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Preface

The thesis you are reading studies a fascinating subject; the ability to achieve
material performances beyond what can be found in our green earth:
metamaterials. These structures exist at large and small scales and can provide
properties previously unknown in regular materials. While it is still undergoing
research, and few applications truly exploit what metamaterials can offer, I hope
this thesis provides a glimpse of what is possible with metamaterials and their
possible applications and motivates you, the reader, as much as me.

The structure of this thesis is the following. First, section 1 introduces the
subject and delves into the primary research, focusing on the identified
knowledge gap in the field and exploring the integration of path-generating
metamaterials. Subsequently, section 2 presents a comprehensive review of the
relevant literature, which was done in the first stage of this thesis, on path
generation and mechanical metamaterials, outlining the state-of-the-art in these
areas. Finally, section 3 includes supplementary information, offering detailed
insights and supporting data throughout the thesis.
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1 Paper

This section presents the main research paper for the thesis. It introduces the
topic, the existing state-of-the-art, and the methods. The result: a robotic
walking prototype, and its limitations and future advancements are discussed.
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Many robotic applications require moving an end-effector through
intricate closed-loop paths for object manipulation or locomotion.
Conventionally, rotary-actuated rigid-link mechanisms perform this
task successfully. However, several drawbacks, such as wear, play,
and assembly difficulties, limit their performance. In high-speed appli-
cations, these rigid and often bulky links require high accelerations,
leading to high power usage or the need for dynamic balancing, fur-
ther complicating the mechanism. Rigid mechanisms are not the
only ones that generate paths; compliant mechanisms are also widely
used. However, compliant hinges cannot undergo complete rotations
by definition, making cyclic actuation impossible. As a result, cre-
ating closed-loop paths typically requires multiple actuators—one
per end-effector degree of freedom—adding to power demands and
complexity. In contrast, closed-loop deformations can occur when
dynamically actuating a soft body with a single actuator. We can
create customizable soft bodies that leverage internal dynamics by
structuring this soft body with a mechanical metamaterial made of
tessellated compliant cells and designing its internal geometry. This
research explores how these dynamics can be harnessed for path
generation within mechanical metamaterials. Through multi-objective
optimization, we embed reprogrammable control strategies within
the metamaterial geometry, enabling adaptive responses to actuation
frequency and amplitude for complex behaviors. We validate these de-
signs with tabletop prototypes, building up to a self-propelled, walking
prototype—a step toward autonomous robotic metamaterials. Future
advancements include optimizing for propulsion and adaptability to
create versatile, self-propelling robotic metamaterials. Embedding
multi-objective control into the geometry could allow a single design
to perform multiple functions based on actuation or external influ-
ences. This approach holds promise for new adaptive capabilities in
robotic metamaterials.
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Introduction1

Path generation is central in industries focused on precise2

object manipulation and automated movement, from robotic3

arms to autonomous transport systems [1]. Conventional ap-4

proaches rely heavily on rigid-link mechanisms, which use rigid5

links and joints to transform motion into designated output6

paths (Figure 1), such as those generated by four-bar linkages7

[2]. However, these systems fall short under real-world condi-8

tions. They are prone to alignment issues, mechanical wear,9

and complex manufacturing and assembly requirements [3],10

which significantly constrain their adaptability in generating11

complex, multi-directional paths. Attempts to improve path12

generation by replicating these rigid mechanisms with pseudo-13

compliant systems [4] [5] are again limiting, often originating14

from binary topology optimizations [6] and struggle with high-15

speed applications and vibrations that disrupt performance.16

This study introduces a new direction in path generation17
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Fig. 1. Rigid and soft robotics comparison: Overview and comparison between
some generic rigid-link mechanism and its envisioned soft matter counterpart with yet
unknown shape, size, and internal structure.

by shifting to mechanical metamaterials, materials engineered 18

to have unique properties beyond those found in nature [7], 19

which enable dynamic path generation that is reprogrammable 20

with a single actuator (Figure 1). This approach significantly 21

diverges from rigid or quasi-compliant mechanisms, since our 22

metamaterial gains control over the generated path’s degrees 23

of freedom (DOFs) [8] through underactuation [9] and inter- 24

nal dynamics. Underactuation means purposely actuating 25

the system’s input with fewer degrees of freedom than the 26

output or endeffector will give [10]. Rather than relying on 27

multiple actuators or fixed path geometries, our metamate- 28

rial design harnesses internal dynamics to adaptively generate 29

multiple paths in response to a single, simple back-and-forth 30

input. This strategy provides reprogrammability and versa- 31

tility that existing approaches cannot match, especially in 32

high-speed applications. Previous studies laid the groundwork 33

by examining quasi-static metamaterials for path generation 34

[11], metamaterial mechanisms [12], and dynamic metamate- 35

rials for energy focusing [13]. All are fundamental platforms 36

with the freedom of finding a metamaterial structure capable 37

of a specific function systematically instead of thinking of a 38

structure with intuition [14]. However, none have achieved 39

the combination of single-input control and dynamic repro- 40

gramming we present here. Our work fills this critical gap, 41

demonstrating how mechanical metamaterials, configured as 42

blocky structures driven by rectilinear input, produce multiple 43

paths—without additional actuators, external influences, or 44

physical changes. Metamaterials and compliant mechanisms 45

are inherently limited to rectilinear actuation instead of rotary 46

[15]; however, exploiting metamaterial elasticity provides the 47

solution in our case. This adaptability allows our system to 48

generate different outputs, such as robotic walking gaits or 49
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reconfigurable trajectories with the same metamaterial struc-50

ture. This significantly advances quasi-static or multi-actuator51

designs in simplicity, doing more with less.52
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Fig. 2. Proposed soft embodiment: Soft embodiment with an internal blocky
metamaterial lumped compliant structure, random geometry, and hinge stiffness and
damping characteristics.

In this study, we develop a blocky metamaterial system53

comprised of rigid, four-cornered units connected by elastic54

elements at each corner (Figure 2). Each elastic component55

contains uncoupled stiffness and damping properties. By opti-56

mizing this structure, through automated differentiation [16],57

to respond predictably to a single input, we achieve a system58

capable of reprogramming its path dynamically. The results59

section explores sensitivity and robustness, presents a stream-60

lined fabrication method to mitigate manufacturing errors, and61

the straightforward assembly of a robotic prototype. Through62

experiments, we validate the metamaterial’s ability to generate63

multiple paths and demonstrate its potential to create multi-64

functional outputs, obtaining reprogrammability and tackling65

limitations that rigid systems face at high speeds. Our findings66

point toward a future where mechanical metamaterials redefine67

path generation by harnessing inertia and reprogrammable68

paths through a single, straightforward input. We conclude69

with insights into the broader implications of this approach,70

emphasizing how it could disrupt traditional path-generation71

paradigms and redefine the design of underactuated robotic72

systems.73

Methods74

A metamaterial design platform alone does not suffice; it leaves75

the road toward path-generating mechanisms unexplored. Al-76

though energy-based approaches form the backbone of this77

framework, optimizing solely for energy accumulation or dissi-78

pation does not directly contribute to path-generating meta-79

materials. We investigated how to translate a target path into80

an objective function, capturing any parametrized shape with81

precision points in a specific order to control directionality82

throughout the trajectory. After the equations of motion are83

solved, we calculate how well the generated trajectory matches84

the target trajectory. From the start, we understand that85

choosing the right constraints and actuation type will help the86

optimization reach a good result. Yet, the availability of every87

block in the metamaterial makes this impactful choice even88

more challenging. Additionally, we developed a more intricate89

actuation method for the metamaterial aimed at a robotic90

prototype, where the actuator moves within the same inertial91

frame as the metamaterial rather than remaining stationary92

during experiments. Once we landed on a promising simula-93

tion result, we evaluated the design’s robustness to variations94

in actuation and random manufacturing errors. If the design95

proves effective, we manufacture it using a specialized dual- 96

material 3D printing technique, embedding flexible hinges in 97

rigid blocks to create a robust, near-monolithic prototype free 98

of manufacturing errors. 99

Endeffector dynamical response. In Figure 3, geometry (g) 100

which are the coordinates of the j = 1, ..., 4 corner nodes of the 101

i = 1, ..., n units and actuation parameters A and ω = 1
f

(a) 102

combined provide the necessary information to solve the earlier 103

mentioned equations of motion (solving the forward problem, 104

as depicted in Figure 3) and lead to finding the dynamical 105

response (q). Path generation requires an endeffector, the 106

point on a mechanical system that traces the desired path. 107

This intuitive choice avoids additional overly complex discrete 108

optimization processes [17] that would overburden an already 109

intensive gradient-based optimization. Knowing the dynamical 110

response of the entire metamaterial allows for extracting the 111

coordinates of the chosen end effector over time. Since the 112

actuation input is inherently cyclic in time, the endeffector 113

will show a limit cycle in absence of chaos. Therefore, only 114

the final cycle in the simulation is extracted and compared to 115

a target trajectory with an equal number of target points to 116

overcome frequency multiplications between input and output. 117

Evaluating every target point compares the coordinates while 118

restricting position and timing. Calculating the cumulative 119

deviation between endeffector and target points using the l2- 120

norm [18] results in an error of units [mm], defined as the cost 121

function (C) where n is the number of target precision points. 122

C = |ctot| =

√√√√
n∑

i=1

c2
i (1) 123

Updating the metamaterial design. Cumulative cost functions 124

for the endeffector are now in place and with the use of auto- 125

matic differentiation [16], gradients of the cost function to all 126

geometrical design variables (the four corners of every unit) 127

and, if desired, to the actuation parameters can be calculated 128

efficiently (Equation 2). 129

∂C

∂g
= ∂C

∂q

∂q

∂g

∂C

∂a
= ∂C

∂q

∂q

∂a
(2) 130

Once calculated, the gradients are fed to an optimizer which 131

applies the Method of Moving Asymptotes (MMA) (from the 132

NLopt library) [19] and updated design variables refresh the 133

geometry and actuation. This cycle repeats until convergence 134

criteria come into play and end the optimization. 135

Manufacturing and testing. Optimized geometries are manu- 136

factured for testing using 3D printed Polylactic Acid (PLA) 137

[20] for the rigid units. Prior work by Bordiga et al. man- 138

ually inserts thin polyester plastic shims to act as hinges 139

between rigid units. After replicating this method, it eas- 140

ily led to manufacturing errors, and the manual labor was 141

time-consuming. The hinges can also be 3D printed similarly 142

to the PLA rigid units but with a flexible material such as 143

Thermoplastic Polyurethane (TPU) [21] (see SI section 5). By 144

subsequently printing PLA, leaving open a small slit, and filling 145

this slit with TPU layer by layer, the hinge is fully constrained 146

within the PLA unit (see Figure 4). With this, we mitigate the 147

influence of human error, and manufacturing errors are within 148

machine precision [22]. No further post-processing is required, 149

Vreugdenhil
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Fig. 3. Optimization cycle for path generation: Overview of the optimization scheme, with geometry (g) and actuation parameters (a) as possible design variables, dynamical
responses (q) and endeffector trajectories as output information and at last calculation of cost function (C) and gradients towards design variables leading to updates in design
variables through an optimizer.

and the printed specimen will be fully ready after printing if150

there are no printing defects. By elevating the prototype in151

the horizontal plane and constraining the necessary blocks to152

match the optimization, a deformation input (ω, A)design is153

applied using a shaker. The dynamical response is captured154

using high-speed video recordings and post-processed with155

tracking software to extract the true endeffector trajectory to156

compare with the simulations.157

Results158

With a working optimization and manufacturing strategy, the159

capabilities of the computational model are investigated. Ex-160

ploring these capabilities means choosing the number of rigid161

units in the horizontal and vertical direction, which units162

should be constrained and how, which unit to actuate, and163

finally, where should the endeffector be. The answers to these164

questions came by intuition to omit discrete optimizations.165

Sizewise, the horizontal and vertical number of units corre-166

sponds to what can be 3D printed on a regular print bed167

of 200x200mm [22], resulting in 13 units horizontally and 7168

vertically. This configuration allows for many design variables,169

hence a large design domain. Actuating and constraining go170

hand in hand, requiring a smart solution to not (locally) over-171

constrain the metamaterial, leading to a stiff system where172

it is difficult to obtain reasonable endeffector displacement.173

This smart selection involves positioning the constrained and174

actuated units away from the end-effector. The constrained175

unit can be placed at a corner or in the middle of any side (as176

shown in Figure 5). In contrast, the actuated unit is located177

at a corner or middle of another side, leaving the end-effector178

positioned in any remaining corner. Finding out what kind 179

of endeffector paths were possible with this framework meant 180

specifying several target shapes and sizes. We tried different 181

constrained and actuated units combinations, presenting some 182

of the best results in Figure 5. 183

Figure of eight path. The figure of eight is a shape consisting of 184

two semi-circles with a crossing in the middle and parametrized 185

in x and y coordinates as such: 186

x(θ) = ra cos(θ), y(θ) = rb sin(θ) cos(θ), 0 ≤ θ ≤ 2π (3) 187

where ra and rb correspond to the major and minor radii, 188

respectively, chosen to be 10mm and 5mm. Changing the 189

order of theta gives control over the direction of the ac- 190

tuated path; in this case, the order is unmodified. The 191

actuation input is applied vertically to the top left unit 192

(ω, A)in = (20[Hz], 7.5[mm]) and after optimization updated 193

to (ω, A)opt = (19.40[Hz], 13.62[mm]), the top right corner and 194

lower middle units are fully constrained in horizontal, vertical 195

and rotation directions. The endeffector is in the lower right 196

corner. 197

After a successful optimization, the optimized geometry 198

and endeffector trajectory is given in Figure 5 (A1 and B1). 199

Visually, the endeffector trajectory matches the target tra- 200

jectory well in size, shape, and location of the intersection. 201

As denoted by the opacity of the blue line, the result quickly 202

converges to a limit cycle. Mathematically, the cumulative l2
203

error (Equation 1) comes down to ∼ 5mm spread over 51 data 204

points, thus a pointwise error of ∼ 0.1mm. 205

Vreugdenhil
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Many layersMany layers

Block layer (PLA) Hinge layer (TPU) Block layer (PLA) Hinge layer (TPU)

Finished print

Fig. 4. Manufacturing process: Double filament (PLA rigid units and TPU flexible hinges) 3D printing scheme to facilitate the production of mechanical metamaterials with
adequately compliant hinges with respect to the rigid units while upholding the need for a single-part finished product without manual manufacturing steps.

Evaluating the influence of actuation parameters ω and206

A meant simulating the optimized design at frequencies and207

amplitudes around the optimal solution. We construct the208

range of simulated amplitudes and frequencies with steps of209

0.1Aopt and 0.1ωopt. Using these ranges, we simulate every210

possible combination of frequency and amplitude, and we211

show a random selection of points and their trajectories in212

Figure 5 (C1). This figure clearly shows a narrow near-vertical213

white band, meaning two things: the optimized design is less214

sensitive to amplitude than it is to frequency. This sensitivity215

is shown even better by the sharp increase in greyscale left216

and right from the near-vertical band where cumulative l2-217

errors quickly climb from 5 − 10mm to 20 − 60mm. Clearly218

visible is the cause for an increase in overall size, which is219

the amplitude. This increase is obvious when comparing the220

trajectories in the lower left (∼ 17.50 [Hz] and 11.5 [mm])221

and middle top (∼ 19.50 [Hz] and 15.00 [mm]). Next to size222

differences, the influence of frequency is observable, especially223

when looking at lines perpendicular to the frequency axis. The224

greyscale aggressively changes in this direction with changes225

in trajectory quality while respecting the main dimensions (ra226

and rb) of the figure eight trajectory.227

Sensitivity towards geometry gives information on whether228

manufacturing errors ruin the endeffector trajectory’s quality.229

A small random error (as defined in Equation 4) is applied to230

the coordinates of all four corners of all units in the metama-231

terial (blue geometry in Figure 5), shifting each corner and232

creating a changed geometry (green geometry in Figure 5).233

Interestingly, error factors up to ∼ 0.3 still create trajectories234

with an l2-error of ∼ 10 − 15mm. Only afterward, with error235

factors ≥ 0.3, l2-errors skyrocket, and visually, the trajectory236

does not make sense anymore.237

(xij , yij)rnd = (xij , yij)(1 + ef R), where R ∼ U [−1, 1] (4)238

We calculate the dynamical response for each error factor239

and plot its final trajectory with the error factor on the hori-240

zontal axis and the corresponding l2-value on the vertical axis.241

Geometrical errors do not influence the important qualities242

of a trajectory much; its overall size, shape, and direction243

remain virtually untouched for an error factor between 0 and244

0.2. An interesting remark here is the consistent placement 245

of the crossing within the figure eight trajectory. Only after 246

error factors of 0.25 and higher, the crossing starts to shift, 247

and the ratio ra
rb

gets worse with scaled or skewed trajectories 248

as a result. 249

Horizontal ellipse path. The horizontal ellipse is oval-like and 250

parametrized as such: 251

x(θ) = ra cos(θ), y(θ) = rb sin(θ), 0 ≤ θ ≤ 2π (5) 252

where ra and rb correspond to its major and minor 253

radii, 10mm and 5mm respectively. Theta is again un- 254

modified, which means oriented counterclockwise (CCW). 255

The middle block in the top row is vertically actuated with 256

(ω, A)in = (20[Hz], 7.5[mm]) and after optimizing (ω, A)opt = 257

(20.23[Hz], 8.59[mm]). Only the lower middle block is con- 258

strained, and the endeffector is in the lower right corner. 259

After optimization the geometry updated to Figure 5 A2 260

with trajectory B2 as a result. Directionality, size, shape, 261

and overall positioning obey well with a resulting l2 error of 262

∼ 5mm on the final trajectory. 263

In terms of sensitivity towards actuation parameters ω 264

and A, Figure 5 C2 shows oval-like greyscale lines nearby 265

the optimized actuation parameters ((ω, A)opt) indicating the 266

almost equal importance of amplitude and frequency. Similar 267

to the figure eight, amplitude mainly influences the overall 268

size or captured area. The frequency is a squared term in the 269

kinetic energy (Ek = 1
2 mv2) and, therefore, manipulates the 270

quality of the created trajectory, or the ability of the trajectory 271

to match the target parameters ra and rb. 272

Simulating the metamaterial with random geometrical er- 273

rors, similarly as before, shows the importance of manufactur- 274

ing errors as depicted in Figure 5 D2. There is good robustness, 275

as the overall result stays mostly intact for geometrical error 276

factors up to 0.2, meaning a 20% error in the coordinates 277

of each unit in its optimized state, while only increasing the 278

l2-error from ∼ 5 to ∼ 10 mm. This is a 200% increase in ab- 279

solute error, but the error response visually does not influence 280

the trajectory much. Only with geometrical errors above 0.25 281

the l2-error ramps up quickly, after which even larger errors 282

cause the cost value to increase to a poor trajectory. 283
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Vertical ellipse path. The vertical ellipse is oval-like and284

parametrized as such:285

x(θ) = rb cos(θ), y(θ) = ra sin(θ), 0 ≤ θ ≤ 2π (6)286

Both radii are flipped with respect to the prior horizontal287

ellipse, meaning ra and rb correspond to 5mm and 10mm.288

Directionality is unchanged, meaning counterclockwise. The289

metamaterial is actuated at the top-right corner with an angle290

of 45 degrees (to the horizontal) while keeping the lower middle291

unit constrained. This interesting combination of actuating292

and constraining comes from a trial-and-error approach to293

finding the best-performing design. Similarly to the figure294

eight and the horizontal ellipse, the bottom right block is295

the endeffector. Actuating initially happens with (ω, A)in =296

(20[Hz], 7.5[mm]) and after optimizing ends up at (ω, A)opt =297

(18.68[Hz], 15.50[mm]).298

Optimizing this system results in a changed geometry as 299

shown in Figure 5 A3 with an interesting remark. The left half 300

of the metamaterial remains fairly unchanged from the original 301

structure. This part of the design space does not contribute 302

much to the objective but acts as a counterweight. Figure 5 303

B3 shows some deviation in the generated trajectory with 304

respect to the target but still has a final l2 error of ∼ 5mm. 305

Similar to the results for the figure eight, and contrary to the 306

similarly-shaped horizontal ellipse, the sensitivity shows a nar- 307

row vertical band near the optimized design point ((ω, A)opt). 308

From this, it is clear that the actuated frequency is the domi- 309

nant factor and that, within the investigated range, the am- 310

plitude is of little influence on the trajectory quality. We see 311

that along the frequency axis, the optimized trajectory loses 312

its ability to match ra and rb. In contrast, along the ampli- 313

tude axis, the ratio of ra and rb remains fairly constant; the 314

trajectory looks similar but increases or decreases in overall 315

Vreugdenhil

12



size.316

Geometrically, the vertical ellipse is inherently slightly de-317

viating from the target. This trend is amplified by increasing318

the geometrical errors and simulating the system, and error319

factors of just ∼ 0.1 narrow the ellipse to obtain foot-shaped320

trajectories. Furthermore, with error factors above 0.1, the321

result does not resemble an ellipse anymore as the ratio be-322

tween ra and rb worsens (l2 errors of ∼ 10mm) and also leads323

to a visually bad result, something that the horizontal ellipse324

did not have to such extend.325
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Case study: robotic metamaterial with walking gait. Path gen-326

eration in mechanical metamaterials is possible. From here327

on, this ability transforms into a more intriguing application328

of a robotic metamaterial capable of performing a walking329

gait. For stability reasons, two identical metamaterials are330

assembled some distance apart (Figure 6), and an actuator in331

between to actuate both metamaterials simultaneously. The332

robotic metamaterial consists of eleven units horizontal and333

five units vertical (11 by 5); this size has good enough dy-334

namic deformation at the endeffector while keeping the overall335

size to a minimum such that the actuator could actuate two336

metamaterials in parallel.337

For a walking gait, we select the horizontal ellipse (Equa-338

tion 5) as it already mimics a walking motion and works well in339

the simulations. In terms of size, the horizontal ellipse contains340

ra = 6mm and rb = 3mm to account for the smaller number of341

units and overall size of the physical metamaterial. Actuation342

happens in a more specific way, as a body-mounted actuator 343

(SI section 1) [23] moves with the body. Body-mounting hap- 344

pens so that any two units will move co-linearly towards and 345

apart from each other, unaffected by how the metamaterial 346

dynamically deforms. This approach effectively replicates the 347

actuator instance, as if there is an imaginary massless strut 348

with time-dependent length between the actuated units’ cen- 349

troids. These actuated blocks can rotate along their centroid, 350

through which the actuator acts, to reduce constraining forces. 351

The top middle and bottom middle blocks are actuated in 352

this case study to place the actuator approximately in the 353

centroid of the metamaterial. The only constraint keeping 354

the system in place during simulations is fixating the center 355

of the earlier mentioned imaginary strut in horizontal and 356

vertical directions while leaving rotation free. In the lower 357

right corner of the metamaterial we place the endeffector, and, 358

aligning with the actuator specifications, the input actuation 359

is (ω, A)in = (14.00[Hz], 2.0[mm]), after optimizing this ends 360

up as (ω, A)opt = (15.35[Hz], 2.0[mm]). Due to actuator limi- 361

tations, the input signal is not a true sinusoid but a piecewise 362

linear approximation with a sawtooth signal. The maximum 363

and minimum values of the sawtooth align with the amplitude 364

of the sinusoid, and the crossings at t = 0, t = T
2 and t = T 365

align with the frequency of the desired sinusoid. 366

After optimization, the geometry (as in the top row of 367

Figure 6) contains an endeffector that has evolved into a larger 368

high-mass unit. A high mass is beneficial for focusing on ki- 369

netic energy, and its neighboring units are slender, giving the 370

endeffector the required displacement freedom. The created 371

endeffector trajectory (Figure 6) is accurate and resembles the 372

target trajectory well (l2-error of ∼ 4mm). Next to accuracy, 373

the endeffector quickly spirals towards the target limit cycle. 374

Together with the actuator, we manufacture the metamaterial 375

with the 3D printing method explained in Figure 4 and assem- 376

ble it in a few simple steps (SI Figure 3). Figure 6 presents 377

the final prototype, with more detailed pictures in SI Figure 4. 378
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Fig. 7. Schematic top view of the experiment setup: On top, the robotic metamate-
rial, left and right the light panels, and a high-speed video camera.

Verifying whether this robotic metamaterial works meant 379

performing two types of experiments: the scenario where the 380

complete assembly is floating without friction or normal forces, 381

and the scenario where the robotic metamaterial is placed on 382

the floor to see its walking capabilities. 383

Figure 7 shows the experimental setup schematically where 384

the robotic metamaterial stands in front of a camera. By 385

clamping the actuator body, the endeffector can move freely, 386

but additional boundary conditions are applied, creating a 387

scenario not captured by the optimization. Now, the top actu- 388

ated unit is constrained to a simple pin joint, and the bottom 389
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unit is an actuated pin joint moving linearly in the direction390

of the top joint with a sinusoidal signal (top row in Figure 9).391

The result of the experiment is the blue trajectory, and in red392

the simulation predicts this specifically constrained scenario.393

Immediately, it is clear that the model is sensitive to different394

boundary conditions for the same optimized geometry, as the395

model simulation shows extensive deformations while the ex-396

periment is generally correct in size but not in shape compared397

to the target ellipse. On the other hand, the orientation of398

both simulation and experiment do align.399
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Fig. 8. Robotic walker snapshots from the experiment in contact with the floor:
Three snapshots from t = 0ms to t = 2000ms of the conducted experiment with
a free-moving robotic metamaterial. The blue line indicates the traced endeffector
trajectory to show the influence of floor contact, friction, and normal forces.

Experiments in the real world scenario show interesting400

results too. The prototype is on the floor, where normal forces401

and friction come into play; both factors are not considered402

during optimization to investigate the model’s capabilities403

without overcomplicating it. As explained in the case study,404

the actuated units always move towards each other to simulate405

as if there was a physical actuator in between them (see second406

row in Figure 9). The result highlights the enormous influence407

of normal and friction forces, as the demolished trajectory408

shows. The simulation without normal or friction forces shows409

the red trajectory, where the metamaterial floats in space410

with only the actuator (or imaginary strut) constrained in the411

horizontal and vertical directions. This simulation is identical412

to the optimization model, meaning the endeffector trajectory413

it generates is the optimized and desired result. However,414

external forces constrain the dynamics of the endeffector to415

such an extent that the inertial forces of the metamaterial416

cannot overcome them with diminished trajectories as a result,417

even though directionality is correct (blue trajectory in the418

second row of Figure 9). Interestingly, when analyzing the419

global motion of the prototype, the snapshots in Figure 8,420

the direction in which it propagates aligns with the direction421

of the walking gait (counterclockwise or to the left). The422

blue line indicates the traversed path of the endeffector in 423

its local walking gait on top of the global motion; this shows 424

smaller steps than simulated due to the external forces acting 425

on the endeffector and other points in contact with the floor, 426

suppressing the trajectory. 427

Discussion 428

The results in Figure 9 give a good insight into the model’s 429

performance without adding complexity regarding external 430

forces and the trajectory’s sensitivity towards different bound- 431

ary conditions. Initially, the idea was to simulate the robotic 432

metamaterial as accurately as possible to the real scenario 433

without introducing external forces and evaluate the model 434

with no additional complexity. This meant creating the imagi- 435

nary strut actuation method, where two units always move in 436

the direction of the line through the centroid of these units. By 437

constraining this imaginary strut’s horizontal and vertical dis- 438

placement (leaving the rotating DOF free), the computational 439

model did not fight against global displacements, causing the 440

whole metamaterial to drift and lose control over endeffec- 441

tor accuracy. In reality, this is not a problem, and actually, 442

the reason for creating a robotic prototype is to prove that 443

path generation could be a foundation for creating propelling 444

robotic gaits. On the other hand, this research initially started 445

with path generation. The experiment should constrain the 446

metamaterial to stay in the camera’s frame to evaluate the 447

trajectory accuracy. This means fixating the actuator in a 448

similar sense. Since the imaginary strut varies in length and 449

can rotate, this led to near-impossible capturable constraints 450

in reality, as the actuator will always actuate one point relative 451

to another. In other words, it has a fixed part and a moving 452

part. Simplifying this led to constraining the fixed part of 453

the actuator, knowing this is also the high-mass part of the 454

actuator and leaving the moving part to actuate the prototype. 455

This results in the scenario in the top row of Figure 9 with a 456

floating metamaterial and a fixed actuator. 457

Secondary to using constraints that align with reality and 458

fit the current computational model, the choice of where the 459

endeffector should be is nontrivial. Since any geometry can be 460

optimized, any choice of endeffector can work, though to what 461

extent cannot be known exactly prior to optimizing. Making 462

a smart decision, therefore, came down to evaluating endef- 463

fector choices with unoptimized geometry on their dynamic 464

deformation. It is a suitable candidate if a certain trial-and- 465

error combination of constraints, actuation, and endeffector 466

resulted in deformations in the same order of magnitude as 467

a target trajectory. The best choice would be to include the 468

endeffector choice as a design parameter. However, this intro- 469

duced such immense discrete optimizations surrounding the 470

existing optimization that the trial-and-error selection method 471

seemed reasonable. The choice is important, especially when 472

thinking about a robotic metamaterial, where the endeffector 473

will be in contact with external objects such as the floor. The 474

current model used the centroid of any unit as an endeffector 475

instead of the anticipated contact point (corner of a rigid 476

unit). Exploring the corner point as an end effector typically 477

results in many high-order fluctuations and vibrations in the 478

trajectory; this led to poor outcomes, which the centroid did 479

not show often. Altogether, the centroid of an endeffector is 480

still close to being in contact with the floor that, as long as the 481

endeffector does not rotate substantially, its rigid-body motion 482
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Fig. 9. Two conducted experiments on a robotic metamaterial with walking gait: Results of two types of experiments on the robotic metamaterial with walking gait, with a
clamped actuator and a single moving unit (first row) and without any constraints (second row) where the piston indicates the type of actuation in between two units. The first
column presents the optimized geometry and constraints schematically; the second column shows an experimental snapshot with schematic constraints; the third column
displays an overlaid simulation snapshot; and the last column compares the generated trajectory with its traced input signal to the perfect signal.

would still represent a walking gait at the contact point with483

the floor, especially once individual units can be scaled down.484

Applying the constraints similar to how the experiment was485

conducted results in a metamaterial hugely overestimating the486

experiment trajectory. Most probably, this is due to stiffness487

and damping characteristics (Figure 2) in the model (see SI488

section 4). By rescaling the simulation deformations, a more489

reasonable response can be obtained (see SI Figure 12). There,490

the deformation is scaled by x0.5, and the shape, orientation,491

and direction of the trajectories match well, leading to a sus-492

picion about the model characteristics and its performance in493

a steady state dynamic simulation, contrary to just transient494

dynamics [13]. Possible higher-order stiffness terms to account495

for nonlinearities in geometry and viscoelastic stiffness in the496

TPU material for the hinges could resolve this issue. Next497

to improving these characteristics, the objective function to498

obtain a certain path can also be rethought. The used l2-norm499

constrains precision points in a trajectory in position and500

time ([x, y]i(t)). In the case of just path generation, where501

endeffector velocity is not important, the timing constraint502

may impede the search for a good solution. The design do-503

main increases substantially by releasing a timing constraint,504

where the endeffector can obtain any velocity throughout the505

trajectory. No control over velocity has strong drawbacks in506

path generation and robotic applications. A mechanism where507

this alignment timing is unknown or has a large variance most508

certainly introduces a failure. Though each application is509

specific, an increase in trajectory accuracy by removing tim-510

ing constraints could be worth the cost of losing control over511

velocity. For robotic applications, low endeffector velocities512

inherently lower its kinetic energy and potentially diminish513

the ability of the endeffector to propel the metamaterial using514

inertial dynamics. Currently, the endeffector cycle frequency515

matches the actuated input frequency due to similar sampling516

of the target and generated trajectory to allow usage of the517

l2-norm. Better objectives where this one-to-one precision518

point matching is not as strict in time could combine the best519

of both worlds regarding large design space and prescribing a520

well-known velocity where needed. Advancing any path-based521

objective function for use in robotic applications and using 522

global objectives could be beneficial. Instead of prescribing 523

the path that an end effector should follow for a walking gait, 524

we may prescribe the overall motions of the robotic prototype. 525

Specific amplitude and frequency combinations will cause the 526

body to obtain a specific velocity in a specific direction, in- 527

dependent of any walking gait, allowing the metamaterial to 528

figure out any geometrical structure that is optimal to obtain 529

this velocity. 530

Outlook 531

Research into path-generating dynamic mechanical materials 532

is making its first steps with this work. By exploring how 533

well inverse design frameworks for metamaterials can generate 534

trajectories, the forefront of a high-potential research area 535

is here. Reflecting on Figure 1 where the qualities of a soft 536

body give rise to different dynamical responses, the problem 537

about multiple trajectories with a single mechanical metama- 538

terial still stands. The current work explored multiobjective 539

functions to search for a mechanical metamaterial with a re- 540

programmable dynamical response. This design space, where 541

the endeffector makes two completely different trajectories, 542

proved extremely difficult to navigate. The current frame- 543

work supports this multiobjective approach, but the result can 544

benefit from improvement. 545

We subject a 13 × 9 units mechanical metamaterial to two 546

different individual sinusoidal inputs (14 and 18[Hz], with 547

the same amplitude of 2[mm]) where the objective is to ob- 548

tain a clockwise and counterclockwise elliptical endeffector 549

trajectory, which means two individual dynamic responses 550

coming from the same metamaterial. Theoretically, this led to 551

a design capable of doing so, though experimentally, mediocre 552

results were obtained (see SI section 7). Figure 10 shows the 553

amplitude-frequency design space with two optimized trajec- 554

tories and many neighboring points. One can easily see the 555

evolution of size and direction (indicated by the green and 556

yellow arrows), providing insight into this dynamic problem. 557

We place a large emphasis on frequency, as it proves to be 558

an important cause of multi-directionality. Improvements in 559
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the tuning of mechanical parameters, improving the stiffness560

models used in the simulation, or the improvement of the561

used damping model, such as block-to-block relative damping562

instead of dashpots connected to the world, could provide563

great advancements in the realm of multi-gait path generation564

with mechanical metamaterials.565
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Fig. 10. Multiobjective trajectories: CW (left marked point) and CCW (right marked
point) elliptical trajectories and the influence of different amplitude and frequency
combinations.

Improving metamaterial robotics is the second contribution566

of this work, though it is not complete yet. Future work can567

revise the objective function, especially if robotics is the main568

application. For example, optimizing for propelling force or a569

global velocity can be more useful than optimizing for a certain570

endeffector path. This approach can lead to metamaterials571

propelling themselves more globally in previously unknown572

ways.573

Different objectives create robotic metamaterials that ex-574

hibit multiple functionalities with a single geometry, incorpo-575

rating the complicated control architecture within the meta-576

material geometry itself. SI section 8 shows two scenarios577

of possible continuations into robotic metamaterials. On the578

one hand, changing the actuator input can change internal579

dynamics resulting in different endeffector trajectories and580

functionalities. On the other hand, external influences, such581

as bumping into an object, increase potential energy in the582

metamaterial. Since the internal dynamics closely relate to its583

internal energy, one can incorporate this change into the opti-584

mization to trigger the reprogrammability of the end effector585

trajectory.586

In conclusion, whether robotic metamaterials can make587

use of this new framework or object-manipulating machines588

take advantage of path-generating mechanical metamaterials,589

the current research explored how mechanical metamaterials590

exploit internal dynamics for path generation and its applica-591

tions within robotics. This field proves to have high potential,592

and future research into mechanical metamaterials can lead593

to advanced dynamic metamaterials and robotic systems.594
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2 Literature Review

In this section, we introduce the research topic, explore the existing
state-of-the-art, highlight the knowledge gap, and guide interest toward solving
the unexplored knowledge gap.
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Mechanical metamaterials exhibit intriguing nonlinear collective dynamics under simple actuation, offering
the potential for diverse displacementfields using a single physical mechanism. In the context of path gen-
erating robotics, where multiple actuators often rely on intensive control systems for precise manipulation,
there arises a possibility to simplify these systems using mechanical metamaterials. This review considers
the potential transition from intensively controlled robotics to metamaterial mechanisms, exploring how
the unique properties of mechanical metamaterials might provide an alternative paradigm for achieving
closed curve path generation with reduced reliance on external control. By seamlessly integrating this into
the metamaterial topology, the study aims to transfer the burden of control complexity to the metamaterial
itself. This literature review explores these principles and their application to achieve path generation
through straightforward actuation. The review not only delves into the properties of such metamaterials but
also discusses their broader significance in advancing the field and opening up new possibilities for path
generating mechanisms.

1. INTRODUCTION

Within the realm of todays robotic industry many advancements
have been made to create machines that can perform complex
non-monotonic tasks at high speed to conduct as many tasks as
possible in a small time-frame. Existing of mechanical linkages
and joints which are precision-made to fit together if assembled
correctly, these machines require many skills to build, calibrate
and maintain to keep functioning in the long run. Especially in
environments with food-safe conditions or medical areas, ma-
chine maintenance comes with issues regarding contamination
and outgassing. High speed operation requires high speed actu-
ators, one for each degree of freedom which can be many. Energy
usage for the said actuators is therefore a problem of much con-
cern, as prices are skyrocketing. To extend the energy usage,
each actuator used comes with a control system, something that
coordinates every movement as calculated by some processing
unit. Often times, especially with machines operating near their
resonance frequency, hard work is needed to ensure a proper
control loop over an actuator to meet performance criteria as
vibrations are a machines worst enemy.

The earlier reasoning not limited to noisy, big, and clunky
robotic machines only but also applies to small-scale robotics.
For example insect-scale robotics where downscaling effects
obstruct the use of traditional linkages and joints. HAMR, a
Crawling Microbot (Baisch (2011)) uses six legs to propel itself,
requiring at least twelve actuators to perform a sweeping and
lifting motion. This many actuators, control logic and internal
energy supply make it difficult to obtain energy efficiency for
long term usage.

Considering that these robotic mechanisms require actuation
input to function, one can prescribe a precise path or cycle this in-
put needs to possess. Generating such a path, especially in more
than one dimension, can be achieved by using an equal amount
of actuators as the required dimension with complex control
software. Instead, path generation mechanisms can perform
repetitive motion precisely driven by a single actuator, in which
motion of the actuated part is embedded in mechanism com-
ponents (Cheng, Song, Lu, Chew, and Liu (2022)). Designing a
mechanism, such that a point on it traces a prescribed path when
the mechanism is actuated is known as path generation and is
already widely done using traditional rigid-body mechanisms,
but are limited by creating one path only (Mankame and Anan-
thasuresh (2007)). Herein mechanism synthesis is performed,
attempting to design the simplest mechanism that meets the
requirements (Rai, Saxena, and Mankame (2010)). Compliant
mechanisms effectively use their elastic deformation to transmit
force and motion, such mechanisms derive their mobility from
their embedded flexibility unlike conventional rigid-body mech-
anisms which use kinematic joints such as hinges for the same
purpose (Mankame and Ananthasuresh (2007)). As no joints
are present in compliant mechanisms, they can be produced in
a large length scale, ranging from micrometers to meters. This
makes compliant mechanisms ideal for small robotic insects to
counteract downscaling effects. When compliant mechanisms
are scaled down significantly, they transform into small unit
cells that can be systematically arranged, or tessellated, forming
an ensemble of miniature compliant mechanisms. The collec-
tive behavior of these units exhibits intriguing characteristics,
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resembling a functional piece of material. In the spectrum from
natural materials that possess intrinsic mechanical properties to
large-scale structures which are characterized by design-specific
structural properties, one can find a middle ground called meta-
materials (Zadpoor (2016)). The tessellated internal structures,
not the production material, define the mechanical properties of
these structures. Specifically, mechanical metamaterials are engi-
neered to exhibit superior mechanical features, such as ultrahigh
stiffness and a remarkable strength-to-weight ratio, provided
this information is embedded in the metamaterial structure. This
makes them ideal as actuators to perform complex tasks using
less energy compared with conventional approaches (Rafsan-
jani, Bertoldi, and Studart (2019)). Clearly path generation and
metamaterials are widely researched, but not combined. This
combination is exactly where passive materialistic intelligence
could be created with great benefits.

In this literature review both fields are explored and the pre-
viously mentioned passive materialistic intelligence is sought
as the gap between the two areas of interest in order to connect
path generation and mechanical metamaterials for widespread
functionalities. For this, the research question is formulated
as: ’How can mechanical metamaterials generate repeated closed
end-effector paths with a single input for actuation of small-scale
robotics’. With less emphasis on ’repeated’ and ’actuation of
small-scale robotics’ as these are application related and limit
the literature search space. The review is split into the two main
areas of interest: ’path generation’ and ’mechanical metamateri-
als’. Each domain is examined individually to acquire in-depth
insights, contributing to the understanding of their possible in-
terconnection. Their combination is thought of to be crucial in
the future actuation of small-scale robotic mechanisms.

2. METHODOLOGY

In order to get a better understanding of how the rather soft
mechanical metamaterials can fulfill path generating tasks in
the realm of rigid-body robotics we perform a quantitative lit-
erature analysis on scientific papers published by well-known
academic organizations like The American Society of Mechanical
Engineers (ASME), IEEE, ScienceDirect, SpringerNature and Associ-
ation for Computing Machinery (ACM) to name a few. Altogether,
these sources create a trustworthy foundation for information
retrieval which allows further analysis to be credible and valid.
Extensive exploration is done to search, filter, categorize, review,
summarize and report the relevant findings and to refrain from
unnecessary repeating studies.

Repetition while comparing new sources is something of
great value and should not be blindly discarded as this brings
new insights and another authors view, Zadpoor (2016) and
Pathak, Singh, Sharma, Kumar, and Chakraborty (2023) among
others. Path generation and mechanism synthesis have been
widely investigated and light is shed on kinematic equations,
objective functions and constraints while being limited to mostly
four-bar mechanisms. This review aims to go beyond traditional
mechanisms and push towards synthesizing any path generating
mechanism with a focus on including compliant mechanisms
and mechanical metamaterials specifically to provide a novel
bridge which, to the best of current knowledge, has not been
previously implemented.

A. Search methods and selection
This literature review contains English-written frequently of-
ten cited, research, comparison, conference and review papers

spanning from the early 1800’s to present day while not being
restricted to a specific period given that this is a thorough review,
and not, for instance, an analysis focused on trends. To remain
focused without overextending several keywords are developed,
some examples include ’mechanism synthesis’, ’compliant mech-
anisms’, ’path generation’, ’metamaterials’, ’underactuation’,
’shape features’ and ’objective functions’. These are based on the
growing collection of literature and scope of potential follow-up
research. Next to keywords in a search engine, many review
papers contain tremendous amounts of critical views on subex-
isting literature indicating their value. Often reviewing literature
provides closely related new work with different keywords mak-
ing it harder to find using the desired search terms. To extend the
solutions to overcome difficulty, clever search engines are used
such as Research Rabbit where artificial intelligence is applied to
find trends in the collected literature and recommend closely re-
lated papers by different authors (Research Rabbit (2024)). It does
so by providing network-like overviews with strings between
cited or referenced work and indicating the existing library with
green nodes and related work with blue nodes (Figure 1).

Fig. 1. Research Rabbit network

After screening and validating sufficient correlation between
the found literature and area of interest the papers are read in
its entirety. Mendeley, the online scientific standard for read-
ing, annotating, filtering and working with sources provides a
workspace to organize the collection (Mendeley - Reference Man-
agement Software (2024)).

B. Postprocessing the selected literature
Employing Mendeley is done by annotating while reading an
article. Within notebooks the annotated parts are saved and
collected per topic. After citing an interesting portion of the
paper a critical comment or underlying explanation is added
for later re-reading. Furthermore personal notes are taken with
each scientific article that is read. Starting with summarizing the
overall purpose of the article and providing criticism about the
possible relevance in the work presented here. Next to this the
most important takes are written down and potential expecta-
tions are made whether this is useful content for utilizing later
on. At last the important sections are sorted per subject and di-
verse perspectives by the corresponding authors are challenged
against each other to obtain a personal interpretation.

It has to be noted that this literature review is conducted in
the short period of three months, without additional reviewers
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to cooperate with. However the significant influence of dis-
cussions with fellow students, with the same background and
not, cannot be left out as it frequently shed a new light on the
discussed topics for a better understanding. Furthermore it is
stated that not all literature is explored in-depth, much of the
general information which is assumed to be common knowledge
among engineering students is left out to concentrate more on
identifying a gap between path generation and metamaterials
and how to bridge this gap for a potential follow-up research
project.

Concluding, this review should be seen as repeating pattern
of broadening the researched topic, filtering, sorting and nar-
rowing down to the most important highlights. Thereafter the
process repeats itself with the goal of deepening the research
without tunneling to one specific subject only and providing a
strategical in-depth review of mechanical metamaterials, path
generation and their possible combination.

3. FINDINGS

In this section, we delve into the key findings emerging from a
quantitative literature review on the two main subjects which
are mechanical metamaterials and path generation. As discussed in
the methodology, this literature review aims to explore the indi-
vidual realms, but more importantly explores the intersection
between the two, uncovering insights and gaps in the current
scientific knowledge. The purpose of this section is to present
and briefly analyze the main findings extracted out of the litera-
ture, shining light on critical aspects of mechanical metamaterial
behavior and its potential employment in path generation. Nav-
igating through the intricate dynamics of coupled metamaterial
cells, the design princples are explored which shape their behav-
ior while discovering the unknown territories in their applica-
tion for path generation. These findings do not only contribute
to the readers understanding of metamaterial dynamics but also
illuminate potential bridges to innovative use in path generating
mechanisms.The findings will be presented in seven sections:
collective dynamics of mechanical metamaterials (A), shaping
the properties of mechanical metamaterials (B), practical imple-
mentations (C), rotating quads as structural modules (D), path
generation in rigid mechanisms (E), shifting to compliant path
generation (F) and categorizing shape features (G). Each individ-
ual section presents aspects of the literature and offer insights
into the know-how of each subject. Readers are invited to reflect
on these findings, identifying areas or research gaps for further
investigation and possible novel new applications. The insights
gained from this review are crucial in addressing the overarch-
ing question: ’Can mechanical metamaterials provide path generating
capabilities?’.

A. Collective dynamics of mechanical metamaterials
Harmonic mass-spring-damper systems are well understood
and their dynamics can be interpret without much effort. When
looking at metamaterials, especially if we consider metamateri-
als to consist out of many individual cells bundled together, the
dynamics become exponentially more complex. An interesting
take on active metamaterials, or as the authors call them ’active
solids’ by Baconnier et al. (2022), is by considering different
states of bundled behavior. Their model showcases collective
actuation resulting from the interplay between activity and elas-
ticity since each unit is capable of performing work (polar, or
dipolar, active forces around n̂ (Figure 2)). The units in a collec-
tive solid are therefore seen to be an actuator once they interact

as a collective. Nevertheless, Baconnier et al. shows interest in
elastic solids with respect to active solids and explores the emer-
gence of collective dynamics in elastic lattices connected at their
corners which can be seen as closer investigation on passive
structures such as metamaterials (Figure 2). Since each unit is

Fig. 2. Active and elastic solid, adapted from Baconnier et al.
(2022)

interconnected to its neighbours some form of collectivity arises.
Units can vibrate individually while barely disturbing surround-
ing units whereas the next boundary of units are not influenced
at all. On the contrary, the whole bundle of units vibrate to-
gether in certain eigenmodes. These two zones can transform
into one another depending on elasto-active feedback between
multiple units, the larger it is the more likely it is to behave as a
collective. There exists a threshold πFD where the solid is frozen,
further along is a second threshold πCA where collective action
starts and synchronous oscillations are observed in (Figure 3).
In between, regions of frozen and collective motion exist indi-
cating hard to predict activity. This region raises challenges in
predicting the individual and global dynamics which calls for
simulation and optimization were this to be transformed into a
real world application. Observing the properties of individual

Fig. 3. Single unit vibrating phase diagram, adapted from
Baconnier et al. (2022)

and collective behavior brings rise to questions regarding practi-
cal application of similar metamaterial-like structures and the
possibility of designing for desired behavior. Contributions have
been made with optimization schemes to assign specific proper-
ties to the designed metamaterial structure, these include nega-
tive Poisson’s ratio, negative compressibility, negative thermal
expansion and vanishing shear modulus (Surjadi et al. (2019)).

B. Shaping the properties of mechanical metamaterials
Upon uniaxial stretching, conventional materials experience
longitudinal extension along the stretch direction and lateral
contraction perpendicular to the stretch direction. The Poisson’s
ratio of a material is defined as the negative ratio of lateral to
longitudinal strains. In conventional bulk materials, Poisson’s
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ratio typically ranges from 0 to 0.5 and is a positive value (News
and Lakes (1993)). Poisson’s ratio is defined as ν = − εT

εL
, the

negativity means they expand under tension and contract under
compression (Figure 4). The negativity is therefore originating
from equal sign strain values in horizontal and vertical direction,
easily proven with the use of auxetics (Grima and Evans (2000)).
Stepping up in functionality we find the intriguing pentamode

Fig. 4. Auxetic behavior in rotating squares, adapted from
Grima and Evans (2000)

metamaterials, also known as metafluids. The bulk modulus
in these metamaterials is extremely high with respect to the
shear modulus, therefore the volume remains constant while
deforming, but almost flow away while shearing (Figure 5). The
combination of these arising properties mean it is difficult to
compress but easy to deform in shear (Kadic, Bückmann, Stenger,
Thiel, and Wegener (2012)). Furthermore metamaterials with
negative stiffnesses deform while providing an additional defor-
mation force and thereby assisting the total deformation. This
could mean unstable deformation, so constraints or neighbour-
ing sections of positive stiffness are required to keep chaos at
bay. As a result, in multiple studies it is shown that materials
with both positive and negative stiffness combinations exhibit
remarkable properties, including exceptionally high damping
coefficients (Lakes, Lee, and Bersie (2001)). Several materials
displaying negative stiffness are linked to bi-stability (having
two stable states) and snap-through behaviors, meaning a very
binary or discontinuous switch in mechanical properties but
well scale-able. A crucial application of materials with nega-
tive stiffness is the simultaneous availability of high damping
and high stiffness. This combination looks promising in the
applications for vibration isolation.

Another essential mechanical characteristic is ultra-
lightweight, as ideal construction materials are anticipated to
possess both ultra-stiffness and ultra low density according to
Shaikeea, Cui, O’Masta, Zheng, and Deshpande (2022). Yet, as
of this moment optimizing the stiffness and density of materials
poses a significant challenge. Mechanical metamaterials
provide a solution to this problem, allowing the design of
material systems with tunable stiffness and density (Lin et
al. (2018)). Researchers have also discovered that mechanical
metamaterials may exhibit negative compressibility transitions,
characterized by longitudinal deformation in response to
an applied longitudinal force, which is unexpected and
counter-intuitive (Nicolaou and Motter (2012) and Grima and
Caruana-Gauci (2012)). Utilizing the intricate microstructures
with interconnected elements capable of storing and releasing
energy, mechanical metamaterials can show tunable properties,
such as the earlier negative compressibility. These features
enable them to dynamically respond and alter their shape across
a wide range of scenarios in response to external influences.

The intricate microstructures embedded in mechanical meta-
materials unlock a diverse array of mechanical properties,

Fig. 5. Unfeelability cloak to elastically unfeel objects made
with pentamode metamaterials, adapted from Bückmann,
Thiel, Kadic, Schittny, and Wegener (2014)

paving the way for versatile shape changes and adaptive load-
bearing responses. These characteristics are highly sought after
for the envisaged advancements in soft, smart materials. The
ability of these materials to dynamically alter their configuration
and efficiently bear loads positions them as key players in the
evolution of future engineering.

Moreover, such behaviors exhibited by mechanical metama-
terials serve as pivotal ingredients in the synthesis of control-
lable combinations of static and dynamic responses within au-
tonomous engineered materials. This not only underscores their
potential in responding to environmental stimuli but also posi-
tions them as promising candidates for the creation of sophis-
ticated materials that seamlessly integrate with various appli-
cations and contexts. In essence, the microstructural intricacies
of mechanical metamaterials hold the promise of shaping the
future landscape of material science and engineering.

Mechanical metamaterials exhibit complex collective dynam-
ics, as evidenced by Baconnier et al.’s model. The interplay be-
tween individual cell-like dynamics results in emergent collec-
tive behaviors. The dynamical phase diagram introduces chal-
lenges in predicting these dynamics, emphasizing the need for
advanced simulations. This complexity lays the groundwork
for potential real-world applications. The ability to tailor me-
chanical metamaterial behavior for specific properties opens
avenues for diverse applications. Optimization schemes success-
fully assign unique characteristics such as negative Poisson’s
ratio, negative compressibility, and vanishing shear modulus.
These engineered properties defy conventional material behav-
iors, establishing metamaterials as versatile building blocks (Sur-
jadi et al. (2019)). Mechanical metamaterials showcase unique
properties, including negative Poisson’s ratios and the intrigu-
ing behavior of pentamode metamaterials valuable in vibration
isolation applications according to Kadic et al. and Lakes. The tun-
able properties of mechanical metamaterials address challenges
in optimizing stiffness and density, presenting a solution for
ideal construction materials. Counter-intuitive transitions, such
as negative compressibility, highlight the unconventional nature
of these materials (Shaikeea et al. (2022)). These characteristics
are pivotal for advancements in soft, smart materials. There-
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fore, microstructural complexities of mechanical metamaterials
hold the promise of shaping the future of material science and
engineering, offering a paradigm shift in controllable material
responses.

C. Practical implementations of mechanical metamaterials
Mechanical metamaterials promise real-world breakthroughs be-
yond their theoretical properties as found in a lab example, there-
fore revolutionizing engineering in areas such as robotics and
aerospace with their lightweight, ultra-stiff, and shape-changing
capabilities.

New opportunities in the design of non-rigid mechanical
metamaterials are upcoming with applications in for example
shape morphing. To bring about significant shape changes in
an object, it must possess a degree of softness, either in material
properties like a low elastic modulus or geometric characteristics
such as slenderness. Work into this field, combining soft matter
physics, mechanics, applied mathematics, biology, and materials
science, aims to utilize elastic instabilities for mechanical func-
tionality, expanding our understanding of structural stability
for form and function. Precise control of pixelated structures
allows programmable deformation across multiple length scales,
showcasing the ability to create intricate shapes, like a cube
transforming into a smiling face under uni-axial compression
(Coulais, Teomy, De Reus, Shokef, and Van Hecke (2016)). The
intentional manipulation of geometry and elasticity to create
adaptive, morphing structures heralds a new era of designer
materials. An elegant demonstration involves controlling volu-
metric strain through the non-homogeneous pneumatic inflation
and collapse of soft, elastic plates (Siéfert, Reyssat, Bico, and
Roman (2019)). Shape-shifting materials require navigating the
constraints of elasticity and employing non-linearity to generate
functionality. The open question remains: how do we transform
shape-shifting building blocks into programmable generic struc-
tures? Exactly that, applied in path generation, is a gap in the
world of mechanical metamaterials that seems to remain a blank
spot.

D. Rotating quads as structural modules
Auxetic behavior is a common viewpoint for the design with ro-
tating squares. Research conducted into this elegantly structured
metamaterial mechanism proved itself useful in creating nega-
tive Poisson ratio’s (Figure 4). An idealized rotating structure
contains rigid squares connected through simple hinges. When
loaded, the squares will rotate at the vertices, either expanding
or contracting depending on the loading type (Grima and Evans
(2000)). The idea has been extensively applied using squares,
rectangles, and triangles. Grima et al. applied the conservation
of energy principle to simulate this behavior, demonstrating
that the idealized system consistently retains its aspect ratio,
resulting in constant Poisson’s ratios of −1. The results of their
experiments verify the promising nature of these systems, which
may be engineered to exhibit a variable pore size and/or shape
to achieve further functionalities. Variable pore size, or different
rigid-body square shapes, could open the door towards strange
and more difficult, even deformation-varying Poisson ratios.
This opening would call for optimization procedures as their
deformation quickly becomes too difficult for analytical analysis.
Building on top of Grima et al.’s work, a set of rotating squares,
individually connected at their corners, might be considered
a building block if their rectangular-shape is to be differenti-
ated from the usual, resulting in stretched or scaled polygons
with four vertices paving the way into deformations that can

be wildly different from simple extension or contraction, and
maybe even with curved (open or closed) deformation building
upon bi-stability or inertia of the rigid quads if dynamics were
to be included. That is important, as all work into translating
and rotating quads up until today is done in quasi-static envi-
ronments. Higher speed motion accompanied with changing
square geometries enrich the already known quasi-static results
and could be of great value in future researches.

E. Path generation in rigid mechanisms
Traversing a predefined trajectory with the end-effector (usu-
ally on the coupler link) of a traditional rigid-link mechanism is
known as path generation, and optimizing each link to obtain
the best performing mechanism is called mechanism synthesis.
These techniques are old theory nowadays as one of the, if not
the, first research into this subject is done by Kempe (1875). In
this work, Kempe calculates the traversed motion of some link
within his mechanism. It is stated that even multiple trajectories
are possible, even double curved in multiple directions as long as
the input is altered accordingly. Since this work came out in 1875
there is no optimization done, but Kempe strongly calls for ’math-
ematics artists to discover the simplest linkworks that will describe
particular curves’. Years later Russell et al. consider two-and-
three-dimensional four-bar-linkages with simple revolute and
spherical joints respectfully with the aim of generating motions.
Interesting to denote is that their motions can become quite com-
plex with different speeds due to the varying pivot position in
their mechanism as the motion is induced (Russell and Sodhi
(2001)). This offers a wild range of possible motions, however
the practical application is difficult to achieve, also indicated
by no physical proof in Russell et al.’s research. Furthermore, a
growing number of works have employed evolutionary strate-
gies to address challenges in mechanism synthesis (Cabrera,
Simon, and Prado (2002), Cabrera, Nadal, Muñoz, and Simon
(2007) and Shiakolas, Koladiya, and Kebrle (2002)). The simplic-
ity in applying the algorithms and their ease of computation
make them one of the better competitors. Solving dimensional
mechanism synthesis problems therefore comes with better and
better accuracy and results. Though different routes can be taken,
such as Genetic Algorithms, Particle Swarm Optimization and
Differential Evolution. Especially Differential Evolution, which
was introduced by Storn and Price (1997), has been successfully
applied in several other optimization problems. Cabrera et al.
perform mechanism synthesis with this method and successfully
calculate error functions and several examples to prove their al-
gorithm is valid in four and six-bar mechanisms (Cabrera, Ortiz,
Nadal, and Castillo (2011)). Within the algorithm, the desired
curve is compared with the generated coupler curve and their
constraints are enabled using penalty terms in the objective func-
tion. With respect to previous synthesis solutions, their MUMSA
((Malaga University Mechanism Synthesis Algorithm) improves
previous comparative work. All above mentioned techniques
have considerably many design variables and Sardashti et al. take
the approach with a GSEF (Geometric Similarity Error Function).
Its number of design variables is less and by applying an Innova-
tive Adaptive Algorithm their work is fast, takes less CPU time
and saves on computer memory (Sardashti, Daniali, and Varedi-
Koulaei (2022)). The elimination of design variables includes
the centroid position of the generated curve and its orientation
to an origin, meaning the curve can be optimal but needs to be
translated, scaled or rotated accordingly afterwards. Everything
mentioned up to here considers mechanism synthesis in two
dimensions, but it is certainly not limited to that.
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Exact 3D path generation is a fundamental problem of de-
signing a mechanism to make a point exactly move along a
prescribed three dimensional path, driven by a single actuator.
A mechanically beautiful approach is taken by Cheng et al. where
Cam-Linkage mechanisms are employed to do exactly so. A
three degrees of freedom (DOF) five-bar spatial linkage is mod-
eled to exactly generate a prescribed 3D path. Then, the spatial
linkage’s DOFs are reduced from three to one by composing
the linkage with two 3D cam-follower mechanisms. This en-
sures minimizing the weight while having smooth, collision-fee
and singularity-free motion of a path with C0 continuity (Chi-
andussi, Bugeda, and Oñate (2000)). In their three-dimensional
cam-linkage mechanisms, two crucial components are spatial
linkages and 3D cams. Spatial linkages play a vital role as pri-
mary mechanisms for 3D path generation, with the choice typi-
cally being between four-bar and five-bar linkages. They opt for
a five-bar spatial linkage and clarify why a four-bar spatial link-
age falls short of meeting their objectives in their supplementary
material.

For precise 3D path generation, their chosen five-bar spatial
linkage should possess three degrees of freedom (three DOFs).
Instead of relying on three independent actuators to control
these DOFs, they propose the use of 3D cams (Cheng, Sun, Song,
and Liu (2021))). This approach aims to govern the motion of
the linkage and, in turn, reduce the overall DOFs of the entire
mechanism from three to one, enabling it to be operated by a
single actuator (Figure 6). It is worth noting that planar cams
are unsuitable for this task, as they can only transfer one-DOF
motion to another one-DOF motion. With this work Cheng et al.

Fig. 6. Several 3D cam mechanisms, adapted from Cheng et al.
(2022)

demonstrate that their mechanism is capable of exactly following
any 3D path with a precision of less than a floating point (Cheng
et al. (2022)) which is impressive.

Nearly all exact mechanism problems, especially the ones
mentioned up to now, involve the use of rigid-link mechanisms,
which are robust systems following a defined path. However,
this inherent rigidity imposes limitations, as dedicating one
mechanism to a specific curve proves inefficient when targeting
diverse functionalities. Moreover, wear and play affect each
mechanism, leading to a loss of precision as they degrade over
time. This situation prompts the need for enhancements.

F. Shifting to compliant path generation
One of the first methods for optimal design of compliant mech-
anisms is presented by Sigmund et al.. The method is based on
continuum-type topology optimization techniques and finds the
optimal compliant mechanism topology within a given design
domain and a given position and direction of input and output
forces. By constraining the allowed displacement at the input
port, it is possible to control the maximum stress level in the

compliant mechanism (Sigmund (1997)). This is however an
apriori guess, which is not included in the optimization process
and only validated afterwards. Sigmund et al. strongly advice
next steps to be taken in the realm of stress constraints, so they
acknowledge their design flaw. Several examples with hand-
grippers, crunching mechanisms and displacement inverters
prove the workings of the formulated theory. The first exten-
sion needed is to implement direct stress constraints in the for-
mulation, but will slow down computational speed, though it
will also result in different and improved optimum mechanism
topologies. Further research into compliant mechanisms with
real functions, such as path generation, is done by Kota, Hetrick,
Li, and Saggere (1999). Using an energy based approach for
comparison between input and output, they neglect mechanism
dynamics and damping losses and focus on energy storing elas-
tic members. Similar to Saxena and Ananthasuresh (2001a) and
Saxena (2005) the design space is discretized into horizontal,
vertical and diagonal elements. Therefore, and while acknowl-
edging that this is published in 1999, the generated mechanisms
are very similar to rigid-link mechanisms with small bending
elements at the endpoints of an element. Interesting is that the
first four natural frequencies of the force amplifier example are
calculated, hinting towards investigating its dynamics. The re-
sult of this analysis shows the second natural frequency to be
orders of magnitudes higher, indicating a severely robust system.
Clearly shown to be pioneers in this field Sigmund et al. and Kota
et al. show their willingness to come up with improvements,
however how much of an improvement can it really get to?

While rigid-body mechanisms can be optimal in innumerable
macroscopic mechanical systems, they are generally less suited
for micro-scale applications due to the fundamental difficulty
of fabricating reliable hinged-joints on such small scales. One
potential answer to this problem is to employ compliant mecha-
nisms (Swan and Rahmatalla (2004)). The elastic deformation in
compliant mechanisms may either concentrate in flexible hinge
regions or distribute more uniformly throughout the mecha-
nism. Typically, efforts are made to redesign the hinged joints
of rigid-body mechanisms as flexible hinges (Figure 7), aim-
ing to achieve performance roughly comparable to that of the
rigid-body mechanism. However, compliant mechanism de-
signs incorporating distributed elastic deformation may offer
increased design flexibility and durability. In Swan et al.’s time,

Fig. 7. Left: rigid-body mechanism, middle: partially (lumped)
compliant mechanism, right: fully compliant mechanism,
adapted from: Swan and Rahmatalla (2004)

exploration of continuum topology optimization methods for
achieving path-following compliant mechanisms was still in its
early stages, with only a limited number of papers published
on this topic (W Pedersen, Buhl, and Sigmund (2001) and Sax-
ena and Ananthasuresh (2001b)). Swan et al. propose the use
of two sets of springs to achieve path-following performance.
These springs regulate discontinuities rather than relying on
rigid connections, presenting both very stiff and very small resis-
tances. The approach involves initially applying the stiff springs
to achieve a stiff yet optimized design, followed by substituting
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the softer springs to assess the actual deformation performance.
When applied to an inverter path-following example, Swan et al.
demonstrate the successful synthesis of a fully compliant design
that generates an approximate straight line at the output port. It
is important to note that this framework primarily solves for the
required input force, and the author suggests further exploration
on the control side.

Rai et al. propose a procedure for synthesizing path-
generating planar linkages whether they are rigid-body, par-
tially compliant or fully compliant. Here partially compliant is
defined as containing some compliance and fully compliant as
lumped compliant. The synthesis task is formulated as a con-
strained optimization problem and is addressed using a hybrid,
elite-preserving genetic algorithm. To illustrate the synthesis
capability of the procedure, three examples of compact mech-
anisms that trace different non-smooth paths in response to a
single, monotonic, and bounded force input are employed (Rai
et al. (2010)). One can observe that in all three examples, par-
tially compliant mechanism designs offer better conformance
with design intent than either rigid body or fully compliant
mechanisms. This is contrary to what Swan and Rahmatalla
(2004) tries to achieve, as fully compliant mechanisms easily
cope with internal stresses with respect to partial compliant
variants. Rai et al. claim that the introduction of internal DOFs
into simple linkages is yet another way to improve their geo-
metric capability without sacrificing practical utility. This could
mean that utilizing fully flexible, or metamaterial-like, mem-
bers which contain many internal DOFs could be a viewpoint
for improvement. The authors do not further touch upon this
subject. Robustness is briefly touched upon as the input port
must be moved non-monotonically, meaning non-linear diffi-
cult input control, along a predefined line or the mechanism
will produce a severely different path. However, robustness in
terms of counteracting forces at the end-effector is taken into
account by having a resistance force during the optimization cy-
cles. Their examples show that partially compliant mechanisms
exhibit greater geometric capability than either rigid body or
fully compliant mechanisms. This is straightforward knowledge,
as a rotary input is required in traditional four-bar linkages for
creating a closed end-effector curve. Material failure and fatigue
are deliberately not included in their work.

Saxena continues to work on the subject as done with fellow
researchers in Rai et al. (2010). In this work not only is the linkage
length determined for a compliant path following mechanism,
but also the topology of each complaint member. To model the
size, cross sections of frame elements they may be additionally
treated as design variables meaning a more complex problem
to solve. Geometrically nonlinear analysis is performed with
the optimization power of genetic algorithms. Saxena therefore
included a very binary approach in the objective function, as the
design space is discretized and a member is present or not. The
result is a fairly box looking structure with horizontal, vertical
and diagonal members. The more difficult objective function,
and direct optimization of shape, size and position is well de-
fended, since it allows to solve large displacement nonlinear
compliant mechanisms in their binary form, it circumvents prob-
lems with non convergence or buckling and the end result can be
interpreted as is, no further post processing is required making
it a complete total package.

An open loop compliant mechanism consisting of two elastic
links actuated through piezoelectric actuators has been analyzed
by Banerjee, Bhattacharya, and Mallik (2009). The links may
be joined through rigid or elastic hinge connection. Meaning a

different approach to path generation, with only two (actuated)
members, which should be able to span the whole two dimen-
sional plane. Banerjee et al. denote the importance of analysis
a bending beam due to external moments as this is the base
of their mechanism. Ultimately they investigate how two con-
nected beams interact and analytically derive the end-effector
displacement. Inverse kinematics are calculated to obtain two pa-
rameters which need optimization, namely the input moments.

G. Shape features

Path following compliant mechanisms are nowhere without the
ability to differentiate between shapes for obtaining a score-
value to assign to a generated path with respect to a desired
path. This means encoding a shape into numbers with which
we can start scoring. Traditionally, the reference path is point-
wise compared with the generated path in terms of equally
sampling along the contour or perimeter, also known as the
brute approach. Brute in the sense of requiring many sampled
points along the curve which are compared individually per X
and Y-coordinate. A different and more often researched way of
comparing shapes is with the use of turning functions.

Turning functions are functions that capture the overall rota-
tion of a given curve (continuous) or polygon (piece-wise linear)
and originates from Arkin (1989). The turning function is one di-
mensional and is used as a description for representation of two
dimensional shapes. Volotão et al. claim that any finite polygon
that can be represented in a euclidean plane can be transformed
into a turning function. This comprises of the relation between
tangent angle and arc length and starts from some point on the
curve and follows the curve counter clockwise (Cosgriff (1960)).
The turning function can compare the desired and generated
path and it is not influenced by size, location and orientation
of the mechanism, making it ideal for true shape comparison
(Nadal, Cabrera, Bataller, Castillo, and Ortiz (2015)). The authors

Fig. 8. Polygonal shape F with its turning function Θ(s),
adapted from Volotão, Santos, Erthal, and Dutra (2010).

declare downsides too, a turning function is sensitive to noise, it
has a computational cost associated with matching and it may
cause errors when the border of the shape is slightly changed
(Zhang and Lu (2004)). In addition, the arc length grows locally
with noise resulting in the whole perimeter increase. However,
the main advantage is that the comparison between the desired
and generated path does not vary with rotation and translation
of the mechanism. Therefore the design variable vector does
not include the parameters which define fixed link position and
rotation, diminishing searching space (Nadal et al. (2015)). This
results in a synthesized mechanism, that is capable of creating
the desired curve, but the position and orientation could be far
off.

Torres-Moreno et al. propose a new method to represent paths:
normalized shape-descriptor vectors (NSDVs), which are similar
to turning functions but simpler to define. Instead of comparing
coordinates, this approach focuses on measuring the similarity
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of the desired and the obtained curve by studying their intrin-
sic properties such as radius of curvature or arc length. This
increases the flexibility at search and involves less optimiza-
tion variables to handle because the assessment is not biased
by the necessity of matching coordinates, but it evaluates the
underlying differences in shape (Torres-Moreno, Cruz, Álvarez,
Redondo, and Giménez-Fernandez (2022)). As it occurs with
turning functions or the method proposed, shape codification
strategies achieve flexibility by becoming invariant to changes
in scale, rotation, and translation of the curves. Thus, it is ulti-
mately necessary to transform any configuration found to make
the output of the corresponding mechanism not only equivalent
to the target in shape but also in size and orientation. Otherwise,
the resulting mechanism might replicate the target shape, but it
could not work in the same context. The author is clear about the
downsides, NSDVs are limited to simple polygons (either con-
cave or convex), without self-intersections. They do not allow
to compare polygons with a different number of vertices either
(as the resulting vectors have a different number of dimensions).
This makes NSDVs a relatively new competitor in the field of
path generation. Especially when compared with the Fourier
methods described next.

Fourier descriptors, initially proposed by Cosgriff (1960) as
a set of numerical representations encapsulating the form of a
closed curve, consist of amplitude and phase coefficients derived
from a Fourier expansion of the turning functions associated
with the curve. However, a more comprehensive explanation
of the operational principles can be found in the work of Zahn
and Roskies (1972). The process involves selecting a starting
point on the boundary, defining a function that measures the
angular direction of the curve relative to arc length, normalizing
this periodic function, and expanding it into a Fourier series.
The coefficients of a truncated expansion serve as shape features
termed Fourier descriptors. Since the mathematical details are
well explained by Zahn et al., they are not extensively covered
here. Fourier Descriptors capture shape; however, if the shape
undergoes rotation, translation, or scaling concerning the de-
sired form, additional information needs to be incorporated into
the objective function. Alternatively, separate optimizations can
address these transformations. Zahn et al. merely introduce the
topic of Fourier Descriptors, later this is put into use for mecha-
nism synthesis for the first time by Ullah and Kota (1997). They
denote that the function used is very sensitive to double looped
curves in comparison to single loop curves. However, with re-
spect to corresponding brute force methods, the nonlinear and
multi-modal Fourier function is not overly complex (Ullah and
Kota (1997)). Furthermore they enrich the background of Fourier
descriptors, indicating that the method only returns relative link
dimensions in a four-bar linkage without any specification to
position, rotation and scale once again restating the invariances.

In the realm of image processing this method can really show
its capabilities as the invariances are used as an advantage. They
are deployed in image processing for x-ray scans to recognize
vertebral images (Lee, Antani, and Long (2003)). They calculate
a similarity value (percentage) using the amplitude component
of the Fourier descriptors, do this effectively and prove this with
examples to be feasible too. Returning to mechanism synthesis,
Mankame et al. continue the work of Ullah et al. with contact
aided synthesis to achieve non-smooth paths while maintaining
a single monotonically input force. They improve the objective
function by incorporating a perimeter and orientation value to
combat the invariances of the Fourier approach. Furthermore
they experiment with including the input force as design vari-

able as to account for resistance forces. They recall that this is
not straightforward as it leads to cumbersome expressions in
sensitivities (Mankame and Ananthasuresh (2007)). Their ap-
plication for contact-aided compliant mechanisms it successful,
but recommend to do further explorations on the input force as
design variable.

A wild step away from real mechanism synthesis is done by
Khan et al. since they employ a trained artificial intelligence (AI)
model to create possible four bar linkage designs with only the
prescribed input path (in Fourier description) as total input to
the AI model. This is a direction that seems very promising in
terms of creative alternative designs, especially if this power is
utilized for something more complex than a four bar linkage.
Although four-bar coupler curves have wide-ranging shapes,
it should be noted that the method is limited to simple, closed
curves; open curves (such as those produced by double-rocker
mechanisms) and curves with crunodes are excluded (Khan,
Ullah, and Al-Grafi (2015)).

Reverting to optimization in mechanism synthesis without
the use of AI, but nonetheless in a modern day work, Guo et
al. reviews the Fourier Descriptor method very well. By laying
this method next to the brute force approach, among others,
a strong recommendation is the most important lesson learnt.
Their work proves that the combination of different trajectory
approaches leads to a better synthesis performance, which is
believed to provide new ideas for developing more efficient
mechanism design methods (Guo, Zhang, Wu, and Yao (2023)).
Meaning that from 2023 and onwards they foresee different path
generating approaches to enter the realm of mechanism design.

Other shape comparing methods have, in the meantime, been
addressed, and the following contains great potential to enter
as a newcomer in path generation. The metric for Polygon and
Line Segment comparison (PoLiS) is introduced by Avbelj et al.
The PoLiS metric is a positive-definite and symmetric function
that satisfies a triangle inequality. It accounts for shape and
accuracy differences between the polygons, is straightforward
to apply, and requires no thresholds (Avbelj, Muller, and Bamler
(2015)). The metric compares polygons, not only point sets, with
different number of vertices and is insensitive to a mismatch
in data points within the polygon. PoLiS is not invariant to
translation, rotation or scaling, as the authors developed it to
recognize building footprints where only shape similarity is not
enough. They claim the PoLiS metric to be straightforward to
implement and responding approximately linearly to changes
in the translation, the rotation, and the scale, meaning that it
is suitable for optimization. No introduction to mechanism
synthesis is done, as far as current knowledge goes, it is only
briefly touched upon by Torres-Moreno et al. (2022), but it holds
great potential to do so.

More than plenty types of shape distinguishing are available,
which could be suitable candidates for path generating mech-
anism synthesis. Each method calculates a similarity value, or
the opposite an error value. For optimization this error func-
tion should be coupled to the design parameters of the building
blocks of a mechanism basis, such as a four-bar linkage or in
the more interesting case; mechanical metamaterials to obtain a
solvable objective function.

4. DISCUSSION

Following up, one should be critical to raise questions about
these findings and compare the different researches to assign va-
lidity. Here the heterogenous zone in metamaterial dynamics is
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investigated, designed properties are related to these dynamics,
a different view on ultra-high or ultra-low properties is given, in-
ertia, strain and vibrations are discussed in practical applications.
Then continuing with critical views on rigid-body path gener-
ating mechanism in terms of control complexity and material
wear, following up with the shift to compliant path generating
mechanisms where microstructures and material defects, path
following performance, more internal DOFs, resistance forces
and fatigue are adressed. And eventually differences, up-and
downsides, the use of AI and other shape comparing properties
are presented. At last the bridge between mechanical metamate-
rials and path generation is highlighted, which is considered of
utmost importance as a result of this literature review.

Considering the grey zone, the mixture of frozen and col-
lective dynamics, in Baconnier et al. (2022) it is interesting to
think about the potential upsides of this difficult to predict phe-
nomenon, or about the downsides which need to be diminished
. Especially if we consider multiple collective vibration modes,
does the grey zone reappear in the shift towards the next and
can it give (visual) information on the type of transition. Ar-
eas where frozen states exist next to oscillating ones, there is
an interplay at their boundary. Lakes et al. claim that within
metamaterials areas with a negative Poisson ratio can exist, but
must be assisted by positive ones or another form of constraint
to ensure stability. Combining this with the chaotic interplay
in the mixture zone shows similarities if the grey zone is seen
as a design intend to create this negative-positive Poisson com-
bination. Perhaps dynamic structures which change in shape
or size can give rise to new inventions for example expanding
moving mechanisms where the movement can now be seen as
intentional instead of the enemy. On the contrary, diminishing
the undesired grey zone is the other way of thinking, does this
change the transition towards collective behavior in a negative
manner? That would mean it is different to move between vi-
bration modes as their transition is not as fluid but very abrupt,
or does not exist at all since it is harder to escape a mode.

The elasic model, as depicted in Figure 2 contains a well-
ordered structure of units, with equal spacing everywhere.
Interesting auxetic behavior with a similar equally spaced
structure is reported by Grima et al., but is limited in terms of
practicality. The authors experiment with differently ordered
structures, but only different Poisson ratio’s are observed
while the potential for more is there. Variable pore size for
example, creating a non-equal spacing between units and a
non-equal unit shape. This could lead to varying effects such
as completely different Poisson ratio zones next to eachother,
where local strain is highly important due to continuity
between zones if it is not gradually changing. Another
point of interest is the inclusion of dynamics, since up untill
now all auxetic structures (and most similar metamaterials)
operate quasi-static. In the case of unevenly spaced and
shape varying squares (an adaption of Figure 2) inertia now
regulates the deformations over time and introduces vibrations.
Furthermore the intertia combined with elasticity can utilize
storing energy in the connections for release in the reversing
part of the input cycle (Tantanawat and Kota (2006)). Power
usage can be lowered, especially in dynamic applications.
This is an interesting field of research, especially if one tries
to match this to the observed dynamics of Baconnier et al. (2022).

Interesting dynamics need an application, Russell et al. pro-
poses a rigid-link mechanism with a moving pivot. Theoretically
this is solid, but in practicality not so much which coincides with

the absence of any experimental work. Adding a moving pivot
increases the internal DOF meaning more complex end-effector
motions, however this requires an additional actuator which
comes with extra control complexity and energy usage. Or this
pivot must be mechanically connected to take away the extra
DOF, while keeping positional flexibility, with the downside
of limiting the end-effector motion. Zooming out, is this even
worth it? If additional actuators keep being added we end up
with dynamics similar to an infinitely many linked pendulum
which get increasingly difficult. This is not the right path to go,
but a more novel approach would be to remove rigidity and
introduce elastic structures. This could be a energy-efficient,
high DOF and easy to fabricate alternative.

This shift towards elastic structures is well established in
this literature review. Swan et al. describe the durability of
fully distributed compliant mechanisms to be a key factor for
choosing this approach. However this contains its difficulties
in designing such a structure. Yes, if a four-bar linkage is repli-
cated, then each member follows simple beam theory and for
this we know analytical solutions. But once the mechanism gets
more complex, beam theory is out in the wild. Keep in mind
that material defects greatly influence deformation behavior,
but that it is not all a negative thing. If the inner structure of
this beam, similar to material microstructures, is designed with
small compliant structures (metamaterials) using for example
evolutionary techniques, then this beam can be designed to ex-
hibit specific deformations thanks to many addtional DOFs (Rai
et al. (2010)). In this way, distributed compliant mechanisms
easily surpass the realm of four-bar linkages instead of being just
comparable. Designing a flexible four-bar mechanism is holding
back a design method with tremendous potential, as these tra-
ditional mechanisms rely on rotary input to create closed curve
end-effector paths which cannot exist in compliant mechanisms
as it violates elastic strain limits. Closed curves can be achieved
using bi-stability, but that is very binary behavior and outside of
the scope of this review.

Closing an end-effector path is easy without resistance forces,
but if any application is desired then this force must be taken
into account. The path can be showcased using a videorecoring
with point tracking which requires no additional force, but more
hands-on would be to include something to write on a sheet
of paper. Any additional force, not considered in optimization,
can completely change the mechanism behavior. Mankame et al.
try to include the input force in the optimization and apply a
resistance force, but leads to cumbersome expressions in sen-
sitivities. Optimization is therefore increasingly difficult, the
computational cost increases and stability near singular points
of the solution is far from guaranteed.

Working with objective functions is essential in optimization
and in path generation there are numerous ways to setup this
function in terms of shape features. Turning functions have been
discussed previously and work with integrating the function
to obtain an area measure. Though a very easy computation, it
can be argued that area alone is not enough. Take two shapes,
a square (1x1cm) and a circle (r = 0.56419cm), in terms of area
they have the same value so a turning function objective can-
not distinguish between them. Potentially by also including
the derivative of this turning function into the objective one
can clearly distinguish the two, but this is not done in current
literature. Also turning functions are known to be sensitive to
noise on the perimeter and invariant to size, orientation and
position, making them ideal for shape recognition but not for ex-
act shape positioning (Volotão et al. (2010)). Fourier descriptors
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add extra measures to turning functions in terms of expanding
into a Fourier series and using individual coefficients as shape
measures. The size of these terms and their position in the series
already enables for more distinguishing between two shapes
of equal area. On top of that this measure is truncated to only
keep the most important features of a curve, usually 10 terms
is enough to characterize a whole shape instead of many data-
points as done in turning functions, therefore computing should
be more efficient. Then again, Fourier descriptors are invari-
ant to size, orientation and position, however attempts exist to
combat these. Mankame et al. incorporate total perimeter length
and orientation to the objective function and this eliminates size
and orientation. Overall position remains, but considering these
attempts rely on four-bar mechanisms, they argue that simply
replacing the total mechanism takes care of this last variance.
On the contrary, in for example a metamaterial structure, where
building space is very limited, this approach is generally not
suitable making the Fourier approach an interesting competitor
but not the best. An overview regarding shape feature high-
lights, downsides and ease of application is given in Table 1 in
the appendix which inform on potential use of any competing
method in an objective function for path generation.

Finalizing this discussion, special attention must be given to
the work of Khan et al. where trained AI models are employed
to return a possible four-bar mechanism for the given desired
path. They apply the Broyden–Fletcher–Goldfarb–Shanno al-
gorithm which is commonly available in MATLAB. Traditional
optimization for path generating mechanisms can take anywhere
from one to ten hours, and maybe AI can speed up this process.
Their algorithm runs in ∼ O(n2) which is considerably slow
(Brownlee (2021)). However if we compare it with traditional
methods such as Genetic Algorithms (∼ O(n)), Differential evo-
lution (∼ O(n)) or Non-Dominated Sorting (∼ O(n2)) it does
not seem a prize winner. Though it is in the same range, and
built using a simple toolbox in MATLAB, therefore indicating its
potential, and one can only wonder what an optimized AI could
provide for more complex mechanisms than four-bar linkages.

5. CONCLUSION

This review has illuminated the integration of metamaterials
studied as elastic structures with both individual and collective
dynamics. We have evaluated the advantages and disadvantages
within the mixed grey zone, where both frozen and vibrating
units coexist. Additionally, potential variable Poisson ratios,
based on auxetic rotating squares, have been aligned with the
blueprint of these collective metamaterials and dynamics, intro-
ducing a spin-off from existing quasi-static approaches. Along-
side this, we have underscored the enhancements in power
usage and curving closing resulting from the inclusion of dy-
namics. A critical perspective has been presented on existing
path-generating mechanisms, whether rigid-link or compliant,
and whether experimentally proven or not. We have compared
various shape-distinguishing methods, discussed objective func-
tions, and evaluated the promising path toward AI-driven mech-
anism design in contrast to traditional synthesis algorithms. It
is essential to note that this literature review cannot encompass
all relevant literature, and only a selective subset has been con-
sidered. Furthermore, the relatively novel field of mechanical
metamaterials, while extensively researched, is still in its early
stages, limiting immediate connections to practical applications.
In summary, the individual realms of mechanical metamate-
rials and path generation have been thoroughly studied and

established. However, it is crucial to emphasize that their com-
bination has not been explored until the present day. The fusion
of these fields appears highly beneficial across various sectors.
Through this review, we provide a realistic answer to the re-
search question, ’How can mechanical metamaterials generate
closed end-effector paths with a single input?’ This not only
addresses the query but also unveils new avenues for further
research.
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APPENDIX

Method/Property Application Computation Invariance Downsides Proof of concept

Brute force Very easy Hard (O(n2)) None Many calculations PG performed in 4BL

Turning function Easy/Moderate Moderate (O(n)) Angle|Position Other shape, same area PG performed in 4BL

NSDVs Moderate Moderate (O(n)) None Simple polygons only PG performed in 4BL

Fourier descriptors Moderate Moderate (O(n)) Size|Angle|Position Path might not close PG performed in 4BL

PoLiS Easy Moderate (O(n)) None No path generation yet 2D building recognition

Table 1. Comparison between shape features and their application in optimization, PG = Path generation, 4BL = Four-bar linkage
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3 Supplementary Information

This section provides all the details regarding the modeling, the actuator, the
manufacturing, the assembly, and the experiments conducted in the thesis, as
referenced in the main text.
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1. Xeryon XLA-5-55-1250 Actuator Specifications8

The actuator used in the robotic prototype is a miniature linear piezo stepper made by Xeryon in Belgium. In this instance the9

specific XLA-5-55-1250 where 5 denotes the holding and driving force, 55 denotes the total travel in millimeters and 1250 the10

encoder precision in nanometers. It can operate at speeds ranging from from 5 µm/s to 400 mm/s, and accelerate with 84011

m/s2. It comes with a controller board, which can be connected to a computer with or without Arduino.12

Fig. 1. XLA-5-55-1250 actuator, with controller in background

Fig. 2. Controller board, powercables and Arduino UNO in the background

10mm
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2. Assembly steps13

After 3D printing two identical metamaterial specimens, some mounting brackets and spacers for the actuator, and the actuator14

itself, assembly is done in few easy steps which only require a vise, two steel pins (ω1.6x20mm) for the rotation joints at15

the top and one steel pin (ω2x50mm) for the rotation joints at the bottom. In the figures below, the ω1.6x20mm pins are16

already press-fit into the actuator bracket. The vice is required to press-fit the ω2x50mm pin into one metamaterial, then17

every component is simply stacked on top of each other, and at last the second metamaterial is press-fit onto the remainder of18

the ω2x50mm steel pin completing the assembly. The actuator is now e!ectively sandwiched in between two metamaterials.19

The only final touch is placing rubber stops on the end of the ω1.6x20mm pins to make sure the top actuated block does not20

slide o! during operation (safety precaution).21

(a) Single metamaterial 3D print, with press-fitted steel pin (ω2x50mm) into the lower
actuated block

(b) Single metamaterial 3D print, with press-fitted steel pin (ω2x50mm) into the lower
actuated block, and one spacer

(c) Single metamaterial 3D print, with press-fitted steel pin (ω2x50mm) into the lower
actuated block, one spacer, and the actuator slid over the pin. The pin already press-fit
into the actuator bracket loosely slides into the top actuated block.

(d) Single metamaterial 3D print, with press-fitted steel pin (ω2x50mm) into the lower
actuated block, one spacer, the actuator slid over the pin, and the second spacer.

(e) Single metamaterial 3D print, with press-fitted steel pin (ω2x50mm) into the lower
actuated block, one spacer, the actuator slid over the pin, the second spacer, and the
second metamaterial 3D print press-fit onto the steel pin (ω2x50mm).

Fig. 3. Assembly steps for the single metamaterial 3D print with steel pin and spacers.

10mm
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3. Finished robotic metamaterial prototype22

(a) Front view of the robotic prototype, showing the actuator sand-
wiched between the metamaterials.

(b) Side view of the robotic prototype.

(c) Perspective view of the robotic prototype.

Fig. 4. Three views of the robotic metamaterial prototype: front, side, and perspective.

10mm

10mm
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4. Model stiffness and damping tuning23

The model contains three parameters for sti!ness: kstretch, kshear, krot (see Figure 2). Damping values are a function of the24

sti!nesses, with a scaling factor to distinguish between x/y and rotation. Characterizing the sti!ness of the 3D printed TPU25

hinges meant fabricating a structure with a known total sti!ness as a function of kstretch, kshear and krot. This structure26

is a four by four set of rigid PLA blocks with TPU hinges in between. This structure is clamped in vices in a Instron 590027

series with a 50N load cell, and a tensile/compression test is performed in tensile and shear direction of the test specimen28

by deforming the specimen with positive and negative displacement to account for tension and compression. This data is29

fitted with the sti!ness model for the test specimen (Figure 7) and by optimizing the model parameters a good fit is found for30

sti!ness values kstretch, kshear and krot to align with the measured Instron data.31

(a) Shearing measurement on PLA/TPU testspecimen B (b) Stretching measurement on PLA/TPU testspecimen B

Fig. 5. Instron shearing and stretching measurement on a 4x4 blocky metamaterial

10mm
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Fig. 6. Stiffness graphs for all measurements, on specimen A and B, in tension, compression and shear. Every specimen was measured with three runs, where each run
consists of four loading cycles.

Fig. 7. Stiffness graphs where the measurement data is bundled into a mean with standard deviation and the result of optimizing the model to fit this measurement data

Method Stretch (kstretch) [N/mm] Shear (kshear) [N/mm] Rotation (krot) [N/mm]
Static 19.48 1.417 0.1760

Table 1. Optimized stiffness model to match the instron measurement data

Static testing of the hinges is now complete, but during dynamic experiments it was found that the TPU hinges do not32

comply with just static sti!ness, and more testing was required to unravel dynamic sti!nesses. By actuating a optimized33

metamaterial and tracking the ende!ector displacement there was new, dynamical, measurement data. This time parameter34

tuning had to be done manually, and through endless variations of sti!ness and damping parameters new values were found to35

achieve a good fit.36
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Fig. 8. Dynamic testing with a shaker, metamaterial design, appropriate constraints, light panel, and a high-speed camera on top (not visible)

Fig. 9. Horizontal, vertical, and rotation deformation for a certain block on the metamaterial, actuated at 15, 20 and 25 [Hz]. By varying the stiffness parameters, the best
alignment of experiment and simulation had to be found.

38



Actuator in code must be rewritten

Actuation vector must always be between clamped and Actuated
blok

Actuator Actuated Anyblock

Actuation vector

lamp Anyblock

drivingangle must beupdated
everytimestep to point towardsDOFpairshould be 0
clamped block ineverydeformationand let rotationgo

Then in the veetor the
angledetermines the x y combination

can we mount the actuator with zero stiffness in vest
position

Fig. 10. Verification of the best stiffness parameters by overlaying the model and experiment trajectories for a selection of endeffector blocks (in red) within the metamaterial.
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Fig. 11. Verification of the best stiffness parameters by overlaying the model and experiment trajectories for a selection of endeffector blocks (in red) within the metamaterial.

Method Stretch (kstretch) [N/mm] Shear (kshear) [N/mm] Rotation (krot) [N/mm]
Static 19.48 1.417 0.1760

Dynamic 19.48 3.683 2.640
Table 2. Optimized stiffness models to match the Instron measurement data and the new dynamically tuned stiffness

Table 4 shows dynamic shear sti!ness values of 2.6x the static value, and even 15x the static rotation sti!ness in order to37

have a good alignment. This can hint toward sti!ness models that contain higher-order sti!ness terms. The sti!ness values38

that align with the deformation in Figure 12 below are not known exactly.39
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Fig. 12. 50% scaled-down simulation results in green, and experiment in blue.
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5. Manufacturing40

The manufacturing process for these PLA and TPU 3D printed metamaterials is streamlined and results in high quality41

prototypes. The figures below highlight some more details in the process.42

(a) Closeup of PLA and TPU 3D printing, clearly visible is the fully fixed red TPU
material in the white PLA blocks.

(b) Closeup of PLA and TPU 3D printing, clearly visible is the fully fixed red TPU
material in the white PLA blocks.

Fig. 13. Detailed pictures of the 3D printing process with two materials.

Fig. 14. Perspective view on the PLA and TPU 3D printing process.

10mm

10mm
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6. Experiment figures43

The experimental setup for the robotic metamaterial consisted of a black floor and backdrop for the walking experiment and a44

vise in front of a black backdrop for the clamped experiment. For both scenarios, below are additional pictures explaining the45

situation.46

(a) Side view of the clamped experiment, where the actuator body is
clamped in a vise, thereby fixing one of the actuator blocks.

(b) Top view of the clamped experiment, where the actuator body is
clamped in a vise, thereby fixing one of the actuator blocks. The black
cardboard sheet is there to create a better contrast when recording.

(c) Front view of the clamped experiment, where the actuator body is clamped in a vise, thereby fixing
one of the actuator blocks. The black cardboard sheet is there to create a better contrast when recording.

Fig. 15. Three views of the clamped experiment in the vise

10mm
10mm

10mm
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(a) Side view of the robotic metamaterial in contact with the floor

(b) Perspective view of the robotic metamaterial in contact with the floor

(c) Overview of the experiment environment with the black floor and backdrop, the lights and the robotic metamaterial

Fig. 16. Additional explanatory pictures of the conducted experiment with the robotic metamaterial in contact with the floor

10mm

10mm
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7. Multi-gait experiment results47

The results for multi-gait metamaterials with this design framework result in a simulation that can dynamically reprogram the48

directionality of ende!ector trajectories. Experimentally, this directionality change was di"cult to obtain.49
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Fig. 17. Trajectories at 12, 13 and 14 [Hz]

°7.5 °5.0 °2.5 0.0 2.5 5.0 7.5 10.0

x coordinate (mm)

°4

°2

0

2

4

y
co

or
d
in

at
e

(m
m

)

EndeÆector trajectory F71 12hz

Tracked experiment

Simulation with experiment signal

Perfect simulation

°7.5 °5.0 °2.5 0.0 2.5 5.0 7.5 10.0

x coordinate (mm)

°4

°2

0

2

4

y
co

or
d
in

at
e

(m
m

)

EndeÆector trajectory F72 13hz

Tracked experiment

Simulation with experiment signal

Perfect simulation

°7.5 °5.0 °2.5 0.0 2.5 5.0 7.5

x coordinate (mm)

°4

°2

0

2

4

y
co

or
d
in

at
e

(m
m

)

EndeÆector trajectory F73 14hz

Tracked experiment

Simulation with experiment signal

Perfect simulation

°8 °6 °4 °2 0 2 4 6 8

x coordinate (mm)

°2

°1

0

1

2

3

y
co

or
d
in

at
e

(m
m

)

EndeÆector trajectory F76 17hz

Tracked experiment

Simulation with experiment signal

Perfect simulation

°6 °4 °2 0 2 4 6 8

x coordinate (mm)

°2

°1

0

1

2

3

y
co

or
d
in

at
e

(m
m

)

EndeÆector trajectory F77 18hz

Tracked experiment

Simulation with experiment signal

Perfect simulation

°6 °4 °2 0 2 4 6

x coordinate (mm)

°4

°2

0

2

4

6

y
co

or
d
in

at
e

(m
m

)

EndeÆector trajectory F78 19hz

Tracked experiment

Simulation with experiment signal

Perfect simulation

Fig. 18. Trajectories at 17, 18 and 19 [Hz]. The blue trajectory indicates the experiment where the endeffector has been tracked, the green line indicates simulation results
where the actuation signal comes from tracking the experiment input, and the yellow line indicates the simulation with a perfect sinusoidal input signal.

Clearly, the perfect simulation in yellow does change direction at 18Hz, but the experiment does not. Even the simulation50

where the actuation signal is replaced by the tracked actuation signal from the experiment (green) has a hard time switching51

direction at 18Hz and only does so at 19Hz.52
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8. Outlook multi-gait robotic metamaterial53

Multi-gait robotic metamaterials are envisioned to have tremendous potential. With a single actuator, and by only varying the54

actuation parameters, or external influences, di!erent ende!ector trajectories can be made. Below, there are two scenarios55

where external environmental influences trigger a change in internal dynamics and reprogram the ende!ector trajectory with56

di!erent functionalities as a result. This results in the most autonomous version of a robotic metamaterial.57
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Fig. 19. Sideview of a robotic metamaterial, where bumping into an object triggers a change in dynamics where the metamaterial would jump over the obstacle. Afterwards the
compression is no longer there, and the metamaterial returns to the normal internal dynamics.
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Fig. 20. Topview of a robotic metamaterial, where bumping into an object triggers a change in dynamics where the metamaterial would rotate to overcome the object in its way.
Afterwards, the object is no longer there, and the metamaterial returns to the normal internal dynamics.
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