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Abstract

We have developed, from scratch, a 3D radiative transfer code based on the Monte Carlo method, that fully
takes into account the spherical shape of a planetary atmosphere, multiple scattering, and the polarized na-
ture of light. Accounting for the sphericity of an atmosphere is important for the analysis of observations
near the planetary limb and the twilight zone, i.e. the regions on a planet where the parent star and/or the
observer are low or even below the local horizon. In such regions, the widely used radiative transfer models
that are based on the locally plane-parallel atmosphere approximation can lead to significant errors, espe-
cially for planets that have extended atmospheres. With our code, we simulate total flux and polarization
signals of light that is reflected by spatially resolved and spatially unresolved planets with extended atmo-
spheres. We discuss the effects due to the atmosphere’s sphericity and compare against computations with a
locally plane-parallel code. Our results are relevant both for the interpretation of observations of various Solar
System planets and moons (with atmospheres) and for the investigation of total flux and polarization signals
of exoplanets at all phase angles, including during transits. Especially hot Jupiters are likely to have extended
atmospheres and to be detected in edge-on orbits with transits. During a transit, an extended atmosphere
can strongly increase the amount of starlight that is measured, thus leading to a smaller derived planet size.
We also specifically simulate the polarimetric signal of Titan, Saturn’s largest moon that is known to have an
extended atmosphere. We find that at small phase angles, as observed from Earth, Titan’s limb is strongly
affected by the sphericity of its atmosphere and that at large phase angles, as observed by a spacecraft like
Cassini, Titan’s brightness increases strongly due to forward scattered light.

Delft-Pune, May 2021
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1
Introduction

Titan, Saturn’s largest moon, is a unique satellite in the solar system having a dense, hazy atmosphere and is
the only body apart from Earth, known to support stable liquid on its surface (Stofan et al., 2007). Though
we learned a great deal about Titan’s atmosphere and hydrocarbon lakes through NASA/ESA/ASI Cassini-
Huygens mission we are yet to know many aspects of this enigmatic moon e.g. evolution of Titan’s detached
haze layer (Seignovert et al., 2021), surface (Brossier et al., 2018) which is shrouded by atmospheric haze, and
we are yet to bring tighter constraints on the composition of its lakes and seas Cordier and Seignovert (2019),
Mastrogiuseppe et al. (2016, 2018a,b). A wealth of Cassini data is yet to be analyzed and in coming years Ti-
tan will be observed from ground-based telescopes. Though lakes of Titan were extensively studied through
Cassini using RADAR and unpolarized infrared wavelengths, they have not yet been studied in polarized vis-
ible and infrared wavelengths. On the other hand, Titan’s haze was primarily studied using polarimetric ob-
servations obtained during the descent of Huygens probe in the equatorial region. But, a significant variation
was observed in Titan’s haze distribution over the latitudes (and altitudes) (Barnes et al., 2013, Hirtzig et al.,
2013, Karkoschka, 2016), thus the constraints brought by polarimetric study of haze in the equatorial region
might not apply exactly for the haze in other regions. Polarimetry has already been proven to be an impor-
tant tool to understand the optical properties of atmospheric constituents as well as liquid surfaces. Cassini’s
Imaging Science Subsystem (ISS) instrument was equipped with many polarizing filters for visible as well as
near-infrared wavelengths (Porco et al., 2004). Through some atmospheric windows, especially at 939 nm, ISS
has taken some images of the northern seas of Titan using polarization filters (Cordier and Seignovert, 2019).
Along with the Cassini data, recently polarimetric observations of Titan were obtained using an advanced
ground-based polarimetric facility, Spectro-Polarimetric High-contrast Exoplanet REsearch (SPHERE (Beuzit
et al., 2019)), augmented to Very Large Telescope (VLT) by Sylvestre et al. (2019) and those observations can
be used to bring new constraints on the properties of Titan’s north polar seas and the atmospheric haze.

Figure 1.1: Left: Polarized flux of Titan viewed using N_R filter (617.5-674.2 nm) of SPHERE facility at the VLT (Sylvestre et al., 2019).
Right: Titan’s North polar seas (black patches near the terminator) observed using CB3 and IRP90 polarization filters of the Imaging
Science Subsystem instrument onboard Cassini spacecraft.
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2 1. Introduction

Being a ground-based instrument, SPHERE measurements were taken at a small phase angle (an angle be-
tween the star and the observer as seen from the center of the planet/moon) while ISS observations were
taken at large phase angles as Cassini spacecraft flew close to Titan. In the case of the SPHERE measure-
ments, North polar lakes are located on Titan’s limb (the outermost part of the observed planetary disk). Also,
during Cassini flyby, the viewing geometry for ISS measurements was such that light coming from Titan’s twi-
light zone (the regions on a planet where the parent star and/or the observer are low or even below the local
horizon) was observed. These observations are shown in Figure 1.1. Titan is known to have an extended at-
mosphere due to its low gravity (it extends as high as 1000-1200 km considering its ionosphere, and Titan has
a radius of 2575 km) and it was observed that using radiative transfer models that assume a plane-parallel at-
mosphere to study observations around Titan’s limb introduces large errors. Due to its extended atmosphere,
the twilight zone on Titan is broader than e.g. on Earth. Radiative transfer models that assume plane-parallel
atmosphere neglect the light coming from the twilight zone of a planet/moon and thus cannot be used to
study observations of the twilight zone of a planet/moon. This inspired us to develop a radiative transfer
code that takes into account the sphericity of the atmosphere and fully considers the polarized nature of light.

Apart from Titan, observations of twilight zones of many other solar system objects such as Venus and Pluto
are also available and those can be studied using radiative transfer models that consider a spherical atmo-
sphere. Apart from solar system planets/moons, in the near future phase curves of reflected starlights from
exoplanets will also be available e.g. through observations by Nancy Grace Roman Space Telescope (Spergel
et al., 2013) slated to launch in 2025 or through the proposed missions (if they are approved) such as Large-
Aperture UV-Optical-Infrared (LUVOIR) Mission (Bolcar et al., 2016) and The Habitable Exoplanet (HabEx)
Imaging Mission (Mennesson et al., 2016). These observations may help us to better understand their at-
mospheres. Carrión-González et al. (2021) recently made a catalog of exoplanets accessible to Nancy Grace
Roman Space Telescope’s coronagraph in reflected starlight. They carried out a population study and also
addressed the prospects for phase-curve measurements of those exoplanets. Some of these exoplanets may
have extended atmospheres. Apart from this, taking into account the sphericity of the atmosphere may be
important to study exoplanets that are expected to have extended atmospheres, such as puffy ’hot Jupiters’
(gas giant exoplanets that have masses similar to Jupiter but orbit very close to their stars) e.g. HAT-P-1b,
COROT-1b, TrES-4, WASP-17b, and Kepler-7b.

In this research, we have developed, from scratch, a 3D radiative transfer code based on the Monte Carlo
method, that fully takes into account the spherical shape of a planetary atmosphere, multiple scattering, and
the polarized nature of light. We named the code as Spherical POlarimetric Radiative Transfer (SPORT). After
the development and validation of the code we investigated the following aspects of extended atmospheres
for spatially resolved and spatially unresolved model planets:

• At what atmospheric geometrical thickness it is important to take into account the sphericity of the
atmosphere and what is the effect of the extension of atmosphere on observed flux and polarization
signals of a planet.

• What is the effect of the surface albedo on observed flux and polarization signals of a planet having an
extended atmosphere.

• What is the effect of the single scattering albedo of scatterers in the atmosphere on observed flux and
polarization signals of a planet having an extended atmosphere.

• Total flux and polarization signals of Titan using model atmospheres.

1.1. Report Structure
Chapter 2 describes how radiative transfer calculations in a planetary atmosphere are performed using SPORT.
In Chapters 3 and 4 we present our simulation results. Chapter 3 focuses on spatially resolved images of to-
tal and polarized fluxes of model planets having different geometrical thicknesses of the atmosphere, having
an extended atmosphere and different surface albedos, having an extended atmosphere and different single-
scattering albedos of scatterers in the atmosphere, and Titan’s atmosphere. Chapter 4 focuses on phase curves
of total and polarized fluxes of spatially unresolved planets with the same settings discussed in Chapter 3. In
Chapter 5 we present conclusions and a discussion of our results. We close with providing recommendations
for future development of SPORT in Chapter 6.



2
Radiative Transfer in a Planetary

Atmosphere Using SPORT

Radiation is a primary mechanism for energy transfer in space, through electromagnetic waves or their as-
sociated particles i.e. photons. According to Maxwell’s equations, a spatially varying electric field is always
associated with a magnetic field that changes over time. Likewise, a spatially varying magnetic field is associ-
ated with specific changes over time in the electric field. Based on this principle, in an electromagnetic wave,
electric and magnetic components vibrate perpendicular to each other and the wave propagates in empty
space until it interacts with some matter, where it is scattered or absorbed.

By convention, polarization of an electromagnetic wave refers to the confinement of vibration of the electric
field to a certain plane. When it does not vibrate in a particular, fixed plane or when the plane is not rotating
in a specific direction, the light can be said to be unpolarized. On the other hand, if it is, light can be, in
general, said to be elliptically polarized, as the tip of the electric field vector can be imagined as tracing an
ellipse in the empty space. Two special cases of elliptical polarization are linear and circular polarization. In
linear polarization, the electric and magnetic fields oscillate in a single particular plane. In this project, we
deal with only linear polarization as the contribution of circular polarization in the light reflected by planets
is very low (see e.g. Rossi and Stam (2018)) and also the scatterers (gas molecules and haze particles) that we
used in this project do not cause a circular polarization. The haze particles are described in Chapter 3.

Light, which we commonly measure, is the net effect of many simple waves and in general, it is partially
polarized (Hansen and Travis, 1974). In extreme ends, it can either be completely polarized or unpolarized.
An arbitrary incoming beam of light with total flux F consists of an unpolarized part and a polarized part
(Hansen and Travis, 1974)

F = Funpol +Fpol (2.1)

The ratio Fpol /F is called as the degree of polarization. A complete description of an electromagnetic radi-
ation i.e. the total flux and the state of polarization can be given by a Stokes vector (see e.g. Hansen and
Travis (1974), Hovenier et al. (2004)), F = [F,Q,U ,V ]T, where the Stokes parameter F represents the total flux,
Q and U linearly polarized, and V the circularly polarized flux. We express these Stokes parameters in W m−2.

For a polychromatic light following inequality holds,

F ≥
√

Q2 +U 2 +V 2 (2.2)

From Stokes parameters thus we can define flux of unpolarized and a linearly polarized light as:

Funpol = F −
√

Q2 +U 2 = F −Fpol

Fpol =
√

Q2 +U 2
(2.3)

3
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While the degree of polarization is expressed as:

P = Fpol

F
=

√
Q2 +U 2

F
0 ≤ P ≤ 1 (2.4)

Stokes parameters Q and U are always defined with respect to some reference plane and they can be trans-
formed from one reference plane to another using the following rotation matrix (see e.g. Hovenier et al. (2004)
or Hovenier and van der Mee (1983))

L(σ) =


1 0 0 0
0 cos2σ sin2σ 0
0 −sin2σ cos2σ 0
0 0 0 1

 (2.5)

Where σ is the angle between reference planes and it is considered positive if the initial reference plane is
rotated through this angle in the anticlockwise direction when looking in the direction of propagation of the
light beam.

As mentioned in Chapter 1, in this project, we are using the Monte Carlo method for radiative transfer calcu-
lations in a planetary atmosphere. The Monte Carlo method, in general, is a stochastic approach that repeats
a certain experiment multiple times, directed by random sampling from a certain probability distribution
function. At the crux of all Monte Carlo methods are random numbers. In the Monte Carlo Radiative Transfer
(MCRT), we deal with "photon energy packets" (often referred to simply as a photon) and their interactions
with the matter in a medium (Wood et al., 2013). In a simple way, radiative transfer in a planetary environ-
ment in the Monte Carlo context can be viewed as: a photon is emitted, it travels some distance, and then
something happens to it e.g. scattering or absorption in the atmosphere, or reflection or absorption by the
surface. We keep track of all these events until the photon is terminated after e.g. escape from the atmo-
sphere or getting absorbed in the atmosphere or by the ground. In MCRT, photon paths and interactions or
scattering events are simulated by sampling randomly from various probability distribution functions that
determine photon’s probabilistic path length, scattering angles, and also absorption rates. Although, note
that we do not use molecular absorption in this research.

Development of the MCRT code used in this project (SPORT) comprised the major part of the thesis work.
Though the principles of MCRT are discussed in the literature, it is challenging to convert them into a working
computer model and because Monte Carlo is a stochastic method there are several parameters that affect the
final desired output and there can be many ways that something can go wrong during the code development.
Thus, rigorous testings, sensitivity analysis for different parameters, and validations were done throughout
the code development. Figure 2.1 shows flow-chart of the current version of SPORT. In the next sections, code
features are described step-by-step.



5

 

 

 

 

 

 

 

 

  

Start 

Read atmosphere, 
surface, and photon 

generator parameters 
from the input file 

Calculate optical properties of 

the atmospheric layers (ῶ, b, kext, 

sing. scat. matrix, etc.) and setup 

the photon generator grid 

Divide the photons across 
multiple threads/processors and 
start the radiative transfer loop 

Launch a new photon and assign 
initial position, direction, and 

Stokes vector 

Calculate probabilistic distance 
travelled by the photon 

Layer boundary 
crossing  

Update photon location to be at 
near the layer boundary and 

inside the new layer  

Photon escaped 
the atmosphere  

Terminate the photon and put it 
into the bin of appropriate 

planetary phase angle and/or 
assign to the image pixel  

Hit the 
Surface  

Calculate the surface reflection 
angle and then new direction and 

Stokes vector of the photon. 

Absorbed 

Terminate the 
photon 

Absorbed in the 
atmosphere 

Calculate scattering and azimuth 
angle using the rejection sampling 

and then update the photon 
direction and Stokes vector   

Last 
Photon 

End 

Y 

Y 

Y 

Y 

Y 

Y 

N N 

N 

N 

N 

N 

Figure 2.1: Flow-chart of SPORT code.
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2.1. Setting up the atmosphere
Atmospheric constituents (gases, haze, etc.) scatter the light incident on them. The scattering matrix P gives
the resultant angular distribution and polarization of the scattered light for any polarization of incident light
and it is defined in the scattering plane i.e. the plane containing the incident and scattered light. In many
practical applications, P is taken as a function of only the scattering angle, θ, with at most six independent
parameters for symmetric particles (e.g. spherical) (Hansen and Travis, 1974):

P(θ) =


P 11 P 21 0 0
P 21 P 22 0 0

0 0 P 33 −P 43

0 0 P 43 P 44

 (2.6)

This special case is valid for (1) randomly oriented particles, who have a plane of symmetry, (2) randomly
oriented asymmetric particles if half of the particles are mirror images of the others. In the most generalized
form, the matrix is completely filled, where all the 16 elements may have non-zero values.

Element P 11 in matrix P is called a phase function and it represents the probability for the scattering of un-
polarized incident light in a given direction. P is normalized such that∫

4π
P 11 dΩ

4π
= 1, (2.7)

where dΩ is an element of a solid angle. Thus, the probability that the incident light is scattered into 4π stera-
dians is unity.

Scattering by gases i.e. by particles whose size is much smaller than the wavelength of the incident light is de-
scribed by Rayleigh scattering. The Rayleigh scattering optical thickness for a particular gas can be calculated
as:

bm
sca(λ) = Ngasσsca (2.8)

where the subscript sca and the superscript m mean ’scattering’ and ’molecule’, respectively, Ngas is the col-
umn number density (m−2) and σsca is the Rayleigh scattering cross-section (m2) of gas molecules in a par-
ticular atmospheric layer. Ngas can be computed as:

Ngas = NA
Pbottom −Ptop

mg
(2.9)

where NA is the Avogadro’s constant, Pbottom and Ptop are the pressures at the bottom and top of the layer,
respectively, m is the mass of one mole of gas in atomic mass units and g is the acceleration due to gravity.
σsca can be computed as:

σsca = 24π3

N 2
L

(n2
r −1)2

(n2
r +2)2

6+3δ

6−7δ

1

λ2 (2.10)

where NL is the Loschmidt’s number (molecules/m3) depicting the gas particle density, nr is the wavelength-
dependent real refractive index of the gas molecule, λ is the wavelength considered, and 6+3δ

6−7δ is the depolar-
ization term or the King factor in which δ is the depolarization factor or the depolarization ratio.

The Rayleigh scattering matrix has the elements as (Hansen and Travis, 1974):

P(θ) =∆


3
4 (1+cos2θ) − 3

4 sin2θ 0 0
− 3

4 sin2θ 3
4 (1+cos2θ) 0 0

0 0 3
2 cosθ 0

0 0 0 ∆′ 3
2 cosθ

+ (1−∆)


1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

 (2.11)

where

∆= 1−δ
1+δ/2

and ∆′ = 1−2δ

1−δ (2.12)
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The depolarization factor (δ) is wavelength dependent and it represents the ratio of intensities parallel and
perpendicular to the plane of scattering for the unpolarized incident light scattered at θ = 90o. Thus, it de-
scribes the effect due to molecular anisotropy. δ= 0 for isotropic Rayleigh scattering and generally 0 ≤ δ≤ 0.5
(Hansen and Travis, 1974). Equation 2.17 from Hansen and Travis (1974) shows that anisotropy reduces the
degree of polarization for all scattering angles.

A single atmospheric layer can have multiple types of constituents e.g. different gases, aerosols, etc., that can
have different optical properties. Scattering of light in a particular layer can be treated with the overall optical
properties of the layer that are obtained by combining the optical properties of those of its constituents. The
main entities that we need are, single scattering albedo, scattering matrix, and the optical thickness of the
layer, which can be computed as (from Stam et al. (1999))

ω̃layer(λ) = bm
sca(λ)+ba

sca(λ)

bm
sca(λ)+bm

abs(λ)+ba
sca(λ)+ba

abs(λ)
(2.13)

Player(θ,λ) = bm
sca(λ)Pm(θ,λ)+ba

sca(λ)Pa(θ,λ)

bm
sca(λ)+ba

sca(λ)
(2.14)

blayer(λ) = bm
sca(λ)+bm

abs(λ)+ba
sca(λ)+ba

abs(λ) (2.15)

where ω̃layer refers to the single-scattering albedo that gives the probability that the photon is scattered, b
refers to the optical thickness, the superscripts m and a represent ’molecule’ and ’aerosol’, respectively, and
the subscripts sca and abs represent ’scattering’ and ’absorption’, respectively. Note that we do not use molec-
ular absorption in this research.

In SPORT, atmospheric layers have a spherical shape and multiple layers are dealt with as concentric spher-
ical shells. Also, there are no restrictions on the size and number of layers. Using the atmospheric layer’s
geometrical thickness l (which is defined in the radial direction or perpendicular to the spherical shell of the
layer) and the calculated optical thickness, the extinction (i.e. scattering + absorption) coefficient kext (m−1)
of a layer is then calculated as

kext =
blayer

l
= Nσextl

l
= Nσext (2.16)

where N is the number density of scatterers and absorbers and σext is the extinction cross-section. This is an
important entity in MCRT and its use will be discussed in Section 2.3.

2.2. Photon generator and photon’s initial properties
The main coordinate system used to keep track of photon events is a global Cartesian coordinate system hav-
ing its origin at the center of a planet/moon and is illustrated in Figure 2.2.

Figure 2.2: The main coordinate system used to keep track of photon events. The origin of the coordinate system is at the center of a
planet/moon. R represents the radius of a planet/moon. Illustration figure adapted from: Brilliant.org
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SPORT uses a square (or rectangular) photon generator. Using the input file for a simulation, photon genera-
tor physical dimensions viz. length and width in kilometers and grid dimensions viz. the number of rows and
columns can be specified. Also, the number of photons per grid cell is specified in the input file. Thus, the in-
cident stellar flux on the planet/moon is split into the total number of photons that we wish/need to track. By
default, the photon generator then generates a raster of photons in the x,z space, and the initial x and z coor-
dinates being the coordinates of the center of the grid cell. Then by inverting the equation y =

p
R2 −x2 − z2,

the y coordinate is found; here R = radius of the planet + altitude of the top of the atmosphere. Thus, every
photon has a 3D initial position on the spherical atmosphere top and initially, their direction of propagation
is along the +y direction. The initial direction can be tweaked according to the desired geometry for radiative
transfer calculations. The front and side views of the illumination are illustrated in the figure 2.3

Figure 2.3: Left: Example of the front view of the planet/moon’s (here Titan’s) illumination using the square photon generator. Titan’s
disk is inscribed inside the photon generator. Right: Side view of the illumination. Titan’s gray solid body is surrounded by concentric
atmospheric layers. The X-axis is pointing out of the screen/paper.

A photon’s direction is described by a Cartesian 3D unit vector (hereafter, direction vector) whose elements
are the direction cosines i.e. cosines of angles between photon’s direction with respect to the positive direc-
tions of X, Y, and Z axes. For the illumination geometry used in this project, which is shown in Figure 2.3, the
initial direction vector for all photons is dir = [0,1,0]. The light coming from the Sun can be considered as
unpolarized light (Kemp et al. (1987)), thus, the initial Stokes vector of photons is given by [1,0,0,0], and it can
be changed if necessary.

2.3. Traversing photon’s journey in a planetary atmosphere-surface sys-
tem

In this section, we will discuss how photon’s probabilistic distances are computed and how scattering and
surface reflection events are tracked in SPORT.

2.3.1. Estimating photon distance travelled
The discussion in this subsection is based on Wood et al. (2013) unless specified otherwise. In a planetary
atmosphere, photons undergo probabilistic interactions governed by extinction cross-sections of the parti-
cles in the atmosphere. In general, in a homogeneous medium with a geometrical thickness L, incident and
outgoing fluxes, Fin and Fout, respectively are related by

Fout(L) = Fine−NσL = Fi ne−kextL (2.17)

where kext, the extinction cross-section depicts the fraction of photons scattered or absorbed per unit length.
This gives us an important quantity - photon mean free path, 1/Nσ, which is nothing but the average dis-
tance a photon travels between interactions. Thus, the probability that a photon interacts i.e. either scattered
or absorbed by the particle over a length L is NσL i.e. the optical thickness, b. In physical essence, the optical
thickness over a distance L in a given direction is nothing but the number of photon mean free paths over
that distance.
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Since there is a probability distribution function associated with the photon path length, the distances trav-
eled are not uniformly chosen from all space L{0,∞} and thus, we must sample optical thickness (b) such
that its chosen values "fill in" the respective probability distribution function (PDF), P (b). In SPORT, the
probabilistic distance lp that the photon will travel in a particular atmospheric layer is calculated as

lp = 1

kext
log

1

ξ
(2.18)

where ξ is a random number sampled uniformly from the range 0 to 1. Thus, in SPORT, we need to sample
how far a photon travels before interacting. The probability that it travels an optical thickness b without in-
teraction is e−b . And thus, the probability of scattering prior to b is 1−e−b .

Depending on the value of lp , a photon can either cross the atmospheric layer or undergo an interaction in
the same layer. SPORT uses a ray-tracing technique to determine if the photon’s path crosses the atmospheric
layer using the line-sphere intersection equations. If the photon crosses the layer’s boundary, its location is
updated to be at the boundary (the photon is now inside the new layer) while its traveling direction remains
the same. Again a new random number is generated and using the kext of the new layer, a new lp is deter-
mined.

If the photon interacts in the same layer it is either

• absorbed or scattered in the atmosphere which is dependent on the ω̃layer. If the photon is absorbed,
it is no longer tracked and a new photon is emitted. If it is scattered, it travels in a new direction that
is determined by elements P11 (the phase function) and P12 from the scattering matrix of the particle
(their role in determining the new direction is explained in Subsection 2.3.2).

• absorbed or reflected by the surface (if the photon is in the lowermost atmospheric layer and if there is
a surface), which depends on the surface albedo.

2.3.2. Photon direction calculation and Stokes vector update after scattering
A photon’s direction and Stokes vector need to be updated when it interacts with a scattering particle because
the scattering event generally changes its direction as well as the Stokes vector. Figure 2.4 depicts the scatter-
ing geometry in a local scattering reference frame, where a photon is scattered by a particle and the scattered
direction is determined by the scattering angle θ ([0, π] radians) and the azimuth angle ψ ([0, 2π] radians).
The plane containing the incident as well as the scattered direction of a photon is called the scattering plane.

Figure 2.4: Figure depicting the scattering geometry. The angles θ andψ determine the scattered direction. The X-Y-Z coordinate system
is the local scattering coordinate system. Illustration figure adapted from Szirmay-Kalos et al. (2011).

In SPORT, we use rejection sampling to sample/determine angles θ and ψ (see e.g. Whitney (2011), Wood
et al. (2013), or Ramella-Roman et al. (2005)). When we deal with polarization of a light, we need to generate
three random numbers ξ1, ξ2, and ξ3 for the rejection sampling. Using those random numbers θ and ψ can
be sampled as follows:

1. Sample a random scattering angle, θr as θr = acos(2ξ1 −1)

2. Sample random ψr as ψr = 2πξ2
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3. Determine the scattering probability for these angles as (Ramella-Roman et al., 2005)

P (θr ,ψr ) = P11(θr )Fin +P12(θr )[Qin cos2ψr +Uin sin2ψr ] (2.19)

where Fin,Qin,Uin are the Stokes parameters of the photon incident on the scattering particle.

4. Generate a random deviate Pr = Fmax(θ,ψ)ξ3 where Fmax(θ,ψ) is the maximum value the scattered total
flux F can have for the given incident Stokes vector.

5. If Pr ≤ P (θr ,ψr ), accept θr ,ψr otherwise repeat from Step 1.

From Step 4 it can be seen that to use the rejection sampling, we need to know the maximum value of the
scattered flux, Fmax beforehand. This can be determined numerically by calculating the values of scattered
fluxes (Eq. 2.19) for all combinations of θ, ψ, and Stokes vectors and then picking the maximum value. In-
deed as described in Whitney (2011), we also found that this maximum value to be P11(0) for the scattering
matrices used in this research.

From Eq. 2.19 it can be seen that the probability of photon scattering in a certain direction depends not only
on P11(θ) but also P12(θ). This is when we take the polarization into account to determine the scattering di-
rection. When we ignore the polarization, the scattering probability is dependent on P11(θ) only and the Eq.
2.19 reduces simply to P (θr ) = P11(θr )Fin, thus requiring to randomly sample only θr in the rejection loop (ψ
will needed to be sampled only once in this case and is sampled outside the rejection loop).

After θ and ψ are sampled, we calculate new direction cosines of the photon that are defined with respect
to the global Cartesian reference frame (Figure 2.2). Direction cosines after scattering (kxnew , k ynew , and
kznew ) are then calculated using direction cosines before scattering (kxol d , k yol d , and kzol d ) as:

if |kzol d | ≈ 1 i.e. if photon travels parallel to Z axis:

kxnew = sinθcosψ

k ynew = sinθ sinψ

kznew = cosθ
kzol d

|kzol d |

(2.20)

else:

kxnew = kxol d cosθ+ sinθ(kxol d kzol d cosψ−k yol d sinψ)√
1−kz2

ol d

k ynew = k yol d cosθ+ sinθ(k yol d kzol d cosψ+kxol d sinψ)√
1−kz2

ol d

kznew = k yol d −
√

1−kz2
ol d sinθcosψ

(2.21)

Once we obtain the new direction cosines of the photon, we update its Stokes vector using so-called meridian
planes first introduced in Chandrasekhar (1950) and further elaborated in e.g. Hovenier and van der Mee
(1983) and Hovenier et al. (2004) as below:

Fscat = LPLFinc (2.22)

where Finc and Fscat are the Stokes vectors of the incident and scattered photon, respectively, L is the rotation
matrix as described in Equation 2.5, and P is the scattering matrix. We need Stokes vector rotations because
the scattering matrix is defined with respect to the scattering plane. The Stokes vector of the incident photon
is defined with respect to the meridian plane consisting of the Z-axis of the global Cartesian coordinate system
and photon’s direction before scattering. It is then rotated to the scattering plane so as to multiply it by the
scattering matrix. After that, it is rotated to the meridian plane containing the Z-axis of the global Cartesian
coordinate system and photon’s direction after scattering in this coordinate system. There are several ways
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to obtain the rotation angles used in the rotation matrix which produce the same end result for the equation
2.22. In SPORT, the way described in Ramella-Roman et al. (2005) is used (except the direction cosines; they
are updated using Eq. 2.20 - 2.21). After the Stokes vector is updated, it is normalized using the first Stokes
parameter i.e. F to follow the conservation of energy principle, and the resulting Stokes vector looks like

FScat =


1

Qscat/Fscat

Uscat/Fscat

Vscat/Fscat

 (2.23)

Note that this equation can be used directly when we consider only scattering in the atmosphere. When we
also consider the absorption, we also need to keep track of the ’weight’ of the photon i.e. how much energy
is still remained in the photon, and then multiply this weight to the final Stokes vector when the photon exits
the atmosphere.

2.3.3. Photon direction calculation and Stokes vector update after surface reflection
In the current version of SPORT, we use a Lambertian surface, which reflects the light isotropically. When the
photon is not absorbed by the surface and is reflected, first the surface reflection angle θrefl is calculated as
(Modest, 2013):

θrefl = asi n(
√
ξ) (2.24)

where ξ is a random number. Equation 2.24 represents the reflection function of a Lambertian surface.

After obtaining the local surface reflection angle, first, the direction vector of the photon in the local East-
North-UP (ENU)1 coordinate frame is calculated, and then, the direction vector in the global Cartesian coor-
dinate system is calculated.

Lambertian surface completely depolarizes the light, hence the Stokes vector after the surface reflection is
updated as AS [1, 0, 0, 0], where AS is the surface albedo.

2.4. Generation of planetary phase functions and images
Once the photon exits the atmosphere to space, the exit azimuth and elevation (with respect to the plane-
tary equatorial plane) of its direction vector is calculated and the photon is put in a bin of the appropriate
planetary phase angle, which is the angle between the star and the observer as seen from the center of the
planet/moon as shown in Figure 2.5.

Figure 2.5: Planetary phase angle α. Illustration figure adapted from Stam and Hovenier (2005).

The phase function of a planet depicts the brightness of a planet viewed from different planetary phase angles
e.g. phases of the Moon or the Venus. It can give information about the planetary atmosphere (if present) such
as atmospheric composition and optical properties, and surface reflection properties making it a valuable
tool for planetary studies. The reflected planetary flux at a particular wavelength can be described as (Stam,
2008):

Fr (α,λ) = AG (λ)ϕ(α,λ)πB(λ,TS )
R2

P R2
S

d 2D2 (2.25)

1Transformations between planet-centered, planet-fixed and ENU coordinate system: https://gssc.esa.int/navipedia/index.
php/Transformations_between_ECEF_and_ENU_coordinates

https://gssc.esa.int/navipedia/index.php/Transformations_between_ECEF_and_ENU_coordinates
https://gssc.esa.int/navipedia/index.php/Transformations_between_ECEF_and_ENU_coordinates
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Where
- AG is the geometrical albedo of the planet which is the ratio of the brightness of the planet/moon at α= 0°
to the brightness of the Lambertian disk of same radius illuminated with the same amount of irradiance. The
planet/moon can have a different AG for a different λ.
- ϕ(α,λ) is the wavelength dependent phase function of a planet/moon and its values at different phase an-
gles describe the brightness of the planet/moon relative to the brightness at α= 0° (thus ϕ(0,λ) = 1).
- Ts is the temperature of the star and B(λ,TS ) is its wavelength dependent brightness.
- RP and RS is the radius of the planet/moon and Star, respectively.
- D is the orbital radius of the planet and d is the distance to the observer.

Depending on what kind of analysis is needed to be done, the phase curve of the planetary flux can either be
represented as the phase function, ϕ(α,λ) or it can be normalized such that at α= 0°, it represents the AG of
the planet (in principle, AGϕα(λ)).

In SPORT, with changing the filter for the elevation of exit direction (basically, kzexi t : direction cosine with
the global Z axis), phase function for different observing conditions e.g. from the Earth or from the spacecraft
can be generated.

Stokes vector of the photon exiting the atmosphere is defined with respect to the meridian which contains the
photon exit direction and the global Z axis. This Stokes vector needs to be rotated to the common reference
plane to have consistency across all the planetary phase angles. To simulate the observations taken from the
Earth, the common reference plane to which the Stokes vector of the exiting photon is rotated is taken as the
plane containing star-planet and planet-observer lines. In general, this plane can also be called the planetary
scattering plane.

Apart from planetary phase functions, SPORT can also generate 2D planetary images for any phase angle and
is flexible with the image resolution (pixel rows and columns).

2.5. Statistical errors, simulation run times, and model code paralleliza-
tion

Wood et al. (2013) mention the random sampling errors accompanied in Monte Carlo simulations as E/
p

Ni ,
where E is the physical property under investigation (e.g. planetary Stokes parameters) and Ni is the number
of photons. Thus, care needs to be taken to include at least a minimum number of photons in the calculations
to minimize the statistical fluctuations in the physical property under investigation.

The program has been built in a way that not all photons are needed to be in computer’s RAM at a time and
their journey in the atmosphere is independent of each other. The first aspect allows a generation of a large
number of photons and thus improving the S/N ratio (

p
Ni ) and the second aspect allows a complete paral-

lelization of the code as each photon will have its journey not dependent on other photons. Parallelization is
needed to reduce computation time, especially for a dense hazy atmosphere like that of Titan. The OpenMP
framework of the Fortran language was used for code parallelization.

2.6. SPORT Validation
Validation is an important process in the development of any new code to ensure that the code produces
expected results and is free of or has minimum errors. SPORT was validated at various stages throughout its
development. First, using the simple case of Lambertian sphere without having an atmosphere. The reflected
flux Fr (α) at different phase angles of Lambertian sphere with a surface albedo AS can be given by an analyti-
cal equation (see e.g. van de Hulst (1980)). Here, Fr (0) represents geometrical albedo (AG ) of the Lambertian
sphere.

Fr (α) = 2

3π
AS (sinα+πcosα−αcosα) (2.26)

After this, the validation was first done for the version dealing with only flux (i.e. polarization not considered)
and then for the version which fully considers flux and polarization using the benchmark results from the



2.6. SPORT Validation 13

already proven code based on the adding-doubling method (which assumes the atmosphere to consist of
plane-parallel layers) and was used in Stam et al. (2004). The validation results are shown in Figure 2.6.

Figure 2.6: Validation results of SPORT for different model settings. The total flux F is normalized such that at α = 0° F represents the
geometric albedo of the planet. To normalize Q the same factor which was used to normalize F was used. The degree of polarization,
P is calculated as −Q/F . The atmosphere is divided into three layers with each layer having the thickness of 2 km and bm

sca=1.0,0.2,0.1
from bottom-most to the top-most layer for a total bm

sca of 1.3. The depolarization factor for Rayleigh scattering was taken to be 0.0279
(depolarization factor of Earth’s purely molecular air). For a total bm

sca of 2.6, bm
sca of each layer is multiplied by 2. Aerosol is loaded in the

bottom-most layer. AS depicts the surface albedo. Orange lines represent SPORT output, while markers represent benchmark values.
For the Lambertian sphere Equation 2.26 was used for benchmark, while for the atmosphere-surface validations phase curves generated
using the adding-doubling code used in Stam et al. (2004) was used.
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In Figure 2.6, SPORT results are shown by orange curves, while the markers represent benchmark results. For
the validation of Lambertian reflection, Equation 2.26 was used. Markers for a planet with an atmosphere
(represented by labels Rayleigh: and Aerosol loaded:) represent the benchmark results from adding-doubling
code used in Stam et al. (2004). For the comparison with results from the adding-doubling method, we con-
sidered a planet with a radius of 2575 km (radius of Titan) and a geometrically very thin atmosphere with a
total geometrical thickness of 6 km in SPORT simulations. This setting closely simulates the plane-parallel
atmosphere approximation due to a very low extent of the atmosphere. The atmosphere was divided into 3
layers with each layer having a geometrical thickness of 2 km. We used purely molecular as well as aerosol
loaded atmosphere i.e. atmosphere consisting of molecules and aerosols and we did comparisons for many
combinations of optical depths and surface albedos as shown in legends of the graphs in the figure. In the fig-
ure, the first panel represents the total flux F which is normalized such that at phase angleα = 0°, the total flux
represents the geometric albedo of the planet. The second panel represents the normalized Stokes parameter
Q of the reflected light from the planet. We used the same factor to normalize Q that we used to normalize
total flux F . The third panel represents the degree of polarization which was calculated as P = −Q/F . Here
the − sign provides the information about the direction of polarization. P > 0 (<0) indicates that the scattered
light is polarized perpendicular (parallel) to the scattering plane, which is the planetary scattering plane (de-
scribed in Section 2.4) in this case. From F ,Q, and P curves we can see that SPORT produces results very close
to the benchmark values and the difference is almost indistinguishable in many cases and thus we can say
that SPORT can be used to study reflected total and polarized fluxes of a planet(ary atmosphere).



3
Results: Spatially Resolved Planets

In this chapter, we discuss total flux and polarization signals (images) of disk resolved planets having different
atmospheric extent, surface albedo (As ), and the single scattering albedo (ω̃) of atmospheric particles.

Single scattering matrix elements (Eq. 2.6) of the scatterers (molecules and haze) used in this research are
shown in Figure 3.1. The haze particles are used to simulate Titan’s atmosphere and are described in Section
3.4.

Figure 3.1: Single scattering matrix elements of molecules (Rayleigh scattering) and the aggregate haze particles used in this research.
Phase functions P11 are normalized using Eq. 2.7. From P11 it can be seen that haze particles strongly scatter light in the forward
direction. The degree of linear polarization (P ) after single scattering is calculated as −P12/P11. Here the − sign provides the information
about the direction of polarization. P > 0 (<0) indicates that the scattered light is polarized perpendicular (parallel) to the scattering plane
i.e. the plane containing incident and scattered light.

15
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3.1. Effect of the geometrical thickness of the atmosphere
In SPORT, as we are considering atmospheric layers as spherical shells we can investigate the effect of the
sphericity of the atmosphere on the observed flux and polarization signals when the extent of the atmosphere
increases. We discuss our investigation for this effect in this section.

3.1.1. Atmospheres consisting of single homogeneous layer
To study this effect, we first did an investigation with a simple planet having an atmosphere consisting of only
one layer and we did simulations for different geometrical thicknesses of the atmosphere. In the following
text, when we refer to the thickness of the atmosphere we mean the geometrical thickness unless specified
otherwise. Also, by the thin (thick) atmosphere we mean an atmosphere having a smaller (larger) extent.

We considered a hypothetical planet/moon of a radius of 2575 km (radius of Titan; we used this radius for all
simulations done in this research) and the surface albedo was set to 0 so as to decouple the contribution from
the surface and investigate solely the atmospheric effect. The bm

sca of the atmosphere was chosen to be 1.3.
We considered a purely molecular (i.e. gaseous) atmosphere and the depolarization factor was taken to be
0.0279 (Earth-like purely gaseous air). The investigation of increasing atmospheric extent was done relative
to the planet of a size of 2575 km, but these principles should apply to planets with other sizes as well, as
they are relative. We present here atmospheres with thicknesses of 30, 300, 600, and 1200 km. Disk resolved
images for α = 0° for these cases are shown in Figure 3.2. In all the cases, the planet was irradiated with the
same number of photons (3927280000).

First thing to notice is how the total flux (hereupon, F ) appears over the disk. It looks nearly uniform for the
major part of the disk except near the limb (the outermost part or the edge of the disk). Near the limb, due to
the sphericity of the atmosphere, the percentage of light ultimately scattered back to the α= 0° (in this case)
is smaller than in the inner part of the disk. Thus we see the gradient and eventually smaller flux near the
edge of the disk. Near the limb we primarily see the light that travelled longer distance in the atmosphere
than at the central part due to the sphericity of the atmosphere. It can be seen that this effect increases as the
thickness of the atmosphere increases. This is because, when we increase the geometrical thickness of the
atmosphere while keeping the optical thickness same, the atmosphere becomes more tenuous. This leads to
more photons in the limb region travelling longer distance and ultimately not returning back to the smaller
phase angles.

Q and U show clear structures (yellow and black lobes) for the thinner atmosphere and they start to fade
with the increase in the atmospheric extent; this is because, for the thinner atmosphere, scatterers (i.e. gas
molecules) are concentrated at comparatively smaller region. Also, as we are using a (horizontally) homoge-
neous atmospheric layer, we see the symmetry in the disk resolved Q and U images. Remember that Q and
U are defined with respect to the planetary scattering plane. We see lower values for Q, U , and thus the total
polarized flux and P in the central part of the disk for all atmospheric thicknesses, because in this part we
see the higher percentage of light which is singly scattered in the backward direction (scattering angles closer
to 180°). If we look at the element P12 from the single scattering matrix of molecules (figure 3.1), we see that
the light scattered at these larg scattering angles have very small polarization. On the other hand, around the
limb, we see the light that is traveled longer distance in the atmosphere and the percentage of light scattered
twice (second-order scattering) is also higher (this was confirmed by tracking the number of times photons
scatter for every image pixel). In this case, light scatters twice with scattering angles near to 90°. From the P12

of the single scattering matrix of molecules, it can be seen that the light scattered near θ = 90° has the high-
est polarization. Though the multiple scattering reduces P as compared to the singly scattered light with θ

around 90°, it is still significant to have a high P . With the increasing atmospheric thickness, P values become
noisier around the limb. This is because P is a relative quantity and the noise increases as the number of
photons contributing to F decreases. Thus, care needs to be taken so as not to erroneously interpret noisy P
values as high P values, especially around the limb. For all the P images in this research, the noise threshold
(1/

√
number of photons) was taken to be 0.1 unless specified otherwise, to filter out the noisy pixels. Below

this threshold, a significantly low number of pixels remained in the P images of the atmosphere with 1200 km
thickness for the chosen incoming flux.

Figure 3.3 shows variation of F and P across the equatorial part of the planetary disk. For each atmospheric
case, every data point in F and P graphs represent their values for a horizontal pixel for the vertical image
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Figure 3.2: Disk resolved images at α = 0° for a planet with increasing atmospheric geometrical thickness. The atmosphere consists

of only one layer. First to last rows depict the non-normalized total flux (F ) in photons, Q, U , total polarized flux (
√

Q2 +U 2), and P ,
respectively. Each column represents those quantities for a particular atmospheric thickness (mentioned in the title of each column).
Note that every image has a different colour-bar and the range of values represented by colour-bars might be different for a particular
row in the figure. This is applicable to all the figures showing such images in this report. The black circle represents the projection of the
surface in the case of a rocky planet.

pixel number 15 from Figure 3.2. Near the start and end of the graphs we see pixels near the limb while in
the central part of graphs, we see pixels from the inner part of the disk. We see that, although P graphs show
similar variation along the horizontal pixels for all atmospheric cases, F graphs show different variations with
the increase in the atmospheric extent. From F graphs, we see that more pixels near the limb of the disk have
smaller values than the central bright pixels when the atmospheric extent increases. Because we see clear
variation in F graphs than in P with the change in thickness of the atmosphere, we find it to be a suitable
parameter to further investigate at what atmospheric thickness effect of atmospheric sphericity around the
limb starts to become large. The atmosphere with a thickness of 30 km closely depicts how the plane-parallel
atmosphere model would represent the disk resolved planet. Thus, with this investigation, we want to see at
what atmospheric thickness assumption of the plane-parallel atmosphere or ignoring the sphericity of the at-
mosphere will introduce large deviations in values of Stokes parameters around the limb of the planet. To do
this investigation we used more atmospheric thicknesses in between 30 and 300 km. F graphs for the equato-
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Figure 3.3: First and second rows representing total flux in photons and P , respectively for pixels along the equator (vertical pixel number
15) of planets shown in Figure 3.2.

Figure 3.4: Graphs representing F values along the equator of planets with different atmospheric thicknesses (mentioned in the title
of every graph) for α = 0°. Graphs were produced using images of resolution of 64x64 pixels. To have a better S/N ratio we used three
vertical pixel lines near the equator of planets.

rial part of the atmosphere cases presented in Figure 3.2 and additional atmospheric thicknesses between 30
and 300 km are shown in Figure 3.4. Note that we used images with 64x64 resolution for a better comparison
among the different atmosphere cases. From Figure 3.4, though it seems to be a bit difficult to quantify the
deviations in F values near the limb for different atmospheric thicknesses due to statistical fluctuations, we
can see that starting from total thickness of 300 km we see more pixels near the limb have smaller F than
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the atmospheric thicknesses smaller than 300 km. Thus, for this particular planet with the considered atmo-
spheric properties in this section, we see that at smaller phase angles, the effect of sphericity starts to become
larger from atmospheric extent of around 300 km.

Figure 3.5: Same as figure 3.2, but for α= 90°

In figure 3.5, disk resolved images for α = 90° are shown. We see a very sharp terminator (a line separating
illuminated and non-illuminated parts of the planet) at the middle of the image for the atmosphere with 30
km thickness as compared to atmospheres with larger thicknesses. From all the images in Figure 3.5 it can be
seen that as the atmospheric extent increases, the twilight zone (the region on the planet that is illuminated
by scattered light, even though the star is below the local horizon) becomes broader. When the atmosphere
is extended, even if the star is below the local horizon, photons that traveled longer in the atmosphere con-
tribute to the flux from the extended twilight zone. Plane-parallel atmospheric models do not consider the
light coming from the twilight zone and thus the non-illuminated part of the planet appears completely dark.
Thus, spherical atmospheric models are extremely useful to study planetary signals from the twilight zone.

Note that Q values are higher at this phase angle than at α = 0°, this is because, at this α, the percentage of
light scattered around θ = 90° is higher, which produces the maximum polarization for the singly scattered
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Figure 3.6: Same as Figure 3.3 but for α= 90°.

Figure 3.7: Same as Figure 3.4, but for α= 90°.

light (see Figure 3.1). P images show a clear distinction from those for α = 0°. It looks to be uniform across
the illuminated part of the disk, contrary to the variation as seen for α = 0°. At the extreme edges of the
illuminated part of the disk, we primarily see the light which is singly scattered. In his region, we see higher
P , than the other illuminated parts because P of the light scattered once at θ = 90° is higher than the one
that scattered multiple times before e.g. getting scattered at around θ = 90°. This is because P decreases with
multiple scattering. We see this for the larger part of the limb with the increase in the atmospheric extent. This
is because, the atmosphere becomes more tenuous and thus photons can have longer paths, thus increasing
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the chance of singly scattered photons escaping the atmosphere. We were skeptical whether the pixels at the
edge of the limb and near the terminator in P images are noisy. To rule this out, we did simulations with
the triple number of photons to get a better signal-to-noise ratio and found that indeed the pixels in those
regions represent the true signal. Figure 3.6 shows F and P variations across the equator of planets shown
in Figure 3.5 for α = 90°. From F and P graphs we see the broadening of the twilight zone. Horizontal pixel
number 15 represents the terminator and values larger than this represent the illuminated part of the planet,
while the lower pixel numbers represent the non-illuminated part of the planet. We see that more pixels get
illuminated with the increase in the atmospheric thickness. To investigate from what atmospheric thickness
the twilight zone starts to broaden significantly, we analyzed F graphs for the equatorial pixels for multiple
atmospheric thicknesses along with the one presented in Figure 3.5. These graphs are shown in Figure 3.7.
In these graphs horizontal pixel number 32 represents the terminator. From these graphs, we can see that
for the atmosphere with 120 km thickness, the twilight is broadened very slightly, while for the atmosphere
of 150 km thickness it is more noticeable and for 300 km it is very prominent. Thus, for α = 90° (or for large
phase angles in general) considering the sphericity of the atmosphere is essential for the atmosphere with the
thickness of 150 km, for the planet discussed in this section. This thickness is smaller than the one we found
for α= 0°.

Figure 3.8: Same as Figure 3.9, but for α= 180°
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Figure 3.8 represents the disk resolved images for α = 180°. Note that we only considered the photons that
scattered at least once in the atmosphere and ignored the photons that passed through the atmosphere with-
out any interaction. Also, we ignore the atmospheric refraction. At α = 180°, we hardly see any flux for the
atmosphere with 30 km thickness, and the total flux increases as the atmospheric extent increases. Also, We
can see that F is higher near the limb than in the inner part of the visible and illuminated atmosphere. This
is opposite to the flux distribution at α = 0°. Thus, the majority of the photons at the limb are the ones that
didn’t contribute for the flux at α= 0° but contributed for α= 180° due to the sphericity of the atmosphere.

The high flux values for thicker atmospheres affect our interpretation of the size of the exoplanet during tran-
sits because a thinner and dense atmosphere will block most of the stellar light incident on the atmosphere
causing the appropriate dip in the stellar flux, thus leading to better chances of having tighter constraints on
its size. On the other hand, the extended atmospheres transmit and enhance the light due to forward scat-
tering (which also depends on the scattering phase functions of the atmospheric constituents) and thus, in
reality, we receive more light than the planet with a thinner atmosphere causing smaller dip in the stellar flux
during the transit. This may lead to an interpretation that the planet has a smaller size than the actual one.
When analyzing the transit spectroscopy data of exoplanets, usually the molecular absorption is considered
and scattering is ignored. But from Figure 3.8, we can see that taking into account scattering as well can im-
prove the characterization of the exoplanetary atmospheres through the transit method.

Like α= 0°, Q and U have smaller values because the singly scattered light in the forward direction (θ ≈ 0°) by
molecules has a very low polarization. Here we used a noise threshold of 0.2 for the P images, because with
the threshold of 0.1, we could hardly see any pixel for the atmospheres with thicknesses of 300 and 600 km.

3.1.2. Atmospheres consisting of multiple layers, where layers have different geometrical
thicknesses

In reality, planetary atmospheres are composed of many layers, generally having different optical and geo-
metrical thicknesses i.e. they are vertically inhomogeneous. To investigate how the total flux and polarimet-
ric signals for extended atmospheres with such layers would look like, we again considered atmospheres with
different geometrical thicknesses, but now they are divided into three layers having bm

sca=1.0, 0.2, 0.1 from the
bottom-most to the top-most layer for a total atmospheric bm

sca of 1.3. The layer sizes are as shown in Table
3.1. Figure 3.9 shows Stokes parameters and P for these atmospheres.

Total geometrical thickness
of the atmosphere [km]

Layer 1, Layer 2, Layer 3
geometrical thicknesses [km]

30 5,10,15
300 50,100,150
600 100,200,300

1200 200,400,600

Table 3.1: Table depicting values of geometrical thicknesses of atmospheres and their constituting layers.

For the thinner atmosphere of 30 km thickness F looks more or less uniform over the disk, whereas as the
extent of the atmosphere increases, the disk looks brighter in the central part and F decreases more towards
the limb. Apart from the sphericity effect discussed in the case of the atmospheres with only one layer, there
is also an effect of changing the atmospheric optical thickness. Here, in the central part of the disk, we mostly
see the light reflected from the deeper and denser part of the atmosphere whereas around the solid body we
see the light reflected by tenuous atmospheric layers where comparatively less scattering occurs than in the
deeper part of the atmosphere. Looking at F image of the planet with a total thickness of 1200 km, we can
even clearly see the distinction of the layers. Thus, with high-resolution images, it could be possible to better
understand the stratification of the upper parts of extended atmospheres. Although, for a real planet it would
be very difficult to observe such stratification if the upper part is primarily composed of gas because the gas
density decreases gradually with altitude. However, if there are very sharp haze layers, it could be possible to
observe the stratification. Now, even if the atmosphere is extended, in this kind of stratification, maximum Q
and U signals come from the outer edges of the denser part of the atmosphere because of the more scatter-
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Figure 3.9: Same as Figure 3.2 but now atmospheric layers have thicknesses as described in Table 3.1 and have bm
sca=1.0, 0.2, 0.1 from the

bottom-most to to the top-most layer.

ing occurring in the denser part. This also results in P to be maximum around the edges of the denser part
of the atmosphere. Figure 3.10 shows the variation of F and P across the equatorial part of the disk for this
case at α= 0°. From F graphs we can see that F decreases significantly for the pixels in the outer part of the
disk with increasing atmospheric extent. If we compare F graphs from Figures 3.3 and 3.10, we see that for
atmospheres with thicknesses of 300, 600, and 1200 km, F decreases for more pixels in the outer part of the
disk (and thus overall ) for the vertically inhomogeneous atmosphere. From P graphs, we can also see that
the atmospheric region from where we see the maximum P values shifts in the inner part of the visible disk
with the increase in the atmospheric extent. Similar to the case with the atmospheres consisting of only one
layer, we investigated from what atmospheric thickness we see large deviations for the observed flux values
around the limb in this case. Figure 3.11 shows F graphs for the equatorial region of the disk for planets with
atmospheric thicknesses of 30, 60, 90, 120, 150, 300, 600, and 1200 km for this case. We used images with
resolution of 64x64 pixels to generate these graphs. From these graphs we can see that for the atmospheric
thickness of 120 km significant number of pixels around the limb have lower F values. Recall that for the case
of atmospheres consisting of only one layer, we found that atα= 0° the decrease in F values for large number
of pixels was evident for atmospheric thickness of 300 km. This suggests that the effect of the sphericity of
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the atmosphere on the observed flux values around the limb for smaller phase angles depends on how much
tenuous the upper part of the atmosphere is.

Figure 3.10: First and second rows representing F and P , respectively for the pixels along the equator (vertical pixel number 15) in Figure
3.9.

Figure 3.11: Graphs representing F values along the equator of the planets with different atmospheric thicknesses (mentioned in the title
of every graph) forα= 0°. The atmospheres consist of three layers with the layers having geometrical thicknesses of 1x, 2x, and 3x, where
x = 5,10,15,20,25,50,100, and 200 km for atmospheres with total thicknesses of 30,60,90,120,150,300,600, and 1200 km, respectively. Three
layers have bm

sca = 1.0,0.2,0.1 from bottom-most to the top-most layer. Graphs were produced using images of resolution of 64x64 pixels.
To have a better S/N ratio we used three vertical pixel lines near the equator of planets.
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Figure 3.12 shows Stokes parameters and P for planets with the atmospheric thicknesses of 30, 300, 600, and
1200 km for α = 90°. From the figure it can be seen that the twilight zone is more broadened than for the
corresponding atmosphere thicknesses in the case of a single layer atmosphere. This is because as the upper
layers become more tenuous, more photons can travel longer paths in the atmosphere than for the single
layer case. P looks similar to the corresponding single layer atmospheres (see Figure 3.5) for the major part
of the disk, but it is increased on the limb owing to an increased percentage of flux from singly scattered pho-
tons. Similar to Figure 3.11 where we saw at what atmospheric thickness, effect of the sphericity becomes
prominent at α= 0° for the atmospheres discussed in this subsection, Figure 3.13 shows variation in F across
the equatorial region for planets with atmospheric thickness of 30,60,90,120,150,300,600, and 1200 km and
having three layers. The thicknesses of layers are as mentioned in the caption of Figure 3.13. In the figure
horizontal pixel number 32 represents the terminator. From F graphs, we see a thin twilight zone for the
planet with an atmospheric thickness of 30 km. We can also see that the twilight zone has already promi-
nently broadened for the atmospheric thickness as low as 60 km. Recall that for the atmospheres consisting
of only one layer (discussed in subsection 3.1.1), we saw the prominent broadening of the twilight zone for
the atmospheric thickness of 150 km, showing that at large phase angles as well the effect of sphericity of the
atmosphere on the observed flux values depends on how much tenuous the (upper part of the) atmosphere is.

Figure 3.14 shows Stokes parameters and P for the planets with the atmospheric thicknesses of 30, 300, 600,
and 1200 km forα= 180°. Similar toα= 0° and 90°, we see the radial variation in transmitted flux forα= 180°.
This kind of stratification was observed for Pluto by New Horizons spacecraft for such a large phase angle and
is shown in Figure 3.15.
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Figure 3.12: Same as Figure 3.9 but now for α= 90°.
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Figure 3.13: Graphs representing F values along the equator of the planets with different atmospheric thicknesses (mentioned in title of
every graph) forα= 90°. The atmospheres consist of three layers with the layers having geometrical thicknesses of 1x, 2x, and 3x, where x
= 5,10,15,20,25,50,100, and 200 km for atmospheres with thicknesses of 30,60,90,120,150,300,600, and 1200 km, respectively. Three layers
have bm

sca = 1.0,0.2,0.1 from bottom-most to the top-most layer Graphs were produced using images of resolution of 64x64 pixels. To
have a better S/N ratio we used three vertical pixel lines near the equator of planets.
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Figure 3.14: Same as Figure 3.9 but now for α= 180°.
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Figure 3.15: Left: picture of Pluto taken by New Horizons spacecraft’s Ralph/Multispectral Visible Imaging Camera (MVIC) at a large
phase angle. The back-lit blue coloured atmosphere is comprised of multiple layers of hazes. Right: another image of Pluto taken by
New Horizons spacecraft at a large phase angle. Note that the original itself is cropped on the right side. More information on these
pictures can be found here and here, respectively (credits for both the images: NASA/JHUAPL/SwRI).

https://www.nasa.gov/nh/nh-finds-blue-skies-and-water-ice-on-pluto
https://photojournal.jpl.nasa.gov/catalog/PIA20727
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3.2. Effect of the surface albedo
After investigating the effect of increasing geometrical thickness of the atmosphere, we analyzed the effect of
the surface albedo (AS ) on the observed Stokes parameters and P of a planet with an extended atmosphere.
For this analysis, an atmosphere with a total thickness of 600 km and consisting of 3 layers having thicknesses
of 100, 200, and 300 km was used (from the discussion in Section 3.1, we saw that this setting represents an
extended atmosphere). bm

sca values of the layers were taken to be 1.0, 0.2, and 0.1 from the bottom-most to
the top-most layer (same as in Section 3.1).

Figure 3.16: Disk resolved images atα= 0° for planets with variable surface albedo (mentioned in the title of every column) and a similar
atmosphere consisting of three layers with geometrical thicknesses of 100, 200, and 300 km from the bottom-most to the top-most

layer. First to last rows depict non-normalized F in photons, Q, U , total polarized flux (
√

Q2 +U 2), and P , respectively. The black circle
represents the projection of the surface in the case of a rocky planet.

Figure 3.16 shows Stokes parameters and P atα= 0° for disk resolved planets with same atmospheric settings
but different AS . As AS increases, we see that the central part of the disk becomes brighter than other parts as
the photons in that region cover shorter distances and more of them are reflected by the surface. Q, U , and
thus the total polarized flux values do not show much variation in the overall magnitudes. This is because we
are using a Lambertian surface which completely depolarizes the light after reflection. Though the change
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Figure 3.17: First and second rows representing F in photons and P , respectively for the pixels along the equator (vertical pixel number
15) in Figure 3.16.

in surface albedo does not affect the magnitude ranges of Q and U , it does affect their distribution over the
resolved disk. It can be seen that Q, U , and thus total polarized flux patterns start to diminish with the in-
crease in AS . This is because apart from the photons that only scattered in the atmosphere and didn’t reflect
from the surface, we also see some of the photons that reflected from the surface, where they got depolarized,
and then again got polarized in the atmosphere. And as the number of reflected photons increases with the
increase in AS , we see Q and U patterns (which are caused by photons that only scattered in the atmosphere)
start to diminish. The area on the disk with higher P shrinks with increased AS because of the more percent-
age of unpolarized or slightly polarized photons escaping the atmosphere while Q and U values remaining
similar for all the AS cases. Figure 3.17 shows the variation of F and P across the equatorial part of the disk for
these planets with different AS at α= 0°. From F graph we can clearly see the brightening of planetary disk in
the central part, while from the P graphs we see decrease in values of P with increase in AS .
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Figure 3.18: Same as Figure 3.16 but for α= 90°

Figure 3.18 shows Stokes parameters and P atα= 90° for disk resolved planets with same atmospheric settings
but different AS . As can be seen from Figure 3.18, at α = 90° also, a similar distribution for F can be seen
as that of for the α = 0°. Q shows a similar pattern to F , while U becomes noisier. This is because Q has
much higher values for this phase angle and while U has very low values and thus the noisiness in U is more
apparent. As AS increases, P decreases in most parts of the disk, including a prominent drop along the limb.
Note that P doesn’t seem to drop for the part of the limb near the terminator. This is because at these parts
of the atmosphere, the percentage of reflected photons is less, or in other words, the surface has little direct
influence on the number of photons emerging out of the atmosphere from these areas. The Stokes parameters
and P look almost the same for planets with different AS cases at α= 180° and thus are not shown here. They
look very similar, because at this larger phase angle, AS has very small influence on the emergent flux and
remember that we are using the same atmosphere settings for all the planets.
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3.3. Effect of the single scattering albedo
Another important factor influencing Stokes parameters and P of the planet’s reflected light is the single scat-
tering albedo (ω̃) of the scatterers in the atmosphere. To investigate its effect, we chose the same atmosphere
layer setting as in Section 3.2 i.e. they have geometrical thicknesses of 100, 200, and 300 km and bm

sca= 1.0,0.2,
and 0.1 from the bottom-most to the top-most layer. AS was set to be 0, and we varied ω̃. Stokes parameters
and P for α= 0° are shown in Figure 3.19.

The first obvious thing to notice would be the decrease in total as well as polarized flux across all parts of the
disk due to increased absorption as ω̃ decreases. Q, U and thus the total polarized flux become noisy due to
very low photon counts as ω̃ decreases. P shows interesting behavior with the decrease in ω̃. As ω̃ represents
the scattering probability, every time photon scatters, part of it (or the photon bundle) is absorbed, and we
terminate the photon after a significant part of it is absorbed (so basically the photon is absorbed in the at-
mosphere). Now, as the photons near the limb or near the outer edges of the denser part of the atmosphere
are generally scattered twice or thrice, more of them are absorbed as ω̃ decreases. Recall that these are the
photons that cause a higher degree of polarization around the limb. Thus, because the number of such pho-
tons is decreased, P in this area decreases with the decreasing ω̃. Figure 3.20 shows the variation of F and P
discussed above for the equatorial part of the disk at α= 0°.

Figure 3.21 shows Stokes parameters and P for the planets having atmosphere with different ω̃ at α = 90°.
Though the total and polarized fluxes show a similar behavior as for α = 0°, P varies differently. With the
increase in the percentage of singly scattered photons, P increases in most parts of the disk with decreasing
ω̃. In Figure 3.21 even after using the noise threshold of 0.2, the number of pixels falling within this threshold
decreases with a decrease in ω̃. At α= 180°, similar variation in Stokes parameters and P as for α= 0° for the
visible part of the disk can be seen and thus are not shown here.



34 3. Results: Spatially Resolved Planets

Figure 3.19: Same as Figure 3.16 but now AS = 0 and ω̃ is different (mentioned in the title of every column) for all planets.
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Figure 3.20: First and second rows representing F in photons and P , respectively for the pixels along the equator (vertical pixel number
15) in Figure 3.19.
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Figure 3.21: Same as Figure 3.19 but now for α= 90°.
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3.4. Titan’s atmosphere
After investigating hypothetical extended atmospheres, we simulated polarimetric signals that can be ob-
served from Titan (e.g. see Figure 1.1). Titan’s atmosphere primarily consists of N2 and CH4 that cause the
Rayleigh scattering. It contains a plethora of organic trace gases (a good review of those can be found in Hörst
(2017)). An important constituent of Titan’s atmosphere is its organic haze, which also gives it its peculiar or-
ange colour. This haze strongly scatters the light and because of it, Titan’s surface is difficult to observe at
most of the wavelengths.

To construct Titan’s atmosphere, we considered a total atmospheric geometrical thickness of 550 km and di-
vided it into 13 layers; Table 3.2 depicts the values of different parameters. We took the pressure profile from
Fulchignoni et al. (2005). We considered the Rayleigh scattering only by N2 and CH4 and ignore other trace
gases. We find this as a good approximation for molecular scattering in Titan’s atmosphere because mole
fractions of other species are very small. The CH4 mole fractions were taken from Niemann et al. (2010). For
N2 and CH4, the refractive indices (nr ) were obtained using dispersion formulas given in Bates (1984) and He
et al. (2020), respectively. Wavelength independent values of δ were taken as ≈ 0.02 for N2 (Bates, 1984) and
0.0 for CH4 (He et al., 2020). Considering these values, we calculated bm

sca for every layer using Equation 2.8.
Sylvestre et al. (2019) observed Titan in August 2018 using several polarimetric filters of the SPHERE facility
including the N_R filter mentioned in Figure 1.1. Though these observations are not processed yet, they will
be processed in future and can be used to study Titan’s atmospheric haze. Methane strongly absorbs light
for many wavelength bands in the visible and IR region but it has a weak absorption for the wavelength band
of the N_R filter of SPHERE (and almost no absorption at its central wavelength at 646 nm). Also N2 has
negligible absorption in the visible and infrared wavelengths. As we have not yet included the code for the
molecular absorption calculations in SPORT, we chose to do the computations for 646 nm wavelength and
thus we ignore the molecular absorption (i.e. bm

abs = 0) in this research.

Layer
Bottom Alt.

[Km]
Bottom P

[Pa]
N2 % CH4 % bm

sca ba Aerosol ω̃ ba
sca ba

abs

1 0 146700 95.25 4.75 0.2645 0.4410 0.9875 0.4355 5.511E-3
2 11.3 82740 96.99 3.01 0.1423 0.3864 0.9875 0.3816 4.828E-3
3 21.2 47700 98.2 1.8 0.1471 0.9133 0.9875 0.9019 1.141E-2
4 44.6 11280 98.52 1.48 4.278E-2 1.7852 0.9815 1.7523 3.290E-2
5 100 951 98.52 1.48 3.002E-3 1.2274 0.9607 1.17932 4.813E-2
6 150 254.17 98.52 1.48 7.845E-4 0.6229 0.9310 0.5799 4.291E-2
7 200 78.62 98.52 1.48 2.365E-4 0.2433 0.9162 0.2229 2.037E-2
8 250 27.58 98.52 1.48 8.409E-5 8.508E-2 0.9162 7.796E-2 7.125E-3
9 300 10.06 98.52 1.48 3.136E-5 2.858E-2 0.9162 2.619E-2 2.394E-3

10 350 3.75 98.52 1.48 1.214E-5 9.475E-3 0.9162 8.681E-3 7.934E-4
11 400 1.39 98.52 1.48 4.787E-6 3.126E-3 0.9162 2.864E-3 2.617E-4
12 450 0.49 98.52 1.48 1.755E-6 1.029E-3 0.9162 9.436E-4 8.624E-5
13 500 0.1708 98.52 1.48 5.787E-7 3.391E-4 0.9162 3.107E-4 2.839E-5

Top 550 0.0689

Table 3.2: Table depicting values of atmospheric parameters used to construct Titan’s atmosphere (model H550) in this research. For
the top of each layer we used the bottom of the upper layer. Note that N2 % + CH4 % = 100 %. ba designates the total aerosol optical
thickness for a particular layer.

The haze optical thickness and single scattering albedo profiles were taken from Doose et al. (2016). Titan’s
haze particles are of type fractal aggregates (Rages and Pollack, 1983, Tomasko, 1980, West et al., 1983). Doose
et al. (2016) provided the recent constraints on their properties. The scattering matrix of fractal aggregate par-
ticles can be calculated by the T-matrix method (Waterman (1971)). Mishchenko et al. (1996) and Mishchenko
et al. (2000) described this method in detail and also provided publicly available T-matrix codes. However, the
T-matrix method is computationally very intensive and it would be very time consuming to obtain the scat-
tering matrix of fractal aggregate particles described in Tomasko et al. (2008), the precursor paper of Doose
et al. (2016) using this method, because they used the aggregate particles having 3000 monomers to constrain
observations by Descent Imager/Spectral Radiometer (DISR) instrument on-board the Huygens probe, and
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Figure 3.22: Aggregate haze particle that we used in Titan’s atmosphere.

the time taken to calculate scattering matrix of an aggregate particle by T-matrix method increases with in-
crease in the number of monomers which coagulate and form the aggregate particle. Though Tomasko et al.
(2008) provide the values of phase functions of Titan’s haze particles at multiple wavelengths, they do not pro-
vide other elements of the scattering matrix. Although they have described the algorithm to calculate those
using the parameterization method they developed, it would have been time-consuming to implement and
test it. Thus, we decided to use the haze scattering matrix of the particles described in Karalidi et al. (2013).
This matrix was already available and the particles roughly resemble Titan’s fractal aggregate haze particles.
To first generate the fractal aggregate particles, they used the cluster-cluster aggregation (CCA) method that
starts with sequentially adding spheres from random directions to the existing cluster till it has a certain size
and then these clusters are combined to form the resultant aggregate particle of the desired size. Here, the
small spherical particles are called monomers. The haze particle that we used consists of 94 monomers, with
each monomer having an approximate radius of 0.035 µm. The resultant aggregate particle has a volume-
equivalent-sphere radius of 0.16 µm. They calculated the single scattering matrix of this particle using the
T-matrix method combined with the superposition theorem (Mackowski and Mishchenko, 2011). More de-
tails of the particle can be found in Karalidi et al. (2013). Figure 3.22 shows a sample fractal particle and Figure
3.1 shows the single scattering matrix elements of these particles for λ= 646 nm. Finally, we considered the
surface to be Lambertian and considered AS = 0.2 (Brossier et al., 2018).

We did simulations for the following three atmosphere models

• purely molecular till 550 km (model M550)

• molecules + haze till 350 km and then purely molecular till 550 km (model H350)

• molecules + haze till 550 km (model H550)

Note that we kept the same total haze optical depth in the model H350 as in the model H550 by adding the
haze optical thicknesses from layers above 350 km to the layers below 350 km. We chose such kind of settings
for the haze because Titan is known to have a detached haze layer that varies seasonally between the altitudes
of 350 km to 500 km. It undergoes a cycle of construction and destruction as the season changes on Titan. It
was observed to be completely disappeared near the equinox and then appeared at higher altitudes of about
500 km when the spring-summer began in one of the hemispheres and then it subsequently moved to the
lower altitudes (Seignovert et al., 2021). Thus models H350 and H550 can very roughly simulate Titan’s at-
mosphere during such periods in Titan’s year. But it is important to mention that Titan’s detached haze layer
evolves in a much complex way than it was thought earlier (Seignovert et al., 2021).

Figure 3.23 shows the disk resolved images of Stokes parameters and P for these three models. It can be seen
that F is almost uniform for model M550 except near the limb, while it decreases with the addition of haze.
This is because the haze particles strongly scatter the light in a forward direction (see Figure 3.1). Thus, as ba

increases, the amount of light scattered in the backward direction decreases. For models H350 and H550, we
see that the disk is brighter in the middle part and the brightness decreases towards the limb. This is because
photons in the central part of the disk need to travel a shorter distance than in the other parts and thus, they
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undergo less scatterings, and thus have smaller probability of scattering by the haze particles. Looking at
Table 3.2 it can be seen that the scattering in Titan’s atmosphere is dominated by haze particles due to higher
ba

sca than bm
sca. Another reason for decreased flux is ω̃ of haze particles; it is not 1, which means there is an ab-

sorption by haze particles. It can also be seen that the limb of Titan looks expanded when the haze is present
in the atmosphere, due to larger scattering combined with the sphericity of the atmosphere.

Polarized fluxes (Q and U ) decrease with the increase in the haze. This is because haze causes less polar-
ization of light than molecules (see Figure 2.6). Also, Q and U patterns become noisy because of the lower
amount of light scattered back toward smaller phase angles (0° in this case) and thus leading to lower Q and
U values. P in the area around the limb decreases in models H350 and H550, owing to the reduced second-
order scattering by molecules. Figure 3.24 shows the variation of F and P discussed in above paragraphs for
the equatorial part of the disk for models M550, H350, and H550 at α= 0°.

Figure 3.25 shows Stokes parameters and P of Titan for these three atmosphere models for α= 90°. It can be
seen that the twilight zone is more broadened when the haze is present in the atmosphere. Polarized fluxes (Q
and U ), and thus the total polarized flux show smaller values for H350 and H550 model atmospheres than the
M550 atmosphere. This is because we see the photons scattered by molecules as well as haze particles and
the haze particles cause lower polarization than molecules at θ ≈ 90°. Figure 3.26 shows the above discussed
variations of F and P across the equatorial part of the disk for these model atmospheres at α= 90°.

Finally, Stokes parameters and P forα= 180° are shown in Figure 3.27. Looking at the total flux, it can be seen
that Titan is extremely bright at this larger phase angle for model H350 and H550 atmospheres than for the
model M550 atmosphere! This is again due to the strong forward scattering by haze particles. Also, F at this
phase angle is higher for H550 than H350. Note that we used the resolution of 64x64 pixels for these images
to have a clearer idea of the region of the atmosphere contributing the most to F . From Table 3.2, it can be
seen that ba

sca still has higher values in the upper atmosphere and thus leading to strong scattering by haze in
this region as well. If we look carefully, it can be seen that the highest flux comes from the upper part of the
visible atmosphere of Titan (this is the area having lower flux for α= 0°), indicating that apart from the strong
forward scattering of the haze, this is also the effect enhanced by Titan’s extended atmosphere and thus due
to increased role of the sphericity of the atmosphere. As both molecules and haze particles cause very low
polarization at θ ≈ 0°, we see lower values of Q, U , and P .
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Figure 3.23: Disk resolved images of Stokes parameters and P of Titan for three atmosphere models, M550 (purely molecular), H350
(haze below 350 km), and H550 (hazy), at α= 0°. The atmosphere parameters are depicted in Table 3.2



3.4. Titan’s atmosphere 41

Figure 3.24: First and second rows representing total flux in photons and P , respectively for the pixels along the equator (vertical pixel
number 15) in Figure 3.23.
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Figure 3.25: Same as Figure 3.23, but for α= 90°.
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Figure 3.26: Same as Figure 3.24, but for α= 90°
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Figure 3.27: Same as Figure 3.23, but for α= 180°.



4
Results: Spatially Unresolved Planets

Though disk resolved images of the solar system planets/moons are already available, they are very difficult to
be (or will not be) available for exoplanets. Nevertheless, in the near future, we will be able to obtain spatially
unresolved observations of the reflected star light from exoplanets. Thus, it is crucial to investigate how the
disk integrated total flux and polarization signals of planets with extended atmospheres vary with the phase
angle (i.e. phase curves). In this Chapter, we discuss the disk integrated total flux and polarimetric phase
curves for the model planets discussed in Chapter 3.

4.1. Effect of the geometrical thickness of the atmosphere
In Figure 2.6, we compared the phase curves generated using SPORT with those from the model using the
adding-doubling method that assumes the plane-parallel atmosphere. For these comparisons, a geometri-
cally very thin atmosphere with a total thickness of 6 km was used in SPORT simulations. This setting closely
simulates the plane-parallel atmosphere geometry as the effect of the sphericity of the atmosphere is low due
to a very small extent of the atmosphere. To investigate how the phase curves of planets change with the
increasing atmospheric thickness, in this section, we will discuss phase curves for the planets with increasing
atmospheric thickness for the following cases:

• atmospheres consisting of single homogeneous layer (hereafter, first case)

• atmospheres consisting of multiple layers, where layers have the same geometrical thickness (hereafter,
second case)

• atmospheres consisting of multiple layers, where layers have different geometrical thicknesses (here-
after, third case)

4.1.1. Atmospheres consisting of single homogeneous layer
Recall that for the first case, described in Section 3.1, we considered the atmosphere consisting of single ho-
mogeneous layer. We considered bm

sca of the layer to be 1.3. We used a planet with a radius of 2575 km and
the surface albedo was set 0. In Section 3.1 we considered atmospheric thicknesses of 30, 300, 600, and 1200
km. Phase curves for planets having these atmospheric thicknesses and an additional atmospheric thickness
of 900 km are shown in Figure 4.1. Top-left panel in this figure shows phase curves of normalized total flux
(hereupon, F ). We normalized F such that at α = 0° F represents geometric albedo (AG ) of the planet. Re-
call from Section 2.4 that geometrical albedo of a planet is the ratio of the brightness of the planet/moon at
α = 0° to the brightness of the Lambertian disk of same radius illuminated with the same amount of irradi-
ance. To obtain AG for a planet with a particular atmospheric thickness, we used a Lambertian disk having
radius equal to 2575 + total atmosphere thickness. From F curves in Figure 4.1 we see that AG decreases as
the atmospheric extent increases. Let us recall from Eq. 2.16 that the extinction cross-section, kext is nothing
but b/l , where b and l are the layer optical and geometrical thicknesses, respectively. When the l of the layer
increases while the b is same, kext decreases and the layer becomes more tenuous. Also, recall that the pho-
ton mean free path is the reciprocal of kext. This means, with increasing l for the same b of the layer, photons
will have longer mean free paths and thus they travel longer distances in the atmosphere before having an
interaction. Table 4.1 shows the values of kext for different layers thicknesses . Smaller kext values with in-
creasing atmospheric extent led to two effects. First, more photons passed through the atmosphere without

45
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any interaction. Because with smaller kext photons had larger probabilistic distances and for some photons
this distance exceeded the distance to the atmosphere boundary along their path, and thus they escaped the
atmosphere without any interaction. It was observed that for the atmosphere with a total thickness of 30 km,
a negligible percentage of the total incoming photons didn’t interact in the atmosphere while for the extreme
case of 1200 km, around 3% photons didn’t interact in the atmosphere. Second, as more photons traveled
longer distances, they contributed to the flux from the larger phase angles. Because of these two effects, we
see lower flux at smaller phase angles and thus a drop in AG with increasing atmospheric thickness. From F
curves, it can be seen that F has larger values for a particular higher phase angle with increasing atmospheric
extent. This is due to more broadened twilight zone (result of the second effect mentioned above). This light
from the twilight zone is not considered in the calculations from the adding-doubling method and thus F
curves show huge deviations from the one generated using the adding-doubling method as the atmosphere
gets extended. Phase function (hereafter, ϕ(α)) curves show how F varies with phase angle with respect to F
at α= 0°.

l [km]
kext

(for b=1.3)
30 0.43

300 4.33E-3
600 2.16E-3
900 1.44E-3

1200 1.083E-3

Table 4.1: Table depicting values of kext for an atmosphere consisting of only one layer (Atmosphere total thickness = l).

As we are using a (horizontally) homogeneous atmosphere, U shows symmetry and has opposite signs in the
north and south hemispheres (see Figures 3.2, 3.5, and 3.8) of the planet for all the phase angles. Due to this,
when we integrate U over the entire disk it has a value equal to 0 (although in the Monte Carlo computations
it is generally not exactly equal to 0, but it is negligible). This is the reason, we present the phase curves of
only Q for the polarized flux in this chapter. When we integrate Q over the planetary disk, the locations on
the disk having opposite polarization cancel each other out. When there is a symmetry in such locations, the
net Q integrated over the disk will be 0 (almost 0 in Monte Carlo simulations). There is a symmetry of such
locations when there is a uniform illumination over the entire disk of the planet i.e. at α = 0° and α = 180°
and thus Q integrated over the disk for these phase angles will be 0. At other phase angles as there is no exact
symmetry for such locations having opposite Q values, the disk integrated Q will have non-zero values.

Looking at Q in Figure 4.1 we see that longward of around α= 40°, Q shows higher values as the atmospheric
extent increases. This is because of more overall flux due to broadened twilight zone at these phase angles
for the extended atmospheres as compared to thinner atmospheres. It can be seen that Q phase curves start
to converge with increase in atmospheric thickness. We expect that they will converge at a certain threshold
atmospheric thickness and after that thickness Q will have lower values. This is because after this threshold
thickness, the atmosphere starts to become tenuous at such an extent that significant number of photons
will pass through the atmosphere without any interaction, leading to overall less scattering in the atmosphere
and thus ultimately less overall flux emerging out of the atmosphere for all phase angles. It can be seen that P
curves are symmetrical around α≈ 90°. It is because in these model atmospheres only molecular (Rayleigh)
scattering is considered. If we capture photons that were scattered only once by gas molecules we will see
P to be perfectly symmetrical around α = 90° (see Figure 2.6). But in reality we see a mixture of photons
that scattered single as well as multiple times in the emergent flux. And a light scattered multiple times will
not have P that is symmetrical exactly around α = 90°. Although still for these model atmospheres as the
percentage of photons that scattered less times (< 4 times) is higher in the emergent flux, we see Q curves
symmetrical close toα= 90°. Interestingly, P curves overlap and are indistinguishable for all the atmospheres
till α≈ 140° in this case. This is because all the model atmospheres are composed of one homogeneous layer
resulting in a similar mixture of number of times the photons scattered in the emergent flux (this will be more
clear in the next subsection). Longward of α≈ 140° P curves diverge for larger atmospheric thicknesses. This
effect has to do with the balance between singly scattered light with very low polarisation and second order
scattered light, with higher, negative polarisation near the polar regions of the planet. With the plane-parallel
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Figure 4.1: Top-left: Reflected planetary total flux (F ) phase curves, normalized such that at α= 0°, F represents the geometric albedo of
the planet. Top-right: Phase function of the planet. Bottom-left: Q, normalized using the same factor that was used for the normalization
of F . Bottom-Right: The degree of polarization, P (−Q/F ). Every model atmosphere consists of single homogeneous layer.

approximation, the equatorial region is dominated by singly scattered light, while the two polar regions are
dominated by the second order scattered light. As this light is polarised parallel to the equatorial plane, it has
negative sign. Because the equatorial region causes P ≈ 0 and it is dark when the sun is below the horizon, P
is negative at large phase angles, approaching zero as the singly scattered light takes over the polar regions at
the largest phase angles. With the spherical atmosphere, the single scattering remains important at all phase
angles, as the light is filtered through the twilight zone, and thus prevents P from becoming negative. Instead
P just decreases towards zero.

4.1.2. Atmospheres consisting of multiple layers, where layers have the same geometri-
cal thickness

In the next step, we modeled the planets having an atmosphere that is comprised of multiple layers. We di-
vided the atmosphere into three layers having the same geometrical thickness while making bm

sca = 1.0,0.2,0.1
from the bottom-most to the top-most layer. Thicknesses of the layers are as shown in the first column of Ta-
ble 4.2. The surface albedo was again taken to be 0. Note that we did not present disk resolved images of
this (second) case in Section 3.1, because we presented the third case and for disk resolved images the con-
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clusions for both the cases are similar in qualitative manner. Phase curves for the second case are shown
in Figure 4.2. Here, we see larger drops in F for smaller phase angles with the increase in the atmospheric
extent as compared to the first case. Table 4.2 shows the values of kext for different layer thicknesses. In this
case, more photons passed through the atmosphere without any interaction with the increase in the atmo-
spheric extent than in the first case. This primarily occurred in the last two layers (i.e. layer 2 and 3). It was
observed that for the atmosphere with a total thickness of 30 km, around 0.2% of the total incoming pho-
tons didn’t interact in the atmosphere while for the extreme case of 1200 km, around as high as 16% photons
didn’t interact in the atmosphere. This led to overall much less scattering in the atmosphere than in the first
case with the increased atmospheric extent. Apart from this, as the upper two layers are more tenuous than
the one layer in the first case for the similar total atmospheric thickness, photons traveled longer distances
in the atmosphere in this case than in the first case. In the second case, F has lower values for the thicker
atmospheres till a comparatively larger phase angle (≈ 70°) than in the first case. After this α, F decreases
sharply for the thinner atmosphere with 30 km thickness, while as the atmosphere becomes extended the
rate at which F drops decreases and we see higher flux values than for thinner, less extended atmospheres for
the corresponding phase angles (similar to the first case). Thus, F curves start to become flat. We see higher
F values for larger phase angles in the second case than in first case, because, as the upper layers are more
tenuous than the single layer in the first case, more photons can travel longer distances resulting into broader
twilight zone than in in the first case. Comparing ϕ(α) curves for the first and second cases, it can be seen
that the relative drop in F with respect to F at α= 0° is almost similar till α≈ 80° and then it starts diverging
for the corresponding atmospheric thickness.

l [km] ↓ Layer 1
(b=1.0)

Layer 2
(b=0.2)

Layer 3
(b=0.1)

10 0.1 0.02 0.01
50 0.02 4E-3 2E-3

100 0.01 2E-3 1E-3
200 5E-3 1E-3 5E-4
250 4E-3 8E-4 4E-4
400 2.5E-3 5E-4 2.5E-4

Table 4.2: Table depicting values of kext for three atmospheric layers for different values of l. Columns 2, 3, and 4 depict kext values for
layers 1, 2, and 3, respectively for a particular l depicted in Column 1. Atmosphere total thickness = 3*l.

Similar to the first case, we see that in the second case Q values for atmospheres of all thicknesses are similar
for smaller phase angles and they start to become more negative for larger phase angles as the atmospheric
extent increases. Although, in the second case, the values start to diverge at larger phase angles than in the
first case. In the second case, P curves show significant variation with the atmospheric thickness than in the
first case. P has higher values for larger phase angles with increasing atmospheric extent. This is because
with decreasing kext values (and thus increasing probabilistic path lengths), the probability that the photon
undergoes multiple scattering decreases. Thus, due to higher percentage of photons in the emergent flux that
scattered less number of times as the atmospheric thickness increases, we see higher P values with increase
in atmospheric extent for larger phase angles. This is also apparent from the fact that P curves peak and
become more symmetrical closer to α = 90° with the increasing atmospheric extent, as the contribution of
singly scattered photons increases.
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Figure 4.2: Same as Figure 4.1 but now the atmosphere is divided into three layers having the same geometrical thickness, while they
have bm

sca = 1.0,0.2,0.1 from the bottom-most to the top-most layer. For every model atmosphere, the layer thickness is (atmosphere top
altitude)/3.
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4.1.3. Atmospheres consisting of multiple layers, where layers have different geometrical
thicknesses

In this subsection, we will discuss phase curves of the atmospheres consisting of multiple layers with different
thicknesses which we discussed in Section 3.1. Figure 4.3 shows phase curves for these atmospheric settings.

l [km] ↓ Layer 1
(b=1.0)

Layer 2
(b=0.2)

Layer 3
(b=0.1)

5,10,15 0.2 0.02 6.66E-3
50,100,150 0.02 2E-3 6.66E-4

100,200,300 0.01 1E-3 3.33E-4
150,300,450 6.66E-3 6.66E-4 2.22E-4
200,400,600 5E-3 5E-4 1.66E-4

Table 4.3: Table depicting values of kext for three atmospheric layers for different values of l. Column 1 depicts the values of l from
bottom-most to the top-most layer. Columns 2, 3, and 4 depict kext values for layers 1, 2, and 3, respectively. Atmosphere total thicknesses
are 30, 300, 600, 900, and 1200 km.

As discussed in Section 3.1, this setting may resemble a more realistic atmosphere. From F curves it can be
seen that the drop in AG and F for the lower phase angles with increasing atmospheric extent is even higher
than in the second case (Figure 4.2). This can be explained by looking at Tables 4.2 and 4.3. In this case, as
l for the last (3rd) layer is higher than that from the second case, for a particular atmospheric extent, this
layer is more tenuous and thus leading to longer photon paths in the atmosphere. Thus resulting in more
photons passing through the atmosphere without interaction. It was found that for the extreme case of the
atmosphere with 1200 km thickness, around 23% of a total number of incident photons didn’t interact in the
atmosphere leading to a lower number of scattered photons than in the second case. The shapes of F curves
look similar to those in the second case. However, in this case, all the curves do not intersect at one particular
phase angle. F curves for atmosphere with the thickness of 300 km and above intersect at around α = 100°
(larger than the one for the second case) and longward of this phase angles, they show higher fluxes than
the atmospheres with the same total geometric thicknesses from the second case. Also, we see that for larger
phase angles F curves are flatter in the third case than in the second case.

Although P curves show almost the same variation with increasing atmospheric thickness in second and third
cases (though the peaks of P have higher values in the third case), variation in Q curves differ significantly. In
both cases, peaks of Q are shifted to higher αs with the increase in the atmospheric thickness, but the peak
values of Q do not increase all the time in the third case, as opposed to in the second case. For the atmo-
spheric thicknesses we investigated here, the maximum peak value of Q might have occurred for a thickness
in between 300 and 600 km, and then it started to decrease. This is because the as upper layers became
tenuous below a threshold that the total reflected flux was lower for the α at which atmospheres with total
thicknesses of 300 and 600 km got their maximum Q. Shift of peaks of Q to higher phase angles, and shift of
peaks of P towards α= 90° indicate more contribution of singly scattered photons as the atmospheric extent
increases.
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Figure 4.3: Same as Figure 4.1 but now the atmosphere is divided into three layers having different geometrical thicknesses, while they
have bm

sca = 1.0,0.2,0.1 from the bottom-most to the top-most layer. For every model atmosphere, layer thicknesses are 1x, 2x, and 3x
km, where x = 5,50,100,150,200 km for the atmospheres with increasing total geometrical thicknesses.
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4.2. Effect of the surface albedo

Figure 4.4: Same as Figure 4.1 but now for all the model planets, the atmospheric layers have l=100, 200, and 300 km, and thus the total
atmospheric thickness is 600 km, while AS is different.

Phase curves of planets with different surface albedos (AS ) that were described in Section 3.2 are shown in
Figure 4.4. With the increase in AS , geometric albedo (AG ) and total flux (F ) at other phase angles also in-
crease. This is because as the absorption by the surface decreases, more photons escape the atmosphere,
contributing to the increased flux. We also see that F curves converge towards larger phase angles, showing
that the role of the surface (albedo) on the emergent flux decreases with the increase in phase angle, because
less of the surface is in view. ϕ(α) curves show interesting behavior with increase in α. From these curves we
see that before α = 90°, F relative to α = 0° is higher for a planet with a higher AS , while after α = 90° we see
a reversal and now it is higher for the planet with a lower AS . This is because, before α= 90° larger portion of
the planet is illuminated and thus AS directly controls F emerging from the major part of the disk, while after
that the atmosphere plays the major role in the emergent flux.

From the disk-resolved images in Section 3.2 we saw that the pattern for Q on the planetary disk diminishes
with the increase in AS (see Figure 3.16), but interestingly we see from Figure 4.4 that Q curves seem invariant
to the change in surface albedo. Recall that we are using a Lambertian surface that completely depolarizes the
light. We saw Q pattern diminishing in Figure 3.16 because along with photons that scattered only in the at-
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mosphere and didn’t reflect from the surface, we also see photons that were reflected by the surface and again
scattered in the atmosphere. Now as we are using a homogeneous surface for the entire planet that reflects
light isotropically, the distribution of the reflected photons and thus those get scattered and thus polarized
in the atmosphere is symmetric over the planetary disk, specifically over the north-south hemispheres for all
phase angles (although it is a bit difficult to see the exact symmetry in Figure 3.16 due to statistical fluctua-
tions). This is the reason, integrated over the disk, Q (and in fact also U ) caused by photons reflected from the
surface and then scattered in the atmosphere is 0. Remember that we are using the same atmosphere setting
for all the planets discussed in this section. And as the surface does not affect the overall disk integrated Q,
we see that Q has the similar values for all the phase angles for all AS cases (although we see slight differences
due to statistical fluctuations). With increased surface albedo, the amount of depolarized light escaping the
atmosphere increases, leading to smaller P values with an increase in the surface albedo. This is evident from
P curves from Figure 4.4. The shift in peaks of P curves are due to the differences in F values as the Q values
are similar for corresponding phase angles.
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4.3. Effect of the single scattering albedo
In Section 3.3, we discussed disk resolved images of planets having atmospheres with same geometrical and
optical thicknesses for the layers and same AS , but having different single scattering albedos (ω̃). Phase curves
of F , Q, and P for those settings are shown in Figure 4.5.

Figure 4.5: Same as Figure 4.1 but now for all the model planets, the atmospheric layers have l=100, 200, and 300 km, and thus the total
atmospheric thickness is 600 km, AS = 0.0, while the ω̃ is different.

The drop in F across all phase angles with decreasing ω̃ is because of more absorption in the atmosphere.
ϕ(α) curves show smaller differences with the variation in ω̃ meaning that the difference in variation in F
with respect to F at α= 0° with changing ω̃ is small.

Similar to F , Q curves show lower values with decreasing ω̃, because of the increased absorption in the at-
mosphere and thus lower emergent flux out of the atmosphere. Higher P values for the atmosphere with
lower ω̃ attributes to decreased multiple scattering. Also peaks of P curves slightly shift toward α= 90° due to
increased percentage of singly scattered photons, although it is a bit difficult to see this in Figure 4.5.
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4.4. Titan’s atmosphere

Figure 4.6: Same as Figure 4.1 but now for the three models of Titan’s atmosphere, M550 (Purely molecular till 550 km), H350 (Haze below
350 km), and H550 (Haze till 550 km) discussed in Section 3.4

Figure 4.6 shows the phase curves for the three atmosphere models of Titan: M550, H350, and H550, which
were discussed in Section 3.4. Remember that these models represent following atmospheric settings of scat-
terers:

• purely molecular till 550 km (model M550)

• molecules + haze till 350 km and then purely molecular till 550 km (model H350)

• molecules + haze till 550 km (model H550)

From F curves we can see that the geometrical albedo (AG ) for models H350 and H550 are lower than AG for
the model M550, owing to less backward scattering by haze particles than the molecules (see Figure 3.1). Also,
we can see that though the atmosphere is extended till 550 km, we see negligible flux longward of α = 160°
for the model M550 due to very low bm

sca in the upper part of the atmosphere (see Table 3.2), and thus around
34.5% of total incoming photons passed through the atmosphere without any interaction (for the model H550
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this percentage was 14%). On the other hand, for models H350 and H550, Titan starts to become brighter af-
ter α≈ 150° due to strong forward scattering by haze particles. F curves for models H350 and H550 also seem
to diverge from this phase angle, and F atα= 180° for H550 is much higher than for H350. Remember that we
used the same total haze optical depth (ba) in both models. Thus the presence of haze at the higher altitudes
(350 to 550 km) led to such a higher flux at these large phase angles. Looking at ϕ(α) curves, we can see that
Titan is around 2.75 and 4 times brighter at α = 180° than at α = 0° for model H350 and H550, respectively.
Garciá Munõz et al. (2017) found similar results (in qualitative terms; quantitatively they differ due to the dif-
ference in model settings) after analyzing the data from the Imaging Science Subsystem (ISS) instrument of
the Cassini spacecraft for multiple phase angles at multiple wavelengths. Their phase curve results for nor-
malized total flux (normalized such that at α = 0°, the total flux represents geometrical albedo of Titan) are
shown in Figure 4.7 while Titan’s full disk images at α ≈ 0° and α = 166° obtained using the CL1_CB3 filter
combination and described in their work are shown in Figure 4.8.

Gas molecules cause higher polarization than haze particles (e.g. see P12 and P from Figure 3.1). For three
models of Titan’s atmosphere we presented, we can see that, though total ba

sca is much higher than bm
sca, from

Figure 4.6 we see that Q from model M550 is higher for most of the phase angles than Q from models H350
and H550, except for larger phase angles, where the emergent total flux (and thus the polarized flux) for M550
becomes significantly lower. For model M550, P is higher than for model H350 and H550 for most of the
phase angles and almost the same for some phase angles. For higher phase angles, though Q for the model
M550 has lower values than for Q for models H350 and H550, P has higher or similar values because it is a
relative measure.

Figure 4.7: Figure 1 from Garciá Munõz et al. (2017). Original caption: "Cassini/ISS measurements (black symbols) and model calcula-
tions (red curves; see text for meaning of solid and dashed lines). Each graph contains information on filter combination and effective
wavelength (λeff), mean relative difference between measurements and model (σ), adopted single scattering albedo of the gas (ω0,g),
limiting values of AGϕ(α) for α→ 0° and 180°, and passband-averaged phase integral (q). The grey area shows (arbitrary normalization)
the product ϕ(α)si n(α) that enters into the evaluation of the phase integral q(≡ 2

∫ π
0 ϕ(α)si n(α)dα). Pioneer 11 phase curves in blue

(452 nm) and red (648 nm) passbands are shown in cyan color together with the Cassini/ISS curves forλeff =455 and 649 nm. The Pioneer
11 curves were re-normalized from R452nm=2850 km and R648nm=2800 km to R=2575 km." See Garciá Munõz et al. (2017) for meanings
of the quantities described in the caption. We cropped the original image so as to include the phase function panels only till λ= 649 nm
(we used λ= 646 nm for models M550, H350, and H550).
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Figure 4.8: Figure 3 a and b from Garciá Munõz et al. (2017). Original caption: "Cassini/ISS images of Titan at α ≈ 0° and α ≈ 166°
obtained with the CL1_CB3 filter combination ( λeff =938 nm). The contrast in the full-disk image arises near the surface. The overall
brightness of both configurations is nearly the same (Fig. 1), despite the disparate projected area of Titan’s illuminated disk in each case
(full disk for α≈ 0°; the equivalent to a ring a few scale heights wide for α≈ 166°)."





5
Conclusions and Discussion

Inspired by the need for a radiative transfer code that can accurately interpret spatially resolved images of
Titan from ground-based telescopes as well as spacecrafts, we have developed, from scratch, a 3D radiative
transfer code based on the Monte Carlo method, that fully takes into account the spherical shape of a plan-
etary atmosphere, multiple scattering and the polarized nature of light. We named the code as Spherical
POlarimetric Radiative Transfer (SPORT). Throughout its development, we did step-by-step validation of the
code. First, we validated it using the simple case of an atmosphereless Lambertian sphere. Then we vali-
dated it for a planet having an atmosphere, using the phase curves of planetary total and polarized fluxes
generated using the adding-doubling method as benchmarks. For these validations, we used different atmo-
spheric optical depths as well as surface albedos. We used molecules as well as haze particles as scatterers
and we ignored molecular absorption. From the validation tests, we confirmed that SPORT can be used to
model and analyze total flux and polarization signals of starlight reflected from a planet. SPORT can produce
planetary phase curves as well as disk-resolved images for total as well as polarized flux.

As SPORT considers the spherical shape of the atmosphere, it can be used to analyze observations near the
planetary limb and of the twilight zone. Thus, we decided to simulate the flux and polarization signals for
spatially resolved and spatially unresolved model planets. Our major conclusions are as follows:

Effect of the geometrical thickness of the atmosphere on observed total and polarized fluxes of a planet In
the first step we tried to investigate at what atmospheric extent assumption of plane-parallel atmosphere in-
troduces large errors for calculations around the limb of a planet in case of small phase angles and the twilight
zone in case of large phase angles. For this investigation, we used a simple model planet with a radius of 2575
km and we assumed the surface albedo to be 0 to investigate solely the atmospheric effect. We considered a
purely molecular atmosphere. We did the investigation for three different atmospheric settings: atmosphere
consisting of only one homogeneous layer, atmosphere consisting of multiple layers where layers have the
same geometrical thickness but different optical thicknesses, atmosphere consisting of multiple layers where
layers have different geometrical and optical thicknesses. In all these settings total optical thickness of the
atmosphere was kept to be the same. These settings allowed us to take into account possible ways in which
the atmosphere can be vertically inhomogeneous (in terms of distribution of optical thickness) and its ef-
fect on the observed flux and polarization signals. We did simulations for different atmospheric geometrical
thicknesses. For these simulations, we found the following results:

• Atmospheric geometrical thickness at which it is important to take into account the sphericity of the
atmosphere to avoid large errors in total and polarized flux calculations strongly depends on the total
optical thickness of the atmosphere as well the vertical distribution of this optical thickness.

• By analyzing disk resolved images we found that for a particular atmospheric thickness, errors intro-
duced due to not taking into account the sphericity of the atmosphere are larger at large phase angles
(where errors primarily arise due to neglecting light coming from the twilight zone of the planet) than
at small phase angles (where errors primarily arise due to neglecting the gradient in brightness around
the limb of the planetary disk).

• When we increase the geometrical thickness of the atmosphere while keeping the optical thickness
the same, we found that the planet becomes darker at smaller phase angles while it becomes brighter
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at large phase angles due to the broadening of the twilight zone. We found that the amount of this
variation in brightness depends on the vertical distribution of the total atmospheric optical thickness.

• For disk resolved planets, we see the degree of polarization to be higher around the limb of the planet
or around the edges of the denser part of the atmosphere than in the inner part of the disk for small
phase angles, while it is larger around the limb than the inner part of the disk for large phase angles.

• For vertically inhomogeneous atmospheres the degree of polarization increases for larger phase angles
with an increase in the atmospheric extent.

Effect of the surface albedo on observed total and polarized fluxes of a planet with an extended atmosphere
In the next step, we investigated the effect of the surface albedo on total and polarized flux signals of spatially
resolved and unresolved planets having an extended atmosphere. We considered the same atmospheric set-
ting for all the planets while we varied the surface albedo. Also, we considered a Lambertian surface. We
found the following results:

• Total flux of a planet increases for most of the phase angles. The influence of the surface albedo on the
total flux decreases with an increase in phase angle.

• Increase in surface albedo diminishes on-disk patterns of polarized flux Q (and U ), however, it does not
affect the disk integrated value of Q.

• Degree of polarization decreases with an increase in surface albedo. Also the peak of the degree of
polarization phase curve shifts towards a higher phase angle with the increase in surface albedo.

Effect of the single scattering albedo on observed total and polarized fluxes of a planet with an extended
atmosphere
In the next step, we considered planets with the same atmospheric settings in terms of optical and geomet-
rical thicknesses of the atmospheric layers. We assumed the surface albedo to be 0 and we varied the single
scattering albedo. We found the following results:

• Decreasing single scattering albedo decreases total as well as polarized flux across all phase angles.

• For disk resolved planets we observed that decreasing single scattering albedo decreases the degree of
polarization around the limb for small phase angles, while it increases the degree of polarization across
the disk for large phase angles.

• The peak of the degree of polarization phase curve shifts towards the phase angle = 90° with the de-
crease in single scattering albedo.

Titan’s atmosphere
After investigating total and polarized flux signals of hypothetical planets having extended atmospheres, we
simulated disk-resolved images and phase curves of total and polarized fluxes of Titan. We used surface
albedo to be 0.2 and considered the atmospheric geometrical thickness of 550 km. We analyzed three model
atmospheres for Titan: purely molecular till 550 km (model M550), molecules + haze till 350 km and purely
molecular from 350 to 550 km (model H350), and molecules + haze till 550 km (model H550). For the model
settings we used, We found the following results:

• For smaller phase angles Titan looks brighter for the M550 model. From models H350 and H550 we see
that its limb is strongly affected by the addition of haze.

• Titan appears brighter at large phase angles than at small phase angles due to the strong forward scat-
tering nature of haze particles in its atmosphere. Moreover, it appears brighter at large phase angles for
model H550 than for model H350 even when the total haze optical depth of the atmosphere in both the
models is the same. This indicates that the presence of haze in its upper atmosphere strongly affects
Titan’s brightness at large phase angles due to the extendedness of its atmosphere.

• Titan showed lower Q values for models H350 and H550 than for the model M550 for most of the phase
angles except at larger phase angles.
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• This brings us to an important conclusion that errors in total and polarized flux calculations arising
due to neglecting the sphericity of the atmosphere also depend on the composition of the atmosphere.

• Titan shows a lower degree of polarization across all phase angles for models H350 and H550 than for
the model M550.

From the above conclusions we find that for every planet/moon we need to individually assess if the assump-
tion of plane-parallel atmosphere introduces large errors for analyzing their total and polarized flux observa-
tions because of the dependence of errors on the factors discussed in conclusions. This also depends on the
research goals. To study spatially resolved observations of twilight zones of the solar system planets/moons
especially taken at high phase angles from spacecrafts, and for the near limb observations of Titan taken at
smaller phase angles spherical atmospheric models seem to be important tools. One of the important use of
spherical models can be to constrain the radius of exoplanets using their transit signals. Scatterers such as
haze particles that strongly scatter light in a forward direction may enhance the transit signal of exoplanets
and thus causing a smaller dip in the stellar flux. This may lead to large errors in constraining exoplanetary
radius through their transit signals. Finally, spherical models can be used to effectively study puffy exoplan-
ets or rocky exoplanets having extended atmospheres using their polarimetric phase curves which may be
available in near future. Thus, SPORT (with further added functionalities) seems to be an effective tool for
such studies.





6
Recommendations for Future Work

Following features can be added in SPORT and they will be subject of its upcoming development.

Fresnel reflection
Currently, in SPORT, we have modeled planetary surface to be Lambertian which completely depolarizes the
light after surface reflection. However, reflection of light from a liquid surface cannot be modeled using a
Lambertian surface because reflection by a liquid surface changes the polarization of light. Reflection by liq-
uid surface can be modeled using Fresnel equations. This is essential to study Titan’s seas/lakes and also it
can possibly help to detect oceans on exoplanets (Trees and Stam, 2019).

Atmospheric refraction
Refraction can modify the propagation path as well as the polarization state of light. Hu et al. (2016) found
that relative changes in total fluxes of reflected and transmitted light due to atmospheric refraction can be
as high as 6.3% and 7.4% for Rayleigh scattering atmosphere, 7.2% and 7.8% for an atmosphere consisting
aerosol, and 6.2% and 6.8% for a cloudy atmosphere, respectively. They also found that relative change in
the degree of polarization due to refraction can be as high as 9.5%. Thus taking into account refraction can
improve the accuracy of radiative transfer calculations, especially e.g. to study transit signals of exoplanets.

Gaseous absorption
In the current version of SPORT, we modeled atmospheric absorption only using a single scattering albedo of
scatterers. However, to analyze observations in wavelength bands in which some atmospheric gas has strong
absorption e.g. methane in case of Titan, it is essential to consider gaseous absorption.

Addition of clouds and inhomogeneity in the atmosphere
Clouds can strongly affect flux and polarization signals of a planet. Thus to detect their presence in the plan-
etary atmosphere and to characterize their properties it is essential to consider them in radiative transfer
calculations. Planetary atmospheres can have inhomogeneity (e.g. change in particle number density, com-
position, etc.) even at similar altitudes. Thus a provision to construct inhomogeneous atmospheric layers
should be made.
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