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Abstract

In this research, the returns of four cryptocurrencies (Bitcoin, Litecoin, Ripple and Ethereum) were
analyzed in order to answer the following research question: “How do the returns of Bitcoin and other
altcoins behave over time, and what can we say about extreme values for losses and profits?” With
respect to volatility, cryptocurrencies can still be considered extremely volatile. For Bitcoin, the least
volatile of the four, we found an annual volatility of approximately 70% based on daily exchange
rates. For Ethereum, the most volatile of all four, this percentage was closer to 130%. Also, several
distributions were fitted on the returns. It is shown that the Generalized Hyperbolic Distribution is
the best fit for all four cryptocurrencies, apart from the tails in some cases.
The tails were investigated seperately by using Extreme Value Analysis and by looking into both
empirical and theoretical risk quantities (the Value at Risk and Expected Shortfall). Bitcoin appears
to be the least risky of all four cryptocurrencies, but also the least profitable, whereas Ripple appears
to be the most risky and also the most profitable.
Compared to previous research, Bitcoin has also become less risky, showing a less fat tail for the losses
than before. For Litecoin and Ripple, the reverse is true, as they appear to have become riskier. For
Ethereum, no comparisons could be made, as this is a relatively new cryptocurrency that has not
been investigated much yet. When tested for Paretianity, the left tails of Litecoin and Ripple appear
to Pareto distributed: the losses seem to exhibit heavy tail behavior. For the profits, the tails turned
out to be even heavier and can therefore also be considered Paretian. These results were confirmed
by Maximum to Sum ratio plots, indicating infinite third and fourth moments for the losses and
profits of Litecoin and Ripple, but not for Bitcoin and Ethereum. The results have implications for
investment and risk management purposes.
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1 Introduction

Some say that cryptocurrencies such as Bitcoin are the future. Others believe that Bitcoin is the biggest
scam in history.
What’s certain is that Bitcoin has gained a lot of attention from the media, academics and the finance
industry and is therefore a hot topic of investigation.

Most people today have heard of Bitcoin, a digital currency and electronic peer-to-peer payment network
(meaning there is no third party such as a bank involved), with its price determined purely by market
demand and supply [27]. In 2009, Bitcoin was developed by (an) anonymous hacker(s) (with pseudonym
Satoshi Nakamoto) [19] and became the first decentralized cryptocurrency. Within four years, the value
of Bitcoin already reached levels beyond $ 1,000,- by the end of 2013.
At present, five years later, Bitcoin has experienced a high of around $20,000,- but has, in the past few
months, dropped to values around $6,500,- again.

Since Bitcoin was created in 2009, many other cryptocurrencies have been created.
Coinmarketcap [3] shows, as of 18 June 2018, over 1600 of cryptocurrencies, ordering them in terms of
their so called ‘Market Cap’.
Market Cap or Market Capitalization is a way to rank the relative size of a cryptocurrency. It’s calculated
by multiplying the spot price of the cryptocurrency by the so called ‘Circulating Supply’, which is the
best approximation of the number of coins that are circulating in the market and in the general public’s
hands (as opposed to ‘Total Supply’, indicating the total number of coins in existence right now, and the
‘Max Supply’ which is the best approximation of the maximum number of coins that will ever exist in
the lifetime of the cryptocurrency).
Even though over 1600 cryptocurrencies exist today, the largest part of these currencies have an extremely
low value and will probably become inactive shortly after they are launched [10]. In fact, 90% of the
market belongs to the top 30 [3], with number 30 (Bytom) representing only 0.2% of the market, giving
an indication of the speed with which the market share (calculated by dividing the currency’s market cap
by the total market cap) drops when we look further down the list.

In this research, Bitcoin, Ethereum, Ripple and Litecoin will be investigated.
A short description will be given for each of the currencies:

Bitcoin (or BTC) was, as mentioned before, founded in 2009, built upon blockchain technology, and
is the first and most popular decentralized currency of all, taking the first position in the ranking
based on market capitalization [3]. It was designed with the idea of using cryptography to control
the creation and transfer of money, instead of relying on central authorities [2],[19].
What makes Bitcoin fundamentally different from fiat currencies, lies in the following characteris-
tics: first, the technology behind Bitcoin is based on cryptographic proof rather than traditional
trust [19]. This provides many possible advantages over traditional payment methods, such as lower
transaction costs and pseudo-anonymity) [2]. Also, for investors, Bitcoin can be used as a store of
value, which some consider better than gold, given that the number of Bitcoins that can ever be
mined is finite (equal to 21 million [2]), whereas for gold this is more complicated to determine.
Furthermore, Bitcoin is regarded as being beyond the government regulation’s reach, meaning the
government cannot manipulate or interfere with the value of Bitcoin. The downside, however, is
that there is no central authority to back the value of Bitcoin, and no one to ensure that the money
supply is controlled.

Litecoin (or LTC) was based on the Bitcoin protocol, and developed in 2011 by Charles Lee with some
technical differences from that of its ancestor (for technical details, [17] can be consulted). It is
considered one of Bitcoin’s leading rivals (even though Charlie Lee never wanted to compete with
Bitcoin: in his vision Litecoin is a supplement), as it features some implementation improvements
compared to Bitcoin. It has, for example, the capacity to process transactions much faster than
Bitcoin (i.e. a much shorter confirmation time). However, it’s also less secure because the algorithm
is solved with less power. Litecoin is currently the fifth largest cryptocurrency in terms of market
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capitalization [3].

Ripple (with currency component XRP) was founded in 2012 and also has a mathematical foundation
like Bitcoin [25]. It is considered a ‘high cap’ currency, currently at position 3 in the ranking based
on market capitalization [3], and a serious contestant for the title of Bitcoin successor. However, it
runs on a completely different philosophy. It can be centrally controlled and transactions can be
reversed by the Ripple foundation which means it’s a centrally controlled currency.

Ethereum (with currency component ETH) was only founded in 2015, and is therefore the ‘youngest’
cryptocurrency of the four that are considered in this research. Ethereum is a protocol that facil-
itates the deployment of smart-contracts and distributed applications [8]. The Ethereum network
runs on Ether which is the native currency of the network. Ether can be used for rewarding miners
for performing transactions on the network but it may also be used as a cryptocurrency like Bitcoin.

Currency crises, stock market crashes and other extreme events that might lead to large losses from an
investment’s point of view, are not uncommon in traditional financial markets.
Given that cryptocurrencies are characterized by even larger volatility swings[21], these extreme events
are expected to be even more extreme for the cryptocurrency market.
Whereas much research has focused on the risks of Bitcoin with respect to security, fraud and crimi-
nal activities, only recently the focus has shifted to investing in Bitcoin and the risks from an investor’s
perspective. For this purpose, it is important to fully understand the underlying risks of cryptocurrencies.

For example, in 2016, Osterrieder, Lorenz and Strika [21] have investigated Bitcoin, Litecoin, Ripple
among some other cryptocurrencies (but not Ethereum), with respect to their relative price increases and
decreases, also known as returns. They have provided a statistical analysis and an extreme value analysis
of these returns.
They based their results on data from June 2014 to September 2016 and found that the returns were ex-
tremely volatile and much riskier than traditional fiat currencies, exhibiting heavier tail behavior as well.
They also discovered that the volatility itself showed large swings and instabillity over time, resulting in
extremely high volatility regularly.
Bitcoin, however, did come out as the least volatile out of all the cryptocurrencies investigated, with an
annual volatility of ‘only’ 62%.
Similar results with respect to volatility were obtained by Chan et.al [4] who found that the range of
volatility appeared to be smallest for Bitcoin compared to the other cryptocurrencies).
It will be interesting to see whether these same results will be obtained in the current research, based on
data from January 2015 to April 2018 (i.e. with an overlap of 21 months present in the data compared
to [21], but 19 new, more recent months).
Also, the authors from [21] did not include Ethereum in their research, as it was a relatively new cryp-
tocurrency at the time, and therefore less interesting and reliable to investigate in terms of volatility and
risk. Given that Ethereum is currently a bit older, and also the number 2 based on Market Capitalization,
it is included in the current research, with data used from January 2016 to April 2018, and it is therefore
interesting to see whether its behavior is similar to that of the other cryptocurrencies.

Osterrieder et. al. also studied the Value at Risk and Expected Shortfall, providing important in-
formation with respect to risk analysis. They have provided a detailed overview of the Historical VaR
and ES for both the left as well as the right tails of the distributions of log returns. They found that
Bitcoin came out with the lowest VaR and ES of all cryptocurrencies, after which came Litecoin and then
Ripple (considering only those currencies that are also included in the current research). The values for
the losses turned out to be higher for the losses than for the profits, indicating that the left tails were
heavier than the right ones. In the current research, these risk measures are also calculated, and so it
will be interesting to compare them to these figures. It will also be interesting to see where Ethereum fits
within this ranking. Finally, the authors of [21] have fitted extreme value distributions and concluded
that Bitcoin, Litecoin and Ripple show very risky behavior.
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In 2017, five months after the research described before ([21]) was published, Osterrieder and Lorenz
[22] have again investigated the risk of an investment in Bitcoin from a statistical point of view. This
time, they used data from September 2013 to September 2016, and only investigated Bitcoin, leaving out
the altcoins (which is the general term for all cryptocurrencies other than Bitcoin).
The conclusions with respect to volatility, Value at Risk and Expected Shortfall are very similar to those
in [21]: Bitcoin is extremely volatile compared to traditional G10 currencies, with a loss of more than
10% to be expected within 20 days.

While Bitcoin is still by far the largest cryptocurrency, ever since its creation nine years ago, last year,
the market has made significant room for other cryptocurrencies, taking a large part of the market share
away from Bitcoin.
Only one year ago, 81% of the total market belonged to Bitcoin, meaning its share has halved since then,
given that as of 18 June, 2018, Bitcoin represents only 40% of the total market.
Furthermore, 81% of the total market now belongs to the top 12 of all cryptocurrencies [3], giving a clear
indication of the relevance to investigate and place more focus on other, ‘high cap’, cryptocurrencies
besides Bitcoin as well.
As of 18 June 2018, Bitcoin, the largest cryptocurrency, represents, with a Market Cap of over 110 billion
USD, about 40 % of the total market of cryptocurrencies [3], followed by Ethereum (18%) and Ripple
(7%). The fourth to tenth place are taken by Bitcoin Cash, Eos, Litecoin, Stellar, Cardano, IOTA and
Tron (note that this order is by no means fixed and in fact, changes almost daily, even for the high cap
currencies).
Given that the altcoins have taken up quite a large market share from Bitcoin in only one year time, it will
be interesting to see how this has affected their behavior as well as Bitcoin’s in terms of the distributions
of returns, volatility, Value at Risk and Expected Shortfall.

What is also an interesting research topic with respect to cryptocurrencies, is the fitting of distribu-
tions on the returns. Most people would probably agree that financial returns in general, are uncertain or
risky. Information with respect to the distribution of the returns, is an attempt to chart this uncertainty.
When the underlying distribution is known, probability calculations and predictions for future behavior
can be made more easily.
Chan et.al. [4] investigated cryptocurrencies with respect to their return distributions, and discovered
that the Generalized Hyperbolic Distribution gave the best fit for Bitcoin and Litecoin, whereas the
Normal Inverse Gaussian Distribution and the Laplace Distribution appeared to fit the other, smaller
currencies well. The authors used data from June 2014 to February 2017.
It will be interesting to see whether these results can be replicated for more recent data used in the current
research, using data from January 2015 to April 2018. Also, Chan et. al. [4] did not include Ethereum,
as it only started trading in 2015 and they therefore did not have enough data available. Ethereum was
included in the current research and it is therefore interesting to find out what distribution will fit this
cryptocurrency best.

When fitting theoretical distributions to data, it often occurs that the distribution fits the data well
in mid regions (high density regions), but poorly in the tails, as there are fewer data points in the end
regions, and therefore a model will most likely be selected based on the higher density regions[6].
Also, several empirical studies have established that the distributions of speculative asset returns tend
to have heavier tails than the Normal Distribution tails [18], [23]. For cryptocurrencies, extremely heavy
tails have been shown to be even more common, given their extreme volatility [4], [21],[22].
It will therefore be interesting to look at the behavior of the extreme returns of Bitcoin, Litecoin, Ripple
and Ethereum, by examining the tails seperately, using Extreme Value Theory, or, more specifically, by
fitting Generalized Pareto Distributions on the tails of the cryptocurrencies.

To summarize, in the current research, first and foremost, a risk analysis will be made for Bitcoin,
Litecoin, Ripple and Ethereum, and will, (when possible), be compared to the analyses done in previous
research described before [4], [21], [22]. It will be interesting to see how the shift in market share (as the
altcoins have taken over a large part of the market share from Bitcoin since the results in the research
papers just mentioned), has influenced the distributions of the returns as well as the Value at Risk and
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the Expected Shortfall.
Also, more focus will be placed on profits compared to previous research, instead of solely focussing on
the risks (losses).
Previous research was also done before the current highs of Bitcoin and the altcoins, which happened
in the last few months of 2017. Briefly put, a lot has happened in the cryptocurrency world since this
research took place, and it will therefore be interesting to see how distributions and risk measures have
changed since then.
Finally, Ethereum was not included in most of the research described before, and given that it is the
second largest cryptocurrency today, it will be interesting to get some results for Ethereum as well.

The aim of this research is to answer the following research question:

How do the returns of Bitcoin and other altcoins behave over time, and what can we
say about extreme values for losses and profits?

This research paper is organised as following: all methods will be explained thoroughly in the Method-
ology (section 2), after which the results for each will be covered in the Results (section 3).
Here descriptive statistics are given in section 3.1, giving a clear overview of historical data retrieved from
CoinMarketCap [3], for all four cryptocurrencies, together with summary statistics. Then, volatility is
covered in section 3.2, showing and comparing volatility between the four cryptocurrencies.
Then, the Value at Risk and Expected Shortfall are introduced as quantities for risk analyses in section
3.3. These will first be calculated using historical data from the same dataset, and then, after distribu-
tions are fitted in section 3.4, be compared to the Value at Risk and Expected Shortfall based on these
distributions.
This will not only be done for the losses, but also for the profits, after which a comparison will be made
between them. Finally, the tails of the distributions will be covered seperately, and be tested for Pare-
tianity in section 3.5. Also, a Maximum to Sum analysis is made and in order to confirm (or refute) the
Paretianity results, in section 3.6.

Each subsection ends with a short conclusion, where the most important results are summarized and
interpreted.

The research paper is concluded with a Conclusion (section 4), as well as a Discussion (section 5),
reflecting on the research and providing ideas for future research.
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2 Methodology

In this section, the methods that were used in order to obtain results and answer the research question

“How do the returns of Bitcoin and other altcoins behave over time, and what can we
say about extreme values for losses and profits?”

are thoroughly explained, and consist of the following:

• First, descriptive statistics are given to provide an overview of the behavior of the exchange rates
of the four cryptocurrencies of interest. Based on these exchange rates, information with respect to
the returns can be obtained and analysed. Along with time series plots and histograms, summary
statistics will be given and analysed for all four cryptocurrencies in order to form well founded
hypotheses with respect to the behavior of the returns.

• Then, volatility distributions will be created in order to provide some insight with respect to how
volatile each of the currencies are. This provides useful information with respect to the risk that is
taken by investing in cryptocurrencies.

• Other very important terms in risk analysis are the Value at Risk and the Expected Shortfall that
will be calculated and compared to previous research.

• Next, some common distributions will be fitted on the log returns, and compared to the empirical
distributions of the cryptocurrencies.

• Also, the tails of the distributions will be tested for Paretianity, to discover whether the tails are
truly as heavy as expected.

• Finally, the Paretianity results will be checked by creating Maximum to Sum ratio plots.

Each of these methods contributes in its own way to a better understanding of the behavior of the returns
of Bitcoin, Litecoin, Ripple and Ethereum, and their tail behavior in specific.

2.1 Descriptive Statistics

Exchange Rates and Log Returns
In this section, descriptive statistics for Bitcoin, Litecoin, Ripple and Ethereum are presented,
based on a time span of three years and four months for Bitcoin, Litecoin and Ripple (starting from
January 1, 2015 up to April 24, 2018) , and based on a time span of two years and four months for
Ethereum (starting from January 1, 2016 up to April 24, 2018), as Ethereum only started trading
in Q3 of 2015, and the first few months of trading have not been taken into account (as in general,
the first months after a new financial product is released, the exchange rate remains close to zero,
hence there is little volatility to speak of, which could lead to a distorted image of pattern of the
timeseries overall ).

• First, the daily exchange rates (closing prices) are considered. These rates indicate the last
known price of each day, according to CoinMarketCap [3]. Time series will be presented in
the form of a plot of the exchange rates against time, with t0 representing January 1, 2015 for
Bitcoin, Litecoin and Ripple, and January 1, 2016 for Ethereum.
This has resulted in n = 1210 values of exchange rates for Bitcoin, Litecoin and Ripple, and
n = 845 values for Ethereum.

• From the daily exchange rates, the log returns can be extracted.
The reason we will transform the returns into log returns, is because we want to make com-
parisons between the different cryptocurrencies, and we therefore want to know the relative
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returns. (If, for example, the value of Bitcoin were to increase by $10 dollars, going from
$7000,- to $7010,-, this would have a very different impact than an increase by $10,- for Rip-
ple, going from $0.40 to $10.40).

The log returns are calculated as follows:

Let Si be the exchange rate on day i, i = 1, ...n, then the log return Ri on day i is found by

Ri = log

(
Si+1

Si

)
= log(Si+1)− log(Si) ≈

Si+1 − Si
Si

, i = 1, ..., n− 1.

They have also been calculated by considering time spans of weeks and months, instead of
just days.
The weekly log returns have been calculated by taking averages over non-overlapping seven
consecutive daily log returns. So the first value of the weekly log returns is the average over
the first seven daily log returns, the second value of the weekly log returns is the average over
values 8 up until 14 of the daily log returns, etc.
The monthly log returns have been calculated in a similar way.

Moving Averages
Also, several moving averages have been computed based on the daily exchange rates, to present
a visualization with less ‘noise’, showing the overall trend more clearly. The x−MA denotes the
Moving Average where the average has been taken over the past x days.
For Bitcoin, Litecoin, Ripple and Ethereum, moving averages have been computed for x = 10, x =
30, x = 100 and x = 300. Here, the starting point t0 is once again January 1, 2015. for Bitcoin,
Litecoin and Ripple, and January 1, 2016 for Ethereum.
For the first couple of days, the moving average based on the daily exchange rates has simply been
calculated by averaging over the days up until the current day. As soon as more than x days have
passed, the average is taken over only the last x days, thereby ignoring data from before x days ago.

Let Si be the exchange rate on day i and x−MAi be the x−day Moving Average on day i, i = 1, ...n.
Then the x−MAi is calculated as follows:

x−MAi =

{
1
i

∑i
k=1 Sk if i < x

1
x

∑i
k=i−x Sk if i ≥ x

(1)

Summary Statistics
Summary statistics have been computed of both daily exchange rates as well as daily log returns,
of Bitcoin, Litecoin, Ripple and Ethereum versus the US Dollar.
These statistics are based on the same time spans as before, i.e. 1210 days for Bitcoin, Litecoin
and Ripple, and 845 days for Ethereum.

The statistics that have been computed, are the minimum, Q1, mean, Q3, maximum, skewness,
kurtosis, standard deviation (sd), variance and Interquartile Range (IQR).
Whereas the meaning of the minimum, median, mean, maximum, standard deviation and variance
are rather straight forward, the other statistics may require some more explanation: the first quan-
tile value of the exchange rates (or log returns), or Q1, is the value such that 25% of observations
are below this value, and 75% greater than or equal to this value. Likewise, Q3 represents the
third quantile value over all days considered. This is the value such that 75% of observations are
below this value, and 25% greater than or equal to this value. Based on these two values is the
Interquartile Range (IQR), a measure of dispersion, indicating the ‘middle 50%’ of the data. It is
calculated by simply taking the difference between Q3 and Q1.
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Then, the skewness is a measure of the asymmetry of the distribution of the exchange rate (or log
return) values about their means.
If the data is distributed in a way that there is only one mode (or peak), a negative skew indicates
that the tail on the left side of the probability density function is longer or fatter than the right
side. Conversely, a positive skew indicates that the tail on the right side is longer or fatter than
the left side. On the other hand, the kurtosis is a measure of the tailedness of the distribution.
It describes the shape of the distribution, similar to the skewness, except that from the kurtosis
value, the presence of possible asymmetry cannot be derived. The kurtosis value is often compared
to the value 3, belonging to the kurtosis value for a Normal Distribution. It is common to compare
the kurtosis of a distribution to this value. A value below 3 means the distribution produces fewer
and less extreme outliers than does the Normal Distribution, whereas a higher value implies more
(extreme) outliers.
Again, when a high value for kurtosis is obtained, it is unclear from this value alone whether these
extreme values occur mostly on the left, on the right, or on both sides of the distribution.

2.2 Volatility

A cryptocurrency’s volatility is the variation in its value over a period of time. For example, two different
cryptocurrencies might end up at the same value after a while, but perhaps the first one had a tendency
to swing wildly to higher and lower values, whereas the second may have moved in a much steadier, less
turbulent way. Both cryptocurrencies may end up at the same exchange rate at the end of the day, but
their path to that point could have been very different.

A variable’s volatility, σ, is defined as the standard deviation of the log returns of a variable [11].
This standard deviation was also included in the summary statistics described in the section before, but
what if the volatility varies throughout time and is not represented well by a fixed parameter? In fact,
previous research by [21], also described in the Introduction, suggests the volatility itself is very unstable.
It therefore makes sense to treat volatility as a time dependent variable, and examine the distribution of
the volatilities.
In order to do this, a window of a certain width must be chosen over which the volatilities can be calcu-
lated. Chan et. al.[4] used a window of width 20 days, and we will do the same.
This means that, for each day, the volatility is simply the standard deviation over the past 20 days.
Based on the 20 days volatility, a histogram will be given for the distribution of the volatilities, along with
the common measures of central tendency: the mean, median and mode, for the annualized volatility
(which is obtained by multiplying the 20 days rolling volatility by

√
365 (here, the mode will be obtained

by first rounding the log returns to three decimals). The authors in [22] found an annualized volatility
of 77% for Bitcoin. It will be interesting to see whether this has changed much, and how the other three
cryptocurrencies compare to this.

2.3 Value at Risk and Expected Shortfall

In risk analysis, two very important quantities are Value at Risk (VaR) and Expected Shortfall (ES)
[12],[13]. The former is a measure to make a statement with respect to the confidence level(α) that we
will not lose more than V dollars in time T . It is the loss level during a time period of length T that we
are X% certain will not be exceeded [11].
The latter is a measure to make a statement about the expected loss when you know a loss will be
incurred. Whereas VaR asks the question:“How bad can things get?” ES asks: “If things do get bad,
what is the expected loss?”
Considering the expectation that the log returns of cryptocurrencies show extreme behavior in the tails,
VaR alone does not provide sufficient information, and it is especially important to also consider the ES.
Both VaR and ES are calculated based on the daily, weekly and monthly log returns.
Note however, that this will not result in a monetary value for the VaR or ES, but a percentage for the
VaR and ES instead, making it easier to make comparisons between the cryptocurrencies of interest.
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Other than losses, it can also be of interest to consider potential profits. Statements can be made with
respect to profits based on the VaR and ES as well, this time considering the ‘other tail’ of the distribution.

When the theoretical distribution of the log returns is known (for example we know data is normally
distributed), The 5% VaR with respect to losses (α = 0.05) is simply the value corresponding to the
5th percentile of the distribution of the log returns (assuming negative values denote losses and positive
values denote profits: otherwise the 95th percentile needs to be calculated instead).
For the profits, this is then of course the other way around (in general, one should also keep in mind that,
whereas the left side of the distribution may sometimes be losses, it doesn’t have to be, as some instru-
ments are so profitable that the left 5% is still in the green and therefore the left side refers to profits too).

Mathematically speaking, assuming we are interested in losses, this means that, for F a fitting cumulative
distribution function, and α the percentile of interest (0 < α < 1), that

VaR(α) = F−1(α) (2)

Without a theoretical distribution, it is also possible to calculate VaR, simply by sorting the data, and
taking the 5th percentile afterwards.

For the ES the same principle applies, except this time an average will be taken over all values between
the 0th and the 5th percentile, and so, for general α,

ES(α) =
1

α

∫ α

0

VaR(x) dx (3)

Analyses will be done for all cryptocurrencies of interest with respect to their VaR and ES based on the
daily, weekly and monthly log returns. These will then be compared to the theoretical VaR and ES of
the best fitting theoretical distribution (more information about fitting of distributions can be found in
the next section).
VaR and ES will be calculated both for losses as well as profits. For losses, these values will give a
measure of risk, but for profits, they are of course indicative of potential gains.
In both cases, however, the entire distributions are used for computing the VaR and the ES (not the
semi-distributions for the losses or profits seperately).

It will be interesting to compare the results to previous research done by Osterrieder et.al [21], [22],
who found, for the losses, values around 10% for the Value at Risk, and around 20% for the Expected
Shortfall.

2.4 Fitting of distributions

Based on histograms of the log returns, as well as the summary statistics provided, it is possible to make
hypotheses about underlying distributions.
As mentioned in the introduction, Chan et. al. [4] have also tried fitting distributions to several cryp-
tocurrencies, and found that some well fitting distributions were the Generalized Hyperbolic Distribution,
the Normal Inverse Gaussian Distribution and the Laplace Distribution.
These distributions will also be fitted to the cryptocurrencies of interest in this research, together with
the Normal Distribution and the Student’s t Distribution.

In order to fit the distributions found below, the method of Maximum Likelihood is used to obtain
maximum likelihood estimates (MLE) for the parameters, based on the data at hand.
Let θ be a vector of parameters for a certain distribution.
Then the optimal value for θ is found by maximizing the likelihood function L(x|θ), therefore solving

∂L(x|θ)
∂θ

= 0
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i.e. solving a system of equations.

While the maximum likelihood estimates are easily obtained analytically for some distributions, for
others this is not so straightforward, as it involves solving complex systems of equations.
Therefore, several R packages are used in order to obtain the maximum likelihood estimates.
Below, an overview of the fitted distributions can be found, together with information as to how the
maximum likelihood estimates for the parameters are obtained.

1. Normal Distribution
The density for the Normal Distribution, for X ∼ N (µ, σ), is given by

f(x) =
1√

2πσ2
e−

(x−µ)2

2σ2 (4)

Parameters µ and σ are the mean (and also the median and the mode), and the standard deviation
respectively. Therefore, the Normal Distribution is defined only by a location and a scale parameter.
The Normal Distribution is one of the most important distributions in statistics and will therefore
be fitted to the data, even though the expectation is that this distribution will not be a good fit at
all, as explained before.

In order to find the maximum likelihood estimates, ∂L(x|µ,σ)
∂µ = 0 and ∂L(x|µ,σ)

∂σ = 0 are solved to
obtain the following estimates:

µ̂ =
1

n

n∑
i=1

xi

σ̂2 =
1

n

n∑
i=1

(xi − µ̂)2

2. Student’s t Distribution
The density for the Student’s t Distribution [9], that is X ∼ t(µ, σ, ν) is given by

f(x) =

√
νB( 1

2 ,
ν
2 )

σ

(
1 +

(x− µ)2

σ2ν

)− ν+1
2

(5)

for −∞ < x <∞,−∞ < µ <∞, σ > 0 and ν > 0, where B(·, ·) denotes the beta function defined
by

B(a, b) =

∫ 1

0

ta−1(1− t)b−1 dt.

Here, the parameters µ and σ are location and scale parameters respectively (mean and standard
deviation), and ν is the number of degrees of freedom.
The shape of the probability density function resembles that of the Normal Distribution, except
that it is a bit lower and wider (heavier tails), depending on the parameter ν..
The expectancy is therefore that the Student’s t Distribution will fit the data better than the Nor-
mal Distribution.
Maximum likelihood estimates for the Student’s t Distribution are obtained using the R function
MASS::fitdistr from the MASS package.

The Student’s t Distribution with ν degrees of freedom, is a special case of the Generalized Hyper-
bolic Distribution (discussed later), with λ = −ν2 , α = 0, β = 0, δ =

√
ν.

3. Laplace Distribution
The density for the Laplace Distribution [16], that is for X ∼ Laplace(µ, σ) is given by

f(x) =
1

2σ
exp

(
−|x− µ|

σ

)
(6)
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and can also be written as

f(x) =

{
1
2σ exp

(
µ−x
σ

)
if x < µ

1
2σ exp

(
x−µ
σ

)
if x ≥ µ

(7)

for −∞ < x <∞,−∞ < µ <∞, σ > 0.

The Laplace Distribution is basically a combination of two Exponential Distributions, spliced to-
gether at the location x = µ, the median of the distribution. σ is again a scale parameter, the
absolute standard deviation from the median [20]. Maximum likelihood estimates for the Laplace
Distribution are therefore

µ̂ = med(x1, ...xn)

σ̂ =
1

n

n∑
i=1

|xi − µ̂|

The Laplace Distribution is the only one out the list of distributions here, that is not heavy tailed.

4. Normal Inverse Gaussian Distribution
The density for the Normal Inverse Gaussian (NIG) Distribution [1], that is for X ∼ NIG(α, β, δ, µ),
is given by

f(x) =
(γ/δ)−1/2α√
2πK−1/2(δγ)

exp[β(x− µ)]
[
δ2 + (x− µ)2

]−1
K−1

(
α
√
δ2 + (x− µ)2

)
(8)

for −∞ < x <∞,−∞ < µ <∞, δ > 0, α > 0 and β > 0, where γ =
√
α2 − β2.

Here, Kν(·) denotes the modified Bessel function of the second kind of order ν defined by

Kν(x) =

{πxsc(πν)
2 [1−ν(x)− Iν(x)], if ν /∈ Z,

lim
µ→ν

Kµ(x), if ν ∈ Z

where Iν(·) denotes the modified Bessel function of the first kind of order ν defined by

Iν(x) =
∞∑
k=0

1

Γ(k + ν + 1)k!

(x
2

)2k+ν
,

where Γ(·) denotes the gamma function defined by

Γ(a) =

∫ ∞
0

ta−1 exp(−t) dt

The parameters for the Normal Inverse Gaussian are a location parameter µ, a parameter α for the
tail heaviness, an asymmetry parameter β, and a scale parameter δ.
The expectation is that the Normal Inverse Gaussian will fit the data well, because it has a tail
heaviness and an asymmetry component, which we expect to be present in our data as well.
Also, Chan et. al. [4] found that this distribution was the best fit for Ripple.
Maximum likelihood estimates for the Normal Inverse Gaussian Distribution are obtained using the
R function GeneralizedHyperbolic::nigFit from the GeneralizedHyperbolic package.

The Normal Inverse Gaussian Distribution is a special case of the Generalized Hyperbolic Dis-
tribution (discussed next), with λ = − 1

2 .
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5. Generalized Hyperbolic Distribution
The density for the Generalized Hyperbolic Distribution [1], that is for X ∼ GH(λ, α, β, δ, µ), is
given by

f(x) =
(γ/δ)λα1/2−λ
√

2πKλ(δγ)
exp[β(x− µ)]

[
δ2 + (x− µ)2

]λ−1/2
Kλ−1/2

(
α
√
δ2 + (x− µ)2

)
(9)

for −∞ < x < ∞,−∞ < µ < ∞,−∞ < λ < ∞, δ > 0, α > 0 and β > 0, where γ =
√
α2 − β2.

The parameters for the Generalized Hyperbolic Distribution are a location parameter µ, a scale
parameter δ, two shape parameters α and λ, and a skewness parameter β.

Maximum likelihood estimates for the Generalized Hyperbolic Distribution are obtained using the
R function ghyp::fit.ghypuv from the ghyp package, providing parameter estimates for µ, δ, α, β
and λ .
The Generalized Hyperbolic Distribution is often used in economics, with particular application in
the fields of modelling financial markets and risk management, due to its semi-heavy tails.
We expect the Generalized Hyperbolic Distribution to fit our data well. Also, Chan et. al. [4]
found that the Generalized Hyperbolic Distribution was the best fit for Bitoin and Litecoin.

In order to find out whether the distribution of interest is a good fit for the dataset, both visualizations
(plots of the histograms of log returns together with the corresponding densities, and QQ-plots will be
given), as well as the Kolmogorov-Smirnov [15] statistic as a goodness-of-fit test, is used.

Visual explanation
First, visualizations will be used to see whether the distributions to be tested may be good fits. In
order to obtain useful visualizations, histograms of the log returns will be plotted (like the ones in
the Descriptive Statistics section).
This time, however, using the maximum likelihood parameters (as explained before), densities will
be created for each of the distributions, and will be plotted on top of the histograms, thereby pro-
viding intuition whether the distribution of interest fits the data well or not.

Also, QQ-plots will be created. A QQ-plot is a Quantile-Comparison plot, which is a very use-
ful tool for investigating whether a sample is from a theoretical distribution [28].
It compares the quantiles of the empirical (cumulative) distribution function

P̂ =
Number of data points ≤ x

n

to the quantiles of one of the theoretical (also cumulative) distribution functions:

P (x) = P(X ≤ x)

If the sample is generated from the distribution of interest, the plot will be approximately linear
with intercept 0 and slope 1.

Histograms and QQ-plots will therefore be used to provide some insight into what distributions
might be good fits, but visualizations alone are not enough evidence to base any conclusions on.
Therefore, the Kolmogorov-Smirnov statistic will be used to confirm or refute the expectations
based on the visualizations.

Kolmogorov-Smirnov Goodness of Fit statistic
Where the visualizations give an intuitive idea as to whether a distribution fits the data well, the
KS statistic can be used to see whether the ‘match’ is significant or not.
Let F̂ be the maximum likelihood estimate of the distribution of interest F (x), and 1 the indicator
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function, then the Kolmogorov-Smirnov statistic is given by

KS = sup
x

∣∣∣∣∣ 1n
n∑
i=1

1{xi≤x} − F̂ (x)

∣∣∣∣∣ (10)

What this basically comes down to, is that the empirical and theoretical distributions are compared,
and the length of the maximal distance between the two distributions is used as a statistic that will
then be compared to a table of thresholds for statistical significance.

In this research, the Kolmogorov-Smirnov statistic was calculated by comparing the empirical dis-
tribution of the log returns to one of the aforementioned theoretical distributions, that was created
by using the maximum likelihood parameters for the distribution at hand and generating random
samples.
For the Normal, Laplace, NIG and Generalized Hyperbolic Distributions, 1000 random samples
were drawn, resulting in 1000 p−values indicating whether the null hypothesis is to be rejected
or not. For the student’s t distribution, only 100 random samples were drawn for computational
intensity reasons.

The null-hypothesis, in this case, states that the empirical and randomly drawn theoretical val-
ues come from the same distribution, and so a p−value smaller than 0.05 indicates that there is
sufficient evidence to reject the null hypothesis on a critical value corresponding to the 95th per-
centile of the corresponding distribution, therefore indicating that the distributions are not the
same, implying that the data does not likely come from the distribution of investigation.

For each of the distributions, the mean and standard deviation of the p−values for the KS statistic
will be stated, together with a percentage of p−values that imply the values come from the same
distribution.
Based on this information, a statement with respect to the best fitting distributions will be made
for each of the currencies.

Chi-Square(χ2) Goodness of Fit statistic
Another goodness of fit test that will be used, is the Chi-Square goodness of fit test [26].
This goodness of fit test is used to find out how the observed value is significantly different from
the expected value, by making use of so called ‘bins.’ A theoretical distribution is compared to
the empirical distribution, by dividing the sample data into intervals (where the intervals are not
of equal length, but each interval consists of an equal number of values). The number of values
that fall into the interval or bin when considering the theoretical distribution of interest, is then
compared to the number of values that fall into the same interval in the sample data, for each bin,
therefore comparing two vectors of the length of the number of bins.
The null-hypothesis is that the distributions are the same.
When using a cut-off value of α = 0.05, and the frequencies in the two vectors are not similar
enough so that the Chi-Square test will return a p−value smaller than α, the distributions are not
likely to be the same.

In case of Bitcoin, where the log returns consist of 1209 values, the boundaries will be deter-
mined based on the number of bins that will be used (we will use 5 and 10 bins respectively, and
compare the results).
When using 10 bins, for example, the boundaries for the first bin will be determined based on values
of the first approximately 120 log returns (when using the sorted log returns, of course).
For the remaining 9 bins, the boundaries will be determined in a similar way. Afterwards, these
boundaries will be used as quantiles for the theoretical distributions that are tested, after which
the Chi-Square statistic will be calculated and reported.

Empirical vs Theoretical Value at Risk and Expected Shortfall
Finally, the best fitting distributions will be used to calculate the Value at Risk and Expected Short-
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fall (therefore calculating a theoretical VaR and ES), and be compared to the empirical (daily) VaR
and ES, to get an idea with respect to how well the best fitting distributions capture the extreme
values of the log returns as well.
For the comparisons, the entire empirical distributions are used and both the left side of the dis-
tributions (the losses) as well as the right side (the profits) will be compared to the theoretical
distributions.

2.5 Testing for Paretianity

Given that empirical studies have established that the distribution of financial returns tend to have
heavier tails than for example the Gaussian distribution tails [23], it is interesting to examine these tails
separately.
Using extreme value theory, we want to give a statistical characterization of the tail properties of the log
returns for Bitcoin, Litecoin, Ripple and Ethereum. In this section, the tails of the distributions of the
log returns of the daily exchange rates will be tested for Paretianity, that is, a Pareto Distribution, first
introduced by Vilfredo Pareto [24], will be fitted on both of the tails of the distributions, one at a time.
Fitting Pareto Distributions on the data will provide information with respect to, for example, the
heaviness of the tail.
A random variable X is said to follow a Pareto Distribution if its density function f(x) is such that

f(x) =
ρxρ0
xρ+1

, 0 < x0 ≤ x, (11)

where ρ is the shape parameter, which measures the heaviness of the tail, and x0 is a scale parameter [5].

The scale parameter x0 can be interpreted as some sort of cut-off value (or a minimum) after which
the data is assumed to be Pareto distributed (so for x > x0, a Pareto Distribution might hold), but
more important is the shape parameter, since the behavior of the distribution is determined by it and
interpretations with respect to tail characteristics such as the heaviness of the tail, are based on it.
When fitting a Pareto Distribution on the tail, the following holds: the smaller the shape parameter ρ ,
the fatter the tail.
Equation 11 comes with a corresponding cumulative distribution function, which is given by

F (x) = P(X ≤ x) = 1−
(
x

x0

)−ρ
, 0 < x0 ≤ x (12)

The distribution just described is known as the pareto I, but many generalizations have been proposed,
among which is also the Generalized Pareto Distribution (GPD).
For the Generalized Pareto Distribution, we have

F (x) =

1−
(

1 + ξ(x−ν)
β

)− 1
ξ

ξ 6= 0

1− exp
(
−x−νβ

)
ξ = 0

(13)

where x ≥ ν for ξ ≥ 0, ν ≤ x ≤ ν − β
ξ for ξ < 0, ξ ∈ R and σ > 0.

Note that the Pareto I Distribution is in fact the Generalized Pareto Distribution for 1
ξ = ρ (when

ξ > 0), ν = βρ and β = x0

ρ .

In this research, the Generalized Pareto Distribution found in equation 13 will be fitted to the tails
(both to the losses and the profits) of the returns for Bitcoin, Litecoin, Ripple and Ethereum, and we
will therefore base our conclusions with respect to the heaviness of the tails, on the shape parameters ξ
belonging to this distribution.

It is important that the threshold β is chosen high enough for the exceeding values to be well ap-
proximated by the GPD, but not so high to substantially increase the variance of the estimator due to
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reduction in the sample size (the number of exceedances).
Values for β and ξ are obtained using the evir::gpd function from the evir package in R.
Here, we are interested to find the smallest value for k ∈ N such that ξ ≥ 1

k , as this implies an infinite
k−th moment (and then, automatically infinite l-th moments for all values l > k) and will therefore
provide information with respect to the tail’s heaviness. To summarize, the following holds: the smaller
the shape parameter ξ is, the heavier the tail.

In order to visualize the data, the plots that will be given will be based on the survival function (in
general, a survival function is a function that gives the probability that a patient, device, or other ob-
ject of interest will survive beyond any given specified time [14]), and therefore the complement of the
cumulative distribution function will be taken instead:

F (x) = 1− F (x) = P(X > x) (14)

This survival function is used in the so called Zipf plots introduced in [5], that will be given for the log
returns of the cryptocurrencies, which plots the logarithm of this function against the logarithm of the
log returns.

Note that, in order to obtain the logarithm of the log returns, when we are interested in potential
losses, we need to multiply the log returns by -1 in order to get positive values denote the losses, and
examine the tail.

First, Zipf plots will be made for all the losses.
Based on these plots, the values for β can be guessed and compared to the ones found by R, as this will be
the value where the graph starts to resemble the one of a negative, linear, straight line. Then, new Zipf
plots will be created based on the scale parameters obtained, to again provide a visualization of whether
the tails are really Pareto distributed.
All methods described above will be performed for the losses and the profits seperately.

2.6 Maximum to Sum

Another very simple tool for detecting heavy tails of a distribution and obtaining a rough estimate of
the order of the finite moments of a distribution, is by looking at a Maximum to Sum ratio [7]. In this
section, Maximum to Sum plots for the Bitcoin, Litecoin, Ripple and Ethereum log returns will be given.
Let Xi denote the log returns of one of the cryptocurrencies on day i.
Then it is interesting to examine the ratio of the partial (cumulative) maximum value to the partial
(cumulative) sum of X:

Rn(p) =
Mn(p)

Sn(p)
(15)

where Mn(p) denotes the maximum absolute value, to the power p, up until day n:

Mn(p) = max{|Xi|p : 1 ≤ i ≤ n} (16)

and

Sn(p) =

n∑
i=1

|Xi|p (17)

and see whether the Maximum to Sum ratio converges to 0.
The reason why we are interested in the convergence, has to do with the following equivalence:

Mn(p)

Sn(p)

a.s.→ 0⇔ E (|X|p) <∞ (18)

and therefore, the convergence provides us with information with respect to the p−th moment of the
distribution (Rn provides us with information with respect to the mean of the log returns, Rn(2) with
respect to the variance, Rn(3) with respect to the skewness and Rn(4) with respect to the kurtosis).
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Equivalence 18 will be used to make statements with respect to the order of the moments based on
four plots that will be given for Rn(p), p ∈ {1, 2, 3, 4} against n.
When we observe significant deviations from 0 for large n, this will be indicative of E|X|p being infinite.
Equations 16 to 18 use the absolute values of the log returns, therefore not distinguishing between losses
and profits, but when we look only at the losses or the profits, similar plots can of course be obtained,
providing us information with respect to the tails for the losses and profits seperately. If the log returns
plots are inconclusive or if there are other reasons to believe it would be interesting to examine the losses
and profits seperately, similar plots will be provided for the losses as well as for the profits. In this case,
to keep the total number of days constant, when examining the losses, all profits will be set to 0, and
when examing the profits, all losses will be set to 0 instead.

19



3 Results

3.1 Descriptive Statistics

3.1.1 Exchange Rates

A plot of the time series of the Bitcoin exchange rates starting from January 2015 up until the end of
April 2018 can be found in figure 1.

Figure 1: Time series daily Bitcoin Exchange Rates

From figure 1 it is apparent that there is an overall upward trend for the exchange rates. This trend
appears to be exponentially increasing until the market experienced what can be denoted as a ‘market
crash’ in January 2018. This is when the value dropped dramatically after a high increase happened
during the months November and December 2017.
However, overall we can still speak of an increasing trend, which becomes especially clear by looking at
the lower right plot showing the quarterly average exchange rates.
Finally, several moving averages have been computed, more specifically, a 10, 30, 100 and 300 day moving
average respectively (from now on referred to as the x−MA, with x = 10, x = 30, x = 100, x = 300.)

Figure 2 shows a plot of the four moving averages. From these plots, we can see a similar pattern
as the time series in figure 1: there is an upward trend apparent, where the sudden drop in value (in
January 2018) immediately influences the 10 and 30 day moving averages, whereas for the 100 day moving
average, we notice a delay in the drop (as can be expected, of course). The 300 day moving average only
appears to be affected by the drop slightly, in that the increase appears to be dampened slightly.

For Litecoin, similar plots are made as was done for Bitcoin.
A plot of the time series of the Litecoin exchange rates, together with Moving Averages starting from
January 2015 up until the end of April 2018 can be found in figure 3.
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Figure 2: Bitcoin Moving Averages of Daily Exchange Rates

Figure 3: Time series and Moving Average daily Litecoin Exchange Rates

The plots in figure 3 show a similar trend as was observed for Bitcoin, except that the sudden increase
around November and December 2017 appears to be even steeper.
Considering the fact that Litecoin is often traded in Bitcoin as opposed to US Dollar directly, signifying
that an increase (or decrease) in the value for Bitcoin will automatically translate to an increase (or de-
crease) in Litecoin as well, and the fact that for cryptocurrencies, overall market increases and decreases
are not uncommon, a similar to Bitcoin overall pattern of the exchange rate was to be expected.
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Also, descriptive statistics for Ripple are presented, similar to the ones for Bitcoin and Litecoin.
A plot of the time series of the Ripple exchange rates together with Moving Averages, starting from
January 2015 up until the end of April 2018 can be found in figure 4.

Figure 4: Time series and Moving Average daily Ripple Exchange Rates

The time series presented in figure 4 show similar patterns as the ones for Bitcoin and especially Litecoin.
The same reasoning with respect to the Bitcoin trading pairs, as for Litecoin applies here.
As for Litecoin, here we also notice a very steep increase around November and December 2017.

Finally, descriptive statistics for Ethereum are presented. Since Ethereum started trading much later
than Bitcoin, Litecoin, and Ripple, data has been collected for a shorter timespan, two years and four
months to be exact, starting from January 2016, up until April 2018).

A plot of the time series of the Ethereum exchange rates together with Moving Averages, starting from
January 2016 up until the end of April 2018, can be found in figure 5.
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Figure 5: Time series and Moving Average daily Ethereum Exchange Rates

The time series plots for Ethereum look different from the ones for Bitcoin, Litecoin and Ripple. While
the overall trend is still increasing, with a sudden exponential increase around the same time as for the
other currencies, the increase overall appears to be much steadier compared to Litecoin and Ripple, and
even somewhat steadier than Bitcoin.
The comparisons need to made with care, seeing as exchange rates have been taken into account starting
in January 2016, as opposed to January 2015 as was the case for the other three currencies.

Short Conclusion
From the time series and Moving Averages plots, it appears that all four cryptocurrencies show an
overall increasing trend: they appear to be moving in the same direction.
More detailed analyses with respect to this subject, is beyond the scope of this research, however.
In future research, correlations between the cryptocurrencies could be examined, and Time Series
Analysis could be done more explicitly, as this would have consequences in terms of risk diversifi-
cation.
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3.1.2 Log returns

A histogram of the daily Bitcoin log returns starting from January 2015 up until the end of April 2018
can be found in figure 6. Here, positive returns denote profits, whereas negative returns denote losses.

Figure 6: Bitcoin Log Returns

From the histograms in figure 6 the distribution appears to be somewhat symmetrical around 0: profits
and losses appear to be evenly distributed. From these histograms there does not appear to be either a
clear negative or positive skew present (summary statistics will be given later, from which more reliable
conclusions can be drawn).
What also catches the eye, is that the monthly log returns show more than one peak (a so called bimodal
distribution, where two local maxima occur).

Now, for Litecoin, a histogram of the daily Litecoin log returns starting from January 2015 up until
the end of April 2018 can be found in figure 7. Here, positive returns denote profits, whereas negative
returns denote losses.
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Figure 7: Litecoin Log Returns

From these plots, there appears to be a slight positive skew (the right tail seems to be fatter than the
left one).
Other than that, an interesting observation can be made by considering the monthly plot, taking into
account the monthly log returns. Here it can be observed that both the left tail and the right one are
rather heavy: extreme log returns are not uncomon.

Then, for Ripple, a histogram of the daily Ripple log returns starting from January 2015 up until the
end of April 2018 can be found in figure 8. Here, once again, positive returns denote profits, whereas
negative returns denote losses.
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Figure 8: Ripple Log Returns

What is immediately apparent from these plots, is the fat right tail, that is especially clear in the his-
tograms for the weekly and monthly log returns.
The extreme positive log returns undoubtedly originate from the last two months of 2017 as well.

Finally, for Ethereum, a histogram of the daily Ethereum log returns starting from January 2016 up
until the end of April 2018 can be found in figure 9. Here, once again, positive returns denote profits,
whereas negative returns denote losses.

Figure 9: Ethereum Log Returns
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What immediately jumps out, is that there appears to be a positive skew. This is especially apparent for
the weekly log returns, visible in the upper right plot of figure 9. Overall, the monthly log returns show
us that the log returns are spread much more evenly than the other currencies. It is, however, important
to take into consideration that a shorter time span has been taken into account for Ethereum, as opposed
to the other currencies where one extra year of data has been considered.

Short conclusion:
From the histograms of the log returns, what jumps out most of all is that there appears to be a
positive skew for all four cryptocurrencies but Bitcoin: the right tail appears to be fatter than the
left one. This is especially obvious for Ripple.
This leads us to believe that out of all four cryptocurrencies, the returns for Ripple produce most
extreme values, especially on the right side of the distribution (i.e. the profits), and so fat tails are
expected for Ripple and possibly also for the other three cryptocurrencies.

3.1.3 Summary Statistics

An overview of the daily exchange rates of Bitcoin, Litecoin, Ripple and Ethereum versus the US Dollar
is given in table 1. Please note that these values are not to be compared mindlessly without taking into
consideration the supply of the currency.

Statistics Bitcoin Litecoin Ripple Ethereum
Minimum 178.1 1.16 0.00409 0.9371

Q1 314.4 3.23 0.0065 0.1083
Median 631.8 3.9 0.0082 0.1735

Mean 2402 33.79 0.1686 207.1
Q3 2546 41.11 0.1895 307.9

Maximum 19500 358.3 3.38 1396
Skewness 2.194 2.504 4.0195 1.6802
Kurtosis 4.31 5.88 20.298 2.2144

SD 3754.76 63.44 0.394 294.7
Variance 14098211 4025.16 0.155 86848

IQR 2231.6 37.9 0.183 297.1

Table 1: Summary statistics of daily exchange rates of Bitcoin, Litecoin, Ripple and Ethereum versus
the US Dollar

Table 1 give a simple reflection of the ‘worth’ of the cryptocurrencies in US Dollar. It is clear that the
value of Ripple is lowest, whereas that of Bitcoin, the first and most popular cryptocurrency, has the
highest value (here, it must be taken into consideration that the supply of Ripple is also much higher,
and a lower value is therefore to be expected). This is true for the minimum, first quartile, median, mean,
third quartile and maximum. The exchange rates of all four cryptocurrencies are positively skewed, which
was also clear from the upward trend we saw in the time series plots earlier. Ripple shows the highest
skewness, which was to be expected based on the extreme increase in the final quarter of 2017.
When it comes to kurtosis, the highest values can be observed for Ripple as well. As explained in the
methodology section, statements are generally made with respect to a comparison to the Normal Dis-
tribution. We see that Bitcoin, Litecoin and Ripple show larger kurtosis than the Normal Distribution,
whereas Ethereum shows little kurtosis compared to the Normal Distribution.
Finally, the exchange rates of Ripple show a smaller variance than the other coins, which can obviously
for a large part be explained by the lower exchange rates, meaning comparisons between the currencies
do not make much sense here. More useful information about the variance can be extracted from the log
returns of the daily exchange rates, from which the same summary statistics can be extracted.

Summary statistics for the log returns of all four currencies are presented in table 2.
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Statistics Bitcoin Litecoin Ripple Ethereum
Minimum -0.238 -0.514 -0.6163 -0.3155

Q1 -0.010 -0.015 -0.020 -0.024
Median 0.003 0 -0.004 0.001

Mean 0.003 0.003 0.003 0.008
Q3 0.019 0.017 0.017 0.036

Maximum 0.225 0.510 1.027 0.303
Skewness -0.417 0.710 3.132 0.268
Kurtosis 5.618 13.964 41.637 3.534

SD 0.041 0.063 0.075 0.069
Variance 0.002 0.004 0.006 0.005

IQR 0.029 0.032 0.037 0.060

Table 2: Summary statistics of log returns of daily exchange rates of Bitcoin, Litecoin, Ripple and
Ethereum versus the US Dollar

From table 2 it can be seen that the results are a bit different compared to the daily exchange rates.
Whereas Ripple still has the lowest minimum value, it also shows the largest maximum value now.
For Bitcoin, the mean and the median are equal to each other and are slightly positive. For Litecoin,
the median is (almost) equal to 0, whereas the mean is also slightly positive. Ripple is the only currency
with a negative median. Ethereum is the clear winner when it comes to the mean log returns, showing
the highest value of all four.

Only the log returns of Bitcoin are negatively skewed, whereas all others are positively skewed with
Ripple the most significant. This is consistent with our expectations based on the visualizations from the
previous section: the histograms of the log returns.
A different way to measure the skewness can be done by comparing the quartiles by making use of the
following formula:

Skewness Measure =
Upper hinge - Median

Median- Lower hinge
(19)

Resulting in skewness levels 1.26 for Bitcoin, 1.14 for Litecoin, 1.22 for Ripple and 1.4 for Ethereum.
Note that the Lower hinge is similar to Q1, the upper hinge is similar to Q3. Surprisingly, this measure
for skewness results in a different order for the four currencies, seeing as Ethereum now has a greater
value for skewness than Ripple.
This can be explained by the fact that, this different skewness measure does not take into account the
extreme values (it only compares the range between the median and Q3 to to the range between the
median and Q1).
For this different skewness measure, it is intuitively clear that the closer the value is to 1, the more
symmetric the distribution is. A value greater than 1 indicates that there is more mass in the range from
the median to Q3 than there is in the range from the median to Q1.
This is indeed the case for all four currencies.
Also, this different skewness measure also shows that, when extreme values are left out, Bitcoin also
shows a positive skew (as a value greater than 1 was obtained).
When it comes to the peakedness, from the value of the kurtosis it is clear that Ripple, once again, shows
the highest peakedness. All four coins, however, show a greater peakedness compared to the Normal
Distribution (remember that a value greater than 3 means that the distribution produces more extreme
outliers than the Normal Distribution would).
This leads to believe that, especially for Ripple, there is relatively more weight in the tails as opposed to
the center of the distribution, compared to the other currencies. This is in accordance with Ripple having
fatter tails than the other cryptocurrencies. More about this will be covered in later sections (Value at
Risk and Expected Shortfall, and Testing for Paretianity).

For the log returns, it makes more sense than for the exchange rates, to look at the values for the
variance and make comparisons between the currencies.
It is clear that the log returns of Bitcoin have the lowest variance (and therefore the lowest standard
deviations as well). The highest variance can be observed for Ripple.
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The summary statistics can also be visualized using Boxplots. Boxplots, where a distinction has been
made between daily, weekly and monthly losses, can be found in the appendix.

Short Conclusion:
From the summary statistics, we were particularly interested in the measures for skewness and
kurtosis of the log returns, as they provide us with important information with respect to the dis-
tribution of the log returns and the tails of the distributions.
The summary statistics have shown that the distributions for Litecoin, Ripple and Ethereum all
appear to be positively skewed, whereas for Bitcoin this only appears to be the case when extreme
values are not taken into account (only taking into consideration the values between the upper
hinge and the lower hinge).
The values for Kurtosis have shown us that all four cryptocurrencies come from distributions that
produce relatively many extreme outliers (at least compared to the Normal Distribution). This is
especially true for Ripple.

3.2 Volatility

Volatility, or simply the standard deviation of the log returns, might not be fixed, but may vary over
time, as explained in the Methodology section.
Therefore, volatilities could be calculated over moving intervals of 20 days and could then be presented
using histograms, to get a clear picture of the several values for volatility that were obtained.

Below, histograms for these 20-day-window volatilities are shown for Bitcoin, Litecoin, Ripple and
Ethereum, in figure 10:

Figure 10: Histograms of standard deviations of daily log returns of the exchange rates over windows of
width 20 days

What stands out is that the frequencies of higher volatility levels are lower than the ones for lower volatil-
ity levels. For Ripple, the distribution of volatilities appears to be bimodal. Bimodality might indicate
the presence of two ‘groups’, or in this case, two time spans that behave very differently. Perhaps the
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extreme gains originating from the end of 2017 are responsible for deviating behavior when it comes to
the volatility, resulting in their own distribution of volatilities, so to speak. Even though the other curren-
cies also experienced extreme gains during this period, for Ripple this turned out to be even more extreme.

Furthermore, Litecoin appears to have the highest range of volatility, whereas this appears to be smallest
for Ripple.
However, given the relatively low frequencies for some of the higher standard deviations, if these were to
be excluded from the analysis, Ripple would actually show the highest range, whereas Ethereum would
have the lowest range.

What also strikes as odd, is the fact that the distribution for the volatilities of Ethereum looks very
different from the other distributions. Higher volatility rates (greater than 0.06) appear to be much more
frequent for Ethereum than the lower volatility rates, a phenomenon that is not present in the other
currencies.

When we convert the obtained volatility rates into annualized volatilities, we obtain the following mea-
sures of central tendency in table 3:

Bitcoin Litecoin Ripple Ethereum
Mean 0.736 1.159 0.999 1.392

Median 0.688 1.118 0.854 1.342
Mode 0.688 1.198 0.797 1.320

Table 3: Central tendency measures for the annualized volatility based on a 20-day rolling volatility

When we compare the measures for Bitcoin to the annual volatility that was obtained in [22] (an annual
volatility of 77%), our results show that the annualized volatility has decreased slightly in the past 19
months (remember the authors of [22] used data up until September 2016, whereas our data extends to
April 2018).

What immediately jumps out from table 3 is that the other cryptocurrencies show much higher volatility
rates, which is especially true for Ethereum with an annualized volatility of over 130%. This is most
likely due to its shorter existence, given that Ethereum was founded only in September 2015.

What also jumps out is that, while still more volatile than Bitcoin, Ripple appears to be less volatile than
Litecoin and Ethereum. It is also noticeable that the mean, median and mode differ most for Ripple.
This once again confirms the conjecture that Ripple has the most extreme outliers (also with respect to
the volatility), as extremely volatile periods are likely to have influenced the mean significantly. On the
long run, however, Ripple appears to be less volatile than Litecoin and Ethereum.

Short Conclusion:
From the volatility analyses, it can be concluded that the annual volatility for Bitcoin has dropped
slightly compared to approximately two years ago, and is currently equal to about 70%. The other
three cryptocurrencies are more volatile than Bitcoin, with Ethereum the most volatile, as its annual
volatility comes down to more than 130%.
It is noteworthy that Ripple appears to be less volatile than Litecoin and Ethereum, even though
in table 2 it was clear that Ripple showed the highest volatility (the highest values for the standard
deviation and the variance). The reason for this lower volatility must therefore lie within the 20-day
moving windows that were used.
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3.3 Value at Risk and Expected Shortfall

Here, for the log returns of the daily exchange rates, Values at Risk and Expected Shortfall values have
been calculated for 80%, 90%, 95% and 99% respectively.
This has been done both for losses as well as profits, meaning that for the losses we have used α =
0.01, 0.05, 0.1 and 0.2, whereas for the profits we have used α = 0.8, 0.9, 0.95 and 0.99, because the log
returns have been used and so negative returns are losses(the left tail), and positive returns are profits(the
right tail).

Bitcoin
First, the value for VaR (in dollars) has been calculated for several values of T and α in table
4. Here, T denotes the timespan between returns that was considered (so for T =1 week, weekly
returns are considered, which are calculated by taking an average over the past 7 days of daily
returns).

α = 0.2 α = 0.1 α = 0.05 α = 0.01
T = 1 day -0.016 -0.039 -0.066 -0.122
T = 1 week -0.007 -0.015 -0.022 -0.054
T = 1 month -0.004 -0.010 -0.015 -

Table 4: Bitcoin Values at Risk (VaR) for several values of α and T : Losses

These values can be interpreted as follows:
For α = 0.2, T = 1 day, the value −0.016 means that with 80% certainty, we will not lose more
than 1.6% of our investment in Bitcoin in a period of 1 day.
As the value for α decreases, and so our confidence interval gets larger, the risk will of course in-
crease, therefore leading to potentially greater losses. For example, if we want to make a statement
with respect to the percentage we will probably not lose with 99% confidence, the value is equal to
12.2%, a much larger portion of our investment.
We also notice that the numbers are decreasing when we look at larger time intervals, like weeks or
months.
This means that, based on the past data for Bitcoin, the Value at Risk actually decreases when a
larger timespan is considered.
Note that the 99% confidence level (α = 0.01) for time intervals of 1 month has been left out, as
not enough months have been taken into account to provide an accurate value here.

Besides the Value at Risk, the Expected Shortfall has also been computed for Bitcoin, and is
presented, first for the losses, in table 5 for the same values of α and T :

α = 0.2 α = 0.1 α = 0.05 α = 0.01
T = 1 day -0.051 -0.077 -0.104 -0.167
T = 1 week -0.017 -0.025 -0.033 -0.054
T = 1 month -0.008 -0.013 -0.015 -

Table 5: Bitcoin Expected Shortfall (ES) for several values of α and T : Losses

The values in table 5 can be interpreted as follows:
For α = 0.2, T = 1 day, the value −0.051 means that if we lose at least 1.6% of our investment
(which is the corresponding Value at Risk), the expected loss is equal to 5.1%.
As the value for α decreases, and so our confidence interval gets larger, the expected losses will of
course increase as well, as they are based on the corresponding Values at Risk, which we noticed
were also increasing. With the same reasoning, the numbers are decreasing when we look at larger
time intervals, like weeks or months.

Taking into account only the daily Value at Risk and Expected Shortfall, and looking only at
the 5% quantile for now, we can say that we can expect to lose more than 6.6% of our investment
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in Bitcoin in one day, about once every 20 days (5% of all days considered). Provided that we find
ourselves in one of those ‘worst’ days, we can expect to lose about 10.4% on that day.

But what about the profits?

For the profits, a similar analysis was made, for which table 6 can be consulted for the Value
at Risk, and table 7 for the Expected Shortfall. Please note that the terms ‘Value at Risk’ and
‘Expected Shortfall’ are not really appropriate in this context, considering we are looking at profits
instead of risks, but using these two quantities makes it nevertheless clear how the results were
obtained).

α = 0.8 α = 0.9 α = 0.95 α = 0.99
T = 1 day 0.025 0.045 0.063 0.111
T = 1 week 0.012 0.020 0.026 0.034
T = 1 month 0.008 0.010 0.016 -

Table 6: Bitcoin Values at Risk (VaR) for several values of α and T : Profits

α = 0.8 α = 0.9 α = 0.95 α = 0.99
T = 1 day 0.054 0.074 0.095 0.145
T = 1 week 0.023 0.029 0.035 0.048
T = 1 month 0.012 0.015 0.017 -

Table 7: Bitcoin Expected Shortfall (ES) for several values of α and T : Profits

First of all, when we compare the profits to the losses, the Values at Risk appear to be higher for the
profits than for the losses when looking at the 20%/10% and corresponding 80% /90% quantiles, but
not for the 5%/1% and corresponding 95%/99% quantiles. This is exactly in correspondence with
our earlier findings that Bitcoin appeared to positively skewed only when not taking into account
the ends of the tails, therefore ignoring the most extreme values (remember we obtained a negative
skew in table 2, but the different skewness measure, taking into account only the ‘mid region’ of
the log returns, returned a positive skew).

For the profits, it can be concluded that, when taking into account daily profits and consider-
ing the 95% quantile, we can expect to gain more than 6.3% of our Bitcoin investments in one day,
about once every 20 days. Provided that we find ourselves in one of those ‘best’ days, we can expect
to gain more than 9.5%.
Note that this implies that Bitcoin is actually a rather risky cryptocurrency, where you can expect
to lose more money than you gain during extreme events. However, the mean return could make
up for the extremes and end you in the green, so these results should be interpreted with caution.

Litecoin
For Litecoin, the same analyses can be made as for Bitcoin, resulting in the following four tables
for the VaR (tables 8, 9) and ES (table 10,11):

α = 0.2 α = 0.1 α = 0.05 α = 0.01
T = 1 day -0.021 -0.052 -0.083 -0.164
T = 1 week -0.009 -0.016 -0.034 -0.102
T = 1 month -0.005 -0.015 -0.019 -

Table 8: Litecoin Values at Risk (VaR) for several values of α and T : Losses
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α = 0.8 α = 0.9 α = 0.95 α = 0.99
T = 1 day 0.026 0.061 0.091 0.201
T = 1 week 0.012 0.027 0.050 0.078
T = 1 month 0.010 0.021 0.027 -

Table 9: Litecoin Values at Risk (VaR) for several values of α and T : Profits

α = 0.2 α = 0.1 α = 0.05 α = 0.01
T = 1 day -0.068 -0.100 -0.136 -0.245
T = 1 week -0.025 -0.040 -0.059 -0.102
T = 1 month -0.012 -0.017 -0.019 -

Table 10: Litecoin Expected Shortfall (ES) for several values of α and T :Losses

α = 0.8 α = 0.9 α = 0.95 α = 0.99
T = 1 day 0.082 0.125 0.173 0.297
T = 1 week 0.037 0.054 0.072 0.099
T = 1 month 0.021 0.026 0.028 -

Table 11: Litecoin Expected Shortfall (ES) for several values of α and T :Profits

Making similar statements as for Bitcoin, we can conclude from tables 8 to 11 that, when taking
into account daily losses and considering the 5% quantile, we can expect to lose more than 8.3% of
our Litecoin investments in one day, about once every 20 days. Provided that we find ourselves in
one of those ‘worst’ days, we can expect to lose more than 13.6%.
For the profits, we can expect to gain more than 9.1% once every 20 days, whereas on such a
particular day, the expected gain is equal to about 17.3%.
First of all, note that these losses and gains are more extreme than the ones we found for Bitcoin.
This is consistent with our earlier findings with respect to the volatility rates, where Litecoin ap-
peared to be much more volatile than Bitcoin.
Also, we note that for Litecoin, there is a clear positive skew (also consistent with earlier find-
ings). For each of the quantiles, the gains are higher than the (absolute) losses. So even though the
risk when investing in Litecoin is greater than for Bitcoin, the potential gains are also much greater.

Ripple
For Ripple, the same analyses can be made as for Bitcoin and Litecoin, resulting in the following
four tables for the VaR (table 12) and ES (table 14):

α = 0.2 α = 0.1 α = 0.05 α = 0.01
T = 1 day -0.029 -0.054 -0.078 -0.159
T = 1 week -0.016 -0.025 -0.033 -0.071
T = 1 month -0.010 -0.018 -0.030 -

Table 12: Ripple Values at Risk (VaR) for several values of α and T : Losses

α = 0.8 α = 0.9 α = 0.95 α = 0.99
T = 1 day 0.024 0.058 0.102 0.245
T = 1 week 0.011 0.026 0.047 0.117
T = 1 month 0.009 0.013 0.045 -

Table 13: Ripple Values at Risk (VaR) for several values of α and T : Profits

α = 0.2 α = 0.1 α = 0.05 α = 0.01
T = 1 day -0.070 -0.100 -0.137 -0.251
T = 1 week -0.027 -0.035 -0.044 -0.071
T = 1 month -0.017 -0.023 -0.029 -
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Table 14: Ripple Expected Shortfall (ES) for several values of α and T : Losses

α = 0.8 α = 0.9 α = 0.95 α = 0.99
T = 1 day 0.092 0.140 0.210 0.410
T = 1 week 0.046 0.070 0.099 0.140
T = 1 month 0.029 0.044 0.058 -

Table 15: Ripple Expected Shortfall (ES) for several values of α and T : Profits

Making similar statements as for Bitcoin and Litecoin, we can conclude from tables 12 to 15 that,
when taking into account daily losses and considering the 5% quantile, we can expect to lose more
than 7.8% of our Ripple investments in one day, about once every 20 days. Provided that we find
ourselves in one of those ‘worst’ days, we can expect to lose more than 13.7%.
For the profits, we can expect to gain more than 10.2% once every 20 days, whereas on such a
particular day, the expected gain is equal to about 21%.
First of all, note that these gains are more extreme than the ones we found for Bitcoin and Lite-
coin, but the losses are not (they are slightly worse than the ones for Bitcoin, but not compared to
Litecoin). This is consistent with our earlier findings with respect to the skewness, as the skewness
level for Ripple was highest for all four cryptocurrencies( see table 2).
Also, this extreme positive skew can be found when comparing the quantiles. For each of the
quantiles, except for the 20% and corresponding 80% ones, the gains are (much) higher than the
(absolute) losses. This is especially apparent at the far end of the tails: whereas the 1% quantile
shows an expected loss of 25.1%, the expected gains at the 99% quantile are equal to 41%!

Ethereum
Finally, for Ethereum, the same analyses can be made as well, resulting in the following four tables
for the VaR (table 16) and ES (table 18):

α = 0.2 α = 0.1 α = 0.05 α = 0.01
T = 1 day -0.034 -0.056 -0.091 -0.196
T = 1 week -0.013 -0.024 -0.027 -0.045
T = 1 month -0.007 -0.009 -0.027 -

Table 16: Ethereum Values at Risk (VaR) for several values of α and T : Losses

α = 0.8 α = 0.9 α = 0.95 α = 0.99
T = 1 day 0.047 0.089 0.134 0.202
T = 1 week 0.029 0.040 0.053 0.072
T = 1 month 0.016 0.027 0.034 -

Table 17: Ethereum Values at Risk (VaR) for several values of α and T : Profits

α = 0.2 α = 0.1 α = 0.05 α = 0.01
T = 1 day -0.076 -0.109 -0.146 -0.249
T = 1 week -0.024 -0.029 -0.034 -0.045
T = 1 month -0.012 -0.018 -0.027 -

Table 18: Ethereum Expected Shortfall (ES) for several values of α and T : Losses

α = 0.8 α = 0.9 α = 0.95 α = 0.99
T = 1 day 0.106 0.144 0.182 0.252
T = 1 week 0.049 0.063 0.0767 0.097
T = 1 month 0.027 0.035 0.037 -

Table 19: Ethereum Expected Shortfall (ES) for several values of α and T : Profits
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For Ethereum, we can conclude from tables 16 to 19 that, when taking into account daily losses and
considering the 5% quantile, we can expect to lose more than 9.1% of our Ethereum investments
in one day, about once every 20 days. Provided that we find ourselves in one of those ‘worst’ days,
we can expect to lose more than 14.6%.
For the profits, we can expect to gain more than 13.4% once every 20 days, whereas on such a
particular day, the expected gain is equal to about 18.2%.
From these numbers, we can conclude once again that the potential gains seem to outweigh the
potential losses. For each of the percentiles, the (absolute) VaR and ES values are higher for the
profits than for the losses. This is consistent with our earlier findings with respect to the positive
skewness(see table 2).
Furthermore, from these tables it once again becomes clear that when it comes to the losses,
Ethereum has the highest VaR and ES compared to the other three cryptocurrencies. For the
profits, this difference is less obvious, but, especially compared to Bitcoin and Litecoin, certainly
present. This is in accordance with the highest volatility rates we found for Ethereum in the Volatil-
ity section.

Overview of all four cryptocurrencies
In order to make a good comparison between the four cryptocurrencies of interest, and also to com-
pare profits and losses in an organized fashion, tables 20 and 21 have been created. They provide
a ranking based on both the Value at Risk and the Expected Shortfall, when considering α = 0.05
for losses and α = 0.95 for profits, therefore considering equally large portions of both tails.
Note that the values in both tables correspond to the ones from tables 4 to 19, each time taking the
absolute values of the ones found in the third columns from tables 4 to 19, corresponding to α = 0.05
for losses (or 0.95 for profits), converted to a percentage (multiplied by 100) and rounded to integers.

VaR ES
Risk Rank Daily VaR Weekly VaR Monthly VaR Daily ES Weekly ES Monthly ES

1 Ethereum(9) Litecoin(3) Ripple(3) Ethereum(15) Litecoin(6) Ripple(3)
2 Litecoin(8) Ripple(3) Ethereum(3) Ripple(14) Ripple(4) Ethereum(3)
3 Ripple(8) Ethereum(3) Litecoin(2) Litecoin(14) Bitcoin(3) Litecoin(2)
4 Bitcoin(7) Bitcoin(2) Bitcoin(2) Bitcoin(10) Ethereum(3) Bitcoin(2)

Table 20: Ordering of cryptocurrencies in Value at Risk and Expected Shortfall at α = 0.05, with
loss percentages (order from most risky to least risky)

VaR ES
Profit Rank Daily VaR Weekly VaR Monthly VaR Daily ES Weekly ES Monthly ES

1 Ethereum(13) Ethereum(5) Ripple(5) Ripple(21) Ripple(10) Ripple(6)
2 Ripple(10) Litecoin(5) Ethereum(3) Ethereum(18) Ethereum(8) Ethereum(4)
3 Litecoin(9) Ripple(5) Litecoin(3) Litecoin(17) Litecoin(7) Litecoin(3)
4 Bitcoin(6) Bitcoin(3) Bitcoin(2) Bitcoin(10) Bitcoin(4) Bitcoin(2)

Table 21: Ordering of cryptocurrencies in Value at Risk and Expected Shortfall at α = 0.95 with
gain percentages (order from most profitable to least profitable)

A quick glance at tables 20 and 21 is enough to immediately notice that the values for profits
are overall higher than the ones for losses (once again confirming the positive skew present in the
datasets), especially for Ripple, Ethereum and Litecoin.
Also, what jumps out is that, while on a daily basis the numbers differ greatly between the four
cryptocurrencies, the differences on a weekly and monthly basis are much less extreme, especially
for the losses.
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Apparently, heavy daily fluctuations are compensated rather quickly, making for much less extreme
losses or profits on a monthly, or even weekly, basis.

Also, in table 20, we see that for the losses, on a daily basis, Bitcoin shows the lowest VaR (7%)
and ES(10%), with only a relatively small difference. The differences are a bit bigger for the other
three currencies, Ethereum going from a VaR of 9% to an ES of 15%, and Litecoin and Ripple going
from a VaR of 8% to an ES of 14%.
For the profits, found in table 21, these differences are even more extreme. This once again implies
that Litecoin, Ripple and Ethereum show heavier tails than Bitcoin, which is in accordance with
earlier findings. Especially the values for the profits for Ripple, with a VaR equal to 10% and an
ES of 21% (meaning the ES is more than twice as large as the VaR), are indicative of extreme tail
behavior for the right tail. This result is once again in accordance with earlier findings, such as the
values of Kurtosis we saw in table 2, where Ripple showed a Kurtosis value of 41.6, more than three
times as large as the second largest value (Litecoin).

When we compare our findings to those of Osterrieder et. al [21], who found that Bitcoin was
least risky, after which came Litecoin, and then Ripple, (both for the VaR and ES, and also both
for the losses as well as the profits), this is somewhat consistent with our own findings.

When it comes to the weekly losses, the order of the currencies with respect to VaR and ES
are very similar, with the small exception that, looking at the ES, Bitcoin and Ethereum are about
equally risky (with a small difference of 0.1 percent, not visible in the table). On a monthly basis,
the order of the currencies for the VaR and the ES are exactly the same.

Something else that immediately stands out is that, looking solely at the Expected Shortfall, there
is a clear rank for the cryptocurrencies: Ripple has turned out most profitable, after which comes
Ethereum, then Litecoin, and finally Bitcoin.
However, when taking into consideration the Expected Shortfall, Ripple has surpassed Ethereum in
rank. This can most likely be explained by some extreme values (remember that Ripple has shown
some extreme gains in December 2017, with a maximum increase of 102 % in one day [3]. These
extreme values are likely to have caused the interaction effect that does not appear to occur for the
other currencies.
Ignoring Ripple, though, the order for Bitcoin, Litecoin and Ethereum is the same for the VaR and
ES, concluding that, when it comes to these three currencies, Ethereum is the most profitable, after
which comes Litecoin, and finally Bitcoin.

Short Conclusion:
When taking into account the 5th and 95th quantiles of the distributions for the log returns, it is
clear that Bitcoin is the least risky (but also the least profitable of all four cryptocurrencies), with a
daily VaR of about 7% and an ES of about 10%. This is in accordance with findings from previous
research by Osterrieder et. al. [21].
On a monthly basis, the values for the VaR and ES are only about 2%, which shows that Bitcoin
is not as risky on a monthly basis.
For the other three cryptocurrencies of interest, the order is not so clear. Whereas Ethereum appears
to be most volatile on a daily basis, showing the most extreme losses and profits, on a monthly
basis Ripple shows the highest losses and profits (which is in accordance with earlier findings with
respect to volatility), but the difference with Bitcoin is, especially for the losses, rather small (about
1%). For the profits, the difference between the most profitable (Ripple) and the least profitable
(Bitcoin) is a bit larger (about 4%), confirming once again the existence of the fat right tail for
Ripple.
Overall, the four cryptocurrencies appear to be much more risky for short term investments, than
they are when investing for longer periods of time.
It could therefore be considered a wise decision to hold on to your cryptocurrencies a little while
longer when losses have been incurred, as the market tends to correct itself more on the long run
and you might end up in the green again.

36



3.4 Fitting of distributions

In this section, the distributions mentioned in the Methodology section, will be fitted on the log returns
of the daily exchange rates of the four cryptocurrencies that are investigated.

3.4.1 Visual Explanations

First we will see how the distributions fit the data for the log returns of Bitcoin. The plots from figures
11 and 12 show the histogram corresponding to the Bitcoin log returns of the daily exchange rates, a
total of six times. In each of the subplots, a different distribution has been fitted, using the maximum
likelihood parameters for the corresponding distribution.

Figure 11: Fitting of the Normal, Student’s t and Laplace Distributions on Bitcoin log returns on the
daily exchange rates

Looking at figure 11, the first plot shows the Normal Distribution fit. What is immediately apparent, is
that this distribution does not capture the data well at all. The peak appears to be much higher than
the Normal Distribution would suggest. Also, the tails seem to be heavier.
Clearly, this is no surprise, given the earlier results with respect to the tails, and the summary statistics
providing information with respect to the kurtosis compared to the Normal Distribution.
When we take a look at the second plot, the Student’s t Distribution, this appears to be a decent fit
(remember from the Introduction that Chan et. al. [4] also found this to be a well fitting distribution
for some cryptocurrencies). The Laplace Distribution, though perhaps slightly better than the Normal
Distribution, does also not seem to capture the data well, which is especially true for the peak.

If we then move on to the next two distribution fits, we see that the first plot in figure 12 (the Nor-
mal Inverse Gaussian Distribution) and final plot (the Generalized Hyperbolic Distribution) also fit the
data well, as expected based on the findings by [4].
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Figure 12: Fitting of the Normal Inverse Gaussian and Generalized Hyperbolic Distributions on Bitcoin
log returns on the daily exchange rates

From these plots, it is clear that both appear to be decent fits for the data.
In total, this means that the Student’s t, Normal Inverse Gaussian, and Generalized Hyperbolic Dis-
tribution seem to fit the data best. Given the fact that these three distributions (all derived from the
Generalized Hyperbolic superclass), use more parameters than simply a location and a scale or disper-
sion parameter, this is no surprise, as these aren’t necessarily symmetrical distributions, contrary to the
Normal and the Laplace Distribution.
The Student’s t, Normal Inverse Gaussian and Generalized Hyperbolic Distributions all come with (a)
skewness and/or shape parameter(s), which appear to be very relevant indeed.

Given that the plots in figures 11 and 12 provide some information with respect to how well a dis-
tribution fits the data, a fit can be better visualized by making use of Quantile Comparison (QQ) plots.

Figures 13,14 and 15 show the Quantile-Comparison plots for the corresponding distributions. A line
(with intercept 0 and slope 1) was plotted as well to give a better visualization of whether the data
falls on this straight line and therefore give insight as to whether the sample comes from the theoretical
distribution).
From the QQ-plots, it is clear that the data ‘in the middle’ appears to fall on the straight lines, but the
tails do not seem to, even for the distributions that seemed to fit the data well based on figures 11 and
12. This is consistent with our expectation, stated in section 1 where we explained why, when fitting
theoretical distributions to data, the fit will mostly be based on the mid region.
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Figure 13: Corresponding QQ-plots for Normal and Student’s t fits on Bitcoin log returns

From these figures, it is clear that the points appear to fall on the straight line most of all for the Gen-
eralized Hyperbolic and the Normal Inverse Gaussian Distributions.
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Figure 14: Corresponding QQ-plots for Laplace and Normal Inverse Gaussian fits on Bitcoin log returns
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Figure 15: Corresponding QQ-plots for the Generalized Hyperbolic fit on Bitcoin log returns

For Litecoin, Ripple and Ethereum, similar plots are obtained (which can be found in the appendix).
The same three distributions (Student’s t, Normal Inverse Gaussian and Generalized Hyperbolic) appear
to fit the data best, apart from deviations at the left and right tails.

Apart from visualizations, actual statistical tests will provide more information with respect to the
significance of the distribution fits.
In the next section, the Kolmogorov-Smirnov and Chi-Square statistics will be computed to see whether
the assumptions based on these plots, can be confirmed.

Short Conclusion
From the visualizations we can conclude that the distributions with strong peakedness and asym-
metrical considerations work better than the ones that don’t have these characteristics. The best
fitting distributions appear to be the Generalized Hyperbolic Distribution and the Normal Inverse
Gaussian Distribution.
This is visible in both the histogram with density plots, as well as the QQ-plots. We do notice,

41



especially from the QQ-plots, that the tails are captured by the distributions least of all.

3.4.2 Kolmogorov-Smirnov and Chi-Square statistics

In this section, the assumptions based on the plots from the previous section, will first be tested using
the Kolmogorov-Smirnov statistic.
As explained in the Methodology section, 1000 random samples were drawn from the theoretical distribu-
tions each, after which they were compared to the data. Averages of the p−values, along with standard
deviations are reported in table 22. Also, the percentage of p−values for which p > 0.05, implying the
values come from this distribution, is reported here.

Bitcoin Litecoin Ripple Ethereum

Normal Distribution

µ ≈ 2.9 · 10−8

σ ≈ 5.1 · 10−7

% = 0

µ ≈ 7.3 · 10−14

σ ≈ 3.8 · 10−13

% = 0

µ ≈ 1.2 · 10−15

σ ≈ 1.8 · 10−14

% = 0

µ ≈ 0.3 · 10−3

σ ≈ 0.6 · 10−3

% = 0

Student’s t Distribution

µ ≈ 0.21

σ ≈ 0.16

% ≈ 83.8

µ ≈ 0.23

σ ≈ 0.15

% ≈ 90.1

µ ≈ 0.29

σ ≈ 0.21

% ≈ 88.1

µ ≈ 0.19

σ ≈ 0.14

% ≈ 86.7

Laplace Distribution

µ ≈ 6.3 · 10−7

σ ≈ 3.7 · 10−6

% = 0

µ ≈ 6.0 · 10−12

σ ≈ 3.2 · 10−11

% = 0

µ ≈ 3.7 · 10−14

σ ≈ 3.4 · 10−13

% = 0

µ ≈ 0.3 · 10−3

σ ≈ 0.6 · 10−3

% = 0

NIG Distribution

µ ≈ 0.30

σ ≈ 0.20

% ≈ 91.6

µ ≈ 0.28

σ ≈ 0.16

% ≈ 94.1

µ ≈ 0.53

σ ≈ 0.25

% ≈ 98.8

µ ≈ 0.47

σ ≈ 0.24

% ≈ 97.1

G. Hyperbolic Distribution

µ ≈ 0.46

σ ≈ 0.28

% ≈ 94.6

µ ≈ 0.37

σ ≈ 0.21

% ≈ 94.3

µ ≈ 0.64

σ ≈ 0.25

% ≈ 99.4

µ ≈ 0.69

σ ≈ 0.24

% = 100

Table 22: Overview of Kolmogorov-Smirnov p-value statistics for all distributions and all cryptocurrencies
considered

From the table, it becomes clear that the best fitting distributions are the Normal Inverse Gaussian
Distribution and the Generalized Hyperbolic Distribution. For Bitcoin, approximately 94.6% of all 1000
random drawings from the Generalized Hyperbolic Distribution match the data, resulting in an average
p− value of approximately 0.46.
For Litecoin, this percentage is similar: approximately 94.3 % of the random drawings are significant
matches, resulting in an average p− value of 0.37.
For Ripple and Ethereum, however, (almost) all p−values indicated the data was drawn from the Gen-
eralized Hyperbolic Distribution.
Note that for Ethereum, the percentage of 100 was not rounded.
The second best fitting distribution (in terms of the percentages of p > 0.05) is the Normal Inverse
Gaussian distribution, and the third best fit is the Student’s t distribution. This is the case for all four
cryptocurrencies.

Note that the three best fits are exactly the three distributions that were assumed to fit the data best
based on the plots from figures 11, 12,13 and 14.

From table 22 it is also very clear that the Normal Distribution and the Laplace Distribution are not
good fits at all.
Based on the plots in figures 11, 12, 13 and 14 this was to be expected, but in previous research by Chan
et. al. [4] the Laplace Distribution did appear to be a good fit for one of the currencies they investigated
(MaidSafeCoin, which was not included in this research, but still, it is odd that here, this distribution
does not seem to fit at all).
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The results just described are partly confirmed by the Chi-Square goodness of fit test.
The Chi-square test was performed, using both 10 bins and 5 bins.
When using 10 bins, for Bitcoin, none of the distributions appeared to be significant fits, according to
the Chi-Square test. The same can be said for Litecoin. For Bitcoin and Litecoin, p−values below 10−5

were obtained for all of the tests. For Ripple and Ethereum, however, the only two significant results
that were obtained, were obtained for the Normal Inverse Gaussian Distribution: here, the hypotheses
that the observed values were drawn from the NIG Distribution, was not rejected, as p−values of 0.08
and 0.11 were obtained for Ripple and Ethereum, respectively.

Interestingly, the Generalized Hyperbolic Distribution resulted in p−values below 10−9, and therefore,
according to the Chi-Square test, this distribution is not a good fit for any of the currencies, including
Ripple and Ethereum.

When making use of only 5 bins, different results were obtained: this time, for the Normal Inverse
Gaussian Distribution, p−values of 0.07, 0.1, 0.61 and 0.13 were obtained for Bitcoin, Litecoin, Ripple
and Ethereum respectively, implying the Normal Inverse Gaussian Distribution is a decent fit for the
data.
The Generalized Hyperbolic Distribution, however, resulted in significantly good fits for all four cryp-
tocurrencies, with p ≈ 0.1, p ≈ 0.15, p ≈ 0.5 and p ≈ 0.59 for Bitcoin, Litecoin, Ripple and Ethereum
respectively.

This is consistent with the results of the Kolmogorov-Smirnov results, where the Generalized Hyper-
bolic Distribution fitted the data best for all four cryptocurrencies as well.
For Ripple, the Chi-Squared statistic turned out to be lower for the Normal Inverse Gaussian Distribu-
tion, resulting in a higher p−value. Therefore, one could argue that perhaps the Normal Inverse Gaussian
is a better fit for Ripple after all (remember that we also obtained a good fit based on the Kolmogorov-
Smirnov statistic in table 22).

Overall, considering the fact that the Generalized Hyperbolic Distribution has performed rather well
in both cases (for the Kolmogorov-Smirnov, this distribution also performed well for all four cryptocur-
rencies), it can be concluded that the Generalized Hyperbolic Distribution is the best fit for Bitcoin,
Litecoin, Ripple and Ethereum (even though the results for Ripple were somewhat ambiguous (here,
both the Generalized Hyperbolic and the Normal Inverse Gaussian) could be considered the best fits).

Table 23 gives an overview of the best fitting distributions for the cryptocurrencies of interest, together
with parameter estimates that were obtained by R.
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Cryptocurrency Best Fitting distribution Parameter Estimates

Bitcoin Generalized Hyperbolic

µ̂ = 0.002

δ̂ = 0.005

α̂ = 21.448

β̂ = 0.308

λ̂ = 0.288

Litecoin Generalized Hyperbolic

µ̂ = 0.000

δ̂ = 0.008

α̂ = 9.970

β̂ = 1.077

λ̂ = 0.003

Ripple Generalized Hyperbolic

µ̂ = −0.005

δ̂ = 0.016

α̂ = 6.820

β̂ = 1.805

λ̂ = −0.285

Ethereum Generalized Hyperbolic

µ̂ = −0.005

δ̂ = 0.009

α̂ = 16.207

β̂ = 2.797

λ̂ = 0.515

Table 23: Overview of best fitting distributions and parameter estimates

When we compare our findings to previous research done by Chan et. al. [4], who also found the Gen-
eralized Hyperbolic Distribution to be the best fit for Bitcoin and Litecoin, it is interesting to see that
approximately one year later, these distributions still fit the data best.
The parameter estimates are slightly different, however: especially the value for α̂ has decreased. The
other four values have increased slightly, both for Bitcoin and Litecoin.

For the distributions, this means that the location has shifted somewhat to the right, and the tails
have become a bit fatter. Also, a stronger positive skew is now present, indicating the right tail is fatter
than the left one.

For Ripple, they found that the Normal Inverse Gaussian Distribution fitted the data best. Here, this
turned out to be a very good fit as well (perhaps even better, depending on whether the Kolmogorov-
Smirnov or the Chi-Square test gets most emphasis).

Short Conclusion
From the Kolmogorov-Smirnov statistic, the best fits for the returns of all four cryptocurrencies
appear to be the Normal Inverse Gaussian and the Generalized Hyperbolic Distribution, which is
consistent with what we saw in the distribution plots and QQ-plots earlier. For all four cryptocurren-
cies, the Generalized Hyperbolic Distribution appears to fit slightly better than the Normal Inverse
Gaussian. Based on the Chi-Square statistic, the Generalized Hyperbolic Distribution turned out
to fit the data best as well. We had to limit the number of bins to 5 to get a significant result,
though.
It stood out that the Normal Inverse Gaussian Distribution appeared to fit Ripple and Ethereum
better when using 10 bins, though.
Compared to previous research, the distributions for Bitcoin and Litecoin have changed slightly:
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fatter tails along with a stronger positive skew than before, were observed.

3.4.3 Theoretical Value at Risk and Expected Shortfall

Using the parameters obtained in table 23, the theoretical values for the Value at Risk and the Expected
Shortfall can now be obtained and compared to the empirical ones. This has only been done for the daily
log returns of the exchange rates (not for the weekly, monthly or quarterly averages, as opposed to before).

Table 24 provides an overview of the empirical VaR losses we found earlier (provided in tables 4, 8,
12 and 16) for the daily log returns, whereas in table 25 the theoretical losses are presented based on the
Generalized Hyperbolic Distribution with corresponding parameters for each of the currencies.

α = 0.2 α = 0.1 α = 0.05 α = 0.01
Bitcoin -0.016 -0.039 -0.066 -0.122
Litecoin -0.021 -0.052 -0.083 -0.164
Ripple -0.029 -0.054 -0.078 -0.159
Ethereum -0.034 -0.056 -0.091 -0.196

Table 24: Empirical daily Values at Risk (VaR: losses) for several values of α for all four cryptocurrencies

α = 0.2 α = 0.1 α = 0.05 α = 0.01
Bitcoin -0.018 -0.038 -0.061 -0.120
Litecoin -0.022 -0.048 -0.081 -0.177
Ripple -0.027 -0.049 -0.079 -0.174
Ethereum -0.033 -0.061 -0.091 -0.165

Table 25: Theoretical daily Values at Risk (VaR: losses) for several values of α for all four cryptocurrencies,
based on the best fitting distributions

The same can be done for the Expected Shortfall: Table 26 provides an overview of the empirical VaR
losses we found earlier (provided in tables 5, 10, 14 and 18) for the daily log returns, whereas in table 27
the theoretical losses are presented based on the Generalized Hyperbolic Distribution with corresponding
parameters for each of the currencies.

α = 0.2 α = 0.1 α = 0.05 α = 0.01
Bitcoin -0.051 -0.077 -0.104 -0.167
Litecoin -0.068 -0.100 -0.136 -0.245
Ripple -0.070 -0.100 -0.137 -0.251
Ethereum -0.076 -0.109 -0.146 -0.249

Table 26: Empirical daily Expected Shortfall (ES: losses) for several values of α for all four cryptocur-
rencies

α = 0.2 α = 0.1 α = 0.05 α = 0.01
Bitcoin -0.052 -0.076 -0.101 -0.159
Litecoin -0.068 -0.102 -0.143 -0.256
Ripple -0.068 -0.100 -0.140 -0.254
Ethereum -0.075 -0.105 -0.136 -0.215

Table 27: Theoretical daily Expected Shortfall (ES: losses) for several values of α for all four cryptocur-
rencies, based on the best fitting distributions

When we compare the theoretical Values at Risk to the empirical ones (tables 24 and 25), we notice that,
for α = 0.2, α = 0.1, and α = 0.05, the values are quite similar to each other for all four cryptocurren-
cies. However, as we go further into the tail, greater discrepancies are starting to show for some of the
currencies. For Bitcoin, the Generalized Hyperbolic Distribution appears to fit quite well. For Litecoin
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and Ripple, all percentiles except for the 0.01 percentile, seem to give rather similar values, whereas
the 0.01 percentile appears to slightly overestimate the risk by 1.3% and 1.5% respectively. A similar
statement can be made with respect to the Expected Shortfall for Litecoin, but for Ripple, the values for
the Expected Shortfall are again very similar, with a maximal difference of 0.3%, as can be seen in tables
26 and 27.
This indicates that at the tip of the tail, the best fitting distribution for Litecoin does not seem to apply as
well as for the other parts of the distribution: the tail is slightly less fat than the theoretical distribution
implies.
For Ethereum, however, the reverse seems to be true: at the tip of the tail, the Generalized Hyperbolic
Distribution appears to underestimate the Value at Risk as well as the Expected Shortfall, by about 3%.
To further investigate behavior at the tail, Paretianity tests will be performed in the next section.

But first, for the profits, the empirical Values at Risk will also be compared to the theoretical ones.
Table 28 shows the empirical VaR for the profits, whereas table 29 shows the theoretical VaR for the
profits, based on the Generalized Hyperbolic Distributions with corresponding parameters for each of the
currencies:

α = 0.8 α = 0.9 α = 0.95 α = 0.99
Bitcoin 0.025 0.045 0.063 0.111
Litecoin 0.026 0.061 0.091 0.201
Ripple 0.024 0.058 0.102 0.245
Ethereum 0.047 0.089 0.134 0.202

Table 28: Empirical daily Values at Risk (VaR: profits) for several values of α for all four cryptocurrencies

α = 0.8 α = 0.9 α = 0.95 α = 0.99
Bitcoin 0.023 0.044 0.068 0.128
Litecoin 0.026 0.058 0.099 0.218
Ripple 0.025 0.059 0.107 0.265
Ethereum 0.046 0.087 0.130 0.235

Table 29: Theoretical daily Values at Risk (VaR: profits) for several values of α for all four cryptocur-
rencies, based on the best fitting distributions

Again, the same can be done for the Expected Shortfall:
Table 30 shows the empirical ES for the profits, whereas table 31 shows the theoretical ES for the profits,
based on the Generalized Hyperbolic Distributions with corresponding parameters for each of the cur-
rencies:

α = 0.8 α = 0.9 α = 0.95 α = 0.99
Bitcoin 0.054 0.074 0.095 0.145
Litecoin 0.082 0.125 0.173 0.297
Ripple 0.092 0.140 0.210 0.410
Ethereum 0.106 0.144 0.182 0.252

Table 30: Empirical daily Expected Shortfall (ES: profits) for several values of α for all four cryptocur-
rencies

α = 0.8 α = 0.9 α = 0.95 α = 0.99
Bitcoin 0.056 0.080 0.106 0.173
Litecoin 0.080 0.120 0.167 0.297
Ripple 0.089 0.140 0.202 0.384
Ethereum 0.105 0.147 0.190 0.294

Table 31: Theoretical daily Expected Shortfall (ES: profits) for several values of α for all four cryptocur-
rencies, based on the best fitting distributions
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When we again compare the theoretical Values at Risk to the empirical ones (tables 28 and 29), this time
for the profits, we notice that, for α = 0.8, α = 0.9 and α = 0.95, we observe the same phenomenon as
we did for the losses: the Generalized Hyperbolic Distributions appear to give rather accurate values for
the potential gains at the beginning of the tail. However, at the tip of the tail at α = 0.99, the potential
gains appear to be overestimated based on the VaR, this time for all four cryptocurrencies.
When we look at the Expected Shortfall in tables 30 and 31, however, while the same conclusion can be
made for Bitcoin and Ethereum, the gains appear to be represented rather accurately for Litecoin, how-
ever, and for Ripple they even appear to be underestimated by the Generalized Hyperbolic Distribution
at the 0.99 percentile.
The gains for Bitcoin and Ethereum appear to be overestimated by 2.8% and 4.2% respectively, whereas
the ones for Litecoin are represented accurately, and finally the ones for Ripple appear to be underesti-
mated by 2.6%.

To further investigate behavior at the tail, Paretianity tests will be performed in the next section.

Short Conclusion
Overall, the Generalized Hyperbolic Distributions appear to fit the data quite well when we consider
the Value at Risk and the Expected Shortfall and make comparisons between the empirical and the
theoretical ones.
Slight discrepancies show, however, at the tips of the tails. For the losses, Bitcoin and Ripple
appear to be modeled very well by the Generalized Hyperbolic Distributions fitted, but the risks
for Litecoin are slightly overestimated and the risks for Ethereum are grossly underestimated.
When it comes to the profits, however, the gains for Litecoin appear to be captured really well by
the Generalized Hyperbolic Distribution fitted, whereas the gains for Bitcoin and Ethereum appear
to be grossly overestimated and the gains for Ripple appear to be grossly underestimated.
This is once again indicative of a fat right tail for Ripple.

The results are consistent with the QQ-plots that were obtained in section 3.4 for Bitcoin and
the QQ-plots for the other cryptocurrencies that can be found in the appendix.
Overall, these results confirm that the far ends of the tails are not always captured well by the best
fitting distributions, and that we need to be careful with our interpretations.
Whereas the Generalized Hyperbolic Distributions fit the data well, the far end of the tails need
to be examined seperately in order to make conclusions with respect to the risks and the potential
gains that can be made.

A closer look at the tails will be taken in the next section: Testing for Paretianity.

3.5 Testing for Paretianity

In this section, Bitcoin, Litecoin, Ripple and Ethereum will be tested for Paretianity, that is, Pareto Dis-
tributions will be fitted on both the tail for losses as well as the tail for profits, for all four cryptocurrencies.

3.5.1 Losses

First, the Bitcoin losses will be analyzed. Based on earlier results, like the excess kurtosis (a value > 3)
that was obtained in section 3.1, table 2, indicating relatively many extreme values, as well as the negative
skewness measure that was obtained, the expectancy is that fat tails will be observed, especially for the
losses. Also, in section 3.3 we noticed that the losses were more extreme than the profits.

First, a Zipf plot is given for Bitcoin, based on the log losses of the daily exchange rates in figure
16:
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Figure 16: A Zipf plot for Bitcoin losses

Looking at this plot, it is visible from the shape of the graph that (at least a large part of) the data does
not appear to be Pareto distributed.
Remember that in order to speak of a fat tail, a linear straight line is expected to show in the Zipf plot.

When we use R to obtain parameters for β and ξ, we obtain, using the maximum likelihood parame-
ters, the values β ≈ 0.028 (with a standard error of 0.003) and ξ ≈ 0.143 (with a standard error of 0.075).
Given these parameter estimates and standard errors that were obtained, the shape parameter ξ does not
indicate an extremely fat tail here: at least the first 7 moments are expected to be finite, and therefore
there is no reason to believe that the Bitcoin losses are Pareto distributed.

Taking into consideration only those losses that are greater than β ≈ 0.03, we obtain the Zipf plot
in figure 17, strengthening the hypothesis that Paretianity does not seem to be present for Bitcoin losses,
as there is no negative straight line visible in the plot.

Figure 17: A Zipf plot for Bitcoin losses above threshold β ≈ 0.03

It therefore appears that, even though extreme values were expected for Bitcoin losses, the values are not
extreme enough to be modeled using a Pareto Distribution.
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Also, when we compare this result to the one found by [21], who found values β ≈ 0.02 and ξ ≈ 0.27, we
can conclude that the tail has become less heavy since 19 months ago, as we obtained a smaller value for
the shape parameter.
If we now look at the other cryptocurrencies, we obtain for Litecoin the following Zipf plot in figure 18

Figure 18: A Zipf plot for Litecoin

Based on earlier results for Litecoin in sections 3.1 and 3.3, we would expect Litecoin to be Pareto dis-
tributed. The level of kurtosis, for example, turned out to be relatively high, also compared to Bitcoin.
Also, Litecoin came out second in terms of volatility in section 3.2 and the Values at Risk and values for
the Expected Shortfall in section 3.3 were indicative of some extreme tail behavior as well.
Looking at this plot, the tail for the losses might seem to be Pareto distributed.

When we use R to obtain parameters for β and ξ, we obtain, using the maximum likelihood parame-
ters, the values β ≈ 0.027 (with a standard error of 0.002) and ξ ≈ 0.299 (with a standard error of 0.075).
Given the parameter estimates and standard errors, indicating at least an infinite fourth moment (and
perhaps even an infinite third moment), Paretianity appears to be present in the tail for the losses.
It also stands out that the value obtained for the shape parameter is larger than the one for Bitcoin,
therefore exhibiting heavier tail behavior than Bitcoin, which is consistent with earlier findings. Taking
into consideration only those losses that are greater than β ≈ 0.03, we obtain the Zipf plot in figure 19,
strengthening the hypothesis that Paretianity might be present for Litecoin losses.
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Figure 19: A Zipf plot for Litecoin losses above threshold β ≈ 0.03

When we compare the results to those by [21], who found values β ≈ 0.03 and ξ ≈ 0.23, we observe that
the tail for the Litecoin losses has become somewhat heavier in the last 19 months, as opposed to Bitcoin
that became less heavy.

Then, moving on to Ripple, we obtain figure 20

Figure 20: A Zipf plot for Ripple

Out of all four cryptocurrencies, Ripple stood out most with respect to its extreme returns. Remember
we obtained for the log returns, a value of kurtosis of approximately 41.6, indicating the presence of
extreme values (even compared to Bitcoin and Litecoin). Also, in section 3.3 we obtained that, for the
losses, Ripple appeared to produce somewhat more extreme values than Litecoin. Therefore, considering
Litecoin has a Paretian tail, the same might be the case for Ripple.
When we take a look at the Zipf plot in figure 20, we observe similar behavior as we did for Litecoin.
If we then estimate the parameters once again, we obtain the maximum likelihood estimators β ≈ 0.024
(with standard error of 0.002) and ξ ≈ 0.300 (with a standard error of 0.065), similar to the parameters
we obtained for Litecoin indeed, with infinite fourth and maybe even third moment. If we then zoom in
to the part where Paretianity might possible be observed, we obtain figure 21,
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Figure 21: A Zipf plot for Ripple losses above threshold β ≈ 0.02

and, as for Litecoin, the tail of the Ripple losses appears to follow a Pareto Distribution.

When we compare the results to those by [21], who found values β ≈ 0.03 and ξ ≈ 0.26, we observe
that the tail for the Ripple losses has also become heavier in the last 19 months.
Finally, for Ethereum, we obtain figure 22:

Figure 22: A Zipf plot for Ethereum

When we use R to obtain parameters for β and ξ, we obtain, using the maximum likelihood parameters,
the values β ≈ 0.033 (with a standard error of 0.003) and ξ ≈ 0.165,(with a standard error of 0.066)
indicating there is no Paretianity to speak of, i.e. no fat tail for the losses.

This is confirmed by a new Zipf plot in figure 23, zooming in at the far end of the tail for log losses
greater than 0.03.

51



Figure 23: A Zipf plot for Ethereum losses above threshold β ≈ 0.03

Unfortunately, the parameters obtained cannot be compared to previous research, as Ethereum was not
included here.

To summarize, we have obtained the following parameters (and standard errors) for the Generalized
Pareto Distribution for the log losses, using a threshold value of 0.01:

β (scale) ξ (shape)
Bitcoin 0.028 (0.001) 0.143 (0.075)
Litecoin 0.027 (0.002) 0.299 (0.075)
Ripple 0.024 (0.001) 0.300 (0.065)
Ethereum 0.033 (0.003) 0.165 (0.066)

Table 32: Losses: maximum likelihood estimates (with standard errors) for the Generalized Pareto
Distribution

From table 32 we can conclude that the shape parameters for Litecoin and Ripple appear to be highest,
and therefore the most extreme observations come from these two cryptocurrencies. For Litecoin and
Ripple, the losses are also more extreme compared to two years ago, based on the results by [21].
The Bitcoin losses, however, appear to have become less extreme. For Ethereum, no comparison could
be made.

3.5.2 Profits

For the profits, it is also interesting to examine the tail behavior of Bitcoin, Litecoin, Ripple and Ethereum.
For Bitcoin, considering the slight negative skew obtained in section 3.1, and the fact that even the losses
turned out not to be Paretian distributed, we expect the shape parameter for the profits to be even lower,
and therefore the profits for Bitcoin are expected not to be Pareto distributed.
However, given the extreme value of Kurtosis for Ripple, and the fact that Ripple appeared to have the
most significant positive skew, it is expected that the profits for Ripple will show some Paretianity. For
the losses, we obtained ξ ≈ 0.3 for Ripple, so for the profits we expect ξ to exceed this value at least.
We have, once again, used R to obtain maximum likelihood parameters for the Generalized Pareto Distri-
bution, and obtained the following parameters (along with standard errors) for the four cryptocurrencies
of interest in table 33:
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β (scale) ξ (shape)
Bitcoin 0.026 (0.002) 0.068 (0.052)
Litecoin 0.031 (0.003) 0.356 (0.076)
Ripple 0.032 (0.003) 0.443 (0.078)
Ethereum 0.056 (0.005) 0.008 (0.060)

Table 33: Profits: maximum likelihood estimates for the Generalized Pareto Distribution

Figure 24 shows four Zipf plots corresponding to the tails of the profits for all four cryptocurrencies.

Figure 24: Zipf plots for profits above thresholds β provided in table 33

What stands out is that the shape parameters for Bitcoin and Ethereum are very low (ξ ≈ 0.07 and
ξ ≈ 0.01 respectively). Based on these values, the tails are highly likely not Pareto distributed. For
Litecoin and Ripple, however, the values that were obtained (ξ ≈ 0.36 and ξ ≈ 0.44 respectively), appear
to be even higher than the values for the losses. Especially for Ripple, the shape parameter, combined
with the standard error, is indicative of an extremely fat tail. This is consistent with earlier findings (the
value for Kurtosis, but also the Value at Risk and Expected Shortfall values for the profits were indicative
of extreme tail behavior).
For Litecoin, Paretianity is also suspected based on the values obtained combined with our findings from
previous sections.

Unfortunately, the results obtained cannot be compared to previous research done by [21], as they only
took into account the losses, not the profits.

Short conclusion For Litecoin and Ripple, Paretianity was expected based on the Descriptive Statistics
obtained in section 3.1, and the Values at Risk and Expected Shortfall values obtained in section
3.3, and the values in table 32 and 33 confirm our expectations: for Ripple, fat tails were observed,
especially for the profits but also for the losses. Also, for the Litecoin profits and losses, at least
mildly fat tails appear to be present in the data.
It also stands out that, compared to the losses, the shape parameters for Bitcoin and Ethereum are
lower for the profits, whereas for Litecoin and Ripple this appears to be the other way around.
Compared to previous research done by [21], the left tail for Bitcoin has become less fat, whereas
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for Litecoin and Ripple, the tails have become fatter. For Ethereum, no comparison could be made.
For the profits, no comparisons could be made either, unfortunately.

3.6 Maximum to Sum

In this section, Maximum to Sum ratios will be plotted against n to see whether our results from section
3.5 will be confirmed.
As explained in section 2.6, we are interested in the convergence of Rn(p) : we want lim

n→∞
Rn(p) = 0 to

be able to assume that the p−th moment is finite.

• First, for Bitcoin, the following plot (25) is obtained, based on the absolute values of the log returns:

Figure 25: Maximum to Sum ratios for Bitcoin log returns, powers 1 to 4

From figure 25 we can conclude that the sequences appear to converge to 0 and therefore, the mean,
variance, skewness and kurtosis appear to be finite.
This is in accordance with our findings from section 3.5, where we did not observe extremely heavy
tails when testing for Paretianity.

• For Litecoin, there appears to be convergence for the first two moments p = 1, 2 (figure 26), and
maybe for p = 3, although this is less clear from the (lower left) plot.
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Figure 26: Maximum to Sum ratios for Litecoin log returns, powers 1 to 4

Based on the resulting plots for Litecoin in figure 26 and our findings from sections 3.1 and 3.5, it
might be interesting to examine the losses and the profits seperately. Maximum to Sum plots for
the losses and the profits can be found in figures 27 and 28 respectively:
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Figure 27: Maximum to Sum ratios for Litecoin losses, powers 1 to 4
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Figure 28: Maximum to Sum ratios for Litecoin profits, powers 1 to 4

By examining the losses and the profits seperately, it becomes especially clear that for p = 3 and
p = 4 the sequences do not seem to converge: both the plots for the Litecoin losses as well as the
ones for the Litecoin profits indicate that the data come from distributions with infinite third and
fourth moment. This is consistent with the values we found for the skewness and kurtosis in table
2, equal to 0.71 and 13.964 respectively, which were relatively high compared to the ones for Bitcoin
and Ethereum (but not Ripple), and is also consistent with our findings from section 3.5 where we
assumed the Litecoin losses and profits appear to follow a Pareto Distribution.

• For Ripple (figure 29), we also observe that only the mean and variance (first and second moment)
appear to be finite; for p = 3 and p = 4, the sequences do not converge to 0.
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Figure 29: Maximum to Sum ratios for Ripple log returns, powers 1 to 4

In fact, based on the upper right plot of figure 29, even for p = 2, the convergence is not so clear.
When we again examine the Ripple losses (figure 30) and Ripple profits (figure 31) seperately, it
can be confirmed that both sides of the distribution produce extreme values and we are dealing
with infinite third and fourth moments:
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Figure 30: Maximum to Sum ratios for Ripple losses, powers 1 to 4
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Figure 31: Maximum to Sum ratios for Ripple profits, powers 1 to 4

These results are consistent with earlier findings in section 3.1: the values we found for the skewness
and kurtosis in table 2, equal to 3.132 and 41.637 respectively, which were extremely high compared
to the values for the other three cryptocurrencies. Also, when we tested for Paretianity in section
3.5 we observed, especially for the profits, extremely fat tails for Ripple.

• Finally, Maximum to Sum plots are provided for Ethereum in (figure 32):
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Figure 32: Maximum to Sum ratios for Ethereum log returns, powers 1 to 4

The plots in figure 32 confirm our expectations based on earlier findings: all moments appear to be
finite, as there are no significant deviations from 0.
This is in accordance with the values we obtained in sections 3.1 for skewness and kurtosis, and
also with the results we obtained when we tested the Ethereum losses and profits for Paretianity,
as they did not appear to be Pareto distributed.

Short Conclusion
The plots in figures 25 to 32 are consistent with earlier findings: the distributions of the log returns
for Bitcoin and Ethereum do not appear to have fat tails, but the ones for Litecoin and especially
Ripple, do. Here, we see that the higher order moments (p = 3, p = 4) do not appear to converge.
For Bitcoin and Ethereum, the sequences seem to converge for all p.
This is consistent with our findings in section 3.1, where we observed extreme skewness and kurtosis
levels for Litecoin and Ripple, and in section 3.5 where we concluded that the Ripple tails appeared
to follow a Pareto Distribution, and the ones for Litecoin appeared to as well.
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4 Conclusion

With the emergence of Bitcoin in 2009, and more and more altcoins entering the market ever since,
cryptocurrencies are very popular today. In this research paper, the behavior of the log returns of four
cryptocurrencies, Bitcoin, Litecoin, Ripple and Ethereum, was investigated based on daily exchange rates
from January 2015 until April 2018 for Bitcoin, Litecoin and Ethereum, and from January 2016 until
April 2018 for Ethereum.
Here, a special emphasis was placed on the occurrence of extreme values.
Several research methods have been used in an attempt to answer the following research question:

How do the returns of Bitcoin and other altcoins behave over time, and what can we
say about extreme values for losses and profits?

Comparisons have been made with respect to previous research conducted on this topic, to see how
the behavior of the returns has changed since 2016, considering big changes have taken place in the
cryptocurrency market since then (altcoins have taken up a significantly larger market share since then,
and also, a huge market crash took place during the last few months of 2017, likely affecting investment
strategies and therefore the behavior of returns).
Also, Ethereum was not included in most earlier studies, because of its relatively short existence, but
it has been included in the current research, providing valuable information with respect to the topic,
considering Ethereum ranks second place, right after Bitcoin, based on market capitalization.

Previous research conducted by Osterrieder et. al. [21] suggested that the returns of cryptocurren-
cies were extremely volatile, exhibiting heavier tail behavior than traditional fiat currencies.
In the current research, 19 months later, this still appears to be true.
Volatility results show an annual volatility of about 70% for Bitcoin, much higher than traditional stocks,
although explicit comparisons between cryptocurrencies and stocks are not included in this research.
For Litecoin, Ripple and Ethereum, volatility levels were even higher.Especially Ethereum, the ‘youngest’
cryptocurrency of all four, turned out to have extreme annual volatility rates of around 130%.

Given the relatively high volatility rates, a large emphasis has been placed on the risks with respect
to investments in cryptocurrencies, but of course, potential gains were also investigated.
Useful information with respect to the behavior of the returns was provided by, for example, summary
statistics in section 3.1.
Here, the values of skewness and kurtosis provided the most information: Bitcoin appeared to be nega-
tively skewed, but the other three cryptocurrencies showed positive skews, which was especially clear for
Litecoin and Ripple. When not taking into account the most extreme values, Bitcoin also appeared to
be positively skewed.
Here, it must also be kept in mind that negative skewness does not necessarily imply negative returns,
as a significant area left of the mean can still be positive.
The kurtosis values made it clear that all four cryptocurrencies come from distributions with many
extreme values compared to the Normal Distribution. For Litecoin and especially Ripple, the highest
kurtosis values were obtained, indicating the possibility of extremely fat tails for these two cryptocurren-
cies. Combined with the positive skews, the expectation was that this was especially true for the right
tails.
For Ripple, this was again confirmed by the analyses performed in section 3.3 taking into account the
Value at Risk and Expected Shortfall. Here, Bitcoin turned out to be both the least risky and the least
profitable, whereas Ripple, which always ranked first or second on the Expected Shortfall, could be con-
sidered the most risky and most profitable of all four cryptocurrencies.

For Bitcoin, the left tail has also become less fat compared to research by [21]. For Litecoin and Ripple,
on the contrary, the left tails have become fatter.
This means that, when investing in cryptocurrencies, one can expect to lose a substantial portion of their
investment during extreme events, when deciding to invest in Ripple or Litecoin (although it must be
kept in mind that in general, the mean return is still positive). It can therefore be stated that, when
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investing in Ripple or Litecoin, one is taking a relatively big risk compared to before and also compared
to Bitcoin, which has, on the contrary, proven to have become less risky than it was before.
To make an explicit comparison, the losses for Bitcoin came down to 6.6% once every 20 days, with
an expected loss of 10.4%, whereas for Ripple we obtained losses of 7.8% once every 20 days, with an
expected loss of 13.7%.
Bitcoin can therefore be considered a ‘safer’ bet when it comes to making a decision with respect to what
cryptocurrency to invest in, compared to for example Ripple. However, the expected loss is still substan-
tially greater when investing in cryptocurrencies in general, compared to traditional stocks (although no
explicit comparisons to any of those were made in this research).
For the profits, the difference between Bitcoin and Ripple was even greater, with gains of 6.3% and
expected gains of 9.5% for Bitcoin as opposed to gains of 10.2% with expected gains of 21% for Ripple,
based on the 0.95 percentile.
What this means is that, when deciding to invest in Bitcoin as opposed to Ripple, while this can be consid-
ered a safer bet, the expected gains are also substantially less. An investor that could afford to lose some
money and is more interested in some quick, extreme gains, might therefore want to go for Ripple instead.

Consistent with the results aforementioned, when the tails were tested for Paretianity, the ones for
Ripple and Litecoin appeared to be fat enough to be considered Pareto distributed. The gains for Ripple
resulted in the highest value for the shape parameter of ξ ≈ 0.44 with a standard deviation of approxi-
mately 0.08), which is consistent with the highest value for kurtosis that was obtained for Ripple, as well
as the earlier results with respect to the Value at Risk.
This suggests that, out of the four cryptocurrencies under investigation, Ripple did exhibit tail behavior
as heavy as initially expected, especially for the profits, together with Litecoin, which turned out to have
the second fattest tail of all four.
For investors, this means that, based on the data from the past three years, extremely high profits are
to be expected when investing in Ripple and Litecoin.
The losses turned out to be slightly less extreme but might still be considered Pareto distributed for
Ripple and Litecoin.
Bitcoin and Ethereum appeared not to follow a Pareto Distribution, not for the losses nor the profits:
these did not exhibit extreme tail behavior.

Another important aspect of this research was the fitting of distributions on the returns of Bitcoin,
Litecoin, Ripple and Ethereum. As it turned out, the returns for all four cryptocurrencies appeared to
be best modeled by the Generalized Hyperbolic Distribution. Visualizations appeared to be very useful
here in order to provide some intuition with respect to the best fitting distributions, which were later
confirmed by the Kolmogorov-Smirnov and Chi-Square statistics. The Kolmogorov-Smirnov statistic did,
however, tend to overestimate how good the fit really was; for the Chi-Square statistic, the results were
somewhat less convincing, although they were still statistically significant. Also, when more than five
bins were used, the empirical and theoretical distributions were not similar according to the Chi-Square
statistic.

Apart from the fact that Generalized Hyperbolic Distributions appeared to fit the data best for all
four cryptocurrencies, it became clear from the plots that the areas where the distributions sometimes
did not make a good fit, were indeed the tails, as was expected.
This is in accordance with the results found when comparing the theoretical and empirical distributions
with respect to the Value at Risk and Expected Shortfall for the losses: at the far ends of the tails (consid-
ering quantile 0.01), the theoretical distribution for Litecoin appeared to overestimate the risks at the far
end of the tail, whereas the one for Ethereum appeared to grossly underestimate the risks by more than
3%. For Bitcoin and Ripple, however, the Generalized Hyperbolic Distribution appeared to fit the data
quite accurately, even at the tails. For the gains, a different conclusion was made: the Generalized Hy-
perbolic Distribution appeared to overestimate the gains for Bitcoin and Ethereum, whereas the gains for
Ripple were in fact, underestimated (which is again consistent with the extremely fat right tail for Ripple).

To summarize, the behavior of the log returns appeared to be best described by Generalized Hyper-
bolic Distributions. The tails, however, needed to be considered seperately, as the distributions did not
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always appear to fit the tails so well for all four cryptocurrencies.
When the tails were tested for Paretianity, the ones for Bitcoin and Ethereum turned out to be less heavy
than expected, but for Ripple and Litecoin, the left tails were heavier than expected based on previous
research, and the right tails turned out to be even heavier.

For the investor, there is no straight answer when it comes to deciding on the ‘best’ cryptocurrency
to invest in. This really depends on your risk profile: all results considered, Bitcoin might be seen as a
relatively ‘safe’ bet compared to the other three cryptocurrencies, being the least volatile of all four and
exhibiting the smallest values when it comes to the Value at Risk and the Expected Shortfall for the left
tail, representing the losses, while on the long run still showing dramatic increases in value, as was clear
from the time series plots.
However, an investor that could afford to lose some money on occasion, and is interested in some short-
term, extreme gains, might decide to invest in Ripple, Litecoin, or even Ethereum, which have also shown
tremendous gains in the past.
A word of advice, however, is to never invest more than you can afford to lose, in any of the cryptocur-
rencies, as nothing is certain and extreme losses are not uncommon.

Shortcomings, possible explanations and/or solutions for the results just described, will be addressed
in section 5, the Discussion section, along with future recommendations for further research.
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5 Discussion

As summarized in section 4, the log returns are best described by Generalized Hyperbolic Distributions,
apart from the far end of the tails.
The tails for Bitcoin and Ethereum did, however, not appear to be Pareto distributed: they were less
extreme than expected. For Litecoin and Ripple, Paretianity is suspected to be present in the data,
especially for the right tails: the profits.
In this section, shortcomings of the methods used will be addressed. When possible, solutions or ideas
for future research are discussed.

First of all, results obtained in the current research, were often compared to results from previous re-
search, out of interest to see how things have changed since approximately two years ago.
Given the fact that a lot has happened in the past years, like an extreme crash in the market and a
shift in market share where altcoins have taken up a much larger share, as explained in the Introduction
(section 1), we were interested to see how this influenced the results. However, we cannot be certain that
differences that were obtained, can be attributed to these specific events. Market forces are generally
very complex and therefore observed changes could be attributed to many other factors as well.

Other general comments on the current research can be made with respect to the comparisons between
Bitcoin, Litecoin, Ripple and Ethereum.
First of all, for Ethereum, less data was used, simply because less data is available due to its emergence
only late 2015.
Comparisons could therefore have been easier to make if the exact same time intervals were used (so if
we, for example, used data for Bitcoin, Litecoin and Ripple starting from 2016 as well).
Also, it would have been interesting to make comparisons with regular fiat currencies, like the EURO,
commodities or equities, when making statements with respect to, for example, volatility.
Doing so would have given an even better impression of the volatility of cryptocurrencies in general, as
opposed to only comparing them to each other.
Finally, the four cryptocurrencies under investigation are all considered high-caps (given their positions
with respect to market capitalization, which are 1,2,3 and 5 for Bitcoin, Ethereum, Ripple and Litecoin,
respectively (on 18 June 2018; note that the positions frequently change).
It would also have been interesting to include one of the cryptocurrencies that are considered to be low-
caps (with a market capitalization of, for example, below 500 million USD).
For the current research, however, cryptocurrencies were selected based on the amount of data available,
and it is not so easy to select a low-cap cryptocurrency that is currently considered to be promising with
respect to its technical applications, for which there is also sufficient data available to perform useful
analyses.

In section 3.2, volatility was analyzed for all four cryptocurrencies. Here, the daily log returns were
considered, but it would also have been interesting to analyze weekly, or even monthly volatility rates.
This would eliminate day-to-day fluctuations and therefore give a more general impression of the long
term volatilities. In future research, this could be taken into account.
On the other hand, it would also be interesting to consider shorter time intervals instead of longer ones. In
the current research, data was used based on the daily exchange rates obtained from [3]. One of the main
advantages when it comes to cryptocurrency analyses, is, however, the fact that a lot of data is available,
and even exchange rates with time intervals of as short as one minute, could be obtained if wanted. It
would then be interesting to ‘zoom in’ to a specific period in time, for example to the beginning of the
large market crash in December 2017, and analyse the volatility and the risk during that period in time
using time intervals of only minutes.
Such analyses could provide useful information with respect to the risks in future crises, or for example
for companies where purchases can be made using cryptocurrencies.
Also, one of the results that was obtained, was that the empirical and theoretical distributions differed
somewhat with respect to the Value at Risk and Expected Shortfall: at the beginnings of the tails, the
theoretical distributions, which were Generalized Hyperbolic Distributions, (slightly) underestimated the
losses and also the profits, but at the end of the tails, both the losses as well as the risks were mostly
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overestimated (apart from the ones for Bitcoin and Ethereum, where it was the other way around for
the losses). It would be interesting to further investigate the reason as to why this phenomenon occurs.
Perhaps if a certain percentage of the most extreme values were to be eliminated from the data, such that
the outliers would not influence the theoretical distribution so much, a different result would arise. Then
again, it is, after all, the extreme values we’re most interested in, and therefore, for now, the decision was
made not to exclude any data.

In section 3.4, theoretical distributions were fitted to the daily log returns.
The goodness of fit tests that were used to determine how well each of the distributions described the
behavior of the returns, were the Kolmogorov-Smirnov and the Chi-Square statistics.
There are of course, many other ways to determine whether a certain distribution fits the data well. The
authors of [4], for example, used, apart from the Kolmogorov-Smirnov statistic, several information crite-
ria, such as the Akaike information criterion and the Bayesian information criterion. In future research,
distributions could be fitted more thoroughly by making use of criteria such as these.

Also, what stood out was that for the Chi-Square test, when making use of 5 bins, the results were
consistent with the Kolmogorov-Smirnov statistics: the Generalized Hyperbolic Distributions were the
best fits. However, when 10 bins were used, the results were surprising: for Ripple and Ethereum, the
Normal Inverse Gaussian suddenly appeared to fit the data better than the Generalized Hyperbolic Dis-
tribution.
It would be interesting to further look into that, as it might have something to do with the difference in
nature between the Kolmogorov-Smirnov and the Chi-Square tests. Whereas the Kolmogorov-Smirnov
test only looks at the maximal distance D between the empirical and theoretical distribution, the Chi-
squared test takes into account all data points, by comparing the number of data points per bin.
Finally, in future research it would be interesting to perform the same analyses that were used in this
research, but instead of making use of the entire dataset, consisting of data for over three years, this
could be handled differently. For example, a distinction could be made between so-called ‘bull’ markets
(characterized by optimism and expectations of continuously strong results) and ‘bear’ markets (char-
acterized by falling prices and pessimism), when the market is into a phase of almost constant increase
or decrease, respectively. It would be interesting to see how volatilities and risk measures differ when
distinguishing between these two types of markets.

Also, one might wonder how relevant data from three years ago really is today, anyway.
Perhaps it would be better to look at more recent data, or maybe put more weight on recent data than
on data further in the past, by using for example exponentially decaying weights.

Finally, and perhaps the most interesting suggestion for future research, would be to investigate how
to diversify between the four cryptocurrencies investigated, and consider the effects diversification would
have on for example the Value at Risk and the Expected Shortfall. After all, one of the main advantages
of risk management are the gains that can be obtained via diversification. Correlations between the
four cryptocurrencies as well as copulas could be taken into account here as two measures of dependence
between the cryptocurrencies. It would be interesting to investigate what linear combination of the cryp-
tocurrencies might result in the least risky portfolio, or the most profitable one.
All in all, a lot of topics were investigated, but there are still many improvements and ideas for future
research concerning the returns of cryptocurrencies.
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6 Appendix

6.1 Datasets

Data that was used, was retrieved from [3], more specifically:

Bitcoin:
https://coinmarketcap.com/currencies/bitcoin/historical-data/
For Bitcoin, data was obtained from January 1, 2015 until April 26, 2018.

Litecoin:
https://coinmarketcap.com/currencies/litecoin/historical-data/
For Litecoin, data was obtained from January 1, 2015 until April 26, 2018.

Ripple:
https://coinmarketcap.com/currencies/ripple/historical-data/
For Ripple, data was obtained from January 1, 2015 until April 26, 2018.

Ethereum:
https://coinmarketcap.com/currencies/ethereum/historical-data/
For Ethereum, data was obtained from January 1, 2015 until April 26, 2018.

From these, the daily closing prices were used as daily exchange rates.

6.2 Plots

Figure 33: Boxplots based on log returns for Bitcoin
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Figure 34: Boxplots based on log returns for Litecoin

Figure 35: Boxplots based on log returns for Ripple
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Figure 36: Boxplots based on log returns for Ethereum

Figure 37: Fitting of distributions on Litecoin log returns
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Figure 38: Fitting of distributions on Litecoin log returns
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Figure 39: Corresponding QQ-plots for distribution fits on Litecoin log returns
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Figure 40: Corresponding QQ-plots for distribution fits on Litecoin log returns
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Figure 41: Corresponding QQ-plots for distribution fit on Litecoin log returns

75



Figure 42: Fitting of distributions on Ripple log returns

Figure 43: Fitting of distributions on Ripple log returns
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Figure 44: Corresponding QQ-plots for distribution fits on Ripple log returns
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Figure 45: Corresponding QQ-plots for distribution fits on Ripple log returns
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Figure 46: Corresponding QQ-plots for distribution fit on Ripple log returns
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Figure 47: Fitting of distributions on Ethereum log returns

Figure 48: Fitting of distributions on Ethereum log returns
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Figure 49: Corresponding QQ-plots for distribution fits on Ethereum log returns
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Figure 50: Corresponding QQ-plots for distribution fits on Ethereum log returns
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Figure 51: Corresponding QQ-plots for distribution fit on Ethereum log returns

6.3 Source code

Source code can be provided upon request.
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