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Abstract

In this bachelor thesis we propose a spatial Markov Chain Cellular Automata
model for the spread of the COVID-19 virus as well as two methods for parameter
estimation. Network topologies are used to model the progression of the epidemic
by considering each individual on a grid and using stochastic principles to deter-
mine the transition between different states. The model is able to predict the
time-evolution of outbreaks under different lockdown policies. Additionally, the
impact of variation in infection probability and recovery rates on the amount of
active cases, deaths as well as the length of the epidemic is investigated. These
results can provide us with insights and predictions of the spread of the virus under
different scenarios. Parameter estimation is done by using both Maximum likeli-
hood estimation and Bayesian estimation based on simulated data. The produced
estimates were relatively accurate, suggesting that these methods can be applied
in order to estimate the parameters of the proposed model based on actual data.

Keywords
Keywords in this paper are: Mathematical model, COVID-19, Coronavirus, SARS-
CoV-2, Pandemic, Numerical simulation, Parameter estimation, Markov chain cel-
lular automata, epidemic model, maximum likelihood estimation, bayesian estima-
tion.



Table of symbols

In the table 1 the main used symbols in this thesis are stated with their respective
definition.

Symbol | definition

1 susceptible state of a person

2 infected state of a person

3 recovered state of a person

4 dead state of a person

a;;(t) intensity of the contact between individual ¢ and individual j
N;(t) set of the neighbours of individual 7 at time t

N (t) set of infected neighbours of individual i at time t
Ag overall infection probability rate

T short time interval

7 recovery rate

T, time to recovery

Ty time to death

« probability of death

B(t) lockdown parameter

Tia time interval of the lockdown

Table 1: Table of the symbols used in this thesis with their respective definitions.
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1 Introduction

In December 2019, a severe outbreak of a novel disease caused by a virus in Wuhan,
a city with over 11 million people in central China, started. This virus is currently
known as coronavirus or COVID-19. Despite the immediate and drastic measures
by the Chinese government, the infectious disease spread rapidly across China
and many other countries [1]. On January 30" 2020, the World Health Organi-
zation (WHO) declared the epidemic disease to be a Public Healthy Emergency
of International Concern [2]. Even though the virus started in China, many other
countries have suffered more deaths compared to China as a result of for instance
inappropriate lockdown measures. Such countries include the United States of
America, Brazil, Mexico, United Kingdom, India and Italy [3]. Other countries
suffered less extreme than these countries, but the virus still caused a lot of chaos
and lockdown rules.

When writing this report, the world is still threatened by this global pandemic
caused by the COVID-19 virus. The infectious disease caused by the virus is re-
named as strain severe acute respiratory syndrome coronavirus 2 (SARS-CoV-2)
by the World Health Organisation [4]. The severity of the illness caused by the
virus depends per individual. In general the elderly have a higher chance of dying
compared to younger individuals. Certain health conditions are also of importance,
such as asthma or heart problems. These people tend to have a bigger chance of
dying from the disease. The disease caused by COVID-19, is characterised by
flu-like symptoms such as fever, dry cough and tiredness . Serious symptoms that
can arise are for instance chest pain, difficulty breathing or even the loss of speech
or movement [5]. At the moment of writing, almost a million people have died
globally [6].

The virus spreads from person to person who are in close contact through
respiratory droplets, by contact with contaminated objects/surfaces or by direct
contact with an infected person. Governments all over the world have implemented
various lockdown policies in order to slow the spread of the disease. The severity
of the lockdown rules varies from country to country. Some countries even imple-
mented a curfew while others only encourage people to keep 1.5 metres distance.
The infectious pandemics have substantial effects on finance as well. Millions of
people have lost their jobs. Many companies are struggling to exist, and have to
take heavy measures to keep the business running. Especially the passenger trans-
port sector has been hit greatly. Airplane companies like KLM have drastically
reduced the amount of flights and have fired many employees in order to exist.
Several smaller airlines have already collapsed due to the COVID-19 outbreak.
Another sector that is hit hard is the tourism sector [7]. Due to the lockdown
rules, many countries have closed their borders for tourists and many people have
also canceled their holiday plans. Restaurants and bars had to close or only limit



themselves to a certain amount of customers each time. It is therefore of crucial
importance to be able to model the spread of the virus.

To predict the dynamics of the spread of the virus, many different mathe-
matical models have been developed. Many of these models are based on the
S(E)IR-model or another general purpose epidemic model. The models are then
adapted specifically to model the spread of the COVID-19 virus. Some models
are more general while others are made specific for a certain country, like China
or Italy. These models are for instance presented in [8], [9] and [10]. Data from
The approach that is presented in [11] has some similarities with the model that
is presented in the current paper.

The main goal of this paper is to develop a mathematical model that is based
on a cellular automata to model the spread of the COVID-19 virus. Besides the
mathematical model, parameter estimation for this particular model is done in
both a frequentist and a bayesian way. The model described in this report is looks
at each person individually and also incorporates the influence of the topology of
the network on the evolution of the epidemic. Another difference with the common
SIR model is that this model is also of stochastic nature. The proposed model is
still a simple model with few parameters.

We consider a fixed population of n people, where we are going to look at each
person individually. Every person has a set of neighbours, which represent the
people he/she is in contact with. Contact between individuals does not always
lead to infection and therefore a stochastic process is considered. Furthermore,
the intensity of the contact between two people varies from couple to couple. This
is logical as in reality a person might have more contact with his roommate than
with a friend who lives overseas. The probability that each person gets infected is
determined by the intensity of the contacts between them.

Once a person is infected, he/she can either recover or die in this model. Re-
covery is also implemented as a stochastic event with a certain probability of
happening. Death is modeled by tracking the amount of time a person is infected.
So, if a person is still infected after a certain period of time, this models assumes
that this person will then die. The reason behind this is because the longer an
individual is infected by the disease, the worse the condition of vital organs such
as the heart and lungs becomes. Of course, this is not exactly what happens in
reality, but this assumption makes some sense. In this case we are only going to
consider deaths as a result of the coronavirus, other causes of deaths are not taken
into account. Lockdown policies have been implemented in the model by adjusting
a prespecified parameter.

The model has input parameters that can be estimated by a given data set. In
order to do this, both a frequentist and a Bayesian way of parameter estimation
are discussed. The frequentist way is by means of maximum likelihood estimation,



while the Bayesian way is done with two Markov Chain Monte Carlo methods
called the Metropolis-Hastings Algorithm and the Metropolis-Adjusted Langevin
Algorithm. Data validation has not been done yet, but future studies are recom-
mended to extent the current model and use data validation to adjust the model
to specific countries or regions.

The structure of this thesis is as follows. First, in section 2 the mathematical
model will be developed and explained. Subsequently, the numerical model will be
derived in section 3. Next, various lockdown scenarios are going to be considered in
section 4. Section 5 analyses the effect of variation in the infection probability and
recovery rate on the evolution of the epidemic. Subsequently, parameter estima-
tion using Maximum Likelihood and Bayesian estimation is explained in sections
6, 7 and 8. Sections 9 and 10 discusses the findings and conclusions. Finally, in
the Appendix 11 figures from the simulations are presented, in the Appendix 12
some concepts from probability used in this report are stated and in the Appendix
13 explanations of implementations in Python can be found.
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2 The Mathematical Model

In this section the mathematical model will be derived and explained. In order to
understand the model, first the two concepts of cellular automata and Markov are
explained. After that, the model will be derived.

2.1 Cellular automata

The model that will be presented in this paper is based on a cellular automaton.
A cellular automaton consists of a grid of cells, where each cell can be in a finite
number of discrete states. According to a set of rules that incorporates neighbour-
ing cells, the cells enter different states over discrete time steps. The rules are
applied to each cell iteratively at every time step. The state that a cell enters is
based on its current state as well as the state of its neighbours.

2.2 Markov chain

A Markov chain is a sequence of random variables X;, Xs,... such that the condi-
tional distribution of X, given the previous variables Xi,...X,, depends only on
the information given by X,,. An equivalent formulation is that given the ‘present’
value of the random variable X,,, the ‘future’ value of the random variable X, is
independent of the ‘past’ (which is represented by Xi,...,X,,_1). Only the current
information is relevant, the history is irrelevant. In this paper we will only consider
Markov chains that are 'time-homogeneous’. This means that the conditional dis-
tribution of X, .1 given X, does not depend on n. Therefore, the transition from
one state to another state always follows the same ‘mechanism’ or ‘rule’. (Note
that the definition for the random variables is also valid for random vectors.)

2.3 The set-up of the model

The mathematical model that is proposed here is used to evaluate the spread of
the disease within a grid, which represents a certain area or territory, during a
fixed time interval. We do not consider movement of people between territories.
Consider a graph consisting of nodes and edges. Every node represents an individ-
ual and every edge represents the interpersonal relations. So if node ¢ is connected
to another node j by means of a edge, then person ¢ and person j are in direct
physical contact with each other. If there is no edge, then it means that these two
people do not have direct physical contact with each other. They might still be
in contact via Skype or mail, but we are only considering direct physical contact
here, as the virus can only spread via this way.
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Every individual can be in one of four different states: susceptible, infected, re-
covered (or resistant) or dead. It is assumed that if a person is susceptible, then
he/she can only become infected. Once the person is infected, he/she can either
stay infected or go to the recovered/resistant state or the dead state. No other
transitions are possible in the current model. Another assumption that we use is
that only infected people spread the disease. So if an individual is in a susceptible,
recovered /resistant or dead state, he/she is not able to pass on the virus. This as-
sumption is, of course, not in line with reality. The disease can also be transmitted
through surfaces or objects and studies have shown that just recovered people can
still transfer the disease up to two weeks after recovery [12]. However, this effect
is neglected in the current modelling. From now on, we will refer to the recovered
or resistant state as ‘recovered’. Aside from that, in this model we assume that
people can only die because of the coronavirus. Other ways of dying are neglected.
Since people periodically catch up with family members, relatives, and friends, we
incorporate the time-evolution of contacts between individuals as well.

Mathematically we use the following notation: we consider a constant population
of n individuals. We introduce the vector X as a vector of length n and this vec-
tor contains the states of all the individuals. Note that the dead people are also
counted as being part of the population (even though in reality they are essentially
not). Every person’s state will be denoted by x; where the value of x; is an integer
in the set {1,2,3,4} and i is the index of the i* person in the model.

The numbers in the set {1,2, 3,4} represent the following:
1. corresponds to the susceptible state
2. corresponds to the infected state
3. corresponds to the recovered state
4. corresponds to the dead state

The connection between person ¢ and person j at time ¢ is denoted by a;;(t),
where a;;(t) = 0 represents the case when there is no physical contact between
individuals 2 and j. This connection is time-dependent as the intensity between
contacts varies over time. Large values of a;;(t) represent a lot of contact between
the two people and small values of a;;(t) represent less contact. All the values of
a;;(t) are stored in a matrix A(t), which will be referred to as the adjacency matriz.
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2.4 The transfer of the virus between individuals

In this section we describe the transfer of the virus between individuals. For
simplicity, we are only going to focus on the transfer of the virus between two
different individuals: from individual i to individual j, where 7,5 € {1,2,...,n}.
Assume that two people ¢ and j are in physical contact, where the value of a;;(t) €
(0,1]. All the other cases can then be derived from this "two individual’ case.
Suppose that individual ¢ is infected and that individual j is susceptible. The time
between going from the susceptible state to the infected state is assumed to follow
an exponential distribution with infection parameter rate \;;(¢) in a given time
interval denoted by 7. The time interval 7 is assumed to be small. Hence, the
probability that person j becomes infected in the small time interval 7, given that
person ¢ is infected, is given by:

Pl (t+7) = 2l (t) = L (1) = 2) = / (e Ngs (1)

Since it is only possible to go from the susceptible state to the infected state,
the probability that person j stays susceptible in a small time interval 7, given
that he/she was susceptible at time ¢ and person i is infected at time ¢, is given
by:

t+7
Plaj(t+7) = Uay(t) = Lay(t) =2) = 1 - / My()e M 0gs. (2)
t

Therefore, the probability that person j dies or recovers from the disease is
zero. Hence:

P(xj(t+ 1) € {3,4}x;(t) = L, 24(t) =2) = 0. (3)

The infection rate parameter \;;(t) is assumed to be of the following form:

OEDITIGLY (4)
where ), is a general infection rate parameter that is assumed to be the same
for every individual.

Now that we have defined the probability of becoming infected if a person
comes in contact with an infected individual, we consider the set of people where
the person is in contact with. Define the set N; of people where person j is in
contact with by:

Ny(t) = {k € {1,..,n} : a;(t) > O} (5)
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where the N represents the ‘neighbours’ of person j, so the people that person j
is in contact with. This set can be reduced to a set where we only consider all the
neighbours of individual j that are in the infected state, which will be denoted by
NI

j

NI(t) = {k € Ny(t) : ay(t) = 2} (6)

where the superscript I denotes the infected individuals.

Next, we assume that all the states of the individuals in the ‘neighbour’ set IV;
or N f are all independent of each other. This makes sure that we can take the
product of all the probabilities. Therefore we define the probability that node j
stays susceptible as follows:

t+T7
Pzt +7) =1z;(t) =1) = ] (1_/t Aij(s)e 0 ds). - (T)

I
keN! (1)

As a direct consequence, we have that the probability that node j becomes
infected is given by:

t+T1
Plxj(t+7)=2z;(t)=1)=1— H (1-— / Arj(s)e M@= qg) - (8)
keN!(t) t

Assume that during the time interval [¢, ¢ + 7] where s € [¢,t + 7] we have that
Akji(s) = Ag;(t). Then we can rewrite equation (8) above as:

-7 A (t
P(x](t + T) = 2|x](t) = 1) =1-— H e—)\kj(t)r —1—¢ ZkeN]l(t) ki ( ) (9)

keN!(t)

If we substitute the definition of \y;(¢):

—r ZkENJI(t) akj(t))\g

P(./L'](t + T) = 2|x](t) = 1) =1 = H G—Akj(t)T —1—¢

I
keN! (1)

(10)

From equation (10) above it can be seen that there is some kind of effective
transfer probability rate that we can define for each node z;, namely:

NI =0 > (). (11)

I
keN! (1)

14



2.4.1 Different interpretation

Recall from probability theory that the minimum of independent exponentially
distributed random variables is still exponentially distributed. The parameter that
corresponds to this random variable is then the sum of all the rate parameters.
Thus if Y = min{Y3, ..., Y, } where Y; ~ Exp()\;) are all independent exponentially
distributed random variables, then Y ~ Exzp(3_1 | ;).

We can also interpret the expression in equation (12) differently.

()

Plaj(t+7) = 2a;(t) =1) =1 — ¢ ieni ™ (12)

A (t
Define the random variable T = eZkENJI ko ), then this random variable is

exponentially distributed with rate parameter ), s Ag;j(t), as it is assumed that
J

all the neighbours £ in the set NV JI are independent of each other.
The time of infection for every neighbour k € N f is exponentially distributed with
parameter \y; and independent of each other, therefore the distribution of T is
the same as the distribution of the minimum 7}, over all k € N, jf . So:

distributed

T 7= minkesz(Tk)

If we would use this interpretation in equation (12) above, we see that the prob-
ability that person j becomes infected, given that it was not infected before in a
small time interval [t, ¢ + 7) is the same as the probability that T < 7, so:

Pzt +7)=2|z;(t)=1)=P(T <71) (13)

Essentially we are sampling from the minimum of all exponentially distributed
infection times.

15



2.5 The transition from the infected state to the recovered
or dead state

Once a person has become infected by the virus, he/she will either recover or die
after some time. Some people recover very quickly after only experiencing some
(mild) symptoms while others need a very long time (possibly even on the inten-
sive care) to recover or might even die.

In the current model, the time to recovery is assumed to be exponentially dis-
tributed with probability rate parameter p > 0. The parameter 1 can be seen as
the rate for recovery from the virus. It is also assumed that this rate p is constant
over time. Hence all individuals are assumed to have the same recovery proba-
bility rate. In reality this assumption is violated at this rate is dependent on the
medical treatment the person might get, the severity of the symptoms, the age of
the person and many more other factors.

The probability that a person i transitions to the recovered state is as follows:

Pzt +7) = 3|z;(t) =2) = /HT pe M s, (14)

The probability that a person stays infected is then given by:
t+1
P(zi(t+7) =2|z;(t) =2) =1 — / pe P s, (15)
t

By the properties of exponentially distributed variables, the expected recovery
time from the moment that a patient has become infected is determined by:

where the subscript ,. is short for ‘recovery’. The probability of dying is a bit
more complicated. In this model it is assumed that if a person has been infected
during a time-interval that exceeds a threshold, say Tyeqin = M X 7, where M > 0
is some positive integer value, then the person dies with probability one. This is
of course not always the case in reality, but it is a reasonable assumption. The
rationale behind this assumption is that a long lasting exposure to the disease
potentially damages the patient’s vital organs so much that he/she dies.
To develop our intuition behind the relation between the recovery rate and time
interval of death Ty, we assume that the probability that someone dies from the
disease is given by «. Hence all patients that have been ill over a period that
exceeds Ty are assumed to die. Then if person ¢ was infected at time ¢, then the
time interval of death and the probability to die are related by:

t+Ty
1 - / pe M0 ds = o (16)
t

16



We can rewrite it as:

Ty
/ pe M ds =1 —
0

l—eti=1—-q
1

Ty = ——log(a)) = —log(a)T (17)
1

where log is the natural logarithm and « is a very small probability that is at most
2-3 %.

If it is assumed that person ¢ got infected at time ¢;,f = mingo{z;(t) = 2} we can
write the following mathematically:

. 3, if 0<Ty
nltor +0) = {1 it g5 1, (18)

where 6 is amount of time that person i has been infected.

17



2.6 Lockdown policies

Many (national) governments have issued lockdown policies, in which these policies
aim at reducing the number of interpersonal contacts. The reduction of interper-
sonal contacts should lead to lower virus reproduction numbers and to a lower
hospitalization load. An absolute lockdown could even lead to a total eradication
of the virus. Governments and policy-makers bear in mind that severity of lock-
down policies compromises the national economy.

The lockdown rules could hold for the entire country, but many governments have
also imposed rules that only hold for certain states, regions or cities. The sever-
ity of the lockdown policies also vary from country to country, dependent on the
amount of infected people and the evolving spread of the virus. Some common
lockdown policies include [13]:

e Keep 1.5 metres distance when outside.
e Wear a face mask in social places.

e Restaurants/bars/shops are only allowed to serve a limited amount of cus-
tomers.

e Work from home.
e Wash your hands often.
e Avoid busy places.

e [f you have any symptoms, refrain from social contact, and make sure to get
tested as soon as possible.

e No public gatherings.

e Only inland flights.

Severe lockdown policies include for instance:

No travel to and from a certain region.

No travel to and from a certain city.

You are only allowed to go outside for 1 hour a day.

Always wear a face mask whenever you go outside.

All social/public places are closed.

18



e At most two people are allowed to be together outside.
e All schools are closed.

e Everybody needs to stay at home during certain hours of the day.

There are obviously many more rules and every country has implemented dif-
ferent ones. The list is to give an impression of examples of lockdown rules.
In the model we will model the lockdown policy by the parameter §(t). It is time-
dependent as the lockdown rules vary from time to time due to the relaxation and
sharpening of the lockdown policies.

19



3 The Numerical Model

In this section the implementation of the numerical method will be explained. The
implementation has been done in Python 3.7.

The model is used to evaluate the spread of the disease caused by the coronavirus
within some bounded territory during a fixed time interval. At the beginning of
each simulation, the model parameters are set by the user (such as the size of the
grid, the number of time steps, the value of A\, and p1). We start by simplifying the
model to a square grid in which every node has at most four connections. That
means that every person will only have at most four neighbours or people that
he/she is in contact with. This has been illustrated in Figure 1.

Each node
has at most
four
neighbours

Figure 1: Square grid used, note that the dimensions of the grid are taken to be
9x9 for clarity, but of course during the simulations we will take a larger grid.

Every person on the grid will have an = and y coordinate to locate his/hers
position. The grid is set up using meshgrid from the numpy package in Python.
All the input parameters used in the simulation are then specified. The simulation
starts by entering a while loop which loops until the time reaches the end time of
the simulation (specified prior) or when there are no more infected people left.

In order to model the transmission of the virus between individuals, we use the
overall infection probability rate \,. Every time step 7 the probability of getting
infected is calculated and subsequently compared to a random number x which is
drawn from a standard uniform distribution between 0 and 1, that is x ~ U(0, 1).
If the number is smaller than the probability of getting infected, then the state
of the person is changed from susceptible to infected. Otherwise he/she remains

20



susceptible. So in mathematical notation:

L, if x < Plxi(t+7) = 2|z(t)

=1)
zilt +7) = { 2, if x> P(z(t+7) =2|x;(t) = (19)

1)

where P(z;(t +7) = 2|x;(t) = 1) is the probability of getting infected. This
probability is explained and given in section 2.

The transition from the infected state to the recovered or dead state is done in
a similar way. However, since the transition from the infected state to the death
state requires the amount of time that a person is infected, we keep track of the
time-interval that a person (so a node) is infected. Every time a person stays
infected we add the time-interval 7 to the infection time. If the total length of
the time interval that a nodal point remains in the infected state exceeds the time
interval T, which was earlier specified as the time to death, then the state of the
person is changed to the dead state. Otherwise, the state of the person remains
in the infected state or changes to recovered state.

So, once a person is infected we keep track of the amount of time he/she is infected
in the Timelnfec matrix. Then every time step 7 we calculate the probability of
recovery P(z;(t + 7) = 3|x;(t) = 2) according to equation 14 and compare it to a
random number & ~ U(0,1).

2, if €< Plai(t+7)=3z:t)

2)
ri(t+7) = { 3, if &> P(xi(t+7) = 3|ay(t)

If the person remains infected, we add 7 to the time of infection of that person.

2, if total time infected < Ty

4, if total time infected > Ty (21)

x;(t + total time infected) = {

Since the probability of getting infected is dependent on the interpersonal con-
tact with neighbours (so in this case the nodes that a node is linked with), it is
necessary to also set up the adjacency matrix A(t). Interpersonal contacts are
often fluctuating (due to meetings with friends, working, shopping etc.) that is
why we use randomised values drawn from a standard uniform distribution on the
interval zero to one. That is, when considering person i:

For s € (t,t+ 1) : a;;(t) ~U(0,1), if j € N;,. (22)

We then sum over all the neighbours to compute the probability of getting infected.
Lockdowns are implemented by premultiplying the adjacency matrix A(t) by a
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factor (t), whose value ranges between zero and one. Small values of 3(t) refer
to severe lockdowns, while larger values represent more mild lockdown policies.
In that case the adjacency matrix is re-defined into:

A(t) = B()A(), (23)

So in all the expressions of the probabilities defined earlier we replace the entries
in the adjacency matrix A(t) by A(t), so a;; = PB(t)a;j(t). The lockdown policies
vary over time, that is why [ is depends on t.

In addition, the implementation of the model involves matrices that store the
states of the person at each time step based on their position on the grid. As there
are four possible states a person can be in, there are four matrices created: one
for the susceptible people, one for the infected, one for the recovered and one for
the dead people. This is done in a binary way. If a person is in a certain state,
there will be a 1 in the matrix, if not then there is a 0 in the matrix. At the end
of the simulation, the states of all the people can be seen in these four matrices.
Of course it is also possible to make this into one large matrix. This is done with
a matrix called Infomatriz. In this matrix the state of every individual is stored
according to the {1,2,3,4} numbering that is defined previously.
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4 Simulation Results

In the previous sections the mathematical model has been derived and the nu-
merical implementation has been explained. In this section the results of various
simulations will be shown and examined.

In all of these simulations, a rectangular arrangement of 100x100 nodes is taken.
Every internal node will only have four neighbours (left, right, up, down), every
boundary node will have three neighbours and every corner node will only have
two neighbours. Initially all the nodes are in susceptible state, except for a node in
the lower left corner, that node is infected. Without an infected person, the model
will never predict the spread of the virus. The reason why it has been chosen in
the lower left corner is that this grid can be seen as one of four ‘quadrants’, so
the results can be reflected towards the other three quadrants. It is to be noted
that the results of the current simulations are hypothetical as we have only used
hypothetical values. Later on in this paper, parameter estimation will be done in
order to find the input parameters of the model, given a simulated data set. This
enables an estimate of the input parameters based on observed data and therewith
the model can be made predictive.

The parameters used in the simulations are stated in Table 2. Later on, when
considering different lockdown scenarios the time of the start and end of the lock-
down will be changed to see the effect of the lockdown policies.

Parameter Value
grid (n, x ny) 100 x 100
T 1

Ag 0.5

W 0.1

end time 1007

time lockdown start | 157

time lockdown end | 607

Time to death T} 8

Table 2: Table of parameters used in the simulations

The state of every person in the population is represented by a colour. All the
colours and states of the people are stated in Table 3 and in Figure 2.
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Colour | State of person i in the population
Yellow | Susceptible (or 1)

Red Infected (or 2)

Green | Recovered (or 3)

Blue Dead (or 4)

Table 3: Table of the colour coding used in the pictures of the states of the system

Susceptible Infected Recovered Dead
1 2 3 4

Figure 2: The states of every person with their corresponding colour.
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4.1 Simulation 1: no lockdown

We start by examining the scenario where a country has not implemented a lock-
down (in the model it means that §(¢) = 1). We expect that the virus will be able
to spread rapidly in the population, causing many active cases in a short period of
time. The simulation has been run and the states of the evolution of the system
are plotted in Figure 3 with the time at the top of each sub-figure.

¥ label

¥ label

¥ label

Figure 3: Graph of the state of the system at different times for a 100x100 grid
and no lockdown.

From Figure 3 we see that the virus rapidly spreads among the people (almost
in a ‘flame-like’ shape). Eventually the number of active cases decreases (as many
people have already died or are recovered) until eventually everybody has either
recovered, died or remained susceptible, as there is a possibility that some people
never become infected. The phenomenon of people who remain susceptible at the
end of the simulation occurs at each simulation scenario later in this section as well.
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The end state of the system can be seen in Figure 4. We see that the simulation
ended after 44 time steps.

101

0.8 1

0.6 1

Y label

0.4

0.2 9

0.0 1

0.0 0.2 0.4 0.6 0.8 1.0
X label

Figure 4: Graph of the end state of the system for a 100x100 grid and no lockdown.

We will refer to the different groups of people in the population as the Sus-

ceptible, Infected, Recovered and Dead sub-populations. These sub-populations
consider the number susceptible, infected, recovered and dead people respectively
at a certain time interval in the simulation. Capital letters have been chosen as
we refer to this specific sub-population group. To get a better understanding of
how the virus spreads, the sub-populations have been plotted against the time in
Figure 5. In this figure we have counted the number of susceptible, infected, recov-
ered and dead people at each time step and graphed it. It is not cumulative over
time, that is the reason why after time 447, there are no new susceptible, infected,
recovered or dead people. In Figure 6 the Recovered and Dead sub-populations
have been plotted cumulative against the time. The Susceptible and Infected sub-
populations have not been plotted cumulative, because the number of susceptible
people only decreases over time and eventually all the infected people recover or
die.
Figures 5 and 6 show that the virus spreads exponentially in the beginning, causing
a rapid growth in the number of active cases and a drop in the number of sus-
ceptible people. The Infected sub-population graph looks almost like a bell-curve
shape. It starts with exponential growth up until time 157 and then it makes a
round turn and has a more parabola shape afterwards, until it flattens out as there
are no more infected people left.
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Figure 5: Graph of the num- Figure 6: Graph of the num-
ber of people in Susceptible, In- ber of people in Susceptible, In-
fected, Recovered, Dead sub- fected, Recovered, Dead sub-
populations against the time populations cumulative against
with no lockdown. the time with no lockdown.

The reason why there is a turn in the number of infected people is because
at time 157 we do not have ‘enough’ susceptible people left to obtain a higher
peak than before, therefore the number of infections decreases afterwards. The
Susceptible sub-population graph has a very steep negative slope, suggesting that
the number of susceptible people rapidly decreases. The number of infected people
follow a similar trend, but then reversed (so a rapid increase). After the number
of infected people have peaked, the decrease in the number of susceptible people
also slows down, until there are no more susceptible people remaining.

The graphs of the Recovered and Dead sub-populations in Figure 5 also show some
peaks. The Recovered sub-population graph peaks a little later compared to the
Infected sub-population graph at around time 187. This is due to the fact that it
takes some time for infected people to recover. The same reasoning applies to the
Dead sub-population graph as this graph peaks around time 207.

The cumulative graphs of the Recovered and Dead sub-populations in Figure 6
look like logistic growth. The Recovered sub-population graph starts to rise earlier
compared to the Dead sub-population graph. This is in line with Figure 5 where
we observed that the peak of the number of recovered people was earlier compared
to the number of dead people. In this unfortunate situation we have more dead
people than recovered people, but that is due to the way the parameters in the
simulation have been chosen. If a different set of parameters were chosen, then it
might be that there are more recovered than dead people.
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4.1.1 Uncertainties in the simulations when there is no lockdown

The mathematical model that is presented is based on random numbers, there-
fore each simulation will have a different graph of all the four sub-populations.
To see the possible ‘bandwidth’ that a sub-population might have, the simulation
has been carried out a hundred times and the various sub-populations have been
plotted against the time. This can be seen in Figure 7.

The number of Susceptible people against the time for 100 runs The number of Infected people against the time for 100 runs
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Figure 7: Non-cumulative graphs of the number of people in Susceptible, Infected,
Recovered, Dead sub-populations against the time with no lockdown for 100 sim-
ulations.

From these graphs it can be seen that all the graphs of the different sub-
populations all look quite similar as they show similar trends and behaviours. It
is also interesting to consider the cumulative graphs of the Recovered and Dead
sub-populations. These graphs are found in Figure 8.
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Figure 8: Cumulative graphs of the number of people in Recovered and Dead sub-
populations against the time with no lockdown for 100 simulations. The graphs
of the susceptible and infected sub-populations are not cumulative.

If we consider the top two figures in figures 7 and 8 more closely, then it is

noticeable that the peak of the Infected sub-population graphs is around time
157 if there is no lockdown implemented. This also corresponds to the steepest
slope in the Susceptible people sub-population graphs. It might be interesting
to incorporate a lockdown scenario at time 157. This will be done later in this
section.
From Figure 8 it can be seen that the number of recovered people fluctuates around
the 4000 to 4500 (when considering a total population size of 10000 people), which
is roughly 40-45% of the total population. The number of dead people ranges
between 5000 and 5500, which is roughly 50-55% of the total population. This is
of course not the ideal outcome, but it is a result of the parameters chosen in the
simulations. Figures 7 and 8 show that all the simulation results are consistent,
but possess some variation.
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4.2 Simulation 2: §(t) = 0.5

In this simulation a medium lockdown has been implemented. This can be seen
as a lockdown scenario in between a very strict and a very soft lockdown, that is
we use:

B(t) = {B(t) = 0.5, fort e Ty = (157,607)

1, else.

We essentially halve the amount of physical social interaction between individ-
uals. The time evolution of the system is depicted in Figures 70 and 71 in the
Appendix 11, where Figure 71 is the continuation of Figure 70. The analysis of
these figures can also be found in the Appendix 11. Just like in the case when
there was no lockdown, we consider the sub-populations of the susceptible, in-
fected, recovered and dead people separately. The graphs are found in Figures 9
and 10.
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Figure 9: Graph of the sub- the sub-populations against the
populations against the time for time for a medium lockdown of
a medium lockdown of G(t) = B(t) = 0.5 where the lockdown
0.5 where the lockdown starts at starts at time 157 and ends at
time 157 and ends at 607. 607.

The impact of the lockdown at time 157 is clearly visible in Figure 9: instead
of smooth curves, some discontinuities in the derivatives in the graphs are present
(especially in the curves of the susceptible and the infected people). It can be
seen that the lockdown stretches the duration of the outbreak over a longer time
period. This is advantageous to a decreased hospitalization load, which means
that the peak burden on hospital resources and staff has been reduced. However,
the number of casualties (dead) or recovered people in the end is the same with
respect to the case in which there was no lockdown implemented. This can be seen
in Figure 10.
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If we compare Figure 10 to Figure 6, we see that besides the discontinuities in
all of the four graphs and that the graphs are stretched over a longer time period,
the overall trend is similar. Therefore, it can be concluded that a lockdown does
help the epidemic from spreading too rapidly and that the hospitalization load can
be reduced so that the peak burden on hospital equipment and staff is decreased.

4.2.1 Uncertainties in the simulations for a lockdown with §(t) = 0.5

Similar to the case when there is no lockdown, we present the results from a
hundred runs of the model to show the variability in the results. The graphs are
plotted in Figures 11 and 12.
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Figure 11: Graph of the number of people in the Susceptible, Infected, Recovered
or Dead sub-populations against the time for a medium lockdown of 3(t) = 0.5
where the lockdown starts at time 157 for 100 simulation runs.

The non-cumulative graphs in Figure 11 show that there is some variation the
the modelling results, but all the curves of the four sub-populations have similar
trends. In the various graphs of the Susceptible sub-population, the discontinuity
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of the derivatives at time 157 is clearly present as a result of the lockdown. The
main difference between the graphs is that the discontinuity in the derivative at
time 157 occurs at a different number of susceptible people in the population.
This phenomenon is also reflected in the number of infected people: the lower
the number of susceptible people at time 157, the higher the number of infected
people, thus the less effective the lockdown is and vice versa.

The maximum number of infected people at time 157 has quite a large range.
The highest peak is at about 4300 number of infections, while the lowest is around
2000 active cases. This is a very large difference, as we are considering a population
of 10000 people. So in some cases about 43% of the population might be infected
at maximum, while in other cases only about 20% is infected. This can is partly
be explained by the randomness in the model, but it might also illustrate why
some countries have a very high number of infections (like for example Brazil and
the USA) while other countries have a relatively small number of infections (like
Latvia or Mongolia) [3] even when they have implemented the same lockdown
rules. It is needless to say that other factors such as the culture of a country is of
high influence as well as population density. Countries like Mongolia have a much
lower population density compared to countries like for instance USA or China. It
already differs from city to city, as the spread in big cities like Shanghai or Tokyo
would go a lot faster compared to small villages like for instance Shirakawa-go.
However, the variation does make the simulations better reflect reality.

The graphs of the Infected sub-populations also show a discontinuity around

time 227, after which they decrease almost linearly towards zero. This suggests
that the number of active cases has drastically decreased due due to the lockdown
rules. However, the other reason of the decrease is that many people have already
been infected, hence the number of infected people cannot be as high as before (as
we are dealing with a constant population size in this model).
The graphs of the Recovered and Dead sub-populations look like the graph of
the infected people, but with the peaks shifted more to the right. The peak of
the Recovered sub-population is around time 197 and the peak of the Dead sub-
population is around time 227, as it takes some time for an infected person to
recover or die. What is also noticeable is that there is also a large variation in
the number of recovered people as well as dead people. The number of recovered
people ranges between 180 to 400 in a certain time interval and the number of
deaths between 200 till 600 people. In reality this might refer to places where
there might be a high number of infections, but among a younger population for
instance (who have a higher chance of recovery than the elderly) causing a large
amount of recovered people and less deaths. In order cases due to bad public
health care, there might be more deaths compared to recovered individuals.
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The cumulative graphs in Figure 12 show that despite the variability in the
number of recoveries or deaths in a certain time window, the total number of
casualties is approximately the same for all the runs. The total number of recovered
people ranges between 4000-4500 and the total number of deaths between 5000-
5500. The trends we observed in Figure 11 are reflected in these graphs as well.
Concluding, these results suggest that a lockdown does not influence the total
number of casualties at the end, it only spreads the number of active cases as well
as recoveries and deaths over a longer period of time.
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Figure 12: Graph of the number of people in the Susceptible, Infected, Recovered
or Dead sub-populations against the time for a medium lockdown of §(t) = 0.5
where the lockdown starts at time 157 for 100 simulation runs. The graphs of the
Recovered and Dead sub-populations are now cumulative.
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4.3 Case 3: A severe lockdown of §(t) = 0.1

Consider now a severe lockdown, in which the amount of social interaction is
reduced to 10%, hence:

B(t) = B(t) = 0.1, for t € Ty = (157,60
- L else.

This lockdown might refer to the scenario where people are only allowed to
be on the streets for one hour a day, all the social events are canceled and
bars/restaurants/sports facilities etc. are all closed. The states of the simula-
tion at different times can be seen in Figures 72 and 73 in Appendix 11 as well
as their analysis. The graphs of the Susceptible, Infected, Recovered and Dead
sub-populations can be found in Figures 13 and 14.
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populations against the time for time for a severe lockdown of
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0.1 where the lockdown starts at starts at time 157 and ends at
time 157 and ends at time 807. time 870.

The consequences of the severe lockdown is significant. Until time 157 the
graphs look similar to previous cases, but from from time 157 on, when the lock-
down is implemented there is a clear distinction seen in Figure 13. The most
striking observation is that the number of susceptible people, as well infected, re-
covered and dead people become constant after the lockdown within a short time
interval, validating the fact that the virus has been eradicated (this was seen in the
simulation in Figures 72 and 73 in Appendix 11. The number of active cases drops
drastically after the lockdown, making the graph of the Infected sub-population
almost triangular of shape. The cumulative graph of the Recovered and Dead
sub-populations in Figure 14 still look like logistic curves just like in the previous
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cases and show similar trends. However, the discontinuity in the derivative of the
Dead sub-population as a consequence of the severity of the lockdown is clearly
present. All of this shows that such a severe lockdown will rapidly decrease the
spread of the virus and eventually let the pandemic die out.

4.4 Case 4: ((t) = 0.3 a heavy lockdown

Consider the case, where the lockdown is less strict compared to the previous case
of B(t) = 0.1, but stricter than the medium lockdown of 3(¢) = 0.5. The amount
of social interaction is reduced to 30% of the usual amount as follows:

B(t) = B(t) = 0.3, forte Tjy = (157,607)
- L, else.

This might refer to the case where all the restaurants/pubs/barbers/sport facilities
are closed, all group activities canceled and people are encouraged to stay at home,
but there is no curfew nor is there any limitation in going outside. The evolution
of the system at different times can be seen in Figures 74 and 75 in the Appendix
11 as well as their analysis.

The first observation that is apparent in the non-cumulative graph of the four
different sub-populations in Figure 15 is that a ‘second wave’ is clearly seen after
time 60 when the lockdown has been lifted in the number of active cases. The
reason is most likely because there is a sufficient amount of susceptible people left
in the population to cause another outbreak. However, the peak is not as high
compared to the first spike as there are less susceptible people left to infect. The
second outbreak is also observed in the cumulative graphs of the Recovered and
Dead sub-populations in Figure 16 as we see a sudden increase in slope in both
graphs. The triangular shape in the Infected sub-population graph as well as the
discontinuities in the derivatives of all the other graphs is seen back as well due
to the lockdown policy. During the lockdown period, we see that the number of
active cases stays about constant, resulting in a steady increase in the number of
recovered as well as dead people. The simulation finished at time 84r.
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Figure 15: Graph of the sub- Figure 16: Cumulative graph of
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a heavy lockdown of g(t) = 0.3 time for a heavy lockdown of
where the lockdown starts at B(t) = 0.3 where the lockdown
time 157. starts at time 157.

Lockdown of 5(t) = 0.3 until the end

We saw that if the T}y = (157, 607), there was a second peak in the number of active
cases after the lockdown is lifted. What might be interesting to consider next, is
the case where the lockdown is valid for the entire time period of 100 time steps.
One question that may arise could be for instance: “Will the virus eventually die
out? In other words, will there be still a considerably amount of susceptible people
left, but no more new infections?” In order to answer this question, the simulation
has been run for the entire time length of 100 time steps. Since the spread of the
virus is similar as in figures 74 and 75, only the end state of the system is given in
Appendix 11. The results are plotted against the time in Figures 17 and 18, where
in the second graph the Recovered and Dead sub-populations have been plotted
cumulative against the time.
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a heavy lockdown of g(t) = 0.3
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We see that the virus has not stopped spreading in Figure 76. If we compare
Figure 17 with Figure 15 we see that the graphs look very similar until time
607. In fact, extending the lockdown over a longer time period continues the
steady number of active cases as well as steady decrease and rise in the number
of susceptible and casualties respectively. This is seen by the steady slopes in
the graphs. Furthermore, if we compare the Figures 16 and 18, we see the same
trends. There is no second peak and due to the lockdown the number of recovered
and dead people increases steadily over time. If the simulation would have lasted
longer than 1007, all the active cases would have recovered or died at the end.
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4.5 Case 5: §(t) = 0.7 a mild lockdown

The last lockdown we are going to consider is a mild lockdown of 5(t) = 0.7.

B(t) = B(t) = 0.7, fort e Tjy = (157,607)
L else.

This might refer to a 1.5 metre society, with schools, shops and all public places
open. Small social gatherings are allowed, but large events are still forbidden.
Many countries are currently in this mild lockdown. The states of the system at
different time steps is given in Figure 77 and Figure 78 in the Appendix 11 as well
as their analysis. The results are plotted in Figures 19 and 20.

The number of people in S,I,R,D cumulative against the time

10000 4 —— The number of Susceptibles
The number of Infected
—— The number of Recovered

e number of Dea

The number of people in S,I,R,D against the time

10000 —— The number of Susceptibles

The number of Infected
—— The number of Recovered
—— The number of Dead

m
3
8
S

®
8
8
8
o
2
8
S

6000
4000

4000

S
8
S

The number of people in S.I.R,D cumulative

The number of people in 5,1,R,D

N
S
3
38

—————

0 10 20 30 40 50 60

o

o

0 10 20 30 40 50 60
The time

Figure 19: Graph  sub-
populations against the time for
a mild lockdown of g(t) = 0.7
where the lockdown starts at
time 157 and ends at 607.

The time

Figure 20: Cumulative graph
of the sub-populations against
the time for a mild lockdown of
B(t) = 0.7 where the lockdown
starts at time 157 and ends at
607.

Surprisingly, Figures 19 and 20 look very similar to Figures 5 and 6, suggesting
that the effect of such lockdown is minimal. The only difference is that in the
Infected, Recovered and Dead sub-populations the graphs there are some discon-
tinuities in the derivatives of the graphs. However, it is not as extreme as in the
cases where (t) = 0.1 and S(¢) = 0.3. At 157 we some little changes in the slope,
but the effect is not significant.

The cumulative graphs of the Recovered and Dead sub-populations in Figure
20 and Figure 6 look almost identical, implying that the Recovered and Dead sub-
populations are not really affected by the mild lockdown. The only difference is
that the time period of the epidemic is stretched over a longer period of time. The
number of casualties remains the same in the end. All in all, the graphs show that
a mild lockdown has hardly any effect except for stretching the time period of the
epidemic.
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4.6 Lifting the lockdown rules

In this section some simulations will be shown where the lockdown is not kept
constant over time or lifted immediately, but there is a step in between. We will
consider a case where we first implement a severe lockdown of 5(t) = 0.1, then
loosen the rules to A(t) = 0.5 and then to (¢) = 1, which is no lockdown. In
addition, we will also consider a case where first a heavy lockdown of 5(t) = 0.3
is implemented and then lifted to a lockdown of §(¢) = 0.6 or 5(t) = 0.7 to what
impact such lockdown has.

The parameters that are used in the simulations are found in Table 4.

Parameter Value
grid (n, x ny) 100 x 100
T 1

Ag 0.5

W 0.1

end time 1007

time lockdown 1 start | 157
time lockdown 2 start | 357
time lockdown end 607
Time to death Ty 81

Table 4: Table of parameters used in the simulations
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4.6.1 Case 1: severe lockdown of 3(t) = 0.1, then medium lockdown of
p(t) = 0.5 followed by no lockdown of 3(t) =1

First of all, we start by examining a simulation where first a severe lockdown of
B(t) = 0.1 has been implemented. This lockdown is then later lifted to a medium
lockdown of 3(t) = 0.5 at time 35 and at time 60 the lockdown is entirely lifted.
Therefore:

p(t) =0.1, forte Ty = (157,357)

B(t) =< B(t) =0.5, fort e T4, = (357,607)
1, else.

This could refer to the case where a country has first implemented a strict
protocol where people are only allowed to go outside for one hour a day and all
public restaurants/events/bars/shops are closed. Then the rules are lifted to a
medium lockdown where shops are open again but only for limited amount of
customers and everybody has to wear a face mask, and at time 60 everything is
back to normal again.

The end state of the simulation can be seen in Figure 79 in the Appendix 11.
From this figure it can be seen that at time 100, when the simulation ended, there
is still a significant amount of susceptible people left as well as infected people.
This indicates that the virus is still spreading amongst the population.

In order to understand what consequences this lockdown implementation has
brought to the population, we consider the graphs of the various sub-populations
in Figures 21 and 22.
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Figure 21: Graph of the sub- Figure 22: Cumulative graph of

populations against the time.
The lockdown changes from
B(t) = 0.1 at time 157 , to B(t) =
0.5 at time 357 to fB(t) = 1.0 at
time 607.
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From Figure 21 we see some interesting events as a result of the lift of the
lockdown rules. Until time 157 everything is like before as the virus is free to
spread. At time 157, we see the consequence of the severe lockdown of 5(t) = 0.1
(just like in Case 3). Due to the relaxation of the lockdown at time 357, a second
outbreak occurs causing a rise in the number of infections. However, the number
of susceptible people still decreases at a relatively constant rate, until time 607.
At time 607 the lockdown is lifted and we notice a third peak in the number of
active cases. The second and third peak are nevertheless relatively small compared
to the first peak. This is not only a result of the lockdown rules, but also a result
of less susceptible people in the population.In Figure 22 the effect of the change
in lockdown in the Recovered and Dead sub-population graphs is more clear. The
most striking observation in these graphs is that the third peak is not really visible,
suggesting that the relaxation of a medium lockdown to no lockdown doesn’t affect
the number of recovered or dead people significantly.

4.6.2 Case 2: heavy lockdown of §(t) = 0.3 to mild lockdown of §(t) =
0.6 and then no lockdown

The next scenario is as follows: a country has first implemented a heavy lockdown
of B(t) = 0.3, then relaxed the rules to a mild lockdown of () = 0.6 and after
that the lockdown is entirely lifted.

B(t) = 0.3, forte Tjg, = (157,357)
B(t) =< B(t) = 0.6, forte Ty, = (357,607)
1, else.

The end state of this simulation can be found in Figure 80 in the Appendix 11.
As can be seen from the Figure 80 the simulation stopped running at time 79,
which means that at this time there were no active cases left. To see how the
virus has spread amongst the population we consider the graphs of the various
sub-populations in Figures 23 and 24.
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Figure 23: Graph of the sub- Figure 24: Cumulative graph of
populations against the time. the sub-populations against the
The lockdown changes from time.  The lockdown changes
B(t) = 0.3 at time 157 , to B(t) = from B(t) = 0.3 at time 157 |
0.6 at time 357 to fB(t) = 1.0 at to f(t) = 0.6 at time 357 to
time 607. B(t) = 1.0 at time 607.

Figure 23 shows two clear peaks in the Infected, Recovered and Dead sub-
population graphs as a result of the relaxation of the lockdown rules. The effect
of the first lockdown of 3(¢) = 0.3 is significantly present as can be seen in the
number of active cases. The loosening of the rules at time 357 causes another rise
in the number of infections from time 357 until time 427. It is quite interesting
to see that the first peak looks almost triangular while the second peak looks like
half an oval (shape wise). This is probably due to the fact that the first peak is
caused by no lockdown rules, so we first have an exponential growth of infected
people. Then suddenly a heavy lockdown is implemented which causes the amount
of infected people to drop drastically. The second lockdown is mild, which causes
a rise in the number of active cases, but since there are few susceptible people
remaining in the population, it quickly turns and decreases again. The cumulative
graphs in Figure 24 show the effects of the variation in the lockdown rules on the
total number of recovered and dead people at different time steps. The peaks in
the number of active cases correspond to the rapid rises in these graphs.

In addition, another simulation has been run, but in this case, the second lock-
down was lifted till 0.7 instead of 0.6 to see if this makes any difference. The
results in Figures 25 and 26 show that the difference is not significant. The same
trends observed in Figures 23 and 24 are seen.
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5 Varying the parameters A\, and p

We are going to vary the pairs of the parameters (), 1) and see what effects the
variation has on the simulation results. We consider the end time of the simulation
(when there are no more infected people left), the maximum number of active cases
at a certain time interval and number of people who were died, recovered or were
still susceptible at the end of each simulation. In Table 5 the parameters that are
used in the simulations are stated.

Examine the case when lockdown is implemented, so the government of a country
has for instance not taken any actions yet against the spread of the COVID-19
virus. We vary the overall infection probability rate A, as well as the recovery rate
parameter p, for every pair (A, 1) a hundred simulations are done and the average
of the following values is calculated:

e the end time of the simulation
e the number of susceptible people at the end of the simulation

e the number of recovered people at the end of the simulation

the number of dead people at the end of the simulation

the maximum number of infected people at the end of the simulation

Parameter Value
grid (n, x ny) 100 x 100
T 1

end time 1007
Time to death T; | 87

Table 5: Table of parameters used in the simulations

To see the effects of the variation in the infection probability rate parameter
Ag and the recovery rate parameter p, we have plotted the average of the values
mentioned above in colour against the parameter values in Figures 27, 28 29 30
and 31.
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Figure 27: The average end time of the simulations using different values of A,
and .

Average number of susceptible people using varying A, and p values
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Figure 28: The average number of susceptible people at the end of the simulations
using different values of A\, and p.

Figure 27 shows that the average end time of the simulations is largest when
both the parameter values of A\; and p are smallest. Another observation that
stands out is that the higher the p value and the lower the A\, value, the faster there
are no more active cases, hence the lower the average end time of the simulation.
This can be explained by the way the parameters have been defined: the lower
the infection probability rate, the smaller the probability of getting infected by
the virus and the higher the recovery rate, the higher the probability of recovery.
Another observation is that for large values of A, (above 0.4), the average end time
of the simulation is approximately the same for various values of . This suggests
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that the recovery rate is not of big influence on the time it takes until there are no
more infected people left when the infection probability rate is large. Only with
lower infection probability rates, the recovery rate p has an effect. This is logical
as Ay determines the probability of getting infected, hence the number of active
cases.

If we turn to the average number of susceptible people for different values of A,
and p, we see that the results in Figure 27 are not entirely reflected in Figure 28.
A surprising result is that the average number of susceptible people is for most
of the pairs (Ag, 1) about the same size: all under the 1000 people. Only, when
the value of A\, is less than 0.3 and simultanecously p is more than 0.3, we see
that the average number of susceptible people in the population rapidly increases.
These results suggest that if the infection probability rate is low and the recovery
rate is high then this results in a large number of susceptible people on average.
This is in line with Figure 27 because if there are more susceptible people in the
population who do not get infected, it takes less time for the number of infected
cases to become zero.

Average of the maximum number of infections using varying A, and p
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Figure 29: The average of the maximum number of infected people in the simula-
tions using different values of A\, and f.

Further analysis of Figure 29 shows that the average maximum number of infec-
tions is in line with what has been observed in Figure 28. The maximum number
of infections is smallest when the value of A; is small and p is large. There is a
increasing trend in the maximum number of infections when A\, becomes larger
and p1 becomes smaller. The highest number of infections is when )\, is largest and
w1 is smallest, which is what can be expected.

Figure 30 shows that average number of recovered people in the simulations. There
is a clear trend of an increasing number of recovered individuals when the values
of Ay and ;1 both become larger. The lowest number of recovered people is surpris-
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ingly seen when 4 is largest (0.5) and A, is smallest (0.2). This phenomenon can be
explained by Figure 29 and Figure 28. In Figure 28 the number of susceptible peo-
ple were largest for these values of the parameters, implying that there is a smaller
amount of people who got infected, which is seen in Figure 29 as well. Since there
are fewer people who got infected, there is a smaller amount of recovered people,
hence the result in Figure 30. Closer inspection of Figure 30 shows that for a
fixed value of p and a varying A, value above 0.3, the average number of recovered
people appears to be approximately constant. This suggests that the value of u
determines the average number of recovered people regardless of the value of A,
(if the value of ), is lower than 0.3), which is not surprising as p is the recovery rate.
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Figure 30: The average number of recovered people at the end of the simulations
using different values of A\, and p.

Finally, the average number of dead people is shown in Figure 31. Here we see
that the largest amounts of deaths happen when p is small, regardless of the value
of A;. Similar to figure 30, the influence of the value of p is clearly present. It can
be seen that the number of dead people is approximately constant for fixed values
of u despite the values of Ay, when A, is larger than 0.3. The lowest amount of
deaths is seen when ), is smallest (0.2) and p is largest (0.5). The reason why is
the same as for the number of recovered people explained earlier.
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Average number of dead people using varying A, and u values
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Figure 31: The average number of dead people at the end of the simulations using
different values of A\, and p.

Together these results provide important insights into the effects of the in-
fection probability rate A\, and the recovery rate p on the average length of the
epidemic, but also on the amount of susceptible, infected, recovered and dead peo-
ple.
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6 Parameter Estimation

The set up for parameter estimation for the mathematical model in this thesis is
explained in this chapter.

6.1 Likelihood and Probabilities

We consider likelihood based inference and therefore derive the likelihood function.
Suppose we are dealing with a constant population of n people, where every person
is indexed by ¢ = 1,...,n. Consider the time intervals tg,t1,...,tx where we
observe the state of each person i at every time interval ¢;. The time intervals are
indexed by &k = 0,1,..., K and we have a total of K 4 1 time intervals. Let z;
be the observed state of person i on time t;. Denote Yy = (z1x, Tok, - - - ,wnk)T as
the vector consisting of the states of all the n people on time ;.

Next, since the state of an individual is also dependent on the amount of time
spent in the infected state (as we assumed that if a person has spent M time
steps in the infected state, he/she dies), it is also necessary to define a vector Zy.
This is a vector that counts the amount of time intervals 7 that person i is in the
infected state at time ¢;. The vector is denoted by: Zy = (z1x, 22k, - - - ,znk)T. For
every entry z;, we have the following: z;; = Zf:o Lz, ;=2(infected)} The indicator
function essentially counts the number of time intervals that individual ¢ is in the
infected state.

The assumption that was given in the mathematical model was that the time to
death is given by: Ty = M - 7, where M is a ‘large’ integer number and 7 is the
time step. As soon as the person is longer infected than T, he/she is assumed to
be dead.

Every person’s state is in the set {S,LR,D} or equivalently {1,2,3,4} where 1
represents susceptible, 2 infected, 3 recovered and 4 dead. We will call the set
{1,2,3,4} = 3. Then all the vectors Yy € {1,2,3,4}" = ¥". All the vectors Zy
are in the set {0,1,..., M}™.

Now that the notation has been set up, Let us define the likelihood function which
is going to depend on both vectors Yy and Zy. Since we assumed that the state
of the system on time ¢, (so the state of all the n people on t;) is only dependent
on the state of the system on time #;_;, we can write the following (using the
definition of conditional probabilities):

P((Yo,Zo) = (yo.20), (Y1,Z1) = (y1,21), ... (YK, Zx) = (Yk, 2K))

=P((Yk, Zk) = (yk,2x)|(Yo, Zo) = (Yo, Z0), - - -, (Y1, Zxc—1) = (Yk-1,ZKk-1))
P((Yi-1,Zic-1) = (Yr-1,2x-1)|(Yo, Zo) = (Yo, Z0), - - -, (Yk -2, ZK 2) = (Yk-2,ZK 2) " - - -
‘P((Y1,Z1) = (y1,21)[(Yo, Zo) = (Yo, 20)) - P((Yo.Zo) = (Yo, Z0))
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Due to the Markov property this becomes:

P((Y‘J’ ZO) - (YO7 Z0)7 <Y17 Zl) - (}’1, Zl)v R (YK7 ZK) - (YK; ZK))
= P((YK> ZK) = (YK,ZK)’(YKA, ZK71) = (YKflyszl)) ']P’((YKq, Iy 1= (YK717ZK71))\(YK71
“P((Y1,Z1) = (y1,21)[(Yo, Zo) = (Yo,20)) - P((Yo, Zo) = (Yo Z0))

which we can write in short hand notation:

IP)((Y()? ZO) = <YO7 ZO): (Yl’ Zl) = (y17Z1)7 R (YKv ZK) = (YK; ZK))

= P((szo) = (YO,ZO)) HP((YK;ZK) = (YK,ZK)’(YkA,qu) = (kalazkfl))-

Since every individual is conditionally independent from the other individuals
this can be factorised into:

P((Yo,Zo) = (Yo, 20), (Y1,%Z1) = (y1,21), - - -, (YK, Zk) = (YK, 2x))

n

=P((Yo,Zo) = (Yo 20)) H H]P)((Xi,k, Zir = @ik, zip) | (Y1, Zx—1) = (Yx-1,Zk-1))

k=11i=1

When we are dealing with likelihoods, it is common to drop the term P((Yo, Zo) = (Yo, Zo0))
(as it is given initial information).
Let us consider the probability P((X; x, Zix = (Tik, i) | (Yr-1, Zxk—1) = (Yk-1,2ZKk-1)))
separately. There are two possible cases where the person X;;_; can be in:

o X,;_1 = S (or equivalently 1) , which means that at time ¢;_; person i is
susceptible.

o X, ;1 = I (or equivalently 2), which means that at time ¢;_; person i is
infected.
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Case 1: X;;_1 = S person ¢ is susceptible
There are two possibilities: either he/she stays susceptible or becomes infected in
each time step 7 (similar to a Bernoulli Random variable, see the Appendix 12 for
the definition of a Bernoulli Random variable).
So at time t:

—Ag-
Xir = S with probability e
Xir = I with probability 1 — e

(2 jenind () @)

A (2 pInt () 935 (1) T
3

For clarity purposes the probability is denoted as follows:

p=1- B*Ag'(szNgnf(t) aij(t))T

The transition is represented in diagram 32.

3 *1: 7A‘(Z Anf aj'(t))'T
X[‘.L- = S with ]’)1‘()1)&1])111'()‘ e jeni™ )"

Xrz 5 |
\

1—p

. . Ay ; 1 (1)-
X;r = I with probability] —¢ ™ (X jenind (py @i O

\ J
/

P

Figure 32: Diagram of the possible transition for a susceptible person.

Therefore, the transition probability from the susceptible state to the infected
or susceptible state is given by:

Pi;j_{ll’s}((Xi,k, Zige = (@i, 2ip) | (Y1, Zr-1) = (Y1, 26-1))

(24)
= p : ﬂ{mi’k,lzs,xiysz} + (1 - p) : l{miyk,lzs,xi,k:S}

Note that p is dependent on time and the number of infected neighbours and
is different for each person on the grid.

51



Case 2: X;;_1 = [ person i is infected
Next, consider the case where person i is infected at time t;_;. Now there are
three possible states that this person can transition to in the next time step: ei-
ther he/she stays infected or he/she recovers or he/she dies. It all depends on
how many time-steps 7 the person has been infected. However, if the person has
been infected for M x 7 the probability of dying is one. Therefore, this is again a
Bernoulli random variable in the following way:
In each time step 7, if z;;, < M:

Xix = I with probability e #7
Xir = R with probability 1 —e™#7

For clarity purposes we can denote the probability as follows:
g=1—e*"

And if z;, > M: X, = D with probability 1.
Then the transition diagram is as in Figure 33 and in Figure 34.

X, = I with probability e #7
/ 1
Xi,k—l = I \ if 2, <M 1

Xir = R with probabilityléfl
q

Figure 33: Diagram of the possible transition for an infected person, if z;;, < M

if Zik > M
Xipor = 1

X, = D with probability 1
Figure 34: Diagram of the possible transition for an infected person, if z; , > M

Therefore, the transition probability from the infected state to the infected,
recovered or dead state is given by:

PZ,Z;{{’R’D}((XM, Zik = @ik, 2ip)| (Y1, Zc1) = (Y1, 26-1))

(25)
=q- ]]'{Ii,k—l:I:xi,k:szi,kSM} + (1 - CJ) ) :H‘{xi,kfl:vai,k:I:Zi,kSM} + :H'{Zi,k>M}
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Hence, every time each person is in either of these two cases depending on the
current state at time #;_;.

In summary:

P(Xik, Zir = (ig, 2in)|(Yre1, Z—1) = (Y1, Zk-1)
_ pS— L8}
=1 e

p!—{LR.D}

(Xik, Zike = (ig, 2ip) | (Yre1, Z—1) = (Yk-1,2Zk-1))+
ik—1

(Xig, Zie = (@igy 2ip) | (Y1, Z—1) = (Yk—1,2k-1))
= p . ]]-{xi,k,lzs,xi’kzl} + (1 - p) . ]l{xi,k,le,xi,kz.S'}_l'

(26)
q- ]l{xi,k—lzl’mi,k:R:Zi,kSM} + (1 - q> ’ ]1{901',1%1:I,fﬂi,k=1,2¢,kSM} + l{zi,k>M}

A diagram summarizing the possible transitions transitions can be seen in
Figure 35.

1—p l—yq
Q Q
S > [

p \

Figure 35: Diagram of the possible transitions.

q R

D
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6.2 The Log-likelihood

For parameter estimation it is often more useful to consider the log-likelihood
function instead of the likelihood. This is because all the probabilities are between
0 and 1 and since we are taking the product of these small values, it is better
to consider the log of them. Since the log is a convex function, maximizing the
likelihood function is the same as maximizing the log-likelihood function. Also, as
we are dealing with products of exponential expressions, the expressions become
easier when considering the natural logarithm of them. The log-likelihood function
is given as follows:

(Note that we omit the pair (Yo, Zo) as that is given by the initial condition).

log(L<>\7M’y1a s 7};K7Z17 R )ZK))
K

=log(] [P((Yx. Zk) = (yx. 2&)| (Y1, Z—1) = (Y1, Zx-1)))

k=1

= log(P((Yk, Zx) = (yx, 2&)|(Yic-1, Zac-1) = (Yie-1,2x-1)))

P (27)
= Zlog(H P((Xik, Zik) = (@ig, 2ip)| (Y1, Zi-1) = (Yr-1, Zk-1)))
= Z Zlog<P((Xi,k> Zi,k) = (xi,k, Zi,k)l(kab Zkfl) = (}’kfl,qu)))

Now it depends on which state the person is in, what the probability is. The
probability inside the log is given by equation (26).
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7 Maximum Likelihood Estimation

One of the ways to do parameter estimation is by using maximum likelihood esti-
mation. This is a frequentist way of estimating unknown parameters in a model.
The maximum likelihood estimator finds the parameter (vector) that gives the
maximum probability of observing a particular data xq¢ over all the possible values
of the parameters. The parameter (vector) that maximizes the likelihood function
is called the maximum likelihood estimate. So the maximum likelihood estimate
is Oypp = argmazyL(0; X), where 6 is the parameter (vector), L is the likelihood
function and X is the given data.

Sometimes it is easier to maximize the log of the likelihood when the likelihood
has for instance a lot of expressions with exponentials. The log is the natural log-
arithm (In) in this case. This is valid since the log is a monotonically increasing
function. So the maximum value of the log of the likelihood occurs at the same
position as the maximum value of the original likelihood function.

If the (log-)likelihood function is differentiable then the maximum likelihood es-
timate is obtained by differentiating the (log-)likelihood function with respect to
the parameters that are going to be estimated. This derivative is then set to zero
and the expression is rewritten in such a way that we obtain the maximum likeli-
hood estimator. After that, the second derivative of the (log-)likelihood is taken
when working in one dimension, otherwise the Hessian matrix is considered. If
the second derivative is negative for all the values of the parameter that are being
estimated then the (log-)likelihood function is maximal in the maximum likelihood
estimator obtained in the previous step. For higher dimensions, the eigenvalues of
the Hessian matrix can for instance be used. If all the eigenvalues are negative,
then the (log-)likelihood function has a maximum. In essence, we maximize the
probability density with respect to the parameters for a fixed data set.

Asymptotic properties of the maximum likelihood Estimator
Maximum likelihood estimation is a commonly used way of estimating unknown
parameters due to its asymptotic properties. In regular settings (so e.g. the (log-
)ikelihood is at least twice continuously differentiable and takes its maximum in
the interior of the domain of the function) when the sample size goes to infinity
(so n — o0) we have that:

e The maximum likelihood estimator is unbiased.

e The maximum likelihood estimator achieves the smallest possible mean square
error of any unbiased estimator
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7.1 Simulation results for the estimation of the parameters
Ag and p using maximum likelihood estimation

The simulation results of the estimation of the parameters A\, and p using max-
imum likelihood estimation will be analysed in this chapter. The set up of the
simulations is the same as explained in Chapter 4. The parameters used in the
simulated data set can be found in Table 6. It is to be noted that the results of
the current simulations are hypothetical as we have only used hypothetical val-
ues. These results are to check whether the computational framework works. The
implementation of the log-likelihood function in Python can be found in Section
13.

Parameter Value
grid (n, x ny) 10 x 10
T 1

Ag 0.5

W 0.1

end time 1007

I5; 1

time lockdown start | 307
time lockdown end | 707
Time to death Ty 81

Table 6: Table with the parameter values used in the simulation for the estimates
of Ay and p

Since this section is only focused on parameter estimation, the value of 3(t) is
not considered. [(t) is assumed to be known in every simulation (as it refers to
the lockdown) and hence it would not change the parameter estimation.

In the analysis of the parameter estimates we will consider the relative error, which
is in this case defined as:

estimate - true value of the parameter

relative error = - 100% (28)

true value of the parameter

26



7.1.1 One run of maximum likelihood estimation

To begin, we perform one run of maximum likelihood estimation on the simulated
data set. The results show that the maximum likelihood estimate for A, is 5\g =
0.5100 and the maximum likelihood estimate for p is g = 0.0999. We see that
these estimates give a good indication of where the true parameter lies. The
relative error for ), is in this case 2.0%, which is reasonably small. If we would
consider hypothesis testing with a significance level of for instance 5%, we would
not reject this estimate. For the parameter u, we have a relative error in absolute
values of 1.0-1078 which is very small. Therefore, in this run, maximum likelihood
estimation produced relatively accurate results. However, it is to be noted that
each simulation also contains uncertainty which could contribute to the error.

7.1.2 100 runs of maximum likelihood estimation

Since in each simulation run the maximum likelihood estimates differ, it is interest-
ing to see how the different estimates differ as some are more accurate than others.
In order to do this we have simulated 100 different data sets and calculated their
corresponding log-likelihood and maximum likelihood estimates of A\, and p. The
simulation parameters are the same as stated in Table 6.

To get an understanding of the results, the estimated values for the parame-
ters Ay and p have been plotted against each simulation run in Figure 36. From
this figure we see that the estimates all fluctuate around the true value of their
respective parameters. What is interesting to see is that the range of values for
the estimates of )\, is a lot larger compared to the range of values for the estimates
of . This is probably due to the fact that it is harder to estimate A\, compared
to u, as the variable A, is different for every individual.

The estimated value for A\, and u plotted against the simulation run
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The estimated values for lamdahat and mu
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The corresponding run

Figure 36: Graph of the estimated values of A\, and p plotted against each simu-
lation. Blue are the estimated A\, values and orange are the estimated o values
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In the limit (letting the sample size tend to infinity) the estimated values for
Ay and g should converge to the actual values used in the model.
To every estimated pair of parameters A\, and p corresponds an estimate for the
value of the log-likelihood. Every simulation also has an ‘actual’ log-likelihood
value, so the log-likelihood value that is calculated using the real parameters of
Ag = 0.5 and pr = 0.1. These values can be considered as the true value of the
log-likelihood. To see if there is any significant difference between the ‘estimated’
log-likelihood values using the maximum likelihood estimates and the ‘true’ log-
likelihood values, these two values have been plotted against each simulation in
Figure 37. From this it can be seen that they look very similar with a small differ-
ence. The simulated log-likelihood values tend to be a bit lower compared to the
actual values, but the difference is very small. Therefore, it can be concluded that
parameter estimation by means of maximum likelihood estimation give relatively
accurate estimates for the parameters.

Actual and estimated values of the log-likelihood against the simulation run
—200 1

—— simulated
— actual
—210 4

—220 4

L L)

~240 1

—250 1

—260

The actual and estimated values for the loglikelihood

The corresponding run
Figure 37: Graph of the actual values and estimated values of the log-likelihood
plotted against each simulation. The green curve represents the actual log-
likelihood values and the red curve the simulated log-likelihood values.

Furthermore, we consider the frequency of the different estimates. Therefore,
two bar charts of the estimated parameters are plotted in Figures 38 and 39. The
bar chart in Figure 38 shows that there is quite a large range between the estimated
maximum likelihood values for A;, which we have also seen in Figure 36. However,
all the estimates are centered around the true value of 0.5. The same holds for p,
but with a range between 0.08 and 0.15, which is a lot smaller compared to the
range for the estimates of A\,. This is probably due to the fact that p is easier to
estimate than A,, as the calculation of A\, also involves random interaction with
neighbours. The bar chart of x4 can be found in Figure 39 and it is centered around
the true value of u = 0.1.
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If we would consider 95% confidence intervals for the estimated parameters A,

and g in the simulations, we obtain:

e A 95% confidence interval for \; is [0.3970,0.6176].

e A 95% confidence interval for p is [0.0742,0.1282].

Bar chart of the simulated MLE for lambda_g

0.55 0.60 0.65 0.70
values of lambda_g

Figure 38: Bar chart of the maxi-
mum likelihood estimates for the
parameter ),, the real value of
the parameter is plotted in a

dashed line.

Bar chart of the simulated MLE for mu
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Figure 39: Bar chart of the maxi-
mum likelihood estimates for the
parameter pu, the real value of the
parameter is plotted in a dashed
line.

It is interesting to see whether there is any relationship between the estimated
values for \; and p. From the scatter plot in Figure 40 we can see that there is not
really a clear relationship between the parameters A\, and pu. The graph doesn’t
show any kind of correlation or other relationship.

The estimates for lambda_g and mu plotted against each other
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Figure 40: A scatter plot of the estimates for the parameter A\, and ;1 against each

other.
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7.2 Heatmap of the log-likelihood

In the previous section, it has been shown that the parameter estimation by means
of maximum likelihood produces quite accurate estimates. However, a question
that may arise is whether the estimated values of A\, and i actually maximise the
log-likelihood. Therefore, a fixed data set has been generated with parameters
Ag = 0.5 and pr = 0.1 and then the following algorithm has been performed.

We loop over various pairs of different values for A\, and p in the interval (0,1)
and calculate the corresponding log-likelihood. The log-likelihood should then be
maximal at the pair (A, 1) which is approximately equal to the real pair (\g, )
used in the data set.

In order to interpret the results, a heatmap has been made. This heatmap can be
seen in Figure 41. The lighter the colour the less negative the log-likelihood value.

Heatmap of the log-likelihood with different values of A\, and s

—————

Figure 41: Heatmap of the log-likelihood. The black dot in the heatmap is corre-
sponds to the actual pair of (A,,x) that has been used in the simulation.

From Figure 41 we see that the log-likelihood is indeed maximal at the actual
values of (\g, 1) as the colour gets lighter and lighter the closer we get to the actual
values of both parameters. The area around the black dot (which represents the
actual pair of the parameters A\, and ) is the lightest colour (almost white). The
further away we go from the black dot, the darker the colour becomes, indicating
a more negative log-likelihood value.
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8 Bayesian Estimation

Maximum likelihood estimation is one way to do parameter estimation. Another
way is based on Bayes’ rule, shown in equation (29).

P(X16) - P(6)

POIY) = =5

(29)
where X and 6 are two random variables or random vectors.

For Bayesian Estimation, we want to find the posterior probability density
function f(0|x), where @ is the vector of parameters and x is the vector containing
the observed data, given the model f(x|f) and the prior 7(f). We denote the
parameter space by ©, which has a specified prior probability distribution for
it. This prior distribution is then adjusted by Bayes’ rule to the available data.
The new adjusted probability distribution is then called the posterior probability
distribution. If we denote py(z) as the probability density of the random vector
X. We can then consider the joint density of (X, ©) which is given by:

px.e(r,0) = pxje—g(x) - 7(0) = po(x) - (6)

where 7(0) is the specified prior distribution for the parameter 6.
The marginal density of the vector X is obtained by integrating the joint density
over all possible values of . Therefore the marginal is defined as follows:

px(z) = /pX,@(x, 0)do = /pg(x) -m(0)df

Both the joint and the marginal density are then used to define the posterior

density, which is just the conditional density of © given X = z (by using Bayes

rule):

_pxel(x,0) _ py(x)-7(0)

p®|X:x(9) - - .
px(x)  [ps(x) - w(9)dV

In order to do Bayesian estimation we want to sample from this posterior distri-
bution.

(30)
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8.1 The Metropolis-Hastings Algorithm

One method to sample from the posterior distribution in order to do the Bayesian
parameter estimation, is the Metropolis-Hastings algorithm which is a type of
Monte Carlo Markov Chain (or short MCMC) method. The Metropolis-Hastings
algorithm allows us to sample from any generic probability distribution, which we
will call the target distribution (in this case we want the posterior distribution,
but in general it could be any generic probability distribution), even if we don’t
know the normalizing constant. To do this, we construct a sample from a Markov
chain whose stationary distribution is the target distribution that we are looking
for. It starts by picking an arbitrary starting value and then iteratively accepting
or rejecting candidate samples that are drawn from another distribution, one that
is easy to sample. Suppose we want to sample from a target distribution p(6).
However, we only know this target distribution up to a normalizing constant or
proportionality, so we have g(f) to work with. The normalizing constant in p(#)
might for instance be too difficult to integrate or compute.

The Metropolis-Hastings algorithm is then as follows:

1. Select an initial value 6.

2. For j = 1,...,m (where m is some large integer number), we repeat the
following:

(a) Draw the candidate 8* from a proposal distribution called q(6*|6?~1).
(b) Compute the following ratio:

o= 90 -q(0"1|6")
g(07=1) - q(6|63~1)

(c¢) Check a:

e if @ > 1, we accept the candidate 6* and set the value of 67 = 9*

e if 0 < a < 1, we accept the candidate 6* and set the value of ¢/ = 6*
with probability «.

We do this by drawing a sample ©/ from the uniform distribution
U(0,1) and is v/ < « we set 67 = §*.

e if 0 < a < 1, we reject the candidate #* and set the value of
07 = 67~ with probability 1 — a. We do this by drawing a sample
u! from the uniform distribution U(0,1) and is v/ > a we set
07 = i1,

The superscript 7 denotes the j iteration. Steps (b) and (c) act as a correction,
since the proposal distribution ¢ is not the target distribution p. So, at each
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step in the Markov chain, we draw a candidate and then decide to either remain
where we are now or move the chain to this candidate value. It is a Markov
chain since whether we move to the candidate value or not is only dependent on
where the chain currently is, not on the history before. The implementation of
the Metropolis-Hastings algorithm for the mathematical model explained in this
paper can be found in the Appendix 13.

8.2 Simulations

In this section some results will be given from a simulation that has been done
using the Metropolis-Hastings Algorithm. In order to do this, a data set has been
generated with the parameters stated in Table 7.

Parameter Value
grid (n, x ny) 4 x4
T 1

Ag 0.5

16 1

W 0.1
end time 1007
Time to death T, | 87

Table 7: Table of parameters used in the simulation of Metropolis-Hastings

As can be seen from Table 7 no lockdown has been implemented in this case
as we are only focusing on the parameter estimation right now.
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8.2.1 Results of the Metropolis-Hastings algorithm

The Metropolis-Hastings algorithm has been performed on the data set generated
with the parameters stated in Table 7. To see if there is any difference in the results
when doing different number of simulations, first a simulation of 1000 iterations is
done and then a simulation with 90000 iterations of the algorithm is done.

In order to estimate the parameters A\, and p, we take the sample average as the
point estimator for the simulation. So,

~ 1 ;

Ag:E;Ag (31)

M = 1i : (32)
N m izllu

where m is the number of iterations performed by the algorithm.

Simulation 1: 1000 iterations
The first simulation that has been done, performed 1000 iterations of the Metropolis-
Hastings Algorithm. Both a graph and a histogram has been plotted for the es-
timated values for \; and p. First, examine the results of the algorithm for the
value of \,. The graph can be found in Figure 42 and the corresponding histogram
in Figure 43.

The lambda values The lambda values
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Figure 42: Graph of the values of Figure 43: Histogram of the
Ag generated by the Metropolis- values of A\, generated by the
Hastings Algorithm when doing Metropolis-Hastings  Algorithm
1000 iterations. when doing 1000 iterations.

In Figure 42 the actual simulated values of the algorithm are plotted in blue,
the actual value of A\, used in the data is plotted in green and the average estimated
value for )\, is plotted in red. As can be seen from the graph, the proposed values
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of A\, that are accepted fluctuate around the true value of the parameter. We
also see that the average value of A\, is close to the actual value of A\, used in
the data, which means that the average of the estimates of the values of A, is a
good estimator for the parameter. The point estimate for A, in this simulation
was 5\9 = 0.5065, while the true value for the parameter A\, was 0.5. Relatively,
the estimated average is about 1.3% off from the true value of the parameter. If
we would for instance consider a significance value of 5%, the estimate would be
within the limits. Figure 43 gives another indication that the algorithm gives a
relatively good estimate for the real parameter A\;. Most of the estimations for the
value of \; were around 0.5, with a couple of outliers.

Next, consider the graph and histogram for the values of y in Figures 44 and
45 respectively.

The mu values The mu values

The mu value
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Figure 44: Graph of the values of Figure 45: Histogram of the
1 generated by the Metropolis- values of p generated by the
Hastings Algorithm when doing Metropolis-Hastings  Algorithm
1000 iterations. when doing 1000 iterations.

Similar to the case for )\, the accepted values of ;1 fluctuate around the true
value of the parameter. The histogram in Figure 45 shows that most of the ac-
cepted values of p were around 0.1. From the simulation results we get that the
average 1 value of this simulation is ft = 0.1116, while the true value used in the
data set is 0.1. At first sight, this estimate seems to be close to the real value of the
data. However, the relative error is about 11.6% which is quite high. Therefore, it
might be interesting to see if it makes any difference when we increase the number
of iterations of the algorithm.
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Simulation 2: 90000 iterations
In order to see if the estimation improves by increasing the number of iterations,
the Metropolis-Hastings Algorithm has been performed 90000 times on the same
data set. The results for the parameter \; can be found in Figures 46 and 47.

The lambda values The lambda values
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The corresponding iteration The lambda value

Figure 46: Graph of the values of Figure 47: Histogram of the
Ay generated by the Metropolis- values of A\, generated by the
Hastings Algorithm when doing Metropolis-Hastings ~ Algorithm
90000 iterations. when doing 90000 iterations.

In Figure 46 we see a similar trend as in Figure 42. The accepted values for
Ay continue to fluctuate around the true value of the parameter. The average
value is still relatively close to the true value. The estimated value for A\, was in
this case 5\9 = 0.4896 while the true value was 0.5. It underestimated the value
of A\, a little. If we calculate the relative error we are about 2.1% off from the
true value in absolute values. This error is a bit larger compared to the previous
simulation when we did 1000 iterations. However, due to the randomness of the
model and the fact that we have done a lot more iterations (the more we do, the
bigger chance for bigger outliers) it would explain the fact why the error is a bit
larger. Nevertheless, it is still in the same ‘range’ of about 1-3%.

The histogram of the values of )\, is also centered around 0.5 with a slight

skewness to the left. This is in line with what has been observed previously in the
Figure 46. The range of the accepted )\, values is a lot larger compared to the
range of accepted p values, which was also seen in the case when there were only
1000 iterations performed, as a result of the definition of A,.
The graph and the histogram with the estimated values for the parameter y can be
found in figures 48 and 49 respectively. The graph shows that we quickly converge
to a range of pu values fluctuating around the true value of the parameter. The
histogram is centered around the true value of p = 0.1 with a slight skew towards
the left.
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The estimate for p is it = 0.1134, while the true value used in the data was
0.1. Similar to the previous case, the estimate does give a good indication where
the true value lies, but has a large relative error of 13% in this case. The increase
in error is probably due to the increase in the number of iterations.

The mu values

0 20000 40000 60000 80000
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Figure 48: Graph of the values of
i generated by the Metropolis-
Hastings Algorithm when doing
90000 iterations.
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Figure 49: Histogram of the
values of p generated by the
Metropolis-Hastings Algorithm
when doing 90000 iterations.

All together, the Metropolis-Hastings Algorithm provides a good indication
for the value of the estimated parameter (in this case A, and p). However, the
estimates are not very accurate. Especially for the parameter p, we observed a

large relative error in both simulations.
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8.3 Metropolis-Adjusted Langevin Algorithm (MALA)

In this section we are going to consider another Monte Carlo Markov Chain al-
gorithm called Metropolis-Adjusted Langevin Algorithm or in short MALA to
sample from the posterior distribution. In the remainder of the paper, we will use
the short-hand notation MALA. First the algorithm will be explained, followed by
some simulation results.

8.3.1 The Metropolis-Adjusted Langevin Algorithm explained

The Metropolis-Adjusted Langevin Algorithm (MALA) is another Markov Chain
Monte Carlo Method to obtain random samples from any probability distribution
for which direct sampling is difficult (in our case: the posterior distribution). It is
makes use of two components:

e The Langevin diffusion
e The Metropolis-Hastings algorithm

The Langevin diffusion will make use of the gradient in order to propose can-
didate values for the parameters and after that the accept/reject algorithm of the
Metropolis-Hastings algorithm will be used to either accept or reject the newly pro-
posed values. It is therefore to be expected that MALA will need less iterations of
the algorithm to get equally accurate results compared to the Metropolis-Hastings
algorithm, which will be done later in this section. The biggest difference between
MALA and the Metropolis-Hastings algorithm is that instead of drawing candi-
date values from any generic proposal distribution, such as normal or exponential,
the new candidates in MALA are proposed based on the Langevin diffusion.

The Langevin diffusion is given by a stochastic differential equation given in equa-
tion (33).
dX, = —Vlog(g(X,))dt + V2dB, (33)

where, B, represents standard Brownian motion, X; is a stochastic process and
g(x) is the target density.

Under certain assumptions, the solution process (X;); is a Markov process that
has a unique stationary distribution. If we could simulate the process (X;); ex-
actly, then the distribution of X; should converge to the target density. However,
since in general X, is a continuous time process, we cannot simulate this process
exactly. Therefore, MALA discretizes this process using the Euler-Maruyama dis-
cretization.
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The Euler-Maruyama discretization for a general stochastic differential equa-
tion of the form: dX; = a(t, X;) dt + b(t, X;) dW; is given in equation (34).

Xng1 = X + altn, Xp)0t + b(tn, X)) AW, (34)

where AW,, =W, ., —W,,.
We apply this discretization to the Langevin diffusion given in equation (33) and
then we obtain equation (35).

Xni1 = Xn+ h - Viog(g(X,)) + V2h(, (35)
where (,is drawn from a multivariate normal distribution with mean 0 and covari-
ance matrix equal to the identity matrix.

The MALA algorithm is then as follows:

1. Select an initial value 6.

2. For j = 1,...,m (where m is some large integer number), we repeat the
following:

(a) Draw the candidate 6* by: 6* = 67~ + h - Vlog(g(6’~1)) + V2h(7 1,
where (/7! is drawn from a standard normal multivariate distribution
and g is the density.

(b) Compute the following ratio:

(o) @)
9(071) - (710

(¢) Check a:

e if o > 1, we accept the candidate #* and set the value of 67 = 9*.

e if 0 < a < 1, we accept the candidate 6* and set the value of ¢/ = 6*
with probability a.
We do this by drawing a sample ©/~! from the uniform distribution
U0,1). Ifis v/ < a, we set ¢ = 0* and if v/~ > «a, we set
075 = i1,

In essence, MALA is similar to the Metropolis-Hastings algorithm with the dif-
ference being the value of the candidate that has been drawn in each iteration.
Another big difference is that in MALA the proposal densityis fixed to be Gaus-
sian whereas in Metropolis-Hastings the family of the proposal density can be any
family of probability distributions (usually centered around the previous value).
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8.3.2 Automatic Differentiation

The Metropolis-Adjusted Langevin Algorithm evaluates the gradient of the log-
likelihood function. In order to implement this in Python, we made use of auto-
matic differentiation.
Automatic differentiation is a set of techniques to evaluate the derivative of a
function numerically. Every computer program is able to make use of elementary
arithmetic operations, such as addition, subtraction, multiplication and division,
as well as elementary functions, such as sine, cosine, exponential, logarithm etc.
The idea is to apply the chain rule repeatedly to these operations in order to
compute the derivatives of more complicated functions. Derivatives of any order
can be obtained. More background theory about automatic differentiation can be
found in [14].

Automatic differentiation using dual numbers
One way to perform automatic differentiation is by forward automatic differenti-
ation using dual numbers. It makes use of an extremely small number, call it e,
where it is defined that €2 = 0. The idea is to replace every real number, call it z,
by x + 2’ - €, where 2’ is also a real number. The value of 2’ is called a ‘seed’ and
is chosen arbitrarily. To illustrate the procedure to get a derivative, consider the
following simple example.
Suppose it is required to evaluate the first derivative of the function f(x) = x
using automatic differentiation by dual numbers. First, substitute the number
2 + 2’ - € into the function and simplify the expression:

2

(z +2'€)* = 2% + 2z2’e + 2'é* = 2 + 2x2’e by the definition of ¢ (36)

What can be seen in equation (36) is that the second term is the derivative of
the function f(x) times by the little extra number that was added to the original
number, as 2z is the derivative of x2. This is exactly what is done in automatic
differentiation using dual numbers. This procedure can be generalised to arbitrary
polynomials and extended to analytic functions.

8.3.3 Simulation results

The Metropolis-Adjusted Langevin Algorithm has been performed on the same
data set that had been used for the Metropolis-Hastings algorithm. First a sim-
ulation of 10000 iterations is done and later the number of iterations is increased
to 90000.

Simulation 1: 10000 iterations

In this case 10000 iterations have been run. In Figures 50 and 51 the graph and
the histogram of the simulated values of A, can be found.
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Figure 50: Graph of the values of Figure 51: Histogram of the val-
Mg generated by the MALA when ues of \, generated by the MALA
doing 10000 iterations. when doing 10000 iterations.

Similar to the graphs that were in the Metropolis-Hastings Algorithm para-
graph, the red line in Figure 50 represents the estimate generated from MALA
and the green line represents the actual value of A\, used in the data set. In this
case the actual value of \; was Ay = 0.5 and the estimated value was 5\9 = 0.4876.
The graph shows that the estimate is very close to the actual value as the red and
green line almost overlap. The histogram in Figure 51 shows that the estimated
values are all centered around the true value of \; = 0.5. This result is in line
with the graph in Figure 50

The relative error is approximately 2.5% in absolute values. If we compare this
estimate to the estimates that we got in the Metropolis-Hastings algorithm, we
see that the relative error of MALA is a bit larger compared to the relative error
obtained from the Metropolis-Hastings algorithm. If we performed 1000 iterations
of the Metropolis-Hastings algorithm we were about 1.3% off from the true value
and if we did 90000 iterations we were 2.1% off. However, the relative errors
are still within the same ‘range’ of about 1-3%. Due to the randomness in the
algorithm, the relative errors differ in each simulation that is performed, but in
general it stays within the range of 1-3%.

The results for the parameter p can be found in Figure 52 and in Figure 53.
From Figure 52 it can be seen that the algorithm quickly converges to a range of
values around the true value of the parameter. In this case, the initial guess was
about 0.52, but after a few iterations the estimates all lie in the range of 0.05 to
0.3. This is similar to the case when the Metropolis-Hastings algorithm was done.
However, the estimates seem to be a bit closer to the true value. The histogram
in Figure 53 confirms these observations as well. It is centered around the true
value of 0.1 with most estimates in the range from 0.05 till 0.2. The estimate of
in this simulation run is & = 0.0959. The true value of 1 used in the data set was
0.1. This estimate confirms the observations made in the figures.
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Figure 52: Graph of the values of Figure 53: Histogram of the val-
1 generated by the MALA when ues of p generated by the MALA
doing 10000 iterations. when doing 10000 iterations.

The relative error in this estimate is about 4.1% in absolute values. Similar
to the estimate for A\, we are underestimating the true value of the parameter a
bit. If we would take a significant level of 5% we would not reject the estimate
that we got for u when doing for instance hypothesis testing. Comparing this
estimate to the estimates generated by the Metropolis-Hastings algorithm, it can
be concluded that the estimate from MALA is more accurate. In the case that
1000 iterations were done of the Metropolis-Hastings algorithm, the relative error
was 11.6% and after increasing the amount of simulation iterations to 90000, the
relative error was about 13%. So the Metropolis-Adjusted Langevin Algorithm
produced a more accurate estimate for . This could be explained by the fact that
the ‘convergence’ to a value close to the real parameter is faster in MALA as a
result of a more accurate candidate parameter that is proposed in each iteration.

simulation 2: 90000 iterations

In order to see whether it makes a difference if the number of iterations of the
simulation is increased, another simulation with 90000 iterations of the MALA on
the same data set is done. The results for A\, can be found in Figures 54 and 55.
From Figure 54 we see that the average value, which is the estimate for Ay, is very
close to the true value of A\; = 0.5. Most simulation values range between 0.3 and
0.8. Similar to previous simulations, the estimates fluctuate around the true value
of the parameter. The histogram in Figure 55 also shows that most of the esti-
mates are centered around the value of 0.5, but it shows some left skewness. The
estimate for A was ;\g = 0.4903. This confirms the observations made in Figures
54 and 55. The relative error is calculated to be 1.9% in absolute values. If this
relative error is compared to the error in the previous simulation of 2.5%, we see
that the difference in errors is not significant. Therefore, increasing the number of
iterations did not really affect the estimate of A,.
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Figure 54: Graph of the values of Figure 55: Histogram of the val-
Ag generated by the MALA when ues of \, generated by the MALA
doing 90000 iterations. when doing 90000 iterations.

Furthermore, Figures 56 and 57 show the results for the parameter p. The
graph in Figure 56 shows that the range of values for the parameter p are between
0.05 and 0.2, similar to the case when there were 10000 iterations done. There are
a few outliers, but in general the estimates are close to the true value of the pa-
rameter. The red and green line almost overlap, which indicates that the estimate
for the value of u is close to the true value of the parameter. The histogram in
Figure 57 shows some positive skewness centered around the value of 0.1.

The estimate for p was in this case 1 = 0.0957 with a relative error of 4.3%
in absolute values. Comparing this error to the error made when doing 10000
simulation iterations, we see that they are about the same size. The relative
error in the case that MALA was done 10000 times was 4.1% in absolute values,
while in this case the relative error was 4.3% in absolute values. The difference is
not significant. Therefore, doing more iterations did not improve the parameter
estimation for the parameter u.
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Figure 56: Graph of the values of Figure 57: Histogram of the val-
1 generated by the MALA when ues of y generated by the MALA
doing 90000 iterations. when doing 90000 iterations.
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To conclude, the results showed that increasing the number of iterations from
10000 to 90000 did not improve the parameter estimation for both parameters. The
difference between the relative errors was not significant. However, the estimate of
the parameter i obtained by MALA was better compared to the estimate obtained

by the Metropolis-Hastings algorithm.
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8.4 The Metropolis-Hastings algorithm compared to MALA

Both the Metropolis-Hastings algorithm and MALA were used to sample from
the posterior density in order to do Bayesian parameter estimation. The biggest
difference between these two Monte Carlo Markov Chain methods is how the can-
didate value is proposed in each iteration. Another difference is the choice for the
proposal density, in MALA the proposal density is fixed to be Gaussian whereas in
the Metropolis-Hastings algorithm the family of the proposal density can be any
probability distribution (usually centered around the previous value).

The downside of MALA is the computational effort that it requires as it needs
to evaluate gradients of density functions. On the other hand, the big advantage
of MALA is that this algorithm would need less iterations to produce the same
accurate result compared to the Metropolis-Hastings algorithm, when the initial
estimate is for instance far away from the true value. In order to see if this is also
the case for the parameters A\, and p, both the Metropolis-Hastings algorithm and
MALA were run with an initial estimate of \) = 10 and p° = 10. The data set
on which the simulations have been performed is the same as the one used in the
previous sections, where the parameters are given in Table 7.

8.4.1 The Metropolis-Hastings algorithm

We start by examining the results for the Metropolis-Hastings algorithm when we
take the initial values of A\, and p to be 10 for both and doing 10000 iterations of
the algorithm. The graphs for the values of A, that have been generated by the
Metropolis-Hastings algorithm are found in figures 58 and 59.
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Similar to the previous graphs, the line in Figure 58 represents the actual
value of the parameter used in the simulation. We see that the algorithm quickly
adjusts the starting value of 10, to a value close to A, = 0.5. The histogram in
Figure 59 shows that most of the estimates are between 0.3 and 0.8. The average
Ag value generated in this simulation of 10000 iterations was 5\9 = 0.5088, with a
relative error of 1.8%, which is small. Surprisingly, despite having a far-off initial
guess of 10, the relative error is still in the same range of 1-3%, similar to the
previous simulations. The results of the values of p can be found in figures 60
and 61. The algorithm quickly converges to a value close to the true value of
the parameter p. Figure 60 shows this as the accepted values almost immediately
drop from an initial value of 10 for u to a range of values around the true value
of 0.1. The estimate for p is 1 = 0.1187 with a relative of about 18.7%, which is
relatively large. The histogram in Figure 61 shows that almost all values are close
to the true value, but there are a couple of outliers present, which might affected
the estimate as we are considering the sample average as the estimator.
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Figure 60: Graph of the values of Figure 61: Histogram of the
i generated by the Metropolis- values of pu generated by the
Hastings algorithm when doing Metropolis-Hastings algorithm
10000 iterations.  The initial when doing 10000 iterations.
value is pu° = 10. The initial value is u° = 10.

The estimation improved slightly if the number of iterations was increased.
Hence, another simulation run has been done with 90000 iterations of the algo-
rithm. The results for A\, can be found in figures 62 and 63. Both figures look very
similar to the figures 58 and 59. The average of the A, values was 5\9 = 0.5025,
which is a bit closer to the true value of A\, = 0.5 compared to the estimate before.
The begin estimate of A\, = 10 was far off from the true value, thus this will con-
tribute heavier to the average value by doing 10000 iterations compared to doing
90000 iterations, which might explain the more accurate estimate. The relative
error of this estimate is about 0.5%, which is really small.
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In figures 64 and 65 the results for the parameter u can be found. The obser-

vations in the results of A; also hold for . The estimate for p is i = 0.1097, which
is closer to 0.1 compared to the estimate of 0.1187 obtained after 10000 iterations.
A possible explanation of the better estimate is the same as in the case of A\;. The
relative error is calculated to be 9.7% which is still large, but an improvement
compared to the error in the previous simulation.
From the simulations we can conclude that if we have an initial guess that is
far off from the true parameter of the model, running more simulations of the
Metropolis-Hastings algorithm will produce a more accurate estimate. Note that
in this case the sample average is taken as the point estimator for the parameter,
if the estimator was taken differently then the results might differ.

The mu values The mu values

The mu value
IS

0 20000 40000 60000 80000 ] é “l é é l‘D
The corresponding iteration The mu value

Figure 64: Graph of the val- Figure 65: Histogram of the
ues of p generated by the values of p generated by the
Metropolis-Hastings algorithm Metropolis-Hastings algorithm
with 90000 iterations. The ini- with 90000 iterations. The ini-
tial value is u° = 10. tial value is p° = 10.

7



8.5 The Metropolis-Adjusted Langevin Algorithm

The proposed candidate vector of parameters of MALA is likely to be more accu-
rate compared to the candidate generated by the Metropolis-Hastings algorithm.
Therefore, it is expected that MALA will needs less simulation iterations to pro-
duce an estimate of the same (or perhaps better) accuracy. To see if this expec-
tation is correct or not, MALA has been run 10000 times on the same data set as
the Metropolis-Hastings algorithm. The results for the parameter A, can be found
in Figures 66 and 67.
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Figure 66: Graph of the values of
A generated by MALA when do-
ing 10000 iterations. The initial
value is \) = 10.

Figure 67: Histogram of the val-
ues of )\, generated by MALA
when doing 10000 iterations.
The initial value is A) = 10.

Similar to the Metropolis-Hastings algorithm, the convergence to the range
where the true value of Ay lies is quite fast. The initial estimate of 10, drops al-
most immediately to a value in the interval from 0.3 to 0.8 approximately. For the
remainder of the simulation iterations the estimates remain in this interval. The
histogram in Figure 67 shows that the histogram is centered around the true value
of 0.5, but with a few outliers. These outliers are most probably due to the initial
estimate of 10, which is far off from the true value of 0.5.

The estimate obtained for A, is 5\9 = 0.5006. The relative error is 0.12%, which is
the smallest error compared to all the previous errors we got in the simulations.
Therefore, we can conclude that for the estimation of the parameter A\, the ex-
pectations are confirmed. After only 10000 iterations of MALA, we already get a
more accurate estimate compared to 90000 iterations of the Metropolis-Hastings
algorithm.

Subsequently, consider the results of MALA for the parameter p. Just like in the
previous cases, we see that the value of p drops almost immediately to a small
range around the true value of 0.1 in Figure 68 and stays there for the remain-
der of the iterations. The histogram in Figure 69 shows that the estimates are
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centered around the true value of the parameter, with a few outliers due to the
far-off initial estimate. The estimate for p was in this case 4 = 0.1079, which is
also slightly better compared to the estimates we obtained using the Metropolis-
Hastings algorithm. The relative error is about 7.9% which is also the smallest
error for p compared to the previous errors obtained in the Metropolis-Hastings
algorithm. Therefore, also for the parameter i, we can conclude that MALA is a
more efficient way of parameter estimation as it needs less iterations to produce a
more accurate estimate compared to the Metropolis-Hastings algorithm.
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9 Discussion

We have proposed a mathematical model to model the spread of the novel coron-
avirus epidemic in the world. the model is different than most of the models that
have already been proposed, which are based on the general S(E)IR-models [15]
[16] [17] [18] [19]. There are two unique features in the presented model: (1) it
is based on cellular automata (2) it uses exponentially distributed times between
different states, which makes the model stochastic of nature. The model is able
to predict the dynamics of the disease under various lockdown scenarios with dif-
ferent infection and recovery rates. However, we also note some limitations in the
proposed model as well as it’s underlying assumptions. The proposed model is
still general as it is not yet adjusted to specific countries or regions and it has not
taken into account some factors that play a role in the dynamics of the disease.

To set up the mathematical model, a constant population size of n people is
assumed. When extending this model to a specific country or region, birth and
death rates can be taken into account. In addition, every individual is assumed
to be be in one of four different states, namely: susceptible, infected, recovered
or dead. We assumed that the virus is only transferred from infected people to
susceptible people, while in reality the virus is also able to spread through surfaces
or objects. People who just recovered from the COVID-19 virus, are able spread
the disease too. According to a study published in the journal JAMA, patients
who recovered from the COVID-19 virus had been tested positive for the virus in
every test between days 5 and 13 post-recovery [12].

The severity of the symptoms caused by the coronavirus vary from person to
person. Some people only experience very mild symptoms like fever and dry cough,
while others have difficulty breathing, chest pain and might even lose their speech
or movement and must be hospitalised. Elderly (above 70) also have a higher
chance of dying from the coronavirus compared to younger individuals. Certain
risk groups including individuals with chronic respiratory or pulmonary problems,
heart patients or diabetics also have a higher chance of dying as a result of the
coronavirus compared to ‘normal people’ their age.

Moreover, there is the possibility of reinfection. In this model, the recovery
rate p is assumed to constant for every individual. However, research shows that
over a period of about three months, the number of antibodies in recovered people
rapidly decreases. Recent studies found that there is a high chance of losing
immunity to the COVID-19 virus after a period of time. [20]. Death is assumed
when a person has been infected for a certain period of time. In practice, some
people might have mild symptoms for a very long time and recover or have very
heavy symptoms and die within a few days. This is highly individually. Further
research should be undertaken to investigate the probability of reinfection as well
as introducing different sub-groups of infected people based on their symptoms and
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health conditions. To better quantify these transmission rates, one could assume
that they are functions of time, as the rate of recovery not only changes with age,
but also with the circumstances at that time (for instance IC capacity).

In order to do simulations, the model has been simplified to a square grid
where each individual is assumed to only have four neighbours at most as we only
considered the neighbouring nodes as the set of neighbours. This is not realistic.
Future studies are encouraged to implement for instance a random process to
determine the neighbours of an individual. This allows for a flexible number of
contacts between individuals, but also some isolated sub-communities.

The different lockdown simulations showed that a severe lockdown is able to
extinguish the outbreak in a limited amount of time, while less severe lockdown
policies mainly cause a steady amount of infections as well as recovering and dy-
ing people over time. The term flattening the curve is often used in the media to
describe: (i) reduction in the peak number of infections, to prevent the health care
system from being overwhelmed and (ii) increasing the duration of the pandemic
over a larger time interval, but with the same number of cases at the end. This
phenomenon has been seen back in the simulations for various lockdown scenarios.
The time of the epidemic was stretched over a longer period when a lockdown
was implemented and the peak number of infections decreased. However, the to-
tal number of infections was the same as well as the total number of people who
recovered and died, as can be seen in the cumulative graphs. Lifting the lock-
down rules resulted into several peaks in the number of infections. The second
and possibly third peak were a lot lower compared to the first one, due to a lower
number of susceptible people. Nonetheless, governments are encouraged to impose
appropriate measures in their lockdown policies to reduce the peak in the number
of infections when they are relaxing the lockdown rules.

The model provides a theoretical framework to investigate the spread of the
COVID-19 virus. The variability in the results due to the randomness in the
model, makes the simulations more realistic as similar lockdown protocols in dif-
ferent countries have different effects on the number of casualties. Culture, popu-
lation density and public health care are for instance factors that influence this. In
the paper by Cooper, Mondal and Antonopoulos in [21] a SIR-model is developed
for various different communities, which investigate the time evolution of different
populations and the diversity in the parameters for the spread of the disease. Fu-
ture research on this topic could help modify this model to a specific country or
region.

The impact of different pairs of A\; and p have been investigated in the case
when there is no lockdown implemented. In this way the model can give insights
into the effects of these parameters on the spread of the virus. The simulations
showed that the length of the epidemic was shortest either for a large value of u
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(0.5) combined with a small value of A\, (0.2) or for large values of A, (above 0.55),
regardless of the value of p. The first pair (A, u) = (0.2,0.5) corresponds to a
small probability of infection and a large probability of recovery. This is seen back
in the average number of susceptible people, which was largest in this case. The
average number of recovered and dead people was smallest as well as the average
maximum number of infections for this pair of parameters. These findings suggest,
that if a country is able to lower the probability infection rate, by taking adequate
measures, in combination with a large recovery rate, then both the length of the
epidemic and the number of casualties will be smallest.

The effect of the parameter p is important in determining the average number
of people who remain susceptible, as well as the average number of recovered and
dead people at the end of the epidemic. A long as the value of A\, is above 0.3,
the value of p determines the evolution of the outbreak. Therefore, it is of vital
importance for countries to provide enough IC capacity as well as good medical
treatment for the patients to increase the recovery rate. However, it is to be noted
that the maximum number of infections in a certain time interval is dependent on
both parameters \; and p. It is recommended that in future studies, they consider
various lockdown scenarios with varying pairs of these parameters. Perhaps it is
possible to find a pair of values for (\,, ) and a lockdown strategy to eradicate the
virus. It is also advisable to consider larger population samples or more simulation
runs, as in this case we have only run simulations for a constant population size
of 10000 people and have only done 100 simulation runs per pair of (Ag, ).

As the presented model is not yet adjusted to a specific country or region
neither is it as extensive as many proposed S(E)IR-models. The results cannot
be directly compared to previous studies. In future studies, it might be possible
to relate the outcomes of this Spatial Cellular Automata Markov Chain model to
the S(E)IR-models presented in for instance [15] [16] [17] [18] [19]. A downside of
the current model, compared to the classical deterministic models like the S(E)IR-
models, is that it is relatively expensive to execute. One could possibly optimise
the model within the Monte Carlo framework.

Besides the formulation of the mathematical model, two methods of param-
eter estimation have been discussed, namely maximum likelihood estimation and
Bayesian estimation. In order to sample from the posterior distribution in Bayesian
estimation, we used two different Markov Chain Monte Carlo algorithms: the
Metropolis-Hastings algorithm and the Metropolis-Adjusted Langevin Algorithm
(or short MALA). Maximum likelihood estimation has the downside that the likeli-
hood function needs to be worked out explicitly for the model and differentiable. In
this model, the mathematics was relatively easy so we could derive the expressions
that were needed. Nonetheless, if the model is extended to a more complicated
model, this might not be possible anymore.
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In the Metropolis-Hastings algorithm we encountered large relative errors for
the parameter p. These errors were probably large because the range of the val-
ues of p that were accepted using the Metropolis-Hastings algorithm was a lot
smaller compared to the range of )\,, but further research is needed to explain
the size of these errors. The Metropolis-Adjusted Langevin Algorithm (or short
MALA) produced more accurate estimates for the parameter u compared to the
Metropolis-Hastings algorithm. The relative errors that were observed in the sim-
ulations of MALA were at most 10%, while in the Metropolis-Hastings algorithm
we had a relative error of almost 19% when we initially started with an estimate
far from the true value of the parameter. It is also possible that the mean was not
a good estimator for the parameter p. Further work is required to establish what
estimator would give the smallest relative error for the parameters.

In both the Metropolis-Hastings algorithm and MALA, the algorithm was
first done for A, and then for the proposed values of p. This method of keeping
one of the parameters constant could potentially have affected the parameter esti-
mation. This choice was made under the assumption that the parameters A\, and
1 were independent of each other. In the maximum likelihood estimation we have
plotted the estimated values for A\, and ;1 against each other in a scatter-plot and
didn’t see any relationship among them, but that is not sufficient evidence to prove
the independence of the two parameters. This is an important issue for further
research as well as linking the parameters of this model to the basic reproduction
number R used in for instance [16].

A note of caution is that in the simulations of both Metropolis-Hastings and
MALA, we have done still a relatively large number of iterations. If one would
only do few iterations, say 10 or 100, the estimates are very likely to be less accu-
rate. It could for instance be that in the numerical simulations, there is a certain
point where the uncertainty in the model determines the error and that increasing
the number of iterations after this point is reached does not produce more accu-
rate results. Future studies that consider the parameter estimation of the current
model are recommended to investigate at which number of iterations the error is
determined by the uncertainty in the model. In addition, there are many other
algorithms and ways of parameter estimation that can be used, so in future stud-
ies it is recommended to look into more detailed and other methods of parameter
estimation or other algorithms to sample from the posterior distribution function.

Given the current development of COVID-19, it is widely speculated that
this pandemic is not soon to be over. The proposed model could help countries to
predict future scenarios and potentially offer information about how to reduce the
epidemic wave and eradicate the disease.
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10 Conclusion

In December 2019, a novel coronavirus emerged in China and spread rapidly across
the world causing a pandemic, affecting society and the global economy [22] [23].
Mathematical modelling techniques are effective tools to find patterns in disease
outbreaks and provide useful predictions in the evolution of epidemics. In this
bachelor thesis, we have developed a spatial Markov Chain Cellular Automata
Model for the spread of the COVID-19 virus. This model uses network topologies
for the progression of an epidemic by considering each person on a grid individu-
ally and using stochastic principles to determine the transition between different
states. The model can be used to predict the time-evolution of epidemics under
various lockdown policies as well as the maximum number of infected people at
a certain time interval. Using both maximum likelihood estimation as well as
Bayesian estimation, one can estimate the input parameters from a given data set
for this particular mathematical model.

Different lockdown scenarios have been simulated to see the impact of the
severity of lockdown policies. Mild lockdowns were not really effective in reducing
the spread of the virus, while heavy lockdowns caused the number of infected cases
to be approximately constant over the lockdown period and severe lockdown pro-
tocols could eradicate the virus. Lifting the lockdown rules caused multiple peaks
in the number of active cases as the virus could spread more rapidly when the
lockdown rules were relaxed. It is recommended for governments to strictly moni-
tor what is happening when lifting lockdown rules. It might be wise to implement
some more stricter rules even if the rules have been relaxed previously, when the
spread of the virus is flaming up again. In reality, we see that many governments
have indeed taken this approach.

In addition to that, the impact of varying the infection probability rate as well
as the recovery rate has been investigated when no lockdown was implemented.
An important finding was that the recovery rate parameter u is crucial for de-
termining the number of susceptible, recovered and dead people, as long as the
infection probability rate A\, was larger than 0.3. On the other hand, A, mainly
influenced the duration until there were no more active cases in the population.
However, the maximum number of infections was dependent on both parameters.

The parameters of the model have been estimated using maximum likelihood
estimation as well as Bayesian estimation, where we sampled from the posterior
distribution function by two Markov Chain Monte Carlo Methods: the Metropolis-
Hastings algorithm and the Metropolis-Adjusted Langevin algorithm (MALA). All
the algorithms produced relatively accurate estimates for the parameters A, and
p. The relative error of A\, was generally in the range of 1-3%, while the relative
error for p differed per estimation method. It is to be noted that if the model is
extended or adapted for a certain country, maximum likelihood estimation might
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be more difficult, as it might not be possible to get a differentiable likelihood. The
numerical simulation results demonstrated that estimates using MALA ‘converge’
faster to the real value of the parameter compared to the Metropolis-Hastings al-
gorithm, when for instance the initial estimate is far off from the true value, and
had the smallest relative error. Hence, MALA produced the most accurate results
with the least number of iterations.

As more and more data and information on COVID-19 becomes available, the
proposed model could be useful for estimating the duration of the epidemic under
various (lockdown) scenarios. Parameter estimation methods can be applied in
future studies to real data to fit the model to for instance specific countries using
the approaches mentioned in this thesis or more advanced methods.
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11 Appendix Figures

In section 4 various lockdown scenarios have been considered. The corresponding
figures which show the spread of the virus in the various simulations for different
values of the lockdown parameter [3(t) are presented in this appendix.

11.1 Simulation 2: §(t) = 0.5
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Figure 70: Graph of the state of the system at different times for a 100x100 grid
and a medium lockdown of 8(t) = 0.5 where the lockdown starts at time 157 and
ends at time 607.
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Figure 71: Continuation of the graph of the state of the system at different times
for a 100x100 grid and a medium lockdown of 3(¢) = 0.5 where the lockdown starts
at time 157 and ends at time 607.

From Figures 70 and 71 it can be seen that the spread of the virus is rapid in the
beginning, but slows down when the lockdown has been implemented. Especially
around the times 207, 257 and 307, the decline in the number of active cases is
significant. After the lockdown implementation at time 157, a large amount of
people have already recovered or died from the virus, but there is still a large
proportion of susceptible people left.

From time 357 till time 607, the number of infected people is approximately con-
stant as a result of both the lockdown policies and the fact that many people have
already been infected and are either recovered or dead. Surprisingly, there is still
a proportion of people left, who have never become infected and thus remained
susceptible. This is also seen in reality, as some people are lucky to never come in
contact with the virus.

Another noteworthy observation is that after the lockdown has been implemented
the green area (corresponding to the recovered people) is first larger than the blue
area (corresponding to the dead people). The rationale behind this observation is
that in this model it takes more time for people to die than to recover, by the way
death is assumed. However, after some time blue area expands and we observe a
tilted rectangular front consisting of all blue and green area with red edges, show-
ing the spread of the disease. This observation is seen in all the simulations for
various values of §(t).
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11.2 Case 3: §(t) =0.1
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Figure 72: Graph of the state of the system at different times for a 100x100 grid
and a severe lockdown of §(t) = 0.1 where the lockdown starts at time 157 and
ends at time 607.
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Figure 73: Continuation of the graph of the state of the system at different times
for a 100x100 grid and a severe lockdown of §(t) = 0.1 where the lockdown starts
at time 157 and ends at time 607.
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From Figures 72 and 73 we see that the spread of the virus is very similar to all the
other simulations until time 157, as no lockdown has been implemented yet. Due
to the severity of the lockdown, the spread decreases rapidly between the times
157 and 207. Only the edges of the in this case ‘flame-like’ front of recovered
and dead people still have active cases. At time 257, there is only a very small
proportion of the population infected by the virus, which results in less infections
over the next time period. Eventually, at time 567, the spread of the virus has
ceased. There are no more infected people are left. Interestingly, there is still a
significant number of susceptible people in the population.

These results suggest that if a country (or region) implements a very severe lock-
down, it is able to stop the virus from spreading. However, since the model relies
on heavy assumptions, we can only say that a severe lockdown will drastically
reduce the amount of active cases, but we cannot promise eradication of the virus.
Another thing to be mentioned is that in this simulation, we are not considering
travelling between different regions or countries.

Furthermore, since the virus has already stopped spreading (in this simulation)
at time 567, the lifting of the lockdown at time 607 did not influence the results.
Nonetheless, if one would maintain the lockdown for a shorter period of time, then
the end time of the lockdown might be of influence potentially causing a second
peak in the number of infections.

89



11.3 Case 4:
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Figure 74: Graph of the state of the system at different times for a 100x100 grid
and a heavy lockdown of 3(t) = 0.3 where the lockdown starts at time 157 and

ends at time 607.
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Figure 75: Continuation of the graph of the state of the system at different times
for a 100x100 grid and a heavy lockdown of 8(¢) = 0.3 where the lockdown starts
at time 157 and ends at time 607.
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Figure 76: Graph of the end state of the system for a 100x100 grid and a heavy
lockdown of (t) = 0.3 where the lockdown starts at time 157 and is valid until
time 1007.
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The first observation made is that a lockdown of 8(¢) = 0.3 is insufficient to stop
the spread of the virus, while a lockdown of 5(t) = 0.1 was able to do this. How-
ever, the effects are still clearly present. At time 157, the lockdown results in a
drastic decrease in the number of infections. At time 207, the number of active
cases has significantly reduced. Over the course of the next time steps, the spread
of the virus is visibly slower. The amount of active cases remains constant over
the entire lockdown period. Most of these are at the edges of the ‘rectangular’
front of recovered and dead people. The little ‘islands’ of susceptible people are
also present in this simulation. These people are lucky to never become infected
by the disease, despite being surrounded by recovered or dead people.

The immediate lifting of the lockdown at time 607is undeniably seen in the simula-
tion results: the virus spreads rapidly among the remaining susceptible population
until the end of the simulation. This can be regarded as a ‘second peak’ in the
number of active cases. In reality, a strict lockdown is never relieved immedi-
ately, but more gradually. There are still some infected people left at the end of
the simulation, as well as susceptible people. If one would have run the simula-
tion longer than time 1007, then these people would also have recovered or died.
All in all, the results do provide an insight in the effects of a heavy lockdown policy.
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11.4 Case 5: §(t) =0.7
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Figure 77: Graph of the state of the system at different times for a 100x100 grid
and a mild lockdown of §(t) = 0.7 where the lockdown starts at time 157 and ends
at 607.
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Figure 78: Graph of the state of the system at different times for a 100x100 grid
and a mild lockdown of 3(t) = 0.7 where the lockdown starts at time 157 and ends
at 607. This is the extension of the previous graph.

The dynamics of the spread of the virus in Figures 77 and 78 is similar to the
previous cases. The only difference compared to the previous lockdown scenarios
is that the ‘band width’ of the red area after the lockdown is implemented is wider.
This indicates that the amount of active cases is larger, which is logical as we are
now considering a lockdown of §(t) = 0.7.

Interestingly, if the end time of this simulation at 63 is compared to the other
lockdown scenarios, we see that this end time is close to the end time of a medium
lockdown of 3(t) = 0.5, which had an end time of 687. This suggests that the
duration of the epidemic with a lockdown of 0.5 or a lockdown of 0.7 is almost the
same. Comparing this result to the case when there is no lockdown implemented,
where the simulation ended at time 44, we see that a lockdown does seem to
have a significant effect in stretching the epidemic over a longer period of time.
In summary, these results show that the difference between a mild lockdown of
B(t) = 0.7 and a medium lockdown of §(¢) = 0.5 is minor. However, the lockdown
policies do have a significant effect in lengthening the duration of the epidemic.
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11.5 Lifting the lockdown rules, end plots of the simula-
tions

11.5.1 Case 1: severe to medium to no lockdown

1.0

0.8 1

0.6 q

Y label

0.4

0.2

0.0

T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0
X label

Figure 79: Graph of the state of the end of the system for a 100x100 grid and a
severe lockdown of 5(t) = 0.1 where the lockdown starts at time 15, the lockdown
is then lifted at time 357 to a medium lockdown of 5(t) = 0.5 and at time 607 to
no lockdown.

11.5.2 Case 2: heavy to mild to no lockdown
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Figure 80: Graph of the state of the end of the system for a 100x100 grid and a
heavy lockdown of 3(t) = 0.3 where the lockdown starts at time 157, the lockdown
is then lifted at time 357 to a mild lockdown of (¢) = 0.6 and at time 607 to no
lockdown.
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11.5.3 Case 3: heavy to even milder to no lockdown

Note that this is not a separate subsection in section 4, but the results are men-
tioned.
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Figure 81: Graph of the state of the end of the system for a 100x100 grid and a
heavy lockdown of 5(t) = 0.3 where the lockdown starts at time 157, the lockdown
is then lifted at time 357 to a mild lockdown of (¢) = 0.7 and at time 607 to no
lockdown.
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12 Appendix Probability Theory

This Appendix contains probability theory definitions that are used in this paper.

12.1 Bernoulli Random variable

Recall from probability theory the following: If the random variable Z has a
Bernoulli distribution with parameter p. Then:

7 1 with probability p
~ |0 with probability 1-p

We can write:
P(Z = z) = p*(1 — p)t=2) where z € {0,1}

12.2 Standard Normal Distribution

If it is assumed that Z ~ N(0,1), so Z is standard normally distributed then
the cumulative distribution function ®(z) is given by equation (37) and the corre-
sponding density function ¢ is given by equation (38).

R
O(2) = E/_@e > dt (37)
o) = =¥ (38)
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13 Appendix Python implementations

The implementations of certain functions and algorithms in order to do parameter
estimation are explained in this appendix.

13.1 Log-likelihood function implementation

The log-likelihood function is implemented as a function in Python. It has ar-
guments: lamhat, mu, dicperson and dicneighbour and timelist. The values of
lamhat and mu correspond to the values of A\; and p in the mathematical model
respectively. Dicperson is a dictionary that contains the information of the state
of every person at each time step. The key-value pairs are as follows: (time, xvalue
person, yvalue person) = ‘state of person’; where the time corresponds to the time
step, the x-value and y-value determine which node is considered on the grid and
the state of the person tells us in which of the four states: susceptible, infected,
recovered or dead this person is.

The dictionary dicneighbour is similar to dicperson, but instead of storing the state
of the person as the value of each key, the value of the intensity of the contact
with the neighbours is stored. The reason why this dictionary is implemented is
because the interpersonal relations between the people over time change and is
also random (as we draw random uniform numbers). Therefore, since the proba-
bility of becoming infected is dependent on the value of the infected neighbours,
this value is relevant. The key-value pairs are as follows: (time, xvalue person,
yvalue person) = ‘value of the sum of the interpersonal contact with the infected
neighbours’.

The timelist argument in this function is for a list of the time that the simulation
data has been run. This differs in every simulation since the time that it takes in
every simulation for the number of infections to be zero or the virus to die out is
different. This is also the case for the data that is obtained in real life. In certain
countries it might take less time for a certain proportion of the population to get
infected compared to other countries or regions.

In the function itself, the first step is to iterate over all the time steps and the
people in the population. Then the log-likelihood is calculated for each of the four
possible states that the person is in.

There are in total five possible transitions for each person:

1. The person is susceptible at time ¢ and stays susceptible at time ¢ + 7. The

—Ag- n a;ij(t))-T
corresponding log-likelihood is then: log (e 9 (Xjentnd () 215 (D) )

2. The person is susceptible at time ¢t and becomes infected at time ¢ + 7. The
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—Ag- n a;j(t))T
corresponding log-likelihood is then: 1 — log (e ! (ZjENf £ i) )

3. The person is infected at time ¢ and stays infected at time ¢ + 7. The
corresponding log-likelihood is then: log(e™#T)

4. The person is infected at time ¢ and recovers at time t+7. The corresponding
log-likelihood is then: 1 —log(e™#7)

5. The person is infected at time ¢ and stays infected at time ¢ + 7, but exceeds
M -7 (which is the time to death). The corresponding log-likelihood is then:0.
This is because the probability of dying is 1 (under the assumption of this
death model).

All the log-likelihood values of the different cases are then summed together
to get the final log-likelihood at time t and then we sum this over all the time
steps and get the final log-likelihood.

In order to produce the simulation results for the estimation of the parameters
Ag and p in section 7, the model has been simulated 100 times and each time we
estimate the parameters \; and p. In each iteration, we will look at a 'fixed’ data
set and consider a range of values of A\, and p. The range of the values of \; and
w are in the interval (0,1) with a mesh-width of 0.01.

We iterate through these values of both A; and i and calculate the corresponding
log-likelihood. All these values of the log-likelihoods are stored in a list (in the
program it is named ‘difvaluesloglh’). From this list the maximum value is then
taken, using the max function in Python. This is because the log-likelihood should
be maximal around the ‘real’ parameters.

To this maximum value of the log-likelihood corresponds a pair of A, and p and
that pair will be the estimated values for the parameters A\, and p (this pair of
values are called ‘maz,’ in the code).

Every iteration will give a pair of estimated values for the parameters A\, and p
with a corresponding log-likelihood. All these values are then stored in another list
(in the program called ‘simulatedlamhatmu’ and ‘simulatedlog-likelihood’). From
these values we are going to take the average. This average should then converge
to the real parameters used in the data. In this case the real parameters in the
simulation data were A\, = 0.5 and p = 0.1.
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13.2 Implementation of the Metropolis-Hastings algorithm

In this section, the method and the corresponding python implementation will
be explained for this particular mathematical model to estimate the parameters
Ag and p. The aim of the algorithm is to sample from the posterior probability
density given by:

pxo(@,0)  po(x)-7(0)
px () S po(x) - m(0)d

where pg(x) is the probability density of the observation x and 7 is the prior density
of the parameter @, in order to do Bayesian parameter estimation.

We begin by generating a data set and considering the log-likelihood function
again. To start the algorithm we take initial values for the parameters we want
to estimate, which are in this case Ay and p. That is A) and p°, where the °
superscript is for the 0 iteration. It is to be noted that in this case both values
of A\, and p are positive, so negative initial estimates are excluded.

The proposal distribution that has been chosen when performing the algorithm
is a normal distribution centered around the previous estimated value of A, or
respectively and with a variance of o2. This variance can be tuned to a prespecified.
However, since generally we want an acceptance rate between 0.25 and 0.5, in this
simulation o2 is taken to be equal to 1. In the list lamhatlist the values of the
Ay parameter are stored and in the list mulist the values of the p parameter are
stored when the algorithm is performed. In order to perform the algorithm we will
make use of a ‘simplified posterior density’, which is proportional to the posterior
density given by:

peix=:(f) = (39)

px,@@?, 9) _ pe(I)‘7T<9)
px(z) [ ps(z) - m(9)dv

where pg(x) is the probability density of the observation x and 7 is the prior density
of the parameter 6. Since the denominator of the posterior density is often hard
to compute (definitely in this case), we make use of another function g(#) which
is proportional to the posterior density.

Pe|x=:(0) = (40)

@) )
[ po(z) - w(9)dv

The prior density that has been chosen for the parameter vector 6 = (A, p1) is the
product of the two prior densities of the parameters A\, and p. The reason why this
has been chosen is because it is assumed that the infection probability rate A, is
independent of the recovery probability rate . For both parameters it is assumed

pe|x=:(0) o pp(x) - w(0) = g(0) (41)
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that they are exponentially distributed with parameter 1. The prior function then
becomes:

m(0) = e e (Ligyp 1ory+ Loy 1—sy) = € Y (L, ony+ ey, 1—sy) (42)

Recall that the likelihood was given by equation (26) which we derived in section
6.
Thus, all together the function g(0) is given by:

n

g(0) = e Lyt e =sy) (T [P(Xiks Zik = @ik, 2i) | (Yie1, Zi1) = (Yiee1, Zie1))

i=1

(43)
When performing the Metropolis-Hastings algorithm, a ratio needs to be calculated
in every iteration . This ratio for the j™ iteration is defined as:

o= 907 - q(0"1]0")
g(6771) - q(67|63-1)

where 6771 is in this case a vector of the parameters (/\gfl, p/~1) of the previous
iteration,f* is the vector of the parameters that are proposed in this iteration so
()\;, ©*), g is a function proportional to the posterior density and ¢ represents the
proposal density.

To compute g(6*) and g(6?~1) we simply substitute the star values and the previous
values of the parameters respectively into the expression given in equation (43). To
compute the ratio of the proposal densities we need to do some more calculations.
The proposal densities are assumed to be normally distributed around the previous
value of # with a variance of 0. Hence, we get the following, using the fact that
log@)~log®"1) , N'(0,1). Define Z ~ N(0,1).

[

(6" < 2l67") = P(log(6") < log(2)|6" ")

_ plos®) —log(®™) _ log(e) — logl0™)
—P(Z < log(2) —;og(w ) 1671 (44)
_ q)(log(z) - log(@j_l))

o

where the ® represents the standard normal cumulative distribution function.
To get the proposal density conditioned on the previous value, we need to differ-
entiate equation (44) with respect to z and evaluate it at the value we want, which
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is in this case 0*.

Q(Q*‘ijl) _ %<®(10g(z) — IOg(ijl)

)

o 2=0*
log(z) — log(#7—1 d log(z) —log(#’~!
_ o g(2) Og( )> 79*,5( g(2) Ug( )> »
log(z) — log(#7~1) . 11 . (45)
- QS( o ) z=0% ; . ; z=0*
_ ¢(log(9*) —Olog(ej‘l)) ' é %

where ¢ is the probability density function of the standard normal distribution.
In order to get the value «, we need to evaluate the ratio

q(6"7'16")
q(0+167-1)"

By using the expression in equation (45), this ratio can then be simplified as
follows:

g(671]9%) (@ Tlese)y 11

o o g1—1 o
q(G*\HJfl) ¢(10g(9*)—(170g(93_ )) . Gi* . % (46)
61

The simplification makes use of the fact that the Gaussian distribution is
symmetric. In Appendix 12, the complete expressions of the cumulative distribu-
tion function and the density of a standard normal distribution are given.

The other ratio that needs to be evaluated to get the value of « is:

g9(6")
g(0i71)

In order to get the ratio of the function g(#), note that the function given in
equation (43) is the product of two functions: the likelihood and the prior.

We perform the Metropolis-Hastings algorithm first for the parameter A\, and then
for the parameter . So the Metropolis-Hastings algorithm is then as follows:

1. Select an initial value 6°, so in this case for A) and p°.

2. For j = 1,...,m (where m is some large integer number), we repeat the
following:
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(a) Draw the candidate #* from the proposal distribution q(6*|6?~!). We
first keep p/~! constant and use the proposed value of A; in the cal-
culation of the ratio of . The parameter vector 6* is now equal to
0* = (A}, /~")" and the parameter vector /=" = (M1, /71"

(b) Compute the following ratio:
oo 9 -a("]6)
g9(67=1) - q(67[6771)
(c¢) Check « for the value of A,:

e if & > 1, we accept the candidate 6* and set the value of )\g = A,

e if 0 < a < 1, we accept the candidate #* and set the value of
A = X\i with probability .. We do this by drawing a sample u’
from the uniform distribution U(0,1). If v/ < o we set A} = A}
and if u/ > o we set )\g = Agfl.

(d) Now we keep the value of )\g constant and use the proposed value for
i, so p* and compare that to the value of p/~! in the calculation of
the ratio a. The parameter vector 6* is now * = (A, p*)" and the
parameter vector 6771 = (M, /=T

(e) We calculate: ’

R Gl
g(6771) - q(6+[671)
(f) Check a for the value of pu:

e if & > 1, we accept the candidate #* and set the value of p?/ = p

*

e if 0 < a < 1, we accept the candidate #* and set the value of
p/ = p* with probability «.
We do this by drawing a sample «/ from the uniform distribution
U0,1). If ! < a we set p/ = p* and if v/ > o we set p/ = p=".
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13.3 Implementation of MALA

The implementation of MALA is similar to the implementation of the Metropolis-
Hastings algorithm. The only difference is that instead of drawing a candidate
from a general distribution family (such as the normal distribution or exponential
distribution), we fix the proposal density to be Gaussian and use the Langevin
diffusion stochastic differential equation. The Langevin diffusion stochastic differ-
ential equation is given in equation (33).

The candidate in our case is then drawn as follows:

0 = 07 + h - Vlog(g(6”)) + V2h(? (47)

where (7 is drawn from a normal distribution with mean zero and variance o2 and
g is the prior function times the likelihood function in this case, which is given in
equation (43). The superscript 7 denotes the j* iteration of the algorithm.

For the acceptance ratio of o we need to consider the proposal density, just like in
the Metropolis-Hastings algorithm. We now have that:

0" — (0"~ + h - Viog(g(("1)))
V2h
If we define that Z ~ N(0, 1) then the following holds:

~ N(0,1) (48)

P(0* < z|0°) = P(

0* — (0771 4+ h - Vlog(g(6’71))) <2~ (0771 4+ h - Vlog(g(6’~1)))

NeT - V2h
2 — (71 + h- Viog(g(¢’71))) 165

V2h
(2= (0" + h- Vieg(g(0' 1))
-° ( V2h )

—P(Z <

(49)
where ® is the cumulative distribution function of a standard normal random
variable given in equation (37).

In order to get the proposal density ¢(0*|¢?~!) we differentiate equation (49) again
with respect to z and get the following:

o) = Lo %10g<g(9j_1>))
Z— (071 + h - Viog(g(871))) d

)

)

z=0*

z— (0771 + h - Viog(g(6"71)))

- ¢( \/ﬁ z=0* . dZ(

_ 4 (9* — (¢t +h- Vlog(g(@jl)))> 1
V2h V2h

V2h

(50)
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where ¢ is the probability density function of a standard normal random variable
given in equation (38).
The value of the ratio « is then calculated using:

a0 a0 e)
M)

The function g is the prior times the likelihood in the model given in equation (43)
and the function ¢ is as we derived above in equation (50).

Just like in the case when performing Metropolis-Hastings, we are going to take
the natural logarithm of a and therefore get:

o8 - 4(60)
log(a) = log <g(9j—1) : q(9*|9j_1))

o (S 10 (2010)

 log(g(6")) — log(g(®# 1)) + log(g @ 18")) — log(a(@|#"))
= loglh(0*) — loglh(éj‘l) + ()\g—l . )\;) n (,uj_l )

o (6 (2 Tty L

-t (o (£ Fhotg@ )y, L)

The value of the expression derived in equation (51) will then again be com-
pared to a value log(u), where u is drawn from a standard uniform distribution
on the interval (0,1). The MALA algorithm is first performed on the value of A,
while keeping the value of 1 constant. Then we reverse this process by taking A,
constant and performing the MALA on the value of y. The rest of the implemen-
tation is exactly the same as it was for the Metropolis-Hastings algorithm, which

is explained in the previous section.
Therefore, MALA is as follows:

(51)

1. Select an initial value 6°, so in this case for A) and p°.

2. For j = 1,...,m (where m is some large integer number), we repeat the
following:

(a) Draw the candidate 6* from the proposal distribution ¢(6*]6’~'). Since
we first start with A\, and keep ;v constant we only generate a proposed
value for A\;. The proposed value of A, is:

Ao = N7l - Vlog(g(0° ™)) + V2h¢ !
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(f)

(2)

where C{_l ~ N(0,1). We keep p/~! constant and use the proposed
value of A} in the calculation of the ratio of a. The parameter vector
0% is now equal to #* = (A}, /~")" and the parameter vector 677! =
(AT

Compute the following ratio:
oo 9 -a(6"]6)
g(07-1) - q(6+]67-1)
Check « for the value of A:

e if & > 1, we accept the candidate 6* and set the value of )\g = A,

e if 0 < a < 1, we accept the candidate #* and set the value of
A = X\i with probability .. We do this by drawing a sample u’
from the uniform distribution U(0,1). If v/ < o we set A} = A}
and if w7 > o we set )\g = Agfl.

We propose a value of p. The proposed value of u is:
pr= 7+ b Viog(g(6 1)) + V2h¢) ™

where (7' ~ N(0,1).

Now we keep the value of )\g constant and use the proposed value for
i, so p* and compare that to the value of x/~! in the calculation of
the ratio . The parameter vector 6* is now 6* = (X, u*)" and the

parameter vector 677" = (M, /=T,

We calculate: ’
_9(07) - q(°1]0")
g(03=1) - q(0+|67-1)

Check « for the value of u:

*

e if & > 1, we accept the candidate 0* and set the value of p?/ = p
e if 0 < a < 1, we accept the candidate #* and set the value of
@/ = p* with probability «.
We do this by drawing a sample %’ from the uniform distribution
U0,1). If u? < a we set p/ = p* and if v/ > o we set p/ = p=.
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