
CoA Report No. 136 

TECHHISCHE HOGESCHOOL DELFT 

VLIEGTUIG30UWKUNDE 

Michiel de Ruyterweg 10 - DELFT 

12 dec. 1980 

THE COLLEGE OF AERONAUTICS 

CRANFIELD 

IK y 

BOUNDARY LAYERS WITH SUCTION AND INJECTION 

by 

A. H. CRAVEN 



BE FOE T NO, 136 

September , 1960. 

THE COLLEGE OF AERONAUTICS 

CP ANFIE LD 

Boundary Layer s with Suction and Injection 

A review of published work on skin friction 

- b y -

A. H. Craven, P h . D . , D . C . A e . 
(Royal Air Fo rce Technical College, Henlow) 

SUMMARY 

Available data on the effects of suction and injection on skin 
friction a r e s u m m a r i s e d and compared . 

It is shown that injection into a turbulent boundary l ayer can 
produce a skin friction coefficient lower than the l amina r value at the 
s a m e Reynolds number on an impermeable pla te . 
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1. Introduction 

In the past most attempts to reduce skin friction have been 
based on the use of suction either through a porous surface or 
through discrete slots to maintain a laminar boundary layer and 
thus avoid the large values of skin friction associated with a 
turbulent layer. Unfortunately the application of suction raises 
the laminar skin friction and increases the effective heat transfer 
rate to the surface. 

At low speeds it has been shown by theory and experiment 
that only moderate suction rates are required to maintain laminar 
flow. At higher speed ( i . e . compressible flow) there is very little 
evidence on which to base an estimate of the suction rate necessary 
to prevent transition. However consideration of the change of 
critical Reynolds number for compressible boundary layers without 
suction suggest that the suction rate will be higher than for the 
incompressible case. It is possible that the laminar skin friction 
coefficient could approach the value for the turbulent layer without 
suction and suction does not help to solve the skin heating problem. 

Injection of a cool gas into the turbulent boundary layer not only 
helps to keep the skin cool but also reduces the skin friction. Thus 
there may be considerable advantages in blowing rather than sucking, 
one of which could be a value of turbulent skin friction lower than the 
corresponding laminar value. Nowhere in this analysis has any 
account been taken of the pump power required and the duct losses 
associated with the installation. 

This paper aims to summarise and review the available data on 
the effects of suction and injection upon the skin friction and to compare 
such data when comparison is possible. 
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2. The laminar boundary layer with suction 

2 . 1 . The incompressible laminar boundary layer with suction -
zero pressure gradient 

A flat plate is assumed to extend downstream from the origin 
of co-ordinates. The boundary conditions are ;-

( i ) u(x,co ) = U 
o 

(ii) u(o,y) =» U 

o 

(iii) v(x,o) = - v^(x) where v^(x) is positive 

(iv) u(x,o) = 0 
The basic l aminar boundary l ayer equations a r e :-

3u_ a_u 3 ^ 
9x ""sy ' 9y' 
Ö u , a u . 0 u / o 1\ 

u T T + V ;^-r: =» V -;^-r2 ( 2 . 1 ) 

(2.2) 9x ay 

for incompressible flow with zero pressure gradient. 

(a) the solution of Griffith and Meredith - constant suction 

It is assumed that the final velocity profile has been reached 
i. e. ou/ 3x =0 

Thus(2.2) reduces to :-

1^ - 0 (2.3) 

Hence it is deduced that the normal velocity everywhere is constant 
and equal to the suction velocity -v^. 

(2.1) can then be written 

9u ^ 3^ u _ to A\ 
V, r— + V - — - = 0 ( 2 . 4 ) 

1 3y 3y2 

J 
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which has the exact solution 

u -v.y/i' 
^ = 1 - e (2.5) 

o 

usually known as the asymptotic solution or asymptotic velocity profile. 
This solution does not satisfy the fourth boundary condition above and 
is thus only applicable some distance downstream of the beginning 
of suction. 

It is imrrediately obvious that, at distances sufficiently far from 
the leading edge of the plate for the asymptotic profile to hold, the 
m^omentum thickness is constant and given by 

t = ~ - (2 .6) 
2 2 V̂  

the asymptotic wall shear stress is constant and of magnitude 

r = pv, U^ (2.7) 
or ' O 

and the overall skin friction coefficient is given by 

C, ^ i l l (2.8) 
loo u 

o 
2 

From wind tunnel tests Kay showed that with a wind speed of 
57 ft/sec, the velocity profile becomes asymptotic and momentum 
thickness becomes constant and equal to vl2v^ in a length of four 
inches when subjected to distributed suction of constant velocity 
(v ,̂̂ ^ = .0029). The corresponding Reynolds number was R = 1.2 x 10 

o 
3 

Equations (2. 5) and (2.6) have also been obtained by Schlichting . 
Another interesting solution of the equations (2. 3) and (2,4) 

is obtainable in the case of Couette flow with either suction or 
injection applied at the stationary wall. Lilley shows that the 
equations (2. 3) and (2. 4) exactly describe Couette flow with 
transpiration and zero pressure gradient when the boundary conditions 

(i) y = 0, u = 0, v = V positive for injection, negative for 
(ii) y = c, u = U suction 

are applied. 



- 4 -

Solution of the equations leads to a velocity profile 

v c , y vy.y -jV •'Jl] 

u , e - e 
1 + U , vc/ y 

o 1 - e 

and to a wall shea r s t r e s s given by 

^ = _ _ 2 . i p v u 
w c o 

for smal l values of Vc . It is seen immediately that skin friction 

is increased by suction and reduced by injection. Li l ley ' s paper 
includes the effect of an applied p r e s s u r e gradient . 

(b) Suction velocity proport ional to 1/x 
1 

Putting 77 = I (U / V x)^y and defining a function f(n) by 

f = {vXJ x) {(n) where f is the s t r e a m function 
o 

(2 .1) becomes 

i'" {ri) + f . f "(r?) = 0 

with //U V 
f = 2 v W ( - 2 - ) at 77 = 0 i . e . at the wall. (2 .9) 

Thus with a suction velocity proport ional to 1/x , f is constant 
along the wall . It is deduced that the velocity profiles will be the 
same at all points of the plaje. The application of suction with 
velocity proport ional to l /x^ implies a la rge normal velocity near 
the leading edge. Such conditions would invalidate the boundary layer 
assumpt ions . 

However if the suction velocity is taken to be proport ional to 
i 

l / ( x + a)^, where a is a positive constant , the suction velocity is 
finite at the leading edge. In this relat ion a is related to the 
suction velocity at the leading edge. If, in the definition of 77 and ^ 
above, we replace x by x + a we obtain 
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U 

-f-tin) 
vU 

if _ o 
2^ x + a 

( 77 f' - f) 

and (2 .1) again becomes 

f'"(7?) +f . fin) ' O 

with f' = O a t T ] » 0 ; f ' = 2 a t T 7 

and f =« 2 v. If o^ V ^^ ^ ' 0. 

i 
When V is proport ional to l / ( x + a )^ , f is constant on r? = O and 

again s i m i l a r profi les a r e obtained at all points along the wall . 

(c) The entry length - approximate solutions (Fig . 1) 

The solution of Griffith and Meredith does not apply nea r the 
leading edge of a f la t plate with dis t r ibuted suction of constant velocity. 
It has been shown by Schlichting"^ and Thwaites^ that , if suction begins 
at the leading edge of the plate , the init ial velocity profile is the 
Blasius profile for a flat plate without suction. Thwaites defines a 
s t r e a m function f in the form 

^ » (2 U vx)^ f(? .r?) 

where & =« v̂  ( j and v̂  is constant 

2~irx ' ^ 

F o r smal l values of ê ( i . e . at smal l d is tances from the leading edge) 
the solution of the equation of motion 

377' 377' " \ 9 S 37?^ a^ 3:? * 37? 

with the boundary conditions 



4. n * - 9 f U -
a t 7 7 = 0 f > i ^ , - ^ , ~ = o 

o 
af 

7? » co - 5 ^ = 1 

can be expressed in powers of 5 in the form 

«5.77) = y r ? ) +Sf,(r?) +S%(7?) + 

The function f ( T?) i . e . f(0,77) is given by 

f'" + f f " = O 
o 0 0 

which is the Blasius equation and hence the existence of the Blasius 
profile at th e leading edge of a flat plate with uniform suction. 
Experimental evidence of this is given by Kay^. 

c 
Schlichting assumes a velocity profile 

u , -y/D ,,y -y/D 
— = 1 - e + K"̂  G 

o 
where D is a function of x and a measure of the boundary layer 
thickness, and K(x) is a form parameter equal to zero in the 
asymptotic state and -^ at the leading edge. 

Thus at the leading edge Schlichting takes 

^ = 1 - e"y/^ - ^ e"y^° U 2D o 

to correspond to the Blasius profile at the leading edge. This is at 
best a doubtful approximation as it is nearer the asymptotic profile 
than the Blasius profile it aims to represent. Its use leads Schlichting 
to values of momentum thickness and shape parameter which are 
seriously in e r ro r . 

7 
An improved solution for the entry length is obtained by Freston 

who takes a one-parameter family of velocity profiles having the exact 
Blasius profile and the asymptotic profile as limiting forms, i . e . 
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^ = F^ (y /6^ + K, j^F3(y/6^) - F (y/5^) j 

where 6̂  is the displacement th ickness 

F,(y/^i) is the Blas ius profile 

^^(y/ö ) i s the asymptot ic profile 1 - e ^ ' 

and K^(x) i s a form p a r a m e t e r , ze ro at the leading edge and 
unity when asymptotic conditions apply. 

This velocity profile gives the c o r r e c t value of H » r— = 2.591 

at the leading edge of the plate compared with Schlichting's value 
of 2.182. On the plate P re s ton shows that 

- ^ =« 0.38594 + 0.12800 K̂  - 0.01394 K^ 

' y r ^1 
and 6̂  = — 1 v^ 1̂  a + ( 1 - a) K̂  

where a = f F^'(y/6^) "| ^ ^ =0.57141 

That P r e s t o n ' s solution is the more accura te is shown in F ig . 1, 
where the displacement and momentum th icknesses from the 
approximate nuethods a r e compared with the exact method due to 
Iglisch which is descr ibed l a t e r . 

C rocco ' s form of the boundary layer equations 

9T dp 3r 2 d^T 3U 
3x '̂  dx • 3u ^ du^ ' . 3y 

o 

i s the s ta r t ing point of a solution by Tri l l ing . The boundary 
conditions a r e 

„ , 0 ; | i - H ^ ' . - p v , (2 .10) 

u = U(x) ; r » 0 (2 .11) 



A ser ies expansion for r in powers of u is assumed in the form 
oo 

T ( X , u) = ^ T ( x ) U 
o n 

T (x) is the wall shear s t ress and, from (2. 7) o 
^ p'(x) 

T^ = - f — - PV, 
O 

Tg , Tj etc are expressed in terms of v , r and p'(x). r can then 

found from the condition (2.11) using terms up to including n » 6. 
Q 

A fourth approximate method is due to Ringleb . In this 
analysis Prandtl 's original boundary layer equations are taken with 
a velocity profile assumed to be 

u , u d - e ^ y - ' ^ y ' ^ ^ ^ ^ ^ ' ^ y ' ) 

where a, b, c and d are functions of x which are supposed to have 
continuous derivatives of the first order. 

The boundary conditions a re , at y » 0, 

32u 
^5f 

9y ' 

^3» u 

9y= 

a 

3 

3 

3 

- V, ^ - U U (x) 

S^u 

3u 3^ u 
3 y ' 3 x 3 y ^^ 

„ 3u a^ u 
2 — . - V, 

ay ax a^z ^ 

3 \ i 

9 / 

a^u 
9 / 

and in addition d must be negative, b, c, d are determined in 
terms of a from the first three boundary conditions and a is 
determined from a first order differential equation obtained from 
the fourth condition and U and v̂  . The shear s t ress at the wall is 
given by T (X) = „/SuN =» -U(x) jua (x). 

' W y = 0 
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Ringleb's solutions for the momentum and displacement thicknesses 
and the wall shear s t ress agree very well with Iglisch's exact 
solution. On the scale of Fig. 1 it is not possible to differentiate 
between the solutions of Ringleb and Iglisch. 

In a recent paper Curie has used Stratford's laminar boundary 
layer analysis to obtain the complete skin friction distribution along 
a wall. In this analysis total head is taken as constant along 
streamlines in the outer part of the layer. Near the wall viscous 
forces and pressure forces must balance and the velocity profile 
adjusts itself accordingly. Curie includes the momentum of the 
fluid sucked away in the balance between viscous and pressure forces 
and obtains a particularly simple expression for the ratio 6 of the skin 
friction with uniform suction to the Blasius skin friction in the form 

0.32867 ( 0 - 1 ) 1 + 2.02 8 
1 2 1 
3 / V X \ 2 ^ X -̂ T 1 

U V 
o 

'ol 
J 

where x is the distance behind the leading edge at which suction 
starts and x ^x . o 

This result is compared with the exact solution due to Iglisch 
(x = 0) in Fig. 2. It is seen that C 
the skin friction by an amount incre 
and distance from the leading edge. 

(x = 0) in Fig. 2. It is seen that Curie 's solution overestimates 
the skin friction by an amount increasing with suction velocity 

(d) The exact solution due to Iglisch 

In this solution the basic equations (2,1 and 2. 2) are taken and 
after several transformations of variable Iglisch obtains a second 
order differential equation for the velocity in terms of two space 
co-ordinates which is completely general and can accommodate any 
distribution of suction velocity. Iglisch does not solve this general 
problem but thereafter confines his attention to the special case of 
homogeneous ( i . e . constant) suction. For constant suction velocity 
Iglisch's equation becomes the non-linear second order parabolic 
equation 

a t ^ at t acr 

where V is related to the velocity u and t, cr are independent variables 
related to x and y. a » 0 corresponds to the leading edge and a = co 
to the asymptotic state. The boundary conditions reduce to 
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V(co,o-) - 4 , V(0,o-) = 0 . 

It is then shown that for zero suction the equation yields the Blasius 
solution for a flat plate. Furthermore it is shown that, at the leading 
edge of a plate with suction, the Blasius profile is obtained. Starting 
from this profile at the leading edge an iteration process is used to 
evaluate the velocity profile at seventeen stations between the leading 
edge and the point at which the profile becomes asymptotic. These 
profiles and corresponding values of the displacement thickness, the 
momentum thickness and wall shear s t ress are tabulated in the paper. 
Thus the local skin friction coefficient is immediately obtainable. 
The overall skin friction coefficient on a flat plate of length 1 can 
then be calculated from the relation 

C = H L . F(1) (2.12) 
U o 

where F(l) = 

(see Fig. 3). 

1 

( ^ ) » . O 

rji) d5 

" ^ , " 0 

Furthermore a universal law for the skin friction coefficient on a 
plate of length 1 is obtained in the form of a unique line when 

U V 
C.. 2 — is plotted against — "«/"R . (see Fig. 4). 

< o 

Iglisch's solution yields the streamline pattern for constant 
suction and from it the normal velocity is calculated throughout 
the flow field. Finally Iglisch shows that his solution gives the 
asymptotic profile for cr » co and that, for practical purposes, 
all the flow characteristics lie sufficiently close to their asymptotic 
values at the last of the seventeen stations (cr » 4). 



- 1 1 -

2 . 2 . Prevent ion of l amina r separa t ion by distr ibuted suction 

7 
P res ton extends his solution for the flat plate with suction to 

an aerofoil with a permeable surface through which suction is applied. 
The Blasius profile ( r a t h e r than the more co r r ec t Ua x) is chosen 
at the leading edge. It is assumed that this will not affect the accuracy 
of the calculat ions since asymptotic conditions a r e assumed to exist 
for some dis tance downst ream of the leading edge. Beyond this dis tance 
a n adverse p r e s s u r e gradient ex is t s and Fres ton finds that the suction 
velocity requi red to prevent l amina r separa t ion is given by 

where 

^1 

Uo 

X = 

1 
XR • 

' dU 
7 ' dx' 

d ( U / U ) -12 
o 

d(x/c) 

In the case of constant adverse velocity gradient , P re s ton shows that , 
a ssuming the Howarth separa t ion profile holds in the p resence of suction, 
the minimum suction velocity requi red just to prevent l amina r separa t ion 
is 

1 

U 
= 1.607 ( i 

d(U/U ) 
o 

d(x/c) 

12 
Prandt l , using the Pohlhausen separa t ion profi le , finds that , for 
the same special c a s e , 

U 
2.18 ( -

d(U/U ) 
o 

d(x/c) 

Other values of the numer ica l mul t ip l ie r obtained in s i m i l a r 
solutions a r e 1.55 Curie 

,13 
2 

4 

Head 

Thwaites 
14 
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2. 3. Maintaining a stable laminar boundary layer with suction 

From Fig. 3 it can be seen that, if a suction velocity ( yu ) 

greater than 0.002 is applied to a laminar boundary layer on a 
flat plate the skin friction is greater than for a turbulent boundary 

ŷ̂  layer without suction at the same Reynolds number. At high values 
'̂ of the local Reynolds number (R ) the suction velocity ratio may be 

^ x ^ ^ 

much less than 0.002. Thus there is a limit to suction velocity 
above which there is no advantage to be gained in maintaining a 

Â  I laminar layer by application of suction. It is therefore necessary 
^ • to determine the suction rate needed to ensure stability of the laminar 

boundary layer. 

The first stability analysis appears to be that of Bussmann and 
Munz^^ who found that the asymptotic laminar boundary layer with 
suction has a critical Reynolds Number ( XJQS ) of 7 X 10^ compared 

V 

with 575 for a flat plate without suction. The corresponding minimum 
suction velocity is v, /U = 0,14 x 10"^. Pretsch^" shows that 

1 o 
the critical Reynolds number for the asymptotic profile is raised 
from 680 to 5.52 x 10^ before amplification of small disturbances 
occurs and the maximum amplification is l /7th of that occurring 
without suction. According to Pretsch, the laminar boundary layer 
is stable for suction velocities v /U greater than 0.182 x 10"4. 

8 ° 
Trilling finds that the critical Reynolds number (R 6̂ ) is raised from 
511 to 41,000 by suction and that a suction rate vJU = 0.243 x 10"'* 

^ o 
is required for stability. 

The stability of the laminar flow before asymptotic conditions 
are reached is the subject of a theoretical investigation by Ulrich^' ' . 
Eight of the nineteen exact velocity profiles calculated by Iglisch 
are examined, Ulrich finds that a constant suction velocity 
V - 4 
_i_ = 1 . 1 8 x 1 0 is sufficient to maintain laminar conditions anywhere 
Uo 
upon the plate. It is pointed out that this velocity is necessary only 
near the leading edge and at greater distances a smaller velocity 
will suffice, the limiting value being 0.14 x 10'^ as predicted by 
Bussmann and Munz. Furthermore Ulrich investigates the case when 
the suction is applied so that v is proportional to 1/Vx. Less suction 
is required and lower skin friction coefficients are obtained only for 
overall Reynolds numbers greater than 10°. 
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1 Q 

Using the approximate formula deduced by Lin , Hahnemann, 
F r e e m a n and Finston^^ have obtained a r a t h e r lower value than 
Ulrich for the c r i t i ca l Reynolds number and calculate that the 
minimum suction velocity to be v , /U = 1.5 x 10" . A value of 

* o 
-4 20 

v , /U = 1 . 7 x 1 0 is given by Bur rows , Braslow and Teterv in 

who apply Lin ' s formulae to the Schlichting profiles 

u , -y /D . ^ y -y /D 
— 3 1 - e + —>'- e 
U ^ « D 

o 
2 

Exper imenta l investigations in a wind tunnel by Kay showed 
that a suction ra te v , /U = .0008 (about seven t i m e s Ul r i ch ' s 

^ o 
theore t ica l figure) was n e c e s s a r y to maintain l aminar flow at a 
Reynolds number of approximately 0.8 x 10^. Kay a t t r ibu tes the 
high ra te of suction n e c e s s a r y to excess ive free s t r eam turbulence 
and the non-porous en t ry length on his flat p la te . The value of the 
c r i t i ca l Reynolds number without suction is not given. In o rde r to 
el iminate the effect of tunnel turbulence flight t e s t s have been 
performed by Head^^ using a s y m m e t r i c a l aerofoil designed by 
Lighthi l l ' s method. This aerofoi l , having constant velocity up to 
68 per cent of i ts chord, is considered to have a boundary layer flow 
up to 0.68c s i m i l a r to that on a flat p la te . Head concludes that a 
suction ra te v /U =» 1.5 x 10"'* is sufficient to prevent t rans i t ion at 
a Reynolds number of 3 x 10 , based on the length of porous sur face , 

Exper imenta l s tudies of uniform distr ibuted suction applied to an 
i so the rmal l aminar boundary l ayer by Libby, Kaufman, and Harr ington 
have shown that the l ayer is s tabi l ised to an indefinitely high Reynolds 
number by a suction velocity (v /U ) of the o rde r of 1 x 10"^, a value 
which ag rees with that found exper imenta l ly by Head and theore t ica l ly 
by Ulr ich. The c r i t i ca l Reynolds number (R ) for t rans i t ion without 

5 ^ 
suction was found to be 1.5 x 10 in these expe r imen t s . This 
re la t ively low value of c r i t i ca l Reynolds number is not commented 
upon in the paper . 
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2.4. The effect of slot suction 

In the previous sections the effect of distributed suction on the 
skin friction and stability of a laminar boundary layer has been 
discussed. Alternatively similar results can be obtained by applying 
suction at one or more discrete slots. Here the object is to position 
the slots so that the boundary layer thickness is kept less than that 
which would lead to instability and greater than that which would lead 
to transition caused by surface roughness . Gregory and Curtis^** 
have shown that, in general, minimum total drag is obtained if the 
minimum number of slots is used. 

25 
Experimental investigations on aerofoils by Holstein , Loftin 

and Burrows and Pfenninger^'• ^° have shown that the total 
effective drag ( i . e . wake drag plus pump drag) is approximately 
halved by laminarisation as a result of slot suction. Furthermore 
by maintaining completely laminar flow the low drag range of lift 
coefficient could be more than doubled. 

2 .5 . The compressible laminar boundary layer with suction (Fig. 5,6) 

The application of suction to a compressible laminar boundary 
layer receives little attention in the l i terature. There appears to be 
no experimental data and theoretical treatments are restricted to 
two papers by Lew^^»^^. In the first paper the effect of constant 
distributed suction is investigated. Approximate solutions of the 
boundary layer equations are obtained by inserting firstly a velocity 
profile represented by a fourth degree polynomial and secondly an 
exponential profile into the von Karman momentum integral equation 
as simplified by the Dorodnitzyn transformation. The polynomial 
velocity distribution cannot be used above a certain limiting Reynolds 
number (R = U x/v ) which increases with Mach number and varies X o o 
inversely as the suction velocity ratio v^/U . Above this limiting 

Reynolds number the exponential profile must be used. It is to be 
noted that the two profiles do not give continuous values of the 
overall skin friction at the limiting Reynolds number, the exponential 
profile leading to a somewhat higher value of the skin friction 
coefficient (Fig. 5). 

In his second paper Lew relaxes the condition of constant suction 
velocity over the whole plate and investigates the effect of variable 
suction on the boundary layer with the polynomial velocity profile 
taken in the earl ier paper. 
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Two cases are considered, 
1 

(i) suction velocity _j 
U o 

'̂ o 
U (x + a) o 

2 

where a is a constant to ensure a finite value of suction 
at the leading edge. Such a variation of suction velocity 
gives similar velocity profiles in incompressible flow 
(section 2.1b). 

(ii) uniform suction starting some distance downstream of 
the leading edge. 

The results presented in the paper are for M =» 1 and zero heat 
transfer at the wall. It :̂ s shown (Fig. 7) that a suction velocity 
proportional to l/(x + a)^ gives a lower skin friction coefficient 
than uniform suction for R > 10^. The value of a in this 

TT d 

calculation corresponds to a value of o = 0.552 x 10 
V 

V 

and a suction velocity -TT— = 0,001 at the leading edge, 
o 

2,6, The stability of the compressible laminar boundary layer' 
with suction 

As far as the author is aware no solution of the Orr-Sommerfeld 
equation in the case of a compressible laminar boundary layer with 
suction has been obtained. 

In general, investigators have applied the conditions for stability 
of an incompressible flow on an impermeable wall to the theoretical 
velocity profiles obtained in compressible flow with suction. While 
such application of stability theory is not justified rigorously, it 
should give at least the qualitative influence of suction on boundary 
layer stability, 

31 Following this type of argument Libby, Lew and Romano have 
taken the critical Reynolds number , UŜ v for the existence of 

neutral disturbances in a laminar incompressible boundary layer on 
an impermeable surface to be 300, It is then deduced that unstable 
disturbances would be likely to develop at a distance x downstream 
of the leading edge given by 
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R =• 
X 

U^ = 1.9 x l O ^ 

=. 2.0 X 10 

at M » 0 

at M » 1 

with suction applied at a rate v^/U = .001, the critical Reynolds 
5 ° 

number R at M = 1 is 3.9 x 10 , When v,/U => .002 and M =« 1, 
X ^ o 

the laminar boundary layer appears to be stable to an indefinitely 
high Reynolds number. Repeating these tentative calculations for 
higher Mach numbers the following lower critical Reynolds numbers 
(R ) emerge 

M = 0 

1 

2 

3 

4 

V /U =«0 
° 5 

1.9 X 10 

2.0 X 10^ 

2.2 X 10^ 

2.5 X 10^ 

2.8 X 10^ 

.001 

3.1 X 10^ 

3.9 X 10^ 

5.0 X 10^ 

Indeterminate 
M 

.002 

Indeterminate 
It 

It 

II 

M 

That these estimates of the suction quantities necessary to 
stabilise a compressible laminar boundary layer are large is 
suggested by the results of flight tests at M » 0.70 reported by 
Head, Johnson and Coxon^^^. In these tests complete stability 
was achieved on a wing at a Reynolds number of 29 x 10° with 
a suction rate given by v^/U *** 0.0003. 
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^' The Laminar Boundary Layer with Injection 

3 . 1 . The incompress ib le l amina r boundary l ayer with a i r injection (F ig . 8) 

The basic equations for the boundary layer on a flat plate with ze ro 
p r e s s u r e gradient in the p resence of dis t r ibuted injection a r e again 
eqns . 2,1 and 2.2. The boundary conditions a re the s ame except that 
(iii) becomes 

v(x,0) = v^(x) ; v^ being posi t ive. 

Integrat ion of (2.1) and (2.2) with respec t to y gives 

CO a 
9 2 J 

3 7 " ^y uv au 
9yj 

o 
y - 0 

(3 .1 ) 

| H dy + (v - V ) = 0 
; ax '^ 2 

Eliminat ion of v,., between (3.1) and (3 .2) yields 

d_ 
dx 

u 
U 

1 -
U dy 

V 

U 
' w 
,U2 

(3 .2 ) 

or with the usual definition of 6 , the momentum th ickness is given by 
2 

/.X 
V X I T 
2 / w 

2 U •' pU 
o o o 

(3 .3 ) 

3 
Schlichting claimis that as x •• co and asymptotic velocity 

profile a lso ex is t s for the case of injection, i ts fo rm ' being 

•2y/6^ 
— = 1 - e u 

o 

where 6̂  is the asymptotic displacement th ickness . 

(3 .4 ) 

The form of velocity profile appears to be empi r i ca l since it 
does not satisfy the equation of motion. 
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At all points of the plate the value of -r— derived from (3.4) 

is zero and it is seen that the asymptotic velocity profile corresponds 
to a separation profile on an impermeable wall. We may infer that 
the wall shear s t ress is zero and hence at large values of x, when 
the first t e rm in equ.(3.3) is large compared with the second, the 
momentum thickness may be written in the form given by Schlichting. 

6 
2co U 

o 

The independence of this relation upon viscosityimplies that the 
equation Lclds lor both laminar and turbulent flow. 

5 
In the entry length Schlichting again takes an approximate 

velocity proiiie 

IL. 3 1 _ e - y / ° + ïiiSL e " y / ° 
U D 

o 
with K = - i at the leading edge 

» -1 when asymptotic conditions are reached. 

Value of displacement and momentum thickness and wall shear s t ress 
are calculated at various points in the entry length. 

An exact solution for the laminar boundary layer on a flat plate 
with air injection has been obtained by Brov/n and Donoughe for 
incompressible flow (Fig. 9). The solution takes into account the 
pressure gradient along the plate and also any changes in fluid 
properties due to temperature differences between the wall and the 
free s t ream. The analysis assumes that 

(i) the Mach number is small 

(ii) the Euler number (i.e.. the pressure gradient 
parameter -x —- _ 
^ dx , , _ Eu Eu = s- : U a X y is constant 

PoUo' ° 
(iii) the wall temperature is constant 

(iv) the fluid property variations are expressible as 
some power of the absolute temperature. 
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The partial differential equations of energy, momentum and continuity 
are transformed by the method of Falkner and Skan to two total 
differential equations which are solved numerically for fifty eight 
cases covering various pressure gradients,injection velocities and 
wall to free stream temperature ratios. For each case displacement, 
momentum and convection thicknesses ^Nusselt number and local skin 
friction coefficient are calculated and tabulated with the corresponding 
velocity profile. 

The only restriction on the^analysis is that the injection velocity 
is taken to be proportional to x2(^U"l). Thus, for ze^fo pressure 
gradient, the injection velocity is proportional to l /x2 . Any solution 
for a flat plate with^zero pressure gradient involving a suction velocity 
proportional to l/x^ is suspect since this implies a large injection 
velocity near the leading edge. Such a velocity is not consistent with 
the assumption of zero pressure gradient. The solution gives uniform 
injection for the case of a pressure gradient for which the Euler 
number is unity. 

3.2. The compressible laminar boundary layer with air injection (Fig.9) 

The first paper claiming to investigate the effect of gas injection 
on the compressible boundary layer is apparently that on Klunker and 
Ivey"̂ * .̂ A heat balance is set up at the surface. To solve the ensuing 
equation some velocity profile is needed and Klunker and Ivey take 
the asymptotic injection profile for uniform injection velocity first 
found by Schlichting. The skin friction coefficient given in this paper 
is in fact the same as in incompressible flow, since viscosity is 
assumed proportional to temperature. 

34 Low takes the compressible laminar boundary layer equations 
and extends the treatment of Chapman and Rubesin by including a 
finite normal velocity at the surface. In order to obtain similar 
velocity and temperature profiles Low assumes the injection velocity 
to be proportional to 1/Vx. Consistent with this assumption the 
temperature of the plate must be uniform. Viscosity n and 
temperature T are taken to be linearly related by the equation 
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A s i m i l a r i t y v a r i a b l e T? i s def ined by 

o 

and a s t r e a m funct ion f( TJ) i s t a k e n s u c h t h a t 

o 

T h e n o r n i a l v e l o c i t y v i s g iven by 

v 1 f̂ o o ,„ . / . 

ïï" ' - ^ T 4~x <̂ " ^̂ ^ 
p 

o ' ' o 

and the momentum equation becomes 

f f" + f' » 0 

with the boundary conditions 

f'(0) = 0 f'(oO = 2 

f (0) = - 2 P V l U ' x ,„ . , X • Iv 
2 2 o (&1S constant since v a—) 

o o o 

The energy equation in t e r m s of f(77) is 

T " + P r f T ' = ^-f-^ M^ T F r ( f " ) ^ 
4 o o 

with T(0) = T , T(co) = T . 
w o 

The momentum and energy equations a r e solved numerica l ly for 
four values of f(0) and the resu l t s for f( 77) tabulated in the paper 
together with i ts f i rs t and second der iva t ives . The local and 
overal l skin friction coefficients a r e given by 

^f = r — T - = ^^ < o ) ^ -
2 PQUQ X 

Ĉ  ~ — f r dx = f"(0) l | -
f i o T T ^ v W J R 

2 ^ U Q X J M X 
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Regardless of Mach number it is shown that skin friction decreases 
with increase of air injection rate as a result of the decrease in 
f"(0). Variation of Mach number is included through the constant 
C which depends upon Mach number. 

3 .3 . Foreign 9;as injection into a com^pressible laminar boundary layer 

In paperrj which the present author has been unable to obtain, 
Eckert and others^^' "̂ ° have shown that injection of a light gas into 
a laminar boundary layer is more effective in reducing the skin 
friction than injection of air . Foreign gas injection reduces skin 
friction by thickening the boundary layer by diffusion and by altering 
the velocity profile at the wall. 

37 
The investigation by Smith into the effect of diffusion on the 

compressible laminar boundary layer can be used to give a first 
estimate of the skin friction coefficient with foreign gas injection. 
Smith solves the usual boundary layer equations and the diffusion 
equation with the boundary conditions for an impermeable flat plate. 
The solution takes account of the presence of a foreign gas but 
considers that the injection velocity is extremely small. In other 
words the diffusion problem is solved without the wall boundary 
condition appropriate to injection. The method of solution follows 
that of Schuh^^ in defining a similarity variable 7? a y/x2 and a 
stream function f (77). The differential equations of the boundary 
layer are transformed into integral equations which are solved by 
an iterative method using the Blasius profile as the first approximation. 
Smith shows that four iterations are usually sufficient to obtain a 
velocity profile v/ith a sufficiently small e r ror . 

Smith does not calculate skin friction coefficients but once 
the velocity profile is determined it is a simple matter to calculate 
the shear s t ress at the walL 

T 
w 

3 u -
3y Jy=o 

and n U u 1 ^o „/. > y o _ 3 i f(77) ; 77= I ^ ; - ^ 
O O 

For the isothermal boundary layer Smith shows that the velocity 
profile is dependent only on T? and not on free stream Mach number 
explicitly. It is readily deducable that the ratio of skin friction 
coefficient with the foreign gas present to the coefficient without the 
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foreign gas is 

c 

c 
^y^^^g^^- = 0,915 

f air 

!li3£MH!P 3 0.698 
c„ . 

f a i r 

for the isothermal layer. 

The analysis of Smith is lacking in that the values of the injection 
velocity into the boundary layer is ignored and no estimate of the 
effect of change of injection rate can be made. Furthermore it is 
assumed that the gas at the wall is the foreign gas only. In 
considering the major processes and parameters governing gas 
injection and sublimation, Clarke has recently investigated the 
effect of foreign gas injection into a simple shear layer (Couette 
flow) with no pressure gradient in the "mainstream" direction. In 
his paper Clarke points out that if the gas at the wall is to be solely 
injected gas the injection velocity is not negligible. Thus the 
application of Smith's analysis to a boundary layer with injection is 
not likely to lead to accurate results . 

For the Couette flow problem with injection, Clarke uses the 
equations of continuity and motion with density and viscosity being 
appropriate to a binary gas mixture which varies in composition with 
distance from the wall. 

It is also necessary to use the diffusion equation and the continuity 
equations for each of the gas species considered separately. Crocco's 
transformation as modified for Couette flow is applied to express 
derivatives with respect to distance from the wall in terms of 
derivatives with respect to speed in the stream direction. Expressions 
for the heat transfer and shear s t ress are determined. At the wall 
it is shown that the shear s t ress is given by 

p V U U p V U 
' ^ W 2 0 ~ - o " ^ w a o 

r = ~ A* 

" exA^iVl 
c li 

where c is the distance between the plates and u is the mean viscosity, 
This is identical with the expression found by Lilley for incompressible 
flow. 
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F o r the vanishingly smal l injection veloci t ies envisaged by Smith 
the concentra t ion of foreign gas at the wall is sma l l and the mean 
viscos i ty will be very near ly equal to the viscosi ty of the main s t r e a m 
gas . Thus 

c „ p V c 
f , ^W 2 

^v =0 
2 

Cla rke ' s theory shows that the re is a significant reduction in skin 
friction when p v is of the o r d e r 1/cM where 1 is the mean 

w 2 
P u o o 

free path. Thus it may be deduced that only very sma l l injection 
veloci t ies a r e required to reduce the skin friction and that injection 
becomes more effective as the Mach number is inc reased . 

3 .4 . The stabil i ty of the l aminar boundary layer with injection 

Here again the re is an a lmost complete lack of p r e c i s e information. 
The effect of injection must qualitatively be s i m i l a r to the effect of 
roughness . Hence we may expect that t rans i t ion will occur e a r l i e r 
with injection than without, under s i m i l a r condit ions. This has been 
shown exper imenta l ly by Libby, Kaufman and Harrington*^^ when 
injecting a i r into the l amina r boundary layer on a flat p la te . The 
c r i t i ca l Reynolds number R was found to be 

5 
1.5 X 10 for ze ro injection 

0.71 X 10^ for V /U = lO"^ 
2 o 

0.60 X 10^ for v^/U^ = 4 x lO"^ 

0 . 4 8 x 1 0 ^ for V /U = 8 x lO"^. 
2 O 

F u r t h e r m o r e in the case of compress ib l e flow on an impermeable 
wall it is known (Lees , Dunn and Lin^M that i nc rease of Mach 
number and the cooling of the wall both help to maintain the stabil i ty 
of the l amina r boundary l aye r and we may infer that the f igures for 
c r i t i ca l Reynolds numbers given above a r e underes t imates for a 
compress ib le l ayer . 

53 
Pappas finds that injection of a light gas (helium) " t r i p s " the 

boundary Iyer e a r l i e r than injection of a i r at the same ra te of m a s s 
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flow pe r unit a r e a while a heavy gas (freon) gives a l a t e r t r ans i t ion . 
It is immediate ly apparent that the injection velocity for hel ium is 
h igher than for a i r and hence it is conjectured that the 'effective 
roughness" of the helium jet is g r e a t e r than for the a i r which in 
tu rn is g r e a t e r than for freon injection. F u r t h e r m o r e it is noted that 
the heav ie r the injected gas the fuller is the velocity profile at the 
same wall position indicating the r i sk of ea r ly t rans i t ion if a light 
gas is injected and a delayed t rans i t ion associa ted with the injection 
of a heavy gas . 

4. The Turbulent Boundary Layer with Suction 

4 . 1 . The incompress ib le turbulent boundary layer with suction 

The f irst analysis of a turbulent boundary layer with uniform 
suction was due to Schlichting who demonst ra ted that a constant 
momentum th ickness ( i . e . asymptotic conditions) could be obtained 
by suction, i ts value being given by 

U 6„ 
o 2 \ 0.01256 

' ' " " o 

The analys is s t ems from the momentum equation with the assumption 
that the skin friction on the porous surface could be obtained in t e r m s 
of P. 5^ from exist ing impermeable wall data . Dutton^^ suggests 
that this assumption is unsat isfactory since in his exper iments he 
found that the momentum th ickness did not change over the porous 
surface while the skin friction (calculated from d 62/dx) at the 
beginning of suction was one thi rd of that in the asymptotic s t a te . 
This follows from the momentum equation 

d 5 V 
W 2 1 

P Ï F ^ dx U 
o o 

r w 
FT 

where dS^ = 0 in the asymptot ic c a s e s . 
dx 
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2 
In wind tunnel t e s t s Kay obtained velocity profiles (u ~ y) on 

the r e a r of a porous surface with suction which were almost identical 
at success ive s ta t ions . It was therefore inferred that the asymptot ic 
s ta te could be reached with a turbulent l ayer but only after a 
considerably g r e a t e r development length than for the corresponding 
l amina r l aye r . In a theore t ica l analysis of the asymptotic s ta te . •, 
Kay notes that the wall shea r s t r e s s will be the same as for the 
l amina r asymptotic s ta te 

T 
W 

~w 
o o 

3 

v 
1 

U 
o 

(4 .1) 

Having assumed an asymptotic s ta te ( g— = ^ ] • ^^Y obtains 

the equation of motion in the form 

du 1 d r , . „V 
V. -r- = - ^ - (4 .2) 
< dy P dy 

for the outer turbulent region of the l ayer and, for the l aminar 
sub - l aye r 

du d^u . . „. 
1̂ d^ = - - d P <4-3) 

Using mixing length theory (1 = ky) and the turbulent shea r s t r e s s 
given by momentum t r ans fe r theory ( r = pi É ü r ' 3̂  velocity 
profile '̂  dy J 

U ^ 4 F U V ^ e 6 
o o \ ^ 

is obtained and is shown not to agree with measu red prof i les . 
If, however , the turbulent shea r s t r e s s is taken from vort ic i ty 
t r an s f e r theory 

3r ,2 du d^ u . . _. 
r— = p r T - . -T-i (4 .5) 
ay dy dy2 

and making the approximation that -j— = 0 at y =CD in place of 

6 , the velocity profile obtained 
dy 

o o ^ 
is found to ag ree well with exper iment . 
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In using Taylor 's vorticity transfer theory it is assumed that the 
distribution of Reynolds s t resses through the asymptotic layer is 
the same as in an ordinary turbulent layer without suction. 
Dutton's experiments show that the two distributions are quite 
different. Furthermore Sarnecki*^ on repeating Kay's experiments 
could not obtain agreement with the logarithmic law (4,6). Black 
and Sarnecki repeat Kay's analysis using vorticity transfer theory 
and obtain a velocity profile which, for an impermeable wall, 
reduces to a linear profile contradicting the well known logarithmic 
law for such cases. Using an analysis based on the momentum transfer 
theoiy similar to that of Kay and putting r = pv U a bilogarithmic 

law is obtained in the form 

Vf - V, u = ( 1 log^ ^ J (4.7) 

A similar analysis for the impermeable wall y ields the accepted 

U^-y 
^ = A + Blog . 
Vf e v 

The bilogarithmic law is shown to fit not only experimental measurements 
made by the authors but also the results of Kay and Dutton. 

A section of the paper by Black and Sarnecki is devoted to the 
application of Coles' Wake Hypothesis to turbulent boundary layers 
with transpiration and it is shown that, if the local constraint shear 
velocity is taken to be 

è (U' - V u ) 

in the case of suction, the wake hypothesis for layers on solid surfaces 
remains valid in layers with transpiration. 
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4.2. The compressible turbulent boundary layer with suction 

The only analysis of the compressible turbulent boundary layer 
with suction is due to Dorrance and Dore . The authors extend 
the analysis of the compressible turbulent layer on a flat plate as 
given by Van Driest by applying revised boundary conditions to take 
into account the suction at the wall. A method (based on momentum 
transfer theory with a linear mixing length) analogous to that used 
by Van Driest gives an approximate velocity distribution in the form 
of an integral equation for u/U in te rms of the local skin friction 
coefficient, the mixing length (von Karman) constant and an arbitrary 
constant, 

A relation between the local skin friction, the Mach number, 
Reynolds number, wall temperature and suction mass flow is obtained 
from the momentum integral equation in the use of which turbulent 
conditions are assumed to extend to the wall. The mixing length 
constant and the arbitrary constant are determined from the local 
skin friction law of Von Karman and Schoenherr's average law when 
M = 0 and for zero suction. Furthermore there appears to be some 
confusion between local and overall skin friction coefficients. 

The only experimental evidence with which the theory is compared 
is that of Mickley et al for suction applied to a low speed turbulent 
layer. The agreement between theory and experiment is not good and 
furthermore Mickley and Davies have expressed some considerable 
doubts on the accuracy of the experiments and suggest corrections 
which would worsen the comparison with the theory of Dorrance and Dore. 

5. The Turbulent Boundary Layer with Injection 

5 .1 . The incompressible turbulent boundary layer with injection 

Apart from the paper by Schlichting in which he points out the 
similarity of the asymptotic expressions for momentum thickness 
in the case of injection into laminar and turbulent layers , the 
investigations of the effect of constant uniform air injection into a 
turbulent boundary layer have all rested upon the momentum transfer 
theory with a linear mixing length to relate turbulent shear s t ress to 
the local velocity gradient [ 3u ] . Clarke, Menkes and Libby'*' 

V9yy 
simplify the equation of motion by neglecting derivatives with respect 
to X and obtain 

du 1 d r /c i \ 
" ^ d ^ " -P d^ ^'-'^ 
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The l amina r sub - l aye r is ignored. 

Using momentum t r ans f e r theory (5 .1) becomes 
2 

d u , 2 d 
2 d y d y 

2/du 

from which, after integrat ion, the velocity profile 

/y û  
u a + b log 
UT- " • " *^^e \ V J ' 4k^ U7. 

^ T N ^ 1 
V r 

z 
log, 

y U r 
(5 .2 ) 

is obtained. It can be seen that (5 ,2) reduces to 

'y û  
u 
U, 

= a + b log 

for the impermeable sur face . The constants a, b and k a r e shown to 
be dependent upon injection velocity, but in the absence of exper imenta l 
data with injection the impermeable surface values a r e taken. 

The overal l skin friction coefficient is given by 

^ F ' R 
U 

• 7 7 , 

o 

d7?^ 

^\ 
o 

where 'V 
FI f , ., 

O 

U 
1> " T T Ur 

2 ^ 1 ,2 90 , ,2 d0, 

U 

1̂ ' Ü ; 

U^6 

d77 

46 
Compar ison with the exper imenta l r e su l t s of Mickley and Davis 
shows a marked d iscrepancy , the difference increas ing with inc rease 
of injection velocity. 

46 
Mickley and Davis have been able to integrate the equations for 

the velocity profiles obtained by Rubesin (see Sect. 5. 2 below) and 
show that in the sub- l aye r 
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5.2. The compressible turbulent boundary layer with air injection 

The two existing theoretical solutions of air injection into a 
turbulent compressible boundary layer were published almost 
simultaneously. That of Dorrance and Dore ^ could also be applied 
to the case of suction and the analysis has been considered previously 
(Sect. 4.2). Rubesin^^ also considers the compressible turbulent 
boundary layer on a flat plate with zero pressure gradient and assumes 
that the injected gas is the same as the stream and that it is at wall 
temperature, A relation between skin friction and injection rate is 
obtained for a Prandtl number of unity. The effect of changes in 
Prandtl number on the heat transfer coefficients is investigated 
separately on the assumption ( taken over from the case with no 
injection) that the skin friction coefficient is independent of Prandtl 
number. 

The boundary layer equations are simplified by neglecting the 
variation of dependent variables with respect to x when compared 
with their variation with respect to y. At this stage Rubesin 
introduces a "turbulent Prandtl number". In the definition viscosity 
is replaced by the eddy viscosity e and the thermal conductivity by 

the eddy thermal conductivity e . Thus the definition of turbulent 
H 

Prandtl number Pr^ is 

Pr , . e 
H 

A turbulent Prandtl number of unity is equivalent to Reynolds 
analogy, 

The equations to be solved are two in number 

du _ d_ 
^w ^ dy dy 

w 2 dy V p 2 
d_ 
dy 

/ , \ du 

.•(#r^;i)^v'^'-

(5 ,3) 

.d_ u 
^m'dy \2 (5 .4 ) 

where the te rms are to be regarded as t ime-averages. The assumption 
that the Prandtl number and the turbulent Prandtl number are both 
unity leads to the deduction that 

c T + T T = a u + b 
P 2 
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The re is thus a d i rec t relat ion between velocity and t e m p e r a t u r e 
and hence it i s only neces sa ry to solve the momentum equation with 
appropr ia te conditions to de te rmine both the velocity and t e m p e r a t u r e 
dis t r ibut ion. F o r the l aminar sub- l aye r the eddy t r anspor t t e r m s 
a r e neglected and the velocity dis tr ibut ion is obtained in the form 

f • U du _ y = / : 0 < y < y ' ' J p v u + r ' " ' • ^ a o w 2 w 

In the turbulent outer region the v iscous t e r m s a r e neglected and 
the eddy viscosi ty is determined from mom^entum t r ans f e r theory 
with a l inear mixing length in the form 

l ' (^ 
Vdyy 

^M = ^ M — ; : 1 = ky 

Since p v is not dependent on y the pa r t s of (5 .3) appropr ia te 

to the l aminar and turbulent regions respect ive ly can be integrated 
separa te ly to yield 

(i) on the l amina r side of the interface 
du , . 

p v \i = 11 -T- + const . 
w 2 dy 

which applying the boundary condition y = 0, u = o, 
du 1 1 ^ du 

ju-r- = r leads to ii-r- = T + P V, U dy w dy w w 2 

(ii) on the turbulent side 

Vdy 
, 2 2 ,/du\ , , 

P V u = pk y [-^ ) + const 
(5.5) 

Now a c r o s s the interface the velocity and shea r must be continuous; 
hence the two constants above must be the same and (5.5) can be 
wri t ten 

2 2 /du 
p v u +T = pk y , , 

w 2 w '' \dy 

On integrat ion we obtain the velocity dis t r ibut ion in the turbulent outer 
region in the form 
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a 

1 

kp^ du y >y 
^^——^———'— J a. 

ya •' ( p v,u +r )2 u = (u) 
w 2 vv a y=y 

where k, y and u have yet to be de termined. 
a a 

A rela t ion between local skin friction coefficient and Reynolds 
number (R ) is obtained by using the von Karman momentum in tegra l . 
The in tegra l cannot be expressed in closed form. However the first 
t e r m of a s e r i e s expansion is used giving a relat ion which is 
applicable to smal l values of injection velocity and skin friction 
coefficient. In the integrat ion to de termine the momentum th ickness 
Rubesin uses only the velocity distr ibution in the turbulent outer 
region. The e r r o r involved in making this assumption is claimed to 
be l e s s than one per cent . This means that u is put ze ro in this 
integrat ion and y r emains finite. 

3. 

The determinat ion of the constants k, y and u is now necessa ry 
to complete the solution. At low speed with no injection they can be 
found from velocity dis t r ibut ion data, from c.(R5 ) data and from 

c„(P ) data , but, as Rubesin points out, the values obtained by the 
J. <A. 

var ious m.ethods differ markedly . There is insufficient experim.ental 
data to de te rmine the effect of compress ib i l i ty and injection on 
k, y and u and Rubesin a s s u m e s that the incompress ib le values 

3. 3. 
for the impermeable surface can be applied to the case of injection. 
He thus uses 

k = 0.392, - ^ = 13.1 J- | -
o 

and y calculated from u and the rat io of wall to free s t r e a m t e m p e r a t u r e . 

While the analys is of Dorrance and Dore is essent ia l ly s imi l a r 
to Rubesin ' s t r e a tmen t , the skin friction and heat t r ans fe r coefficients 
obtained by Dorrance and Dore a r e consistently lower than the values 
predicted by Rubesin. Rubesin ' s theory overes t ima tes the skin friction 
coefficients obtained experimental ly by Rubesin, Pappas and Okuno 
and Tendeland and Ckuno^^on a cone at M =2,7 and by Rubesin ** on a 
flat plate by some twenty pe r cent . At M = 4,3 the wall t empe ra tu r e 
begins to have a marked effect on the skin friction, Rubesin 's theory 
for wall t empe ra tu r e equal to s t r e a m stagnation p r e s s u r e at M = 4,0 
a g r e e s well with the exper imenta l r esu l t s of Pappas and Okuno , 
If the wall t empe ra tu r e is assumed to be equal to the free s t r e a m stat ic 
p r e s s u r e , theory underes t imates experiment by some fifteen pe r cent . 
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The agreement between the above exper iments and the theory 
of Dor rance and Dore is never sa t i s fac tory . The reason for the 
d iscrepancy between this theory and that of Rubesin is not c l ea r . 
However it is noted that the re a r e minor differences in the constants 
and in the fo rmer paper the velocity distr ibution used is more 
approximate than that used by Pubesin . Compar ison of the t heo r i e s 
and exper iments a r e given in F ig . 11. 

5 . 3 . Fore ign gas injection into the compress ib le turbulent boundary l ayer 

52 
In collaborat ion with Pappas , Fubesin has extended his analys is 

of the effect of injection on the turbulent l ayer to include the case of 
injection of a light gas instead of a i r . Pappas has used the same 
analys is to cons ider the effect of the injection of a heavy gas (in 
pa r t i cu la r freon). The basic equations a r e the same a s those used 
previously by Fubesin for a i r injection together with an equation 
descr ib ing diffusion due only to concentrat ion grad ien ts . The other 
t h e r m a l and p r e s s u r e dissusion p r o c e s s e s a r e considered to have 
negligible effect. As before two reg ions , a l amina r sub- l aye r and 
a turbulent outer region, a r e considered and continuity of velocity 
t e m p e r a t u r e , shea r s t r e s s and m a s s and energy flux is required at 
the in terface . 

The analys is depends upon the derivat ion of Reynolds analogies 
between skin friction and diffusion and between skin friction and heat 
t r an s f e r to re la te the local t e m p e r a t u r e and concentrat ion to the local 
velocity. It is shown that t he re is a Reynolds analogy between heat 
t r a n s f e r and skin friction when the turbulent Prandt l number and the 
turbulent Schmidt number / e ^ \ a r e unity. The Reynolds analogy 

pe~~ 
D 

between skin friction and diffusion ex is t s for any non-ze ro turbulent 
Schmidt number . Having, by the Reynolds analogies , re la ted local 
concentrat ion and t empe ra tu r e to the local velocity, the velocity 
dis t r ibut ions in the l amina r sublayer and the turbulent outer region 
can be determined by integration of the appropr ia te momentum equation 
in the form 

U J 0 < y < y (5 .6) 
o p V c , a 

o ^w 2 u f 
P U • U 2 
o o o 
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in the laminar sublayer and 

y = y^ exp 

u /U 

u 

U 

<^/v'^fe 
Pw\ u ^f 
P U ' U 2 

o o o 

y > y. 

(5 .7) 

in the turbulent outer region. In the integration of the turbulent 
mom.entum equation, the eddy viscosity is obtained from momentum 
tranfer theory with a linear mixing length. 

To perform the integrations required in (5,6) , it is assumed that 
the flow properties are constant within the laminar sub-layer so that 
11 / H can be replaced by an average value which is constant throughout 

the sub-layer. The relation between density and speed required in 
(5.7) is obtained from the Reynolds analogy between skin friction and 
diffusion and Dalton's law of partial pressures applied to the isothermal 
boundary layer. 

As in Rubesin's earl ier paper the relationship between local skin 
friction coefficient and local Reynolds number , is obtained from the 
momentum equation on the assumption that the turbulent outer region 
extends to the surface of the plate and ignoring the laminar sub-layer . 
Again incompressible values of the mixing length constant and the 
height of and speed at the edge of the laminar sublayer on an impermeable 
wall are assumed, 

The theoretical values of skin friction coefficient expected for 
the injection of hydrogen and helium into air are given in Fig, 12, 
Some experiments by Leadon and Scott^l have yielded heat transfer 
rates at M = 3.0 when helium is injected. The theory predicts the 
correct trend but overestimates the measured heat transfer rate by 
some fifteen per cent. It may therefore be expected that the marked 
reduction in skin friction predicted in the theory for light gas injection 
will be obtainable in experiment. Such expectations have been justified 
in recent experiments by Pappas and Okuno^^ using helium as the 
injected gas. Only slight reductions are found when a heavy gas (freon 12) 
is used. It is also found that the effects of injection are most beneficial 
at the lower Mach numbers. This result, for a turbulent boundary layer, 
is at variance with the deduction from Clarke's solution of the effect 
of injection on a Couette type flow that injection is most effective at 
the higher Mach numbers. 
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6, Comparison of laminar and turbulent skin friction coefficients 

From the preceding section it is seen that the effect of suction 
is to increase skin friction and the effect of injection is to reduce 
skin friction. From theoretical studies (and experimental confir­
mation) it is known that a distributed uniform suction rate 
V 

— = ,00018 is sufficient to prevent the transition of the incompressible 
o 

boundary layer on a flat plate but the skin friction coefficient is raised 
above the Blasius value. Injection of air at a rate v 

o 
brings the turbulent skin friction coefficient below the lairiinar(Blasius) 
value for all values of R . Injection of helium at v 

^ — = .003 
V o 

or hydrogen at —- = ,002 has the same effect, 
o 

Similar effects must also be true for the compressible boundary 
layer. It is not known how much suction is required to stabilise 
the compressible boundary layer but how little the suction rate may be 
the skin friction cannot be less than for the layer on an impermeable 
surface. Thus comparing the results given in Figs. 3 and 12 it is 
possible to estimate injection rates which will give less turbulent 
skin friction than the minimum attainable laminar skin friction. 
The results of such an estimation are given in Table 1, It will be 
seen from Fig. 12 that the quoted value of injection rate is only 
necessary at low values of R , At higher values of R the injection 

rate can be reduced without the skin friction exceeding the laminar 
value. 

M = 0 

M = 2 

M = 2 

M = 4 

M = 4 

T = T 
w o T = T ^ w stag 

T = T w o 
T = T ^ w stag 

Minimum 

Air 

.007 

,006 

,0025 

.005 

.001 

injection rate 

Helium 

,003 

,0025 

,001 

.0025 

.0005 

0 

Hydrogen 

.002 

.0015 

,0005 

.0015 

,0002 

Table 1, Minimum injection rate to obtain turbulent skin friction 
lower than the impermeable value of laminar skin 
friction at the same R 
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7. Suggestions for future study 

1. Theoretical and experimental investigations into the stability 
of the compressible laminar boundary layer with suction and 
injection and measurements of skin friction in a compressible 
laminar boundary layer with suction and injection. 

2. Further study of the turbulent boundary layer to obtain accurate 
values of the mixing length constant and the height of and speed 
at the outer edge of the laminar sub-layer when suction or 
injection is applied. 

3. Alternative analyses of the turbulent boundary layer to obtain 
confirmation or otherwise of the m^ixing length analysis. 
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FIG. 12. INJECTION OF FOREIGN GAS INTO A COMPRESSIBLE TURBULENT BOUNI]ARY LAYER 
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