = ¢rep). The failure mechanisms appear highly similar across all associated cases.
This indicates that in this relatively unconstrained problem, the equivalent associated models do not signifi-
cantly influence the development of the shear band.

(c) (d)

Figure 52: Shear strain plot showing the shear band formation of the slope stability simulation
for the case of: (a) ¢ = 0° & ¢ = 30°; (b) ¥ = ¢ = 30°% (c) ¥ = drgv = 26.6° (d)
¥ = ¢rpp = 27.8°
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To summarize, the slope stability simulations evaluated the performance of equivalent associated plasticity
(¢ = ¢rov) in a boundary value problem. While ¢gqy, derived using the Davis approach, matched the
mobilized shear strength of a non-associated model in a DSS test simulation, its application in slope stability
revealed key limitations. Specifically, the case of 1 = ¢ggv yielded mesh independent results, a major benefit
of the associated flow rule. However, the FoS was significantly lower than the reference non-associated case
(¢ = 0°), indicating that the Davis approach yields conservative model outcome. This conservatism arises
from the Davis assumption of a shear band orientation of 8 = 45° + % for b = 0°, which represents a lower
bound for strength. To improve accuracy, a reduced friction angle ¢rpp = 27.8° (approximately 0.9 ¢) was
calibrated and used in an associated model. This adjustment produced FoS results that closely matched
the non-associated case, without the mesh sensitivity issues. This confirms that with proper calibration,
equivalent associated models can be practical alternatives for slope stability problems, provided that strength
bounds are interpreted carefully.

5.3 Retaining structure

The equivalent associated plasticity model is further tested and validated using a retaining structure simula-
tion. Unlike slope stability problems, retaining structures impose significant restriction on the soil’s ability to
deform freely. As highlighted in earlier chapters, this constraint amplifies the differences between associated
and non-associated plasticity formulations. This section assesses the applicability of an equivalent associated
model in such a setting using PLAXIS 2D. The necessary conditions and limitations for accurate modeling
with this approach are discussed in detail. To ensure consistency and comparability the same geometry, soil
and structural properties as presented in previous chapters are used. The parameter sets applied for the
associated, non-associated, and equivalent associated cases are listed in Table 11.

Table 11: Parameter sets applied to the retaining structure model

Parameter Associated flow | Non-associated flow | Equivalent associated flow
(Y =9) (v =10°) (Y = dpqv)
Friction angle ¢ = 35° ¢ = 35° ¢ =29.8°
Dilatancy angle 1 = 35° 1 = 0° 1 = 29.8°

The relation between mesh size and the bending moment is illustrated in Figure 53 for three cases: associated
flow (¥ = ¢), non-associated flow (¢ = 0°), and the equivalent associated model (¢ = ¢rgv). As expected,
the case of 1) = ¢y shows limited sensitivity to mesh refinement, which can be attributed to the use of an
associated plasticity formulation. However, the predicted bending moments, both positive and negative, are
significantly increased in the equivalent model. This increase can be attributed to two main factors. First,
the equivalent model simulates a lower soil strength due to the conservative nature of the Davis approach. As
a result, the soil carries less of the applied load, which leads to the retaining structure taking on more load,
thereby increasing the positive bending moment on the active side. Second, the negative bending moment is
also elevated, which is a result of a different failure mechanism. Because the equivalent model uses ¥ = ¢ppgv
in an associated framework, the soil tends to dilate significantly upon loading. This dilation is constrained
by the retaining structure, leading to increased stress that increase the bending moment on the passive side.

The same trend as with the slope stability model is observed in the case of the retaining structure model. The
equivalent friction angle ¢ppgy does not yield the same results as the case of ¥y = 0°. In the slope stability
model the equivalent friction angle proved to simulate a weaker ground yielding a lower FoS. In the retaining
structure problem the equivalent friction angle also yielded a weaker soil yielding a higher bending moment
on the retaining structure. Figure 53 illustrated the maximum and minimum bending moment acting on
the retaining structure. The equivalent model shows to be not strongly mesh dependent as it is used as an
associated case.
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Figure 53: Effect of mesh refinement on model outcome acting on the retaining structure for the case of
Y =¢, 1 =0°and Y = ¢ggy in terms of: (a) Positive bending moment; (b) Negative bending moment

In Figure 54, the bending moment distribution along the length of the retaining structure is illustrated. The
figure demonstrates that both the positive and negative bending moments are increased in the equivalent
associated plasticity model. This increase is attributed to two main factors. The lower simulated soil
strength, which causes the retaining structure to carry a larger portion of the load increasing the positive
bending moment. The modified failure mechanism resulting from the associated flow assumption enhancing
volumetric expansion and leads to higher negative bending moments near the excavation.
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Figure 54: Bending moment distribution in the retain-
ing structure for the cases of ¥ = ¢, ¥ = 0°, and

V= ¢rqv

The equivalent associated plasticity model based on the Davis approach again demonstrated poor performance
in the retaining structure simulations. To address this, the friction angle was reduced to a value of 31.6° in
order to match the model outcome of the non-dilatant non-associated case. Notably, this reduced friction
angle corresponds to approximately 0.9 times the actual friction angle (0.9 ¢), consistent with findings from
the slope stability simulations. It is important to emphasize that only the positive bending moment could
be accurately matched with this reduced friction angle. Due to the differing failure mechanisms between
associated and non-associated models, the negative bending moment remains overestimated. In the equivalent
and reduced associated plasticity cases, the failure mechanism becomes dominant on the passive side of the
retaining structure, resulting in higher negative bending moments. Attempting to match the negative bending
moment would require an unrealistically low friction angle, which would severely underestimate the positive
bending moment. Furthermore, in practical design the positive bending moment, governed by the active side
of the structure, is typically leading.
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Figure 55: Effect of mesh refinement on model outcome acting on the retaining structure for the case of
Y =¢, 1 =0°and ¥ = ¢prEp in terms of: (a) Positive bending moment; (b) Negative bending moment

In Figure 54, the bending moment distribution along the length of the retaining structure is illustrated for
the reduced friction angle ¢rpp. The figure shows that, compared to the non-associated model, the positive
bending moment is successfully matched by reducing the friction angle to approximately 90% of its original
value. This reduction compensates for the strength difference between the associated and non-associated
models, allowing the soil to mobilize a comparable amount of resistance. However, the negative bending
moment remains higher in the reduced friction angle model. This is due to the associated flow rule, which
induces greater volumetric expansion and results in a different failure mechanism.
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Figure 56: Bending moment distribution in the retaining struc-
ture for the cases of ¥ = ¢, » = 0°, and ¥ = ¢drED

Figure 57 illustrates the formation of the shear bands in the retaining structure simulations for the cases
of non-associated plasticity (¢p = 0°), associated plasticity (¢ = ¢), equivalent associated plasticity (¢ =
¢rgv) and reduced associated plasticity (1) = ¢rgp). As previously discussed, the failure mechanism differs
significantly between the associated and non-associated cases, primarily due to the influence of the dilatancy
angle 1. Among the associated models, the failure mechanisms appear largely consistent. However, cases
with a higher dilatancy angle, set equal to the friction angle ¢ = ¢, show more pronounced and dominant
shear banding at the passive side of the retaining structure.
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(c) (d)

Figure 57: Shear strain plots on logarithmic scale showing the shear band formation of the
retaining structure simulation for the case of: (a) ¥ = 0° & ¢ = 35°; (b) ¥ = ¢ = 35°; (c)
1 = ¢pqv = 29.8% (d) ¥ = ¢rpp = 31.6°

In this section, the applicability of equivalent associated plasticity was assessed using a retaining structure
simulation. Compared to the slope stability problem, the retaining structure model involves more constrained
deformation, which amplifies the difference between associated and non-associated plasticity. As expected,
the equivalent associated model, based on the Davis approach, performed poorly in replicating the behavior
of the non-associated case. The equivalent model significantly overestimated both the positive and negative
bending moments. This was primarily due to two factors: (1) the underestimated soil strength in the
equivalent model, causing the structure to carry more of the load, and (2) the different failure mechanisms
resulting from using an associated flow rule, particularly the distinct local failure on the passive side. To
improve the match, the friction angle was reduced to approximately 90% of the actual value (¢prgp = 0.9¢),
which allowed the positive bending moment to align with the non-associated case. However, the negative
bending moment cannot be matched without reducing the friction angle to unrealistically low levels. Overall,
while friction angle reduction can provide a partial correction, the equivalent associated model remains limited
for accurately simulating non-associated behavior in retaining structures.
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6 Conclusions & recommendations

This chapter presents the conclusions and recommendations based on the findings of this research. The aim of
the study was to critically assess the assumptions and limitations of associated and non-associated plasticity
in geotechnical FEM modeling, with a focus on the influence of the dilatancy angle 1, mesh dependence,
and the applicability of equivalent associated plasticity. Through a combination of literature review, direct
simple shear (DSS) simulations, a slope stability model and a retaining structure model insight was gained
into how these factors affect model outcome.

6.1 Conclusions

The conclusions are structured around the three research questions formulated at the start of this study.
Each section summarizes the key findings that answer the corresponding question.

RQ1: “What is the influence of the dilatancy angle ¢, in relation to confined and constrained
deformation, in the case of associated and non-associated plasticity?”

e DSS simulations demonstrated that the dilatancy angle ¥ directly governs both mobilized shear strength
and plastic strain development. The non-associated case (¢ = 0°) followed the Davis relation for non-
dilatant material (sin¢), while the associated case (¢ = ¢) followed the Coulomb equation (tan ¢),
resulting in higher peak strength and plastic strain. Although the initial stress ratio Ky did not affect
the final stress state, it significantly influenced the stress path and plastic deformation. This is due
to the dependence of the plastic potential function g on stress difference and 1. As a non-isotropic
initial stress condition is introduced (i.e. Ky # 1), the stress difference becomes non-zero, increasing
stress rotation and plastic strain. Overconsolidated, non-dilatant samples exhibited softening behavior,
while associated cases did not. Mohr’s circles shifted rightward with increasing 1, indicating greater
maximum strength while the failure envelope remained fixed.

e Slope stability simulations showed that the dilatancy angle 1 significantly affects the Factor of Safety
(FoS). Non-associated cases (¢ = 0°) consistently yielded lower FoS values than associated ones (¢ = ¢),
with the difference increasing with increasing friction angle and slope inclination. This difference reaches
over 14% at ¢ = 35° and o = 35°. Theoretically, 1) governs shear band orientation and thus mobilized
resistance, but practical results revealed that for intermediate values (0° < ¢ < ¢), the FoS converged
around ¢ = 20°, independent of ¢ (for a = 26.5°). This convergence is due to the ¢/c-reduction
method in PLAXIS, where ¢ is reduced until it equals 1, after which both are reduced together. This
effectively transitions the model to an associated flow. This implementation limits the sensitivity of the
FoS to v once this threshold is reached. Hence, while ¥ governs strength and deformation behavior,
numerical settings and boundary conditions heavily influence its effect on model outcome.

e Retaining structure simulations revealed that the dilatancy angle ¥ had a pronounced effect on both
the failure mechanism and bending moment distribution, due to the highly constrained deformation
in this problem. In the non-associated case (¢» = 0°), shear bands developed on both the active and
passive sides and the structure experienced higher positive bending moments as it absorbed more load
from the weaker soil. In contrast, the associated case (1) = ¢) showed localized failure at the top of the
passive side where dilation was restricted by the wall, resulting in higher negative bending moments.
Intermediate values of ¥ (0° < 1 < ¢) exhibited non-linear bending moment trends, with peaks linked to
shifts in failure mechanism. These results confirm that in problems involving confined and constrained
soil, the dilatancy angle governs not only strength but also the form and type of failure, significantly
affecting model outcome.

RQ2: “Which level of mesh refinement converges the model outcome of a slope stability and
retaining structure problem when using non-associated plasticity in FEM?”

e Slope stability simulations demonstrated that mesh dependence is negligible when using associated
plasticity (¢ = ¢), with consistent FoS values and stable shear band patterns even with mesh refinement.
In contrast, non-associated plasticity () = 0°) exhibited strong mesh sensitivity, where the FoS dropped
by 8.5% with mesh refinement. The solution only stabilized after a mesh consisting of 8,000 elements,
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with 1.4% variation post-convergence. The shear bands also became significantly thinner with finer
meshes due to the lack of an internal length scale, theoretically converging toward zero thickness. The
required mesh density for convergence was shown to depend primarily on the geometry, not on strength
parameters.

Retaining structure simulations again revealed that associated plasticity (¢ = ¢) produced mesh inde-
pendent results, with stable bending moments and consistent failure mechanisms across mesh densities.
In contrast, non-associated plasticity () = 0°) showed strong mesh dependence, especially in the posi-
tive bending moment, which varied significantly with refinement. The difference in positive and negative
bending moment between coarsest and finest mesh in this case reaches approximately 19% and 9% re-
spectively. The positive bending moment stabilizes after a mesh consisting of 11,000 elements, while the
negative bending moment shows a large scatter. Shear strain plots highlighted increasingly narrow and
intense shear bands near the base of the wall with finer meshes, which results in variations in bending
moment in this area. These findings confirm that non-associated models require finer meshes to cap-
ture failure mechanisms accurately, and that mesh sensitivity is amplified in problems with constrained
deformation.

RQ3: “Under which conditions can equivalent associated plasticity be applied in FEM models?”

e DSS simulations showed that equivalent associated plasticity can accurately reproduce the mobilized

6.2

shear strength of a non-associated case. However, the equivalent model introduced greater plastic defor-
mation and a different stress path, due to its higher dilatancy angle. Mohr’s circle analysis confirmed
that while mobilized strength matched, the maximum shear strength and deformation behavior dif-
fers. Thus, the method captures strength equivalence, but not deformation behavior, when replicating
non-associated materials.

In slope stability simulations, the equivalent associated model (¢ = ¢rgv ) provided mesh independent
results, but yielded a conservatively low FoS compared to the non-associated case (» = 0°) on which
it was based. This underestimation is due to the Davis approach representing a lower bound strength
assumption. To improve alignment, a reduced friction angle (prep = 0.9 ¢) was calibrated in an
associated model, successfully matching the FoS of the non-associated case while eliminating mesh
sensitivity. These results show that with careful calibration, equivalent associated plasticity offers
a viable and efficient alternative for slope stability modeling allowing to replicate strength behavior
without numerical instability.

In the retaining structure simulations, the equivalent associated model (1 = ¢ggv) failed to replicate
the behavior of the non-associated case due to highly constrained deformation. It significantly overesti-
mated both positive and negative bending moments, caused by (1) underestimated soil strength shifting
more load to the structure, and (2) altered failure mechanisms typical of associated flow. Reducing
the friction angle (¢rrp = 0.9¢) helped align the positive bending moment, but the negative moment
could not be matched without applying unrealistic parameters. These results indicate that while fric-
tion angle reduction may partially correct strength discrepancies, equivalent associated plasticity is not
suitable for problems involving strongly constrained deformation, such as retaining structures.

Recommendations

Account for dilatancy in confined and constrained problems. The dilatancy angle ¥ has a limited effect,
apart from the influence on strength, in unconfined problems like slope stability but becomes critical
in problems with constrained deformation, such as retaining structures. Engineers should be cautious
when ignoring dilation in these contexts, as it can lead to significantly different failure mechanism
prediction and model outcome.

Be aware of factor of safety (FoS) convergence behavior in a PLAXIS stability analysis. When using
non-associated plasticity, PLAXIS enforces a transition to associated behavior when ¢ is reduced to
match ¢ in the ¢/c-reduction method. This introduces artificial convergence of FoS at intermediate
values of v, which should be interpreted carefully and not mistaken for true physical behavior. Note
that this is typically the case for high dilatancy angles (¢ > ¢p0p)
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e Use non-associated plasticity with mesh sensitivity in mind. Simulations using 1 # ¢ are mesh depen-
dent. For reliable results, ensure mesh convergence checks are conducted.

e Interpret equivalent plasticity models as bounds. Use the classical Coulomb model (¢ = ¢) as an upper
bound and the Davis relation for non-dilatant material (p = 0°) as a lower bound for soil strength.
Intermediate friction angle reductions can offer practical mesh independent approximations, but must
be calibrated for each problem. This study proved that using 0.9 ¢ in a associated manner is promising.
However, additional application have to be tested to consider this approximation robust.
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