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Abstract

In this thesis we introduce a variation on the quantum random walk to discuss
shifts in an arbitrary range. The concept of Hadamard coin was therefore generalised
to a higher order. By a Fourier transform method and a tensor product decomposition
of the evolution matrix the long-range quantum random walk was found to converge
in distribution to a random variable, different for every range. The limiting random
variable consists of three parts: one part fast decaying with the range size, a non-
convergent part and a convergent part. Lastly, an introduction was made into the
topic of trapped quantum random walks. As a starting point, the survival probability
of such a walk on a 3-cycle was calculated and found to scale as 27", as does the
classical trapped random walk on this topology.
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Introduction

Over the past decades researchers have made efforts towards the realisation of a quantum
computer for the implementation of quantum algorithms [1]. A functioning quantum computer
could for instance be used for integer factorisation via Shor’s quantum algorithm, which is
substantially faster than any known classical factorisation algorithm [2]. In order for quantum
computation to be successful, quantum algorithms must be developed that supersede their
classical counterparts. A powerful tool in the development of quantum algorithms is the quantum
random walk [3].

The process of a quantum random walk has gained interest is the past years due to its potential
to speed up classical algorithms. The process describes the evolution of the state of a walker
in terms of a wave-function with an internal degree of freedom. The position of this walker at
time n, denoted by X,,, travels ballistically, contrary to a classical random walk. Meaning, X,,/n
converges to a limiting random variable as n tends to infinity [4]. Like the classical random walk,
there exist many variations on its standard version. In this thesis we focus on a variation on
the quantum random walk that extends the steps or shifts in the quantum random walk to a
longer range. An effort is made to investigate the resulting limiting random variable for arbitrary
ranges. In the classical random walk X,,/1/n converges to a normal distribution, regardless of the
step-distribution [5]. We examine if the long-range quantum random walk shares this property
of universality. Furthermore, we investigate the limit of infinite range. Finally, an introduction is
made into the topic of trapped quantum random walks.

The thesis starts with an overview of the theory on quantum random walks in Section [1, where
the concept is described and a result of a limiting distribution is presented. Section [2] summarizes
a method for physical implementation of the quantum random walk in an ion-trap. An extension
of the quantum random walk to a long-range version is formalised in Section |3| where we discuss
the concept and investigate a limiting random variable for the process. We introduce the topic
of trapped quantum random walks and analyse a starting point for further research in Section
Finally, Section [5| treats the conclusions of the obtained results. This thesis is part of the bachelor
programs Applied Mathematics and Applied Physics of the EEMCS and AS faculties of the Delft
University of Technology.



1 Theory
Concept & limiting distribution

In this section we present an overview of the basics of quantum random walks (QRW) and some
important convergence results on the topic based on [4]. Section |1.1|starts with an introduction of
the formalism behind the QRW followed by the dynamics of the QRW in Section [[.2] We proceed
with a derivation of the limiting distribution of the process based on Fourier transform methods
in Section [I.3] The derivation continues with a theorem regarding convergence in distribution
based on the method of moments in Section after which a more explicit calculation of the
limiting distribution is presented in Section 1.5

1.1 State space

In the classical random walk a state is simply an integer value which we interpret as the position
of the walker. In order to describe the dynamics of a QRW, a more complicated setting is needed
[6]. A QRW is a quantum system that evolves in discrete time. The states that describe the
system consist of a position part which can be thought of as modelling the position of a particle,
and an internal degree of freedom analogous to quantum mechanical spin. In its most common
zﬁfj’% ) where ¥(-,4) € £2(Z). Here 1(-, i)
can be thought of as the position part and the internal degree of freedom, or coin state, is an
element of C?. With this choice for the position the QRW is a walk on the integers. The total
state 1) is then a tensor product of this position and coin state such that the total state is an
element of the space

form, the state of the system is of the form v = (

H=1*(2) @ C? ~ (13(2))>.

We will write {e;}zez for the usual basis elements of (2(Z). i.e., e, is the column with 1 at x
and zero elsewhere and further denote

(== (3 ma= (2))

for the basis of C2. We can now write the total state as

Y= Wz, e, ® 1) + 9z, ~1)e, @ |-1).

TEZ

S Z Zw(x,i)em ® w;.

i=+1z€Z

Or in shorter notation:

With this state we associate a probability to find the particle at position z equal to
Px) = Y [(ex @ wi, )P = [vh(x, 1) > + |vo(z, = 1)

i==+1

In order for this rule to be meaningful, we require that the state is normalised. Meaning that the
sum of this probability over all integers equals one: > ., > . [¥(z, i)|? = 1. Essentially, the
state of a QRW is a wave-function on the integers with an internal degree of freedom. In contrast
to a classical random walk, there is no localisation of position. As such, it is important to note
that the QRW does not define a stochastic process like the classical random walk, but rather a
sequence of probability measures. Like in quantum mechanics, the position is a probabilistic
concept.



1.2 Dynamics

In this section we describe the evolution between states that compose a QRW. Given an initial

Yo (JT, 1)
state g = ( oz, —1)
application of a unitary operator U; v, = U™)g. Indeed, the operator must be unitary to ensure
conservation of total probability. We denote by XY a random variable assuming integer values
with probability as described in Section [1.1| using the state 1,,. The unitary operator U consists
of two parts, one acting on the coin-state and the other on the position. These two parts of the
dynamics are explained in Section and Section [1.2.2] respectively.

) the QRW defines a time-evolution of ¢ in discrete time by repeated

1.2.1 Coin operation

In the simplest case one can take the Hadamard operator H as operator on the coin state:

1 1 1
i34
H acting on a state 1) gives

o L < o ) ( bl 1) ) 1 ( $(@1) + oz, 1) )
\/§ I -1 ¢($7*1) \/5 ¢(ma1)*¢(x’*1) '
In Section we will see that the |1)-part of the state, ¢(x, 1), undergoes a shift to the right.
Similarly the | — 1)-part of the state, 1)(x, —1), undergoes a shift to the left. The Hadamard coin
is considered a fair coin, in the sense that it does not favor a shift to the right over a shift to the
left or vice versa. More precisely: after the operation of the Hadamard coin, the parts of the

state that previously corresponded to a right shift and left shift are distributed in superpositions
of equal amplitude over both coin-states. But one might also consider a more general unitary

operator A, for example:
(1)
=5 —yp

As long as A € Us(C), that is A is a unitary operator on C2. A acting on a state 1 gives:

o= (s ) (3 ) - ()

Choosing p unequal to 1/2 introduces a bias in the walk. If for example p > 1/2, the part of
H+1p that is shifted to the right consist is a superposition of the previous coin-states. But in this
superposition, the part that previously corresponded to a right shift has a higher amplitude.

1.2.2 Shift operation

As mentioned in Section the second part of the evolution U is a shift to the right or left,
corresponding to the coin-state. The shift operator is defined as follows:

= S( Jéiﬁ’fi) ) - ( wdég:xfﬁ’—li) ) |



We can now define the total evolution operator U as U = S(I ® A), with I the identity on
?%(Z). The tensor product with the identity indicates that the coin operator A only acts on the
coin-state. In case we take the Hadamard coin as coin operator, we find the evolution of a state
to be the following:

B P(x, 1) 1 Ye—1,1)+¢x—1,-1)
W‘U( bla,~1) > ‘ﬂ<w<x+1,1>—w<w+1,—1> )

Recall that the evolution operator is repeatedly applied to an initial state 1y to constitute a
QRW; ¢, = U™g. In the current setting it is complicated to express U™ for arbitrary n € N.
This makes it hard to investigate the behaviour of the QRW after an arbitrary amount of steps.
In Section [I.3] we present a solution to this difficulty.

1.3 Fourier transform

In this section we introduce the Fourier transform methods which enable us to show that X, /n
converges in distribution to a limiting random variable as n — oo. This result is comparable to
the convergence of the classical random walk, where X, /y/n converges to a Gaussian as n — oo.
However, the division by n instead of y/n forms a remarkable difference between the classical
random walk and the QRW. To this extend we will perform calculations in the Fourier space

—

L?(K) = (2(Z) of £*(Z). Here K denotes the torus. That is the interval [0,27] with opposite
ends identified. Alternatively we can think of K as R with al points that are 27 apart identified.
For (z) € (%(Z) we have (k) = > sez €F4p(x). This allows us to describe the total state as
an element of L?(K) ® C2. So:

~

5= )

The evolution of states as described in Section [1.2] is somewhat cumbersome to work with. We
will see that the evolution takes a much simpler form in the Fourier space. Let us therefore
compute Uy = S A1) (without specifying the coin operator A). Note that

o [V —L1) Y\ (S —11) \ _ (e ety (z,1)
S = JE0 ) = (it ot ) - (Zelnt ) )

(SR Y- (280,)- (5 %)

Also, A acts only on the coin state, and therefore commutes with the Fourier transform:

wo= (05 (e )= (e )

Such that by linearity of the Fourier transform

= ( ap(k, 1) +bd(k,—1) \ _ 5
A= () b adee ) =

So we can describe one step of the QRW in the Fourier space as

etk 0

== S )it = 0.



with

And for the n-th state we obtain

(k) = U (K)o (k).

The matrix U that characterises evolution in the Fourier space has the advantageous property
that it is unitary and therefore normal. So each state has an eigendecomposition of orthonormal
eigenvectors vy (k), va(k) with corresponding eigenvalues A1 (k), Aa(k). In the case that A\ (k) =
A2(k) = A(k) the evolution is somewhat trivial, see Appendix Let us therefore assume that
A1 (k) # Xo(k). Since the eigenvectors v1 (k) and ve(k) are orthogonal and span C2 we can write

o = (vi(k), Yo)vi (k) + (va(k), do)va(k),

such that the state at time n reads

2

Y = U(k)" o = A1 (k)" (01 (k), dho)v1 () + Az (k)" (va(k), dho)va(k) = Y Xj (k)™ (v (k), o) v (k).

J=1

1.4 Method of moments

The moments of a random variable can provide helpful insights for understanding its behaviour.
Moreover, a bounded random variable is uniquely determined by its moments |7] (Hausdorff
moment problem). We will investigate the moments of X,,/n as n tends to infinity and find
that each sequence of moments converges to some limiting moment. Theorem [I] then ensures
that X,,/n converges in distribution to a random variable whose moments are these limits. See
Definition |1} for the precise meaning of convergence in distribution.

Definition 1. A sequence of random variables X,, converges in distribution to a random variable
X if for every bounded and continuous ¢ : R — R and every integer n:

E(¢(Xn)) = E(¢(X))

And we write X, 4 x.

Theorem 1. Let X be a random variable of bounded support and X, a sequence of random
variables such that for each k € N
E[X*] — E[XF).

Then if ¢ : R — R is bounded and continuous, X, 4 x.

See Appendix |B| for a proof of Theorem [1} Note that X,, must be divided by n, in contrast to
the convergence of % in the classical random walk. This scaling is called ballistic. Intuitively, it

means that the QRW spreads faster than its classical counterpart.

Let us now examine the moments of X,,. They are by definition given by

E(X;;) = <¢n7 ern>'



Where the inner product is that of 2(Z) ® C2. We can make use of the Fourier transform results
obtained in Section to find a more explicit expression. Inner products in this space are related
to those in L?(K) and C? by

2 dk
(U, ) 2(z)2c2 :/0 (¥, <Z5><c2*

See Appendix [C.2] for a derivation. In order to ) express the moments of X, in terms of the Fourier
transform of the state 1, we must calculate X 7“¢ or as a first step X ¢

— . X d -
Xy =) we™y(a) = =i > e (x) = —ib(k),

dk
TE€Z TEZL

hence

Finally we can express the moments of X, in terms of its Fourier transforms:

r . ™, dk
BX3) = W X tnda@oce = [ (6o D), 5o
where D = —i5+ dk D””d}n can be expressed more explicitly using the eigendecomposition found in
Section [L.3] and Leibniz rule:
; - . oY
Dty = (=i)" Y {vj(k), dhoyn” A (k)" Ui (k) + O(n").

J=1

See Appendix for a derivation. Consequently,

2 ZA Y= (DAY (o3 (K), o) (k) + O(nY).

And the moments are given by

X, \" [ Dy, \ dk
I <wm oF

2m 2 ) )
/ n 7"(D)\) < ( )7¢0><wn,vj(k)>%+0(nfl).

Note that (1,/1,1,11]( ) = )\j(k)*"@ﬁo,vj(k)), leaving us with:

()] = 175 (R 1eswrioeger oo

We recognise in this last expression the moments of a random variable. Indeed, take Q@ = Kx {1, 2}

and let 12 be the probability measure on €2 defined by |(4, v;(k)) |24k, Now define h(k, j) = %
Then h : K X {1,2} — R is a random variable. To see that h is indeed real we note that

IA;(k)| = 1 such that we can write \;(k) = €’%*) with a;(k) € R. Now

_idgiai(k) (5 sias (k)
‘  —igpet@\® Jpaj(k)e 7i '
h;(k) = o i, 8) = dka](k) cR.



With this interpretation we can write

X T
]E[(n)]—)/hrdu as n — oo.
n Q

And Theorem [I] guarantees that
Xn

n

LY = n(2),
with Z a random element of 2 whose distribution is given by u. Here ° % denotes convergence

in distribution. This result allows us, with a suitable initial state, to compute the asymptotic
cumulative distribution of % and its asymptotic probability density function by examining the

eigenvalues of U (k).

1.5 Limiting distribution

Let us now apply the results of the previous section to the Hadamard case. That is

1 1 1
-1 )
Therefore,

- et 0 et 0 1 1 1 1 etk etk
U(k)< 0 e—ik)H< 0 e-ik)\@(l _1>2<€—z’k _e—ik>'

For convenience we first compute the eigenvalues \ of v/2U (k):

ik _ Y ik . - . ~
A y _~‘—(e’k—A)(—e_Zk—A)—1—

1=t XL N2 -1=0
A2 — 2isin(k)\ —

DO
I
o

— \j(k) = isin(k) £ /2 — sin®(k)

So we find for the eigenvalues A of U(k):

Nj(k)  isin(k) 1,
Nj(k) =~ 5 = 7 + 1—581n2(k)
Furthermore,
. d cos(k) sin(k) cos(k) .
D)\ = —i—\;(k) = + i.
’ =" V4 = 2sin?(k)

The random variable h now equals

cos(k)
2 —sin?(k)

See Appendix [C-4] for a derivation. We can use this expression to gain more insight in the limit
distribution. First of all note that h takes values in [—%, %] If we take an initial state with



Xo = 0 and one of wy = ( (1) ) and w_; = < (1] ) , then (k) = ( (1) ) or ( (1] ) In which
case " "
p = I(wo(R), v (NI = o (R 5~

. . . . 1
If we instead consider a random initial state, that is < 0 > or ( 0

1 ) with equal probability,

then the measure p becomes

k. dk

dk
p=5 3 S =l T = T

i=1,2
We can then calculate explicitly the cumulative distribution function:

P(ng):/ dpz2/ dr
h=1([~o0.y]) cos(k)/y/T+eos? (k) <y 4T
/2wcos_1(y/\/1y2) dk

Jeosii 2T

=1- lcos_1 S
s /1— 42

Finally we can take the derivative with respect to y to obtain the probability density function:

4 l—icos_1 S :—licos_l(u)i S
dy T 1— 12 wdu dy 1— 12

where © = ——. So
1—y2

1 y1—92 1 dy — dy

T /1—2y? (1—y2)3? Aot — )
This result can be summarised in the following theorem:
Theorem 2. Let X, be a random variable defined by a QRW with the Hadamard coin

11
=0 4)

then X, /n LY. WhereY is a random variable with probability density function

f()

dy

S )

See Figure [1a] for a plot of this probability density. In Section we have seen that a biased
coin can be used to form a biased QRW. The derivation for its limiting distribution is analogous
to that of the Hadamard coin. It is presented in Appendix [C.5] and the result is summarised in
the following theorem:



Theorem 3. Let X, be a random variable defined by a QRW with biased coin

then X,,/n LY. WhereY is a random variable with probability density function

V1 — pdy

fr(y) = :
™o —y*(1 = y?)
Indeed, if we choose p = % we retrieve the result of Theorem This probability density is

plotted in Figure

. 6
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2 Theory

Physical implementation

In this section we present the basic idea behind a physical implementation of a QRW. A variety
of systems might be used to physically implement a QRW, see for example [8] |9, [10]. This
section focusses on the ion-trap configuration as described in [8, [11] as this is perhaps the
simplest concept for physical implementation. We start with an overview of the configuration in
Section Then, we present an approach for treating a harmonic perturbation in Section
Finally, we discuss the concept of coherent states and displacement in Section based on [12].

2.1 Ion-trap

More specifically, we consider a “Be? ion confined in a coaxial-resonator radio frequency trap.
For a detailed overview of the set-up, see [13,|14]. The state of the ion is initially of the form
|0}| J) where |a) denotes a coherent state of the ion-trap and the | |) indicates the internal state,
or spin state of the ion. The meaning of coherent state will be explained later in Section The
ion then goes through a series of four laser pulses each serving a different purpose. How these
pulses affect the state of the ion in the desired way will be explained in Section The first
pulse acts on internal state. A m/2-pulse creates equal superpositions of |0)| |) and |0)| 1). This
is exactly the function of the Hadamard coin in the dynamics of a QRW. After this first pulse, a
displacement beam shifts the coherent state corresponding to | 1) by one position. This results in
a state %\aﬂ b+ %\OH 1). So this pulse partly accomplishes the function of the shift operation.

The third pulse, a m-pulse, interchanges the internal states, resulting in: %|a>\ T+ %|0)| 1.

Lastly, a displacement beam is applied again that creates the state %|Oz>] b+ %] —a)| ).
After this last pulse, the shift operation is completed. With these four pulses, we are left with a
state that corresponds to a QRW after one iteration. Repeating the process will then induce a
QRW as desired.

2.2 Harmonic perturbation

In order to investigate the effect of a laser pulse on an ion we use the rotating frame approach for
time-dependent perturbations of a Hamiltonian, as explained in Appendix We consider a
Hamiltonian acting on a two-level system consisting of a constant part Hy and a time-dependent
part V (t):

H(t) = Hy + V().
In the rotating frame approach we switch to a rotating frame of reference for which we choose

a rotation equal to R(t) = e *0!/" The approach then states that in order to find the wave
function [¢(t)) for our Hamiltonian, we need to solve for the Hamiltonian in the rotated frame

Hrot = RT (t)V(t)R(t),

and then apply the rotation R(t). This approach can be applied to a perturbing oscillatory
magnetic field on a two-level system in an otherwise constant magnetic field. We investigate
the situation where the constant magnetic field point is the z-direction and the perturbing field
points in the z-direction, such that the Hamiltonian takes the form

Tuw
H(t) = — 0z + €0, cos(wit),

10



where hw is the energy gap between | 1) and | |) and o,,0, are Pauli spin matrices. So

according to the rotating frame approach we separate this Hamiltonian into Hy = %‘*’oz and

V(t) = €0y cos(wit). We then take the rotation equal to R(t) = e~ Hot/h = ¢=iwto=/2 gych that
the Hamiltonian in the rotated frame becomes

H,, = eWlo:/25 o—iwlo=/2, cos(wit).
In order to proceed with the calculation we will first prove a useful equality:
€= = cos(a) + isin(a)o.
By definition
~ = (iao,)”
ewéaz = Z 7’L' )
n=0 ’
and when we separate this sum into even and odd powers we find

giaos _ i (iog,)2m .\ i (i) 2t
2 @m)l 2 @m

On can verify that all even powers of o, equal the identity, and as a consequence all odd powers
equal o,. So we have

iao. _ N~ (107" o~ (i) -
e = mZ:O @m)! + Z maz = cos(a) + isin(a)o.

m=0

By writing R(¢) in this form the Hamiltonian in the rotated frame becomes
H,ot = [cos(wt/2) + isin(wt/2)0,]| 0, [cos(wt/2) — isin(wt/2)o,] € cos(wit).
And after multiplication:
Hyop = [cos®(wt/2)oy + i cos(wt/2) sin(wt/2) (0,04 — 0402) + sin®(wt/2)0.0,0.] € cos(wit).
Now we simplify further by noting that 0.0, — 0,0, = 2i0y and 0.0,0, = —0,, hence
H,p = [(COSQ(wt/Q) — sin?(wt/2))o, — 2 cos(wt/2) sin(wt/2)oy | € cos(wit).
We recognise the terms between brackets from the doubling formula, so
H, o = [cos(wt)o, — sin(wt)oy] € cos(wit).
Let us investigate the case where wi; = w:
Hyopt = [COSQ(wt)O'w — cos(wt) sin(wt)oy | €.
Again the doubling formula can be used for simplification:
Hyp = %am + %cos(th)ax - gsin(th)ay.

These last two terms do not contribute over time to the solution. They are an example of
non-secular terms, their oscillation is non-resonant. See for example [15]. So finally, we find that
the Hamiltonian in the rotated frame is that of a constant magnetic field in the x-direction. So
in the rotated frame, the spins undergo Larmor precession about the x-axis with an angular
frequency of €/2h. The transition from the rotated frame to the original frame R(t) is a precession
about the z-axis with angular frequency w/2. By combining these two rotations about orthogonal
axes for appropriate times any rotation of the spin state can be achieved. This is a consequence of
the fact that the Pauli spin matrices, after multiplication with the complex number ¢, generate the
rotation group SU(2) [16]. So essentially, the strength and duration of the perturbing magnetic
field can be tuned to obtain any rotation of the spin.

11



2.3 Coherent state and displacement

As mentioned before, the implementation of a QRW with an ion-trap is not a walk over actual
positions. For simplicity, we can regard the ion-trap as a harmonic potential; giving rise to the
motional states of the ion. The Hamiltonian of a harmonic potential is given by

~

H = hw(a'a+ 2),

DN |

where a' and @ denote the creation operator and annihilation operator respectively. The
eigenstates of this Hamiltonian are called number states or Fock states, for which we write |n).
In order to implement the shift operation of the QRW, a laser is applied to the ion. This affects
the motional state of the ion as the operator

D(a) _ eoz[fff&d7

the displacement operator. It has the following effect on the ground state:
5 o0 an
D(a)|0) = |a) = e 1723 —_ |
(@)[0) = |a) n§=0 ")

We call this resulting state |a) a coherent state. Such a state is an eigenstate of the annihilation
operator. Its definition shows that the outcome of an energy measurement on |«) is distributed
as a Poisson distribution. Coherent states have various interesting properties. For instance, the
expected value of position oscillates according to classical harmonic oscillation. The coherent
state also minimises the Heisenberg uncertainty relation. Due to these properties, coherent states
resemble the behaviour of classical states. Repeated application of the displacement operator
further displaces the state as D(a)|a) = |2a), enabling a walk over coherent states.

It is however not straightforward to measure the coherent state of an ion. Indeed, the coherent
states are eigenstates of the non-hermitian annihilation operator which is not observable. There
do exist methods for distinguishing two different coherent states using the method of photon
counting. See for instance |17].

12



3 Long-range QRW

In this section we introduce a variation on the QRW that allows for multiple steps, meaning
that we will not restrict the QRW to shifts of +1 or —1 but allow shifts of —s up to +s. The
section aims to investigate how this extension of the dynamics affects the limiting distribution.
Furthermore, we attempt to identify the behaviour in the limit of a long range. i.e. when s tends
to infinity. We start by describing the setting of a long range QRW in Section whereafter we
generalise the results of Section [1| to this extension in Section An extension of the Hadamard
coin is introduced in Section Thereafter, we focus on the most simple extension where we
restrict the QRW to shifts between +2 and —2 in Section after which we analyse the general
case of shifts between —s and s in Section We conclude by investigating the limit of an
infinite range of shifts in Section |3.6

3.1 Setting & notation

We start by extending the coin-state to an element of C?¢ instead of C2. We will write

0 )
\ 0 J ico(s)
as a basis for C?*, with o(s) = {—s,...,—1,1,...,s}. The total state now reads
)= Z Zd}(a},i)em ® wj.

i€o(s) z€EZL
With this state we associate a probability to find the particle at position = equal to

Plx) = Y Neowi, ) = D [o(x,4)*

i€0(s) i€o(s)

The coin operator A must now be a unitary 2s x 2s matrix. We alter the shift S : £?(Z) ® C? —
¢%(Z) ® C? on the total state to:

Sp®li)) =Tip® i)
Here 7; denotes a shift of ¢ steps to the right. This construction allows for a maximum of s steps
either to the left or right. We can extend the results of Section [1.3] by writing

P(k, s)

A~

Bk, —s)

13



for the Fourier transform of . The shift operator in the transform space generalises to:

(o —s,9) S sen @l — 5,5) Yaez Ny (x, 5)
(Su)(k) = : - z - z
Qb(a::;—s) ZzEZ eikxw(m +5,—5) E:pEZ eik(mis)w(x, —s)
eiks erZ eikx¢($, S) eik‘s'&(k’, S) ethks @
= : = : = - Wb (k).
e~ tks ZmeZ 6ik’”w(m, —S) e_iksl/;(k, —8) @ e tks

Such that a step is described by
iks

U = SA) = - Ad(k) = U(k)d(k),

with

@ e—iks

We denote by v1(k), ..., vas(k) and Ai(k), ..., Aos(k) the eigenvectors and corresponding eigen-
values of U. Again we have

Ya(k) = U™ (k)do(k),

and a result for the total evolution similar to that in Section [L.3t

= zy " (o, v (k) vy (k).

3.2 Convergence

The method of moments can also be extended to the multiple step walk. As before
E(X7) = (¥n, X thn).
The appropriate relation of inner products of the state-space and transform-space is now

2 dk‘
(¥, ) 2z 25 :/0 (¥, d)eas o

The remainder of the derivation leading to the limiting distribution can simply be extended to
the multiple step walk by replacing all sums over j = 1,2 to sums over j = 1,...,2s. This results

)] LR et

It now follows that if we take @ = K x {1,...,2s} and let u be the probability measure on

Q defined by \(ﬁo,vj(k»F%. Now define h(k,j) = ){:j»‘]g). Then h: K x {1,...,2s} - Ris a

random variable. With this interpretation we can write

E[<Xn> ] —>/h’“du as n — 0o.
n Q

14




And Theorem [I| guarantees that

X
LAY =h(2),

with Z a random element of 2 whose distribution is given by pu.

3.3 Multiple Hadamard coins

In Section [I.2] we introduced the Hadamard coin:

=l )

This coin was chosen because it is fair in the sense that it creates equal suF ?osmlons from single
coin states, yet different for every coin state. Namely H on |1) gives U and H on |—1)

gives % The key property here is that all entries of the matrix have the same absolute

value, meaning that it will create superpositions of the coin states with equal probability. In this
sense the coin is fair. This property can easily be extended to higher order matrices by defining
the 2™-th order Hadamard coin as a tensor product

Hym =HH®...Q H= H®™.

m

We will start with the case of s = m = 2, after which we can continue to the more difficult
general case.

3.4 Example: range two

In this case we have

Hi=H®H
and ‘
eZk 0 0 0
. 0 et 0 0
0 0 0 g2k

Or by decomposing the first matrix into a Kronecker product

3. 1.

R §Zl€ 0 Elk’ 0

Oak) = | | © s, ol ° | | He ).
0 e 2° 0 e 2°

We have a degree of freedom in choosing the decomposition, due to the fact that we can multiply
one of the two matrices by a constant as long as we divide the other by the same constant. This
particular decomposition was chosen because the elements on the diagonal are now conjugates.
From the mixed-product property it follows that

0 2tk
Uy(k) = s, | H| @ € | H
0 e 2° 0 e 2°

15



The eigenvalues of a Kronecker product A ® B are products of the eigenvalues of A and B.
Therefore we would like to calculate the eigenvalues of the two matrices above. These are both

of the form
eaik 0 1 eaik eaik
0 e—aik H = \/i eaik _e—aik )

which is a product of unitary matrices and is therefore unitary. Note that its eigenvalues lie on
the unit circle in C2. They are determined in the usual fashion:

6aik Y 6aik: ai i
Dy | e et -
— )\2 + (e—aik . eaik))\ -9
= \? — 2isin(ak)A —2 =0
= Ao = isin(ak) & /2 — sin?(ak)
Where we have excluded the factor —=. With this factor the eigenvalues read

V2
A1 = ey s1n\f(2ak:) + /1 —sin?(ak)/2,

cos(ak) sin(ak) cos(ak) .
tTa 1.
V2 4 — 2sin?(ak)

This yields for the random variable h;(k) related to these eigenvalues:

and

D)\j(k) =a

hi(k) = + acos(an:)
2 — sin”(ak)

See Appendix Note that we have found eigenvalues for U4(k) of the form v = Ay, where

A, i are eigenvalues of matrices of the discussed form. Now, since A and p lie on the unit circle

in C? we can write A = €/**) and ;= €®*), Therefore v = ¢/(*¥)+b(k)) Recall that the random

variable h;(k) equals the derivative of the phase of the eigenvalues. i.e. hj(k) = “¢;(k) for the

eigenvalue j; = ¢@i(k) . We conclude that

d d d
= %[a(k‘) +b(k)] = %a(k‘) + %b(k‘) =hy+ hy.

hy,
So the random variables associated with the total evolution operator is the sum of the random
variables associated with the matrices in its tensor-product decomposition. Therefore we can
substitute a = 3/2 and a = 1/2 in the result for h;(k) and sum the results which gives four
values for the total h;(k) that is associated with Uy(k):

hi2(k) =+

and

16



To see how this results compares to the 1-step QRW we will the moments of the 1-step QRW with

1
the moments of the 2-step QRW. If we take an initial state with Xy = 0 and one of wy = 8
0
0 0 0 1 0 0
1 0 0 - 0 1 0
ywr={ g [ wr= and w_g = E then g (k) = ol Lol |1
0 0 1 0 0 0
0
0 .
o |- In which case
1
dk dk
p= \<¢0(k),vj(k)>|2% = |Uji(k)!2%~
1 0 0 0
. . o . 0 1 0 0 .
If we instead consider a random initial state, that is ol ol R with
0 0 0 1
equal probability, then the measure p becomes
4
1 dk dk  dk
== W(R)P = = (k)| —= = —.
H 4;|Uﬂ( )l o v ( )|87T o

And the moments of the 2-step QRW read

E [(;’;)] —>/Qh”duz ;T/O%Zi;(hj(k)ﬂ)rdk

C el deos(il)
81 o 2\/2 — sin?(3k) 2\/2 — sin?(1k)
2 2
- %cos(%k:) B %cos(%k)
2,/2 —sin?(3k)  24/2 —sin?(3k)
. %cos(%k) N %cos(%k) '
24/2 —sin?(3k)  24/2 —sin?(3k)
N %cos(%k) B %cos(%k:) dk
2\/2—51n2(%k:) 2\/2—sin2(%k)

We have divided over 2n to compensate for the 2 steps. Note that all terms cancel for odd r,
such that we can also write the moments as

0 ,7 odd
r
1 27r< %cos(%k) n %cos(%k) )) +< %cos(%k) %cos(%k)
i i k

— dk ,r even.
2\/2—sin2(%k) 2\/2—sin2(ék)>




Recall that the moments of the 1-step QRW are given by

2

]EK):L)] *)/Qhrd,u:;ﬂ_ OQWZZ:(hj(k))Tdk

1 2 cos(k) ' _ cos(k) '
Ar < 2—sin2(l<:)> " < 2 —sin2(k)> b

Here the terms cancel for odd r too:

0 ,7 odd
1 27 cos(k)
5= Jo (M) dk ,r even

These results are plotted in Figure [2| for comparison.

0.7
x x X X x x X X
x X x X X
X X X
0.6 1 X x X X x X ¥
X X x X X
X x X X X &
% X X &
x X X %
X X
0.5 - . X X &
X %
0.4 . g gs X 1-step QRW
X X 2-step QRW
& X 4-step QRW
0.3 1 X 8-step QRW
X 16-step QRW
0.2 1
0.1 1
004 X X X X X X X X X X X X X X X

Figure 2. The first 50 moments of the limit distribution for the first 5 multiple-step QRW’s. More precisely,
for i =1,...,50 the i*" root of the i*® moment was plotted. That is lim E[(X,/sn)"]'/" for an s-step
n—roo

QRW.
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3.5 General case

For s > 2, or better s = 2™~ where m > 2 € N, we would like to find a decomposition of U(k)

similar to

e%ik 0

Us(k) = 3. H)® 1.
0 e_im 0 e_§Zk

1.
sz
€ 0 H

We will try to find a general decomposition by first considering Som for the cases m = 2,3. In
the decomposition above the right hand matrix was chosen because the powers on the diagonal
of S decrease with steps of one, except in the middle. Let us try a similar approach for m = 3.

€4ik
@
X oik
Sg = e—zk
o}
674ik
7.
eilk @
e%z’k G%ik 0
- ~3ik © ~Lik
e 2" 0 e 2"
o 6752]{

This leaves us with a matrix on the left whose powers on the diagonal decrease with steps of two,

except in the middle. We will therefore we try write the remaining matrix as a tensor product of
ik
a matrix with < 60 egk >, which also has powers on the diagonal decreasing with steps of

two. We find the decomposition
5. ) 1.
& e2® 0 © et 0 © e2® 0

In general, when we use this approach for the decomposition of higher orders we will find after
each iteration a matrix on the left whose powers on the diagonal decrease with steps twice as big
as before. So our decomposition is of the form

R eaik: 0
Som = ( 0 ebik )

m—1
or , .
N ek m— e2'ik 0
Sgm = ( 0 ebik ) ® ® ( 0 e ik
j=—1



The top left entry of Som equals 2" ', therefore a + Z;n_f’l 2 =9oml — g =2m1
1

(2m=2 — 3) = % +2™72 In a similar way we find that b = —( +2m~2), Now we can apply the
mixed product property to obtain our result:

Usm (k) = Sam Hom

(1/24+2m=2)ik 0 o2k 0
e
j=—1

and thus we find for the random variables associated with this matrix
(1/2 4+ 2™ 2) cos((1/2 + 2™~ 2) Z L 2"cos (2"k)

hi(k) == .
(k) V2 —sin?((1/2 4 2m—2) 2 — sin?(2"k)

n=-—1

The expression is a sum of m terms in which the terms are separated by a +-sign. Also, we
have 2™ different eigenvalues of ﬁgm, so j can take 2™ values. Each choice of j corresponds to a
different choice of + or — from the +-signs. Now we consider an initial state with Xy = 0 and
some w; € {Wy, - .., W-m}, 50 Yo(x,7) = Lo, then @Eo(k,i) =1 and Qﬁo(k:,j) =0for j#i In
which case
5 dk
p= 1o (k), v (k)" = lvji(k)
If we instead consider a random initial coin state, that is all w; € {wy, ..., w_,,} with equal
probabilities, then

P

1 B 2dk: 2dk Ldk 1 dk
M—%Z —’Uﬂ( ) ‘]‘ o 23%_27‘%'

) 2
€0 (s)

So now the expression for the limit of the moments of X, /n with this choice of initial state

becomes )
T 27 m
=[()] - [z
n 0 2m

Alternatively, we can write this expression as

E K)Z”)r] —>/027r21n Z h(n,k)r%ﬁy

ne{x1}m
where .
h(n, k) = n(n)a(n, k),
n=1
and

on—2 cos(2”_2k)

Vo3 oh) n=1..m—1
—sin“ (27—
a(n, k) = (1/2+2n72)COS((1/2+27L72)I€> n—m

V/2—sin?((1/2+427—2)k)
Note that these are the moments of a random variable Y;, = h(n, k) on =K x {1} with

measure [ = 2},1 5~. By Theorem (1) we conclude that X,,/n A Y,,. This result shows that the
limiting random variable of the long-range QRW is a sum over functions «(n, k) evaluated at a

random point in [0, 27] multiplied with a random sign.

The result shows that the limiting random variable of a long-range QRW is different for each
range. This finding illustrates another difference between the QRW and the classical random
walk whose limiting random variable does not depend on the step-distribution.
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3.6 Limit of infinite range

Now that we have identified the limiting random variable for a s-step QRW with the Hadamard
coin Y;,. We will examine the behaviour of this random variable as the number of steps s
increases. For the purposes of this calculation, it is convenient to write Y,,, in the following form:

23;7)1 Z B2 ZU) —(m=n) | + (2™ ;)anZ)(( 4+ 9m— Q)U),

[\ \

where (7,)/"_; is a sequence of iid Bernouilli random variables taking values £1 with equal

probability, U is uniform on [0, 1] and ¢(z) = ;05(7227?2)) Note that we have also normalised
—Sin T

the limiting random variable by the maximum amount of shifts in this QRW. Let (§;)52; be a

sequence of iid Bernouilli random variables taking values in {0, 1} with equal probability. Then

UL k&) =32, 627 and
2"Umodl £ k(6,6), n >0

with 6,, the shift of n to the left, i.e. (0,,(£))m = &m+n- And because ¢ has period 1 we can write

$(2°0) L p(k(0n8)), n > 0.

Hence:

o L (ke + L Zw Bua))2 ) 4 (277 D5 + 27 k(9.

We can change the summation index to ¢ = m — n to obtain

Y, 4 1 IR [ e PR | 1
om—1 — MO(Gk(€))27" + 5 > i (k(Om—i26)27 + (277 + ) d((5 + 27 77)k(E)).
=1

Note that le is a function on (N1, Mm—1,Mm—2, - M2, M, &, Om—3&, Om—a&, . .., 6p&, &) which

equals in distribution (91, M3, M4, -« -, M, M2, Om&, 03,04, . .., 0m&, 0€). So we find that 2};@1

equals in distribution

Yim
2m=

P L mAHOn)2 + (@7 o (5 2RO + 5 D mo k()2
=3

Or in terms of U and n:

Yo, L, —m 1 I 2y am IR -
gt MO Umod1))2 7 4 (27 mo(( + 2" ) (2" Umod1)) + 5 3 mo(2V)2 7

As m tends to infinity the first term will vanish and the last term converges to & >, 1;¢(2:U)2 7.
In fact, the division by 2™~ ! ensures the convergence of the last term. Another expression of
the same leading order, 2", would also suffice. If we consider the classical analogue of the QRW
with range s = 2™~ 1, a different choice of division must be made to obtain convergence. For
the classical random walk that takes steps uniformly distributed in {—s,...,—1,1,...,s}, the
division should be of leading order v/2". See Appendix for a derivation. Much like the
ballistic scaling of the QRW, the appropriate scaling correction for the range of the QRW is
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the square of the classical correction. Histograms of 23:—’"’11- for various values of m are plotted
in Figure 4l Histograms of the convergent term are plotted in Figure [3] These show that the
convergent term takes values between —0.1 and 0.1. This relatively small range might be caused
by interference of the signs brought about by the 7;’s. Their distribution appears symmetric,
unsurprisingly. In Figure [{a] we see that in case of m = 1 we retrieve the expected probability
density as calculated in Section [I.5] Figure [4b]shows a more complicated histogram, perhaps due
to the fact that the first term still plays a significant role for this low value of m. For slightly
higher values of m we can see in Figures [4] that the peaks in the histogram move more towards
the middle, thereby narrowing the bowl-shaped middle section and the range of the histogram.
The narrowing of the range is compliant with Figure [2] where we see that the moments decrease
as the range increases.

4 04
—0.100 —0.075 —=0.050 —0.025 0.000  0.025  0.050  0.075  0.100 —0.100 —0.075 —0.050 —0.025 0.000  0.025  0.050  0.075  0.100

(a). 50000 trials, m = 1000. (b). 50000 trials, m = 1001.

Figure 3. Histograms of the convergent term % ZZ’;B n:#(2:U)2~%. The y-axis has been scaled such that
the total area in the histogram equals 1.
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2.00

(a). 50000 trials. m =1,s =1. (b). 50000 trial. m = 2,s = 2.

0.5

0.0 -

(c). 50000 trials. m =4,s = 8. (d). 50000 trials. m = 8,s = 128.

2.0

1.04

0.5 4

0.0 -

(e). 50000 trials. m = 12, s = 2048. (f). 50000 trials. m = 20, s = 524288.

Figure 4. Histograms of Y,,/2™~1. The y-axis has been scaled such that the total area in the histogram
equals 1.
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4 Further extensions; Traps

So far we have encountered the QRW on the integers in Section [I, which we extended to a
long-range QRW in Section [3] There are however many more variations on a QRW worth
examining. In this section we introduce a QRW with traps. We start with some background
information on the problem in Section 4.1} In Section [4.2] we analyse an elementary setting, a
trapped QRW on a 3-cycle, which may serve as a starting point for further research.

4.1 Context and classical trapped random walk

The concept arises from the classical random walk. In a trapped classical random walk on the
integers, some integers are assigned as traps. These traps may also be randomly distributed.
For instance, one can assign a Bernoulli random variable to each integer that decides whether it
becomes a trap site. After the traps are assigned, a classical walk is initiated as usual. However
if at some point the walker arrives at a trap site, the walk ends. Clearly, the trapped random
walk does not necessarily continue indefinitely like the regular random walk. A topic of interest
in this trapped classical random walk is the survival probability. That is the probability that
the walker will live through n steps. For the classical random walk on the integers where traps
are randomly distributed this probability scales as e=en'’? for large n, the Donkser-Varadhan
(DV) regime [18]. More generally, on a d-dimensional lattice the survival probability scales as
e=en ) gor large n [19]. Intuitively, in order to survive a walker should find a large trap-free
area. Such area’s are however exponentially rare. The question arises whether a QRW would
perform better or worse than a classical random in an environment with traps. In other words,
how does the survival probability of a QRW compare to the classical case. And, how does the
ballistic scaling of the QRW affect the survival probability. It has been shown in [20] that for
a QRW evolving in continuous time the survival probability scales as e—ent/t, Hence, a slower
decay of the survival probability compared to the classical case. Numerical simulations have
been made in [21] that suggest a similar behaviour in the discrete case. It would be interesting
to analytically derive such a result. Before this behaviour can be examined, the formalism of a
trapped QRW must be formulated. Say we have a set T' C Z of traps. In the QRW there is not
really a walker in the sense that a QRW does not produce a sequence of walker positions, but
rather a sequence of probability measures. In terms of probability measures, the key property of
a trap would be that it removes all probability of being at the trap site. So we define the QRW
with traps as follows: The first part of each iteration remains the same, so the operator U is
applied to a state 1. After this unitary operation the state is projected on all non-trap sites by
the operator pr : (2(Z)? — (%(Z)? as

( Y(x, 1) ) . ( Yz, )z )
¢($, _1) ¢(x7 _1)HZ\T '
4.2 Trapped QRW on a 3-cycle

In this section we analyse an elementary case; instead of a QRW on the integers we consider a
QRW on a 3-cykel with one trap. In this variation on a QRW the coin state does not determine
a shift to the right or left, but a clockwise shift or counter-clockwise shift. In this simple setting
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we can write a state as

1,0
1,0
(%!
a0
3.0
3,0

Let us for simplicity take the Hadamard coin. It acts only on the coin state, and therefore
consists of blocks on the diagonal:

H 0
Hy = 0 H
0 0 H
To figure out what the shift operation is, we examine its effect on 11 ;. As we can see in Figure

Y1, should move to 13 and should keep its internal state, so 13 .,. Considering each of the
elements of 1 we find that the shift operator equals

001000
0 00 0O0T1
Sy — 000O0T10O0
010000
100 000
000100

And the total evolution is given by Us = S3Hs. With the introduction of a trap at site 3, it is
no longer necessary to consider 3. We simply have to alter the shift operation to make sure
that sites 1 and 2 do not receive anything from the trap site. See Figure The state may be
written as

V1,0

V1,0
(%!
o,

The resulting coin operation and shift are then

H 0
HT’3_<0 H)

Vv =

and
0 01 0
0 0 0O
513 0000
01 0 O
The total evolution becomes
0O 0 1 1
1 0O 0 0 O
UT,BZST,?,HT,S:E 0 0 0 0
1 -1 0 0
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The powers of Ur 3 take a simple form which allows us to examine the n-th state of the trapped
QRW on a 3-cycle. To see this, we first calculate

1 -1 00 0 0 11
0 0 0O 0 0 0O
2 _ 3 _ _
V2Ural=| g o g o |2 V20mal’=| ¢ o o o |=V20rs
0 0 11 1 -1 00
So the powers of Ur 3 for arbitrary n € N are
1 -1 00 0 0 11
0 0 0O 0 0 0O
2n _ 9—n 2n+1 _ 9—(n+1/2)
Urs =2 0 0 0o | UYra =2 0 0 00
0 0 11 1 -1 00
Suppose we start from a state
P10
_ | Yo
Yo = Y200
V2,05
After n steps the state equals
Yo — Y10 Y10+ Yo
_ 0 _ 0
1/}271 =2"" 0 y an—Q—l =2 (n+1/2) 0
Yoo + Y2,0 Yo, — 2,0

Finally, let us calculate the probability that the walker is still at sites 1 or 2. This equals
P (X, =1V X, =2)=|y,|%

_ e - V1,012 + V2,0 + o0 _ e+ V1,07 + |20 — o)

PQn on s P2n+1 2n+1/2

Consider an initial state where the total probability to find the walker equals 1, for instance
1/v2
0

w(]: 1/\/§
0

We find in this case P,, = 27". For comparison, it is a straightforward exercise to calculate
the surviving probability in the classical case with equal transition probabilities to either side.
Assuming that the walk starts at site 1 or 2, the only way for the walker to survive is by hopping
between sites 1 and 2. Thereby never visiting the trap site. The survival probability after n
steps therefore equals P, = 27", So in the simple topology of a 3-cycle the survival probability
of the classical random walk and the QRW behave the same.
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(a). 3-cycle. (b). 3-cycle with trap.

Figure 5. Topology of the 3-cycle QRW with and without trap.

27



5 Conclusions

A long-range extension was made of the QRW which allows shifts from —s up to s by extending
the coin state from C? to C?*. The coin operator was changed to a unitary 2s x 2s matrix,
consistent with the coin state. Both the coin operator and shift operator take a simple form in the
Fourier transform space, as 2s x 2s matrices. As with the single-step QRW, the unitary evolution
guarantees an eigendecomposition of any state. Parseval’s theorem allows for a calculation of the
moments of the random variable X, /n in an s step QRW. By the method of moments we have
proven that X,,/n converges in distribution to h(Z). Here Z is a random variable taking values
in K x {1,...,2s} with distribution proportional to the projection of the initial state on the
eigenvectors of the evolution matrix and h(k,j) = % with ); the eigenvalues of the evolution
matrix.

The concept of a fair Hadamard coin was generalised to a coin of higher order by taking tensor
powers of Hadamard coins. The behaviour of the limiting random variable was investigated first
for a 2-step QRW with Hadamard coin. The eigenvalues of the evolution matrix were calculated
by a tensor product decomposition. The resulting moments were calculated for an initial position
at position 0 with random coin state. The odd moments were found to be 0 as expected. The
2-step moments did not equal the 1-step moment, suggesting that a long-range QRW differs in
distribution from the single-step QRW.

The same approach of the tensor product decomposition of the evolution matrix was applied to
the general case of a s-step QRW. An alternative characterisation of the limiting random variable
was identified, which consists of a sum over functions evaluated at a random point multiplied by a
random sign. The limiting random variable was found to be different for each range, revealing yet
another difference between the QRW and its classical counterpart. It appears that the limiting
random variable of a QRW does depend on the single-step distribution, whereas it does not in
the classical case.

The behaviour of this random variable was investigated for a long-range by rewriting a uniform
random variable into a sum of Bernoulli distributed digits. This yielded an expression for
the limiting random variable consisting of three dependent parts: A fastly decaying part, a
non-convergent part and a convergent part. Histograms of the limiting random variable were
created which were in agreement with the probability density for the single-step QRW. The
histograms for longer ranges showed a decreased range and more smoothed peaks.

Finally, a starting point for the investigation of trapped QRW’s was presented; a QRW on a
3-cycle with one trap. A calculation of the survival time showed that it scales with 27", just like
its classical counterpart. Further research may be done to investigate the behaviour of survival
time in more complex topologies.
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A Higher dimensions

Like the classical random walk a QRW can be extended into higher dimensions. This is extension
is the topic of the following section based on [4].

A.1 Concept & limiting distribution

The one-dimensional QRW can be extended to an arbitrary number of dimensions by taking a
state of the form

P(x,d)
Y= :
P(x, —d)
for a d-dimensional walk. Here we use ¢ (-,i) € ¢*(Z¢) with i € {—d,...,—1,1,...,d} = o(d) to

form a probability distribution on Z% given by

P(x) = Y (exwi, i) = Y [v(x,i)]

i€o(d) i€o(d)

where {ex}xeza are the usual basis elements of (*(Z%) and {w; = |i)}ico(q) the basis elements
of C??. Note that the total state is an element of the space £2(Z¢) @ C??. Again, ¢*(Z%) can be
thought of as the position part and C2? as the coin state. We need 2d components to allow for all
2d steps in the directions of the unit vectors {ei}i@,(d) where we mean e_; = —e; for positive i.
In order to describe the dynamics for the d-dimensional walk it is convenient to write the state as

Z Z U(x,i)ex ® wj.

i€o(d) xeZ4

The first part of the dynamics is a unitary operator A acting on the coin state. The second part
is a shift in the direction of a unit vector, depending on the coin state. With 7, : £2(Z4) — ¢2(Z%)
we denote the shift to the right such that for p = Y /4 axex we have Tmp = >, 74 Gxxim.
We define the shift S : £2(Z%) @ C?? — ¢2(Z%) ® C?? on the total state by:

S(p @ w;) = Te,p @ wj

Again we define U by U = S(I ® A) with I the identity on £2(Z%), such that the time evolution
becomes

wn = Und}O
where 1)y is the initial state. With this state at time n we associate a random vector X,
taking values in Z¢ with probability as described above. As with the one-dimensional QRW we
will perform calculations in the Fourier-transform space, which is now L?(K?) = ¢2(Z4). For
Y(x, i) € 2(Z%) we have (k,i) = Y, 70 €XX¢(x,i) and for the total state we have

[ k)

Y= :
@;(kv _d)
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In the Fourier-transform space, the shift S becomes

’Lﬁ(X/f?d, d) erZd eik'xi/}(x — ey, d) erZd 6ik'(x-l-@dhb(x7 d)
(53) (1) = - - ; _ 5

(x + eq—d) S ezt €XFU(x + eg, ~d) 5 ez € e (x, —d)
ctkeq erzd eik'xl/)(x, d) eik'edd;(k, d)

e Y e € (x, —d) e~ keay)(k, —d)

eik-ed @

= - P(k).
@ 6—ik~ed

Such that a step is described by
eik-ed @
Ui = SAY = Ad(k) = U (k) (k),

with ,
ezk-ed Q
U(k) = - A,
@ e*ik-ed

We denote by v1(k),...,v2q(k) and A1(k), ..., A2q(k) the orthonormal eigenvectors and corre-
sponding eigenvalues of U (k). This allows us to write the initial state 1o(k) as

2d

do(k) =D (v (k), do(k))v; (k)

=1

and the state at time n as
2d R
= A (K) (v (K), o (k))v; (k).
i=1

By the method om moments we will show that each component X;,, of the random vector X,,
converges in distribution to some random variable as n — co. By definition the moments of X; ,,
are given by
EIX u] = (¢n(x), Xitn(x)).

In order to use Parseval’s theorem for the d-dimensional Fourier transform we need to find an
appropriate expression for the inner product in £2(Z%) ® C%4. Let ¢, ¢ € £2(Z%) ® C?? and let us
write them as ¢ = Zj@(d) Yjw; and ¢ = Zk@(d) ¢rwg. The inner product can then be written
as

<w,¢>=< > dwy, Y ¢kwk> > (Wywy, drwg)

j€o(d) keo(d) jeo(d) keo(d)
= ) D Wy o) wiwe) = Y (W, 05).
j€o(d) keo(d) jeo(d)
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At this point we can use Parseval’s theorem to obtain
=~ dk PN dk
0= 3 [ bt = P Py
j€o

And the moments of E[X], ] of X;;, now read

dk
(2m)4

In order to obtain a more explicit expression, we take a closer look at m or to begin with

—

Xitn:

BX] = | X Tn)cn

— ' ‘
Xithp = E xiBZk’X: E xiel(klxl—&-..‘—kkd:pd)

x€Zd x€Z4
_ . d i(k111+...+kd{rd) _ . d ik-x
= —1— € = —1— (&
dk; 2= dk; 2~
XEZL XEL
o d -
= —1—

Thus we find m = szﬁn with D; = —id%i. Next we can calculate Dfiﬂn which yields

2d

Dﬁ/;n = Zn(n —1) . (n =7+ DN (K) (D) (v (k), Jo, yu; (k) + on™b),

J=1

and
Drwn Z)\ )" (D) (v (k ),%507>vj(k)+(9(n—1),

We can use this result to calculate the moments E[(X;,/n)"] of X; ,/n.

(- L (o7

= YA 500 i 1,00
j=1

dk
(2m)d

— S DiXj(k)\" , 7 o dk
—/KZ( ) 1000 Bl s + O™

We recognise in this last expression the moments of a random variable. Indeec}, take Q =
K? x {1,2,...,2d} and let z be the probability measure on Q2 defined by |(v;(k), ¥ (k))|? (;rk)d.
Now define h;(k, j) = 22

+0(n™

.,2d} — R is a random variable.

With this interpretation we can write
Xin\"
E [(l’n) ] —>/h£d,u as n — oo.
n Q
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And the method of moments guarantees that

Xi,n d

with Z a random element of Q2 whose distribution is given by u. Here ° %> denotes convergence
in distribution.

This result shows that the components X; , /n of the random vector X, /n converge in distribution
to some random variable Y; as n — co. However, this does not necessarily mean that X,,/n
converges to the random vector Y as n — oo. In order to prove that it does, we will use the
theorem below.

Theorem 4. Consider a sequence Xy, = (X1, Xopn, ..., Xan),n > 1, of random vectors, and
let Y = (Y1,Ya,...,Yy) be a random vector. If

d d

d
E i Xjn — E cjYjn as mn— o0
j=1 j=1

for all c = (c1,...,cq) € R, then X, 4y,

We will show that the sequence X,, of random vectors satisfies the conditions for the theorem
above in the case of d = 2. Then, we will argue that the result extends to arbitrary d. As a first
step we compute

Xin+eXon\l_ 1 ¢ -
E[(Cl 1+ c2Xo, ) } _ 1 <n PIE(X] po]

n

=
- ;Tpro ()t ehtume X7 7xE)
:nlrp; (0)er"et [ e D7 D) 5
and furthermore
DRk an D oK) o, o () + O(n? )
D} (D) Zn (D) (DA P 1), o, s (1) + O ),
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We can substitute this result to find

B [(Cle,n + 62X2,n>r] N

" 4
”1%:0 (Z)Cqpcg/Kf‘z"’jzl"%’(k>"‘r<D1Aj>’"—P<DQAj>P<u]-<k>,zzﬁo,>vj<k>><2d7f>2
T\ 4 3 - A .
:p;)<p>61 Cg/KZ;Aj(k) (D1A)) (D)l 03 (), Yo, )P 5

) (2) w0 e

2 <Z> ¢ P hh (K, )" Pha(k, §)P I<w<k>"5°’>'2(2d:>2

p=0

r 4
’I’L) r—p Dl)\j
e [ (5
=0 <P K2 55 Aj
/ 4
K2 j=1
, dk

4
-/, 3= (el ) + xbale )" o090}

=E [(61Y1 + CQYQ)T} .
As before, the method of moments guarantees that
c1X1,n + c2Xop 4 aYip+Ye, as n— oo,

as desired. So indeed, X,,/n converges in distribution to the random vector Y as n — co. The
same argument extends to the case of d > 2 where one can use the multinomial theorem instead
of the binomial theorem to calculate the expectation E [(¢1 X1 + ...+ caXan/n)"].

A.2 Hadamard coin in two dimensions

In this section we focus on the Hadamard coin of order 4 to illustrate the results of the previous
section in the two dimensional case. Recall from Section B.3] that the Hadamard coin of order 4
is given by

1 1 1 1

11 -1 1 1
Hi=HoH=51 1 1 1 4
1 -1 -1 1

And the operator that evolves the walk is now U4 = S’H4 where

etk2 0 0
0 e 0 0
0 0 e 0|’
0 0 0 e the

which can alternatively be written as
A et(k1+k2)/2 0 pilk2—k1)/2 0
§= 0 e~ i(k1tk2)/2 ® 0 e—ilka—k1)/2 |
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This yields for the total evolution

~ ei(k1+k2)/2 0 ei(kz—kl)/Z 0
U4 = (( 0 e—i(k1+]€2)/2 ) ® < O e—i(kQ—kl)/Q >) (H@H),

and by the mixed-product property

R i(k1+k2)/2 0 i(ka—Fk1)/2 0
e e
Us= (< 0 e—i(k1+k2)/2 > H) ® <( 0 e—i(ka—k1)/2 ) H> ’

If we now define k; = (k1 + k2)/2 and k_ = (k2 — k1)/2 we see that the evolution corresponds to
Uy = U(ky)®U(k_). Its eigenvalues are products of the eigenvalues of U(k, ) and U (k_) such that
the corresponding random variable equals h;(k) = h;(ky)+h;(k_) with h; (ki) = A(ky) " DA (k)
and hi(k_) = AMk_)"'D;\(k_). The calculation of h;(ky) is exactly the same as that of h(k) in
the one dimensional QRW except for a factor 5 as result of the chain rule for (ki + k2)/2. h;(k—)
receives an additional factor (—1)" due to the minus sign in (k2 — k1)/2. So in total

cos(k-)
2v/2 — sin®(k_)

cos(k4)
2¢/2 — sin?(k4.)

hi(k,j) = + +(-1)’

B Proof of the method of moments

In Section we have found the limiting distribution of X,,/n as n — co. Here we have used
that convergence of moments implies convergence in distribution (Theorem . In this section we
proof this claim. We start with a weak formulation of this implication (Theorem [5)) which is
restricted to bounded random variables. After that we proceed towards the main result of the
section, Theorem

Lemma 1. Let X be a random variable and X,, a sequence of random wvariables such that for
each k € N
E[X] — E[X"],

then if p is a polynomial:
E[p(Xn)] = E[p(X)]
Proof. Suppose € > 0. Let p(x) = a1z + ...+ apma™. Define a = max{ai,...,an}. For each k
we have E[X¥] — E[X*], so
VkIng, :n > n, = |[E[XF — X*]| < ¢/ma.
Pick ng = max{ny,...,ny}. Then Vn > ng:
[E[p(Xn)] = E[p(X)]| = [Ela1(Xn — X) + ... + am (X" — X™)]]

= |mE[(X, — X)]+ ... + anE[(X)' — X™)]|

< e [B[(Xn = Xl + .- + am|E[(X;" — X™)]]

<a|lE[(X, — X)]| + ...+ q|E[(X," — X™)]|

<ae/ma+...+ae/ma=c¢

Hence,
E[p(Xn)] = E[p(X)]. O
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Theorem 5. Let X be a random variable and X, a sequence of random variables such that for
each k € N
E[X;] = E[X"],

with X, X, € [a,b] for each n. then if ¢ : R — R is bounded and continuous:
E[p(Xn)] = E[p(X)]

Proof. Suppose € > 0. Let ¢ : R — R be a bounded and continuous function. By the Stone-

Weierstrass theorem [22] the polynomials are dense in the bounded and continuous functions on
[a, b]:
I lé = plleo <€/3.

Where || - ||oo is the supremum-norm on [a, b]. Lemma [I| guarantees that for this p
dng e N:n>ny = [E[p(X,)] —E[p(X)]] <e€/3.
Then Vn > ng:

E[¢(Xn)] — E[¢(X)]] = [E[¢p(Xn)] — E[p(Xy)] + E[p(Xn)] — E[p(X)] + E[p(X)] — E[¢(X)]|
= [E[¢(Xn) — p(X)] + E[p(Xy) — p(X)] + E[p(X) — ¢(X)]|
< [E[p(Xn) — p(Xn)]| + [E[p(Xn) — p(X)]| + [E[p(X) — ¢(X)]|
< |[¢ = plloc +€/3 + [[¢ — Dlloo
<e€/3+¢/3+¢/3=c¢

Hence,
Elo(Xn)] = E[p(X)]. O

Next, we extend Theorem [5| to Theorem |1, which does not require that X,, € [a,b].

Definition 2. A random variable X is called tight, if for every e > 0 there exists a compact
K C R such that
P(X ¢ K) <e.

Theorem 6 (Prokhorov [23]). If a sequence of random variables X,, is tight, then it has a
subsequence Xy, that converges in distribution to some random variable Y.

Theorem 7 (Hausdorff [7]). Let X,Y be random variables of bounded support such that
E[X*] = E[Y*]

for each k € N. Then X Ly,

Theorem 8. Let X,, be a sequence of random variables that converges in distribution to Y and
for each k € N
E[X%] — E[X").

Then, if X is a bounded random vam’able x<y.

!'Bounded support is a sufficient condition, but it is not necessary. In fact we require X to be uniquely
determined by its moments. More generally, this requirement is met when 3¢t > 0: >.°° 'L E[X"] < oo [24].

n=0 n!
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Proof. Let X be bounded. Denote by P,P,, and P* the probability measures of X, X,, and Y

respectively. We will show that for each k € N, [2*dP = [2*dP*. That is X 2y, Pick k € N.
Let fir(z, M) : R? — R be a continuous function satisfying

=ak, 2 e[-M,M)|
fele, M) <aF ze[-M—-1,M +1]
0, otherwise.
Let € > 0 be given. By hypothesis,
E[X¥) — E[XF]

or

/ zFdP,, — / 2k dP.
‘/:ﬁde— /:EkdIP’n

for all n > ng. Also, by Cauchy-Schwarz we find

‘/mkdm —/fk(:n,M)d]P’n <E[XF1x, >0 < VEX2VVP(X,| > M).

Now it follows from Chebyshev’s inequality that

‘/wkdIPn —/fk(m,M)d]P’n < y/E[X2*] E[ﬁék] = E[ﬁk].

But E[X2¥] converges to E[X?¥] and is therefore bounded, say by ¢. Thus

‘/ z*dP, —/kaM)d}P’
' / 2*dP, — / fi(z, M)dP,

Furthermore, because f; is bounded and continuous, and X,, converges in distribution to Y we
have some nj; such that

So there exists an ng such that

<€/3

<~
M

Now pick My > 3c/e, then

< ¢€/3.

Ufk(CU,M)dPn—/fk(w,M)dP*

<€/3
for all n > nys. Let M > My and pick n > max{ng,nys}, then

‘/xde—/fk(x,M)dP*

< ‘/wde—/xkd}P’n+/xkdIP>n—/fk(x,M)dIP’n—i—/fk(:v,M)d]P’n —/fk(x,M)dIP’*

< /xde/xden+‘/ z*dP,, /kaMdIP’

<e/3+¢€/3+¢€/3=¢
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Hence

lim / fr(z, M)dP* = / z*dP.
M—o0

Also, by choice of fi and the monotone convergence theorem

lim /fk(x,M)dJP’* :/xkd]P’*.

M— o0

We conclude that [ zFdP = J z*dP*, and because X is bounded and therefore characterised by
its moments (Theorem ) we find that X 2 Y. O

Lemma 2. If every subsequence ay,; of a sequence a,, has a sub-subsequence an,, that converges
to a, then a, converges to a.

Proof. The following is a proof by contradiction. Let a,, be a sequence such that each subsequence
ap, has a sub-subsequence a,,, that converges to a. Suppose a,, does not converge to a. Then
there exists some € > 0 such that

Vm3n >m: |ay, —al > e.

We construct a subsequence a,, of a, as follows. Pick n; such that |a,, — a] > e¢. Now pick
ng > ni+1: |an, —al > €, and in general pick n; > n;—1 + 1 : |a,, — al] > €. For each element of
the subsequence we have |a,, —a| > €, so it does not have a sub-subsequence that converges to a.
But this is a contradiction. ]

Theorem Let X be a random variable of bounded support and X, a sequence of random
variables such that for each k € N
E[X*] — E[X*).

Then, if ¢ : R — R is bounded and continuous:
E[¢(Xn)] = E[p(X)]

Proof. Let ¢ : R —+ R be a bounded and continuous function and X,,, a subsequence of X,,. By
Chebyshev’s inequality we have for each ¢, and arbitrary A > 0
E[X

nil

AQ

]P)(Xni §é [_Aa A]) <

But the subsequence E[X? ] converges to E[X?] and is therefore bounded, say by ¢, hence

ng

c

P(Xm' ¢ [_A7 A]) < ﬁ

Given an € > 0 we can pick A > y/c/e, such that
]P)(an ¢ [_AvA]) <€,

thus the subsequence X, is tight. By Prokhorov’s theorem we now find a sub-subsequence ij
of X,,, that converges in distribution to some random variable Y. But since this sub-subsequence
is a subsequence of X, we have for each kK € N

E[X* ] — E[X"].

)
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Now it follows from Theorem 8] that X < Y, hence Xm.j converges in distribution to X. But the
subsequence X,,, was arbitrary, thus every subsequence of X,, has a sub-subsequence Xnij that
converges in distribution to X, so

E[p(Xa, )] = E[p(X)].
By Lemma [2] we find that
E[¢p(Xn)] = E[p(X)].

Hence X,, converges in distribution to X. O

C Derivations and calculations

C.1 Degenerate eigenvalues

In Section we stated that the degenerate eigenvalues of the evolution operator in the Fourier
transform space lead to a trivial evolution. To show that this, we can use the eigenvectors of U
as a basis to write

A~ ~

U(k)y = U(k)((h, v1)o1 + (3, va)va)
= M (k) (¥, v1)v1 + Xo (k) (), va)va = A(k)i).

U:<A?)Q%)'

Therefore A must be diagonal as well. With a diagonal coin operator there is no interference
between the two components of the state. Meaning that starting from an initial state vy =
p®|1) +q®|— 1) the n-th state becomes ¥, = a"7,p ® [1) + b"7_,,q ® | — 1) with |a| = |b] = 1.
So a diagonal coin is totally biased in the sense that evolution with a diagonal coin simply shifts
the |1) and | — 1) parts right and left respectively (up to a phase factor).

So U is diagonal:

C.2 Inner product relation

Here we derive the following inner product relation used in Section |1.4

dk

27rAA
W@MMW=A e

Let us first rewrite the state v as
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where the subscript 1 or —1 refers to the coin state instead of time to avoid overcrowded notation.
For ¢, ¢ € ¢?(Z) ® C? we now have

(VD) e@ec: = (1w + p_1w_1, prw1 + ¢_1w_1)2(z)ec?
= (Prw1, prwn)ezyece + (Yrwt, d—1w-1)e@)ec?
HY_1w_1, prwi) ez z)ec? + (Y-1w-1, 9_1W_1)2Z)c?
= (W1, 1) e2(z) (w1, wi)c2 + (1, d—1)e2(z) (W1, w-1)c2
-1, 01)2(z) (W-1, wi)c2 + (Y-1, P-1)2(z) (W1, W-1) 2
= (U1, d1)2(z) + V-1, 0-1) 2(z)-

We can now use Parseval’s theorem to write

27 = ~ dk 27 - -~ dk
(Y, P 2z)ec2 = ; P19 or T ; ¢—1</>—1§
2T _

~

n = ~ dk
= P11 +¢—1¢—17-
0 T

We conclude
dk

2—.
¢ 27

2 A
b, Do = /0 0, )

C.3 Leibniz rule

In Section we used an expression for D4, which we prove here.

T N T 2
DM = (=) b = (1) 5 S A9 o (8), e ()

Using the Leibniz rule we can further write %(/\;‘vj)(k) as

j;r 0500 =3 () G ) ) ()

s=0

Note that the term dkr - ()\”)(k:) is a power series in n for fixed k. As a consequence %(Ag‘vj)(k;)

is a power series in n for fixed k as well, and then so is D"),,. The term for s = 0 contains the
leading term in the power series %(A?vj)(k):

d” nr@"Aj r—
%()\]vj)(k:) =n(n—1)...(n —r+1)A;(k) dkrjvj(k:)-i-(’)(n h
= "N (k)" Ci”jf vj(k) + O(n"1)
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C.4 Division

In Section [I.5] we used the result
cos(k)

RV )

9

which we prove here. To evaluate this fraction we make use of the identity

a+bi ac+bd bec—ad.

crdi 2t a@ya”

_ cos(k) | sin(k) cos(k) . 1 /2sin? _ sin(k)
a== b_i—\/m, +£4/1—1/2sin?(k), d 75

The denominator reduces to

with

1 1
A4di=1- 3 sin’ (k) + 5sm?(k) =1.

So the real part equals

1 3 2 k; k
ac+bd = £— cos(k)\/2 — sin?(k) £ M
2 2¢/2 — sin?(k)
+ 1 [cos(k:) ! sin?(k) cos(k) + L sin? (k) cos(k)
e - — i C i
2 —sin?(k) 2 2
— iﬂ.
2 — sin?(k)

The imaginary part yields
1. 1 .
bc — ad = 5 sin(k) cos(k) — 3 sin(k) cos(k) = 0,

hence

C.5 Biased coin

Here we repeat the calculation of the limiting probability density for a biased coin

A:( VP Vl_”).
Vi=p —\/p
In this case we have

U(k) _ etk 0 A etk 0 \/ﬁ 1= D _ €zk\/ﬁ etk 1 —_
0 et 0 et I—p —/p e~k /T = I _efzk\/ﬁ :



It’s eigenvalues are given by
eik\/ﬁ - A etk /T = p ik ik
e T—p —e - | (eVp—=A)(—e"Vp—=A)—1+p=0
—p—Ae* o+ AT pH N — 14 p=0
A —2iy/psin(k)A — 1 =0

= \j(k) =iy/psin(k) £ /1 — psin?(k).

. d psin(k) cos(k) .
D), = —i—MX\;(k) = cos(k) £ —————=1.
J dk i(k) = Vpcos(k) 1 — psin®(k)

Furthermore,

The random variable h now equals
DX,

il k) = Aj(k)

To evaluate this fraction we make use of the identity

a+bi ac+bd bec—ad.

c+di  2+d? +02+d2z’

with

a = +/pcos(k), b:iw, c=+4/1—psin®(k), d=/psin(k).

1 — psin®(k)
The denominator reduces to
A +d*=1-psin®(k) + psin®(k) = 1.

So the real part equals

e+ b = £ peos(k)y /1 — pein?(k) + /S cos(h)

1 — psin®(k)
NPy sin2 cos sin?(k) cos
Y (0 i) con() i () cos()
. cos(k) .
p~1 —sin?(k)

The imaginary part yields
bc — ad = psin(k) cos(k) — psin(k) cos(k) = 0,

hence
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Again we calculate the cumulative density function for the random initial state:
]P’(ng):/ d,u:2/ dr
h=11(-o00) cos(h)/y/r T Treot(By<y 4T
2r—cos L (v/p1=1y/\/1-9?) 4.
B /mum/@> o
R ! (vf)‘l—ly> _

Finally we can take the derivative with respect to y to obtain the probability density function:

i o (0] 2 i ()

dy T 1—y2 ™ du dy \ /1—y2
where u = Y= g,
1—y2
() — L W AR .
T i EEE (=P w2 (1)

C.6 Rotating frame

Here we derive the rotating frame approach used in Section 2.2 We consider a Hamiltonian

acting on a two-level system consisting of a constant part Hy and a time-dependent part V (¢):
H(t)=Hy+ V().

Furthermore, we consider for this Hamiltonian its evolution operator U(t) defined by [ (t)) =
U(t)[4(0)) or equivalently ihU(t) = H(t)U(t). To see that these formulations are indeed
equivalent simply substitute either in the Schrédinger equation. Next write U(t) as the product
of some rotation R(t) and a remaining part U’(t), so U(t) = R(t)U’(t). We substitute this
representation of U (t) into ihU (t) = H(t)U(t) to find

ihR(t)U' + ihR(t)U' = HyR(t)U' + V (t)R(t)U".

We then pick R(t) such that ihR(t) = HoR(t) which cancels to terms of the equation. This
differential equation is solved by R(t) = e~ *0!/" We are left with

ihR(U'(t) = V() ROU'(¢),
and after multiplication from the left with RT():
ihU'(t) = RT(6)V (£)R(E)U'(t).

Note that this equation defines U’(t) as the evolution operator of the Hamiltonian H,, :=
RY(t)V (t)R(t) which we will call the Hamiltonian in the rotated frame. Denote by |¢(t)) the
wave-function corresponding to this Hamiltonian with |¢(0)) = [¢(0)). Then

(1)) = U@ (0)) = ROU'(1)|6(0)) = R(£)|(t))-

So to find |1(t)) we need to solve for the Hamiltonian in the rotated frame and then apply the
rotation R(t).
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C.7 Division for long range

In Section we stated that the random variables h;(k) related to matrices of the form
1 eaz’k eaz’k
ﬁ < eaik _e—aik >

a cos(ak)

V2 = sin®(ak)

Here we show this calculation. Again we use that

a+pBi  ay+ B0 57—0452.
Y6 2462 42462

~ cos(ak) B sin(ak) cos(ak) B 9 _ sin(ak)
a=a N B =+a T 2e(ah) v =+£4/1—sin*(ak)/2, 0= ol

The denominator reduces to

are given by
hj(k) = +

with

1 1
Vst =1- 5 sin?(ak) + B sin?(ak) = 1,

and the imaginary part yields

By — ab = asm(ak);os(ak:) B asm(ak);os(ak) 0

Therefore all that is left is

a a sin?(ak) cos(ak)
ay + 36 = = cos(ak)\/2 — sin?(ak) £ —
7+ Bo = 5 cos(ak)y/ (ak) £ 5 2 sin(ah)

— Y lcosla _ sin’(ak) 1Sinza cos(a
— 4 2_Sin2(ak)[ (k)(l 5 >i2 (ak) cos(ak)
(k) = & oos(ak)
hy(k) =+ 2—Sin2(ak:)'

C.8 Scale correction

Here we show that the appropriate scale correction of the classical random walk taking steps
equally distributed in {—s,...,—1,1,...,s} ={-2""1 ... —1,1,...,2™ 1} is of leading order
V2™, We consider the random variable XY(Lm) = Z” A(m) where the A;’s are iid random

=17

variables taking values in {—2™~1 ... —1,1,...,2" 1} uniformly. The central limit theorem [5]
guarantees that
Xy
———— > N(0,1), asn — oo.
nVar[A4;]

We will show that /Var[A;] is indeed of leading order v/2™.

m—1
Var[4i] = E[A2] = 2% 3 4 =gl
1=0

yL—4m

= 0@ =002

Hence \/Var[4;] = O(v/2™).
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