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Abstract Localized waves in an Euler–Bernoulli
beam on a weakly nonlinear elastic foundation, which
has a specific weakly nonlinear structural damping,
and is under the action of a moving (constant speed)
concentrated load, are studied. A structural nonlin-
ear damping, and a damping in the elastic foundation
are taking into account. New approximation formulas,
which describe in one expression both linear and non-
linear damping characteristics depending on the model
parameters, are found. The localized approximations
of the solutions of the weakly nonlinear problem have
been obtained by using the Ritz method and perturba-
tion techniques. Relatively simple formulas obtained
for the asymptotic localized solution, show that the
nonlinearity in the elastic foundation leads to smaller
amplitudes in the displacements than in case of a lin-
ear foundation. The nonlinearity also leads to a smaller
value of the critical velocity in the considered system
compared to the linear case. The coefficient introduced
in the weakly nonlinear elastic foundation also leads to
a larger cut-off frequency in the system as compared
to the linear case. Another property and effect of the
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nonlinearity in the elastic foundation is that at a “veloc-
ity resonance” the amplitudes of displacement remain
finite even when damping (viscosity) is absent. The
critical velocity for the weakly nonlinear problem has
also been obtained, and the stability of the localized
solution, which depends on the system parameters, is
investigated.

1 Introduction

The dynamics of a beam, when it is under the action
of a moving load, has already a rich and 120 years
history of research starting in the works [1,2]. The
motivation to consider such problems for beams is
their importance in geotechnics, and in marine, rail-
way track, pavement, and in aerospace engineering.
Since that starting time, thousands of papers were pub-
lished devoted to different aspects of the problem.
The reviews on the subject of dynamics of finite and
infinite beams on elastic and viscoelastic foundations
under the action of different types of moving loads can
be found in [3–8]. The existing literature devoted to
problems of moving loads include papers which refer
to all kinds of beams (Euler, Timoshenko, Rayleigh,
E-B- von Karman etc., see [3,9–13,16,17]), which
lie on different types of foundations (Winkler, Reiss-
ner, Filonenko-Borodich, Pasternak, non-uniform, uni-
lateral, viscoelastic, elastic-plastic, random etc., see
[3,6,7,18–21,24–27]), and under the action of various
alternatives for a moving load and spring mass sys-
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tems (see[5,6,11,13,22,25,26,28,29]). Probably the
first paper devoted to the steady-state solution of the
problem for a physically and geometrically nonlinear
beam under the action of a moving load was proposed
in [14]. In [14] the first correction to the linear solutions
was found by using Poincare-Lindstedt expansions for
subcritical and supercritical load speeds.A simple solu-
tion for “supercritical load speeds for elastic-plastic
beams and foundation materials”, was also proposed.
But a mathematical justification of the existence of
the proposed form of the solution was not presented.
In [15] “the response of infinite beams on nonlinear
visco-elastic foundations subjected to harmonic mov-
ing loads” was studied. The author used a perturbation
method, the Fourier transform method, and Cauchy’s
residue theorem to get a solution. The approximation
obtained, however, gives only partial characteristics of
the system. Moreover the method is inefficient for a
parametric analysis, and the method might be inaccu-
rate in some cases due to the complexity of computing
residues as mentioned in [28]. In [28] a semi-analytical
approach to study the dynamic response of a Timo-
shenko beam “resting on a nonlinear elastic founda-
tion and subjected to a moving load represented by
a series of distributed loads harmonically varying in
time”, was presented. The approach is based on the
Adomian decomposition method combined with the
wavelet-based approximation method of Coiflet type.
The approximation obtained, is difficult to use for a
physical interpretation as mentioned by the authors.
The same approach was used in [10] to solve a simi-
lar problem for a Rayleigh beam on a nonlinear foun-
dation. In[20] an infinite Euler–Bernoulli beam rest-
ing on a locally inhomogeneous and nonlinear Winkler
foundation, subjected to a moving load, was investi-
gated. The Winkler foundation is characterized by a
piecewise-linear stiffness, and the system thus behaves
piecewise linearly. The solutionwas obtained by apply-
ing the Laplace transform method in combination with
the Finite Difference Method for the spatial discretiza-
tion. As a result, the authors obtained “a computation-
ally efficient solution method for an infinite beam sys-
tem”. This system exhibits nonlinear behaviour, and
the influence of the foundation’s nonlinear behaviour
on the generated waves (i.e.,transition radiation), and
on the resulting plastic deformation can be described.
In [23] the authors investigate transient wave prop-
agation in a 1-D gradient model with material non-
linearities. The study reveals that material nonlineari-

ties lead to “energy exchange: kinetic/potential energy
decreases/increases over time”. Also in the presence
of damping, it was found that small-amplitude waves
travel opposite to the main wave direction. In [8] the
oscillations of a finite beam resting on a nonlinear
Kelvin–Voigt viscoelastic foundation subjected to a
moving load, has been investigated. The investigation
was performed by using the Galerkin method and the
multiple scales perturbation method. The influence of
“different parameters (such as the magnitude of the
load speed, the foundation nonlinearity and the damp-
ing coefficients) on the frequency responses”, were
investigated as well. The Galerkin procedure was also
used in [12] to investigate the dynamics of a simply-
supported, finite length Euler–Bernoulli beam resting
on a linear, and on a nonlinear viscoelastic foundation.
In [13] the authors “analytically study the steady state
responses of an infinite Euler–Bernoulli beam rest-
ing on nonlinear viscoelastic foundation under a har-
monic, moving load”. The governing nonlinear partial
differential equation for the beam motion was “con-
verted to two nonlinear Volterra integral equations
by using the Fourier transform method, the residues
theorem and the convolution theorem”. The modi-
fied Adomian decomposition method was applied to
obtain approximate analytical solutions for the steady
state responses of the beam. In [9] the authors investi-
gate the dynamic responses of an infinite Timoshenko
beam supported by a nonlinear viscoelastic founda-
tion subjected to a moving concentrated force. The
governing differential equations are solved by using
the Adomian decomposition method, a perturbation
method, and the Fourier transformation method. A
semi-analytical model to describe a periodically sup-
ported Euler–Bernoulli beam on a nonlinear founda-
tion was proposed in [30]. The authors of [30] use
the Fourier transform method to obtain the relation
between the displacement of the beam and the reac-
tion forces of its supports in steady state. The authors
of [24] consider the problem of the wave propaga-
tion in an Euler–Bernoulli beam resting on a unilat-
eral (tensionless) elastic foundation. Some “physically
admissible” analytical solutions were found and ana-
lyzed. In[25] the authors investigate the effect of non-
linear terms, which occur due to a geometric nonlin-
earity, on the dynamic response of the mass-beam-
foundation system. Under the assumption that the iner-
tial effect in the axial direction is negligible, the two
equations of motion reduce to one. The infinitely long
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beam was replaced by a sufficiently long finite beam
after which a harmonic expansion method to discretize
the partial differential equations of motion, was used.
The nonlinear dynamics of beams on a nonlinear, frac-
tional viscoelastic foundation subjected to a moving
load with a variable speed, was considered in [26].
The geometric nonlinearity of the beam and the non-
linearity of the foundation were taken into account. To
solve the problem approximately the authors applied
a Galerkin procedure and a “numerical method based
on the finite difference method”. In [31] an incremental
harmonic balancemethodwas used to study the steady-
state responses of a pinned-pinned beam on a nonlin-
ear viscoelastic foundation due to harmonic loads. The
incremental harmonic balance method is coupled to a
parameter continuation technique to find the nonlin-
ear frequency response of the system. Also numerical
research results involving the dynamics of beams on
nonlinear foundations subjected to moving loads,can
be found in [16,18,27,32,33]. The numerical methods
are very efficient tools, which are widely used in engi-
neering practice, but are not, of course, able to provide
closed form solutions. Moreover, it might be hard to
find bifurcations in the problem by only using numeri-
cal methods. Closed form approximations of the solu-
tions can be useful for numerical case studies, because
they can provide a deeper and simpler engineering esti-
mate and understanding of the problem. That is the
reason why we, in this paper concentrate on analytical
methods. In this paper we consider the dynamics of an
infinite beam under the action of a concentrated load
which ismoving along the infinite beamwith a constant
velocity, and where the beam is connected to a vis-
coelastic nonlinear foundation. The main topic of this
paper is the construction of a localized solution for this
problem. In this paper we consider linear and weakly
nonlinear models for the viscoelastic foundation, and
use an analytical approach to solve the problem. We
are interested in localized wave solutions mostly for
two reasons. The first is that traveling non-localized
solutions even can have large amplitudes, and if vis-
cosity is taken into account, the decay can be much
faster than for localized ones. Secondly, there are no
known simple formulas for an approximation of a solu-
tion for such problems with weak nonlinearities, which
show the influence of parameters on localized solu-
tions. By definition a localized solution is a solution
with bounded L2 norm, i.e.

∫ ∞
−∞ u2(x, t)dx < ∞. We

introduce a new internal beam damping model which

(depending on its parameters) is capable of describ-
ing air and signum like damping models. To obtain
an approximate analytical solution we use energy esti-
mates, some a priory estimates, Ritz method, pertur-
bation techniques, and the Contracting Map Principle.
As a result, some simple formulas are obtained which
allow us to draw conclusions about the influence of
the nonlinearity in the beam’s elastic foundation on the
beam displacement and on the critical velocities of the
system. Also, the influence of damping (viscosity) on
the formof the localized solution is investigated aswell.
Special attention is paid to the behavior of the system
near or in a critical velocity region. We introduce an
effective coefficient for the Winkler nonlinear founda-
tion, which makes it possible to draw some physical
conclusions about waves (not only localized ones).

The paper is organized as follows. In Sect. 2 we
formulate the problem. In the Sect. 3 we show that the
problem iswell posed. In Sect. 4 the linear problemwill
be considered, and in Sect. 5 we construct approxima-
tions of localized solutions for aweakly nonlinear prob-
lem, and give proofs for the existence or non-existence
of localized solutions. Further, in Sect. 6, an asymp-
totic approximation of the solution for a weakly non-
linear problem in the region of a critical velocity, and
with possible resonances in the nonlinear system, will
be considered. The asymptotic formula for the critical
velocities for a weakly nonlinear system will also be
presented. In Sect. 7, we consider the influence of non-
linearities (both in the elastic foundation coefficients
and in the structural damping coefficients) on the sta-
bility of a solution. Finally, Sect. 8 contains some con-
cluding remarks.

2 Formulation of the problem

The equation describing the dynamics of an infinite
Euler–Bernoulli beam on a nonlinear elastic Winkler
foundation, which is under the action of a concentrated
moving load with a constant velocity, is given by:

m0wt t + Dwxxxx + K (w + αw3) + ε f [w(·, ·)]
= F(x − V t), (1)

where w(x, t) is the beam transverse displacement,
x ∈ (−∞,∞) is the longitudinal coordinate, t > 0
is the time, m0 = Sρ is the mass of the beam per unit
length, S is the beam’s cross sectional area, ρ is the
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material density of the beam, D = E I is the rigid-
ity of the beam, I is the moment of the cross-section
area, E is Young’s modulus, f [w(·, ·)] is a functional,
which defines nonlinear structural damping forces, ε is
a damping coefficient, and K > 0 is the Winkler elas-
tic foundation coefficient, and α is a nonlinear elastic
foundation coefficient. We suppose that the parame-
ters α and ε are small but could have different orders.
Note that eq. (1) also describes the dynamics of the
beam which has a structural damping and lies on a
viscoelastic foundation. Therefore, both the damping
force ε f [w(·, ·)] (or the viscosity in the beam founda-
tion), and the nonlinear part of the elastic foundation
coefficient term are small. F(x−V t) is a moving force
along the beam,where V is a constant velocity.We sup-
pose that the external force F(x − V t) is defined by a
positive function Fr (z), which is even in z = x − V t
such that

Fr (z) = 0 |z| > r,

and we suppose that Fr is close to a δ-like function as
r → 0:
∫ r

−r
Fr (z)dz = CF > 0,

∫ r

−r
F2
r (z)dz = r−1C2, F(z) = F(−z),

(2)

where CF > is a constant. Different choices for the
functional f [w(·, ·)] are possible. We, follow [34],
and choose the following forms for the functional f :
f [w(·, ·)] = wt , or

f [w(·, ·)] = sign(wt )w
2, (3)

where the sign function is defined as follows:

sign(v) = 1, v > 0, sign(v) = −1, v < 0,

and we set sign(0) = 0. In [34] the signum type
of damping model was suggested because it well
describes the damping forces in steels, which are often
used in the production of rails. There is a smooth ver-
sion of (3), which describes (depending on the param-
eter choice) both cases (an air damping and a sign type
of damping):

fβ [w(·, ·)] = tanh(βwt )(w
2 + rβ−1), (4)

whereβ, r > 0 are parameters.One can note that fβ →
sign(wt )w

2 as β → +∞ and, on the other hand, when
β → 0, we obtain f → rwt . Another possible choice

for the functional f [w(·, ·)] is the Kelvin–Voigt type
of damping, when

f [w(·, ·)] = wxxxxt . (5)

Initial conditions have the form

w(x, 0) = w0(x), wt (x, 0) = w1(x), (6)

wherew0, w1 are smooth functions.We consider local-
ized solutions for the infinite beam problem. Then, the
following boundary conditions hold:

wx (x, t), w(x, t) → 0, x → ±∞, t > 0. (7)

Notice that the differential equation (1) and the given
initial and boundary conditions can be transformed to a
dimensionless form by introducing new variables: x =
x̄ L ,w = w̄L , L = L̄

√
S, D = E I D̄, t = t̄ L

c0
, c20 = E

ρ
,

K̄ = K L2

SE , ᾱ = L2α, ε̄ = εL√
ρES2

, F̄ = F
LE , where L

is a parameter which has a length dimension, and S is
the cross-sectional area of the beam. For simplification
the bars are omitted.

3 An estimate of the energy

We seek solutions w(x, t) of the weakly nonlinear
initial-boundary value problem (IBVP) defined by (1),
(6), and (7). Under certain conditions on fβ [w(·, ·)] the
existence of solutions follows from an a priori estimate,
which gives us an upper bound for energy of the beam.
We use the following standard notation

(w, v) =
∫ ∞

−∞
w(x)v(x)dx, ‖w‖ = (w,w)1/2,

and

‖ f ‖p =
(∫ ∞

−∞
| f (z)|pdz

)1/p
.

Let us introduce the dissipation functional

P[wt , w] =
∫ ∞

−∞
fβ [w(x, t)]wt (x, t)dx .

Note that in the cases (3) and (4) this functional is non-
negative: P ≥ 0 for all wt , w. By multiplying the left
and right hand sides of (1) with wt , then by integrating
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with respect to x from −∞ to ∞, and by taking into
account the boundary conditions (7), one obtains:

dE(t)

dt
= −εP[wt , w] + F̄r (t), (8)

where

E(t) = Ekin(t) + Epot[w],

is the energy of the beam,which is the sumof the kinetic
and potential energies:

Ekin(t) = m0

2
‖wt‖2,

Epot[w] = 1

2

(∫ ∞

−∞
Dw2

xx + Kw2 + K
α

2
w4

)
dx,

and

F̄r (t) =
∫ ∞

−∞
Fr (x − V t)wt dx .

Lemma 1 Assume that α ≥ 0, ε ≥ 0, and that f has
the form (3) or (4). Then, for solutions of the IBVP
defined by (1), (6) and the conditions (7) one has

E(t) ≤
(bt

2
+ √

E(0)
)2

, (9)

where E(t) is the value of the energy functional at the
time t, and

b = (2(m0r)
−1C2)

1/2.

Moreover

‖wt (·, t)‖2, ‖w(·, t)‖2, ‖wx (·, t)‖2, ‖wxx (·, t)‖2

< C̄

(
bt

2
+ √

E(0)

)2

, ∀t ∈ [0, T ], (10)

where C̄ is a positive constant.

Proof By the Cauchy–Schwarz inequality and (2) we
obtain the following estimate:

F̄2
r (t) ≤

∫ ∞

−∞
Fr (x − V t)2dx

∫ ∞

−∞
w2
t dx

≤ C2r
−1‖wt‖2.

Therefore,

|F̄r (t)| ≤ (
2(m0r)

−1C2
)1/2

(Ekin(t))
1/2 ≤ b(E(t))1/2,

where b = (
2(m0r)−1C2

)1/2
> 0 is a constant. More-

over, one has P[wt , w] ≥ 0. Then (8) gives

dE/dt ≤ bE1/2.

This differential inequality implies (9), which in turn,
gives (10). 
�

Note that the same estimate of E can be obtained
for the Kelvin–Voigt model because the damping con-
tribution in the energy equality (8) is given by P =∫ ∞
−∞ w2

xxt dx , and it also is non-negative. This result
gives us a priori estimates for the L2-norms of w and
wt , which show that generalized solutions of (1) exist
for all positive times t if the initial data have bounded
L2-norms, that is,

‖w0‖, ‖w1‖ < c0.

It should be noted that these energy estimates are not
uniform in r as r → 0. In the case of Kelvin–Voigt
damping we find a similar energy estimate, which is
uniform in the localization parameter r > 0, and there-
fore it holds for forces F = CFδ(x−V t). Thus, for the
Kelvin–Voigt type of damping the energy estimate does
not depend on the localization parameter. The physical
reason for this effect is that the Kelvin–Voigt damp-
ing model has a stronger smoothing effect compared
to the simple air or signum types of damping. Let us
formulate the following lemma.

Lemma 2 Assume that α ≥ 0, ε ≥ 0, and that f =
wxxxxt , and F = CFδ(x − V t). Then, for solutions of
the IBVP defined by (1), (6), and the conditions (7) one
has

E(t) ≤ (
b1t + √

E(0)
)2

, (11)

where b1 > 0 is a constant.

The proof follows the same lines as for the proof of
Lemma 1, but it is little bit more complicated (see the
Appendix, subsection 9.1, for the details of this proof).

4 Linear problem in which F is a δ(z)-like force

In this section, we let r → 0 and consider the exter-
nal force F = CFδ(z) with CF > 0. Furthermore,
we are looking for localized solutions having the form
w(x, t) = u(z, t), with z = x − V t . Similar solutions
were obtained in some previous papers (see for exam-
ple [3]), but because we will need to use these types of
solutions in the next sections of the paper we will now
present an alternative derivation. First, we introduce
a coordinate transformation (convenient for studying
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special traveling wave solutions). Then, equation (1)
takes the form

m0utt + Duzzzz + m0V
2uzz − 2m0Vuzt

+K (u + αu3) + ε f (ut − Vuz, u) = F(z), (12)

and the boundary conditions become

u(z, t), uz(z, t) → 0, z → ±∞. (13)

4.1 Localized waves in the linear case

Let us first consider the linear case without damping,
that is ε = 0, α = 0, and let us suppose that w has
a traveling wave form, i.e. w = u(z). We take F =
CFδ(z). Then, Eq. (12) becomes

Lu ≡ m0V
2uzz + Duzzzz + Ku = CFδ(z). (14)

It is clear that we can look for a solution u = U ,
which is even in z. In fact, an arbitrary solution can
be represented as a sum of even and odd parts, u(z) =
uev(z) + uodd(z). Then, (14) implies that Luodd = 0
and for V 
= Vc, where Vc is defined by

m2
0V

4
c = 4DK ,

this equation has no decreasing solutions for |z| →
+∞. This can be seen as follows. The odd solution
which tends to 0 for |z| → ∞, has to satisfy Lu = 0,
or equivalently

m0V
2uzz + Duzzzz + Ku = 0,

add this solution has the form

Uodd(z) = C1 exp(−λ1z) + C2 exp(−λ2z), z > 0,

and

Uodd(z) = C1 exp(λ1z) + C2 exp(λ2z), z < 0,

where the real parts of λi are negative. For odd solu-
tions, we have u(0) = 0 and d2u/dz2(0) = 0. Thus
C1 = −C2 where C1 = C2 = 0 or λ21 = λ22.
However,λ21 
= λ22 for V 
= Vc, and so we obtain that
C1 = C2 = 0. Note that when V = Vc the non-
trivial odd localized solution does not exist because
Re λ1 = Re λ2 = 0. Then, we have for U the follow-
ing expressions. Even solutions U can be represented
as

U (z) = U+(z), z > 0; U (z) = U−(z), z < 0,

and for U± we have

U+(z) = C+ exp(−λ1z) + C− exp(−λ2z), (15)

U−(z) = C+ exp(λ1z) + C− exp(λ2z), (16)

where λ1,2 are given by

λ21,2 = −m0V 2 ± √
(m0V 2)2 − 4DK

2D
(17)

and, to have decreasing solutions U± for z → ±∞,
we have to take in (17) the roots λ1,2 with positive real
parts: Re λi > 0 (if they exist). Indeed, the solution U
is localized in z if the real parts of λi are positive. Three
cases have to be considered:

A a low velocity force, where

4DK > (m0V
2)2; (18)

B a high velocity force, where m0V 2 > 2
√
DK ;

C the velocity V is equal to the critical one Vc, that
is, V = Vc, and m0V 2

c = 2
√
DK .

Note that the value Vc defines a velocity resonance
in the linear case without damping. As V → Vc the
localized solution amplitude tends to ∞. For this value
V = Vc, the quadratic Lagrangian associated with the
linear problem loses its property of positive definite-
ness. We will see later that in the weakly nonlinear
case the amplitudes of the solutions are bounded for
all V (see section 5.3). Then, we can define the criti-
cal velocity V ∗

c as the velocity, which gives the largest
amplitude U (0). For case A we introduce a parameter
κ > 0 defined by

κ2 = 4DK − (m0V
2)2. (19)

The quantity κ takes real values under the condition
(18). One has

λ1 = ik0 − γ, λ2 = −ik0 − γ

where i = √−1, and where k0, and γ are constants
depending on the problem parameters. Then,

λ21,2 = (2D)−1(−m0V
2 ± iκ

)

implying
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|λ1,2| = (2D)−1/2(m2
0V

4 + κ2)1/4, (20)

and

λ1,2 = (2D)−1/2(m2
0V

4 + κ2)1/4

× exp
(
± i

2
arctan

( κ

m0V 2

))
. (21)

For small κ > 0 one has

k0 =
√
m0V 2

2D
+ O(κ), γ = k0κ

2m0V 2 + O(κ2). (22)

For not too small κ the expressions for k0 and γ

are harder to obtain and will be not given here. The
unknown constants C± can be found by the matching
conditions at z = 0, which can be written in the form:

d pU+(z)

dz p
|z=0 = d pU−(z)

dz p
|z=0

+p(p − 1)(p − 2)CF/6D,

p = 0, 1, 2, 3. (23)

These matching conditions guarantee a 4 times contin-
uously differentiable solution u. For p = 0, 2 the con-
ditions (23) hold automatically because the solutionU
is even in z. The conditions (23) for p = 1, 3 lead to
the following system of linear algebraic equations for
C± :

C+λ1 + C−λ2 = 0, C+λ31 + C−λ32 = CF/D

which implies

U (z) = A0
(
λ2 exp(−λ1|z|) − λ1 exp(−λ2|z|)

)
, (24)

where A0 is defined by

A0 = 2iW, W = CF

4i Dλ1λ2(λ
2
1 − λ22)

. (25)

For z > 0 we obtain from (24):

U (z) = W exp(−γ z)
(
k0 cos(k0z) + γ sin(k0z)

)
,

z > 0, (26)

and

U ′(z) = W (k20 + γ 2) exp(−γ |z|) sin(k0z), (27)

where

W = CFκ−1
√
D/K .

Finally, for caseAweobtain that a localized solution
exists which exponentially decreases for |z| → ∞. For
case C such a localized solution does not exist since λi
have zero real parts (according to (17)). For case B a
localized solution exists, but it has a large amplitude
when (m0V 2)2 < 4DK , and which tends to +∞ as
m0V 2 → 2

√
DK .

5 Localized wave solutions for a weakly non-linear
problem

We consider the following boundary value problem:

Duzzzz + m0V
2uzz + K (u + αu3)

+ε f (−Vuz, u) = CFδ(z), (28)

u(z), uz(z) → 0, z → ±∞. (29)

5.1 Case A: 4DK > (m0V 2)2

Let us introduce the linear operator L by

Lu = m0V
2uzz + Duzzzz + Ku, (30)

The correspondingGreen’s functionG(z−z0) satisfies:

m0V
2Gzz + DGzzzz + KG = δ(z − z0). (31)

The operator L is positively definite in case A. The
expression for Green’s function is given by the follow-
ing formula(see also (24)):

G(z − z0) = C−1
g

(
λ2 exp(−λ1|z − z0|)

−λ1 exp(−λ2|z − z0|)
)
, (32)

where

Cg = 2Dλ1λ2(λ
2
1 − λ22).

A similar result can be found in [13] for a case with
the simple air damping. In this paper we consider a
general nonlinear type of damping. The main result for
case A is the following one:

Theorem 1 Let f = f (ut , u) be a smooth function.
Moreover, let κ > 0 , ε > 0, and α > 0 be sufficiently
small: ε < ε0(κ), α < α0(κ). Then, there exists a
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solution u(z) of the boundary value problem (28), (29)
such that

u = U + ũ, (33)

where U is the solution of the linearized problem, and
the correction ũ satisfies the estimates

sup
z

|ũ(z)| < C1(ε + α), sup
z

|ũz | < C2(ε + α), (34)

and

|ũ(z)| < C3(ε + α) exp(−a0|z|), (35)

where Ci and a0 are positive constants uniform in ε >

0, and in α > 0.

The proof is standard and is presented in the
Appendix (see subsection 9.2). It should be remarked
that the proof differs from the one as given in [13]).

5.2 Local dynamic stability and global convergence to
a localized solution

Let us consider the initial-boundary value problem
(IBVP) defined by (1), (6) and the conditions (7).
Remind that the Sobolev space W 1,2(R) consists of
measurable functions f (z) such that this function and
its weak derivative satisfy

‖ f ‖22,2 =
∫ ∞

−∞

(
f (z)2 +

(d f

dz

)2)
dz < ∞.

The following theorem can be formulated:

Theorem 2 Let the function f = f (ut , u) be a smooth
function.

Suppose that initial data u0, u1 satisfy

∥
∥
∥U − u0

∥
∥
∥
1,2

+
∥
∥
∥
dU

dz
− u1

∥
∥
∥ < δ, (36)

where δ > 0 is a small constant. Let |V | < Vc. Then,
for sufficiently small ε > 0 and α > 0 solutions of the
IBVP defined by (1), (6) and the conditions (7) have the
form

u = U + w1, (37)

where the correction term w1 satisfies

‖w1(·, t)‖1,2 < C1δ ∀t ∈ [0,Cε−1], (38)

and where C(δ),C1 are positive constants.

The proof is similar to the ones for Lemmas 1 and
2, and can be found in the Appendix (see subsection
9.3). Note that theorem 2 is also valid for Kelvin–Voigt
damping, however, the proof for this kind of damp-
ing requires more advanced methods from Functional
Analysis. The proof will be omitted in this paper.

We will investigate the spectrum of the operator A
in section 7. As will turn out, this operator is positively
definite for small α > 0 and ε > 0 if the localized
solution of the linear problem is stable.

5.3 Approximations of solutions for a weakly
non-linear problem

In this section, we propose a heuristic approach in order
to find an approximation of a localized solution for
a problem describing a beam on a weakly nonlinear
elastic foundation (α > 0, and small) when damping
is absent (ε = 0). The equation reads:

m0V
2Uzz + DUzzzz + K (U + αU 3) = CFδ(z). (39)

We apply the classical Ritz approach as follows. First
we note that equation (39) subject to the boundary con-
ditions (13) is equivalent to aminimization problem for
the following Lagrangian associatedwith our boundary
value problem:

L[U ] = CFu(0) + 1

2

∫ ∞

−∞

(

DU 2
zz + KU 2 + KαU 4

2

−m0V
2U 2

z

)

dz. (40)

The minimization should be performed for the bound-
ary conditions (13). To find an approximating mini-
mum of the Lagrangian (40), we use the test func-
tion U defined by (26) with an unknown amplitude
W ≥ 0. This procedure leads us to the following aver-
aged Lagrangian:

L̄[W ] = b2
W 2

2
+ αb4W 4

4
− CFW, (41)
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where the coefficients b2 and b4 are defined by

b2 = 2
∫ ∞

0

(
DÛ 2

zz − m0V
2Û 2

z + KÛ 2)dz,

b4 = 2K
∫ ∞

0
Û 4dz,

where

Û (z) = exp(−γ z)
(
k0 cos(k0z) + γ sin(k0z)

)
.

The coefficients b2 and b4 depend on D, K ,m0, and V
in a complicated way (see in the Appendix subsection
9.4). We consider case A with b2 > 0. By differen-
tiating the averaged Lagrangian defined by (41) with
respect to W we obtain the following equation for W :

b2W + αb4W
3 = CF . (42)

Under the condition b2 > 0 the left hand side of this
equation increases inW . Therefore, this equation has a
single root. This equation shows that the amplitude of
a localized solution (if this solution exists) is bounded
for all V . In case A and for small α > 0 one obtains

W ≈ b−1
2 CF − α

b4C3
F

b42
+ O(α2). (43)

Case C will be considered in the next section.
Eq. (42) leads to an important conclusion:

For b2 > 0, and for CF > 0 the amplitude
of a localized solution decreases as α increases, and
increases as CF increases. The second effect is weaker
for larger values of α.

To show this, we apply the Implicit Function Theo-
rem to eq. (42). Let W (α) be the solution of this equa-
tion for different α > 0, and let us denote by Wα its
derivativewith respect toα. Bydifferentiating (42)with
respect to α one obtains

(b2 + 3αb4W
2)Wα = −b4W

3, (44)

and we see thatWα < 0 (because for |V | < Vc we have
b2 > 0). Note that the quantity K̄ = K (1 + αW 2)

can be interpreted as an effective Winkler coefficient,
which arises as a result of linear and nonlinear effects.
For α = 0, the frequency of a harmonic perturbation
u = A exp(ikx+iωt) satisfies the condition−m0ω

2+
Dk4 + K ≤ 0 that gives a cutoff frequency ωcut =√
K/m0. If 0 < ω < ωcut such harmonic waves fail to

propagate. For α > 0 we obtain that ωcut =
√
K̄/m0,

Fig. 1 The dependence of the amplitudes of localized solutions
on the velocity of a concentrated load for linear and nonlinear
cases. Curve 1 corresponds to the linear system, and the curves
2 and 3 to the nonlinear system. The amplitudes are found by
the Ritz method (see section 5.3). The constants b2, b4 are com-
puted numerically. The parameters are D = 1, K = 0.16,m0 =
1,CF = 0.1. No damping is present.

and this threshold depends on the amplitude W . For
velocities V close to Vc this amplitude becomes large.

5.4 In case B localized solutions do not exist

The following theorem asserts that in case B localized
solutions of eq. (28) do not exist.

Theorem 3 For |V | > Vc the boundary value problem
(28), (29) has no solutions.

The proof can be found in the Appendix (see sub-
section 9.5).

5.5 Perturbations induced by damping

The proof of Theorem 1 shows that we can find solu-
tions by iterations. In this subsection, we will see that
the first iteration allows us to identify the influence of
damping. In fact, the solution without damping is even
in z. Therefore, a Fourier analysis with a small odd part
in the solutions permits us to see the damping influence.
To show this, let us compare two cases: the simple air
damping (viscosity), and the signum type of damping.

General approach. We split the solution U up into
even and odd components U+(z) and U−(z), respec-
tively. Here F± denotes the even and odd parts of a
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Fig. 2 Localized solutions for α = 10−3, D = 1, K = 0.16,
m0 = 1, CF = 0.1 and velocity V = 0.02. The damping term
is a sum of simple air damping and signum type of damping.
The symmetric curve 2 corresponds to the case when damping
is absent in the system. In this case the maximum is located at
z = 0. The weakly non-symmetric curve 1 describes the solution
when the damping coefficient ε = 0.1. In this case the maximum
of U shifts from position z = 0 to z ≈ −0.2.

function F , that is,

F±(z) = 1

2

(
F(z) ± F(−z)

)
.

Then,

LU+ = CFδ(z) − αK (U+)
3 − 3αK (U−)

2
U+

+ε f (−V (U+
z +U−

z ),U+ +U−)+,

LU− = −αK (U−)
3 − 3αKU−(U+)

2

+ε f (−V (U+
z +U−

z ),U+ +U−)−,

where L is the linear operator defined in (30).
Taking into account only the leading terms of orders

1, α and ε, we obtain the following equations:

LU+ = CFδ(z), (45)

LU− = ε f (−V (U+
z +U−

z ),U+ +U−)−. (46)

For U+
z we use formula (27):

U+
z = U ′(z) = W (k20 + γ 2) exp(−γ |z|) sin(k0z).

Eq. (46) is complemented by the boundary conditions

U−(z) → 0 |z| → +∞.

Since eq. (46) is linear, effects of simple air damping
and signum type of damping (if they act together) are

additive. So, we can consider them separately. More-
over, let us note that the eqs. (45) and (46) show that
the damping-induced change of the solution amplitude
is of order O(ε2). In fact, the maximum of the unper-
turbed solution is located at z = 0, the function U− is
odd and this perturbation does not shift this maximum
because U−(0) = 0, thus the shift of the z position
of maxU induced by damping, is of order ε. Local-
ized solutions of Eq. (46) can be constructed by using
some auxiliary functions wk,θ and a Fourier series. In
fact, we note that for small α > 0 and ε > 0 we can
solve system (45), (46) for U± by iterations, where at
the first step U− = 0. At the second step, the right
hand sides of eqs. (45), (46) are linear combinations
of the expressions exp((±ik0 − γ )z) and their pow-
ers, where k0, γ are defined by (22). Let us introduce
the functions wk,θ , which are localized solutions of the
following equations:

Lwk,θ = exp(ikz − θ |z|), (47)

where θ > 0 is a parameter. This parameter will take
values γ, 2γ and 3γ . There are two cases: the non-
resonant case NR, where k 
= k0 or θ 
= γ , and the
resonant one R, where k = k0 and θ = γ . For the NR
case we can construct (odd in z) localized solutions
wk,θ of eq. (47) in the following way. Let us define
functions P defined in the complex plane C:

P(y) = (
Dy4 + mV 2y2 + K

)−1
, y ∈ C,

and let us define the functions w+
k,θ by

w±
k,θ (z) = P(ik ± θ)

(
exp((ik ± θ)z) + w̃±

k (z)
)
,

where the functions w̃±
k are defined by

w̃±
k = a±

k exp(±(−λ1z)) + b±
k exp(±(−λ2z)).

Here,a±
k , b±

k are unknown coefficients. Then, for z > 0
we set

wk,θ (z) = w+
k,θ (z),

and for z < 0

wk,θ (z) = w−
k,θ (z).

The coefficients a±
k , b±

k can be found by the matching
conditions at z = 0:

d pw+
k,θ (z)

dz p

∣
∣
∣
z=0

= d pw−
k,θ (z)

dz p

∣
∣
∣
z=0

, p = 0, 1, 2, 3.

(48)
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By using (48) we obtain a linear algebraic system for
a±
k , b±

k :

λ
p
1 a

+
k +λ

p
2 b

+
k − (−λ1)

pa−
k − (−λ2)

pb−
k = cp,k, (49)

where

cp,k = P(ik − θ)(ik − θ)p − P(ik + θ)(ik + θ)p.

In the resonant case, we modify the representation
for w+

k,θ as follows. For z > 0 we take

w+
k,θ = z

( exp(−λ2z)

4Dλ32 + 2m0V 2λ2
− exp(−λ1z)

4Dλ31 + 2m0V 2λ1

)

and for z < 0

w−
k,θ = z

( exp(λ2z)

4Dλ32 + 2m0V 2λ2
− exp(λ1z)

4Dλ31 + 2m0V 2λ1

)
.

The expressions for w̃k have the same form as before,
and the coefficients a±

k , b±
k can be found by the match-

ing relations (48).
Simple air damping, α = 0. Now

f (−V (U+
z +U−

z ),U+ +U−)− = −VU+
z .

We use formula (24) for z > 0 implying that

Uz(z) = A0λ2λ1

(
exp(−λ1z) − exp(−λ2z)

)
. (50)

Note that λ1λ2 = √
K/D. This yields

U−(z) = 2εi A0
√
K/Dw−

k0,γ
+ O(ε2),

where the quantity A0 is defined by (25) and i A0 is
a real valued number. This perturbation U− is rela-
tively simple and includes a single odd Fourier har-
monic sin(k0z).

Signum type damping. In this case, the correction
Ũ− satisfies the equation

LU− = −ε sign(−VU+
z )(U+)

2 = εgs(z). (51)

By (26) we see that U+ = U and

gs(z) = U 2(z) signper(z),

where signper is a 2π/k0-periodic signum function,
which is equal to 1 for z ∈ (0, π/k0) and −1 for
z ∈ (−π/k0, 0). Therefore, one has

LU− = −ε signper(z)U (z)2. (52)

We solve (52) by using Fourier’s method and by using
auxiliary functions wk,θ as found before for the simple
air damping. Let us note first that

signper(z) = 2(2π/k0)
−1/2

∑

n∈Z
(2n + 1)−1

sin(k0(2n + 1)z),

and

U 2(z) = A2
0

(
λ22 exp(−2λ1|z|) + λ21 exp(−2λ2|z|)

−2λ1λ2 exp(−(λ1 + λ2)|z|)
)
.

Then we have the following Fourier representation

U− = −A2
0ε

∑

n∈Z
(2n + 1)−1(λ22wn,1,1 + λ21wn,−1,−1

−2λ1λ2wn,1,−1
)
. (53)

where

wn,s1,s2 = (2i)−1(wk0(2n+1−s1−s2),−2γ

−wk0(−2n−1−s1−s2),−2γ
)
,

in which s j are spin variables: s j ∈ {−1, 1}. Using
these expressions, we can compute odd corrections to
the main solution induced by the nonlinear signum
damping term.We see opposite to the case of simple air
damping, that the perturbation U− involves a number
of Fourier components.

6 An asymptotic approximation near a critical
speed, and resonances

In this section, for a nonlinear case we consider the
velocities V close to the critical velocity Vc. We con-
sider the case for which 0 < V < Vc, and we assume
that the quantity δ2 = m0(V 2

c −V 2) is small. Note that
for the nonlinear case the amplitudes of the solutions
are bounded for all V as long as V < Vc(see section
(5.3)). Then, a nonlinear critical velocity can be defined
as the V for which the amplitudeU (0) has amaximum.
We denote this critical velocity as V ∗

c (α).

6.1 Asymptotic approximations of solutions

Let us consider the equation

DUzzzz + m0V
2Uzz + KU = g(U,Uz), (54)

where the nonlinear term g is given by

g(U,Uz) = −KαU 3 − ε tanh(βVUz)(U
2 + ηβ−1)
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+CFδ(z),

where damping is taken into account. We approxi-
mately solve equation (54) by using the following
Fourier representations:

g(z,U (·) ) =
∫ ∞

−∞
ĝ(k,U (·)) exp(ikz)dk, i = √−1,

U (z) =
∫ ∞

−∞
Û (k) exp(ikz)dk

and

Û (k) = 1

2π

∫ ∞

−∞
U (z) exp(−ikz)dz.

Then

Û (k) = R(k, V )−1ĝ(k,U (·)),
where

R(k, V ) = Dk4 − m0V
2k2 + K . (55)

Let k∗(V ) be a root of R(k, V ) = 0 such that
Re k∗ > 0 and kc = k∗(Vc). Then, kc is a root
of the equation R(k, Vc) = 0, which is given by
k2c = m0V 2

c /2D. For the root k∗ we are able to find
an asymptotic expression when V ≈ Vc with V < Vc,
and when the parameter κ (defined by (19)) is small.
This parameter measures the proximity of the system
to resonance. We note that for small κ > 0 one has the
following asymptotic expression for R(k, V ):

R(k, V ) = a20(k ± kc)
2 + κ2k2c + O(k ± kc)

3 + O(κ3),

for k ≈ ±kc, and where a20 = 2m0V 2
c . Then, we obtain

U (z) ≈ Re
∫ ∞

−∞
(a20(k − kc)

2 + κ2k2c )
−1ĝ(k,U (·))

× exp(−ikz)dk.

implying

U (z) ≈ Re
π

a0kcκ
ĝ(kc,U (·)) exp(−ikcz).

So, for small κ > 0 the solutionU can be approximated
by

U (z) ≈ Ub(z,W ) := W exp(−γ |z|) cos(kcz)(1+O(κ)),

(56)

where γ = a0κ andwhereW is an unknown amplitude.
To find an expression for W , we use the Lagrangian

defined by (40). For small γ > 0we have the following
asymptotic expressions for b2 and b4:

b2 = (γ −1 + O(γ ))δ2, b4 = Kγ −1/4. (57)

The analysis of eq. (42) shows that there are two
limiting cases. If |κ|2 << α, then the nonlinear effects
prevail and one obtains

W ∝ (CFαγ )1/3.

In the opposite case when |κ|2 � α, one finds that

W ∝ CFκ−2γ.

In both cases, we observe resonances for V ↑ Vc but
leading to different amplitudes. Note that in the limit
V ↑ Vc the localization vanishes, and the solution
transforms into a traveling harmonic wave.

6.2 Existence of resonance

The following theorem on the existence of resonance is
rigorous, and does not use asymptotic representations
for solutions.

Theorem 4 (on resonance existence) The following
norm ofU tends to∞ for V ↑ Vc and α fixed but small:

‖U‖1 + ‖U‖1,2 → ∞ V ↑ Vc, V < Vc. (58)

The proof can be found in the Appendix (see sub-
section 9.6). With some minor modifications a sim-
ilar proof can be given for the following theorem
which describes solutions U (z) (not necessarily local-
ized ones).

Theorem 5 (Case B, |V | > Vc) Let V > Vc. Let
U be a L-periodic in z solution of equation (54) for
ε = 0, i.e., without damping (or viscosity). Then, the
following norm of U tends to ∞ as α ↓ 0:

‖U‖L ,q + C̄3
α > cqα

−1 (59)

for each q > 1 and for some cq uniform in α, where

‖U‖L ,q =
(∫ L

−L
|U (z)|qdz

)1/q
,

and

sup
z∈[−L ,L]

|U (z)| = C̄α,

where C̄α is a positive constant.
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The proof can be found in the Appendix (see sub-
section 9.7).

To conclude this section, let us note that these theo-
rems 4 and 5 describe different situations. Theorem 4
describes localized solutions and shows that the solu-
tion amplitudes grow as V ↑ Vc for a fixed α > 0. In
contrast, theorem 5 describes nonlocalized solutions
for a fixed V > Vc and α ↓ 0.

The properties of localized solutions are illustrated
in Fig. 1 and in Fig. 2. The system parameters for the
computations were taken from [9,15]. In Fig. 1 we
see that the nonlinearity weakens the speed resonance
effect. Curve 1 corresponds to the linear system, and
the curves 2 and 3 to the nonlinear system. Fig. 2 shows
that when the damping (or viscosity) is absent (curve 2)
the solution remains even in z, however, the damping
leads to a weak odd perturbation (see curve 1). There-
fore, we can estimate damping effects by the deforma-
tion of localized solutions. Note that the Ritz method
works formally for all V . However, localized solutions
exist only for values of |V | < Vc ≈ 0.87. We thus can
compute the critical Vc and V ∗

c . Calculations show that
V ∗
c < Vc. Moreover, the top of the curve for the linear

case should increase to +∞ as V → Vc = 0.87. The
critical Vc values are different for linear and nonlinear
cases.

6.3 Asymptotic for V ∗
c

In this subsection, we compute the critical speed V ∗
c ,

which corresponds to the largest amplitude of a local-
ized wave in a weakly nonlinear case. This critical
speed is close to Vc. Therefore we can use the Ritz
method, formula (43) for the amplitude W , and the
expressions (57) for b2, and b4. Moreover, by using
expression (22) for γ and definition (19) for the param-
eter κ , we obtain (assuming that V < Vc, and κ > 0 is
small) that W (κ) satisfies the cubic equation

κ2W + a1αW
3 = CFa2κ + O(κ2), (60)

where

a1 = 3K D, a2 = 16D2.

Eq. (60) has the following asymptotic approximation
for W :

W (κ) = cFa2κ
−1 − a1α(cFa0)

3κ−5 + O(1), (61)

where α is o(κ4). Now we can find the value κ∗ for κ ,
which corresponds to the maximal W . By differentiat-
ing eq. (61) we obtain

κ∗ = (5αCFa2)
1/4. (62)

From the definition (19), and from (62) we obtain that:

4m2
0V

2
c (Vc − V ∗

c ) = √
5αCFa2. (63)

We see from (63) that V ∗
c is less than Vc, and that V ∗

c
is of O(

√
α). Also in this dimensionless form, the dif-

ference in magnitudes of the critical velocities looks
small, however, in a dimensional form it can be large.

7 Influence of a non-linear Winkler foundation and
an arbitrary damping on stability of the system

In this Section, we consider stability and instability
effects induced by nonlinearities. These effects can be
studied and described by making use of perturbation
theory. We consider three cases: (a) a simple type of
damping (or viscosity) f = ut , (b) Kelvin–Voigt type
of damping f = utxxxx , and (c) smoothed signum type
of damping defined by f = tanh(βut )u2. We linearize
the main equation (1) around u = U . Then, we obtain

m0ũt t + Dũzzzz + m0V
2ũzz − 2m0V ũzt + Kũ

= G(z, ũ, ũt ) (64)

where

G = ε
(
g0(z) + g̃ f r (z, α, ε, ũ(·))) + kαgnl(z, ũ),

and where

gnl = 3U 2ũ + 3Uũ2 + ũ3,

in case (a)

g0 = −VUz, g̃ f r = −V ũz + ũt , (65)

in case (b)

g0 = −VUzzzz, g̃ f r = −V ũzzzz + ũzzzzt , (66)

and in case (c)

g0 = U 2 tanh(βUz),

g̃ f r = (2ũU + ũ2) tanh(βVUz)

− β cosh−2(βVUz)U
2(−V ũz + ũt ) + O(ũ2t ).
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(67)

Again we use the Fourier transformation method:

u(z, t) =
∫ +∞

−∞
ûk(t) exp(ikz)dk,

where

û(k, t) = 1

2π

∫ +∞

−∞
u(z, t) exp(−ikz)dk.

Then, for ûk we obtain

m0ût t (k, t) + R(k, V )û(k, t) − 2m0V ikût (k, t)

= αĝnl(k, ũ(·, ·)) + ε ĝ0(k)

+ε ĝ f r (k, ũ(·, ·), ũt (·, ·)), (68)

where

ĝ0(k) = 1

2π

∫ ∞

−∞
g0(z) exp(−ikz)dz,

ĝnl(k, ũ(·, ·)) = 1

2π

∫ ∞

−∞
gnl(z, ũ(·, ·)) exp(−ikz)dz,

ĝ f r (k, t) = 1

2π

∫ ∞

−∞
g̃ f r (z, ũ(·, ·), ũt (·, ·))

exp(−ikz)dz.

Our strategy is as follows. We solve eq. (68) approxi-
mately by using the method of iterations making use of
the fact that ũ is small for small and positive ε and α.
In the right hand side of eq. (68) we can thus remove
the terms which are nonlinear in ũ and ũt . Since the left
hand side of eq. (68) is linear in ũ, we can decompose
û as follows:

û(k, t) = û(0)(k, t) + û(1)(k, t),

where û(0)(k, t) satisfies the equation

m0û
(0)
t t (k, t) + R(k, V )û(0)(k, t) − 2m0V ikû(0)

t (k, t)

= ε ĝ0(k), (69)

where the right hand side does not depend on ũ, and
where û(1)(k, t) satisfies the equation

m0û
(1)
t t (k, t) + R(k, V )û(1)(k, t) − 2m0V ik ˆu(1)t (k, t)

= αĝnl (k, ũ(·, ·)) + ε ĝ f r (k, ũ(·, ·), ũt (·, ·)). (70)

A particular solution of (69) is:

û(0)(k, t) = ε
ĝ(0)(k)

R(k, V )
. (71)

For small α, ε > 0 an approximating solution of (70)
can be found by using standard asymptotic methods. It
is convenient to introduce a parameter ᾱ by the relation

α = ᾱε

and let us define τ = εt . To find û(1)(k, t), we use
the following asymptotic representation (multiple time-
scales approach):

û(1)(k, t) = C1(k, τ ) exp(θ1(k)t)

+C2(k, τ ) exp(θ2(k)t), (72)

where C j are unknown functions of the slow time τ =
εt , and

θ1,2(k) = V ik ± im−1/2
0

√
Dk4 + K , i = √−1.

(73)

We substitute the expression (72) into eq. (70), and we
take into account that the terms in the left hand side are
of order ε. Then, we obtain the following equations

2m0(θ1(k) − V ik)
∂C1(k, τ )

∂τ
= f1(k, ũ, ũt ), (74)

2m0(θ2(k) − V ik)
∂C2(k, τ )

∂τ
= f2(k, ũ, ũt ), (75)

where

f1,2(k, ũ, ũt ) = exp(−θ1,2(k)t)
(
ᾱĝnl(k, ũ) + ĝ0(k)

+ ĝ f r (k, ũ(·, ·), ũt (·, ·))
)
.

To exclude the fast time t , we average the right hand
side over a large time interval [0, T ], and replace the
right hand sides by their averages f̄1,2(k,C):

f̄1,2(k,C) = lim
T→+∞ T−1

∫ T

0
f1,2(k, ũ, ũt )dt.

Then, we obtain

2m0(θ1,2(k) − V ik)
∂C1,2(k, τ )

∂τ
= f1,2(k, ũ(·, ·),
ũt (·, ·)). (76)

Now let us consider the three different cases. In case
(a) we have

f̄1,2(k,C(·, t)) = (
μ − θ1,2(k)

)
C1,2(k, t), (77)

where

μ = −3(2π)−1ᾱK
∫ +∞

−∞
U 2(z)dz.
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Then, we find that

û(k, t) = C̄1 exp
(
(θ1+θ̃1)t

)+C̄2 exp
(
(θ2+θ̃2)t

)
, (78)

where

θ̃1,2 = θ̃
(nl)
1,2 + θ̃

( f r)
1,2 , (79)

and

θ̃
(nl)
1,2 = με

2m0(θ1,2 − V ik)
,

θ̃
( f r)
1,2 = − εθ1,2(k)

2m0(θ1,2 − V ik)
. (80)

The first contribution θ̃
(nl)
1,2 is a purely imaginary

number, which determines a small frequency shift as
a result of the nonlinear effects. The second term θ̃

( f r)
1,2

is a real number, and it describes how damping influ-
ences the amplitudes of the solution. For the Kelvin–
Voigt type of damping, case (b), in a similar way, we
obtain expression (78) with the same θ̃

(nl)
1,2 and

θ̃
( f r)
1,2 = − εk4θ1,2(k)

2m0(θ1,2 − V ik)
. (81)

We see that the second damping term involves an addi-
tional factor k4. Finally, in case (c) , one has

θ̃
( f r)
1,2 = 1

2m0(V ik − θ1,2)

∫ +∞

−∞
(
2U tanh(βVUz)

)

+ (−V ik + θ1,2)U
2β cosh−2(βVUz)

)
dz. (82)

Recall that U is even in z. It shows that the contri-
bution of the term with the hyperbolic tangent is equal
to zero. So, we have

θ̃
( f r)
1,2 = −

∫ +∞
−∞ U 2β cosh−2(βVUz)dz

2m0
, (83)

and we can conclude that the localized solution is sta-
ble.

8 Conclusions

The results obtained in this paper (in particular, Theo-
rem2) allow us to draw some conclusions for large time
behaviour of the solutions and their dependence on the
speed V . Consider the initial boundary value problem
(IBVP) for (1) in which the initial data are sufficiently

close to the traveling wave U (x − V t) as studied in
previous sections. This implies that the initial displace-
ment u0(x) = u(x, 0) is close toU (x) in the L2-norm,
and that the initial speed u1(x) = ut (x, t)|t=0 is close
to −VU (x) in the same norm. Then, the solution can
be represented as the sum of a localized wave solution
U and a Fourier integral ũ(z, t):

ũ(z, t) =
∫ ∞

−∞
û(k, t) exp(ikz) dk,

where z = x − V t , and the time evolution of ũ(z, t)
can be described by the asymptotic formulas as pre-
sented in the previous section. For small ε > 0 in case
(a) it is shown in the previous section that the coeffi-
cients û(k, t) consist of two terms. The first term does
not depend on t , and the second one decreases in t as
exp(−ε Re θ̃ (k)t), where Re θ̃ (k) > 0. Therefore, for
V < Vc the solution is the sum of the three terms. The
first one is the localized waveU (z), the second term is
a small perturbation of this wave, and the third term is
slowly damped in t . For V close to Vc we obtain res-
onance and for V > Vc the localized solution breaks
up and vanishes. So, the existence of localized waves
in Euler–Bernoulli beams on a weakly nonlinear elas-
tic foundation, which are under the action of moving
concentrated loads have been investigated. The case
for a beam with a structural damping or viscosity in
the elastic foundation is considered as well. To sim-
plify the analysis of the problem, we introduced a new
damping model, which depending on its parameters,
is capable to describe the simple air damping (viscos-
ity) and the signum type of damping. Also the prob-
lem with a Kelvin–Voigt type of damping in the sys-
tem is considered. The localized wave solution for a
weakly nonlinear problem has been obtained by using
theRitzmethod andperturbation techniques. For veloc-
ities |V | > Vc localized wave solutions do not exist.
Using a simple analytical expression obtained from a
simple cubic equation for the solution amplitudes for a
weakly nonlinear case it was shown that the nonlinear-
ity of hardening type in an elastic foundation leads to
smaller displacement amplitude than in a case of a lin-
ear elastic foundation. This conclusion is supported by
results obtained numerically in [30]. We introduced for
a weakly nonlinear system an effective coefficient for
the elastic foundation, which is larger than the elastic
coefficient for a linear beam foundation. This causes a
shift of the system cut-off frequency, and led us to the
conclusion that some of the traveling harmonic waves,
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which propagate in a linear system, will not propagate
in a weakly nonlinear system. Rigorous and a priori
estimates show the existence of a velocity resonance
for values V close to a critical value Vc for small non-
linearities. Other estimates show that for non-localized
solutions their magnitudes tend to ∞ as the coefficient
of the nonlinearity in the elastic foundationgoes to zero.
Another effect of the nonlinearity in the elastic foun-
dation is that for a “velocity resonance” the amplitude
of the displacement remains finite even when damping
(viscosity) is absent. It is shown that the nonlinearity
in the elastic foundation leads to a new critical velocity
which is smaller, than the critical velocity in the linear
case. The stability of the obtained localized solution
is also investigated. Asymptotic formulas for veloci-
ties below the critical value, and in the presence of
damping, show that all small disturbances decay slowly
and exponentially. Theorem 5.2 gives an energy esti-
mate for the disturbances. Explicit asymptotic expres-
sions are obtained for the frequency shift and ampli-
tude change when damping (viscosity) is present in
the system. It also turned out that the nonlinear damp-
ing influences the wave profile shift weaker than linear
damping. The following rigorous statements are proved
(Theorem 6.1 and 6.2). From Theorem 6.1 it follows
that in the absence of damping (viscosity), the norm of
the solution increases without limit as the nonlinearity
parameter decreases and the velocity approaches the
resonant (critical) value. From Theorem 6.2 it can con-
cluded that if the velocity is higher than the critical
value, then the norm of the solution increases with-
out limit as the nonlinearity parameter decreases (for
periodic solutions). The norm can be large due to the
following factors— either the solution spreads out and
damps weakly, or the amplitude is large, or both. For
these cases, energy estimates are obtainedwhich bound
the growth of the energy for any values of the veloc-
ity (that is, both for above and below the critical value).
The energy grows no faster than the root of t . For simple
air and signum types of damping, the estimates depend
on the force localization parameter. Then, strong local-
ization can lead to a larger energy growth. The Kelvin–
Voigt type of damping bounds the growth of energy
stronger than simple air type of damping and signum
type of damping. The asymptotic behavior of the solu-
tions for velocities close to the critical one were also
studied. It turned out that the nonlinear equation for the
amplitude has a simple form, and damping (viscosity)

makes a small contribution to the displacement of the
beam.
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9 Appendix

9.1 Proof of Lemma 2

Proof From (8) it follows that:

dE

dt
= −ε‖uxxt‖2 + cFut (V t). (84)

Let us estimate |ut (x − V t)| by using Sobolev norms.
We observe that

ut (V t)2 = 1

2

∫ V t

−∞
utuxtdx

due to the boundary conditions (7). Thus, by using the
Schwarz inequality

ut (V t)2 ≤ 1

2
‖ut‖‖uxt‖

it follows that for each a > 0:

ut (V t)2 ≤ 1

4

(
a‖ut‖2 + a−1‖uxt‖2

)
.

Now let us estimate ‖uxt‖2 by using the Parseval iden-
tity, and let us denote the Fourier coefficients of u(x, t)
by û(k, t). Then,

‖ut‖2 =
∫ ∞

−∞
|ût (k, t)|2dk,

‖uxt‖2 =
∫ ∞

−∞
k2|ût (k, t)|2dk,
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‖uxxt‖2 =
∫ ∞

−∞
k4|ût (k, t)|2dk.

We observe that for each b > 0 one has 2k2 ≤ bk4 +
b−1. Therefore,

‖uxt‖2 ≤ 1

2

(
b‖uxxt‖2 + b−1‖ut‖2

)
.

Using this estimate and (84) we obtain

dE

dt
≤ −ε‖uxxt‖2 + cF

(a

4
‖ut‖2 + 1

8a

(
b‖uxxt‖2

+ b−1‖ut‖2
))1/2

, (85)

where a, b are arbitrary positive coefficients, which can
depend on t . Consider the function

Y (v, ut ) = −εv2 + cF
(a

4
‖ut‖2 + 1

8a

(
bv2 + b−1‖ut‖2

))1/2
.

If b is small enough, this function is decreasing in v.
We take such a b = b0. Then Y (v, ut ) ≤ Y (0, ut ), and
(85) reduces to

dE

dt
≤ cF

(a

4
+ 1

8ab0

)1/2‖ut‖ (86)

which can be simplified to

dE

dt
≤ b1E

1/2.

This differential inequality completes the proof of
Lemma 2. 
�

9.2 Proof of Theorem 1

Proof Weuse the representation (33). For the unknown
function ũ one has

Lũ = m0V
2ũzz + Dũzzzz + Kũ = g(ũ, ũz), (87)

where

g(ũ, ũz) = −ε f (−V (U + ũz),U + ũ)

−Kα(U 3 + 3U 2ũ + 3Uũ2 + ũ3).

We will show that ũ is uniformly bounded in z. Using
the Green’s functionG, we rewrite (87) into an integral
equation:

ũ(z) =
∫ ∞

−∞
G(z − z0)g(ũ, ũz)(z0)dz0. (88)

We consider this equation in the Banach space B1 con-
sisting of differentiable functionsw bounded in theC1-
norm:

|w|1 = sup
z∈R

(|w(z)| + |wz(z)|).

Consider the nonlinear operator defined by the right
hand side of (88):

T(ũ(·))(z) =
∫ ∞

−∞
G(z − z0)g(ũ, ũz)(z0)dz0

and consider balls BR in B1

BR = {w ∈ B1 : |w|1 ≤ R}.
Let us estimate |T(ũ(·))|1 for ũ ∈ BR , and let us
observe that if ũ ∈ BR , then

sup |G|, sup |Gz | < cCgκ
−1,

where c > 0 is a constant uniform in κ > 0. Moreover,

sup
z

|g(ũ, ũz)| < c2κ
−2(εR2 + KαR),

where c2 > 0 is a constant uniform in ε, α > 0. Here,
we took into account that U is proportional to κ−1 for
small κ > 0. The integral over z0 gives us an additional
factor κ−1 because the space damping coefficient in G
is γ , which is proportional to κ . Therefore,

sup
ũ∈BR

|T(ũ)|1 < c2κ
−3(εR2 + KαR).

For sufficiently small ε, α > 0 there exists a R > 0
such that

R > c2κ
−3(εR2 + KαR). (89)

Under the condition (89) the nonlinear operatorTmaps
the ball BR into itself, and so we can use Schauder’s
fixed point Theorem. This proves the existence of a
solution and validity of the estimates (34). Estimate
(35) can be obtained in a similar way by using Green’s
function. To conclude the proof, we can use a norm
with a parameter a > 0

|ũ|a = sup
z∈R

exp(a|z|)|ũ(z)|,

and we choose an appropriate value for a such that
0 < a < γ . And so, it can be shown easily that the
operator T is a contraction, leading to the results as
described in Theorem 1. 
�
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9.3 Proof of Theorem 2

Proof Let us introduce the energy functional Ẽ[w]
associated with the perturbation or correction term w:

Eα[w] = 1

2

(
m0‖wt (·, t)‖2 + D‖wzz(·, t)‖2

+K‖w‖2 + αK
∫ +∞

−∞
(
U 3 + 3U 2(z)w(z, t)2

+2U (z)w(z, t)3 + 1

2
w(z, t)4

)
dz

)
.

Note that the term with U 3 does not depend on w, and
so it gives a constant contribution. Note that E0 is a
perturbed energy for the linear case and
∣
∣Eα[w] − E0[w]∣∣

< αc1‖w‖2
(

sup
z∈(−∞,∞)

|w| + sup
z∈(−∞,∞)

|w|2
)

,

where c1 > 0 is uniform in α > 0. We can estimate
sup |w|2 in the following way:

w2(z) =
∣
∣
∣
∣
1

2

∫ z

−∞
wxwdx

∣
∣
∣
∣

≤ 1

2
‖w‖‖wz‖ ≤ ‖w‖2 + ‖wz‖2.

By using Fourier integrals it can be shown for |V | < Vc
that

‖w‖2 + ‖wz‖2 ≤ c2E0[w],
where c2 > 0 is uniform in w. The last inequalities
imply

∣
∣Eα[w] − E0[w]∣∣ ≤ c3α(E3

0/2 + E2
0), (90)

where c3 > 0 is uniform in w and α > 0. Eq. (1)
implies

m0wt t + Dwzzzz − 2m0Vwzt + Kw + h(w, z)

= εq(w,wt , z) (91)

where

h = αK (U 3 + 3Uw2 + w3),

q = − f (−VUz − Vwz − wt ,U + w).

We multiply both sides of (91) with wt , and integrate
over the entire z axis, yielding

dEα

dt
= εS(t), (92)

where

S(t) =
∫ +∞

−∞
q(w(z, t), wt (z, t), z)wt dz.

Let us estimate |S(t)|. One has
sup
z∈R

|q(z, w(·, ·), wt (·, ·)) − q0(z)| ≤ c5(|wt | + |w|),

where q0 = − f (−VUz,U ) is a bounded function, and
c5 is a positive constant. The last estimate implies

|S(t)| < c6‖wt‖ + c5(‖wt‖2 + ‖w‖‖wt‖)
< c7(E0[w]1/2 + E0[w]),

where c6, c7 are positive constants uniform inα, ε. And
so it follows from (92) that

dEα

dt
≤ εc7

(
E0[w]1/2 + E0[w]

)
. (93)

Then it is follows from (90) under the condition E0 <

C (where C is a constant, uniform in α, ε and where
α > 0 is small) that inequality (93) can be replaced by

dEα

dt
≤ εc8

(
Eα[w]1/2 + Eα[w]

)
. (94)

This differential inequality shows that Eα[w(·, t)] <

c9δ for t ∈ [0, c10ε−1], and completes the proof of the
Theorem 2.


�

9.4 Computation of b2 and b4

In this subsection, we derive expressions for b2 and b4.
Consider the integrals

Jp,q =
∫ ∞

0

(d pÛ

dz p

)q
dz.

We note that

b4 = 2K J0,4, b2 = 2(DJ2,2 − m0V
2 J1,2 + K J0,2).

For Û we use the formula (41) which for z > 0 gives

Û (z) = 4
(
λ1 exp(−λ2z) − λ2 exp(−λ1z)

)
.

We obtain the following results:

J0,2 = 16
(λ21 − λ22)

2 + λ1λ2(λ1 − λ2)
2

λ1λ2((λ1 + λ2))
,

J1,2 = 16
λ1λ2(λ1 − λ2)

2

λ1 + λ2
,
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J2,2 = 16
λ21λ

2
2(λ1 − λ2)

2

λ1 + λ2
,

and

J0,4 = 256
( λ41

4λ2
− 4

λ31λ2

3λ2 + λ1
+ 3

λ21λ
2
2

λ2 + λ1

−4
λ1λ

3
2

3λ1 + λ2
+ λ42

4λ1

)
.

These expressions are complicated, but for V ≈ Vc
we can use the asymptotics

Û (z) ≈ 4 exp(−γ z)(cos(k0z) + O(γ ))

for small γ > 0. By using (22) we then obtain

b4 = 24(γ −1 + O(1)),

b2 = 4(Dk40 − m0V
2k20 + K )((γ −1 + O(1)).

9.5 Proof of Theorem 3

If condition (29) holds, then for any sufficiently small
ε0 > 0 there exists a z0 such that

|u(z)| < ε0, z ∈ (z0,∞). (95)

Therefore, for z > z0 and small ε > 0 eq. (28) can
be rewritten as

Duzzzz + m0V
2uzz + Ku + ε0φ(z, ε0)u = 0, (96)

where φ is a smooth bounded function. Let us con-
struct asymptotic solutions of this linear equation by
the method of variation of constants. Let k satisfy the
equation

Dk4 − m0V
2k2 + K = 0.

Let us consider asymptotic solutions of (96) of the fol-
lowing form

uas,k = (C0(Z) + κC1(Z) + . . . ) exp(ikz),

where Z = ε0z is a slow variable. The unknown coeffi-
cientsC j can be found step by step. ForC0 one obtains

ik
dC0

dZ

(−4Dk2 − 2m0V
2) = −φ(z, ε0),

and the equations for higher order C j have the follow-
ing form

ik
dC j

dZ

(−4Dk2 − 2m0V
2) = Fj (z),

where Fj can be expressed in φ andC0,C1, . . . ,C j−1.
One can check that uas,k are solutions oscillating in z
and they do not decrease as z → ∞. This proves the
Theorem.

9.6 Proof of Theorem 4

For V close to Vc there exists a k = k∗(V ) such that

R(k∗, V ) = Dk4∗ − m0V
2k2∗ + K = −μ2,

where c1 > 0 is a constant uniform in the parame-
ter μ = √|V − Vc| > 0. Let us multiply both sides
of (28) with ψ = exp(ik∗z − bz2/2) where b > 0
is small. Then,we integrate the so-obtained expression
with respect to z over (−∞,+∞), yielding

∫ ∞

−∞
Uφdz + Kα

∫ ∞

−∞
U 3ψdz = CF , (97)

where

φ = Dψzzzz + m0V
2ψzz + Kψ.

From the definition of ψ , it follows that:

ψzz = ((ik − bz)2 − b)ψ,

ψzzzz = P(z, b)ψ,

where for small b > 0 the polynomial P satisfies the
estimate

|P(z, b) − k4| < c8
(
b(|z| + 1) + (b|z|)2 + (b|z|)3

+(b|z|)4),
in which c8 > 0 is a positive constant uniform in b > 0.
For the first integral in(97) it now follows that:

I0 =
∫ ∞

−∞
Uφdz = κ2

∫ ∞

−∞
Uψdz + Ĩ0(b), (98)

where

| Ĩ0(b)| < c9b
1/2,

where c9 is a positive constant. We assume that b → 0
as κ → 0, where κ is defined by (19). Furthermore, we
use the following estimates:
∣
∣
∣
∣

∫ ∞

−∞
Uψdz

∣
∣
∣
∣ ≤ ‖U‖1,

sup |U (z)|2 ≤ 2

∣
∣
∣
∣

∫ z

−∞
UsU (s)ds

∣
∣
∣
∣ ≤ 2‖Uz‖2‖U‖2.

The last estimate gives
∣
∣
∣
∣

∫ ∞

−∞
U 3ψdz

∣
∣
∣
∣ ≤ 2‖Uz‖2‖U‖32.

By using these estimates and (97) we obtain that

κ2‖U‖1 + C0b
1/2‖U‖2 + 2Kα‖Uz‖2‖U‖32 ≥ CF ,

where C0 is a constant, uniform in κ > 0. The last
inequality implies (58), and so, Theorem 6.1 is proved.
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9.7 Proof of Theorem 5

For V > Vc there exists a k = k∗(V ) such that

R(k∗, V ) = Dk4∗ − m0V
2k2∗ + K = 0.

Let us multiply both sides of (28) with ψ =
exp(ik∗z), and let us integrate the so-obtained equa-
tion with respect to z from z = −L to z = L , where L
is the period of the periodic solution. Then, we obtain

Kα

∫ L

−L
U 3ψdz = CF . (99)

By using use the following estimate:
∣
∣
∣
∣

∫ L

−L
U 3ψdz

∣
∣
∣
∣ ≤ C̄3

αL ,

and (99), we obtain that

KαC̄3
α ≥ CF .

This last inequality proves inequality (5), and so, we
have

‖U‖L ,q + C̄3
α > C8α

−1

as α ↓ 0.
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