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Abstract

Inspection-class autonomous underwater vehicles often operate without external posi-
tioning. Instead, they use onboard sensors to estimate their state. Because no single
sensor is sufficient in isolation, they typically combine a camera, an inertial measure-
ment unit (IMU), a Doppler velocity log (DVL), and a pressure sensor, fused within a
simultaneous localization and mapping (SLAM) estimator. Coherent fusion requires ex-
trinsic calibration so that all measurements are expressed in a common frame. Existing
calibration methods address only part of the problem: they often calibrate subsets of
sensors, require dedicated calibration procedures or targets, adopt continuous-time for-
mulations not directly compatible with a discrete-time estimator, or neglect the impact
of uncertainty in the motion quantities used during calibration. This thesis develops
a targetless joint extrinsic calibration that recovers the full set of extrinsic parameters
between the camera, IMU, DVL, and pressure sensor from onboard data. The method
is formulated within a discrete-time SLAM estimator. To the best of our knowledge, no
prior method estimates the pressure-sensor translation jointly with the rest of the suite.
First, we show that the established baseline carries a structural bias in the IMU–DVL
translation, present regardless of data quality. Our corrected formulation removes this
bias, establishing a precondition for any joint calibration built on the baseline. Second,
we identify a subtle bias that remains, an errors-in-variables effect from conditioning
on a noisy motion measurement. This bias cannot be eliminated through tuning. We
show that its severity can be predicted from the sensor data before the run, without
ground truth. A further reformulation reduces it. Finally, evaluated on real underwater
data, the calibration runs on demand during a mission and improves the IMU–DVL
translation estimate over the baseline, in the order predicted by the analysis.
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Introduction 1
Autonomous underwater vehicles (AUVs) have become central to subsea inspection.
They examine pipelines and cables, assess offshore wind foundations, inspect hulls and
harbors, and map the seabed and submerged archaeological sites [3]. These tasks reach
depths and ranges where continuous human supervision is impractical. The vehicle
must therefore operate on its own. Whether a mission succeeds and whether the data
it returns are usable rests on the vehicle’s own ability to localize itself reliably [3].

On land and in the air, a vehicle can anchor its position to a global navigation satel-
lite system and leave its onboard sensors to track only the short-term motion between
satellite fixes. Underwater, that external anchor disappears, as satellite signals do not
penetrate more than a few centimeters of water [3]. Acoustic positioning, using long-
baseline or ultra-short-baseline arrays, can provide an alternative external reference,
but it requires beacons to be deployed and surveyed in advance, or a vessel to track the
vehicle from the surface [4]. Both options confine a mission to prepared areas and add
cost that exploratory or long-range work cannot bear [4]. Consequently, underwater
localization relies primarily on the vehicle’s onboard sensors.

One of the standard approaches to onboard localization is visual simultaneous local-
ization and mapping (SLAM) [3], which recovers the vehicle’s trajectory from camera
imagery. Underwater, however, vision alone is unreliable, and inspection vehicles there-
fore carry additional sensors that directly measure motion [5]. Fusing their readings
requires knowing how each sensor is mounted on the vehicle: the extrinsic calibration.
This thesis develops a targetless method for jointly estimating these extrinsics from the
sensor suite’s own data.

1.1 Motivation: Multi-Sensor Fusion and Extrinsic Calibra-
tion

The camera is the natural starting point for an inspection vehicle: it directly observes
the structures under survey. Visual SLAM depends on that imagery, but underwater,
light attenuates rapidly, lowering contrast and shortening usable range. Turbidity and
suspended particles obscure the scene [4, 6]. The image can drop out entirely for tens
of seconds at a time [7]. Vision alone, therefore, cannot sustain the localization that
an inspection mission requires.

This requirement naturally gives rise to a highly complementary sensor suite, in
which each modality addresses a specific weakness of the others. An inertial mea-
surement unit (IMU) reports rotation and acceleration at a high rate, bridging the
visual dropouts that defeat the camera. Integrated on its own, though, it accumulates
drift. A Doppler velocity log (DVL) bounds that drift by measuring the vehicle’s ve-
locity directly against the seabed. Neither the camera, the IMU, nor the DVL observes
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absolute depth, which a pressure sensor supplies. A magnetometer is the obvious fur-
ther addition, but the ferrous structures in inspection AUV surveys, such as pipelines
and ship hulls, heavily distort the local magnetic field and make its heading reference
unreliable [8]. Consequently, modern inspection systems have converged on a visual-
inertial-acoustic-depth sensing configuration [5, 9, 10].

Combining these sensors requires knowing how they are physically arranged on the
vehicle. Each sensor reports in its own coordinate frame, fixed to its mounting location.
Reconstructing a coherent motion means expressing every reading in a single common
reference frame. This requires the rigid-body transformation between each sensor’s
frame and the reference: a rotation together with a translation. These transformations
together form the extrinsics of the suite. They are set by the physical mounting and
remain stable during a mission, but they shift over weeks of operation due to drag,
vibration, and wave loading [7]. Accurate knowledge of these extrinsics is critical: an
error in them does not stay local. It propagates through the entire fusion pipeline [11],
biasing any derived measurements.

Recovering this calibration accurately is therefore essential to the overall system
performance, and is the focus of the thesis.

1.2 State of the Art in Extrinsic Calibration

Extrinsic calibration is an estimation problem. The extrinsics are stable within a mis-
sion but unknown a priori, and each sensor’s measurements depend on them through
the vehicle’s motion. Calibration estimates the extrinsics by fitting that dependence to
the recorded data. Existing methods that achieve this vary in five aspects: the calibra-
tion references they use, how they represent the trajectory, whether they calibrate the
sensors in a cascade or jointly, how they ensure the motion is informative, and whether
they account for noise in the measured motion. This section discusses them in turn.

The choice of calibration references differs across sensors, though every extrinsic is
expressed in the same common frame, conventionally the IMU’s. The IMU thus de-
fines that frame rather than being calibrated against anything, so it has no calibration
tradition of its own. The camera and DVL must each be calibrated to it. Camera
calibration is either target-based or targetless. Target-based methods recover the ex-
trinsics by observing a known pattern, such as a checkerboard, from many viewpoints.
The geometry they obtain is precise and repeatable, which is why such methods remain
the laboratory standard [12, 13]. They require, however, that the pattern stay in view
throughout, which constrains how the vehicle may move. Targetless methods drop the
pattern and instead recover the extrinsics from the vehicle’s own motion; underwater,
the camera’s vision-only trajectory serves as the reference [14].

DVL calibration follows a separate tradition. Established methods bootstrap from
an external reference, aligning the DVL against a surface satellite fix [15, 16], a pre-
calibrated high-grade inertial navigation system [17], or an acoustic positioning ar-
ray [18]. In both traditions, the standard option depends on something external to
the suite: a pattern held in the camera’s view, or a positioning reference for the DVL.
Open water removes them all. A pattern cannot be held in view across a survey, and no
external reference is available to a vehicle operating independently underwater [7, 14].
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What remains for either sensor is the suite’s own data. Self-contained calibration is
therefore not one option among several but the shared consequence of the deployment,
and it unifies what are otherwise separate per-sensor traditions.

Recovering the extrinsics this way first requires recovering the vehicle’s trajec-
tory from the suite’s own measurements, which admits different representations [19].
Continuous-time methods model the whole trajectory as a smooth curve, fixed by a
set of control points and evaluated at any instant between them [20, 21]. This repre-
sentation fuses sensors with different sampling rates without a separate state for each
reading, and it allows small timing offsets between sensors to be estimated alongside
the geometry. Frameworks built on this representation are conventionally posed as
a single-batch optimization over the entire recording. This prioritizes accuracy but
requires complete recording in advance, and recovering the continuous trajectory it
conditions on is itself an offline computation [12]. Such a calibration cannot run during
the mission it calibrates. In contrast, discrete-time methods maintain state only at the
instants when the sensors report [7]. They give up the smooth interpolation between
instants that the continuous-time curve provides. In return, the state they keep is the
one that a running SLAM estimator already maintains, so a discrete-time calibration
fits such a system without changing its representation. This makes it suitable for online
operation during a mission [7].

Beyond how the motion is represented, calibration methods also differ in how they
structure the estimation problem. The calibration can run as a cascade of steps or as
a single joint estimate. A cascade calibrates the sensors in pairs or in sequence, each
step resting on the one before. For the camera, IMU, and DVL, this typically means
calibrating the camera and IMU first, then aligning the DVL against the resulting
inertial trajectory. This keeps each step small, but an error early in the chain propagates
to every subsequent step. A joint estimate solves for all the extrinsics at once, so every
reading informs a single consistent result, with no error passed down the chain.

Even a joint formulation recovers the parameters only if the motion is informative
enough to make them observable. Some trajectories fail to excite every degree of
freedom, leaving part of the parameter space unobservable regardless of data quality.
A constant-velocity pass along a plane is one such case, and it leaves some of the
extrinsics unobservable [22]. An information-based metric scores how observable the
parameters are under a given motion. Two approaches are commonly adopted to build
on this metric. Active methods plan the motion in advance to score well, which secures
observability but requires control over the trajectory [23, 24]. Passive methods, by
contrast, take the motion as given and select the highest-scoring segments from the
recording [25]. This suits opportunistic operation, as efficient approximations of these
information scores can be computed alongside a running estimator. However, these
metrics quantify whether a motion makes the parameters observable, not whether the
noise in that motion biases the estimate; a motion can score well and still produce the
bias.

Informative motion is therefore necessary but not sufficient. This leads to a final
and often overlooked aspect of the estimation itself: noise can bias the estimate, not
only scatter it. The calibration is driven by noisy sensor measurements. Standard
estimators model noise as random error that scatters the estimate about the true value,
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kept small by weighting each measurement by its noise [7]. But some of the noise
displaces the estimate away from the true value rather than scattering it, a bias that
these estimators leave unmodeled. This is the errors-in-variables problem [26, 27]. A
calibration that ignores it can converge cleanly and report a confident estimate that is
nonetheless wrong. Reliable calibration, therefore, requires methods aware of this bias,
since convergence does not indicate accuracy.

Awareness of this bias completes the set of demands the inspection setting places on
a calibration. An inspection AUV must calibrate itself in the field during deployments
long enough for the extrinsics to drift, with no target to observe and no external refer-
ence available. A calibration fit for this setting must run during the mission, draw only
on the suite’s own data, and estimate the camera, IMU, DVL, and pressure extrinsics as
a single, consistent solution. It must also remain accurate when the motion it conditions
on is itself measured and noisy. Each of these capabilities has been demonstrated, but
only in isolation. While unified continuous-time frameworks achieve joint calibration
across extensive terrestrial suites, they omit the DVL’s unique acoustic models [20].
The closest underwater method, AQUA-SLAM, calibrates the camera, IMU, and DVL
jointly but does not include the pressure sensor, and even across those three, its for-
mulation carries a structural bias in the IMU–DVL translation [7]. Other systems that
fuse all four are localization frameworks, which take the full set of extrinsics as fixed
input rather than calibrating any of them [5, 10]. The pressure sensor translation is
thus the one extrinsic in the suite that no method estimates. The noisy-motion error,
in turn, has been confronted only in concurrent and independent work, and only for
a single DVL-sensor pair [28]. That work also adopts a continuous-time formulation
rather than the discrete-time formulation used by most deployed SLAM estimators.
The gap is therefore not a shortage of individual solutions but the absence of a single
approach that achieves all four at once: full sensor coverage, self-contained in-mission
operation, discrete-time compatibility, and robustness to noisy motion.

1.3 Research Questions and Contributions

To address this gap, this thesis develops a calibration framework tailored to the op-
erational constraints of inspection-class AUVs. Specifically, it addresses the following
main research question.

How can an inspection AUV jointly calibrate its camera, IMU, DVL, and pressure
sensors in situ, from onboard data alone and within a discrete-time formulation, while
accounting for its bias sources?

The central question breaks down into three subquestions, each addressed in later
chapters.

1. In the established baseline formulation, what causes the bias in the IMU–DVL
translation estimate, and how can it be corrected?

2. To what extent does the corrected formulation eliminate bias under realistic sensor
noise, and can any remaining bias be diagnosed, without ground truth, before it
is trusted, and then reduced?
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3. Can the calibration operate efficiently enough to run during a mission, rather than
only offline, and does it recover an accurate calibration from real underwater data
that improves downstream SLAM?

This thesis makes the following contributions:

1. A targetless joint extrinsic calibration of the camera, IMU, DVL, and pressure sen-
sor suite of an inspection-class AUV, validated on synthetic and real underwater
data. The extrinsics are recovered together from the suite’s own measurements,
with no target and no external aiding. To the best of our knowledge, it is the
first method to estimate the pressure-sensor translation jointly with the rest of
the suite, which no prior calibration recovers.

2. A closed-form analysis showing that the established baseline formulation estimates
the IMU–DVL translation with a structural bias (Chapter 3), and a correction
that removes it (Chapter 4). The bias comes from a term the baseline leaves out
of its motion model, which drives the estimate toward zero, regardless of data
quality. Restoring that term makes the translation estimate recoverable, making
the correction necessary for any joint calibration built on the baseline.

3. The identification of a second, more subtle bias on the IMU–DVL translation
estimate that the corrected formulation still carries (Chapter 5). This bias comes
from noise in the rotation-rate measurement that the calibration relies on, and
it grows with that noise. It is embedded in the solution, so calibration may
consistently converge on an incorrect value, and better tuning alone is insufficient
to mitigate it.

4. A diagnostic that flags this bias before a calibration is trusted (Chapter 5). Mea-
suring the bias directly would need the ground truth value, yet its severity can
be read in advance from the sensor data and a rough initial guess. The bias can
then be identified before the calibration is used, rather than after.

5. A reformulation that reduces this bias by changing how the body’s velocity enters
the estimate (Chapter 6). Treating the velocity as an independent latent variable,
rather than reading it from the DVL, keeps the noisy rotation rate away from
the part of the model that is sensitive to it. The bias is reduced but not fully
removed.

6. A demonstration that the calibration can be run during a mission, and a princi-
pled way to choose which stretch of a recording to run it on (Chapter 7). The
selection screens the data using the DVL’s own consistency, so it requires no cali-
bration parameters or ground truth. On real underwater data [29], the calibration
reproduces the accuracy ordering seen in simulation and holds up in downstream
SLAM.
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The Calibration Problem 2
This chapter formalizes the extrinsic calibration problem for the underwater suite in-
troduced in Chapter 1. Section 2.1 defines the coordinate frames of the sensors and
identifies the calibration state. Section 2.2 specifies the data from which the calibration
is built and the sensor measurement models, forming a residual for each sensor from
the mismatch between its measurement and the body motion. Section 2.3 assembles
these residuals into the weighted-least-squares cost whose minimizer is the calibration
estimate, together with the constraint-aware iteration that produces that minimizer.

2.1 The Extrinsic Calibration Problem

We consider an underwater vehicle that carries four sensors: an IMU, a stereo camera,
a DVL, and a pressure sensor. The IMU’s frame serves as the body frame, denoted
b, which is the vehicle-fixed reference frame used for expressing inter-sensor geometry.
The camera, DVL, and pressure-sensor frames are denoted c, d, and p, respectively.

The four frames are related by many possible inter-sensor transformations (rota-
tions and positions or translations), but these are not independent. A minimal subset
determines the rest by rigid-body composition, so only it needs to be estimated. One
such minimal subset is

E =
{

bRc, bpc/b, bRd, bpd/b, cpp/c

}
, (2.1)

where bRc ∈ SO(3) is the rotation from the camera frame c to the IMU frame b, and

bpc/b ∈ R3 is the position of the camera frame c relative to frame b, expressed in frame b,
also called IMU-camera lever arm. The remaining entries follow the same convention.
Here, SO(3) is the set of valid rotation matrices: the 3 × 3 orthogonal matrices with
determinant one, which preserve lengths and angles. These five entries comprise two
inter-sensor rotations and three lever arms (Figure 2.1). The camera and DVL each
contribute a rotation; the pressure sensor does not. It enters E with only a lever arm
because its scalar depth reading is invariant to its own orientation, which is therefore
unobservable from the data and excluded from E .

Calibration estimates E , but also additional quantities on which the sensor mea-
surements depend. The accelerometer measures specific force, for example, which is
the body acceleration relative to gravitational acceleration. Recovering the body ac-
celeration, therefore, requires knowing the direction of gravity. The gyroscope and
accelerometer also carry a slowly drifting bias, which corrupts every sample and must
therefore be estimated as well. Hence, E , the gravity direction, and the biases together
form the calibration state, which separates into time-invariant quantities (E and the
gravity direction) and time-varying quantities (the biases).
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Figure 2.1: Two of the five elements of E on the vehicle: the DVL-IMU rotation bRd and
camera-pressure lever arm cpp/c.

We note that the gravity direction is constant over the calibration window. Repre-
senting it by a time-invariant set of coordinates, therefore, requires a frame that does
not move with the vehicle. In a body-fixed frame, its coordinate representation changes
over time as the vehicle turns. To avoid this, the first camera frame, denoted c0, serves
as the navigation frame. It is the camera’s frame at the initial time, frozen as a fixed
reference. Gravity is then represented by its direction in c0, denoted as c0g ∈ S2, where
S2 denotes the unit sphere in R3. The magnitude g ≈ 9.81 m/s2 is assumed known.
Because the camera’s initial orientation relative to vertical is not known, the direction
of gravity in c0 is unknown a priori and must be estimated (Figure 2.2).

Figure 2.2: The navigation frame c0 and the gravity direction c0g expressed in it. The world
vertical (dashed) does not align with the axes of c0, so c0g is unknown a priori.

Unlike the gravity direction, the biases are time-varying, drifting slowly over the
calibration window. Because the drift is slow, a value at every sample carries little
more information than one at widely spaced times. Moreover, at the sensors’ high
sample rate, carrying one bias per sample would be impractical. Each bias is therefore
carried only at a discrete set of times, the keyframes (set K). Within each keyframe
interval, the biases are treated as constant, so each is represented by a single value per
keyframe.
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The complete calibration state is then

X =
{
E , c0g, { b

g
i , bai }i∈K

}
. (2.2)

Calibration is the set of values X ∗ that best explains the measurements. The next
section provides what this requires: the data the estimate is built from, and a measure-
ment model for each sensor. Each model predicts what its sensor should read, given
the calibration state and the body motion over a keyframe interval. The difference
between the actual reading and this prediction is the sensor’s residual. The models
are built bottom-up: from a shared body motion model (Section 2.2.1) through the
pressure sensor (Section 2.2.2), the IMU (Section 2.2.3), and the DVL (Section 2.2.4).
The residuals they produce are assembled into the cost of Section 2.3.

2.2 Measurement Models and Residuals

The data collected over the calibration window comes in two forms: a fixed refer-
ence that the estimate is conditioned on, and noisy sensor measurements that the
measurement models must explain. The fixed reference relies on the camera, which
provides a reference trajectory consisting of poses (orientations and translations){

c0Rci , c0pci

}
i∈K (Figure 2.3), where c0pci

abbreviates c0pci/c0
. The trajectory is re-

covered beforehand and treated as a fixed input rather than estimated. It comes from
visual-only bundle adjustment [30] in a SLAM system, which refines camera poses from
image features. This distinguishes the problem from SLAM, where the trajectory is
itself part of the state and optimization problem.

Figure 2.3: The camera trajectory
{
c0Rci , c0pci

}
i∈K expressed in the navigation frame c0,

which is recovered beforehand by visual-only bundle adjustment, the trajectory enters the
calibration as a fixed input.

The IMU, DVL, and pressure sensor comprise the second form of data: each sensor
produces a sample stream that constrains the state. Their per-interval measurement
sets are Z IMU

ij , ZDVL
ij , and ZP

ij , as illustrated in Figure 2.4, where i and j > i denote
consecutive keyframes. These are collected into

Z =
{
Z IMU

ij , ZDVL
ij , ZP

ij

}
(i,j)

, (2.3)

indexed over consecutive keyframe intervals.
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Figure 2.4: Per-interval measurement sets between consecutive keyframes i and j. The IMU
samples at high rate (orange ticks; gyroscope and accelerometer combined), the DVL provides
body-velocity samples at a lower rate (green arrows), and the pressure sensor reports absolute
depth as a step signal (blue).

The keyframes and sample streams just introduced are referenced throughout the
section by two index conventions and one subscript convention. The letters i and j
index keyframes, and k indexes the higher-rate samples within a keyframe interval. A
sensor-frame subscript carrying a keyframe index, such as ci, bi, di, or pi, denotes that
sensor’s frame at keyframe i; for the IMU, DVL, and pressure streams, it identifies the
first sample at or after keyframe i. Each interval (i, j) owns the half-open span [ti, tj)
of sample times, where ti is the time of keyframe i and ∆tij = tj − ti is the interval
duration, so a reading at a keyframe boundary belongs to a single interval.

2.2.1 Shared Foundation: Body Motion Model

The body motion model provides a unified kinematic description of the vehicle and
serves as the backbone for all sensor models. It consists of the body pose, the body
velocity in the navigation frame, and the body angular velocity in the body frame. The
body pose is fixed by the camera trajectory; the body velocity and angular velocity are
not.

The body pose is not part of the calibration state. It follows from the camera pose
at keyframe i and the camera-IMU extrinsics by rigid-body transformation,

c0Rbi = c0Rci bR
T
c , c0pbi

= c0pci
− c0Rci bR

T
c bpc/b, (2.4)

in which the camera pose is a known input from the trajectory, and the camera-IMU
extrinsics are part of the calibration state. The body pose, therefore, varies with the
extrinsics while the camera trajectory is held fixed. So residuals depend only on the
extrinsics, not the body pose itself.
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The body velocity and angular velocity are determined by neither the trajectory nor
the state. The trajectory provides the pose at each keyframe but not its time deriva-
tives, and the calibration state X of (2.2) does not include them either. Nevertheless,
several of the sensor models introduced in the following sections depend explicitly on
the body velocity c0vbi ∈ R3 or the body angular velocity biωbi ∈ R3. Therefore, the
calibration problem cannot be fully specified without introducing a representation for
these latent motion variables and constraints that relate them to the available mea-
surements. How this should be done is a central modeling choice, and the formulations
developed in the following chapters differ precisely in how they resolve it.

2.2.2 Pressure Sensor Model

The pressure sensor is the simplest of the sensor suite and needs no integration. It
measures hydrostatic pressure, which onboard electronics convert to depth below the
water surface. The noisy reading p̃pi is modeled as

p̃pi = c0g
T

c0ppi
+ oP + ηPi , (2.5)

where c0ppi
∈ R3 is the pressure-sensor position in the navigation frame at keyframe i,

oP ∈ R is the datum offset between the navigation-frame origin and the water surface,
and ηPi is zero-mean Gaussian white noise with variance σ2

P . The first term is the
projection of the sensor position onto the gravity direction c0g, which is positive when
the sensor lies below the navigation-frame origin.

The model carries the sensor position c0ppi
, which is not itself known. Because

the sensor is rigidly mounted to the camera, this position decomposes into the known
camera position and the unknown camera-pressure lever arm cpp/c ∈ R3,

c0ppi
= c0pci

+ c0Rci cpp/c. (2.6)

Substituting this into the model leaves three unknowns: the gravity direction, the
camera-pressure lever arm, and the datum offset. The first two are estimated in the
calibration state. The datum offset is not: it is a single constant shared by every
reading, which the residual removes.

The depth residual over the interval (i, j) differences the interval’s first and last
readings so that the shared datum offset cancels. The first reading is p̃pi , and the
last is p̃pj−1

, the last pressure sample before keyframe j; using the last interior reading
rather than the keyframe-j reading keeps consecutive intervals from sharing a sample.
The residual is

rPij = c0g
T
(
c0pcj

− c0pci
+ (c0Rcj − c0Rci) cpp/c

)
− (p̃pj−1

− p̃pi). (2.7)

The only random ingredients are the two depth readings, each of variance σ2
P , so the

residual has variance 2σ2
P . Because consecutive intervals draw disjoint samples, adjacent

depth residuals share no reading and are uncorrelated. The pressure residual depends
only on the gravity direction and sensor position and does not involve body velocity
terms.
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2.2.3 IMU Model

The IMU model is developed in three parts, following [31]: a per-sample model that
corrupts each raw gyroscope and accelerometer reading with bias and white noise; a
scheme that compresses the high-rate samples over an interval into a single relative-
motion constraint between two keyframes; and the residuals that follow from that
constraint. Bias appears in each part: it enters the per-sample model, drifts across
keyframes as a random walk, and is corrected within the compression scheme.

The gyroscope measures the body-frame angular velocity, and the accelerometer
measures the body-frame specific force. At sample k, the noisy raw measurements
decompose as

bkω̃bk = bkωbk + bgk + ηg
k, (2.8)

bkãbk = c0R
T
bk

(
c0abk − g c0g

)
+ bak + ηa

k, (2.9)

where bkω̃bk and bkãbk are the raw gyroscope and accelerometer readings at sample k,

bkωbk is the true body angular velocity, c0abk is the body acceleration in the navigation
frame, g c0g is the gravity vector, and bgk and bak are the true biases at sample k. The
terms ηg

k,η
a
k are zero-mean Gaussian white noise with covariances ΣGyro and ΣAcc.

The bias is assumed constant over the interval, so bgk and bak take the keyframe
values bgi and bai carried in the state. Across keyframes, the bias is not constant. It is
modeled as a random walk that links the values at successive keyframes,

bgj = bgi + ηbg
ij , baj = bai + ηba

ij , (2.10)

where ηbg
ij and ηba

ij are zero-mean Gaussian with covariances Σbg ∆tij and Σba∆tij,
scaling linearly with the interval, and Σbg and Σba are the bias random-walk covariance
densities. Linking the keyframes this way tracks the slow drift across the window rather
than estimating it independently at each keyframe.

With the per-sample model and its bias in place, the high-rate samples over an
interval are integrated into a per-interval measurement. If performed directly, this
integration propagates the body motion forward, using the body pose at keyframe
i as the initial condition. However, that pose depends on the camera-IMU rotation

bRc through (2.4), so every change to bRc during optimization would force the whole
integration to be redone. Preintegration [31] avoids this. It reparameterizes the integral
into compound measurements independent of the pose at i, which can therefore be
computed once and reused. Specifically, it defines three compound measurements: the
preintegrated rotation ∆R̃bj/bi , velocity ∆ṽbj/bi , and position ∆p̃bj/bi

, all evaluated
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from the raw samples at the keyframe-i bias values bgi , b
a
i :

∆R̃bj/bi(b
g
i ) =

j−1∏
k=i

Exp
(
(bkω̃bk − bgi )∆t

)
, (2.11)

∆ṽbj/bi(b
g
i , b

a
i ) =

j−1∑
k=i

∆R̃bk/bi(b
g
i ) (bkãbk − bai )∆t, (2.12)

∆p̃bj/bi
(bgi , b

a
i ) =

j−1∑
k=i

[
∆ṽbk/bi(b

g
i , b

a
i )∆t+ 1

2
∆R̃bk/bi(b

g
i ) (bkãbk − bai )∆t2

]
, (2.13)

where ∆t is the IMU sample period, and Exp : R3 → SO(3) is the exponential map,
which maps an axis-angle vector, whose direction is the rotation axis and whose mag-
nitude is the rotation angle, to the corresponding rotation matrix.

Each compound measurement is computed solely from the raw samples and is there-
fore independent of the extrinsics, the gravity direction, or the body pose at i. They do,
however, still depend on bias. Therefore, a change in the bias estimate would require
reintegration, negating the benefit of preintegration. To avoid this, the compound
measurements are updated by a first-order Taylor expansion in the bias increments
δbgi = bgi − b̄

g
i and δbai = bai − b̄

a
i around linearization points b̄

g
i and b̄

a
i :

∆R̃bj/bi(b
g
i ) ≈ ∆R̃bj/bi(b̄

g
i ) Exp

(
∂∆R̄bj/bi

∂bgi
δbgi

)
, (2.14)

∆ṽbj/bi(b
g
i , b

a
i ) ≈ ∆ṽbj/bi(b̄

g
i , b̄

a
i ) +

∂∆v̄bj/bi

∂bgi
δbgi +

∂∆v̄bj/bi

∂bai
δbai , (2.15)

∆p̃bj/bi
(bgi , b

a
i ) ≈ ∆p̃bj/bi

(b̄
g
i , b̄

a
i ) +

∂∆p̄bj/bi

∂bgi
δbgi +

∂∆p̄bj/bi

∂bai
δbai . (2.16)

The expansion holds while the bias increment remains small; beyond a set threshold,
the preintegration is recomputed and the Jacobians are re-evaluated at the new value.

Although free of the extrinsics and gravity, the preintegrations constrain both
through their relation to the body motion. The preintegrated measurement model
relates them to the body orientation, velocity, and position at keyframes i and j, each
carrying preintegration noise:

∆R̃bj/bi = bRc c0R
T
ci c0

Rcj bR
T
c Exp(δϕbj/bi

), (2.17)

∆ṽbj/bi = bRc c0R
T
ci

(
c0vbj − c0vbi − g c0g∆tij

)
+ δvbj/bi , (2.18)

∆p̃bj/bi
= bRc c0R

T
ci

(
c0pcj

− c0pci
− (c0Rcj − c0Rci) bR

T
c bpc/b

− c0vbi ∆tij − 1
2
g c0g∆t2ij

)
+ δpbj/bi

, (2.19)

where δϕbj/bi
, δvbj/bi , δpbj/bi

are zero-mean Gaussian preintegration noises whose joint

covariance is derived in detail in [31].
Each model defines a residual: the discrepancy between the body-motion prediction

and the compound measurement, with the bias corrections (2.14)–(2.16) applied at the
current bias estimates bgi and bai . Stripping the noise terms, the three IMU residuals
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are

rIMU,R
ij = Log

(
∆R̃bj/bi(b

g
i )

T
bRc c0R

T
ci c0

Rcj bR
T
c

)
, (2.20)

rIMU,v
ij = bRc c0R

T
ci

(
c0vbj − c0vbi − g c0g∆tij

)
−∆ṽbj/bi(b

g
i , b

a
i ), (2.21)

rIMU,p
ij = bRc c0R

T
ci

(
c0pcj

− c0pci
− (c0Rcj − c0Rci) bR

T
c bpc/b

− c0vbi ∆tij − 1
2
g c0g∆t2ij

)
−∆p̃bj/bi

(bgi , b
a
i ), (2.22)

where Log : SO(3) → R3 is the inverse of the exponential map Exp. It returns the
axis-angle vector of a rotation matrix, so the rotation residual expresses the discrepancy
between the predicted and measured rotation as a vector in R3. The rotation residual
depends solely on the camera-IMU rotation. The velocity and position residuals ad-
ditionally carry c0g, the position residual also carries the camera-IMU lever arm, and
both c0vbi and c0vbj enter the velocity and position residuals.

The bias residuals constrain the random-walk evolution of the IMU biases between
keyframes:

rbg

ij = bgj − bgi , (2.23)

rba

ij = baj − bai . (2.24)

The five components stack into the IMU residual rIMU
ij ∈ R15, defined as

rIMU
ij =


rIMU,R
ij

rIMU,v
ij

rIMU,p
ij

rbg

ij

rba

ij

 , (2.25)

comprising the three preintegration residuals followed by the two bias residuals.
The IMU velocity and position residuals carry the body velocities c0vbi and c0vbj

at the interval endpoints, as seen in Eqs. (2.21) and (2.22), one of the latent motion
variables introduced in Section 2.2.1.

2.2.4 DVL Model

The DVL residual is modeled in two parts: a displacement residual accumulated over
an interval, computed analogously to the IMU’s compound measurements, and a ve-
locity residual at a single keyframe. The displacement preintegration follows AQUA-
SLAM [7], and the velocity residual uses the kinematically consistent velocity trans-
port. Unlike the IMU preintegrations, both carry the extrinsics. This formulation
again requires body angular velocity for velocity transport, highlighting the recurring
dependence on latent motion variables. The two residuals are derived in turn after
introducing the measurement model.

The DVL measures the velocity of the DVL frame, expressed in that frame. Unlike
the IMU, it samples at a lower rate, sometimes only once or a few times per interval.
At sample k,

dk ṽdk = dkvdk + ηd
k, (2.26)
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where dk ṽdk is the raw DVL reading at sample k, dkvdk is the true DVL-frame velocity,
and ηd

k is zero-mean Gaussian white noise with covariance ΣDVL.
The DVL displacement preintegration follows AQUA-SLAM [7]. Similar to the

IMU, integrating the DVL velocity over an interval would depend on the body pose
at keyframe i, which itself moves with the camera-IMU rotation. Preintegration again
decouples the integral from that pose. Forming a body-frame displacement from the
DVL velocity requires rotating each velocity measurement according to the vehicle’s
orientation change since keyframe i. This orientation evolves continuously over the
interval and is available from the gyroscope at the higher IMU rate. The displacement
is therefore accumulated at the gyroscope rate: each DVL reading is held constant
between its samples (a zero-order hold, which neglects any change in velocity between

samples) and rotated by the IMU’s preintegrated rotation ∆R̃bk/bi . The interval’s DVL
samples thus compress into a single compound measurement, the preintegrated DVL
displacement,

∆p̃dj/di
(bgi ) =

j−1∑
k=i

∆R̃bk/bi(b
g
i ) bRd dk ṽdk ∆t, (2.27)

where ∆t is the gyroscope sample period, dk ṽdk is the most recent DVL reading, and

∆R̃bk/bi is the preintegrated rotation of (2.11). The displacement ∆p̃dj/di
is the trans-

lation of the DVL origin between the two keyframes, expressed in the body frame at
keyframe i.

Unlike the IMU preintegration, this displacement is not free of the extrinsics: it
explicitly includes the DVL-IMU rotation bRd. The displacement also depends on the
gyroscope bias through the preintegrated rotation ∆R̃bk/bi . A change in either DVL-
IMU rotation bRd or bgi during optimization would, in principle, require reintegrating
the sum. AQUA-SLAM [7] avoids this with a linear approximation, as for the IMU
bias: the displacement is linearized about the current bRd and bgi , then updated by
a first-order correction for small increments. The sum is reintegrated only when an
increment exceeds a set threshold, beyond which the first-order correction no longer
holds. The correction in the gyroscope bias reuses the rotation bias-correction Jacobian
of (2.14).

The preintegrated displacement relates the DVL measurement to the body’s true
motion and, thereby, constrains the extrinsics. Specifically, it relates the body orienta-
tion and position at keyframes i and j:

∆p̃dj/di
= bRc c0R

T
ci

(
c0pcj

− c0pci
+ (c0Rcj − c0Rci) cpd/c

)
+ δpdj/di

, (2.28)

where δpdj/di
is the zero-mean preintegration noise.

The corresponding DVL translation residual is the difference between this body-
motion prediction and the preintegrated displacement over the interval (i, j):

rDVL,p
ij = bRc c0R

T
ci

(
c0pcj

− c0pci
+ (c0Rcj − c0Rci) cpd/c

)
−∆p̃dj/di

(bgi ). (2.29)

At the true extrinsics and true body motion, the prediction equals the noise-free dis-
placement, so the residual reduces to the preintegration noise. Notably, this residual
carries the extrinsics on both sides: bRc and cpd/c in the prediction, and bRd embedded
within the preintegrated displacement.

15



The DVL also provides an instantaneous velocity constraint at a single keyframe
using rigid-body velocity transport. At keyframe i, the body-origin velocity is carried
to the DVL origin by the angular-velocity term and then rotated into the DVL frame,
which gives the DVL velocity residual:

rDVL,v
i = bRc c0R

T
ci c0

vbi −
(
bRd diṽdi − biωbi × bpd/b

)
, (2.30)

The velocity and displacement residuals stack into DVL residual rDV L
ij ∈ R6,

rDVL
ij =

[
rDVL,p
ij

rDVL,v
i

]
. (2.31)

The DVL velocity residual carries both the body velocity c0vbi and the body angular
velocity biωbi , the two latent motion variables introduced in Section 2.2.1.

The pressure, IMU, and DVL residuals defined in this section are assembled into a
single cost whose minimizer is the calibration estimate. Section 2.3 forms this cost and
presents its minimization.

2.3 Calibration Cost and Its Minimization

The cost follows from a maximum-a-posteriori (MAP) treatment of the estimation:
the calibration estimate is the value of X that maximizes the posterior p(X | Z) ∝
p(X ) p(Z | X ). The likelihood p(Z | X ) factors under two independence assumptions:
the measurements of different sensors are conditionally independent given the state,
and the sample sets of different keyframe intervals are mutually independent. The
factored posterior is

p(X | Z) ∝ p(X )
∏
(i,j)

p
(
Z IMU

ij | X
)
p
(
ZDVL

ij | X
)
p
(
ZP

ij | X
)
, (2.32)

with (i, j) ranging over consecutive keyframe intervals. The prior p(X ) encodes prior
knowledge about the state variables, such as an initial guess for the extrinsics.

The half-open intervals make the sample sets of different intervals disjoint, so the
second assumption, mutual independence across keyframe intervals, holds exactly. The
first, conditional independence across sensors, needs to be qualified for the preintegrated
measurements within an interval. The preintegrated rotation ∆R̃bk/bi appears in both
the IMU preintegration and the DVL displacement preintegration. The gyroscope noise
in that rotation, therefore, enters both factors, so they are not statistically independent.
The sensor-wise conditional-independence assumption stated above is exact for the raw
samples, whose sensor noise is physically independent, but only approximate for the
preintegrated factors, which share the gyroscope-integrated rotation.

The thesis treats the factors as conditionally independent regardless. This makes
the cost a composite-likelihood approximation rather than the exact MAP objective, a
product of factors each correct on its own but not jointly exact. The practical effect
on the estimate is benign. Under standard regularity conditions, the point estimate
remains consistent, since each factor is correctly specified on its own. The effect on
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the uncertainty is not benign: the reported posterior covariance is slightly optimistic,
because the shared gyroscope noise is double-counted across the IMU and DVL factors.
Previous works make the same approximation, without accounting for the correlation [5,
7]. A joint IMU-DVL preintegration factor that exactly captures the correlation is
outside the scope of the thesis.

Under zero-mean Gaussian noise on each factor, the negative log of a factor is
a squared Mahalanobis residual, up to constants that do not affect the minimizer.
The prior is itself a Gaussian factor, so it contributes likewise, as a squared residual
r0 penalizing departure from the initial guess. Each measurement residual r is the
mismatch between a measured quantity and its predicted value from the state, with
covariance Σr. Maximizing the posterior is equivalent to minimizing the weighted-
least-squares cost

X ⋆ = argmin
X

∥∥r0
∥∥2

Σr0
+
∑
(i,j)

(∥∥rIMU
ij

∥∥2

Σ
rIMU
ij

+
∥∥rDVL

ij

∥∥2

Σ
rDVL
ij

+
∥∥rP

ij

∥∥2

Σ
rP
ij

)
, (2.33)

where r0 is the prior residual and rIMU
ij , rDVL

ij , and rP
ij are the per-interval IMU, DVL,

and pressure residuals specified in Section 2.2.
This cost cannot be minimized directly with standard unconstrained optimization

methods as X is constrained: the extrinsic rotations lie in SO(3) and the gravity
direction in S2, which are manifolds embedded in Euclidean spaces. To optimize the
cost on a manifold, we linearize it around the current estimate. There, the manifold
is approximated by a flat (Euclidean) space tangent to it, the tangent space, in which
small changes around the current rotation or direction behave as ordinary vectors. Each
update is computed in this tangent space and then mapped back onto the manifold, so
the constraints hold at every step.

Each manifold needs its own concrete map. For the rotations, the map back is
the exponential map Exp. The tangent space of SO(3) is three-dimensional, so the
update is an axis-angle vector ϕ ∈ R3. The update is applied by right multiplication,
R(m+1) = R(m) Exp(ϕ). Since the product of two rotation matrices is also a rotation

matrix, R(m+1) remains in SO(3). For the gravity direction, the tangent space is two-
dimensional, and an analogous retraction [32] maps a two-dimensional vector to an
updated unit vector.

With these update operations in place, the cost is minimized iteratively by Gauss-
Newton optimization. Each iteration linearizes the residuals around the current esti-
mate. The linearization yields a quadratic approximation of the cost, whose minimizer
solves the Gauss-Newton normal equations

JTΣ−1J δx = −JTΣ−1r, (2.34)

where r is the stacked residual, J its Jacobian with respect to the update δx, and Σ the
block-diagonal residual covariance. The update is applied through the exponential map
for the rotation components, the corresponding unit-vector operation for the gravity
component, and standard addition for the lever arms and biases. The procedure repeats
until convergence. In practice, the optimization is implemented using Ceres Solver [1],
which assembles the linear system from user-supplied residuals and handles constraint-
preserving operations internally.
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2.4 Summary

This chapter formalized extrinsic calibration of the underwater suite as an approximate
MAP estimation problem over the inter-sensor extrinsics, the gravity direction, and the
per-keyframe IMU biases. The camera trajectory enters as a fixed input rather than a
state variable. The body pose at each keyframe is derived from the trajectory and the
camera-IMU extrinsics rather than being estimated.

Each sensor contributes a residual that compares a measurement to its prediction
from body motion over a keyframe interval: a depth difference from the pressure sensor;
preintegrated rotation, velocity, and position residuals from the IMU; and a preinte-
grated displacement and a velocity residual from the DVL. The residual-based formu-
lation integrates measurements from the IMU, DVL, and pressure sensors within a
unified optimization framework, solved via Gauss-Newton iteration with tangent-space
updates for the rotation and gravity-direction components.

The residual models and optimization reveal a structural limitation: several resid-
uals depend on the body velocity c0vbi and the body angular velocity biωbi , yet neither
quantity is measured directly nor provided by the reference trajectory. The question,
therefore, is how these velocities should be represented and constrained within the
calibration framework, which motivates our calibration formulations. To position our
formulation, the next chapter examines the formulation adopted by the state-of-the-art
AQUA-SLAM, which serves as the baseline for camera–IMU–DVL calibration but does
not incorporate pressure-sensor measurements.
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Baseline AQUA-SLAM
Analysis 3
Chapter 2 established the calibration state and posed the weighted-least-squares formu-
lation underlying the calibration estimate. This chapter focuses on AQUA-SLAM [7],
the closest existing method to the joint underwater calibration addressed in the thesis.
Section 3.1 specifies AQUA-SLAM’s calibration state, the velocity it supplies for the
open body velocity, and the residuals that result. Section 3.2 identifies a lever arm
term that this velocity supply omits and derives the bias it induces on the IMU–DVL
lever arm in closed form. Section 3.3 specifies the simulation environment, trajectories,
noise grades, and Monte Carlo protocol shared by all the synthetic experiments in this
thesis. Section 3.4 validates the analytically predicted bias across four noise grades.

3.1 AQUA-SLAM’s Calibration Formulation

AQUA-SLAM [7] is a tightly coupled acoustic-visual-inertial SLAM system that fuses
a camera, an IMU, and a DVL. It self-calibrates the extrinsics among these sensors
during operation, without a calibration target, by reusing the residuals of its SLAM
estimator. That reuse is the starting point for this chapter.

AQUA-SLAM calibrates opportunistically. The extrinsics are observable only when
the vehicle’s motion excites them, so the system calibrates on a keyframe window that
provides both a well-tracked camera trajectory and sufficient excitation to make the
geometry observable. It estimates the inter-sensor extrinsics and the gravity direction
together with the per-keyframe IMU biases,

XAQUA =
{

bRc, dRc, bpd/b, dpc/d, c0g, { b
g
i , bai }i∈K

}
, (3.1)

corresponding to fourteen time-invariant degrees of freedom, including twelve in the
extrinsics and two in the gravity direction, along with six additional parameters per
keyframe in the biases. Its extrinsics cover the same inter-sensor geometry as the
subset E in (2.1), except for the pressure-sensor lever arm, which is absent because
AQUA-SLAM does not use the pressure sensor.

The extrinsics are estimated as the minimizer of the cost (2.33), built from the SLAM
residuals of Chapter 2. Those residuals leave two quantities open: the navigation-frame
body velocity c0vbi , on which the IMU velocity depends, and position residuals, and
the body angular velocity biωbi , on which the DVL velocity residual depends. AQUA-
SLAM supplies c0vbi from the DVL velocity divdi . In SLAM mode, divdi is an estimated
state, and the body-frame body velocity bivbi follows from it by rotation alone,(

bivbi

)
AQUA

= bRd divdi , (3.2)
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where bRd = bRc cRd is the DVL-to-body rotation. This implicitly assumes that the
DVL and IMU origins share a single velocity up to rigid-body rotation. This modeling
choice is central to AQUA-SLAM whose implications are analyzed in Section 3.2.

In calibration mode, divdi is not estimated, but AQUA-SLAM fixes it to the raw
measurement,

divdi ← diṽdi , (3.3)

so bivbi is determined entirely by the DVL reading and the extrinsics. Carrying the
rotation-only transport into the navigation frame is an exact frame change, so the
approximation in (3.2) passes through unchanged:(

c0vbi

)
AQUA

= c0Rci bR
T
c

(
bivbi

)
AQUA

= c0Rci bR
T
c bRd diṽdi

= c0Rci cRd diṽdi , (3.4)

where the camera-to-body rotation cancels, bR
T
c bRd = cRd. This approximate(

c0vbi

)
AQUA

replaces the true body velocity c0vbi in the IMU residuals of Chapter 2.

Substituting the approximate velocity (3.4) into the IMU velocity (2.21) and posi-
tion (2.22) residuals gives AQUA-SLAM’s IMU velocity and position residuals,(

rIMU,v
ij

)
AQUA

= bRc c0R
T
ci

(
c0Rcj cRd dj ṽdj − c0Rci cRd diṽdi − g c0g∆tij

)
−∆ṽbj/bi(b

g
i , b

a
i ), (3.5)(

rIMU,p
ij

)
AQUA

= bRc c0R
T
ci

(
c0pcj

− c0pci
− (c0Rcj − c0Rci) bR

T
c bpc/b

− c0Rci cRd diṽdi ∆tij − 1
2
g c0g∆t2ij

)
−∆p̃bj/bi

(bgi , b
a
i ). (3.6)

The gyroscope residual (2.20) and the DVL translation residual (2.29) carry neither

c0vbi nor biωbi and are unchanged. The DVL velocity residual (2.30) is dropped: with

divdi fixed rather than estimated, it has no role, and the angular velocity biωbi it depends
on no longer enters the calibration.

The IMU-camera lever arm bpc/b appears only in the IMU translation residual (3.6).
Since it is not among AQUA-SLAM’s state variables, the rigid-body constraint decom-
poses it as

bpc/b = bpd/b − bRc cpd/c, (3.7)

through which the IMU-DVL lever arm bpd/b enters the calibration. No other residual
provides an independent constraint on the IMU–DVL lever arm.

When that residual informs the lever arm depends on the order of AQUA-SLAM’s
initialization. AQUA-SLAM does not minimize these residuals jointly from the start.
It proceeds in five stages. A vision-only bundle adjustment first fixes the camera tra-
jectory. The next two stages use only the gyroscope and DVL translation residuals to
initialize the rotations bRc and cRd and the camera–DVL lever arm cpd/c, with the
gyroscope biases added in the third stage. The fourth stage uses the IMU velocity
and translation residuals to initialize the gravity direction. The IMU–DVL lever arm
appears in the IMU translation residual at this stage, but it is held fixed while only the
gravity direction is free, so it is not informed. The fifth stage refines all four residuals
jointly over the full state. The IMU–DVL lever arm is informed only in this final stage,
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after the rotations, the camera–DVL lever arm, and the gravity direction have already
been initialized.

The estimated IMU–DVL lever arm, therefore, depends entirely on the IMU trans-
lation residual. Section 3.2 examines that dependence and derives the structural bias
the residual imposes on the lever arm, arising from the implicit assumption in (3.2).

3.2 IMU–DVL Lever Arm Bias in AQUA-SLAM

The velocity transport (3.2) neglects the rigid-body coupling between translation and
rotation by omitting the lever arm term. The body and DVL origins are two points
on the same rigid body, separated by the IMU–DVL lever arm bpd/b. Therefore, their
velocities in the body frame are related by

bivbi = bRd divdi − biωbi × bpd/b, (3.8)

with biωbi ∈ R3 the body angular velocity at keyframe i.
This omission is present in AQUA-SLAM in both SLAM and calibration modes, but

its consequences differ between them. In SLAM mode, the DVL-frame velocity divdi is
a free state, constrained by the DVL velocity residual, so the missing cross-product is
absorbed into its estimate. In calibration mode, the DVL velocity residual is dropped,
and the substitution (3.3) pins divdi to the raw measurement. The omitted term then
has nowhere to be absorbed and propagates into the lever arm estimate. To see this
clearly, we first consider an idealized setting, specified by the two assumptions stated
next.

Assumption 3.1. The IMU–DVL lever arm bpd/b is the only unknown. The rotations

bRc and cRd, the camera-DVL lever arm cpd/c, the gravity direction c0g, and the per-
keyframe biases are fixed at their true values. The camera trajectory is given, and the
gyroscope, accelerometer, and DVL measurements are noiseless.

Assumption 3.2. The body angular velocities {biωbi} over the keyframe set span more
than one dimension (the excitation condition). The angular velocity is twice differen-
tiable in time.

Under these assumptions, the following theorem states that the estimate does not
merely shift away from the truth: it collapses to zero, regardless of how large the true
lever arm is.

Theorem 3.1 (lever arm collapse). Under Assumptions 3.1 and 3.2, the IMU–DVL
lever arm enters the cost only through AQUA-SLAM’s IMU translation residual (3.6),
and its least-squares estimate

bp̂d/b = arg min
bpd/b

∑
ij

∥∥(rIMU,p
ij

)
AQUA

∥∥2
(3.9)

satisfies

bp̂d/b = O(θ) bp
⋆
d/b, (3.10)

21



where bp
⋆
d/b is the true lever arm and θ = maxij θij is the largest inter-keyframe rotation

angle, with θij ∈ [0, π] the rotation angle of the relative body rotation biRbj between
keyframes i and j. In the small-angle regime θ ≪ 1, the estimate is a fraction O(θ) of
the truth, collapsed to near zero regardless of its true value.

Proof. Write rij(bpd/b) ≡
(
rIMU,p
ij

)
AQUA

, so the estimator (3.9) minimizes J(bpd/b) =∑
ij∥rij(bpd/b)∥2. The argument has two parts: an exact reduction of the minimizer to

the residual at the true lever arm, and a small-angle expansion that sizes the result.
Exact reduction. The lever arm enters the residual only through the rigid-body

link (3.7), which appears linearly in AQUA-SLAM’s IMU translation residual (3.6).
The residual is therefore affine in the lever arm, with a constant Jacobian

Āij = −bRc c0R
T
ci
(c0Rcj − c0Rci) bR

T
c = I − biRbj , (3.11)

using c0R
T
ci c0

Rcj = ciRcj and bRc ciRcj bR
T
c = biRbj . Expanding the affine residual

about the true lever arm gives

rij(bpd/b) = rij(bp
⋆
d/b) + Āij

(
bpd/b − bp

⋆
d/b

)
. (3.12)

This residual does not vanish at the true lever arm. Subtracting the kinematically
consistent residual rkin

ij of (2.22), which vanishes at the truth for noiseless sensors, the
two differ only through the omitted transport term, so

rij(bp
⋆
d/b) = rij(bp

⋆
d/b)− rkin

ij (bp
⋆
d/b)

= bRc c0R
T
ci

(
c0vbi −

(
c0vbi

)
AQUA

)
∆tij

=
(
bivbi −

(
bivbi

)
AQUA

)
∆tij = −[biωbi ]× bp

⋆
d/b ∆tij. (3.13)

where [·]× : R3 → R3×3 is the skew-symmetric matrix operator satisfying [y]× z = y×z
for any y, z ∈ R3. This result is exact. The residual at the truth equals the omitted
transport correction over the interval, and this nonzero offset is the source of the bias.

The cost is quadratic in the lever arm, so the minimizer sets its gradient to zero.
With the affine form (3.12) this is the linear system(∑

ij

Ā
T
ij Āij

)(
bp̂d/b − bp

⋆
d/b

)
= −

∑
ij

Ā
T
ij rij(bp

⋆
d/b).

The Hessian
∑

ij Ā
T
ij Āij is positive definite under the excitation condition, hence in-

vertible, so

bp̂d/b − bp
⋆
d/b = −

(∑
ij

Ā
T
ij Āij

)−1∑
ij

Ā
T
ij rij(bp

⋆
d/b). (3.14)

To expose the collapse, refer this offset to the zero lever arm. Setting bpd/b = 0 in
the affine form (3.12) defines the residual at zero,

rij(0) = rij(bp
⋆
d/b)− Āij bp

⋆
d/b, equivalently rij(bp

⋆
d/b) = Āij bp

⋆
d/b + rij(0). (3.15)
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Substituting the right-hand form of (3.15) into the minimizer error (3.14),

bp̂d/b − bp
⋆
d/b = −

(∑
ij

Ā
T
ij Āij

)−1∑
ij

Ā
T
ij

(
Āij bp

⋆
d/b + rij(0)

)
= −bp

⋆
d/b −

(∑
ij

Ā
T
ij Āij

)−1∑
ij

Ā
T
ij rij(0).

The true lever arm cancels against the −bp
⋆
d/b on the left, leaving

bp̂d/b = −
(∑

ij

Ā
T
ij Āij

)−1 ∑
ij

Ā
T
ij rij(0). (3.16)

The estimate itself is determined by the residual at the zero lever arm point. The
reduction to this point is exact.

Small-angle sizing. For the smooth, slow underwater motion and keyframe spacing
∆tij ≲ 0.15 s used here, the inter-keyframe angle is small, θij ≪ 1. Assumption 3.2
makes the angular velocity twice differentiable, so the relative rotation in (3.11) expands
about ∆tij = 0 with a bounded remainder,

biRbj = I + [biωbi ]×∆tij +
1
2

(
[biωbi ]

2
× + [biω̇bi ]×

)
∆t2ij +O(θ3ij),

with biω̇bi ∈ R3 the body angular acceleration at keyframe i. The Jacobian is then

Āij = −[biωbi ]×∆tij − 1
2

(
[biωbi ]

2
× + [biω̇bi ]×

)
∆t2ij +O(θ3ij), (3.17)

with leading term O(θij). Substituting the residual at the truth (3.13) and the Jacobian
expansion (3.17) into the residual at zero (3.15), the first-order terms in ∆tij cancel,

rij(0) =
1
2

(
[biωbi ]

2
× + [biω̇bi ]×

)
bp

⋆
d/b∆t2ij +O(θ3ij) bp

⋆
d/b = O(θ2ij) bp

⋆
d/b. (3.18)

The residual at zero is one order below the residual at the truth.
The estimate (3.16) divides the accumulated numerator by the Hessian, and the

two enter at different orders. The leading Jacobian gives the per-pair Hessian, using
[biωbi ]

T
× = −[biωbi ]×,

Ā
T
ij Āij = −[biωbi ]

2
× ∆t2ij +O(θ3ij) = O(θ2ij),

so the summed Hessian is O(θ2) and, under the excitation condition, its inverse is
O(θ−2). The numerator pairs the leading Jacobian transpose with the residual at
zero (3.18),

Ā
T
ij rij(0) =

1
2
[biωbi ]×

(
[biωbi ]

2
× + [biω̇bi ]×

)
bp

⋆
d/b ∆t3ij +O(θ4ij) bp

⋆
d/b = O(θ3ij) bp

⋆
d/b.

Dividing the numerator by the Hessian,

bp̂d/b = O(θ−2) · O(θ3) bp
⋆
d/b = O(θ) bp

⋆
d/b,

which is (3.10) and with this the Theorem is established.
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Discussion

In the noiseless setting, the estimate is exactly a fixed matrix times the true lever
arm, bp̂d/b = M bp

⋆
d/b. This is followed by composing two steps from the proof. The

estimate (3.16) is a fixed linear combination of the per-pair residuals at zero rij(0).
Each rij(0) is in turn linear in the true lever arm. The matrix M is constructed solely
from the keyframe angular velocities and timing, so it does not depend on the lever arm
it multiplies. The O(θ) factor in (3.10) is the size of M . A consistent estimator would
have M = I and return the true lever arm exactly. AQUA-SLAM’s M is instead
near-zero, so the estimate returns essentially zero for any true lever arm. The error
is multiplicative, not additive: it scales with the true lever arm, and no fixed offset
removes it.

The collapse has a direct geometric interpretation. The omitted cross-product

biωbi × bpd/b is the velocity difference a nonzero lever arm produces between the IMU
and DVL origins. Dropping it makes AQUA-SLAM’s velocity transport (3.2) behave as
if the origins were co-located, bpd/b = 0. This is what leaves the residual nonzero at the
true lever arm in (3.13). The cost removes the inconsistency by driving the estimate to
the value at which co-location holds, bpd/b = 0. The collapse is the optimizer enforcing
the model’s built-in co-location assumption, not a statement about the true geometry.

The bias is therefore structural, not statistical. It arises from a deterministic offset
in the residual at the truth, persists in the noiseless limit, and does not scale with
the sensor noise level. Under the excitation condition, its magnitude is approximately
∥bp⋆

d/b∥, since the estimate collapses to essentially zero and the error is then the full
lever arm.

The collapse is conditional on the excitation that makes the lever arm observable.
The per-pair Hessian contribution −[biωbi ]

2
×∆t2ij has range orthogonal to biωbi , so a

single-axis rotation profile leaves the summed Hessian rank-deficient and the lever arm
unobservable. This is a distinct failure mode from the excited collapse analyzed here.
The order bound in (3.10) carries a constant set by the conditioning of this Hessian, so it
describes the collapse only in the excited regime, away from the single-axis degeneracy.

One simplification in the proof does not affect the conclusion. The proof uses
unweighted least squares, while the chapter cost (2.33) is weighted. Positive-definite
weights that are O(1) in ∆tij enter the Hessian and the gradient at the same order per
pair, leaving the leading-order structure intact. The reduction is therefore a legitimate
simplification, not a gap.

3.3 Experimental Setup

Section 3.2 produced a closed-form prediction of the lever arm collapse in the idealized
noise-free setting. The result isolates the mechanism responsible for the bias, but it
relies on simplifying assumptions, including exact measurements and a reduced param-
eter set. The remainder of the chapter examines how this behavior manifests under
realistic conditions.

This section specifies the simulation environment used for that evaluation. The
synthetic experiments in this thesis share a single setup, specified here once to avoid
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Table 3.1: Canonical ground truth extrinsic set used throughout the synthetic experiments:
IMU-DVL lever arm bp

⋆
d/b, camera-DVL lever arm cp

⋆
d/c, camera-pressure lever arm cp

⋆
p/c,

IMU-camera rotation bR
⋆
c , and camera-DVL rotation cR

⋆
d. The two rotation matrices are

dimensionless axis permutations; see the text.

Quantity Value

bp
⋆
d/b [−0.183, −0.065, +0.295] m

cp
⋆
d/c [+0.115, +0.390, −0.600] m

cp
⋆
p/c [+0.130, +0.305, −0.460] m

bR
⋆
c

0 0 1
1 0 0
0 1 0


cR

⋆
d

0 −1 0
0 0 −1
1 0 0



repetition. All simulation data are generated using the HoloOcean simulator [33].

3.3.1 Simulation Environment

The simulator drives a vehicle through commanded linear and angular accelerations
and emits IMU, DVL, pressure, and stereo-camera measurements consistent with the
resulting motion. The vehicle trajectory is therefore an output of the simulation rather
than a prescribed input. Sensor noise is added externally so that its magnitude can be
controlled per experiment. The IMU runs at 200 Hz, the DVL at 5 Hz, the pressure
sensor at 30 Hz, and keyframes are inserted at approximately 6 Hz.

The simulator provides ground truth at every timestep for the body pose, body
velocity, sensor biases, and the full set of extrinsics. The ground truth extrinsic set used
throughout the synthetic experiments is given in Table 3.1. The non-trivial entries of

bR
⋆
c and cR

⋆
d reflect the differing native axis conventions of the IMU, camera, and DVL

on the BlueROV (small, commercially available underwater robot); they are pure axis
permutations rather than physical misalignments.

The camera trajectory produced by HoloOcean is used directly as the ground-truth
visual estimate, matching the calibration setup in Chapter 2, where the camera trajec-
tory is treated as a fixed input to the optimization.

3.3.2 Trajectories

The motion that drives the simulator comes from one of two trajectory families: a
Calibration Trajectory built to excite the calibration, and a surrogate matched to the
motion ranges of a real underwater sequence.

Calibration Trajectory. The Calibration Trajectory is a HoloOcean BlueROV run
commanded through a sequenced per-axis acceleration profile. A full accelerate-
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Figure 3.1: Calibration Trajectory (Calib Medium variant): noiseless body velocity v (top),
angular velocity ω (middle), and linear acceleration a (bottom) in the relevant sensor frame.
The sequenced per-axis excitation of v is visible in the top panel; the angular wiggle is
persistent on all three axes.

decelerate command is applied along the body x axis, then y, then z, while a low-
frequency sinusoidal angular acceleration is commanded continuously on all three ro-
tational axes. The full run lasts 42 seconds. Three rotational-excitation variants are
used, denoted Calib Slow, Calib Medium, and Calib Fast, obtained by amplitude scaling
the commanded angular acceleration at a fixed time base; the resulting peak angular
velocity is ωpeak ∈ {0.25, 0.6, 1.0} rad/s, respectively. The translational command is
identical across the three variants. Calib Medium is the canonical instance shown in
Figure 3.1: the resulting body-velocity peaks reach approximately 0.85 m/s on each
axis during its active phase, angular-velocity peaks reach approximately 0.6 rad/s per-
sistently on all three axes, and linear-acceleration peaks reach approximately 0.8 m/s2.

Structure Easy surrogate. The Structure Easy sequence (henceforth SE) is a real
underwater data sequence from the Tank dataset [29], recorded on the sensor hardware
described in Section 3.3.3. The SE surrogate is a HoloOcean run designed so that
its resulting motion spans the same per-axis angular-velocity and linear-acceleration
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Figure 3.2: The SE surrogate (left) alongside the real SE sequence (right). Each panel shows
body velocity v (top), angular velocity ω (middle), and linear acceleration a (bottom) in
the relevant sensor frame. Both share the all-axis low-amplitude rotation character. The
surrogate spans a larger translational range and depth of descent.

ranges as SE: persistent low-amplitude angular velocity on all three axes with per-axis
root-mean-square (RMS) around 0.05–0.07 rad/s, and linear acceleration with per-axis
RMS of order 0.07–0.10 m/s2. Figure 3.2 places the surrogate alongside SE for the
same motion channels.

The surrogate matches SE on rotational and acceleration ranges, but is not a sample-
by-sample replay and does not match SE on translational scale: it traverses a larger
path length and descends through a substantially larger depth range than SE itself.

3.3.3 Noise Grades

Where a trajectory fixes the motion, a noise grade quantifies how strongly the sensors
corrupt their measurements of that motion. A noise grade is a coupled configuration of
the IMU, DVL, and depth white-noise levels, the IMU bias random-walk coefficients,
and the turn-on bias priors. Four grades, G1 through G4, define a noise sweep on
a fixed sensor suite: the MicroStrain 3DM-GX5-AHRS, the Water Linked A50, and
the Blue Robotics Bar30. Discrete-time per-sample standard deviations follow from
continuous-time noise densities σc and bias random-walk coefficients σb

c through σ =
σc

√
fs and σb = σb

c/
√
fs at the rates of Section 3.3.1 where fs indicates the rate of the

sensor. The continuous-time units are rad/s/
√
Hz for the gyroscope, m/s2/

√
Hz for the

accelerometer, and the corresponding 1/
√
Hz densities for the bias random walks.

G1 is the low-noise anchor, taken from the manufacturer’s datasheets. The gyro-
scope and accelerometer white-noise densities and the IMU bias random-walk coeffi-
cients are the GX5-AHRS datasheet figures, and the pressure standard deviation is the
MS5837-30BA datasheet RMS at oversampling ratio 8192, namely 2mm. The DVL
white-noise level is the one G1 entry not given by a datasheet; it is obtained from the
error-velocity analysis of the Structure Easy sequence in Appendix A. G3 is the upper
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anchor, taken directly from the configuration files of the AQUA-SLAM’s open-source
codebase [34] released alongside the published system [7], which deploys this hardware
on the Tank dataset [29] in real underwater operation. These configuration values are
from the AQUA-SLAM codebase which sets σDVL = 0.1m/s, roughly 26× the G1 value.

G2 and G4 fill in and extend the sweep around these anchors. G2 is the per-channel
geometric midpoint between G1 and G3; the G1-to-G3 inflation is non-uniform across
channels (approximately 14× on the gyroscope, 4× on the accelerometer, and 26×
on the DVL), so G2 inherits this asymmetry rather than applying a single factor.
G4 represents shallow-water operation with beam-dropout-prone DVL conditions and
vibration-coupled IMU readings. Its IMU white-noise rows are twice G3, while its
DVL white-noise level is anchored at G1 and scaled by an operating-condition factor
of approximately 24×, which places it below G3 by construction. The codebase σDVL

absorbs other sources of error, so compounding G4 on top of G3 would conflate sensor
noise with that slack.

The depth standard deviations at G2 through G4 reflect surface-wave-driven pres-
sure fluctuations rather than sensor noise; they are stated estimates for typical AUV
operating depths of 5 to 10 m. The turn-on bias rows give the at-power-on uncertainty,
a fixed offset realized once when the sensor is powered on and held constant thereafter,
distinct from the bias random walk that drifts during operation. Their dual role in the
Monte Carlo protocol is described in Section 3.3.4.

Table 3.2: Discrete-time per-sample standard deviations for the four noise grades on the GX5-
AHRS + A50 + Bar30 sensor suite. G1 is datasheet-anchored, with the DVL entry taken from
the error-velocity analysis of Appendix A; G3 is the AQUA-SLAM codebase configuration;
G2 and G4 are interpolated and extrapolated around them. The G4 DVL white-noise row
sits below G3 by construction; see the text.

Parameter G1 G2 G3 G4

IMU white noise
σg [rad/s] 1.02×10−3 3.80×10−3 1.41×10−2 2.83×10−2

σa [m/s2] 3.22×10−2 6.75×10−2 1.41×10−1 2.83×10−1

IMU bias random walk
σbg [rad/s] 2.52×10−7 4.22×10−7 7.07×10−7 1.41×10−6

σba [m/s2] 4.74×10−7 1.83×10−6 7.07×10−6 1.41×10−5

DVL
σDVL [m/s] 3.82×10−3 1.95×10−2 1.00×10−1 9.17×10−2

Depth (wave-driven)
σp [m] 2.00×10−3 5.00×10−3 1.20×10−2 2.40×10−2

Turn-on bias priors

σprior
bg [rad/s] 4.36×10−3 1.53×10−2 5.23×10−2 1.05×10−1

σprior
ba [m/s2] 1.96×10−2 6.86×10−2 2.35×10−1 4.71×10−1

3.3.4 Monte Carlo Protocol

Together, a trajectory and a noise grade define an experimental cell. Every reported
result in the synthetic evaluation is the aggregate of a Monte Carlo set over one such
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cell: the set holds the ground truth trajectory and ground truth extrinsics constant and
repeats the calibration N = 200 times. Each repetition introduces new sensor noise
at the cell’s grade, new IMU biases, and a new random initialization of the extrinsics.
The random number generator is deterministically seeded by the trial index, ensuring
reproducibility for each cell.

The optimizer is initialized far from the truth, so convergence cannot be attributed
to a good starting guess. The initial rotation is a uniformly random rotation, carrying
no information about the truth orientation, and each initial lever arm is drawn uni-
formly over a range well outside the vehicle’s physical envelope. These magnitudes are
a stress-test design point rather than an empirical convergence boundary.

The IMU biases follow a random walk. The initial bias is drawn from a zero-mean
Gaussian with the turn-on standard deviation in Table 3.2, and is then propagated over
time by the per-sample random-walk standard deviation from the same table. The opti-
mizer mirrors this generative model. A prior at the turn-on standard deviation anchors
the initial bias state, and random-walk residuals at the per-sample standard devia-
tion link successive bias states. No prior is placed on the extrinsics. This asymmetry
is intentional: the turn-on uncertainty is genuinely known a priori on real hardware,
whereas the extrinsic initialization is a stress test that should not inform the optimizer.

The calibration is solved as a batch nonlinear least-squares problem with the Ceres
Solver [1], and the converged extrinsic estimate is recorded.

For each cell, we summarize each extrinsic by two scalars, reported for most experi-
ments. Let x̂ℓ ∈ Rd be the estimate of a given extrinsic at trial ℓ, for ℓ = 1, . . . , N , and
let x⋆ ∈ Rd be its truth. The per-trial error is eℓ = x̂ℓ − x⋆. The mean estimate over
the cell is x̂ = 1

N

∑N
ℓ=1 x̂ℓ, and the mean error vector is ē = x̂− x⋆. The two reported

scalars are the bias and the across-run standard deviation,

bias = ∥ē∥, std =

√√√√ 1

N − 1

N∑
ℓ=1

∥eℓ − ē∥2. (3.19)

The bias is the systematic offset that survives averaging across trials. The standard
deviation is the across-run scatter of the trial errors about that mean.

For the rotations and the gravity direction, the per-trial error eℓ is a tangent-space
error taken per axis. The construction is otherwise unchanged. The rotations use d = 3,
and the gravity direction uses d = 2, matching its two degrees of freedom.

3.4 Empirical Validation

Section 3.2 predicted the lever arm collapse in closed form, under two idealizations: a
single unknown lever arm and noiseless sensors. This section relaxes both and tests
whether the collapse survives across the four noise grades of the sweep, using the
simulation setting detailed in Section 3.3.
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Figure 3.3: AQUA-SLAM IMU–DVL lever arm estimate magnitude ∥bp̂d/b∥ and error mag-
nitude ∥ē

bp̂d/b
∥ = ∥bp̂d/b− bp

⋆
d/b∥ across noise grades G1–G4 on the Calib Medium trajectory.

Both quantities are means over N = 200 Monte Carlo trials, with error bars at ±1 standard
deviation. The dashed line marks the true magnitude ∥bp⋆

d/b∥ = 35.3 cm.

3.4.1 Protocol

The validation uses the shared setup of Section 3.3 over all four noise grades, with Calib
Medium as the trajectory. Calib Medium is chosen because its angular excitation
spans all three body axes, which the lever arm collapse requires to be observable.
Each calibration runs through AQUA-SLAM’s coarse-to-fine pipeline in Section 3.1
and estimates the full state jointly, rather than a single lever arm of the theorem. A
co-located configuration with bp

⋆
d/b = 0 is run as a control, separating the bias of a

nonzero lever arm from any implementation artifact.

3.4.2 Lever Arm Collapse

Figure 3.3 plots the IMU–DVL lever arm estimate magnitude and error magnitude
across the four noise grades, against the true magnitude of 35.3 cm. The estimate
collapses to near zero at every grade, with a mean magnitude of about 0.4 cm. The
error magnitude is therefore approximately constant across grades, about 35.4 cm,
marginally above the true magnitude. It changes by about 0.01 cm between G1 and
G4, which is negligible against its magnitude. The two curves are complementary views
of one fact: the estimate is driven to near zero, so the error settles at approximately
the full lever arm magnitude, the collapse predicted by (3.10).

The Monte Carlo standard deviation, shown by the error bars on both curves, grows
from sub-millimeter at G1 to about half a centimeter at G3. At G4, it does not increase
further, because the DVL noise level sits below G3 by construction (Section 3.3). It
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Table 3.3: Final-stage AQUA-SLAM Monte Carlo bias and standard deviation across noise
grades G1–G4. Translation errors in cm; rotation and gravity errors in degrees. N = 200
trials per grade.

Co-located Realistic

G1 G2 G3 G4 G1 G2 G3 G4

bpd/b bias [cm] 0.29 0.29 0.29 0.29 35.43 35.43 35.42 35.42

std [cm] 0.03 0.11 0.52 0.49 0.03 0.11 0.55 0.52

cpd/c bias [cm] 0.26 0.25 0.23 0.23 0.52 0.52 0.57 0.56

std [cm] 0.11 0.58 2.98 2.73 0.11 0.58 2.98 2.73

bRc bias [◦] 0.036 0.036 0.036 0.035 0.037 0.037 0.036 0.036
std [◦] 0.002 0.009 0.034 0.068 0.002 0.009 0.034 0.068

bRd bias [◦] 0.047 0.059 0.173 0.161 0.185 0.174 0.134 0.135
std [◦] 0.055 0.278 1.424 1.306 0.055 0.278 1.423 1.309

c0g bias [◦] 0.019 0.024 0.045 0.042 0.713 0.732 0.688 0.692
std [◦] 0.022 0.112 0.569 0.526 0.022 0.109 0.553 0.511

remains more than an order of magnitude below the mean error across all grades. This
scatter is the ordinary noise-driven variation about the collapsed estimate, and does
not contradict the noise-independent bias prediction: the bias dominates the lever arm
error throughout the sweep.

3.4.3 Secondary Effects and Co-located Control

Table 3.3 (realistic columns) reports the full extrinsic estimates. The IMU–DVL lever
arm row is the same data as Figure 3.3 and is not restated here. The remaining extrin-
sics, which do not couple to the IMU–DVL lever arm through the velocity substitution,
carry negligible bias. The camera-DVL lever arm cpd/c has bias below 0.6 cm at every
grade, well over an order of magnitude below the IMU–DVL lever arm bias. The rota-
tion extrinsics bRc and bRd have bias below 0.04◦ and 0.2◦ respectively. Their standard
deviation grows with noise grade in the ordinary way, reaching about 3 cm for cpd/c and
1.4◦ for bRd at the highest grades, but this is noise-driven scatter and not a structural
offset.

The gravity direction c0g exhibits a bias in the realistic configuration, unlike the
other unaffected extrinsics. This bias arises from the coupling between gravity and the
lever arm in AQUA-SLAM’s IMU translation residual. The predicted body transla-
tion contains a 1

2
g c0g∆t2ij gravity term alongside the velocity-substitution term that is

structurally biased by the omitted lever arm correction. With the lever arm estimate
driven toward zero, the residual offset at the truth is partially absorbed by adjusting

c0g. The observed gravity bias is therefore a secondary consequence of the primary
IMU–DVL lever arm bias.

To confirm that the bias is caused specifically by the nonzero IMU–DVL lever arm,
and not by an implementation artifact, the experiment is repeated with bp

⋆
d/b = 0, the
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limit in which the IMU and DVL are co-located on the rigid body. The remaining setup
is identical: the same trajectory, the same noise grades, and the same N = 200 trials
per grade. Table 3.3 (co-located columns) shows the result. The IMU–DVL lever arm is
recovered with sub-cm bias at every grade, about 0.29 cm across G1–G4, far below the
realistic case’s ∼ 35 cm bias. The gravity direction is recovered with bias below 0.05◦

across grades, well within the Monte Carlo scatter at G3–G4. This is consistent with
zero structural bias, in contrast to the realistic case, where the gravity bias exceeds the
noise at every grade. The other extrinsics are recovered with comparable accuracy to
the realistic case. The implementation is therefore functionally correct: when there is no
lever arm to bias, AQUA-SLAM’s calibration recovers the truth up to the noise-driven
scatter common to both configurations. The bias documented here arises specifically
from the velocity-substitution mechanism of Section 3.2 applied to a nonzero lever arm,
which confirms its structural origin.

3.5 Summary

This chapter analyzed how AQUA-SLAM supplies the body velocity that its residuals
leave open for calibration. AQUA-SLAM transports the DVL velocity to the body
origin by rotation alone, omitting the cross-product biωbi × bpd/b that a nonzero lever
arm produces between the two origins.

This omission is benign in SLAM, where the DVL-frame velocity is a free state that
absorbs the omitted term, but not in calibration, where the velocity is pinned to the
raw measurement and the error has nowhere to go. Section 3.2 showed the consequence
in closed form: AQUA-SLAM’s IMU translation residual does not vanish at the true
lever arm. Since it is the sole constraint on the IMU–DVL lever arm, the estimate
collapses toward zero regardless of the truth. The Monte Carlo study of Section 3.4
confirmed that the bias is structural rather than statistical: a near-constant error of
the full lever arm magnitude across all four noise grades, independent of the noise level.

The remedy follows directly from the analysis. Restoring the omitted cross-product
in the velocity supply yields a kinematically consistent model in which the IMU residuals
are satisfied at the true state. Chapter 4 develops this correction as the kinematically-
consistent formulation and tests whether it recovers the lever arm that the baseline
drives to zero.
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Formulation A:
Lever-Arm-Corrected Velocity
Model 4
This chapter develops Formulation A, an alternative kinematically consistent method to
AQUA-SLAM for supplying the open body velocity, and evaluates whether it recovers
the lever arm that the baseline drives to zero. Section 4.1 specifies Formulation A’s
calibration state and the corrected velocity supply that distinguishes it from AQUA-
SLAM. Section 4.2 carries that supply into the residuals, restating only the two that
it changes and inheriting the rest from Chapter 2. Section 4.3 specifies the coarse-to-
fine pipeline that solves the calibration. Section 4.4 evaluates Formulation A against
AQUA-SLAM in simulation and reports the pressure-sensor lever-arm calibration it
adds. Section 4.5 summarizes the chapter and isolates a residual noise-dependent bias
that motivates our analysis in Chapter 5.

4.1 Calibration State and Velocity Supply

Formulation A estimates the calibration state

X =
{

bRc, cRd, cpd/c, bpd/b, cpp/c, c0g, { b
g
i , bai }i∈K

}
. (4.1)

It represents the same inter-sensor geometry and gravity direction as AQUA-SLAM
(Section 3.1), parameterizing the camera-DVL extrinsics in the camera frame rather
than the DVL frame, and adds the pressure-sensor lever arm cpp/c, which AQUA-SLAM
does not estimate.

The body velocity c0vbi and angular velocity biωbi are not part of the state. For-
mulation A supplies them from sensor samples. The angular velocity is the gyroscope
sample with its bias removed, biω̂bi = biω̃bi − bgi ; the body velocity is the DVL velocity
transported to the body origin by the full rigid-body relation (3.8). Applying that
relation to the measured samples and rotating into the navigation frame gives

c0vbi = c0Rci bR
T
c

(
bRd diṽdi − biω̂bi × bpd/b

)
, (4.2)

where diṽdi is the DVL sample at keyframe i and bRd = bRc cRd.
This expression corresponds to AQUA-SLAM’s velocity supply equation (3.4) with

the omitted cross-product correction restored. The correction contains the IMU–DVL
lever arm bpd/b, which therefore enters the IMU residuals through the constructed body
velocity.

4.2 The Residuals under Formulation A

Using the corrected supply (4.2) affects only the IMU velocity and translation residuals.
The rotation, DVL translation, and depth residuals carry no body velocity and are un-
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changed from Chapter 2; the DVL velocity residual, which carried the angular velocity,
is dropped. This section presents the two changed residuals and their covariances.

4.2.1 IMU Velocity and Translation Residuals

The velocity residual (2.21) depends on the body velocity at both keyframes. Substi-
tuting the velocity supply at each keyframe gives

rIMU,v
ij = bRc c0R

T
ci

[
c0Rcj bR

T
c (bRd dj ṽdj − bj ω̂bj × bpd/b)

− c0Rci bR
T
c (bRd diṽdi − biω̂bi × bpd/b)− g c0g∆tij

]
−∆ṽbj/bi(b

g
i , b

a
i ). (4.3)

The translation residual (2.22) carries the body velocity at keyframe i alone, integrated
over the interval. Substituting the corrected supply gives

rIMU,p
ij = bRc c0R

T
ci

[
c0pcj

− c0pci
− (c0Rcj − c0Rci) bR

T
c bpc/b

− c0Rci cRd diṽdi ∆tij + c0Rci bR
T
c (biω̂bi × bpd/b)∆tij − 1

2
g c0g∆t2ij

]
−∆p̃bj/bi

(bgi , b
a
i ). (4.4)

The velocity residual carries the cross-product correction at both keyframes, whereas
the translation residual includes it only at keyframe i. The camera-IMU lever arm bpc/b

is not a state variable; it expands through the rigid-body link (3.7) into cpd/c and bpd/b.

4.2.2 Residual Covariances

The covariance models associated with the IMU residuals in Chapter 2 are presented in
this section, as it is required to obtain statistically consistent weighting of heterogeneous
sensor residuals in the cost function. The velocity and translation residuals are weighted
separately, each by the inverse of its own covariance. Each covariance combines two
parts: the marginal preintegration block, Σ∆vbj/bi

or Σ∆pbj/bi
(the velocity or position

diagonal of the joint preintegration covariance [31]), and the noise the substitution
injects.

Each residual is linear in its samples, so its noise propagates exactly through the
residual Jacobian. The translation residual draws on the keyframe-i samples,

∂rIMU,p
ij

∂ diṽdi

= −bRc cRd ∆tij,
∂rIMU,p

ij

∂ biω̂bi

= −[bpd/b]×∆tij, (4.5)

using y × z = −[z]×y. Propagating the DVL and gyroscope sample covariances ΣDVL

and ΣGyro and adding the marginal preintegration block gives

Σ
(DVL)

rIMU,p
ij

= ∆t2ij bRc cRd ΣDVL cR
T
d bR

T
c , (4.6)

Σ
(Gyro)

rIMU,p
ij

= ∆t2ij [bpd/b]×ΣGyro [bpd/b]
T
×, (4.7)

ΣrIMU,p
ij

= Σ∆pbj/bi
+Σ

(DVL)

rIMU,p
ij

+Σ
(Gyro)

rIMU,p
ij

. (4.8)
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The velocity residual draws on both keyframes, the keyframe-j samples rotated
through the relative body motion biRbj = bRc c0R

T
ci c0

Rcj bR
T
c . Its Jacobians are

∂rIMU,v
ij

∂ diṽdi

= −bRc cRd,
∂rIMU,v

ij

∂ dj ṽdj

= biRbj bRc cRd,

∂rIMU,v
ij

∂ biω̂bi

= −[bpd/b]×,
∂rIMU,v

ij

∂ bj ω̂bj

= biRbj [bpd/b]×.

(4.9)

Propagation of the measurement noise gives

Σ
(DVL)

rIMU,v
ij

= biRbj bRc cRd ΣDVL cR
T
d bR

T
c biR

T
bj

+ bRc cRd ΣDVL cR
T
d bR

T
c , (4.10)

Σ
(Gyro)

rIMU,v
ij

= biRbj [bpd/b]×ΣGyro [bpd/b]
T
× biR

T
bj
+ [bpd/b]×ΣGyro [bpd/b]

T
×, (4.11)

ΣrIMU,v
ij

=Σ∆vbj/bi
+Σ

(DVL)

rIMU,v
ij

+Σ
(Gyro)

rIMU,v
ij

. (4.12)

Weighting the two residuals separately is a block-diagonal approximation of their
joint covariance: the diagonal blocks are kept, and the coupling between the velocity
and translation residuals is discarded. That coupling is not negligible, since the two
residuals share the keyframe-i samples and the preintegration ties velocity to position.
Discarding it introduces a loss of statistical efficiency relative to a full joint weighting,
but significantly simplifies implementation. Two additional correlations are treated
analogously: (i) correlations between the substituted samples and the preintegration
they also drive, and (ii) correlations between consecutive factors that share a common
keyframe. The gyroscope bias also enters both the substitution and the preintegration,
but it is a part of the estimated state, so its coupling is handled by the optimizer rather
than through covariance coupling.

Finally, each weight depends on the IMU–DVL lever arm through the gyroscope
contributions Σ(Gyro), which carry [bpd/b]×. Re-evaluating the weight as the lever arm
updates would lower the cost by inflating the covariance rather than reducing the
residual. Therefore, the weights are frozen at a linearization point bp̄d/b, provided by
the initialization procedure described in the next section.

4.3 The Coarse-to-Fine Pipeline

Formulation A is solved through a coarse-to-fine pipeline that activates parameters
and residuals in stages, each warm-started from the previous (Figure 4.1). The camera
trajectory is a fixed input from Chapter 2, so the pipeline begins after the vision-only
bundle adjustment that AQUA-SLAM runs first, and proceeds in four stages rather
than five.

Stage 1: gravity-independent initialization. The first stage initializes the rotations

bRc, cRd and the camera–DVL lever arm cpd/c from the gyroscope and DVL translation
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Figure 4.1: The Formulation A coarse-to-fine calibration pipeline. Each stage activates a
subset of parameters and residuals. Optimized parameters are shown in blue, fixed parameters
in black, and parameters unobservable at that stage in red. The state is warm-started between
passes. The final joint pass uses all parameters and all residuals.

residuals alone, the two that involve neither gravity, the body velocity, nor the IMU–
DVL lever arm. This stage is therefore decoupled from inertial effects and focuses
purely on rotational alignment and extrinsic translation between the camera and DVL.

The optimization is performed in two passes: the first pass optimizes the rotations
and cpd/c with the gyroscope bias held at zero; the second pass frees per-keyframe
gyroscope biases {bgi }, coupled across consecutive keyframes by a bias random-walk
residual. All remaining parameters, including the gravity direction, the IMU–DVL lever
arm, the pressure-sensor lever arm, and the accelerometer bias, are all unobservable here
and held at their initial values.

Stage 2: depth-decoupled gravity initialization. The depth residual (2.7) depends
only on the gravity direction c0g and the pressure-sensor lever arm cpp/c, so the second
stage uses it alone to initialize those two. All other parameters are fixed at their Stage 1
values. The gravity direction is initialized under an upright assumption, with gravity
along c0’s vertical axis of the reference camera frame.

Stage 3: gravity-dependent refinement. The third stage jointly refines the lever
arms and gravity. It activates the IMU translation, IMU velocity, depth, and DVL
translation residuals. Together these constrain the three lever arms cpd/c, bpd/b, cpp/c,
and the first three additionally constrain the gravity direction; the DVL translation
residual, though gravity-independent, stays active to keep cpd/c constrained. The ro-
tations and gyroscope bias are held at their Stage 1 values. A first pass optimizes
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the lever arms and gravity together with the accelerometer bias at zero; a second pass
frees the per-keyframe accelerometer biases {bai }. Stage 3 is the first to estimate the
IMU–DVL lever arm, which enters only the IMU residuals activated here. Because the
gyroscope-sample covariance Σ(Gyro) depends on that lever arm and no estimate is yet
available, it is omitted: bpd/b is set to zero for the IMU-residual covariance.

Stage 4: joint refinement. The final stage jointly releases all parameters and opti-
mizes the full state (4.1) with respect to all residuals, together with the random-walk
residuals for the gyroscope and accelerometer biases. All parameters are warm-started
from the previous stages. The gyroscope-sample covariance Σ(Gyro) omitted in Stage 3
is now included, evaluated at the warm-started lever arm bp̄d/b, the linearization point
of Section 4.2.2, and held fixed through the stage. In practice, this joint stage yields
only small refinements, suggesting that the staged estimates already lie close to the
joint optimum.

The pipeline is implemented in C++ with the Ceres Solver [1]. Each stage is a
separate nonlinear least squares problem solved by the Levenberg-Marquardt algorithm
with sparse normal factorization, efficient for the banded sparsity that the per-keyframe
biases and their random-walk residuals produce. The rotations are parameterized by
local exponential maps on SO(3) and the gravity direction on S2 by a two-dimensional
local chart, as in Section 2.3.

The pipeline retains AQUA-SLAM’s coarse-to-fine structure (Section 3.1) but differs
in two respects. The first is the residual set. Formulation A’s IMU residuals carry the
lever-arm correction (Section 4.1), which makes the IMU–DVL lever arm observable
where AQUA-SLAM’s omitted-term bias (Section 3.2) collapses it. The second is the
depth residual. It adds the pressure-sensor lever arm cpp/c, which AQUA-SLAM does
not estimate. It also changes how the gravity direction is initialized. AQUA-SLAM ob-
serves gravity only through the IMU residuals, and those residuals also carry bpd/b. The
lever arm is not constrained until the final joint stage, after gravity has already been
initialized. Gravity is therefore initialized while the lever arm sits at its uninformed
starting value, even though the two are strongly coupled. Formulation A’s depth resid-
ual constrains gravity without the lever arm. Stage 2 initializes gravity using only it,
before the lever arm is estimated in Stage 3.

4.4 Empirical Validation

Formulation A makes the IMU–DVL lever arm observable by construction through the
inclusion of the corrected IMU residuals. However, observability does not, on its own,
guarantee recovery of the lever arm in the presence of sensor noise. This section uses
a Monte Carlo simulation to assess how reliably the lever arm is recovered in practice
and how that recovery degrades as sensor noise increases.

4.4.1 Protocol

The evaluation uses the Calib Medium trajectory of Section 3.3.2, whose angular exci-
tation spans all three body axes, the condition that the IMU–DVL lever arm requires
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Figure 4.2: IMU–DVL lever-arm error magnitude ∥ē
bp̂d/b
∥ = ∥bp̂d/b − bp

⋆
d/b∥ for AQUA-

SLAM (red) and Formulation A (blue) across sensor grades G1–G4 on the Calib Medium
trajectory. AQUA-SLAM’s error is approximately equal to the true lever-arm magnitude
∥bp⋆

d/b∥ = 35.3 cm at all grades, consistent with the AQUA-SLAM estimate collapsing to

zero (Section 3.2). Formulation A’s error grows with sensor noise grade and remains below
AQUA-SLAM’s at every grade. Error bars are ±1 standard deviation across N = 200 Monte
Carlo trials.

to be observable. It follows the Monte Carlo protocol of Section 3.3.4, where we set
N = 200 trials per cell at the four sensor noise grades G1–G4 of Table 3.2, each cell
summarized by the bias and across-run standard deviation of the estimates.

4.4.2 AQUA-SLAM versus Formulation A

To isolate the effect of the lever-arm correction, both methods are run on the same
residual set, DVL translation and three IMU residuals, over the same set of estimated
parameters, excluding the pressure-sensor lever arm. They then differ only in the
velocity supply: Formulation A restores the correction that AQUA-SLAM omits (Sec-
tion 4.1).

Figure 4.2 reports the IMU–DVL lever-arm error. AQUA-SLAM’s error remains at
approximately the true lever-arm magnitude across all grades, the noise-independent
collapse established in Section 3.2 and measured in Section 3.4. Formulation A’s error
is far smaller and grows with sensor noise, from about 0.2 cm at G1 to about 14 cm
at G4. The gap to AQUA-SLAM is about two orders of magnitude at G1 and narrows
to a factor of two to three at G4 as the bias grows. At the operational grades G1–G2,
the bias is at most about 0.8 cm and lies within the noise-driven scatter. At the high
grades, the across-run scatter also grows large, reaching about 14 cm at G4, on the
order of the bias (Table 4.1). A single estimate is therefore unreliable at these grades,
even though the mean offset over the N = 200 trials remains well determined.

Table 4.1 reports the bias and standard deviation across all extrinsic parameters.
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Table 4.1: Monte Carlo bias and standard deviation for AQUA-SLAM and Formulation A
across sensor grades G1–G4 on the Calib Medium trajectory (N = 200 trials). Translation
in cm; rotation and gravity in degrees.

AQUA-SLAM Formulation A

G1 G2 G3 G4 G1 G2 G3 G4

bpd/b bias [cm] 35.43 35.43 35.42 35.42 0.17 0.81 5.86 13.75

std [cm] 0.03 0.11 0.55 0.52 0.43 2.23 10.12 13.64

cpd/c bias [cm] 0.52 0.52 0.57 0.56 0.21 0.21 0.20 0.23

std [cm] 0.11 0.58 2.98 2.73 0.12 0.59 3.01 2.76

bRc bias [◦] 0.037 0.037 0.036 0.036 0.036 0.036 0.037 0.037
std [◦] 0.002 0.009 0.034 0.068 0.003 0.010 0.039 0.077

bRd bias [◦] 0.185 0.174 0.134 0.135 0.040 0.043 0.090 0.124
std [◦] 0.055 0.278 1.423 1.309 0.053 0.271 1.386 1.276

c0g bias [◦] 0.713 0.732 0.688 0.692 0.024 0.046 0.107 0.192
std [◦] 0.022 0.109 0.553 0.511 0.048 0.231 0.915 1.217

Table 4.2: Pressure-sensor lever-arm calibration with Formulation A on the Calib Medium
trajectory (N = 200 trials). The true value has magnitude ∥cp⋆

p/c∥ = 56.70 cm.

G1 G2 G3 G4

bias [cm] 0.05 0.10 0.22 0.81
std [cm] 0.99 2.47 5.92 11.77

Beyond the lever arm, the gravity direction recovers from a ∼ 0.7◦ bias under AQUA-
SLAM to under 0.1◦ under Formulation A at G1–G2, which indicates that AQUA-
SLAM’s gravity bias arose from coupling with the lever-arm bias rather than from
an independent mechanism. The camera-DVL lever arm and the two rotations are
recovered with sub-cm and sub-degree bias under both methods, because they are
constrained substantially by the IMU rotation and DVL translation residuals, which
do not depend on the velocity supply that distinguishes the two methods.

4.4.3 Pressure-Sensor Calibration

The comparison above held the residual set fixed, leaving out the depth residual.
Restoring it adds the pressure-sensor lever arm cpp/c, which AQUA-SLAM does not
estimate. Table 4.2 reports its recovery under the full Formulation A pipeline, with all
residuals active.

The pressure-sensor lever arm is recovered with bias below 1 cm at all grades. The
standard deviation grows from about 1 cm at G1 to about 12 cm at G4 and exceeds
the bias at every grade, reflecting weaker observability from the scalar depth residual
than from the IMU and DVL vector residuals.
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4.5 Summary

In summary, Formulation A restores the lever-arm correction that AQUA-SLAM omits,
the single change that makes the IMU–DVL lever arm observable. The Monte Carlo
evaluation confirms the effect. Where AQUA-SLAM’s estimate collapses to zero re-
gardless of the true lever arm, Formulation A recovers it to within the noise-driven
scatter at operational grades, and the coupled gravity bias resolves along with it. The
pressure-sensor lever arm that AQUA-SLAM leaves uncalibrated is also recovered.

One feature of the evaluation remains open. Formulation A’s lever-arm bias is not
constant across grades but grows with sensor noise (Table 4.1). This noise dependence
sets the residual bias apart from AQUA-SLAM’s omitted-term bias, which is constant
with respect to the noise level and persists even in the noiseless limit. Restoring the
omitted correction has removed that noise-independent collapse, but left a smaller bias
that grows with sensor noise. Chapter 5 identifies the mechanism behind this residual
bias.
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Errors-in-Variables Bias in
Formulation A 5
This chapter identifies the mechanism underlying the noise-dependent bias left by For-
mulation A and characterizes it as an errors-in-variables (EIV) effect. It then provides
a scalar diagnostic of the bias severity, computable without ground truth, to flag an
exposed calibration. Section 5.1 states the bias for a general residual whose regressor
carries noise. Section 5.2 shows that Formulation A’s IMU residuals are of this kind, so
the lever arm is biased. Section 5.3 reduces the bias to a single scalar. Section 5.4 shows
that the structure of the IMU residuals worsens the bias due to the slow, smooth mo-
tion of underwater operation. Section 5.5 validates the mechanism on four trajectories
and four sensor noise grades and shows that the diagnostic is computable in practice.

5.1 Bias Under a Noisy Regressor

The mechanism underlying the noise-dependent bias can be interpreted via the EIV
bias in regression: when the regressor multiplying the parameter carries noise, the least-
squares estimate is biased even in the limit of unlimited data [27]. It is not specific
to Formulation A, so it is first derived in a general setting before being specialized to
the IMU residual structure of interest. A residual on a keyframe interval (i, j) carries
a noisy-regressor structure when it takes the form

rij(p) =
(
Āij + δAij

)
p− Āij p

⋆ + ηij, (5.1)

where p ∈ Rd is the parameter with true value p⋆, Āij is the deterministic regressor
at the truth, δAij is a zero-mean random perturbation of the regressor caused by
sensor noise, and ηij is additive measurement noise. The full noisy regressor is written

Aij := Āij+δAij. The perturbation δAij is independent of ηij and independent across

keyframe intervals, and the constant offset −Āijp
⋆ makes the residual vanish at p = p⋆

in the noiseless limit.

The parameter is estimated by minimizing the WLS cost J(p) :=∑
ij rij(p)

T W ij rij(p), where W ij ⪰ 0 is the weight, deterministic and independent
of p. We assume this cost sums over independent keyframe intervals with stationary
motion and noise statistics. As the calibration window grows, the per-interval average
of the cost concentrates around its expectation. The minimizer of J therefore converges
to the minimizer of the expected cost E[J(p)] [27].

The expected cost is a quadratic in p. Its curvature on each keyframe interval
has two sources: the deterministic regressor and the perturbation. Three matrices per
keyframe interval (i, j) carry this decomposition: the deterministic information H̄ ij,
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the EIV penalty Λij, and the full information H ij,

H̄ ij := Ā
T
ij W ij Āij, (5.2)

Λij := E
[
δAT

ij W ij δAij

]
, (5.3)

H ij := H̄ ij +Λij, (5.4)

Both H̄ ij and Λij are positive semidefinite, and the cross terms in E
[
AT

ij W ij Aij

]
vanish because δAij is zero-mean, which gives (5.4).

Summing over the keyframe intervals of the calibration window gives the aggregates

H̄ :=
∑
ij

H̄ ij, Λ :=
∑
ij

Λij, H := H̄ +Λ. (5.5)

The aggregate H is the expected Gauss-Newton information of the WLS problem at
p⋆ under the sensor noise.

The expected cost combines these two aggregated curvatures into a single quadratic,
and the two contributions are centered at different points. The deterministic informa-
tion forms a bowl of curvature H̄ with its minimum at the truth. The EIV penalty
forms a bowl of curvature Λ with its minimum at the origin. The centering follows
from the perturbation term: it enters each residual as δAij p, and the expected weighted
squares sum to pTΛp, smallest at p = 0. The minimizer of the expected cost balances
the two bowls and settles between their centers.

Lemma 5.1 (asymptotic bias under a noisy regressor). For residuals of the form (5.1)
with the independence assumptions above and H ≻ 0, the minimizer of the expected
WLS cost is unique and equals

p∞ := argmin
p

E[J(p)] = p⋆ −H−1 Λp⋆, (5.6)

so the bias is
p∞ − p⋆ = −H−1Λp⋆. (5.7)

Suppose the motion and noise statistics do not change as the window grows, so that each
additional keyframe interval contributes information and a penalty of similar magni-
tude. Then, H and Λ scale proportionally with the number of keyframe intervals, the
bias p∞ − p⋆ converges to a fixed nonzero value, and the estimator does not approach
the ground truth as more data is collected.

The proof follows the standard treatment of errors-in-variables estimators [27] and
is given in Appendix C.

5.2 The Errors-in-Variables Bias in Formulation A

Lemma 5.1 applies to any residual with a noisy-regressor structure. Now it remains
to show that Formulation A’s IMU residuals fit this EIV structure. To isolate the
mechanism, two simplifying assumptions are introduced.
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Assumption 5.1. Only the IMU–DVL lever arm bpd/b is treated as unknown, with all
other state parameters held at their true values.

Assumption 5.2. Gyroscope noise is isotropic, E[ηg
i (η

g
j )

T ] = σ2
g I δij, where ηg

i ∈ R3

is the gyroscope noise sample at keyframe i.

Assumption 5.1 isolates the mechanism on the lever arm, which serves as the param-
eter p in Lemma 5.1. Assumption 5.2 adopts isotropy to obtain the penalties in closed
form. Anisotropy changes those expressions but leaves the noisy-regressor structure,
and with it the mechanism, intact.

Under these assumptions, Formulation A’s IMU translation and velocity residuals
are instances of the noisy-regressor residual (5.1). Their aggregate information and EIV

penalty specialize the general H and Λ of (5.5) to the Formulation A quantities H(A)

and Λ(A). The theorem below states that bias caused by these residuals is characterized
by these matrices.

Theorem 5.1 (EIV bias of the lever arm). Under Assumptions 5.1 and 5.2, Formula-
tion A’s IMU translation and velocity residuals carry a nonzero EIV penalty driven by
gyroscope noise. Consequently, the lever arm estimator is asymptotically biased,

bp
∞
d/b = bp

⋆
d/b − (H(A))−1Λ(A)

bp
⋆
d/b ̸= bp

⋆
d/b, (5.8)

and the bias does not vanish as the calibration window grows.

Proof. Gyroscope noise enters each residual’s regressor through the lever arm correction
term biω̂bi × bpd/b. The proof first makes this explicit for the IMU translation residual,
then the IMU velocity residual, and aggregates the two before applying Lemma 5.1.

The IMU translation residual (4.4) depends on the lever arm through two paths:
the camera–body lever arm cpc/b = bR

T
c bpd/b− cpd/c, and the lever arm correction term

biω̂bi × bpd/b ∆tij. Both paths are linear in bpd/b, so with the other parameters held at
their truth, the residual is affine in the lever arm:

rIMU,p
ij (bpd/b) = (Ā

p
ij + δAp

ij) bpd/b − Ā
p
ij bp

⋆
d/b + ηp

ij, (5.9)

with a deterministic regressor and gyroscope-noise perturbation

Ā
p
ij = (I −Rij) + [biω

⋆
bi
]× ∆tij, Rij := biRbj , (5.10)

δAp
ij = [ηg

i ]× ∆tij, (5.11)

where biω
⋆
bi

is the true body angular velocity. The first term of Ā
p
ij comes from the

camera–body lever arm, and the second from the correction term. The perturbation
enters through the correction term alone.

The translation residual is weighted by W p
ij = Σ−1

rIMU,p
ij

, the inverse of its covari-

ance (4.8), symmetric and positive definite. The deterministic information and EIV
penalty specialize (5.2) and (5.3) to this residual,

H̄
p
ij = (Ā

p
ij)

T W p
ij Ā

p
ij, Λp

ij = E
[
(δAp

ij)
T W p

ij δA
p
ij

]
. (5.12)

43



Substituting δAp
ij = [ηg

i ]×∆tij and factoring the scalar ∆t2ij, the penalty depends on
the gyroscope noise alone,

Λp
ij = ∆t2ij E

[
[ηg

i ]
T
×W p

ij [η
g
i ]×

]
. (5.13)

The expectation is an instance of the cross-product expectation identity of Appendix B.
Its transposed form (B.5), with the symmetric weightW p

ij and the gyroscope covariance

σ2
g I of Assumption 5.2, gives

Λp
ij = σ2

g ∆t2ij
(
tr(W p

ij) I −W p
ij

)
. (5.14)

Next, we look at the IMU velocity residual (4.3), which is affine in the lever arm in
the same way, with correction terms at both keyframe endpoints. It takes the form

rIMU,v
ij (bpd/b) = (Ā

v
ij + δAv

ij) bpd/b − Ā
v
ij bp

⋆
d/b + ηv

ij, (5.15)

with

Ā
v
ij = [biω

⋆
bi
]× −Rij [bjω

⋆
bj
]×, (5.16)

δAv
ij = [ηg

i ]× −Rij [η
g
j ]×, (5.17)

so both endpoints’ gyroscope samples appear, coupled through the relative rotationRij.
The velocity residual is weighted by W v

ij = Σ−1

rIMU,v
ij

, the inverse of its covari-

ance (4.12), symmetric and positive definite. The deterministic information and EIV
penalty specialize (5.2) and (5.3) to this residual,

H̄
v
ij = (Ā

v
ij)

T W v
ij Ā

v
ij, Λv

ij = E
[
(δAv

ij)
T W v

ij δA
v
ij

]
. (5.18)

Since δAv
ij carries both endpoint samples, the penalty integrand expands into four

terms,

(δAv
ij)

T W v
ij δA

v
ij = [ηg

i ]
T
×W v

ij [η
g
i ]× − [ηg

i ]
T
×W v

ij Rij [η
g
j ]×

− [ηg
j ]

T
× RT

ij W
v
ij [η

g
i ]× + [ηg

j ]
T
×RT

ij W
v
ij Rij [η

g
j ]×. (5.19)

The two cross terms vanish in expectation because ηg
i and ηg

j are independent samples
at distinct keyframes. Applying cross product identity (B.5) again to the two diagonal
terms gives

E
[
[ηg

i ]
T
×W v

ij [η
g
i ]×

]
= σ2

g

(
tr(W v

ij) I −W v
ij

)
, (5.20)

E
[
[ηg

j ]
T
×RT

ij W
v
ij Rij [η

g
j ]×

]
= σ2

g

(
tr(RT

ij W
v
ij Rij) I −RT

ij W
v
ij Rij

)
. (5.21)

The trace is rotation-invariant, tr(RT
ij W

v
ij Rij) = tr(W v

ij) and writing I = RT
ijRij

allows us to take rotations out as common terms in (5.21). Summing both equations,

Λv
ij = σ2

g

(
tr(W v

ij) I −W v
ij

)
+ σ2

g R
T
ij

(
tr(W v

ij) I −W v
ij

)
Rij. (5.22)

The penalty carries no ∆tij factor, unlike the translation penalty (5.14).
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The two residuals are weighted separately, following the block-diagonal approxima-
tion of the joint IMU covariance in Section 4.2.2, so the aggregate information and
penalty sum the per-interval contributions,

H(A) =
∑
ij

(
H̄

p
ij +Λp

ij + H̄
v
ij +Λv

ij

)
, Λ(A) =

∑
ij

(
Λp

ij +Λv
ij

)
. (5.23)

Every term is positive semidefinite, and the translation penalty is positive definite, since
tr(W p

ij) I −W p
ij ≻ 0 for the symmetric positive-definite weight. Hence Λ(A) ≻ 0 and

H(A) ≻ 0, so Lemma 5.1 applies and yields the asymptotic minimizer (5.8), displaced

from the truth because Λ(A) ̸= 0. Under stationary motion and noise statistics H(A)

and Λ(A) grow in proportion to the number of keyframe intervals, so the bias settles at
a fixed nonzero value as the calibration window grows.

Theorem 5.1 establishes that the bias exists and is fixed by the matrix (H (A))−1Λ(A).
The bias (5.8) depends on the true lever arm, the trajectory, and the noise, but whether
the EIV mechanism dominates is a property of the matrix alone. The next section
characterizes this matrix through its eigenvalue structure to obtain a scalar measure of
its effect.

5.3 The Eigenvalue Diagnostic

For brevity, in this section, we drop the superscript (A) and write H , Λ, and p instead

of H(A), Λ(A), and bpd/b, respectively, where no ambiguity arises. The shrinkage matrix

H−1Λ is summarized by the smallest generalized eigenvalue νmin of the pair (H ,Λ).
Consider the generalized eigenvalue problem

H v = νΛv. (5.24)

where v is a generalized eigen vector and ν is the corresponding generalized eigenvalue of
the pair (H ,Λ). Left-multiplying by H−1 gives H−1Λv = (1/ν)v, so the eigenvectors
of (5.24) are eigenvectors of the shrinkage matrix H−1Λ with eigenvalues 1/ν. When
Λ is positive definite, the problem admits a complete set of eigenpairs {(νk,vk)}dk=1

with νk ∈ [1,∞). The lower bound follows from H = H̄ + Λ ⪰ Λ. The aggregate
Λ is a sum of positive semidefinite per-interval penalties (5.3), so it is positive definite
whenever the perturbations excite every parameter direction somewhere in the window.
Positive definiteness of Λ also gives H ≻ 0, so the inverse in the bias formula (5.7)
exists. We order the eigenvalues ν1 ≤ ν2 ≤ · · · ≤ νd with νmin := ν1.

The eigenvectors span Rd, so the true parameter expands as p⋆ =
∑

k αk vk. Sub-
stituting into (5.7) through the eigenvalue relation gives

p∞ − p⋆ = −
∑
k

αk

νk
vk. (5.25)

The bias decomposes along the eigenvectors, with each true component reduced by
the fraction 1/νk ∈ (0, 1]. The estimate is therefore a shrunk version of the truth, each
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direction pulled toward zero by its own factor. Among the eigenvectors, the attenuation
is strongest along the eigenvector vmin of the smallest eigenvalue. When p⋆ aligns with
vmin the bias is

∥p∞ − p⋆∥
∣∣
p⋆ ∝vmin

=
∥p⋆∥
νmin

. (5.26)

Because the eigenvectors are Λ-orthonormal rather than Euclidean-orthogonal, (5.26)
is not a Euclidean upper bound: a lever arm not aligned with any eigenvector can
carry a larger Euclidean bias than ∥p⋆∥/νmin. Its role is different: the bias (5.7) is
the shrinkage matrix applied to the truth, and νmin summarizes that matrix by its
strongest contraction. The relative bias is therefore on the order of 1/νmin, concentrated
along vmin.

Left-multiplying (5.24) by vT
k expresses each eigenvalue as a ratio,

νk =
vT
k H vk

vT
k Λvk

, (5.27)

the full information divided by the EIV penalty along vk. The eigenvalue is therefore a
per-direction information-to-noise ratio. When νk ≫ 1, the information dominates the
penalty, and the direction is effectively unbiased; when νk → 1, the penalty dominates,
and the direction is unrecoverable.

5.4 The Information Degradation of the IMU Residuals

The bias along each direction is set by the ratio (5.27). Subtracting the penalty from
the numerator through H = H̄ +Λ gives

νk − 1 = vT
k H̄ vk /v

T
k Λvk, (5.28)

so νmin is near its lower bound of one exactly when the deterministic information is small
against the penalty. This section shows that the construction of Formulation A’s IMU

residuals systematically suppresses the deterministic information H̄
(A)

while leaving
the gyroscope-noise penalty Λ(A) unchanged. We begin by analyzing the sensitivity of
the IMU residuals to the IMU-DVL lever arm, as outlined in the following theorem.

Theorem 5.2 (cancellation of the leading rotation content). Let the body angular
velocity be twice continuously differentiable within the keyframe interval, and let biω̇

⋆
bi

denote the body angular acceleration at keyframe i. Then the differencing that builds
each IMU regressor removes its leading rotation content, the first-order content in the
translation regressor (5.10) and the zeroth-order content in the velocity regressor (5.16),
leaving the deterministic lever arm sensitivity in the centripetal and angular-acceleration
effects alone,

Ā
p
ij = −1

2

(
[biω

⋆
bi
]2× + [biω̇

⋆
bi
]×
)
∆t2ij +O(∆t3ij), (5.29)

Ā
v
ij = −

(
[biω

⋆
bi
]2× + [biω̇

⋆
bi
]×
)
∆tij +O(∆t2ij). (5.30)

The gyroscope-noise perturbations (5.11) and (5.17) undergo no such cancellation.
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Proof. By the regularity of the angular velocity, the body angular velocity at keyframe
j expands as bjω

⋆
bj
= biω

⋆
bi
+ biω̇

⋆
bi
∆tij +O(∆t2ij), with the remainder governed by the

second derivative, and the relative rotation as

Rij = I + [biω
⋆
bi
]×∆tij +

1
2

(
[biω

⋆
bi
]2× + [biω̇

⋆
bi
]×
)
∆t2ij +O(∆t3ij),

where the correction from the rotation axis turning within the interval enters only at
the third order.

In the translation regressor (5.10), the lever arm sensitivity is carried by the rigid-
body link and the correction term. Substituting the expansion, the first-order con-
tent of the link is −[biω⋆

bi
]×∆tij and cancels exactly with the correction term, which

gives (5.29). In contrast, the perturbation (5.11) enters through the correction term
alone and finds no counterpart in the noiseless trajectory rotations of the link, so it
does not cancel.

In the velocity regressor (5.16), the lever arm sensitivity is carried by the two end-
point correction terms. Substituting the endpoint expansion and the rotation expan-
sion, their zeroth-order content cancels exactly, which gives (5.30). The perturba-
tion (5.17) does not cancel, because the two endpoint samples are independent.

By Theorem 5.2, the differencing cancels the angular velocity that would have car-
ried its leading sensitivity. So, the lever arm is observed through the centripetal and

angular-acceleration effects alone, which constitute the deterministic information H̄
(A)

.
The residuals, therefore, carry information about the lever arm only to the extent that
the motion excites these two effects.

Both surviving effects are weak when the angular rates are low, and the motion
is smooth. The centripetal effect scales with the square of the body angular velocity
∥biω⋆

bi
∥2, so low angular rates make it small. The angular-acceleration effect scales with

the rate of change of the angular velocity ∥biω̇⋆
bi
∥, so smooth motion makes it small as

well. Low angular rates do not make the lever arm unobservable. Angular motion is
what makes the lever arm observable, and the rates here are high enough to do so.
Observability settles only whether the lever arm is constrained by the residuals, not
how strongly. The surviving information is small, nonetheless, because the strong, first-
order sensitivity is carried by the angular velocity, and the differencing cancels exactly
that content.

In contrast, the penalty Λ(A) is driven by the gyroscope noise σ2
g rather than by

the angular rates, and the differencing that cancels the deterministic content leaves the
perturbation that drives the penalty intact. As the angular rates fall, the deterministic

information H̄
(A)

shrinks while the penaltyΛ(A) holds at full size, so the worst-direction

ratio ν
(A)
min is pinned toward its lower bound of one. Slow, smooth motion is the regime

in which this is most severe, and it is precisely the operating condition for underwater
calibration.

The keyframe interval further limits the magnitude of the surviving effects. The
translation regressor carries a factor ∆t2ij, and the velocity regressor a factor ∆tij, and
the intervals of the trajectory are short. The interval is inherited from the camera
keyframing of the trajectory input, so it cannot be lengthened to recover information;
a longer interval would, in any case, prolong preintegration and accumulate more noise.
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This analysis isolates the lever arm under Assumption 5.1. With all parameters
free, the lever arm couples to the others, and the joint problem behaves differently.
The regime identified here is therefore characterized empirically in the next section,
which tests the realized bias against the diagnostic.

5.5 Empirical Validation

This section evaluates the diagnostic for Formulation A’s pair (H(A),Λ(A)), given by

ν
(A)
min. Monte Carlo trials verify that the realized bias aligns with the predicted direction
when the EIV effect is significant or saturated, approaches the lever-arm magnitude as

ν
(A)
min approaches its lower bound, and increases with sensor noise.

5.5.1 Protocol

The validation follows the setup in Section 3.3. Four trajectories are used: Calib Slow,
Calib Medium, and Calib Fast, which span a controlled sweep over angular excitation,
and the SE surrogate, which checks the calibration performance in a low excitation
survey-like sequence. The four sensor noise grades, G1 to G4, and the four trajectories
define sixteen (trajectory, grade) cells. Each cell is evaluated under the Monte Carlo
protocol of Section 3.3.4, with N = 200 trials. The trials drop the simplified-scenario
assumption of Section 5.2 and jointly estimate all calibration parameters under realistic
sensor noise.

5.5.2 The Diagnostic across Trajectories and Grades

Table 5.1 shows that the oracle ν
(A)
min, the diagnostic evaluated at the true extrinsics on

noise-free gyroscope samples, spans nearly four orders of magnitude across the sixteen

cells. The values decrease with the noise grade: on every trajectory, ν
(A)
min drops by

two to three orders of magnitude from G1 to G4. At a fixed grade, the values scale
with the angular excitation: the ordering from Calib Fast down to the SE surrogate
is preserved at every grade, with Calib Fast about an order of magnitude above Calib
Slow at G1 and G2, and the gap narrowing at the higher grades. The diagnostic is
therefore governed by the rotation excitation against the gyroscope noise.

Table 5.1: Oracle ν
(A)
min at the four sensor noise grades for the four trajectories.

Trajectory G1 G2 G3 G4

Calib Fast 10820 780 57.7 15.1
Calib Medium 3900 282 21.4 6.07
Calib Slow 835 61.1 5.37 2.08
SE surrogate 202 15.5 2.05 1.26

These values partition the cells into three regimes. In the saturated cell, where

ν
(A)
min < 2 (the SE surrogate at G4, with Calib Slow at G4 and the SE surrogate at G3
just above the boundary), the diagnostic predicts that the lever arm component along
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vmin is largely lost. In the EIV-significant cells, with ν
(A)
min between 2 and 100 (Calib

Fast and Calib Medium at G3 and G4, Calib Slow at G2 to G4, and the SE surrogate
at G2 and G3), the predicted bias is a measurable fraction of the lever arm. In the

EIV-negligible cells, where ν
(A)
min ≥ 100 (Calib Fast and Calib Medium at G1 and G2,

Calib Slow and the SE surrogate at G1), the attenuation is below about one percent,
and the predicted bias is at the millimeter scale. The remaining subsections test these
predictions against the realized bias.

5.5.3 Verifying the EIV Mechanism

Figure 5.1 plots three quantities for each trajectory against the gyroscope noise

σg, with the corresponding ν
(A)
min on the upper axis: the predicted bias magnitude∥∥(H(A))−1Λ(A)

bp
⋆
d/b

∥∥ (green); the realized total bias magnitude from the Monte Carlo

trials (orange); and the realized component along the predicted EIV direction êpred, the

unit vector of the predicted bias −(H (A))−1Λ(A)
bp

⋆
d/b (blue dashed). Both predicted

quantities are evaluated at the true extrinsics. The different ν
(A)
min regimes are shaded.

The realized bias direction tracks the prediction wherever the EIV effect is significant
or saturated. At grades G2 to G4, on every trajectory, the parallel component (blue)
coincides with the realized total (orange), so the bias lies almost entirely along the
predicted direction, with the angle between them below about twelve degrees. The
agreement weakens only at the EIV-negligible cells at G1, and it does so in step with

ν
(A)
min: the angle grows from about thirty-five degrees at the SE surrogate and Calib
Slow, to about fifty-seven degrees at Calib Medium and about eighty-seven degrees
at Calib Fast, where the realized bias is nearly orthogonal to the prediction. This
breakdown is the expected signature, not a discrepancy. When the predicted EIV
bias is on the millimeter scale, it no longer determines the realized bias; unrelated
contributions instead determine the direction. The directional agreement is therefore
present exactly in the cells where the EIV bias is large, and the magnitude behavior at

the lowest-ν
(A)
min cells, examined next, makes the identification decisive.

Across all four panels, the realized bias grows monotonically with the noise grade.

The behavior at the lowest-ν
(A)
min cells is the decisive evidence. At the SE surrogate

at G3 and G4, and Calib Slow at G4, both the predicted and the realized bias climb

toward ∥bp⋆
d/b∥ = 0.35 m as ν

(A)
min approaches its lower bound. A bias from another

source has no reason to approach the lever arm magnitude at exactly the cells where

ν
(A)
min collapses. Together with the monotonic growth and the directional agreement in
the EIV-significant and saturated cells, this establishes the residual bias as the errors-
in-variables effect of Section 5.2.

5.5.4 Magnitude: A Conservative Indicator

Across the four panels of Figure 5.1, the realized bias exceeds the closed-form predicted

magnitude at every cell, and the excess shrinks monotonically with ν
(A)
min on every trajec-

tory. The realized bias exceeds the prediction by more than fortyfold in the highest-ν
(A)
min

cell (Calib Fast at G1) and by only about five percent in the most saturated cell (the
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(a) Calib Fast (ωpeak = 1.0 rad/s) (b) Calib Medium (ωpeak = 0.6 rad/s)

(c) Calib Slow (ωpeak = 0.25 rad/s) (d) SE surrogate (ωpeak ≈ 0.2 rad/s)

Figure 5.1: Predicted and realized IMU–DVL lever arm bias for the four trajectories. Green:
oracle predicted bias magnitude swept over σg. Orange: realized total bias magnitude from
N = 200 Monte Carlo trials. Blue dashed: realized component along êpred. The upper axis

marks the corresponding ν
(A)
min, and different regimes are shaded.

SE surrogate at G4). The gap is large where ν
(A)
min is high, because the white-noise bias,

i.e., the EIV bias driven by the white gyroscope noise that Λ(A) models, is then only a
small part of the realized bias. It closes in the saturation band, where that white-noise
bias dominates. The closed form is therefore a conservative underestimate, and its
tightness tracks how strongly the white-noise bias dominates.

The excess of the realized bias over the prediction has multiple sources. The dom-
inant one, where the EIV effect is significant, is the gyroscope bias estimation error,
which the penalty does not model. The correction term removes the estimated gyro-
scope bias from the raw sample, so the bias-state estimation error enters on the same
path as the white gyroscope noise and perturbs the same regressor. This error does
not vanish, because the gyroscope bias is co-estimated rather than known, yet Λ(A) is
built from the white gyroscope noise alone and excludes it. A control run isolates it:
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Table 5.2: IMU–DVL lever-arm bias on Calib Medium, realized with the gyroscope bias esti-
mated and with it held fixed at its true value, against the oracle prediction (cm). The realized
rows are mean ± per-trial standard deviation over N = 200 trials; the oracle prediction is
deterministic.

G1 G2 G3 G4

Realized 0.17± 0.01 0.74± 0.07 5.49± 0.34 13.29± 0.49
Realized, gyroscope bias fixed 0.31± 0.01 0.28± 0.05 0.38± 0.26 2.22± 0.24
Oracle prediction 0.01 0.10 1.33 4.79

with the gyroscope bias fixed to its true value rather than estimated, the realized bias
on Calib Medium falls by about fourteenfold at G3 and sixfold at G4 (Table 5.2, note
that results slightly differ from Table 4.1 due to included depth residual). With the
gyroscope bias removed, the realized bias drops below even the white-noise prediction
at these grades. This is consistent with that prediction being a simplified-scenario indi-
cator in a joint estimation problem rather than a point predictor. The prediction thus
overstates the white-noise bias on its own and understates the full realized bias. Its
conservatism is a property of the operational case, where the estimated gyroscope bias
introduces an error that the closed-form solution does not model.

The remaining sources are not separated by the data. The simplified-scenario anal-
ysis of Section 5.2 treats the lever arm in isolation, whereas the trials estimate all
parameters jointly, so coupling to the co-estimated parameters affects the realized bias.
The DVL noise, the preintegration noise, and the preintegration discretization error
enter additively rather than through the regressor, none of them multiplying the lever
arm, so none adds to the EIV penalty, and their contribution to the realized bias is not
characterized here.

The underestimate precludes post-hoc correction. A tight magnitude prediction
would let the calibration be corrected by inverting the predicted attenuation. Since
the prediction is conservative rather than tight, the diagnostic’s quantitative role is
order-of-magnitude flagging, not point prediction of the post-calibration error.

5.5.5 Computing the Diagnostic in Practice

The flagging role requires a diagnostic that can be computed during a real calibration.

The validation above used the oracle ν
(A)
min, which requires the true extrinsics and noise-

free gyroscope samples, neither of which is available. The operational diagnostic ν̂
(A)
min

is computed instead from the current extrinsic estimate and the actual noisy gyroscope
samples, with no ground truth and no optimizer covariance.

The dependence on the estimate is structural. The lever arm correction term biω̂bi×
bpd/b makes the residual’s gyroscope-noise sensitivity depend on the lever arm, so the

residual covariance, the weight, and both H(A) and Λ(A) are evaluated at the current
estimate bp̂d/b. The deployed quantity is the diagnostic at the estimate rather than at

the truth, and its usefulness rests on ν
(A)
min being insensitive to the estimate over the

error range that arises in practice.
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Figure 5.2: Robustness of ν
(A)
min to extrinsic perturbation from the truth.

Figure 5.3: Operational ν̂
(A)
min against the oracle reference across the sixteen cells.

Figure 5.2 reports the relative change in ν
(A)
min under a sweep of extrinsic perturbations

from the truth. At a 10 cm and 10◦ perturbation, the change is below 0.5%, and at
the 30 cm and 30◦ extreme, it reaches only about 1%. An initial estimate within this
range, therefore, changes the diagnostic by at most 1%.

Figure 5.3 plots the operational ν̂
(A)
min from noisy gyroscope samples against the oracle
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reference across the sixteen cells. The two agree within about 10% for ν
(A)
min ≳ 5. At

the most saturated cells, the operational diagnostic falls below one, which the oracle

cannot. The bound ν
(A)
min ≥ 1 holds for the expected information; the realized Ĥ

(A)

fluctuates about that expectation, and at the saturated cells, where ν
(A)
min sits near one,

the fluctuation carries the realized value below it. Those are the cells the oracle already
flags as saturated, so the dip below one loses no information.

A small ν
(A)
min flags a calibration that is structurally exposed to EIV bias, and the

optimizer does not reveal this on its own. The optimizer’s reported covariance describes
the scatter of the estimate, not the systematic offset, so a well-converged calibration
can still carry a large EIV bias. The operational diagnostic is computable from the
calibration inputs alone, and it is stable enough to serve this screening role.

5.6 Summary

Formulation A removed AQUA-SLAM’s omitted-term collapse, a noise-independent
bias that had made the IMU–DVL lever arm unrecoverable. A smaller residual bias
remained, and it grew with the sensor noise. This chapter identified that residual bias
as an errors-in-variables effect, where gyroscope noise enters the lever arm correction
term as a noisy regressor and shrinks the least-squares estimate toward zero, direc-
tion by direction. The severity was reduced to a single scalar, the smallest generalized

eigenvalue ν
(A)
min, which measures the information-to-noise ratio in the most-affected di-

rection. Monte Carlo trials across four trajectories and four noise grades confirmed the
mechanism: where the effect is significant, the realized bias aligns with the predicted

direction, and at the lowest-ν
(A)
min cells it climbs toward the lever arm magnitude as ν

(A)
min

approaches one. A control with the gyroscope bias held fixed identified the gyroscope
bias estimation error as the dominant source of the excess over the white-noise predic-
tion at the higher grades. The diagnostic is a conservative indicator that underpredicts
the realized bias and is stable and computable at deployment.

The bias is structural, a property of where the expected cost is minimized, so no
choice of weighting or solver removes it. By Theorem 5.2, the construction of each
IMU residual cancels its leading rotation content while the gyroscope-noise perturba-
tion does not cancel. The lever arm sensitivity survives only through the centripetal
and angular-acceleration effects, scaled by the keyframe interval. These effects are weak
in the smooth, slowly varying motion of underwater operation, so each residual con-
tributes little deterministic information about the lever arm yet incurs the gyroscope-
noise penalty Λ(A) in full. This holds the deterministic part of H(A) down against

Λ(A), which pins ν
(A)
min toward its lower bound. The extent of the reduction depends on

the rotation excitation and the gyroscope noise level. Following this principle, we next
develop an alternative formulation, called Formulation B, that modifies the residual
structure to preserve the leading rotation content. This construction directly coun-

teracts the cancellation mechanism that drives ν
(A)
min toward its lower bound, and is

presented in the next chapter.
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Formulation B: Velocity State
Augmentation 6
This chapter develops Formulation B, which supplies the open body velocity as a per-
keyframe state rather than by substitution. Keeping the velocity in the state removes
the lever arm from the information-poor IMU residuals. The chapter evaluates whether
this reduces the EIV bias that Chapter 5 diagnosed in Formulation A. Section 6.1 speci-
fies Formulation B’s calibration state and the velocity supply that distinguishes it from
Formulation A. Section 6.2 develops the DVL velocity residual that Formulation B
reinstates. Section 6.3 applies the diagnostic of Chapter 5 to Formulation B and com-
pares it with Formulation A. Section 6.4 evaluates the two formulations in simulation.
Section 6.5 summarizes the comparison.

6.1 Calibration State and Velocity Supply

Formulation B augments Formulation A’s calibration state with the body velocity at
every keyframe, expressed in the navigation frame c0,

X (B) = X (A) ∪
{

c0vbi

}
i∈K, (6.1)

where X (A) is Formulation A’s state of (4.1), collecting the inter-sensor extrinsics, the
gravity direction c0g, and the per-keyframe biases. Where Formulation A supplies
the body velocity by substituting the DVL measurement through the rigid-body rela-
tion (4.2), Formulation B keeps it in the state and lets the residuals constrain it.

The body-velocity state must be initialized before the residuals that depend on
it become active. Formulation B reuses Formulation A’s coarse-to-fine pipeline (Sec-
tion 4.3), where those residuals enter in the third stage. The velocities are initialized at
the end of the second stage by rotating the DVL-measured velocities into the navigation
frame,

c0vbi ← c0Rci bR
T
c bRd diṽdi , (6.2)

through the zero lever arm transport that AQUA-SLAM uses. The DVL velocity resid-
ual enters the residual set in the same third stage, so the lever arm and the velocities
are refined together from these initial values.

6.2 The DVL Velocity Residual and Its Covariance

The DVL velocity residual is the only residual Formulation B adds to the set. The
IMU velocity and translation residuals are inherited from Chapter 2, given by (2.21)
and (2.22). They now depend on the body velocity in the state rather than on a substi-
tuted measurement. They are not restated. Neither depends on the DVL measurement
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or the keyframe gyroscope sample, so their covariances are the marginal preintegration
blocks of [31].

The DVL velocity residual is the residual of (2.30), with the body velocity taken
from the state and the angular velocity supplied by the bias-corrected gyroscope sample,

rDVL,v
i = bRc c0R

T
ci c0

vbi −
(
bRd diṽdi − biω̂bi × bpd/b

)
. (6.3)

The prediction transports the body-velocity state into the body frame at keyframe i.
The measurement side rotates the DVL reading into the body frame and applies the
rigid-body correction for the lever arm. The residual is expressed in the body frame,
matching the DVL translation residual (2.29).

The residual depends on two independent raw measurements at keyframe i. The
DVL reading enters through the additive term, and the gyroscope sample enters through
the cross-product term. The residual is linear in each, so the noise propagates exactly
through the Jacobians

∂rDVL,v
i

∂ diṽdi

= −bRd,
∂rDVL,v

i

∂ biω̂bi

= −[bpd/b]×, (6.4)

using y × z = −[z]×y. Propagating the DVL and gyroscope sample covariances ΣDVL

and ΣGyro gives the residual covariance

ΣrDVL,v
i

= bRd ΣDVL bR
T
d + [bpd/b]×ΣGyro [bpd/b]

T
×. (6.5)

The gyroscope contribution scales with the lever arm magnitude, so the lever arm
appears in the covariance as well as in the residual. The covariance is evaluated at
the linearization point bp̄d/b and held there, following the fixed-weight convention of
Section 4.2.2, so that updates to the lever arm cannot lower the cost by inflating its
own covariance.

6.3 The EIV Diagnostic under Formulation B

With the residual set specified, the EIV diagnostic of Chapter 5 can be applied to
Formulation B. It is built from the aggregate information H , the aggregate penalty Λ,
and the smallest generalized eigenvalue νmin of the pair (H ,Λ). This section assembles
those aggregates for Formulation B under the simplified scenario of Section 5.2, in which
only the IMU–DVL lever arm is unknown, and compares them with Formulation A’s.

6.3.1 Per-Factor Contributions

Under Formulation B, the lever arm is observed by two residuals, the IMU translation
residual and the DVL velocity residual. The IMU velocity residual observed it under
Formulation A’s velocity substitution but no longer does, so it leaves the analysis. The
two contributions differ in one respect: only the DVL velocity residual has a noisy
regressor.
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IMU translation residual. The IMU translation residual depends on the IMU-DVL
lever arm through the IMU-camera lever arm. Its regressor is the rotation difference
I −Rij and its perturbation is zero,

Ā
p,B
ij = I −Rij, Rij := biRbj , δAp,B

ij = 0, (6.6)

where Ā
p,B
ij and δAp,B

ij refer to the deterministic and perturbed parts of the regressor

of the IMU-DVL lever arm over interval (i, j). The corresponding penalty Λp,B
ij , is then

zero, and the deterministic information H̄
p,B
ij is

Λp,B
ij = 0, H̄

p,B
ij = (I −Rij)

T W p,B
ij (I −Rij), (6.7)

with W p,B
ij = Σ−1

∆pbj/bi
the marginal IMU translation preintegration weight. The infor-

mation is nonzero whenever Rij ̸= I.

DVL velocity residual. With the bias-corrected sample in (6.3) decomposed into
truth and noise, biω̂bi = biω

⋆
bi
+ηg

i , and the cross product written as [biω̂bi ]× bpd/b. Then

the regressor of IMU-DVL lever arm in DVL velocity residual, denoted byADVL,v
i , splits

into a deterministic part and a perturbation,

Ā
DVL,v
i = [biω

⋆
bi
]×, δADVL,v

i = [ηg
i ]×. (6.8)

The deterministic part scales with the keyframe angular velocity, and the perturbation
is the per-sample gyroscope noise in skew-symmetric form. The per-keyframe inverse
covariance then weights the deterministic regressor, giving the deterministic information

H̄
DVL,v
i = [biω

⋆
bi
]T×WDVL,v

i [biω
⋆
bi
]×, WDVL,v

i = Σ−1

rDVL,v
i

. (6.9)

The DVL velocity residual carries a single gyroscope sample, so its penalty is the
expectation

ΛDVL,v
i = E

[
[ηg

i ]
T
×WDVL,v

i [ηg
i ]×

]
. (6.10)

This expectation is an instance of the cross-product expectation identity of Appendix B.
Under isotropic gyroscope noise ηg

i ∼ N (0, σ2
g I), its transposed form (B.5) applies with

the symmetric weight WDVL,v
i and gives

ΛDVL,v
i = σ2

g

(
tr(WDVL,v

i ) I −WDVL,v
i

)
. (6.11)

Summing over the calibration window gives the aggregates

H(B) =
∑
ij

H̄
p,B
ij +

∑
i

(
H̄

DVL,v
i +ΛDVL,v

i

)
, Λ(B) =

∑
i

ΛDVL,v
i . (6.12)

The penalty Λ(B) collects the DVL velocity contributions alone, since the IMU transla-
tion residual adds none. Whether Formulation B’s bias is smaller than Formulation A’s
depends on the information relative to the penalty, not on the penalty alone. The next
subsection makes the comparison through νmin.
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6.3.2 Comparison with Formulation A

Two structural changes take Formulation A’s aggregates (5.23) to Formula-
tion B’s (6.12), and both raise νmin. Both follow from holding the body velocity in
the state rather than substituting the DVL measurement. The first removes a penalty
term, and the second restores information that the differencing had canceled.

The first change removes the gyroscope-noise penalty from the IMU translation
residual. In Formulation A, the gyroscope sample entered this residual through the
lever arm correction term, which supplied the perturbation δAp

ij of (5.11) and with it
the penalty Λp

ij. With the body velocity held in the state, the correction term no longer
appears. The lever arm then enters the residual only through the camera–body lever
arm, so its regressor is the rotation difference I −Rij of (6.6). This regressor is free of

gyroscope noise, so the perturbation and the penalty Λp,B
ij both vanish.

The second change moves the velocity constraint from the differenced IMU velocity
residual to the per-keyframe DVL velocity residual. In Formulation A, the IMU velocity
residual differenced the lever arm correction terms at the two endpoint keyframes, and
by Theorem 5.2, this differencing canceled the zeroth-order rotation content and left the
lever arm sensitivity in the weak centripetal and angular-acceleration effects. The DVL
observes absolute velocity, so the DVL velocity residual constrains the lever arm at a
single keyframe and needs no differencing. Its regressor is the angular velocity [biω

⋆
bi
]×

of (6.8), exactly the zeroth-order content that the differencing in Formulation A’s IMU
residuals had canceled. The information (6.9) then accrues at every keyframe and scales
with the keyframe angular velocity.

Together, the two changes raise the ratio of information to penalty. The IMU
translation residual now contributes information free of any penalty, and the DVL
velocity residual contributes information at the same order as its penalty rather than

below it. This predicts ν
(B)
min > ν

(A)
min for the same trajectory and sensor grade, and with

it a weaker attenuation along the most-affected direction (5.26). The bias is reduced
but not removed, because the DVL velocity residual still depends on the gyroscope
sample as a noisy regressor, so the penalty Λ(B) is nonzero.

6.4 Empirical Comparison: Formulation A versus Formula-
tion B

This section evaluates Formulation B against Formulation A by Monte Carlo simulation
on the Calib Medium and SE surrogate trajectories of Section 3.3.2. Four results are
reported: the structural improvement in the diagnostic (Section 6.4.1), the calibration
improvement on the parameters coupled to the EIV mechanism in Formulation A (Sec-
tion 6.4.2), the EIV-uncoupled parameters (Section 6.4.3), and the non-EIV bias that
Formulation B exposes, traced to its sources by a gyroscope bias control (Section 6.4.4).

The four sensor noise grades, G1 to G4, and the two trajectories define eight (tra-
jectory, grade) cells. The simulation follows the Monte Carlo protocol of Section 3.3.4,
with N = 200 trials per cell. Both formulations jointly estimate all calibration pa-
rameters under realistic noise on each sensor. Two further control runs repeat the
comparison on both trajectories with the gyroscope bias held fixed at its true value
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Figure 6.1: Oracle ν
(B)
min versus ν

(A)
min across the eight (trajectory, grade) cells, log-log axes. The

dashed line marks y = x.

rather than estimated, isolating the gyroscope bias estimation error.
Tables 6.1 and 6.2 report the bias and per-trial scatter for the extrinsic parameters

and the gravity direction of the state (4.1) under both formulations.

6.4.1 Diagnostic Improvement

Figure 6.1 plots the oracle ν
(B)
min against ν

(A)
min across the eight (trajectory, grade) cells.

Every cell sits well above the identity line (y = x reference). The oracle ν
(B)
min exceeds

ν
(A)
min by between roughly three and four orders of magnitude at every cell. The cells

where Formulation A is most saturated, the SE surrogate at G3 and G4 with ν
(A)
min

near its lower bound, move into the EIV-negligible regime under Formulation B, with

ν
(B)
min above 100, the negligible threshold of Chapter 5. The two structural changes of
Section 6.3.2 both raise νmin, and together they account for a gain of several orders of
magnitude.

6.4.2 EIV-Coupled Parameters Improve

Two parameters are coupled to the EIV mechanism in Formulation A: the IMU–DVL
lever arm bpd/b, on which the penalty acts directly, and the gravity direction c0g, which
couples to the lever arm through the joint calibration. The same coupling appeared
between AQUA-SLAM and Formulation A in Section 4.4.2. Both improve under For-
mulation B.
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Table 6.1: Extrinsic-error comparison for Calib Medium: Formulation A (velocity substitu-
tion) versus Formulation B (velocity state). Each entry reports the bias magnitude ∥ē∥ and
the per-trial 1σ scatter σ∥e∥ over the Monte Carlo trials.

Grade Form bRc [deg] cRd [deg] cpd/c [cm] bpd/b [cm] cpp/c [cm] c0g [deg]

G1
A 0.036± 0.003 0.041± 0.053 0.211± 0.115 0.173± 0.401 0.054± 0.988 0.031± 0.060

B 0.035± 0.003 0.062± 0.053 0.259± 0.114 0.711± 0.166 0.052± 0.989 0.036± 0.024

G2
A 0.036± 0.010 0.051± 0.270 0.206± 0.588 0.737± 1.919 0.099± 2.469 0.083± 0.236

B 0.033± 0.010 0.068± 0.269 0.250± 0.581 0.717± 0.627 0.065± 2.472 0.033± 0.051

G3
A 0.037± 0.039 0.108± 1.384 0.202± 3.012 5.495± 8.579 0.223± 5.924 0.251± 0.643

B 0.029± 0.036 0.102± 1.380 0.217± 2.982 0.691± 3.007 0.102± 5.933 0.037± 0.107

G4
A 0.037± 0.077 0.139± 1.270 0.234± 2.763 13.286± 12.553 0.806± 11.772 1.206± 1.443

B 0.029± 0.072 0.103± 1.265 0.270± 2.732 0.792± 2.904 0.173± 11.865 0.050± 0.215

Table 6.2: Extrinsic-error comparison for the SE surrogate: Formulation A (velocity substi-
tution) versus Formulation B (velocity state). Each entry reports the bias magnitude ∥ē∥
and the per-trial 1σ scatter σ∥e∥ over the Monte Carlo trials.

Grade Form bRc [deg] cRd [deg] cpd/c [cm] bpd/b [cm] cpp/c [cm] c0g [deg]

G1
A 0.033± 0.012 0.014± 0.087 0.517± 0.593 0.530± 1.386 0.167± 3.198 0.023± 0.013

B 0.027± 0.011 0.009± 0.071 0.519± 0.485 0.972± 0.556 0.168± 3.197 0.023± 0.004

G2
A 0.031± 0.046 0.038± 0.384 0.410± 2.619 4.816± 7.530 0.361± 8.000 0.026± 0.052

B 0.018± 0.035 0.022± 0.359 0.361± 2.463 0.873± 2.534 0.353± 7.993 0.021± 0.010

G3
A 0.027± 0.171 0.130± 1.873 0.864± 12.770 17.674± 23.206 0.841± 19.248 0.038± 0.221

B 0.008± 0.102 0.097± 1.842 0.615± 12.470 0.757± 12.545 0.824± 19.184 0.020± 0.025

G4
A 0.032± 0.337 0.114± 1.718 0.710± 11.700 26.835± 16.675 1.663± 38.330 0.048± 0.227

B 0.018± 0.205 0.092± 1.686 2.034± 11.026 2.796± 11.246 1.655± 38.307 0.021± 0.050

Figure 6.2 compares the realized IMU–DVL lever arm bias magnitude ∥bp̂d/b−bp
⋆
d/b∥

under the two formulations across the eight cells. The reduction follows the EIV regimes
that Chapter 5 assigned to these trajectories. At the cells where the EIV effect is
significant or saturated, Calib Medium at G3 and G4 and the SE surrogate at G2 to
G4, Formulation A’s bias ranges from about 5 to 27 cm, and Formulation B reduces it
by factors of about five to twenty-three: Calib Medium G4 drops from 13.3 to 0.8 cm
and the SE surrogate G4 from 26.8 to 2.8 cm. At the EIV-negligible cells, Calib Medium
at G1 and G2 and the SE surrogate at G1, Formulation A’s bias is already at the sub-
centimeter non-EIV floor of Section 6.4.4, and Formulation B does not reduce it; at the
two G1 cells, it is marginally higher, both below one centimeter.

Formulation B also lowers the per-trial scatter on the lever arm in every cell, for
example, from 12.6 to 2.9 cm for Calib Medium G4. The restored sensitivity that
removes the structural cancellation of Theorem 5.2 also sharpens the cost along the
lever arm direction, so the gain appears in the spread of single-run estimates as well as
in the bias.

The gravity direction shows the same coupling on Calib Medium. Formulation A’s
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Figure 6.2: Realized IMU–DVL lever arm bias magnitude under Formulation B versus For-
mulation A, log-log axes, across the eight (trajectory, grade) cells. Points below y = x mark
Formulation B’s improvement.

gravity bias there grows from 0.03◦ at G1 to 1.2◦ at G4, tracking the growth of its
lever arm bias, while Formulation B’s stays between 0.03◦ and 0.05◦ across all grades
(Tables 6.1 and 6.2). On the SE surrogate, Formulation A’s gravity bias stays below
0.05◦ at every grade despite the much larger lever arm bias, so the coupling is visible
only on Calib Medium. When the EIV bias drives the lever arm away from its true
value, part of the error is absorbed into the gravity direction, and when Formulation B
suppresses that bias, the gravity direction recovers with the lever arm.

6.4.3 EIV-Uncoupled Parameters

The parameters not coupled to the EIV mechanism are recovered in the same way under
both formulations. The two rotation extrinsics bRc and cRd, the camera–DVL lever
arm cpd/c, and the camera–pressure lever arm cpp/c agree in both bias and per-trial
scatter across all cells (Tables 6.1 and 6.2). None is subject to the noisy regressor that
drives the EIV bias, so the formulation change does not affect them measurably. The
one visible bias difference, the camera–DVL lever arm at SE surrogate G4, lies well
within that cell’s per-trial scatter.

6.4.4 A Non-EIV Bias Remains

Figure 6.2 shows that Formulation B does not drive the IMU–DVL lever arm bias to
zero. A residual remains, near 0.7 cm on Calib Medium across all grades and at a
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Table 6.3: IMU–DVL lever arm bias ∥bēd/b∥ under Formulations A and B, with the gyroscope
bias estimated and with it held fixed at its true value (cm, mean ± per-trial 1σ over N = 200
trials).

Gyro bias G1 G2 G3 G4

Calib Medium

A
estimated 0.17± 0.40 0.74± 1.92 5.50± 8.58 13.29± 12.55
fixed 0.31± 0.24 0.28± 1.20 0.38± 6.25 2.22± 6.12

B
estimated 0.71± 0.17 0.72± 0.63 0.69± 3.01 0.79± 2.90
fixed 0.42± 0.13 0.43± 0.59 0.41± 2.98 0.48± 2.77

SE surrogate

A
estimated 0.53± 1.39 4.82± 7.53 17.67± 23.21 26.84± 16.68
fixed 0.32± 1.10 0.45± 5.49 5.93± 28.44 18.29± 22.82

B
estimated 0.97± 0.56 0.87± 2.53 0.76± 12.55 2.80± 11.25
fixed 0.83± 0.56 0.72± 2.52 0.59± 12.51 2.57± 11.19

comparable level on the SE surrogate at G1 to G3, rising to about 2.8 cm at the SE

surrogate G4. With ν
(B)
min in the hundreds or above at every cell, the worst-direction

attenuation 1/ν
(B)
min is at the 10

−3 level or below, which places any EIV-attributable bias
orders of magnitude under this residual. The residual is therefore non-EIV in origin.

This residual belongs to the class of non-EIV effects identified for Formulation A
in Section 5.5.4: contributions beyond the white-noise bias that the closed-form EIV
prediction does not cover. Chapter 5 identified gyroscope bias estimation error as
the dominant such contribution under Formulation A. Table 6.3 isolates it under both
formulations by holding the gyroscope bias at its true value instead of estimating it. The
change between the estimated and fixed rows is the gyroscope bias contribution to the
lever arm bias. Under Formulation A, this contribution grows with the grade, reaching
11.1 cm at Calib Medium G4 and 8.5 cm at SE surrogate G4. Under Formulation B,
it is flat across all grades, near 0.3 cm on Calib Medium and below 0.25 cm on the
SE surrogate. The gyroscope bias error enters through the same gyroscope sample
as the white noise that the penalty models. The restored sensitivity of Section 6.3.2
therefore de-amplifies it for the same reason it suppresses the white-noise EIV bias: the
lever arm is now read from the strong angular-velocity regressor rather than the weak
post-cancellation one.

Fixing the gyroscope bias under Formulation A collapses the Calib Medium bias
to below the white-noise prediction. On the saturated SE surrogate, it instead leaves
a large residual, because the white-noise EIV bias dominates that trajectory, so the
gyroscope bias contribution is a smaller part of Formulation A’s bias there than on Calib
Medium. Even with the gyroscope bias fixed, Formulation B retains a sub-centimeter
residual in most cells and about 2.8 cm in the SE surrogate G4. This non-gyroscope
bias residual, including the SE surrogate G4 elevation, lies within the large per-trial
scatter at the higher grades, and its source is not separated by these results.
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6.5 Summary

Formulation B keeps the body velocity in the calibration state rather than substituting
it from the DVL. The lever arm then leaves the insensitive IMU residuals and is observed
via the reinstated DVL velocity residual, which constrains it at each keyframe using
the keyframe angular velocity rather than a velocity difference. By the diagnostic of
Chapter 5 this predicts a νmin above Formulation A’s.

The simulation confirms the effect. Across the tested cells ν
(B)
min exceeds ν

(A)
min by

between three and four orders of magnitude. The IMU–DVL lever arm bias falls by
factors of about five to twenty-three, where Formulation A’s bias was EIV-dominated,
its per-trial scatter falls with it, and the coupled gravity direction recovers. The param-
eters not coupled to the EIV mechanism are recovered with equivalent precision, within
per-trial scatter. A centimeter-level non-EIV residual remains; a gyroscope bias control
shows that the velocity-state augmentation de-amplifies the gyroscope bias estimation
error that the EIV mechanism amplified under Formulation A, so this residual is not
the EIV bias.

The comparison in this chapter rests on simulation, where the per-sensor noise
follows the assumed model. Whether Formulation B’s reduction of the IMU–DVL lever
arm bias survives on real data, where that model holds only approximately, and the
camera trajectory is itself imperfect, is the question Chapter 7 takes up.
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Real-World Calibration 7
This chapter applies the three calibration formulations of the preceding chapters to real
data: AQUA-SLAM’s baseline formulation (Chapter 3), Formulation A (Chapter 4),
and Formulation B (Chapter 6). The application to real data requires one additional
step beyond the simulation protocol: a calibration window on which the assumed noise
model holds. Section 7.1 describes the platform, the camera trajectory input, and
the protocol shared by the three formulations. Section 7.2 presents the selection of the
calibration window and validates it. Section 7.3 compares the three formulations on the
selected window. Section 7.4 reports the convergence of the calibration as keyframes
accumulate and its run time. Section 7.5 validates the corrected velocity transport
and the recovered calibration within the SLAM estimator. Section 7.6 discusses the
findings.

7.1 Calibration Pipeline

This section specifies what is held constant across the three formulations: the platform
and sequence, the camera trajectory input, and the solver protocol.

7.1.1 Platform, Sensors, and Sequences

The Tank dataset [29] provides underwater sequences recorded on a BlueROV2
equipped with the GX5-AHRS IMU, the WaterLinked A50 DVL, the Bar30 depth
sensor, and a custom underwater stereo camera. Sensor specifications, rates, and noise
characteristics correspond to the G3 grade of Section 3.3, the configuration used in
AQUA-SLAM’s released implementation [34].

Calibration uses the Structure Easy sequence. Its survey-type motion, sustained
low-amplitude rotation on all three body axes with bursty linear acceleration and no
targeted per-axis excitation, is characterized in Section 3.3. The vehicle maneuvers
around an underwater structure covered with AprilTag markers, from which the tra-
jectory ground truth is computed.

7.1.2 Camera Trajectory

The camera trajectory used as the fixed input for the calibration is produced by an
AQUA-SLAM run in stereo-only mode: the IMU and DVL measurements are not fused
into the trajectory estimate, the depth sensor is not used, and loop closure is disabled.
In this mode, AQUA-SLAM estimates the trajectory from the stereo images using
local bundle adjustment and outputs a per-keyframe camera trajectory that the three
calibration formulations consume. The AprilTag detections are not used at this step, so
the trajectory input remains independent of the ground truth. The trajectories differ
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from those in the simulation due to noise. Their estimation error is not modeled, and it
propagates into the recovered extrinsics as an error source that the formulations cannot
separate from sensor noise.

7.1.3 Protocol

The three formulations are applied as specified in Sections 3.1, 4.1, and 6.1, without
modification. We exclude the depth residual from all three formulations to ensure a fair
comparison; consequently, the pressure-sensor lever arm is not estimated. The Tank
dataset does not provide a reference against which its recovery could be evaluated, and
the sequences contain almost no vertical motion, so it is unclear whether the depth
residual could constrain this lever arm at all. Each formulation uses its own coarse-to-
fine initialization: AQUA-SLAM follows its baseline initialization, Formulation A the
pipeline of Section 4.3, and Formulation B the same pipeline extended with the velocity-
state initialization of Section 6.1. Random initialization of the calibration state, Ceres
with Levenberg-Marquardt, and default tolerances are employed unchanged from the
Monte Carlo protocol of Section 3.3.

7.2 Calibration Window Selection

The calibration formulations assume independent and identically distributed zero-mean
Gaussian per-beam DVL noise. However, in the recorded log, this assumption holds
only for part of the sequence, so the calibration window must be selected. AQUA-SLAM
likewise calibrates on a window of this sequence, but the window and its selection are not
reported [7], so selection is an unaddressed prerequisite for reproducing the experiment.
This section selects the window by gating on two statistics of a motion-independent
DVL residual.

7.2.1 The DVL Error Velocity

A four-beam Janus DVL measures four projections of the body-frame velocity onto
known beam directions. These geometric relationships are captured by the beam matrix
E ∈ R4×3, where each row corresponds to the unit direction vector of one acoustic
beam expressed in the body frame. Since there are four measurements but only three
velocity degrees of freedom, it has rank three, so its left null space is one-dimensional; let
n ∈ R4 be its unit-norm generator, determined by the beam geometry alone. The error
velocity ζ̂k := nT b̃k, the projection of the beam-velocity vector b̃k ∈ R4 at ping k onto
n, annihilates the body-velocity contribution entirely. So, under the standard noise
model, it is a zero-mean Gaussian with per-beam standard deviation σb, independent
of vehicle motion. Any deviation from this prediction, therefore, reveals a violation of
the noise model. Importantly, this construction requires only the beam velocities and
the ping timestamps, without any dependence on calibration parameters or external
ground truth. Appendix A develops the error velocity in detail.

Each error-velocity sample decomposes into a systematic offset and random scatter,
and the selection tests the two separately. The scatter is estimated once, globally: the
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per-beam noise standard deviation σ̂b is the median absolute deviation of the error veloc-
ity over the full log, scaled to the Gaussian standard deviation by 1/Φ−1(0.75) ≈ 1.4826,
where Φ−1 is the standard normal quantile function [35]. On Structure Easy this gives
σ̂b = 2.07×10−3 m/s. The estimate is global rather than per-window because a contam-
inated window inflates its own estimate, thereby hiding its own outliers, so the reference
standard deviation must not adapt to the window under test. The median absolute
deviation tolerates up to half the samples being contaminated, and the contaminated
portions of this log are well below that, so the global estimate remains anchored by the
clean majority.

7.2.2 Two Gates and the Healthy Span

The log is scanned with sliding windows of 20 s duration at a stride of 2.5 s, and two
statistics are computed for each window. The first is the outlier fraction: the fraction of
samples whose deviation from the window median exceeds 3σ̂b, which tests the Gaussian
tails after centering. A window passes if its fraction does not exceed twice the median
fraction across all scanned windows.

The second statistic is the magnitude of the window median itself, which tests the
centering that the first statistic removes: the outlier fraction is blind by construction
to a window whose samples scatter narrowly about a nonzero offset. Under the noise
model, the median of the P pings in a window is asymptotically Gaussian with standard
deviation

√
π/2 σ̂b/

√
P [36], so a window passes if its median magnitude does not

exceed three of these; the threshold follows from the model rather than from a choice,
and adapts to the window’s sample count and the sensor’s noise level. A bias common
to all four beams is annihilated by the null-space projection just as the velocity is, so a
failing median reflects per-beam asymmetry, a deterministic violation of the assumed
beam geometry within the window. This is also the statistic through which sustained
single-beam anomalies surface: a beam that persistently returns a degraded velocity,
from a weak or corrupted acoustic return, shifts the window median, whereas a transient
anomaly on any beam lands in the outlier fraction instead.

Two further statistics are computed but not gated. The lag-one autocorrelation of
the error velocity tests independence across pings. Because correlation enters the DVL
residuals additively rather than through a regressor, it leaves the calibration estimate
consistent and only renders the reported covariance optimistic. It is therefore reported
as a caveat on the estimated uncertainty rather than used for selection. The timing
jitter of the ping schedule is computed and found roughly constant across the log, so
it provides no discrimination on this log and is not used. Formal definitions of all
computed statistics appear in Appendix D.

Figure 7.1 shows the two gated statistics, the autocorrelation, and the jitter across
the log. Both gates flag the start and the end of the log and remain low through the
middle, with transitions on the order of a few seconds. On this log, the two gates flag
largely the same intervals, although they remain structurally distinct. Since the median
gate detects uniform offsets, the outlier fraction is blind. A sample is accepted if every
scan window covering it passes both gates, which erodes the passing run of window
centers by half a window duration on each side; the resulting healthy span is [60, 130] s.
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Figure 7.1: Window-quality statistics across the log, computed on 20 s windows at 2.5 s
stride. The top two panels are gated: a window passes when its outlier fraction is below the
dashed threshold (twice the inter-window median), and its median error velocity is below the
per-window threshold, which scales as the inverse square root of the ping count. The lower
two panels are reported but not used for selection. Points are colored by whether the window
passes both gates, and the shaded band is the resulting healthy span after erosion.

The healthy span covers 70 s against a 60 s calibration-window target, so placement
is nearly determined; we take the 60 s window centered in the span, [65, 125] s, which
covers 184 keyframes. The 60 s target reflects the keyframe count: a 20 s window
covers roughly 60 keyframes, too few for a well-constrained calibration on a survey-
type sequence. This window is used for the three-way comparison of Section 7.3.

The selection depends only on the beam geometry and the ping stream: it consults
neither the extrinsic parameters nor the calibration residuals, so it cannot bias the
calibration toward any solution. The error velocity and σ̂b likewise serve selection only.
The same construction bounds what the selection can see: it tests only the DVL’s own
noise model, and a fault confined to the camera trajectory or the IMU is invisible to it.
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Table 7.1: Calibration errors on the selected window [65, 125] s (184 keyframes) against
the reference calibration provided with the Tank dataset. Rotation errors are axis-angle
magnitudes in degrees; lever arm errors are in centimeters.

AQUA-SLAM Formulation A Formulation B

bRc [◦] 0.30 0.29 0.15

bRd [◦] 1.05 0.87 0.53

cRd [◦] 0.78 0.60 0.49

bpc/b [cm] 13.33 5.25 1.70

bpd/b [cm] 14.83 8.13 4.24

cpd/c [cm] 2.32 3.34 2.97

7.3 Three-Way Formulation Comparison

The three formulations are applied to the selected window under the protocol of Sec-
tion 7.1, and the recovered extrinsics are compared against the reference calibration
provided with the dataset. Table 7.1 reports the errors: rotations as the axis-angle
magnitude in degrees, lever arms in centimeters.

The IMU–DVL lever arm bpd/b reproduces the cumulative pattern predicted by the
synthetic experiments. The reference value provided with the dataset has a magnitude
of 18.4 cm, and AQUA-SLAM’s error of 14.83 cm likely represents the collapsed lever
arm error plus estimation scatter, consistent with the collapse analysis in Chapter 3:
with the correction term omitted, the data do not constrain this lever arm. Restoring
the omitted term, Formulation A reduces the error to 8.13 cm, and Formulation B to
4.24 cm. The IMU–camera lever arm bpc/b follows the same chain, 13.33, 5.25, and
1.70 cm, as the rigid-body identity ties its recovery to the other two extrinsic pairs.

The camera–DVL lever arm behaves differently, and as predicted, all three formu-
lations recover it to between 2.3 and 3.4 cm. This parameter is observed through the
DVL translation residual, which all three formulations share, and it does not enter
the residuals that the corrections of Formulation A and Formulation B modify, so the
formulations have no mechanism by which to differ on it.

The rotation extrinsics recover to within a degree under all three formulations,
with differences of a few tenths of a degree between them. This is consistent with the
synthetic finding of Chapter 6 that the corrections leave rotation recovery unchanged,
so the comparison supports no ranking on the rotations.

The recovered errors can be read against the SE surrogate of Chapter 6 (Table 6.2),
which matches the excitation of the real Structure Easy sequence and uses the plat-
form’s G3 noise grade. The surrogate carries a larger IMU–DVL lever arm than the
platform, 35 cm in Table 3.1 against the 18.4 cm reference. Since both EIV bias and
the per-trial scatter scale with that magnitude, the lever-arm comparison is made in
relative terms. For rotations, there is no such scaling, so they are compared in degrees.
Under Formulation B, the surrogate gives each parameter a near-zero bias and a wide
per-trial scatter, the latter being the imprint of the weak survey excitation. A single
real calibration is therefore one draw from that distribution, and an error comparable
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to the per-trial scatter reflects that scatter rather than a systematic offset.
On the real Structure Easy sequence, the recovered errors bear this out. The IMU–

DVL error is about a quarter of the reference, smaller than the surrogate’s per-trial
scatter of about a third, so it lies within one scatter of the near-zero bias. The camera–
DVL rotation error of 0.49◦ is well within its per-trial scatter of close to two degrees.
The camera–IMU rotation error of 0.15◦ lies furthest out, about 1.5 times its per-trial
scatter of 0.10◦, still inside the spread a single draw covers. The camera–DVL lever
arm error of 2.97 cm is not coupled to the EIV mechanism and is recovered alike by all
three formulations. The IMU–DVL lever arm is the only parameter the surrogate shows
as biased under Formulation A, and Formulation B reduces that bias to the near-zero
level, so the value recovered on real Structure Easy reflects per-trial scatter about a
near-zero bias rather than a residual systematic offset.

The calibration results are conditioned on the selected window. Applied instead
to a 60-second window that overlaps the contaminated start of the log, [40, 100] s,
Formulation B’s error on the IMU–DVL lever arm rises from 4.24 to 12.81 cm. The
structural improvements of the corrected formulations do not survive a window on
which the DVL noise model fails.

7.4 Convergence and Run Time

With the window settled, two practical questions remain: whether the calibration im-
proves predictably as the window grows, and how long it takes to run.

7.4.1 Convergence Against Window Length

Formulation B is applied to windows anchored at the start of the selected window,
t = 65 s, and grown forward in increments of five keyframes, from ten keyframes until
the window reaches its full extent at 125 s. Every window in the sequence lies inside the
healthy span, so the experiment isolates the effect of accumulating data that satisfies
the noise model. Figure 7.2 reports the error magnitudes against the keyframe count,
rotations in degrees, and lever arms in centimeters.

Every window in the sequence converges from a random initialization, including the
smallest at 10 keyframes, so the curves show how the error of the converged estimate
decreases as the window grows. The parameters reach their final error at different
points along the sweep. The camera–DVL lever arm settles within roughly twenty
keyframes and varies between 2.5 and 5 cm thereafter. The rotation extrinsics reach
the sub-degree regime by roughly eighty keyframes. The IMU–camera and IMU–DVL
lever arms settle last: their errors level off between roughly 7 and 10 cm at the midpoint
of the sweep and fall below 5 cm only after roughly 125 keyframes. Each increment
grows two things at once, the sample count and the motion content of the window.
The curve, therefore, does not separate the averaging of noise from the arrival of new
excitation, and the late improvement of the IMU lever arms may reflect either or both.
The sequence is also nested, so adjacent points share their data, and the fluctuations
along the curves reflect the entering keyframes rather than independent repeats; the
trends are read at the few-centimeter scale of single-window scatter. The two IMU
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Figure 7.2: Formulation B’s calibration errors against keyframe count, for windows anchored
at 65 s and grown in five-keyframe increments to the full selected window. Rotation errors
above, lever arm errors below; the final point at 184 keyframes is the selected window.

lever arms reach their final error only with most of the window, so the 60 s target of
Section 7.2 provides little margin beyond what the slowest parameters require.

7.4.2 Run Time

The calibration runs once per deployment, so its run time is a one-off overhead rather
than a per-frame budget. To contextualize this cost, Figure 7.3 reports two complemen-
tary quantities on a shared scale. The first is the wall-clock run time of the coarse-to-fine
pipeline of Section 4.3, broken down by stage as a function of the keyframe count of
the window. The second is the distribution of single AQUA-SLAM local bundle adjust-
ment times on the same machine. The bundle adjustment serves as a natural reference
because it is continuously executed online during operation. The two quantities are not
directly comparable; however, the bundle adjustment runs repeatedly during operation,
typically at keyframe insertion, whereas the calibration runs once over the window. The
comparison, therefore, indicates only relative order of magnitude.

The full calibration on the selected window completes in 0.47 s, roughly twice the
median time for a single local bundle adjustment (0.25 s), with the middle half of the
solves between 0.20 and 0.30 s. The run time grows roughly linearly with the keyframe
count, and a 100-keyframe window calibrates in about the time required for a typical
local bundle adjustment. Stage 2 of the pipeline incorporates the depth residual and is
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Figure 7.3: Wall-clock time of the calibration pipeline per stage against the keyframe count
of the window; Stage 2 is inactive here (Section 7.1). The dashed line is the median time of
a single AQUA-SLAM local bundle adjustment; half of the solves complete faster and half
slower. The shaded band spans the middle half of the solve times, from the 25th to the 75th
percentile. All timings are measured on an AMD Ryzen AI 7 350; both solvers run single-
threaded, Ceres [1] for the calibration and g2o [2] for AQUA-SLAM’s bundle adjustment.

inactive here, since the depth residual is excluded (Section 7.1), so the reported time
comprises the three active stages.

7.5 Downstream SLAM Validation

The calibration serves the SLAM system, so the final validation runs AQUA-SLAM
end-to-end. The validation proceeds in two steps. The first corrects the runtime
velocity-transport residual, and the second evaluates the recovered calibrations un-
der that corrected residual. The order matters, because the omitted cross-product
term of Chapter 3 is the only lever arm-dependent term in the velocity channel. The
original runtime residual is therefore partially blind to the IMU–DVL lever arm, and a
comparison of calibrations under it would understate the effect of calibration quality.
Correcting the residual first removes that blindness, so the calibration comparison runs
on a residual that can register the differences between calibrations.

7.5.1 The Corrected Runtime Residual

AQUA-SLAM is run end-to-end on each evaluation sequence in two configurations, one
with its original baseline velocity-transport residual and one with the corrected residual
of Formulation A in Chapter 4. Both configurations use the reference extrinsics, so the
residual form is the only difference between them. The evaluation sequences are the
three Structure sequences of the dataset: Easy, Medium, and Hard. Their ground truth
is derived from the AprilTag [37] structure and covers the portions of each trajectory on
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Table 7.2: Trajectory error of AQUA-SLAM with the baseline and the corrected velocity-
transport residual, both with the reference extrinsics. Each cell is the median of the per-run
RMSEs over ten runs, with the interquartile range (25th to 75th percentile) in parentheses.
Loop closure disabled; errors after rigid-body alignment without scale correction, computed
with the evo toolkit.

Sequence Residual ATE position [cm] ATE rotation [deg]
median (25–75%) median (25–75%)

Structure Easy
baseline 3.02 (2.58–3.50) 0.86 (0.81–0.98)
corrected 2.52 (2.38–2.60) 0.88 (0.85–0.92)

Structure Medium
baseline 34.31 (26.92–37.03) 8.33 (6.62–9.07)
corrected 25.12 (19.75–36.04) 6.44 (4.84–9.08)

Structure Hard
baseline 27.82 (21.56–34.57) 6.12 (5.61–7.12)
corrected 23.26 (20.09–28.00) 4.92 (4.63–5.18)

Figure 7.4: Per-run position ATE for the original baseline and the corrected residual, ten
runs per configuration; the bar marks the median. The panels share no vertical scale: the
Easy sequence is an order of magnitude more accurate than the other two.

which the structure is visible [29], and the error is evaluated over the covered portion.
Loop closure is disabled throughout. Trajectory accuracy is measured with the evo
toolkit [38] as the absolute trajectory error (ATE) in position and rotation, after a
rigid-body alignment to the ground truth, which fits a rotation and translation but
no scale. Each run is summarized by its root-mean-squared error (RMSE) over the
trajectory. Each configuration is run ten times. The reported error is the median of
the per-run RMSEs, the spread is their interquartile range.

Table 7.2 and Figure 7.4 report the comparison. The corrected residual improves
the median position error on all three sequences by between 16 and 27 percent, and on
no sequence does any metric degrade beyond the run-to-run scatter. The separation
from the scatter differs by sequence. On Structure Easy, the position improvement is
clear: the corrected configuration’s interquartile range lies almost entirely below that
of the baseline, while the rotation error is unchanged. On Structure Hard, the clearest
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Figure 7.5: Per-run position ATE for the four calibrations, ten runs per configuration; the
bar marks the median. The panels share no vertical scale.

effect appears in the rotation error, where the two interquartile ranges do not overlap,
4.63–5.18 against 5.61–7.12 degrees. On Structure Medium, the median improvement
is the largest, roughly a quarter in both metrics. However, the run-to-run spread is also
the largest, and the interquartile ranges overlap, so the improvement in this sequence
does not stand out from the scatter. The omitted velocity-transport term therefore
carries a measurable, if modest, cost in the live estimator, and degrades no metric on
any sequence: the analytical finding of Chapter 3 holds at the system level.

The size of the effect is tied to the platform. The omitted term is the cross product
of the angular velocity and the lever arm, and both are small here: the vehicle moves
slowly with sustained low-amplitude rotation, and the IMU–DVL separation is 18 cm.
On platforms with larger sensor separations or faster rotational dynamics, the omitted
term scales with both, so a larger system-level benefit is expected there, although the
present data do not measure it.

7.5.2 Calibration Under the Corrected Model

With the residuals fixed to the corrected form, the extrinsics become the variable of
interest: AQUA-SLAM is run with four calibrations on the three Structure sequences,
following the protocol of the previous subsection. The four are the reference calibra-
tion provided with the dataset and the three estimates in Table 7.1, recovered over
the selected window using AQUA-SLAM’s baseline formulation, Formulation A, and
Formulation B. The design completes the three-way comparison at the system level: it
tests whether the recovered calibrations transfer across sequences, and what the cali-
bration errors of Table 7.1 cost in trajectory accuracy. Structure Easy is the calibration
sequence and is reported as such; the transfer claim rests on Medium and Hard. The
reference is itself a calibration, so agreement with it is the strongest claim the data
supports.

Table 7.3 and Figure 7.5 report the four calibrations. On Structure Easy, the recov-
ered calibrations of Formulation B and Formulation A match the reference, all three
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Table 7.3: Trajectory error of AQUA-SLAM under the corrected residual with four calibra-
tions: the dataset reference and the three estimates of Table 7.1. Each cell is the median of
the per-run RMSEs over ten runs, with the interquartile range in parentheses. Loop closure
disabled; errors after rigid-body alignment without scale correction, computed with the evo
toolkit.

Sequence Calibration ATE position [cm] ATE rotation [deg]
median (25–75%) median (25–75%)

Structure Easy

reference 2.52 (2.38–2.60) 0.88 (0.85–0.92)
Formulation B 2.41 (2.34–2.54) 0.83 (0.80–0.87)
Formulation A 2.60 (2.40–2.82) 0.86 (0.84–0.97)
AQUA-SLAM 3.75 (3.46–3.91) 1.18 (1.12–1.42)

Structure Medium

reference 25.12 (19.75–36.04) 6.44 (4.84–9.08)
Formulation B 24.23 (20.60–34.20) 6.19 (5.19–8.52)
Formulation A 31.06 (29.21–37.48) 7.71 (7.38–9.49)
AQUA-SLAM 29.93 (22.45–35.45) 7.54 (5.74–8.78)

Structure Hard

reference 23.26 (20.09–28.00) 4.92 (4.63–5.18)
Formulation B 26.96 (24.69–28.60) 5.86 (5.60–6.19)
Formulation A 30.26 (29.28–33.39) 6.49 (6.04–6.94)
AQUA-SLAM 32.64 (28.10–35.39) 6.46 (6.12–7.03)

within 2.4 to 2.6 cm, while AQUA-SLAM’s recovered calibration is measurably worse
at 3.75 cm and carries a heavier tail in both metrics. On Structure Medium, the refer-
ence and Formulation B are indistinguishable, 25.1 and 24.2 cm with closely matching
interquartile ranges, and the other two sit slightly higher within the run-to-run spread.
On Structure Hard, the three recovered calibrations are ordered as Formulation B,
Formulation A, AQUA-SLAM, with Formulation B the closest to the reference; the ref-
erence retains a small advantage, its rotation interquartile range lying below all three.

The per-run spread on Structure Medium and Structure Hard is large and is shared
across all four calibrations, so on these two sequences, the comparison is distributional
rather than pointwise: configuration medians separated by a few centimeters fall within
the run-to-run variation and are not ordered. The spread originates in the SLAM
estimator rather than in the calibration, since it is present at the same magnitude
under the reference as well.

Two conclusions remain robust despite this spread. The recovered calibration of
Formulation B matches the reference on the two sequences where the comparison is
decisive, Easy and Medium, and is the closest of the three recovered calibrations to
it on Hard. So, a targetlessly recovered calibration transfers across sequences without
loss when compared to a reference that is itself a calibration. AQUA-SLAM’s recovered
calibration, the only one carrying the structural collapse of Chapter 3, consistently
degrades the trajectory on Easy, the sequence where the run-to-run spread is smallest
and the comparison most sensitive; the effect is small in absolute terms, about 1.2 cm
of median position error above the other three, and on the harder sequences its deficit
is absorbed into the shared spread.
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7.6 Discussion

The real data reproduce the pattern predicted by the simulation. AQUA-SLAM’s
formulation leaves the IMU–DVL lever arm essentially unrecovered. Formulation A
recovers it, and Formulation B is consistent with the further reduction that the analysis
predicts. The cm-level lever arms and degree-level rotations are the normal yield of
this excitation rather than a degraded outcome. The structural finding of Chapter 3
and the bias analysis of Chapters 5 and 6 therefore hold on a real platform and are not
artifacts of the simulation.

The calibration can be run in the field, subject to one data requirement. Its cost
is about two local bundle adjustments, paid once per deployment (Section 7.4.2), and
the window it uses is selected from the DVL’s own measurements without ground truth
(Section 7.2). The requirement is that the window both supports the assumed noise
model and provides sufficient excitation for the slowest parameters to settle. The first
part is not optional, since on a window that overlaps the contaminated start of the
log, the corrected formulations lose their advantage entirely. The second part depends
on the motion rather than on a fixed budget. The IMU lever arms settle last, and on
this survey-type sequence, they need most of the sixty-second window, whereas richer
excitation would settle them sooner. The calibration is therefore within reach during
a mission, given a clean window that the vehicle’s motion makes long enough.

Calibration quality reaches the trajectory where the SLAM estimator is sensitive
enough to register it. Correcting the velocity-transport residual improves trajectory
accuracy on all three sequences and degrades none (Section 7.5.1), and under that
residual, the calibration recovered by Formulation B transfers across sequences to match
the dataset reference (Section 7.5.2). The structural collapse, as carried by AQUA-
SLAM’s recovered calibration, is not free, degrading the trajectory on Structure Easy,
where the run-to-run spread is smallest, and the comparison is most sensitive. On
the harder sequences, the spread is shared across all calibrations and originates in the
SLAM estimator, so it, rather than the calibration, bounds what the comparison can
resolve.

The improvement the corrections produce is genuine but small on this platform, for
the reason given in Section 7.5.1: the slow motion and short sensor separation keep
the omitted velocity-transport term small throughout. The gains demonstrated here
are therefore a floor rather than a representative measure. The results are also drawn
from a single platform, a single tank, and a single route type, so they characterize
the formulations in this regime rather than across the range of platforms to which the
corrections apply.

This discussion has shown that the corrected formulations carry the simulation
results onto a real platform, run in the field at a cost the platform can absorb during a
mission, and improve the downstream trajectory where the SLAM estimator can resolve
the difference. These results fall within the low-excitation regime of this survey-type
deployment, where the effect of the corrections is smallest. Chapter 8 draws these
real-data findings together with the analysis and simulation of the preceding chapters,
and sets out the limitations that remain and the future work that the combined results
motivate.
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Conclusion 8
This thesis addressed the main research question:How can an inspection AUV jointly
calibrate its camera, IMU, DVL, and pressure sensors in situ, from onboard data alone
and within a discrete-time formulation, while accounting for its bias sources? It devel-
ops a targetless joint calibration that recovers all four extrinsics from the suite’s own
measurements in a discrete-time formulation. To the best of our knowledge, it is the
first method to estimate the pressure-sensor translation jointly with the rest of the suite.
The following discussion reflects on these findings through the research subquestions.

In the established baseline formulation, what causes the bias in the IMU–DVL trans-
lation estimate, and how can it be corrected? The baseline’s velocity transport omits
the angular-velocity cross-product term that a nonzero translation produces, leaving a
noise-independent structural bias that drives the estimate toward zero. Formulation A
restores that term, which makes the translation observable and recovers it to within
the noise-driven scatter.

To what extent does the corrected formulation eliminate bias under realistic sensor
noise, and can any remaining bias be diagnosed, without ground truth, before it is
trusted, and then reduced? It does not fully eliminate the bias: a smaller errors-in-
variables bias remains, because the gyroscope sample enters the correction term as a
noisy regressor, and this bias grows with sensor noise. Its severity collapses to a single
scalar that flags an exposed calibration before it is trusted, without ground truth, and
Formulation B, which carries the body velocity as a per-keyframe state, reduces but
does not remove it.

Can the calibration operate efficiently enough to run during a mission, rather than
only offline, and does it recover an accurate calibration from real underwater data that
improves downstream SLAM? It runs on a finite window at a cost on the order of
two local bundle adjustments, so it is runnable on demand during a mission rather
than only offline. On a window selected by the DVL’s own consistency, the real data
reproduces the accuracy ordering seen in simulation, and the calibration recovered by
Formulation B matches the dataset reference downstream, up to the resolution a shared
per-run estimator variance allows.

Taken together, these findings show that an inspection AUV can calibrate its full
extrinsic suite jointly and without a target. It can recover even the parameter that
resists calibration the most and judge the result to be trustworthy without ground
truth; all from its own measurements during a mission, at a cost no greater than the
estimation it already runs. Recovering that parameter, the IMU–DVL lever arm, came
down to a corrected model of how the sensors’ motion couples, not to more data.
Once the velocity transport has carried its full rigid-body term, the lever arm becomes
observable, and the surviving bias is noise-driven rather than structural and silent.
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8.1 Limitations and Future Work

Formulation B reduces but does not remove the EIV bias on the IMU–DVL translation,
leaving a centimeter-scale residual of non-EIV origin whose source the present results do
not separate. The diagnostic that flags the EIV bias models only the white gyroscope
noise, so it underpredicts the realized bias and serves as a screen rather than a calibrated
error estimate. It treats the translation in isolation rather than as coupled to the other
extrinsics. Modeling the further sources of EIV-like bias that the diagnostic omits, the
gyroscope bias error, and the camera trajectory treated as exact, would extend the
analysis. Separately, a joint IMU–DVL preintegration [39] factor would capture the
gyroscope correlation that the present cost neglects and relax the zero-order hold in
the DVL translation preintegration.

The real-data evaluation is based on a single platform, tank, and route type, with
slow motion and a short sensor separation, which keeps the omitted velocity-transport
term small. The formulations, therefore, need evaluation in higher-excitation regimes,
on larger or faster vehicles with greater sensor separation, where the omitted term is
larger, and the benefit is expected to grow. The pressure-sensor translation, the one
extrinsic no prior method recovers, is also untested on real data, because the dataset
provides no reference for it and contains almost no vertical motion, so a deployment
with vertical motion and a depth reference would close that gap.

The window selection is not autonomous, as the window is selected manually within
the healthy span identified by the gates. It also screens only the DVL noise model, so a
fault confined to the camera trajectory or the gyroscope passes undetected. Packaging
the selection as an automated, excitation-aware pipeline stage would remove the manual
step, and complementary screens on the gyroscope and camera rotations would catch
trajectory-side faults that the DVL screen cannot detect.
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[2] Rainer Kümmerle, Giorgio Grisetti, Hauke Strasdat, Kurt Konolige, and Wolfram
Burgard. G2o: A general framework for graph optimization. In 2011 IEEE In-
ternational Conference on Robotics and Automation, pages 3607–3613, May 2011.
ISSN: 1050-4729.

[3] Liam Paull, Sajad Saeedi, Mae Seto, and Howard Li. AUV Navigation and Local-
ization: A Review. IEEE Journal of Oceanic Engineering, 39(1):131–149, January
2014.

[4] Xiaotian Wang, Xinnan Fan, Pengfei Shi, Jianjun Ni, and Zhongkai Zhou. An
overview of key SLAM technologies for underwater scenes. Remote Sensing,
15(10):2496, 2023.

[5] Shuoshuo Ding, Tiedong Zhang, Dapeng Jiang, and Ming Lei. Underwater Visual-
Inertial-Acoustic-Depth SLAM with DVL Preintegration for Degraded Environ-
ments. arXiv preprint arXiv:2510.21215, 2025.

[6] Mohamed Heshmat, Lyes Saad Saoud, Muayad Abujabal, Atif Sultan, Mahmoud
Elmezain, Lakmal Seneviratne, and Irfan Hussain. Underwater SLAM meets deep
learning: challenges, multi-sensor integration, and future directions. Sensors,
25(11):3258, 2025.

[7] Shida Xu, Kaicheng Zhang, and Sen Wang. Aqua-slam: Tightly-coupled under-
water acoustic-visual-inertial slam with sensor calibration. IEEE Transactions on
Robotics, 2025.

[8] Franz S Hover, Ryan M Eustice, Ayoung Kim, Brendan Englot, Hordur Johanns-
son, Michael Kaess, and John J Leonard. Advanced perception, navigation and
planning for autonomous in-water ship hull inspection. The International Journal
of Robotics Research, 31(12):1445–1464, October 2012.

[9] Lin Zhao, Mingxi Zhou, and Brice Loose. Tightly-coupled visual-DVL-inertial
odometry for robot-based ice-water boundary exploration. In 2023 IEEE/RSJ
International Conference on Intelligent Robots and Systems (IROS), pages 7127–
7134. IEEE, 2023.

[10] Yuanbo Xue, Yang Hu, Dejin Zhang, Chih-Yung Wen, and Bing Wang. AVIP:
Acoustic-Visual-Inertial-Pressure Fusion-based Underwater Localization System
with Multi-Centric Calibration. In 2025 IEEE/RSJ International Conference on
Intelligent Robots and Systems (IROS), pages 1518–1525, October 2025. ISSN:
2153-0866.

[11] Yulin Yang, Patrick Geneva, and Guoquan Huang. Multi-Visual-Inertial System:
Analysis, Calibration and Estimation, September 2024. arXiv:2308.05303 [cs].

79



[12] Paul Furgale, Joern Rehder, and Roland Siegwart. Unified temporal and spatial
calibration for multi-sensor systems. In 2013 IEEE/RSJ International Conference
on Intelligent Robots and Systems, pages 1280–1286, November 2013. ISSN: 2153-
0866.

[13] Joern Rehder, Roland Siegwart, and Paul Furgale. A General Approach to Spa-
tiotemporal Calibration in Multisensor Systems. IEEE Transactions on Robotics,
32(2):383–398, April 2016.

[14] Shida Xu, Tomasz Luczynski, Jonatan Scharff Willners, Ziyang Hong, Kaicheng
Zhang, Yvan R. Petillot, and Sen Wang. Underwater Visual Acoustic SLAM with
Extrinsic Calibration. In 2021 IEEE/RSJ International Conference on Intelligent
Robots and Systems (IROS), pages 7647–7652, September 2021. ISSN: 2153-0866.

[15] Bo Xu, Lianzhao Wang, Shengxin Li, and Jiao Zhang. A Novel Calibration Method
of SINS/DVL Integration Navigation System Based on Quaternion. IEEE Sensors
Journal, 20(16):9567–9580, August 2020.

[16] Shede Liu, Tao Zhang, and Yongyun Zhu. A GNSS Aided Calibration Method
for DVL Error Based on the Optimal-REQUEST. IEEE Sensors Journal,
22(22):21899–21910, November 2022.

[17] Bo Xu and Yu Guo. A Novel DVL Calibration Method Based on Robust Invariant
Extended Kalman Filter. IEEE Transactions on Vehicular Technology, 71(9):9422–
9434, September 2022.

[18] J.C. Kinsey and L.L. Whitcomb. Towards in-situ calibration of gyro and
Doppler navigation sensors for precision underwater vehicle navigation. In Pro-
ceedings 2002 IEEE International Conference on Robotics and Automation (Cat.
No.02CH37292), volume 4, pages 4016–4023 vol.4, May 2002.

[19] Giovanni Cioffi, Titus Cieslewski, and Davide Scaramuzza. Continuous-Time Vs.
Discrete-Time Vision-Based SLAM: A Comparative Study. IEEE Robotics and
Automation Letters, 7(2):2399–2406, April 2022.

[20] Shuolong Chen, Xingxing Li, Shengyu Li, Yuxuan Zhou, and Xiaoteng Yang.
iKalibr: Unified Targetless Spatiotemporal Calibration for Resilient Integrated
Inertial Systems. IEEE Transactions on Robotics, 41:1618–1638, 2025.

[21] Steven Lovegrove, Alonso Patron-Perez, and Gabe Sibley. Spline Fusion: A
continuous-time representation for visual-inertial fusion with application to rolling
shutter cameras. In BMVC, volume 2, page 8, 2013.

[22] Yulin Yang, Patrick Geneva, Kevin Eckenhoff, and Guoquan Huang. Degenerate
Motion Analysis for Aided INS With Online Spatial and Temporal Sensor Cali-
bration. IEEE Robotics and Automation Letters, 4(2):2070–2077, April 2019.

[23] Karol Hausman, James Preiss, Gaurav S. Sukhatme, and Stephan Weiss.
Observability-Aware Trajectory Optimization for Self-Calibration With Applica-
tion to UAVs. IEEE Robotics and Automation Letters, 2(3):1770–1777, July 2017.

80



[24] Jiang Wang, Yaozhong Kang, Linya Fu, Kazuhiro Nakadai, and He Kong.
Observability-Aware Active Calibration of Multisensor Extrinsics for Ground
Robots via Online Trajectory Optimization. IEEE Sensors Journal, 25(17):33022–
33036, September 2025.

[25] Thomas Schneider, Mingyang Li, Michael Burri, Juan Nieto, Roland Siegwart, and
Igor Gilitschenski. Visual-inertial self-calibration on informative motion segments.
In 2017 IEEE International Conference on Robotics and Automation (ICRA),
pages 6487–6494, May 2017.

[26] Olav Reiersøl. Identifiability of a Linear Relation between Variables Which Are
Subject to Error. Econometrica, 18(4):375–389, 1950.

[27] Wayne A. Fuller. Measurement Error Models. John Wiley & Sons, September
2009. Google-Books-ID: Nalc0DkAJRYC.

[28] Hongxu Zhao, Guangyang Zeng, Yunling Shao, Tengfei Zhang, and Junfeng Wu.
Spatiotemporal Calibration of Doppler Velocity Logs for Underwater Robots. arXiv
preprint arXiv:2510.24571, 2025.

[29] Shida Xu, Jonatan ScharffWillners, Joshua Roe, Sean Katagiri, Tomasz Luczynski,
Yvan Petillot, and Sen Wang. Tank dataset: An underwater multi-sensor dataset
for SLAM evaluation. The International Journal of Robotics Research, 45(4):541–
551, April 2026.

[30] Bill Triggs, Philip F. McLauchlan, Richard I. Hartley, and Andrew W. Fitzgibbon.
Bundle Adjustment — AModern Synthesis. In Bill Triggs, Andrew Zisserman, and
Richard Szeliski, editors, Vision Algorithms: Theory and Practice, pages 298–372,
Berlin, Heidelberg, 2000. Springer.

[31] Christian Forster, Luca Carlone, Frank Dellaert, and Davide Scaramuzza. On-
manifold preintegration for real-time visual–inertial odometry. IEEE Transactions
on Robotics, 33(1):1–21, 2016.
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DVL noise standard deviation
from the error velocity A
This appendix derives the DVL error velocity for the implemented beam geometry and
describes the estimation of the per-beam noise standard deviation σb from the raw ping
stream. The estimate supplies the one G1 entry of Table 3.2 not given by the manu-
facturer’s datasheet, and the reference standard deviation for the calibration-window
selection of Section 7.2. The procedure is a coarse, motion-independent estimate rather
than a precise sensor calibration.

A.1 Beam geometry and the error velocity

TheWaterLinked A50 is a four-beam Janus DVL in the X-pattern. Each beam direction
is parameterized by an azimuth θ and an elevation ϕ measured from the sensor’s hori-
zontal plane, with the implemented values θ = 45◦ and ϕ = 67.5◦, that is, beams tilted
22.5◦ from the vertical. The beam matrix E ∈ R4×3 stacks the unit beam directions as
rows,

E =


− cos θ cosϕ sin θ cosϕ sinϕ
− cos θ cosϕ − sin θ cosϕ sinϕ
cos θ cosϕ − sin θ cosϕ sinϕ
cos θ cosϕ sin θ cosϕ sinϕ

 , (A.1)

and the per-ping measurement model is b̃ = Ev + η with body velocity v ∈ R3 and
per-beam noise η, E[ηηT ] = σ2

bI4.
The beam matrix has rank three, so its left null space is one-dimensional, and for the

sign pattern above the unit generator is n = 1
2
(1,−1, 1,−1)T exactly, for any azimuth

and elevation: the alternating signs cancel the x and y columns pairwise and the equal
z entries in alternating sum. Projecting a ping onto n therefore annihilates the motion
contribution,

ζ̂ = nT b̃ = nTη, E[ζ̂] = 0, E[ζ̂2] = σ2
b , (A.2)

where the variance follows from ∥n∥ = 1. The combination is known as the DVL error
velocity and is widely used as a quality indicator [40]. Because the projection removes

the velocity entirely, every statistic of ζ̂ is independent of the vehicle motion.

A.2 Per-beam standard deviation

The standard deviation is estimated robustly over the full log: σ̂b is the median abso-
lute deviation of the error-velocity samples about their median, divided by 0.6745 =
Φ−1(0.75), which calibrates the median absolute deviation of a Gaussian to its standard
deviation. The robust estimator is insensitive to acoustic outliers, which would inflate
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a sample standard deviation. On the Structure Easy sequence of the Tank dataset [29]
this gives σ̂b = 2.07× 10−3 m/s.

A.3 Body-frame covariance

The body-frame velocity covariance follows by standard propagation from the least-
squares beam-to-velocity solution, ΣDVL = σ2

b (E
TE)−1. For the symmetric geometry

above with θ = 45◦ this is diagonal, with horizontal variances σ2
b/(2 cos

2 ϕ) and vertical
variance σ2

b/(4 sin
2 ϕ); at ϕ = 67.5◦ the horizontal standard deviation is 1.85σb and the

vertical 0.54 σb. The G1 table entry takes the largest diagonal entry as an isotropic
scalar, treating the DVL as isotropic at the worst axis: 1.85 × 2.07 × 10−3 = 3.82 ×
10−3 m/s, the value in Table 3.2.
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An Expectation Identity for
the Cross-Product Matrix B
For a vector y ∈ R3, the cross-product matrix [y]× ∈ R3×3 is the skew-symmetric
matrix satisfying [y]× z = y × z for every z ∈ R3, so that [y]T× = −[y]×.

Lemma B.1 (cross-product expectation identity). Let η ∈ R3 be a zero-mean random
vector with isotropic covariance E[η ηT ] = σ2 I, and let N ∈ R3×3 be deterministic.
Then

E
[
[η]×N [η]×

]
= σ2

(
NT − tr(N) I

)
. (B.1)

Proof. The map N 7→ [y]×N [y]× is linear in N , so it is enough to evaluate it on a
rank-one matrix and sum over a decomposition of N . For any u,w ∈ R3 the rank-one
product rearranges as

[y]× uwT [y]× = [u]× y yT [w]×, (B.2)

which moves the fixed vector out of the two cross-product matrices and into the central
dyad. The rearrangement uses the antisymmetry [y]× u = y×u = −u×y = − [u]× y
on the left factor and its transpose wT [y]× = −yT [w]× on the right factor.

Write N =
∑

r ur w
T
r as a sum of rank-one terms. Applying (B.2) to each term

gives

[y]×N [y]× =
∑
r

[ur]× y yT [wr]×, (B.3)

valid for every fixed y.
Setting y = η and taking the expectation introduces the probabilistic assumption

at a single point, the isotropic covariance E[η ηT ] = σ2 I in the central dyad,

E
[
[η]× N [η]×

]
= σ2

∑
r

[ur]× [wr]×. (B.4)

The standard product identity [u]× [w]× = wuT − (uTw) I turns each summand
into wr u

T
r − (uT

r wr) I [41]. Summing over r, the first part gives
∑

r wr u
T
r = NT

by transposition of the decomposition, and the second gives
∑

r u
T
r wr = tr(N ) since

tr(ur w
T
r ) = uT

r wr. This leaves σ
2 (NT − tr(N) I), which is (B.1).

By the skew-symmetry [η]T× = −[η]×, the transposed product follows from (B.1) as

E
[
[η]T×N [η]×

]
= σ2 (tr(N) I −NT ). When N is symmetric, this becomes

E
[
[η]T×N [η]×

]
= σ2

(
tr(N) I −N

)
. (B.5)
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Proof of Lemma 5.1:
Asymptotic Bias of the WLS
Estimator under EIV C
The proof establishes the minimizer of the expected weighted least-squares cost and
the asymptotic bias that follows. The argument follows the standard treatment of
errors-in-variables estimators [27].

The weighted least-squares cost is

J(p) :=
∑
ij

rij(p)
T W ij rij(p), (C.1)

with W ij ⪰ 0 being the weight, deterministic and independent of p.
Take the expectation of the cost (C.1), holding p fixed. Write Aij = Āij + δAij for

the noisy regressor, so the residual becomes rij(p) = Aijp − Āijp
⋆ + ηij. Expanding

Aij = Āij + δAij and using E[δAij] = 0,

E
[
AT

ijW ijAij

]
= Ā

T
ijW ijĀij + E

[
δAT

ijW ijδAij

]
= H̄ ij +Λij,

E
[
AT

ijW ijĀij

]
= Ā

T
ijW ijĀij = H̄ ij,

the cross terms in δAij dropping because it is zero-mean.
Expanding the per-residual quadratic and substituting these,

E
[
rij(p)

TW ijrij(p)
]
= pT (H̄ ij +Λij)p− 2pTH̄ ijp

⋆ + cij,

where cij collects the p-independent terms. The ηij cross term vanishes because ηij is
zero-mean and independent of the regressor. Summing over the keyframe intervals and
using H = H̄ +Λ,

E[J(p)] = pTHp− 2pTH̄p⋆ + C, (C.2)

with C independent of p, a positive-definite quadratic with a unique minimizer.
The gradient of (C.2) vanishes where

∇p E[J(p)] = 2Hp− 2 H̄p⋆ = 0,

that is, Hp = H̄p⋆. With H invertible the minimizer is

p∞ = H−1H̄p⋆,

and substituting H̄ = H −Λ,

p∞ − p⋆ = H−1H̄p⋆ − p⋆ = H−1(H̄ −H)p⋆ = −H−1Λp⋆, (C.3)

deriving the desired result in (5.7).
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In the standard errors-in-variables treatment, the minimizer of the expected cost
is the value to which the weighted least-squares estimate converges as the data grow.
Here, the minimizer is p∞. The bias (C.3) is its displacement from the truth, and it
does not shrink with more data. Under stationary motion and noise statistics, each
added interval (i, j) contributes H̄ ij and Λij of similar magnitude, so H̄ , Λ, and H
grow in proportion to the number of intervals. The ratio H−1Λ then approaches a
fixed limit, and the bias stays nonzero whenever Λp⋆ ̸= 0.
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DVL calibration-window
selection D
This appendix gives the formal definitions of the window statistics and the derivations
of the gate thresholds used by the calibration-window selection of Section 7.2. The
error velocity itself, its null-space construction, and the estimation of the per-beam
noise standard deviation are developed in Appendix A; the selection procedure and its
results are presented in the chapter and are not repeated here.

D.1 Window statistics

The log is scanned with windows of duration 20 s at a stride of 2.5 s, which yields 65
windows with a median of 167 pings per window on Structure Easy. For a window W
containing P pings, the statistics below are computed from the error-velocity samples
ζ̂k, k ∈ W , with σ̂b the global per-beam standard deviation of Appendix A; it is the
median absolute deviation calibrated to the Gaussian standard deviation, so it carries
the units of the samples and the factor 3 below means three standard deviations. No
sensor validity flags are consulted at any point.

The window median and the two gated statistics are

mW = medk∈W ζ̂k, fW =
1

P
#{ k ∈ W : |ζ̂k−mW | > 3σ̂b }, bW = |mW |, (D.1)

where the outlier fraction fW tests the Gaussian tails after centering on the window
median, and the median bias bW tests the centering itself. Centering on the median
rather than the mean targets the same center, since the two coincide for the assumed
zero-mean Gaussian, but remains stable in the presence of the outliers that the fraction
counts, which would displace a window mean. The two reported, ungated statistics are
the lag-one autocorrelation and the timing jitter,

ρ̂1(W) =

∑
k(ζ̂k − ζ̄)(ζ̂k+1 − ζ̄)∑

k(ζ̂k − ζ̄)2
, jW =

stdk∈W(∆tk)

meank∈W(∆tk)
, (D.2)

with ζ̄ the window mean and ∆tk the inter-ping intervals.

D.2 Gate thresholds

The outlier-fraction gate is relative to the log. A window passes if its outlier fraction
fW does not exceed c = 2 times the median outlier fraction over all scanned windows.
The threshold cannot be taken from the model, because the Gaussian prediction for the
fraction beyond 3σ is 0.3%, whereas windows on which the model is otherwise usable
carry 1 to 5%. An absolute bound at the Gaussian value would therefore reject the
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entire log. The cross-window median is anchored by the clean majority of the log, for
the same robustness reason as the global standard deviation. The gate, therefore, tests
whether a window’s tails are atypically heavy relative to the log. On Structure Easy
the threshold evaluates to fW ≤ 0.096.

The median-bias gate is derived from the noise model. For P iid samples from a
distribution with density f , the sample median is asymptotically Gaussian about the
true median with variance

1

4Pf(0)2
,

a standard large-sample result [36]. For a zero-mean Gaussian with standard deviation
σb, the density at zero is f(0) = 1/(σb

√
2π). Substituting gives the variance πσ2

b/(2P ),

so the window median has standard deviation
√

π/2 σb/
√
P under the model. A window

passes if

bW ≤ 3
√

π/2 σ̂b/
√
P , (D.3)

which under the noise model excludes a clean window with probability 0.3%. At the
median ping count of this log, the threshold evaluates to bW ≤ 0.60 mm/s.

Two Gaussian constants appear in the procedure and serve distinct roles. The
first, 0.6745 = Φ−1(0.75), calibrates the median absolute deviation to the standard
deviation [35], and is applied once in the estimation of σ̂b (Appendix A). The second,√

π/2 ≈ 1.2533, is the sampling penalty of the median as a location estimator, and is
applied here. Both follow from the assumed Gaussian noise model.

D.3 Acceptance rule

A sample at time t is accepted if every scan window containing t passes both gates.
Equivalently, the run of passing window centers is eroded by half a window duration
at each end, which is the conservative reading: a window statistic is a property of
everything inside the window, so a sample adjacent to a contaminated interval sits
inside tainted windows and is excluded even if the sample itself is clean. The healthy
span is the longest contiguous run of accepted samples, and the calibration window is
placed within it as described in the chapter.
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