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1
Introduction

The primary focus of this dissertation is the development of well-posedness and max-
imal regularity theory for parabolic boundary value problems in the setting of weighted
function spaces. The theory of maximal regularity has a long history and is well estab-
lished within the setting of Sobolev spaces with respect to the Lebesgue measure. By
replacing the Lebesgue measure with a weighted measure, we obtain a more flexible
well-posedness and regularity theory, which avoids certain restrictive conditions required
in the unweighted setting. In particular, we consider spatial power weights that allow
the solution of the boundary value problem to blow up close to the boundary of the
domain. In this dissertation, we develop the necessary theory to deal with boundary value
problems in a weighted setting. This includes the theoretical study of weighted function
spaces and their properties, the abstract study of model differential operators such as the
Laplace operator, and applications to certain prototype boundary value problems.

In this chapter, we provide a self-contained introduction to the results obtained in this
dissertation and an overview of related results in the existing literature. The subsequent
chapters each have their own, more detailed introduction and can be read independently.

1.1. A history of maximal regularity theory
The origins of maximal regularity trace back to the 1960s. Since then, and particularly
with the development of modern operator-theoretic methods over the last decades, its
applicability to nonlinear deterministic partial differential equations (PDEs) has vastly
expanded. Maximal regularity provides sharp a priori estimates for the linearised problem,
which serve as an important tool for treating the original nonlinear problem afterwards.
By standard tools such as the contraction principle and the implicit function theorem, one
can derive well-posedness of nonlinear problems arising in, e.g., physics. Applications of
maximal regularity can be found in a large variety of contexts, for example, fluid dynamics,
reaction-diffusion processes, free boundary problems, and population dynamics. For a
selection of applications, we refer to the monographs [14, 69, 191, 198, 230, 234, 278].

The theory of stochastic maximal regularity has undergone a similar evolution. While
early results for stochastic equations were primarily restricted to Hilbert space settings,
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2 1. Introduction

over the past decades a comprehensive maximal regularity framework for stochastic par-
tial differential equations (SPDEs) in Banach spaces has been systematically developed.
In many physical phenomena noise is present, such as thermal fluctuations or turbulence.
Incorporating this noise into a mathematical model means that one has to solve an SPDE.
Just as in the deterministic case, stochastic maximal regularity provides sharp a priori
estimates for linearised stochastic equations, which are crucial for treating nonlinear
stochastic problems. For an overview of stochastic maximal regularity and its applications,
we refer to, e.g., [11, 13, 58, 162, 219].

We discuss the notion of maximal regularity for both deterministic and stochastic
partial differential equations below.

1.1.1. Maximal regularity for deterministic equations
Consider the linear deterministic PDE with inhomogeneous Dirichlet boundary condi-
tions given by 

∂t u(t , x)+ Au(t , x) = f (t , x) (t , x) ∈ (0,T )×O ,

u(t , x) = g (t , x) (t , x) ∈ (0,T )×∂O ,

u(0, x) = uin(x) x ∈O .

(1.1.1)

Here, O ⊆ Rd is a non-empty domain and T ∈ (0,∞) is a time horizon. Moreover, A is a
linear second-order partial differential operator (such as the Laplacian A =−∆), f is a
forcing term, g is inhomogeneous boundary data, and uin is the initial value. Given the
inhomogeneous data f , g , and uin, the question is whether we can find a unique solution
u to (1.1.1). If indeed such a solution exists, we would like to know what kind of regularity
properties it has. Moreover, we would like to have sharp a priori estimates on the solution,
showing that the solution depends continuously on the data.

To establish well-posedness of (1.1.1), we first consider the problem with g = 0 and
uin = 0. In this case, (1.1.1) can be considered as an abstract Cauchy problem given by{

∂t u(t )+ Au(t ) = f (t ) t ∈ (0,T ),

u(0) = 0,
(1.1.2)

where now u and f are interpreted as functions of time that take values in a Banach
space X0 containing functions defined on O . Now, A : X0 ⊇ D(A) → X0 is an (unbounded)
linear operator that models the spatial differential operator. Typically, X0 and D(A) are
Lebesgue and Sobolev spaces on O , respectively. Throughout this dissertation, we will
often encounter the following prototype example.

Example 1.1.1. Let A =−∆Dir be the Laplace operator with Dirichlet boundary conditions
on a bounded C 2-domain O ⊆Rd . One can consider

X0 = Lp (O ) and D(A) =W 2,p (O )∩W 1,p
0 (O ), p ∈ (1,∞).

The corresponding equation ∂t u −∆Diru = f is called the heat equation.



1.1. A history of maximal regularity theory 3

We do not restrict ourselves to the setting of Hilbert spaces X0 = L2(O ). The case of
Banach spaces is particularly relevant for nonlinear problems, where one wants to use
large p and q to have better Sobolev embeddings. Moreover, the case p ̸= q is important
to exploit the scaling invariance of the problem, see, e.g., [99, 151, 235].

Definition 1.1.2. An operator A has maximal Lq -regularity on (0,T ) for some T ∈ (0,∞)
and q ∈ (1,∞) if for each f ∈ Lq ((0,T ); X0) there exists a unique strong solution u to (1.1.2),
which satisfies

∥∂t u∥Lq ((0,T );X0) +∥u∥Lq ((0,T );D(A)) ≲ ∥ f ∥Lq ((0,T );X0).

That is, given the regularity of f , we also obtain the maximal regularity possible for ∂t u
and Au. This definition of maximal Lq -regularity stems from [273] and many standard
properties of maximal regularity can be found in [82]. Early developments of maximal
regularity theory for parabolic equations can be found in [55, 110, 176, 253, 256], while
more modern treatments can be found in [14, 67, 126, 174, 234].

We remark that maximal regularity need not necessarily be defined in the setting of
Lebesgue and Sobolev spaces. Instead, one can also consider the space of continuous or
Hölder continuous functions, see, e.g., [3, 18, 49, 161, 198, 278]. The advantage of maximal
Lq -regularity is that it requires the least regularity of the data.

With the above viewpoint, we have reduced the question of well-posedness to an
operator-theoretical question about the differential operator A. The fundamental ques-
tion is now:

Which operators A possess the maximal Lq -regularity property? That is, can
we find sufficient and/or necessary conditions for maximal Lq -regularity?

Preferably, we want to have a sufficient condition that is easy to verify for a given differen-
tial operator A on a Banach space X0. Formally, using the variation of constants formula,
the mild solution to (1.1.2) is given by

u(t ) =
∫ t

0
e−(t−s)A f (s) ds, t ∈ (0,T ). (1.1.3)

Therefore, the study of the semigroup (e−t A)t≥0 plays an important role for Cauchy prob-
lems. By means of the Laplace transform

(λ+ A)−1 =
∫ ∞

0
e−λt e−t A dt , λ> 0,

the growth of the semigroup ∥e−t A∥L (X0) and of the resolvent ∥(λ+A)−1∥L (X0) are related.
In particular, −A is the generator of a bounded analytic semigroup if and only if A is sec-
torial of angle ω(A) < π

2 . The notion of sectoriality relates to the solvability and regularity
of the elliptic equation λv + Av = h with h ∈ X0.

Concerning the parabolic Cauchy problem (1.1.2), it was proved by De Simon [253] that
if −A generates a strongly continuous and analytic semigroup on a Hilbert space X0, then
A has maximal Lq -regularity on (0,T ) for all q ∈ (1,∞).
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Unfortunately, the result of De Simon does not generalise to arbitrary Banach spaces
X0. Counterexamples were provided by Coulhon & Lamberton [51] and Kalton & Lancien
[135], while Dore & Venni [83] and Prüss & Sohr [236] showed that every operator A on a
UMD Banach space with bounded imaginary powers of angle ωBIP(A) < π

2 has maximal
Lq -regularity for all q ∈ (1,∞). Most importantly, Weis showed in [272, 273] that a sectorial
operator A on a UMD Banach space X0 has maximal Lq -regularity if and only if A is R-
sectorial. Here, the UMD (unconditional martingale differences) condition is a geometric
condition on the Banach space, and R-sectorial refers to a stronger notion of sectoriality
requiring that the family of resolvent operators is bounded in a random sequence space
defined via Rademacher variables.

The characterisation of maximal Lq -regularity requires more advanced methods based
on operator-valued singular integral operators. By (1.1.3), we have that Au(t ) can be writ-
ten as a convolution integral with kernel K (t , s) = Ae−(t−s)A 1t>s . Since ∥Ae−t A∥L (X0) ≲
t−1, we are dealing with a singular integral operator and we enter the realm of harmonic
analysis. Such integral operators are called Calderón–Zygmund operators and are tho-
roughly studied in the literature, see, e.g., [240]. Vector-valued harmonic analysis usually
requires conditions on the geometry of the Banach space, which explains the necessity of
the UMD condition.

An alternative approach to maximal regularity is via the so-called operator-sum method
initiated by Da Prato & Grisvard [55] and later extended by Dore & Venni [83] and Kalton &
Weis [137]. A celebrated result within this approach is the Dore–Venni theorem stating that
if two sectorial operators A and B on a UMD Banach space Y have bounded imaginary
powers with ωBIP(A)+ωBIP(B) <π and are resolvent commuting, then

∥Au∥Y +∥Bu∥Y ≲ ∥(A+B)u∥Y , u ∈ D(A)∩D(B).

This result can be interpreted as a reverse triangle inequality. In particular, if the con-
ditions of the theorem can be verified for our differential operator A and B = ∂t on
Y = Lq ((0,T ); X0), then we obtain the required maximal regularity estimate.

Due to the characterisation of maximal regularity by Weis, it now suffices to verify the
R-sectoriality condition for the differential operator A in (1.1.2). This was proved by Denk,
Hieber & Prüss in [67] for a large class of uniformly elliptic operators on O =Rd , O =Rd+,
or when O is a smooth bounded domain. More generally, R-sectoriality remains valid for
higher-order operators A and Lopatinskii–Shapiro boundary conditions. This result can
be used immediately as a black box to obtain maximal Lq -regularity for A and solvability
of the Cauchy problem (1.1.2). As an illustration, we consider the setting from Example
1.1.1.

Example 1.1.3. Let p, q ∈ (1,∞) and T ∈ (0,∞). Let A =−∆Dir be the Dirichlet Laplacian
on X0 = Lp (O ), where O is a bounded C 2-domain. It follows from [67] that A has maximal
Lq -regularity. In particular, for every f ∈ Lq ((0,T );Lp (O )) there exists a unique solution u
to ∂t u −∆Diru = f with u|∂O = 0 and u|t=0 = 0, which satisfies

∥∂t u∥Lq ((0,T );Lp (O )) +∥u∥Lq ((0,T );W 2,p (O )) ≲ ∥ f ∥Lq ((0,T );Lp (O )).

In addition, we could study higher-order spatial regularity, i.e., f ∈ Lq ((0,T );W k,p (O )) for
some k ∈N0. However, this requires additional conditions on the smoothness of O and
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additional unnatural boundary conditions for f . Typically, one needs to impose that O is
a C k+2-domain to apply localisation arguments. The additional boundary conditions for
f are called compatibility conditions and are known to be necessary to obtain a sectorial
operator, see [66].

Of course, this is not the end of the journey into maximal regularity, since in applic-
ations one may encounter more sophisticated operators A. For example, the Cauchy
problem can be non-autonomous, meaning that A = A(t ) also depends on time. We refer
to [14, 198, 232, 260] for some approaches to these types of problems. In addition, there is
an extensive literature regarding the weakest type of regularity conditions on the space
and time coefficients required for maximal regularity, see, e.g., [78, 79, 80, 95, 96, 161].

Once maximal Lq -regularity for (1.1.2) is established, the original problem (1.1.1) with
nonzero initial value and inhomogeneous boundary conditions can be treated using
trace theory. Nonzero initial values can be obtained using the trace method for real inter-
polation, see, e.g., [199, 262]. In particular, the optimal space for the initial value uin is
given by the real interpolation space (X0,D(A))1− 1

q ,q , which is the temporal trace space

of the solution space W 1,q ((0,T ); X0)∩Lq ((0,T );D(A)). On the other hand, inhomogen-
eous boundary conditions require the study of the spatial trace operator as initiated by
Weidemaier in [269, 270, 271] and further investigated in [68, 77, 132].

1.1.2. Maximal regularity for stochastic equations
We will now consider the maximal regularity property for stochastic equations. To be
precise, consider an Itô stochastic parabolic evolution equation of the form{

du + Au dt = f dt + g dW (t ) t ∈ (0,T ),

u(0) = 0.
(1.1.4)

Again, A : X0 ⊇ D(A) → X0 is an (unbounded) linear operator and f and g are forcing
terms. Moreover, the noise in (1.1.4) is modelled by a standard one-dimensional Brownian
motion W on a filtered probability space (Ω,F , (Ft )t≥0,P). Note that for g = 0, (1.1.4)
reduces to the deterministic Cauchy problem (1.1.2).

There is a vast literature on stochastic parabolic equations such as (1.1.4). For instance,
an approach via semigroups was considered by Da Prato & Zabczyk [58], while the vari-
ational setting was investigated by Pardoux [229], Krylov & Rozovskii [168] and Liu &
Röckner [193]. The setting of Lp -spaces was first studied by Krylov [162]. More recently,
Agresti & Veraar [11, 12, 13] developed the theory for nonlinear stochastic equations in
critical spaces using operator-theoretic properties of A for obtaining stochastic maximal
regularity for the linear equation (1.1.4), see [219]. This framework is based on stochastic
integration theory for UMD Banach spaces as developed by Van Neerven, Veraar & Weis
[220, 221, 266].

Similar to the deterministic setting, we want the stochastic equation (1.1.4) to have a
unique solution for all data f and g that depends continuously on the data. However, due
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to the regularity and scaling of the Brownian motion, we need to impose more regularity
on the stochastic forcing g than on the deterministic forcing f . Below, we denote by
[X0, X1]θ with θ ∈ (0,1) the complex interpolation space of two Banach spaces X0 and X1.

Definition 1.1.4. An operator A has stochastic maximal Lq -regularity on (0,T ) for some
q ∈ [2,∞) if for all progressively measurable

f ∈ Lq (Ω× (0,T ); X0) and g ∈ Lq (
Ω× (0,T ); [X0,D(A)] 1

2

)
,

there exists a unique solution u to (1.1.4), which satisfies

∥u∥Lq (Ω×(0,T );D(A)) ≲ ∥ f ∥Lq (Ω×(0,T );X0) +∥g∥Lq (Ω×(0,T );[X0,D(A)] 1
2

).

For deterministic equations, an estimate for ∂t u is included in Definition 1.1.2 since
this can be obtained directly from the equation ∂t u =−Au+ f . In the stochastic case, this
is not possible, and time regularity needs to be studied separately.

Analogous to the deterministic case in (1.1.3), the mild solution to (1.1.4) is given by

u(t ) =
∫ t

0
e−(t−s)A f (s) ds +

∫ t

0
e−(t−s)A g (s) dW (s), t ∈ (0,T ).

The deterministic singular integral operator can be dealt with as before. Now, stochastic
maximal Lq -regularity can be established by additionally considering the stochastic
singular integral operator∫ T

0
K (t , s)g (s) dW (s), with K (t , s) = A

1
2 e−(t−s)A 1t>s .

The Lq -boundedness of this stochastic singular integral operator was studied in [219],
while a more general stochastic version of Calderón–Zygmund theory with operator-
valued kernels was developed in [196]. Again, this requires the geometric UMD condition
on the Banach space X0.

In the special case that X0 is a Hilbert space, it is known that if −A generates a strongly
continuous and analytic semigroup on X0, then A has stochastic maximal Lq -regularity
on (0,T ) for all q ∈ [2,∞). For q = 2 this result is due to Da Prato [54] and the general
case q > 2 follows by extrapolation from [196], as observed in [13]. Note that this result is
a stochastic version of the result by De Simon for deterministic equations as discussed
before.

Similar to the deterministic setting, we want to have a sufficient condition (or even
a characterisation) on the differential operator A that guarantees stochastic maximal
regularity. In [219] it was proved that if A has a bounded H∞-functional calculus on X0,
where X0 is isomorphic to a closed subspace of some Lp -space with p ∈ [2,∞), then A has
stochastic maximal Lq -regularity on (0,T ) for all q ∈ (2,∞). Nowadays, this result plays
an important role in the study of SPDEs since it can be used as a black box for treating
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linear stochastic equations once the H∞-calculus condition for A is verified. This makes
the H∞-calculus an extremely powerful tool, and therefore it will also play a central role
in this dissertation.

The H∞-calculus was originally developed in [52, 204] motivated by the Kato square
root problem (see [22, 205]). Later, it turned out that the H∞-calculus yields boundedness
of many singular integral operators, which also arise in the theory of (S)PDEs. Hence, there
is a vast literature on the H∞-calculus for sectorial operators, see, e.g., the monographs
and lecture notes [20, 67, 118, 125, 126, 136, 174, 216, 234]. We give a formal definition of
the H∞-calculus.

Definition 1.1.5. Let A be a sectorial operator on a Banach space X0. Let ϕ be a bounded
and holomorphic function on a sector Σ in the right complex half-plane containing the
spectrum of A. If the Cauchy integral

ϕ(A) := 1

2πi

∫
∂Σ
ϕ(z)R(z, A) dz

defines a bounded operator that satisfies

∥ϕ(A)∥L (X0) ≲ ∥ϕ∥∞
for all bounded and holomorphic functions ϕ on Σ, then A is said to have a bounded
H∞-calculus.

Note that a priori it is not clear at all that ϕ(A) is well defined since ∥R(z, A)∥L (X0) ≲
|z|−1, and it is a strong requirement for an operator A to have a bounded H∞-calculus.
Nonetheless, there are many known examples, including positive self-adjoint operators
and generators of contraction semigroups on Hilbert spaces X0. We also have the following
result for our prototype example A =−∆Dir from Example 1.1.1.

Example 1.1.6. Let p ∈ (1,∞). Let A =−∆Dir be the Dirichlet Laplacian on X0 = Lp (O ),
where O is a bounded C 2-domain. Then A has a bounded H∞-calculus, see [67]. In
particular, for p, q ∈ (2,∞) and T ∈ (0,∞), it follows that −∆Dir has stochastic maximal
Lq -regularity. By interpolation theory with boundary conditions from [251], we have that

[X0,D(A)] 1
2
= [

Lp (O ),W 2,p (O )∩W 1,p
0 (O )

]
1
2
=W 1,p

0 (O ).

Hence, our stochastic maximal regularity result means that for every progressively measur-

able f ∈ Lq (Ω×(0,T );Lp (O )) and g ∈ Lq (Ω×(0,T );W 1,p
0 (O )) there exists a unique solution

u to the stochastic heat equation

du −∆u dt = f dt + g dW (t ), t ∈ (0,T ),

with u|∂O = 0 and u|t=0 = 0, which satisfies

∥u∥Lq (Ω×(0,T );W 2,p (O )) ≲ ∥ f ∥Lq (Ω×(0,T );Lp (O )) +∥g∥Lq (Ω×(0,T );W 1,p (O )).

It is important to note that the data g needs to have more regularity than f , and g needs
to satisfy the undesirable compatibility condition g |∂O = 0.
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1.2. A history of weighted function spaces
With the theory of maximal regularity at hand, one obtains well-posedness of many linear
(stochastic) partial differential equations. However, there are classical settings where the
maximal regularity theory on X0 = Lp (O ) is insufficient. As a motivating example, we
consider the heat equation with singular data f below. Another motivating example for
weighted spaces in the stochastic setting can be found in [160].

Example 1.2.1. Let T ∈ (0,∞) and O = (0,1). Consider the following one-dimensional
heat equation with singular data

∂t u(t , x)−∂2
x u(t , x) = f (t , x) := x−1 (t , x) ∈ (0,T )×O ,

u(t ,0) = u(t ,1) = 0 t ∈ (0,T ),

u(0, x) = 0 x ∈O .

(1.2.1)

This problem is not covered by the maximal regularity theory in Example 1.1.3, since
f ∉ Lq ((0,T );Lp (O )) for any p, q ∈ (1,∞). Nonetheless, the above problem can be solved
by considering the equations{

−∂2
x v1(x) = x−1 x ∈O ,

v1(0) = v1(1) = 0,

and 
∂t v2(t , x)−∂2

x v2(t , x) = 0 (t , x) ∈ (0,T )×O ,

v2(t ,0) = v2(t ,1) = 0 t ∈ (0,T ),

v2(0, x) =−v1(x) x ∈O ,

and setting u(t , x) = v1(x)+ v2(t , x). It is straightforward to check that the stationary
problem has v1(x) = −x log(x) as solution, while the problem for v2 can be solved by
classical methods such as separation of variables.

To be able to treat problems with singular data via maximal regularity theory, we have
to change the underlying Banach space X0 = Lp (O ) in such a way that it captures the
singular behaviour of f close to the boundary. Therefore, we define the spatial power
weight

w∂O
γ (x) := dist(x,∂O )γ, x ∈O , γ ∈R,

and we let Lp (O , w∂O
γ ) be the weighted Lebesgue space with measure w∂O

γ (x) dx.

In the setting of Example 1.2.1, we obtain that f (t , x) := x−1 belongs to

Lq (
(0,T );Lp (O , w∂O

γ )
)

for all p, q ∈ (1,∞)

if and only if γ> p −1.

The introduction of weighted spaces can be traced back to the 1950s and 1960s, mo-
tivated by the study of PDEs on non-smooth domains. It was observed that solutions to
elliptic problems on non-smooth domains blow up near the boundary, which necessitates
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weighted function spaces to compensate for the singular behaviour. Many authors con-
tributed to the early developments of this theory, amongst others Kondratiev [152, 153],
Solonnikov [257] and Nečas [218]. The study of weighted spaces diverged into several
directions and became a standard tool within the fields of mathematical analysis and
applications to PDEs.

We mention some relevant literature about weighted function spaces. First of all, there
is a vast literature containing the systematic study of the properties of weighted function
spaces such as weighted Besov, Triebel–Lizorkin, Bessel potential and Sobolev spaces.
The function space theory is well developed for the standard (unweighted) spaces, see,
e.g., [27, 192, 262, 263]. However, weighted spaces may exhibit significantly different
behaviour. We list some important properties of weighted function spaces that we want
to have access to:

• density of smooth functions,

• embedding theorems and compactness of embeddings,

• extensions of functions from a domain O to Rd ,

• traces of functions on the boundary ∂O ,

• interpolation of weighted spaces.

Many of these elementary properties for (scalar-valued) weighted spaces can be found
in [169]. In addition, compactness of embeddings is studied in, e.g., [115, 116, 117], and
trace and interpolation theory can be found in, e.g., [37, 108, 252, 262].

For applications of weighted spaces to boundary value problems, we refer to the mono-
graphs [32, 154]. In particular, the application of weighted spaces plays an important role
in the study of (S)PDEs on domains with conical points, see, e.g., the monographs [155,
156, 202, 217] for applications to deterministic equations. In addition, the author con-
tributed to the study of boundary value problems on wedges with Robin-type boundary
conditions [34, 35]. For applications to SPDEs, we refer to, e.g., [141, 142, 143, 167] for
smooth domains and [44, 45, 46] for domains with conical points.

Given a bounded C 2-domain O ⊆Rd , it is well known that the Laplacian with Dirich-
let boundary conditions on Lp (O ) with p ∈ (1,∞) and the canonical domain W 2,p (O )∩
W 1,p

0 (O ) has the maximal regularity property and admits a bounded H∞-calculus, see
Example 1.1.3. However, if the regularity of O is too low (say Lipschitz or C 1), these
properties fail and explicit counterexamples can be constructed, see [60, 203]. In such
counterexamples, the derivatives of the solutions to the resolvent equation can drastically
blow up near the boundary ∂O . As a consequence, the canonical domain of the Dirichlet
Laplacian on Lp (O ) is no longer a closed subspace of W 2,p (O ). To restore the maximal
regularity with a gain of two derivatives for the solution, one has to impose additional
conditions such as convexity of the domain or restrict the scale of spaces, see, e.g., the
works of Dahlberg [59, 60] and Jerison & Kenig [129, 131]. In particular, Wood [277] expli-
citly proved that maximal Lq -regularity for the Laplacian on Lipschitz domains without
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weights is only possible if the integrability exponent q is severely restricted to a narrow
interval around 2.

Since the 1970s, weights also play a role in the field of harmonic analysis, see, e.g., [105,
106]. Most importantly, Muckenhoupt characterised the weights w such that the Hardy–
Littlewood maximal operator on Lp (Rd , w) is bounded [215]. These weights are known as
the Muckenhoupt Ap weights. In particular, if O =Rd+, then the power weight wγ := w∂Rd+

γ

belongs to the class of Muckenhoupt Ap weights if and only if γ ∈ (−1, p −1). However,
in applications to PDEs one typically wants to take γ large to damp the blow-up of the
solution near the boundary and the range γ ∈ (−1, p −1) is not sufficient, cf. Example
1.2.1. One of the main challenges in this dissertation is to lift results with Muckenhoupt
power weights γ ∈ (−1, p −1), which are obtained by harmonic analysis techniques, to
other weighted spaces with γ≥ p −1.

The maximal regularity framework was first extended to spaces incorporating temporal
weights, see e.g., [151, 179, 209, 210, 233, 235]. By introducing a time weight of the form tµ

in the definition of maximal regularity, one can allow for rough initial values. Since the real
interpolation space (X0,D(A))

1− µ+1
q ,q

is the optimal space for the initial value, it suffices

to consider temporal weights tµ with µ ∈ [0, q−1). On the other hand, for spatial weights it
makes sense to go beyond the case γ ∈ (−1, p −1). For example, the spatial trace operator
exists on W 2,p (O , w∂O

γ ; X ) with γ ∈ (p −1,2p −1) and thus it would still be interesting to

establish the maximal regularity for the operator A in (1.1.1) with X0 = Lp (O , w∂O
γ ) and

γ ∈ (p −1,2p −1). We refer to the works of Lindemulder, Meyries & Veraar [184, 189, 190,
211, 212, 213, 214] for a systematic study of properties of weighted vector-valued spaces
and applications to boundary value problems on weighted spaces.

1.3. Maximal regularity theory on weighted spaces
In the previous sections we have motivated the applications of functional and harmonic
analytical tools for the study of (S)PDEs, and the application of weighted function spaces
to deal with singular behaviour of solutions to (S)PDEs on domains. The main goal of
this dissertation is to unite these two fields and develop a powerful toolbox for studying
(S)PDEs on weighted spaces. In order to do so, we need a range of different techniques
and results, including

• Function space theory: trace and interpolation theory for weighted Sobolev spaces,

• Functional calculus: we establish the H∞-calculus for some prototype differential
operators on weighted spaces,

• Applications to (S)PDEs: the functional calculus immediately yields maximal regula-
rity for linear (S)PDEs on weighted spaces, allowing for a more flexible theory than
in the unweighted case.

To outline the results in this dissertation, we introduce the required weighted Lebesgue
and Sobolev spaces. Let O be the half-space Rd+ or a bounded domain. Recall that w∂O

γ =
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dist(·,∂O )γ for γ > −1 denotes the spatial power weight measuring the distance to the
boundary ∂O . In particular, if O =Rd+, we write wγ(x) := wRd+

γ (x) = |x1|γ for x = (x1, x̃) ∈Rd+.
Let p ∈ (1,∞) and let X be a Banach space. We define the weighted Lebesgue space
Lp (O , w∂O

γ ; X ) as the space of all f : O → X such that

∥ f ∥Lp (O ,w∂O
γ ;X ) :=

(∫
O
∥ f (x)∥p

X w∂O
γ dx

) 1
p <∞.

The k-th order weighted Sobolev space for k ∈N0 is defined as

W k,p (O , w∂O
γ ; X ) := {

f ∈D′(O ; X ) : ∀|α| ≤ k,∂α f ∈ Lp (O , w∂O
γ ; X )

}
equipped with the canonical norm. For γ= 0 and X =C, this coincides with the standard
Sobolev spaces W k,p (O ).

We also refer to the spaces W k,p (O , w∂O
γ ; X ) as inhomogeneous weighted Sobolev spaces,

since every derivative belongs to a Lebesgue space with the same weight. On the other
hand, homogeneous weighted Sobolev spaces (also called Kondratiev spaces) are often
used in the literature. In this case, one imposes the condition ∂α f ∈ Lp (O , w∂O

γ+|α|p ; X ). In
this dissertation, we mainly focus on inhomogeneous spaces, which are natural from a
functional analytic point of view since W k0,p (O , w∂O

γ ; X ) ,→W k1,p (O , w∂O
γ ; X ) if k0 ≥ k1.

One of the main results of this dissertation establishes the H∞-calculus for the Laplace
operator on weighted Sobolev spaces, see Chapter 6.

Theorem 1.3.1 (H∞-calculus for the Dirichlet Laplacian). Let p ∈ (1,∞), k ∈N0, κ ∈ [0,1]
and γ ∈ (−1,2p −1) \ {p −1}. Furthermore, suppose that

κ> 1− γ+1
p or, equivalently γ> (1−κ)p −1

and O is a bounded C 1,κ-domain. Then for all λ≥ 0 the operator

λ−∆Dir on W k,p (O , w∂O
γ+kp ) with D(∆Dir) = {

u ∈W k+2,p (O , w∂O
γ+kp ) : Tru = 0

}
has a bounded H∞-calculus of angle zero.

Moreover, the result also holds forλ−∆Dir on the vector-valued space W k,p (O , w∂O
γ+kp ; X )

if X is a UMD Banach space andλ≥ 0 is large enough. Theorem 1.3.1 generalises the result
of Lindemulder & Veraar, see [190, Theorem 6.1], where the case k = 0 and O a bounded
C 2-domain is treated. Theorem 1.3.1 allows for bounded C 1-domains if γ ∈ (p −1,2p −1),
while for γ ∈ (−1, p − 1) the smoothness of the domain may depend on the weight: if
the power of the weight is larger, then a rougher domain is allowed. The smoothness
parameter κ is almost optimal, as is proved in [203]. We summarise the main novelties of
Theorem 1.3.1.

(i) Functional calculus. We prove the boundedness of the H∞-calculus, which is, in
general, much harder to prove than maximal regularity and yields the bounded-
ness of many singular integral operators. In particular, boundedness of the H∞-
calculus implies (stochastic) maximal regularity. Consequently, we can recover
some maximal regularity results for the Dirichlet Laplacian from [149] (for bounded
C 1-domains) and [157] (for bounded C 1,κ-domains and k = 0).
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(ii) Rough domains. The smoothness of the domain O in Theorem 1.3.1 is independent
of the smoothness k of the Sobolev space. The reason for this is that we do not use
the standard localisation procedure from the half-space to domains (see, e.g., [67,
89, 166]). This standard localisation procedure typically works for C k+2-domains. In-
stead, we apply a more sophisticated C 1-diffeomorphism suitable for the weighted
setting.

(iii) Domain characterisation. As we have discussed in Section 1.2, if the regularity of the
domain O is too low, then the canonical domain of the Dirichlet Laplacian on Lp (O )
is no longer a closed subspace of W 2,p (O ). In Theorem 1.3.1 we have an explicit
characterisation of the domain of the Dirichlet Laplacian as a closed subspace of a
weighted Sobolev space of order k +2, while only imposing minimal smoothness
for the domain O .

(iv) Higher-order regularity without compatibility conditions. Higher-order regularity in
the unweighted setting requires additional boundary conditions for the data. Such
compatibility conditions are known to be necessary, see [66]. In Theorem 1.3.1 we
do not need such compatibility conditions, since due to the weight no traces exist
in W k,p (O , w∂O

γ+kp ). We will exploit this fact later on to set up a well-posedness and

regularity theory for mixed-order systems without compatibility conditions.

(v) Neumann boundary conditions. We also prove a version of Theorem 1.3.1 for the
Neumann Laplacian, see Chapters 5 and 6. The Neumann Laplacian on the half-
space is studied on weighted Sobolev spaces in [80, 81] (for k = 0), but a systematic
study on bounded domains seems to be unavailable until now.

The proof of Theorem 1.3.1 consists of the following three steps. We first consider the
case O =Rd+ and k = 0, for which the H∞-calculus was proved by Lindemulder & Veraar in
[190]. First of all, the case γ ∈ (−1, p −1) can be obtained using an odd reflection and the
result on the full space with weights measuring the distance to ∂Rd+. As we have discussed
before, for this range of γ the Hardy–Littlewood maximal operator is bounded and one
can employ Mihlin’s multiplier theorem to obtain the H∞-calculus via Fourier analytic
methods.

The extension of the range of γ follows from a careful study of the Dirichlet heat semi-
group on Rd+, i.e.,

e−t∆Dir f (x) =
∫
Rd+

[
Gt (x1 − y1, x̃ − ỹ)−Gt (x1 + y1, x̃ − ỹ)

]
f (y) dy,

where

Gt (x) := 1

(4πt )d/2
e−

|x|2
4t , t > 0, x ∈Rd ,

is the standard heat kernel on Rd . Due to the cancellation in the kernel of the semigroup
on Rd+, the range of γ can be extended to γ ∈ (−1,2p −1) by a perturbation argument. This
is possible since the kernel on Rd+ satisfies stronger estimates than the kernel Gt on Rd . In
addition, we note that for Neumann boundary conditions, the kernel on Rd+ is given by
Gt (x1−y1, x̃− ỹ)+Gt (x1+y1, x̃− ỹ) using an even reflection. Since there is no cancellation
in this kernel, the range γ ∈ (p −1,2p −1) is not available.
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In the second step, we use an induction argument on k to lift the result on Rd+ to
higher-order weighted spaces. This lifting argument is based on Hardy’s inequality

W k,p (Rd
+, wγ+kp ; X ) ,→ Lp (Rd

+, wγ; X ), p ∈ (1,∞), k ∈N1, γ>−1,

and properties of the pointwise multiplication operator Mu(x) := x1u(x). In particular, it
holds that

∥ f ∥W k,p (Rd+,wγ+kp ;X ) ≂
∑

|α|≤1
∥M∂α f ∥W k−1,p (Rd+,wγ+(k−1)p ;X ), f ∈W k,p (Rd

+, wγ+kp ; X ),

for p ∈ (1,∞), k ∈N1, and γ>−1. We illustrate how this can be used to lift the H∞-calculus
for k = 0 to k = 1. If ϕ is a bounded and holomorphic function on a sector in the complex
plane (see Definition 1.1.5) and u ∈W 1,p (Rd+, wγ+p ; X ), then

∥ϕ(A)u∥W 1,p (Rd+,wγ+p ;X ) ≂
∑

|α|≤1
∥M∂αϕ(A)u∥Lp (Rd+,wγ;X )

≲
∑

|α|≤1
∥ϕ(A)M∂αu∥Lp (Rd+,wγ;X ) +commutator term

≲
∑

|α|≤1
∥ϕ∥∞∥M∂αu∥Lp (Rd+,wγ;X ) +commutator term

≲ ∥ϕ∥∞∥u∥W 1,p (Rd+,wγ+p ;X ) +commutator term.

The core of the analysis is to calculate and estimate the commutator term. The case of
arbitrary k ≥ 1 goes similarly by induction.

Finally, to transfer the result of Theorem 1.3.1 from Rd+ to bounded domains, we employ
the standard method of localisation and perturbation. The key ingredient is the pertur-
bation of the H∞-calculus on the half-space to special domains, i.e., domains above the
graph of a function with compact support. A common method is to relate the Laplacian
on the half-space and on a special domain via a diffeomorphism. However, due to the low
regularity of the domain, we cannot use the standard diffeomorphism as in, e.g., [67, 89,
166, 275]. Instead, we construct a variant of the Dahlberg–Kenig–Stein pullback, based
on ideas in [140, 149, 275]. This diffeomorphism straightens the boundary, preserves the
distance to the boundary and leaves the direction of the normal vector at the boundary
invariant. Moreover, higher-order derivatives exist, but blow up near the boundary of the
domain. This blow-up is compensated by the weights in our spaces.

With estimates on this diffeomorphism at hand, we can employ perturbation theorems
for the H∞-calculus to extend the results to special domains. Another difficulty arising
in this perturbation argument is that, if the regularity of the domain is too low, then the
perturbations are of the same order as the Laplacian. It is known that the H∞-calculus
is not stable under small perturbations [207]. Additionally, we need the perturbations
to be well behaved with respect to a fractional power of the original operator. Finally, by
another localisation argument, based on lower-order perturbations, the H∞-calculus on
special domains is transferred to bounded domains.

To facilitate the perturbation argument in the above proof, it is important to have access
to complex interpolation results of weighted Sobolev spaces with boundary conditions. If
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a sectorial operator A on a Banach space X has bounded imaginary powers, then by [250]
it holds that

D(Aθ) = [X ,D(A)]θ, θ ∈ (0,1).

Hence, a characterisation of the complex interpolation space and the fractional domain
is helpful to perform the perturbation argument for the H∞-calculus. As we have seen,
D(A) is a Sobolev space incorporating the boundary conditions. Complex interpolation of
spaces with boundary conditions was initially studied by Grisvard and Seeley in [108, 109,
250, 251] and is now widely addressed in the literature due to its numerous applications.

This dissertation contributes to the study of complex interpolation of weighted Sobolev
spaces with and without boundary conditions. Let m ∈N0 and let B be an m-th order

normal boundary operator at ∂O . We denote by W k,p
B

(Rd+, wγ; X ) the closed subspace of

functions f ∈ W k,p (Rd+, wγ; X ) such that B f = 0, whenever the traces exist. One of our
main results includes the following characterisation of complex interpolation spaces,
which is a weighted and vector-valued extension of the interpolation results with bound-
ary conditions obtained by Seeley [251].

Theorem 1.3.2. Let p ∈ (1,∞), k ∈ {2,3, . . . }, γ ∈ (−1,∞) \ { j p − 1 : j ∈ N1} and let X be
a UMD Banach space. Let O be the half-space or a bounded C∞-domain. Then for ℓ ∈
{1, . . . ,k −1} we have[

Lp (O , w∂O
γ ; X ),W k,p (O , w∂O

γ ; X )
]
ℓ
k
=W ℓ,p (O , w∂O

γ ; X ),[
Lp (O , w∂O

γ ; X ),W k,p
B

(O , w∂O
γ ; X )

]
ℓ
k
=W ℓ,p

B
(O , w∂O

γ ; X ).

In the unweighted setting, the characterisation of complex interpolation spaces is based
on harmonic analysis arguments. However, since we want to study general power weights
w∂O
γ with γ>−1, we are not in the regime of Muckenhoupt Ap weights, which complicates

the entire analysis. Nonetheless, with suitable adaptations of the classical arguments (as
proved in, e.g., [16]), a lifting argument to increase γ and Wolff interpolation we obtain
a fairly complete interpolation theory for weighted Sobolev spaces. A key ingredient for
proving Theorem 1.3.2 is the characterisation of the trace spaces of weighted vector-
valued Besov, Triebel–Lizorkin, Bessel potential and Sobolev spaces, which are obtained
by partially extending the arguments in [16, 245] for the unweighted case.

As discussed in Section 1.1, the bounded H∞-calculus immediately yields (stochastic)
maximal regularity. So we can now use the H∞-calculus from Theorem 1.3.1 as a black
box to obtain the following results.

Example 1.3.3. Suppose that the conditions of Theorem 1.3.1 hold, and let q ∈ (1,∞) and
T ∈ (0,∞). Then −∆Dir on W k,p (O , w∂O

γ+kp ) has maximal Lq -regularity. In particular, for

every f ∈ Lq ((0,T );W k,p (O , w∂O
γ+kp )) there exists a unique solution u ∈ Lq ((0,T );W k+2,p (O ,

w∂O
γ+kp )) to ∂t u −∆u = f with u|∂O = 0 and u|t=0 = 0, which satisfies

∥∂t u∥Lq ((0,T );W k,p (O ,w∂O
γ+kp )) +∥u∥Lq ((0,T );W k+2,p (O ,w∂O

γ+kp )) ≲ ∥ f ∥Lq ((0,T );W k,p (O ,w∂O
γ+kp )).

The novelties of this result compared to Example 1.1.3 are as follows.
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(i) We obtain higher-order regularity without compatibility conditions on the data f .

(ii) The smoothness of the domain O is independent of the order of the Sobolev space.
Even for k = 0 and γ = 0, we can allow for a domain with less regularity than C 2,
which is usually imposed in the literature.

Additionally, the above maximal regularity result allows for data with blow-up behaviour
at the boundary. In particular, this means that the heat equation on O := (0,1) with data
f (t , x) := x−1 as studied in Example 1.2.1 can be treated with the above result, since

f ∈ Lq (
(0,T );W k,p (O , w∂O

γ+kp )
)

for all p, q ∈ (1,∞) and γ ∈ (p −1,2p −1).

As an extension of the result in Example 1.3.3, we prove maximal regularity for the heat
equation with inhomogeneous boundary data, i.e.,

∂t u −∆u = f (t , x) ∈ (0,T )×O ,

u|∂O = g t ∈ (0,T ),

u|t=0 = 0 x ∈O .

(1.3.1)

This requires the study of the spatial trace space of the solution space

U :=W 1,q (
(0,T );W k,p (O , w∂O

γ+kp )
)∩Lq (

(0,T );W k+2,p (O , w∂O
γ+kp )

)
.

For the unweighted setting with k = 0 and O a bounded C 2-domain, it is well known (see
[68]) that a necessary and sufficient condition is

g ∈ F
1− 1

2p
q,p

(
(0,T );Lp (∂O )

)∩Lq (
(0,T );B

2− 1
p

p,p (∂O )
)
,

where B and F denote a Besov and Triebel–Lizorkin space, respectively. In this dissertation,
we prove that in the setting of Example 1.3.3, the spatial trace operator Tr at ∂O is a
continuous and surjective mapping from U to

F
1− γ+1

2p
q,p

(
(0,T );Lp (∂O )

)∩Lq (
(0,T );B

2− γ+1
p

p,p (∂O )
)
.

Hence, the regularity required for g is independent of k and for γ> 0 we can treat a larger
class of data than in the unweighted setting. Moreover, this extends the weighted trace
result in [190] to rougher domains and more general smoothness.

Moreover, from the H∞-calculus in Theorem 1.3.1 we also obtain the following result
for stochastic equations.

Example 1.3.4. Suppose that the conditions of Theorem 1.3.1 hold, and let p, q ∈ (2,∞)
and T ∈ (0,∞). Then −∆Dir on W k,p (O , w∂O

γ+kp ) has stochastic maximal Lq -regularity. In

the case that γ ∈ (p −1,2p −1), we obtain from Theorem 1.3.2 that[
W k,p (O , w∂O

γ+kp ),W k+2,p
Dir (O , w∂O

γ+kp )
]

1
2
=W k+1,p (O , w∂O

γ+kp ),
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where no additional zero boundary conditions need to be specified. Hence, our stochastic
maximal regularity result means that for every progressively measurable f ∈ Lq (Ω×
(0,T );W k,p (O , w∂O

γ+kp )) and g ∈ Lq (Ω× (0,T );W k+1,p (O , w∂O
γ+kp )) there exists a unique

solution u to the stochastic heat equation

du −∆u dt = f dt + g dW (t ), t ∈ (0,T ),

with u|∂O = 0 and u|t=0 = 0, which satisfies

∥u∥Lq (Ω×(0,T );W k+2,p (O ,w∂O
γ+kp )) ≲ ∥ f ∥Lq (Ω×(0,T );W k,p (O ,w∂O

γ+kp )) +∥g∥Lq (Ω×(0,T );W k+1,p (O ,w∂O
γ+kp )).

Hence, if γ ∈ (p −1,2p −1) we do not have to impose any compatibility conditions on g ,
cf. Example 1.1.6.

After studying some straightforward consequences of the H∞-calculus, we move to
maximal regularity for a more complicated equation. We consider the linear structurally
damped plate equation with inhomogeneous Dirichlet–Neumann boundary conditions
given by 

∂2
t u +∆2u −ρ∆∂t u = f (t , x) ∈ (0,T )×O ,

u = g0 (t , x) ∈ (0,T )×∂O ,

∂n u = g1 (t , x) ∈ (0,T )×∂O ,

u|t=0 = (∂t u)|t=0 = 0 x ∈O .

(1.3.2)

Here, ρ > 0 is a fixed parameter and ∂n denotes the inner normal derivative. Furthermore,
T ∈ (0,∞] is a time horizon, and we consider the case of the half-space O = Rd+ and the
case of a bounded domain O ⊆Rd . We remark that these Dirichlet–Neumann boundary
conditions are mathematically more involved than the boundary conditions u =∆u = 0,
which can be treated by more standard operator-theoretic methods, see, e.g., [40, 42, 246].

To study maximal regularity for (1.3.2), we rewrite it as a first-order system for v =
(u,∂t u)⊤, i.e.,

∂t v + Av =
(

0
f

)
with A =

(
0 − id
∆2 −ρ∆

)
. (1.3.3)

As we have discussed in Section 1.1, it suffices to establish R-sectoriality of the operator
matrix A. It was shown by Denk & Schnaubelt in [74] that the operator A in (1.3.3) is

R-sectorial on W 2,p
0 (Rd+)×Lp (Rd+), but not on W 2,p (Rd+)×Lp (Rd+). Therefore, one has to

include the additional boundary conditions h1 = ∂n h1 = 0 on ∂Rd+ for the first component
of the right-hand side of the equation (λ− A)v = h. It was shown in [66] that such com-
patibility conditions are in general necessary for the sectoriality in unweighted spaces.
As we have seen previously, we can avoid any compatibility conditions on the data by
introducing weighted Sobolev spaces. We obtain R-sectoriality of A on

X
k,p
γ (Rd

+) :=W k,p (Rd
+, wγ+kp )×W k−2,p (Rd

+, wγ+kp ),

where p ∈ (1,∞), γ ∈ (−1, p − 1) and k ∈ N0. In particular, setting k = 2, we can re-

place the space W 2,p
0 (Rd+)×Lp (Rd+) from [74] by the weighted space W 2,p (Rd+, wγ+2p )×

Lp (Rd+, wγ+2p ).



1.3. Maximal regularity theory on weighted spaces 17

We obtain R-sectoriality of A on the weighted spaces Xk,p
γ (Rd+) by extrapolation and

lifting. We start with R-sectoriality of A on the space W 2,p
0 (Rd+, wγ)×Lp (Rd+, wγ) for γ ∈

(−1, p −1), which can be obtained by extending the results in [74] to the weighted setting.
Then we lower the smoothness of the spaces by extrapolating the operator in the sense
of Amann’s interpolation-extrapolation scales [14]. For the extrapolated operator on
Lp (Rd+, wγ)×W −2,p (Rd+, wγ), due to the low regularity, the boundary conditions are not
seen, so there are no compatibility conditions needed. This proves R-sectoriality on

X
0,p
γ (Rd+).
Afterwards, with an induction argument on k, we raise the smoothness and the weight

with a similar lifting technique as in the proof of Theorem 1.3.1. In this way, we can

obtain R-sectoriality in weighted spaces Xk,p
γ (Rd+) of arbitrary smoothness k ∈N0 without

artificial compatibility conditions.

Once the R-sectoriality is obtained on Rd+, a localisation argument based on the Dahl-
berg–Kenig–Stein pullback allows us to treat the case of bounded domains. Therefore, we
can establish the results for domains with C 1,κ-boundary, even for higher-order regularity.
Note that even for the standard regularity k = 2, the classical localisation would require a
domain of class C 4, as can be seen from [74, Section 5].

Finally, we obtain maximal regularity for A, which gives well-posedness of (1.3.2) with
g0 = g1 = 0. Using the trace theory for intersections of weighted Sobolev spaces we can
allow for rough inhomogeneous boundary conditions, see below Example 1.3.3.

To conclude this introduction, we briefly outline potential applications of the weighted
setting to (stochastic) partial differential equations for future research.

• The weighted setting could be helpful in the study of stochastic equations with
gradient noise, e.g.,{

du −∆u dt = f dt + (b ·∇u + g ) dW (t ) t ∈ (0,T ),

u(0) = 0.

In the unweighted setting, we have seen that the stochastic part needs to satisfy
certain compatibility conditions, which in this case leads to conditions on the
vector b, see [85]. In the weighted setting, any compatibility or smallness conditions
on the coefficients b can be omitted, see [167]. Only in specific situations one can
reduce to the case b = 0, see [231] and the references therein.

• Consider a problem with boundary noise, i.e.,
∂t u −∆u = 0 (t , x) ∈ (0,T )×O ,

u = Ẇ (t , x) ∈ (0,T )×∂O ,

u|t=0 = 0 x ∈O ,

as systematically studied by Da Prato & Zabczyk [56, 57]. A weighted setting is
helpful to get as much regularity for the solution as possible, see [103]. Applications
of the bounded H∞-calculus and stochastic maximal regularity on unweighted
spaces for the Navier–Stokes equations with boundary noise can be found in [8, 9].
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• In Theorem 1.3.1 we have established a trade-off between domain regularity and
the weight: lower domain regularity can be compensated by enlarging the weight
exponent. A natural question is whether we can weaken the domain regularity even
further to, e.g., Lipschitz domains if γ ∈ (p −1,2p −1). Within the framework of
mixed weights, maximal regularity and the H∞-calculus have been established on
wedges, which are merely Lipschitz domains [47, 48].

• The operator A arising from the damped plate equation in (1.3.3) is an example
of a mixed-order system, see [6, 7]. In general, semigroup theory for mixed-order
boundary value problems is not available. For a general mixed-order system on the
whole space, the Newton polygon theory developed in, e.g., [69, 73, 101] deals with
such systems. The methods that are used to study the damped plate equation in
Chapter 8 might also be applicable to more general mixed-order systems, thereby
avoiding compatibility conditions.

1.4. Outline of this dissertation
The outline of this dissertation is as follows.

• In Chapter 2, we start with a discussion of some preliminary results. This includes
introducing the required notation and definitions. In addition, we provide the
construction of diffeomorphisms, which are required for localisation arguments.
Such diffeomorphisms are standard in the literature for smooth domains, but we
present a construction that is suitable for rough domains.

Subsequently, this thesis is divided into three parts.

Part I: Function space theory.
• In Chapter 3, we study trace and interpolation theory for weighted spaces. We

characterise the higher-order trace spaces of weighted vector-valued Besov, Triebel–
Lizorkin, Bessel potential and Sobolev spaces. This allows us to derive certain
density results for weighted spaces with boundary conditions. Moreover, we charac-
terise the complex interpolation spaces of weighted vector-valued Sobolev spaces
with and without boundary conditions.

• In Chapter 4, we characterise the higher-order trace spaces of weighted vector-
valued anisotropic Triebel–Lizorkin spaces, which yields the trace spaces for inter-
sections of weighted vector-valued Sobolev spaces. This trace theory enables us to
treat parabolic boundary value problems with rough boundary conditions.

Part II: Functional calculus.
• In Chapter 5, we start the investigation of functional calculus on weighted spaces.

In particular, we prove that the Laplace operator on the half-space with Dirichlet or
Neumann boundary conditions admits a bounded H∞-calculus.
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• In Chapter 6, we continue the study of functional calculus for the Laplace operator.
Using the functional calculus for the Laplacian onRd+, perturbation, and localisation
arguments, we obtain that the Laplace operator on rough domains with Dirichlet
or Neumann boundary conditions admits a bounded H∞-calculus.

Part III: Applications to partial differential equations.
• In Chapter 7, we study (stochastic) maximal regularity for the Laplacian using

the functional calculus developed in Chapters 5 and 6. In this way, we prove well-
posedness and higher-order regularity for the (stochastic) heat equation on rough
domains. In addition, we employ the trace theory from Chapter 4 to treat the heat
equation with rough inhomogeneous boundary data.

• In Chapter 8, we prove well-posedness and higher-order regularity for a structur-
ally damped plate equation with inhomogeneous Dirichlet–Neumann boundary
conditions on rough domains. To this end, we establish R-sectoriality of the related
first-order system on weighted spaces. The weighted spaces allow us to avoid any
unnatural compatibility conditions for the data, which are necessarily present in
the unweighted case.





2
Preliminaries

In this chapter, we present the background material that will be used throughout this
dissertation.

2.1. Notation
We start by introducing some basic notation.

• We denote byN0 andN1 the sets of natural numbers starting at 0 and 1, respectively.

• For a ∈R, we use the notation (a)+ = a if a ≥ 0 and (a)+ = 0 otherwise.

• For d ∈ N1 the half-spaces are given by Rd
± = R± ×Rd−1, where R+ = (0,∞) and

R− = (−∞,0). For x ∈Rd
± we write x = (x1, x̃) with x1 ∈R± and x̃ ∈Rd−1.

• For two topological vector spaces X and Y , the space of continuous linear operators
is denoted by L (X ,Y ) and L (X ) := L (X , X ). Unless specified otherwise, X will
always denote a Banach space with norm ∥ ·∥X and its dual space is X ′ :=L (X ,C).

• For a linear operator A : X ⊇ D(A) → X on a Banach space X , we denote by σ(A)
and ρ(A) the spectrum and resolvent set, respectively. For λ ∈ ρ(A), the resolvent
operator is given by R(λ, A) = (λ− A)−1 ∈L (X ).

• We write f ≲ g (resp. f ≳ g ) if there exists a constant C > 0, possibly depending on
parameters which will be clear from the context or will be specified in the text, such
that f ≤C g (resp. f ≥C g ). Furthermore, f ≂ g means f ≲ g and g ≲ f .

• For an open and non-empty set O ⊆Rd and ℓ ∈N0∪{∞}, the space Cℓ(O ; X ) denotes
the space of ℓ-times continuously differentiable functions from O to the Banach
space X . As usual, this space is equipped with the compact-open topology. In the
case ℓ = 0 we write C (O ; X ) for C 0(O ; X ). Furthermore, we write Cℓ

b(O ; X ) for the

space of all functions f ∈ Cℓ(O ; X ) such that ∂α f is bounded on O for all multi-
indices α ∈Nd

0 with |α| ≤ ℓ.

21
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• Let C∞
c (O ; X ) be the space of compactly supported smooth functions on O equipped

with its usual inductive limit topology. The space of X -valued distributions is given
by D′(O ; X ) :=L (C∞

c (O ); X ). Moreover, C∞
c (O ; X ) is the space of smooth functions

with their support in a compact set contained in O .

• We denote the Schwartz space by S (Rd ; X ), and S ′(Rd ; X ) :=L (S (Rd ); X ) is the
space of X -valued tempered distributions. For O ⊆Rd we define S (O ; X ) := {u|O :
u ∈ S (Rd ; X )}. For f ∈ S (Rd ; X ) we define the d-dimensional Fourier transform
and its inverse

(F f )(ξ) := f̂ (ξ) :=
∫
Rd

f (x)e−ix·ξ dx, ξ ∈Rd ,

(F−1 f )(x) = 1

(2π)d

∫
Rd

f (ξ)e ix·ξ dξ, x ∈Rd ,

which extends to S ′(Rd ; X ) by duality.

2.2. Weighted function spaces
Let O ⊆ Rd be open. We call a locally integrable function w : O → (0,∞) a weight. In
particular, we will deal with the following classes of weights.

(i) Muckenhoupt Ap weights. Let p ∈ (1,∞) and let O be Rd , Rd+ or an interval (0, a) for
a > 0. A weight w on O belongs to the Muckenhoupt class Ap (O ) if

[w]Ap (O ) := sup
B

( 1

|B |
∫

B
w(x) dx

)( 1

|B |
∫

B
w(x)−

1
p−1 dx

)p−1 <∞,

where the supremum is taken over all balls B ⊆O . Moreover, A∞(O ) :=⋃
p>1 Ap (O ).

A weight is called even if w(−x1, x̃) = w(x1, x̃) for (x1, x̃) ∈Rd+. We have w ∈ Ap (Rd )
and w is even if and only if w ∈ Ap (Rd+).

The Muckenhoupt weights play an important role in harmonic analysis due to
the following fact. For p ∈ (1,∞) it holds that w ∈ Ap (Rd ) if and only if the Hardy–
Littlewood maximal operator is bounded on Lp (Rd , w). For a detailed study of
Muckenhoupt weights and their properties, we refer to [105, Chapter 7].

(ii) Power weights. Let O ⊆Rd be open such that O has a non-empty boundary ∂O . For
γ ∈R define w∂O

γ on O by

w∂O
γ (x) := dist(x,∂O )γ, x ∈O .

Furthermore, we write wγ(x) := w∂Rd+
γ (x) = |x1|γ for x = (x1, x̃) ∈ Rd+. Note that

wγ(x) = |x1|γ also defines a weight on Rd . Moreover, the power weight wγ(x) = |x1|γ
is in Ap (O ) if and only if γ ∈ (−1, p −1).
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For p ∈ [1,∞), w a weight and X a Banach space, we define the weighted Lebesgue
space Lp (O , w ; X ) as the Bochner space consisting of all equivalence classes of strongly
measurable f : O → X such that

∥ f ∥Lp (O ,w ;X ) :=
(∫

O
∥ f (x)∥p

X w(x) dx
) 1

p <∞.

If w ≡ 1, then we simply write Lp (O ; X ). Furthermore, if X =C, then we omit this from the
notation as well.

Let p ∈ (1,∞) and w be such that w− 1
p−1 ∈ L1

loc(O ). The k-th order weighted Sobolev
space for k ∈N0 is defined as

W k,p (O , w ; X ) := {
f ∈D′(O ; X ) : ∀|α| ≤ k,∂α f ∈ Lp (O , w ; X )

}
equipped with the canonical norm. Similar as above, if w ≡ 1, then we write W k,p (O ; X )
and if X =C, then we omit this from the notation.

Remark 2.2.1. The local L1 condition for w−1/(p−1) ensures that all the derivatives ∂α f are
locally integrable in O . If O is the half-space Rd+ or a bounded domain, then this condition
for power weights w∂O

γ holds for all γ ∈R. On O =Rd we consider weights wγ(x) = |x1|γ,

which are locally integrable if γ>−1. The local L1 condition for w−1/(p−1)
γ only holds for

γ< p −1 since functions might not be locally integrable near x1 = 0. Hence, we can only
consider γ ∈ (−1, p −1) on Rd , see also [170]. This explains why, for example, we cannot
employ classical reflection arguments from Rd+ to Rd if γ≥ p −1.

We continue with the well-known Hardy’s inequality for spaces with power weights, see,
e.g., [169, Section 5]. First, recall that for p ∈ [1,∞), γ ∈ (−∞, p −1) and X a Banach space,
we have the Sobolev embedding

W 1,p (R+, wγ; X ) ,→C ([0,∞); X ), (2.2.1)

so that the boundary value u(0) is well defined for u ∈ W 1,p (R+, wγ; X ), see, e.g., [190,
Lemma 3.1]. We state the following version of Hardy’s inequality from [190, Lemma 3.2 &
Corollary 3.3], which will allow us to estimate Sobolev norms with both different weights
and smoothness.

Lemma 2.2.2. Let p ∈ [1,∞) and let X be a Banach space. Let u ∈ W 1,p (R+, wγ; X ) and
assume either

(i) γ< p −1 and u(0) = 0, or

(ii) γ> p −1.

Then
∥u∥Lp (R+,wγ−p ;X ) ≤Cp,γ∥u′∥Lp (R+,wγ;X ).

In addition, if k ∈N1 and γ> p −1, then

W k,p (Rd
+, wγ; X ) ,→W k−1,p (Rd

+, wγ−p ; X ).
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2.3. Functional calculus
We introduce the notions of sectoriality and functional calculus.

2.3.1. Sectorial operators
For ω ∈ (0,π), let Σω = {z ∈C\ {0} : |arg(z)| <ω} be the sector in the complex plane.

Definition 2.3.1. An injective, closed linear operator (A,D(A)) with dense domain and
dense range on a Banach space X is called sectorial if there exists a ω ∈ (0,π) such that
σ(A) ⊆Σω and

sup
λ∈C\Σω

∥λR(λ, A)∥ <∞. (2.3.1)

Furthermore, the angle of sectoriality ω(A) is defined as the infimum over all possible ω.

Remark 2.3.2. If A is a linear operator on a Banach space X satisfying (2.3.1), then A is
closed. Moreover, if X is reflexive, then A has dense domain. Furthermore, if A has dense
range, then A is injective. See [125, Propositions 10.1.7(3) and 10.1.9].

We state a lemma that relates the growth of the semigroup e−z A to the estimate on the
resolvent of A. For related results of this type, we refer to [239].

Lemma 2.3.3. Let A be a linear operator on a Banach space X and let α≥ 1. The following
are equivalent.

(i) There exist ω ∈ (0, π2 ) and C1 > 0 such that σ(A) ⊆Σω and

∥(λ+ A)−1∥L (X ) ≤C1

( 1

|λ|α + 1

|λ|
)
, λ ∈Σπ−ω.

(ii) There exist η ∈ (0, π2 ) and C2 > 0 such that −A generates an analytic C0-semigroup on
Ση and

∥e−z A∥L (X ) ≤C2(|z|α−1 +1), z ∈Ση.

Proof. We first prove that (i) implies (ii). Let µ> 0, then there exists a constant K , inde-
pendent of λ and µ, such that

∥(λ+µ+ A)−1∥L (X ) ≤C1

( 1

|λ+µ|α + 1

|λ+µ|
)
≤ K

|λ|
( 1

µα−1 +1
)
,

since µ≤ k0|λ+µ| and |λ| ≤ k1|λ+µ| with constants k0,k1 > 0 only depending on ω. By
standard theory for analytic semigroups (see [125, Theorem G.5.2]) it follows

∥e−z(µ+A)∥L (X ) ≤ K1

( 1

µα−1 +1
)
, z ∈Σ π

2 −ω.

The result follows upon taking µ= 1/|z| because

∥e−z A∥L (X ) = |e z
|z| |∥e−z( 1

|z|+A)∥L (X ) ≤C2(|z|α−1 +1).
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We now prove that (ii) implies (i). First, let λ ∈Σω for ω ∈ (0, π2 ). By the Laplace transform
we obtain

∥(λ+ A)−1∥L (X ) =
∥∥∥∫ ∞

0
e−λt e−t A dt

∥∥∥
L (X )

≤C2

∫ ∞

0
e−Reλt (tα−1 +1) dt

= K
( 1

(Reλ)α
+ 1

Reλ

)
≤ K1

( 1

|λ|α + 1

|λ|
)
,

where the constants K and K1 only depend on ω and C2. By considering the rotated
operator e iθA with |θ| < η, we obtain (i).

2.3.2. The holomorphic functional calculus
We first introduce the following Hardy spaces. Let ω ∈ (0,π), then H 1(Σω) is the space of
all holomorphic functions f :Σω→C such that

∥ f ∥H 1(Σω) := sup
|ν|<ω

∥t 7→ f (e iνt )∥L1(R+, dt
t ) <∞.

Moreover, let H∞(Σω) be the space of all bounded holomorphic functions on the sector
with norm

∥ f ∥H∞(Σω) := sup
z∈Σω

| f (z)|.

Definition 2.3.4. Let A be a sectorial operator on a Banach space X and let ω ∈ (ω(A),π),
ν ∈ (ω(A),ω) and f ∈ H 1(Σω). We define the operator

f (A) := 1

2πi

∫
∂Σν

f (z)R(z, A) dz,

where ∂Σν is traversed downwards. The operator A has a bounded H∞(Σω)-calculus if
there exists a C > 0 such that

∥ f (A)∥ ≤C∥ f ∥H∞(Σω) for all f ∈ H 1(Σω)∩H∞(Σω).

Furthermore, the angle of the H∞-calculus ωH∞ (A) is defined as the infimum over all
possible ω>ω(A).

For details on the H∞-calculus we refer to [118] and [125, Chapter 10].

Remark 2.3.5. If the sectorial operator A is in addition invertible, then the behaviour of
the function f ∈ H 1(Σω) in the neighbourhood of 0 is immaterial. By Cauchy’s theorem,
we can equivalently define

f (A) = 1

2πi

∫
Γν

f (z)R(z, A) dz,

where Γν is the boundary of Σν \ B(0,δ) with δ> 0 small enough such that B(0,δ) ⊆ ρ(A).
See [118, Section 2.5.1] for more details.
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2.4. The UMD property
A Banach space X satisfies the condition UMD (unconditional martingale differences)
if and only if the Hilbert transform extends to a bounded operator on Lp (R; X ) for all
p ∈ (1,∞). We list the following relevant properties of UMD spaces, see for instance [124,
Chapter 4 & 5].

(i) Hilbert spaces are UMD Banach spaces. In particular, C is a UMD space.

(ii) If p ∈ (1,∞), (S,Σ,µ) is a σ-finite measure space and X is a UMD Banach space,
then Lp (S; X ) is a UMD Banach space.

(iii) UMD Banach spaces are reflexive.

The UMD property is known to be necessary for many results on vector-valued Sobolev
spaces (see [21], [124, Section 5.6] and [126, Corollary 13.3.9]). Moreover, the boundedness
of the H∞-calculus of −∆ on spaces such as Lp (Rd ; X ) is also equivalent to the UMD
property (see [125, Section 10.5]).

2.5. Complex interpolation
We collect some basic properties of the complex interpolation method. For a detailed
study of interpolation methods, we refer to, e.g., [27, 262].

Let A ⊆R be an interval. Let SA := {z ∈C : Re z ∈ A} be a strip in the complex plane and
we write S if A = (0,1). Let (X0, X1) be an interpolation couple of complex Banach spaces,
i.e., a pair of Banach spaces which are continuously embedded in a linear Hausdorff
space X . We denote by H (X0, X1) the complex vector space of all continuous functions
f :S→ X0 +X1 such that f is holomorphic on Swith values in X0 +X1 and the mapping
t 7→ f ( j + it) belongs to Cb(R; X j ) for j ∈ {0,1}. The space H (X0, X1) endowed with the
norm

∥ f ∥H (X0,X1) := max
j∈{0,1}

sup
t∈R

∥ f ( j + it )∥X j

is a Banach space.

Definition 2.5.1. Let (X0, X1) be an interpolation couple and θ ∈ (0,1), then the complex
interpolation space [X0, X1]θ is the complex vector space of all x ∈ X0 + X1 such that
f (θ) = x for some f ∈H (X0, X1).

The space [X0, X1]θ endowed with the norm

∥x∥[X0,X1]θ := inf
{∥ f ∥H (X0,X1) : f (θ) = x

}
is a Banach space and satisfies

X0 ∩X1 ,→ [X0, X1]θ ,→ X0 +X1.

Finally, if f ∈H (X0, X1) and g t (z) := f (z+it ) for z ∈S and t ∈R, then g t ∈H (X0, X1) and

∥ f (θ+ it )∥[X0,X1]θ ≤C∥ f ∥H (X0,X1), θ ∈ (0,1), t ∈R. (2.5.1)
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2.6. Domains & localisation techniques
Let κ ∈ (0,1] and let O ⊆Rd−1 be open. A function h : O →R is called uniformly κ-Hölder
continuous on O if

[h]κ,O := sup
x,y∈O

x ̸=y

|h(x)−h(y)|
|x − y |κ <∞.

In addition, for ℓ ∈N0 we define the space of κ-Hölder continuous functions by

Cℓ,κ
b (O ) := {h ∈Cℓ

b(O ) : [∂αh]κ,O <∞ for all |α| = ℓ}.

For κ = 0 we write Cℓ,0
b (O ) := Cℓ

b(O ). By Cℓ,κ
c (O ) we denote the subset of functions in

Cℓ,κ(O ) with compact support in O . Moreover, on Cℓ,κ
b (O ) we define the norm

∥h∥Cℓ,κ(O ) := ∑
|α|≤ℓ

sup
x∈O

|∂αh(x)|+ ∑
|α|=ℓ

[∂αh]κ,O .

Definition 2.6.1. Let O ⊆ Rd be a domain, i.e., a connected open set. Let ℓ ∈ N0 and
κ ∈ [0,1].

(i) We call O a special Cℓ,κ
c -domain if, after translation and rotation, it is of the form

O = {(x1, x̃) ∈Rd : x1 > h(x̃)} (2.6.1)

for some h ∈Cℓ,κ
c (Rd−1;R).

(ii) Given a special Cℓ,κ
c -domain O , we define

[O ]Cℓ,κ := ∥h∥Cℓ,κ(Rd−1),

where h ∈ Cℓ,κ
c (Rd−1;R) is such that, after rotation and translation, (2.6.1) holds.

Note that [O ]Cℓ,κ is uniquely defined due to the compact support of h.

(iii) We call O a Cℓ,κ-domain if every boundary point x ∈ ∂O admits an open neighbour-
hood V such that

O ∩V =W ∩V and ∂O ∩V = ∂W ∩V

for some special Cℓ,κ
c -domain W .

If κ= 0, then we write Cℓ for Cℓ,0 in the definitions above.

For any δ> 0 and Cℓ-domain O , the special Cℓ
c -domains W can always be chosen such

that [W ]Cℓ < δ. If κ ∈ (0,1], ε ∈ (0,κ) and O is a Cℓ,κ-domain, then for any δ> 0, the special

Cℓ,κ
c -domains W can be chosen such that [W ]Cℓ,κ−ε < δ. Indeed, if h ∈ Cℓ,κ

c (Rd−1;R) is
associated with W , then for any |α| = ℓ, we have

[∂αh]κ−ε,Rd−1 = sup
x,y∈Rd−1

x ̸=y

|∂αh(x)−∂αh(y)|
|x − y |κ |x − y |ε < δ,

whenever |x − y |ε is small enough. Note that for ε= 0, the quantity [∂αh]κ,Rd−1 cannot be
made arbitrarily small.
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2.6.1. Localisation
A standard technique in the theory of partial differential equations is localisation to
transfer results on Rd to domains. This requires the construction of diffeomorphisms
from special domains O := {x ∈Rd : x1 > h(x̃)} to the half-space Rd+. In the literature, such
diffeomorphisms are frequently used for smooth domains. In the rest of this section, we
will construct modifications of such diffeomorphisms for rough domains.

We start with some definitions. Throughout this section, we consider d ≥ 2.

Definition 2.6.2. Let U ,V ⊆ Rd , ℓ ∈N1 and κ ∈ [0,1]. A map Φ : U → V is called a Cℓ,κ-
diffeomorphism if Φ is a bijection, Φ ∈Cℓ,κ(U ;Rd ) and Φ−1 ∈Cℓ,κ(V ;Rd ).

To be able to deal with boundary value problems involving the normal derivative on the
boundary, we need a diffeomorphism that preserves the direction of the normal vector.
This is the notion of admissibility, see [275, Section 2.4].

Definition 2.6.3. Let U and V be C 1-domains,ℓ ∈N1 andκ ∈ [0,1]. A Cℓ,κ-diffeomorphism
Φ : U →V is called admissible at the point x ∈ ∂U if the push-forward DΦ corresponding
to Φ has the following properties:

(i) DΦ maps the tangent space T∂U ,x to T∂V ,Φ(x);

(ii) DΦ maps the inner normal ν(x) of ∂U to the inner normal ν(Φ(x)) of ∂V .

Note that in the definition above, we do not require that the length of the normal vector
is preserved. Furthermore, it holds that Φ is admissible at x ∈ ∂U if and only if Φ−1 is
admissible at y =Φ(x) ∈ ∂V .

We note that for special C 1-domains of the form O := {x ∈Rd : x1 > h(x̃)} for some h ∈
C 1(Rd−1), the inner normal direction at the boundary of O is ν(x) = ν(x̃) = (1,−∇x̃ h(x̃))⊤
and the tangent space is spanned by the vectors

(∂x2 h(x̃),1,0, . . . ,0)⊤, . . . , (∂xd h(x̃),0,0, . . . ,1)⊤.

Example 2.6.4. Let ℓ ∈N1 and κ ∈ [0,1]. For a special domain O corresponding to h ∈
Cℓ,κ

c (Rd−1), the following two classical diffeomorphisms are well known in the literature.

(i) The most frequently used diffeomorphism Φcl : O →Rd+ is given by

Φcl(x) = (x1 −h(x̃), x̃), x = (x1, x̃) ∈O ,

Φ−1
cl (y) = (y1 +h(ỹ), ỹ), y = (y1, ỹ) ∈Rd+,

see, e.g., [67, 89, 166]. This is a Cℓ,κ-diffeomorphism which, in general, is not ad-
missible for all x ∈ ∂O . This can be seen, e.g., from the push-forward of Φ−1

cl , which
is given by

DΦ−1
cl (y) =

(
1 (∇ỹ h(ỹ))⊤
0 Id−1

)
, y ∈Rd+.
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(ii) Let ℓ≥ 2. Following the construction in [275, Theorem 2.12], one can obtain a less
regular diffeomorphism that is admissible for all points at the boundary. Let

ν(x) = (1, ν̃(x̃)) = (1,−∇x̃ h(x̃))

be the inner normal direction at the boundary of O . Consider Ψcl :Rd+ →O given by

Ψcl(y) = (y1 +h(ỹ), ỹ + y1ν̃(ỹ)).

The push-forward of Ψcl at the boundary y1 = 0 is

DΨcl(y)|y1=0 =
(

1 (∇ỹ h(ỹ))⊤
ν̃(ỹ) Id−1 + y1D ỹ ν̃(ỹ)

)∣∣∣
y1=0

=
(

1 (∇ỹ h(ỹ))⊤
−∇ỹ h(ỹ) Id−1

)
,

(2.6.2)

for all ỹ ∈ Rd−1. Hence, for y1 = 0 we have |detDΨcl(y)| ≥ 1 and thus there exists

a δ> 0 such that |detDΨcl(y)| ≥ 1
2 > 0 for all y ∈Rd+ with 0 ≤ y1 ≤ δ. By the inverse

function theorem, there exists an inverse Ψcl to Ψcl on this strip. Then Ψcl is a
Cℓ−1,κ-diffeomorphism since ν̃ ∈ Cℓ−1,κ(Rd−1). Moreover, (2.6.2) shows that Ψcl

is an admissible Cℓ−1,κ-diffeomorphism for all x ∈ ∂O . In the case that ℓ = 1, we
obtain that Ψcl is a homeomorphism.

If Φcl is the Cℓ,κ-diffeomorphism from Example 2.6.4(i), then the change of coordinates
mapping (Φcl)∗ f := f ◦Φ−1

cl is an isomorphism between W k,p (O , w∂O
γ ) and W k,p (Rd+, wγ)

for ℓ≥ k. To be able to deal with rougher domains, i.e., ℓ< k, we will mollify the diffeo-
morphism to make it smooth in the interior. This causes blow-up behaviour of higher-
order derivatives near the boundary. Below, we present the construction of these mollified
versions of Φcl and Ψcl, denoted Φ and Ψ respectively.

First, we consider a mollified version of the diffeomorphism Φcl in Example 2.6.4(i).
This mollified diffeomorphism is in the literature also known as the Dahlberg–Kenig–Stein
pullback, which dates back to [61, 62] and is, for instance, applied in [63, 90, 139]. The
Dahlberg–Kenig–Stein pullback is often used for domains with low regularity (less than
C 1), see the above-mentioned literature. For our purposes, we require estimates on higher-
order derivatives of the pullback in the case of more regular domains (more than C 1).
The following lemma is an extension of the result for C 1-domains in [149, Lemmas 2.6 &
3.8], which is based on the works [100, 182]. The result of Lemma 2.6.5 is also obtained in
[140, Lemma 2.14] with a somewhat different proof than the one below. Nonetheless, we
provide the proof since parts of it will be reused for constructing the diffeomorphism Ψ

in Lemma 2.6.6.

Lemma 2.6.5. Let O be a special C 1
c -domain. Then there exist continuous functions

h1 : O →R and h2 : Rd+ →Rwhich satisfy the following properties.

(i) The map Φ : O →Rd+ given by

Φ(x) = (x1 −h1(x), x̃), x = (x1, x̃) ∈O ,
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is a C 1-diffeomorphism with inverse Φ−1 :Rd+ →O given by

Φ−1(y) = (y1 +h2(y), ỹ), y = (y1, ỹ) ∈Rd+.

(ii) We have
dist(Φ(x),∂Rd

+)≂ dist(x,∂O ), x ∈O ,

dist(Φ−1(y),∂O )≂ dist(y,∂Rd
+), y ∈Rd

+,

where the implicit constants depend on [O ]C 1 .

(iii) We have h1 ∈C∞(O ) and h2 ∈C∞(Rd+).

In addition, let ℓ ∈N1, κ ∈ [0,1] and let O be a special Cℓ,κ
c -domain with [O ]Cℓ,κ ≤ 1.

(iv) The map Φ in (i) is a Cℓ,κ-diffeomorphism and for all α ∈ Nd
0 , ℓ0 ∈ {0, . . . ,ℓ} and

κ0 ∈ [0,κ], we have

|∂αh1(x)| ≤C · [O ]Cℓ,κ ·dist(x,∂O )−(|α|−ℓ0−κ0)+ , x ∈O ,

|∂αh2(y)| ≤C · [O ]Cℓ,κ ·dist(y,∂Rd
+)−(|α|−ℓ0−κ0)+ , y ∈Rd

+,

where the constant C > 0 only depends on ℓ,κ,α and d.

We have a similar result for the mollified version of the admissible diffeomorphism Ψcl

in Example 2.6.4(ii).

Lemma 2.6.6. Let O be a special C 1
c -domain. Then there exists a Λ ∈ (0,1) such that if

[O ]C 1 ≤ Λ, then there exist continuous functions h1 : O → R, h̃1 : O → Rd−1, h2 : Rd+ → R

and h̃2 :Rd+ →Rd−1 which satisfy the following properties.

(i) The map Ψ : O →Rd+ given by

Ψ(x) = (x1 −h1(x), x̃ − h̃1(x)), x = (x1, x̃) ∈O ,

is a C 1-diffeomorphism with inverse Ψ−1 :Rd+ →O given by

Ψ−1(y) = (y1 +h2(y), ỹ + h̃2(y)), y = (y1, ỹ) ∈Rd+.

(ii) We have
dist(Ψ(x),∂Rd

+)≂ dist(x,∂O ), x ∈O ,

dist(Ψ−1(y),∂O )≂ dist(y,∂Rd
+), y ∈Rd

+.

(iii) We have h1 ∈C∞(O ), h̃1 ∈C∞(O ;Rd−1), h2 ∈C∞(Rd+) and h̃2 ∈C∞(Rd+;Rd−1).

(iv) The diffeomorphism Ψ is admissible for all x ∈ ∂O .

In addition, let ℓ ∈N1, κ ∈ [0,1] and let O be a special Cℓ,κ
c -domain with [O ]Cℓ,κ ≤ 1.
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(v) The map Ψ in (i) is a Cℓ,κ-diffeomorphism and for all α ∈ Nd
0 , ℓ0 ∈ {0, . . . ,ℓ} and

κ0 ∈ [0,κ], we have

|∂αh1(x)|+ |∂αh̃1(x)| ≤C · [O ]Cℓ,κ ·dist(x,∂O )−(|α|−ℓ0−κ0)+ , x ∈O ,

|∂αh2(y)|+ |∂αh̃2(y)| ≤C · [O ]Cℓ,κ ·dist(y,∂Rd
+)−(|α|−ℓ0−κ0)+ , y ∈Rd

+,

where the constant C > 0 only depends on ℓ,κ,α and d.

Remark 2.6.7. We make the following remarks about Lemmas 2.6.5 and 2.6.6.

(i) The first three statements in both lemmas are standard results for localisation. For
the standard localisation procedure, one can take h1 and h2 equal to h, see Example
2.6.4. In our case, since h is not smooth enough, we need to use a mollifier to make
h2 smooth in Lemma 2.6.5. Afterwards, h1 is determined using the inverse function
theorem. Additionally, in Lemma 2.6.6 we need to mollify the normal vector to
make h̃2 smooth.

(ii) The important part of Lemma 2.6.5 is (iv), which allows us to estimate higher-order
derivatives of the diffeomorphism Φ and its inverse. If the number of derivatives
exceeds the smoothness of the domain, then there is a blow-up near the boundary.
We note that the construction of Φ is independent of ℓ and κ.

(iii) The important novelty of Lemma 2.6.6 is that Ψ preserves the direction of the
normal and tangential vectors. This is done by choosing h̃2(y) = y1Ṽ (y), where Ṽ (y)
is a mollified version of the normal direction −∇ỹ h(ỹ). While the diffeomorphism
in Example 2.6.4(ii) is less regular than the domain, in Lemma 2.6.6 the regularity of
the diffeomorphism is equal to the regularity of the domain. Moreover, the estimates
on the derivatives in Lemma 2.6.6(v) are the same as in Lemma 2.6.5(iv).

(iv) The condition [O ]Cℓ,κ ≤ 1 in Lemmas 2.6.5(iv) and 2.6.6(v) slightly simplifies the
proofs. This condition is not necessary and can be removed. The more restrictive
condition on [O ]C 1 in Lemma 2.6.6 seems to be necessary to construct a global
inverse. For our application in later chapters, imposing such conditions is not
restrictive since [O ]Cℓ,κ can be made arbitrarily small in the localisation procedure.

(v) Our proofs would also work for Lipschitz domains if one uses an inverse function
theorem for Lipschitz functions. In the setting of Lemma 2.6.5, this is done in [140].
The result in Lemma 2.6.6 appears to be new even in the case of C 1-domains.

The rest of this section is devoted to the proofs of Lemmas 2.6.5 and 2.6.6.

Proof of Lemma 2.6.5. Let ϕ ∈C∞
c (Rd−1) be a non-negative function with its support in

the unit ball such that
∫
Rd−1 ϕ(x̃) dx̃ = 1. Let h ∈C 1

c (Rd−1) such that O = {x ∈Rd : x1 > h(x̃)},
see Definition 2.6.1.

Step 1: proof of (i), (ii) and (iii). Define the mapping Φ :Rd →Rd by

Φ(y) := (y1 +h2(y), ỹ), where

h2(y) :=
∫
Rd−1

h(ỹ −L−1 y1 z̃)ϕ(z̃) dz̃,
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for some suitable L > 0 to be chosen later. Note that Φ maps ∂Rd+ to ∂O . It holds that
h2 ∈C 1(Rd )∩C∞(Rd \∂Rd+). The Jacobian matrix of Φ is given by

DΦ(y) =
(
1+∂y1 h2(y) (∇ỹ h2(y))⊤

0 Id−1

)
, y ∈Rd . (2.6.3)

Since

∂y1 h2(y) =−L−1
∫
Rd−1

(∇h)(ỹ −L−1 y1 z̃) · z̃ϕ(z̃) dz̃, y ∈Rd ,

it follows that |∂y1 h2(y)| ≤ 1
2 for all y ∈ Rd if L = 2[O ]C 1 . Hence, for all y ∈ Rd , we have

1+∂y1 h2(y) ≥ 1
2 and hence

|detDΦ(y)| ≥ 1
2 > 0, (2.6.4)

meaning that DΦ is invertible.
We construct an inverse of Φ with Hadamard’s inverse function theorem [159, Theorem

6.2.8]. Note that if (yn)n≥1 is a sequence in Rd such that |yn |→∞, then also |Φ(yn)|→∞
as n →∞. Indeed, this follows from the fact that h2 is bounded. Hence, Φ is proper in
the sense of [159, Definition 6.2.2]. This and (2.6.4) imply that all the conditions of [159,
Theorem 6.2.8] are satisfied and thus that there exists a continuous inverse Φ :Rd →Rd of
Φ. Since actually Φ ∈C 1(Rd ;Rd )∩C∞(Rd \∂Rd+;Rd ), it also follows that Φ ∈C 1(Rd ;Rd )∩
C∞(Rd \ ∂O ;Rd ) by the inverse function theorem [159, Theorem 3.3.2]. Moreover, we
obtain

DΦ(x) ·DΦ(Φ(x)) = Id , x ∈Rd , (2.6.5)

see, e.g., [159, Equation (3.37)]. From now on, we will write Φ−1 for Φ. Moreover, if x ∈O

and y =Φ(x) ∈Rd+, then by the definition of Φ−1 =Φ it holds that

Φ1(x) = y1 = x1 −h2(y) = x1 −h2(Φ(x)), (2.6.6)

and hence we can write Φ(x) = (x1 −h1(x), x̃), where h1(x) = h2(Φ(x)). This completes the
proof of (i) and (iii).

To continue, we prove that the diffeomorphism preserves the distance to the boundary.
Since both Φ and Φ−1 are Lipschitz on Rd , we have

|y − y ′|≲ |Φ−1(y)−Φ−1(y ′)|≲ |y − y ′|, y, y ′ ∈Rd . (2.6.7)

Let x ∈O and set y =Φ(x) ∈Rd+. Then (2.6.7) gives

dist(x,∂O ) ≤ |x − (h(x̃), x̃)| = |Φ−1(y)−Φ−1(0, ỹ)|≲ y1 =Φ1(x) = dist(Φ(x),∂Rd
+).

In addition, let x ′ ∈ ∂O be such that dist(x,∂O ) = |x − x ′| and set y ′ = Φ(x ′). Note that
y ′ = (0, ỹ ′) for some ỹ ′ ∈Rd−1, hence (2.6.7) also implies

dist(Φ(x),∂Rd
+) =Φ1(x) = y1 ≤ |y − y ′|≲ |Φ−1(y)−Φ−1(y ′)| = |x − x ′| = dist(x,∂O ).

Thus, we have proved that dist(x,∂O ) ≂ dist(Φ(x),∂Rd+), where the implicit constants
depend on the Lipschitz constants ofΦ andΦ−1 and thus on [O ]C 1 . The other equivalence
in (ii) follows by substituting x by Φ−1(y). This completes the proof of (ii).
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Step 2: proof of estimates on h2 in (iv). Let ℓ ∈N1, κ ∈ [0,1] and let O be a special Cℓ,κ
c -

domain with [O ]Cℓ,κ ≤ 1. For multi-indices we write α= (α1, α̃) ∈N0 ×Nd−1
0 . By the chain

rule it holds that

∂y1 h(ỹ −L−1 y1 z̃) = (∇h)(ỹ −L−1 y1 z̃) · −z̃

L
=−L−1

∑
|ν|=1

(∂νh)(ỹ −L−1 y1 z̃)z̃ν,

and by iteration one can check for any α ∈Nd
0 that

∂αh2(y1, ỹ) = 1

(−L)α1

∫
Rd−1

∑
|ν|=α1

cα,ν(∂ν+α̃h)(ỹ −L−1 y1 z̃)z̃νϕ(z̃) dz̃, (2.6.8)

for some constants cα,ν. Take ℓ0 ∈ {0, . . . ,ℓ}. If |α| ≤ ℓ0, it follows from (2.6.8) that

|∂αh2(y1, ỹ)| ≤C∥h∥Cℓ(Rd−1)

∑
|ν|=α1

∫
Rd−1

|z̃νϕ(z̃)| dz̃ ≤C [O ]Cℓ,κ ,

which proves the estimates for h2 in (iv). Now let |α| ≥ ℓ0+1 and let β,β ∈Nd
0 be such that

β+β=α with |β| = ℓ0 and |β| = |α|−ℓ0. From (2.6.8) and a substitution z̃ 7→ ((ỹ − z̃)L)/y1

it follows that

∂βh2(y1, ỹ) = 1

(−L)β1

( y1

L

)1−d
∫
Rd−1

∑
|ν|=β1

cβ,ν(∂ν+β̃h)(z̃)
( (ỹ − z̃)L

y1

)ν
ϕ

( (ỹ − z̃)L

y1

)
dz̃.

(2.6.9)

By computing the β-derivatives using (2.6.9), we claim that

∂αh2(y1, ỹ) = ∂β∂βh2(y1, ỹ)

=C
1

y |α|−ℓ0
1

( y1

L

)1−d
∫
Rd−1

∑
|ν|=β1

cβ,ν(∂ν+β̃h)(z̃)ϕ
β,β,ν

( (ỹ − z̃)L

y1

)
dz̃,

(2.6.10)

where ϕ
β,β,ν ∈C∞

c (Rd−1) and
∫
ϕ
β,β,ν(z̃) dz̃ = 0. Indeed, if β= e j is the j -th unit vector for

some j ∈ {2, . . . ,d}, then by writing ỹ = (y2, . . . , yd ) and z̃ = (z2, . . . , zd ), a calculation shows
that

∂y j

[( (ỹ − z̃)L

y1

)ν
ϕ

( (ỹ − z̃)L

y1

)]
= L

y1

[
ν j

( (y j − z j )L

y1

)ν j −1 d∏
n=2
n ̸= j

( (yn − zn)L

y1

)νn
ϕ

( (ỹ − z̃)L

y1

)

+
( (ỹ − z̃)L

y1

)ν
(∂ jϕ)

( (ỹ − z̃)L

y1

)]
=: y−1

1 ϕβ,e j ,ν

( (ỹ − z̃)L

y1

)
.

Moreover, note that∫
Rd−1

ϕβ,e j ,ν(z̃) dz̃ =
( y1

L

)1−d
y1∂y j

∫
Rd−1

( (ỹ − z̃)L

y1

)ν
ϕ

( (ỹ − z̃)L

y1

)
dz̃

= y1∂y j

∫
Rd−1

z̃νϕ(z̃) dz̃ = 0,
(2.6.11)
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and clearly we have ϕβ,e j ,ν ∈C∞
c (Rd−1). This shows (2.6.10) for β= e j with j ∈ {2, . . . ,d}. If

β= e1, then a calculation shows that

∂y1

[( y1

L

)1−d ( (ỹ − z̃)L

y1

)ν
ϕ

( (ỹ − z̃)L

y1

)]
= 1

y1

( y1

L

)1−d ( (ỹ − z̃)L

y1

)ν[
(1−d −β1)ϕ

( (ỹ − z̃)L

y1

)
− (∇ϕ)

( (ỹ − z̃)L

y1

)
·
( (ỹ − z̃)L

y1

)]
=: y−1

1

( y1

L

)1−d
ϕβ,e1,ν

( (ỹ − z̃)L

y1

)
.

The properties of ϕβ,e1,ν follow similarly as in (2.6.11). Therefore, we have proved (2.6.10)

for |β| = 1. For |β| ≥ 2 we can argue by induction to show that

∂
β
y

[( y1

L

)1−d ( (ỹ − z̃)L

y1

)ν
ϕ

( (ỹ − z̃)L

y1

)]
=C

1

y |α|−ℓ0
1

( y1

L

)1−d
ϕ
β,β,ν

( (ỹ − z̃)L

y1

)
.

This follows in the same manner as for |β| = 1 by considering the ∂y1 and ∂y j separately.
Therefore, (2.6.10) follows.

Let κ0 ∈ [0,κ]. Performing the substitution z̃ 7→ ỹ −L−1 y1 z̃ in (2.6.10) and using that
ϕ
β,β,ν integrates to zero gives

|∂αh2(y)| ≤C y−(|α|−ℓ0)
1

∫
Rd−1

∑
|ν|=β1

∣∣(∂ν+β̃h)(ỹ −L−1 y1 z̃)− (∂ν+β̃h)(ỹ)
∣∣ |ϕ

β,β,ν(z̃)| dz̃

≤C ∥h∥Cℓ,κ0 (Rd−1) y−(|α|−ℓ0)
1

∫
Rd−1

|L−1 y1 z̃|κ0 |ϕ
β,β,ν(z̃)| dz̃

≤C [O ]Cℓ,κ y−(|α|−ℓ0−κ0)
1 .

This completes the proof of all the estimates for h2 in (iv).
Step 3: proof of estimates on h1 in (iv). It remains to prove the estimates on ∂αh1 for

α ∈Nd
0 . As h2 is bounded by Step 2, we find that h1(x) = h2(Φ(x)) (see (2.6.6)) is bounded

as well, which proves the required estimate for α= 0. For |α| = 1 we first show that ∥DΦ∥
is bounded. Note that by (2.6.5) we have

∥DΦ(x)∥ = ∥[(DΦ−1)(Φ(x))]−1∥ = ∥adj[(DΦ−1)(Φ(x))]∥
|det[(DΦ−1)(Φ(x))]| , x ∈O ,

where adj A denotes the adjugate matrix of the matrix A, i.e., the transpose of the cofactor
matrix. Recall that the adjugate matrix of A only consists of polynomials of entries of A.
Hence, combining this with (2.6.4) and the fact that the entries of DΦ−1 are bounded by
Step 2, we find that

∥DΦ(x)∥ ≤C , x ∈O . (2.6.12)

Now the estimate on ∂αh1 with |α| = 1 follows again from h1(x) = h2(Φ(x)) together with
the estimates on h2 from Step 2, dist(Φ(x),∂Rd+)≂ dist(x,∂O ) and (2.6.12).



2.6. Domains & localisation techniques 35

For the general case, we proceed by induction on |α| ≥ 1. We prove that

|dist(x,∂O )|(|α|−ℓ0−κ0)+∥D |α|h1(x)∥ ≤C [O ]Cℓ,κ , x ∈O , (2.6.13)

for all ℓ0 ∈ {0, . . . ,ℓ} and κ0 ∈ [0,κ]. Recall that for f :Rd ⊇U →Rd , x ∈U and n ∈N1, the
n-th order Fréchet derivative Dn f (x) is an n-linear mapping from (Rd )n to Rd , i.e., for
(ξ1, . . . ,ξn) ∈ (Rd )n we have Dn f (x)(ξ1, . . . ,ξn) ∈Rd .

The statement (2.6.13) for |α| = 1 is proved above. Let m ≥ 1 and assume that (2.6.13)
holds for all |α| ≤ m, ℓ0 ∈ {0, . . . ,ℓ} andκ0 ∈ [0,κ]. It remains to prove (2.6.13) for |α| = m+1.

By taking derivatives of the formula (2.6.5), isolating the highest-order derivatives on
Φ and applying the multivariate Faà di Bruno’s formula, we obtain the estimate (see [43,
Lemma 4])

∥Dm+1Φ(x)∥≲ ∥DΦ(x)∥ ·
m+1∑
j=2

∥(D jΦ−1)(Φ(x))∥ ·∑
β

m∏
r=1

∥DrΦ(x)∥βr , x ∈O , (2.6.14)

where β ∈Nm
0 is such that

m∑
r=1

βr = j and
m∑

r=1
rβr = m +1. (2.6.15)

Note that ∥DΦ(x)∥ is uniformly bounded by (2.6.12) and that for n ≥ 2 we have ∥Dnh1∥ =
∥DnΦ∥ and ∥Dnh2∥ = ∥DnΦ−1∥. Therefore, multiplying (2.6.14) by

|dist(x,∂O )|(m+1−ℓ0−κ0)+ ,

it suffices to show the uniform boundedness of

|dist(x,∂O )|(m+1−ℓ0−κ0)+∥(D j h2)(Φ(x))∥
m∏

r=2
∥Dr h1(x)∥βr , (2.6.16)

for j ∈ {2, . . . ,m +1} and β such that (2.6.15) holds. Suppose that there exist µ,µ2, . . . ,µm ∈
[0,∞) such that

( j −ℓ−κ)+ ≤µ≤ j

(r −ℓ−κ)+ ≤µr ≤ r, r ∈ {2, . . . ,m}
(2.6.17)

and

µ+
m∑

r=2
βrµr = (m +1−ℓ0 −κ0)+. (2.6.18)

Then, (2.6.16) can be estimated as

|dist(x,∂O )|µ∥(D j h2)(Φ(x))∥
m∏

r=2

(|dist(x,∂O )|µr ∥Dr h1(x)∥)βr ≤C [O ]Cℓ,κ , (2.6.19)

where we have applied the induction hypothesis (2.6.13) and the estimates for h2 from
Step 2 together with dist(Φ(x),∂Rd+)≂ dist(x,∂O ). It remains to show the existence of µ’s
satisfying (2.6.17) and (2.6.18). We distinguish several cases.
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If m +1 ≤ ℓ0, then (m +1−ℓ0 −κ0)+ = 0 and we can take µ= µ2 = ·· · = µm = 0. From
now on, we assume that m ≥ ℓ0. If j ≥ ℓ0 +1, then we can take

µ= j −ℓ0 −κ0 and µr = r −1 for r ∈ {2, . . . ,m},

and (2.6.15) implies that (2.6.18) is satisfied. For the remaining case j ≤ ℓ0, we will not
provide the explicit values of the µ’s, but only show the existence of the µ’s. Taking the
largest possible µ’s in (2.6.17) gives

µ+
m∑

r=2
βrµr = j +

m∑
r=2

rβr = j +m +1−β1 ≥ m +1−ℓ0 −κ0,

where we have used (2.6.15) and β1 ≤ j . We will now take the smallest possible µ’s in
(2.6.17). First assume that m ≥ ℓ+1 and that there exists an r̃ ∈ {ℓ+1, . . . ,m} such that
βr̃ ≥ 1. In this case, we have

µ+
m∑

r=2
βrµr = ( j −ℓ−κ)++

m∑
r=2

(r −ℓ−κ)+βr =
m∑

r=ℓ+1
(r −ℓ−κ)βr

≤
m∑

r=1
rβr − (ℓ+κ)

m∑
r=ℓ+1

βr = m +1− (ℓ+κ)
m∑

r=ℓ+1
βr

≤ m +1−ℓ−κ≤ m +1−ℓ0 −κ0,

where we have used ( j −ℓ−κ)+ ≤ ( j −ℓ0 −κ0)+ = 0 and (2.6.15). If m ≤ ℓ or βr = 0 for all
r ∈ {ℓ+1, . . . ,m}, then µ+∑m

r=2βrµr = 0 ≤ m +1−ℓ0 −κ0. The existence of the µ’s shows
that (2.6.19) holds. This finishes the induction.

Finally, we remark that the estimates on h1 and h2 imply that if h ∈ Cℓ,κ
c (Rd−1), then

Φ ∈Cℓ,κ(O ;Rd ) and Φ−1 ∈Cℓ,κ(Rd+;Rd ). This proves that Φ is a Cℓ,κ-diffeomorphism and
this finishes the proof of (iv).

To prepare for the proof of Lemma 2.6.6, we prove the following elementary lemma.

Lemma 2.6.8. Let A and B be d ×d-matrices. If det(A) ̸= 0 and ∥A∥d−1∥B∥·|det(A)|−1 < 1,
then we have

|det(A+B)| ≥ |det(A)|
(
1− ∥A∥d−1∥B∥

|det(A)|
)d

.

Proof. Let 0 <σ1 ≤ ·· · ≤σd be the singular values of A. Then we have

∥A−1∥ = 1

σ1
=

∏d
j=2σ j

|det(A)| ≤
∥A∥d−1

|det(A)| .

In particular, we have ∥A−1B∥ ≤ ∥A−1∥∥B∥ ≤ ∥A∥d−1∥B∥·|det(A)|−1 < 1. Now let κ1, . . . ,κd

be the eigenvalues of A−1B . Then |κ j | ≤ ∥A−1B∥ < 1 for all j ∈ {1, . . . ,d} and

|det(Id + A−1B)| =
d∏

j=1
|1+κ j | ≥

d∏
j=1

(1−|κ j |) ≥ (1−∥A−1B∥)d ,
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which, combined with the norm estimate for ∥A−1∥, yields

|det(A+B)| = |det(A)||det(Id + A−1B)|

≥ |det(A)|(1−∥A−1B∥)d ≥ |det(A)|
(
1− ∥A∥d−1∥B∥

|det(A)|
)d

,

finishing the proof.

To conclude this appendix, we give the proof of Lemma 2.6.6.

Proof of Lemma 2.6.6. Let ϕ ∈C∞
c (Rd−1) be a non-negative and radially symmetric func-

tion with its support in the unit ball such that
∫
Rd−1 ϕ(x̃) dx̃ = 1. Define h ∈C 1

c (Rd−1) such
that O = {x ∈Rd : x1 > h(x̃)}, see Definition 2.6.1. Furthermore, let

ν(x) = (
1, ν̃(x̃)

)⊤ = (
1,−∇x̃ h(x̃)

)⊤, x ∈Rd , (2.6.20)

be an inward pointing normal vector at ∂O .
Step 1: proof of (i), (ii) and (iii). Define the mapping Ψ :Rd →Rd given by

Ψ(y) := (y1 +h2(y), ỹ + h̃2(y)), where

h2(y) :=
∫
Rd−1

h(ỹ −L−1 y1 z̃)ϕ(z̃) dz̃,

h̃2(y) := y1Ṽ (y) := y1

∫
Rd−1

ν̃(ỹ −L−1 y1 z̃)ϕ(z̃) dz̃,

for some suitable L > 0 to be chosen later. Note that Ψ maps ∂Rd+ to ∂O . It holds that
h2 ∈ C 1(Rd )∩C∞(Rd \ ∂Rd+). Furthermore, we claim that h̃2 ∈ C 1(Rd ;Rd−1)∩C∞(Rd \
∂Rd+;Rd−1). Indeed, it is clear that h̃2 ∈C (Rd ;Rd−1)∩C∞(Rd \∂Rd+;Rd−1) since ν̃=−∇x̃ h ∈
C (Rd−1;Rd−1). Note that

∂1h̃2(0, ã) = lim
y1→0

y1Ṽ ((y1, ã))

y1
= Ṽ (0, ã) = ν̃(ã), ã ∈Rd−1,

and all the tangential partial derivatives of h̃2 at ∂Rd+ are zero. If y ∈Rd \∂Rd+ and |α| = 1,

then by a similar computation as (2.6.10) (with |β| = 1, β= 0, ℓ0 = 0 and h replaced by ν̃)
and a substitution z̃ 7→ ỹ −L−1 y1 z̃, we obtain

∂αṼ (y) = y−1
1

( y1

L

)1−d
∫
Rd−1

ν̃(z̃)ϕ0,α,0

( (ỹ − z̃)L

y1

)
dz̃

= y−1
1

∫
Rd−1

ν̃(ỹ −L−1 y1 z̃)ϕ0,α,0(z̃) dz̃,

where ϕ0,α,0 ∈C∞
c (Rd−1) and

∫
ϕ0,α,0(z̃) dz̃ = 0. Let y = (y1, ỹ) ∈Rd \∂Rd+, then we obtain

∂y1 h̃2(y) = Ṽ (y)+ y1∂y1 Ṽ (y) =
∫
Rd−1

ν̃(ỹ −L−1 y1 z̃)
[
ϕ(z̃)+ϕ0,e1,0(z̃)

]
dz̃,

∂y j h̃2(y) = y1∂y j Ṽ (y) =
∫
Rd−1

ν̃(ỹ −L−1 y1 z̃)ϕ0,e j ,0(z̃) dz̃, j ∈ {2, . . . ,d}.
(2.6.21)
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By applying the dominated convergence theorem and the properties of ϕ and ϕ0,e j ,0 for

j ∈ {1, . . . ,d}, we find that for all ã ∈Rd−1

lim
y→(0,ã)

∂y1 h̃2(y) = ν̃(ã) and lim
y→(0,ã)

∂y j h̃2(y) = 0, j ∈ {2, . . . ,d}.

Hence, all the partial derivatives of h̃2 at ∂Rd+ exist and are continuous. Therefore, h̃2 ∈
C 1(Rd ;Rd−1) and we have proved the claim.

The Jacobian matrix of Ψ is given by

DΨ(y) =
(
1+∂y1 h2(y) (∇ỹ h2(y))⊤

∂y1

(
y1Ṽ (y)

)
Id−1 + y1D ỹ Ṽ (y)

)
= DΦ(y)+

(
0 0

∂y1

(
y1Ṽ (y)

)
y1D ỹ Ṽ (y)

)
=: DΦ(y)+P (y), y ∈Rd ,

(2.6.22)

where Φ is as defined in the proof of Lemma 2.6.5 (see (2.6.3)) and P is a perturbation. To
show that the mapping Ψ is invertible, we make use of Lemma 2.6.8 applied to A = DΦ
and B = P . Note that (2.6.21) implies supy∈Rd ∥P (y)∥ ≤ C [O ]C 1 . Furthermore, we recall

from Lemma 2.6.5(iv) and the definition of Φ that supy∈Rd ∥DΦ(y)∥ ≤ C . From Lemma
2.6.8, (2.6.4) and the aforementioned estimates, we obtain that there exists a Λ ∈ (0,1)
such that if [O ]C 1 ≤Λ, then

inf
y∈Rd

|detDΨ(y)| ≥ inf
y∈Rd

|detDΦ(y)|
(
1− ∥DΦ(y)∥d−1∥P (y)∥

|detDΦ(y)|
)d

≥ c(1−C [O ]C 1 )d ≥ c(1−CΛ)d > 0,

for some C ,c > 0.
Using Hadamard’s inverse function theorem, we can argue similarly as in the proof of

Lemma 2.6.5 to obtain an inverse Ψ ∈ C 1(Rd ;Rd )∩C∞(Rd \∂O ;Rd ) to Ψ. We will write
Ψ−1 for Ψ.

Moreover, if x ∈O and y =Ψ(x) ∈Rd+, then by the definition of Ψ−1 =Ψ it holds that

Ψ1(x) = y1 = x1 −h2(y) = x1 −h2(Ψ(x)),

Ψ̃(x) = ỹ = x̃ − h̃2(y) = x̃ − h̃2(Ψ(x)),
(2.6.23)

and hence we can write Ψ(x) = (x1 −h1(x), x̃ − h̃1(x)) with h1(x) = h2(Ψ(x)) and h̃1(x) =
h̃2(Ψ(x)). This completes the proof of (i) and (iii). Statement (ii) follows similarly as in the
proof of Lemma 2.6.5(ii).

Step 2: proof of (iv). We prove that the diffeomorphism Ψ is admissible for any x ∈ ∂O .
First, note that

(∂y1 h2(y))|y1=0 =−L−1(∇h)(ỹ) ·
∫
Rd−1

z̃ϕ(z̃) dz̃ = 0, y ∈Rd ,

where we have used the radial symmetry ofϕ to obtain that the latter integral vanishes, i.e.,∫
R ziϕ(z̃) dzi = 0 for all i ∈ {2, . . . ,d}. Together with (2.6.20), we see that the push-forward
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of Ψ=Ψ−1 (recall (2.6.22)) at the boundary ∂Rd+ is given by

DΨ(0, ỹ) =
(

1 (∇ỹ h(ỹ))⊤

Ṽ (0, ỹ) Id−1

)
=

(
1 (∇ỹ h(ỹ))⊤

−∇ỹ h(ỹ) Id−1

)
, ỹ ∈Rd−1.

It is clear that for all ỹ ∈Rd−1, the push-forward DΨ(0, ỹ) maps the normal vector (1,0)
at ∂Rd+ to the normal vector ν(x) at ∂O . Similarly, any tangent vector at ∂Rd+ is mapped
to the tangent space at ∂O . Moreover, note that the push-forward does not preserve the
length of the vectors. This proves that Ψ=Ψ−1 is admissible for any y ∈ ∂Rd+, hence Ψ is
admissible for any x ∈ ∂O as well.

Step 3: proof of (v). Let ℓ ∈N1, κ ∈ [0,1] and let O be a special Cℓ,κ
c -domain with [O ]Cℓ,κ ≤

Λ. Note that the estimates on the derivatives of h2 follow immediately from Lemma
2.6.5(iv). Let α = (α1, α̃) ∈ N0 ×Nd−1

0 , ℓ0 ∈ {0, . . . ,ℓ} and κ0 ∈ [0,κ]. For the estimate on

∂αh̃2, we find with the product rule

|∂αh̃2(y)|≲ |y1∂
αṼ (y)|+ |∂(α1−1,α̃)Ṽ (y)|, y ∈Rd

+, (2.6.24)

where the latter term is only present if α1 ≥ 1. Since Ṽ is obtained by mollifying ν̃=−∇h,
we can redo Step 2 in the proof of Lemma 2.6.5 but with h replaced by −∇h, to obtain

|∂βṼ (y)| ≤C [O ]Cℓ,κ y−(|β|+1−ℓ0−κ0)+
1 , y ∈Rd

+, β ∈Nd
0 .

Applying this estimate to (2.6.24) gives the desired estimates for h̃2.
It remains to prove the estimates on h1 and h̃1, which are defined as below (2.6.23).

Hence, as h2 and h̃2 are bounded, we find that h1 and h̃1 are bounded as well. To prove
the estimates on the derivatives ∂αh1 and ∂αh̃1 for |α| ≥ 1, one can proceed by induction
similar to Step 3 in the proof of Lemma 2.6.5.
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3
Complex interpolation of
weighted Sobolev spaces

This chapter is based on:

F. Roodenburg. Complex interpolation of power-weighted Sobolev spaces with boundary
conditions. To appear in Stud. Math., 2026.

Abstract. We characterise the complex interpolation spaces of weighted vector-valued
Sobolev spaces with and without boundary conditions on the half-space and on smooth
bounded domains. The weights we consider are power weights that measure the distance
to the boundary and do not necessarily belong to the class of Muckenhoupt Ap weights.
First, we determine the higher-order trace spaces for weighted vector-valued Besov, Triebel–
Lizorkin, Bessel potential and Sobolev spaces. This allows us to derive a trace theorem for
boundary operators and to interpolate spaces with boundary conditions. Furthermore, we
derive density results for weighted Sobolev spaces with boundary conditions.

43
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3.1. Introduction
In this chapter, we characterise complex interpolation spaces of weighted Sobolev spaces
on a domain O with power weights w∂O

γ (x) := dist(x,∂O )γ for γ>−1 measuring the dis-
tance to the boundary. The motivation for this stems from the study of partial differential
equations (PDEs) and is twofold.

First, it is well known that complex interpolation serves as an essential tool for studying
differential operators and evolution equations, see, e.g., the monographs [14, 16, 126,
198, 234, 278]. For example, if a sectorial operator A on a Banach space X has bounded
imaginary powers, then the domain of Aθ for θ ∈ (0,1) is the complex interpolation
space [X ,D(A)]θ, see [250]. Typically, D(A) is a Sobolev space on a spatial domain that
incorporates the boundary conditions of the boundary value problem. Thus, with the aid
of complex interpolation, we can identify domains of fractional powers, which in turn play
an important role for perturbation techniques in the theory of maximal regularity, see,
e.g., [65, 134, 173]. Complex interpolation of spaces with boundary conditions was studied
by Grisvard and Seeley in [108, 109, 250, 251] and, due to the numerous applications, the
topic is now widely addressed in the literature, see, e.g., [16, 25, 27, 107, 114, 262, 278] and
the references therein.

Secondly, solutions to PDEs on a domain O ⊆Rd may exhibit blow-up behaviour near
the boundary of O . Using weighted spaces with weights of the form w∂O

γ (x) := dist(x,∂O )γ

for some suitable value of γ, one can nevertheless study problems which may be ill-posed
in unweighted spaces. Moreover, with weighted spaces certain compatibility conditions
needed in the unweighted case can be avoided. Many authors have employed weighted
spaces to solve (stochastic) PDEs, see, e.g., [80, 149, 157, 164, 165, 167, 201]. In most of
these works, homogeneous weighted Sobolev spaces are used, which are known to form a
complex interpolation scale, see [197, Proposition 2.4]. In [190] an alternative approach
to solving PDEs on the half-space is presented via the H∞-calculus for the Laplacian on
inhomogeneous Sobolev spaces with weights outside the Muckenhoupt Ap class. We will
further investigate this H∞-calculus and its consequences in later chapters. To this end,
it is crucial to have access to complex interpolation for these weighted Sobolev spaces.
In particular, in Chapter 6, domains of fractional powers and perturbation techniques
will be used to obtain the H∞-calculus for the Laplacian on bounded C 1,κ-domains for
κ ∈ [0,1] depending on γ.

For m ∈N0 we denote by B an m-th order normal boundary operator at ∂Rd+ = {(0, x̃) :
x̃ ∈ Rd−1}. Consider the power weight wγ(x) := dist(x,∂Rd+)γ = |x1|γ for x = (x1, x̃) ∈
R+×Rd−1 and let W k,p

B
(Rd+, wγ) be the closed subspace of functions f ∈ W k,p (Rd+, wγ)

such that B f = 0, whenever the traces exist. We refer to Sections 3.5 and 3.6 for the
precise definitions. Our main result includes the following characterisation of complex
interpolation spaces (see Section 3.6.2).

Theorem 3.1.1. Let p ∈ (1,∞), k ∈ {2,3, . . . } and γ ∈ (−1,∞) \ { j p −1 : j ∈ N1}. Then for
ℓ ∈ {1, . . . ,k −1} we have[

Lp (Rd
+, wγ),W k,p (Rd

+, wγ)
]
ℓ
k
=W ℓ,p (Rd

+, wγ), (3.1.1a)[
Lp (Rd

+, wγ),W k,p
B

(Rd
+, wγ)

]
ℓ
k
=W ℓ,p

B
(Rd

+, wγ). (3.1.1b)
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Moreover, by localisation, the results also hold for smooth bounded domains.

The main novelty of Theorem 3.1.1, compared to the existing literature, is the range of
weights wγ with γ>−1. Unfortunately, the proof in [16] for the unweighted case γ= 0
does not carry over immediately to the weighted setting. In the unweighted case, the
result (3.1.1a) is well known and is used to prove (3.1.1b) in [16]. In the weighted setting,
we can only prove the inclusion “,→” in (3.1.1a) directly with the aid of Wolff interpolation
[276] (see Proposition 3.6.3). Nevertheless, this embedding is sufficient to prove (3.1.1b)
using the characterisation of the trace spaces (see Theorem 3.1.2) and similar arguments
as in [16]. Then, the converse inclusion “←-” in (3.1.1a) also follows. Furthermore, we
make the following remarks concerning Theorem 3.1.1.

(i) The class of normal boundary operators is considered in, e.g., [16, 98, 114, 251] and
includes the important cases of Dirichlet and Neumann boundary conditions, but
also mixed boundary conditions with space-dependent coefficients are allowed.
Actually, we prove Theorem 3.1.1 for systems of normal boundary operators. Differ-
ential operators with these types of boundary operators are studied in, e.g., [5, 6, 7,
97, 112, 113, 198].

(ii) If γ ∈ (−1, p −1), i.e., wγ is a Muckenhoupt Ap weight, then the weighted Bessel
potential and Sobolev spaces coincide: H k,p (Rd+, wγ) =W k,p (Rd+, wγ) for k ∈N0, and
H s,p (Rd+, wγ) for s ∈ R forms a complex interpolation scale, see [189, Proposition
5.5 & 5.6]. In the case γ ∈ (−1, p −1) we obtain Theorem 3.1.1 for Bessel potential
spaces with boundary conditions and fractional smoothness as well, see Theorem
3.6.4. This partially extends the result in [16, Theorem VIII.2.4.8].

The interpolation result in Theorem 3.1.1 without boundary conditions is new for
γ> p −1. We refer to [84, 252] for results on complex interpolation of Besov and
Triebel–Lizorkin spaces with weights outside the class of Ap weights.

(iii) We can allow for vector-valued weighted Sobolev spaces W k,p (Rd+, wγ; X ), where X
is a UMD Banach space.

A key ingredient for proving Theorem 3.1.1 is the characterisation of the trace spaces of
weighted vector-valued Besov, Triebel–Lizorkin, Bessel potential and Sobolev spaces. The
results are summarised in Theorem 3.1.2 (see Sections 3.3 and 3.4.1).

Theorem 3.1.2. Let p ∈ (1,∞), q ∈ [1,∞], m ∈ N0, γ > −1, s > m + γ+1
p and let X be a

Banach space. Let Trm = Tr◦∂m
1 be the m-th order trace operator at {(0, x̃) : x̃ ∈Rd−1}. Then

(i) Trm
(
B s

p,q (Rd , wγ; X )
)= B

s−m− γ+1
p

p,q (Rd−1; X ),

(ii) Trm
(
F s

p,q (Rd , wγ; X )
)= B

s−m− γ+1
p

p,p (Rd−1; X ),

(iii) Trm
(
H s,p (Rd+, wγ; X )

)= B
s−m− γ+1

p
p,p (Rd−1; X ) if γ ∈ (−1, p −1),

(iv) Trm
(
W s,p (Rd+, wγ; X )

)= B
s−m− γ+1

p
p,p (Rd−1; X ) if s ∈N1 and γ ∉ { j p −1 : j ∈N1},
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where the notation Trm(A1) =A2 means that Trm : A1 →A2 is continuous and surjective,
and that it has a continuous right inverse (the so-called extension operator extm).

The innovative part of Theorem 3.1.2 is the extension of the range of weights for Sobolev
spaces, which eventually allows us to prove Theorem 3.1.1 for these weights as well.
To prove our weighted results, we partially extend the arguments in [16, 245] for the
unweighted case. Moreover, we apply a Sobolev embedding for Triebel–Lizorkin spaces
to deduce Theorem 3.1.2(ii). This is in contrast to [245], where an atomic approach was
used.

In the unweighted scalar-valued setting, i.e., γ= 0 and X =C, the trace spaces are well
known, see [247, 262, 263]. In the unweighted vector-valued setting, the trace spaces are
characterised in [16, 245].

As a consequence of Theorem 3.1.2, we can derive a trace theorem for the vector
Trm = (Tr0, . . . ,Trm) as well. For weighted scalar-valued Sobolev spaces this is proved in
[262, Section 2.9.2] and [140] via different techniques.

Moreover, from Theorem 3.1.2 we derive some density results in Section 3.4.2. In parti-
cular, we show that the space of test functions

{
f ∈C∞

c (Rd+; X ) : (∂m
1 f )|∂Rd+

= 0
}

is dense in W k,p
Trm

(Rd+, wγ; X ). This density result will be needed in Chapter 6 to find trace

characterisations for weighted Sobolev spaces on bounded C 1-domains. Application of a
standard mollification procedure would result in all traces Trm being zero instead of only
one trace. We remark that results for mollification with preservation of boundary values
are contained in [39, 121].

We comment on some open and related problems. Theorem 3.1.1 only deals with
interpolation of the smoothness parameter, while it might be possible to interpolate in
other parameters (such as p and γ) as well. Interpolation results for Sobolev spaces with
different weights (but without complicated boundary conditions) are contained in [53],
[133, Section 5.3], [194] and in Proposition 5.3.8 later on in this dissertation.

Forγ> p−1 we have the result of Theorem 3.1.1 only for spaces with integer smoothness.
It would be interesting to see if our results carry over to spaces of fractional smoothness,
for instance, by defining H s,p (Rd+, wγ; X ) := [Lp (Rd+, wγ; X ),W k,p (Rd+, wγ; X )]s/k for some
s ∈ R+ \N1 and k ∈N1 such that k > s. It should be noted that for γ > p −1 one cannot
use the standard definition of Bessel potential spaces used for Muckenhoupt weights, i.e.,
γ ∈ (−1, p −1).

Besides complex interpolation, the real interpolation method plays an important role
in the theory of evolution equations as well (see [96, Section 4.4] and [126, Section 17.2.b]).
Some related results for real interpolation of weighted spaces are contained in [37, 108,
195, 262]. We note that if we have interpolation results for Besov spaces with boundary
conditions, then we can obtain Theorem 3.1.1 for real interpolation, see [16, Theorem
VIII.2.4.5]. We expect that our results also hold for Besov spaces with boundary conditions
if γ ∈ (−1, p −1). However, for γ≥ p −1 a more detailed study about interpolation of Besov
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spaces and their relation to Sobolev spaces is required. A particular problem is that for
γ≥ p −1 we only have the embedding

B n+θ
p,q (Rd

+, wγ) ,→ (
W n,p (Rd

+, wγ),W n+1,p (Rd
+, wγ)

)
θ,q , n ∈N0, θ ∈ (0,1),

while equality holds for γ ∈ (−1, p −1), see [190, Section 7]. In particular, for n = 0 it is
proved in [190, Remark 7.14] that the embedding “←-” fails for γ ∉ (−1, p −1).

Finally, we note that the special values γ = j p −1 with j ∈ N1 are excluded, since in
these cases the study of the trace operator is more involved, see [133]. Moreover, we do
not have certain trace characterisations available, which play a crucial role in the proof of
the main theorem. For γ≤−1 we have that C∞

c (Rd+) is dense in W k,p (Rd+, wγ) and thus all
traces will be zero.

Outline
The outline of this chapter is as follows. In Section 3.2 we introduce the required func-
tion spaces and some of their properties. In Section 3.3 we determine the trace spaces
for weighted Besov and Triebel–Lizorkin spaces. In Section 3.4 we extend the results to
weighted Bessel potential and Sobolev spaces. As a consequence, we prove some density
results. Section 3.5 deals with the characterisation of the trace space for boundary ope-
rators. Finally, in Section 3.6 we prove the main result about complex interpolation of
weighted Sobolev spaces with and without boundary conditions.

3.2. Weighted function spaces
In this section, we define the required function spaces and prove certain embedding
properties.

3.2.1. Weighted function spaces
We recall the following definitions from Chapter 2 about weighted Lebesgue and Sobolev
spaces. For O ⊆ Rd open, p ∈ [1,∞), w a weight and X a Banach space, we define the
weighted Lebesgue space Lp (O , w ; X ), which consists of all equivalence classes of strongly
measurable f : O → X such that

∥ f ∥Lp (O ,w ;X ) :=
(∫

O
∥ f (x)∥p

X w(x) dx
)1/p <∞.

Additionally, for k ∈N0 and w a weight such that w− 1
p−1 ∈ L1

loc(O ), we define the weighted
Sobolev space consisting of f ∈ Lp (O , w ; X ) such that

∥ f ∥W k,p (O ,w ;X ) := ∑
|α|≤k

∥∂α f ∥Lp (O ,w ;X ) <∞.

We continue with the definitions of weighted Besov, Triebel–Lizorkin and Bessel poten-
tial spaces. We denote byΦ(Rd ) the set of inhomogeneous Littlewood–Paley sequences con-
sisting of sequences (ϕn)n≥0 ⊆S (Rd ) such that ϕ̂0 := ϕ̂ and ϕ̂n(ξ) := ϕ̂(2−nξ)− ϕ̂(2−n+1ξ)
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for ξ ∈ Rd and n ∈N1, where the generating function ϕ satisfies 0 ≤ ϕ̂(ξ) ≤ 1 for ξ ∈ Rd ,
ϕ̂(ξ) = 1 for |ξ| ≤ 1 and ϕ̂(ξ) = 0 for |ξ| ≥ 3

2 . For f ∈S ′(Rd ; X ) we use the notation

Sn f :=ϕn ∗ f for n ∈N0 and S−1 f = 0, (3.2.1)

where (ϕn)n≥0 ∈Φ(Rd ).

We record the following weighted and vector-valued extension of the multiplier result
in [263, Section 1.6.3], see [211, Proposition 2.4].

Lemma 3.2.1. Let p ∈ [1,∞), q ∈ [1,∞], w ∈ A∞(Rd ) and let X be a Banach space. Let K > 0
be fixed and for n ∈N0 let fn ∈ Lp (Rd , w ; X ) be such that supp f̂n ⊆ {ξ ∈Rd : |ξ| ≤ 2nK }. Then

∥(Sn fn)n≥0∥Lp (Rd ,w ;ℓq (X )) ≤C∥( fn)n≥0∥Lp (Rd ,w ;ℓq (X )),

where the constant C > 0 is independent of ( fn)n≥0.
In particular, for any fixed n ∈N0 and f ∈ Lp (Rd , w ; X ) with supp f̂ ⊆ {ξ ∈Rd : |ξ| ≤ 2nK },

it holds that
∥Sn f ∥Lp (Rd ,w ;X ) ≤C∥ f ∥Lp (Rd ,w ;X ),

where the constant C > 0 is independent of f and n.

Remark 3.2.2. The constant C in Lemma 3.2.1 may depend on K , but later on K will
always be a fixed number associated to the zeroth-order block of Littlewood–Paley de-
compositions.

Proof. Since w ∈ A∞(Rd ), we can find an r ∈ (0,min{p, q}) such that w ∈ A p
r

(Rd ). Then

[211, Proposition 2.4] implies

∥(Sn fn)n≥0∥Lp (Rd ,w ;ℓq (X )) = ∥(F−1(ϕ̂n f̂n ))n≥0∥Lp (Rd ,w ;ℓq (X ))

≤C sup
k≥0

∥(1+| · | d
r )F−1[ϕ̂k (2k K ·)]∥L1(Rd )∥( fn)n≥0∥Lp (Rd ,w ;ℓq (X )),

where C > 0 is independent of ( fn)n≥0. Using the scaling property ϕ̂k (·) = ϕ̂1(2−k+1·) for
k ≥ 1 gives that ϕ̂k (2k K ·) has its support in a ball with a radius that is independent of k.
Now, [126, Lemma 14.2.12] gives the first statement. The second statement follows from
applying the first statement with ( fn)n≥0 replaced by (0, . . . ,0, f ,0, . . . ) with f at the n-th
position.

For p ∈ (1,∞), q ∈ [1,∞], s ∈ R, w ∈ A∞(Rd ) and X a Banach space, we define the
weighted Besov, Triebel–Lizorkin and Bessel potential spaces as the spaces of all f ∈
S ′(Rd ; X ) for which, respectively,

∥ f ∥B s
p,q (Rd ,w ;X ) := ∥(2nsϕn ∗ f )n≥0∥ℓq (Lp (Rd ,w ;X )) <∞,

∥ f ∥F s
p,q (Rd ,w ;X ) := ∥(2nsϕn ∗ f )n≥0∥Lp (Rd ,w ;ℓq (X )) <∞,

∥ f ∥H s,p (Rd ,w ;X ) := ∥F−1((1+| · |2)s/2F f )∥Lp (Rd ,w ;X ) <∞, w ∈ Ap (Rd ).
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The definitions of the Besov and Triebel–Lizorkin spaces are independent of the chosen
Littlewood–Paley sequence up to an equivalent norm, see [211, Proposition 3.4]. We note
that all the spaces defined above embed continuously into S ′(Rd ; X ), see [183, Section
5.2.1e]. Furthermore, S (Rd ; X ) embeds continuously into all the above spaces and this
embedding is dense if p, q <∞, see [211, Lemma 3.8].

Furthermore, we record the Fatou property for weighted Besov and Triebel–Lizorkin
spaces. If X ,X are Banach spaces such that X embeds continuously into S ′(Rd ; X ),
then we say that X has the Fatou property (see [33, 94]) if for all ( fn)n≥0 ⊆X such that
limn→∞ fn = f in S ′(Rd ; X ) and liminfn→∞ ∥ fn∥X <∞, we have

f ∈X and ∥ f ∥X ≤ liminf
n→∞ ∥ fn∥X .

The proof of the Fatou property for Besov and Triebel–Lizorkin spaces in [94] carries over
to the vector-valued case (see [245, Proposition 2.18]) and to the weighted case as well.

Proposition 3.2.3. Let p ∈ (1,∞), q ∈ [1,∞], s ∈ R, w ∈ A∞(Rd ) and let X be a Banach
space. Then B s

p,q (Rd , w ; X ) and F s
p,q (Rd , w ; X ) have the Fatou property.

Let O ⊆ Rd be open. To define the B ,F and H spaces on O , we use restriction/factor
spaces. Let F ∈ {B ,F, H }, then we define

F(O , w ; X ) := {
f ∈D′(O ; X ) : ∃g ∈ F(Rd , w ; X ), g |O = f

}
endowed with the norm

∥ f ∥F(O ,w ;X ) := inf{∥g∥F(Rd ,w ;X ) : g |O = f }.

Similarly, we can define the factor space for weighted Sobolev spaces. If O = Rd+ and
w ∈ Ap (Rd+), then the weighted Sobolev spaces on Rd+ as defined above coincide with their
factor spaces, see [189, Section 5]. The proof is based on the existence of an extension
operator from Rd+ to Rd , see, e.g., [4, Theorems 5.19 & 5.22]. Throughout the rest of the
chapter, we will refer to such operators as reflection operators. For a discussion of reflection
operators on weighted spaces, we refer to [265, Section 2.1.2].

3.2.2. Embeddings
We continue with some standard embedding properties of vector-valued function spaces.
Let p ∈ (1,∞), s ∈R, k ∈N0, w ∈ Ap (Rd ) and let X be a Banach space. Then

F s
p,1(Rd , w ; X ) ,→ H s,p (Rd , w ; X ) ,→ F s

p,∞(Rd , w ; X ), (3.2.2a)

F k
p,1(Rd , w ; X ) ,→W k,p (Rd , w ; X ) ,→ F k

p,∞(Rd , w ; X ), (3.2.2b)

see [211, Proposition 3.12]. It holds that F s
p,2(Rd ; X ) = H s,p (Rd ; X ) if and only if X is

isomorphic to a Hilbert space, see [119] or [126, Theorem 14.7.9] for a more direct proof.
For general Banach spaces X , the Bessel potential and Sobolev spaces are not equal to
a Triebel–Lizorkin space, but instead, we have the embeddings (3.2.2). In particular, we
note that the embedding

F 0
p,1(Rd , w ; X ) ,→ Lp (Rd , w ; X ), (3.2.3)
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holds for all w ∈ A∞(Rd ). This immediately follows from taking Lp (Rd , w)-norms in
the estimate ∥ f ∥X ≤ ∑∞

n=0 ∥Sn f ∥X with f ∈ S (Rd ; X ) and a density argument, see [211,
Lemma 3.8].

Moreover, for all p ∈ [1,∞), q ∈ [1,∞], s ∈R, w ∈ A∞(Rd ), it holds that

B s
p,min{p,q}(R

d , w ; X ) ,→ F s
p,q (Rd , w ; X ) ,→ B s

p,max{p,q}(R
d , w ; X ), (3.2.4)

and if, in addition, 1 ≤ q0 ≤ q1 ≤∞, then

B s
p,q0

(Rd , w ; X ) ,→ B s
p,q1

(Rd , w ; X ) and F s
p,q0

(Rd , w ; X ) ,→ F s
p,q1

(Rd , w ; X ), (3.2.5)

see [211, Proposition 3.11].

Finally, we state the following theorem on Sobolev embeddings for Besov and Triebel–
Lizorkin spaces. Its proof is based on a similar result for radial weights, see [211, Theorems
1.1 & 1.2]. Moreover, in [212] general A∞ weights are considered in the scalar-valued set-
ting. The embedding with scalar-valued spaces can be extended to vector-valued spaces
only for Muckenhoupt weights, see [212, Theorem 1.3]. However, this is not sufficient for
our purposes.

Theorem 3.2.4. Let 1 < p0 ≤ p1 <∞, q0, q1 ∈ [1,∞], s0 > s1, γ0,γ1 > −1 and let X be a
Banach space. Suppose that

γ1

p1
≤ γ0

p0
and s0 − d +γ0

p0
= s1 − d +γ1

p1
.

Then

(i) F s0
p0,q0

(Rd , wγ0 ; X ) ,→ F s1
p1,q1

(Rd , wγ1 ; X ),

(ii) B s0
p0,q0

(Rd , wγ0 ; X ) ,→ B s1
p1,q1

(Rd , wγ1 ; X ) if, in addition, q0 ≤ q1.

Proof. Step 1: proof of (ii). By (3.2.5) it suffices to consider q := q0 = q1. Let f ∈ B s0
p0,q (Rd ,

wγ0 ; X ), (ϕn)n≥0 ∈Φ(Rd ) and define Sn f :=ϕn ∗ f as in (3.2.1). We write s1+δ= s0, where

δ= δ0 +δ1 with δ0 := γ0 +1

p0
− γ1 +1

p1
and δ1 := d −1

p0
− d −1

p1
.

Let Fx1 and Fx̃ be the Fourier transform with respect to x1 ∈R and x̃ ∈Rd−1, respectively.
Note that suppF (Sn f ) ⊆ {ξ ∈ Rd : |ξ| ≤ 3 · 2n−1}, so that suppFx1 (Sn f (·, x̃)) ⊆ {ξ1 ∈ R :
|ξ1| ≤ 3 · 2n−1} for fixed x̃ ∈ Rd−1 and suppFx̃ (Sn f (x1, ·)) ⊆ {ξ̃ ∈ Rd−1 : |ξ̃| ≤ 3 · 2n−1} for
fixed x1 ∈R (see [245, Theorem 4.9, Step 1 & 2]). Now, the Plancherel–Polya–Nikol’skij type
inequality from [211, Proposition 4.1] twice and Minkowski’s inequality yield

∥Sn f ∥Lp1 (Rd ,wγ1 ;X ) ≤C 2δ0n
(∫
Rd−1

(∫
R
|x1|γ0∥Sn f (x1, x̃)∥p0

X dx1

) p1
p0 dx̃

) 1
p1

≤C 2δ0n
(∫
R
|x1|γ0

(∫
Rd−1

∥Sn f (x1, x̃)∥p1
X dx̃

) p0
p1 dx1

) 1
p0

≤C 2(δ0+δ1)n∥Sn f ∥Lp0 (Rd ,wγ0 ;X ),

(3.2.6)
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where C > 0 is independent of f and n. Statement (ii) now follows from the definition of
the Besov norms and the fact that s1 +δ= s0.

Step 2: proof of (i). We follow the proof of [211, Theorem 1.2] for radial weights to
deduce (i). By (3.2.5) it suffices to prove the required estimate for q1 = 1. First, let f ∈
F s0

p0,q0
(Rd , wγ0 ; X )∩F s1

p1,1(Rd , wγ1 ; X ) and without loss of generality we may assume f ̸= 0.

Let θ0 ∈ [0,1) be such that 1
p1

− 1−θ0
p0

= 0 and define the continuous function g : (θ0,1] →R

by

g (θ) =
γ1
p1

− (1−θ)γ0
p0

1
p1

− 1−θ
p0

.

Note that g (1) = γ1 and since γ1 > −1 there exists a θ ∈ (θ0,1) such that γ := g (θ) > −1.
Define r and t by

1

p1
= 1−θ

p0
+ θ

r
and t − d +γ

r
= s1 − d +γ1

p1
.

From the conditions on the parameters it follows that r ∈ [p1,∞), and t < s0 satisfies
s1 = θt + (1−θ)s0. Moreover, it holds that θγp1/r + (1−θ)γ0p1/p0 = γ1. Therefore, the
Gagliardo–Nirenberg type inequality from [211, Proposition 5.1] gives

∥ f ∥F
s1
p1,1(Rd ,wγ1 ;X ) ≤C∥ f ∥1−θ

F
s0
p0,q0

(Rd ,wγ0 ;X )
∥ f ∥θ

F t
r,r (Rd ,wγ;X )

. (3.2.7)

Moreover, by (3.2.4), (ii) (using that r ≥ p1) and (3.2.5), we obtain

∥ f ∥F t
r,r (Rd ,wγ;X ) ≂ ∥ f ∥B t

r,r (Rd ,wγ;X ) ≤C∥ f ∥B
s1
p1,p1

(Rd ,wγ1 ;X ) ≤C∥ f ∥F
s1
p1,1(Rd ,wγ1 ;X ). (3.2.8)

Substituting (3.2.8) in (3.2.7) yields

∥ f ∥F
s1
p1,1(Rd ,wγ1 ;X ) ≤C∥ f ∥F

s0
p0,q0

(Rd ,wγ0 ;X ) (3.2.9)

for f ∈ F s0
p0,q0

(Rd , wγ0 ; X )∩F s1
p1,1(Rd , wγ1 ; X ).

The estimate for f ∈ F s0
p0,q0

(Rd , wγ0 ; X ) follows from the Fatou property of Triebel–
Lizorkin spaces. We provide the argument for the convenience of the reader. For f ∈
F s0

p0,q0
(Rd , wγ0 ; X ) the series fN =∑N

n=0 Sn f converges to f in S ′(Rd ; X ) as N →∞. Note

that for all N ∈ N0 we have fN ∈ F s0
p0,q0

(Rd , wγ0 ; X )∩ F s1
p1,1(Rd , wγ1 ; X ) by (3.2.6). From

Lemma 3.2.1 we have that

∥ fN∥F
s0
p0,q0

(Rd ,wγ0 ;X ) ≤C∥ f ∥F
s0
p0,q0

(Rd ,wγ0 ;X ) for all N ∈N0,

and together with (3.2.9) this implies

∥ fN∥F
s1
p1,1(Rd ,wγ1 ;X ) ≤C∥ f ∥F

s0
p0,q0

(Rd ,wγ0 ;X ) for all N ∈N0.

Proposition 3.2.3 yields f ∈ F s1
p1,1(Rd , wγ1 ; X ) and

∥ f ∥F
s1
p1,1(Rd ,wγ1 ;X ) ≤ liminf

N→∞
∥ fN∥F

s1
p1,1(Rd ,wγ1 ;X ) ≤C∥ f ∥F

s0
p0,q0

(Rd ,wγ0 ;X ).

This completes the proof.
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3.3. Trace spaces of Besov and Triebel–Lizorkin spaces
In this section, we characterise the higher-order trace spaces of weighted Besov and
Triebel–Lizorkin spaces on Rd . In Section 3.3.1 we first study the zeroth-order trace
operator and in Section 3.3.2 we extend the results to higher-order trace operators.

3.3.1. The zeroth-order trace operator
To define the trace operator we pursue as in [245] and use a concept due to Nikol’skij
[225]. There exist several other and, in particular cases, equivalent definitions for the trace
operator. We refer to [245, Remark 4.8] for an overview.

Let X be a Banach space and let f : Rd → X be strongly measurable. A function g :
Rd−1 → X is called the trace of f on {0}×Rd−1, if there are f̃ :Rd → X , p ∈ [1,∞] and δ> 0
such that

(i) f̃ = f almost everywhere with respect to the Lebesgue measure on Rd ,

(ii) f̃ (x1, ·) ∈ Lp (Rd−1; X ) for |x1| < δ,

(iii) f̃ (0, ·) = g almost everywhere with respect to the Lebesgue measure on Rd−1,

(iv) limx1→0 ∥ f̃ (x1, ·)− g∥Lp (Rd−1;X ) = 0.

By [245, Remark 4.2 & 4.3] this definition is independent of f̃ , p and δ and it coincides
with the restriction of f to {(0, x̃) : x̃ ∈ Rd−1} if f is continuous on (−δ,δ)×Rd−1. If the
trace exists according to the above definition, then we write Tr f = g , so that we obtain a
linear operator Tr.

The representative f̃ for f can be obtained via the formula f̃ = ∑∞
n=0 Sn f , whenever

this makes sense. In Proposition 3.3.2 we will use this representative to show that the trace
operator is well defined if f belongs to a certain Besov space.

The following results are extensions of the arguments in [245] to the case with weights
wγ(x) = |x1|γ, which can also be found in version 1 of the arXiv preprint of [213]. We note
that radial weights |x|γ are considered in [2, 120]. Anisotropic versions of trace theorems
have appeared in, e.g., [132, 184, 185] and see the references therein.

We start with a technical lemma analogous to [245, Lemma 4.5].

Lemma 3.3.1. Let p ∈ (1,∞), γ>−1 and let X be a Banach space. Let h ∈ Lp (Rd , wγ; X )

such that supp ĥ ⊆ {ξ ∈Rd : |ξ| ≤ R} for some R > 0. Then there exists a C > 0, independent
of h and R, such that for all x1 ∈R, we have

∥h(x1, ·)∥Lp (Rd−1;X ) ≤C R
γ+1

p ∥h∥Lp (Rd ,wγ;X ).

Proof. First of all, note that h is pointwise defined by the support condition on its Fourier
transform, see, e.g., [126, Lemma 14.2.9].

Step 1: the case γ ∈ (−1, p −1). By scaling and translating, it suffices to consider x1 = 0
and R = 1. Let ϕ̂ ∈C∞

c (Rd ) such that ϕ̂= 1 on B(0,1). Then for every x̃ ∈Rd−1 we have

h(0, x̃) = (
F−1(ϕ̂ ĥ )

)
(0, x̃) =

∫
Rd−1

∫
R

h(−y1, x̃ − ỹ)|y1|
γ
p ϕ(y1, ỹ)|y1|−

γ
p dy1 dỹ,
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so that Hölder’s inequality implies

∥h(0, x̃)∥X ≤
∫
Rd−1

∥h(·, x̃ − ỹ)∥Lp (R,wγ;X )∥ϕ(·, ỹ)∥Lp′ (R,wγ′ )
dỹ,

where p ′ = p
p−1 and γ′ =− γ

p−1 . By Minkowski’s inequality we obtain

∥h(0, ·)∥Lp (Rd−1;X ) ≤ ∥h∥Lp (Rd ,wγ;X )

∫
Rd−1

∥ϕ(·, ỹ)∥Lp′ (R,wγ′ )
dỹ =C∥h∥Lp (Rd ,wγ;X ),

using that γ′ >−1 in the last step.
Step 2: the case γ≥ p −1. Let Fx1 be the Fourier transform with respect to x1 ∈R. Since

supp ĥ ⊆ {ξ ∈ Rd : |ξ| ≤ R} we have that suppFx1 (h(·, x̃)) ⊆ {ξ1 ∈ R : |ξ1| ≤ R} for fixed
x̃ ∈ Rd−1, see [245, Theorem 4.9, Step 1 & 2]. By the Plancherel–Polya–Nikol’skij type
inequality from [211, Proposition 4.1] we obtain

∥h∥Lp (Rd ;X ) =
(∫
Rd−1

∫
R
∥h(x1, x̃)∥p

X dx1 dx̃
) 1

p

≤C R
γ
p

(∫
Rd−1

∫
R
|x1|γ∥h(x1, x̃)∥p

X dx1 dx̃
) 1

p =C R
γ
p ∥h∥Lp (Rd ,wγ;X ).

(3.3.1)

From Step 1 applied to γ= 0 and (3.3.1), we obtain

∥h(x1, ·)∥Lp (Rd−1;X ) ≤C R
1
p ∥h∥Lp (Rd ;X ) ≤C R

γ+1
p ∥h∥Lp (Rd ,wγ;X ).

Note that this second step actually works for all γ> 0.

Using Lemma 3.3.1 we can now prove that Tr f exists if f ∈ B
γ+1

p

p,1 (Rd , wγ; X ). In particular,
provided that f has this regularity, we will in the sequel always work with the identity
(3.3.2). The following result is a weighted version of [245, Proposition 4.4].

Proposition 3.3.2. Let p ∈ (1,∞), γ>−1 and let X be a Banach space. Then the trace of a

function f ∈ B
γ+1

p

p,1 (Rd , wγ; X ) exists and for any (ϕn)n≥0 ∈Φ(Rd ), we have

Tr f =
∞∑

n=0
ϕn ∗ f (0, ·) in Lp (Rd−1; X ). (3.3.2)

Proof. Let f ∈ B
γ+1

p

p,1 (Rd , wγ; X ), (ϕn)n≥0 ∈Φ(Rd ) and set f̃ =∑∞
n=0 Sn f . We verify the con-

ditions (i), (ii) and (iv) for the definition of the trace operator. Note that (iii) holds auto-
matically.

Step 1: proof of (i). Since f ∈ B
γ+1

p

p,1 (Rd , wγ; X ) we have
∑∞

n=0 ∥Sn f ∥Lp (Rd ,wγ;X ) <∞ and

therefore the series converges to f in Lp (Rd , wγ; X ) and thus f = f̃ almost everywhere on
Rd .
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Step 2: proof of (ii). By Lemma 3.3.1 (using that suppF (Sn f ) ⊆ {ξ ∈ Rd : |ξ| ≤ 3 ·2n−1})
we obtain for every x1 ∈R that

∥ f̃ (x1, ·)∥Lp (Rd−1;X ) ≤
∥∥(∥Sn f (x1, ·)∥Lp (Rd−1;X ))n≥0

∥∥
ℓ1

≤C
∥∥(2

γ+1
p n∥Sn f ∥Lp (Rd ,wγ;X ))n≥0

∥∥
ℓ1 =C∥ f ∥

B
γ+1

p
p,1 (Rd ,wγ;X )

.

Step 3: proof of (iv). Let ε > 0. By applying Lemma 3.3.1, we can find an N ≥ 1 large
enough such that∥∥∥ ∞∑

n=N

(
Sn f (x1, ·)−Sn f (0, ·))∥∥∥

Lp (Rd−1;X )
≤C

∞∑
n=N

2
γ+1

p n∥Sn f ∥Lp (Rd ,wγ;X ) <
ε

2
. (3.3.3)

From now on we fix such an N . Let n < N and |x1| < 2−N , and we define hx1 (t , x̃) :=
Sn f (t +x1, x̃)−Sn f (t , x̃) for t ∈R and x̃ ∈Rd−1. Note that by the mean value theorem we
have

∥hx1 (t , x̃)∥X ≤ |x1| sup
|y |<2−N

∥∇Sn f (t + y, x̃)∥X . (3.3.4)

By Lemma 3.3.1, (3.3.4) and [245, Lemma 2.3], we obtain that

∥Sn f (x1, ·)−Sn f (0, ·)∥Lp (Rd−1;X ) = ∥hx1 (0, ·)∥Lp (Rd−1;X )

≤C 2
γ+1

p n∥hx1∥Lp (Rd ,wγ;X )

≤C 2
γ+1

p n |x1|
∥∥∥(t , x̃) 7→ sup

y<2−N
∥∇Sn f (t + y, x̃)∥X

∥∥∥
Lp (Rd ,wγ)

≤C 2( γ+1
p +1)n |x1|

∥∥(M∥Sn f ∥r
X )

1
r
∥∥

Lp (Rd ,wγ),

for some r ∈ (0, p), where M denotes the Hardy–Littlewood maximal operator. Picking r
such that wγ ∈ A p

r
(Rd ) and using the boundedness of M on Lp/r (Rd , wγ) gives

∥Sn f (x1, ·)−Sn f (0, ·)∥Lp (Rd−1;X ) ≤C 2( γ+1
p +1)n |x1|∥Sn f ∥Lp (Rd ,wγ;X ). (3.3.5)

Upon choosing |x1| small enough, we now obtain by combining (3.3.3) and (3.3.5) that

∥∥∥ ∞∑
n=0

(
Sn f (x1, ·)−Sn f (0, ·))∥∥∥

Lp (Rd−1;X )
≤ ε

2
+C |x1|

N−1∑
n=0

2( γ+1
p +1)n∥Sn f ∥Lp (Rd ,wγ;X ) < ε.

For instance, it suffices to take |x1| < ε2−N C−1∥ f ∥−1

B
(γ+1)/p
p,1 (Rd ,wγ;X )

, where C is the constant

in (3.3.5). This shows that limx1→0 f̃ (x1, ·) = f̃ (0, ·) in Lp (Rd−1; X ).

Remark 3.3.3. Note that for γ > 0 we have B
γ+1

p

p,1 (Rd , wγ; X ) ,→ B
1
p

p,1(Rd ; X ) by Theorem
3.2.4. Thus, Proposition 3.3.2 for γ> 0 can also be deduced from the unweighted result.
This argument does not apply for γ ∈ (−1,0).
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With the above results, the trace space of a weighted Besov space can be characterised
following the arguments from [245, Theorem 4.9 & Proposition 4.12] for the unweighted
case. For p = q ∈ (1,∞) and Ap weights the result was already shown in [108, Théorème
7.1].

Theorem 3.3.4. Let p ∈ (1,∞), q ∈ [1,∞], γ>−1, s > γ+1
p and let X be a Banach space. Let

Tr be as in Proposition 3.3.2. Then

Tr : B s
p,q (Rd , wγ; X ) → B

s− γ+1
p

p,q (Rd−1; X )

is a continuous and surjective operator. Moreover, there exists a continuous right inverse
ext of Tr which is independent of s, p, q,γ and X .

Proof. Let (ϕn)n≥0 ∈Φ(Rd ), (φn)n≥0 ∈Φ(Rd−1), f ∈S ′(Rd ; X ), g ∈S ′(Rd−1; X ) and define
Sn f :=ϕn ∗ f and Tn g :=φn ∗ g . Moreover, set S−1 f = T−1g = 0.

Step 1: trace operator. The continuity of the trace operator can be shown similarly as in
Step 4 of the proof of [245, Theorem 4.9] if we apply Lemma 3.3.1 instead of [245, Equation
(4.5)].

Step 2: extension operator. The extension operator is defined similarly as in [263, Section

2.7.2] and [245]. Let g ∈ B
s− γ+1

p
p,q (Rd−1; X ) and take (ρn)n≥0 ∈Φ(R) such that ρ1(0) = 2 (and

therefore ρn(0) = 2n for all n ≥ 0). We set

ext g (x1, x̃) =
∞∑

n=0
2−nρn(x1)Tn g (x̃) in S ′(Rd ; X ). (3.3.6)

Note that ext is independent of s, p, q,γ and X . Moreover, since ρn(x1) = 2n−1ρ1(2n−1x1)
it holds that

∥ρn∥Lp (R,wγ) = 2(n−1)(1− γ+1
p )∥ρ1∥Lp (R,wγ), n ∈N0. (3.3.7)

Therefore, using (3.3.7), Young’s inequality, s − γ+1
p > 0 and γ>−1, we find

∞∑
n=0

2−n∥ρnTn g∥Lp (Rd ,wγ;X ) =
∞∑

n=0
2−n∥ρn∥Lp (R,wγ)∥Tn g∥Lp (Rd−1;X )

≤C∥g∥Lp (Rd−1;X )

∞∑
n=0

2−n γ+1
p ≤C∥g∥

B
s− γ+1

p
p,q (Rd−1;X )

,

where the constant C is independent of g and n. For the last estimate we have used a
geometric series (γ>−1) and that Bε

p,q (Rd−1; X ) ,→ B 0
p,1(Rd−1; X ) ,→ Lp (Rd−1; X ) for ε> 0,

see [126, Theorem 14.4.19 & Proposition 14.4.18]. This shows that ext g is well defined in
Lp (Rd , wγ; X ). Now, Lemma 3.2.1 and (3.3.7) imply that

∥Sn ext g∥Lp (Rd ,wγ;X ) ≤C
1∑

j=−1
2−(n+ j )∥ρn+ j ∥Lp (R,wγ)∥Tn+ j g∥Lp (Rd−1;X )

≤C
1∑

j=−1
2−(n+ j ) γ+1

p ∥Tn+ j g∥Lp (Rd−1;X ),



56 3. Complex interpolation of weighted Sobolev spaces

where the constant C is independent of g and n. This implies that

∥ext g∥B s
p,q (Rd ,wγ;X ) ≤C

1∑
j=−1

∥∥(
2n(s− γ+1

p )∥Tn+ j g∥Lp (Rd−1;X )

)
n≥0

∥∥
ℓq ≤ ∥g∥

B
s− γ+1

p
p,q (Rd−1;X )

.

This proves the continuity of ext.
Since ρn(0) = 2n it follows from the formulas (3.3.2) and (3.3.6) that Tr(ext g ) = g for all

g ∈S (Rd−1; X ). By density (see [211, Lemma 3.8]) this extends to all g ∈ B
s− γ+1

p
p,q (Rd−1; X )

with q <∞. If q =∞, then we have B
s− γ+1

p
p,∞ (Rd−1; X ) ,→ B

s− γ+1
p −ε

p,1 (Rd−1; X ) for all ε> 0 (see
[126, Theorem 14.4.19]). This shows that ext is also the right inverse for Tr in this case.
Finally, the existence of a right inverse of Tr implies that Tr is surjective.

Using Theorem 3.3.4 and the Sobolev embeddings for Triebel–Lizorkin spaces from
Theorem 3.2.4, we characterise the trace spaces for Triebel–Lizorkin spaces. In contrast
to [245, Lemma 4.15] and [120, Theorem 3.6], the following proof is Fourier analytic and
does not use an atomic approach. In the unweighted scalar-valued setting, other methods
are used in [263, Theorem 2.7.2] to obtain the trace space for Triebel–Lizorkin spaces.

Theorem 3.3.5. Let p ∈ (1,∞), q ∈ [1,∞], γ > −1, s > γ+1
p and let X be a Banach space.

Then

Tr : F s
p,q (Rd , wγ; X ) → B

s− γ+1
p

p,p (Rd−1; X )

is a continuous and surjective operator. Moreover, there exists a continuous right inverse
ext of Tr which is independent of s, p, q,γ and X . This extension operator coincides with
the extension operator from Theorem 3.3.4.

Proof. Step 1: trace operator. Let f ∈ F s
p,q (Rd , wγ; X ) and for ε > 0 small take s1 := s − ε

p
and γ1 := γ−ε. Then γ1/p < γ/p and s − (d +γ)/p = s1 − (d +γ1)/p. So by Theorem 3.3.4,
(3.2.4) and Theorem 3.2.4, we obtain

∥Tr f ∥
B

s− γ+1
p

p,p (Rd−1;X )
= ∥Tr f ∥

B
s1−

γ1+1
p

p,p (Rd−1;X )
≤C∥ f ∥B

s1
p,p (Rd ,wγ1 ;X )

≤C∥ f ∥F
s1
p,p (Rd ,wγ1 ;X ) ≤C∥ f ∥F s

p,q (Rd ,wγ;X ).

Step 2: extension operator. Let g ∈ B
s− γ+1

p
p,p (Rd−1; X ) and for ε> 0 small take s0 = s +ε/p

and γ0 = γ+ε. Then by Theorem 3.2.4, (3.2.4) and Theorem 3.3.4, we obtain

∥ext g∥F s
p,q (Rd ,wγ;X ) ≤C∥ext g∥F

s0
p,p (Rd ,wγ0 ;X ) ≤C∥ext g∥B

s0
p,p (Rd ,wγ0 ;X )

≤C∥g∥
B

s0−
γ0+1

p
p,p (Rd−1;X )

= ∥g∥
B

s− γ+1
p

p,p (Rd−1;X )
.

The identity Tr◦ext = id follows from Theorem 3.3.4.
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3.3.2. The higher-order trace operator
In this section, we study the m-th order trace operator Trm = Tr◦∂m

1 for m ∈N1. Further-
more, we will write Tr0 = Tr.

We start with higher-order trace spaces for Besov spaces. To this end, we first define the
m-th order extension operator.

Definition 3.3.6. Let η0 ∈C∞
c ((−1,1)) and η ∈C∞

c ((1, 3
2 )) such that

F−1η0(0) =F−1η(0) = 1, (3.3.8)

where F is the one-dimensional Fourier transform. For m ∈N0 and D :=−i∂1 we define

ηm
0 := (−D)mη0/m! and ηm

j := (−D)mη(2− j ·)/m!, j ∈N1.

Let (φ j ) j≥0 ∈Φ(Rd−1). For any g ∈S (Rd−1; X ) we define

extm g (x1, x̃) :=
∞∑

j=0
2− j (F−1ηm

j )(x1)(φ j ∗ g )(x̃),

whenever this converges in S ′(Rd ; X ).

The motivation behind the definition of this extension operator extm is as follows. By
properties of the Fourier transform, we have

(F−1ηm
j )(x1) = 2 j xm

1

m!
(F−1ζ)(2 j x1), j ∈N0, x1 ∈R,

where ζ := η if j ≥ 1 and ζ := η0 if j = 0. Using the product rule, one can calculate the
derivatives ∂m

1 of extm to show that Trm ◦extm = Tr◦∂m
1 ◦extm = id, i.e., extm is a right

inverse to the m-th order trace operator. We make this rigorous in Theorems 3.3.8 and
3.3.9 for Besov and Triebel–Lizorkin spaces, respectively.

We start by showing the continuity of the extension operator extm on Besov spaces. The
following lemma is analogous to [16, Lemma VIII.1.2.7].

Lemma 3.3.7. Let p ∈ (1,∞), q ∈ [1,∞], m ∈N0, γ>−1, s > m+ γ+1
p and let X be a Banach

space. Then for g ∈ B
s−m− γ+1

p
p,q (Rd−1; X ) it holds that

(i) extm g exists in B s
p,q (Rd , wγ; X ) if q ∈ [1,∞),

(ii) extm g exists in B t
p,1(Rd , wγ; X ) for any t < s if q ∈ [1,∞].

Moreover, for any q ∈ [1,∞], we have that

extm : B
s−m− γ+1

p
p,q (Rd−1; X ) → B s

p,q (Rd , wγ; X )

is continuous.
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Proof. Step 1: preparations. For m, j ∈ N0 and (φ j ) j≥0 ∈ Φ(Rd−1) let ηm
j and extm be as

defined in Definition 3.3.6. Let Fd be the d-dimensional Fourier transform. Moreover, let
(ρ j ) j≥0 ∈Φ(R) and set Fdϕ j (x) := (F1ρ j )(x1)(Fd−1φ j )(x̃). For notational convenience
we write ϕ̂ j (x) = ρ̂ j (x1)φ̂ j (x̃).

Let g ∈ B
s−m− γ+1

p
p,q (Rd−1; X ) and for notational convenience we introduce

ĝ :=Fd−1g and g j := (F−1
1 ηm

j )(φ j ∗ g ) for j ∈N0.

Note that for k, j ∈N1 we have

Fd (ϕk ∗ g j ) = ϕ̂kFd g j = ρ̂k φ̂kFd
(
(F−1

1 ηm
j )(F−1

d−1φ̂ j ĝ )
)= (ρ̂kη

m
j )(φ̂k φ̂ j ĝ ),

and thus ϕk ∗ g j =F−1
d

[
(ρ̂kη

m
j )(φ̂k φ̂ j ĝ )

]
. Since suppηm

j ⊆ {ξ1 ∈ R : 2 j < |ξ1| < 3 ·2 j−1} ⊆
supp ρ̂ j , we have

ϕk ∗ g j = 0 if |k − j | ≥ 2. (3.3.9)

Moreover, by properties of the Fourier transform, we obtain for j ≥ 1

F−1
1 ηm

j = 2− j m

m!
F−1

1

(
((−D)mη)(2− j ·))= 2− j (m−1)

m!

(
F−1

1 ((−D)mη)
)
(2 j ·),

and with a substitution x 7→ 2− j x we obtain that

∥F−1
1 ηm

j ∥Lp (R,wγ) = 2 j (1−m− γ+1
p )∥F−1

1 ηm∥Lp (R,wγ), (3.3.10)

where ηm := (−D)mη/m!. Define sn g :=∑n
j=0 2− j g j for n ∈N0. Therefore, for 0 ≤ k ≤ n +1

we obtain from (3.3.9), Lemma 3.2.1 and (3.3.10) that

2ks∥ϕk∗sn g∥Lp (Rd ,wγ;X )

= 2ks
∥∥∥ k+1∑

j=k−1
ϕk ∗2− j g j

∥∥∥
Lp (Rd ,wγ;X )

≤C
1∑

j=−1
2(k+ j )s−(k+ j )∥gk+ j ∥Lp (Rd ,wγ;X )

=C
1∑

j=−1
2(k+ j )s−(k+ j )∥F−1

1 ηm
k+ j ∥Lp (R,wγ)∥φk+ j ∗ g∥Lp (Rd−1;X )

≤C
1∑

j=−1
2(k+ j )(s−m− γ+1

p )∥φk+ j ∗ g∥Lp (Rd−1;X ),

(3.3.11)

and if k ≥ n +2 we find
2ks∥ϕk ∗ sn g∥Lp (Rd ,wγ;X ) = 0. (3.3.12)

Step 2: existence. For g ∈ B
s−m− γ+1

p
p,q (Rd−1; X ) we prove that

(i) extm g exists in B s
p,q (Rd , wγ; X ) if q ∈ [1,∞),
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(ii) extm g exists in B t
p,1(Rd , wγ; X ) for any t < s if q ∈ [1,∞].

If q ∈ [1,∞) and 0 < ℓ< n, then by (3.3.9), (3.3.11) and (3.3.12), we have

∥sn g − sℓg∥B s
p,q (Rd ,wγ;X ) =

(n+1∑
k=ℓ

(
2ks∥ϕk ∗ (sn g − sℓg )∥Lp (Rd ,wγ;X )

)q
) 1

q

≤C
(n+1∑

k=ℓ

( 1∑
j=−1

2(k+ j )(s−m− γ+1
p )∥φk+ j ∗ g∥Lp (Rd−1;X )

)q
) 1

q

≤C
( n+2∑

k=ℓ−1

(
2k(s−m− γ+1

p )∥φk ∗ g∥Lp (Rd−1;X )

)q
) 1

q
,

(3.3.13)

which converges to zero as ℓ,n → ∞ since g ∈ B
s−m− γ+1

p
p,q (Rd−1; X ). Thus, (sn g )n≥0 is a

Cauchy sequence in B s
p,q (Rd , wγ; X ). Hence, extm g =∑∞

j=0 2− j g j = limn→∞ sn g exists in
this space and this proves (i).

If q ∈ [1,∞] and t < s, then by [126, Theorem 14.4.19] it follows that

g ∈ B
s−m− γ+1

p
p,q (Rd−1; X ) ,→ B

t−m− γ+1
p

p,1 (Rd−1; X ).

Therefore, (i) implies that extm g exists in B t
p,1(Rd , wγ; X ) and this proves (ii).

Step 3: continuity. Let g ∈ B
s−m− γ+1

p
p,q (Rd−1; X ) with q ∈ [1,∞]. Take k ∈N0 and 0 < ℓ< n,

then the estimate

2kt∥ϕk ∗ (sn g − sℓg )∥Lp (Rd ,wγ;X ) ≤C∥sn g − sℓg∥B t
p,1(Rd ,wγ;X ),

together with (3.3.13) implies that (ϕk ∗ sn g )n≥0 is a Cauchy sequence in Lp (Rd , wγ; X )
for all k ∈N0. Therefore, its limit wk = limn→∞ϕk ∗sn g exists in Lp (Rd , wγ; X ) and thus in
S ′(Rd ; X ) as well. Since B t

p,1(Rd , wγ; X ) ,→S ′(Rd ; X ), Step 2(ii) implies that sn g → extm g ,

and thus also ϕk ∗ sn g → ϕk ∗ extm g , both in S ′(R; X ) as n → ∞. We conclude that
wk =ϕk ∗extm g and

ϕk ∗ sn g →ϕk ∗extm g in Lp (Rd , wγ; X ) as n →∞. (3.3.14)

The convergence in (3.3.14) shows that we can let n →∞ in (3.3.11) to obtain for any
k ∈N0

2ks∥ϕk ∗extm g∥Lp (Rd ,wγ;X ) ≤C
1∑

j=−1
2(k+ j )(s−m− γ+1

p )∥φk+ j ∗ g∥Lp (Rd−1;X ),

and therefore

∥extm g∥B s
p,q (Rd ,wγ;X ) ≤C

∥∥∥(
2k(s−m− γ+1

p )∥φk ∗ g∥Lp (Rd−1;X )

)
k≥0

∥∥∥
ℓq

≤C∥g∥
B

s−m− γ+1
p

p,q (Rd−1;X )
.

To conclude, extm g ∈ B s
p,q (Rd , wγ; X ) and the lemma is proved.
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Using Lemma 3.3.7 we can now determine the higher-order trace spaces of weighted
Besov spaces and show that the corresponding extension operator is indeed given as in
Definition 3.3.6. We follow the arguments from [16, Theorem VIII.1.2.1].

Theorem 3.3.8. Let p ∈ (1,∞), q ∈ [1,∞], m ∈ N0, γ > −1, s > m + γ+1
p and let X be a

Banach space. Then

Trm : B s
p,q (Rd , wγ; X ) → B

s−m− γ+1
p

p,q (Rd−1; X )

is a continuous and surjective operator. Moreover, the extension operator extm from Defini-
tion 3.3.6 defines a continuous right inverse of Trm which is independent of s, p, q,γ and X .
For any 0 ≤ j < m, we have Tr j ◦extm = 0.

Proof. Step 1: trace operator. Note that ∂m
1 : B s

p,q (Rd , wγ; X ) → B s−m
p,q (Rd , wγ; X ) is continu-

ous, see [211, Proposition 3.10]. Therefore, since s−m > γ+1
p it follows from Theorem 3.3.4

that

Trm = Tr◦∂m
1 : B s

p,q (Rd , wγ; X ) → B
s−m− γ+1

p
p,q (Rd−1; X )

is continuous.
Step 2: extension operator. Let extm be the extension operator from Definition 3.3.6. The

continuity follows from Lemma 3.3.7. It remains to prove that extm is the right inverse of
Trm and that

Tr j (extm g ) = δ j m g , 0 ≤ j ≤ m, g ∈ B
s−m− γ+1

p
p,q (Rd−1; X ), (3.3.15)

where δ j m is the Kronecker delta. Note that from Definition 3.3.6 and properties of the
Fourier transform it follows that for n ≥ 0

(F−1ηm
n )(x1) = 2n xm

1

m!
(F−1ζ)(2n x1), x1 ∈R, (3.3.16)

where F is the one-dimensional Fourier transform and ζ := η if n ≥ 1 and ζ := η0 if n = 0.

Therefore, if g ∈S (Rd−1; X ), then using Tr j = Tr◦∂ j
1, the product rule and (3.3.8) yields

Tr j
(
2−n(F−1ηm

n )(φn ∗ g )
)= δ j m(φn ∗ g ), 0 ≤ j ≤ m, n ≥ 0. (3.3.17)

Therefore, by continuity of the trace operator (Step 1) and (3.3.17), we find for 0 ≤ j ≤ m

Tr j (extm g ) =
∞∑

n=0
Tr j

(
2−n(F−1ηm

n )(φn ∗ g )
)= δ j m

∞∑
n=0

(φn ∗ g ) = δ j m g ,

using properties of the Littlewood–Paley sequence in the last identity. By density (see [211,

Lemma 3.8]) this extends to all g ∈ B
s−m− γ+1

p
p,q (Rd−1; X ) with q <∞. If q =∞, then we have

B
s−m− γ+1

p
p,∞ (Rd−1; X ) ,→ B

s−m− γ+1
p −ε

p,1 (Rd−1; X ) for all ε> 0 (see [126, Theorem 14.4.19]). This
proves (3.3.15).
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We continue with the characterisation of higher-order trace spaces for Triebel–Lizorkin
spaces.

Theorem 3.3.9. Let p ∈ (1,∞), q ∈ [1,∞], m ∈ N0, γ > −1, s > m + γ+1
p and let X be a

Banach space. Then

Trm : F s
p,q (Rd , wγ; X ) → B

s−m− γ+1
p

p,p (Rd−1; X )

is a continuous and surjective operator. Moreover, the extension operator extm from Defini-
tion 3.3.6 defines a continuous right inverse of Trm which is independent of s, p, q,γ and X .
For any 0 ≤ j < m, we have Tr j ◦extm = 0.

Proof. The proof is similar to the proof of Theorem 3.3.5 using Theorem 3.3.8 instead of
Theorem 3.3.4.

3.4. Trace spaces of Bessel potential and Sobolev spaces
Let p ∈ (1,∞), X a Banach space and let O ⊆ Rd be open. Recall that the power weight
w∂O
γ (x) := dist(x,∂O )γ for x ∈O and γ>−1. In the rest of this chapter, we mainly consider

the following two weighted spaces:

(i) Bessel potential spaces H s,p (O , w∂O
γ ; X ) with s ∈R and γ ∈ (−1, p −1),

(ii) Sobolev spaces W k,p (O , w∂O
γ ; X ) with k ∈N0 and γ ∈ (−1,∞) \ { j p −1 : j ∈N1}.

To finally prove our main results in Section 3.6 about complex interpolation for these
weighted spaces on bounded domains, it suffices to consider the half-space O = Rd+ by
localisation arguments. In this case, we write wγ(x) = w∂Rd+

γ (x) = |x1|γ for x = (x1, x̃) ∈Rd

as before.

The outline of this section is as follows. We start with the trace spaces for the above-
mentioned weighted Bessel potential and Sobolev spaces on Rd and Rd+ in Section 3.4.1.
Afterwards, we apply the trace theorems to prove some density results in Section 3.4.2.

3.4.1. Trace spaces of weighted spaces on the half-space
Using the results from Section 3.3.2 about weighted Besov and Triebel–Lizorkin spaces, we
will now characterise higher-order trace spaces of weighted Bessel potential and Sobolev
spaces. The methods we will employ depend on the weight exponent γ. For γ ∈ (−1, p −1),
i.e., wγ is a Muckenhoupt weight, we can use standard techniques relying on reflection
operators to transfer results from Rd to Rd+. For γ> p −1 such reflection techniques do
not work since weighted Bessel potential and Sobolev spaces on Rd cannot be defined
as usual if γ> p −1 (cf. Remark 2.2.1). Nonetheless, the definition of a Sobolev space on
Rd+ does make sense for γ> p −1 and the main difficulty is to establish the results for this
regime of weight exponents.
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We first consider the case γ ∈ (−1, p−1), where we can use the sandwiching embeddings
(3.2.2) to obtain that, e.g.,

Trm : H s,p (Rd , wγ; X ) → B
s−m− γ+1

p
p,p (Rd−1; X ), s > m + γ+1

p ,

is a continuous and surjective operator, see Theorem 3.4.1 below. If f1, f2 ∈ H s,p (Rd , wγ; X )
satisfy f1|Rd+

= f2|Rd+
, then we have Tr j f1 = Tr j f2 for all j ∈ {0, . . . ,m}. This can be proved

similarly as in [189, Proposition 6.3(2)]. This implies that the trace operator Trm on Rd

gives rise to a well-defined trace operator onRd+, which we denote by Trm as well. Moreover,
if f is continuous on [0,δ)×Rd−1 for some δ> 0, then the trace operator coincides with
the restriction of f to {(0, x̃) : x̃ ∈Rd−1}.

For weighted Bessel potential and Sobolev spaces on Rd and Rd+ with γ ∈ (−1, p −1), we
obtain the following trace results.

Theorem 3.4.1. Let p ∈ (1,∞), m ∈N0, γ ∈ (−1, p −1), O ∈ {Rd ,Rd+} and let X be a Banach
space.

(i) If s > 0 satisfies s > m + γ+1
p , then

Trm : H s,p (O , wγ; X ) → B
s−m− γ+1

p
p,p (Rd−1; X )

is a continuous and surjective operator.

(ii) If k ∈N1 satisfies k > m + γ+1
p , then

Trm : W k,p (O , wγ; X ) → B
k−m− γ+1

p
p,p (Rd−1; X )

is a continuous and surjective operator.

In both cases, there exists a continuous right inverse extm of Trm which is independent of
k, s, p,γ and X . For any 0 ≤ j < m, we have Tr j ◦extm = 0.

Before we can prove Theorem 3.4.1, we need the following trace result for Besov spaces
on the half-space. This proposition is used to prove Theorem 3.4.1 without a UMD condi-
tion for the Banach space X , see also Remark 3.4.4 below.

Proposition 3.4.2. Let p ∈ (1,∞), q ∈ [1,∞], m ∈N0, γ ∈ (−1, p −1), s > m + γ+1
p and let X

be a Banach space. Then

Trm : B s
p,q (Rd

+, wγ; X ) → B
s−m− γ+1

p
p,q (Rd−1; X )

is a continuous and surjective operator. Moreover, there exists a continuous right inverse
extm of Trm which is independent of k, s, p,γ and X . For any 0 ≤ j < m, we have Tr j ◦extm =
0.
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Proof. The result follows from Theorem 3.3.8 if we have a reflection operator between
Besov spaces on Rd+ and Rd . To obtain this reflection operator, note that for any s̃ > 0,
θ ∈ (0,1), s0, s1 ∈N0 such that s0 < s1 and s̃ = (1−θ)s0 +θs1, we have

(W s0,p (Rd
+, wγ; X ),W s1,p (Rd

+, wγ; X ))θ,q = B s̃
p,q (Rd

+, wγ; X ). (3.4.1)

This identity follows from [211, Proposition 6.1] (using γ ∈ (−1, p −1)) and [189, Lemma
5.4] (which holds for real interpolation as well, see [262, Section 1.2.4]). Now, the higher-
order reflection operator on Sobolev spaces from [189, Lemma 5.1] is also bounded on
Besov spaces by (3.4.1).

Remark 3.4.3. Using Theorem 3.3.9 a similar result as in Proposition 3.4.2 holds for the
trace on Triebel–Lizorkin spaces on Rd+. For Triebel–Lizorkin spaces the construction of a
reflection operator is more involved, since Triebel–Lizorkin spaces arise as interpolation
spaces of Sobolev spaces using the ℓq -interpolation method, see [172, 186]. Alternatively,
one can also redo [263, Theorem 2.9.2] using the weighted multiplier result [213, Theorem
1.3].

We will now provide the proof of Theorem 3.4.1.

Proof of Theorem 3.4.1. Step 1: O = Rd . This follows immediately from Theorem 3.3.9
and the embeddings (3.2.2a) and (3.2.2b). Note that these embeddings are only valid for
w ∈ Ap (Rd ), i.e., γ ∈ (−1, p −1).

Step 2: O = Rd+. Statement (ii) with O = Rd+ follows from Step 1 and a higher-order
reflection argument, see [189, Lemma 5.1].

It remains to prove statement (i) with O = Rd+. Let ε > 0 be small and set γ0 := γ+ ε,
γ1 := γ−ε, s0 := s +ε/p and s1 := s −ε/p. From Theorem 3.2.4, (3.2.2a) and (3.2.4) (which
also hold on Rd+ since the spaces on Rd+ are defined as factor spaces), we have the chain of
embeddings

B s0
p,p (Rd

+, wγ0 ; X ) = F s0
p,p (Rd

+, wγ0 ; X ) ,→ F s
p,1(Rd

+, wγ; X ) ,→ H s,p (Rd
+, wγ; X )

,→ F s
p,∞(Rd

+, wγ; X ) ,→ F s1
p,p (Rd

+, wγ1 ; X ) = B s1
p,p (Rd

+, wγ1 ; X ).
(3.4.2)

From Proposition 3.4.2 and (3.4.2) it follows that for f ∈ H s,p (Rd+, wγ; X )

∥Trm f ∥
B

s−m− γ+1
p

p,p (Rd−1;X )
= ∥Trm f ∥

B
s1−m− γ1+1

p
p,p (Rd−1;X )

≤C∥ f ∥B
s1
p,p (Rd+,wγ1 ;X ) ≤C∥ f ∥H s,p (Rd+,wγ;X )

and for g ∈ B
s−m− γ+1

p
p,p (Rd−1; X )

∥extm g∥H s,p (Rd+,wγ;X ) ≤C∥extm g∥B
s0
p,p (Rd+,wγ0 ;X )

≤C∥g∥
B

s0−m− γ0+1
p

p,p (Rd−1;X )
= ∥g∥

B
s−m− γ+1

p
p,p (Rd−1;X )

.

This finishes the proof.
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Remark 3.4.4. Alternatively, in the proof of Theorem 3.4.1(i) with O = Rd+ above, we
could have used a reflection operator from H s,p (Rd+, wγ; X ) into H s,p (Rd , wγ; X ). Such a
reflection operator can be obtained using [189, Lemma 5.1] and complex interpolation.
However, this requires X to be UMD, see [189, Proposition 5.6]. Instead, we did the
reflection argument at the level of Besov spaces in Proposition 3.4.2, where no UMD
condition was required.

Remark 3.4.5. For m ∈N0 and O ∈ {Rd ,Rd+} it is clear that the trace operator Trm maps
C∞

c (O ; X ) into C∞
c (Rd−1; X ). Moreover, the extension operator extm maps C∞

c (Rd−1; X )

into C∞(O ; X ). Indeed, let g ∈ C∞
c (Rd−1; X ), then g ∈ B

s−m− 1
p

p,p (Rd−1; X ) and extm g ∈
H s,p (O ; X ) for all s > m + 1

p . The Sobolev embedding implies that extm g ∈C∞(O ; X ).

We extend the result for Sobolev spaces in Theorem 3.4.1 from γ ∈ (−1, p −1) to γ ∈
(−1,∞) \ { j p −1 : j ∈N1}.

Theorem 3.4.6. Let p ∈ (1,∞), m ∈ N0, k ∈ N1, γ ∈ (−1,∞) \ { j p −1 : j ∈ N1} such that
k > m + γ+1

p and let X be a Banach space. Then

Trm : W k,p (Rd
+, wγ; X ) → B

k−m− γ+1
p

p,p (Rd−1; X )

is a continuous and surjective operator. Moreover, there exists a continuous right inverse
extm of Trm which is independent of k, p,γ and X . For any 0 ≤ j < m, we have Tr j ◦extm = 0.

Proof. Let j ∈N0 be such that γ ∈ ( j p−1,( j+1)p−1). The case j = 0 follows from Theorem
3.4.1(ii), so we can assume j ≥ 1.

Step 1: trace operator. Let f ∈W k,p (Rd+, wγ; X ), then

∥Trm f ∥
B

k−m− γ+1
p

p,p (Rd−1;X )
= ∥Trm f ∥

B
k− j−m− γ− j p+1

p
p,p (Rd−1;X )

≤C∥ f ∥W k− j ,p (Rd+,wγ− j p ;X ) ≤C∥ f ∥W k,p (Rd+,wγ;X ),

since γ− j p ∈ (−1, p −1) and k − j > m ≥ 0 so that Theorem 3.4.1(ii) applies. The last
estimate follows from Hardy’s inequality, see Lemma 2.2.2.

Step 2: extension operator. Let α= (α1, α̃) ∈N0 ×Nd−1
0 with |α| ≤ k and let g ∈ B

k−m− γ+1
p

p,p

(Rd−1; X ). Then estimating the norm on Rd+ by the norm on Rd , using (3.2.3), Theorem
3.2.4 and (3.2.4), gives

∥∂α extm g∥Lp (Rd+,wγ;X ) ≤ ∥∂α extm g∥Lp (Rd ,wγ;X )

≤C∥∂α extm g∥F 0
p,1(Rd ,wγ;X )

≤C∥∂α extm g∥F
s0
p,p (Rd ,wγ0 ;X )

≤C∥∂α extm g∥B
s0
p,p (Rd ,wγ0 ;X ),

(3.4.3)

where γ0 > γ and s0 > 0 are such that s0 − γ0
p =− γ

p . With a similar computation as in the
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proof of Lemma 3.3.7 (see (3.3.11)), it follows that for ℓ ∈N0, we have

2ℓs0∥ϕℓ∗∂α extm g∥Lp (Rd ,wγ0 ;X )

≤C
1∑

i=−1
2ℓ(s0−1)∥∂α1

1 (F−1ηm
ℓ+i )∥Lp (R,wγ0 )∥∂α̃(φℓ+i ∗ g )∥Lp (Rd−1;X ),

(3.4.4)

where F is the one-dimensional Fourier transform and (φℓ)ℓ≥0 ∈ Φ(Rd−1). Taking the
ℓp -norm of (3.4.4) and combining this with (3.4.3) gives

∥∂α extm g∥Lp (Rd+,wγ;X )

≤C
( ∞∑
ℓ=0

1∑
i=−1

2ℓp(s0−1)∥∂α1
1 (F−1ηm

ℓ+i )∥p
Lp (R,wγ0 )∥∂α̃(φℓ+i ∗ g )∥p

Lp (Rd−1;X )

) 1
p

.
(3.4.5)

We estimate the two Lp -norms in the summation above separately. We start with estimat-
ing the Lp (R, wγ0 )-norm. Let ℓ ∈N0 and i ∈ {−1,0,1}. By (3.3.16) and the product rule, we
compute

∂
α1
x1

(
F−1ηm

ℓ+i

)
(x1) = 2ℓ+i

m!
∂
α1
x1

(
xm

1 (F−1ζ)(2ℓ+i x1)
)

= 2ℓ+i

m!

α1∑
n=0

cn xm−n
1 2(ℓ+i )(α1−n)(F−1ζ)(α1−n)(2ℓ+i x1),

where cn = (α1
n

) m!
(m−n)! if n ≤ m and zero otherwise. Taking norms and applying Hardy’s

inequality (Lemma 2.2.2), yields

∥∂α1
1

(
F−1ηm

ℓ+i

)∥p
Lp (R,wγ0 )

≤C 2ℓp
α1∑

n=0
2(ℓ+i )(α1−n)p∥∥x1 7→ xm−n

1 (F−1ζ)(α1−n)(2ℓ+i x1)
∥∥p

Lp (R,wγ0 )

≤C 2ℓp(1+α1)∥∥x1 7→ xm
1 (F−1ζ)(α1)(2ℓ+i x1)

∥∥p
Lp (R,wγ0 )

≤C 2ℓp(1+α1−m− γ0+1
p ).

(3.4.6)

For the Lp (Rd−1; X )-norm we estimate with the notation Tn g :=φn ∗ g

∥∂α̃(φℓ+i ∗ g )∥p

Lp (Rd−1;X )
≤

1∑
n=−1

∥∂α̃(φℓ+i ∗Tℓ+i+n g )∥p

Lp (Rd−1;X )

≤C 2ℓp|α̃| 1∑
n=−1

∥Tℓ+i+n g∥p

Lp (Rd−1;X )
.

(3.4.7)

Combining the estimates (3.4.5), (3.4.6) and (3.4.7) yields

∥∂α extm g∥Lp (Rd ,wγ;X ) ≤C
( ∞∑
ℓ=0

2ℓp(s0+|α|−m− γ0+1
p )∥Tℓg∥p

Lp (Rd−1;X )

) 1
p

≤C
( ∞∑
ℓ=0

2ℓp(k−m− γ+1
p )∥φℓ∗ g∥p

Lp (Rd−1;X )

) 1
p

=C∥g∥
B

k−m− γ+1
p

p,p (Rd−1;X )
,
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where the constants are independent of g and ℓ and we have used that

s0 +|α|−m − γ0 +1

p
= |α|−m − γ+1

p
≤ k −m − γ+1

p
.

This proves the continuity for the extension operator.

To close this section we state a related result for the vector of traces given by

Trm := (Tr0, . . . ,Trm), m ∈N0.

We follow the proof of [16, Theorem VIII.1.3.2] to determine the trace space for Trm from
the trace space for Trm . A similar result is contained in [262, Section 2.9.2] for weighted
scalar-valued Sobolev spaces.

Proposition 3.4.7. Let p ∈ (1,∞), m ∈N0 and let X be a Banach space.

(i) If s > 0, γ ∈ (−1, p −1), s > m + γ+1
p and O ∈ {Rd ,Rd+}, then

Trm : H s,p (O , wγ; X ) →
m∏

j=0
B

s− j− γ+1
p

p,p (Rd−1; X )

is a continuous and surjective operator.

(ii) If k ∈N1, γ ∈ (−1,∞) \ { j p −1 : j ∈N1} and k > m + γ+1
p , then

Trm : W k,p (Rd
+, wγ; X ) →

m∏
j=0

B
k− j− γ+1

p
p,p (Rd−1; X )

is a continuous and surjective operator.

In both cases, there exists a continuous right inverse extm of Trm which is independent of
k, s, p,γ and X .

Proof. The proof is similar to [16, Theorem VIII.1.3.2] and for the convenience of the
reader, we sketch the proof.

Step 1: proof of (i). For j ∈ {0, . . . ,m} let Tr j and ext j be as in Theorem 3.4.1(i). The con-

tinuity of Trm follows from Theorem 3.4.1(i). We continue with constructing an extension
operator extm . Let

(g0, . . . , gm) ∈
m∏

j=0
B

s− j− γ+1
p

p,p (Rd−1; X )

and define f0 := ext0 g0. For j ∈ {1, . . . ,m} we recursively define

f j := f j−1 +ext j (g j −Tr j f j−1) = H j f j−1 +ext j g j ,

where H j := 1−ext j ◦Tr j is a bounded operator on H s,p (O , wγ; X ) by Theorem 3.4.1(i). It
is straightforward to verify that

fm = extm gm +
m−1∑
j=0

( m∏
n= j+1

Hn

)
ext j g j . (3.4.8)
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Moreover, note that from Theorem 3.4.1(i) we have for j ∈ {0, . . . ,m}

Tr j ◦H j = Tr j ◦ (1−ext j ◦Tr j ) = Tr j −Tr j = 0 and

Tr j1 ◦H j = Tr j1 ◦ (1−ext j ◦Tr j ) = Tr j1 for j1 ∈ {0, . . . , j −1}.
(3.4.9)

From (3.4.8) and (3.4.9) it follows that Tr j fm = g j for j ∈ {0, . . . ,m}. Hence, we can define
extm(g0, . . . , gm) := fm and it is straightforward to verify that this operator satisfies the
desired properties.

Step 2: proof of (ii). This case is similar to Step 1 using Theorem 3.4.6 instead of Theorem
3.4.1(i).

3.4.2. Density results
As an application of the trace theorems in the previous section, we prove density of certain
classes of test functions in weighted spaces with zero boundary conditions.

Bessel potential spaces

Let p ∈ (1,∞), s ∈ R, γ ∈ (−1, p −1), O ∈ {Rd ,Rd+} and let X be a Banach space. Then we
define

H s,p
0 (O , wγ; X ) :=

{
f ∈ H s,p (O , wγ; X ) : Tr(∂α f ) = 0 if s −|α| > γ+1

p

}
.

All the traces in the above definition are well defined by Theorem 3.4.1. We note that if
s ≤ γ+1

p , then

H s,p
0 (O , wγ; X ) = H s,p (O , wγ; X ). (3.4.10)

Moreover, we set Rd• :=Rd \ {(0, x̃) : x̃ ∈Rd−1}.

To prove a density result for H s,p
0 , we first record the following proposition about the

boundedness of the pointwise multiplication operator 1
Rd+

. The following proposition is

an extension of [189, Proposition 6.2].

Proposition 3.4.8. Let p ∈ (1,∞), γ ∈ (−1, p − 1) and let X be a Banach space. Let s >
−1+ γ+1

p and m ∈ N0 ∪ {−1} be such that m + γ+1
p < s < m + 1+ γ+1

p . Then for all f ∈
H s,p (Rd , wγ; X )∩{

g ∈W m+1,1
loc (Rd ; X ) : g (0, ·) = ·· · = (∂m

1 g )(0, ·) = 0
}

we have∥∥1
Rd+

f
∥∥

H s,p (Rd ,wγ;X ) ≤C∥ f ∥H s,p (Rd ,wγ;X ),

where the constant C > 0 only depends on p,γ, s and X .
As a consequence, 1

Rd+
is a pointwise multiplier on the closure of C∞

c (Rd• ; X ) with respect

to the norm of H s,p (Rd , wγ; X ). Moreover, it holds that

∂α(1
Rd+

f ) = 1
Rd+

(∂α f ) for |α| ≤ m and f ∈C∞
c (Rd• ; X )

H s,p (Rd ,wγ;X )
.

The proof of Proposition 3.4.8 relies on an improvement of [189, Lemma 4.2], where the
UMD condition on the Banach space can be omitted.
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Lemma 3.4.9. Let p ∈ (1,∞), s ∈R, σ≥ 0, w ∈ Ap (Rd ) and let X be a Banach space. Then
f ∈ H s+σ,p (Rd , w ; X ) if and only if f , (−∆)σ/2 ∈ H s,p (Rd , w ; X ). In this case, it holds that

∥ f ∥H s+σ,p (Rd ,w ;X ) ≂ ∥ f ∥H s,p (Rd ,w ;X ) +∥(−∆)
σ
2 f ∥H s,p (Rd ,w ;X ),

where the constant only depends on p, s,σ, w and X .

Proof. The Laplacian −∆ is a sectorial operator on Lp (Rd , w ; X ) with domain D(∆) =
H 2,p (Rd , w ; X ). By lifting we obtain that −∆ is a sectorial operator on H s,p (Rd , w ; X ) with
D(∆) = H s+2,p (Rd , w ; X ) for any s ∈R. Now, [126, Proposition 15.2.12] yields for any s ∈R
and σ≥ 0 that

∥ f ∥H s+σ,p (Rd ,w ;X ) =
∥∥(1−∆)

σ
2 f

∥∥
H s,p (Rd ,w ;X )

≂ ∥ f ∥H s,p (Rd ,w ;X ) +
∥∥(−∆)

σ
2 f

∥∥
H s,p (Rd ,w ;X ).

This finishes the proof.

As a consequence of Lemma 3.4.9, we can answer the question for which Banach spaces
X the pointwise multiplication operator 1

Rd+
is a bounded operator on H s,p (Rd , wγ; X ). In

particular, this solves [126, Problem Q.12].

Theorem 3.4.10. Let p ∈ (1,∞), γ ∈ (−1, p −1), −1+ γ+1
p < s < γ+1

p and let X be a Banach
space. Then the pointwise multiplication operator 1

Rd+
extends to a bounded operator on

H s,p (Rd , wγ; X ).

Proof. The proof is precisely the same as [189, Theorem 4.1], where this theorem is proved
for UMD Banach spaces X . The only place where their proof uses the UMD condition
is through the norm equivalence in [189, Lemma 4.2]. Lemma 3.4.9 gives precisely this
norm equivalence without the UMD condition.

We now turn to the proof of Proposition 3.4.8. Comparing the statements of Proposition
3.4.8 and Theorem 3.4.10, we note that in Theorem 3.4.10 the additional condition s <
(γ+ 1)/p is required. This is precisely the setting where no traces at ∂Rd+ exist. In the
setting of Proposition 3.4.8, certain traces exist if s ≥ (γ+1)/p, but all these traces are zero.
This implies that derivatives and 1

Rd+
commute, which allows us to remove the condition

s < (γ+1)/p.

Proof of Proposition 3.4.8. The proof is completely analogous to [189, Lemma 6.1 & Pro-
position 6.2]. First, [189, Lemma 6.1] can be extended from d = 1 to d ≥ 1. Afterwards,
redoing the proof of [189, Proposition 6.2] using Theorem 3.4.10 instead of [189, Theorem
4.1], gives the desired result.

We continue with a density result for H s,p
0 (O , wγ; X ), which will be needed in Section

3.6 to characterise complex interpolation spaces of Bessel potential spaces with vanish-
ing boundary conditions. The proposition below is an extension of the results in [189,
Propositions 6.4 & 6.6].

Proposition 3.4.11. Let p ∈ (1,∞), s >−1+ γ+1
p such that s ∉N0 + γ+1

p , γ ∈ (−1, p −1) and
let X be a Banach space. Then
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(i) H s,p
0 (Rd , wγ; X ) =C∞

c (Rd• ; X )
H s,p (Rd ,wγ;X )

,

(ii) H s,p
0 (Rd+, wγ; X ) =C∞

c (Rd+; X )
H s,p (Rd+,wγ;X )

.

Proof. Let m ∈N0∪{−1} be such that m+ γ+1
p < s < m+1+ γ+1

p . For m =−1 no traces exist
(see also (3.4.10)) and the arguments below can easily be adapted to this case by ignoring
any trace conditions. Moreover, we note that derivatives in the directions x̃ = (x2, . . . , xd )
commute with the trace operator (which follows with a density argument), and therefore
for m ∈N0 and O ∈ {Rd ,Rd+} it holds that

H s,p
0 (O , wγ; X ) = { f ∈ H s,p (O , wγ; X ) : Trm f = 0}.

Step 1: proof of (i). For f ∈ C∞
c (Rd• ; X ) it is clear that Trm f = 0 and by continuity

(see Proposition 3.4.7(i)) this extends to the closure of C∞
c (Rd• ; X ). Conversely, let f ∈

H s,p (Rd , wγ; X ) such that Trm f = 0. By [189, Lemma 3.4] there exists a sequence ( f (1)
n )n≥1 ⊆

C∞
c (Rd ; X ) such that

f (1)
n → f in H s,p (Rd , wγ; X ) as n →∞. (3.4.11)

Let extm be as in Proposition 3.4.7(i) and define f (2)
n := f (1)

n − extm(Trm f (1)
n ) for n ∈ N1.

Then by Remark 3.4.5 we have f (2)
n ∈C∞(Rd ; X ) and from Proposition 3.4.7(i) it follows

that Trm f (2)
n = 0 for all n ∈N1. Moreover, using Trm f = 0, Proposition 3.4.7(i) twice and

(3.4.11), it follows

∥extm(Trm f (1)
n )∥H s,p (Rd ,wγ;X ) ≤C

m∑
j=0

∥Trm f −Trm f (1)
n ∥

B
s− j− γ+1

p
p,p (Rd−1;X )

≤C∥ f − f (1)
n ∥H s,p (Rd ,wγ;X ) → 0 as n →∞

and therefore

∥ f − f (2)
n ∥H s,p (Rd ,wγ;X ) ≤ ∥ f − f (1)

n ∥H s,p (Rd ,wγ;X ) +∥extm(Trm f (1)
n )∥H s,p (Rd ,wγ;X ) → 0

as n →∞. By a standard cut-off argument we find a sequence ( f (3)
n )n≥1 ⊆C∞

c (Rd ; X ) such
that Trm f (3)

n = 0 for all n ∈N1 and f (3)
n → f in H s,p (Rd , wγ; X ) as n →∞.

It remains to show that any g ∈C∞
c (Rd ; X ) with Trm g = 0 can be approximated by func-

tions in C∞
c (Rd• ; X ). By writing g = 1

Rd+
g+1Rd− g =: g++g−, we see that g± ∈ H s,p (Rd , wγ; X )

by Proposition 3.4.8 and thus it suffices to approximate g+ and g− separately. Let φ± ∈
C∞

c (Rd ) such that
∫
Rd φ± dx = 1 and suppφ+ ⊆ [1,∞)×Rd−1 and suppφ− ⊆ (−∞,−1]×

Rd−1. Define φ±
n (x) := ndφ±(nx) for n ∈ N1 and x ∈ Rd . Then φ±

n ∗ g± ∈ C∞
c (Rd• ; X ) and

φ±
n ∗ g± → g± in H s,p (Rd , wγ; X ) as n →∞ by [189, Lemma 3.6].
Step 2: proof of (ii). Again, the embedding “←-” is straightforward to prove. For the

other embedding, let f ∈ H s,p (Rd+, wγ; X ) such that Trm f = 0. Then there exists an f̃ ∈
H s,p (Rd , wγ; X ) such that f̃ |

Rd+
= f and Trm f̃ = Trm f = 0 (see the discussion about traces

on the half-space at the beginning of Section 3.4.1). By Step 1 there exists a sequence
f̃n ∈C∞

c (Rd• ; X ) such that f̃n → f̃ in H s,p (Rd , wγ; X ) as n →∞. It follows that fn := f̃n |Rd+
∈

C∞
c (Rd+; X ) and fn → f in H s,p (Rd+, wγ; X ) as n →∞.
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Sobolev spaces

Let p ∈ (1,∞), k ∈N0, γ ∈ (−1,∞) \ { j p −1 : j ∈N1} and X a Banach space. Then we define

W k,p
0 (Rd

+, wγ; X ) :=
{

f ∈W k,p (Rd
+, wγ; X ) : Tr(∂α f ) = 0 if k −|α| > γ+1

p

}
.

Moreover, if m ∈N0, then we define

W k,p
Trm

(Rd
+, wγ; X ) :=

{
f ∈W k,p (Rd

+, wγ; X ) : Trm f = 0 if k −m > γ+1
p

}
.

All the traces in the above definitions are well defined by Theorem 3.4.6. Note that for
m = 0 and m = 1 the above Sobolev spaces with zero boundary conditions coincide with
the Dirichlet and Neumann spaces as we will define later on in Chapter 5. Similar to

the Bessel potential spaces, it holds that C∞
c (Rd+; X ) is dense in W k,p

0 (Rd+, wγ; X ), see, e.g.,
Lemma 5.3.3 or [190, Proposition 3.8].

To deal with higher-order boundary conditions we need spaces of smooth functions
where only higher-order derivatives are compactly supported. For m ∈N0 we define

C∞
c,m(Rd+; X ) := { f ∈C∞

c (Rd+; X ) : ∂m
1 f ∈C∞

c (Rd
+; X )}.

In particular, note that f ∈ C∞
c,m(Rd+; X ) satisfies ∂α f ∈ C∞

c (Rd+; X ) for all α = (α1, α̃) ∈
N0 ×Nd−1

0 with α1 ≥ m.

The following two density results will be required in Chapter 6 to find trace character-
isations for weighted Sobolev spaces on domains with, e.g., C 1-boundary. We first prove a
density result for homogeneous boundary conditions of order m.

Proposition 3.4.12. Let p ∈ (1,∞), k,m ∈N0 such that k ≥ m, γ ∈ (−1,∞) \ { j p −1 : j ∈
{1, . . . ,k −m}} and let X be a Banach space. Then

W k,p
Trm

(Rd
+, wγ; X ) = {

f ∈C∞
c (Rd+; X ) : (∂m

1 f )|∂Rd+
= 0

}W k,p (Rd+,wγ;X )

.

Proof. Step 1: the case γ > (k − m)p − 1. Note that for γ > (k − m)p − 1 it holds that

W k,p
Trm

(Rd+, wγ; X ) =W k,p (Rd+, wγ; X ), so that the result follows from

C∞
c,m(Rd+; X ) ⊆ {

f ∈C∞
c (Rd+; X ) : (∂m

1 f )|∂Rd+
= 0

}
and

C∞
c,m(Rd+; X )

dense
,→ W k,p (Rd

+, wγ; X ),

see Lemma 5.3.3.
Step 2: the case γ < (k −m)p − 1. Let ε > 0 and take f ∈ W k,p (Rd+, wγ; X ) such that

Trm f = 0. By [169, Theorem 7.2 & Remark 11.12(iii)], which also holds in the vector-valued

case, and a standard cut-off argument, there exists an f (1) ∈C∞
c (Rd+; X ) such that

∥ f − f (1)∥W k,p (Rd+,wγ;X ) < ε. (3.4.12)
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Let extm be as in Theorem 3.4.6 and define f (2) := f (1) −extm(Trm f (1)). Then by Remark

3.4.5 we have f (2) ∈ C∞(Rd+; X ) and from Theorem 3.4.6 it follows that (∂m
1 f (2))|∂Rd+

= 0

and

∥ f − f (2)∥W k,p (Rd+,wγ;X ) ≤ ∥ f − f (1)∥W k,p (Rd+,wγ;X ) +∥extm(Trm f (1))∥W k,p (Rd+,wγ;X ).

From Trm f = 0, Theorem 3.4.6 twice and (3.4.12), it follows

∥extm(Trm f (1))∥W k,p (Rd+,wγ;X ) ≤C∥Trm f −Trm f (1)∥
B

k−m− γ+1
p

p,p (Rd−1;X )

≤C∥ f − f (1)∥W k,p (Rd+,wγ;X ) <Cε.

This proves that ∥ f − f (2)∥W k,p (Rd+,wγ;X ) < (C +1)ε. Finally, a standard cut-off argument

gives an approximating sequence in C∞
c (Rd+; X ) satisfying the boundary condition.

Under suitable restrictions on γ, such that traces of order ≥ m +1 do not exist, we can

prove density of C∞
c,m(Rd+; X ) in W k,p

Trm
(Rd+, wγ; X ).

Proposition 3.4.13. Let p ∈ (1,∞), k,m ∈N0 such that k ≥ m +1, (k −m −1)p −1 < γ<
(k −m)p −1 and let X be a Banach space. Then

W k,p
Trm

(Rd
+, wγ; X ) =C∞

c,m(Rd+; X )
W k,p (Rd+,wγ;X )

.

Proof. Let ε > 0 and take f ∈ W k,p (Rd+, wγ; X ) such that Trm f = 0. The conditions on γ

guarantee that Trm f exists and traces of order ≥ m +1 do not exist. By Proposition 3.4.12

there exists a g ∈C∞
c (Rd+; X ) with its support in [0,R]×[−R,R]d−1 for some R > 0 such that

(∂m
1 g )|∂Rd+

= 0 and

∥ f − g∥W k,p (Rd+,wγ;X ) < ε. (3.4.13)

Let φ ∈C∞(R+) be such that φ= 0 on [0, 1
2 ] and φ= 1 on [1,∞) and set φn(x1) :=φ(nx1).

We construct a sequence (gn)n≥1 as follows:

• If m = 0, define gn(x) :=φn(x1)g (x).

• If m ≥ 1, define

gn(x) :=
m−1∑
j=0

(∂ j
1g )(1, x̃)

(x1 −1) j

j !
+ 1

(m −1)!

∫ x1

1
(x1 − t )m−1φn(t )∂m

1 g (t , x̃) dt .

Note that by integration by parts gn(x) = g (x) for all x ∈Rd+ with x1 ≥ 1
n . For |α| ≤ k with

α1 ≤ m and x ∈Rd+ with x1 < 1 we have

∥∂αgn(x)∥X ≤Cm∥g∥C k+m
b (Rd+;X )∥φ∥L∞(R+).

Moreover, we have
∂m

1 gn(x) =φn(x1)∂m
1 g (x), x ∈Rd

+, (3.4.14)
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so that in particular ∂m
1 gn ∈ C∞

c (Rd+; X ). We write α = (α1, α̃) ∈ N0 ×Nd−1
0 . If α1 ∈ {m +

1, . . . ,k}, then it follows from (3.4.14) and the product rule that

∥∂α1
1 gn(x)∥X = ∥∥∂α1−m

1

(
φn(x1)∂m

1 g (x)
)∥∥

X

≤ nα1−m∥∥φ(α1−m)(nx1)∂m
1 g (x)

∥∥
X

+Ck,m

α1−m−1∑
j=0

n j ∥∥φ( j )(nx1)∂α1− j
1 g (x)

∥∥
X

≤ nk−m∥φ∥C k−m
b (R+)

∥∥∂m
1 g (x)

∥∥
X

+Ck,m nk−m−1∥φ∥C k−m−1
b (R+)∥g∥C k

b (Rd+;X ).

(3.4.15)

Let KR := [−R,R]d−1. The properties of gn and (3.4.15) imply that

∥g − gn∥W k,p (Rd+,wγ;X ) ≤
∑

|α|≤k

(∫
KR

∫ 1
n

0
xγ1∥∂αg (x)∥p

X dx1 dx̃
) 1

p

+ ∑
|α|≤k
α1≤m

(∫
KR

∫ 1
n

0
xγ1∥∂αgn(x)∥p

X dx1 dx̃
) 1

p

+nk−m∥φ∥C k−m
b (R+)

(∫
KR

∫ 1
n

0
xγ1∥∂α̃∂m

1 g (x)∥p
X dx1 dx̃

) 1
p

+Ck,m nk−m−1∥φ∥C k−m−1
b (R+)∥g∥C k

b (Rd+;X )

(∫
KR

∫ 1
n

0
xγ1 dx1 dx̃

) 1
p

≤Ck,m n
1
p ((k−m−1)p−1−γ) · ( (2R)d−1

γ+1

) 1
p ∥g∥C k+m

b (Rd+;X )∥φ∥C k−m−1
b (R+)

+nk−m−1∥φ∥C k−m
b (R+)

(∫
KR

∫ 1
n

0
xγ−p

1 ∥∂α̃∂m
1 g (x)∥p

X dx1 dx̃
) 1

p

≤Ck,m,p n
1
p ((k−m−1)p−1−γ) · ( (2R)d−1

γ+1

) 1
p ∥g∥C k+m

b (Rd+;X )∥φ∥C k−m
b (R+),

where in the last step we first applied Hardy’s inequality (using condition (i) in Lemma
2.2.2 since γ−p >−p −1 and (∂m

1 g )|∂Rd+
= 0), then estimated g and finally calculated the

remaining integrals over x1 and x̃. Hence, as γ> (k −m −1)p −1, taking n large enough
gives with (3.4.13) that

∥ f − gn∥W k,p (Rd+,wγ;X ) ≤ ∥ f − g∥W k,p (Rd+,wγ;X ) +∥g − gn∥W k,p (Rd+,wγ;X ) < 2ε.

This completes the proof.

3.5. Trace theorem for boundary operators
In this section, we study differential operators on the boundary of the half-space and
we prove a trace theorem for systems of normal boundary operators on weighted Bessel
potential and Sobolev spaces.



3.5. Trace theorem for boundary operators 73

We start with the definition of a boundary operator which is in the same spirit as [16,
Section VIII.2].

Definition 3.5.1 (Boundary operators). Let p ∈ (1,∞), s > 0, γ ∈ (−1,∞) \ { j p −1 : j ∈N1},
m ∈N0 and let X ,Y be Banach spaces. Then the boundary operator of order m, given by

B := ∑
|α|≤m

bαTr∂α with bα ̸= 0 for some |α| = m,

is of type (p, s,γ,m,Y ) if

(i) s > m + γ+1
p ,

(ii) for all |α| ≤ m we have bα ∈ Cℓ
b(Rd−1;L (X ,Y )) for some ℓ ∈ N0 such that ℓ > s −

m − γ+1
p .

Note that forα= (α1, α̃) ∈N0×Nd−1
0 , we have Tr∂α = ∂α̃Trα1 and therefore the boundary

operator B can be rewritten as

B =
m∑

j=0
b j Tr j , where b j (·,∇x̃ ) := ∑

|α̃|≤m− j
b( j ,α̃)∂

α̃. (3.5.1)

Note that the leading order coefficient bm is independent of ∇x̃ . In the following lemma,
we prove that B is a bounded operator from a weighted Bessel potential or Sobolev space
to its trace space.

Lemma 3.5.2. Let p ∈ (1,∞), m ∈N0 and let X ,Y be Banach spaces.

(i) If s > 0, γ ∈ (−1, p −1) and B is of type (p, s,γ,m,Y ), then

B : H s,p (Rd
+, wγ; X ) → B

s−m− γ+1
p

p,p (Rd−1;Y ) is bounded.

(ii) If k ∈N1, γ ∈ (−1,∞) \ { j p −1 : j ∈N1} and B is of type (p,k,γ,m,Y ), then

B : W k,p (Rd
+, wγ; X ) → B

k−m− γ+1
p

p,p (Rd−1;Y ) is bounded.

Proof. Step 1: proof of (i). By Theorem 3.4.1(i) we have that

Tr j : H s,p (Rd
+, wγ; X ) → B

k− j− γ+1
p

p,p (Rd−1; X ) for all j ∈ {0, . . . ,m}, (3.5.2)

is bounded and by [211, Proposition 3.10] it follows that

∂α̃ : B
s− j− γ+1

p
p,p (Rd−1; X ) → B

s− j−|α̃|− γ+1
p

p,p (Rd−1; X ) for all |α̃| ≤ m − j , (3.5.3)

is bounded. Note that (3.5.3) and the embedding B s1
p,p (Rd−1; X ) ,→ B s2

p,p (Rd−1; X ) for s1 ≥
s2, imply that

∂α̃ : B
s− j− γ+1

p
p,p (Rd−1; X ) → B

s−m− γ+1
p

p,p (Rd−1; X ) for all |α̃| ≤ m − j , (3.5.4)
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is bounded as well. Moreover, by Definition 3.5.1(ii) and [126, Example 14.4.33], the
pointwise multiplication operator

Mbα : B
s−m− γ+1

p
p,p (Rd−1; X ) → B

s−m− γ+1
p

p,p (Rd−1;Y ) (3.5.5)

is bounded. Combining (3.5.1), (3.5.2), (3.5.4) and (3.5.5), yields the result.
Step 2: proof of (ii). This case is analogous to Step 1 using Theorem 3.4.6 to obtain (3.5.2)

for weighted Sobolev spaces with γ ∈ (−1,∞) \ { j p −1 : j ∈N1}.

We make the following definitions about (systems of) normal boundary operators.

Definition 3.5.3 (Normal boundary operators). An operator B of type (p, s,γ,m,Y ) is a
normal boundary operator of type (p, s,γ,m,Y ) if the leading order coefficient bm in (3.5.1)
admits a continuous right inverse bc

m ∈ Cℓ
b(Rd−1;L (Y , X )), where ℓ is as in Definition

3.5.1.

In the above definition, bm(x̃) is a retraction for any x̃ ∈Rd−1 with coretraction bc
m(x̃),

see [262, Section 1.2.4].

Definition 3.5.4 (System of normal boundary operators). Let n ∈N0 and

(i) 0 ≤ m0 < m1 < ·· · < mn be integers,

(ii) Y0, . . . ,Yn be Banach spaces,

(iii) Bmi be a normal boundary operator of type (p, s,γ,mi ,Yi ).

Let m := (m0, . . . ,mn) and Y := (Y0, . . . ,Yn). Then the operator

B := (Bm0 , . . . ,Bmn )

is a normal boundary operator of type (p, s,γ,m,Y ).

Note that a normal boundary operator of type (p, s,γ,m,Y ) satisfies s > mn + γ+1
p . In

particular, (Trmi )n
i=0 is a normal boundary operator of type (p, s,γ,m, X ) for s > mn + γ+1

p .
This includes the important cases for Dirichlet (n = 0 and m0 = 0) and Neumann (n = 0
and m0 = 1) boundary conditions.

Remark 3.5.5. In the case that X =Cq for some q ∈N1, the definition of a normal boundary
system as given in [251, Definition 3.1] coincides with our definition above. The definition
in [251] requires that the coefficient matrix for the highest-order derivative in Bmi is
surjective, which implies that the boundary operator can be replaced by a q ×q matrix
operator (leaving the kernel of Bmi invariant) such that the coefficient for the highest-
order derivative is a projection-valued matrix, see [251, Section 3]. This is a key ingredient
for characterising the complex interpolation spaces in [251]. For general Banach spaces
X we replace these conditions by the retraction and coretraction in Definition 3.5.3. In
the case that X and Yi are Hilbert spaces we refer to [16, Lemma VIII.2.1.3] for a sufficient
condition for B to be normal.

We note that [251, Definition 3.1] arises from Agmon’s condition [5] about minimal
growth of the resolvent of an elliptic operator.
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We can now prove the following trace theorem for normal boundary operators analog-
ous to [16, Theorem VIII.2.2.1].

Theorem 3.5.6. Let p ∈ (1,∞) and let X be a Banach space. Assume that the conditions
(i)-(ii) of Definition 3.5.4 hold.

(i) If s > 0, γ ∈ (−1, p −1) and B is of type (p, s,γ,m,Y ), then

B : H s,p (Rd
+, wγ; X ) →

n∏
j=0

B
s−m j − γ+1

p
p,p (Rd−1;Y j )

is a continuous and surjective operator.

(ii) If k ∈N1, γ ∈ (−1,∞) \ { j p −1 : j ∈N1} and B is of type (p,k,γ,m,Y ), then

B : W k,p (Rd
+, wγ; X ) →

n∏
j=0

B
k−m j − γ+1

p
p,p (Rd−1;Y j )

is a continuous and surjective operator.

In both cases, there exists a continuous right inverse extB of B which is independent of
k, s, p and γ. For any 0 ≤ j < mn such that j ∉ {m0, . . . ,mn−1}, we have Tr j ◦extB = 0.

Proof. The proof is similar to [16, Theorem VIII.2.2.1] and for the convenience of the
reader, we provide the proof.

The continuity of B follows from Lemma 3.5.2. We construct the right inverse extB in
the case of Bessel potential spaces. The case of Sobolev spaces is the same if one invokes
Theorem 3.4.6 instead of Theorem 3.4.1(i) in the construction below. Let

Bmi =
mi∑
j=0

bi , j Tr j , bi , j =
∑

|α̃|≤mi− j
bmi

( j ,α̃)∂
α̃ for i ∈ {0, . . . ,n},

where bmi
α are the coefficients of the operator Bmi . According to Definition 3.5.3 there

exists a right inverse bc
i ,mi

∈Cℓ
b(Rd−1;L (Yi , X )) of bi ,mi . Define the operator

C̃ mi =−
mi−1∑

j=0
bc

i ,mi
bi , j Tr j , C̃ 0 := 0. (3.5.6)

Reasoning as in the proof of Lemma 3.5.2 gives that

C̃ mi : H s,p (Rd
+, wγ; X ) → B

s−mi− γ+1
p

p,p (Rd−1; X )

is a bounded linear operator. Now, define the operator C̃ := (C̃ j )mn
j=0 by setting C̃ j = C̃ mi

if j = mi for some i ∈ {0, . . . ,n}, and C̃ j = 0 if j ∉ {m0, . . . ,mn}. Then

C̃ : H s,p (Rd
+, wγ; X ) →

mn∏
j=0

B
s− j− γ+1

p
p,p (Rd−1; X )
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is linear and bounded as well. Let g = (gm0 , . . . , gmn ) ∈∏n
i=0 B

s−mi− γ+1
p

p,p (Rd−1;Yi ) and define

h = (h j )mn
j=0 ∈ ∏mn

j=0 B
s− j− γ+1

p
p,p (Rd−1; X ) by setting h j = hmi := bc

i ,mi
gmi if j = mi for some

i ∈ {0, . . . ,n}, and h j = 0 if j ∉ {m0, . . . ,mn}. Furthermore, let f0 := ext0 h0 and for j ∈
{1, . . . ,mn} we recursively define

f j := f j−1 +ext j
(
h j + C̃ j f j−1 −Tr j f j−1

)
.

Note that f j ∈ H s,p (Rd+, wγ; X ) for all j ∈ {0, . . . ,mn} by Theorem 3.4.1(i). We will prove that
extB g := fmn defines the right inverse we are looking for.

By Theorem 3.4.1(i) we have that Trℓ ◦ext j = δ jℓ for ℓ≤ j and therefore

Tr j f j = h j + C̃ j f j−1 for 0 ≤ j ≤ mn ,

Trℓ f j = Trℓ f j−1 for 0 ≤ ℓ< j ≤ mn .
(3.5.7)

Suppose that 0 ≤ ℓ≤ j ≤ mn , then by (3.5.7) we have

Trℓ f j = Trℓ f j−1 = ·· · = Trℓ fℓ = hℓ+ C̃ ℓ fℓ−1. (3.5.8)

Moreover, if ℓ= mi ∈ {m0, . . . ,mn}, then by (3.5.6) and (3.5.7)

C̃ ℓ fℓ−1 = C̃ ℓ fℓ = ·· · = C̃ ℓ f j . (3.5.9)

Hence, (3.5.6) and (3.5.9) imply

Trmi f j = hmi + C̃ mi f j for mi ≤ j ≤ mn , 0 ≤ i ≤ n.

Multiplying from the left with bi ,mi gives

Bmi f j = gmi for mi ≤ j ≤ mn , 0 ≤ i ≤ n. (3.5.10)

Define

C mi :
i∏

j=0
B

s−m j − γ+1
p

p,p (Rd−1;Y j ) → H s,p (Rd
+, wγ; X )

by C mi (gm0 , . . . , gmi ) := fmi for i ∈ {0, . . . ,n}. Then from (3.5.10) we obtain for 0 ≤ ℓ≤ i ≤ n
that

BmℓC mi (gm0 , . . . , gmi ) =Bmℓ fmi = gmℓ
.

So indeed, extB :=C mn is the right inverse for B.
Finally, if ℓ ∉ {m0, . . . ,mn}, then hℓ = 0 and C̃ ℓ = 0, so that (3.5.8) implies

Tr j (extB g ) = Tr j fmn = 0.

This completes the proof.

3.6. Complex interpolation of Bessel potential and Sobolev
spaces

In this final section, we prove the characterisations for the complex interpolation spaces
of weighted Bessel potential and Sobolev spaces. In Section 3.6.1 we start with some
preliminary interpolation results on the half-space required for our main results which
are stated in Section 3.6.2. The proofs of the main results are given in Section 3.6.3.
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3.6.1. Interpolation results for weighted spaces
We start with an interpolation result for the weighted Bessel potential spaces H s,p

0 (O , wγ;
X ), see Section 3.4.2. Interpolation theory for vector-valued Bessel potential (and Sobolev)
spaces relies on the vector-valued Mihlin multiplier theorem, which requires the UMD
condition, see [214, Section 3]. Consequently, unlike in previous sections where this
condition was unnecessary, we will require the UMD condition from now on.

Proposition 3.6.1. Let p ∈ (1,∞), γ ∈ (−1, p −1), O ∈ {Rd ,Rd+} and let X be a UMD Banach

space. Assume that θ ∈ (0,1),−1+ γ+1
p < s0 < sθ < s1 with sθ = (1−θ)s0+θs1 satisfy s0, sθ, s1 ∉

N0 + γ+1
p . Then

H sθ ,p
0 (O , wγ; X ) = [

H s0,p
0 (O , wγ; X ), H s1,p

0 (O , wγ; X )
]
θ.

Proof. Step 1: the case O = Rd . We define H s,p

Rd
±

(Rd , wγ; X ) as the closed subspace of

H s,p (Rd , wγ; X ) consisting of all functions with their support in Rd
±. These spaces form

a complex interpolation scale (see [189, Proposition 5.7]) and below we construct an
isomorphism to reduce to this known interpolation result.

Let s > −1+ γ+1
p be such that s ∉ N0 + γ+1

p . Then we claim that Trm f = 0 for integers

m ∈ [0, s − γ+1
p ) and f ∈ H s,p

Rd
±

(Rd , wγ; X ). Indeed, this follows from the fact that if f ∈
H s,p (Rd , wγ; X ) satisfies f |(0,δ)×Rd−1 = 0 or f |(−δ,0)×Rd−1 = 0 for some δ> 0, then Trm f = 0.
This observation can be proved similarly as in [189, Proposition 6.3(2)] using the continuity
of Trm from Proposition 3.4.7(i).

The claim proves that the mapping

R : H s,p

Rd+
(Rd , wγ; X )×H s,p

Rd−
(Rd , wγ; X ) → H s,p

0 (Rd , wγ; X ), R(g ,h) := g +h,

is well defined and continuous. Furthermore, by Propositions 3.4.8 and 3.4.11 the mapping

S : H s,p
0 (Rd , wγ; X ) → H s,p

Rd+
(Rd , wγ; X )×H s,p

Rd−
(Rd , wγ; X ), S f := (1

Rd+
f ,1Rd− f ),

is well defined and continuous. Since R−1 = S the result now follows from [189, Proposition
5.7].

Step 2: the case O =Rd+. Let m ∈N0 be the smallest integer such that m ≥ max{|s0|, |s1|}
and let s >−1+ γ+1

p such that |s| ≤ m and s ∉N0 + γ+1
p . Moreover, let

E m
+ ∈L (H s,p (Rd

+, wγ; X ), H s,p (Rd , wγ; X ))

be the reflection operator from [189, Proposition 5.6]. Then by [189, Proposition 5.6] the
mapping

S : H s,p
0 (Rd

+, wγ; X ) → H s,p
0 (Rd , wγ; X ), S f := E m

+ f ,

is well defined and continuous. Furthermore, let R : H s,p
0 (Rd , wγ; X ) → H s,p

0 (Rd+, wγ; X ) be
the restriction operator. The result now follows from Step 1 and [189, Lemma 5.3].
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We continue with interpolation results for Sobolev spaces. First, we introduce the fol-
lowing multiplication operator. Properties of this multiplication operator are studied in
more detail in Section 5.3.2.

For κ ∈Rwe define the pointwise multiplication operator

Mκ : C∞
c (Rd

+; X ) →C∞
c (Rd

+; X ) by Mκu(x) = xκ1 u(x), x ∈Rd
+,

which extends to an operator on D′(Rd+; X ) by duality and M−κ acts as inverse for Mκ.
Moreover, we write M := M 1.

The first interpolation result is for the Sobolev spaces W k,p
0 (Rd+, wγ; X ) with γ > −1,

see Section 3.4.2. In this case, due to the zero boundary conditions, the operator M j :

W k,p
0 (Rd+, wγ; X ) →W k,p

0 (Rd+, wγ− j p ; X ) is an isomorphism for all j ∈N1. This allows us to
lift the interpolation result for γ ∈ (−1, p −1) to γ ∈ ( j p −1,( j +1)p −1) for any j ∈N1.

Proposition 3.6.2. Let p ∈ (1,∞), k0 ∈N0, k1 ∈N1\{1}, ℓ ∈ {1, . . . ,k1−1},γ ∈ (−1,∞)\{ j p−1 :
j ∈N1} and let X be a UMD Banach space. Then[

W k0,p
0 (Rd

+, wγ; X ),W k0+k1,p
0 (Rd

+, wγ; X )
]
ℓ

k1

=W k0+ℓ,p
0 (Rd

+, wγ; X ).

Proof. We first consider the case k0 = 0. If γ ∈ (−1, p −1), then the statement follows from
[190, Proposition 3.15]. For γ ∈ ( j p −1,( j +1)p −1) with j ∈N1 we obtain, by applying
Lemma 5.3.5, properties of the complex interpolation method and the case j = 0, that[

Lp (Rd
+, wγ; X ),W k1,p

0 (Rd
+, wγ; X )

]
ℓ

k1

= [
M− j Lp (Rd

+, wγ− j p ; X ), M− j W k1,p
0 (Rd

+, wγ− j p ; X )
]
ℓ

k1

= M− j [Lp (Rd
+, wγ− j p ; X ),W k1,p

0 (Rd
+, wγ− j p ; X )

]
ℓ

k1

= M− j W ℓ,p
0 (Rd

+, wγ− j p ; X ) =W ℓ,p
0 (Rd

+, wγ; X ).

The case k0 ∈N1 follows from the case k0 = 0 and reiteration for the complex interpolation
method (see [27, Theorem 4.6.1]):[

W k0,p
0 (Rd

+, wγ; X ),W k0+k1,p
0 (Rd

+, wγ; X )
]
ℓ

k1

= [
[Lp (Rd

+, wγ; X ),W k0+k1,p
0 (Rd

+, wγ; X )] k0
k0+k1

,W k0+k1,p
0 (Rd

+, wγ; X )
]
ℓ

k1

= [
Lp (Rd

+, wγ; X ),W k0+k1,p
0 (Rd

+, wγ; X )
]

k0+ℓ
k0+k1

=W k0+ℓ,p
0 (Rd

+, wγ; X ).

This completes the proof.

We proceed with the interpolation of weighted Sobolev spaces without boundary
conditions. As a consequence of Proposition 3.6.2, we can derive such a result if γ
is large enough so that certain traces do not exist. On the other hand, for arbitrary
γ ∈ (−1,∞) \ { j p −1 : j ∈N1} we can only prove one of the embeddings for the complex
interpolation space using Wolff interpolation. The converse embedding will be proved in
Proposition 3.6.6.
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Proposition 3.6.3. Let p ∈ (1,∞), k0 ∈ N0, k1 ∈ N1 \ {1}, ℓ ∈ {1, . . . ,k1 −1} and let X be a
UMD Banach space.

(i) If γ ∈ ((k0 +ℓ)p −1,∞) \ { j p −1 : j ∈N1}, then[
W k0,p (Rd

+, wγ; X ),W k0+k1,p (Rd
+, wγ; X )

]
ℓ

k1

=W k0+ℓ,p (Rd
+, wγ; X ).

(ii) If γ ∈ (−1,∞) \ { j p −1 : j ∈N1}, then[
W k0,p (Rd

+, wγ; X ),W k0+k1,p (Rd
+, wγ; X )

]
ℓ

k1

,→W k0+ℓ,p (Rd
+, wγ; X ).

Proof. Step 1: the proof of (i). We first consider the case k0 = 0. It follows from Proposition
3.6.2 that

W ℓ,p (Rd
+, wγ; X ) =W ℓ,p

0 (Rd
+, wγ; X ) = [

Lp (Rd
+, wγ; X ),W k1,p

0 (Rd
+, wγ; X )

]
ℓ

k1

,→ [
Lp (Rd

+, wγ; X ),W k1,p (Rd
+, wγ; X )

]
ℓ

k1

.

To prove the other embedding, it suffices to show that

∥u∥W ℓ,p (Rd+,wγ;X ) ≤C∥u∥[Lp (Rd+,wγ;X ),W k1,p (Rd+,wγ;X )] ℓ
k1

, u ∈C∞
c (Rd

+; X ),

by [190, Lemma 3.9]. Let j ∈N0 be such that γ ∈ ( j p−1,( j +1)p−1). The case j = 0 follows
from [189, Proposition 5.5 & 5.6]. For j ∈N1 we obtain, by applying Lemma 5.3.5, the case
j = 0 and properties of the complex interpolation method, that

∥u∥W ℓ,p (Rd+,wγ;X ) = ∥M− j M j u∥W ℓ,p (Rd+,wγ;X )

≤C∥M j u∥W ℓ,p (Rd+,wγ− j p ;X )

≤C∥M j u∥[Lp (Rd+,wγ− j p ;X ),W k1,p (Rd+,wγ− j p ;X )] ℓ
k1

≤C∥u∥[Lp (Rd+,wγ;X ),W k1,p (Rd+,wγ;X )] ℓ
k1

.

Similar to the proof of Proposition 3.6.2, the case k0 ∈N1 follows from the case k0 = 0 and
reiteration. This completes the proof of (i).

Step 2: the proof of (ii). From now on, we abbreviate W k,p (wγ) :=W k,p (Rd+, wγ; X ) for
notational convenience. Again, let j ∈ N0 be such that γ ∈ ( j p −1,( j +1)p −1). As also
noted in Step 1, for j = 0 the result (ii) follows from [189, Proposition 5.5 & 5.6], so we may
assume that j ≥ 1.

Step 2a: the case j ∈ {1, . . . ,k0}. We first prove the embedding in (ii) for j ∈ {1, . . . ,k0}.
Note that k0 − j ≥ 0 and γ− j p ∈ (−1, p −1), so [189, Proposition 5.5 & 5.6] imply that[

W k0− j ,p (wγ− j p ),W k0+k1− j ,p (wγ− j p )
]
ℓ

k1

,→W k0+ℓ− j ,p (wγ− j p ).

We prove by induction on j1 ≥ 0 that[
W k0+ j1− j ,p (wγ+( j1− j )p ),W k0+k1+ j1− j ,p (wγ+( j1− j )p )

]
ℓ

k1

,→W k0+ℓ+ j1− j ,p (wγ+( j1− j )p ),

(3.6.1)
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so that (ii) for γ< (k0 +1)p −1 follows from (3.6.1) with j1 = j . Assume that (3.6.1) holds
for some j1 ≥ 0. Let

k̃ := k0 + j1 − j and γ̃ := γ+ ( j1 − j )p.

Let u ∈W k̃+k1+1,p (wγ̃+p ), then

∥u∥
W k̃+ℓ+1,p (wγ̃+p )

= ∥u∥
W k̃+ℓ,p (wγ̃+p )

+ ∑
|α|=1

∑
|β|=k̃+ℓ

∥M∂α+βu∥Lp (wγ̃).

Using ∂n
1 M = M∂n

1 +n∂n−1
1 for n ∈N1 and the induction hypothesis (3.6.1), we obtain∑

|α|=1

∑
|β|=k̃+ℓ

∥M∂α+βu∥Lp (wγ̃)

≤ ∑
|α|=1

(
∥M∂αu∥

W k̃+ℓ,p (wγ̃)
+ ∑

|β|=k̃+ℓ
β1>0

∥∂βM∂αu −β1∂
β1−1
1 ∂β̃+αu∥Lp (wγ̃)

)

≤C
( ∑
|α|=1

∥M∂αu∥
W k̃+ℓ,p (wγ̃)

+∥u∥
W k̃+ℓ,p (wγ̃)

)
≤C

( ∑
|α|=1

∥M∂αu∥
[W k̃,p (wγ̃),W k̃+k1,p (wγ̃)] ℓ

k1

+∥u∥
[W k̃,p (wγ̃),W k̃+k1,p (wγ̃)] ℓ

k1

)
≤C∥u∥

[W k̃+1,p (wγ̃+p ),W k̃+k1+1,p (wγ̃+p )] ℓ
k1

,

where the last estimate follows from the fact that for |α| = 1 the operators

M∂α, id : W k̃+1,p (wγ̃+p ) →W k̃,p (wγ̃) and

M∂α, id : W k̃+k1+1,p (wγ̃+p ) →W k̃+k1,p (wγ̃)
(3.6.2)

are bounded. Indeed, from Hardy’s inequality (see Lemma 2.2.2 using γ̃> j1p −1 ≥−1) it
follows that the operator id in (3.6.2) is bounded. Furthermore, by Lemma 5.3.5 it follows
that the operator M∂α with |α| = 1 in (3.6.2) is bounded.

Thus, we have proved

∥u∥
W k̃+ℓ+1,p (wγ̃+p )

≤C∥u∥
[W k̃+1,p (wγ̃+p ),W k̃+k1+1,p (wγ̃+p )] ℓ

k1

, u ∈W k̃+k1+1,p (wγ̃+p ),

and the induction is completed by noting that W k̃+k1+1,p (wγ̃+p ) is dense in the interpola-
tion space (see [262, Theorem 1.9.3]).

Step 2b: the case j ∈ {k0 +1, . . . ,k0 +ℓ−1}. Assume that ℓ ∈ {2, . . . ,k1 −1} (the case ℓ= 1
is covered by Step 1 and 2c) and j ∈ {k0 +1, . . . ,k0 +ℓ−1}. We apply Step 1 and 2a together
with Wolff interpolation to prove (ii). Since γ> j p −1 and 1 ≤ j −k0 ≤ ℓ−1, Step 1 implies[

W k0,p (wγ),W k0+ℓ,p (wγ)
]
λ =W j ,p (wγ), with λ := j −k0

ℓ
∈ [0,1],

and since γ< ( j +1)p −1, Step 2a implies[
W j ,p (wγ),W k0+k1,p (wγ)

]
µ ,→W k0+ℓ,p (wγ), with µ := k0 +ℓ− j

k0 +k1 − j
∈ [0,1].
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Wolff interpolation [127, Corollary 3] gives that[
W k0,p (wγ),W k0+k1,p (wγ)

]
η ,→W k0+ℓ,p (wγ), with η := µ

1+λ(µ−1)
.

A straightforward calculation shows that η= ℓ
k1

.
Step 2c: the case j ≥ k0 +ℓ. If j ≥ k0 +ℓ, then γ > j p −1 ≥ (k0 +ℓ)p −1, so (ii) follows

from Step 1. This completes the proof.

3.6.2. Main results about complex interpolation of weighted spaces
We start with the definition of weighted spaces with vanishing boundary conditions on
the half-space. Let p ∈ (1,∞) and let X be a Banach space. Assume that the conditions
(i)-(ii) of Definition 3.5.4 hold.

(i) If s > 0, γ ∈ (−1, p −1) and B is of type (p, s,γ,m,Y ), then we define for t ≤ s

H t ,p
B

(Rd
+, wγ; X ) =

{
f ∈ H t ,p (Rd

+, wγ; X ) : Bmi f = 0 if mi + γ+1

p
< t

}
.

(ii) If k ∈N1, γ ∈ (−1,∞)\{ j p−1 : j ∈N1} and B is of type (p,k,γ,m,Y ), then we define
for ℓ≤ k

W ℓ,p
B

(Rd
+, wγ; X ) =

{
f ∈W ℓ,p (Rd

+, wγ; X ) : Bmi f = 0 if mi + γ+1

p
< ℓ

}
.

All the traces in the above definition are well defined by Theorem 3.5.6. We note that
if t ,ℓ < m0 + γ+1

p , then the condition Bmi f = 0 is empty for all i ∈ {0, . . . ,n}, so that the
spaces with and without boundary conditions coincide.

The following two theorems characterise the complex interpolation spaces for weighted
spaces with boundary conditions on the half-space. The proofs of these theorems are
given in Section 3.6.3.

Theorem 3.6.4 (Complex interpolation of weighted Bessel potential spaces). Let p ∈
(1,∞), γ ∈ (−1, p −1) and let X be a UMD Banach space. Let B be a normal boundary
operator of type (p, s,γ,m,Y ) as in Definition 3.5.4. Assume that θ ∈ (0,1), s0 < sθ < s1 ≤ s
with sθ = (1−θ)s0 +θs1 satisfy s0, sθ, s1 ∉ {mi + γ+1

p : 0 ≤ i ≤ n} and s0 >−1+ γ+1
p . Then

H sθ ,p
B

(Rd
+, wγ; X ) = [

H s0,p (Rd
+, wγ; X ), H s1,p

B
(Rd

+, wγ; X )
]
θ

= [
H s0,p

B
(Rd

+, wγ; X ), H s1,p
B

(Rd
+, wγ; X )

]
θ.

Theorem 3.6.5 (Complex interpolation of weighted Sobolev spaces). Let p ∈ (1,∞), γ ∈
(−1,∞) \ { j p −1 : j ∈N1} and let X be a UMD Banach space. Let B be a normal boundary
operator of type (p,k,γ,m,Y ) as in Definition 3.5.4. Assume that k0 ∈N0 and k1 ∈N1 \ {1}
are such that k0 +k1 ≤ k. Then for ℓ ∈ {1, . . . ,k1 −1} we have

W k0+ℓ,p
B

(Rd
+, wγ; X ) = [

W k0,p (Rd
+, wγ; X ),W k0+k1,p

B
(Rd

+, wγ; X )
]
ℓ

k1

= [
W k0,p

B
(Rd

+, wγ; X ),W k0+k1,p
B

(Rd
+, wγ; X )

]
ℓ

k1

.
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As a consequence of Theorem 3.6.5 we can characterise the complex interpolation
space of weighted Sobolev spaces without boundary conditions. One of the embeddings,
which is needed in the proof of Theorem 3.6.5, was already proved in Proposition 3.6.3.

Proposition 3.6.6. Let p ∈ (1,∞), k0 ∈ N0, k1 ∈ N1 \ {1}, γ ∈ (−1,∞) \ { j p − 1 : j ∈ N1},
ℓ ∈ {1, . . . ,k1 −1} and let X be a UMD Banach space. Then

W k0+ℓ,p (Rd
+, wγ; X ) = [

W k0,p (Rd
+, wγ; X ),W k0+k1,p (Rd

+, wγ; X )
]
ℓ

k1

.

Proof. Note that the embedding “←-” has been proved in Proposition 3.6.3(ii). For the
other embedding, let j ∈N0 be the smallest integer such that k0 +ℓ< j + γ+1

p . Then by
Theorem 3.6.5 we obtain

W k0+ℓ,p (Rd
+, wγ; X ) =W k0+ℓ,p

Tr j
(Rd

+, wγ; X )

= [
W k0,p (Rd

+, wγ; X ),W k0+k1,p
Tr j

(Rd
+, wγ; X )

]
ℓ

k1

,→ [
W k0,p (Rd

+, wγ; X ),W k0+k1,p (Rd
+, wγ; X )

]
ℓ

k1

.

This completes the proof.

By standard localisation techniques, the complex interpolation results above can be
extended to smooth bounded domains. Using localisation the definition of the traces

on the half-space and the function space W ℓ,p
B

(Rd+, wγ; X ) can be extended to smooth

bounded domains O ⊆Rd , we refer to [190, Section 5.2] for details. Recall that w∂O
γ (x) :=

dist(x,∂O )γ for x ∈O . From Theorem 3.6.5 and Proposition 3.6.6 we obtain the following
result. Similar results for Bessel potential spaces on domains with γ ∈ (−1, p −1) can be
obtained using Theorem 3.6.4.

Proposition 3.6.7. Assume that the conditions of Theorem 3.6.5 hold and let O be a
bounded C∞-domain. Then for ℓ ∈ {1, . . . ,k1 −1} we have

W k0+ℓ,p
B

(O , w∂O
γ ; X ) = [

W k0,p (O , w∂O
γ ; X ),W k0+k1,p

B
(O , w∂O

γ ; X )
]
ℓ

k1

= [
W k0,p

B
(O , w∂O

γ ; X ),W k0+k1,p
B

(O , w∂O
γ ; X )

]
ℓ

k1

,

and
W k0+ℓ,p (O , w∂O

γ ; X ) = [
W k0,p (O , w∂O

γ ; X ),W k0+k1,p (O , w∂O
γ ; X )

]
ℓ

k1

.

For simplicity, we only deal with smooth domains to avoid problems with the space-
dependent coefficients in the boundary operators, although this assumption can be
weakened. In Chapter 6, we prove an interpolation result for Dirichlet and Neumann
boundary conditions, but with minimal smoothness assumptions on the domain.

We close this section with an application of the complex interpolation result in Proposi-
tion 3.6.6 to derive Fubini’s property (mixed derivative theorem) for weighted Sobolev
spaces on the half-space. It extends the range of weights obtained in [190, Corollary 3.19].
The Fubini property for unweighted spaces is studied in [264, Section I.4] and some results
for weighted spaces are contained in [185, Section 5].
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Proposition 3.6.8. Let p ∈ (1,∞), d ≥ 2, k ∈N0, γ ∈ (−1,∞) \ { j p −1 : j ∈N1} and let X be
a UMD Banach space. Then

Lp (Rd−1;W k,p (R+, wγ; X ))∩W k,p (Rd−1;Lp (R+, wγ; X )) =W k,p (Rd
+, wγ; X ).

Proof. The embedding “←-” is clear. For the other embedding, let k1,k2 ∈ {0, . . . ,k} such
that k1 +k2 = k. By [190, Theorem 3.18] and Proposition 3.6.6, we have

Lp (Rd−1;W k,p (R+, wγ; X ))∩W k,p (Rd−1;Lp (R+, wγ; X ))

= H 0,p (Rd−1;W k,p (R+, wγ; X ))∩H k,p (Rd−1;Lp (R+, wγ; X ))

,→ [
H 0,p (Rd−1;W k,p (R+, wγ; X )), H k,p (Rd−1;Lp (R+, wγ; X ))

]
k1
k

= H k1,p (Rd−1; [W k,p (R+, wγ; X ),Lp (R+, wγ; X )] k1
k

)

=W k1,p (Rd−1;W k2,p (R+, wγ; X )),

where it was used that 1− k1
k = k2

k . This proves the result.

3.6.3. The proofs of Theorems 3.6.4 and 3.6.5
Using the trace theorem for B from Section 3.5, we will prove Theorems 3.6.4 and 3.6.5.
The proofs follow the arguments in [16, Theorems VIII.2.4.3, VIII.2.4.4 & VIII.2.4.8] for
unweighted Bessel potential spaces. We will provide the proof of Theorem 3.6.5 in full
detail and afterwards indicate how the arguments should be adapted to prove Theorem
3.6.4.

Proof of Theorem 3.6.5. First, we prove in Steps 1 and 2 that for θ := ℓ
k1

we have

W k0+ℓ,p
B

(Rd
+, wγ; X ) = [

W k0,p (Rd
+, wγ; X ),W k0+k1,p

B
(Rd

+, wγ; X )
]
θ. (3.6.3)

For notational convenience we write W k,p :=W k,p (Rd+, wγ; X ) for k ∈N0.
Step 1: the embedding “←-”. Note that by Proposition 3.6.3(ii) it holds that[

W k0,p ,W k0+k1,p
B

]
θ ,→

[
W k0,p ,W k0+k1,p]

θ ,→W k0+ℓ,p . (3.6.4)

Now, suppose that u ∈ [W k0,p ,W k0+k1,p
B

]θ. We prove that u ∈W k0+ℓ,p
B

in Step 1a and 1b,
i.e., u also satisfies the required boundary conditions. We distinguish between the case
where the boundary traces do not exist (Step 1a), and the case where they exist and must
be shown to vanish (Step 1b).

Step 1a. Assume that k0+ℓ< m0+ γ+1
p . Then it holds that W k0+ℓ,p

B
=W k0+ℓ,p . Therefore,

the embedding [
W k0,p ,W k0+k1,p

B

]
θ ,→W k0+ℓ,p

B

follows from (3.6.4).
Step 1b. Assume that k0 +ℓ > m0 + γ+1

p and let i ≤ n be the largest integer such that

mi + γ+1
p < k0 +ℓ. By definition of the complex interpolation method (see Section 2.5),
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there exists an f ∈H (W k0,p ,W k0+k1,p
B

) such that f (θ) = u. By (2.5.1) and (3.6.4) we have

that the restriction f |S[θ,1] is bounded and continuous with values in W k0+ℓ,p and is
holomorphic on S(θ,1). Therefore, if 0 ≤ j ≤ i , then Bm j f is bounded and continuous on

S[θ,1] with values in B
k0+ℓ−m j − γ+1

p
p,p (Rd−1;Y j ) (see Theorem 3.5.6) and is holomorphic on

S(θ,1). Moreover, for Re(z) = 1 we have Bm j f (z) = 0. By the three lines lemma (see [27,
Lemma 1.1.2]), Bm j f (z) vanishes identically and thus

Bm j u =Bm j f (θ) = 0 for 0 ≤ j ≤ i .

This proves u ∈W k0+ℓ,p
B

and thus [W k0,p ,W k0+k1,p
B

]θ ,→W k0+ℓ,p
B

.
Step 2: the embedding “,→”. We continue with the proof of the embedding “,→” in (3.6.3).

Again, we consider two cases depending on which traces exist. In Step 2a, we consider

the case where all traces exist. For u ∈W k0+ℓ,p
B

we explicitly construct a decomposition
u = v + (u − v), where v satisfies the boundary conditions, and u − v has vanishing traces.
In this setting, we construct a right inverse for an extended system of boundary operators
C to find such a v . In Step 2b, we consider the case where certain traces do not exist and
the result can be deduced by reiteration.

Before proceeding with the main argument, we construct a modified boundary operator
such that its leading order coefficient is a projection. This is a necessary preliminary step
for the construction of the extended system of boundary operators C in Step 2a.

Let 0 ≤ i ≤ n and let bi ,mi be the leading order coefficient of Bmi for which bc
i ,mi

is the

right inverse from Definition 3.5.3. Define the boundary operator B̃mi := bc
i ,mi

B. Then it
is straightforward to verify that

ker(B̃mi ) = ker(Bmi ) for 0 ≤ i ≤ n. (3.6.5)

Similar to (3.5.1) we write

B̃mi =
mi∑
j=0

b̃i , j Tr j where b̃i , j := bc
i ,mi

bi , j .

We claim that πmi := b̃i ,mi :Rd−1 →L (X ) is a projection. Indeed, for 0 ≤ j ≤ mi , we have

πmi b̃i , j = bc
i ,mi

bi ,mi bc
i ,mi

bi , j = bc
i ,mi

bi , j = b̃i , j . (3.6.6)

Moreover, (3.6.6) implies that for i ∈ {0, . . . ,n} we have

πmi B̃
mi = B̃mi . (3.6.7)

Step 2a. Assume that k0 +k1 > mn + γ+1
p . We start with the construction of an extended

system of normal boundary operators C whose kernel coincides with W k0+k1,p
0 .

Let a be the largest integer such that a + γ+1
p < k0 + k1 and define a = (0,1, . . . , a).

Moreover, by setting X = (X , . . . , X ) with length a + 1, we can define a normal bound-
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ary operator of type (p,k0 +k1,γ, a, X ) by

C = (C 0, . . . ,C a) : W k0+k1,p →
a∏

j=0
B

k0+k1− j− γ+1
p

p,p (Rd−1; X ),

C j :=
{

Tr j if j ∉ {m0, . . . ,mn},

(1−π j )Tr j +B̃ j if j ∈ {m0, . . . ,mn}.

(3.6.8)

Note that by (3.6.7) we have

π j C
j =π j B̃

j = B̃ j for j ∈ {m0, . . . ,mn}. (3.6.9)

We show that

C v = 0 if and only if Tra v = 0 for v ∈W k0+k1,p . (3.6.10)

Indeed, let v ∈W k0+k1,p and C v = 0, then for 0 ≤ ã ≤ a with ã ∉ {m0, . . . ,mn}, we have

Trã v =C a v = 0. (3.6.11)

If ã = mi ∈ {m0, . . . ,mn} for some 0 ≤ i ≤ n, then by (3.6.7) and (3.6.11) it holds that

0 =C mi v = (1−πmi )Trmi v +πmi B̃
mi v

= Trmi v +
mi−1∑

j=0
b̃i , j Tr j v

= Trmi v + ∑
j∈{m0,...,mi−1}

b̃i , j Tr j v.

It follows that Trm0 v = C m0 v = 0 and successively we obtain Trmi v = C mi v = 0 for
0 ≤ i ≤ n as well. The converse statement is trivial, so we have proved (3.6.10).

From (3.6.10) and the definition of W k0+k1,p
0 , it follows that

W k0+k1,p
C

=W k0+k1,p

Tra
=W k0+k1,p

0 .

By Theorem 3.5.6 there exists a right inverse

extC :
a∏

j=0
B

k0+k1− j− γ+1
p

p,p (Rd−1; X ) →W k0+k1,p

for C , which is universal with respect to k0 +k1 ∈ (a + γ+1
p ,k].

Let u ∈ W k0+ℓ,p
B

= W k0+ℓ,p

B̃
(recall (3.6.5)) and we will now prove that u ∈ [W k0,p ,

W k0+k1,p
B

]θ with θ = ℓ
k1

. Using the extension operator extC from above, we construct

a suitable v ∈ [W k0,p ,W k0+k1,p
B

]θ such that u = v +(u−v) and all the traces of u−v vanish.

Let a1 be the largest integer such that a1 + γ+1
p < k0 +ℓ and define for j ≤ a1

g j :=
{

C j u if j ∉ {m0, . . . ,mn},

(1−π j )C j u if j ∈ {m0, . . . ,mn}.



86 3. Complex interpolation of weighted Sobolev spaces

By Lemma 3.5.2 and [126, Theorem 14.4.30], we obtain

g j ∈ B
k0+ℓ− j− γ+1

p
p,p (Rd−1; X ) = [

B
k0− j− γ+1

p
p,p (Rd−1; X ),B

k0+k1− j− γ+1
p

p,p (Rd−1; X )
]
θ .

Therefore, by definition of the complex interpolation method, there exists a

f̃ j ∈H
(
B

k0− j− γ+1
p

p,p (Rd−1; X ),B
k0+k1− j− γ+1

p
p,p (Rd−1; X )

)
such that f̃ j (θ) = g j for j ≤ a1. In addition, for j ≤ a1 we define

f j :=
{

f̃ j if j ∉ {m0, . . . ,mn},

(1−π j ) f̃ j if j ∈ {m0, . . . ,mn},

which satisfies the same properties as f̃ j . Then

F := extC ( f0, . . . , fa1 ,0, . . . ,0) ∈H (W k0,p ,W k0+k1,p )

and
v := F (θ) = extC

(
f0(θ), . . . , fa1 (θ),0, . . . ,0

)= extC (g0, . . . , ga1 ,0, . . . ,0).

Moreover, F is bounded and continuous on {z ∈ C : Re z = 1} with values in W k0+k1,p

and by (3.6.9), properties of the right inverse extC and the definition of f j , we have for
j ∈ {m0, . . . ,mn}

B̃ j F (1) =π j C
j extC ( f0(1), . . . , fa1 (1),0, . . . ,0)

=
{
π j f j (1) = 0 if j ∈ {m0, . . . ,mn}, j ≤ a1,

0 if j ∈ {m0, . . . ,mn}, a1 < j ≤ a.

This implies F ∈H (W k0,p ,W k0+k1,p

B̃
) and thus by (3.6.5) we have

v = F (θ) ∈ [
W k0,p ,W k0+k1,p

B

]
θ. (3.6.12)

To continue, we prove that u − v ∈ W k0+ℓ,p
C

. Indeed, by definition of g j , (3.6.9) and the

fact that B̃ j u = 0 for j ∈ {m0, . . . ,mn}, we obtain

C j (u − v) =C j u −C j extC (g0, . . . , ga1 ,0, . . . ,0)

=C j u − g j =
{

g j − g j = 0 if j ∉ {m0, . . . ,mn}, j ≤ a1,

C j u − (1−π j )C j u = 0 if j ∈ {m0, . . . ,mn}, j ≤ a1.

It follows from Proposition 3.6.2 that

u − v ∈W k0+ℓ,p
C

=W k0+ℓ,p
0 = [

W k0,p
0 ,W k0+k1,p

0

]
θ ,→

[
W k0,p ,W k0+k1,p

B

]
θ. (3.6.13)

Then combining (3.6.12) and (3.6.13) implies u = v + (u − v) ∈ [W k0,p ,W k0+k1,p
B

]θ with

θ = ℓ
k1

. This completes the proof of the embedding “,→” in (3.6.3) if k0 +k1 > mn + γ+1
p .
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Step 2b. We prove the embedding “,→” in (3.6.3) if k0 +k1 < mn + γ+1
p . Fix a ∈N0 such

that k0 +a ∈ (mn + γ+1
p ,k]. Then by reiteration for the complex interpolation method (see

[27, Theorem 4.6.1]) and Step 2a twice, we obtain[
W k0,p ,W k0+k1,p

B

]
ℓ

k1

= [
W k0,p , [W k0,p ,W k0+a,p

B
] k1

a

]
ℓ

k1

= [
W k0,p ,W k0+a,p

B

]
ℓ
a
=W k0+ℓ,p

B
.

Combining Steps 1 and 2 completes the proof of (3.6.3).
Step 3. It remains to prove for k0 ∈N1 that

W k0+ℓ,p
B

(Rd
+, wγ; X ) = [

W k0,p
B

(Rd
+, wγ; X ),W k0+k1,p

B
(Rd

+, wγ; X )
]
ℓ

k1

.

Fix a ∈N0 such that a < k0 and define θ1 := (k0 −a)/(k0 +k1 −a). Then by reiteration and
(3.6.3) twice, we obtain[

W k0,p
B

,W k0+k1,p
B

]
ℓ

k1

= [
[W a,p ,W k0+k1,p

B
]θ1 ,W k0+k1,p

B

]
ℓ

k1

= [
W a,p ,W k0+k1,p

B

]
(1− ℓ

k1
)θ1+ ℓ

k1

=W k0+ℓ,p
B

.

This completes the proof of the theorem.

We conclude with the proof of Theorem 3.6.4.

Proof of Theorem 3.6.4. We first prove in Steps 1 and 2 that

H sθ ,p
B

(Rd
+, wγ; X ) = [

H s0,p (Rd
+, wγ; X ), H s1,p

B
(Rd

+, wγ; X )
]
θ . (3.6.14)

For notational convenience we write H s,p := H s,p (Rd+, wγ; X ).
Step 1: the embedding “←-”. By [189, Proposition 5.6] it holds that[

H s0,p , H s1,p
B

]
θ ,→

[
H s0,p , H s1,p]

θ = H sθ ,p .

Thus the embedding [H s0,p , H s1,p
B

]θ ,→ H sθ ,p
B

can be proved similarly as in Step 1 of the
proof of Theorem 3.6.5.

Step 2: the embedding “,→”. We adopt the same notation as in Step 2 of the proof of
Theorem 3.6.5.

Step 2a. Assume that s1 > mn + γ+1
p and s1 ∉N0 + γ+1

p . Note that the second condition
on s1 is new compared to the proof of Theorem 3.6.5. This condition will be removed in
Step 2b.

Let a be the largest integer such that a + γ+1
p < s1. The operator

C = (C 0, . . . ,C a) : H s1,p →
a∏

j=0
B

s1− j− γ+1
p

p,p (Rd−1; X ),

as defined in (3.6.8) satisfies (3.6.10) for v ∈ H s1,p . Therefore, we have

H s1,p
C

= H s1,p

Tra
= H s1,p

0 .
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We can now proceed similarly as in Step 2a of the proof of Theorem 3.6.5 using Proposition
3.6.1 to obtain (cf. (3.6.13))

H sθ ,p
C

= H sθ ,p
0 = [

H s0,p
0 , H s1,p

0

]
θ ,→

[
H s0,p , H s1,p

B

]
θ.

Step 2b. Assume that s1 > mn + γ+1
p and there exists an ℓ ∈N0 such that s1 = ℓ+ γ+1

p . Fix

t ∈ (s1, s] such that t ∉N0+ γ+1
p . Furthermore, let θ1 := (s1−s0)/(t −s0). Then by reiteration

for the complex interpolation method (see [27, Theorem 4.6.1]) and Step 2a twice, we
obtain [

H s0,p , H s1,p
B

]
θ =

[
H s0,p , [H s0,p , H t ,p

B
]θ1

]
θ =

[
H s0,p , H t ,p

B

]
θθ1

= H sθ ,p
B

.

Step 2c. Assume that s1 < mn + γ+1
p . Fix t ∈ (mn + γ+1

p , s] and let θ1 := (s1 − s0)/(t − s0).

Then again by reiteration and Step 2a, we obtain [H s0,p , H s1,p
B

]θ = H sθ ,p
B

. This completes
the proof of (3.6.14).

Step 3. It remains to prove

H sθ ,p
B

(Rd
+, wγ; X ) = [

H s0,p
B

(Rd
+, wγ; X ), H s1,p

B
(Rd

+, wγ; X )
]
θ .

Fix s̃ < s0, with s̃ > 0 if s0 > 0 and s̃ >−1+ γ+1
p otherwise. Let θ1 := (s0 − s̃)/(s1 − s̃). Then by

reiteration and (3.6.14) twice, we obtain[
H s0,p

B
, H s1,p

B

]
θ =

[
[H s̃,p , H s1,p

B
]θ1 , H s1,p

B

]
θ =

[
H s̃,p , H s1,p

B

]
(1−θ)θ1+θ = H sθ ,p

B
.

This completes the proof of the theorem.



4
Trace theory for intersections of

weighted Sobolev spaces

This chapter is based on:

R. Denk and F. Roodenburg. Trace theory for parabolic boundary value problems with
rough boundary conditions. J. Evol. Equ., 26(3):80, 2026.

In addition, this chapter is complemented with some unpublished results.

Abstract. We characterise the spatial trace spaces arising from intersections of weighted
vector-valued Sobolev spaces, where the weights are powers of the distance to the boundary.
These weighted function spaces are particularly suitable for treating boundary value prob-
lems where derivatives of the solution blow up at the boundary. First, we establish trace
results for anisotropic Triebel–Lizorkin spaces. This allows us to derive similar results for
intersections of weighted Sobolev spaces on the half-space. Finally, using a localisation
argument based on the Dahlberg–Kenig–Stein pullback, we can transfer the trace results to
bounded domains with minimal regularity assumptions.

89
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4.1. Introduction
The analysis of boundary value problems with inhomogeneous boundary data requires a
precise understanding of the underlying function spaces and their spatial trace spaces.
For instance, consider the heat equation on a bounded domain O ⊆ Rd with Dirichlet
boundary conditions, i.e., 

∂t u −∆u = f t > 0, x ∈O ,

u|∂O = g t > 0,

u|t=0 = 0 x ∈O .

(4.1.1)

A classical problem is to find necessary and sufficient conditions for the data f and g
such that (4.1.1) is well-posed and has a solution

u ∈W 1,q (R+;Lp (O ))∩Lq (R+;W 2,p (O )), p, q ∈ (1,∞), (4.1.2)

that depends continuously on the data. It is well known that f ∈ Lq (R+;Lp (O )) is a natural
condition, while identifying the optimal function space for the boundary data g is more
delicate. This problem has been extensively studied in the literature, first for p = q in
[176] and later in [68, 132, 269, 270, 271] for the more general case p ̸= q . The case p ̸= q
is particularly relevant for nonlinear problems, where one wants to exploit the scaling
invariance of the problem, see, e.g., [99]. Moreover, we note that the end-point case q = 1
is studied in [226, 227].

For (4.1.1) on a bounded C 2-domain O , it turns out that the boundary data g has to be
in the intersection space

F
1− 1

2p
q,p (R+;Lp (∂O ))∩Lq (R+;B

2− 1
p

p,p (∂O )), (4.1.3)

where F s
q,p and B s

p,p denote the Triebel–Lizorkin and Besov spaces, respectively. The
space (4.1.3) is the optimal space for the boundary data, meaning that the Dirichlet trace
operator from the solution space (4.1.2) to the spatial trace space (4.1.3) is continuous
and surjective.

In this chapter, we study mapping properties of trace operators in a weighted frame-
work. Specifically, we consider spatial weights of the form w∂O

γ (x) := dist(x,∂O )γ for some
suitable γ>−1. These weights are well suited to control boundary singularities of solu-
tions and their derivatives. As a special case of our main result in Theorem 4.5.2, we obtain
the following weighted trace result, which is suitable for treating (4.1.1) in the weighted
setting. Applications to partial differential equations such as (4.1.1) are postponed to
Chapter 7.

Theorem 4.1.1. Let p, q ∈ (1,∞), k ∈N0, κ ∈ [0,1), γ ∈ ((1−κ)p −1,2p −1) \ {p −1}. Fur-
thermore, let O be a bounded C 1,κ-domain. Then the trace operator Tr∂O from

W 1,q (R+;W k,p (O , w∂O
γ+kp ))∩Lq (R+;W k+2,p (O , w∂O

γ+kp ))

to

F
1− γ+1

2p
q,p (R+;Lp (∂O ))∩Lq (R+;B

2− γ+1
p

p,p (∂O ))

is continuous and surjective. Moreover, there exists a continuous right inverse ext∂O of Tr∂O .
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In addition, we prove a variant of Theorem 4.1.1 with higher-order traces and more
time and space regularity, which is required for treating higher-order parabolic equations
with inhomogeneous boundary conditions. Furthermore, our approach also covers the
vector-valued setting with temporal weights on bounded time intervals. The proof of
Theorem 4.1.1 is based on an extension of the trace theory for weighted anisotropic
Triebel–Lizorkin spaces as developed in [132, 184] and intersection representations of
these spaces. We note that Theorem 4.1.1 (see also Theorem 4.5.2) advances the existing
literature in several respects.

(i) We consider spaces with higher-order spatial Sobolev regularity. This allows us to
deal with higher-order regularity of (4.1.1) in Chapter 7. It is important to note that
the trace space is independent of the smoothness k, as is also indicated by trace
theory for weighted Sobolev spaces, see, e.g., [140] or Chapter 3. The weighted
setting is particularly convenient for higher-order regularity since it avoids any
compatibility conditions in the underlying Banach spaces, which are necessary to
obtain, for instance, sectoriality of the Laplacian, see [66] and the introduction of
Chapter 5 for a more elaborate discussion.

(ii) The regularity of the domain O depends on the weight exponent γ, but not on the
smoothness k.

(iii) In Theorem 4.5.2 we deal with higher-order traces Tr
∂O
m , which is in contrast to

[190, Theorem 7.1], where the trace theory in the weighted setting was developed
for second-order parabolic equations with Dirichlet boundary conditions. The
higher-order traces model Dirichlet boundary conditions for higher-order parabolic
boundary value problems, such as in [74]. In Chapter 8, we will use this general
trace theory for studying a structurally damped plate equation with rough boundary
conditions. In addition, we mention that in [123, 184] higher-order trace spaces are
characterised for function spaces with mainly Muckenhoupt weights.

Outline
The outline of this chapter is as follows. In Section 4.2 we introduce the anisotropic func-
tion spaces and some of their properties. In Section 4.3 we first prove characterisations
of higher-order trace spaces of anisotropic Triebel–Lizorkin spaces, which are used in
Section 4.4 to obtain the trace spaces of intersections of weighted Sobolev spaces on the
half-space. In Section 4.5 we apply a localisation procedure to transfer the trace results
from the half-space to domains with minimal smoothness assumptions. Finally, in Sec-
tion 4.6 we prove a trace theorem for more general boundary operators with space and
time-dependent coefficients.

4.2. Anisotropic function spaces
Recall that (isotropic) Besov, Triebel–Lizorkin, Bessel potential and Sobolev spaces are
defined in Section 3.2.1. We will now introduce anisotropic function spaces, where we
mainly focus on Triebel–Lizorkin, Bessel potential and Sobolev spaces. For more details
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on anisotropic spaces, we refer to [15, 132, 183].

Let ℓ ∈N1 and d = (d1, . . . ,dℓ) ∈Nℓ1 such that d := |d | =∑ℓ
j=1 d j . The d -decomposition of

Rd is given by

Rd =Rd1 ×·· ·×Rdℓ ,

and for x ∈Rd we write x = (x1, . . . , xℓ) and x j = (x j ,1, . . . , x j ,d j
) where x j ∈Rd j and x j ,i ∈R

for j ∈ {1, . . . ,ℓ} and i ∈ {1, . . . ,d j }.

Let p = (p1, . . . , pℓ) ∈ [1,∞)ℓ and w = (w1, . . . , wℓ), where w j is a weight on Rd j for
j ∈ {1, . . . ,ℓ}. Furthermore, let X be a Banach space. The weighted mixed-norm Lebesgue
space Lp ,d (Rd , w ; X ) is the Bochner space consisting of all strongly measurable f :Rd → X
such that

∥ f ∥Lp ,d (Rd ,w ;X ) :=
(∫
Rdℓ

· · ·
(∫
Rd1

∥ f (x)∥p1
X w1(x1) dx1

) p2
p1 · · ·wℓ(xℓ) dxℓ

) 1
pℓ <∞.

To introduce anisotropic function spaces that measure smoothness as well, we first
define the following concepts. Let Rd be d -decomposed and a ∈ (0,∞)ℓ. For λ > 0 we

define the (d , a)-anisotropic dilation δ(d ,a)
λ

:= (λa1 x1, . . . ,λaℓxℓ) for x ∈Rd and the (d , a)-
anisotropic distance function

|x|d ,a :=
( ℓ∑

j=1
|x j |

2
a j

) 1
2

, x ∈Rd .

In addition, let 0 < A < B <∞ and define the set of anisotropic Littlewood–Paley se-
quences Φd ,a

A,B (Rd ) as the set of all (ϕn)n≥0 ⊆S (Rd ) such that ϕ̂0 = ϕ̂ and

ϕ̂n(ξ) = ϕ̂(
δ(d ,a)

2−n ξ
)− ϕ̂(

δ(d ,a)
2−n+1ξ

)
, ξ ∈Rd , n ∈N1,

where the generating function ϕ ∈ S (Rd ) satisfies 0 ≤ ϕ̂(ξ) ≤ 1 for ξ ∈ Rd , ϕ̂(ξ) = 1
if |ξ|d ,a ≤ A and ϕ̂(ξ) = 0 if |ξ|d ,a ≥ B . Furthermore, we define Φd ,a (Rd ) := ⋃

0<A<B<∞
Φd ,a

A,B (Rd ).

Let p ∈ [1,∞)ℓ, a ∈ (0,∞)ℓ, q ∈ [1,∞], s ∈ R, w ∈ ∏ℓ
j=1 A∞(Rd j ) and let X be a Banach

space. Letϕ ∈Φd ,a (Rd ) and let (Sn)n≥0 ⊆L (S ′(Rd ; X )) be the associated family of convo-
lution operators given by Sn f :=ϕn ∗ f . The weighted anisotropic Triebel–Lizorkin space
F s,a

p ,q (Rd , w ; X ) is defined as the space of all f ∈S ′(Rd ; X ) such that

∥ f ∥F s,a
p ,q (Rd ,w ;X ) := ∥(2ns Sn f )n≥0∥Lp ,d (Rd ,w ;ℓq (X )) <∞.

We note that this definition of the Triebel–Lizorkin space is independent of the choice of
ϕ ∈Φd ,a (Rd ).

Next, we define anisotropic Bessel potential spaces and Sobolev spaces. Let Rd be
d -decomposed as above, then for j ∈ {1, . . . ,ℓ} we define the inclusion and projection
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maps

ι[d ; j ] :Rd j →Rd , x j 7→ (0, . . . ,0, x j ,0, . . . ,0),

π[d ; j ] :Rd →Rd j , (x1, . . . , xℓ) 7→ x j .

For σ ∈Rwe define the operator J
[d ; j ]
σ ∈L (S ′(Rd ; X )) by

J
[d ; j ]
σ f :=F−1((1+|π[d ; j ] · |2)

σ
2 F f

)
.

Furthermore, for n = (n1, . . . ,nℓ) ∈Nℓ0 let Jn,d be the set of multi-indices given by

Jn,d :=
{
α ∈

ℓ⋃
j=1

ι[d ; j ]N
d j

0 : |α j | ≤ n j

}
.

Let p ∈ (1,∞)ℓ, s ∈ (0,∞)ℓ, n ∈Nℓ0 , w ∈∏ℓ
j=1 Ap j (Rd j ) and let X be a Banach space. Then

we define the weighted anisotropic Bessel potential and Sobolev spaces as

W n,p
d (Rd , w ; X ) := {

f ∈S ′(Rd ; X ) : ∂α f ∈ Lp ,d (Rd , w ; X ), α ∈ Jn,d
}
,

H s,p
d (Rd , w ; X ) := {

f ∈S ′(Rd ; X ) : J [d ; j ]
s j

f ∈ Lp ,d (Rd , w ; X ), j ∈ {1, . . . ,ℓ}
}
,

endowed with the norms

∥ f ∥W
n,p
d (Rd ,w ;X ) := ∑

α∈Jn,d

∥∂α f ∥Lp ,d (Rd ,w ;X ),

∥ f ∥H
s,p
d (Rd ,w ;X ) :=

ℓ∑
j=1

∥J [d ; j ]
s j

f ∥Lp ,d (Rd ,w ;X ).

4.3. Traces of anisotropic Triebel–Lizorkin spaces
Similar to [132, 183, 184], we introduce two notions for the trace at the hyperplane
{0}×Rd−1: the distributional trace and the so-called working definition of the trace.

The working definition of the trace. Let ϕ ∈ Φd ,a (Rd ) and let (Sn)n≥0 ⊆ L (S ′(Rd ; X ))
be the associated family of convolution operators given by Sn f := ϕn ∗ f . Let Sd ∈
{S ′(Rd ; X ),S (Rd ; X )}, then for f ∈Sd it holds that f =∑∞

n=0 Sn f in Sd and thus

f |{0}×Rd−1 =
∞∑

n=0
(Sn f )|{0}×Rd−1 in Sd−1.

By the Paley–Wiener–Schwartz theorem, Sn f is smooth for every f ∈ S ′(Rd ; X ) and
n ∈ N0 and therefore has a well-defined classical trace. We define the trace operator
Tr : S ′(Rd ; X ) →S ′(Rd−1; X ) by

Tr f :=
∞∑

n=0
(Sn f )|{0}×Rd−1 ,
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whenever this series converges in S ′(Rd−1; X ).

The distributional trace. Recall that by the Schwartz kernel theorem we have the canon-
ical identification D′(R×Rd−1; X ) =D′(R;D′(Rd−1; X )). Hence, we have

C (R;D′(Rd−1; X )) ,→D′(Rd ; X ) =D′(R×Rd−1; X ) =D′(R;D′(Rd−1; X )),

and we define the bounded evaluation map

r : C (R;D′(Rd−1; X )) →D′(Rd−1; X ), f 7→ ev0 f ,

where ev0 f := f (0) denotes the evaluation at 0. Since

C (Rd ; X ) =C (R×Rd−1; X ) =C (R;C (Rd−1; X )) ,→C (R;D′(Rd−1; X )),

the classical trace and the distributional trace r coincide on C (Rd ; X ), i.e.,

r : C (Rd ; X ) →C (Rd−1; X ), f 7→ f |{0}×Rd−1 .

Lemma 4.3.1. Let ℓ ∈ N1, d = (1,d ′′) ∈ N1 ×Nℓ−1
1 , a = (a1, a ′′) ∈ (0,∞)× (0,∞)ℓ−1. Let

ρ ∈S (R) with ρ(0) = 1 and supp ρ̂ ⊆ [1,2] and let (φn)n≥0 ∈Φd ′′,a ′′
(Rd−1). Then

ext g (x1, x̃) :=
∞∑

n=0
ρ(2na1 x1)(φn ∗ g )(x̃), g ∈S ′(Rd−1; X ),

is a convergent series in S ′(Rd ; X ). Moreover,

ext : S ′(Rd−1; X ) →S ′(Rd ; X )

is linear and continuous and

ext : S ′(Rd−1; X ) →Cb(R;S ′(Rd−1; X ))

acts as a right inverse of r : C (R;S ′(Rd−1; X )) →S ′(Rd−1; X ).

Proof. All statements except the continuity of ext : S ′(Rd−1; X ) →S ′(Rd ; X ) are shown
in [183, Proposition 5.2.49], which generalises the scalar case in [132, Section 4.2]. To
show the continuity, we use the linear operator K : S (Rd ) →S (Rd−1) from [132, Equation
(4.18)], defined by

(Kϕ)(x̃) :=
∞∑

n=0

∫
R
ρ(2na1 x1)

(∫
Rd−1

(F̃−1φn)(ỹ)ϕ(x1, x̃ − ỹ) dỹ
)

dx1.

Here, F̃ stands for the Fourier transform in Rd−1. It is shown in [132, Equation (4.19)]
that in fact Kϕ ∈ S (Rd−1) for each ϕ ∈ S (Rd ) and that (ext g )(ϕ) = g (Kϕ) for all g ∈
S ′(Rd−1; X ) and ϕ ∈S (Rd ). By the definition of the locally convex topology on S ′(Rd−1;
X ), this shows that ext : S ′(Rd−1; X ) →S ′(Rd ; X ) is continuous.

For m ∈N0 we define the m-th order trace operator as Trm := Tr◦∂m
1 . Furthermore, we

define the vector of traces
Trm := (Tr0, . . . ,Trm).

Moreover, to be consistent with the notation in [132, 183, 184] we write v = (v1, v ′′) ∈
R×Rℓ−1 for vectors of length ℓ ∈N1.
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4.3.1. Trace theory for anisotropic spaces
We now characterise higher-order trace spaces of weighted anisotropic Triebel–Lizorkin
spaces, extending the results in [132] (unweighted scalar-valued case) and [183, 184]
(weighted vector-valued case for the zeroth-order trace). Trace theory for (unweighted)
mixed norm spaces was developed in [28, 29, 30, 31, 36]. In particular, trace theory for
anisotropic Triebel–Lizorkin spaces is contained in [92, 132] and [123, 183, 184] for the
unweighted and weighted case, respectively.

By combining the arguments in [132, Corollary 2.7] and [184, Theorem 4.6], we obtain
the characterisation of the higher-order trace space of anisotropic Triebel–Lizorkin spaces.
We note that a version of the theorem below for m = 0 and more general weights is
contained in [123, Proposition 3.7].

Theorem 4.3.2. Let ℓ ∈N1, d1 = 1, p ∈ (1,∞)ℓ, q ∈ [1,∞], a ∈ (0,∞)ℓ, γ ∈ (−1,∞), m ∈N0

and let X be a Banach space. Let wγ(x1) = |x1|γ, w̃ j ∈ Ap j (Rd j ) for j ∈ {2, . . . ,ℓ} and let

w = (wγ, w̃2, . . . , w̃ℓ). Then, for s > a1(m + γ+1
p1

), the trace operator

Trm : F s,a
p ,q,d (Rd , (wγ, w̃ ′′); X ) →

m∏
j=0

F
s−a1( j+ γ+1

p1
),a ′′

p ′′,p1,d ′′ (Rd−1, w̃ ′′; X )

is continuous and surjective. Moreover, there exists a continuous right inverse extm of Trm .

Proof. The case m = 0 is contained in [184, Theorem 4.6] and the formula for the zeroth-
order extension operator as given in Lemma 4.3.1 restricts to a coretraction corresponding

to Tr on F s,a
p ,q,d (Rd , (wγ, w̃ ′′); X ). Now, let m ∈N1 and j ∈ {0, . . . ,m}. Note that ∂ j

1 has order

j a1 in the scale of anisotropic Triebel–Lizorkin spaces, see for instance [183, Proposition
5.2.29]. Hence, the continuity for Tr j and Trm follows from the case m = 0.

It remains to consider the extension operator, and we argue similarly as in [132, Co-
rollary 2.7 & Section 4.3]. Let (φn)n≥0 ∈ Φd ′′,a ′′

(Rd−1) and ρ ∈ S (R) with supp ρ̂ ⊆ [1,2],

ρ(0) = 1 and ρ′(0) = ·· · = ρ(m)(0) = 0. Furthermore, let ρ j (x1) := x j
1ρ(x1)/ j ! and define the

higher-order extension operator

ext j g (x1, x̃) :=
∞∑

n=0
2− j na1ρ j (2na1 x1)(φn ∗ g )(x̃), g ∈S ′(Rd−1; X ).

Due to the particular choice of the ρ j , Lemma 4.3.1 implies that the series converges in
S ′(Rd−1; X ) and that ext j g is in Cb(R;S ′(Rd−1; X )) and is continuous as a mapping from
S ′(Rd−1; X ) to S ′(Rd ; X ). Note that by definition we have for j1 ≤ m that Tr j1 ρ j = δ j1 j

where δ j1 j is the Kronecker delta. Since ∂ j1
1 is continuous on S ′(Rd ; X ) it follows that

Tr j1 ext j g = δ j1 j g , g ∈S ′(Rd−1; X ), j1, j ∈ {0, . . . ,m}. (4.3.1)

Taking into account the additional power of 2 in the definition of ext j (compared to the
zeroth-order extension operator), we can redo part (II) of the proof of [184, Theorem 4.6]
to obtain that

ext j : F
s−a1( j+ γ+1

p1
),a ′′

p ′′,p1,d ′′ (Rd−1, w̃ ′′; X ) → F s,a
p ,q,d (Rd , (wγ, w̃ ′′); X )
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is continuous. Finally, defining

extm g :=
m∑

j=0
ext j g j , g = (g0, . . . , gm) ∈S ′(Rd ; X )m+1,

gives the desired extension operator to Trm . Indeed, the continuity follows from the
continuity properties of ext j and Trm ◦extm = id follows from (4.3.1).

The trace spaces of the weighted anisotropic Triebel–Lizorkin spaces are independent
of the microscopic parameter q ∈ [1,∞]. As a corollary, we also obtain the trace space for
any normed space F that satisfies

F s,a
p ,1,d (Rd , (wγ, w̃ ′′); X ) ,→ F ,→ F s,a

p ,∞,d (Rd , (wγ, w̃ ′′); X ).

In view of these embeddings (see also [184, Equation (16)]), we obtain the following
corollary for the spaces

F :=W n,p
d (Rd , (wγ, w̃ ′′); X ), n ∈Nℓ1 , n = sa−1,

F :=H s,p
d (Rd , (wγ, w̃ ′′); X ), s ∈ (0,∞)ℓ, s = sa−1.

(4.3.2)

Corollary 4.3.3. Let ℓ ∈ N1, d1 = 1, p ∈ (1,∞)ℓ, q ∈ [1,∞], a ∈ (0,∞)ℓ, γ ∈ (−1, p1 − 1),
m ∈N0 and let X be a Banach space. Let wγ(x1) = |x1|γ, w̃ j ∈ Ap j (Rd j ) for j ∈ {2, . . . ,ℓ} and

let w = (wγ, w̃2, . . . , w̃ℓ). Furthermore, let F be as in (4.3.2). Then, for s > a1(m + γ+1
p1

), the
trace operator

Trm : F→
m∏

j=0
F

s−a1( j+ γ+1
p1

),a ′′

p ′′,p1,d ′′ (Rd−1, w̃ ′′; X )

is a continuous and surjective operator. Moreover, there exists a continuous right inverse
extm of Trm .

4.4. Traces of intersections of weighted Sobolev spaces
In this section, we characterise the higher-order trace space of an intersection of weighted
Sobolev spaces with spatial domain O =Rd+ and with both bounded and unbounded time
intervals. We consider spatial and temporal power weights of the form wγ(x) = |x1|γ and
vµ(t ) = |t |µ, respectively. The main result of this section reads as follows.

Theorem 4.4.1. Let p, q ∈ (1,∞), k,m ∈N0, k1,ℓ ∈N1, γ ∈ (−1,(k1 −m)p −1) \ { j p −1 : j ∈
N1}, µ ∈ (−1, q −1), and let X be a UMD Banach space. Furthermore, let I =R or I = (0,T )
for some T ∈ (0,∞]. Then the trace operator Trm from

W ℓ,q (I , vµ;W k,p (Rd
+, wγ+kp ; X ))∩Lq (I , vµ;W k+k1,p (Rd

+, wγ+kp ; X ))

to
m∏

j=0
F
ℓ− ℓ

k1
( j+ γ+1

p )

q,p (I , vµ;Lp (Rd−1; X ))∩Lq (I , vµ;B
k1− j− γ+1

p
p,p (Rd−1; X ))

is continuous and surjective. Moreover, there exists a continuous right inverse extm of Trm .



4.4. Traces of intersections of weighted Sobolev spaces 97

For the notion of UMD Banach spaces, we refer to Section 2.4.

Remark 4.4.2. We make the following remarks concerning Theorem 4.4.1.

(i) The trace space in Theorem 4.4.1 does not depend on the smoothness parameter k.
This agrees with known trace results for weighted Sobolev spaces as presented in
Chapter 3.

(ii) If I = R, then the result of Theorem 4.4.1 actually holds for any temporal weight
v ∈ Aq (R). The case I = (0,T ) follows from using appropriate extension operators,
which are easier to construct if v = vµ with µ ∈ (−1, q − 1). We elaborate on the
construction of extension operators in Remark 4.4.5.

Before we turn to the proof of Theorem 4.4.1, we need some additional results. First, we
recall the following intersection representation for Triebel–Lizorkin spaces. A more general
version can be found in [185], while the unweighted scalar-valued case is contained in
[69, Proposition 3.23].

Theorem 4.4.3 ([183, Theorem 5.2.35]). Let p, q ∈ (1,∞), a ∈ (0,∞)2, s > 0, w ∈ Ap (Rd1 )×
Aq (Rd2 ) and let X be a Banach space. Then

F s,a
(p,q),p,d (Rd , w ; X ) = F

s
a2

q,p

(
Rd2 , w2;Lp (Rd1 , w1; X )

)∩Lq (
Rd2 , w2;F

s
a1

p,p (Rd1 , w1; X )
)
.

We can now identify the trace space of an intersection of Sobolev and Bessel potential
spaces with Muckenhoupt weights. Additionally, recall that B s

p,p (Rd−1; X ) = F s
p,p (Rd−1; X )

for all s ∈R and p ∈ (1,∞), see, for instance [126, Proposition 14.6.8].

Theorem 4.4.4. Let p, q ∈ (1,∞), m ∈N0, n1,n2 ∈N1, s1, s2 ∈ (0,∞), v ∈ Aq (R), γ ∈ (−1, p −
1) and let X be a Banach space. If n2, s2 > m + γ+1

p , then

Trm : W n1,q (R, v ;Lp (Rd
+, wγ; X ))∩Lq (R, v ;W n2,p (Rd

+, wγ; X ))

→
m∏

j=0
F

n1− n1
n2

( j+ γ+1
p )

q,p (R, v ;Lp (Rd−1; X ))∩Lq (R, v ;B
n2− j− γ+1

p
p,p (Rd−1; X ))

and

Trm : H s1,q (R, v ;Lp (Rd
+, wγ; X ))∩Lq (R, v ; H s2,p (Rd

+, wγ; X ))

→
m∏

j=0
F

s1− s1
s2

( j+ γ+1
p )

q,p (R, v ;Lp (Rd−1; X ))∩Lq (R, v ;B
s2− j− γ+1

p
p,p (Rd−1; X ))

are continuous and surjective. Moreover, there exists a continuous right inverse extm of Trm .

Proof. We only consider the case of Sobolev spaces, since the proof for the Bessel potential
spaces is completely similar. By a standard restriction argument, it suffices to consider the
spatial domain Rd instead of Rd+. This is possible as we are in the range of Muckenhoupt
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weights, and therefore extension operators are available (see [189, Section 5]). Note that
we have the identification

W (n2,n1),(p,q)
(d ,1) (Rd+1, (wγ, v); X )

=W n1,q (R, v ;Lp (Rd , wγ; X ))∩Lq (R, v ;W n2,p (Rd , wγ; X )),

so that Corollary 4.3.3 and Theorem 4.4.3 imply that

Trm : W n1,q (R, v ;Lp (Rd , wγ; X ))∩Lq (R, v ;W n2,p (Rd , wγ; X ))

→
m∏

j=0
F

1− 1
n2

( j+ γ+1
p ),( 1

n2
, 1

n1
)

(p,q),p,(d−1,1) (Rd , (1, v); X )

=
m∏

j=0
F

n1− n1
n2

( j+ γ+1
p )

q,p (R, v ;Lp (Rd−1; X ))∩Lq (R, v ;B
n2− j− γ+1

p
p,p (Rd−1; X ))

is continuous and surjective. Moreover, Corollary 4.3.3 gives the existence of an extension
operator as well.

We can now characterise the spatial trace space of an intersection of weighted Sobolev
spaces as stated in Theorem 4.4.1.

Proof of Theorem 4.4.1. Step 1: the case I = R. Let v ∈ Aq (R). Let r ∈ {0, . . . ,k1 −m − 1}
be such that γ ∈ (r p −1,(r +1)p −1). By [189, Proposition 5.5], standard properties of
the complex interpolation method (see, e.g., [262, Equation (4) in Section 1.9.3]), [190,
Theorem 3.18], Proposition 3.6.6 (using that X is UMD) and Hardy’s inequality (see
Lemma 2.2.2), we obtain

W ℓ,q (
R, v ;W k,p (Rd

+, wγ+kp ; X )
)∩Lq (

R, v ;W k+k1,p (Rd
+, wγ+kp ; X )

)
,→ [

Hℓ,q (
R, v ;W k,p (Rd

+, wγ+kp ; X )
)
,Lq (

R, v ;W k+k1,p (Rd
+, wγ+kp ; X )

)]
r

k1

= H
ℓ(1− r

k1
),q (

R, v ; [W k,p (Rd
+, wγ+kp ; X ),W k+k1,p (Rd

+, wγ+kp ; X )] r
k1

)
= H

ℓ(1− r
k1

),q (
R, v ;W k+r,p (Rd

+, wγ+kp ; X )
)

,→ H
ℓ(1− r

k1
),q (

R, v ;Lp (Rd , wγ−r p ; X )
)
.

By applying Hardy’s inequality once more, we have

W ℓ,q (R, v ;W k,p (Rd
+, wγ+kp ; X ))∩Lq (R, v ;W k+k1,p (Rd

+, wγ+kp ; X ))

,→ H
ℓ(1− r

k1
),q (

R, v ;Lp (Rd , wγ−r p ; X )
)∩Lq (

R, v ;W k1−r,p (Rd
+, wγ−r p ; X )

)
.

Since γ− r p ∈ (−1, p − 1) and k1 − r > m + γ−r p+1
p , Theorem 4.4.4 implies that Trm is

continuous and surjective from the latter space to

m∏
j=0

F
ℓ(1− r

k1
)−

ℓ(1− r
k1

)

k1−r ( j+ γ−r p+1
p )

q,p

(
R, v ;Lp (Rd−1; X )

)∩Lq (
R, v ;B

k1−r− j− γ−r p+1
p

p,p (Rd−1; X )
)
,
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which gives the desired trace space after rewriting. This shows that Trm is continuous
between the desired spaces.

To prove the existence and continuity of the extension operator, it suffices to establish
the embedding

F 1,(a1,a2)
(p,q),1,(d ,1)(R

d
+×R, (wγ+kp , v); X )

,→W ℓ,q (R, v ;W k,p (Rd
+, wγ+kp ; X ))∩Lq (R, v ;W k+k1,p (Rd

+, wγ+kp ; X )),
(4.4.1)

with

a1 := 1

k +k1
and a2 := k1

ℓ(k +k1)
. (4.4.2)

Indeed, by Theorems 4.3.2 and 4.4.3 we have that the extension operator extm is continu-
ous from

m∏
j=0

F
1

a2
(1−a1( j+ γ+kp+1

p ))

q,p (R, v ;Lp (Rd−1; X ))∩Lq (R, v ;B
1

a1
(1−a1( j+ γ+kp+1

p ))
p,p (Rd−1; X ))

to F 1,(a1,a2)
(p,q),1,(d ,1)(Rd+×R, (wγ+kp , v); X ). Rewriting using (4.4.2) gives continuity of extm between

the desired spaces.
It remains to prove the embedding (4.4.1). Similar as in the proof of [190, Lemma 7.2] it

holds that the restriction operator

R : D′(Rd ×R, X ) →D′(Rd
+×R; X ), f 7→ f |

Rd+×R,

restricts to a bounded linear operator on

R : F 0,(a1,a2)
(p,q),1,(d ,1)(R

d ×R, (wγ+kp , v); X ) → Lq (R, v ;Lp (Rd
+, wγ+kp ; X )).

By [183, Proposition 5.2.29], using that a1(k +k1) = 1 and a1k +a2ℓ= 1, it follows that

R : F 1,(a1,a2)
(p,q),1,(d ,1)(R

d ×R, (wγ+kp , v); X )

→W ℓ,q (R, v ;W k,p (Rd
+, wγ+kp ; X ))∩Lq (R, v ;W k+k1,p (Rd

+, wγ+kp ; X )),

is bounded as well. This proves (4.4.1) and completes the proof if I =R.
Step 2: the case I = (0,T ). This case follows from I =R and a suitable extension operator.

For the convenience of the reader, we include the details of the proof. First, let I = (0,∞).
By Trm and extm we denote the (spatial) trace and extension operators from Step 1. For
j ∈ {0, . . . ,m} we denote by TrR+j the (spatial) trace operator for functions defined on the

time interval I =R+, i.e., TrR+j f = f |{0}×Rd−1 for f ∈C∞
c (R+;C∞

c (Rd+; X )). Furthermore, if R

is the restriction operator from R to R+, then it is clear that

R Tr j f = TrR+j R f , j ∈ {0, . . . ,m}, f ∈C∞
c (R;C∞

c (Rd+; X )). (4.4.3)

Let E be a universal extension operator from R+ to R such that

E : W ℓ,q (R+, vµ;Y ) →W ℓ,q (R, vµ;Y ) and

E : F
ℓ− ℓ

k1
( j+ γ+1

p )

q,p (R+, vµ;Y ) → F
ℓ− ℓ

k1
( j+ γ+1

p )

q,p (R, vµ;Y )
(4.4.4)
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are bounded for all parameters p, q,k1,ℓ, j ,γ as specified in the theorem and Banach
spaces Y . Such an extension operator exists by redoing the proof of [263, Theorem 2.9.2]
using the multiplier result [214, Theorem 1.3]. Note that one has to redo the proof of [214,
Theorem 1.3] for the Triebel–Lizorkin and Sobolev spaces separately, since in the vector-
valued case with UMD spaces the Sobolev scale is not contained in the Triebel–Lizorkin
scale, see, e.g., [126, Theorem 14.7.9].

Moreover, it holds that RE f = f for f ∈C∞
c (R+;C∞

c (Rd+; X )). Hence, with (4.4.3) it follows
that

TrR+j f = R Tr j E f , j ∈ {0, . . . ,m}, f ∈C∞
c (R+;C∞

c (Rd+; X )).

By the properties of R and E , Step 1, and density of C∞
c (R+;C∞

c (Rd+; X )) in

W ℓ,q (R+, vµ;W k,p (Rd
+, wγ+kp ; X ))∩Lq (R+, vµ;W k+k1,p (Rd

+, wγ+kp ; X )),

we find that Tr
R+
m extends to an operator as stated in the theorem and we have

m∑
j=0

∥TrR+j f ∥
F
ℓ− ℓ

k1
( j+ γ+1

p )

q,p (R+,vµ;Lp (Rd−1;X ))∩Lq (R+,vµ;B
k1− j− γ+1

p
p,p (Rd−1;X ))

≲
m∑

j=0
∥Tr j E f ∥

F
ℓ− ℓ

k1
( j+ γ+1

p )

q,p (R,vµ;Lp (Rd−1;X ))∩Lq (R,vµ;B
k1− j− γ+1

p
p,p (Rd−1;X ))

≲ ∥E f ∥W ℓ,q (R,vµ;W k,p (Rd+,wγ+kp ;X ))∩Lq (R,vµ;W k+k1,p (Rd+,wγ+kp ;X ))

≲ ∥ f ∥W ℓ,q (R+,vµ;W k,p (Rd+,wγ+kp ;X ))∩Lq (R+,vµ;W k+k1,p (Rd+,wγ+kp ;X )).

Define the extension operator by

ext
R+
m := R ◦extm ◦E .

Then again by properties of R and E , and the continuity of the extension operator extm ,

we find the continuity of ext
R+
m as stated in the theorem. It remains to prove that this

extension is the right inverse to the above constructed trace operator Tr
R+
m . Indeed, for

i , j ∈ {0, . . . ,m} we have using (4.4.3) twice and RE = id that

TrR+j extR+i h = R Tr j ER exti Eh = R Tr j exti Eh

= δi j REh = δi j h, h ∈C∞
c (R+;C∞

c (Rd−1; X )),

and by density this gives the desired result.
Finally, for I = (0,T ) with T ∈ (0,∞) the result follows similarly by using a universal

extension operator from (0,T ) toR. To obtain such an extension operator one can proceed
as in [11, Proposition 2.5].

Remark 4.4.5. There are alternative methods to obtain an extension operator satisfying
(4.4.4).

(i) The Rychkov extension operator from [243] can also be used in the weighted and
vector-valued setting.
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(ii) One can also use the more classical extension operator for Sobolev spaces from [4,
Theorem 5.19] (see [189, Lemma 5.1] for the weighted setting). The boundedness
of this extension operator on Triebel–Lizorkin spaces is then obtained by the ℓq -
interpolation method, see [186]. With this extension operator we expect that one
can treat more general (Muckenhoupt) weights, instead of only power weights vµ
with µ ∈ (−1, q −1).

4.5. Localisation of traces to rough domains
We continue with localising the trace result from Theorem 4.4.1 to bounded domains.
Localisation procedures for smooth domains are quite standard in the literature, see, e.g.,
[262, Section 3.6.1]. Since we deal with domains with low regularity, we provide the details
of the localisation argument, which is based on the Dahlberg–Kenig–Stein pullback in
Section 2.6. We first collect the required properties of this diffeomorphism in Section 4.5.1.
In Section 4.5.2, we apply the localisation to prove our main trace theorem on domains.

4.5.1. Localisation and traces on domains
We introduce a localisation procedure for rough domains. Let O be a special C r,κ

c -domain
with r ∈ N1 and κ ∈ [0,1]. Then by Lemma 2.6.5, there exists a C r,κ-diffeomorphism
Φ : O →Rd+ which straightens the boundary and preserves the distance to the boundary.
Moreover, this diffeomorphism is smooth in the interior, but higher-order derivatives may
blow up near the boundary. This diffeomorphism is known as the Dahlberg–Kenig–Stein
pullback. In particular, Φ satisfies the following mapping properties. The proof of this
proposition is postponed to Chapter 6, see Proposition 6.3.4.

Proposition 4.5.1. Let p ∈ (1,∞), r ∈ N1, κ ∈ [0,1], k ∈ N1 such that k ≥ r +κ and γ ∈
((k− (r +κ))p −1,∞)\{ j p −1 : j ∈N1}. Furthermore, let O be a special C r,κ

c -domain and let
X be a Banach space. Let Φ : O →Rd+ be the Dahlberg–Kenig–Stein pullback from Lemma
2.6.5 and consider the change of coordinate mappings

Φ∗ : W k,p (O , w∂O
γ ; X ) →W k,p (Rd

+, wγ; X ),

defined by Φ∗ f := f ◦Φ−1. Then Φ∗ is an isomorphism of Banach spaces for which (Φ−1)∗
acts as inverse.

Next, let O be a bounded C r,κ-domain with r ∈N1 and κ ∈ [0,1]. The following state-
ments hold.

(i) There exists a finite open cover (Vn)N
n=1 of ∂O , together with special C r,κ

c -domains
(On)N

n=1, such that

O ∩Vn =On ∩Vn and ∂O ∩Vn = ∂On ∩Vn , n ∈ {1, . . . , N }.

Without loss of generality, we may assume that each Vn is a ball.

(ii) There exist η0 ∈C∞
c (O ) and ηn ∈C∞

c (Vn) for all n ∈ {1, . . . , N } such that
∑N

n=0η
2
n = 1

on O and
∑N

n=1η
2
n = 1 on ∂O (partition of unity).
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For n ∈ {1, . . . , N }, let Φn : On →Rd+ be the Dahlberg–Kenig–Stein pullback as introduced
above. For any f defined on On , the change of coordinate mapping is (Φn)∗ f := f ◦Φ−1

n .
Furthermore, for any g defined on ∂On , we write (Φn(0, ·))∗g = g (Φ−1

n (0, ·)) which defines
a function on Rd−1. Throughout this section, we fix (Vn)N

n=1, (On)N
n=1, (ηn)N

n=0 and (Φn)N
n=1

as introduced above.

Similar to [262, Definition 3.6.1], we define Besov spaces on the boundary. Let p ∈ (1,∞),
s > 0, X a Banach space. Let Lp (∂O ; X ) be the Lebesgue space with respect to the surface
measure. Note that the norms ∥g∥Lp (∂O ;X ) and

N∑
n=1

∥(Φn(0, ·))∗η2
n g∥Lp (Rd−1;X ), g ∈ Lp (∂O ; X ),

are equivalent. We define

B s
p,q (∂O ; X ) := {

g ∈ Lp (∂O ; X ) : (Φn(0, ·))∗η2
n g ∈ B s

p,q (Rd−1; X )∀n ∈ {1, . . . , N }
}
, (4.5.1)

equipped with the norm

∥g∥B s
p,q (∂O ;X ) :=

N∑
n=1

∥(Φn(0, ·))∗η2
n g∥B s

p,q (Rd−1;X ), g ∈ B s
p,q (∂O ; X ).

Note that this definition is independent of the partition of unity and the diffeomorphisms
up to an equivalent norm. Moreover, we need the following spaces of smooth functions
on the boundary. Let L1

loc(∂O ; X ) be the Lebesgue space of locally integrable functions
with respect to the surface measure. For r ∈N1, κ ∈ [0,1) and O a bounded C r,κ-domain,
we define

C r,κ(∂O ; X ) := {
g ∈ L1

loc(∂O ; X ) : (Φn(0, ·))∗η2
n g ∈C r,κ(Rd−1; X )∀n ∈ {1, . . . , N }

}
.

4.5.2. Traces of intersections of weighted Sobolev spaces on domains
We first define the spatial trace operator for smooth functions on domains. Let r ∈ N1

and let O be a special C r
c -domain or a bounded C r -domain. Furthermore, the unit inner

normal vector on ∂O is denoted by n. For u ∈C r (O ; X ) we define the trace

Tr∂Oj u = ∑
|α|= j

(∂αu)|∂O nα, j ∈ {0, . . . ,r },

Tr
∂O
r u = (Tr∂O0 u, . . . ,Tr∂Or u).

(4.5.2)

The main trace result for intersections of weighted Sobolev spaces on domains reads as
follows. The rest of this section is devoted to its proof.

Theorem 4.5.2. Let p, q ∈ (1,∞), k,m ∈N0, k1,ℓ,r ∈N1 and κ ∈ [0,1) such that k1 ≥ r +κ>
m and γ ∈ ((k1 − (r +κ))p −1,(k1 −m)p −1) \ { j p −1 : j ∈N1}, µ ∈ (−1, q −1) and let X be a
UMD Banach space. Furthermore, let I =R or I = (0,T ) for some T ∈ (0,∞] and let O be a

bounded C r,κ-domain. Then the trace operator Tr
∂O
m from

W ℓ,q (I , vµ;W k,p (O , w∂O
γ+kp ; X ))∩Lq (I , vµ;W k+k1,p (O , w∂O

γ+kp ; X ))
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to
m∏

j=0
F
ℓ− ℓ

k1
( j+ γ+1

p )

q,p (I , vµ;Lp (∂O ; X ))∩Lq (I , vµ;B
k1− j− γ+1

p
p,p (∂O ; X )) (4.5.3)

is continuous and surjective. Moreover, there exists a continuous right inverse ext
∂O
m of Tr

∂O
m .

First of all, it should be noted that Tr∂O1 coincides with the normal derivative ∂n =
∂
∂n , while for j ≥ 2 the trace Tr∂Oj is in general not equal to ∂

j
n , see [140, Remark 2.9].

Nevertheless, one can construct a vector field ñ which does satisfy this property. Indeed, if
O is a special C r,κ

c -domain with r ≥ 2 and κ ∈ [0,1], then by [140, Lemma 2.17] there exists
an extension ñ ∈C r−1,κ(O ) of n such that ñ = n on ∂O , which satisfies for u ∈C r,κ(O ; X )

∂ j u

∂ñ j
= ∑

|α|= j
(∂αu) ñα on ∂O , j ∈ {1, . . . ,r }.

To prove Theorem 4.5.2, we use a covering of ∂O and a partition of unity to reduce
to special domains (On)N

n=1. Then, on each special domain, the Dahlberg–Kenig–Stein
pullback Φn can be applied to reduce again to the half-space, where we have a trace the-
orem available. However, the direction of the normal vector n is not preserved under the
Dahlberg–Kenig–Stein pullback. Therefore, we need a trace result on Rd+ with a different
non-tangential vector field N on the boundary. We first construct this vector field N that
corresponds to n under the Dahlberg–Kenig–Stein pullback.

Let O be a special C r,κ
c -domain with r ∈N1 and κ ∈ [0,1]. Furthermore, let m < r +κ

and let n be the unit inner normal vector on ∂O . If r = 1, set ñ(x) = n(h(x̃), x2, . . . , xd )
for x ∈ O . If r ≥ 2, then take ñ from [140, Lemma 2.17] as explained above. Using the
Dahlberg–Kenig–Stein pullback Φ : O → Rd+ introduced in Section 4.5.1, we define the

vector field N ∈C r−1,κ(Rd+) on Rd+ as

N (y) = (DΦ)(Φ−1(y))ñ(Φ−1(y)), y ∈Rd+, (4.5.4)

where DΦ denotes the Jacobian matrix of Φ. Furthermore, N (0, ·) is a non-tangential
vector field on ∂Rd+ =Rd−1, which satisfies (see [140, Equation (19)])

∑
|α|= j

(∂αu)(x)nα(x) = ∑
|α|= j

(∂αu)(x)ñα(x) = ∂ j v

∂N j
(Φ(x)) on ∂O , (4.5.5)

for j ∈ {0, . . . ,m}, u ∈C r,κ(O ; X ), and v(y) = u(Φ−1(y)).

We will prove a variant of Theorem 4.4.1 on Rd+ for the vector field N on the boundary
as defined in (4.5.4).

Proposition 4.5.3. Let p, q ∈ (1,∞), k,m ∈N0, k1,ℓ,r ∈N1 and κ ∈ [0,1) such that k1 ≥
r +κ > m and γ ∈ ((k1 − (r +κ))p −1,(k1 −m)p −1) \ { j p −1 : j ∈ N1}. Furthermore, let
v ∈ Aq (R) and let X be a UMD Banach space. Let N ∈C r−1,κ(Rd+) be the vector field as in
(4.5.4). Then the trace operator

Tr
N
m := (id,∂N , . . . ,∂m

N )|∂Rd+
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from
W ℓ,q (R, v ;W k,p (Rd

+, wγ+kp ; X ))∩Lq (R, v ;W k+k1,p (Rd
+, wγ+kp ; X ))

to
m∏

j=0
F
ℓ− ℓ

k1
( j+ γ+1

p )

q,p (R, v ;Lp (Rd−1; X ))∩Lq (R, v ;B
k1− j− γ+1

p
p,p (Rd−1; X )) (4.5.6)

is continuous and surjective. Moreover, there exists a continuous right inverse ext
N
m of Tr

N
m .

Remark 4.5.4.

(i) In addition to the conditions in Theorem 4.4.1, there is a more restrictive lower
bound on γ to ensure that the diffeomorphism Φ has the required mapping proper-
ties.

(ii) More generally, the proposition actually holds for any non-tangential vector field
N on ∂Rd+ =Rd−1. We will only need the result for the vector field N obtained after
applying the pullback Φ to the normal vector ñ at ∂O , see (4.5.4).

(iii) Due to the low regularity of the domain O and the vector field N , we cannot apply
the argument as given in [262, Remark 3.6.1/3] to obtain the result of Proposition
4.5.3.

Proof. Step 1: a preliminary estimate. Let α̃ ∈Nd−1
0 and j ∈ {0, . . . ,m}. Then by Theorem

4.4.3 twice and the fact that the (spatial) ∂α̃-derivatives are of order |α̃|
k1

in the scale of
anisotropic Triebel–Lizorkin spaces (e.g., [183, Proposition 5.2.29]), we obtain the estimate

∥∂α̃g∥
F
ℓ− ℓ

k1
( j+ γ+1

p )

q,p (R,v ;Lp (Rd−1;X ))∩Lq (R,v ;B
k1− j− γ+1

p
p,p (Rd−1;X ))

≲ ∥∂α̃g∥
F

1− 1
k1

( j+ γ+1
p ),( 1

k1
, 1
ℓ

)

(p,q),p,(d−1,1) (Rd ,(1,v);X )

≲ ∥g∥
F

1− 1
k1

( j−|α̃|+ γ+1
p ),( 1

k1
, 1
ℓ

)

(p,q),p,(d−1,1) (Rd ,(1,v);X )

≲ ∥g∥
F
ℓ− ℓ

k1
( j−|α̃|+ γ+1

p )

q,p (R,v ;Lp (Rd−1;X ))∩Lq (R,v ;B
k1− j+|α̃|− γ+1

p
p,p (Rd−1;X ))

,

(4.5.7)

for all g such that the right-hand side is finite.
Step 2: the trace operator. We prove the continuity of the trace. By density it suffices to

take u ∈C∞
c (R;C∞

c (Rd+; X )). Let j ∈ {0, . . . ,m} and let N ∈C r−1,κ(Rd+) be the non-tangential

vector field from (4.5.4), then by the Leibniz rule we obtain that ∂ j
N

u = (N · ∇) j u is a
linear combination of terms of the form

(∂αu)
j∏

i=1
(∂βi Nri ) with 0 ≤

j∑
i=1

|βi | ≤ j −1 and |α|+
j∑

i=1
|βi | = j ,

where α = (α1, α̃) ∈ N0 ×Nd−1
0 satisfies 1 ≤ |α| ≤ j and ri ∈ {1, . . . ,d} for all i ∈ {1, . . . , j }.

Moreover, it holds that (∂βi Nri )(0, ·) ∈ C r− j ,κ(Rd−1) for all i ∈ {1, . . . , j }. In particular, it
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follows that (∂βi Nri )(0, ·) are pointwise multipliers on Lp (Rd−1; X ) and B
k1− j− γ+1

p
p,p (Rd−1; X )

by [214, Proposition 5.4] (using that κ ∈ [0,1)) since r − j +κ> k1 − j − γ+1
p . This, together

with (4.5.7) and Theorem 4.4.1, gives

∥∂ j
N

u|∂Rd+
∥

F
ℓ− ℓ

k1
( j+ γ+1

p )

q,p (R,v ;Lp (Rd−1;X ))∩Lq (R,v ;B
k1− j− γ+1

p
p,p (Rd−1;X ))

≲
∑

|α|≤ j
∥∂α̃(∂α1

1 u)(0, ·)∥
F
ℓ− ℓ

k1
( j+ γ+1

p )

q,p (R,v ;Lp (Rd−1;X ))∩Lq (R,v ;B
k1− j− γ+1

p
p,p (Rd−1;X ))

≲
∑

|α|≤ j
∥(∂α1

1 u)(0, ·)∥
F
ℓ− ℓ

k1
(α1+ γ+1

p )

q,p (R,v ;Lp (Rd−1;X ))∩Lq (R,v ;B
k1−α1− γ+1

p
p,p (Rd−1;X ))

≲ ∥u∥W ℓ,q (R,v ;W k,p (Rd+,wγ+kp ;X ))∩Lq (R,v ;W k+k1,p (Rd+,wγ+kp ;X )),

where we have used that |α̃|− j = |α|−α1 − j ≤−α1.
Step 3: the extension operator. We first prove that there exists an isomorphism I which

is bounded on the trace space (4.5.6) and relates ∂N -derivatives to ∂1-derivatives. Let

j ∈ {0, . . . ,m}, u ∈C∞
c (R;C∞

c (Rd+; X )) and define

h j := (∂ j
1u)(0, ·) and g j := (∂ j

N
u)(0, ·).

Again, by the Leibniz rule g j can be written as a sum of N j
1 h j and terms of the form

(∂α̃hα1 )
∏ j

i=1(∂βi Nri )(0, ·) where |α| ≤ j with α1 ≤ j − 1 and |α| +∑ j
i=1 |βi | = j . Hence,

there exists a lower triangular (m +1)× (m +1) matrix I with diagonal entries I j , j =N
j

1
such that (g0, . . . , gm)⊤ = I (h0, . . . ,hm)⊤. From the estimate in Step 2, it follows that I is
bounded on the trace space (4.5.6). The invertibility of I follows from the fact that N

is non-tangential, i.e., N1 ≥ c > 0 on Rd−1. The boundedness of I−1, which is again a
lower triangular matrix, can be proved similarly to the boundedness of I after recursively
expressing the h j in terms of the g j .

Let extm be the extension operator from Theorem 4.4.1 which satisfies Trm ◦extm = id.

We claim that ext
N
m := extm ◦ I−1 is the desired extension operator. Indeed, the continuity

follows from boundedness of I−1 and Theorem 4.4.1. Furthermore, it holds that

Tr
N
m ◦ext

N
m = I ◦Trm ◦extm ◦ I−1 = id.

This completes the proof.

We can now prove our main trace theorem.

Proof of Theorem 4.5.2. We first prove the theorem for I = R and in this case we can
consider general Muckenhoupt weights v ∈ Aq (R).

Let (Vn)N
n=1, (On)N

n=1, (ηn)N
n=0 and (Φn)N

n=1 be a finite covering of ∂O consisting of balls,
the corresponding special C r,κ

c -domains, the partition of unity and the diffeomorphisms
as introduced in Section 4.5.1, respectively. Furthermore, let Nn be the non-tangential
vector fields corresponding to Φn as constructed in (4.5.4).
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Step 1: the trace operator. We prove continuity of the trace. By density it suffices to take
u ∈C∞

c (R;C r,κ
c (O ; X )). Set vn := (Φn)∗η2

nu for n ∈ {1, . . . , N }. By Propositions 4.5.3 and 4.5.1
(using that γ> (k1 − (r +κ))p −1), we obtain for all n ∈ {1, . . . , N } and j ∈ {0, . . . ,m} that∥∥(∂ j

Nn
vn)(0,·)∥∥

F
ℓ− ℓ

k1
( j+ γ+1

p )

q,p (R,v ;Lp (Rd−1;X ))∩Lq (R,v ;B
k1− j− γ+1

p
p,p (Rd−1;X ))

≲ ∥vn∥W ℓ,q (R,v ;W k,p (Rd+,wγ+kp ;X ))∩Lq (R,v ;W k+k1,p (Rd+,wγ+kp ;X ))

= ∥(Φn)∗η2
nu∥W ℓ,q (R,v ;W k,p (Rd+,wγ+kp ;X ))∩Lq (R,v ;W k+k1,p (Rd+,wγ+kp ;X ))

≲ ∥η2
nu∥

W ℓ,q (R,v ;W k,p (On ,w∂On
γ+kp ;X ))∩Lq (R,v ;W k+k1,p (On ,w∂On

γ+kp ;X ))

≲ ∥u∥W ℓ,q (R,v ;W k,p (O ,w∂O
γ+kp ;X ))∩Lq (R,v ;W k+k1,p (O ,w∂O

γ+kp ;X )),

where in the last step we have used that ηn ∈C∞
c (Vn), so that the weight w∂On

γ+kp can be

replaced by w∂O
γ+kp . Furthermore, by (4.5.5) we have

(∂ j
Nn

vn)(0, ỹ) = ∑
|α|= j

(∂αη2
nu)(Φ−1

n (0, ỹ))nα(Φ−1
n (0, ỹ)), ỹ ∈Rd−1.

Hence, by definition of the trace operator (4.5.2) and the spaces on the boundary (4.5.1),
this proves the desired estimate.

Step 2: the extension operator. Let g = (g0, . . . , gm) be a function in the trace space
(4.5.3). For all n ∈ {1, . . . , N } and j ∈ {0, . . . ,m}, set hn, j := (η2

n g j )(Φ−1
n (0, ·)) and hn :=

(hn,0, . . . ,hn,m). It holds that

hn, j ∈ F
ℓ− ℓ

k1
( j+ γ+1

p )

q,p (R, v ;Lp (Rd−1; X ))∩Lq (R, v ;B
k1− j− γ+1

p
p,p (Rd−1; X )).

Furthermore, let ext
Nn
m be the extension operator from Proposition 4.5.3 and set vn :=

ext
Nn
m hn . Proposition 4.5.3 implies that

∥vn∥W ℓ,q (R,v ;W k,p (Rd+,wγ+kp ;X ))∩Lq (R,v ;W k+k1,p (Rd+,wγ+kp ;X ))

≲
m∑

j=0
∥hn, j ∥

F
ℓ− ℓ

k1
( j+ γ+1

p )

q,p (R,v ;Lp (Rd−1;X ))∩Lq (R,v ;B
k1− j− γ+1

p
p,p (Rd−1;X ))

≲
m∑

j=0
∥g j ∥

F
ℓ− ℓ

k1
( j+ γ+1

p )

q,p (R,v ;Lp (∂O ;X ))∩Lq (R,v ;B
k1− j− γ+1

p
p,p (∂O ;X ))

,

(4.5.8)

and (∂ j
Nn

vn)|∂Rd+
= hn, j . Additionally, for n ∈ {1, . . . , N } we define the cut-off function

ζn ∈ C∞
c (Rd ) such that suppζn ⊆ Vn and ζn(x) = 1 if x ∈ Bn , where Bn is a ball which is

compactly contained in Vn and satisfies suppηn ⊆ Bn . We claim that

ext
∂O
m g (x) := u(x) :=

N∑
n=1

ζn(x)vn(Φn(x)), x ∈O , (4.5.9)
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defines the desired extension operator. First, note that we may assume that vn(y) = 0 if

y ∈ Rd+ \Φn(O ∩Bn). In particular, vn(y) = 0 if ζn(Φ−1
n (y)) ̸= 1. This, together with (4.5.5)

and the properties of hn , yields

∑
|α|= j

(∂αu)(x)nα(x) =
N∑

n=1
ζn(x)

∑
|α|= j

∂α(vn(Φn(x)))nα(x)

=
N∑

n=1
ζn(x)

∂ j vn

∂Nn
(Φ(x)) =

N∑
n=1

η2
n g j = g j , x ∈ ∂O , j ∈ {0, . . . ,m}.

It remains to prove the continuity of the extension operator. With (4.5.9) and Proposition
4.5.1 (using that γ> (k1 − (r +κ))p −1), we obtain

∥ext
∂O
m g∥W ℓ,q (R,v ;W k,p (O ,w∂O

γ+kp ;X ))∩Lq (R,v ;W k+k1,p (O ,w∂O
γ+kp ;X ))

≲
N∑

n=1
∥(Φ−1

n )∗vn∥W ℓ,q (R,v ;W k,p (On ,w∂On
γ+kp ;X ))∩Lq (R,v ;W k+k1,p (On ,w∂On

γ+kp ;X ))

≲
N∑

n=1
∥vn∥W ℓ,q (R,v ;W k,p (Rd+,wγ+kp ;X ))∩Lq (R,v ;W k+k1,p (Rd+,wγ+kp ;X ))

and the required estimate follows using (4.5.8). This completes the proof for I =R.
Finally, for I = (0,T ) with T ∈ (0,∞] the results follow similarly to Step 2 in the proof of

Theorem 4.4.1. In this case, we should work with C∞
c (I ;C r,κ

c (O ; X )) and C∞
c (I ;C r,κ(∂O ; X ))

as dense subsets, since the spaces B s
p,q (∂O ; X ) and C r,κ(∂O ; X ) (see Section 4.5.1) are

defined using C r,κ-diffeomorphisms.

4.6. Trace theorem for boundary operators
In this section, we study differential operators at the boundary and prove a trace theorem
for systems of normal boundary operators on intersections of weighted Sobolev spaces.
For simplicity we only consider the case of the half-space similar as in Section 3.5.

We start by introducing the definition of space- and time-dependent boundary ope-
rators. Note that compared to Definition 3.5.1 the coefficients of the boundary operator
may now also depend on time.

Definition 4.6.1 (Boundary operators). Let p ∈ (1,∞), k1,ℓ ∈N1, γ ∈ (−1,∞) \ { j p −1 : j ∈
N1}, m ∈N0 and let X ,Y be Banach spaces. Then the boundary operator of order m, given
by

B := ∑
|α|≤m

bαTr∂α with bα = bα(t , x̃) ̸= 0 for some |α| = m,

is of type (p,k1,ℓ,γ,m,Y ) if

(i) ℓ− ℓ
k1

(
m + γ+1

p

)> 0 and k1 −m − γ+1
p > 0,

(ii) for all |α| ≤ m we have

bα ∈Cσt
b

(
R;L∞(Rd−1;L (X ,Y ))

)∩L∞(
R;Cσx

b (Rd−1;L (X ,Y ))
)
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for some σt ,σx > 0 such that

σt > ℓ− ℓ
k1

(
m + γ+1

p

)
and σx > k1 −m − γ+1

p .

Note that forα= (α1, α̃) ∈N0×Nd−1
0 , we have Tr∂α = ∂α̃Trα1 and therefore the boundary

operator B can be rewritten as

B =
m∑

j=0
b j Tr j , where b j (t , x̃,∇x̃ ) := ∑

|α̃|≤m− j
b( j ,α̃)(t , x̃)∂α̃. (4.6.1)

Note that the leading order coefficient bm is independent of ∇x̃ . We prove a lemma about
the boundedness of boundary operators on an intersection of weighted Sobolev spaces.

Lemma 4.6.2. Let p, q ∈ (1,∞), k,m ∈N0, k1,ℓ ∈N1, γ ∈ (−1,(k1−m)p−1)\{ j p−1 : j ∈N1},
v ∈ Aq (R) and let X and Y be UMD Banach spaces. Let B be a boundary operator of type
(p,k1,ℓ,γ,m,Y ). Then B from

W :=W ℓ,q (R, v ;W k,p (Rd
+, wγ+kp ; X ))∩Lq (R, v ;W k+k1,p (Rd

+, wγ+kp ; X ))

to

Fm(Y ) := F
ℓ− ℓ

k1
(m+ γ+1

p )

q,p (R, v ;Lp (Rd−1;Y ))∩Lq (R, v ;B
k1−m− γ+1

p
p,p (Rd−1;Y ))

is bounded.

The proof of Lemma 4.6.2 is based on a pointwise multiplier result to estimate the
coefficients of B, see also Lemma 3.5.2 for the case of time-independent boundary
operators. We first prove a pointwise multiplier result for intersections of Triebel–Lizorkin
spaces.

Proposition 4.6.3. Suppose that the conditions of Lemma 4.6.2 hold. Then for all |α| ≤ m,
we have

∥bα f ∥Fm (Y ) ≤C∥ f ∥Fm (X ), f ∈ Fm(X ).

Proof. Let f ∈ Fm(X ). It suffices to consider both spaces in the intersection separately.
First, define the pointwise multiplier

Mbα :R→L
(
Lp (Rd−1; X ),Lp (Rd−1;Y )

)
by Mbα (t )g (x̃) := bα(t , x̃)g (x̃) for g ∈ Lp (Rd−1; X ). Using the regularity of bα it is straight-
forward to verify that

Mbα ∈Cσt
b

(
R;L

(
Lp (Rd−1; X ),Lp (Rd−1;Y )

))
.

Now, by [214, Proposition 5.4], using that σt > ℓ− ℓ
k1

(m + γ+1
p ), we obtain

∥Mbα f ∥
F
ℓ− ℓ

k1
(m+ γ+1

p )

q,p (R,v ;Lp (Rd−1;Y ))

≤C ∥Mbα∥C
σt
b (R;L (Lp (Rd−1;X ),Lp (Rd−1;Y )))

· ∥ f ∥
F
ℓ− ℓ

k1
(m+ γ+1

p )

q,p (R,v ;Lp (Rd−1;X ))

.
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Similarly, by [214, Proposition 5.4], using that σx > k1 −m − γ+1
p , we obtain for almost

every t ∈R that

∥bα(t , ·) f (t , ·)∥
B

k1−m− γ+1
p

p,p (Rd−1;Y )
≤C∥bα(t , ·)∥Cσx

b (Rd−1;L (X ,Y ))∥ f (t , ·)∥
B

k1−m− γ+1
p

p,p (Rd−1;X )
.

Taking the Lq (R, v)-norm and using the regularity of bα gives the result.

We can now use the above multiplier result to prove continuity of the boundary operator.

Proof of Lemma 4.6.2. Recall that the boundary operator B is given as in (4.6.1). Fix
j ∈ {0, . . . ,m} and |α̃| ≤ m − j , then by Proposition 4.6.3, the intersection representation
Theorem 4.4.3, the fact that the (spatial) ∂α̃-derivatives are of order |α̃|

k1
in the scale of

anisotropic Triebel–Lizorkin spaces (e.g., [183, Proposition 5.2.29]), and Theorem 4.4.1,
we obtain the estimate

∥b( j ,α̃)∂
α̃Tr j f ∥Fm (Y ) ≲ ∥∂α̃Tr j f ∥Fm (X )

≲ ∥∂α̃Tr j f ∥
F

1− 1
k1

(m+ γ+1
p ),( 1

k1
, 1
ℓ

)

(p,q),p,(d−1,1) (Rd ,(1,v);X )

≲ ∥Tr j f ∥
F

1− 1
k1

(m−|α̃|+ γ+1
p ),( 1

k1
, 1
ℓ

)

(p,q),p,(d−1,1) (Rd ,(1,v);X )

≲ ∥Tr j f ∥
F

1− 1
k1

( j+ γ+1
p ),( 1

k1
, 1
ℓ

)

(p,q),p,(d−1,1) (Rd ,(1,v);X )

≲ ∥Tr j f ∥F j (X ) ≲ ∥ f ∥W.

This completes the proof.

Similar to Definitions 3.5.3 and 3.5.4, we can now define a system of normal boundary
operators B := (Bm0 , . . . ,Bmn ) of type (p,k1,ℓ,γ,m,Y ), where 0 ≤ m0 < m1 < ·· · < mn are
integers for some n ∈N0, m := (m0, . . . ,mn), Y := (Y0, . . . ,Yn) are Banach spaces and Bmi

are normal boundary operators of type (p,k1,ℓ,γ,mi ,Yi ) for i ∈ {0, . . . ,n}.

We obtain the following trace theorem for systems of normal boundary operators.

Theorem 4.6.4. Let p, q ∈ (1,∞), k ∈N0, k1,ℓ ∈N1, γ ∈ (−1,∞)\{ j p −1 : j ∈N1}, v ∈ Aq (R)

and let X and Y = (Y0, . . . ,Yn) be UMD Banach spaces. Let B be a system of normal
boundary operators of type (p,k1,ℓ,γ,m,Y ). Then B from

W ℓ,q (R, v ;W k,p (Rd
+, wγ+kp ; X ))∩Lq (R, v ;W k+k1,p (Rd

+, wγ+kp ; X ))

to
n∏

i=0
F
ℓ− ℓ

k1
(mi+ γ+1

p )

q,p (R, v ;Lp (Rd−1;Yi ))∩Lq (R, v ;B
k1−mi− γ+1

p
p,p (Rd−1;Yi ))

is a continuous and surjective operator.

If B is a system of normal boundary operators of type (p,k1,ℓ,γ,m,Y ), then the condi-
tion γ< (k1 −mn)p −1 holds by Definition 4.6.1.
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Proof. The proof is analogous to the proof of Theorem 3.5.6. The continuity of B follows
from Lemma 4.6.2. For the construction of the right inverse one can argue as in the proof
of Theorem 3.5.6 using Theorem 4.4.1.

Remark 4.6.5.

(i) The result of Theorem 4.6.4 can also be obtained on bounded domains via loc-
alisation arguments. Using an appropriate extension operator and an extension-
restriction argument similar to the one in the proof of Theorem 4.4.1, the trace
theorem can be obtained for R+ or bounded time intervals (using power weights vµ
with µ ∈ (−1, q −1)).

(ii) It is not clear whether Theorem 4.6.4 has any application in the study of boundary
value problems with inhomogeneous boundary conditions Bu = g . In fact, using
the extension operator in Theorem 4.6.4, it suffices to consider the boundary value
problem with homogeneous boundary conditions Bu = 0. However, in the case of
general boundary operators, well-posedness is obtained via perturbation methods
which require a nonzero right-hand side in the boundary conditions, see [67, 68].
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5
Functional calculus for the

Laplacian on the half-space

This chapter is based on:

N. Lindemulder, E. Lorist, F. Roodenburg and M. Veraar. Functional calculus on weighted
Sobolev spaces for the Laplacian on the half-space. J. Funct. Anal., 289(8):110985, 2025.

Abstract. We consider the Laplace operator on the half-space with Dirichlet and Neumann
boundary conditions. We prove that this operator admits a bounded H∞-calculus on
Sobolev spaces with power weights measuring the distance to the boundary. These weights
do not necessarily belong to the class of Muckenhoupt Ap weights. We additionally study the
corresponding Dirichlet and Neumann heat semigroup. It is shown that these semigroups,
in contrast to the Lp -case, have polynomial growth.
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5.1. Introduction and main results
Since the development of the H∞-calculus in [52, 204], motivated by the Kato square
root problem (see [22, 205]), this holomorphic functional calculus turned out to provide
an efficient way to tackle other problems in mathematics as well. For instance, in the
theory of (stochastic) partial differential equations ((S)PDEs), the boundedness of the H∞-
calculus plays an important role. It can be used to obtain well-posedness and regularity of
the, possibly nonlinear, (S)PDE. There is a vast literature on the H∞-calculus for sectorial
operators, see, e.g., the monographs and lecture notes [20, 67, 118, 125, 126, 136, 174, 216,
234]. For applications to PDEs, see, e.g., [26, 65, 69, 134, 175, 206, 261, 274] and to SPDEs,
see, e.g., [11, 76, 122, 219, 221, 222].

A particular problem that can occur in the analysis of a (stochastic) PDE on a spatial
domain O ⊆Rd is that the solution or its derivatives may exhibit blow-up behaviour near
the boundary ∂O . To solve the PDE on a Sobolev space W k,p (O ), it is required to impose
additional conditions such as smoothness of the domain and/or unnatural boundary
conditions for the data.

(i) Smoothness of the domain: for regularity of second-order elliptic operators on
W k,p (O ) one needs that O is a C k+2-domain, see [166, Chapter 9]. This condition is
also present in regularity theory for parabolic SPDEs, see [160].

(ii) Unnatural boundary conditions for the data: as illustrated in [166, Chapter 9], one
obtains regularity for second-order elliptic operators on W k,p (O ), however the
operator will not be sectorial. To obtain a sectorial operator, additional boundary
conditions on the data need to be specified, see [66]. Furthermore, for higher-order
regularity for the heat equation ∂t u −∆u = f on O with homogeneous Dirichlet
boundary conditions, additional conditions on f need to be imposed as well, see,
e.g., [89, Section 7.1.3].

To circumvent these additional conditions, weighted spaces for the solution are used
with a spatial weight of the form wγ(x) := dist(x,∂O )γ for some suitable γ ∈R. In this way,
the solution is allowed to have a certain blow-up near the boundary. Weights are also
commonly used for SPDEs as is motivated in [160, Examples 1.1 & 1.2].

Motivated by the applications to (S)PDEs mentioned above, it is natural to study the
H∞-calculus for differential operators on inhomogeneous weighted Sobolev spaces. In this
chapter, we take up the study of two commonly used elliptic differential operators: the
Laplace operator with Dirichlet and Neumann boundary conditions on the half-space
Rd+. We consider∆Dir on W k,p (Rd+, wγ+kp ) and∆Neu on W k+1,p (Rd+, wγ+kp ) for k ≥−1 and
γ ∈ (−1,2p −1) \ {p −1}. Our main results include the bounded H∞-calculus for −∆Dir

and −∆Neu, and growth bounds on the corresponding semigroups. The mathematical
statements of the main theorems are presented in Section 5.1.1.

The study of the H∞-calculus for differential operators with Dirichlet and Neumann
boundary conditions on Sobolev spaces has been taken up before, see [65, 134]. The
H∞-calculus on weighted Lebesgue spaces is considered for instance in [23, 24, 181, 200].
In these papers, the weights belong to the class of Muckenhoupt Ap weights. In [190], the
first and fourth authors studied the Dirichlet Laplacian on weighted Lebesgue spaces
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with weights outside the Ap range. The current chapter extends the H∞-calculus results
of [190] and we present the first theorems on inhomogeneous weighted Sobolev spaces
with weights outside the Ap class.

Parabolic and elliptic differential equations on weighted spaces have already been
studied extensively in the literature, see, e.g., [79, 80, 81, 144, 149, 157, 158, 164, 165] for
the deterministic setting and [141, 142, 143, 167] for the stochastic setting. In these papers,
weighted spaces are used to obtain (stochastic) maximal regularity for elliptic operators
on homogeneous weighted Sobolev spaces. The new aspects of our approach, compared to
the aforementioned works, are the following.

(i) We prove the boundedness of the H∞-calculus, which gives the boundedness
of many singular integral operators. In particular, it yields (stochastic) maximal
regularity and bounded imaginary powers. Applications of the functional calculus
to boundary value problems are presented in Chapter 7.

(ii) Using a scaling argument, we show in Chapter 7 that our results on inhomogen-
eous weighted Sobolev spaces recover maximal regularity for the heat equation on
homogeneous spaces as well. In particular, we recover parts of the results for the
heat equation in [80, 81, 164, 165]. Moreover, we can allow for weights in time.

(iii) We can treat power weights with exponents γ ∈ (−1,2p − 1) \ {p − 1}, extending
the typical range γ ∈ (p −1,2p −1) considered for higher-order regularity in the
homogeneous setting with Dirichlet boundary conditions.

(iv) The main results are presented for both the Dirichlet and the Neumann Laplacian.
The weighted higher-order regularity for the Neumann Laplacian is new. Weighted
second-order regularity for elliptic and parabolic equations with Neumann bound-
ary conditions is considered in [80, 81, 158].

In contrast to our study of the Laplacian on Rd+ on inhomogeneous weighted Sobolev
spaces, more general elliptic differential operators on domains are considered in the
aforementioned works on homogeneous weighted Sobolev spaces. Moreover, negative
and fractional smoothness parameters were studied. In our case, we can also consider the
following generalisations.

(i) The bounded H∞-calculus obtained for the Laplacian on Rd+ can be transferred to
bounded domains using perturbation theorems for the H∞-calculus. In particular,
for the Dirichlet Laplacian, we can use the weights to weaken the required smooth-
ness of the boundary from C k+2 to C 1,λ for λ ∈ [0,1] depending on γ. This will be
done in Chapter 6.

(ii) Our results for, e.g., the Dirichlet Laplacian remain true on the complex interpola-
tion space

W k+θ,p (Rd
+, wγ+(k+θ)p ) := [W k,p (Rd

+, wγ+kp ),W k+1,p (Rd
+, wγ+(k+1)p )]θ ,

with θ ∈ (0,1). To characterise this complex interpolation space one can use the
characterisations used in [164, 165, 197] for homogeneous weighted Sobolev spaces.
Similarly, it is expected that negative smoothness can be obtained via duality.
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For negative smoothness we do consider−∆Dir on W −1,p (Rd+, wγ) withγ ∈ (−1, p−1).
In this case, the H∞-calculus can be derived from the calculus for −∆Dir and −∆Neu

on Lp (Rd+, wγ).

(iii) For applications to stochastic PDEs, it is well known that a bounded H∞-calculus
yields stochastic maximal regularity in the setting without gradient noise, see [219].
We will investigate an example of a stochastic equation via the H∞-calculus in
Chapter 7.

5.1.1. Main results
We start with the definition of the inhomogeneous weighted Sobolev spaces on Rd+.
Throughout this section we assume that p ∈ (1,∞) and γ ∈ (−1,∞) \ { j p − 1 : j ∈ N1}.
Moreover, for x ∈ Rd+, we write x = (x1, x̃) ∈ R+×Rd−1. Let wγ(x) := dist(x,∂Rd+)γ = |x1|γ,
then we define the weighted Lebesgue space Lp (Rd+, wγ) as the space consisting of all
strongly measurable f : Rd+ →C such that

∥ f ∥Lp (Rd+,wγ) :=
(∫
Rd+

| f (x)|p wγ(x) dx
)1/p <∞.

The associated k-th order weighted Sobolev space for k ∈N0 is defined as

W k,p (Rd
+, wγ) :=

{
f ∈D′(Rd

+) : ∀|α| ≤ k,∂α f ∈ Lp (Rd
+, wγ)

}
.

For the definition of the weighted Sobolev space with k =−1, we refer to Section 5.4.3.
For p ∈ (1,∞), k ∈N0 and γ ∈ (−1,∞) \ { j p −1 : j ∈N1}, we define the following spaces

with Dirichlet and Neumann boundary conditions

W k,p
Dir (Rd

+, wγ) :=
{

f ∈W k,p (Rd
+, wγ) : Tr( f ) = 0 if k > γ+1

p

}
,

W k,p
Neu(Rd

+, wγ) :=
{

f ∈W k,p (Rd
+, wγ) : Tr(∂1 f ) = 0 if k −1 > γ+1

p

}
,

where Tr denotes the trace operator. We will elaborate in Section 5.3 on the existence of
these traces. Equivalently, in many cases, these spaces with boundary conditions can be
defined as the closure of test functions.

Let p ∈ (1,∞), k ∈N0 ∪ {−1} and γ ∈ (−1,2p −1) \ {p −1} be such that γ+kp >−1. The
Dirichlet and Neumann Laplacian on Rd+ are defined as follows.

(i) The Dirichlet Laplacian ∆Dir on W k,p (Rd+, wγ+kp ) is defined by

∆Diru :=
d∑

j=1
∂2

j u with D(∆Dir) :=W k+2,p
Dir (Rd

+, wγ+kp ).

(ii) The Neumann Laplacian ∆Neu on W k+1,p (Rd+, wγ+kp ) is defined by

∆Neuu :=
d∑

j=1
∂2

j u with D(∆Neu) :=W k+3,p
Neu (Rd

+, wγ+kp ).
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In addition, we study the corresponding Dirichlet and Neumann heat semigroup. Let
Gd

z :Rd →C be the standard heat kernel on Rd , defined by

Gd
z (x) := 1

(4πz)d/2
e

−|x|2
4z , z ∈C+. (5.1.1)

For z ∈C+ and x, y ∈Rd+, we define the kernels

H d ,±
z (x, y) :=Gd

z (x1 − y1, x̃ − ỹ)±Gd
z (x1 + y1, x̃ − ỹ).

The Dirichlet and Neumann heat semigroups TDir and TNeu are defined by

TDir(z) f (x) := H d ,−
z ∗ f (x) :=

∫
Rd+

H d ,−
z (x, y) f (y) dy,

TNeu(z) f (x) := H d ,+
z ∗ f (x) :=

∫
Rd+

H d ,+
z (x, y) f (y) dy,

(5.1.2)

for any f ∈ Lp (Rd+, wγ) with γ such that the formulas are well defined.

The main results of this chapter are summarised in the following theorems. We start
with the main result for the Dirichlet Laplacian (see Theorems 5.4.10, 5.5.1, 5.6.1 and
5.7.1).

Theorem 5.1.1 (Main results for the Dirichlet Laplacian). Let p ∈ (1,∞), k ∈N0 ∪ {−1} and
γ ∈ (−1,2p −1) \ {p −1} be such that γ+kp > −1. Then for ∆Dir on W k,p (Rd+, wγ+kp ) the
following assertions hold for all λ> 0:

(i) λ−∆Dir is sectorial of angle ω(λ−∆Dir) = 0,

(ii) (TDir(z))z∈Σσ with σ ∈ (0, π2 ) is an analytic C0-semigroup on W k,p (Rd+, wγ+kp ) which
is generated by ∆Dir,

(iii) λ−∆Dir has a bounded H∞-calculus of angle ωH∞ (λ−∆Dir) = 0.

In addition, the semigroup TDir(t ) on W k,p (Rd+, wγ+kp ) satisfies the following growth prop-
erties:

(iv) if γ+kp ∈ (−1,2p −1), then TDir(t) is bounded and assertions (i) and (iii) hold for
λ= 0 as well,

(v) if γ+kp > 2p −1, then TDir(t) has polynomial growth and for any ε > 0 there are
constants c,C > 0 only depending on p,k,γ,ε and d, such that

c
(
1+ t

γ+kp−2p+1
2p

)≤ ∥TDir(t )∥ ≤C
(
1+ t

γ+kp−2p+1+ε
2p

)
, t ≥ 0.

Theorem 5.1.1 in the special case k = 0 has already been established by the first and
fourth authors in [190, Theorem 4.1 & 5.7]. The case k = 0 is used as the basis for an induc-
tion argument to obtain Theorem 5.1.1 for general k ∈N0. For this induction argument,
we directly use the estimate from the definition of a bounded H∞-calculus together with
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perturbation arguments and commutator estimates. The fact that ∂1 and ∆Dir do not
commute complicates the analysis.

Concerning the Neumann Laplacian we obtain the following results (see Theorems
5.5.2, 5.6.2 and 5.7.2).

Theorem 5.1.2 (Main results for the Neumann Laplacian). Let p ∈ (1,∞), k ∈N0 ∪ {−1}
and γ ∈ (−1,2p −1)\{p −1} be such that γ+kp >−1. Then for ∆Neu on W k+1,p (Rd+, wγ+kp )
the following assertions hold for all λ> 0:

(i) λ−∆Neu is sectorial of angle ω(λ−∆Neu) = 0,

(ii) (TNeu(z))z∈Σσ with σ ∈ (0, π2 ) is an analytic C0-semigroup on W k+1,p (Rd+, wγ+kp )
which is generated by ∆Neu,

(iii) λ−∆Neu has a bounded H∞-calculus of angle ωH∞ (λ−∆Neu) = 0.

In addition, the semigroup TNeu(t) on W k+1,p (Rd+, wγ+kp ) satisfies the following growth
properties:

(iv) if γ+kp ∈ (−1, p −1), then TNeu(t) is bounded and assertions (i) and (iii) hold for
λ= 0 as well,

(v) if γ+kp > p −1, then TNeu(t) has polynomial growth and for any ε > 0 there are
constants c,C > 0 only depending on p,k,γ,ε and d, such that

c
(
1+ t

γ+kp−p+1
2p

)≤ ∥TNeu(t )∥ ≤C
(
1+ t

γ+kp−p+1+ε
2p

)
, t ≥ 0.

Theorem 5.1.2 will be derived in a similar way to Theorem 5.1.1, but we can also
use the results from Theorem 5.1.1. This is illustrated by the fact that ∂1R(λ,∆Neu) f =
R(λ,∆Dir)∂1 f for appropriate f .

Remark 5.1.3.

(i) Theorems 5.1.1 and 5.1.2 also hold for vector-valued weighted Sobolev spaces,
which is the setting used throughout this chapter.

(ii) Theorems 5.1.1 and 5.1.2 are false for γ ∉ (−1,2p −1). If γ≥ 2p −1, then the Lapla-
cian is not sectorial (see Example 5.6.9). If γ ≤ −1, then the Laplacian will only
be sectorial if additional boundary conditions are included in the domain of the
operator, as is illustrated in [190, Section 5.5].

(iii) By complex interpolation in the parameter γ, we can obtain the statements in
Theorem 5.1.1 for γ = p −1, although the domain will need to be changed. The
existing interpolation theory for weighted spaces with boundary conditions is
inadequate here.

(iv) The growth of the Dirichlet and Neumann heat semigroup is a result of the beha-
viour of the weight away from the boundary x1 = 0. Replacing the weight wγ+kp by
a weight which behaves like wγ+kp near zero and becomes constant at infinity, or,
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considering a bounded domain, would result in a bounded semigroup. We refer
to [163] and [208] for related results on the Dirichlet heat semigroup on weighted
spaces.

(v) It is proved by the author in [238] that the upper bounds for the semigroups hold
with ε= 0. However, with the methods available in this chapter, we can only achieve
the result with an additional ε> 0.

As a consequence of Theorems 5.1.1 and 5.1.2, we obtain maximal regularity for the
Poisson and heat equation. These results will be presented in Chapter 7.

Outline
The outline of this chapter is as follows. After introducing the functional calculus in
Section 5.2, we study Sobolev spaces with power weights and their properties in Section
5.3. In Section 5.4 we collect some known and straightforward results concerning the
H∞-calculus for the Laplacian on lower-order weighted Sobolev spaces. Then, in Section
5.5 we study the sectoriality of the Laplacian on higher-order weighted Sobolev spaces
and in Section 5.6 we prove growth estimates for the corresponding heat semigroups.
Section 5.7 deals with the H∞-calculus of the Dirichlet and Neumann Laplacian.

5.2. Functional calculus
We briefly recall the notions of sectoriality and functional calculus from Section 2.3 and
prove some related preliminary results.

We state the following lemma on the H∞-calculus for the Laplacian on Sobolev and
Bessel potential spaces with weights w ∈ Ap (Rd ). This result is folklore and follows easily
from the H∞-calculus on Lp (Rd , w ; X ) and lifting.

Let s ∈R, then the Bessel potential operator is

Js f = (1−∆)
s
2 f :=F−1((1+| · |2)

s
2 F f

)
, f ∈S ′(Rd ; X ).

For p ∈ (1,∞), s ∈R and w ∈ Ap (Rd ), the weighted Bessel potential space H s,p (Rd , w ; X ) ⊆
S ′(Rd ; X ) is defined as the space consisting of all f ∈S ′(Rd ; X ) such that Js f ∈ Lp (Rd , w ;
X ) and

∥ f ∥H s,p (Rd ,w ;X ) := ∥Js f ∥Lp (Rd ,w ;X ) <∞.

Lemma 5.2.1. Let p ∈ (1,∞), s ∈ R, w ∈ Ap (Rd ) and let X be a UMD Banach space.
Then −∆ on H s,p (Rd , w ; X ) with domain H s+2,p (Rd , w ; X ) has a bounded H∞-calculus
of angle ωH∞ (−∆) = 0. In particular, if k ∈N0, then the same statement holds for −∆ on
W k,p (Rd , w ; X ) with domain W k+2,p (Rd , w ; X ).

Proof. Let ω ∈ (0,π). The case s = 0 follows from [214, Proposition 3.6(b)], i.e., there is a
constant C > 0 such that for f ∈ H 1(Σω)∩H∞(Σω)

∥ f (−∆)u∥Lp (Rd ,w ;X ) ≤C∥ f ∥H∞(Σω)∥u∥Lp (Rd ,w ;X ), u ∈ Lp (Rd , w ; X ). (5.2.1)
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Moreover, the H∞-calculus of the Laplacian is given by (see [125, Theorem 10.2.25])

f (−∆)u =F−1( f (| · |2)Fu
)
, u ∈ Lp (Rd , w ; X ).

Therefore, by (5.2.1) and lifting we obtain for u ∈ H s,p (Rd , w ; X )

∥ f (−∆)u∥H s,p (Rd ,w ;X ) = ∥Js f (−∆)u∥Lp (Rd ,w ;X ) = ∥ f (−∆)Js u∥Lp (Rd ,w ;X )

≤C∥ f ∥H∞(Σω)∥Js u∥Lp (Rd ,w ;X ) =C∥ f ∥H∞(Σω)∥u∥H s,p (Rd ,w ;X ),

which proves boundedness of the H∞-calculus on H s,p (Rd , w ; X ). The last statement
about the H∞-calculus on W k,p (Rd , w ; X ) follows from [214, Proposition 3.2].

We note that the UMD condition on X (see Section 2.4) is necessary for the H∞-calculus
on Lp (Rd ; X ), see [125, Section 10.5].

5.3. Weighted Sobolev spaces
In this section, we introduce the inhomogeneous weighted Sobolev spaces with boundary
conditions and derive certain properties.

5.3.1. Sobolev spaces with boundary conditions
Recall the definitions of the weighted Lebesgue and Sobolev spaces from Section 2.2. We
will now introduce weighted Sobolev spaces with vanishing traces.

For p ∈ (1,∞), k ∈N0, γ ∈ (−1,∞) \ { j p −1 : j ∈N1} and X a Banach space, we define the
following spaces with vanishing traces

W k,p
0 (Rd

+, wγ; X ) :=
{

f ∈W k,p (Rd
+, wγ; X ) : Tr(∂α f ) = 0 if k −|α| > γ+1

p

}
,

W k,p
Dir (Rd

+, wγ; X ) :=
{

f ∈W k,p (Rd
+, wγ; X ) : Tr( f ) = 0 if k > γ+1

p

}
,

W k,p
Neu(Rd

+, wγ; X ) :=
{

f ∈W k,p (Rd
+, wγ; X ) : Tr(∂1 f ) = 0 if k −1 > γ+1

p

}
.

(5.3.1)

For w ∈ Ap (Rd+) the Sobolev spaces with boundary conditions are

W k,p
0 (Rd

+, w ; X ) :=
{

f ∈W k,p (Rd
+, w ; X ) : Tr(∂α f ) = 0 if |α| ≤ k −1

}
,

W k,p
Dir (Rd

+, w ; X ) :=
{

f ∈W k,p (Rd
+, w ; X ) : Tr( f ) = 0 if k ≥ 1

}
,

W k,p
Neu(Rd

+, w ; X ) :=
{

f ∈W k,p (Rd
+, w ; X ) : Tr(∂1 f ) = 0 if k ≥ 2

}
.

(5.3.2)

We check that all the traces in the above definitions exist. For the traces in (5.3.2) this
follows from (2.2.1). For (5.3.1), let f ∈W k,p (Rd+, wγ; X ) and α ∈Nd

0 be such that k −|α| >
γ+1

p . Then for γ ∈ ( j p −1,( j +1)p −1) with j ∈ N0, note that k − |α| ≥ j +1 and thus by
Hardy’s inequality (Lemma 2.2.2) and (2.2.1)

W k−|α|,p (Rd
+, wγ; X ) ,→W k−|α|,p (R+, wγ;Lp (Rd−1; X ))

,→W j+1,p (R+, wγ;Lp (Rd−1; X ))

,→W 1,p (R+, wγ− j p ;Lp (Rd−1; X )) ,→C ([0,∞);Lp (Rd−1; X )).
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We conclude that ∂α f ∈ C ([0,∞);Lp (Rd−1; X )) and thus the spaces in (5.3.1) are well
defined.

Remark 5.3.1. An important observation is that for γ ∈ (−1,∞) \ { j p −1 : j ∈N1} we have
by definition

W k,p
Dir (Rd

+, wγ; X ) =W k,p
0 (Rd

+, wγ; X ) =W k,p (Rd
+, wγ; X ) if γ> kp −1,

W k,p
Dir (Rd

+, wγ; X ) =W k,p
0 (Rd

+, wγ; X ) if γ> (k −1)p −1.

Although we will not consider weights wγ with γ≤−1, we can nonetheless define

W k,p
Dir (Rd

+, wγ; X ) =W k,p
0 (Rd

+, wγ; X ) =W k,p (Rd
+, wγ; X ),

see [190, Lemma 3.1(2)].

5.3.2. Properties of weighted Sobolev spaces
We collect certain properties of weighted Sobolev spaces for later reference. We start with
the following weighted Sobolev embeddings, which are a direct consequence of Lemma
2.2.2, see also [169, Section 8.8].

Corollary 5.3.2 (Hardy’s inequality on Rd+). Let p ∈ (1,∞), k ∈ N1, γ ∈ R and let X be a
Banach space. Then

W k,p
0 (Rd

+, wγ; X ) ,→W k−1,p (Rd
+, wγ−p ; X ) if γ< p −1,

W k,p (Rd
+, wγ; X ) ,→W k−1,p (Rd

+, wγ−p ; X ) if γ> p −1,

W k,p
0 (Rd

+, wγ; X ) ,→W k−1,p
0 (Rd

+, wγ−p ; X ) if γ ∉ { j p −1 : j ∈N1}.

We continue with a density result. To deal with the Neumann boundary condition we do
not only need approximation by compactly supported functions, but density of functions
of which only certain derivatives have compact support, is required as well. For j ∈N0

and X a Banach space, define

C∞
c, j (Rd+; X ) := { f ∈C∞

c (Rd+; X ) : ∂ j
1 f ∈C∞

c (Rd
+; X )}. (5.3.3)

Note that the condition ∂ j
1 f ∈C∞

c (Rd+; X ) implies that ∂α f ∈C∞
c (Rd+; X ) for allα= (α1, α̃) ∈

N0 ×Nd−1
0 with α1 ≥ j .

Lemma 5.3.3. Let p ∈ (1,∞), j ,k ∈N0 such that k ≥ j and γ> (k − j )p −1, and let X be a

Banach space. Then C∞
c, j (Rd+; X ) is dense in W k,p (Rd+, wγ; X ). If, in addition, X is reflexive

and k ≥ j +1, then the statement holds for γ= (k − j )p −1 as well.

Remark 5.3.4. In particular, C∞
c (Rd+; X ) = C∞

c,0(Rd+; X ) is dense in W k,p (Rd+, wγ; X ) if γ >
kp −1, or γ≥ kp −1 when X is reflexive. The density of C∞

c (Rd+; X ) in W k,p (Rd+, wγ; X ) for
γ ∈R\ { j p −1 : j ∈N1} with γ> kp −1 also follows from [190, Proposition 3.8] and Remark
5.3.1.

In general, it holds that C∞
c (Rd+; X ) is dense in W k,p

0 (Rd+, wγ; X ) for γ ∈R\{ j p−1 : j ∈N1},

see [190, Proposition 3.8]. However, density of C∞
c (Rd+; X ) in W k,p (Rd+, wγ; X ) is not true

for all γ ∈R.
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Proof. Take ε> 0 and fix f ∈W k,p (Rd+, wγ; X ). By [169, Theorem 7.2 & Remark 11.12(iii)],
which also holds in the vector-valued case, and a standard cut-off argument, we find a

g ∈C∞
c (Rd+; X ) with its support in [0,R]× [−R,R]d−1 for some R > 0 such that

∥ f − g∥W k,p (Rd+,wγ;X ) < ε. (5.3.4)

Let φ ∈C∞(R+) be such that φ= 0 on [0, 1
2 ] and φ= 1 on [1,∞) and set φn(x1) :=φ(nx1).

We construct a sequence (gn)n≥1 as follows:

• If j = 0, define gn(x) :=φn(x1)g (x).

• If j ≥ 1, define

gn(x) :=
j−1∑

m=0
(∂m

1 g )(1, x̃)
(x1 −1)m

m!
+ 1

( j −1)!

∫ x1

1
(x1 − t ) j−1φn(t )∂ j

1g (t , x̃) dt .

Note that by integration by parts gn(x) = g (x) for all x ∈Rd+ with x1 ≥ 1
n . For |α| ≤ k with

α1 ≤ j and x ∈Rd+ with x1 < 1 we have

|∂αgn(x)| ≤C∥g∥C k+ j (Rd+;X )∥φ∥L∞(R+).

Moreover, we have
∂

j
1gn(x) =φn(x1)∂ j

1g (x), x ∈Rd
+, (5.3.5)

so that in particular ∂ j
1gn ∈C∞

c (Rd+; X ). Let KR := [−R,R]d−1. Using the properties of gn

we obtain

∥gn − g∥W k,p (Rd+,wγ;X )

≤ ∑
|α|≤k

(∫
KR

∫ 1
n

0
∥∂αg (x)∥p

X xγ1 dx1 dx̃
) 1

p

+ ∑
|α|≤k
α1≤ j

(∫
KR

∫ 1
n

0
∥∂αgn(x)∥p

X xγ1 dx1 dx̃
) 1

p

+C
∑

|α|≤k
α1> j

α1− j∑
m=0

(∫
KR

∫ 1
n

0
nmp |φ(m)(nx1)|p∥∂(α1−m,α̃)g (x)∥p

X xγ1 dx1 dx̃
) 1

p

≤C n
1
p ((k− j )p−1−γ) · ( (2R)d−1

γ+1

) 1
p ∥g∥C k+ j (Rd+;X )∥φ∥C k− j (R+),

where the sum for α1 > j comes from taking α1 − j derivatives of (5.3.5) and the product
rule. Hence, as γ> (k − j )p −1, taking n large enough we obtain using (5.3.4) that

∥ f − gn∥W k,p (Rd+,wγ;X ) ≤ ∥ f − g∥W k,p (Rd+,wγ;X ) +∥g − gn∥W k,p (Rd+,wγ;X ) < 2ε.

Now let γ = (k − j )p −1 and X be a reflexive Banach space. Note that the sequence
(gn)n≥1 is bounded in the reflexive space W k,p (Rd+, wγ; X ). As a corollary of the Banach–
Alaoglu theorem, (gn)n≥1 has a weakly convergent subsequence, say gnℓ → g̃ weakly in
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W k,p (Rd+, wγ; X ) as ℓ→∞. Since gn → f in D′(Rd+; X ) as n →∞ as well, we find g̃ = f by
uniqueness of the limit. With the Hahn–Banach separation theorem, this implies that

f ∈C∞
c, j (Rd+; X )

weak

=C∞
c, j (Rd+; X )

∥·∥
,

where the closures are taken in the weak and norm topology of W k,p (Rd+, wγ; X ), respect-
ively.

Let θ ∈R and define the pointwise multiplication operator

Mθ : C∞
c (Rd

+; X ) →C∞
c (Rd

+; X ) by Mθu(x) = xθ1 ·u(x), x ∈Rd
+. (5.3.6)

By duality the operator extends to Mθ : D′(Rd+; X ) →D′(Rd+; X ) and M−θ acts as inverse for
Mθ on D′(Rd+; X ). Moreover, we write M := M 1. We first study the boundedness properties
of the multiplication operator M j with j ∈N1.

Lemma 5.3.5. Let p ∈ (1,∞), j ∈N1, k ∈N0 and let X be a Banach space.

(i) If γ ∈ ( j p −1,∞), then

M j : W k,p (Rd
+, wγ; X ) →W k,p (Rd

+, wγ− j p ; X ) is bounded.

(ii) If γ ∈ (−1,∞) \ {ℓp −1 : ℓ ∈N1}, then

M j : W k,p
0 (Rd

+, wγ; X ) →W k,p
0 (Rd

+, wγ− j p ; X ) is an isomorphism.

Proof. It suffices to consider R+ instead of Rd+, since derivatives with respect to xi with
i ∈ {2, . . . ,d} commute with M j . For (i) note that by the product rule

(M j u)(i ) =
min{i , j }∑

n=0
cn,i , j M j−nu(i−n), i ∈ {0, . . .k}.

Hence, by Hardy’s inequality (Lemma 2.2.2 using γ> j p −1)

∥M j u∥W k,p (R+,wγ− j p ;X ) ≲
k∑

i=0

min{i , j }∑
n=0

∥M j−nu(i−n)∥Lp (R+,wγ− j p ;X )

=
k∑

i=0

min{i , j }∑
n=0

∥u(i−n)∥Lp (R+,wγ−np ;X ) ≲ ∥u∥W k,p (R+,wγ;X ).

For (ii), by density of C∞
c (R+; X ) in W k,p

0 (R+, wγ; X ) (see [190, Proposition 3.8]), we have
that

M j : W k,p
0 (R+, wγ; X ) →W k,p

0 (R+, wγ− j p ; X )

is bounded. It remains to show that the inverse is also bounded, where by density it
suffices to consider u ∈C∞

c (R+; X ). Again by the product rule

(M− j u)(i ) =
i∑

n=0
cn,i , j M− j−nu(i−n),
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so that by Hardy’s inequality

∥M− j u∥W k,p (R+,wγ;X ) ≲
k∑

i=0

i∑
n=0

∥M− j−nu(i−n)∥Lp (R+,wγ;X ) ≲ ∥u∥W k,p (R+,wγ− j p ;X ).

Analogous to Lemma 5.3.5 we obtain the following result for Mθ with θ > 0.

Lemma 5.3.6. Let p ∈ (1,∞), θ > 0, k ∈ N0 and let X be a Banach space. Moreover, let
γ,γ−θp ∈ (−1,∞) \ { j p −1 : j ∈N1}. Then

Mθ : W k,p
0 (Rd

+, wγ; X ) →W k,p
0 (Rd

+, wγ−θp ; X ) is an isomorphism.

Proof. As in the proof of Lemma 5.3.5 it suffices to consider R+ and u ∈C∞
c (R+; X ). The

required estimates follow from the formula

(M±θu)(i ) =
i∑

n=0
cn,i ,θM±θ−nu(i−n), i ∈ {0, . . . ,k},

and Hardy’s inequality (Lemma 2.2.2).

Using Lemma 5.3.5 we obtain a useful characterisation for induction arguments.

Lemma 5.3.7. Let p ∈ (1,∞), k ∈N1, γ ∈ ((k −1)p −1,∞) \ { j p −1 : j ≥ k} and let X be a
Banach space. Then

∥ f ∥W k,p (Rd+,wγ;X ) ≂
∑

|α|≤1
∥M∂α f ∥W k−1,p (Rd+,wγ−p ;X ), f ∈W k,p (Rd

+, wγ; X ),

where the constant only depends on p,k,γ,d and X .

Proof. From Lemma 5.3.5 we have that

M : W k−1,p
0 (Rd

+, wγ; X ) →W k−1,p
0 (Rd

+, wγ−p ; X )

is an isomorphism and hence for g ∈W k−1,p
0 (Rd+, wγ; X ) it holds

∥M g∥W k−1,p (Rd+,wγ−p ;X ) ≲ ∥g∥W k−1,p (Rd+,wγ;X ) and

∥g∥W k−1,p (Rd+,wγ;X ) = ∥M−1M g∥W k−1,p (Rd+,wγ;X ) ≲ ∥M g∥W k−1,p (Rd+,wγ−p ;X ).

Therefore, Remark 5.3.1 gives that for f ∈W k,p (Rd+, wγ; X ), we have

∥ f ∥W k,p (Rd+,wγ;X ) ≂
∑

|α|≤1
∥∂α f ∥W k−1,p (Rd+,wγ;X ) ≂

∑
|α|≤1

∥M∂α f ∥W k−1,p (Rd+,wγ−p ;X ).

We close this section with a complex interpolation result in the parameter γ, which
will only play a role in Section 5.6.2 to improve the estimate on the growth of the heat
semigroup. Complex interpolation of Lp -spaces with a change of measure dates back to
Stein and Weiss [258, 259]. Related results on weighted Sobolev spaces can be found in
[53, 133, 194].
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Proposition 5.3.8. Let p ∈ (1,∞), k ∈N0 and let X be a Banach space. Let −1 < γ0 < γ<
γ1 <∞ be such that γ= (1−θ)γ0 +θγ1 > kp −1 for some θ ∈ (0,1). Then[

W k,p (Rd
+, wγ0 ; X ),W k,p (Rd

+, wγ1 ; X )
]
θ =W k,p (Rd

+, wγ; X ).

Proof. For k = 0 the result is a special case of the Stein–Weiss theorem, see, e.g., [126,
Theorem 14.3.1]. From now on assume that k ∈N1 and we first prove the inclusion “,→”.
Let N :=∑

|α|≤k 1 and define the operator

T : W k,p (Rd
+, wγ0 ; X )+W k,p (Rd

+, wγ1 ; X ) → Lp (Rd
+, wγ0 ; X N )+Lp (Rd

+, wγ1 ; X N ),

by T f := (∂α f )|α|≤k . It is straightforward to verify that for j ∈ {0,1} the mapping

T : W k,p (Rd
+, wγ j ; X ) → Lp (Rd

+, wγ j ; X N )

is bounded. Therefore, by properties of the complex interpolation method and the Stein–
Weiss theorem, we have that

T : [W k,p (Rd
+, wγ0 ; X ),W k,p (Rd

+, wγ1 ; X )]θ → Lp (Rd
+, wγ; X N )

is bounded and

∥ f ∥W k,p (Rd+,wγ;X ) ≲ ∥T f ∥Lp (Rd+,wγ;X N ) ≲ ∥ f ∥[W k,p (Rd+,wγ0 ;X ),W k,p (Rd+,wγ1 ;X )]θ
,

where the constant only depends on p,k,γ,γ0,γ1 and d .
To prove the other inclusion “←-”, note that C∞

c (Rd+; X ) is dense in W k,p (Rd+, wγ; X ) by
Lemma 5.3.3. Thus it suffices to show that for all f ∈C∞

c (Rd+; X )

∥ f ∥[W k,p (Rd+,wγ0 ;X ),W k,p (Rd+,wγ1 ;X )]θ
≲ ∥ f ∥W k,p (Rd+,wγ;X ),

where the constant may depend on p,k,γ,γ0,γ1 and d . For j ∈ {0,1} we define β j :=
γ+ j (γ1 − γ0). Let S := {s ∈ C : 0 < Re s < 1} and for z ∈ S define T (z) : C∞

c (Rd+; X ) →
W k,p (Rd+, wβ0 ; X )+W k,p (Rd+, wβ1 ; X ) by

T (z) f (x) := ez2−θ2 · x
− z

p (γ1−γ0)

1 · f (x), x ∈Rd
+.

Then T (·) f is bounded and continuous on S and analytic on S for all f ∈C∞
c (Rd+; X ). Let

t ∈R and α= (α1, α̃) ∈N0 ×Nd−1
0 with |α| ≤ k. By the product rule and Hardy’s inequality

(Corollary 5.3.2 using that γ> kp −1), we have∥∥∂αT ( j + it ) f
∥∥

Lp (Rd+,wβ j
;X ) ≤ e∥∂α f ∥Lp (Rd+,wγ;X )

+
α1−1∑
n=0

cn,α1 e1−t 2
α1−n∏
m=1

∣∣∣ 1+|t |
p |γ1 −γ0|−m +1

∣∣∣∥M n−α1∂n
1∂

α̃ f ∥Lp (Rd+,wγ;X )

≲ ∥ f ∥W k,p (Rd+,wγ;X )

and therefore for j ∈ {0,1}

sup
t∈R

∥∥T ( j + it ) f
∥∥

W k,p (Rd+,wβ j
;X ) ≲ ∥ f ∥W k,p (Rd+,wγ;X ).
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Using that C∞
c (Rd+; X ) is dense in W k,p (Rd+, wγ; X ), it follows by Stein interpolation [268,

Theorem 2.1] that∥∥T (θ) f
∥∥

[W k,p (Rd+,wβ0 ;X ),W k,p (Rd+,wβ1 ;X )]θ
≲ ∥ f ∥W k,p (Rd+,wγ;X ).

It remains to show that for f ∈C∞
c (Rd+; X ) we have

∥ f ∥[W k,p (Rd+,wγ0 ;X ),W k,p (Rd+,wγ1 ;X )]θ
≲ ∥T (θ) f ∥[W k,p (Rd+,wβ0 ;X ),W k,p (Rd+,wβ1 ;X )]θ

. (5.3.7)

To this end, let T −1(θ) : C∞
c (Rd+; X ) →C∞

c (Rd+; X ) be defined by

T −1(θ)g (x) := x
θ
p (γ1−γ0)

1 · g (x), x ∈Rd
+.

Then we claim that for g ∈C∞
c (Rd+; X ) we have

∥T −1(θ)g∥[W k,p (Rd+,wγ0 ;X ),W k,p (Rd+,wγ1 ;X )]θ
≲ ∥g∥[W k,p (Rd+,wβ0 ;X ),W k,p (Rd+,wβ1 ;X )]θ

.

Applying this to g := T (θ) f ∈C∞
c (Rd+; X ) proves (5.3.7), which in turn proves the proposi-

tion.
To prove the claim, note that by Lemma 5.3.3 (using that β j > γ> kp−1) and properties

of the complex interpolation method, it suffices to prove for g ∈C∞
c (Rd+; X ) and j ∈ {0,1}

∥T −1(θ)g∥W k,p (Rd+,wγ j ;X ) ≲ ∥g∥W k,p (Rd+,wβ j
;X ).

Note that γ j +θ(γ1 −γ0) =β j , so for any |α| ≤ k we obtain by Hardy’s inequality

∥∂αT −1(θ)g∥Lp (Rd+,wγ j ,X ) ≲
(
∥∂αg∥Lp (Rd+,wβ j

,X ) +
α1−1∑
n=0

∥M n−α1∂n
1∂

α̃g∥Lp (Rd+,wβ j
,X )

)
≲ ∥g∥W k,p (Rd+,wβ j

;X ).

This proves the claim and finishes the proof.

5.4. The Laplacian on lower-order weighted Sobolev spaces
We first note some properties of the Dirichlet and Neumann Laplacian on the half-space
in some known and easy cases. That is, we collect the results for the Dirichlet Laplacian
on Lp from [190] in Section 5.4.1. Moreover, with a similar reflection technique as in [190],
we derive boundedness of the H∞-calculus for the Neumann Laplacian in the case of
Ap weights in Section 5.4.2. Finally, in Section 5.4.3 we consider the weak setting for the
Dirichlet Laplacian corresponding to k =−1 in Theorem 5.1.1.

Throughout this chapter the Dirichlet and Neumann Laplacian will be defined as
follows.

Definition 5.4.1. Let p ∈ (1,∞), γ ∈ (−1,2p−1)\{p−1}, k ∈N0∪{−1} be such that γ+kp >
−1 and let X be a Banach space. The Dirichlet and Neumann Laplacian on Rd+ are defined
as follows.
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(i) The Dirichlet Laplacian ∆Dir on W k,p (Rd+, wγ+kp ; X ) is defined by

∆Diru :=
d∑

j=1
∂2

j u with D(∆Dir) :=W k+2,p
Dir (Rd

+, wγ+kp ; X ).

For k =−1 we elaborate on the definition of W −1,p (Rd+, wγ; X ) with γ ∈ (−1, p −1) in
Section 5.4.3.

(ii) The Neumann Laplacian ∆Neu on W k+1,p (Rd+, wγ+kp ; X ) is defined by

∆Neuu :=
d∑

j=1
∂2

j u with D(∆Neu) :=W k+3,p
Neu (Rd

+, wγ+kp ; X ).

Moreover, recall that the semigroups TDir and TNeu are as defined in (5.1.2).

5.4.1. The strong setting for the Dirichlet Laplacian
The H∞-calculus for the Dirichlet Laplacian on Lp (Rd+, wγ; X ) with γ ∈ (−1,2p−1)\{p−1}
is already obtained in [190]. We will use this theorem (see Theorem 5.4.2 below) in Sections
5.5 and 5.7 as the basis for an induction argument to show that the Dirichlet Laplacian is
sectorial and has a bounded H∞-calculus on W k,p (Rd+, wγ+kp ; X ) with k ≥ 1 as well.

Theorem 5.4.2 ([190, Theorems 4.1 & 5.7]). Let p ∈ (1,∞), w ∈ Ap (Rd+) or w = wγ with
γ ∈ (−1,2p−1)\{p−1} and let X be a UMD Banach space. Let∆Dir on Lp (Rd+, w ; X ) be as in
Definition 5.4.1 with k = 0 and let TDir on Lp (Rd+, w ; X ) be as in (5.1.2). Then, the following
assertions hold for all λ≥ 0:

(i) λ−∆Dir is a sectorial operator of angle ω(λ−∆Dir) = 0,

(ii) (TDir(z))z∈Σσ with σ ∈ (0, π2 ) is a bounded analytic C0-semigroup on Lp (Rd+, w ; X )
which is generated by ∆Dir,

(iii) λ−∆Dir has a bounded H∞-calculus of angle ωH∞ (λ−∆Dir) = 0.

Remark 5.4.3 (The case γ= p −1). We will not consider the special case γ= p −1 since
Hardy’s inequality fails in this case. Nonetheless, Theorem 5.4.2 remains true if one
considers ∆Dir on Lp (Rd+, wp−1; X ) with the different domain

D(∆Dir) := {
f ∈C∞

c (Rd+; X ) : f |∂Rd+
= 0

}W 2,p (Rd+,wp−1;X )

.

This can be proved using [190, Propositions 5.1 & 5.3] which do hold for γ= p −1, and
interpolation (Proposition 5.3.8).

The proof of Theorem 5.4.2 for w ∈ Ap (Rd+), which includes wγ with γ ∈ (−1, p − 1),
goes via an odd reflection to Rd and uses the H∞-calculus of ∆ on Lp (Rd , w ; X ), see [190,
Theorem 4.1]. Since the kernel of the Dirichlet heat semigroup has a zero of order one at
the boundary, the range for γ can be extended.
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5.4.2. The Neumann Laplacian in the Ap setting

Let p ∈ (1,∞) and w ∈ Ap (Rd+) or, equivalently, w ∈ Ap (Rd ) and w is even. Using a sim-
ilar reflection technique as in the proof of Theorem 5.4.2, we prove that the Neumann
Laplacian has a bounded H∞-calculus on Lp (Rd+, w ; X ) and W 1,p (Rd+, w ; X ). To reflect the
Neumann boundary condition we need an even extension in the first variable.

For f ∈ Lp (Rd+, w ; X ) and y = (y1, ỹ) ∈R×Rd−1 we define the odd and even extensions
by

Eodd f (y) := fodd(y) := sign(y1) f (|y1|, ỹ)

Eeven f (y) := feven(y) := f (|y1|, ỹ).
(5.4.1)

Moreover, for k ∈N0 let W k,p
odd(Rd , w ; X ) and W k,p

even(Rd , w ; X ) be the closed subspaces of

all odd and even functions in W k,p (Rd , w ; X ), respectively.

We have the following lemma on odd and even extensions.

Lemma 5.4.4. Let p ∈ (1,∞), w ∈ Ap (Rd ) be even and let X be a Banach space. Then

Eodd : W k,p
Dir (Rd

+, w ; X ) →W k,p
odd(Rd , w ; X ), k ∈ {0,1,2},

Eeven : W k,p
Neu(Rd

+, w ; X ) →W k,p
even(Rd , w ; X ), k ∈ {0,1,2,3},

are isomorphisms and

∥u∥W k,p (Rd+,w ;X ) ≤ ∥Eoddu∥W k,p (Rd ,w ;X ) ≤ 2
1
p ∥u∥W k,p (Rd+,w ;X ), k ∈ {0,1,2},

∥u∥W k,p (Rd+,w ;X ) ≤ ∥Eevenu∥W k,p (Rd ,w ;X ) ≤ 2
1
p ∥u∥W k,p (Rd+,w ;X ) k ∈ {0,1,2,3}.

Remark 5.4.5. It should be noted that Lemma 5.4.4 does not hold for odd extensions and
k ≥ 3, or even extensions and k ≥ 4 unless additional boundary conditions are specified
(cf. Remark 5.1.3(ii)).

Proof. The statement for the odd extensions is proved in [190, Lemma 4.2], thus it remains
to prove the statement for the even extensions. It is straightforward to verify the case
k = 0. For k = 1 the Neumann trace does not exist and therefore, arguing similar as in [190,
Lemma 4.2], we obtain for u ∈W 1,p (Rd+, w ; X ) the formula

∂αueven(x) = sign(x1)α1 (∂αu)(|x1|, x), (5.4.2)

whereα= (α1, α̃) and |α| ≤ 1. This proves that ueven ∈W 1,p (Rd , w ; X ) and that the required
estimates hold. This finishes the case k = 1.

Note that sign(x1) in (5.4.2) is not differentiable so we cannot differentiate once more.

Instead, if u ∈W 2,p
Neu(Rd+, w ; X ), then ∂1u ∈W 1,p

Dir (Rd+, w ; X ) and we can use that ∂1ueven =
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(∂1u)odd to obtain

∥ueven∥W 2,p (Rd ,w ;X )

= ∥ueven∥W 1,p (Rd ,w ;X ) +∥(∂1u)odd∥W 1,p (Rd ,w ;X ) +
d∑

j=2
∥∂ j ueven∥W 1,p (Rd ,w ;X )

≤ 2
1
p
(∥u∥W 1,p (Rd+,w ;X ) +∥∂1u∥W 1,p (Rd+,w ;X ) +

d∑
j=2

∥∂ j u∥W 1,p (Rd+,w ;X )

)
= 2

1
p ∥u∥W 2,p (Rd+,w ;X ),

using the estimates for the odd and even extension with k = 1. Similarly, for k = 3, the
estimate follows using the estimates for the odd and even extensions with k = 2.

Conversely, let k ∈ {2,3} be fixed and let ueven ∈W k,p (Rd , w ; X ). Then by [190, Lemma
3.6] there exists a sequence (un)n≥1 ⊆C∞

c (Rd ; X ) such that un → ueven in W k,p (Rd , w ; X )
as n →∞. In addition, un(−·, ·) → ueven(−·, ·) = ueven(·, ·) in W k,p (Rd , w ; X ). This implies
that the sequence vn := 1

2 (un +un(−·, ·)) satisfies

vn ∈C∞
c (Rd ; X ), (∂1vn)(0, ·) = 0 and vn → ueven in W k,p (Rd , w ; X ).

Continuity of the trace implies that u = ueven|Rd+
satisfies Tr(∂1u) = 0. This proves that

u ∈W k,p
Neu(Rd+, w ; X ) since the norm estimates are again clear.

Using the even extensions we can obtain the H∞-calculus for the Laplacian on Rd+ with
Neumann boundary conditions.

Theorem 5.4.6. Let p ∈ (1,∞), w ∈ Ap (Rd+) and let X be a UMD Banach space. For ℓ ∈
{0,1}, define the Neumann Laplacian ∆Neu on W ℓ,p (Rd+, w ; X ) with domain D(∆Neu) =
W ℓ+2,p

Neu (Rd+, w ; X ) and let TNeu on W ℓ,p (Rd+, w ; X ) be as in (5.1.2). The following assertions
hold for all λ≥ 0:

(i) λ−∆Neu is a sectorial operator of angle ω(λ−∆Neu) = 0,

(ii) (TNeu(z))z∈Σσ with σ ∈ (0, π2 ) is a bounded analytic C0-semigroup on W ℓ,p (Rd+, w ; X )
which is generated by ∆Neu,

(iii) λ−∆Neu has a bounded H∞-calculus of angle ωH∞ (λ−∆Neu) = 0.

Proof. This proof goes via a reflection argument fromRd+ toRd and using the H∞-calculus
for ∆ on Lp (Rd , w ; X ) and W 1,p (Rd , w ; X ), see Lemma 5.2.1. The argument is completely
similar to [190, Section 4] for the Dirichlet case if one considers the even extension from
Lemma 5.4.4 instead of the odd extension.

We state two corollaries of Theorems 5.4.2 and 5.4.6 concerning the Dirichlet and
Neumann resolvent equation. Similar results on Lp (Rd+, w ;C) with w ∈ Ap (Rd+) are already
contained in [80, 81].
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Corollary 5.4.7 ([190], Corollary 4.3 & 5.8). Let p ∈ (1,∞), w ∈ Ap (Rd+) or w = wγ with
γ ∈ (−1,2p−1)\{p−1} and let X be a UMD Banach space. Then for all f ∈ Lp (Rd+, w ; X ) and

λ ∈Σπ−ω with ω ∈ (0,π) there exists a unique u ∈W 2,p
Dir (Rd+, w ; X ) such that λu −∆Diru = f .

Moreover, this solution satisfies∑
|β|≤2

|λ|1− |β|
2 ∥∂βu∥Lp (Rd+,w ;X ) ≤C∥ f ∥Lp (Rd+,w ;X ),

where the constant C only depends on p, w,ω,d and X .

For the Neumann Laplacian we have the following result.

Corollary 5.4.8. Let p ∈ (1,∞), ℓ ∈ {0,1}, w ∈ Ap (Rd+) and let X be a UMD Banach space.
Then for all f ∈ W ℓ,p (Rd+, w ; X ) and λ ∈ Σπ−ω with ω ∈ (0,π) there exists a unique u ∈
W ℓ+2,p

Neu (Rd+, w ; X ) such that λu −∆Neuu = f . Moreover, this solution satisfies

∑
|β|≤2

|λ|1− |β|
2 ∥∂βu∥W ℓ,p (Rd+,w ;X ) ≤C∥ f ∥W ℓ,p (Rd+,w ;X ),

where the constant C only depends on p,ℓ, w,ω,d and X .

Proof. This follows from Theorem 5.4.6 using the same argument as in [190, Corollary
4.3].

5.4.3. The weak setting for the Dirichlet Laplacian
In this section, we prove Theorem 5.1.1 with k =−1, which corresponds to the weak set-
ting for the Dirichlet Laplacian. This follows from combining the results for the Dirichlet
and Neumann Laplacian in the strong setting.

The space W −1,p (Rd+, w ; X ) with w ∈ Ap (Rd+) consists of all f ∈S ′(Rd+; X ) such that

f = f0 +
d∑

j=1
∂ j f j with f0, f j ∈ Lp (Rd

+, w ; X ) for all j ∈ {1, . . . ,d} (5.4.3)

equipped with the norm

∥ f ∥W −1,p (Rd+,w ;X ) := inf
{ d∑

j=0
∥ f j ∥Lp (Rd+,w ;X ) : (5.4.3) holds

}
.

As usual, the derivatives are understood in the sense of distributions, i.e., (5.4.3) reads

f (ϕ) = f0(ϕ)−
d∑

j=1
f j (∂ jϕ), ϕ ∈S (Rd

+; X ).

For f ∈W −1,p (Rd+, w ; X ) with w ∈ Ap (Rd+) we define the Dirichlet heat semigroup as

(TDir(z) f )(ϕ) := f (TDir(z)ϕ), ϕ ∈S (Rd
+; X ). (5.4.4)
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This definition coincides with the definition for functions f ∈ Lp (Rd+, w ; X ). Moreover, for
f ∈W −1,p (Rd+, w ; X ) and ϕ ∈S (Rd+; X ) it holds that

(TDir(z) f )(ϕ) = (TDir(z) f0)(ϕ)+ (∂1TNeu(z) f1)(ϕ)+
d∑

j=2
(∂ j TDir(z) f j )(ϕ)

= (TDir(z) f0)(ϕ)− (TNeu(z) f1)(∂1ϕ)−
d∑

j=2
(TDir(z) f j )(∂ jϕ).

(5.4.5)

Using Corollaries 5.4.7 and 5.4.8 we can derive elliptic regularity for the Dirichlet Lapla-
cian on W −1,p (Rd+, w ; X ). For a similar result on Rd without weights, we refer to [166,
Section 4.4].

Proposition 5.4.9. Let p ∈ (1,∞), w ∈ Ap (Rd+) and let X be a UMD Banach space. Then for
all f j ∈ Lp (Rd+, w ; X ) with j ∈ {0, . . . ,d} and λ ∈Σπ−ω with ω ∈ (0,π), there exists a unique

u ∈W 1,p
Dir (Rd+, w ; X ) such that λu −∆Diru = f0 +∑d

j=1∂ j f j . Moreover, this solution satisfies

∑
|β|≤1

|λ| 1
2 −

|β|
2 ∥∂βu∥Lp (Rd+,w ;X ) ≤C |λ|− 1

2 ∥ f0∥Lp (Rd+,w ;X ) +C
d∑

j=1
∥ f j ∥Lp (Rd+,w ;X ),

where the constant C only depends on p, w,ω,d and X .

Proof. For the existence and the estimate it suffices to consider the equations

λv0 −∆Dirv0 = f0, v0(0, ·) = 0,

λv1 −∆Neuv1 = f1, (∂1v1)(0, ·) = 0,

λv j −∆Dirv j = f j , v j (0, ·) = 0 for j ∈ {2, . . . ,d}.

(5.4.6)

Corollaries 5.4.7 and 5.4.8 yield solvability of the above equations and the estimates∑
|β|≤1

|λ| 1
2 −

|β|
2 ∥∂βv0∥Lp (Rd+,w ;X ) ≤C |λ|− 1

2 ∥ f0∥Lp (Rd+,w ;X ) (5.4.7)

and ∑
1≤|β|≤2

|λ|1− |β|
2 ∥∂βv j ∥Lp (Rd+,w ;X ) ≤C∥ f j ∥Lp (Rd+,w ;X ), j ∈ {1, . . . ,d}. (5.4.8)

Then u := v0 +∑d
j=1∂ j v j ∈W 1,p

Dir (Rd+, w ; X ) satisfies λu −∆Diru = f0 +∑d
j=1∂ j f j and

∑
|β|≤1

|λ| 1
2 −

|β|
2 ∥∂βu∥Lp (Rd+,w ;X ) ≤

∑
|β|≤1

|λ| 1
2 −

|β|
2

(
∥∂βv0∥Lp (Rd+,w ;X ) +

d∑
j=1

∥∂β∂ j v j ∥Lp (Rd+,w ;X )

)
≤C |λ|− 1

2 ∥ f0∥Lp (Rd+,w ;X ) +C
d∑

j=1
∥ f j ∥Lp (Rd+,w ;X ),

using (5.4.7) and (5.4.8). Finally, since λu −∆Diru = 0 has a solution u ∈ W 1,p
Dir (Rd+, w ; X ),

we obtain by Lemma 5.4.4 that uodd ∈W 1,p (Rd , w ; X ) ,→S ′(Rd ; X ) and satisfies λuodd −
∆uodd = 0 on Rd . By employing the Fourier transform it follows that uodd = 0 and thus
u = 0 as well. This proves the uniqueness and finishes the proof.
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Sectoriality and boundedness of the H∞-calculus for −∆Dir on W −1,p (Rd+, w ; X ) can
be derived from the same properties of −∆Dir and −∆Neu on Lp (Rd+, w ; X ). We close this
section with the main result for the Dirichlet Laplacian in the weak setting.

Theorem 5.4.10. Let p ∈ (1,∞), w ∈ Ap (Rd+) and let X be a UMD Banach space. Define the

Dirichlet Laplacian ∆Dir on W −1,p (Rd+, w ; X ) with domain D(∆Dir) =W 1,p
Dir (Rd+, w ; X ) and

let TDir on W −1,p (Rd+, w ; X ) be as in (5.4.4). The following assertions hold for all λ≥ 0:

(i) λ−∆Dir is a sectorial operator of angle ω(λ−∆Dir) = 0,

(ii) (TDir(z))z∈Σσ with σ ∈ (0, π2 ) is a bounded analytic C0-semigroup on W −1,p (Rd+, w ; X )
which is generated by ∆Dir,

(iii) λ−∆Dir has a bounded H∞-calculus of angle ωH∞ (λ−∆Dir) = 0.

Proof. Let f ∈ W −1,p (Rd+, w ; X ) such that f = f0 +∑d
j=1∂ j f j with f j ∈ Lp (Rd+, w ; X ) for

j ∈ {0, . . . ,d}. Moreover, let v j be the solutions to the equations in (5.4.6).
To prove (i), note that by Corollaries 5.4.7 and 5.4.8, we obtain for z ∈Σπ−ω withω ∈ (0,π)

|z|∥R(z,∆Dir) f ∥W −1,p (Rd+,w ;X ) ≤ |z|
d∑

j=0
∥v j ∥Lp (Rd+,w ;X ) ≤C

d∑
j=0

∥ f j ∥Lp (Rd+,w ;X ).

Taking the infimum over all possible f j yields that −∆Dir is sectorial of angle 0. Together
with [126, Proposition 16.2.1] this proves (i).

We continue with the proof of (ii). By (i) and [125, Theorem G.5.2] we have that ∆Dir

generates the bounded analytic C0-semigroup (S(z))z∈Σσ and

S(z) f = 1

2πi

∫
Γ

ezs R(s,∆Dir) f ds, z ∈Σσ, f ∈W −1,p (Rd
+, w ; X ), (5.4.9)

where Γ is the upwards orientated boundary of Σσ′ \ B(0,r ) for some r > 0 and σ′ ∈
(π2 +|arg z|, π2 +σ).

We show that S(z) = TDir(z) on W −1,p (Rd+, w ; X ) for z ∈Σσ. It follows from (5.4.9), The-
orems 5.4.2(ii) and 5.4.6(ii), commuting ∂1 and the resolvent, and (5.4.5) that

S(z) f = 1

2πi

∫
Γ

ezs
(
R(s,∆Dir) f0 +∂1R(s,∆Neu) f1 +

d∑
j=2

∂ j R(s,∆Dir) f j

)
ds

= TDir(z) f0 +∂1TNeu(z) f1 +
d∑

j=2
∂ j TDir(z) f j = TDir(z) f ,

which completes the proof of (ii).
Finally, to prove (iii) let ω ∈ (0,π) and φ ∈ H 1(Σω)∩ H∞(Σω). By Theorems 5.4.2 and

5.4.6, we obtain

∥φ(−∆Dir) f ∥W −1,p (Rd+,w ;X ) ≤ ∥φ(−∆Dir) f0∥Lp (Rd+,w ;X ) +∥φ(−∆Neu) f1∥Lp (Rd+,w ;X )

+
d∑

j=2
∥φ(−∆Dir) f j ∥Lp (Rd+,w ;X )

≤C∥φ∥H∞(Σω)

d∑
j=0

∥ f j ∥Lp (Rd+,w ;X ).



5.5. Sectoriality of the Dirichlet and Neumann Laplacian 133

Taking the infimum over all possible f j yields that −∆Dir has a bounded H∞-calculus of
angle 0. Together with [126, Proposition 16.2.6] this proves (iii).

5.5. Sectoriality of the Dirichlet and Neumann Laplacian
In this section we study the sectoriality of −∆Dir and −∆Neu on weighted Sobolev spaces
of arbitrary order k ∈ N0. The results of this section are summarised in the following
theorems.

Theorem 5.5.1 (Sectoriality of λ−∆Dir). Let p ∈ (1,∞), k ∈N0, γ ∈ (−1,2p−1)\{p−1} and
let X be a UMD Banach space. Let ∆Dir on W k,p (Rd+, wγ+kp ; X ) be as in Definition 5.4.1.
Assume that either

(i) γ+kp ∈ (−1,2p −1) and λ≥ 0, or,

(ii) γ+kp > 2p −1 and λ> 0.

Then λ−∆Dir is sectorial of angle ω(λ−∆Dir) = 0.

Theorem 5.5.2 (Sectoriality ofλ−∆Neu). Let p ∈ (1,∞), k ∈N0∪{−1},γ ∈ (−1,2p−1)\{p−1}
and let X be a UMD Banach space. Let ∆Neu on W k+1,p (Rd+, wγ+kp ; X ) be as in Definition
5.4.1. Assume that either

(i) γ+kp ∈ (−1, p −1) and λ≥ 0, or,

(ii) γ+kp > p −1 and λ> 0.

Then λ−∆Neu is sectorial of angle ω(λ−∆Neu) = 0.

Theorems 5.5.1 and 5.5.2 will be proved using elliptic regularity for the corresponding
resolvent equations. The elliptic regularity for the Dirichlet and Neumann resolvent equa-
tion is shown using an induction argument on k in Sections 5.5.1 and 5.5.2, respectively.
Finally, in Section 5.5.3 the elliptic regularity is used to finish the proofs of Theorems 5.5.1
and 5.5.2.

5.5.1. Elliptic regularity for the Dirichlet Laplacian
We start with a preliminary result on the solvability of the resolvent equation if the right
hand side is compactly supported. Recall that we defined the Schwartz space on Rd+ as
S (Rd+; X ) := {u|

Rd+
: u ∈S (Rd ; X )}.

Lemma 5.5.3. Let X be a UMD Banach space. Then for all f ∈C∞
c (Rd+; X ) and λ ∈Σπ−ω

with ω ∈ (0,π) there exists a unique u ∈S (Rd+; X ) such that

λu −∆u = f , u(0, ·) = 0.

Proof. Let fodd be the odd extension of f as in (5.4.1). Then fodd ∈C∞
c (Rd ; X ) ⊆S (Rd ; X )

and taking the Fourier transform of the resolvent equation λu −∆u = fodd on Rd yields a
solution uodd ∈S (Rd ; X ) given by

uodd(x1, x̃) =
(
F−1[ξ 7→ (F fodd)(ξ)

λ+|ξ|2
])

(x1, x̃), x, ξ ∈Rd , λ ∈Σπ−ω.
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Note that −uodd(−x1, x̃) also solves the resolvent equation on Rd . By uniqueness of the
solution we obtain uodd(x1, x̃) = −uodd(−x1, x̃) and therefore uodd(0, x̃) = 0. Thus the
restriction u := uodd|Rd+

solves λu −∆u = f on Rd+ with u(0, ·) = 0. The uniqueness follows

from Corollary 5.4.7.

Recall that the pointwise multiplication operator M is defined in (5.3.6). By [A1, A2] =
A1 A2−A2 A1 we denote the commutator of two operators A1 and A2. For a ∈Rwe use the
notation (a)+ = a if a ≥ 0 and (a)+ = 0 otherwise. Moreover, note that for all u ∈S (Rd+; X )
we have the commutation relation

[M j∂α,∆]u =− j ( j −1)M j−2∂αu −2 j M j−1∂1∂
αu, j ∈N0, α ∈Nd

0 . (5.5.1)

The next proposition provides the key argument for proving the sectoriality of the
Dirichlet Laplacian on W k,p (Rd+, wγ+kp ; X ) for k ≥ 1. A version of the proposition below
with improved growth gk,γ on the right hand side of the estimate will be obtained in
Section 5.6.2.

Proposition 5.5.4. Let p ∈ (1,∞), k ∈N0, γ ∈ (−1,2p −1) \ {p −1}, ω ∈ (0,π) and let X be
a UMD Banach space. Let ∆Dir on W k,p (Rd+, wγ+kp ; X ) be as in Definition 5.4.1. Then for

all f ∈W k,p (Rd+, wγ+kp ; X ) and λ ∈Σπ−ω, there exists a unique u ∈W k+2,p
Dir (Rd+, wγ+kp ; X )

such that λu −∆Diru = f . Moreover, this solution satisfies∑
|β|≤2

|λ|1− |β|
2 ∥∂βu∥W k,p (Rd+,wγ+kp ;X ) ≤C gk,γ(λ)∥ f ∥W k,p (Rd+,wγ+kp ;X ), (5.5.2)

where

gk,γ(λ) :=
{

1+|λ|− (k−1)+
2 if γ ∈ (−1, p −1)

1+|λ|− k
2 if γ ∈ (p −1,2p −1)

, (5.5.3)

and the constant C only depends on p,k,γ,ω,d and X .

Proof. For any k ∈N1 the uniqueness of u ∈W k+2,p
Dir (Rd+, wγ+kp ; X ) is clear from Corollary

5.4.7 and Hardy’s inequality (Corollary 5.3.2). The proof for the existence and the estimate
goes by induction on k ≥ 0. The case k = 0 is stated in Corollary 5.4.7. Assume that the
statement of the proposition holds for a fixed k ∈N0 and for all γ ∈ (−1,2p −1) \ {p −1}.
It remains to prove the statement for k +1. Throughout the proof, C denotes a constant
only depending on p,k,γ,ω,d and X , which may change from line to line.

First, take f ∈C∞
c (Rd+; X ). Lemma 5.5.3 implies that

λu −∆Diru = f , u(0, ·) = 0, (5.5.4)

has a unique solution u ∈ S (Rd+; X ). For |α| ≤ k + 1, let vα = M k+1∂αu. Then we have
vα(0, ·) = 0 and by (5.5.1) and (5.5.4)

λvα−∆Dirvα = M k+1∂α f −k(k +1)M k−1∂αu −2(k +1)M k∂1∂
αu. (5.5.5)

Since f ∈ C∞
c (Rd+; X ) and u ∈ S (Rd+; X ), we find that the right-hand side of (5.5.5) is an

element of Lp (Rd+, wγ; X ). Therefore, the case k = 0 (see Corollary 5.4.7) implies that
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vα ∈W 2,p
Dir (Rd+, wγ; X ) and by Hardy’s inequality (if k ≥ 1) it holds that∑

|β|≤2
|λ|1− |β|

2 ∥∂βvα∥Lp (Rd+,wγ;X )

≤C∥M k+1∂α f ∥Lp (Rd+,wγ;X )

+C
(
k∥M k−1∂αu∥Lp (Rd+,wγ;X ) +∥M k∂1∂

αu∥Lp (Rd+,wγ;X )

)
≤C∥ f ∥W k+1,p (Rd+,wγ+(k+1)p ;X ) +C

∑
1≤|δ|≤2

∥∂δu∥W k,p (Rd+,wγ+kp ;X ).

(5.5.6)

If γ ∈ (−1, p − 1), then note that γ+ (k + 1)p ∈ ((k + 1)p − 1,(k + 2)p − 1). With Hardy’s
inequality (Lemma 2.2.2) and the induction hypothesis twice (once with γ replaced by
γ+p), we find∑

1≤|δ|≤2
∥∂δu∥W k,p (Rd+,wγ+kp ;X )

≤C
∑
|δ|=1

∑
|β|≤k

∥∂1∂
β∂δu∥Lp (Rd+,wγ+p+kp ;X ) +

∑
|δ|=2

∥∂δu∥W k,p (Rd+,wγ+kp ;X )

≤C
∑
|δ|=2

(∥∂δu∥W k,p (Rd+,wγ+p+kp ;X ) +∥∂δu∥W k,p (Rd+,wγ+kp ;X )

)
≤C

(
1+|λ|− k

2
)∥ f ∥W k,p (Rd+,wγ+p+kp ;X )

+C
(
1+|λ|− (k−1)+

2
)∥ f ∥W k,p (Rd+,wγ+kp ;X )

≤C
(
1+|λ|− k

2
)∥ f ∥W k+1,p (Rd+,wγ+(k+1)p ;X ),

(5.5.7)

using Hardy’s inequality (Corollary 5.3.2) once more in the last estimate. Ifγ ∈ (p−1,2p−1),
then the induction hypothesis and Hardy’s inequality yield∑

1≤|δ|≤2
∥∂δu∥W k,p (Rd+,wγ+kp ;X ) ≤C

(
1+|λ|− 1

2
)
gk,γ(λ)∥ f ∥W k,p (Rd+,wγ+kp ;X )

≤C
(
1+|λ|− k+1

2
)∥ f ∥W k+1,p (Rd+,wγ+(k+1)p ;X ).

(5.5.8)

From the above estimates, the definition of vα and the fact that |α| ≤ k +1 was arbitrary,
we further estimate (5.5.6) as∑
|β|≤2

∑
|α|≤k+1

|λ|1− |β|
2 ∥∂βM k+1∂αu∥Lp (Rd+,wγ;X ) ≤C gk+1,γ(λ)∥ f ∥W k+1,p (Rd+,wγ+(k+1)p ;X ). (5.5.9)

From (5.5.9) we obtain∑
|β|≤2

|λ|1− |β|
2 ∥∂βu∥W k+1,p (Rd+,wγ+(k+1)p ;X )

≤ ∑
|β|≤2

∑
|α|≤k+1

|λ|1− |β|
2

(
∥∂βM k+1∂αu∥Lp (Rd+,wγ;X ) +∥[M k+1,∂|β|1 ]∂αu∥Lp (Rd+,wγ;X )

)
≤C gk+1,γ(λ)∥ f ∥W k+1,p (Rd+,wγ+(k+1)p ;X ) +C

∑
j∈{1,2}

∑
j−1≤|δ|≤ j

|λ|1− j
2 ∥∂δu∥W k,p (Rd+,wγ+kp ;X ),
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where in the last step we also used Hardy’s inequality and

[M k+1,∂1]∂αu =−(k +1)M k∂αu,

[M k+1,∂2
1]∂αu =−k(k +1)M k−1∂αu −2(k +1)M k∂1∂

αu.

To estimate the last sums, consider the cases γ ∈ (−1, p−1) and γ ∈ (p−1,2p−1) separately.
Then arguing similar as in (5.5.7) and (5.5.8), respectively, gives∑

j∈{1,2}

∑
j−1≤|δ|≤ j

|λ|1− j
2 ∥∂δu∥W k,p (Rd+,wγ+kp ;X ) ≤C gk+1,γ(λ)∥ f ∥W k+1,p (Rd+,wγ+(k+1)p ;X ). (5.5.10)

This proves the required estimate for f ∈C∞
c (Rd+; X ).

To conclude, let f ∈W k+1,p (Rd+, wγ+(k+1)p ; X ). Then by Lemma 5.3.3 there exists a se-

quence ( fn)n≥1 ⊆C∞
c (Rd+; X ) such that

fn → f in W k+1,p (Rd
+, wγ+(k+1)p ; X ) as n →∞.

Every fn defines a un ∈W k+3,p
Dir (Rd+, wγ+(k+1)p ; X ) such that λun −∆Dirun = fn and

∥un −um∥
W

k+3,p
Dir (Rd+,wγ+(k+1)p ;X )

≲ ∥ fn − fm∥W k+1,p (Rd+,wγ+(k+1)p ;X ) → 0 as m,n →∞.

Completeness of W k+3,p
Dir (Rd+, wγ+(k+1)p ; X ) implies that un converges to some

u ∈W k+3,p
Dir (Rd

+, wγ+(k+1)p ; X ).

Moreover,

∥(λ−∆Dir)(un −u)∥W k+1,p (Rd+,wγ+(k+1)p ;X ) ≲ ∥un −u∥
W

k+3,p
Dir (Rd+,wγ+(k+1)p ;X )

→ 0,

as n →∞. Therefore, (λ−∆Dir)u = limn→∞(λ−∆Dir)un = limn→∞ fn = f . Thus, for any

f ∈ W k+1,p (Rd+, wγ+(k+1)p ; X ) there exists a u ∈ W k+3,p
Dir (Rd+, wγ+(k+1)p ; X ) solving λu −

∆Diru = f and the required estimate holds. This finishes the proof.

5.5.2. Elliptic regularity for the Neumann Laplacian
We continue with elliptic regularity for the Laplace operator with Neumann boundary
conditions. Analogous to Lemma 5.5.3 the Neumann resolvent equation can easily be

solved if the right hand side f is in C∞
c,1(Rd+; X ), i.e., ∂α f ∈ C∞

c (Rd+; X ) for α = (α1, α̃) ∈
N1 ×Nd−1

0 , see (5.3.3).

Lemma 5.5.5. Let X be a UMD Banach space. Then for all f ∈C∞
c,1(Rd+; X ) and λ ∈Σπ−ω

with ω ∈ (0,π) there exists a unique u ∈S (Rd+; X ) such that

λu −∆u = f , (∂1u)(0, ·) = 0.

Proof. This follows similarly as in Lemma 5.5.3 using an even extension from Rd+ to
Rd instead of an odd extension. Note that this extension satisfies feven ∈ C∞

c (Rd ; X ) ⊆
S (Rd ; X ).
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The following proposition contains the key result for proving the sectoriality of the
Neumann Laplacian. A version of the proposition below with improved growth gk+1,γ on
the right hand side of the estimate will be stated in Section 5.6.2.

Proposition 5.5.6. Let p ∈ (1,∞), k ∈N0∪{−1},γ ∈ (−1,2p−1)\{p−1} such thatγ+kp >−1,
ω ∈ (0,π) and let X be a UMD Banach space. Let ∆Neu on W k+1,p (Rd+, wγ+kp ; X ) be as in

Definition 5.4.1. Then for all f ∈W k+1,p (Rd+, wγ+kp ; X ) and λ ∈Σπ−ω, there exists a unique

u ∈W k+3,p
Neu (Rd+, wγ+kp ; X ) such that λu −∆Neuu = f . Moreover, this solution satisfies

∑
|β|≤2

|λ|1− |β|
2 ∥∂βu∥W k+1,p (Rd+,wγ+kp ;X ) ≤C gk+1,γ(λ)∥ f ∥W k+1,p (Rd+,wγ+kp ;X ),

where (cf. (5.5.3))

gk+1,γ(λ) =
{

1+|λ|− k
2 if γ ∈ (−1, p −1)

1+|λ|− k+1
2 if γ ∈ (p −1,2p −1)

,

and the constant C only depends on p,k,γ,ω,d and X .

Proof. Throughout the proof, C denotes a constant only depending on p,k,γ,ω,d and X ,
which may change from line to line. The proof proceeds in two steps. We first prove the
case γ ∈ (p −1,2p −1) and k ≥−1 with induction similar to the proof of Proposition 5.5.4.
Secondly, we prove the case γ ∈ (−1, p −1) and k ≥ 0 using the previous step.

Step 1: the case γ ∈ (p −1,2p −1) and k ≥ −1. Let γ ∈ (p −1,2p −1). The case k = −1
is stated in Corollary 5.4.8. Assume that the statement of the proposition holds for all
γ ∈ (p −1,2p −1) and a fixed k ∈N0 ∪ {−1}. We prove the statement of the proposition for
k +1.

First of all, note that uniqueness of u ∈W k+4,p
Neu (Rd+, wγ+(k+1)p ; X ) follows from Corollary

5.4.8 and Hardy’s inequality (Corollary 5.3.2). Take f ∈C∞
c (Rd+; X ) and let u ∈S (Rd+; X ) be

the unique solution to
λu −∆Neuu = f , (∂1u)(0, ·) = 0, (5.5.11)

see Lemma 5.5.5. For |α| ≤ k +2 define vα = M k+2∂αu. Then vα satisfies the Dirichlet
boundary condition vα(0, ·) = 0 and the equation

λvα−∆Dirvα = M k+2∂α f − (k +1)(k +2)M k∂αu −2(k +2)M k+1∂1∂
αu.

Applying Corollary 5.4.7 with γ−p ∈ (−1, p −1) yields the estimate (5.5.6) with k and γ
replaced by k +1 and γ−p, respectively. The rest of the argument is analogous to the
Dirichlet case, see (5.5.8)-(5.5.10). For f ∈C∞

c (Rd+; X ) we obtain the estimate

∑
|β|≤2

|λ|1− |β|
2 ∥∂βu∥W k+2,p (Rd+,wγ+(k+1)p ;X ) ≤C

(
1+|λ|− k+2

2
)∥ f ∥W k+2,p (Rd+,wγ+(k+1)p ;X ).

By a density argument similar to the one in the proof of Proposition 5.5.4 the induc-
tion is finished. This proves the statement of the proposition for k ∈ N0 ∪ {−1} and
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γ ∈ (p −1,2p −1).

Step 2: the case γ ∈ (−1, p −1) and k ≥ 0. Let γ ∈ (−1, p −1) and note that for k = 0 the
result is already contained in Theorem 5.4.6. Therefore, we let k ∈N1 from now on. Then

uniqueness of u ∈W k+3,p
Neu (Rd+, wγ+kp ; X ) follows from the uniqueness in W 3,p

Neu(Rd+, wγ; X )
(case k = 0) and Hardy’s inequality.

To continue, take f ∈ C∞
c,1(Rd+; X ). Lemma 5.5.5 implies that the resolvent equation

(5.5.11) has a unique solution u ∈S (Rd+; X ). Let j ∈ {1, . . . ,d} and define v j = ∂ j u. If j = 1,
then v1 satisfies

λv1 −∆Dirv1 = ∂1 f , v1(0, ·) = 0.

If j ∈ {2, . . . ,d}, then v j satisfies

λv j −∆Neuv j = ∂ j f , (∂1v j )(0, ·) = 0.

Applying Step 1 for k −1 and γ+ p ∈ (p −1,2p −1) to estimate v j for j ∈ {2, . . . ,d} and
Proposition 5.5.4 to estimate v1, yields

∑
|β|≤2

|λ|1− |β|
2 ∥∂βu∥W k+1,p (Rd+,wγ+kp ;X )

= ∑
|β|≤2

|λ|1− |β|
2

(∥∂βu∥W k,p (Rd+,wγ+kp ;X ) +
d∑

j=1
∥∂βv j ∥W k,p (Rd+,wγ+kp ;X )

)
≤C

(
1+|λ|− k

2
)(∥ f ∥W k,p (Rd+,wγ+kp ;X ) +

d∑
j=1

∥∂ j f ∥W k,p (Rd+,wγ+kp ;X )

)
≤C

(
1+|λ|− k

2
)∥ f ∥W k+1,p (Rd+,wγ+kp ;X ).

From Lemma 5.3.3 we have that C∞
c,1(Rd+; X ) is dense in W k+1,p (Rd+, wγ+kp ; X ). Therefore,

a similar density argument as in the proof of Proposition 5.5.4 yields that for any f ∈
W k+1,p (Rd+, wγ+kp ; X ) there exists a u ∈ W k+3,p

Neu (Rd+, wγ+kp ; X ) solving (5.5.11) and the
required estimate holds. This finishes the proof.

5.5.3. Sectoriality and the proof of Theorems 5.5.1 and 5.5.2
The sectoriality of the Dirichlet and Neumann Laplacian in Theorems 5.5.1 and 5.5.2 is
now an easy consequence of Propositions 5.5.4 and 5.5.6.

Proof of Theorems 5.5.1 and 5.5.2. Let γ ∈ (−1,2p −1) \ {p −1} and k ∈N0 ∪ {−1} be such
that γ+kp >−1. We first consider the Dirichlet Laplacian. Assume that γ+kp ∈ (−1,2p−1)
and λ ≥ 0, or, γ+kp > 2p −1 and λ > 0. We prove that λ−∆Dir on W k,p (Rd+, wγ+kp ; X )

with domain W k+2,p
Dir (Rd+, wγ+kp ; X ) is sectorial of angle zero. Note that this operator is

closed by the estimate in Proposition 5.5.4 (see Remark 2.3.2). The resolvent estimate for
λ−∆Dir now follows from Proposition 5.5.4 (corresponding to β= 0 below, the estimates
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for |β| ∈ {1,2} will be needed in Section 5.7). Indeed, we have

sup
z∈C\Σω

∑
|β|≤2

|z|1− |β|
2 ∥∂βR(z,λ−∆Dir) f ∥W k,p (Rd+,wγ+kp ;X )

= sup
z∈λ+Σπ−ω

∑
|β|≤2

|z −λ|1− |β|
2 ∥∂βR(z,∆Dir) f ∥W k,p (Rd+,wγ+kp ;X )

≤C sup
z∈λ+Σπ−ω

∑
|β|≤2

|z|1− |β|
2 ∥∂βR(z,∆Dir) f ∥W k,p (Rd+,wγ+kp ;X )

≤C sup
z∈λ+Σπ−ω

gk,γ(z)∥ f ∥W k,p (Rd+,wγ+kp ;X ) = C̃ gk,γ(λ)∥ f ∥W k,p (Rd+,wγ+kp ;X ),

(5.5.12)

using that for z −λ ∈Σπ−ω

|z −λ| ≤
{
|z| if ω ∈ [π2 ,π)
|z|

sinω if ω ∈ (0, π2 ]
.

Note that gk,γ(λ) = 1 if γ+kp < 2p −1, so that the constant in the sectoriality estimate is
independent of λ. Thus −∆Dir is also sectorial in this case.

Furthermore, by Proposition 5.5.4 the mapping

λ−∆Dir : W k+2,p
Dir (Rd

+, wγ+kp ; X ) →W k,p (Rd
+, wγ+kp ; X )

is surjective. The sectoriality now follows from Remark 2.3.2. This finishes the proof of
Theorem 5.5.1

The proof of Theorem 5.5.2 for the Neumann Laplacian on W k+1,p (Rd+, wγ+kp ; X ) is
similar to the Dirichlet case using Proposition 5.5.6.

5.6. The Dirichlet and Neumann heat semigroup
In this section, we study the growth of the Dirichlet and Neumann heat semigroup. Recall
that the odd and even extensions from Rd+ to Rd are defined as in (5.4.1). Let z ∈C+ and
recall from Section 5.1.1 that we defined the kernels

H d ,±
z (x, y) :=Gd

z (x1 − y1, x̃ − ỹ)±Gd
z (x1 + y1, x̃ − ỹ), x, y ∈Rd

+, (5.6.1)

where Gd
z is the standard heat kernel on Rd , see (5.1.1). The Dirichlet heat semigroup TDir

is defined for f ∈ Lp (Rd+, wγ; X ) with γ ∈ (−1,2p −1) \ {p −1} by

TDir(z) f (x) := H d ,−
z ∗ f (x) :=

∫
Rd+

H d ,−
z (x, y) f (y) dy =

∫
Rd

Gd
z (x − y) fodd(y) dy, (5.6.2)

and the Neumann heat semigroup TNeu is defined for f ∈W ℓ,p (Rd+, wγ; X ) withγ ∈ (−1, p−
1) and ℓ ∈ {0,1} by

TNeu(z) f (x) := H d ,+
z ∗ f (x) :=

∫
Rd+

H d ,+
z (x, y) f (y) dy =

∫
Rd

Gd
z (x − y) feven(y) dy. (5.6.3)

Note that the above definitions of the semigroups are well defined by Theorems 5.4.2 and
5.4.6.

We prove the following theorems concerning the heat semigroups.
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Theorem 5.6.1 (Dirichlet heat semigroup). Let p ∈ (1,∞), k ∈N0, γ ∈ (−1,2p −1) \ {p −1}
and let X be a UMD Banach space. Let ∆Dir on W k,p (Rd+, wγ+kp ; X ) be as in Definition

5.4.1. Then (TDir(z))z∈Σσ withσ ∈ (0, π2 ) is an analytic C0-semigroup on W k,p (Rd+, wγ+kp ; X )

which is generated by ∆Dir. Moreover, the heat semigroup TDir(t) on W k,p (Rd+, wγ+kp ; X )
satisfies the following growth properties:

(i) if γ+kp ∈ (−1,2p −1), then TDir(t ) is bounded,

(ii) if γ+kp > 2p −1, then TDir(t) has polynomial growth and for any ε > 0 there are
constants c,C > 0 only depending on p,k,γ,ε,d and X , such that

c
(
1+ t

γ+kp−2p+1
2p

)≤ ∥TDir(t )∥ ≤C
(
1+ t

γ+kp−2p+1+ε
2p

)
, t ≥ 0.

Theorem 5.6.2 (Neumann heat semigroup). Let p ∈ (1,∞), k ∈N0 ∪ {−1}, γ ∈ (−1,2p −1) \
{p −1} such that γ+kp >−1 and let X be a UMD Banach space. Let ∆Neu on W k+1,p (Rd+,
wγ+kp ; X ) be as in Definition 5.4.1. Then (TNeu(z))z∈Σσ with σ ∈ (0, π2 ) is an analytic C0-

semigroup on W k+1,p (Rd+, wγ+kp ; X ) which is generated by ∆Neu. Moreover, the heat semi-

group TNeu(t ) on W k+1,p (Rd+, wγ+kp ; X ) satisfies the following growth properties:

(i) if γ+kp ∈ (−1, p −1), then TNeu(t ) is bounded,

(ii) if γ+kp > p −1, then TNeu(t) has polynomial growth and for any ε > 0 there are
constants c,C > 0 only depending on p,k,γ,ε,d and X , such that

c
(
1+ t

γ+kp−p+1
2p

)≤ ∥TNeu(t )∥ ≤C
(
1+ t

γ+kp−p+1+ε
2p

)
, t ≥ 0.

From Theorems 5.5.1 and 5.5.2 together with [125, Theorem G.5.2], the statements
in Theorems 5.6.1(i) and 5.6.2(i) immediately follow. In Section 5.6.1 we prove that the
generators of the Dirichlet and Neumann heat semigroup are ∆Dir and ∆Neu, respectively.
Finally, in Section 5.6.2 we study the growth of the semigroups and prove Theorems
5.6.1(i) and 5.6.2(i).

5.6.1. Generators of the Dirichlet and Neumann heat semigroup
We start with some preliminaries about the consistency of the resolvents and the semig-
roups.

Let X0 and X1 be two compatible Banach spaces and suppose that B0 ∈ L (X0) and
B1 ∈L (X1). Then we call the operators B0 and B1 consistent if

B0u = B1u for all u ∈ X0 ∩X1.

For z ∈ Σ⊆ C the two families of operators B0(z) ∈ L (X0) and B1(z) ∈ L (X1) are called
consistent if B0(z) and B1(z) are consistent for all z ∈Σ.

From Theorems 5.4.2(ii) and 5.4.6(ii) we obtain an easy corollary on the consistency of
the semigroups.
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Corollary 5.6.3. Let j ∈ {0,1}. Let p j ∈ (1,∞), σ ∈ (0, π2 ) and let X be a UMD Banach space.
Let z ∈Σσ, then the following assertions hold.

(i) If γ j ∈ (−1,2p j −1)\{p j −1}, then ez∆Dir on Lp j (Rd+, wγ j ; X ) for j ∈ {0,1} are consistent.

(ii) If γ j ∈ (−1, p j −1) and ℓ j ∈ {0,1}, then ez∆Neu on W ℓ j ,p j (Rd+, wγ j ; X ) for j ∈ {0,1} are
consistent.

To prove Theorems 5.6.1 and 5.6.2 we need the semigroups to be consistent on the
weighted Sobolev spaces that we consider. To this end, we prove the consistency of the
resolvents. We start with the consistency of the resolvents for the Dirichlet Laplacian.

Lemma 5.6.4 (Consistency of Dirichlet resolvents). Let j ∈ {0,1}. Let p j ∈ (1,∞), k j ∈
N0, γ j ∈ (−1,2p j − 1) \ {p j − 1} and let X be a UMD Banach space. Let A j := ∆Dir on

W k j ,p j (Rd+, wγ j +k j p j ; X ) be as in Definition 5.4.1. Then the resolvents R(z, A j −λ) for j ∈
{0,1} are consistent for all λ≥ 0 and z ∈Σπ−ω with ω ∈ (0,π).

Proof. First, let k0 = k1 = 0 and λ= 0, then by [19, Proposition 2.4] and Corollaries 5.4.7
and 5.6.3, we have that the resolvents are consistent. If λ > 0, then consistency of the
resolvents for λ= 0 implies

R(z, A0 −λ) = R(z +λ,∆Dir) = R(z, A1 −λ), (5.6.4)

since z +λ ∈λ+Σπ−ω ⊆Σπ−ω. This proves the case k0 = k1 = 0.
To prove the general case it now suffices to prove that for fixed j ∈ {0,1} the resolvents

on W k j ,p j (Rd+, wγ j +k j p j ; X ) and Lp j (Rd+, wγ j ; X ) are consistent. By Proposition 5.5.4 the
resolvent equation

(z +λ)u −∆Diru = f , z ∈Σπ−ω, f ∈ Lp j (Rd
+, wγ j ; X )∩W k j ,p j (Rd

+, wγ j +k j p j ; X )

has unique solutions u0 ∈W
2,p j

Dir (Rd+, wγ j ; X ) and u1 ∈W
k j +2,p j

Dir (Rd+, wγ j +k j p j ; X ). Now, by
Hardy’s inequality (Corollary 5.3.2) it follows that u0 = u1. This proves the lemma.

Moreover, we have a similar lemma on the consistency of the Neumann resolvents.

Lemma 5.6.5 (Consistency of Neumann resolvents). Let j ∈ {0,1}. Let p j ∈ (1,∞), k j ∈
N0, ℓ j ∈ {0,1}, γ j ∈ (−1, p j − 1) and let X be a UMD Banach space. Let A j := ∆Neu on

W k j +ℓ j ,p j (Rd+, wγ j +k j p j ; X ) be as in Definition 5.4.1. Then the resolvents R(z, A j −λ) for
j ∈ {0,1} are consistent for all λ≥ 0 and z ∈Σπ−ω with ω ∈ (0,π).

Proof. By [19, Proposition 2.4] and Corollaries 5.4.8 and 5.6.3, the case k0 = k1 = 0 with
λ= 0 follows. Arguing as in (5.6.4) gives the result for λ> 0 as well.

To prove the general case, it now suffices to prove that for fixed j ∈ {0,1} the resolvents on
W k j +ℓ j ,p j (Rd+, wγ j +k j p j ; X ) and W ℓ j ,p j (Rd+, wγ j ; X ) are consistent. This follows similarly
as in the proof of Lemma 5.6.4 using Proposition 5.5.6 and Hardy’s inequality.

We can now prove that the Dirichlet and Neumann semigroup are generated by ∆Dir

and ∆Neu, as is stated in Theorems 5.6.1 and 5.6.2, respectively.
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Proof of Theorems 5.6.1 and 5.6.2: generator identification. Let p ∈ (1,∞), k ∈N0 and let
γ ∈ (−1,2p − 1) \ {p − 1}. We first prove that (TDir(z))z∈Σσ with σ ∈ (0, π2 ) is an analytic

C0-semigroup on W k,p (Rd+, wγ+kp ; X ) generated by ∆Dir. Let

A0 :=∆Dir on Lp (Rd
+, wγ; X ) and A1 :=∆Dir on W k,p (Rd

+, wγ+kp ; X )

be as in Definition 5.4.1. By Theorem 5.5.1 and [125, Theorem G.5.2] we have that A1 −λ
with λ> 0 generates the bounded analytic C0-semigroup (e−λz S(z))z∈Σσ and

e−λz S(z) f = 1

2πi

∫
Γ

ezs R(s +λ, A1) f ds, z ∈Σσ, f ∈W k,p (Rd
+, wγ+kp ; X ), (5.6.5)

where Γ is the upwards orientated boundary of Σσ′ \ B(0,r ) for some r > 0 and σ′ ∈
(π2 +|arg z|, π2 +σ).

We show that S(z) = TDir(z) on W k,p (Rd+, wγ+kp ; X ) for z ∈Σσ. By (5.6.5), Lemma 5.6.4

and Theorem 5.4.2(ii) we obtain for f ∈W k,p (Rd+, wγ+kp ; X )

e−λz S(z) f = 1

2πi

∫
Γ

ezs R(s +λ, A0) f ds = 1

2πi

∫
Γ

e(s−λ)z R(s, A0) f ds = e−λz TDir(z) f .

Therefore, S(z) = TDir(z) and thus TDir(z) is the analytic C0-semigroup generated by A1.
This completes the Dirichlet case from Theorem 5.6.1.

We continue with the Neumann Laplacian. If γ ∈ (−1, p −1) and k ∈N0, then define

A0 :=∆Neu on W 1,p (Rd
+, wγ; X ) and A1 :=∆Neu on W k+1,p (Rd

+, wγ+kp ; X ).

If γ ∈ (p −1,2p −1) and k ∈N0 ∪ {−1}, then define

A0 :=∆Neu on Lp (Rd
+, wγ−p ; X ) and A1 :=∆Neu on W k+1,p (Rd

+, wγ+kp ; X ).

For both cases, we can proceed similarly as for the Dirichlet Laplacian using Theorem
5.5.2, Lemma 5.6.5 and Theorem 5.4.6(ii). This proves that (TNeu(z))z∈Σσ with σ ∈ (0, π2 ) is

an analytic C0-semigroup on W k+1,p (Rd+, wγ+kp ; X ) which is generated by ∆Neu, as stated
in Theorem 5.6.2.

5.6.2. Growth of the Dirichlet and Neumann semigroups
We proceed with investigating the growth of the Dirichlet and Neumann heat semigroup
on weighted Sobolev spaces and we prove Theorems 5.6.1(ii) and 5.6.2(ii).

Before turning to the growth of the semigroups, we first reconsider the elliptic regularity
estimates from Propositions 5.5.4 and 5.5.6. In particular, using complex interpolation we
can improve these estimates with a sharper function gk,γ(λ) on the right-hand side of the
estimates. This will allow us to find sharper growth rates for the semigroups later on.

Let p ∈ (1,∞), k ∈N0, γ ∈ (−1,2p −1) and let ε> 0. Then we define

hk,γ,ε(λ) :=
{

1 if γ+kp ∈ (−1,2p −1)

1+|λ|−
γ+kp−2p+1+ε

2p if γ+kp > 2p −1
. (5.6.6)

For the Dirichlet Laplacian, we obtain the following improved elliptic regularity result.
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Proposition 5.6.6 (Elliptic regularity for the Dirichlet Laplacian). Let p ∈ (1,∞), k ∈N0,
γ ∈ (−1,2p −1) \ {p −1}, ε > 0, ω ∈ (0,π) and let X be a UMD Banach space. Let ∆Dir on
W k,p (Rd+, wγ+kp ; X ) be as in Definition 5.4.1. Then for all f ∈W k,p (Rd+, wγ+kp ; X ) and λ ∈
Σπ−ω, there exists a unique u ∈W k+2,p

Dir (Rd+, wγ+kp ; X ) such that λu −∆Diru = f . Moreover,
this solution satisfies

∑
|β|≤2

|λ|1− |β|
2 ∥∂βu∥W k,p (Rd+,wγ+kp ;X ) ≤C hk,γ,ε(λ)∥ f ∥W k,p (Rd+,wγ+kp ;X ),

where hk,γ,ε is defined in (5.6.6) and the constant C only depends on p,k,γ,ε,ω,d and X .

Proof. By Proposition 5.5.4 we only have to prove the estimate for k ∈N1. First, let γ ∈
(p −1,2p −1) and without loss of generality we may assume ε ∈ (0,2p −1−γ). Define
γ0 = p−1−ε ∈ (−1, p−1) and γ1 = 2p−1−ε ∈ (p−1,2p−1). Then γ= (1−θ)γ0+θγ1 with
θ = (γ−p+1+ε)/p. Then Proposition 5.3.8 twice, properties of the complex interpolation
method, Lemma 5.6.4 and the estimate in Proposition 5.5.4, yield

∑
|β|≤2

|λ|1− |β|
2 ∥∂βu∥W k,p (Rd+,wγ+kp ;X )

≤C
∑

|β|≤2
|λ|1− |β|

2 ∥∂βu∥[W k,p (Rd+,wγ0+kp ;X ),W k,p (Rd+,wγ1+kp ;X )]θ

≤C (gk,γ0 (λ))1−θ(gk,γ1 (λ))θ∥ f ∥[W k,p (Rd+,wγ0+kp ;X ),W k,p (Rd+,wγ1+kp ;X )]θ

≤C
(
1+|λ|− k−1

2
)1−θ(1+|λ|− k

2
)θ∥ f ∥W k,p (Rd+,wγ+kp ;X )

≤C
(
1+|λ|−

γ+kp−2p+1+ε
2p

)∥ f ∥W k,p (Rd+,wγ+kp ;X ),

where we used that

−k −1

2
(1−θ)− k

2
θ =−1

2
(k −1+θ) =−γ+kp −2p +1+ε

2p
.

If γ ∈ (−1, p − 1), then by inspection of the inductive proof of Proposition 5.5.4, we
see that on W k,p (Rd+, wγ+kp ; X ) the function gk,γ on the right-hand side of the elliptic
regularity estimate (5.5.2) is determined by gk,γ(λ) = gk−1,γ+p (λ). Thus in a similar way,
we obtain for γ ∈ (−1, p −1) and k ≥ 2 the estimate

∑
|β|≤2

|λ|1− |β|
2 ∥∂βu∥W k,p (Rd+,wγ+kp ;X ) ≤C hk−1,γ+p,ε(λ)∥ f ∥W k,p (Rd+,wγ+kp ;X ),

and the result follows upon noting that hk−1,γ+p,ε(λ) = hk,γ,ε(λ).

In a similar way, there is the following improved elliptic regularity result for ∆Neu.

Proposition 5.6.7 (Elliptic regularity for the Neumann Laplacian). Let p ∈ (1,∞), k ∈
N0∪{−1} and γ ∈ (−1,2p−1)\{p−1} be such that γ+kp >−1. Moreover, let ε> 0,ω ∈ (0,π)
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and let X be a UMD Banach space. Let ∆Neu on W k+1,p (Rd+, wγ+kp ; X ) be as in Defin-

ition 5.4.1. Then for all f ∈ W k+1,p (Rd+, wγ+kp ; X ) and λ ∈ Σπ−ω, there exists a unique

u ∈W k+3,p
Neu (Rd+, wγ+kp ; X ) such that λu −∆Neuu = f . Moreover, this solution satisfies∑

|β|≤2
|λ|1− |β|

2 ∥∂βu∥W k+1,p (Rd+,wγ+kp ;X ) ≤C hk+1,γ,ε(λ)∥ f ∥W k+1,p (Rd+,wγ+kp ;X ),

where hk+1,γ,ε is defined in (5.6.6) and the constant C only depends on p,k,γ,ε,ω,d and
X .

Proof. The proof uses Proposition 5.5.6 and is analogous to the proof of Proposition
5.6.6.

With the elliptic regularity estimates from Propositions 5.6.6 and 5.6.7 at hand, we can
establish (almost) optimal growth bounds for the Dirichlet and Neumann heat semigroup.

Proof of Theorems 5.6.1(ii) and 5.6.2(ii). We start with the Dirichlet case, i.e., we prove
that for γ+kp > 2p −1, the semigroup TDir(t ) on W k,p (Rd+, wγ+kp ; X ) grows polynomially
and there are constants c,C > 0 only depending on p,k,γ,ε,d and X , such that

c
(
1+ t

γ+kp−2p+1
2p

)≤ ∥TDir(t )∥ ≤C
(
1+ t

γ+kp−2p+1+ε
2p

)
, t ≥ 0, ε> 0. (5.6.7)

By Proposition 5.6.6, Lemma 2.3.3 and the fact that ∆Dir generates TDir, it follows that
TDir(t ) grows at most polynomially and the upper bound in (5.6.7) holds.

It remains to show that TDir(t ) grows at least polynomially. We provide an example of a

function h ∈W k,p (Rd+, wγ+kp ; X ) such that ∥TDir(t )h∥Lp (Rd+,wγ+kp ;X ) ≥ cp,k,γt
γ+kp−2p+1

2p .

We first construct a ζ ∈W k,p (R+, wγ+kp ) such that ∥TDir(t )ζ∥Lp (R+,wγ+kp ) ≥ cp,k,γt
γ+kp−2p+1

2p .
Define a cut-off function by

ζ ∈C∞(R+) such that 0 ≤ ζ≤ 1 and ζ(x) =
{

1 if x ≤ 1
2

0 if x ≥ 3
4

. (5.6.8)

Note that ζ ∈W k,p (R+, wγ+kp ). Let t ≥ 1 and using that 1−e−a ≥ 1
2 min{a,1} for a ≥ 0, we

obtain

∥TDir(t )ζ∥p
Lp (R+,wγ+kp ) ≥

∫ ∞

0
xγ+kp

∣∣∣∫ 1
2

0

1p
4πt

e−
|x−y |2

4t

(
1−e−

x y
t

)
dy

∣∣∣p
dx

≥
∫ p

t

0
xγ+kp

∣∣∣∫ 1
2

0

1

2

1p
4πt

e−
|x−y |2

4t min
{
1,

x y

t

}
dy

∣∣∣p
dx

t≥1≥ (4
p
π)−p t−

3p
2

∫ p
t

0
xγ+(k+1)p

∣∣∣∫ 1
2

0
e−

|x−y |2
4t y dy

∣∣∣p
dx

x 7→p
t x= (4

p
π)−p t

γ+kp−2p+1
2

∫ 1

0
xγ+(k+1)p

∣∣∣∫ 1
2

0
e−

|x− yp
t
|2

4 y dy
∣∣∣p

dx

≥ (4
p
π)−p t

γ+kp−2p+1
2

∫ 1

0
xγ+(k+1)p

∣∣∣∫ 1
2

0
e−

1
4 y dy

∣∣∣p
dx

= cp,k,γ t
γ+kp−2p+1

2 .
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Now, take 0 ̸= g ∈S (Rd−1) and set g t (x̃) := t−
d−1
2p g (t−

1
2 x̃) for t > 0 and x̃ ∈Rd−1. Fix x0 ∈ X

with ∥x0∥ = 1. Then ht := ζ⊗ g t x0 satisfies supt≥1 ∥ht∥W k,p (Rd+,wγ+kp ;X ) < ∞. Using the

properties of the heat semigroup and the one-dimensional lower bound, we obtain for
t ≥ 1 that

∥T d
Dir(t )ht∥Lp (Rd+,wγ+kp ;X ) = ∥T 1

Dir(t )ζ∥Lp (R+,wγ+kp )∥T d−1(t )g t x0∥Lp (Rd−1;X )

= ∥T 1
Dir(t )ζ∥Lp (R+,wγ+kp )∥T d−1(1)g x0∥Lp (Rd−1;X )

≳ cp,k,γ t
γ+kp−2p+1

2p ,

where T d
Dir is the Dirichlet heat semigroup on Rd+ and T d−1 is the heat semigroup on Rd−1.

Therefore, if γ+kp > 2p −1, then the semigroup TDir(t ) on W k,p (Rd+, wγ+kp ; X ) grows
at least polynomially and ∥TDir(t )∥ ≥ 1 for all t ≥ 0. This implies the lower bound in (5.6.7)
and finishes the proof of Theorem 5.6.1(ii).

It remains to prove Theorem 5.6.2(ii), i.e., for γ+kp > p −1 the semigroup TNeu(t ) on
W k+1,p (Rd+, wγ+kp ; X ) grows polynomially and there are constants c,C > 0 only depending
on p,k,γ,ε,d and X , such that

c
(
1+ t

γ+kp−p+1
2p

)≤ ∥TNeu(t )∥ ≤C
(
1+ t

γ+kp−p+1+ε
2p

)
, t ≥ 0, ε> 0. (5.6.9)

The upper bound in (5.6.9) follows from Proposition 5.6.7, Lemma 2.3.3 and the fact
that ∆Neu generates TNeu. The lower estimate follows from the same example as in the
Dirichlet case above. Indeed, we obtain for t ≥ 1

∥TNeu(t )ζ∥p
Lp (R+,wγ+kp ) ≥ (4

p
π)−p t−

p
2

∫ p
t

0
xγ+kp

∣∣∣∫ 1
2

0
e−

|x−y |2
4t dy

∣∣∣p
dx

x 7→p
t x= cp,k,γt

γ+kp−p+1
2

∫ 1

0
xγ+kp

∣∣∣∫ 1
2

0
e−

|x− yp
t
|2

4 dy
∣∣∣p

dx

≥ c̃p,k,γ t
γ+kp−p+1

2 .

This finishes the proof of Theorem 5.6.2(ii).

Remark 5.6.8. By inspection of the above proof, it follows that the example for the poly-
nomial growth fails if the weight wγ+kp is replaced by a weight that behaves as wγ+kp

near zero but becomes constant as x1 → ∞. Using such a weight we expect that the
corresponding heat semigroup is actually bounded. Similarly, on bounded domains the
semigroup will be bounded as well.

We end this section with an example that shows that the range for γ in Theorems 5.1.1
and 5.1.2 is optimal in the sense that the theorems fail for γ≥ 2p −1. To this end, recall
that ∫ 1

2

0
yα| log(y)|β dy <∞ (5.6.10)

if and only if α>−1 and β ∈R, or, α=−1 and β<−1.
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Example 5.6.9. Let p ∈ (1,∞),k ∈N0 and γ≥ 2p −1. We provide an example of a function
h ∈ W k,p (Rd+, wγ+kp ; X ) such that TDir(t)h ∉ W k,p (Rd+, wγ+kp ; X ) for all t > 0. By setting

h = f ⊗g with g ∈S (Rd−1; X ) if d ≥ 2, it suffices to find an f ∈W k,p (R+, wγ+kp ) such that

TDir(t ) f ∉W k,p (R+, wγ+kp ).
Let ζ be as in (5.6.8) and define

f (x) := x−2| log(x)|−
p+1
2p ζ(x), x ∈R+.

A straightforward computation shows that for j ∈ {0, . . . ,k} we have f ( j ) ∈ Lp (R+, wγ+kp )

and thus f ∈W k,p (R+, wγ+kp ). Note that the heat kernel satisfies H 1,−
t ≥ 0, so that for t > 0

and x ∈ (0, 1
2 ) we obtain

TDir(t ) f (x) ≥ 1p
4πt

∫ 1
2

0
e−

|x−y |2
4t

(
1−e−

x y
t

)
y−2| log(y)|−

p+1
2p dy

≥ 1p
4πt

ct ,x

∫ 1
2

0
y−1| log(y)|−

p+1
2p dy

(5.6.10)= ∞,

where

ct ,x := inf
y∈(0, 1

2 )
y−1e−

|x−y |2
4t

(
1−e−

x y
t

)
> 0, for x ∈ (

0, 1
2

)
and t > 0.

Therefore, TDir(t ) f (x) =∞ on (0, 1
2 ) and in particular TDir(t ) f ∉W k,p (R+, wγ+kp ).

Analogously, for the Neumann Laplacian the example f (x) := x−1| log(x)|−
p+1
2p ζ(x) shows

that the range for γ in Theorem 5.1.2 is optimal.

5.7. The H∞-calculus for the Dirichlet and Neumann
Laplacian

In this section, we prove the following theorems concerning the H∞-calculus.

Theorem 5.7.1 (H∞-calculus for λ−∆Dir). Let p ∈ (1,∞), k ∈N0, γ ∈ (−1,2p −1) \ {p −1}
and let X be a UMD Banach space. Let ∆Dir on W k,p (Rd+, wγ+kp ; X ) be as in Definition
5.4.1. Assume that either

(i) γ+kp ∈ (−1,2p −1) and λ≥ 0, or,

(ii) γ+kp > 2p −1 and λ> 0.

Then λ−∆Dir has a bounded H∞-calculus of angle ωH∞ (λ−∆Dir) = 0.

Theorem 5.7.2 (H∞-calculus for λ−∆Neu). Let p ∈ (1,∞), k ∈ N0 ∪ {−1}, γ ∈ (−1,2p −
1) \ {p −1} and let X be a UMD Banach space. Let ∆Neu on W k+1,p (Rd+, wγ+kp ; X ) be as in
Definition 5.4.1. Assume that either

(i) γ+kp ∈ (−1, p −1) and λ≥ 0, or,

(ii) γ+kp > p −1 and λ> 0.

Then λ−∆Neu has a bounded H∞-calculus of angle ωH∞ (λ−∆Neu) = 0.

In Sections 5.7.1 and 5.7.2 below we prove some preliminary estimates on the Dirichlet
and Neumann resolvent, respectively. In Section 5.7.3 we prove Theorems 5.7.1 and 5.7.2.
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5.7.1. Preliminary estimates for the Dirichlet resolvent
We start with a preliminary lemma on commutators of the Dirichlet resolvent and derivat-
ives.

Lemma 5.7.3. Let p ∈ (1,∞), k ∈N0, γ ∈ (−1,2p −1) \ {p −1} and let X be a Banach space.
Let ∆Dir on W k,p (Rd+, wγ+kp ; X ) be as in Definition 5.4.1. Then for all u ∈C∞

c (Rd+; X ) and
z ∈ ρ(∆Dir) we have

(i) [∂n
j ,R(z,∆Dir)]u = 0, n ∈N1, j ∈ {2, . . . ,d},

(ii) [∂2
1,R(z,∆Dir)]u = 0,

(iii) [M∂ℓ1 ,R(z,∆Dir)]u =−2R(z,∆Dir)∂ℓ+1
1 R(z,∆Dir)u, ℓ ∈ {0,1}.

It should be noted that R(z,∆Dir) and ∂1 do not commute since ∂1R(z,∆Dir)u does not
satisfy the Dirichlet boundary condition. This causes various complications in the proof
of Theorem 5.7.1.

Proof. Let j ∈ {2, . . . ,d}, then using that ∆Dir and ∂ j commute gives

(z −∆Dir)[∂ j ,R(z,∆Dir)]u = (z −∆Dir)∂ j R(z,∆Dir)u −∂ j u

= ∂ j (z −∆Dir)R(z,∆Dir)u −∂ j u = 0,

since ∂ j R(z,∆Dir)u ∈ D(∆Dir) by Lemma 5.5.3. This proves (i) for n = 1 and the general

case follows by iteration. Note that ∂2
1 =∆Dir −∑d

j=2∂
2
j , so (ii) follows from (i) and the fact

that R(z,∆Dir) and ∆Dir commute.
Finally, using (5.5.1) and M∂ℓ1R(z,∆Dir)u ∈ D(∆Dir), we compute

(z −∆Dir)[M∂ℓ1 ,R(z,∆Dir)]u

= zM∂ℓ1R(z,∆Dir)u −∆DirM∂ℓ1R(z,∆Dir)u −M∂ℓ1u

= zM∂ℓ1R(z,∆Dir)u −M∆∂ℓ1R(z,∆Dir)u −2∂ℓ+1
1 R(z,∆Dir)u −M∂ℓ1u

= M∂ℓ1(z −∆Dir)R(z,∆Dir)u −2∂ℓ+1
1 R(z,∆Dir)u −M∂ℓ1u

=−2∂ℓ+1
1 R(z,∆Dir)u,

which proves (iii).

In the following two lemmas, we prove estimates for the commutators in Lemma
5.7.3(iii), which are required in the proof of Theorem 5.7.1. We start with an estimate for
the commutator in Lemma 5.7.3(iii) with ℓ= 0.

Lemma 5.7.4. Let p ∈ (1,∞), k ∈N0, γ ∈ (−1,2p −1) \ {p −1}, λ> 0 and let X be a UMD
Banach space. Let ∆Dir on W k,p (Rd+, wγ+kp ; X ) be as in Definition 5.4.1. Let 0 < ν<ω<π
and let Γν be the downwards orientated boundary of Σν \ B(0, λ2 ). Then there exists a C > 0
such that ∥∥∥∫

Γν

f (z)R(z,λ−∆Dir)∂1R(z,λ−∆Dir)u dz
∥∥∥

W k,p (Rd+,wγ+kp ;X )

≤C∥ f ∥H∞(Σω)∥u∥W k,p (Rd+,wγ+kp ;X ),
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for all f ∈ H 1(Σω)∩H∞(Σω) and u ∈ W k,p (Rd+, wγ+kp ; X ). Moreover, the constant C only
depends on p,k,γ,λ,ω,ν,d and X .

Proof. From (5.5.12) in the proof of Theorem 5.5.1 we obtain for any σ ∈ (0,π)

sup
z∈C\Σσ

|z|∥R(z,λ−∆Dir)∥ <∞ and sup
z∈C\Σσ

|z| 1
2 ∥∂1R(z,λ−∆Dir)∥ <∞.

Therefore,∥∥∥∫
Γν

f (z)R(z,λ−∆Dir)∂1R(z,λ−∆Dir)u dz
∥∥∥

W k,p (Rd+,wγ+kp ;X )

≤ ∥ f ∥H∞(Σω)

∫
Γν

∥zR(z,λ−∆Dir)∥∥z
1
2 ∂1R(z,λ−∆Dir)∥∥u∥W k,p (Rd+,wγ+kp ;X )

|dz|
|z| 3

2

≤C∥ f ∥H∞(Σω)∥u∥W k,p (Rd+,wγ+kp ;X ).

To continue, we prove an estimate for the commutator in Lemma 5.7.3(iii) with ℓ= 1
under the additional assumption that λ−∆Dir has a bounded H∞-calculus.

Lemma 5.7.5. Let p ∈ (1,∞), k ∈N0, γ ∈ (−1,2p −1) \ {p −1}, λ> 0 and let X be a UMD
Banach space. Let ∆Dir on W k,p (Rd+, wγ+kp ; X ) be as in Definition 5.4.1. Let 0 < ν<ω<σ<
π and let Γν be the downwards orientated boundary of Σν \ B(0, λ2 ). Assume that λ−∆Dir

has a bounded H∞(Σω)-calculus on W k,p (Rd+, wγ+kp ; X ). Then there exists a C > 0 such
that∥∥∥∫

Γν

f (z)R2(z,λ−∆Dir)∂2
1u dz

∥∥∥
W k,p (Rd+,wγ+kp ;X )

≤C∥ f ∥H∞(Σσ)∥u∥W k,p (Rd+,wγ+kp ;X ),

for all f ∈ H 1(Σσ)∩H∞(Σσ) and u ∈ W k,p (Rd+, wγ+kp ; X ). Moreover, the constant C only
depends on p,k,γ,λ,ω,ν,σ,d and X . In addition, if k = 0, then the constant C can be taken
independent of λ.

Proof. Let g (z) = z f ′(z). We first claim that g ∈ H∞(Σω). Indeed, fix a σ′ ∈ (ω,σ), then by
Cauchy’s differentiation formula and the substitution s 7→ s|z|

sup
z∈Σω

|z f ′(z)| ≤ sup
z∈Σω

∣∣∣∫
∂Σσ′

z f (s)

(s − z)2 ds
∣∣∣

≤ ∥ f ∥H∞(Σσ) sup
z∈Σω

∫
∂Σσ′

∣∣∣ s

|z| −
z

|z|
∣∣∣−2|z|−1|ds|

≤ ∥ f ∥H∞(Σσ) sup
z∈Σω

∫
∂Σσ′

∣∣∣s − z

|z|
∣∣∣−2|ds|

≤Cω,σ∥ f ∥H∞(Σσ).

Secondly, we claim that for ADir :=λ−∆Dir and v ∈S (Rd+; X ) with v(0, ·) = 0, we have

1

2πi

∫
Γν

f (z)ADirR2(z, ADir)v dz = g (ADir)v,
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where g (ADir) is defined through the extended H∞-calculus, see [126, Section 15.1].
Define the regulariser

ζn(z) := n

n + z
− 1

1+nz
for z ∈Σω and n ∈N1,

and for ν′ ∈ (0,ν) define the downwards orientated contour Γν′ = ∂(Σν′ \ B(0, 3λ
4 )). Then

using the dominated convergence theorem, the functional calculus for ADirR2(z, ADir),
Fubini’s theorem and Cauchy’s differentiation formula, we obtain

1

2πi

∫
Γν

f (z)ADirR2(z, ADir)v dz = lim
n→∞

1

2πi

∫
Γν

ζn(z) f (z)ADirR2(z, ADir)v dz

= lim
n→∞

1

(2πi)2

∫
Γν

∫
Γν′

ζn(z) f (z)

(z − s)2 sR(s, ADir)v ds dz

= lim
n→∞

1

2πi

∫
Γν′

(ζn f )′(s)sR(s, ADir)v ds

= lim
n→∞

1

2πi

∫
Γν′
ζn(s) f ′(s)sR(s, ADir)v ds

+ lim
n→∞

1

2πi

∫
Γν′
ζ′n(s) f (s)sR(s, ADir)v ds

= g (ADir)v,

where in the last step we used for the first term [125, Theorem 10.2.13] and for the second
term we used that |sζ′n(s)| is uniformly bounded on Γν′ , the dominated convergence
theorem and ζ′n → 0 pointwise as n →∞. This proves the second claim.

Let u ∈C∞
c (Rd+; X ). Then by invertibility of ADir, introducing an additional ADir A−1

Dir and
using the claims, we obtain∥∥∥∫

Γν

f (z)R2(z, ADir)ADir A−1
Dir∂

2
1u dz

∥∥∥
W k,p (Rd+,wγ+kp ;X )

=
∥∥∥∫

Γν

f (z)ADirR2(z, ADir)A−1
Dir∂

2
1u dz

∥∥∥
W k,p (Rd+,wγ+kp ;X )

= 2π∥g (ADir)A−1
Dir∂

2
1u∥W k,p (Rd+,wγ+kp ;X )

≤C∥g∥H∞(Σω)∥A−1
Dir∂

2
1u∥W k,p (Rd+,wγ+kp ;X )

≤Cω,σ∥ f ∥H∞(Σσ)∥A−1
Dir∂

2
1u∥W k,p (Rd+,wγ+kp ;X ),

(5.7.1)

where in the penultimate step we used the H∞(Σω)-calculus of ADir. From Lemma 5.7.3(ii)
and Proposition 5.5.4 we find

∥A−1
Dir∂

2
1u∥W k,p (Rd+,wγ+kp ;X ) = ∥∂2

1R(λ,∆Dir)u∥W k,p (Rd+,wγ+kp ;X )

≤C gk,γ(λ)∥u∥W k,p (Rd+,wγ+kp ;X ),
(5.7.2)

where C is independent of λ and gk,γ is as in (5.5.3). By density (Lemma 5.3.3) the desired
estimate follows.
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Finally, assume that k = 0. Then we obtain (5.7.1) with a constant independent of λ.
Indeed, this follows from using the H∞-calculus on Lp (Rd+, wγ; X ), see Theorem 5.4.2 and
[126, Proposition 16.2.6]. Moreover, (5.7.2) also holds with a constant independent of λ
by (5.5.3). This finishes the proof.

5.7.2. Preliminary estimates for the Neumann resolvent
In this section, we provide some preliminary estimates required for the proof of the H∞-
calculus for the Neumann Laplacian. This proof will be given in the next section, relying
on the H∞-calculus for the Dirichlet Laplacian on W k,p (Rd+, wγ+kp ; X ) with k ∈N1 and
γ ∈ (−1,2p −1) \ {p −1}.

We start with a lemma on commutators for the Neumann Laplacian.

Lemma 5.7.6. Let p ∈ (1,∞), k ∈ N0 ∪ {−1}, γ ∈ (−1,2p − 1) \ {p − 1} and let X be a
Banach space. Let ∆Neu on W k+1,p (Rd+, wγ+kp ; X ) be as in Definition 5.4.1. Then for all

u ∈C∞
c,1(Rd+; X ) and z ∈ ρ(∆Neu), we have

(i) [∂n
j ,R(z,∆Neu)]u = 0, n ∈N1, j ∈ {2, . . . ,d},

(ii) [∂2
1,R(z,∆Neu)]u = 0,

In addition, let k ∈ N0, ∆Dir on W k,p (Rd+, wγ+kp ; X ). Then, for all u ∈ C∞
c,1(Rd+; X ) and

z ∈ ρ(∆Neu)∩ρ(∆Dir), we have

(iii) ∂1R(z,∆Neu)u = R(z,∆Dir)∂1u.

Proof. The statements (i) and (ii) follow similarly as in Lemma 5.7.3 using Lemma 5.5.5.
For (iii), set ũ := R(z,∆Neu)u, then ũ ∈S (Rd+; X ) with (∂1ũ)(0, ·) = 0 and zũ −∆Neuũ = u

by Lemma 5.5.5. Moreover, it holds that (z −∆Dir)∂1ũ = ∂1(z −∆Neu)ũ = ∂1u and applying
the Dirichlet resolvent gives the result.

We continue with an estimate for the commutator of M and the Neumann resolvent.

Lemma 5.7.7. Let p ∈ (1,∞), k ∈N0 ∪ {−1}, γ ∈ (p −1,2p −1), λ> 0 and let X be a UMD
Banach space. Let ∆Neu on W k+1,p (Rd+, wγ+kp ; X ) and ∆Dir on W k+1,p (Rd+, wγ+kp ; X ) be as

in Definition 5.4.1. Then, for all u ∈C∞
c (Rd+; X ) and z ∈ ρ(∆Neu)∩ρ(∆Dir), we have

MR(z,∆Neu)u = R(z,∆Dir)Mu −2R(z,∆Dir)∂1R(z,∆Neu)u.

Moreover, there exists a C > 0 such that

∥M f (λ−∆Neu)u∥W k+1,p (Rd+,wγ+kp ;X ) ≤ ∥ f (λ−∆Dir)Mu∥W k+1,p (Rd+,wγ+kp ;X )

+C∥ f ∥H∞(Σω)∥u∥W k+1,p (Rd+,wγ+kp ;X ),

for all f ∈ H 1(Σω)∩ H∞(Σω) with ω ∈ (0,π). Moreover, the constant C only depends on
p,k,γ,λ,ω,ν,d and X .
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Proof. Note that R(z,∆Dir)Mu ∈ D(∆Dir) by Lemma 5.5.3 and MR(z,∆Neu)u ∈ D(∆Dir) by
Lemma 5.5.5. Therefore, arguing as in Lemma 5.7.3(iii), we obtain

(z −∆Dir)
[
MR(z,∆Neu)u −R(z,∆Dir)Mu

]=−2∂1R(z,∆Neu)u.

To prove the estimate, let 0 < ν<ω<π and Γν be the downwards orientated boundary of
Σν \ B(0, λ2 ). Then

∥M f (λ−∆Neu)u∥W k+1,p (Rd+,wγ+kp ;X )

≤ ∥ f (λ−∆Dir)Mu∥W k+1,p (Rd+,wγ+kp ;X )

+2
∥∥∥∫

Γν

f (z)R(z,λ−∆Dir)∂1R(z,λ−∆Neu)u dz
∥∥∥

W k+1,p (Rd+,wγ−p+(k+1)p ;X )

and the latter term can be estimated similarly as in the proof of Lemma 5.7.4 using
Theorem 5.5.1 with k +1 and γ−p ∈ (−1, p −1), and Theorem 5.5.2.

5.7.3. Proofs of Theorems 5.7.1 and 5.7.2
Before turning to the proof of Theorem 5.7.1, we prove an estimate for the derivatives in
directions 2, . . . ,d of the functional calculus on the spaces W k,p (Rd+, wγ+kp ; X ). For this
we will use a perturbation argument in the parameter γ inspired by [190, Proposition 5.3].

Lemma 5.7.8. Let p ∈ (1,∞), k ∈ N0 and let X be a UMD Banach space. Let λ > 0 and
consider either of the following cases:

(i) γ ∈ (−1, p −1) and A :=λ−∆Dir, or,

(ii) γ ∈ (p −1,2p −1) and A :=λ−∆Dir, or,

(iii) γ ∈ (−1, p −1) and A :=λ−∆Neu,

where ∆Dir and ∆Neu on W k,p (Rd+, wγ+kp ; X ) are as in Definition 5.4.1. Let ω ∈ (0, π2 ) and

α= (0, α̃) ∈N0 ×Nd−1
0 with |α| = k. Then for all f ∈ H 1(Σω)∩H∞(Σω) and u ∈C∞

c (Rd+; X )
we have

∥∂α̃ f (A)u∥Lp (Rd+,wγ+kp ;X ) ≤C∥ f ∥H∞(Σω)∥u∥W k,p (Rd+,wγ+kp ;X ),

where the constant C only depends on p,k,γ,ω,α,d and X .

Proof. Throughout the proof, C denotes a constant only depending on p,k,γ,ω,α,d and
X , which may change from line to line. We proceed by induction on k ≥ 0. The case k = 0
follows from Theorems 5.4.2 and 5.4.6. Let k ∈N1 be fixed. Assume that the statement of
the lemma holds with k replaced by ℓ for all ℓ ∈ {0, . . . ,k −1}. We prove the estimate as
stated in the lemma.
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Let α= (0, α̃) ∈N0 ×Nd−1
0 be such that |α| = k. For any θ ∈ (0,1) set g := M (k+1)θu and

ψ(x1, y1) := ( xθ1
yθ1

−1
)k+1. Then for x ∈Rd+ we have

f (A)u(x) = x−(k+1)θ
1 f (A)

(
(xθ1 −Mθ)k+1u

)
(x)

+x−(k+1)θ
1

k∑
j=0

c j ,k f (A)
(
x jθ

1 M (k+1− j )θu
)
(x)

= x−(k+1)θ
1 f (A)(ψ(x1, ·)g )(x)

−
k∑

j=0
c j ,k x−(k+1− j )θ

1 f (A)(M (k+1− j )θu)(x),

(5.7.3)

where c j ,k = (−1)k+1− j
(k+1

j

)
. For the latter sum, we find

∥∥∥x 7→ ∂α̃
k∑

j=0
c j ,k x−(k+1− j )θ

1 f (A)(M (k+1− j )θu)(x)
∥∥∥

Lp (Rd+,wγ+kp ;X )

≤C
k∑

j=0
∥∂α̃ f (A)M (k+1− j )θu∥Lp (Rd+,wγ j ;X ),

(5.7.4)

where γ j := γ+kp − (k +1− j )θp. Now choose θ ∈ (0,1) such that

γ0 ∈ (−1, p −1) and γ j ∈ (( j −1)p −1, j p −1) if γ ∈ (−1, p −1),

γ0 ∈ (p −1,2p −1) and γ j ∈ ( j p −1,( j +1)p −1) if γ ∈ (p −1,2p −1).
(5.7.5)

The conditions γ0,γ1 ∈ (−1, p −1) and γ0,γ1 ∈ (p −1,2p −1), respectively, lead to

θ ∈ (γ+(k−1)p+1
kp , γ+kp+1

kp

)∩ (γ+(k−1)p+1
(k+1)p , γ+kp+1

(k+1)p

)
if γ ∈ (−1, p −1),

θ ∈ (γ+(k−2)p+1
kp , γ+(k−1)p+1

kp

)∩ (γ+(k−2)p+1
(k+1)p , γ+(k−1)p+1

(k+1)p

)
if γ ∈ (p −1,2p −1).

Therefore, we can take

θ ∈ (γ+(k−1)p+1
kp , γ+kp+1

(k+1)p

)
if γ ∈ (−1, p −1),

θ ∈ (γ+(k−2)p+1
kp , γ+(k−1)p+1

(k+1)p

)
if γ ∈ (p −1,2p −1),

(5.7.6)

and it is straightforward to verify that these intervals are non-empty for the given ranges
of γ. Moreover, if (5.7.6) holds, then the other conditions on γ j for j ∈ {2, . . . ,k} in (5.7.5)
are automatically satisfied.

Write α̃= β̃+ δ̃ for some β̃, δ̃ ∈Nd−1
0 such that |β̃| = k − ( j −1) and |δ̃| = j −1. Using that

derivatives on Rd−1 commute with the resolvent (Lemmas 5.7.3(i) and 5.7.6(i)) and that
the resolvents are consistent (Lemmas 5.6.4 and 5.6.5), we can estimate the right-hand
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side of (5.7.4) as

k∑
j=0

∥∂α̃ f (A)M (k+1− j )θu∥Lp (Rd+,wγ j ;X )

≤ ∥ f (A)∂α̃M (k+1)θu∥Lp (Rd+,wγ0 ;X ) +
k∑

j=1
∥∂δ̃ f (A)∂β̃M (k+1− j )θu∥Lp (Rd+,wγ j ;X )

≤C∥ f ∥H∞(Σω)

(
∥∂α̃M (k+1)θu∥Lp (Rd+,wγ0 ;X ) +

k∑
j=1

∥∂βM (k+1− j )θu∥W j−1,p (Rd+,wγ j ;X )

)
≤C∥ f ∥H∞(Σω)∥u∥W k,p (Rd+,wγ+kp ;X ),

using the induction hypothesis in the penultimate step, which is allowed by (5.7.5) and
(5.7.6). In addition, we have applied Lemma 5.3.6 in the last step.

In view of (5.7.3), it remains to show the estimate

∥x 7→ x−(k+1)θ
1 ∂α̃ f (A)(ψ(x1, ·)g )(x)∥Lp (Rd+,wγ+kp ;X )

≤C∥ f ∥H∞(Σω)∥g∥Lp (Rd+,wγ−(k+1)θp ;X )

≤C∥ f ∥H∞(Σω)∥u∥W k,p (Rd+,wγ+kp ;X ),

(5.7.7)

where the last estimate follows from Hardy’s inequality (Corollary 5.3.2).
Let ν ∈ (0,ω) so that

f (A) = 1

2πi

∫
Γ−∪Γ+

f (z)R(z, A) dz,

where Γ± = {r e±iν : r > 0} are both orientated downwards. To prove (5.7.7) we estimate the
integrals over Γ± separately and by symmetry it suffices to consider only Γ+. We define
δ= π−ν

2 and write z = r e iν with r > 0. Then we have the Laplace transform representation

R(z, A) =−(r e i(ν−π) + A)−1 =−e iδ(r e−iδ+e iδA)−1

=−e iδ
∫ ∞

0
e−tr e−iδ

e−tλe iδ
T (te iδ) dt ,

(5.7.8)

where T is the Dirichlet or Neumann heat semigroup from (5.6.2) and (5.6.3), respectively.
For x, y ∈Rd+ and z ∈C+, recall that Gd

z is the standard heat kernel on Rd (see (5.1.1)) and

the Dirichlet and Neumann heat kernels are given by H d ,±
z (x, y) := Gd

z (x1 − y1, x̃ − ỹ)±
Gd

z (x1 + y1, x̃ − ỹ), see (5.6.1). It holds that H d ,±
z (x, y) = H 1,±

z (x1, y1)Gd−1
z (x̃ − ỹ). Moreover,

for |α̃| = k and z ∈C+ we have the following estimate on derivatives of Gd−1
z

|∂α̃x̃ Gd−1
z (x̃ − ỹ)| ≤Cd ,k

(
|z|− k

2 + |x̃ − ỹ |k
|z|k

)
|Gd−1

z (x̃ − ỹ)|, x̃, ỹ ∈Rd−1. (5.7.9)

Indeed, let q(s) = e−s2
with s ∈Cwhich satisfies q (n)(s) = p(s)q(s) where p(s) is a polyno-

mial of degree n ∈N0. Then, |q (n)(s)| ≤Cn(1+|s|2)
n
2 |q(s)| and upon noting that G1

z (x−y) =
(4πz)−

1
2 q( x−y

2
p

z
) for x, y ∈R, we find with the chain rule

∣∣∣ dn

dxn G1
z (x − y)

∣∣∣≤Cn |z|−
n
2

(
1+ |x − y |2

|z|
) n

2 |G1
z (x − y)|, x, y ∈R, n ∈N0.



154 5. Functional calculus for the Laplacian on the half-space

Write α̃ = (α2, . . . ,αd ) ∈ Nd−1
0 , then from Gd−1

z (x̃ − ỹ) = ∏d
j=2 G1

z (x j − y j ) and the one di-
mensional estimate above, we find

|∂α̃x̃ Gd−1
z (x̃ − ỹ)| ≤Ck

d∏
j=2

|z|−α̃ j /2
(
1+ |x j − y j |2

|z|
)α̃ j /2|G1

z (x j − y j )|

≤Cd ,k |z|−
k
2

(
1+ |x̃ − ỹ |2

|z|
) k

2 |Gd−1
z (x̃ − ỹ)|

≤Cd ,k

(
|z|− k

2 + |x̃ − ỹ |k
|z|k

)
|Gd−1

z (x̃ − ỹ)|,

which proves (5.7.9).

Let h ∈C∞
c (Rd+; X ). It follows from (5.7.9) that

∥∂α̃T (te iδ)h(x)∥X ≤
∫
Rd+

|H 1,±
te iδ (x1, y1)||∂α̃x̃ Gd−1

te iδ (x̃ − ỹ)|∥h(y)∥X dy

≤Cδ,d ,k

∫
Rd+

(
t−

k
2 + |x̃ − ỹ |k

t k

)
|H 1,±

te iδ (x1, y1)||Gd−1
te iδ (x̃ − ỹ)|∥h(y)∥X dy

≤Cδ,d ,k

∑
m∈{0,1}

∫
Rd+

|x̃ − ỹ |km

t
(m+1)k

2

H d ,±
t cos−1(δ)

(x, y)∥h(y)∥X dy,

(5.7.10)
where it was used that

|H 1,−
te iδ (x1, y1)| = (4πt )−

1
2

∣∣∣e− e−iδ |x1−y1 |2
4t

∣∣∣∣∣∣1−e
−e−iδx1 y1

t

∣∣∣
= (4πt )−

1
2 e−

cos(δ)|x1−y1 |2
4t

∣∣∣∫ x1 y1
t

0
e−e−iδs ds

∣∣∣
≤ 1

cos(δ)

1p
4πt

e−
cos(δ)|x1−y1 |2

4t
(
1−e−

cos(δ)x1 y1
t

)=CδH 1,−
t cos−1(δ)

(x1, y1),

|H 1,+
te iδ (x1, y1)| = (4πt )−

1
2 e−

cos(δ)|x1−y1 |2
4t

(
1+e−

cos(δ)x1 y1
t

)= H 1,+
t cos−1(δ)

(x1, y1),

|Gd−1
te iδ (x̃ − ỹ)| = (4πt )−

(d−1)
2 e−

cos(δ)|x̃−ỹ |2
4t =Gd−1

t cos−1(δ)(x̃ − ỹ).

So by (5.7.8), (5.7.10) and the substitution t 7→ cos(δ)t , we find

∥∥∥x 7→
∫
Γ+

f (z)∂α̃R(z, A)(ψ(x1, ·)g )(x) dz
∥∥∥

X

≤ ∥ f ∥H∞(Σω)

∫ ∞

0

∫ ∞

0
e−tr cos(δ)∥∂α̃T (te iδ)(ψ(x1, ·)g )(x)∥X dt dr

= 1

cos(δ)
∥ f ∥H∞(Σω)

∫ ∞

0
∥∂α̃T (te iδ)(ψ(x1, ·)g )(x)∥X

dt

t

≤Cδ,d ,k∥ f ∥H∞(Σω)
∑

m∈{0,1}

∫ ∞

0

∫
Rd+

|x̃ − ỹ |km

t
(m+1)k

2

H d ,±
t (x, y)|ψ(x1, y1)|∥g (y)∥X dy

dt

t
.

(5.7.11)
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For any x ∈Rd we have∫ ∞

0
t−

(m+1)k
2 Gd

t (x)
dt

t
=C

∫ ∞

0
t−

(m+1)k
2 − d

2 e−
|x|2
4t

dt

t

=C |x|−d−(m+1)k
∫ ∞

0
s

(m+1)k
2 + d

2 e−
s
4

ds

s

=Cd ,k |x|−d−(m+1)k .

Therefore, after the substitution ỹ 7→ x̃ − ỹ we obtain for m ∈ {0,1}∫ ∞

0

∫
Rd+

|x̃ − ỹ |km

t
(m+1)k

2

H d ,±
t (x, y)|ψ(x1, y1)|∥g (y)∥X dy

dt

t

=
∫
Rd+

|ỹ |km
∫ ∞

0
t−

(m+1)k
2

(
Gd

t (x1 − y1, ỹ)±Gd
t (x1 + y1, ỹ)

) dt

t
|ψ(x1, y1)|∥g (y1, x̃ − ỹ)∥X dy

=Cd ,k

∫
Rd+

|ỹ |km
[ 1

|( x1
y1

−1, ỹ
y1

)|d+(m+1)k
± 1

|( x1
y1

+1, ỹ
y1

)|d+(m+1)k

]

·
∣∣∣ xθ1

yθ1
−1

∣∣∣k+1∥g (y1, x̃ − ỹ)∥X
dy

yd+(m+1)k
1

=
∫
Rd+

|ỹ |kmℓ±m
( x1

y1
, ỹ

)∥g (y1, x̃ − y1 ỹ)∥X
dy

yk+1
1

=: Lm(x)

performing the substitution ỹ 7→ y1 ỹ in the last step, where

ℓ±m(v1, ṽ) :=
[ 1

|(v1 −1, ṽ)|d+(m+1)k
± 1

|(v1 +1, ṽ)|d+(m+1)k

]
|vθ1 −1|k+1, (v1, ṽ) ∈Rd

+.

Recall that γ0 = γ+kp−(k+1)θp and to show (5.7.7) we estimate the Lp (Rd+, wγ0 )-norm of
the left-hand side of (5.7.11). To this end, it remains to bound ∥Lm∥Lp (Rd+,wγ0 ) for m ∈ {0,1}.

With Minkowski’s inequality and the substitutions x̃ 7→ x̃+y1 ỹ , y1 7→ x1 y−1
1 and x1 7→ x1 y1,

we obtain

∥Lm∥Lp (Rd+,wγ0 ) ≲
∥∥∥x1 7→

∫
Rd+

|ỹ |kmℓ±m
( x1

y1
, ỹ

)∥g (y1, ·− y1 ỹ)∥Lp (Rd−1;X )
dy

yk+1
1

∥∥∥
Lp (R+,wγ0 )

=
∥∥∥x1 7→

∫
Rd+

|ỹ |kmℓ±m
( x1

y1
, ỹ

)∥g (y1, ·)∥Lp (Rd−1;X )
dy

yk+1
1

∥∥∥
Lp (R+,wγ0 )

=
∥∥∥x1 7→

∫
Rd+

|ỹ |kmℓ±m
(
y1, ỹ

)∥∥g
( x1

y1
, ·)∥∥Lp (Rd−1;X )x−k

1 yk−1
1 dy

∥∥∥
Lp (R+,wγ0 )

≤
∫
Rd+

|ỹ |kmℓ±m
(
y1, ỹ

)∥∥∥x1 7→ x−k
1

∥∥g
( x1

y1
, ·)∥∥Lp (Rd−1;X )

∥∥∥
Lp (R+,wγ0 )

yk−1
1 dy

= ∥g∥Lp (Rd+,wγ0−kp ;X )

∫
Rd+

|ỹ |kmℓ±m
(
y1, ỹ

)
y
γ+1

p −(k+1)θ+k−1

1 dy,

which yields (5.7.7) if the latter integral is finite for the given ranges of γ. Indeed, note that
for any a ∈Rwe have using the substitution ỹ 7→ aỹ∫

Rd−1

|ỹ |km

|(a, ỹ)|d+(m+1)k
dỹ = 1

|a|k+1

∫
Rd−1

|ỹ |km

|(1, ỹ)|d+(m+1)k
dỹ = Cd ,k,m

|a|k+1
,
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therefore∫
Rd+

|ỹ |kmℓ±m
(
y1, ỹ

)
y
γ+1

p −(k+1)θ+k−1

1 dy

=Cd ,k,m

∫
R+

[ 1

|y1 −1|k+1
± 1

|y1 +1|k+1

]
|yθ1 −1|k+1 y

γ+1
p −(k+1)θ+k−1

1 dy1

=: Cd ,k,m

∫
R+
ℓ±(y1)|yθ1 −1|k+1 y

γ+1
p −(k+1)θ+k−1

1 dy1. (5.7.12)

For y1 ∈ (0, 1
2 ) we have ℓ±(y1) ≤C and |yθ1 −1|k+1 ≤C since θ > 0. Moreover, by (5.7.6) it

follows
γ+1

p − (k +1)θ+k −1 >−1,

so that the integral in (5.7.12) over y1 ∈ (0, 1
2 ) is finite. For y1 ∈ ( 1

2 , 3
2 ) it follows by the mean

value theorem that there is no singularity at y1 = 1 and that the integral in (5.7.12) over
the interval ( 1

2 , 3
2 ) is finite. Finally, if y1 > 3

2 , then (yθ1 −1)k+1 ≤C y (k+1)θ
1 and

ℓ±(y1) = (y1 +1)k+1 ± (y1 −1)k+1

(y1 −1)k+1(y1 +1)k+1
≤C


1

yk+1
1

if A =λ−∆Neu

1
yk+2

1
if A =λ−∆Dir

,

where we recall that the Dirichlet and Neumann Laplacian correspond to ℓ− and ℓ+,
respectively. Therefore, using that γ ∈ (−1,2p −1) \ {p −1} for the Dirichlet Laplacian, we
obtain ∫ ∞

3
2

ℓ−(y1)|yθ1 −1|k+1 y
γ+1

p −(k+1)θ+k−1

1 dy1 ≤C
∫ ∞

3
2

y
γ+1

p −3

1 dy1 <∞.

Similarly, using that γ ∈ (−1, p −1) for the Neumann Laplacian, we obtain∫ ∞
3
2

ℓ+(y1)|yθ1 −1|k+1 y
γ+1

p −(k+1)θ+k−1

1 dy1 ≤C
∫ ∞

3
2

y
γ+1

p −2

1 dy1 <∞.

This proves (5.7.7) and therefore this finishes the proof.

We can now give the proof of the bounded H∞-calculus for the Dirichlet Laplacian
using Lemmas 5.7.3-5.7.5 and 5.7.8.

Proof of Theorem 5.7.1. For λ> 0, we show by induction on k ≥ 0 that ADir :=λ−∆Dir on
W k,p (wγ+kp ) :=W k,p (Rd+, wγ+kp ; X ) has a bounded H∞-calculus of angle ωH∞ (ADir) = 0.
Throughout the proof, C denotes a constant only depending on p,k,γ,λ,ω,d and X ,
which may change from line to line.

The case k = 0 is stated in Theorem 5.4.2. For some fixed k ∈N0 we assume that ADir on
W k,p (wγ+kp ) has a bounded H∞-calculus of angle 0 for all γ ∈ (−1,2p −1) \ {p −1}. That
is, for ω ∈ (0, π2 ), we have the estimate

∥ f (ADir)u∥W k,p (wγ+kp ) ≤C∥ f ∥H∞(Σω)∥u∥W k,p (wγ+kp ), (5.7.13)
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for all γ ∈ (−1,2p −1) \ {p −1}, f ∈ H 1(Σω)∩H∞(Σω) and u ∈W k,p (wγ+kp ). We prove that

ADir has a bounded H∞(Σσ)-calculus for σ ∈ (ω, π2 ) on W k+1,p (wγ+(k+1)p ).

Let 0 < ν<ω<σ< π
2 , f ∈ H 1(Σσ)∩H∞(Σσ) and u ∈C∞

c (Rd+; X ). By writing α= (α1, α̃) ∈
N0 ×Nd−1

0 we obtain

∥ f (ADir)u∥W k+1,p (wγ+(k+1)p ) = ∥ f (ADir)u∥W k,p (wγ+(k+1)p ) +
∑

|α|=k+1
α1≥1

∥∂α f (ADir)u∥Lp (wγ+(k+1)p )

+ ∑
|(0,α̃)|=k+1

∥∂α̃ f (ADir)u∥Lp (wγ+(k+1)p ) =: T1 +T2 +T3.

To apply the induction hypothesis we use that all the resolvents on the spaces we consider
are consistent by Lemma 5.6.4. Furthermore, we define the downwards orientated contour
Γν = ∂(Σν \ B(0, λ2 )), see Remark 2.3.5.

By Lemma 5.3.5 (using Remark 5.3.1), Lemma 5.7.3(iii) and 5.7.4, the induction hypo-
thesis (5.7.13) and Hardy’s inequality (Corollary 5.3.2), it follows that

T1 = ∥M−1M f (ADir)u∥W k,p (wγ+(k+1)p ) ≲ ∥M f (ADir)u∥W k,p (wγ+kp )

≤ ∥ f (ADir)Mu∥W k,p (wγ+kp ) +2
∥∥∥∫

Γν

f (z)R(z, ADir)∂1R(z, ADir)u dz
∥∥∥

W k,p (wγ+kp )

≤C∥ f ∥H∞(Σω)
(∥Mu∥W k,p (wγ+kp ) +∥u∥W k,p (wγ+kp )

)
≤C∥ f ∥H∞(Σω)∥u∥W k+1,p (wγ+(k+1)p ).

We continue with T2, so let α= (α1, α̃) with |α| = k +1 and α1 ≥ 1. Using that M∂1∂
ℓ
1 v =

∂ℓ1 M∂1v −ℓ∂ℓ1 v for ℓ=α1 −1, we compute

∥∂α1
1 ∂α̃ f (ADir)u∥Lp (wγ+(k+1)p )

= ∥M∂1∂
α1−1
1 ∂α̃ f (ADir)u∥Lp (wγ+kp )

≤ ∥M∂1 f (ADir)u∥W k,p (wγ+kp ) + (α1 −1)∥ f (ADir)u∥W k,p (wγ+kp ).

The second term can be estimated with the induction hypothesis (5.7.13) and Hardy’s
inequality. For the first term, by Lemma 5.7.3(ii)+(iii), the induction hypothesis (5.7.13),
Lemma 5.7.5 and Hardy’s inequality, we obtain

∥M∂1 f (ADir)u∥W k,p (wγ+kp )

≤ ∥ f (ADir)M∂1u∥W k,p (wγ+kp ) +2
∥∥∥∫

Γν

f (z)R2(z, ADir)∂2
1u dz

∥∥∥
W k,p (wγ+kp )

≤C∥ f ∥H∞(Σω)∥M∂1u∥W k,p (wγ+kp ) +C∥ f ∥H∞(Σσ)∥u∥W k,p (wγ+kp )

≤C∥ f ∥H∞(Σσ)∥u∥W k+1,p (wγ+(k+1)p ).

(5.7.14)

This shows the estimate

T2 ≤C∥ f ∥H∞(Σσ)∥u∥W k+1,p (wγ+(k+1)p ).



158 5. Functional calculus for the Laplacian on the half-space

From Lemma 5.7.8(i)+(ii) it immediately follows that

T3 =
∑

|(0,α̃)|=k+1
∥∂α̃ f (ADir)u∥Lp (wγ+(k+1)p ) ≤C∥ f ∥H∞(Σω)∥u∥W k+1,p (wγ+(k+1)p ).

Combining the above estimates for T1, T2 and T3 yields that for any 0 <ω<σ< π
2

∥ f (ADir)u∥W k+1,p (wγ+(k+1)p ) ≤C∥ f ∥H∞(Σσ)∥u∥W k+1,p (wγ+(k+1)p ), u ∈C∞
c (Rd

+; X )

and by density (Lemma 5.3.3) this estimate extends to u ∈W k+1,p (wγ+(k+1)p ). Sinceω and

σ were arbitrary, this proves that ADir has a bounded H∞-calculus on W k+1,p (wγ+(k+1)p )
of angle 0. This finishes the induction argument.

Finally, we show that if γ+kp ∈ (−1,2p −1), then we can allow for λ= 0. For k = 0 and
γ ∈ (−1,2p −1) \ {p −1} the result is already contained in Theorem 5.4.2. Therefore, it
remains to consider k = 1 and γ ∈ (−1, p −1). From here on, let C > 0 be a constant that
is independent of λ. Note that γ+p ∈ (p −1,2p −1), so that by Theorem 5.4.2 and [126,
Proposition 16.2.6]

T1 = ∥ f (ADir)u∥Lp (wγ+p ) ≤C∥ f ∥H∞(Σω)∥u∥Lp (wγ+p ).

Using Theorem 5.4.2 instead of (5.7.13) in (5.7.14) with k = 0 yields

T2 = ∥M∂1 f (ADir)u∥Lp (wγ) ≤C∥ f ∥H∞(Σσ)∥u∥W 1,p (wγ+p ),

using that the constant in Lemma 5.7.5 is independent of λ. Finally, by Lemma 5.7.3(i)
and Theorem 5.4.2 we obtain

T3 =
d∑

j=2
∥ f (ADir)∂ j u∥Lp (wγ+p ) ≤C∥ f ∥H∞(Σω)

d∑
j=2

∥∂ j u∥Lp (wγ+p )

≤C∥ f ∥H∞(Σω)∥u∥W 1,p (wγ+p ).

By combining the above estimates, we have for γ ∈ (−1, p −1) and for any λ> 0

∥ f (λ−∆Dir)u∥W 1,p (wγ+p ) ≤C∥ f ∥H∞(Σσ)∥u∥W 1,p (wγ+p ),

where the constant C is independent of λ. Letting λ ↓ 0 and using the dominated con-
vergence theorem yields that −∆Dir on W 1,p (wγ+p ) has a bounded H∞-calculus of angle
0.

We conclude this section with the proof of the H∞-calculus for the Neumann Laplacian,
which can be derived from Theorem 5.7.1 for the Dirichlet Laplacian and Lemmas 5.7.6-
5.7.8.

Proof of Theorem 5.7.2. We prove that ANeu :=λ−∆Neu on

W k+1,p (wγ+kp ) :=W k+1,p (Rd
+, wγ+kp ; X )

has a bounded H∞-calculus of angle ωH∞ (ANeu) = 0 for λ > 0. Note that if γ+ kp ∈
(−1, p −1), then the result is already contained in Theorem 5.4.6 and holds for λ= 0.
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We first consider the case k ∈N0 and γ ∈ (p −1,2p −1). Let 0 < ν<ω< π
2 , f ∈ H 1(Σω)∩

H∞(Σω) and u ∈C∞
c (Rd+; X ). By writing α= (α1, α̃) ∈N0 ×Nd−1

0 we obtain

∥ f (ANeu)u∥W k+1,p (wγ+kp ) = ∥ f (ANeu)u∥W k,p (wγ+kp )

+ ∑
|α|=k+1
α1≥1

∥∂α f (ANeu)u∥Lp (wγ+kp )

+ ∑
|(0,α̃)|=k+1

∥∂α̃ f (ANeu)u∥Lp (wγ+kp ) =: T1 +T2 +T3.

We use that all the resolvents on the spaces we consider are consistent by Lemma 5.6.5.
Throughout the proof, C denotes a constant only depending on p,k,γ,λ,ω,d and X ,
which may change from line to line. Moreover, we write ADir :=λ−∆Dir.

By Lemma 5.3.5 (using Remark 5.3.1 and γ> p −1), Lemma 5.7.7 and Theorem 5.7.1
with γ−p ∈ (−1, p −1), it follows that

T1 = ∥M−1M f (ANeu)u∥W k,p (wγ+kp ) ≲ ∥M f (ANeu)u∥W k,p (wγ−p+kp )

≤ ∥ f (ADir)Mu∥W k,p (wγ−p+kp ) +C∥ f ∥H∞(Σω)∥u∥W k,p (wγ−p+kp )

≤C∥ f ∥H∞(Σω)
(∥Mu∥W k,p (wγ−p+kp ) +∥u∥W k,p (wγ−p+kp )

)
≤C∥ f ∥H∞(Σω)∥u∥W k+1,p (wγ+kp ),

where we used Hardy’s inequality (Corollary 5.3.2) in the last step. By Lemma 5.7.6(iii)
and Theorem 5.7.1, we obtain

T2 =
∑

|α|=k
∥∂α∂1 f (ANeu)u∥Lp (wγ+kp ) ≤ ∥ f (ADir)∂1u∥W k,p (wγ+kp )

≤C∥ f ∥H∞(Σω)∥∂1u∥W k,p (wγ+kp ) ≤C∥ f ∥H∞(Σω)∥u∥W k+1,p (wγ+kp ).

Finally, using Lemma 5.7.8(iii) with k +1 and γ−p ∈ (−1, p −1), gives

T3 =
∑

|(0,α̃)|=k+1
∥∂α̃ f (ANeu)u∥Lp (wγ−p+(k+1)p ) ≤C∥ f ∥H∞(Σω)∥u∥W k+1,p (wγ+kp ).

The above estimates and density (Lemma 5.3.3) prove boundedness of the H∞-calculus
for ANeu on W k+1,p (wγ+kp ) with k ∈N1 and γ ∈ (p −1,2p −1).

It remains to consider the case k ∈N1 and γ ∈ (−1, p −1). Let ω ∈ (0, π2 ), f ∈ H 1(Σω)∩
H∞(Σω) and u ∈C∞

c,1(Rd+; X ). Then writing α= (0, α̃) ∈N0 ×Nd−1
0 gives

∥ f (ANeu)u∥W k+1,p (wγ+kp ) =
∑

|(0,α̃)|≤1
∥∂α f (ANeu)u∥W k,p (wγ+kp ) +∥∂1 f (ANeu)u∥W k,p (wγ+kp ).

We estimate these terms separately using that the resolvents on the spaces we con-
sider are consistent by Lemma 5.6.5. Moreover, note that γ+p ∈ (p −1,2p −1), so that
W k,p (wγ+kp ) =W (k−1)+1,p (wγ+p+(k−1)p ) and we can apply the result proved above with
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k −1. Together with Lemma 5.7.6(i), we obtain∑
|(0,α̃)|≤1

∥∂α f (ANeu)u∥W k,p (wγ+kp ) =
∑

|(0,α̃)|≤1
∥ f (ANeu)∂αu∥W (k−1)+1,p (wγ+p+(k−1)p )

≤C∥ f ∥H∞(Σω)
∑

|(0,α̃)|≤1
∥∂αu∥W (k−1)+1,p (wγ+p+(k−1)p )

≤C∥ f ∥H∞(Σω)∥u∥W k+1,p (wγ+kp ).

Moreover, using Lemma 5.7.6(iii) and Theorem 5.7.1 for γ ∈ (−1, p −1), yield

∥∂1 f (ANeu)u∥W k,p (wγ+kp ) = ∥ f (ADir)∂1u∥W k,p (wγ+kp )

≤C∥ f ∥H∞(Σω)∥∂1u∥W k,p (wγ+kp ) ≤C∥ f ∥H∞(Σω)∥u∥W k+1,p (wγ+kp ).

The above estimates and density (see Lemma 5.3.3) prove boundedness of the H∞-
calculus for ANeu in the case γ ∈ (−1, p −1). This completes the proof.



6
Functional calculus for the

Laplacian on rough domains

This chapter is based on:

N. Lindemulder, E. Lorist, F. Roodenburg and M. Veraar. Functional calculus on weighted
Sobolev spaces for the Laplacian on rough domains. J. Differ. Equ., 454:113884, 2026.

Abstract. We study the Laplace operator on domains subject to Dirichlet or Neumann
boundary conditions. We show that these operators admit a bounded H∞-functional
calculus on weighted Sobolev spaces, where the weights are powers of the distance to the
boundary. Our analysis applies to bounded C 1,κ-domains with κ ∈ [0,1], revealing a crucial
trade-off: lower domain regularity can be compensated by enlarging the weight exponent.

161
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6.1. Introduction
This chapter contributes to the extensive study of the Laplace operator on domains with
minimal boundary regularity (often referred to as rough domains), see, e.g., [128, 130,
131, 267, 277] and the monographs [111, 203] and references therein. In particular, we are
interested in the H∞-functional calculus for the Laplacian on inhomogeneous weighted
Sobolev spaces. The H∞-functional calculus provides a powerful framework for establish-
ing well-posedness and regularity results for (possibly nonlinear) partial and stochastic
partial differential equations ((S)PDEs). Therefore, the H∞-calculus for sectorial ope-
rators is widely studied, see for instance [67, 125, 126, 174] and the references therein.
Applications to PDEs and SPDEs can, e.g., be found in [65, 69, 134, 175, 234, 274] and [11,
13, 219, 221], respectively.

Given a bounded C 2-domain O ⊆Rd , it is well known that the Laplacian with Dirichlet
boundary conditions on Lp (O ) with p ∈ (1,∞) and domain W 2,p (O )∩W 1,p

0 (O ) generates
an analytic C0-semigroup, has the maximal regularity property and admits a bounded
H∞-functional calculus. However, if the regularity of O is too low (say Lipschitz or C 1),
these properties fail and explicit counterexamples can be constructed, see [60, 203]. In
such counterexamples, the derivatives of the solutions to the resolvent equation

λu −∆u = f ,

u|∂O = 0,

can drastically blow up near the boundary ∂O . As a consequence, the canonical domain
of the Dirichlet Laplacian on Lp (O ) is no longer a closed subspace of W 2,p (O ). Moreover,
if one is interested in higher-order Sobolev regularity of the solution u, then more smooth-
ness of O is needed (see [89, 166]), and additional boundary conditions for the data f
(compatibility conditions) need to be imposed (see [66]). These additional boundary
conditions for the data occur, in particular, in the study of mixed-order systems (see [74]).

To set up a satisfying well-posedness and regularity theory for PDEs without such ad-
ditional regularity or compatibility conditions, one can use a weighted function space
for the solution u. In particular, one can consider spatial weights of the form w∂O

γ (x) :=
dist(x,∂O )γ for some suitable γ ∈R, which compensate the blow-up of the derivatives of
the solution near ∂O and relax compatibility conditions. Partial differential equations on
weighted spaces have already been studied extensively, see for instance [79, 80, 81, 144,
150, 164, 165, 218] for deterministic equations and [141, 142, 143, 160, 167] for stochastic
equations.

As stated, we are interested in the H∞-functional calculus for the Laplacian on inhomo-
geneous weighted Sobolev spaces of order k ∈N0. This was studied in [190] and Chapter
5 for the Dirichlet and Neumann Laplacian on the half-space Rd+. In the present chapter,
we extend the results to bounded domains O with minimal smoothness, while ensuring
that the canonical domain of the Laplacian is a closed subspace of a weighted Sobolev
space of order k +2.

Our main result for the Dirichlet Laplacian is as follows, see Theorems 6.6.2 and 6.6.4.
For the definition of the involved spaces, the reader is referred to Section 6.3.
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Theorem 6.1.1 (H∞-calculus for the Dirichlet Laplacian). Let p ∈ (1,∞), k ∈N0, κ ∈ [0,1]
and γ ∈ (−1,2p −1) \ {p −1}. Furthermore, suppose that

κ> 1− γ+1
p or, equivalently γ> (1−κ)p −1

and O is a bounded C 1,κ-domain. Then for all λ≥ 0 the operator

λ−∆Dir on W k,p (O , w∂O
γ+kp ) with D(∆Dir) =W k+2,p

Dir (O , w∂O
γ+kp )

has a bounded H∞-calculus of angle zero.

Theorem 6.1.1 generalises the result in [190, Theorem 6.1], which is restricted to the
case k = 0 and to bounded C 2-domains. Theorem 6.1.1 allows for bounded C 1-domains if
γ ∈ (p −1,2p −1), while for γ ∈ (−1, p −1) we obtain that the smoothness of the domain
may depend on the weight: if the power of the weight is larger, then a rougher domain
is allowed. The smoothness parameter κ is almost optimal. Indeed, solving the Dirich-
let problem in the scale of weighted Sobolev spaces with a gain of two derivatives for
the solution requires the boundary of the domain to have W 2−(γ+1)/p,p -smoothness, see
[203, Theorem 15.6.1 applied to ℓ= 2− (γ+1)/p] and [203, Section 14.6.1] for an explicit
counterexample with C 1-domains. Furthermore, for γ= p−1 the domain characterisation
in Theorem 6.1.1 in terms of spaces with vanishing traces fails, see Remark 5.4.3, and for
this reason we omit this case.

Concerning the Neumann Laplacian on bounded domains, we prove the following
result, see Theorems 6.6.3 and 6.6.5.

Theorem 6.1.2 (H∞-calculus for the Neumann Laplacian). Let p ∈ (1,∞) and κ ∈ (0,1].
Furthermore, suppose that either

(i) k ∈N0, γ ∈ (p −1,2p −1), κ> 2− γ+1
p and O is a bounded C 1,κ-domain, or,

(ii) k ∈N1, γ ∈ (−1, p −1), κ> 1− γ+1
p and O is a bounded C 2,κ-domain.

Then for all λ> 0 the operator

λ−∆Neu on W k,p (O , w∂O
γ+(k−1)p ) with D(∆Neu) =W k+2,p

Neu (O , w∂O
γ+(k−1)p )

has a bounded H∞-calculus of angle zero. Moreover, using function spaces modulo con-
stants gives the result for all λ≥ 0.

Note that, compared to Theorem 6.1.1, the Sobolev spaces in Theorem 6.1.2 have a
smaller weight exponent, which is consistent with Theorem 5.1.2. Figure 6.1 visualises
the parameters of the spaces in Theorem 6.1.1 and 6.1.2 where we obtain a bounded
H∞-calculus. Similar to the case of Dirichlet boundary conditions, we expect that the
regularity of the domain in Theorem 6.1.2 is almost optimal as well, see [203, Section 15.6]
for some related results in this direction.

The main novelties of our results are the following.
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Figure 6.1.: The spaces W k,p (O , w∂O
α ) where λ−∆Dir and λ−∆Neu as in Theorems 6.1.1

and 6.1.2 (with α= γ+kp and α= γ+ (k −1)p, respectively) admit a bounded
H∞-calculus.

(i) We prove the boundedness of the H∞-calculus, which is, in general, much harder
to prove than maximal regularity and yields the boundedness of many singular
integral operators [137]. In particular, boundedness of the H∞-calculus implies
(stochastic) maximal regularity [126, 219]. Maximal regularity and higher-order
regularity results for the heat equation with Dirichlet and Neumann boundary
conditions are studied in Chapter 7. In particular, we can recover some maximal
regularity results for the Dirichlet Laplacian from [149] (for bounded C 1-domains)
and [157] (for bounded C 1,κ-domains and k = 0). For the latter case, our results with
k ≥ 1 are new. The Neumann Laplacian on the half-space is studied on weighted
Sobolev spaces in [80, 81] (for k = 0) and in Chapter 5, but a systematic study on
bounded domains seems to be unavailable until now.

(ii) The smoothness of the domain O in Theorems 6.1.1 and 6.1.2 is independent of the
smoothness k of the Sobolev space. The reason for this is that we do not use the
standard localisation procedure from the half-space to domains (see, e.g., [67, 89,
166]). This standard localisation procedure typically works for C k+2-domains. In-
stead, we apply a more sophisticated C 1-diffeomorphism suitable for the weighted
setting. We discuss this in more detail below.

The key ingredient in the proofs of Theorems 6.1.1 and 6.1.2 is the perturbation of the
H∞-calculus on the half-space (obtained in Chapter 5) to special domains, i.e. domains
above the graph of a function with compact support. A common method is to relate the
Laplacian on the half-space and on a special domain via a diffeomorphism. However,
due to the low regularity of the domain, we cannot use the standard diffeomorphism as
in, e.g., [67, 89, 166, 275]. Instead, we construct a variant of the Dahlberg–Kenig–Stein
pullback, based on ideas in [140, 149, 275]. This diffeomorphism straightens the boundary,
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preserves the distance to the boundary and leaves the direction of the normal vector at
the boundary invariant. Moreover, higher-order derivatives exist, but blow up near the
boundary of the domain. This blow-up is compensated by the weights in our spaces.

With estimates on this diffeomorphism at hand, we can employ perturbation theorems
for the H∞-calculus to extend the results to special domains. Another difficulty arising
in this perturbation argument is that, if the regularity of the domain is too low, then the
perturbations are of the same order as the Laplacian. It is known that the H∞-calculus is
not stable under small perturbations [207]. Additionally, we need the perturbations to
be well behaved with respect to a fractional power of the original operator. This requires
the identification of certain complex interpolation spaces and fractional domains to
perform the perturbation argument. Finally, by another localisation argument, based on
lower-order perturbations, the H∞-calculus on special domains is transferred to bounded
domains.

We comment on some related and open problems. Theorems 6.1.1 and 6.1.2 provide
the bounded H∞-calculus on Sobolev spaces with integer smoothness, and with complex
interpolation, the bounded H∞-calculus can also be obtained on spaces with fractional
smoothness. However, an intrinsic characterisation of these complex interpolation spaces
seems unavailable. Furthermore, we expect that our results can be extended to spaces
with negative smoothness via duality. Some results for the weak (Dirichlet) Laplacian on
weighted spaces are contained in [38, 228].

An interesting question regarding the smoothness of the domain is whether for γ ∈
(p −1,2p −1) the assumption of C 1-domains can be weakened to Lipschitz domains. In
general, the analysis for Lipschitz domains becomes much more involved and different
techniques are required than for C 1-domains, see for instance [128, 130, 131, 277] and
the references therein. We believe that our method should work for domains with a
small Lipschitz character. The H∞-calculus on Lipschitz domains could be important
for studying SPDEs in the weighted setting, see [145, 146, 147, 148], where the range of
weights is significantly smaller than γ ∈ (p −1,2p −1).

Outline
The outline of this chapter is as follows. In Section 6.2 we recall some perturbation
results for the functional calculus. In Section 6.3 we study weighted Sobolev spaces on
domains and prove characterisations for these spaces. In Section 6.4 we prove results
on the fractional domains of the Laplacian on the half-space, which are required for
perturbation of the H∞-calculus. In Section 6.5 we perturb the H∞-calculus from the
half-space to special domains, and in Section 6.6 we perform a localisation procedure to
obtain the H∞-calculus on bounded domains.

6.2. Perturbation theorems for functional calculus
In this section, we recall some perturbation theorems for the H∞-calculus that are re-
quired later on in this chapter. To do so, we first list some properties about fractional
domains.



166 6. Functional calculus for the Laplacian on rough domains

6.2.1. Fractional domains
Let A be a sectorial operator and let α ∈ C. To define fractional powers Aα, we need a
functional calculus allowing for holomorphic functions of polynomial growth. This is
known as the extended functional calculus and the reader is referred to [126, Chapter 15]
or [174, Appendix 15.C] for a detailed study of extended functional calculi and fractional
powers. In particular, Aα is again sectorial.

A sectorial operator A on a Banach space X has bounded imaginary powers (BIP) if
Ais extends to a bounded operator on X for every s ∈R. The angle is given by ωBIP(A) :=
inf{ω ∈ R : sups∈R e−ω|s|∥Ais∥ <∞}. Moreover, a bounded H∞-calculus implies BIP and
ωBIP(A) ≤ωH∞ (A), see [126, Section 15.3].

We recall a result on the interpolation of fractional domains. For details on interpolation
theory, the reader is referred to [27] and [262].

Proposition 6.2.1 ([126, Corollary 15.3.10]). Let A be a sectorial operator on a Banach
space X and assume that A has BIP. Then for all θ ∈ (0,1) and 0 ≤α<β we have

D(A(1−θ)α+θβ) = [D(Aα),D(Aβ)]θ.

Moreover, by [126, Proposition 15.2.12] we have for a sectorial operator A that D((λ+
A)α) = D(Aα) for all λ≥ 0 and α> 0.

6.2.2. Perturbation of the H∞-calculus
We collect some known perturbation results for the H∞-calculus. For further perturbation
results for the H∞-calculus, the reader is referred to [126, 134, 136, 174]. We start with a
result for shifting the H∞-calculus.

Proposition 6.2.2 ([126, Proposition 16.2.6]). Let A be a sectorial operator on a Banach
space X and let ω ∈ (ω(A),π).

(i) If A has a bounded H∞(Σω)-calculus, then λ+ A has a bounded H∞(Σω)-calculus
for all λ> 0. Moreover, the constant in the estimate for the H∞-calculus can be taken
independent of λ.

(ii) If λ0 + A has a bounded H∞(Σω)-calculus for some λ0 > 0, then λ+ A has a bounded
H∞(Σω)-calculus for all λ> 0.

In the case of a lower-order perturbation, we have the following result.

Theorem 6.2.3 ([126, Theorem 16.2.7]). Let A be a sectorial operator on a Banach space
X . Let ω ∈ (ω(A),π) and assume that A has a bounded H∞(Σω)-calculus. Let α ∈ (0,1) and
assume that B is a linear operator on X such that D(B) ⊇ D(Aα) and

∥Bu∥X ≤C∥Aαu∥X , u ∈ D(A), (6.2.1)

for some C > 0. Then there exists a λ≥ 0 such that λ+ A+B with D(λ+ A+B) = D(A) has
a bounded H∞(Σω)-calculus.
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To extend the H∞-calculus of the Laplacian on Rd+ to domains in Sections 6.5 and
6.6, we need to deal with perturbations that are not of lower order. Unfortunately, the
H∞-calculus is not stable under small perturbations, as shown in a counterexample by
McIntosh and Yagi [207]. Instead, for the H∞-calculus, one has statements of the following
type, in which the perturbation is in addition required to be well behaved with respect to
a fractional power of the original operator.

Theorem 6.2.4 ([126, Theorem 16.2.8]). Let A be a sectorial operator on a Banach space X
such that 0 ∈ ρ(A). Let ω ∈ (ω(A),π) and assume that A has a bounded H∞(Σω)-calculus.
Let B be a linear operator on X such that D(B) ⊇ D(A). Suppose that there is an η> 0 such
that

(i) ∥Bu∥X ≤ η∥Au∥X , u ∈ D(A).

Moreover, suppose that at least one of the following relative bounds is satisfied:

(ii) there exists an α ∈ (0,1) such that B(D(A1+α)) ⊆ D(Aα) and

∥AαBu∥X ≤C∥A1+αu∥X , u ∈ D(A1+α),

(iii) there exists an α ∈ (0,1) such that

∥A−αBu∥X ≤C∥A1−αu∥X , u ∈ D(A1−α),

for some C > 0. Then there exists an η̃> 0 such that, if (i) holds with η< η̃, then A+B with
D(A+B) = D(A) has a bounded H∞(Σω)-calculus.

Remark 6.2.5. Theorem 6.2.4 is taken from [126, Theorem 16.2.8], where it should be
noted that their condition of R-sectoriality on B is redundant, see also [173] and the errata
to [126]. A version of Theorem 6.2.4 for positive fractional powers also appeared in [65,
Theorem 3.2].

6.3. Weighted Sobolev spaces and trace characterisations
Recall the definitions of the weighted Lebesgue and Sobolev spaces from Section 2.2. We
will now introduce weighted Sobolev spaces with vanishing traces by means of taking the
closure of a certain space of test functions.

Let p ∈ (1,∞), k ∈N0, γ>−1 and let X be a Banach space. To impose zero boundary
conditions, we define

◦
W k,p

0 (O , w∂O
γ ; X ) :=C∞

c (O ; X )
W k,p (O ,w∂O

γ ;X )
. (6.3.1)

Furthermore, to impose Dirichlet and Neumann boundary conditions, we set

C∞
c,Dir(O ; X ) :=C∞(O ; X )∩{

f ∈Cc(O ; X ) : f |∂O = 0
}
,

C∞
c,Neu(O ; X ) :=C∞(O ; X )∩{

f ∈C 1
c (O ; X ) : (∂n f )|∂O = 0

}
,
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which contain functions that are smooth in the interior of O , satisfy the boundary condi-
tion and have compact support at infinity (in the case of unbounded domains). Here, n
denotes the inward unit normal vector at ∂O and ∂n = n ·∇. We define

◦
W k,p

Dir (O , w∂O
γ ; X ) :=C∞

c,Dir(O ; X )
W k,p (O ,w∂O

γ ;X )
,

◦
W k,p

Neu(O , w∂O
γ ; X ) :=C∞

c,Neu(O ; X )
W k,p (O ,w∂O

γ ;X )
.

(6.3.2)

The notation
◦

W k,p
0 ,

◦
W k,p

Dir and
◦

W k,p
Neu as in (6.3.1) and (6.3.2) will mean that the spaces are

defined as the closure of some space of test functions. Alternative characterisations of

these spaces with boundary conditions in terms of traces (which will be denoted by W k,p
0 ,

W k,p
Dir and W k,p

Neu) are derived in Sections 6.3.1, 6.3.2 and 6.3.3. The characterisations in-
volving traces are also used in [190] and Chapter 5 to define Sobolev spaces with boundary
conditions.

6.3.1. Trace characterisations for weighted Sobolev spaces on the
half-space

In the following three sections, we present characterisations of the spaces in (6.3.1) and
(6.3.2) as closed subspaces of W k,p (O , w∂O

γ ; X ) with vanishing traces. In this section, we

start with the special case O =Rd+.

For p ∈ (1,∞), k ∈N0, γ ∈ (−1,∞) \ { j p −1 : j ∈N1} and X a Banach space, we define the
following spaces with vanishing traces

W k,p
0 (Rd

+, wγ; X ) :=
{

f ∈W k,p (Rd
+, wγ; X ) : Tr(∂α f ) = 0 if k −|α| > γ+1

p

}
,

W k,p
Dir (Rd

+, wγ; X ) :=
{

f ∈W k,p (Rd
+, wγ; X ) : Tr( f ) = 0 if k > γ+1

p

}
,

W k,p
Neu(Rd

+, wγ; X ) :=
{

f ∈W k,p (Rd
+, wγ; X ) : Tr(∂1 f ) = 0 if k −1 > γ+1

p

}
.

All the traces in the above definitions are well defined, see Section 5.3.1. Although we will
not consider weights wγ with γ≤−1, we can nonetheless define

W k,p
Dir (Rd

+, wγ; X ) :=W k,p
0 (Rd

+, wγ; X ) :=W k,p (Rd
+, wγ; X ),

see [190, Lemma 3.1(2)].

In [190] the above spaces are also used to define weighted Sobolev spaces on domains.
However, since we consider domains with low regularity, we cannot do this, as will be
explained in Remark 6.3.8. Therefore, we first defined the Sobolev spaces as the closure

of test functions in (6.3.1) and (6.3.2). The following proposition relates the spaces W k,p
BC

and
◦

W k,p
BC , where BC ∈ {0,Dir,Neu} stands for boundary conditions. That is, we prove that

certain classes of test functions are dense in Sobolev spaces with zero trace conditions.
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Proposition 6.3.1 (Trace characterisation on Rd+). Let p ∈ (1,∞), k ∈ N0, γ ∈ (−1,∞) \
{ j p − 1 : j ∈ N1} and let X be a Banach space. For BC ∈ {0,Dir,Neu} we have the trace
characterisations

◦
W k,p

BC (Rd
+, wγ; X ) =W k,p

BC (Rd
+, wγ; X ).

Proof. From [190, Proposition 3.8] we have that C∞
c (Rd+; X ) is dense in W k,p

0 (Rd+, wγ; X )

and therefore the trace characterisation for
◦

W k,p
0 (Rd+, wγ; X ) follows.

Let (BC, j ) ∈ {(Dir,0), (Neu,1)}. Then Proposition 3.4.12 implies that

{
f ∈C∞

c (Rd+; X ) : (∂ j
1 f )|∂Rd+

= 0
}W k,p (Rd+,wγ;X )

=W k,p
BC (Rd

+, wγ; X ).

Since {
f ∈C∞

c (Rd+; X ) : (∂ j
1 f )|∂Rd+

= 0
}⊆C∞

c,BC(Rd+; X ),

the trace characterisations for the Dirichlet and Neumann boundary conditions follow.

Before we continue with trace characterisations on domains, we record some variants
of Hardy’s inequality, see Lemma 2.2.2 and Corollary 5.3.2 for the classical formulation of
this inequality. As a consequence of Corollary 5.3.2, we obtain the following non-sharp
Hardy’s inequality.

Lemma 6.3.2. Let p ∈ (1,∞), γ ∈ (−1,∞) \ { j p −1 : j ∈N1}, s ∈ [0,∞) such that γ> sp −1
and let X be a Banach space. Then for any integer k ≥ s it holds that

W k,p (Rd
+, wγ; X ) ,→ Lp (Rd

+, wγ−sp ; X ).

Proof. Let ϕ1,ϕ2 ∈C∞(R+; [0,1]) such that ϕ1(x1) = 0 for x1 ≥ 2 and ϕ2(x1) = 0 for x1 ≤ 1.
In addition, take ϕ1 and ϕ2 such that ϕ1 +ϕ2 = 1. Let f ∈W k,p (Rd+, wγ; X ), with Hardy’s
inequality (Corollary 5.3.2 using that γ> sp −1) we obtain

∥ f ∥Lp (Rd+,wγ−sp ;X ) ≤ ∥ f ϕ1∥W k,p (Rd+,wγ+(k−s)p ;X ) +∥ f ϕ2∥Lp (Rd+,wγ−sp ;X )

≲ ∥ f ϕ1∥W k,p (Rd+,wγ;X ) +∥ f ϕ2∥Lp (Rd+,wγ;X ) ≲ ∥ f ∥W k,p (Rd+,wγ;X ),

where we have used that wγ+(k−s)p (x) ≲ wγ(x) for x1 ≤ 2 (since k ≥ s) and wγ−sp (x) ≲
wγ(x) for x1 ≥ 1.

Occasionally, we also need a sharp Hardy’s inequality with fractional smoothness. We
use complex interpolation to deal with spaces with fractional smoothness and weights
wγ+kp with γ ∈ (−1, p −1) and k ∈N1 outside the Muckenhoupt class.

Lemma 6.3.3. Let p ∈ (1,∞), k ∈N0, γ ∈ (−1, p −1), s ∈ [0,1) such that γ> sp −1 and let X
be a UMD Banach space. Then

[W k,p (Rd
+, wγ+kp ; X ),W k+2,p (Rd

+, wγ+kp ; X )] s+1
2
,→W k+1,p (Rd

+, wγ+(k−s)p ; X ).
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Proof. For s = 0 the result follows from Proposition 3.6.3, so from now on we assume
s ∈ (0,1). We start with the case k = 0. Let |α| ≤ 1, then by [189, Lemma 3.7] (which also
holds on Rd+) and [189, Propositions 5.5 & 5.6], we obtain

∥∂α f ∥Lp (Rd+,wγ−sp ;X ) ≲ ∥∂α f ∥H s,p (Rd+,wγ;X ) ≲ ∥ f ∥H s+1,p (Rd+,wγ;X )

≂ ∥ f ∥[Lp (Rd+,wγ;X ),W 2,p (Rd+,wγ;X )] s+1
2

,

where H s,p (Rd+, wγ; X ) is a weighted Bessel potential space, see [189, Section 3]. For k ≥ 1,
we proceed by induction. Assume that the statement of the lemma holds for some k ∈N0,
then it remains to prove the statement for k +1. We recall from Section 5.3.2 that M is the
pointwise multiplication operator given by Mu(x) = x1u(x) for x ∈Rd+. Then by Lemma
5.3.7 (using that γ> sp −1) and the induction hypothesis, we obtain

∥ f ∥W k+2,p (Rd+,wγ+(k+1−s)p ;X ) ≂
∑

|β|≤1
∥M∂β f ∥W k+1,p (Rd+,wγ+(k−s)p ;X )

≲
∑

|β|≤1
∥M∂β f ∥[W k,p (Rd+,wγ+kp ;X ),W k+2,p (Rd+,wγ+kp ;X )] s+1

2

≲ ∥ f ∥[W k+1,p (Rd+,wγ+(k+1)p ;X ),W k+3,p (Rd+,wγ+(k+1)p ;X )] s+1
2

,

where the last estimate follows from the fact that for |β| ≤ 1 the operators

M∂β : W k+1,p (Rd
+, wγ+(k+1)p ; X ) →W k,p (Rd

+, wγ+kp ; X ) and

M∂β : W k+3,p (Rd
+, wγ+(k+1)p ; X ) →W k+2,p (Rd

+, wγ+kp ; X )

are bounded, see Lemma 5.3.5.

6.3.2. Trace characterisations for weighted Sobolev spaces on special
domains

For O =Rd+ we have shown in Proposition 6.3.1 that the definition of weighted Sobolev
spaces in (6.3.1) and (6.3.2) is equivalent to setting certain traces to zero. To define Sobolev
spaces with vanishing traces for a special Cℓ,κ

c -domain O , we will employ the diffeomorph-
isms Φ,Ψ : O → Rd+ from Lemmas 2.6.5 and 2.6.6 to construct isomorphisms between
Sobolev spaces on O and Rd+. Which diffeomorphism we use depends on the boundary
conditions. Throughout the rest of this chapter, we will always use the diffeomorphism
Φ from Lemma 2.6.5 for Dirichlet boundary conditions and the diffeomorphism Ψ from
Lemma 2.6.6 for Neumann boundary conditions. The diffeomorphismΦ is not applicable
for Neumann boundary conditions, since it does not preserve the direction of the normal
vector.

Proposition 6.3.4. Let p ∈ (1,∞), ℓ ∈N1, κ ∈ [0,1], k ∈N0 and let X be a Banach space. Let
γ ∈ (−1,∞) \ { j p −1 : j ∈N1} be such that γ> (k − (ℓ+κ))+p −1.

(i) Let O be a special Cℓ,κ
c -domain with [O ]Cℓ,κ ≤ 1. LetΦ : O →Rd+ be as in Lemma 2.6.5

and consider the change of coordinates mappings

Φ∗ : W k,p (O , w∂O
γ ; X ) →W k,p (Rd

+, wγ; X ),

Φ∗ :
◦

W k,p
BC (O , w∂O

γ ; X ) → ◦
W k,p

BC (Rd
+, wγ; X ) for BC ∈ {0,Dir},
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defined by Φ∗ f := f ◦Φ−1.

(ii) Let O be a special Cℓ,κ
c -domain with [O ]Cℓ,κ ≤ Λ, where Λ ∈ (0,1) is as in Lemma

2.6.6. Let Ψ : O →Rd+ be as in Lemma 2.6.6 and consider the change of coordinates
mappings

Ψ∗ : W k,p (O , w∂O
γ ; X ) →W k,p (Rd

+, wγ; X ), (6.3.3a)

Ψ∗ :
◦

W k,p
BC (O , w∂O

γ ; X ) → ◦
W k,p

BC (Rd
+, wγ; X ) for BC ∈ {0,Dir,Neu}, (6.3.3b)

defined by Ψ∗ f := f ◦Ψ−1.

ThenΦ∗ andΨ∗ are isomorphisms of Banach spaces for which (Φ−1)∗ and (Ψ−1)∗, respect-
ively, act as inverses.

Proof. We give the proof of (ii) and the proof of (i) is similar using Lemma 2.6.5 instead of
Lemma 2.6.6.

Step 1: proof of (6.3.3a). We start with some preparations. Let k ∈N1 and f ∈Cℓ,κ
c (O ; X ).

Note that by Lemma 2.6.6 we have that Ψ∗ f ∈ Cℓ,κ
c (Rd+; X ). Let α ∈Nd

0 \ {0} with |α| ≤ k,
then by [50, Theorem 2.1] we have the multivariate Faà di Bruno’s formula

∂αΨ∗ f = ∑
1≤|β|≤|α|

(Ψ∗∂β f )
|α|∑
s=1

∑
ps (α,β)

s∏
j=1

cα,k j ,ℓ j [∂ℓ jΨ−1]k j ,

for some constants cα,k j ,ℓ j and sets ps (α,β) contained in

{
(k1, . . . ,ks ;ℓ1, . . . ,ℓs ) ∈ (Nd

0 \ {0})s × (Nd
0 \ {0})s :

s∑
j=1

|k j | = |β|,
s∑

j=1
|k j ||ℓ j | = |α|

}
. (6.3.4)

Therefore, we have

∥∂αΨ∗ f ∥Lp (Rd+,wγ;X ) ≲
∑

1≤|β|≤|α|

|α|∑
s=1

∑
ps (α,β)

∥(Ψ∗∂β f )
s∏

j=1
[∂ℓ jΨ−1]k j ∥Lp (Rd+,wγ;X )

≲
∑

1≤|β|≤|α|

|α|∑
s=1

∑
ps (α,β)

∥Ψ∗∂β f ∥Lp (Rd+,wγ−∑s
j=1

(|ℓ j |−(ℓ+κ))+|k j |p ;X )

·
s∏

j=1
∥y 7→ y

(|ℓ j |−(ℓ+κ))+
1 ∂ℓ jΨ−1(y)∥|k j |

L∞(Rd+;Rd )
. (6.3.5)

From Lemma 2.6.6(v) we obtain

s∏
j=1

∥y 7→ y
(|ℓ j |−(ℓ+κ))+
1 ∂ℓ jΨ−1(y)∥|k j |

L∞(Rd+;Rd )
≲ 1. (6.3.6)

Step 1a: proof of (6.3.3a) if ℓ+κ ≥ k. If k = 0, then (6.3.3a) follows immediately from
Lemma 2.6.6. Let k ∈N1 and note that |ℓ j | ≤ |α| ≤ k ≤ ℓ+κ. Therefore, (|ℓ j |− (ℓ+κ))+ = 0
in (6.3.5) and the case k = 0 implies

∥Ψ∗∂β f ∥Lp (Rd+,wγ;X ) ≲ ∥∂β f ∥Lp (O ,w∂O
γ ;X ) ≤ ∥ f ∥W k,p (O ,w∂O

γ ;X ), 1 ≤ |β| ≤ |α|, (6.3.7)
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and we find

∥Ψ∗ f ∥W k,p (Rd+,wγ;X ) ≲ ∥ f ∥W k,p (O ,w∂O
γ ;X ), f ∈Cℓ,κ

c (O ; X ),

and by density the estimate extends to f ∈W k,p (O , w∂O
γ ; X ). Recall from Lemma 2.6.6 that

Ψ is invertible and thus (Ψ−1)∗ is the inverse of Ψ∗. The estimate for the inverse (Ψ−1)∗
can be shown using similar estimates as in (6.3.5), (6.3.6) and (6.3.7). This shows that Ψ∗
in (6.3.3a) is an isomorphism if ℓ+κ≥ k.

Step 1b: proof of (6.3.3a) if ℓ+κ< k. We claim that in (6.3.5) we have

γ−
s∑

j=1
(|ℓ j |− (ℓ+κ))+|k j |p >−1. (6.3.8)

Indeed, if |ℓ j | ≤ ℓ+κ for all j ∈ {1, . . . , s}, then

γ−
s∑

j=1
(|ℓ j |− (ℓ+κ))+|k j |p = γ> (k − (ℓ+κ))p −1 >−1,

and if |ℓ j0 | > ℓ+κ for some j0 ∈ {1, . . . , s}, then with (6.3.4) we obtain

γ−
s∑

j=1
(|ℓ j |− (ℓ+κ))+|k j |p = γ−

( s∑
j=1
j ̸= j0

(|ℓ j |− (ℓ+κ))+|k j |+ (|ℓ j0 |− (ℓ+κ))|k j0 |
)
p

≥ γ−
( s∑

j=1
j ̸= j0

|ℓ j ||k j |+ |ℓ j0 ||k j0 |− (ℓ+κ)
)
p

= γ− (|α|− (ℓ+κ))p ≥ γ− (k − (ℓ+κ))p >−1.

Moreover, again by (6.3.4) we have

s∑
j=1

(|ℓ j |− (ℓ+κ))+|k j | ≤
s∑

j=1
|ℓ j ||k j |− |β| = |α|− |β| ≤ k −|β|. (6.3.9)

Therefore, by Lemma 6.3.2 (using (6.3.8) and (6.3.9)) and Step 1a, we have for 1 ≤ |β| ≤
|α| ≤ k = ℓ+1 that

∥Ψ∗∂β f ∥Lp (Rd+,wγ−∑s
j=1

(|ℓ j |−(ℓ+κ))+|k j |p ;X ) ≲ ∥Ψ∗∂β f ∥W k−|β|,p (Rd+,wγ;X )

≲ ∥∂β f ∥W k−|β|,p (O ,w∂O
γ ;X )

≲ ∥ f ∥W k,p (O ,w∂O
γ ;X ), f ∈Cℓ,κ

c (O ; X ).

(6.3.10)

Now, density and (6.3.5), (6.3.6) and (6.3.10) yield that

Ψ∗ : W k,p (O , w∂O
γ ; X ) →W k,p (Rd

+, wγ; X ) (6.3.11)

is bounded for k = ℓ+1.
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The general case k ≥ ℓ+1 follows by induction on k. Assume that (6.3.11) holds for
some k ≥ ℓ+1 and let 1 ≤ |β| ≤ |α| ≤ k +1. Using the induction hypothesis instead of Step
1a in (6.3.10), we obtain the estimate

∥Ψ∗∂β f ∥Lp (Rd+,wγ−∑s
j=1

(|ℓ j |−(ℓ+κ))+|k j |p ;X ) ≲ ∥ f ∥W k+1,p (O ,w∂O
γ ;X ),

which proves (6.3.11) for k ≥ ℓ+1.
The estimate for the inverse can be shown directly using similar estimates as in (6.3.5)

and (6.3.6), together with the estimate

∥(Ψ−1)∗∂β f ∥Lp (O ,w∂O
γ−∑s

j=1
(|ℓ j |−(ℓ+κ))+|k j |p

;X ) ≲ ∥∂β f ∥Lp (Rd+,wγ−∑s
j=1

(|ℓ j |−(ℓ+κ))+|k j |p ;X )

≲ ∥∂β f ∥W k−|β|,p (Rd+,wγ;X )

≲ ∥ f ∥W k,p (Rd+,wγ;X ), f ∈W k,p (Rd
+, wγ; X ),

which follows from Step 1a and Lemma 6.3.2. This completes the proof of (6.3.3a).
Step 2: proof of (6.3.3b). The proof (6.3.3b) is similar to the proof of (6.3.3a) if we work

with a suitable dense subspace, i.e.,

• if BC = 0, take f ∈C∞
c (O ; X ),

• if BC ∈ {Dir,Neu}, take f ∈C∞
c,BC(O ; X ),

see (6.3.1) and (6.3.2). Note that in both cases Lemma 2.6.6 ensures that Ψ∗ f is in the
respective dense subspace on Rd+. In particular, for the Neumann boundary condition, we
have

(∂1Ψ∗ f )|∂Rd+
= (Ψ∗(∂ν f ))|∂Rd+

,

where ν(y) = ν(ỹ) = (1,−∇ỹ h(ỹ))⊤ is the inward normal direction. Indeed, this follows
from Lemma 2.6.6 since

∂y1 f (Ψ−1(y)) = (∇ f )(Ψ−1(y)) ·∂y1Ψ
−1(y)

= (∇ f )(Ψ−1(y)) ·ν(Ψ−1(y)) = (∂ν f )(Ψ−1(y)), y = (0, ỹ) ∈ ∂Rd
+,

where we recall from the construction ofΨ−1 in the proof of Lemma 2.6.6 that ∂y1Ψ
−1(y) =

(1,−∇ỹ h(ỹ))⊤ = ν(ỹ) = ν(Ψ−1(y)) if y = (0, ỹ) ∈ ∂Rd+. Furthermore, note that the conditions
(∂n f )|∂O = 0 and (∂ν f )|∂O = 0 are equivalent.

Remark 6.3.5. By inspection of the proof of Proposition 6.3.4, we see that for BC = 0 no
additional conditions on γ are necessary since Hardy’s inequality always applies in this
case. That is, we can allow for any γ ∈ (−1,∞) \ { j p −1 : j ∈N1}. Furthermore, we expect
that for Dirichlet boundary conditions, the range for γ can also be improved, although we
will not need this.

We define the following spaces with vanishing traces at the boundary of a special
Cℓ,κ

c -domain.
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Definition 6.3.6. Let p ∈ (1,∞), ℓ ∈N1, κ ∈ [0,1], k ∈N0 and let X be a Banach space. Let
γ ∈ (−1,∞) \ { j p −1 : j ∈ N1} be such that γ > (k − (ℓ+κ))+p −1 and let O be a special
Cℓ,κ

c -domain. If [O ]Cℓ,κ ≤ 1, let Φ∗ be the isomorphism from Proposition 6.3.4(i) and
define

W k,p
0 (O , w∂O

γ ; X ) :=
{

f ∈W k,p (O , w∂O
γ ; X ) : Tr(∂α(Φ∗ f )) = 0 if k −|α| > γ+1

p

}
,

W k,p
Dir (O , w∂O

γ ; X ) :=
{

f ∈W k,p (O , w∂O
γ ; X ) : Tr(Φ∗ f ) = 0 if k > γ+1

p

}
.

If [O ]Cℓ,κ ≤ Λ, where Λ ∈ (0,1) is as in Lemma 2.6.6, let Ψ∗ be the isomorphism from
Proposition 6.3.4(ii) and define

W k,p
Neu(O , w∂O

γ ; X ) :=
{

f ∈W k,p (O , w∂O
γ ; X ) : Tr(∂1(Ψ∗ f )) = 0 if k −1 > γ+1

p

}
.

The above spaces are well defined by Proposition 6.3.4. Furthermore, by Lemmas 2.6.5
and 2.6.6, the definitions of the above spaces are consistent in the sense that viewing O as
either a special Cℓ,κ

c -domain or a special C 1
c -domain yields the same space. Moreover, the

condition Tr(∂1(Ψ∗ f )) = 0 correctly models the Neumann boundary condition, since Ψ
leaves the direction of the normal vector invariant, see Lemma 2.6.6(iv). Finally, we note

that the spaces W k,p
0 and W k,p

Dir could also be defined using Ψ∗ instead of Φ∗, yielding an
equivalent definition by Proposition 6.3.7 below.

Similar to Proposition 6.3.1 we can now characterise the spaces
◦

W k,p
BC (O , w∂O

γ ; X ) in
terms of vanishing traces with the aid of the isomorphisms from Proposition 6.3.4.

Proposition 6.3.7 (Trace characterisation on special domains). Let p ∈ (1,∞), ℓ ∈ N1,
κ ∈ [0,1], k ∈N0 and let X be a Banach space. Let γ ∈ (−1,∞) \ { j p −1 : j ∈N1} be such that
γ> (k − (ℓ+κ))+p −1.

(i) Let O be a special Cℓ,κ
c -domain with [O ]Cℓ,κ ≤ 1 and let Φ∗ be the isomorphism from

Proposition 6.3.4. Let BC ∈ {0,Dir} and let W k,p
BC be defined using Φ∗. Then we have

the trace characterisations
◦

W k,p
BC (O , w∂O

γ ; X ) =W k,p
BC (O , w∂O

γ ; X ).

(ii) Let O be a special Cℓ,κ
c -domain with [O ]Cℓ,κ ≤ Λ, where Λ ∈ (0,1) is as in Lemma

2.6.6, and let Ψ∗ be the isomorphism from Proposition 6.3.4. Let BC ∈ {0,Dir,Neu}

and let W k,p
BC be defined using Ψ∗.Then we have the trace characterisations

◦
W k,p

BC (O , w∂O
γ ; X ) =W k,p

BC (O , w∂O
γ ; X ).

Proof. We only prove (ii). The proof of (i) is similar. Let BC ∈ {0,Dir,Neu} and f ∈ ◦
W k,p

BC (O ,

w∂O
γ ; X ), then by Propositions 6.3.1 and 6.3.4 we have Ψ∗ f ∈ ◦

W k,p
BC (Rd+, wγ; X ) =W k,p

BC (Rd+,
wγ; X ). This implies that all the required traces of Ψ∗ f are zero. Moreover, since Ψ∗ f ∈
W k,p (Rd+, wγ; X ) it follows by Proposition 6.3.4 that f = (Ψ−1)∗Ψ∗ f ∈W k,p (O , w∂O

γ ; X ) as

well. This proves that f ∈W k,p
BC (O , w∂O

γ ; X ). The other inclusion is similar.
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Remark 6.3.8. If h ∈ Cℓ,κ
c (Rd−1) is associated with the special Cℓ,κ

c -domain, then the

classical diffeomorphism Φcl : O →Rd+ given by

Φcl(x) = (x1 −h(x̃), x̃), x = (x1, x̃) ∈O ,

defines a Cℓ,κ-diffeomorphism. Moreover, the change of coordinates mapping (Φcl)∗
becomes an isomorphism between W k,p

BC (O , w∂O
γ ; X ) and W k,p

BC (Rd+, wγ; X ) for ℓ≥ k and
BC ∈ {0,Dir}. In [190, Section 3.2], this isomorphism is used to define weighted Sobolev
spaces on domains. However, for ℓ< k or Neumann boundary conditions, this isomorph-
ism is not sufficient, which is why we have employed the diffeomorphisms Φ and Ψ from
Lemma 2.6.5 and 2.6.6 to define weighted Sobolev spaces with vanishing traces.

6.3.3. Trace characterisations for weighted Sobolev spaces on bounded
domains

In this section, we define Sobolev spaces with vanishing traces for bounded domains O .
To this end, we will employ a localisation procedure to relate spaces on bounded domains
with spaces on special domains. We start with a lemma containing a decomposition of
weighted Sobolev spaces, see also [190, Section 2.2].

Lemma 6.3.9. Let ℓ ∈N1, κ ∈ [0,1] and let O ⊆ Rd be a bounded Cℓ,κ-domain. Then for
any δ> 0, the following statements hold.

(i) For all ε ∈ (0,κ) there exists a finite open cover (Vn)N
n=1 of ∂O , together with special

Cℓ,κ
c -domains (On)N

n=1 which satisfy [On]Cℓ,κ−ε < δ, such that

O ∩Vn =On ∩Vn and ∂O ∩Vn = ∂On ∩Vn , n ∈ {1, . . . , N }.

If κ= 0, then the special Cℓ
c -domains (On)N

n=1 can be chosen such that [On]Cℓ < δ.

(ii) There exist η0 ∈ C∞
c (O ) and ηn ∈ C∞

c (Vn) for n ∈ {1, . . . , N } such that 0 ≤ ηn ≤ 1 for
n ∈ {0, . . . , N } and

∑N
n=0η

2
n = 1 on O (partition of unity).

(iii) For p ∈ (1,∞), k ∈N0, γ ∈ R and X a Banach space, the space W k,p (O , w∂O
γ ; X ) has

the direct sum decomposition

W
k,p
γ :=W k,p (Rd ; X )⊕

N⊕
n=1

W k,p (On , w∂On
γ ; X ). (6.3.12)

Moreover, the mappings

I : W k,p (O , w∂O
γ ; X ) →W

k,p
γ and P : W

k,p
γ →W k,p (O , w∂O

γ ; X )

given by

I f := (ηn f )N
n=0 and P ( fn)N

n=0 :=
N∑

n=0
ηn fn , (6.3.13)

are continuous and satisfy P I = id. Thus, P is a retraction with coretraction I .
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Proof. We note that the result in (i) follows from the discussion after Definition 2.6.1.
The partition of unity in (ii) is standard, see for instance [166, Section 8.4] (noting that
a C 2-domain is not required for constructing the partition of unity). Finally, using the
partition of unity and the (co)retraction in (6.3.13), the direct sum decomposition in (iii)
follows. Indeed, η0 ∈C∞

c (O ) and we can extend to the full space Rd without a weight since
there is no boundary. Furthermore, for n ∈ {1, . . . , N } we have ηn ∈C∞

c (Vn), so the weight

w∂O
γ (x) can be replaced by w∂On

γ (x) for x ∈On .

With Lemma 6.3.9 we can now define traces of functions in W k,p (O , w∂O
γ ; X ) if O is a

bounded Cℓ,κ-domain. Furthermore, we define the following spaces with vanishing traces
at the boundary.

Definition 6.3.10. Let p ∈ (1,∞), ℓ ∈N1, κ ∈ [0,1], k ∈N0 and let X be a Banach space.
Let γ ∈ (−1,∞) \ { j p −1 : j ∈N1} be such that γ> (k − (ℓ+κ))+p −1. Moreover, let O be a
bounded Cℓ,κ-domain, let (On)N

n=1 be special Cℓ,κ
c -domains and let I be the coretraction

from Lemma 6.3.9. We define

W k,p
0 (O , w∂O

γ ; X ) :=
{

f ∈W k,p (O , w∂O
γ ; X ) : I f ∈W k,p (Rd ; X )⊕

N⊕
n=1

W k,p
0 (On , w∂On

γ ; X )
}

,

W k,p
Dir (O , w∂O

γ ; X ) :=
{

f ∈W k,p (O , w∂O
γ ; X ) : I f ∈W k,p (Rd ; X )⊕

N⊕
n=1

W k,p
Dir (On , w∂On

γ ; X )
}

,

W k,p
Neu(O , w∂O

γ ; X ) :=
{

f ∈W k,p (O , w∂O
γ ; X ) : I f ∈W k,p (Rd ; X )⊕

N⊕
n=1

W k,p
Neu(On , w∂On

γ ; X )
}

.

Note that the above spaces are well defined by Lemma 6.3.9 and Definition 6.3.6.
Moreover, the definitions are independent of the chosen covering of ∂O and the par-
tition of unity in Lemma 6.3.9.

Similar to Propositions 6.3.1 and 6.3.7 we can now relate the spaces
◦

W k,p
BC (O , w∂O

γ ; X )

and W k,p
BC (O , w∂O

γ ; X ) for bounded domains.

Proposition 6.3.11 (Trace characterisation on bounded domains). Let p ∈ (1,∞), ℓ ∈N1,
κ ∈ [0,1], k ∈N0 and let X be a Banach space. Let γ ∈ (−1,∞) \ { j p −1 : j ∈N1} be such that
γ> (k − (ℓ+κ))+p −1. Moreover, let O be a bounded Cℓ,κ-domain. For BC ∈ {0,Dir,Neu}
we have the trace characterisations

◦
W k,p

BC (O , w∂O
γ ; X ) =W k,p

BC (O , w∂O
γ ; X ).

Proof. We only prove the statement for BC = 0 since the proof for the other cases is

similar. Let f ∈W k,p
0 (O , w∂O

γ ; X ). Proposition 6.3.7 and the fact that C∞
c (Rd ; X ) is dense

in W k,p (Rd ; X ), allows us to approximate I f by a sequence g := (g0,m , g1,m , . . . , gN ,m)m≥1

where (g0,m)m≥1 ⊆ C∞
c (Rd ; X ) and (gn,m)m≥1 ⊆ C∞

c (On ; X ) for all n ∈ {1, . . . , N }. Using
Lemma 6.3.9 we see that f =P I f can be approximated by the sequence P g ⊆C∞

c (O ; X ).
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6.3.4. Complex interpolation of weighted Sobolev spaces
To conclude this section, we recall the following two interpolation results for weighted
Sobolev spaces on Rd+ with boundary conditions from Chapter 3, which also hold for
special and bounded domains by the results from Sections 6.3.1, 6.3.2 and 6.3.3.

Proposition 6.3.12. Let p ∈ (1,∞), k ∈N0, κ ∈ [0,1], γ ∈ ((1−κ)p −1,2p −1) \ {p −1} and
let X be a UMD Banach space. Moreover, let O be a special C 1,κ

c -domain with [O ]C 1,κ ≤ 1 or
a bounded C 1,κ-domain. Then

[W k,p (O , w∂O
γ+kp ; X ),W k+2,p

Dir (O , w∂O
γ+kp ; X )] 1

2
=W k+1,p

Dir (O , w∂O
γ+kp ; X ).

Proposition 6.3.13. Let p ∈ (1,∞), k ∈N0, κ ∈ (0,1], γ ∈ ((1−κ)p−1, p−1), j ∈ {0,1} and let

X be a UMD Banach space. Moreover, let O be a special C j+1,κ
c -domain with [O ]C j+1,κ ≤Λ,

where Λ ∈ (0,1) is as in Lemma 2.6.6 or a bounded C j+1,κ-domain. Then

[W k+ j ,p (O , w∂O
γ+kp ; X ),W k+2+ j ,p

Neu (O , w∂O
γ+kp ; X )] 1

2
=W k+1+ j ,p

Neu (O , w∂O
γ+kp ; X ).

Proof of Propositions 6.3.12 and 6.3.13. By Propositions 6.3.4, 6.3.7 and Lemma 6.3.9, it
suffices to prove the statements for O =Rd+, which follows from Theorem 3.6.5.

We remark that in the above two propositions the conditions on [O ]C j+1,κ can be omitted
and in this case the implicit constants will depend on the domain.

6.4. Fractional domains of the Laplacian on the half-space
In this section, we establish properties of the Laplacian on the half-space that are required
for Sections 6.5 and 6.6. There, we will transfer the H∞-calculus for the Laplacian from Rd+
to domains using the perturbation results in Section 6.2. The aim of the present section is
to recall the bounded H∞-calculus for the Laplacian on Rd+ from Chapter 5 and to charac-
terise the relevant fractional domains and interpolation spaces. These characterisations
are one of the key ingredients in the perturbation theorems in Section 6.5.

Throughout this section, the Dirichlet and Neumann Laplacian on Rd+ will be defined
as follows.

Definition 6.4.1. Let p ∈ (1,∞), k ∈N0 and let X be a UMD Banach space.

(i) Let γ ∈ (−1,2p −1) \ {p −1}. The Dirichlet Laplacian ∆Dir on W k,p (Rd+, wγ+kp ; X ) is
defined by

∆Diru :=∆u with D(∆Dir) :=W k+2,p
Dir (Rd

+, wγ+kp ; X ).

(ii) Let γ ∈ (−1, p − 1) and j ∈ {0,1}. The Neumann Laplacian ∆Neu on W k+ j ,p (Rd+,
wγ+kp ; X ) is defined by

∆Neuu :=∆u with D(∆Neu) :=W k+ j+2,p
Neu (Rd

+, wγ+kp ; X ).

Note that equivalently we can write ∆Neu on W k,p (Rd+, wγ+(k−1)p ; X ) where k ∈N0

and γ ∈ (p −1,2p −1), or, k ∈N1 and γ ∈ (−1, p −1). This matches the notation in
Theorem 6.1.2.
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We recall from Chapter 5 that these Laplace operators admit a bounded H∞-calculus.

Theorem 6.4.2. Let p ∈ (1,∞), k ∈N0, γ ∈ (−1,2p −1)\{p −1} and let X be a UMD Banach
space. Let ∆Dir on W k,p (Rd+, wγ+kp ; X ) be as in Definition 6.4.1(i). Then for all λ > 0 we
have that

(i) λ−∆Dir is sectorial of angle ω(λ−∆Dir) = 0,

(ii) λ−∆Dir has a bounded H∞-calculus of angle ωH∞ (λ−∆Dir) = 0.

Moreover, the statements hold for λ= 0 as well if γ+kp ∈ (−1,2p −1).

Theorem 6.4.3. Let p ∈ (1,∞), k ∈N0, γ ∈ (−1, p−1), j ∈ {0,1} and let X be a UMD Banach
space. Let ∆Neu on W k+ j ,p (Rd+, wγ+kp ; X ) be as in Definition 6.4.1(ii). Then for all λ> 0 we
have that

(i) λ−∆Neu is sectorial of angle ω(λ−∆Neu) = 0,

(ii) λ−∆Neu has a bounded H∞-calculus of angle ωH∞ (λ−∆Neu) = 0.

Moreover, the statements hold for λ= 0 as well if k = 0.

Remark 6.4.4. The domain D(A) of an operator A on a Banach space Y is endowed with
the graph norm ∥u∥Y +∥Au∥Y for u ∈ D(A). It follows from Theorems 6.4.2 and 6.4.3 that
the graph norm is equivalent to the norm of the domain in Definition 6.4.1. Under the
conditions of Theorem 6.4.2, we have for the Dirichlet Laplacian that

∥u∥W k+2,p (Rd+,wγ+kp ;X ) ≂p,k,γ,λ,X ∥u∥W k,p (Rd+,wγ+kp ;X ) +∥(λ−∆Dir)u∥W k,p (Rd+,wγ+kp ;X )

≂p,k,γ,λ,X ∥(λ−∆Dir)u∥W k,p (Rd+,wγ+kp ;X ), u ∈W k+2,p
Dir (Rd

+, wγ+kp ; X ),

where the latter identity only holds for λ> 0. A similar norm equivalence holds for the
Neumann Laplacian.

To transfer the H∞-calculus for the Laplacian from Rd+ to domains, we need to identify
certain fractional domains and interpolation spaces. This will be done in Section 6.4.1
and 6.4.2 for the Dirichlet and Neumann Laplacian, respectively. We additionally define
for γ ∈ (−1,∞) \ { j p −1 : j ∈N1} and k ∈N0 the following weighted Sobolev spaces with
boundary conditions (cf. [190, Section 6.3])

W k,p
∆,Dir(Rd

+, wγ; X ) :=
{

u ∈W k,p (Rd
+, wγ; X ) : Tr(∆ j u) = 0,∀ j < 1

2

(
k − γ+1

p

)}
,

W k,p
∆,Neu(Rd

+, wγ; X ) :=
{

u ∈W k,p (Rd
+, wγ; X ) : Tr(∆ j∂1u) = 0,∀ j < 1

2

(
k −1− γ+1

p

)}
.

6.4.1. Fractional domains for the Dirichlet Laplacian
We begin with an elliptic regularity result for the shifted Dirichlet Laplacian on spaces
with additional boundary conditions.
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Lemma 6.4.5. Let p ∈ (1,∞), k ∈ N0, γ ∈ (−1,2p − 1) \ {p − 1}, λ > 0 and let X be a

UMD Banach space. Then for all f ∈ W k+1,p
∆,Dir (Rd+, wγ+kp ; X ) there exists a unique u ∈

W k+3,p
∆,Dir (Rd+, wγ+kp ; X ) such that λu −∆u = f . Moreover, this solution satisfies

∥u∥W k+3,p (Rd+,wγ+kp ;X ) ≤C∥ f ∥W k+1,p (Rd+,wγ+kp ;X ),

where the constant C > 0 only depends on p,k,γ,λ,d and X .

Proof. Step 1: the case γ ∈ (−1, p −1). Let γ ∈ (−1, p −1) and note that

W k+1,p
∆,Dir (Rd

+, wγ+kp ; X ) =W k+1,p
Dir (Rd

+, wγ+kp ; X ) =W k+1,p
0 (Rd

+, wγ+kp ; X ),

which has C∞
c (Rd+; X ) as a dense subspace, see Proposition 6.3.1. We claim that for f ∈

C∞
c (Rd+; X ) there exists a unique solution u ∈S (Rd+; X ) to λu −∆u = f on Rd+ that satisfies

u(0, ·) = (∆u)(0, ·) = 0. Indeed, by the proof of Lemma 5.5.3 we obtain an odd function
u ∈S (Rd ; X ) which solves λu −∆u = fodd ∈S (Rd ; X ) on Rd . We recall from Section 5.4.2
that fodd(x) = sign(x1) f (|x1|, x̃) for x ∈Rd is the odd extension of f with respect to x1 = 0.
Since u is odd, it follows that ∆u is odd as well. Then u := u|

Rd+
∈S (Rd+; X ) is a solution to

λu −∆u = f on Rd+ and satisfies u(0, ·) = (∆u)(0, ·) = 0. The uniqueness follows from [190,
Corollary 4.3]. This proves the claim.

Let f ∈C∞
c (Rd+; X ) and let u ∈S (Rd+; X ) be the solution to λu −∆u = f as follows from

the claim. In particular, we have that Tr(∂2
1u) = 0. We define v0 := u and v j := ∂ j u for

j ∈ {1, . . . ,d}. These functions satisfy the equations

λv0 −∆v0 = f

λv1 −∆v1 = ∂1 f

λv j −∆v j = ∂ j f

v0(0, ·) = u(0, ·) = 0,

(∂1v1)(0, ·) = (∂2
1u)(0, ·) = 0,

v j (0, ·) = 0, j ∈ {2, . . . ,d}.

Therefore, by Propositions 5.5.4 and 5.5.6 we have for j ∈ {0, . . . ,d} the estimates

∥v j ∥W k+2,p (Rd+,wγ+kp ;X ) ≤C∥ f ∥W k+1,p (Rd+,wγ+kp ;X ),

where the constant C > 0 only depends on p,k,γ,λ,d and X . This implies that

∥u∥W k+3,p (Rd+,wγ+kp ;X ) ≂
d∑

j=0
∥v j ∥W k+2,p (Rd+,wγ+kp ;X ) ≲ ∥ f ∥W k+1,p (Rd+,wγ+kp ;X ),

where the constant C > 0 only depends on p,k,γ,λ,d and X . A density argument, similar
to the proof of Proposition 5.5.4, yields the desired result for the case γ ∈ (−1, p −1). Note

that the uniqueness of u ∈ W k+3,p
∆,Dir (Rd+, wγ+kp ; X ) ,→ W k+2,p

Dir (Rd+, wγ+kp ; X ) follows from
Proposition 5.5.4.

Step 2: the case γ ∈ (p −1,2p −1). Note that for γ ∈ (p −1,2p −1) we have

W k+1,p
∆,Dir (Rd

+, wγ+kp ; X ) =W k+1,p (Rd
+, wγ−p+(k+1)p ; X ).

Since γ−p ∈ (−1, p −1) and

W k+3,p
∆,Dir (Rd

+, wγ+kp ; X ) =W (k+1)+2,p
Dir (Rd

+, wγ−p+(k+1)p ; X ),

the result follows from Theorem 6.4.2 (see also Proposition 5.5.4).
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We can now proceed with characterising fractional domains of the Dirichlet Laplacian.

Proposition 6.4.6. Let p ∈ (1,∞), k ∈ N0, γ ∈ (−1,2p −1) \ {p −1}, λ > 0 and let X be a
UMD Banach space. Let ∆Dir on W k,p (Rd+, wγ+kp ; X ) as in Definition 6.4.1. Then

D
(
(λ−∆Dir)

1
2
)=W k+1,p

Dir (Rd
+, wγ+kp ; X ),

D
(
(λ−∆Dir)

3
2
)=W k+3,p

∆,Dir (Rd
+, wγ+kp ; X ).

Proof. We write ADir :=λ−∆Dir. For γ ∈ (−1,2p −1) \ {p −1} it holds that ADir has BIP by
Theorem 6.4.2, so Propositions 6.2.1 and 6.3.12 imply

D(A
1
2
Dir) = [W k,p (Rd

+, wγ+kp ; X ),W k+2,p
Dir (Rd

+, wγ+kp ; X )] 1
2
=W k+1,p

Dir (Rd
+, wγ+kp ; X ).

By [126, Theorem 15.2.5] and the characterisation of D(A
1
2
Dir) we find

D(A
3
2
Dir) = {u ∈ D(ADir) : ADiru ∈ D(A

1
2
Dir)}

= {u ∈W k+2,p
Dir (Rd

+, wγ+kp ; X ) : ADiru ∈W k+1,p
Dir (Rd

+, wγ+kp ; X )}.
(6.4.1)

It is straightforward to check that the embedding W k+3,p
∆,Dir (Rd+, wγ+kp ; X ) ,→ D(A

3
2
Dir) holds.

The converse embedding follows from (6.4.1) and Lemma 6.4.5.

As a consequence of Proposition 6.4.6, we can characterise the fractional domains as
complex interpolation spaces as well.

Corollary 6.4.7. Let p ∈ (1,∞), k ∈ N0, k0,k1 ∈ {0,1,2,3}, θ ∈ (0,1) and let X be a UMD
Banach space. For λ> 0 and ∆Dir on W k,p (Rd+, wγ+kp ; X ) be as in Definition 6.4.1.

(i) If γ ∈ (−1, p −1), then

D
(
(λ−∆Dir)

(1−θ)k0+θk1
2

)= [
W k+k0,p
∆,Dir (Rd

+, wγ+kp ; X ),W k+k1,p
∆,Dir (Rd

+, wγ+kp ; X )
]
θ .

(ii) If γ ∈ (p −1,2p −1), then

D
(
(λ−∆Dir)

(1−θ)k0+θk1
2

)= [
W k+k0,p

Dir (Rd
+, wγ+kp ; X ),W k+k1,p

Dir (Rd
+, wγ+kp ; X )

]
θ .

Proof. The fractional domains of the shifted Dirichlet Laplacian on W k,p (Rd+, wγ+kp ; X )
form a complex interpolation scale by Proposition 6.2.1 and Theorem 6.4.2, so the state-
ments are a direct consequence of Proposition 6.4.6.

We close this section about the Dirichlet Laplacian with a complex interpolation iden-
tification, which follows from reiteration and the work of Šneı̆berg [254, 255] on the
openness of the set of θ ∈ (0,1) for which a bounded operator T : [X0, X1]θ → [Y0,Y1]θ is
invertible.
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Proposition 6.4.8. Let p ∈ (1,∞), k ∈ N0, k0 ∈ {0,1,2}, γ ∈ (p −1,2p −1) and let X be a
UMD Banach space. Then there exists an ε> 0 such that for all θ ∈ (

0, 2−k0
3−k0

+ε) we have

[
W k+k0,p

Dir (Rd
+, wγ+kp ; X ),W k+3,p

Dir (Rd
+, wγ+kp ; X )

]
θ

= [
W k+k0,p

0 (Rd
+, wγ+kp ; X ),W k+3,p

0 (Rd
+, wγ+kp ; X )

]
θ.

Proof. Let λ> 0 and define ADir :=λ−∆Dir on W k,p (Rd+, wγ+kp ; X ) as in Definition 6.4.1.
First consider the case k0 = 0 and θ = 2

3 , in which case we have by Corollary 6.4.7 and
Proposition 3.6.2

[W k,p (Rd
+, wγ+kp ; X ),W k+3,p

Dir (Rd
+, wγ+kp ; X )] 2

3
= D(ADir)

=W k+2,p
Dir (Rd

+, wγ+kp ; X ) =W k+2,p
0 (Rd

+, wγ+kp ; X )

= [W k,p (Rd
+, wγ+kp ; X ),W k+3,p

0 (Rd
+, wγ+kp ; X )] 2

3
.

(6.4.2)

Next, for θ ∈ (0, 2
3 ), we set θ̃ = θ· 3

2 ∈ (0,1). Then, by reiteration for the complex interpolation
method (see [27, Theorem 4.6.1]) and (6.4.2) we have

[W k,p (Rd
+, wγ+kp ; X ),W k+3,p

Dir (Rd
+, wγ+kp ; X )]θ

= [
W k,p (Rd

+, wγ+kp ; X ), [W k,p (Rd
+, wγ+kp ; X ),W k+3,p

Dir (Rd
+, wγ+kp ; X )] 2

3

]
θ̃

= [
W k,p (Rd

+, wγ+kp ; X ), [W k,p (Rd
+, wγ+kp ; X ),W k+3,p

0 (Rd
+, wγ+kp ; X )] 2

3

]
θ̃

= [W k,p (Rd
+, wγ+kp ; X ),W k+3,p

0 (Rd
+, wγ+kp ; X )]θ .

Note that the identity mapping is bounded on W k,p (Rd+, wγ+kp ; X ) and

id : W k+3,p
0 (Rd

+, wγ+kp ; X ) →W k+3,p
Dir (Rd

+, wγ+kp ; X ) is bounded.

Moreover, we have proved that it is invertible as a mapping

id : [W k,p (Rd
+, wγ+kp ; X ),W k+3,p

0 (Rd
+, wγ+kp ; X )]θ

→ [W k,p (Rd
+, wγ+kp ; X ),W k+3,p

Dir (Rd
+, wγ+kp ; X )]θ

for θ ∈ (0, 2
3 ]. Since the collection of θ ∈ (0,1) for which this mapping is invertible is open

(see [87, Theorem 1.3.24]), the proposition in the case k0 = 0 follows.

Finally, for k0 ∈ {1,2}, let ε > 0 be such that the proposition holds for k0 = 0 and fix
θ ∈ (

0, 2−k0
3−k0

+ε). Then we have

(1−θ) k0
3 +θ = k0

3 + ( 3−k0
3 )θ < k0

3 + 2−k0
3 +ε= 2

3 +ε.

Therefore, using Proposition 3.6.2, reiteration for the complex interpolation method and
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the case k0 = 0, we obtain

[W k+k0,p
0 (Rd

+, wγ+kp ; X ),W k+3,p
0 (Rd

+, wγ+kp ; X )]θ

= [
[W k,p

0 (Rd
+, wγ+kp ; X ),W k+3,p

0 (Rd
+, wγ+kp ; X )] k0

3
,W k+3,p

0 (Rd
+, wγ+kp ; X )

]
θ

= [W k,p
0 (Rd

+, wγ+kp ; X ),W k+3,p
0 (Rd

+, wγ+kp ; X )]
(1−θ)

k0
3 +θ

= [W k,p
Dir (Rd

+, wγ+kp ; X ),W k+3,p
Dir (Rd

+, wγ+kp ; X )]
(1−θ)

k0
3 +θ.

Using Corollary 6.4.7 two more times, we have

[W k,p
Dir (Rd

+, wγ+kp ; X ),W k+3,p
Dir (Rd

+, wγ+kp ; X )]
(1−θ)

k0
3 +θ

= D(A
(1−θ)

k0
2 + 3

2 θ

Dir )

= [W k+k0,p
Dir (Rd

+, wγ+kp ; X ),W k+3,p
Dir (Rd

+, wγ+kp ; X )]θ,

proving the proposition.

Remark 6.4.9. We conjecture that, e.g., in the case k = k0 = 0, there is actually the equality
of complex interpolation spaces

[Lp (Rd
+, wγ; X ),W 3,p

Dir (Rd
+, wγ; X )]θ = [Lp (Rd

+, wγ; X ),W 3,p
0 (Rd

+, wγ; X )]θ (6.4.3)

for all θ ∈ (
0, 1

3 (1+ γ+1
p )

)
, which is suggested by results on interpolation with boundary

conditions as studied in Chapter 3 and [189]. However, at the moment, the case γ ∈
(p −1,2p −1) of (6.4.3) for the parameter range θ ∈ ( 2

3 +ε, 1
3

(
1+ γ+1

p

))
is an interesting

open problem that seems to require a novel approach to interpolation with boundary
conditions.

6.4.2. Fractional domains for the Neumann Laplacian
Similar to the Dirichlet Laplacian above, we now characterise fractional domains for
the Neumann Laplacian. The proofs are similar to those in Section 6.4.1, but for the
convenience of the reader, we provide the details.

Lemma 6.4.10. Let p ∈ (1,∞), k ∈N0∪ {−1}, γ ∈ (−1,2p −1)\{p −1} such that γ+kp >−1,

λ> 0 and let X be a UMD Banach space. Then for all f ∈W k+2,p
∆,Neu (Rd+, wγ+kp ; X ) there exists

a unique u ∈ W k+4,p
∆,Neu (Rd+, wγ+kp ; X ) such that λu −∆Neuu = f . Moreover, this solution

satisfies
∥u∥W k+4,p (Rd+,wγ+kp ;X ) ≤C∥ f ∥W k+2,p (Rd+,wγ+kp ;X ),

where the constant C > 0 only depends on p,k,γ,λ,d and X .

Proof. Step 1: the case γ ∈ (p −1,2p −1) and k ≥ −1. Note that for γ ∈ (p −1,2p −1) we
have

W k+2,p
∆,Neu (Rd

+, wγ+kp ; X ) =W k+2,p (Rd
+, wγ−p+(k+1)p ; X ).
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Since γ−p ∈ (−1, p −1) and

W k+4,p
∆,Neu (Rd

+, wγ+kp ; X ) =W (k+2)+2,p
Neu (Rd

+, wγ−p+(k+1)p ; X ),

the result follows from Theorem 6.4.3 (see also Proposition 5.5.6).
Step 2: the case γ ∈ (−1, p −1) and k ≥ 0. Note that for γ ∈ (−1, p −1) we have

W k+2,p
∆,Neu (Rd

+, wγ+kp ; X ) =W k+2,p
Neu (Rd

+, wγ+kp ; X ),

which has
C∞

c,1(Rd+; X ) := { f ∈C∞
c (Rd+; X ) : ∂1 f ∈C∞

c (Rd
+; X )}

as a dense subspace, see Proposition 3.4.13. For f ∈ C∞
c,1(Rd+; X ) there exists a unique

solution u ∈S (Rd+; X ) to λu −∆Neuu = f on Rd+ that satisfies (∂1u)(0, ·) = (∆∂1u)(0, ·) = 0.
This can be proved similarly to Lemma 6.4.5 now using an even extension (cf. Lemma
5.5.5).

Take f ∈C∞
c,1(Rd+; X ) and let u ∈ S (Rd+; X ) be the solution to λu −∆Neuu = f as above.

We define v0 := u and v j := ∂ j u for j ∈ {1, . . . ,d}. These functions satisfy the estimates

λv0 −∆v0 = f

λv1 −∆v1 = ∂1 f

λv j −∆v j = ∂ j f

(∂1v0)(0, ·) = 0,

v1(0, ·) = 0,

(∂1v j )(0, ·) = 0, j ∈ {2, . . . ,d}.

If j = 1, then by Lemma 6.4.5 (using that (∂1 f )|∂Rd+
= 0) we have the estimate

∥v1∥W k+3,p (Rd+,wγ+kp ;X ) ≤C∥∂1 f ∥W k+1,p (Rd+,wγ+kp ;X ). (6.4.4)

If j ∈ {2, . . . ,d}, then applying Step 1 with k −1 and γ+p ∈ (p −1,2p −1), yields

∥v j ∥W k+3,p (Rd+,wγ+kp ;X ) = ∥v j ∥W (k−1)+4,p (Rd+,wγ+p+(k−1)p ;X )

≤C∥∂ j f ∥W k+1,p (Rd+,wγ+kp ;X ),
(6.4.5)

and similarly for j = 0 we obtain

∥v j ∥W k+3,p (Rd+,wγ+kp ;X ) ≤C∥ f ∥W k+1,p (Rd+,wγ+kp ;X ). (6.4.6)

The estimates (6.4.4), (6.4.5) and (6.4.6) imply that

∥u∥W k+4,p (Rd+,wγ+kp ;X ) ≂
d∑

j=0
∥v j ∥W k+3,p (Rd+,wγ+kp ;X )

≲ ∥ f ∥W k+1,p (Rd+,wγ+kp ;X ) +
d∑

j=1
∥∂ j f ∥W k+1,p (Rd+,wγ+kp ;X )

≲ ∥ f ∥W k+2,p (Rd+,wγ+kp ;X ),

where the constant only depends on p,k,γ,λ,d and X . A density argument, similar
to the proof of Proposition 5.5.4, yields the result. Note that the uniqueness of u ∈
W k+4,p
∆,Neu (Rd+, wγ+kp ; X ) ,→W k+3,p

Neu (Rd+, wγ+kp ; X ) follows from Proposition 5.5.6.
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We continue with the characterisation of fractional domains of the Neumann Laplacian.

Proposition 6.4.11. Let p ∈ (1,∞), k ∈N0∪{−1}, γ ∈ (−1,2p−1)\{p−1} such that γ+kp >
−1, λ > 0 and let X be a UMD Banach space. Let ∆Neu on W k+1,p (Rd+, wγ+kp ; X ) as in
Definition 6.4.1. Then

D
(
(λ−∆Neu)

1
2
)=W k+2,p

Neu (Rd
+, wγ+kp ; X ),

D
(
(λ−∆Neu)

3
2
)=W k+4,p

∆,Neu (Rd
+, wγ+kp ; X ).

Proof. We write ANeu := λ−∆Neu. For γ ∈ (−1,2p −1) \ {p −1} it holds that ANeu has BIP
by Theorem 6.4.3, so Propositions 6.2.1 and 6.3.13 imply

D(A
1
2
Neu) = [W k+1,p (Rd

+, wγ+kp ; X ),W k+3,p
Neu (Rd

+, wγ+kp ; X )] 1
2
=W k+2,p

Neu (Rd
+, wγ+kp ; X ).

By [126, Theorem 15.2.5] and the characterisation of D(A
1
2
Neu) we find

D(A
3
2
Neu) = {u ∈ D(ANeu) : ANeuu ∈ D(A

1
2
Neu)}

= {u ∈W k+3,p
Neu (Rd

+, wγ+kp ; X ) : ANeuu ∈W k+2,p
Neu (Rd

+, wγ+kp ; X )}.

From this, the embedding W k+4,p
∆,Neu (Rd+, wγ+kp ; X ) ,→ D(A

3
2
Neu) is straightforward and the

converse embedding follows from Lemma 6.4.10.

In contrast to the Dirichlet case, we do not need a version of Proposition 6.4.8 for the
Neumann Laplacian. This is simply due to the fact that we cannot consider the Neumann
Laplacian on W k,p (Rd+, wγ+kp ; X ) with γ> p −1, see Theorem 6.4.3.

6.5. Functional calculus for the Laplacian on special domains
To derive the H∞-calculus for the Dirichlet and Neumann Laplacian on bounded domains,
we will proceed in two steps:

1. Use the H∞-calculus for the Laplacian on the half-space (Theorems 6.4.2 and 6.4.3)
and known perturbation theorems for the H∞-calculus (Section 6.2) to obtain the
H∞-calculus for the Laplacian on special domains of the form O := {x ∈Rd : x1 >
h(x̃)} for a compactly supported function h on Rd−1 (see Definition 2.6.1).

2. Perform a localisation procedure to transfer the H∞-calculus for the Laplacian on
special domains to bounded domains.

In this section, we will perform Step 1, while Step 2 is postponed to Section 6.6. While
localisation procedures are standard in the literature (see, e.g., [67, 89, 166]), the low
regularity of the domains considered here leads to perturbation terms that, in some cases,
are of the same order as the Laplacian. Therefore, we employ a localisation procedure that
is different from the standard procedure as in the aforementioned literature. This leads
to a far-reaching generalisation of the results in [190, Theorem 6.1] where exclusively
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bounded C 2-domains are considered for only the Lp -case (i.e., k = 0).

We begin by defining the Laplacian on special domains. Recall that weighted Sobolev
spaces on special domains with vanishing boundary conditions are defined in Definition
6.3.6.

Definition 6.5.1. Let p ∈ (1,∞), k ∈N0, κ ∈ [0,1] and let X be a UMD Banach space.

(i) Let γ ∈ ((1−κ)p −1,2p −1) \ {p −1} and O a special C 1,κ
c -domain with [O ]C 1,κ ≤ 1.

The Dirichlet Laplacian ∆Dir on W k,p (O , w∂O
γ+kp ; X ) is defined by

∆Diru :=∆u with D(∆Dir) :=W k+2,p
Dir (O , w∂O

γ+kp ; X ).

(ii) Let γ ∈ ((1−κ)p−1, p−1), j ∈ {0,1} and O a special C j+1,κ
c -domain with [O ]C j+1,κ ≤Λ,

where Λ ∈ (0,1) is as in Lemma 2.6.6. The Neumann Laplacian ∆Neu on W k+ j ,p (O ,
w∂O
γ+kp ; X ) is defined by

∆Neuu :=∆u with D(∆Neu) :=W k+ j+2,p
Neu (O , w∂O

γ+kp ; X ).

Moreover, the Dirichlet and Neumann Laplacian on Rd+ as in Definition 6.4.1 will be

denoted by ∆
Rd+
Dir and ∆

Rd+
Neu, respectively.

The main results from this section on the H∞-calculus for the Laplacian on special
domains are summarised in the following two theorems.

Theorem 6.5.2 (H∞-calculus for λ−∆Dir on special domains). Let p ∈ (1,∞), k ∈ N0,
κ ∈ [0,1], γ ∈ ((1 −κ)p − 1,2p − 1) \ {p − 1}, λ > 0 and let X be a UMD Banach space.
Moreover, assume that O is a special C 1,κ

c -domain. Then there exists a δ ∈ (0,1) such that
if [O ]C 1,κ < δ, then λ−∆Dir on W k,p (O , w∂O

γ+kp ; X ) as in Definition 6.5.1 has a bounded

H∞-calculus with ωH∞ (λ−∆Dir) = 0.

Theorem 6.5.3 (H∞-calculus for λ−∆Neu on special domains). Let p ∈ (1,∞), k ∈ N0,
κ ∈ (0,1], γ ∈ ((1−κ)p − 1, p − 1), j ∈ {0,1}, λ > 0 and let X be a UMD Banach space.

Moreover, assume that O is a special C j+1,κ
c -domain. Then there exists a δ ∈ (0,1) such that

if [O ]C j+1,κ < δ, then λ−∆Neu on W k+ j ,p (O , w∂O
γ+kp ; X ) as in Definition 6.5.1 has a bounded

H∞-calculus with ωH∞ (λ−∆Neu) = 0.

Remark 6.5.4. Similar to Theorems 6.4.2 and 6.4.3, we expect that Theorems 6.5.2 and
6.5.3 also hold for λ= 0 if γ+kp is small. We will not consider this minor improvement of
the theorems here, since in Section 6.6 we consider bounded domains and use properties
of the spectrum to obtain the H∞-calculus with λ= 0.

The proofs of Theorems 6.5.2 and 6.5.3 are given in Section 6.5.2 after having established
some preliminary estimates in Section 6.5.1.
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6.5.1. Preliminary estimates
In the proofs of Theorems 6.5.2 and 6.5.3, we derive the H∞-calculus on special domains
by perturbing the corresponding calculus for the Laplacian on the half-space. To relate
the Laplacian on special domains and the half-space, we use the diffeomorphisms Φ and
Ψ from Lemmas 2.6.5 and 2.6.6 for the Dirichlet and Neumann Laplacian, respectively.
The diffeomorphism Φ is easier to deal with, but it does not suffice for the Neumann
Laplacian since it does not preserve the direction of the normal vector at the boundary,
see Section 2.6.

First, consider the case of Dirichlet boundary conditions. Let O be a special C 1
c -domain

and recall that Φ∗ f = f ◦Φ−1 for f ∈ L1
loc(O ; X ). Define ∆Φ : W 2,1

loc (Rd+; X ) → L1
loc(Rd+; X ) by

∆Φ :=Φ∗ ◦∆◦ (Φ−1)∗.

Making use of the explicit form of the diffeomorphism Φ(x) = (x1 −h1(x), x̃) for x ∈O (see
Lemma 2.6.5), an elementary computation involving the chain rule shows that∆Φ =∆+B ,
where the perturbation B is given by

B =−2((∇h1)◦Φ−1) ·∇∂1 +|(∇h1)◦Φ−1|2∂2
1 − ((∆h1)◦Φ−1)∂1. (6.5.1)

Note that the first two perturbation terms in (6.5.1) are second-order differential opera-
tors since (∇h1)◦Φ−1 is bounded on Rd+ if O is a special C 1

c -domain, see Lemma 2.6.5. The
order of the latter perturbation term in (6.5.1) depends on the smoothness of the domain.

• If O is a special C 2
c -domain, then (∆h1)◦Φ−1 is bounded on Rd+ and thus the last

term in (6.5.1) is a lower-order perturbation term.

• If O is a special C 1
c -domain, then (∆h1)(Φ−1(y)) blows up like y−1

1 in the neighbour-
hood of y1 = 0, see Lemma 2.6.5. Therefore, estimating, say, the Lp (Rd+, wγ)-norm
of ((∆h1)◦Φ−1)∂1 gives that the weight exponent effectively decreases. However,
this loss can be compensated by applying Hardy’s inequality, which allows us to
recover the original weight wγ. In this way, we also obtain an additional derivative
from Hardy’s inequality, meaning that all three perturbation terms in (6.5.1) have
the same order.

This demonstrates that if the smoothness of the domain is low, then the last perturbation
term in (6.5.1) is more difficult to deal with.

Similarly, for Neumann boundary conditions, letΨ be the diffeomorphism from Lemma
2.6.6 and define ∆Ψ : W 2,1

loc (Rd+; X ) → L1
loc(Rd+; X ) by

∆Ψ :=Ψ∗ ◦∆◦ (Ψ−1)∗.

Recall thatΨ(x) = (x1−h1(x), x̃−h̃1(x̃)) for x ∈O and we write h = (h1, h̃1) =: (h1,h2, . . . ,hd ).
Another tedious, but elementary calculation with the chain rule shows that ∆Ψ =∆+B
with

B =
d∑

i , j=1

[(−Hi , j −H j ,i + (H H⊤)i , j
)◦Ψ−1]∂2

i j −
d∑

j=1

[
∆h j ◦Ψ−1]∂ j ,
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where H := Dh is the Jacobi matrix of h. Compared to the case of Dirichlet boundary
conditions in (6.5.1), we have more perturbation terms, since the diffeomorphism Ψ

is more involved. To simplify the estimates later on, we simply note that B is a linear
combination of terms of the following forms[

(∂ν1 hi1 )◦Ψ−1]∂µ, |ν1| = 1, |µ| = 2,[
(∂ν1 hi1 )◦Ψ−1][(∂ν2 hi2 )◦Ψ−1]∂µ, |ν1| = |ν2| = 1, |µ| = 2,[

(∂ν1 hi1 )◦Ψ−1]∂µ, |ν1| = 2, |µ| = 1,

(6.5.2)

where i1, i2 ∈ {1, . . . ,d}. Note that the perturbation terms in (6.5.1) can also be written as
in (6.5.2) with i1 = i2 = 1 and Φ instead of Ψ.

In the following lemmas we provide precise estimates for the perturbation terms. We
note that these estimates work for both diffeomorphisms Φ and Ψ since they have the
same regularity properties. Throughout the rest of this subsection, we let O be a special
C 1

c -domain and take the following standing assumptions:

• In the case of Φ: [O ]C 1 ≤ 1 and take h1 as in Lemma 2.6.5.

• In the case of Ψ: [O ]C 1 ≤Λ, where Λ ∈ (0,1) as in Lemma 2.6.6, take h1 and h̃1 as
Lemma 2.6.6 and set (h1,h2, . . . ,hd ) := (h1, h̃1).

We start with the estimates for the perturbation terms with |µ| = 2.

Lemma 6.5.5 (Estimates for |µ| = 2). Let p ∈ (1,∞), k ∈N0 and let X be a Banach space.
Take |µ| = 2, |ν1| = |ν2| = 1 and i1, i2 ∈ {1, . . . ,d}. Let Υ ∈ {Φ,Ψ} and define

P1 := [
(∂ν1 hi1 )◦Υ−1]∂µ,

P2 := [
(∂ν1 hi1 )◦Υ−1][(∂ν2 hi2 )◦Υ−1]∂µ.

(i) If γ ∈ (p −1,2p −1), then for n ∈ {0,1} and u ∈W k+2+n,p (Rd+, wγ+kp ; X ) it holds that

∥Pmu∥W k+n,p (Rd+,wγ+kp ;X ) ≤C · [O ]C 1 · ∥u∥W k+2+n,p (Rd+,wγ+kp ;X ), m ∈ {1,2}.

(ii) If κ ∈ (0,1], γ ∈ ((1−κ)p −1, p −1), j ∈ {0,1} and O is a special C j+1,κ
c -domain, then

for n ∈ {0,1} and u ∈W k+2+ j+n,p (Rd+, wγ+kp ; X ) it holds that

∥Pmu∥W k+ j+n,p (Rd+,wγ+kp ;X ) ≤C ·[O ]C j+1,κ ·∥u∥W k+2+ j+n,p (Rd+,wγ+kp ;X ), m ∈ {1,2}.

In all cases, the constant C > 0 only depends on p,k,γ,κ,d and X .

Proof. For notational convenience we write W k,p (wγ) :=W k,p (Rd+, wγ; X ).
Step 1: preparations. We prove the estimates for P1, where, from now on, we omit the

subscripts from ν and i . The estimates for P2 are derived in a similar way.
For α ∈Nd

0 and some regular enough u we obtain with the product rule that

∥∂α[((∂νhi )◦Υ−1)∂µu]∥Lp (wγ+kp )

≲
∑
β≤α

∥∥[∂β((∂νhi )◦Υ−1)][∂α−β∂µu]
∥∥

Lp (wγ+kp ).
(6.5.3)
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In the case that |α|, |β| ≥ 1 and y ∈Rd+, the multivariate Faà di Bruno’s formula [50, The-
orem 2.1] implies

|∂βy (∂νhi )(Υ−1(y))|≲ ∑
1≤|δ|≤|β|

|(∂δ∂νhi )(Υ−1(y))|
|β|∑

s=1

∑
ps (β,δ)

s∏
m=1

|∂ℓmΥ−1(y)|km , (6.5.4)

where the sets ps (β,δ) are contained in{
(k1, . . . ,ks ;ℓ1, . . . ,ℓs ) ∈ (Nd

0 \ {0})s × (Nd
0 \ {0})s :

s∑
m=1

|km | = |δ|,
s∑

m=1
|km ||ℓm | = |β|

}
. (6.5.5)

By Lemma 2.6.5(ii)+(iv) forΥ=Φ and Lemma 2.6.6(ii)+(v) forΥ=Ψ, we have the estimate

|(∂δ∂νhi )(Υ−1(y))|≲ [O ]C j+1,κ

dist(Υ−1(y),∂O )(|δ|− j−κ)+
≲

[O ]C j+1,κ

y (|δ|− j−κ)+
1

, (6.5.6)

for all κ ∈ [0,1], j ∈ {0,1}, δ ∈Nd
0 , |ν| = 1 and y ∈ Rd+. Moreover, by the same lemmas we

also have the (non-optimal) estimate

|∂ℓΥ−1(y)|≲ [O ]C j+1

y (|ℓ|− j−1)+
1

, (6.5.7)

for all j ∈ {0,1}, ℓ ∈Nd
0 and y ∈Rd+.

Step 2: proof of (i). Let γ ∈ (p −1,2p −1), n ∈ {0,1} and O a special C 1
c -domain. To prove

(i) we need to consider (6.5.3) with |α| ≤ k+n. If β= 0 in (6.5.3), then it follows from (6.5.6)
that

∥((∂νhi )◦Υ−1)(∂α∂µu)∥Lp (wγ+kp ) ≲ [O ]C 1∥u∥W k+2+n,p (wγ+kp ).

By (6.5.4), (6.5.6) and (6.5.7), we have for β≤α with |α|, |β| ≥ 1 that (6.5.3) can be further
estimated as∥∥[∂β((∂νhi )◦Υ−1)][∂α−β∂µu]

∥∥
Lp (wγ+kp )

≲ [O ]C 1

∑
1≤|δ|≤|β|

|β|∑
s=1

∑
ps (β,δ)

∥∂α−β∂µu∥Lp (wγ+kp−|δ|p−∑s
m=1(|ℓm |−1)|km |p )

≲ [O ]C 1∥∂α−β∂µu∥W |β|,p (wγ+kp ) ≲ [O ]C 1∥u∥W k+2+n,p (wγ+kp ),

where we have applied Hardy’s inequality (Corollary 5.3.2) |β| times using that

γ+kp −|δ|p −
s∑

m=1
(|ℓm |−1)|km |p (6.5.5)= γ+kp −|β|p > (1−n)p −1 ≥−1,

since γ> p −1, |β| ≤ k +n and n ∈ {0,1}. This completes the proof of (i).
Step 3: proof of (ii). Let κ ∈ (0,1], γ ∈ ((1−κ)p−1, p−1), n ∈ {0,1}, j ∈ {0,1} and O a special

C j+1,κ
c -domain. Consider (6.5.3) with |α| ≤ k + j +n. In the case that β= 0 it follows from

(6.5.6) that

∥((∂νhi )◦Υ−1)(∂α∂µu)∥Lp (wγ+kp ) ≲ [O ]C j+1,κ∥u∥W k+2+ j+n,p (wγ+kp ).
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By (6.5.4), (6.5.6) and (6.5.7), we have for β≤α with |α|, |β| ≥ 1 that (6.5.3) can be further
estimated as∥∥[∂β((∂νhi )◦Υ−1)][∂α−β∂µu]

∥∥
Lp (wγ+kp )

≲ [O ]C j+1,κ

∑
1≤|δ|≤ j

|β|∑
s=1

∑
ps (β,δ)

∥∂α−β∂µu∥Lp (wγ+kp−∑s
m=1(|ℓm |−( j+1))+|km |p )

+ [O ]C j+1,κ

∑
j+1≤|δ|≤|β|

|β|∑
s=1

∑
ps (β,δ)

∥∂α−β∂µu∥Lp (wγ+kp−(|δ|− j−κ)p−∑s
m=1(|ℓm |−1)|km |p ),

(6.5.8)

where the sum over 1 ≤ |δ| ≤ j is only present if j = 1 and in this case we have (|δ|− j−κ)+ =
0. We first consider the case j +1 ≤ |δ| ≤ |β| for j ∈ {0,1}. Note that by (6.5.5) we have

γ+kp − (|δ|− j −κ)p −
s∑

m=1
(|ℓm |−1)|km |p = γ+kp − (|β|− j −κ)

p

> (1−n)p −1 ≥−1.

Therefore, Lemma 6.3.2 applied with s = |β|− j −κ≤ |β| yields

∥∂α−β∂µu∥Lp (wγ+kp−(|β|− j−κ)p ) ≲ ∥∂α−β∂µu∥W |β|,p (wγ+kp ) ≤ ∥u∥W k+2+ j+n,p (wγ+kp ).

In the case that j = 1, we additionally estimate the sum over |δ| = 1 in (6.5.8). In the case
that |ℓm | ≤ j +1 = 2 for all m ∈ {1, . . . , s}, we have (|ℓm |−2)+ = 0 and

∥∂α−β∂µu∥Lp (wγ+kp ) ≲ ∥u∥W k+3+n,p (wγ+kp ).

If there exists an m0 ∈ {1, . . . , s} such that |ℓm0 | > 2, then it follows from (6.5.5) and |β| ≤
k +1+n that

γ+kp −
s∑

m=1
(|ℓm |−2)+|km |p = γ+kp −

( s∑
m=1

m ̸=m0

(|ℓm |−2)+|km |+ (|ℓm0 |−2)|km0 |
)
p

≥ γ+kp −
( s∑

m=1
m ̸=m0

|ℓm ||km |+ |ℓm0 ||km0 |−2|km0 |
)
p

≥ γ+kp −|β|p +2p > (2−n −κ)p −1 ≥−1.

Therefore, Lemma 6.3.2 (applied with s replaced by
∑s

m=1(|ℓm |−2)+|km | ≤ |β|), yields

∥∂α−β∂µu∥Lp (wγ+kp−∑s
m=1(|ℓm |−2)+|km |p ) ≲ ∥∂α−β∂µu∥W |β|,p (wγ+kp ) ≤ ∥u∥W k+3+n,p (wγ+kp ).

This finishes the proof of (ii).

We continue with some preliminary estimates for the perturbation term with |µ| = 1.

Lemma 6.5.6 (Estimates for |µ| = 1). Let p ∈ (1,∞), k ∈N0 and let X be a UMD Banach
space. Take |µ| = 1, |ν| = 2 and i ∈ {1, . . . ,d}. Let Υ ∈ {Φ,Ψ} and define

P := [
(∂νhi )◦Υ−1]∂µ,
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(i) If γ ∈ (p −1,2p −1), then for n ∈ {0,1} it holds that

∥Pu∥W k+n,p (Rd+,wγ+kp ;X ) ≤C · [O ]C 1 · ∥u∥W k+2+n,p (Rd+,wγ+kp ;X ),

for

u ∈
{

W k+2,p (Rd+, wγ+kp ; X ) if n = 0,

W k+3,p
0 (Rd+, wγ+kp ; X ) if n = 1.

(ii) If κ ∈ (0,1], γ ∈ ((1−κ)p − 1, p − 1) and O is a special C 1,κ
c -domain, then for u ∈

[W k,p (Rd+, wγ+kp ; X ),W k+2,p (Rd+, wγ+kp ; X )]1− κ
2

it holds that

∥Pu∥W k,p (Rd+,wγ+kp ;X ) ≤C · [O ]C 1,κ · ∥u∥[W k,p (Rd+,wγ+kp ;X ),W k+2,p (Rd+,wγ+kp ;X )]1− κ
2

.

In particular, for u ∈W k+2,p (Rd+, wγ+kp ; X ) it holds that

∥Pu∥W k,p (Rd+,wγ+kp ;X ) ≤C · [O ]C 1,κ · ∥u∥W k+2,p (Rd+,wγ+kp ;X ).

(iii) If κ ∈ (0,1], γ ∈ ((1−κ)p − 1, p − 1) and O is a special C 2,κ
c -domain, then for u ∈

W k+2,p (Rd+, wγ+kp ; X ) it holds that

∥Pu∥W k+1,p (Rd+,wγ+kp ;X ) ≤C · [O ]C 2,κ · ∥u∥W k+2,p (Rd+,wγ+kp ;X ).

In all cases, the constant C > 0 only depends on p,k,γ,κ,d and X .

Note that in Lemma 6.5.6(i) with n = 1, we need two traces of u to be zero. This will not
be a problem later on, since the Neumann trace will disappear in the complex interpola-
tion space, see Step 1 in the proof of Theorem 6.5.2.

Proof. For notational convenience we write W k,p (wγ) :=W k,p (Rd+, wγ; X ).
Step 1: preparations. For α ∈Nd

0 and some regular enough u we obtain with the product
rule that

∥∂α[((∂νhi )◦Υ−1)∂µu]∥Lp (wγ+kp )

≲
∑
β≤α

∥∥[∂β((∂νhi )◦Υ−1)][∂α−β∂µu]
∥∥

Lp (wγ+kp ).
(6.5.9)

In the case that |α|, |β| ≥ 1 and y ∈Rd+, the multivariate Faà di Bruno’s formula [50, The-
orem 2.1] implies

|∂βy (∂νhi )(Υ−1(y))|≲ ∑
1≤|δ|≤|β|

|(∂δ∂νhi )(Υ−1(y))|
|β|∑

s=1

∑
ps (β,δ)

s∏
m=1

|∂ℓmΥ−1(y)|km , (6.5.10)

where the sets ps (β,δ) are given as in (6.5.5). By Lemma 2.6.5(ii)+(iv) forΥ=Φ and Lemma
2.6.6(ii)+(v) for Υ=Ψ, we have the estimate

|(∂δ∂νhi )(Υ−1(y))|≲ [O ]C j+1,κ

dist(Υ−1(y),∂O )(|δ|+1− j−κ)+
≲

[O ]C j+1,κ

y (|δ|+1− j−κ)+
1

, (6.5.11)
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for all κ ∈ [0,1], j ∈ {0,1}, δ ∈Nd
0 , |ν| = 2 and y ∈ Rd+. Moreover, by the same lemmas we

also have the (non-optimal) estimate

|∂ℓΥ−1(y)|≲ [O ]C 1

y (|ℓ|−1)+
1

, (6.5.12)

for all ℓ ∈Nd
0 and y ∈Rd+.

Step 2: proof of (i). Let γ ∈ (p−1,2p−1), n ∈ {0,1} and O a special C 1
c -domain. To prove (i)

we need to consider (6.5.9) with |α| ≤ k +n. If β= 0 in (6.5.9), then it follows from (6.5.11)
and Hardy’s inequality (Corollary 5.3.2, using that γ+ (k −1)p >−1) that

∥((∂νhi )◦Υ−1)(∂α∂µu)∥Lp (wγ+kp ) ≲ [O ]C 1∥∂α∂µu∥Lp (wγ+(k−1)p ) ≲ [O ]C 1∥u∥W k+2+n,p (wγ+kp ).

By (6.5.10), (6.5.11) and (6.5.12), we have for β ≤ α with |α|, |β| ≥ 1 that (6.5.9) can be
further estimated as∥∥[∂β((∂νhi )◦Υ−1)][∂α−β∂µu]

∥∥
Lp (wγ+kp )

≲ [O ]C 1

∑
1≤|δ|≤|β|

|β|∑
s=1

∑
ps (β,δ)

∥∂α−β∂µu∥Lp (wγ+kp−(|δ|+1)p−∑s
m=1(|ℓm |−1)|km |p )

≲ [O ]C 1∥∂α−β∂µu∥W |β|+1,p (wγ+kp ) ≲ [O ]C 1∥u∥W k+2+n,p (wγ+kp ),

where we have applied Hardy’s inequality |β|+1 times using that

γ+kp − (|δ|+1)p −
s∑

m=1
(|ℓm |−1)|km |p (6.5.5)= γ+kp − (|β|+1)p >−np −1,

since γ > p − 1, |β| ≤ k +n and n ∈ {0,1}. This shows that for n = 1 we need to take

u ∈W k+3,p
0 (wγ+kp ) by Hardy’s inequality. This completes the proof of (i).

Step 3: proof of (ii). Let κ ∈ (0,1], γ ∈ ((1−κ)p −1, p −1) and O a special C 1,κ
c -domain.

Consider (6.5.9) with |α| ≤ k. If β= 0 in (6.5.9), then it follows from (6.5.11) and Lemma
6.3.3 (applied to s = 1−κ and using that X is UMD) that

∥((∂νhi )◦Υ−1)(∂α∂µu)∥Lp (wγ+kp ) ≲ [O ]C 1,κ∥∂α∂µu∥Lp (wγ+kp−(1−κ)p )

≲ [O ]C 1,κ∥u∥W k+1,p (wγ+kp−(1−κ)p )

≲ [O ]C 1,κ∥u∥[W k,p (Rd+,wγ+kp ;X ),W k+2,p (Rd+,wγ+kp ;X )]1− κ
2

.

By (6.5.10), (6.5.11) and (6.5.12), we have for β ≤ α with |α|, |β| ≥ 1 that (6.5.9) can be
further estimated as∥∥[∂β((∂νhi )◦Υ−1)][∂α−β∂µu]

∥∥
Lp (wγ+kp )

≲ [O ]C 1,κ

∑
1≤|δ|≤|β|

|β|∑
s=1

∑
ps (β,δ)

∥∂α−β∂µu∥Lp (wγ+kp−(|δ|+1−κ)p−∑s
m=1(|ℓm |−1)|km |p ).
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By (6.5.5) and the Hardy inequalities from Lemmas 2.2.2 (using γ+kp−(|β|+1−κ)p >−1)
and 6.3.3, we obtain

∥∂α−β∂µu∥Lp (wγ+kp−(|δ|+1−κ)p−∑s
m=1(|ℓm |−1)|km |p ) = ∥∂α−β∂µu∥Lp (wγ+kp−(|β|+1−κ)p )

≲ ∥u∥W k+1,p (wγ+kp−(1−κ)p )

≲ ∥u∥[W k,p (Rd+,wγ+kp ;X ),W k+2,p (Rd+,wγ+kp ;X )]1− κ
2

.

This completes the proof of (ii).
Step 4: proof of (iii). Let κ ∈ (0,1], γ ∈ ((1−κ)p −1, p −1) and O a special C 2,κ

c -domain.
Consider (6.5.9) with |α| ≤ k +1. If β= 0 in (6.5.9), then it follows from (6.5.11) that

∥((∂νhi )◦Υ−1)(∂α∂µu)∥Lp (wγ+kp ) ≲ [O ]C 2,κ∥∂α∂µu∥Lp (wγ+kp ) ≲ [O ]C 2,κ∥u∥W k+2,p (wγ+kp ).

By (6.5.10), (6.5.11) and (6.5.12), we have for β ≤ α with |α|, |β| ≥ 1 that (6.5.9) can be
further estimated as∥∥[∂β((∂νhi )◦Υ−1)][∂α−β∂µu]

∥∥
Lp (wγ+kp )

≲ [O ]C 2,κ

∑
1≤|δ|≤|β|

|β|∑
s=1

∑
ps (β,δ)

∥∂α−β∂µu∥Lp (wγ+kp−(|δ|−κ)p−∑s
m=1(|ℓm |−1)|km |p )

≲ [O ]C 2,κ∥∂α−β∂µu∥W |β|,p (wγ+kp ) ≲ [O ]C 2,κ∥u∥W k+2,p (wγ+kp ),

where we have used Lemma 6.3.2 with s replaced by |β|−κ and that

γ+kp − (|δ|−κ)p −
s∑

m=1
(|ℓm |−1)|km |p = γ+kp −|β|p +κp >−1.

This finishes the proof of (iii).

The fact that we need boundary conditions in the spaces in parts of Lemma 6.5.6 will
complicate the proof of perturbing the H∞-calculus in Section 6.5.2. In particular, for the
Dirichlet Laplacian on special C 1,κ

c -domains, we need an additional estimate, which we
obtain via extrapolation spaces and the adjoint operator.

Let p ∈ (1,∞), γ ∈ R, O ⊆ Rd open and let X be a reflexive Banach space (which is
implied by the UMD condition). Then Lp (O , w∂O

γ ; X ) is reflexive and with the unweighted
pairing

〈 f , g 〉Lp (O ,w∂O
γ ;X )×(Lp (O ,w∂O

γ ;X ))′ =
∫
O
〈 f (x), g (x)〉X×X ′ dx,

its dual space is
(Lp (O , w∂O

γ ; X ))′ = Lp ′
(O , w∂O

γ′ ; X ′),

where p ′ = p/(p −1) and γ′ =−γ/(p −1). Note that if γ ∈ (−1, p −1), then γ′ ∈ (−1, p ′−1).

We have the following characterisation of the adjoint operator of the Dirichlet Laplacian.
We note that for γ ∈ (p −1,2p −1) the characterisation of the domain of the adjoint is
more sophisticated, see [190, Proposition 6.6].
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Proposition 6.5.7 ([190, Proposition 6.5]). Let p ∈ (1,∞), γ ∈ (−1, p −1) and let X be a

UMD Banach space. Let Ap,γ,X :=∆R
d+

Dir on Lp (Rd+, wγ; X ) be the Dirichlet Laplacian as in
Definition 6.4.1. Then the adjoint operator is (Ap,γ,X )′ = Ap ′,γ′,X ′ .

To continue, we briefly recall the extrapolation scales, see [174, Appendix E] or [14,
Chapter 5] for more details. Let A be a sectorial operator on a Banach space Y such that
0 ∈ ρ(A). Then for any α ∈R, we can define the scale of extrapolation spaces

(Eα,A ,∥ ·∥Eα,A ) =
{

(D(Aα),∥Aα · ∥Y ) if α≥ 0,

(Y ,∥Aα · ∥Y )∼ if α< 0.

where ∼ denotes the completion of the space. Let A′ denote the adjoint of A. In the case
that Y is reflexive and α ∈R, the extrapolation scale satisfies

E−α,A = (Eα,A′ )′, (6.5.13)

with respect to the duality 〈Y ,Y ′〉.

With the extrapolation scale and the characterisation of the adjoint, we can prove the
following estimate for the perturbation terms coming from the Dirichlet Laplacian in
(6.5.1) on weighted Lebesgue spaces.

Lemma 6.5.8. Let p ∈ (1,∞), κ ∈ (0,1], γ ∈ ((1−κ)p −1, p −1) and let X be a UMD Banach

space. Let ∆
Rd+
Dir on Lp (Rd+, wγ; X ) be the Dirichlet Laplacian as in Definition 6.4.1. Assume

that O is a special C 1,κ
c -domain with [O ]C 1,κ ≤ 1. Then the perturbation B in (6.5.1) satisfies

∥(λ−∆R
d+

Dir)−
1
2 Bu∥Lp (Rd+,wγ;X ) ≤C · [O ]C 1,κ · ∥(λ−∆R

d+
Dir)

1
2 u∥Lp (Rd+,wγ;X ),

for all λ> 0 and u ∈W 1,p
Dir (Rd+, wγ; X ).

Proof. We write A :=λ−∆R
d+

Dir. Note that (6.5.13), Propositions 6.5.7 and 6.4.6 imply that

∥A− 1
2 Bu∥Lp (Rd+,wγ;X ) ≂ sup

∣∣〈Bu, v〉Lp (Rd+,wγ;X )×Lp′ (Rd+,wγ′ ;X ′)
∣∣,

where the supremum is taken over all v ∈ E 1
2 ,A′ = D((A′)

1
2 ) = W 1,p ′

Dir (Rd+, wγ′ ; X ′) with

∥v∥W 1,p′ (Rd+,wγ′ ;X ′) ≤ 1. Fix such a v ∈W 1,p ′
Dir (Rd+, wγ′ ; X ′). Recall from (6.5.1) that the pertur-

bation terms in B are of the form ((∂νh1)◦Φ−1)r∂µ∂1 with |µ| = |ν| = 1 and r ∈ {1,2}, or,
with |ν| = 2, |µ| = 0 and r = 1. Therefore, by Lemma 2.6.5(iv), integration by parts, Hölder’s
inequality, the proof of Lemma 6.3.2 (using the Dirichlet boundary condition to apply
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Hardy’s inequality) and Proposition 6.4.6, we obtain∣∣〈Bu, v〉Lp (Rd+,wγ;X )×Lp′ (Rd+,wγ′ ;X ′)
∣∣

≲ [O ]C 1,κ

( ∑
|µ|=1

∫
Rd+

|〈∂µ∂1u, v〉X×X ′ | dx +
∫
Rd+

x−(1−κ)
1 |〈∂1u, v〉X×X ′ | dx

)
≤ [O ]C 1,κ

(∫
Rd+

xγ1∥∂1u∥p
X dx

) 1
p

·
[ ∑
|µ|=1

(∫
Rd+

xγ
′

1 ∥∂µv∥p ′
X ′ dx

) 1
p′ +

(∫
Rd+

xγ
′−(1−κ)p ′

1 ∥v∥p ′
X ′ dx

) 1
p′

]
≲ [O ]C 1,κ∥u∥W 1,p (Rd+,wγ;X )∥v∥W 1,p′ (Rd+,wγ′ ;X ′) ≲ [O ]C 1,κ∥A

1
2 u∥Lp (Rd+,wγ;X ).

This proves the desired estimate.

6.5.2. The proofs of Theorems 6.5.2 and 6.5.3
With the preliminary estimates on the perturbation terms, we can now continue with
proving the boundedness of the H∞-calculus for the Laplacian on special domains. We
start with the proof of Theorem 6.5.2 for the Dirichlet Laplacian.

Proof of Theorem 6.5.2. Let O be a special domain as specified in the theorem, which is
of the form

O = {x ∈Rd : x1 > h(x̃)},

and let h1 and Φ be as in Lemma 2.6.5. Recall that we introduced ∆Φ : W 2,1
loc (Rd+; X ) →

L1
loc(Rd+; X ) given by

∆Φ :=Φ∗ ◦∆◦ (Φ−1)∗
=∆−2((∇h1)◦Φ−1) ·∇∂1 +|(∇h1)◦Φ−1|2∂2

1 − ((∆h1)◦Φ−1)∂1

=:∆+B1 +B2 +B3.

Let −∆ΦDir denote the realisation of ∆Φ in W k,p (Rd+, wγ+kp ; X ) with domain D(−∆ΦDir) =
W k+2,p

Dir (Rd+, wγ+kp ; X ). Due to the isomorphisms in Proposition 6.3.4, the trace charac-
terisation in Proposition 6.3.7 and standard properties of the H∞-calculus, the desired
statements in Theorem 6.5.2 for −∆Dir on W k,p (O , w∂O

γ+kp ; X ) are equivalent to the cor-

responding statements for −∆ΦDir on W k,p (Rd+, wγ+kp ; X ). We will apply the perturbation
theorems from Section 6.2.2 to show that the H∞-calculus for the Laplacian on the half-
space is preserved under the perturbation B := B1 +B2 +B3. We note that the estimates
for B1 and B2 are covered in Lemma 6.5.5 and for B3 in Lemma 6.5.6.

Step 1: the case γ ∈ (p−1,2p−1). Let γ ∈ (p−1,2p−1) and let O be a special C 1
c -domain.

Let λ> 0 and we write ADir :=λ−∆R
d+

Dir. We apply Theorem 6.2.4 to show that λ− (∆
Rd+
Dir +B)

has a bounded H∞-calculus. Let u ∈ D(ADir) = W k+2,p
Dir (Rd+, wγ+kp ; X ), then by Lemma
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6.5.5(i), Lemma 6.5.6(i) and Remark 6.4.4, we have

∥Bu∥W k,p (Rd+,wγ+kp ;X ) ≲ [O ]C 1∥u∥W k+2,p (Rd+,wγ+kp ;X )

≂ [O ]C 1∥ADiru∥W k,p (Rd+,wγ+kp ;X ),

which shows condition (i) of Theorem 6.2.4. To show that condition (ii) of Theorem 6.2.4
holds, note that by Lemma 6.5.5(i) and Lemma 6.5.6(i) we have that

B : W k+2,p (Rd
+, wγ+kp ; X ) →W k,p (Rd

+, wγ+kp ; X ) and

B : W k+3,p
0 (Rd

+, wγ+kp ; X ) →W k+1,p (Rd
+, wγ+kp ; X )

(6.5.14)

are bounded operators. Take θ ∈ (0, 1
2 ) such that Proposition 6.4.8 for k0 = 2 holds and

let u ∈ D(A1+θ
Dir ). Then, by Corollary 6.4.7 twice, properties of the complex interpolation

method using (6.5.14), Proposition 6.4.8 and the invertibility of ADir we have

∥Aθ
DirBu∥W k,p (Rd+,wγ+kp ;X ) ≤ ∥Bu∥D(AθDir) ≂ ∥Bu∥[W k,p (Rd+,wγ+kp ;X ),W k+1,p (Rd+,wγ+kp ;X )]2θ

≲ ∥u∥
[W k+2,p (Rd+,wγ+kp ;X ),W

k+3,p
0 (Rd+,wγ+kp ;X )]2θ

≲ ∥u∥
[W

k+2,p
0 (Rd+,wγ+kp ;X ),W

k+3,p
0 (Rd+,wγ+kp ;X )]2θ

≂ ∥u∥
[W

k+2,p
Dir (Rd+,wγ+kp ;X ),W

k+3,p
Dir (Rd+,wγ+kp ;X )]2θ

≂ ∥u∥D(A1+θ
Dir ) ≂ ∥A1+θ

Dir u∥W k,p (Rd+,wγ+kp ;X ).

This shows condition (ii) of Theorem 6.2.4. Therefore, Theorems 6.4.2 and 6.2.4 give that
λ−∆ΦDir has a bounded H∞-calculus of angle zero if [O ]C 1 is small enough.

Step 2: the case γ ∈ ((1−κ)p −1, p −1). Let κ ∈ (0,1], γ ∈ ((1−κ)p −1, p −1) and let O be

a special C 1,κ
c -domain. We apply Theorem 6.2.4 to show that λ− (∆

Rd+
Dir +B) has a bounded

H∞-calculus. Let u ∈ D(ADir) =W k+2,p
Dir (Rd+, wγ+kp ; X ). Then by Lemma 6.5.5(ii), Lemma

6.5.6(ii) and Remark 6.4.4, we have

∥Bu∥W k,p (Rd+,wγ+kp ;X ) ≲ [O ]C 1,κ∥u∥W k+2,p (Rd+,wγ+kp ;X )

≂ [O ]C 1,κ∥ADiru∥W k,p (Rd+,wγ+kp ).

Thus, condition (i) of Theorem 6.2.4 is satisfied. To continue, we verify condition (iii) of
Theorem 6.2.4 for α= 1

2 . If k = 0, then the required estimate follows from Lemma 6.5.8. If
k ∈N1, then by Proposition 6.3.12 and Corollary 6.4.7, we have

W k,p (Rd
+, wγ+kp ; X ) = [W k−1,p (Rd

+, wγ+p+(k−1)p ; X ),W k+1,p
Dir (Rd

+, wγ+p+(k−1)p ; X )] 1
2

= D(Ã
1
2
Dir),

where ÃDir :=λ−∆R
d+

Dir on W k−1,p (Rd+, wγ+p+(k−1)p ; X ). Moreover, note that by definition
of the fractional powers and Lemma 5.6.4, it follows that the fractional powers of ADir and
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ÃDir are consistent. Therefore, together with Lemma 6.5.5(i), Lemma 6.5.6(i) and Remark
6.4.4, we obtain

∥A
− 1

2
DirBu∥W k,p (Rd+,wγ+kp ;X ) ≂ ∥Ã

1
2
Dir A

− 1
2

DirBu∥W k−1,p (Rd+,wγ+p+(k−1)p ;X )

= ∥Bu∥W k−1,p (Rd+,wγ+p+(k−1)p ;X )

≲ ∥u∥W k+1,p (Rd+,wγ+kp ;X ) ≂ ∥A
1
2
Diru∥W k,p (Rd+,wγ+kp ;X ),

for u ∈ D(A
1
2
Dir) = W k+1,p

Dir (Rd+, wγ+kp ; X ). Therefore, Theorems 6.4.2 and 6.2.4 give that
λ−∆ΦDir has a bounded H∞-calculus of angle zero if [O ]C 1,κ is small enough.

We conclude this section with the proof of Theorem 6.5.3 about the H∞-calculus for
the Neumann Laplacian.

Proof of Theorem 6.5.3. Let O be a special C j+1,κ
c -domain with [O ]C j+1,κ ≤Λ, where Λ ∈

(0,1) is as in Lemma 2.6.6. Let Ψ be the diffeomorphism from Lemma 2.6.6 and define
∆Ψ : W 2,1

loc (Rd+; X ) → L1
loc(Rd+; X ) by∆Ψ :=Ψ∗◦∆◦(Ψ−1)∗. Recall that∆Ψ =∆+B , where the

perturbation term B is a linear combination of terms of the form (6.5.2). In particular, we
define B1,B2 and B3 as, respectively, all the perturbation terms in B of the form[

(∂ν1 hi1 )◦Ψ−1]∂µ, |ν1| = 1, |µ| = 2,[
(∂ν1 hi1 )◦Ψ−1][(∂ν2 hi2 )◦Ψ−1]∂µ, |ν1| = |ν2| = 1, |µ| = 2,[

(∂ν1 hi1 )◦Ψ−1]∂µ, |ν1| = 2, |µ| = 1,

where i1, i2 ∈ {1, . . . ,d}.
For j ∈ {0,1} let −∆ΨNeu denote the realisation of −∆Ψ in W k+ j ,p (Rd+, wγ+kp ; X ) with

domain D(∆ΨNeu) = W k+2+ j ,p
Neu (Rd+, wγ+kp ; X ). Due to the isomorphisms in Proposition

6.3.4, the trace characterisation in Proposition 6.3.7 and standard properties of the H∞-
calculus, the desired statements in Theorem 6.5.3 for −∆Neu on W k+ j ,p (O , w∂O

γ+kp ; X ) are

equivalent to the corresponding statements for −∆ΨNeu on W k+ j ,p (Rd+, wγ+kp ; X ). We will
apply the perturbation theorems from Section 6.2.2 to show that the H∞-calculus for the
Laplacian on the half-space is preserved under the perturbation B = B1+B2+B3. We note
that the estimates for B1 and B2 are covered in Lemma 6.5.5 and for B3 in Lemma 6.5.6.

Let λ > 0 and we write ANeu := λ−∆R
d+

Neu. We first apply Theorem 6.2.4 to show that

λ− (∆
Rd+
Neu +B1 +B2) has a bounded H∞-calculus on W k+ j ,p (Rd+, wγ+kp ; X ) for k ∈N0. Let

u ∈ D(ANeu) = W k+ j+2,p
Neu (Rd+, wγ+kp ; X ). Then by Lemma 6.5.5(ii) and Remark 6.4.4, we

have

∥B1u +B2u∥W k+ j ,p (Rd+,wγ+kp ;X ) ≲ [O ]C j+1,κ∥u∥W k+ j+2,p (Rd+,wγ+kp ;X )

≂ [O ]C j+1,κ∥ANeuu∥W k+ j ,p (Rd+,wγ+kp ;X ),

which shows condition (i) of Theorem 6.2.4. Next, we verify condition (ii) of Theorem 6.2.4

for α= 1
2 . Let u ∈ D(A

3
2
Neu) =W k+ j+3,p

∆,Neu (Rd+, wγ+kp ; X ), then by Proposition 6.4.11, Lemma
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6.5.5(ii) and the invertibility of ANeu, we have

∥A
1
2
Neu(B1 +B2)u∥W k+ j ,p (Rd+,wγ+kp ;X ) ≤ ∥B1u +B2u∥

D(A
1
2
Neu)

≲ ∥u∥W k+ j+3,p (Rd+,wγ+kp ;X )

≂ ∥u∥
D(A

3
2
Neu)

≂ ∥A
3
2
Neuu∥W k+ j ,p (Rd+,wγ+kp ;X ).

Therefore, Theorems 6.4.3 and 6.2.4 give that λ− (∆
Rd+
Neu +B1 +B2) has a bounded H∞-

calculus of angle zero if [O ]C j+1,κ is small enough.
To obtain that λ−∆ΨNeu has a bounded H∞-calculus, it remains to apply Theorem

6.2.3 to the lower-order perturbation B3. First, for j = 0 we apply Theorem 6.2.3 with

α= 1− κ
2 ∈ [ 1

2 ,1). For u ∈ D(λ−(∆
Rd+
Neu+B1+B2)) = D(ANeu) we obtain with Lemma 6.5.6(ii)

and Proposition 6.2.1 (using Theorem 6.4.3) that

∥B3u∥W k,p (Rd+,wγ+kp ;X ) ≲ ∥u∥[W k,p (Rd+,wγ+kp ;X ),W k+2,p (Rd+,wγ+kp ;X )]1− κ
2

≲ ∥u∥
D(A

1− κ
2

Neu )
.

For j = 1 we apply Theorem 6.2.3 with α= 1
2 . For u ∈ D(λ− (∆

Rd+
Neu +B1 +B2)) = D(ANeu)

we obtain with Lemma 6.5.6(iii) that

∥B3u∥W k+1,p (Rd+,wγ+kp ;X ) ≲ ∥u∥W k+2,p (Rd+,wγ+kp ;X ).

Observe that by Proposition 6.3.13, the bounded H∞-calculus for λ− (∆
Rd+
Neu+B1+B2) and

Proposition 6.2.1, we obtain

W k+2,p
Neu (Rd

+, wγ+kp ; X ) = [W k+1,p (Rd
+, wγ+kp ; X ),W k+3,p

Neu (Rd
+, wγ+kp ; X )] 1

2

= [W k+1,p (Rd
+, wγ+kp ; X ),D(λ− (∆

Rd+
Neu +B1 +B2))] 1

2

= D
(
(λ− (∆

Rd+
Neu +B1 +B2))

1
2
)
.

This shows the required estimate (6.2.1) for both j = 0 and j = 1. Therefore, the bounded

H∞-calculus for λ− (∆
Rd+
Neu +B1 +B2), Theorem 6.2.3 and Proposition 6.2.2(ii) show that

λ−∆ΨNeu has a bounded H∞-calculus of angle zero if [O ]C j+1,κ is small enough. Note that
the application of Proposition 6.2.2(ii) requires sectoriality of λ−∆ΨNeu for all λ> 0, which
can be obtained from [126, Theorem 16.2.3(2)] applied to the operator A = λ−∆Rd+

Neu,
provided that [O ]C j+1,κ is small enough.

6.6. Functional calculus for the Laplacian on bounded
domains

In this section, we establish our main results concerning the H∞-calculus for the Lapla-
cian on bounded domains. We begin by recalling the definition of the Laplacian in this
setting. The relevant weighted Sobolev spaces with vanishing boundary conditions were
introduced in Definition 6.3.10.
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Definition 6.6.1. Let p ∈ (1,∞), k ∈N0, κ ∈ [0,1] and let X be a UMD Banach space.

(i) Let γ ∈ ((1−κ)p −1,2p −1) \ {p −1} and O a bounded C 1,κ-domain. The Dirichlet
Laplacian ∆Dir on W k,p (O , w∂O

γ+kp ; X ) with k ∈N0 is defined by

∆Diru :=∆u with D(∆Dir) :=W k+2,p
Dir (O , w∂O

γ+kp ; X ).

(ii) Let γ ∈ ((1−κ)p−1, p−1), j ∈ {0,1} and O a bounded C j+1,κ-domain. The Neumann
Laplacian ∆Neu on W k+ j ,p (O , w∂O

γ+kp ; X ) is defined by

∆Neuu :=∆u with D(∆Neu) :=W k+ j+2,p
Neu (O , w∂O

γ+kp ; X ).

(iii) Let γ ∈ ((1−κ)p−1, p−1), j ∈ {0,1} and O a bounded C j+1,κ-domain. The Neumann
Laplacian ∆Neu on the quotient space

W k+ j ,p (O , w∂O
γ+kp ; X )/{c 1O : c ∈ X }

is defined by ∆Neuu :=∆u with

D(∆Neu) :=W k+ j+2,p
Neu (O , w∂O

γ+kp ; X )/{c 1O : c ∈ X }.

We now state the main results of this chapter about the H∞-calculus for the Laplacian
on bounded domains. The proofs of the theorems below are given in Sections 6.6.2 and
6.6.3.

Theorem 6.6.2 (H∞-calculus for λ−∆Dir on domains). Let p ∈ (1,∞), k ∈N0, κ ∈ [0,1],
γ ∈ ((1−κ)p −1,2p −1) \ {p −1}, σ ∈ (0,π) and let X be a UMD Banach space. Moreover,
assume that O is a bounded C 1,κ-domain. Let ∆Dir on W k,p (O , w∂O

γ+kp ; X ) be the Dirichlet

Laplacian as in Definition 6.6.1. Then there exists a λ̃> 0 such that for allλ> λ̃ the operator
λ−∆Dir has a bounded H∞-calculus with ωH∞ (λ−∆Dir) ≤σ.

Theorem 6.6.3 (H∞-calculus for λ−∆Neu on domains). Let p ∈ (1,∞), k ∈ N0, κ ∈
(0,1], γ ∈ ((1 −κ)p − 1, p − 1), j ∈ {0,1}, σ ∈ (0,π) and let X be a UMD Banach space.
Moreover, assume that O is a bounded C j+1,κ-domain. Let ∆Neu on W k+ j ,p (O , w∂O

γ+kp ; X )

or W k+ j ,p (O , w∂O
γ+kp ; X )/{c 1O : c ∈ X } be the Neumann Laplacian as in Definition 6.6.1(ii)

or (iii), respectively. Then there exists a λ̃> 0 such that for all λ> λ̃ the operator λ−∆Neu

has a bounded H∞-calculus with ωH∞ (λ−∆Neu) ≤σ.

For X =Cwe obtain that the spectrum of the Laplacian is independent of the involved
parameters. Hence, for the Dirichlet Laplacian we also obtain the H∞-calculus with λ= 0
since zero is not contained in the spectrum.

Theorem 6.6.4. Suppose that the assumptions of Theorem 6.6.2 hold with X =C. Then the
following assertions hold.

(i) The spectrum σ(−∆Dir) is discrete, contained in (0,∞) and is independent of p ∈
(1,∞), k ∈N0 and γ ∈ ((1−κ)p −1,2p −1) \ {p −1}.
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(ii) Let λ̃> 0 be the smallest eigenvalue of −∆Dir. For all λ>−λ̃ the operator λ−∆Dir has
a bounded H∞-calculus with ωH∞ (λ−∆Dir) = 0.

The spectrum of the Neumann Laplacian on bounded domains contains the eigenvalue
zero so we cannot allow for λ = 0 unless the constant functions are removed from the
spaces.

Theorem 6.6.5. Let p ∈ (1,∞), k ∈ N0, κ ∈ (0,1], γ ∈ ((1−κ)p − 1, p − 1) and j ∈ {0,1}.
Moreover, assume that O is a bounded C j+1,κ-domain. If ∆Neu is the Neumann Laplacian
on W k+ j ,p (O , w∂O

γ+kp ) as in Definition 6.6.1(ii) with X = C, then the following assertions

hold.

(i) The spectrum σ(−∆Neu) is discrete, contained in [0,∞) and is independent of p ∈
(1,∞), k ∈N0, γ ∈ ((1−κ)p −1, p −1) and j ∈ {0,1}.

(ii) For allλ> 0 the operatorλ−∆Neu has a bounded H∞-calculus withωH∞ (λ−∆Neu) =
0.

Moreover, if ∆Neu is the Neumann Laplacian on W k+ j ,p (O , w∂O
γ+kp )/{c 1O : c ∈ C} as in

Definition 6.6.1(iii) with X =C, then the following assertion holds.

(iii) Let λ̃> 0 be the smallest eigenvalue of −∆Neu. For all λ>−λ̃ the operator λ−∆Neu

has a bounded H∞-calculus with ωH∞ (λ−∆Neu) = 0.

Remark 6.6.6.

(i) It is an open question whether Theorems 6.6.2 and 6.6.3 (in the case where ∆Neu

is defined as in Definition 6.6.1(iii)) with general UMD Banach spaces X also hold
for λ = 0. In the following special cases, one can actually conclude the result of
Theorems 6.6.2 and 6.6.3 with λ= 0.

• If X is a Hilbert space or isomorphic to a closed subspace of an Lp -space, then
by redoing the proofs of [124, Proposition 2.1.2 & Theorem 2.1.9] for Sobolev
spaces, one sees that the results in the scalar case with λ= 0 (Theorems 6.6.4
and 6.6.5) extend to the vector-valued case.

• If X is a UMD Banach space and k = 0, then using [124, Theorem 2.1.3] and
that the semigroup corresponding to the Laplacian is positive and uniformly
exponentially stable, we can obtain the bounded H∞-calculus with λ= 0. The
proof of this special case for the Dirichlet Laplacian is provided in Corollary
6.6.7 below. However, the proof does not extend to k ≥ 1.

For the general case (k ≥ 0 and X a UMD Banach space) we expect that one can show
uniform exponential stability for the semigroup corresponding to the Laplacian via
(weighted) kernel bounds for the scalar-valued case. Using a tensor extension and
consistency, one could also obtain the required kernel bounds for the vector-valued
case.

(ii) The p-independence of the spectra of the Laplacian on Lp -spaces is well studied.
Moreover, in [64, 171] it is proved that on certain weighted Lp -spaces the spectrum
is independent of the weight. However, the power weights w∂O

γ that we use do
not fit into their settings. Instead, we will use compactness and consistency of the
resolvent to obtain the spectral independence in Theorems 6.6.4 and 6.6.5.
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6.6.1. An application to Riesz transforms
In this section, we discuss the boundedness of the Riesz transform associated with the
Dirichlet Laplacian on the half-space and bounded domains. This can be derived as a
consequence of the bounded H∞-calculus and the interpolation theory developed in
Chapter 3. For an elaborate study of Riesz transforms associated with the Laplacian on
the half-space, the reader is referred to [86].

We start with an extension of the H∞-calculus of −∆Dir from scalar-valued Lebesgue
spaces to vector-valued Lebesgue spaces, see also Remark 6.6.6. This extends the result in
[190, Theorem 6.1 & Corollary 6.2].

Corollary 6.6.7 (H∞-calculus for −∆Dir on Lp (O , w∂O
γ ; X )). Let p ∈ (1,∞), κ ∈ [0,1], γ ∈

((1−κ)p −1,2p −1) \ {p −1} and let X be a UMD Banach space. Let ∆Dir on Lp (O , w∂O
γ ; X )

be as in Definition 6.6.1. Then the operator −∆Dir has a bounded H∞-calculus with
ωH∞ (−∆Dir) = 0.

Proof. We define the operators

∆CDir :=∆Dir on Lp (O , w∂O
γ ) and

∆X
Dir :=∆Dir on Lp (O , w∂O

γ ; X )

as in Definition 6.6.1. Theorem 6.6.4 implies that 0 ∈ ρ(−∆CDir) and it follows from [126,
Proposition K.2.3] that the analytic semigroup St generated by ∆CDir is uniformly expo-
nentially stable. Moreover, the resolvent R(λ,∆CDir) is positive for λ> 0 (this follows from
the L2-case and consistency in Lemma 6.6.11) and [88, Theorem VI.1.8] yields that St is
positive. Therefore, by [124, Theorem 2.1.3] the operator St ⊗ idX defined by

(St ⊗ idX )( f ⊗x) := St f ⊗x, f ∈ Lp (O , w∂O
γ ), x ∈ X ,

extends to a bounded operator on Lp (O , w∂O
γ ; X ) with equal operator norm. It is straight-

forward to verify that St⊗idX is generated by∆X
Dir and that R(λ,∆X

Dir)( f ⊗x) = (R(λ,∆CDir) f )⊗
x for f ∈ Lp (O , w∂O

γ ), x ∈ X and λ ∈ ρ(∆CDir)∩ρ(∆X
Dir). The semigroup St ⊗ idX is also uni-

formly exponentially stable, which shows that −∆X
Dir is sectorial. Proposition 6.2.2 and

Theorem 6.6.2 now give the desired result.

We have the following result for the Riesz transform associated with the Dirichlet
Laplacian.

Corollary 6.6.8 (Riesz transform associated with −∆Dir). Let p ∈ (1,∞), κ ∈ [0,1] and let
X be a UMD Banach space. Assume that either

(i) O =Rd+, k = 0, γ ∈ (−1,2p −1) \ {p −1} and X is a UMD Banach space, or,

(ii) O is a bounded C 1,κ-domain, k = 0, γ ∈ ((1−κ)p −1,2p −1)\{p −1} and X is a UMD
Banach space, or,

(iii) O is a bounded C 1,κ-domain, k ∈N0, γ ∈ ((1−κ)p −1,2p −1) \ {p −1} and X =C.
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Let ∆Dir on W k,p (O , w∂O
γ+kp ; X ) be as in Definition 6.4.1 or 6.6.1. Then

∥∇(−∆Dir)−
1
2 f ∥W k,p (O ,w∂O

γ+kp ;X ) ≤C∥ f ∥W k,p (O ,w∂O
γ+kp ;X ), f ∈W k,p (O , w∂O

γ+kp ; X ),

for some C > 0 which only depends on p,k,γ,O and X .

Proof. First, we claim that

(−∆Dir)−
1
2 : W k,p (O , w∂O

γ+kp ; X ) →W k+1,p
Dir (O , w∂O

γ+kp ; X ) (6.6.1)

is bounded. Indeed, since

(−∆Dir)−1 : W k,p (O , w∂O
γ+kp ; X ) →W k+2,p

Dir (O , w∂O
γ+kp ; X )

is bounded (see Theorems 6.4.2, 6.6.4 and Corollary 6.6.7) and the identity operator is
bounded on W k,p (O , w∂O

γ+kp ; X ), it holds by Stein interpolation [268, Theorem 2.1] that

(−∆Dir)−
1
2 : W k,p (O , w∂O

γ+kp ; X ) → [W k,p (O , w∂O
γ+kp ; X ),W k+2,p

Dir (O , w∂O
γ+kp ; X )] 1

2

is bounded. To verify the conditions for Stein interpolation, one uses that −∆Dir has BIP,
which follows again from the bounded H∞-calculus in Theorem 6.4.2, Theorem 6.6.4 and
Corollary 6.6.7. The claim (6.6.1) now follows from Proposition 6.3.12.

Therefore, (6.6.1), Proposition 6.3.12 and Proposition 6.2.1 (using that −∆Dir has BIP),
imply

∥∇(−∆Dir)−
1
2 f ∥W k,p (O ,w∂O

γ+kp ;X ) ≤ ∥(−∆Dir)−
1
2 f ∥

W
k+1,p
Dir (O ,w∂O

γ+kp ;X )

≂ ∥(−∆Dir)−
1
2 f ∥

[W k,p (O ,w∂O
γ+kp ;X ),W

k+2,p
Dir (O ,w∂O

γ+kp ;X )] 1
2

≂ ∥(−∆Dir)−
1
2 f ∥

D((−∆Dir)
1
2 )
≲ ∥ f ∥W k,p (O ,w∂O

γ+kp ;X ).

This completes the proof.

Remark 6.6.9.

(i) Boundedness of the Riesz transforms on Lp (Rd , w ; X ) holds if and only if w ∈
Ap (Rd ), see [105, Sections 7.4.3 & 7.4.4]. Corollary 6.6.8 also allows for weights
outside the class of Muckenhoupt weights. On the other hand, we are restricted
to power weights since the interpolation results from Proposition 6.3.12 are only
available for this type of weights.

(ii) With the same proof as in Corollary 6.6.8 and using Theorems 6.6.2 and 6.6.3 it
follows that the Riesz transforms associated with λ−∆Dir and λ−∆Neu are bounded
on weighted vector-valued Sobolev spaces for λ large enough. Following the proof
of Corollary 6.6.7, we could also obtain the bounded H∞-calculus for −∆Neu on
Lp (O , w∂O

γ ; X )/{c 1O : c ∈ X }.

(iii) In view of Remark 6.6.6(i), the condition in Corollary 6.6.8(iii) on the space X can
be weakened to X being a Hilbert space or being isomorphic to a closed subspace
of an Lp -space.
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6.6.2. The proofs of Theorems 6.6.2 and 6.6.3
To transfer the H∞-calculus on special domains (Section 6.5) to bounded domains, we
employ a localisation procedure based on the decomposition of weighted Sobolev spaces
as in Lemma 6.3.9. For this localisation of the H∞-calculus, we need the following abstract
lemma, which follows from lower order perturbation results.

Lemma 6.6.10 ([190, Lemma 6.11]). Let A be a linear operator on a Banach space Y and
let Ã be a sectorial operator on a Banach space Ỹ with a bounded H∞-calculus. Assume
that there exist bounded linear mappings I : Y → Ỹ and P : Ỹ → Y satisfying

(i) P I = id,

(ii) I D(A) ⊆ D(Ã) and P D(Ã) ⊆ D(A),

(iii) (I A − ÃI )P : D(Ã) → Ỹ and I (AP −P Ã) : D(Ã) → Ỹ extend to bounded linear
operators [Ỹ ,D(Ã)]θ → Ỹ for some θ ∈ (0,1).

Then A is a closed and densely defined operator and for every σ>ωH∞ (Ã) there exists a
λ> 0 such that λ+ A has a bounded H∞-calculus with ωH∞ (λ+ A) ≤σ.

We now turn to the proofs of Theorems 6.6.2 and 6.6.3 concerning the H∞-calculus on
bounded domains.

Proof of Theorems 6.6.2 and 6.6.3. We start with the proof for the Dirichlet Laplacian. Let
κ ∈ [0,1], γ ∈ ((1−κ)p −1,2p −1) \ {p −1} and let O be a bounded C 1,κ-domain. Define
A := −∆Dir on W k,p (O , w∂O

γ+kp ; X ). We show that the operator λ−∆Dir has a bounded

H∞-calculus for λ sufficiently large.
If κ = 0, then take (Vn)N

n=1, (On)N
n=1, (ηn)N

n=0 from Lemma 6.3.9 such that for all n ∈
{1, . . . , N } we have [On]C 1 < δ where δ ∈ (0,1) is small enough such that Theorem 6.5.2
applies for every On . If κ ∈ (0,1], then let ε ∈ (0,κ) be such that γ > (1− (κ− ε))p − 1.
Take (Vn)N

n=1, (On)N
n=1, (ηn)N

n=0 from Lemma 6.3.9 such that for all n ∈ {1, . . . , N } we have
[On]C 1,κ−ε < δ where δ ∈ (0,1) is small enough such that Theorem 6.5.2 (applied with κ

replaced by κ−ε) applies for every On . We define the following operators

(i) Ã :=⊕N
n=0 Ãn on W

k,p
γ+kp as defined in (6.3.12), where

a) Ã0 on W k,p (Rd ; X ) with D(Ã0) :=W k+2,p (Rd ; X ) is given by Ã0ũ :=−∆ũ,

b) Ãn on W k,p (On , w∂On
γ+kp ; X ) with D(Ãn) := W k+2,p

Dir (On , w∂On
γ+kp ; X ) is given by

Ãn ũ :=−∆Dirũ for n ∈ {1, . . . , N },

(ii) B : D(A) →W
k,p
γ+kp given by Bu := ([−∆,ηn]u)N

n=0,

(iii) C : D(Ã) →W k,p (O , w∂O
γ+kp ; X ) given by C ũ :=∑N

n=0[−∆,ηn]ũn .

Let λ> 0. By Lemma 5.2.1, Proposition 6.2.2 and Theorem 6.5.2 it holds that λ− Ãn for
any n ∈ {0, . . . , N } has a bounded H∞-calculus with ωH∞ (λ− Ãn) = 0. Thus λ− Ã has a
bounded H∞-calculus with ωH∞ (λ− Ã) = 0 as well.
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Let P and I be as defined in (6.3.13). It is straightforward to verify that the conditions
(i) and (ii) from Lemma 6.6.10 hold. It remains to check condition (iii) in Lemma 6.6.10.
From Proposition 6.3.12 we obtain

[W k,p (On , w∂On
γ+kp ; X ),D(Ãn)] 1

2
=W k+1,p

Dir (On , w∂On
γ+kp ; X ) for n ∈ {1, . . . , N },

and in combination with (see [124, Theorems 5.6.9 & 5.6.11])

[W k,p (Rd ; X ),D(Ã0)] 1
2
=W k+1,p (Rd ; X ),

this yields

[W k,p
γ+kp ,D(Ã)] 1

2
= [W k,p (Rd ; X ),D(Ã0)] 1

2
⊕

N⊕
n=1

[W k,p (On , w∂On
γ+kp ; X ),D(Ãn)] 1

2

=W k+1,p (Rd ; X )⊕
N⊕

n=1
W k+1,p

Dir (On , w∂On
γ+kp ; X ).

(6.6.2)

Note that

I Au − ÃI u =−Bu, u ∈ D(A), and AP ũ −P Ãũ =C ũ, ũ ∈ D(Ã),

and every commutator [−∆,ηn] is a first-order partial differential operator with smooth
and compactly supported coefficients. This and (6.6.2) yield that

I A− ÃI : W k+1,p
Dir (O , w∂O

γ+kp ; X ) →W
k,p
γ+kp and

P : [W k,p
γ+kp ,D(Ã)] 1

2
→W k+1,p

Dir (O , w∂O
γ+kp ; X )

are bounded. Similarly, we obtain by (6.6.2) that

AP −P Ã : [W k,p
γ+kp ,D(Ã)] 1

2
→W k,p (O , w∂O

γ+kp ; X ) and

I : W k,p (O , w∂O
γ+kp ; X ) →W

k,p
γ+kp

are bounded. This shows that (I A− ÃI )P and I (AP −P Ã) extend to bounded ope-

rators from [W k,p
γ+kp ,D(Ã)] 1

2
to W

k,p
γ+kp . Applying Lemma 6.6.10 gives that for all σ ∈ (0,π)

there exists a λ̃> 0 such that for all λ> λ̃ the operator λ−∆Dir on W k,p (O , w∂O
γ+kp ; X ) has

a bounded H∞-calculus with ωH∞ (λ−∆Dir) ≤σ.
The boundedness of the H∞-calculus for the Neumann Laplacian on W k+ j ,p (O , w∂O

γ+kp ;

X ) can be shown similarly as for the Dirichlet Laplacian using Theorem 6.5.3 and Proposi-
tion 6.3.13.

It remains to prove the boundedness of the H∞-calculus for λ−∆Neu on the quotient
space Y /K :=W k+ j ,p (O , w∂O

γ+kp ; X )/{c 1O : c ∈ X }. Fix σ ∈ (0,π) and let λ be large enough

such that λ−∆Neu on W k+ j ,p (O , w∂O
γ+kp ; X ) has a bounded H∞-calculus of angleωH∞ (λ−

∆Neu) ≤σ. Letω ∈ (σ,π) and letϕ ∈ H 1(Σω)∩H∞(Σω). For any c ∈ K we have that x ∈ Y /K
can be represented as x = y +c with y ∈ Y . Note that for z ∈ ρ(λ−∆Neu) the equation

zu − (λ−∆Neu)u = c
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has the unique solution u = c/(z −λ). Therefore, by definition of the functional calculus
and Cauchy’s integral formula, we obtain

ϕ(λ−∆Neu)c = 1

2πi

∫
∂Σν

ϕ(z)R(z,λ−∆Neu)c dz

= 1

2πi

∫
∂Σν

ϕ(z)c

z −λ dz =ϕ(λ)c ∈ K , ν ∈ (σ,ω).
(6.6.3)

By (6.6.3) and the bounded H∞-calculus for λ−∆Neu on Y , it follows that for x ∈ Y /K and
c ∈ K we have

∥(ϕ(λ−∆Neu)x)−ϕ(λ)c∥Y = ∥(ϕ(λ−∆Neu)(y +c))−ϕ(λ)c∥Y = ∥ϕ(λ−∆Neu)y∥Y

≲ ∥ϕ∥H∞(Σω)∥y∥Y = ∥ϕ∥H∞(Σω)∥x − c∥Y .

Taking the infimum over c ∈ K yields that ∥ϕ(λ−∆Neu)x∥Y /K ≲ ∥ϕ∥H∞(Σω)∥x∥Y /K for
x ∈ Y /K , which proves the boundedness of the H∞-calculus on Y /K with angle ωH∞ (λ−
∆Neu) ≤σ.

6.6.3. The proofs of Theorems 6.6.4 and 6.6.5
We continue with the proof of Theorems 6.6.4 and 6.6.5, which deal with the H∞-calculus
in the special case of X =C. We start with some preliminary results about the consistency
of resolvents.

Let X0 and X1 be two compatible Banach spaces and suppose that B0 ∈ L (X0) and
B1 ∈L (X1). Then we call the operators B0 and B1 consistent if

B0u = B1u for all u ∈ X0 ∩X1.

For z ∈ Σ⊆ C the two families of operators B0(z) ∈ L (X0) and B1(z) ∈ L (X1) are called
consistent if B0(z) and B1(z) are consistent for all z ∈Σ.

We introduce the forms on the Hilbert spaces V (as dense subspace of L2(O )) given by

aDir(v1, v2) :=
∫
O
∇v1 ·∇v2 dx, v1, v2 ∈V =W 1,2

0 (O ),

aNeu(v1, v2) :=
∫
O
∇v1 ·∇v2 dx, v1, v2 ∈V =W 1,2(O ).

Associated with the forms aDir and aNeu are the densely defined closed Laplace opera-
tors −ADir,2 and −ANeu,2 on L2(O ), respectively, see for instance [223, Chapter 12]. The
domains of these operators are

D(ADir,2) = { f ∈W 1,2
0 (O )∩W 2,2

loc (O ) :∆ f ∈ L2(O )},

D(ANeu,2) = { f ∈W 1,2(O )∩W 2,2
loc (O ) :∆ f ∈ L2(O )},

see [223, Sections 12.3.b & 12.3.c]. A characterisation of the domains as a closed subspace
of W 2,2(O ) requires more regularity of the domain (compared to the regularity we con-
sider in Theorems 6.6.4 and 6.6.5), see [223, Sections 12.3.b & 12.3.c]. For instance, for the
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Dirichlet Laplacian, C 2-regularity is required.

We have the following lemma on the consistency of the resolvents for the Dirichlet
Laplacian.

Lemma 6.6.11. Let p ∈ (1,∞), k ∈N0, κ ∈ [0,1], γ ∈ ((1−κ)p −1,2p −1) \ {p −1} and let O

be a bounded C 1,κ-domain. Let

Ap,k,γ :=∆Dir on W k,p (O , w∂O
γ+kp ) with D(Ap,k,γ) =W k+2,p

Dir (O , w∂O
γ+kp )

be as in Definition 6.6.1 and let

ADir,2 =∆Dir on L2(O ) with D(ADir,2) = { f ∈W 1,2
0 (O )∩W 2,2

loc (O ) :∆ f ∈ L2(O )}

be as above. Then there exists a λ̃> 0 such that for all λ> λ̃ the resolvents R(λ, Ap,k,γ) and
R(λ, ADir,2) are consistent.

Proof. Take 1 < q < min{p,2} and µ ∈ (0,2q −1) \ {q −1} such that

µ> q(γ+1)

p
−1 > (1−κ)q −1. (6.6.4)

First, we claim that Lp (O , w∂O
γ ) ,→ Lq (O , w∂O

µ ). Indeed, for u ∈ Lp (O , w∂O
γ ) we have by

Hölder’s inequality that∫
O
|u(x)|q w∂O

µ (x) dx ≤
(∫

O
|u(x)|p w∂O

γ (x) dx
) q

p
(∫

O
w∂O

µp−qγ
p−q

(x) dx
) p−q

p <∞.

The latter integral can be written as an integral over Rd+ (using localisation from Lemma
6.3.9 and the diffeomorphism from Lemma 2.6.5), hence the integral is finite since (6.6.4)
implies (µp −qγ)/(p −q) >−1. This proves the claim.

To continue, we introduce the space

Zr,ν := { f ∈W 1,r
0 (O , w∂O

ν )∩W 2,r
loc (O ) :∆ f ∈ Lr (O , w∂O

ν )} for r ∈ (1,2], ν>−1,

and note that D(A2) = Z2,0. Now, consider the equation

λu −∆Diru = f , f ∈W k,p (O , w∂O
γ+kp )∩L2(O ). (6.6.5)

By Theorem 6.6.2 (using that γ> (1−κ)p −1) and [223, Section 12.3.b] there exist unique

u0 ∈W k+2,p
Dir (O , w∂O

γ+kp ) and u1 ∈ Z2,0

solving (6.6.5) for λ sufficiently large. By Hardy’s inequality (for bounded Lipschitz do-
mains, see for instance [169, Section 8.8]) and the claim, we have

W k+2,p
Dir (O , w∂O

γ+kp ) ,→W 2,p
Dir (O , w∂O

γ ) ,→W 2,q
Dir (O , w∂O

µ ).

Moreover, using µ> 0, q < 2 and elliptic regularity (Theorem 6.6.2 using (6.6.4)), we have

Z2,0 ,→ Zq,µ =W 2,q
Dir (O , w∂O

µ ).

Note that the equation (6.6.5) with right-hand side f ∈ Lq (O , w∂O
µ ) has a unique solution

in W 2,q
Dir (O , w∂O

µ ) by Theorem 6.6.2 (using (6.6.4)). It follows that u0 = u1, which proves
that the resolvents of Ap,k,γ and A2 are consistent.
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For the Neumann Laplacian, we have the following result concerning the consistency
of resolvents. Its proof is similar to the proof of Lemma 6.6.11.

Lemma 6.6.12. Let p ∈ (1,∞), k ∈N0, κ ∈ [0,1], γ ∈ ((1−κ)p −1, p −1), j ∈ {0,1} and let O

be a bounded C j+1,κ-domain. Let

Ap,k, j ,γ :=∆Neu on W k+ j ,p (O , w∂O
γ+kp ) with D(Ap,k, j ,γ) =W k+ j+2,p

Neu (O , w∂O
γ+kp )

be as in Definition 6.6.1(ii) and let

ANeu,2 =∆Neu on L2(O ) with D(ANeu,2) = { f ∈W 1,2(O )∩W 2,2
loc (O ) :∆ f ∈ L2(O )}

be as above. Then there exists a λ̃> 0 such that for all λ> λ̃ the resolvents R(λ, Ap,k, j ,γ) and
R(λ, ANeu,2) are consistent.

We can now turn to the H∞-calculus on scalar-valued spaces.

Proof of Theorems 6.6.4 and 6.6.5. We start with the proof of Theorem 6.6.4(i). Since the
embedding W 1,p (O , w∂O

γ+kp ) ,→ Lp (O , w∂O
γ+kp ) is compact, see [116, Theorem 8.8], we have

D(∆Dir) =W k+2,p
Dir (O , w∂O

γ+kp ) ,→W k+1,p (O , w∂O
γ+kp )

compact
,→ W k,p (O , w∂O

γ+kp ).

Since (λ−∆Dir)−1 with λ ∈ ρ(∆Dir) exists (by Theorem 6.6.2), the compact embedding
above implies that (λ−∆Dir)−1 is compact. Thus by the Riesz–Schauder theorem for
compact operators, the resolvent operator (λ−∆Dir)−1 has a discrete countable spectrum
{σ j : j ∈N0}, whereσ j ̸= 0 are eigenvalues of (λ−∆Dir)−1. Moreover, zero is in the spectrum
of (λ−∆Dir)−1 and is the only accumulation point of the spectrum. Therefore, by the
spectral mapping theorem

σ(−∆Dir) = {λ j :λ j =σ−1
j −λ, j ∈N0 with σ j ̸= 0}.

Next, we claim that the spectrum σ(−∆Dir) is independent of p ∈ (1,∞), k ∈ N0 and
γ ∈ ((1−κ)p−1,2p−1)\{p−1}. Let Ap,k,γ and A2 be as in Lemma 6.6.11. It suffices to show
that σ(−Ap,k,γ) =σ(−A2). We proceed as in the proof of [19, Proposition 2.6]. Recall that
σ(−A2) is discrete and only consists of a countable number of positive eigenvalues, see
[223, Theorem 12.26]. By Lemma 6.6.11 and analytic continuation we find that R(z,−A2)
and R(z,−Ap,k,γ) are consistent for all z ∈ ρ(−A2)∩ρ(−Ap,k,γ). Now, if λ ∈ ρ(−A2), then
since σ(−Ap,k,γ) is discrete and countable it follows that there exists an r > 0 such that

B(λ,r ) \ {λ} ⊆ ρ(−A2)∩ρ(−Ap,k,γ). Therefore, by consistency of the resolvents we obtain∫
∂B(λ,r )

R(z,−Ap,k,γ) dz =
∫
∂B(λ,r )

R(z,−A2) dz = 0,

and thusλ ∈ ρ(−Ap,k,γ). The other inclusion follows similarly. This proves thatσ(−Ap,k,γ) =
σ(−A2) and the claim follows.

Finally, using that σ(−A2) is discrete, σ(−A2) ⊆ [λ̃,∞) ⊆ (0,∞) with λ̃ := min{λ j : j ∈
N0} > 0 and the claim gives that σ(−Ap,k,γ) is discrete and σ(−Ap,k,γ) ⊆ [λ̃,∞) ⊆ (0,∞).
This completes the proof of Theorem 6.6.4(i).
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We continue with the proof of Theorem 6.6.4(ii). From Theorem 6.6.2 we have that for
fixedσ ∈ (0,π) andλ sufficiently large,λ−∆Dir is sectorial withω(λ−∆Dir) ≤σ. Combining
this with the analyticity of z 7→ (z −∆Dir)−1 on C \ (−∞,−λ̃] yields that for λ > −λ̃ and
σ′ >σ the operator λ−∆Dir is sectorial with ω(λ−∆Dir) ≤σ′. Therefore, Theorem 6.6.4(ii)
follows from Proposition 6.2.2, Theorem 6.6.2 and the fact that σ ∈ (0,π) is arbitrary.

The proof of Theorem 6.6.5 for the Neumann Laplacian is similar to the proof for the
Dirichlet Laplacian above if we use Theorem 6.6.3 and Lemma 6.6.12. Note that for the
Neumann Laplacian on L2(O ), zero is an eigenvalue and the corresponding eigenspace
consists of constant functions, see [223, Proposition 12.24 & Theorem 12.26]. Therefore,
we obtain the bounded H∞-calculus for λ−∆Neu with λ > 0 on W k+ j ,p (O , w∂O

γ+kp ). In

addition, on W k+ j ,p (O , w∂O
γ+kp )/{c 1O : c ∈ X } the eigenvalue zero is removed and we

obtain the bounded H∞-calculus for λ−∆Neu with λ>−λ̃, where λ̃ is the first positive
eigenvalue of −∆Neu.
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7
The heat equation on rough

domains

This chapter is based on the applications to the heat equation presented in:

N. Lindemulder, E. Lorist, F. Roodenburg and M. Veraar. Functional calculus on weighted
Sobolev spaces for the Laplacian on the half-space. J. Funct. Anal., 289(8):110985, 2025.

N. Lindemulder, E. Lorist, F. Roodenburg and M. Veraar. Functional calculus on weighted
Sobolev spaces for the Laplacian on rough domains. J. Differ. Equ., 454:113884, 2026.

R. Denk and F. Roodenburg. Trace theory for parabolic boundary value problems with
rough boundary conditions. J. Evol. Equ., 26(3):80, 2026.

In addition, this chapter is complemented with some unpublished results.

Abstract. We prove well-posedness and higher-order regularity for some prototype lin-
ear heat equations in the setting of weighted Sobolev spaces. In particular, we apply the
functional calculus for the Laplacian to obtain maximal regularity for the deterministic
heat equation on the half-space and on rough domains. In addition, using trace theory
for weighted Sobolev spaces, we can also allow for rough inhomogeneous boundary data.
Finally, we study a linear stochastic heat equation on rough domains and derive stochastic
maximal regularity for this equation without artificial compatibility conditions for the
stochastic forcing.
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7.1. Introduction
Using the function space theory and functional calculus developed in the foregoing
chapters, we examine well-posedness of some prototype linear heat equations. In parti-
cular, we consider

(i) the (deterministic) heat equation with inhomogeneous boundary conditions on
rough domains,

(ii) the stochastic heat equation on rough domains without compatibility conditions
for the stochastic forcing.

The deterministic heat equation
Let O ⊂Rd and consider the heat equation with Dirichlet boundary conditions

∂t u −∆u = f t > 0, x ∈O ,

u|∂O = g t > 0,

u|t=0 = 0 x ∈O .

(7.1.1)

We study this equation in the setting of weighted Sobolev spaces allowing for blow-up of
the solution near the boundary. In the case of homogeneous boundary conditions g = 0,
functional analytic properties of the Laplacian on W k,p (O , w∂O

γ+kp ) are studied in [190] and

Chapters 5 and 6. In addition, we can apply the trace theory from Chapter 4 to deal with
inhomogeneous boundary conditions. Our main result for (7.1.1) with inhomogeneous
boundary conditions reads as follows. This is a special case of Theorem 7.4.4, where for
simplicity we omit the temporal weights.

Theorem 7.1.1. Let p, q ∈ (1,∞), k ∈N0, κ ∈ [0,1), γ ∈ ((1−κ)p −1,2p −1) \ {p −1} with
1− 1

q ̸= γ+1
2p . Furthermore, let O be a bounded C 1,κ-domain. Then for all

f ∈ Lq (R+;W k,p (O , w∂O
γ+kp )) and g ∈ F

1− γ+1
2p

q,p (R+;Lp (∂O ))∩Lq (R+;B
2− γ+1

p
p,p (∂O )),

such that g |t=0 = 0 if 1− 1
q > γ+1

2p , there exists a unique solution

u ∈W 1,q (R+;W k,p (O , w∂O
γ+kp ))∩Lq (R+;W k+2,p (O , w∂O

γ+kp ))

to (7.1.1). Moreover, this solution u depends continuously on the data f and g .

Theorem 7.1.1 is proved by combining maximal regularity for (7.1.1) with homogeneous
boundary conditions with the trace result from Theorem 4.1.1. It generalises and unifies
earlier results in [190, Section 7]. The main novelties of Theorem 7.1.1 are:

(i) Rough domains: larger values of γ allow for less regular domains. Furthermore,
the required boundary regularity of O is independent of k, unlike the unweighted
theory, where typically C k+2-domains are necessary for localisation arguments
(see, e.g., [67, 89, 166]). In particular, we note that in the unweighted setting γ= 0,
Theorem 7.1.1 allows for a bounded C 1,κ-domain with κ> 1− 1

p . Even in the case

k = 0, this improves the standard C 2-condition on the domain which is usually
imposed in the existing literature.
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(ii) Rough boundary data: the boundary regularity required of g is likewise independent
of k. For large γ, one can treat a wider class of inhomogeneous boundary data than
in the unweighted case, cf. (4.1.3).

Finally, using Theorem 7.1.1, we expect that well-posedness for the heat equation (7.1.1)
with nonzero initial data can be obtained as well, see Remark 7.4.5.

The stochastic heat equation
One of the main motivations for studying the H∞-functional calculus is that it implies
(stochastic) maximal regularity for a stochastic linear evolution equation. Using the H∞-
functional calculus for the Dirichlet Laplacian, we can study the linear stochastic heat
equation given by

du −∆Diru dt = f dt + g dW (t ), t ∈ [0,T ],

u(0) = 0,
(7.1.2)

where W is a Brownian motion on a filtered probability space (Ω,F , (Ft )t≥0,P).

A simplified version of the stochastic maximal regularity result reads as follows.

Theorem 7.1.2. Let p, q ∈ (2,∞), k ∈N0, κ ∈ [0,1], γ ∈ ((1−κ)p −1,2p −1) \ {p −1} and
T ∈ (0,∞). Moreover, assume that O is a bounded C 1,κ-domain. Let −∆Dir be the Dirichlet
Laplacian on X0 :=W k,p (O , w∂O

γ+kp ) with domain D(A) :=W k+2,p
Dir (O , w∂O

γ+kp ). Then for all

progressively measurable

f ∈ Lq (Ω× (0,T ); X0) and g ∈ Lq (Ω× (0,T ); [X0,D(A)] 1
2

)

there exists a unique strong solution u to (7.1.2) with u|∂O = 0 and u|t=0 = 0 which satisfies

∥u∥Lq (Ω×(0,T );D(A)) ≲ ∥ f ∥Lq (Ω×(0,T );X0) +∥g∥Lq (Ω×(0,T );[X0,D(A)] 1
2

).

By the trace theory developed in Chapter 3, it holds that

[X0,D(A)] 1
2
=

{
W k+1,p

Dir (O , w∂O
γ+kp ) if γ ∈ (−1, p −1),

W k+1,p (O , w∂O
γ+kp ) if γ ∈ (p −1,2p −1).

This means that for γ ∈ (p − 1,2p − 1) no additional compatibility conditions for the
stochastic forcing g are needed.

Outline
The outline of this chapter is as follows. In Section 7.2 we introduce the notion of maximal
regularity. In Section 7.3 we use the H∞-calculus for the Laplacian from Chapter 5 to study
the heat equation on the half-space. In addition, we derive some results on homogeneous
weighted Sobolev spaces. In Section 7.4 we use the H∞-calculus for the Laplacian from
Chapter 6 to study the heat equation on rough domains. Finally, in Section 7.5 we consider
stochastic maximal regularity for the stochastic heat equation.
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7.2. Maximal regularity
We introduce the notion of (deterministic) maximal regularity for Cauchy problems. For a
more elaborate study of this topic, we refer to, e.g., [67, 126, 174].

Let T ∈ (0,∞] and define the time interval I := (0,T ). Let A be a linear operator with do-
main D(A) on a Banach space X . For f ∈ L1

loc(I ; X ) consider the abstract Cauchy problem

∂t u(t )+ Au(t ) = f (t ), t ∈ I ,

u(0) = 0.
(7.2.1)

We call a strongly measurable function u : I → X a strong solution to (7.2.1) if u takes
values in D(A) almost everywhere, Au ∈ L1

loc(I ; X ) and u solves

u(t )+
∫ t

0
Au(s) ds =

∫ t

0
f (s) ds, for almost all t ∈ I . (7.2.2)

Moreover, for q ∈ (1,∞), v ∈ Aq (I ) and f ∈ Lq (I , v ; X ) a strong solution u to (7.2.1) is called
an Lq (v)-solution if Au ∈ Lq (I , v ; X ). Here, v is a time weight that belongs to the class of
Muckenhoupt weights Aq (I ), see Section 2.2.

Definition 7.2.1 (Maximal Lq (v)-regularity). A linear operator A on a Banach space X
has maximal Lq (v)-regularity on I if for all f ∈ Lq (I , v ; X ) the Cauchy problem (7.2.1) has
a unique Lq (v)-solution u on I and

∥Au∥Lq (I ,v ;X ) ≤C∥ f ∥Lq (I ,v ;X ),

where the constant C is independent of f .

In the following situations we can also obtain an estimate for the solution u instead of
only Au.

Proposition 7.2.2 ([126, Corollary 17.2.9]). Let A be an operator on a Banach space X that
has maximal Lq (v)-regularity on I . Suppose that at least one of the following conditions
holds.

(i) I = (0,T ) for some T ∈ (0,∞),

(ii) I = (0,T ) for some T ∈ (0,∞] and 0 ∈ ρ(A).

Then for all f ∈ Lq (I , v ; X ), the unique Lq (v)-solution u to (7.2.1) satisfies

∥u∥W 1,q (I ,v ;X ) +∥u∥Lq (I ,v ;D(A)) ≤C∥ f ∥Lq (I ,v ;X ),

where the constant C is independent of f . In the case that 0 ∈ ρ(A) the constant C is also
independent of T .
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7.2.1. Sufficient conditions for maximal regularity
Let X and Y be Banach spaces and let (Ω,F ,P) be a probability space. Then ε :Ω→ C

is called a Rademacher variable if the random variable ε is uniformly distributed over
{z ∈C : |z| = 1}. A Rademacher sequence (εn)n≥1 is a sequence that consists of independent
Rademacher variables εn . For N ∈N1 we define the random sequence space ε2

N (X ) as the
Banach space of finite sequences (xn)N

n=1 in X , endowed with the norm

∥∥(xn)N
n=1

∥∥
ε2

N (X ) :=
∥∥∥ N∑

n=1
εn xn

∥∥∥
L2(Ω;X )

.

A family of bounded operators T ⊆L (X ,Y ) is called R-bounded if there exists a constant
C > 0 such that for all N ∈N1, (Tn)N

n=1 ⊆T and (xn)N
n=1 ⊆ X , we have

∥∥∥ N∑
n=1

εnTn xn

∥∥∥
L2(Ω;Y )

≤C
∥∥∥ N∑

n=1
εn xn

∥∥∥
L2(Ω;X )

.

In particular, we note that R-boundedness implies uniform boundedness, while the con-
verse only holds under more geometric restrictions on the Banach spaces X and Y (for
instance if X and Y are Hilbert spaces). Moreover, any singleton operator {T } ⊆L (X ,Y )
is R-bounded.

Recall from Section 2.3 that for a sectorial operator A the set {zR(z, A) : z ∈C\Σω} should
be bounded for some ω ∈ (0,π). We now introduce the stronger notion of R-sectoriality.

Definition 7.2.3. A sectorial operator (A,D(A)) is called R-sectorial if for some σ ∈
(ω(A),π) the family {zR(z, A) : z ∈C\Σσ} is R-bounded. The angle of R-sectoriality ωR (A)
is defined as the infimum over all possible σ.

The following theorem states that R-sectoriality on UMD Banach spaces is a sufficient
condition for maximal regularity.

Theorem 7.2.4 ([126, Theorems 17.3.18 & 17.2.39]). Let A be a linear operator on a UMD
Banach space X . Suppose that at least one of the following conditions holds.

(i) I = (0,T ) for some T ∈ (0,∞) and there exists a λ ∈ R such that λ+ A is R-sectorial
with angle ωR (λ+ A) < π

2 ,

(ii) I =R+ and A is R-sectorial with angle ωR (A) < π
2 .

Then for all q ∈ (1,∞) and v ∈ Aq (I ) the operator A has maximal Lq (v)-regularity.

In fact, R-sectoriality provides even a necessary and sufficient condition for maximal
Lq -regularity onR+, see [126, Theorem 17.3.1]. Moreover, a bounded H∞-calculus implies
R-sectoriality.

Proposition 7.2.5 ([125, Corollary 10.4.10]). Let A be a sectorial operator on a UMD
Banach space X . Additionally, suppose that A has a bounded H∞-calculus. Then A is
R-sectorial and ωH∞ (A) =ωR (A).
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The above proposition also holds under a weaker condition on the Banach space X ,
which is called the triangular contraction property. For more details, we refer to [125,
Section 7.5].

The following sufficient condition for maximal regularity in terms of R-sectoriality
holds: if X is a UMD Banach space and λ+ A is R-sectorial with angleωR (A) < π

2 for some
λ large enough, then A has maximal Lq (v)-regularity on (0,T ) for any T <∞, q ∈ (1,∞)
and v ∈ Aq (I ). If λ = 0, then we obtain maximal Lq (v)-regularity on R+ as well. This
statement follows from combining the results in [126, Theorems 17.3.1(2), 17.2.26(1) &
17.2.39].

7.3. The heat equation on the half-space
We study elliptic maximal regularity of the Poisson equation and parabolic maximal
regularity of the heat equation on the half-space. To this end, we apply the functional cal-
culus results from Chapter 5, where we studied the Laplace operator on inhomogeneous
Sobolev spaces. On the other hand, there is extensive literature on maximal regularity
for elliptic and parabolic problems on homogeneous weighted Sobolev spaces, which is
obtained via completely different techniques. We refer to [164, 165] for Dirichlet boundary
conditions and [80, 81] for Neumann boundary conditions.

Using our regularity results on inhomogeneous spaces and a scaling argument, we
derive maximal regularity on homogeneous weighted Sobolev spaces as well. Moreover,
in certain cases our regularity results correspond to results earlier obtained in [80, 81, 164,
165].

This section is organised as follows. After introducing the homogeneous weighted
Sobolev spaces, we will first discuss elliptic regularity for the Poisson equation on these
spaces. Subsequently, we derive parabolic maximal regularity for the heat equation on
both inhomogeneous and homogeneous spaces.

7.3.1. Homogeneous weighted Sobolev spaces
For p ∈ (1,∞), k ∈N0, γ ∈R and X a Banach space, we define the homogeneous space

Ẇ k,p (Rd
+, wγ+kp ; X ) :=

{
f ∈D′(Rd

+; X ) : ∀|α| ≤ k,∂α f ∈ Lp (Rd
+, wγ+|α|p ; X )

}
equipped with the canonical norm. In comparison to the existing literature, we have for
γ>−1 by Hardy’s inequality (Corollary 5.3.2)

W k,p (Rd
+, wγ+kp ; X ) ,→ Ẇ k,p (Rd

+, wγ+kp ; X ) = H k
p,γ+d (Rd

+; X ),

where for θ ∈R the homogeneous spaces

H k
p,θ(Rd

+; X ) =
{

f ∈D′(Rd
+; X ) : ∀|α| ≤ k,∂α f ∈ Lp (Rd

+, wθ−d+|α|p ; X )
}

,

are as used in, for instance, [164, 165] with X = C. For these homogeneous spaces, we
recall the following density result.
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Lemma 7.3.1. Let p ∈ (1,∞), k ∈N0, γ ∈R and let X be a Banach space. Then C∞
c (Rd+; X )

is dense in Ẇ k,p (Rd+, wγ+kp ; X ).

Proof. This follows from [164, Theorem 1.19 & Corollary 2.3], where it should be noted
that these results also hold in the vector-valued case.

For γ ∈ (−1,2p −1) \ {p −1}, we define the space with Dirichlet boundary conditions

Ẇ
k+2,p
Dir (Rd

+, wγ+kp ; X )

:=
{

f ∈D′(Rd
+; X ) : ∀|β| ≤ 2,∂β f ∈ Ẇ k,p (Rd

+, wγ+kp ; X ),Tr( f ) = 0
}

equipped with the canonical norm. Similarly, for γ ∈ (−1, p −1), we define the space with
Neumann boundary conditions

Ẇ
k+2,p
Neu (Rd

+, wγ+kp ; X )

:=
{

f ∈D′(Rd
+; X ) : ∀|β| ≤ 2,∂β f ∈ Ẇ k,p (Rd

+, wγ+kp ; X ),Tr(∂1 f ) = 0
}

equipped with the canonical norm. Note that for the given ranges of γ we have that

Ẇ
k+2,p
Dir (Rd

+, wγ+kp ; X ),Ẇk+2,p
Neu (Rd

+, wγ+kp ; X ) ,→W 2,p (Rd
+, wγ; X ), (7.3.1)

so that the Dirichlet and Neumann traces are well defined. For Neumann boundary
conditions, we will not consider the homogeneous counterpart of W k+1,p (Rd+, wγ+kp ; X )
with γ ∈ (−1, p −1) to avoid weights wγ with γ<−1.

Definition 7.3.2. Let p ∈ (1,∞), k ∈N0 and let X be a Banach space. The Dirichlet and
Neumann Laplacian on homogeneous spaces are defined as follows.

(i) For γ ∈ (−1,2p −1) \ {p −1} the Dirichlet Laplacian ∆Dir on Ẇ k,p (Rd+, wγ+kp ; X ) is
defined by

∆Diru :=
d∑

j=1
∂2

j u with D(∆Dir) := Ẇk+2,p
Dir (Rd

+, wγ+kp ; X ).

(ii) For γ ∈ (−1, p −1) the Neumann Laplacian ∆Neu on Ẇ k,p (Rd+, wγ+kp ; X ) is defined
by

∆Neuu :=
d∑

j=1
∂2

j u with D(∆Neu) := Ẇk+2,p
Neu (Rd

+, wγ+kp ; X ).

7.3.2. Elliptic maximal regularity for the Poisson equation
We recall that elliptic regularity on the inhomogeneous spaces W k,p (Rd+, wγ+kp ; X ) has
already been studied in Sections 5.5.1, 5.5.2 and 5.6.2. By Proposition 5.5.4 and a scaling
argument, we obtain the following regularity result for the Dirichlet Laplacian.
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Corollary 7.3.3 (Homogeneous elliptic regularity for −∆Dir). Let p ∈ (1,∞), k ∈N0, γ ∈
(−1,2p −1) \ {p −1}, ω ∈ (0,π) and let X be a UMD Banach space. Let ∆Dir on Ẇ k,p (Rd+,
wγ+kp ; X ) be as in Definition 7.3.2. Then for all f ∈ Ẇ k,p (Rd+, wγ+kp ; X ) and λ ∈ Σπ−ω,
there exists a unique solution

u ∈ Ẇk+2,p
Dir (Rd

+, wγ+kp ; X )

such that λu −∆Diru = f . Moreover, this solution satisfies∑
|β|≤2

|λ|1− |β|
2 ∥∂βu∥Ẇ k,p (Rd+,wγ+kp ;X ) ≤C∥ f ∥Ẇ k,p (Rd+,wγ+kp ;X ),

where the constant C only depends on p,k,γ,ω,d and X .

Proof. Note that the uniqueness follows from (7.3.1) and Corollary 5.4.7. For existence
and the estimate we use a scaling argument. Let f ∈C∞

c (Rd+; X ), then Lemma 5.5.3 yields
a smooth solution u to the equation. Let r > 0 and set ur (x) := u(r x) and fr (x) := f (r x).
Then ur satisfies ur (0, ·) = 0 and the equation r 2λur −∆Dirur = r 2 fr , so by Proposition
5.5.4 we have for all ℓ ∈ {0, . . . ,k} the estimate∑

|β|≤2
|r 2λ|1− |β|

2 ∥∂βur ∥W ℓ,p (Rd+,wγ+ℓp ;X ) ≤C gℓ,γ(r 2λ)∥r 2 fr ∥W ℓ,p (Rd+,wγ+ℓp ;X ),

where gℓ,γ is defined in (5.5.3). After the substitution x 7→ r−1x we obtain

∑
|β|≤2

∑
|α|≤ℓ

|λ|1− |β|
2 r |α|−ℓ∥∂α+βu∥Lp (Rd+,wγ+ℓp ;X )

≤C gℓ,γ(r 2λ)
∑

|α|≤ℓ
r |α|−ℓ∥∂α f ∥Lp (Rd+,wγ+ℓp ;X ).

Letting r →∞ and summing over ℓ ∈ {0, . . . ,k} yields the estimate for f ∈C∞
c (Rd+; X ). Here

it should be noted that
lim

r→∞gℓ,γ(r 2λ) = lim
y→∞gℓ,γ(y) =C ,

where C = 1 or C = 2 depending on ℓ and γ. By Lemma 7.3.1 and a similar density argu-
ment as in the proof of Proposition 5.5.4, we obtain that for every f ∈ Ẇ k,p (Rd+, wγ+kp ; X )

there exists an u ∈ Ẇk+2,p
Dir (Rd+, wγ+kp ; X ) solving the equation and the required estimate

holds.

In a similar fashion, we obtain the following elliptic regularity result for the Neumann
Laplacian.

Corollary 7.3.4 (Homogeneous elliptic regularity for −∆Neu). Let p ∈ (1,∞), k ∈N0, γ ∈
(−1, p −1), ω ∈ (0,π) and let X be a UMD Banach space. Let ∆Neu on Ẇ k,p (Rd+, wγ+kp ; X )

be as in Definition 7.3.2. Then for all f ∈ Ẇ k,p (Rd+, wγ+kp ; X ) and λ ∈Σπ−ω, there exists a
unique solution

u ∈ Ẇk+2,p
Neu (Rd

+, wγ+kp ; X )
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to λu −∆Neuu = f . Moreover, this solution satisfies∑
|β|≤2

|λ|1− |β|
2 ∥∂βu∥Ẇ k,p (Rd+,wγ+kp ;X ) ≤C∥ f ∥Ẇ k,p (Rd+,wγ+kp ;X ),

where the constant C only depends on p,k,γ,ω,d and X .

Proof. The proof is analogous to the proof of Corollary 7.3.3 using Proposition 5.5.6.

Remark 7.3.5.

(i) Second order Riesz transforms: for λ = 0 we obtain the regularity estimates from

Corollaries 7.3.3 and 7.3.4 as well. Indeed, if u ∈ Ẇk+2,p
Dir (Rd+, wγ+kp ; X ) is a solution

to −∆Diru = f , then u also satisfies the equation λu −∆Diru = λu + f with λ > 0.
Therefore, by Corollary 7.3.3 we obtain∑

|β|=2
∥∂βu∥Ẇ k,p (Rd+,wγ+kp ;X ) ≤C lim

λ↓0
∥λu + f ∥Ẇ k,p (Rd+,wγ+kp ;X )

=C∥ f ∥Ẇ k,p (Rd+,wγ+kp ;X ).

The same proof works for the Neumann Laplacian.

(ii) The results from Corollaries 7.3.3 and 7.3.4 with k = 0 and γ ∈ (−1, p −1) coincide
with the inhomogeneous results in Corollaries 5.4.7 and 5.4.8. Moreover, these cases
have already been obtained in [80, 81] for the scalar-valued case.

(iii) The regularity result in Corollary 7.3.3 with k ∈N0, γ ∈ (p −1,2p −1) and X =C is
already covered in [164, Theorem 4.1].

7.3.3. Maximal Lq -regularity for the heat equation
The following two corollaries on maximal regularity for the Dirichlet and Neumann
Laplacian follow immediately using the functional calculus from Theorems 5.4.10, 5.7.1
and 5.7.2 together with Theorem 7.2.4 and Propositions 7.2.5 and 7.2.2.

Corollary 7.3.6 (Inhomogeneous maximal regularity for −∆Dir). Let p, q ∈ (1,∞), k ∈
N0∪ {−1}, γ ∈ (−1,2p −1)\{p −1} and let X be a UMD Banach space. Let ∆Dir on W k,p (Rd+,
wγ+kp ; X ) be as in Definition 5.4.1. Assume that either

(i) γ+kp ∈ (−1,2p −1), T ∈ (0,∞] and v ∈ Aq (I ), or,

(ii) γ+kp > 2p −1, T ∈ (0,∞) and v ∈ Aq (I ).

Then −∆Dir has maximal Lq (v)-regularity on I . In particular, for every T ∈ (0,∞) and
f ∈ Lq (I , v ;W k,p (Rd+, wγ+kp ; X )) there exists a unique Lq (v)-solution u to (7.2.1) with A =
−∆Dir, which satisfies

∥u∥W 1,q (I ,v ;W k,p (Rd+,wγ+kp ;X )) +∥u∥
Lq (I ,v ;W

k+2,p
Dir (Rd+,wγ+kp ;X ))

≤C∥ f ∥Lq (I ,v ;W k,p (Rd+,wγ+kp ;X )),
(7.3.2)

where the constant C only depends on p, q,k,γ, v,T,d and X .
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Corollary 7.3.7 (Inhomogeneous maximal regularity for −∆Neu). Let p, q ∈ (1,∞), k ∈
N0∪{−1},γ ∈ (−1,2p−1)\{p−1} and let X be a UMD Banach space. Let∆Neu on W k+1,p (Rd+,
wγ+kp ; X ) be as in Definition 5.4.1. Assume that either

(i) γ+kp ∈ (−1, p −1), T ∈ (0,∞] and v ∈ Aq (I ), or,

(ii) γ+kp > p −1, T ∈ (0,∞) and v ∈ Aq (I ).

Then −∆Neu has maximal Lq (v)-regularity on I . In particular, for every T ∈ (0,∞) and
f ∈ Lq (I , v ;W k+1,p (Rd+, wγ+kp ; X )) there exists a unique Lq (v)-solution u to (7.2.1) with
A =−∆Neu, which satisfies

∥u∥W 1,q (I ,v ;W k+1,p (Rd+,wγ+kp ;X )) +∥u∥
Lq (I ,v ;W

k+3,p
Neu (Rd+,wγ+kp ;X ))

≤C∥ f ∥Lq (I ,v ;W k+1,p (Rd+,wγ+kp ;X )),

where the constant C only depends on p, q,k,γ, v,T,d and X .

Remark 7.3.8.

(i) Corollaries 7.3.6 and 7.3.7 do not hold for T =∞ in general. This follows from Dore’s
theorem (see [82] or [126, Theorem 17.2.15]) and Theorems 5.6.1(ii) and 5.6.2(ii),
respectively. On the other hand, the shifted operators λ−∆Dir and λ−∆Neu with
λ > 0 do have maximal Lq (v)-regularity on R+, see [126, Propositions 17.2.27 &
17.2.29].

(ii) Corollaries 7.3.6 and 7.3.7 only concern the Cauchy problem (7.2.1) with zero initial
data. In addition, maximal regularity can be used to obtain existence and unique-
ness for the Cauchy problem with non-zero initial data, see [96, Section 4.4] and
[126, Section 17.2.b]. In particular, if v = tη is a power weight with η ∈ (−1, q −1),
then the space for the initial data is the real interpolation space(

W k,p (Rd
+, wγ+kp ; X ),D(A)

)
1− 1+η

q ,q

with A = −∆Dir or A = −∆Neu, see [96, Example 4.16]. Characterisations of real
interpolation spaces of weighted Sobolev spaces can be found in [262, Chapter 3].

In the following corollaries, we derive maximal regularity on homogeneous spaces.

Corollary 7.3.9 (Homogeneous maximal regularity for −∆Dir). Let p, q ∈ (1,∞), k ∈N0,
γ ∈ (−1,2p − 1) \ {p − 1}, v ∈ Aq (R+) and let X be a UMD Banach space. Let ∆Dir on
Ẇ k,p (Rd+, wγ+kp ; X ) be as in Definition 7.3.2. Then −∆Dir has maximal Lq (v)-regularity on

R+. In particular, for every f ∈ Lq (R+, v ;Ẇ k,p (Rd+, wγ+kp ; X )) there exists a unique Lq (v)-
solution u to (7.2.1) with A =−∆Dir, which satisfies

∥∂t u∥Lq (R+,v ;Ẇ k,p (Rd+,wγ+kp ;X )) +
∑

|β|=2
∥∂βu∥Lq (R+,v ;Ẇ k,p (Rd+,wγ+kp ;X ))

≤C∥ f ∥Lq (R+,v ;Ẇ k,p (Rd+,wγ+kp ;X )),
(7.3.3)

where the constant C only depends on p, q,k,γ, v,d and X .



7.3. The heat equation on the half-space 221

Proof. Let f ∈C∞
c (R+×Rd+; X ), then f ∈ Lq ((0,T ), v ;W k,p (Rd+, wγ+kp ; X )) for all T > 0. Co-

rollary 7.3.6 yields that for any T > 0 there exists a unique Lq (v)-solution uT to (7.2.1) on
(0,T ) satisfying the estimate (7.3.2). If T1 ≤ T , then the restriction of uT to (0,T1) coin-

cides with uT1 . This allows us to construct a solution u : R+ → W k+2,p
Dir (Rd+, wγ+kp ; X ) ,→

Ẇ
k+2,p
Dir (Rd+, wγ+kp ; X ) that coincides with uT on (0,T ) for every T > 0. Moreover, u is a

strong solution to (7.2.1) on R+ (with −∆Dir considered as an operator on the homogen-
eous space Ẇ k,p (Rd+, wγ+kp ; X )).

To show the regularity of u, let r > 0 and set ur (t , x) := u(r 2t ,r x) and fr (t , x) := f (r 2t ,r x).
Then ur satisfies the equation ∂t ur−∆Dirur = r 2 fr , so by (7.3.2) we have for all ℓ ∈ {0, . . . ,k}
the estimate

∥∂t ur ∥Lq ((0,1),v(r 2·);W ℓ,p (Rd+,wγ+ℓp ;X )) +∥ur ∥Lq ((0,1),v(r 2·);W ℓ+2,p (Rd+,wγ+ℓp ;X ))

≤C∥r 2 fr ∥Lq ((0,1),v(r 2·);W ℓ,p (Rd+,wγ+ℓp ;X )),

since v(r 2·) ∈ Aq (R+) with the same Aq constant by [105, Proposition 7.1.5(1)]. After the
substitutions x 7→ r−1x and t 7→ r−2t , we obtain∑
|α|≤ℓ

r |α|−ℓ∥∂t∂
αu∥Lq ((0,r 2),v ;Lp (Rd+,wγ+ℓp ;X )) +

∑
|α|≤ℓ+2

r |α|−ℓ−2∥∂αu∥Lq ((0,r 2),v ;Lp (Rd+,wγ+ℓp ;X ))

≤C
∑

|α|≤ℓ
r |α|−ℓ∥∂α f ∥Lq ((0,r 2),v ;Lp (Rd+,wγ+ℓp ;X )).

Letting r → ∞ and summing over ℓ ∈ {0, . . . ,k} yields the maximal regularity estimate
(7.3.3). Thus u is an Lq (v)-solution and we claim that it is also unique on R+. Indeed, if
f = 0, then for every T > 0 we have

∥u∥C ([0,T ];Ẇ k,p (Rd+,wγ+kp ;X )) ≤ ∥Au∥L1([0,T ];Ẇ k,p (Rd+,wγ+kp ;X ))

≤ ∥Au∥Lq ([0,T ],v ;Ẇ k,p (Rd+,wγ+kp ;X ))

(∫ T

0
|v− 1

q−1 (t )| dt
) q−1

q

≤ 0,

which follows from taking the supremum over [0,T ] in (7.2.2), Hölder’s inequality and
(7.3.3). This yields that u = 0 on [0,T ] for all T > 0. Therefore u = 0 on R+ as well and this
proves the uniqueness.

Finally, from [190, Lemma 3.5] and Lemma 7.3.1, it follows that C∞
c (R+×Rd+; X ) is dense

in Lq (R+, v ;Ẇ k,p (Rd+, wγ+kp ; X )). Therefore, a density argument (see [126, Proposition
17.2.10] using that −∆Dir is closed by Corollary 7.3.3) gives the result.

Similarly, we have maximal regularity for the Neumann Laplacian on homogeneous
spaces.

Corollary 7.3.10 (Homogeneous maximal regularity for −∆Neu). Let p, q ∈ (1,∞), k ∈N0,
γ ∈ (−1, p−1), v ∈ Aq (R+) and let X be a UMD Banach space. Let∆Neu on Ẇ k,p (Rd+, wγ+kp ;
X ) be as in Definition 7.3.2. Then −∆Neu has maximal Lq (v)-regularity onR+. In particular,
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for every f ∈ Lq (R+, v ;Ẇ k,p (Rd+, wγ+kp ; X )) there exists a unique Lq (v)-solution u to (7.2.1)
with A =−∆Neu, which satisfies

∥∂t u∥Lq (R+,v ;Ẇ k,p (Rd+,wγ+kp ;X )) +
∑

|β|=2
∥∂βu∥Lq (R+,v ;Ẇ k,p (Rd+,wγ+kp ;X ))

≤C∥ f ∥Lq (R+,v ;Ẇ k,p (Rd+,wγ+kp ;X )),

where the constant C only depends on p, q,k,γ, v,d and X .

Proof. The proof is analogous to the proof of Corollary 7.3.9, using Corollary 7.3.7.

We conclude with some remarks concerning Corollaries 7.3.9 and 7.3.10.

Remark 7.3.11.

(i) The maximal regularity estimate from Corollary 7.3.9 for γ ∈ (p −1,2p −1) and v = 1
is already obtained in [165, Theorem 3.2].

(ii) For k = 0 and γ ∈ (−1, p −1) similar regularity results as those in Corollaries 7.3.9
and 7.3.10 are contained in [80, Theorem 6.4] and [81, Theorem 2.3] for the shifted
operators λ−∆Dir and λ−∆Neu with λ > 0. The time weights for k ≥ 1 appear to
be new in the homogeneous setting. These time weights play an important role in
nonlinear evolution equations, see, e.g., [80], [126, Chapter 18] and [234].

(iii) More general elliptic operators with time and space-dependent coefficients are
treated in for example [79, Theorem 2.1], [80, Theorem 6.4] or [165, Theorem 3.2].
We only proved results for the Laplacian by taking limits in our maximal regularity
estimates for inhomogeneous spaces.

7.4. The heat equation on rough domains
We continue with the study of maximal Lq -regularity for the heat equation on rough
domains using the results from Chapter 6. The following two corollaries follow immedi-
ately using the functional calculus from Theorems 6.6.2, 6.6.3, 6.6.4, 6.6.5 together with
Theorem 7.2.4 and Propositions 7.2.5 and 7.2.2.

Corollary 7.4.1 (Maximal regularity for −∆Dir). Assume that the conditions from The-
orem 6.6.2 hold. In addition, let q ∈ (1,∞), T ∈ (0,∞) and v ∈ Aq (I ). Then −∆Dir on
W k,p (O , w∂O

γ+kp ; X ) has maximal Lq (v)-regularity on I , i.e., for all

f ∈ Lq (I , v ;W k,p (O , w∂O
γ+kp ; X ))

there exists a unique

u ∈W 1,q (I , v ;W k,p (O , w∂O
γ+kp ; X ))∩Lq (I , v ;W k+2,p

Dir (O , w∂O
γ+kp ; X ))

such that ∂t u −∆Diru = f with u(0) = 0 and

∥u∥W 1,q (I ,v ;W k,p (O ,w∂O
γ+kp ;X )) +∥u∥

Lq (I ,v ;W
k+2,p
Dir (O ,w∂O

γ+kp ;X ))
≲ ∥ f ∥Lq (I ,v ;W k,p (O ,w∂O

γ+kp ;X )),

where the constant only depends on p, q,k,γ, v,T,d and X . Moreover, if X = C, then the
above statement holds for I =R+ as well.
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Corollary 7.4.2 (Maximal regularity for −∆Neu). Assume that the conditions from The-
orem 6.6.3 hold. In addition, let q ∈ (1,∞), T ∈ (0,∞) and v ∈ Aq (I ). Then −∆Neu on
W k+ j ,p (O , w∂O

γ+kp ; X ) has maximal Lq (v)-regularity on I , i.e., for all

f ∈ Lq (I , v ;W k+ j ,p (O , w∂O
γ+kp ; X ))

there exists a unique

u ∈W 1,q (I , v ;W k+ j ,p (O , w∂O
γ+kp ; X ))∩Lq (I , v ;W k+2+ j ,p

Neu (O , w∂O
γ+kp ; X ))

such that ∂t u −∆Neuu = f with u(0) = 0 and

∥u∥W 1,q (I ,v ;W k+ j ,p (O ,w∂O
γ+kp ;X )) +∥u∥

Lq (I ,v ;W
k+2+ j ,p
Neu (O ,w∂O

γ+kp ;X ))
≲ ∥ f ∥Lq (I ,v ;W k+ j ,p (O ,w∂O

γ+kp ;X )),

where the constant only depends on p, q,k,γ, j , v,T,d and X . Moreover, the above statement
also holds if we consider ∆Neu on the spaces without constant functions as in Definition
6.6.1(iii). In this case, if additionally X =C, then the statement also holds for I =R+.

Remark 7.4.3. Corollaries 7.4.1 and 7.4.2 concern the heat equation with zero initial data.
Well-posedness for the heat equation with non-zero initial data can be obtained as a
consequence, see [96, Section 4.4] and [126, Section 17.2.b].

We connect the above results to the existing literature about PDEs on homogeneous
weighted Sobolev spaces, see [163, 164, 197]. For p ∈ (1,∞), k ∈N0, θ ∈ R and O ⊆ Rd a
bounded C 1-domain, the homogeneous Sobolev spaces are given by

H k
p,θ(O ) =

{
f ∈D′(O ) : ∀|α| ≤ k,∂α f ∈ Lp (O , w∂O

θ−d+|α|p )
}

,

see for instance [197, Proposition 2.2]. Note that Lp (O , w∂O
γ ) = H 0

p,γ+d (O ). In the setting

for the Dirichlet Laplacian with γ ∈ (p −1,2p −1) we have the following relation between
the involved homogeneous and inhomogeneous spaces:

W k,p (O , w∂O
γ+kp ) = H k

p,γ+d (O ),

W k+2,p
Dir (O , w∂O

γ+kp ) = H k+2
p,γ+d−2p (O ).

The first characterisation follows from the fact that O is bounded and Hardy’s inequal-
ity using that γ+ kp > −1. The second characterisation follows similarly using that

W k+2,p
Dir (O , w∂O

γ+kp ) =W k+2,p
0 (O , w∂O

γ+kp ) for γ ∈ (p −1,2p −1). Note that we have used that

the domain is bounded, for unbounded domains the homogeneous and inhomogeneous
spaces cannot be compared.

In [149], the authors use homogeneous spaces to study spatial regularity for boundary
value problems with Dirichlet boundary conditions on bounded C 1-domains. There, the
boundary condition is encoded implicitly within the function space. In contrast, our
approach imposes boundary conditions explicitly, allowing greater flexibility – partic-
ularly when extending to more regular domains or handling smaller weight exponents
and Neumann boundary conditions. In the homogeneous setting, some results for the
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Neumann Laplacian on the half-space (in the special case k = 0) are contained in [80, 81],
but a general study on bounded domains seems to be unavailable.

Finally, we remark that maximal Lq -regularity for the Dirichlet Laplacian on Lp (O , w∂O
γ )

is also obtained in [157]. Here they treat bounded C 1,κ-domains withγ ∈ ((1−κ)p−1,2p−1)
which corresponds to our result in Corollary 7.4.1 with k = 0.

To continue, we prove well-posedness and higher-order spatial regularity for the heat
equation on rough domains with rough boundary data. This extends the results in Co-
rollaries 7.4.1 and 7.4.2 (homogeneous boundary data), and [190, Section 7.3] (bounded
C 2-domains and base regularity for only Dirichlet boundary conditions).

We only consider the case of Dirichlet boundary conditions, but the case of Neumann
boundary conditions can be dealt with similarly. Consider the initial boundary value
problem given by 

∂t u −∆u = f (t , x) ∈R+×O ,

Tr∂O u = g (t , x) ∈R+×∂O ,

u(0) = 0 x ∈O .

(7.4.1)

We study this problem with spatial regularity in weighted Sobolev spaces W k,p (O , w∂O
γ ),

where k ∈N0 and

(i) O is a bounded C 1-domain if γ ∈ (p −1,2p −1), or,

(ii) O is a bounded C 1,κ-domain with κ ∈ (0,1) if γ ∈ ((1−κ)p −1, p −1).

For p, q ∈ (1,∞), k ∈N0, γ ∈ (−1,2p−1)\{p−1}, µ ∈ (−1, q−1), vµ(t ) = |t |µ and O as above,
we define

Fk
q,p (R+, vµ;O , w∂O

γ+kp ) := Lq (R+, vµ;W k,p (O , w∂O
γ+kp )),

Uk
q,p (R+, vµ;O , w∂O

γ+kp ) :=W 1,q (R+, vµ;W k,p (O , w∂O
γ+kp ))∩Lq (R+, vµ;W k+2,p (O , w∂O

γ+kp )),

Gq,p (R+, vµ;∂O ) := F
1− γ+1

2p
q,p (R+, vµ;Lp (∂O ))∩Lq (R+, vµ;B

2− γ+1
p

p,p (∂O )).

Moreover, we introduce

0Gq,p (R+, vµ;∂O ) :=
{
Gq,p (R+, vµ;∂O ) if 1− µ+1

q < γ+1
2p ,

{g ∈Gq,p (R+, vµ;∂O ) : g (0) = 0} if 1− µ+1
q > γ+1

2p ,

0U
k
q,p (R+, vµ;O , w∂O

γ+kp ) := {u ∈Uk
q,p (R+, vµ;O , w∂O

γ+kp ) : u(0) = 0}.

The zeroth-order temporal traces in the above spaces are well defined, see Theorem 3.1.2.

We obtain the following maximal regularity result for (7.4.1).

Theorem 7.4.4. Let p, q ∈ (1,∞), k ∈N0, µ ∈ (−1, q −1), κ ∈ [0,1), γ ∈ ((1−κ)p −1,2p −1) \
{p −1} with 1− µ+1

q ̸= γ+1
2p . Furthermore, let O be a bounded C 1,κ-domain. Then for all

f ∈ Fk
q,p (R+, vµ;O , w∂O

γ+kp ) and g ∈ 0Gq,p (R+, vµ;∂O ),
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there exists a unique solution u ∈ 0U
k
q,p (R+, vµ;O , w∂O

γ+kp ) to (7.4.1). Moreover, this solution

satisfies

∥u∥
Uk

q,p (R+,vµ;O ,w∂O
γ+kp ) ≤C

(∥ f ∥
Fk

q,p (R+,vµ;O ,w∂O
γ+kp ) +∥g∥Gq,p (R+,vµ;∂O )

)
,

where the constant C > 0 only depends on p, q,k,µ,κ,γ, and d.

Proof. From Theorem 4.5.2 it follows that

Tr∂O :Uk
q,p (R, vµ;O , w∂O

γ+kp ) →Gq,p (R, vµ;∂O )

is continuous and surjective. By using the zero extension operator from R+ to R, we can
argue similarly as in Step 2 of Theorem 4.4.1 to obtain that

Tr∂O : 0U
k
q,p (R+, vµ;O , w∂O

γ+kp ) → 0Gq,p (R+, vµ;∂O ) (7.4.2)

is continuous and surjective. The corresponding extension operator is denoted by ext∂O .
First consider 

∂t ũ −∆ũ = f̃ (t , x) ∈R+×O ,

Tr∂O ũ = 0 (t , x) ∈R+×∂O ,

ũ(0) = 0 x ∈O ,

(7.4.3)

where f̃ := f − (∂t −∆)ext∂O g ∈ Fk
q,p (R+, vµ;O , w∂O

γ+kp ). By Corollary 7.4.1, there exists a

solution

ũ ∈W 1,q (R+, vµ;W k,p (O , w∂O
γ+kp ))∩Lq (R+, vµ;W k+2,p

Dir (O , w∂O
γ+kp ))

which satisfies the estimate

∥ũ∥
Uk

q,p (R+,vµ;O ,w∂O
γ+kp ) ≲ ∥ f ∥

Fk
q,p (R+,vµ;O ,w∂O

γ+kp ) +∥(∂t −∆)ext∂O g∥
Fk

q,p (R+,vµ;O ,w∂O
γ+kp )

≲ ∥ f ∥
Fk

q,p (R+,vµ;O ,w∂O
γ+kp ) +∥ext∂O g∥

Uk
q,p (R+,vµ;O ,w∂O

γ+kp ).
(7.4.4)

Set u := ũ + ext∂O g . Then u satisfies Tr∂O u = Tr∂O ũ + Tr∂O ext∂O g = g by (7.4.3) and
properties of the extension operator. Furthermore, by (7.4.2) and (7.4.3), we have u(0) =
ũ(0)+ext∂O g (0) = 0. Hence, by the construction of ũ in (7.4.3), we have that u satisfies
(7.4.1) and we have the estimate

∥u∥
Uk

q,p (R+,vµ;O ,w∂O
γ+kp ) ≲ ∥ f ∥

Fk
q,p (R+,vµ;O ,w∂O

γ+kp ) +∥ext∂O g∥
Uk

q,p (R+,vµ;O ,w∂O
γ+kp )

≲ ∥ f ∥
Fk

q,p (R+,vµ;O ,w∂O
γ+kp ) +∥g∥Gq,p (R+,vµ;∂O ),

using (7.4.4) and (7.4.2). Finally, the uniqueness of the solution u to (7.4.1) follows from
Corollary 7.4.1.

Remark 7.4.5.
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(i) Well-posedness and regularity for the heat equation with non-zero initial data
in a real interpolation space can be obtained as well, see [96, Section 4.4] or [126,
Section 17.2.b]. In the unweighted setting, characterisations of the real interpolation
spaces between Sobolev spaces are well known. However, in the weighted setting,
characterisations of real interpolation spaces and temporal trace spaces are more
difficult, see [190, Section 7.2].

(ii) The results are also valid in the UMD Banach space-valued case if −∆Dir is replaced
by λ−∆Dir with λ≥λ0 for some λ0 ≥ 0 depending on the geometry of the Banach
space. Hence, a version of Theorem 7.4.4 can be obtained in the vector-valued
setting as well. For the special case k = 0, a vector-valued version of Theorem 7.4.4
can be obtained with λ0 = 0, see Corollary 6.6.7.

(iii) Instead of the parabolic problem one could also consider the elliptic problem
λu −∆u = f on O with λ> 0 and boundary conditions u|∂O = g . If g = 0, then well-
posedness and regularity (in the weighted setting on rough domains) follow from
Theorem 6.1.1. Combining this with the trace results on rough domains from [140]
yields well-posedness and regularity for the elliptic problem with inhomogeneous
boundary conditions g ̸= 0. We note that trace results similar to [140] are simply
obtained from Theorem 3.1.2 and a localisation argument based on the Dahlberg–
Kenig–Stein pullback in Section 2.6.

7.5. The stochastic heat equation
We introduce the notion of stochastic maximal regularity for linear stochastic equations.
For a more elaborate study of this topic, we refer to [10, 11, 12] or the survey [13].

Let (Ω,F , (Ft )t≥0,P) be a filtered probability space. Let U and (WU (t ))t≥0 be a separ-
able Hilbert space and a cylindrical F -Brownian motion on U , respectively. Often the
noise is modelled on the space U = ℓ2.

Let X be a Banach space. By γ(U , X ) we denote the space of γ-radonifying operators,
see [125, Chapter 9]. In the case that X is a Hilbert space, the space of γ-radonifying
operators coincides with the space of Hilbert–Schmidt operators L2(U ; X ).

Throughout the rest of this section, we assume the following standing assumptions:
let X0 and X1 be UMD Banach spaces with type 2 such that X1 ,→ X0 and A ∈L (X1, X0).
Moreover, we write X 1

2
:= [X0, X1] 1

2
.

Now, for T ∈ (0,∞) consider the equation

du + Au dt = f dt + g dWU (t ), t ∈ [0,T ],

u(0) = 0,
(7.5.1)

and we define the notion of stochastic maximal regularity for A. The equation (7.5.1) is
understood in the Itô sense.

We start with the definition of a solution to (7.5.1). Let τ : Ω→ [0,T ] be a stopping
time. Let f and g be progressively measurable such that f ∈ L1(0,τ; X0) and g ∈ L2(0,τ;
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γ(U , X1/2)) almost surely. A progressively measurable process u : [0,τ]×Ω→ X0 is called
a strong solution to (7.5.1) on [0,τ] if u ∈C ([0,τ]; X0)∩L2(0,τ; X1) almost surely, and for
all t ∈ [0,τ] we have almost surely

u(t )+
∫ t

0
Au(s) ds =

∫ t

0
f (s) ds +

∫ t

0
g (s) dWU (s).

Definition 7.5.1. Let q ∈ [2,∞) and µ ∈ [0, q/2− 1)∪ {0}. We say A ∈ SMRq,µ if for all
T ∈ (0,∞) there exists a constant CT such that for every stopping time τ :Ω→ [0,T ], every
progressively measurable f ∈ Lq (Ω;Lq (0,τ, vµ; X0)) and g ∈ Lq (Ω;Lq (0,τ, vµ;γ(U , X1/2))),
there exists a unique strong solution u to (7.5.1) on [0,τ] such that u ∈ Lq (Ω;Lq (0,τ, vµ; X1)),
and moreover the following estimate holds

∥u∥Lq (Ω;Lq (0,τ,vµ;X1)) ≤CT ∥ f ∥Lq (Ω;Lq (0,τ,vµ;X0)) +CT ∥g∥Lq (Ω;Lq (0,τ,vµ;γ(U ,X1/2))).

In the deterministic situation, estimates for the time derivative u′ can be obtained
directly from the equation. In the stochastic case, this is not possible, and the time
regularity needs to be studied separately.

Definition 7.5.2. We consider the case q > 2 and q = 2 separately.

• For q ∈ (2,∞) and µ ∈ [0, q/2− 1), we say A ∈ SMR•
q,µ if A ∈ SMRq,µ and for all

θ ∈ (0,1/2) for all T ∈ (0,∞) there exists a constant CT,θ such that for all [0,b] ⊆ [0,T ],
for every progressively measurable

f ∈ Lq (Ω;Lq (0,b, vµ; X0)) and g ∈ Lq (Ω;Lq (0,b, vµ;γ(U , X1/2))),

the strong solution u to (7.5.1) on [0,b] satisfies

∥u∥Lq (Ω;Hθ,q (0,b,vµ;X1−θ)) ≤CT,θ∥ f ∥Lq (Ω;Lq (0,b,vµ;X0)) +CT,θ∥g∥Lq (Ω;Lq (0,b,vµ;γ(U ,X1/2))).

• We say A ∈ SMR•
2,0 if A ∈ SMR2,0 and for all T ∈ (0,∞) there exists a constant CT such

that for all [0,b] ⊆ [0,T ], for every progressively measurable f ∈ L2(Ω;L2(0,b; X0))
and g ∈ L2(Ω;L2(0,b;γ(U , X1/2))), the strong solution u to (7.5.1) on [0,b] satisfies

∥u∥L2(Ω;C ([0,b];X1/2)) ≤CT ∥ f ∥L2(Ω;L2(0,b;X0)) +CT ∥g∥L2(Ω;L2(0,b;γ(U ,X1/2))).

In case A ∈ SMR•
q,µ we will say that A has stochastic maximal Lq (vµ)-regularity.

Now, we present the cornerstone result in the theory of stochastic maximal regularity.
The result provides a sufficient condition for stochastic maximal regularity in terms of
the H∞-calculus of A. The result for µ= 0 was obtained in [219] and [221]. The weighted
setting was obtained in [10].

Theorem 7.5.3. Let (O ,Σ,ν) be a σ-finite measure space and let p ∈ (2,∞). Suppose that
X0 = Lp (O ) or X0 is isomorphic to a closed subspace of Lp (O ). If there exists a λ≥ 0 such
that λ+ A has a bounded H∞-calculus of angle ωH∞ (λ+ A) < π/2, then A ∈ SMR•

q,µ for
all q ∈ (2,∞) and µ ∈ [0, q/2−1). Moreover, if the above conditions hold for p = 2, then
A ∈ SMR•

2,0.
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As a direct consequence, we obtain the following well-posedness and regularity result
for the stochastic heat equation. Again, we only consider the case of Dirichlet boundary
conditions, but the case of Neumann boundary conditions can be treated similarly.

Corollary 7.5.4. Let p ∈ (2,∞), k ∈N0, κ ∈ [0,1], γ ∈ ((1−κ)p −1,2p −1) \ {p −1} and let O

be a bounded C 1,κ-domain. Consider the Dirichlet Laplacian ∆Dir on

X0 :=W k,p (O , w∂O
γ+kp ) with domain X1 := D(∆Dir) =W k+2,p

Dir (O , w∂O
γ+kp ).

Then −∆Dir ∈ SMR•
q,µ for all q ∈ (2,∞) and µ ∈ [0, q/2−1). Moreover, if p = 2, then −∆Dir ∈

SMR•
2,0.

An important advantage of using the weighted setting with γ ∈ (p − 1,2p − 1) for
stochastic equations is that we do not need any compatibility conditions for the stochastic
forcing. Indeed, the spatial regularity of g in (7.5.1) is

X 1
2
= [X0, X1] 1

2
= [

W k,p (O , w∂O
γ+kp ),W k+2,p

Dir (O , w∂O
γ+kp )

]
1
2
=W k+1,p (O , w∂O

γ+kp ).

for all k ∈ N0 and γ ∈ (p −1,2p −1), see Theorem 3.6.5. This is in contrast to the case

γ ∈ (−1, p −1) where the Dirichlet trace operator exists in X 1
2
=W k+1,p

Dir (O , w∂O
γ+kp ). So for

γ ∈ (−1, p −1) one has to impose compatibility conditions on g at the boundary ∂O , while
for γ ∈ (p −1,2p −1) this is not necessary. Another advantage of the spatial weights with
γ ∈ (p −1,2p −1) is that we can consider a rougher domain O with only C 1-regularity.



8
A structurally damped plate
equation on rough domains

This chapter is based on:

R. Denk and F. Roodenburg. Higher-order regularity for a structurally damped plate
equation on rough domains. Math. Ann., 395(2):32, 2026.

Abstract. We prove well-posedness and higher-order regularity for a linear structurally
damped plate equation with inhomogeneous Dirichlet–Neumann boundary conditions
on the half-space and on bounded domains. To this end, we study maximal regularity
properties of the related first-order system on weighted Sobolev spaces of arbitrarily high
smoothness. In particular, we consider Sobolev spaces with power weights that measure
the distance to the boundary. This allows us to avoid unnatural compatibility conditions
for the data and treat the plate equation with rough inhomogeneous boundary conditions
on bounded C 1,κ-domains, where κ ∈ (0,1) depends on the exponent of the spatial power
weight, but is independent of the smoothness of the data.

229



230 8. A structurally damped plate equation on rough domains

8.1. Introduction

In this chapter, we consider the linear structurally damped plate equation with inhomo-
geneous Dirichlet–Neumann boundary conditions given by


∂2

t u +∆2u −ρ∆∂t u = f (t , x) ∈ (0,T )×O ,

u = g0 (t , x) ∈ (0,T )×∂O ,

∂n u = g1 (t , x) ∈ (0,T )×∂O ,

u|t=0 = (∂t u)|t=0 = 0 x ∈O .

(8.1.1)

Here, ρ > 0 is a fixed parameter and ∂n denotes the inner normal derivative. Furthermore,
T ∈ (0,∞] is a time horizon and we consider the case of the half-space O = Rd+ and the
case of a bounded domain O ⊆Rd .

The plate equation occurs as a linear model for vibrating stiff objects where the potential
energy involves curvature-like terms which lead to the bi-Laplacian as the main ‘elastic’
operator, see, e.g., [180, Chapter 12] and [241]. The equation (8.1.1) relates to the Kirchhoff
model of thin plates; for mathematical modelling of thin elastic plates, we also refer to
[177, Chapter 2]. In the undamped situation (corresponding to ρ = 0 in (8.1.1)), there is no
energy dissipation, and the equation has no smoothing effect. Apart from thermoelastic
damping effects (as discussed in a semigroup context in, e.g., [178]), a standard damping
model is given by structural damping as above. This model describes a situation where
higher frequencies are more strongly damped than lower frequencies. In (8.1.1), the
damping term has ‘half of the order’ of the leading elastic term. For mathematical models
of internal damping mechanisms leading to structural damping of second-order, we also
refer to [242, Section 4.2]. The generation of an analytic semigroup for the plate equation
with structural damping was investigated, e.g., in [41] and [74].

The Dirichlet–Neumann boundary conditions in (8.1.1) are also called generalised Di-
richlet conditions and are known in the context of the plate equation as clamped boundary
conditions. We remark that these boundary conditions are mathematically more involved
than the boundary conditions u = ∆u = 0, which can be treated by operator-theoretic
methods, see, e.g., [40, 42, 246].

In this chapter, we study well-posedness and regularity of (8.1.1) in a framework with
weighted Lq -Lp -Sobolev spaces. Specifically, we consider spatial power weights of the
form w∂O

γ := dist(·,∂O )γ for some suitable γ>−1. These weights are well suited to control
boundary singularities of solutions and their derivatives as we have seen in previous
chapters. Our main result for (8.1.1) on bounded domains reads as follows. This is a
special case of Theorem 8.6.3, where for simplicity we omit the temporal weights. We
recall that F s

q,p and B s
p,p denote the Triebel–Lizorkin and Besov spaces, respectively.

Theorem 8.1.1. Let p, q ∈ (1,∞), κ ∈ (0,1), γ ∈ ((1−κ)p−1, p−1) and let k ≥ 2 be an integer.
Suppose that 1− 1

q ̸= γ+1
2p and 1

2 − 1
q ̸= γ+1

2p . Furthermore, let O be a bounded C 1,κ-domain.
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Then for all

f ∈ Lq (R+;W k−2,p (O , w∂O
γ+kp )),

g0 ∈ F
1− γ+1

2p
q,p (R+;Lp (∂O ))∩Lq (R+,B

2− γ+1
p

p,p (∂O )) with g0|t=0 = 0 if 1− 1
q > γ+1

2p ,

g1 ∈ F
1
2 −

γ+1
2p

q,p (R+;Lp (∂O ))∩Lq (R+,B
1− γ+1

p
p,p (∂O )) with g1|t=0 = 0 if 1

2 − 1
q > γ+1

2p ,

there exists a unique solution

u ∈W 2,q (R+;W k−2,p (O , w∂O
γ+kp ))∩Lq (R+;W k+2,p (O , w∂O

γ+kp ))

to (8.1.1). Moreover, this solution u depends continuously on the data f , g0 and g1.

To prove Theorem 8.1.1, we rewrite (8.1.1) as a first-order system for v = (u,∂t u)⊤, i.e.,

∂t v + Av =
(

0
f

)
, with A =

(
0 − id
∆2 −ρ∆

)
. (8.1.2)

We establish results on sectoriality and R-sectoriality of the operator matrix A. With this
operator-theoretic approach, in the first step, we obtain unique solvability and maximal
regularity results for (8.1.1) with homogeneous boundary conditions u = ∂n u = 0. In a
second step, we include inhomogeneous boundary data, using trace results for weighted
spaces obtained in Chapter 4. The theory for temporal traces in the weighted setting is
delicate and therefore we only consider zero initial values in (8.1.1).

The main novelties of Theorem 8.1.1 can be summarised as follows.

(i) Fewer compatibility conditions for the data. Due to the introduction of a spatial
power weight, there is no need to include additional conditions of compatibility
type on the right-hand side of (8.1.1). We discuss this in more detail below.

(ii) Higher-order regularity. We establish maximal regularity results in weighted Sobolev
spaces of arbitrarily high smoothness.

(iii) Rough domains. The theory applies to bounded C 1,κ-domains, independent of the
regularity order k. In this sense, one can speak of a rough domain.

(iv) Rough boundary data. We obtain higher-order regularity of the solution in weighted
spaces, even if the boundary data is in the standard low-regularity trace spaces. In
this sense, we can also handle rough boundary data.

It is remarkable that, due to the introduction of a spatial power weight, we can give a
fairly complete well-posedness and regularity theory for (8.1.1) that avoids additional
unnatural compatibility conditions as encountered in [74]. It was shown in [74] that

the operator A in (8.1.2) is R-sectorial in the basic space W 2,p
0 (Rd+)×Lp (Rd+), but not in

the space W 2,p (Rd+)× Lp (Rd+). Therefore, one has to include the additional boundary
conditions h1 = ∂n h1 = 0 on ∂Rd+ for the first component of the right-hand side of the
equation (λ− A)v = h. It was shown in [66] that such compatibility conditions are in
general necessary for the sectoriality in unweighted spaces. For higher-order regularity
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results, even more compatibility conditions on the data have to be assumed, see [66,
Theorem 3.6]. We can avoid any compatibility conditions on the data, independent of the
smoothness order of the solution, by introducing weighted Sobolev spaces. We obtain
R-sectoriality of A in the basic space

X
k,p
γ (Rd

+) :=W k,p (Rd
+, wγ+kp )×W k−2,p (Rd

+, wγ+kp ),

where p ∈ (1,∞), γ ∈ (−1, p −1), k ∈N0 and wγ+kp = dist(·,∂Rd+)γ+kp , see Theorem 8.5.7.

In particular, setting k = 2, we can replace the basic space W 2,p
0 (Rd+)×Lp (Rd+) from [74]

by the weighted space W 2,p (Rd+, wγ+2p )×Lp (Rd+, wγ+2p ). The advantage of the weighted
space W 2,p (Rd+, wγ+2p ) is that the Dirichlet and Neumann trace operators do not exist, in
this way omitting the compatibility conditions.

We obtain R-sectoriality of A on Xk,p
γ (Rd+) by the following method. We start with R-

sectoriality of A on the space W 2,p
0 (Rd+, wγ)×Lp (Rd+, wγ) for γ ∈ (−1, p −1), which can

be obtained by extending the results in [74] to the weighted setting. Then we lower
the smoothness of the spaces by extrapolating the operator in the sense of Amann’s
interpolation-extrapolation scales (see Section 8.2 for details on these spaces). For the
extrapolated operator on Lp (Rd+, wγ)×W −2,p (Rd+, wγ), due to the low regularity, the bound-
ary conditions are not seen, so there are no compatibility conditions needed. This proves

R-sectoriality on X0,p
γ (Rd+).

Afterwards, with an induction argument on k, we raise the smoothness and the weight
with a similar technique as developed in Chapter 5 which essentially relies on Hardy’s in-

equality (Lemma 2.2.2). In this way, we can get R-sectoriality in weighted spaces Xk,p
γ (Rd+)

of arbitrary smoothness k ∈N0 without artificial compatibility conditions.

Once the R-sectoriality is obtained on Rd+, a localisation argument allows us to treat the
case of bounded domains. For the localisation, we make use of a special diffeomorph-
ism known as the Dahlberg–Kenig–Stein pullback, which straightens the boundary and
preserves the distance to the boundary. The blow-up of higher-order derivatives of this
pullback near the boundary is compensated by the weights in the space. Therefore, we
can establish the results for domains with C 1,κ-boundary, even for higher-order regularity.
Note that even for the standard regularity k = 2, the classical localisation would require
a domain of class C 4, as can be seen from [74, Section 5]. The Dahlberg–Kenig–Stein
pullback was already used in Chapter 6 to obtain higher-order regularity for the Laplacian
on rough domains.

The operator A in (8.1.2) is an example of a mixed-order system, also called a Douglis–
Nirenberg system as considered in [6, 7]. In general, semigroup theory for mixed-order
boundary value problems is not yet available. For a general mixed-order system in the
whole space, the Newton polygon theory developed in, e.g., [69, 73, 101] leads to equi-
valent conditions for maximal regularity. For mixed-order boundary value problems, the
Newton polygon approach is known only in special cases, see, e.g., [75] and for some
recent results, see [224]. One of the difficulties for mixed-order systems lies in the fact that
one cannot take a product of Lp -spaces as a basic space, due to the Douglis–Nirenberg
order structure of the system. Instead, the basic space necessarily is a tuple of Sobolev
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spaces, where now the question of compatibility conditions arises, similarly to the discus-
sion above. We hope to provide a first step for a maximal regularity theory for mixed-order
systems in weighted spaces, omitting compatibility conditions.

Outline
The chapter is organised as follows. In Section 8.2, we recall the necessary background
on interpolation-extrapolation scales. Section 8.3 is devoted to weighted Sobolev spaces
with power weights on the half-space and on rough domains. In Sections 8.4 and 8.5,
we establish R-sectoriality of the elliptic operator associated with the damped plate
equation on the half-space and on bounded domains, respectively. Finally, in Section 8.6,
we apply these results to prove well-posedness and higher-order maximal regularity for
the structurally damped plate equation with inhomogeneous boundary conditions.

8.2. Interpolation-extrapolation spaces
We recall the theory of interpolation-extrapolation scales. For a detailed study, we refer to
[14, Chapter V] or [118, Section 6.3].

Let A be a sectorial operator on a Banach space X that satisfies 0 ∈ ρ(A). Hence,
(X ,∥A−1 · ∥X ) is a normed space and we can define the extrapolated space

E−1,A := (X ,∥A−1 · ∥X )∼,

where∼denotes the completion of the space. Since X ,→ E−1,A and D(A) = X , we have that
D(A) ∋ x 7→ Ax ∈ X extends to an isometric isomorphism T−1,A from X to E−1,A . The ope-
rator A induces a closed linear operator A−1 := T−1,A AT −1

−1,A which satisfies A−1|D(A) = A.
Since (R-)sectoriality and boundedness of the H∞-calculus are preserved under similarity
transforms, we obtain the following result.

Proposition 8.2.1. Let A be a sectorial operator on a Banach space X that satisfies 0 ∈ ρ(A).
Then A−1 with D(A−1) = X is the closure of A in E−1,A . Moreover, the following statements
hold:

(i) A−1 on E−1,A is sectorial with angle ω(A−1) =ω(A),

(ii) if A is R-sectorial on X , then so is A−1 on E−1,A and ωR (A) =ωR (A−1),

(iii) if A has a bounded H∞-calculus on X , then so does A−1 on E−1,A and ωH∞ (A) =
ωH∞ (A−1).

Proposition 8.2.1 shows that for α > 0 the fractional powers (A−1)α are well-defined
closed operators on E−1,A (see, e.g., [126, Definition 15.2.2]). We denote the domain of
(A−1)α as

E−1+α,A := (
D((A−1)α),∥(A−1)α · ∥E−1,A

)
, α≥ 0,

and note that E0,A = X by Proposition 8.2.1.
Let α≥−1 and let Aα be the realisation of A−1 on Eα,A , i.e,

D(Aα) := {x ∈ Eα,A : A−1x ∈ Eα,A},

Aαx := A−1x for x ∈ D(Aα),
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and note that A0 = A. The scale (Eα,A , Aα)α≥−1 is called the interpolation-extrapolation
scale of A and forms an interpolation scale with respect to complex interpolation.

Proposition 8.2.2 ([118, Theorem 6.6.9]). Let A be a sectorial operator on a Banach space
X that satisfies 0 ∈ ρ(A). Furthermore, assume that A has BIP. Then

Eα(1−θ)+βθ,A = [
Eα,A ,Eβ,A

]
θ, α,β≥−1, θ ∈ (0,1).

Furthermore, the following characterisation of the extrapolated spaces holds.

Proposition 8.2.3 ([14, Theorem V.1.4.12]). Let A be a sectorial operator on a reflexive
Banach space X that satisfies 0 ∈ ρ(A), and let A′ be the adjoint operator in X ′. Then, for
all θ ∈ (0,1) we have E−θ,A = (Eθ,A′ )′ with respect to the duality induced by (X , X ′), where

Eθ,A′ = (
D((A′)θ),∥(A′)θ · ∥X ′

)
.

8.3. Weighted Sobolev spaces
Recall the definitions of the weighted Lebesgue and Sobolev spaces from Section 2.2. We
introduce weighted Sobolev spaces with vanishing traces by means of taking the closure
of test functions.

Let p ∈ (1,∞), k ∈N0, γ>−1 and let X be a Banach space. We define

◦
W k,p

0 (O , w∂O
γ ; X ) :=C∞

c (O ; X )
W k,p (O ,w∂O

γ ;X )
.

Alternative characterisations of this space in terms of traces are available, see [190] and
Chapters 5 and 6. These characterisations are based on the mapping properties of the dif-
feomorphism in Lemma 2.6.5. We distinguish three cases: the half-space, special domains
and bounded domains.

Trace characterisations on the half-space

For p ∈ (1,∞), k ∈N0, γ ∈ (−1,∞) \ { j p −1 : j ∈N1} and X a Banach space, we define

W k,p
0 (Rd

+, wγ; X ) :=
{

f ∈W k,p (Rd
+, wγ; X ) : Tr(∂α f ) = 0 if k −|α| > γ+1

p

}
. (8.3.1)

All the traces in the above definition (8.3.1) are well defined. Indeed, this follows from the
embedding

W 1,p (R+, w ; X ) ,→C ([0,∞); X ),

for p ∈ (1,∞), w such that w− 1
p−1 ∈ L1

loc(R+) and X a Banach space, see [190, Lemma 3.1].
For details, we refer to Section 5.3.1.

Let p ∈ (1,∞) and X a Banach space. To be able to deal with negative weights, we define
for k ∈N0 and γ≤−1 the space

W k,p
0 (Rd

+, wγ; X ) :=W k,p (Rd
+, wγ; X ),
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which is an appropriate definition in view of [190, Lemma 3.1(2)]. For k ∈ N1 and γ ∈
(−1,∞) \ { j p −1 : j ∈N1}, weighted Sobolev spaces with negative smoothness are defined
as

W −k,p (Rd
+, wγ; X ) := (

W k,p ′
0 (Rd

+, wγ′ ; X ′)
)′,

where γ′ =−γ/(p −1) and the duality is with respect to the unweighted pairing.

From [190, Proposition 3.8] (see also Proposition 6.3.1) the following trace characterisa-
tion follows.

Proposition 8.3.1 (Trace characterisation on Rd+). Let p ∈ (1,∞), k ∈N0, γ ∈ R\ { j p −1 :
j ∈N1} and let X be a Banach space. Then

◦
W k,p

0 (Rd
+, wγ; X ) =W k,p

0 (Rd
+, wγ; X ).

Note that Proposition 8.3.1 means that C∞
c (Rd+; X ) is dense in W k,p

0 (Rd+, wγ; X ) for the
given ranges of parameters. In particular, we also have

C∞
c (Rd

+; X )
dense⊆ W k,p (Rd

+, wγ; X ) for γ> kp −1. (8.3.2)

Trace characterisations on special domains

The diffeomorphism Φ in Lemma 2.6.5 will allow us to define weighted Sobolev spaces on
special domains with vanishing traces. We first note that Φ gives rise to an isomorphism
between weighted Sobolev spaces on special domains and the half-space.

Proposition 8.3.2. Let p ∈ (1,∞), ℓ ∈N1, κ ∈ [0,1], k ∈N0, γ ∈ (−1,∞) \ { j p −1 : j ∈N1}
and let X be a Banach space. Moreover, let O be a special Cℓ,κ

c -domain with [O ]Cℓ,κ ≤ 1. Let
Φ : O →Rd+ be as in Lemma 2.6.5 and consider the change of coordinates mappings

Φ∗ : W k,p (O , w∂O
γ ; X ) →W k,p (Rd

+, wγ; X ) for γ> (k − (ℓ+κ))+p −1,

Φ∗ :
◦

W k,p
0 (O , w∂O

γ ; X ) → ◦
W k,p

0 (Rd
+, wγ; X ),

defined by Φ∗ f := f ◦Φ−1. Then Φ∗ is an isomorphism of Banach spaces for which (Φ−1)∗
acts as inverse.

Proof. The statement of the proposition follows from Proposition 6.3.4 and Remark 6.3.5.

With the aid of the isomorphism in Proposition 8.3.2, we can now define traces of
functions in weighted Sobolev spaces on special domains with low smoothness compared
to the smoothness of the Sobolev space. We note that the standard localisation procedure
in, e.g., [67, 89, 166] is not sufficient in our case since the regularity of the domain is too
low, see Remark 6.3.8.

Definition 8.3.3. Let p ∈ (1,∞), ℓ ∈ N1, κ ∈ [0,1], k ∈ N0 and X a Banach space. Let
γ ∈ (−1,∞) \ { j p −1 : j ∈ N1} be such that γ > (k − (ℓ+κ))+p −1 and let O be a special
Cℓ,κ

c -domain with [O ]Cℓ,κ ≤ 1. Let Φ∗ be the isomorphism from Proposition 8.3.2. We
define

W k,p
0 (O , w∂O

γ ; X ) :=
{

f ∈W k,p (O , w∂O
γ ; X ) : Tr(∂α(Φ∗ f )) = 0 if k −|α| > γ+1

p

}
.
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Note that the traces in the above definition are considered on the half-space and are
thus well defined by Proposition 8.3.2. Moreover, provided that γ is large enough, Lemma
2.6.5 ensures that the definition of the space is consistent in the sense that viewing O as
either a special Cℓ,κ

c -domain or a special C 1
c -domain yields the same space.

We now obtain a trace characterisation for the spaces
◦

W k,p
0 (O , w∂O

γ ; X ) if O is a special
domain.

Proposition 8.3.4 (Trace characterisation on special domains). Let p ∈ (1,∞), ℓ ∈ N1,
κ ∈ [0,1], k ∈N0 and let X be a Banach space. Let γ ∈ (−1,∞) \ { j p −1 : j ∈N1} be such that
γ> (k − (ℓ+κ))+p −1 and let O be a special Cℓ,κ

c -domain with [O ]Cℓ,κ ≤ 1. Let Φ∗ be the
isomorphism from Proposition 8.3.2. Then

◦
W k,p

0 (O , w∂O
γ ; X ) =W k,p

0 (O , w∂O
γ ; X ).

Proof. The proof is the same as the proof of Proposition 6.3.7 using Proposition 8.3.2.

Trace characterisations on bounded domains

To define traces on bounded domains, we employ a localisation procedure based on
the following decomposition of weighted Sobolev spaces, see also [190, Section 2.2] and
Lemma 6.3.9.

Lemma 8.3.5. Let ℓ ∈N1, κ ∈ [0,1], and let O ⊆Rd be a bounded Cℓ,κ-domain. Then the
following statements hold.

(i) For all ε ∈ (0,κ) there exists a finite open cover (Vn)N
n=1 of ∂O , together with special

Cℓ,κ
c -domains (On)N

n=1 which satisfy [On]Cℓ,κ−ε < δ, such that

O ∩Vn =On ∩Vn and ∂O ∩Vn = ∂On ∩Vn , n ∈ {1, . . . , N }.

If κ= 0, then for any δ> 0, the special Cℓ
c -domains (On)N

n=1 can be chosen such that
[On]Cℓ < δ.

(ii) There exist η0 ∈C∞
c (O ) and ηn ∈C∞

c (Vn) for all n ∈ {1, . . . , N } such that
∑N

n=0η
2
n = 1

on O (partition of unity).

(iii) For p ∈ (1,∞), k ∈N0, γ ∈ R and X a Banach space, the space W k,p (O , w∂O
γ ; X ) has

the direct sum decomposition

W
k,p
γ :=W k,p (Rd ; X )⊕

N⊕
n=1

W k,p (On , w∂On
γ ; X ). (8.3.3)

Moreover, the mappings

I : W k,p (O , w∂O
γ ; X ) →W

k,p
γ and P : W

k,p
γ →W k,p (O , w∂O

γ ; X )

given by

I f := (ηn f )N
n=0 and P ( fn)N

n=0 :=
N∑

n=0
ηn fn , (8.3.4)

are continuous and satisfy P I = id. Thus, P is a retraction with coretraction I .
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In addition to (8.3.3), we define spaces incorporating zero boundary conditions as

W
k,p

0,γ :=W k,p (Rd ; X )⊕
N⊕

n=1
W k,p

0 (On , w∂On
γ ; X ). (8.3.5)

Using the above decomposition, we can define weighted Sobolev spaces on bounded
domains with vanishing traces.

Definition 8.3.6. Let p ∈ (1,∞), ℓ ∈ N1, κ ∈ [0,1], k ∈ N0 and let X be a Banach space.
Let γ ∈ (−1,∞) \ { j p −1 : j ∈N1} be such that γ> (k − (ℓ+κ))+p −1. Moreover, let O be a
bounded Cℓ,κ-domain, let (On)N

n=1 be special Cℓ,κ
c -domains and let I be the coretraction

from Lemma 8.3.5. We define

W k,p
0 (O , w∂O

γ ; X ) := {
f ∈W k,p (O , w∂O

γ ; X ) : I f ∈W k,p (Rd ; X )⊕
N⊕

n=1
W k,p

0 (On , w∂On
γ ; X )

}
.

This space is well defined by Lemma 8.3.5 and Definition 8.3.3. Moreover, the definitions
are independent of the chosen covering of ∂O and the partition of unity in Lemma 8.3.5.
Similar to Proposition 8.3.4, we obtain the following trace characterisation for bounded
domains. For the proof of this trace characterisation, we refer to Proposition 6.3.11.

Proposition 8.3.7 (Trace characterisation on bounded domains). Let p ∈ (1,∞), ℓ ∈N1,
κ ∈ [0,1], k ∈N0 and let X be a Banach space. Let γ ∈ (−1,∞) \ { j p −1 : j ∈N1} be such that
γ> (k − (ℓ+κ))+p −1 and let O be a bounded Cℓ,κ-domain. Then

◦
W k,p

0 (O , w∂O
γ ; X ) =W k,p

0 (O , w∂O
γ ; X ).

8.4. R-sectoriality for the elliptic operator on the half-space
In this section, we study the elliptic operator corresponding to the damped plate equation
(8.1.1). This elliptic operator onRd ,Rd+, and bounded domains is studied in [74], and these
results will be the starting point for our analysis on weighted spaces. Therefore, we will
first recall several results from [74] in a slightly more general setting with Muckenhoupt
power weights.

On Rd the system (8.1.1) without boundary conditions can be written in the form{
∂2

t u +ρB
1
2 ∂t u +Bu = f for t > 0,

u|t=0 = (∂t u)|t=0 = 0,
(8.4.1)

where B :=∆2 on Lp (Rd ) with D(B) :=W 4,p (Rd ). Equation (8.4.1) is related to the quad-
ratic operator pencil V : W 4,p (Rd ) → Lp (Rd ) given by

V (λ) :=λ2 +λρB
1
2 +B = (α+λ+B

1
2 )(α−λ+B

1
2 ),

where

α± =

ρ
2 ± i

√
1− ρ2

4 for 0 < ρ < 2,
ρ
2 ±

√
ρ2

4 −1 for ρ ≥ 2.
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The roots can be written as α± = e±iϑ for 0 < ρ < 2 and α± > 0 for ρ ≥ 2, where the angle
ϑ=ϑ(ρ) is given by

ϑ(ρ) :=
arctan 2

ρ

√
1− ρ2

4 for 0 < ρ < 2,

0 for ρ ≥ 2.

Note that argα± =±ϑ(ρ) and ϑ(ρ) ↑ π
2 as ρ ↓ 0.

By the classical theory of quadratic operator pencils and second-order Cauchy prob-
lems, the operator V (λ) can be inverted to show maximal regularity for (8.4.1). We refer to
[40, 42, 93, 246] and, in particular, see [93, Theorem 3.4] and [42, Theorem 4.1]. In [74],
the related first-order system is studied which is obtained by setting v := (u,∂t u)⊤. Then
we can write ∂t v + Av =

(
0
f

)
for t > 0,

v |t=0 = 0,

where, formally, the operator matrix A is given by

A :=
(

0 − id
∆2 −ρ∆

)
, ρ > 0. (8.4.2)

In addition, we occasionally study the closely related operator

Aη :=
(

0 − id
η+∆2 −ρ∆

)
, η≥ 0, ρ > 0. (8.4.3)

In the case of unbounded domains, the operator Aη with η > 0 behaves slightly better
than A = A0, since η+∆2 is invertible while ∆2 is not.

Following [74, Section 2], the operator A on the full space can be defined via its symbol,
i.e., A :=F−1 A(ξ)F , where the matrix-valued symbol A(ξ) is given by

A(ξ) :=
(

0 −1
|ξ|4 ρ|ξ|2

)
, ξ ∈Rd .

For p ∈ (1,∞), γ ∈ (−1, p −1), we define the Banach spaces

X :=W 2,p (Rd , wγ)×Lp (Rd , wγ),

D :=W 4,p (Rd , wγ)×W 2,p (Rd , wγ).

Recall that the notion of R-sectoriality is introduced in Section 7.2. We record the
following version of [74, Proposition 2.4]. The proof of [74, Proposition 2.4] only relies on
arguments involving Mihlin’s multiplier theorem (for operator-valued symbols). Since
Mihlin’s multiplier theorem is also available on spaces with Muckenhoupt weights, the
results can be extended. Furthermore, in Proposition 8.5.9 we will provide an extension of
Proposition 8.4.1 concerning higher-order regularity.

Proposition 8.4.1 (Weighted version of [74, Proposition 2.4]). Let p ∈ (1,∞), γ ∈ (−1, p−1)
and ρ > 0. Let A be the realisation of the operator in (8.4.2) on Xwith domain D(A) :=D.
Then, for all λ> 0, the operator λ+ A is R-sectorial with angle ωR (λ+ A) =ϑ(ρ).
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Proof. The proof is similar to that in [74, Lemma 2.1, Propositions 2.2 & 2.4] using
weighted versions of Mihlin’s multiplier theorem. For scalar-valued symbols, a weighted
version of Mihlin’s multiplier theorem can be found in, e.g., [214, Proposition 3.1]. For
operator-valued symbols one has to apply [91, Theorem 5.12(b)] instead of [102, Corollary
3.3] to obtain R-boundedness.

In the rest of this section, we consider the operator A on the half-space. First, in Section
8.4.1 we establish R-sectoriality of A on spaces with Muckenhoupt power weights. Sub-
sequently, in Section 8.4.2, we lift the R-sectoriality to higher-order Sobolev spaces with
power weights that do not belong to the class of Muckenhoupt weights.

8.4.1. R-sectoriality on spaces with Muckenhoupt power weights
For p ∈ (1,∞) and γ ∈ (−1, p −1), we define the Banach spaces

X+ :=W 2,p
0 (Rd

+, wγ)×Lp (Rd
+, wγ),

D+ := (
W 4,p (Rd

+, wγ)∩W 2,p
0 (Rd

+, wγ)
)×W 2,p

0 (Rd
+, wγ).

Similar to [74, Theorem 4.4] we obtain R-sectoriality of Aη on spaces with Muckenhoupt
power weights.

Theorem 8.4.2 (Weighted version of [74, Theorem 4.4]). Let p ∈ (1,∞), γ ∈ (−1, p −1),
η≥ 0, ρ > 0 and σ ∈ (ϑ(ρ),π). Let Aη be the realisation of the operator in (8.4.3) on X+ with

domain D(Aη) :=D+. Then there exists a λ̃≥ 0 such that for all λ> λ̃, the operator λ+ Aη

is R-sectorial with angle ωR (λ+ Aη) ≤σ.

Proof. It suffices to consider η= 0, since a lower-order perturbation result [126, Corollary
16.2.5] yields the case η> 0. For η= 0 the result follows from adapting the proof of [74,
Theorem 4.4] to include weights. We briefly sketch how [74, Theorem 4.4] can be extended
to the weighted setting. First, note that the representation formulas for the solution in
[74, Lemmas 3.1 & 3.2] do not depend on the underlying space. Then a weighted version
of [74, Proposition 3.3] can be proved using a weighted version of [67, Proposition 4.12]
and verifying that the integral operator related to the kernel (x1 + y1)−1 is bounded in
Lp (R+, wγ) for γ ∈ (−1, p −1). The proof of [67, Proposition 4.12] directly carries over to
the weighted setting, and the boundedness of the integral operator follows from [17,
Theorem 1], where the condition on the weight functions in this theorem is satisfied
for power weights exactly for γ ∈ (−1, p −1). Moreover, [74, Lemma 4.3] also holds on
Lp (Rd+, wγ). This provides all the ingredients for the proof of [74, Theorem 4.4] including
weights.

The zero boundary conditions in the base space X+ are necessary for the result of
Theorem 8.4.2 to be true, see [66] and [74, Proposition 3.4]. The existence of the zeroth
and first-order trace of functions in W 2,p (Rd+, wγ) is problematic here. We aim to obtain
R-sectoriality for A on spaces without the unnatural boundary conditions. The results in
Chapters 5 and 6 indicate that this can be achieved on higher-order spaces with suitable
power weights. The main advantage of these weighted spaces is that fewer traces exist
than in the unweighted case. In particular, no traces exist for functions in the weighted
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space W 2,p (Rd+, wγ+2p ) with γ ∈ (−1, p −1). This allows us to obtain R-sectoriality for A
on W 2,p (Rd+, wγ+2p )×Lp (Rd+, wγ+2p ) in Section 8.4.2.

To be able to deal with spaces with more general power weights outside the Mucken-
houpt class, we first study R-sectoriality of A on spaces with negative smoothness in The-

orem 8.4.7. This is done by extrapolating the R-sectoriality result for A on W 2,p
0 (Rd+, wγ)×

Lp (Rd+, wγ) to the space Lp (Rd+, wγ)×W −2,p (Rd+, wγ), similar to [70, Section 3] where the
case p = 2 is considered for bounded domains.

For proving Theorem 8.4.7 we need some preliminaries. We start off with the study of
∆2 in the strong and weak setting, where we have the following result that can be proved
similarly to [67, Theorem 7.4].

Theorem 8.4.3. Let p ∈ (1,∞) and γ ∈ (−1, p −1). Then ∆2 on Lp (Rd+, wγ) with domain

D(∆2) :=W 4,p (Rd+, wγ)∩W 2,p
0 (Rd+, wγ) has a bounded H∞-calculus with angleωH∞ (∆2) =

0.

Using the interpolation-extrapolation scale (Section 8.2), we can obtain results for ∆2

in the weak setting. For this, we first determine the adjoint operator of ∆2 on Lp (Rd+, wγ).
We recall that we use the notation γ′ =− γ

p−1 .

Lemma 8.4.4. Let p ∈ (1,∞) and γ ∈ (−1, p −1). Let Bp,γ :=∆2 on Lp (Rd+, wγ) with domain

D(Bp,γ) :=W 4,p (Rd+, wγ)∩W 2,p
0 (Rd+, wγ). Then the adjoint operator is B ′

p,γ = Bp ′,γ′ .

Proof. By integration by parts we obtain

〈∆2 f , g 〉Lp (Rd+,wγ)×Lp′ (Rd+,wγ′ )
= 〈 f ,∆2g 〉Lp (Rd+,wγ)×Lp′ (Rd+,wγ′ )

for f ∈ D(Bp,γ) and g ∈ D(Bp ′,γ′ ). In particular, by definition of the domain of the adjoint
(see for instance [138, Section III.5.5]) we obtain Bp,γ ⊆ B ′

p ′,γ′ and Bp ′,γ′ ⊆ B ′
p,γ. For the

other inclusion B ′
p,γ ⊆ Bp ′,γ′ it suffices to show that Bp ′,γ′ is surjective and B ′

p,γ is injective,
see [88, Exercise IV.1.21(5)]. The surjectivity of Bp ′,γ′ follows from Theorem 8.4.3. By
reflexivity and Theorem 8.4.3 it also follows that B ′′

p,γ = Bp,γ is surjective, hence B ′
p ′,γ′ is

injective.

For ∆2 in the weak setting, we now obtain the following regularity result.

Proposition 8.4.5. Let p ∈ (1,∞), γ ∈ (−1, p −1), and η> 0. Then η+∆2 on W −2,p (Rd+, wγ)

with domain D(∆2) :=W 2,p
0 (Rd+, wγ) has a bounded H∞-calculus with angleωH∞ (η+∆2) =

0.

Proof. Let Bp,γ =∆2 on Lp (Rd+, wγ) be as in Lemma 8.4.4 and let B ′
p,γ = Bp ′,γ′ be its adjoint.

Note that the bounded H∞-calculus (Theorem 8.4.3) implies that Bp ′,γ′ on Lp ′
(Rd+, wγ′ )

has bounded imaginary powers. Therefore, by [126, Corollary 15.3.10] and Lemma 8.4.4
we obtain

D((B ′
p,γ)

1
2 ) = [

Lp ′
(Rd

+, wγ′ ),D(B ′
p,γ)

]
1
2

= [
Lp ′

(Rd
+, wγ′ ),W 4,p ′

(Rd
+, wγ′ )∩W 2,p ′

0 (Rd
+, wγ′ )

]
1
2
=W 2,p ′

0 (Rd
+, wγ′ ),

(8.4.4)
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where the last identification follows from Theorem 3.6.5 (see [251] for the unweighted
case). Using the interpolation-extrapolation scale (see Proposition 8.2.3), (8.4.4) and
duality, we obtain

E− 1
2 ,η+Bp,γ

= (E 1
2 ,(η+Bp,γ)′ )

′ = (
D((B ′

p,γ)
1
2 )

)′ =W −2,p (Rd
+, wγ). (8.4.5)

From Theorem 8.4.3, Propositions 8.2.1 and 8.2.2, and (8.4.5), it follows now that η+∆2 on
W −2,p (Rd+, wγ) has a bounded H∞-calculus with angle zero. Moreover, (8.4.4) (with p ′ and
γ′ replaced by p and γ, respectively) shows that the domain of η+∆2 on W −2,p (Rd+, wγ) is

given by W 2,p
0 (Rd+, wγ).

With the above results for∆2 at hand, we can now study the more sophisticated operator
Aη from (8.4.3) for η> 0. Again, we make use of the interpolation-extrapolation scales to
obtain properties of Aη on spaces with less smoothness than those in Theorem 8.4.2. We
first determine the adjoint of Aη.

Lemma 8.4.6. Let p ∈ (1,∞), γ ∈ (−1, p −1), η> 0 and ρ > 0. Let Aη be the realisation of
the operator in (8.4.3) on X+ with domain D(Aη) :=D+. Then the adjoint operator A′

η on

W −2,p ′
(Rd+, wγ′ )×Lp ′

(Rd+, wγ′ ) is given by

A′
η =

(
0 η+∆2

− id −ρ∆
)

with D(A′
η) = Lp ′

(Rd
+, wγ′ )×W 2,p ′

0 (Rd
+, wγ′ ).

Proof. For notational convenience we write W k,p
(0) (wγ) := W k,p

(0) (Rd+, wγ) for p ∈ (1,∞),

γ ∈ (−1, p −1) and k ∈Z. Let v = (v1, v2) ∈ Lp ′
(wγ′ )×W 2,p ′

0 (wγ′ ) ⊆W −2,p ′
(wγ′ )×Lp ′

(wγ′ )

and u = (u1,u2) ∈ D(Aη) = (W 4,p (wγ)∩W 2,p
0 (wγ))×W 2,p

0 (wγ). By integration by parts
and the definition of the distributional derivative, we obtain

〈Aηu, v〉 = 〈−u2, v1〉Lp (wγ)×Lp′ (wγ′ )
+〈ηu1, v2〉Lp (wγ)×Lp′ (wγ′ )

+〈∆2u1, v2〉Lp (wγ)×Lp′ (wγ′ )

+〈−ρ∆u2, v2〉Lp (wγ)×Lp′ (wγ′ )

= 〈u2,−v1〉Lp (wγ)×Lp′ (wγ′ )
+〈u1,ηv2〉Lp (wγ)×Lp′ (wγ′ )

+〈u1,∆2v2〉W
2,p
0 (wγ)×W −2,p′ (wγ′ )

+〈u2,−ρ∆v2〉Lp (wγ)×Lp′ (wγ′ )

= 〈u, Ãηv〉,
where

Ãη :=
(

0 η+∆2

− id −ρ∆
)

with D(Ãη) := Lp ′
(wγ′ )×W 2,p ′

0 (wγ′ ).

For v ∈ D(Ãη) it holds that the mapping (u 7→ 〈Aηu, v〉) : D(Aη) → C is continuous with

respect to the norm on W 2,p
0 (wγ)×Lp (wγ). Hence, we have that Ãη ⊆ A′

η.

For the converse inclusion, we need to show that if v ∈ D(A′
η), then v ∈ D(Ãη). First,

note that if v ∈W −2,p ′
(wγ′ )×Lp ′

(wγ′ ) and u ∈ D(Aη), then we have

〈Aηu, v〉 = 〈−u2, v1〉W
2,p
0 (wγ)×W −2,p′ (wγ′ )

+〈(η+∆2)u1, v2〉Lp (wγ)×Lp′ (wγ′ )

+〈−ρ∆u2, v2〉Lp (wγ)×Lp′ (wγ′ )
.

(8.4.6)
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Now, let v ∈ D(A′
η). Note that the mapping (u 7→ 〈Aηu, v〉) : D(Aη) →C can be extended to

a linear and continuous mapping from W 2,p
0 (wγ)×Lp (wγ) to C. Moreover, the mapping

ϕ : W 4,p (wγ)∩W 2,p
0 (wγ) →C, u1 7→ϕ(u1) := 〈(η+∆2)u1, v2〉Lp (wγ)×Lp′ (wγ′ )

(8.4.7)

is continuous with respect to the norm on W 2,p (wγ). Indeed, this follows from∣∣〈(η+∆2)u1, v2〉Lp (wγ)×Lp′ (wγ′ )
∣∣= |〈Aη(u1,0), v〉|
≤C∥(u1,0)∥W 2,p (wγ)×Lp (wγ) =C∥u1∥W 2,p (wγ),

for u1 ∈W 4,p (wγ)×W 2,p
0 (wγ). Furthermore, from Proposition 8.4.5 and η> 0, we obtain

that
η+∆2 : W 2,p

0 (wγ) →W −2,p (wγ) (8.4.8)

is an isomorphism. Combining (8.4.7) and (8.4.8) gives(
ũ1 7→ϕ

(
(η+∆2)−1ũ1

)= 〈ũ1, v2〉Lp (wγ)×Lp′ (wγ′ )
)

: Lp (wγ) →C

is continuous as mapping from (Lp (wγ),∥ · ∥W −2,p (wγ)) to C. Since Lp (wγ) is dense in

W −2,p (wγ), there exists a unique continuous extension ϕ̃ : W −2,p (wγ) → C which we

identify with ϕ̃ ∈ (W −2,p (wγ))′ =W 2,p ′
0 (wγ′ ) and it holds that

〈ũ1,ϕ̃〉
W −2,p (wγ)×W

2,p′
0 (wγ′ )

= 〈ũ1, v2〉W −2,p (wγ)×W
2,p′
0 (w ′

γ)

for ũ1 ∈ Lp (wγ). We conclude that v2 = ϕ̃ ∈W 2,p ′
0 (wγ′ ) and this implies that the last term

on the right-hand side of (8.4.6), given by(
u2 7→ 〈−ρ∆u2, v2〉Lp (wγ)×Lp′ (wγ′ )

= 〈−ρ∆u2, v2〉W −2,p (wγ)×W
2,p′
0 (wγ′ )

)
: W 2,p

0 (wγ) →C,

is continuous on Lp (wγ). Since (8.4.6) needs to be continuous, by setting u1 = 0 it follows
that also the first term on the right-hand side of (8.4.6), given by(

u2 7→ 〈u2, v1〉W
2,p
0 (wγ)×W −2,p′ (wγ′ )

)
: W 2,p

0 (wγ) →C

can be extended continuously to Lp (wγ). This implies that v1 ∈ Lp ′
(wγ′ ) and thus we have

v ∈ D(Ãη). Therefore, D(A′
η) = D(Ãη) and A′

η = Ãη, which completes the proof.

The above lemma allows us to obtain R-sectoriality for Aη on Lp (Rd+, wγ)×W −2,p (Rd+, wγ).

Theorem 8.4.7. Let p ∈ (1,∞), γ ∈ (−1, p −1) η≥ 0, ρ > 0 and σ ∈ (ϑ(ρ),π). Let Aη be the
realisation of the operator in (8.4.3) on Lp (Rd+, wγ)×W −2,p (Rd+, wγ) with domain D(Aη) :=
W 2,p

0 (Rd+, wγ)×Lp (Rd+, wγ). Then there exists a λ̃> 0 such that for all λ> λ̃, the operator
λ+ Aη is R-sectorial with angle ωR (λ+ Aη) ≤σ.
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Proof. First consider η> 0. Take λ̃ from Theorem 8.4.2 and let λ> λ̃. From Theorem 8.4.2
and Proposition 8.2.1 we obtain R-sectoriality on the extrapolation space E−1,λ+Aη , which
by Proposition 8.2.3 and Lemma 8.4.6 (using η> 0) is

E−1,λ+Aη = (E1,(λ+Aη)′ )
′ = (

D(A′
η)

)′
= (

Lp ′
(Rd

+, wγ′ )×W 2,p ′
0 (Rd

+, wγ′ )
)′ = Lp (Rd

+, wγ)×W −2,p (Rd
+, wγ).

Again, by Proposition 8.2.1 the domain is given by X+ =W 2,p
0 (Rd+, wγ)×Lp (Rd+, wγ).

The case η= 0 can be obtained with the lower-order perturbation result [126, Corollary
16.2.5] for R-sectoriality upon taking λ̃ larger.

8.4.2. R-sectoriality on spaces with more general power weights
In this section, we study the R-sectoriality of A on higher-order spaces with power weights
that do not belong to the class of Muckenhoupt weights. For fixed p ∈ (1,∞) and γ ∈
(−1, p −1), we define for k ∈N0 the Banach spaces

X
k,p
γ (Rd

+) :=W k,p (Rd
+, wγ+kp )×W k−2,p (Rd

+, wγ+kp ),

D
k,p
γ (Rd

+) :=W k+2,p
0 (Rd

+, wγ+kp )×W k,p (Rd
+, wγ+kp ).

(8.4.9)

In particular, note that no traces exist of functions in Xk,p
γ (Rd ), see (8.3.1). Furthermore,

only the zeroth- and first-order trace exist of functions in Dk,p
γ (Rd+), modelling the correct

Dirichlet–Neumann boundary conditions of (8.1.1).

Theorem 8.4.8. Let p ∈ (1,∞), γ ∈ (−1, p − 1) k ∈ N0, ρ > 0 and σ ∈ (ϑ(ρ),π). Let A be

the realisation of the operator in (8.4.2) on Xk,p
γ (Rd+) with domain D(A) :=Dk,p

γ (Rd+). Then

there exists a λ̃> 0 such that for all λ0 > λ̃, the operator λ0 + A is R-sectorial with angle
ωR (λ0 + A) ≤σ.

Before we prove Theorem 8.4.8, we collect a few preliminary results. We start with a
density result.

Lemma 8.4.9. Let p ∈ (1,∞), k ∈N1, γ ∈ (−1,∞) \ { j p −1 : j ∈N1} and let X be a reflexive
Banach space. Then C∞

c (Rd+; X ) is dense in W −k,p (Rd+, wγ; X ).

Proof. From [190, Proposition 3.8] we have

C∞
c (Rd

+; X ′)
dense
,→ W k,p ′

0 (Rd
+, wγ′ ; X ′) and C∞

c (Rd
+; X ′)

dense
,→ Lp ′

(Rd
+, wγ′ ; X ′),

where we recall that γ′ =− γ
p−1 . Hence, W k,p ′

0 (Rd+, wγ′ ; X ′) is dense in Lp ′
(Rd+, wγ′ ; X ′) as

well. Since X is reflexive, it also holds that W k,p ′
0 (Rd+, wγ′ ; X ′) is reflexive. Hence, it follows

that

Lp (Rd
+, wγ; X )

dense
,→ (

W k,p ′
0 (Rd

+, wγ′ ; X ′)
)′ =W −k,p (Rd

+, wγ; X ),

and since C∞
c (Rd+; X ) is dense in Lp (Rd+, wγ; X ), the result follows.
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We continue with some estimates on functions in weighted Sobolev spaces.

Lemma 8.4.10. Let p ∈ (1,∞), γ ∈ (−1, p −1) and k ∈N0. Then, it holds that

∥ f ∥W k,p (Rd+,wγ+kp ) ≤C∥ f ∥W k+1,p (Rd+,wγ+(k+1)p ), f ∈W k+1,p (Rd
+, wγ+(k+1)p ),

∥ f ∥W k−2,p (Rd+,wγ+kp ) ≤C∥ f ∥W k−1,p (Rd+,wγ+(k+1)p ), f ∈W k−1,p (Rd
+, wγ+(k+1)p ).

Proof. We only consider the second estimate for k ∈ {0,1}. All the other estimates follow
immediately from Hardy’s inequality (Lemma 2.2.2). For k ∈ {0,1} it suffices by duality to
prove

∥g∥
W

1−k,p′
0 (Rd+,wγ′−kp′−p′ )

≤C∥g∥
W

2−k,p′
0 (Rd+,wγ′−kp′ )

, g ∈W 2−k,p ′
0 (Rd

+, wγ′−kp ′ ),

which again follows from Hardy’s inequality noting that γ′ =− γ
p−1 ∈ (−1, p ′−1).

Let θ ∈R and define the pointwise multiplication operator

Mθ : C∞
c (Rd

+; X ) →C∞
c (Rd

+; X ) by Mθu(x) = xθ1 ·u(x), x ∈Rd
+.

By duality the operator extends to Mθ : D′(Rd+; X ) →D′(Rd+; X ), and M−θ acts as inverse
for Mθ on D′(Rd+; X ). Moreover, we write M := M 1. We have the next estimates involving
the multiplication operator M on weighted Sobolev spaces.

Lemma 8.4.11. Let p ∈ (1,∞), γ ∈ (−1, p −1) and k ∈N0. Then, it holds that∑
|α|≤1

∥M∂α f ∥W k,p (Rd+,wγ+kp ) ≂ ∥ f ∥W k+1,p (Rd+,wγ+(k+1)p ), f ∈W k+1,p (Rd
+, wγ+(k+1)p ),

∑
|α|≤1

∥M∂α f ∥
W

k+2,p
0 (Rd+,wγ+kp )

≂ ∥ f ∥
W

k+3,p
0 (Rd+,wγ+(k+1)p )

, f ∈W k+3,p
0 (Rd

+, wγ+(k+1)p ).

Moreover, for |α| ≤ 1, we have the estimate

∥M∂α f ∥W k−2,p (Rd+,wγ+kp ) ≤C∥ f ∥W k−1,p (Rd+,wγ+(k+1)p ), f ∈W k−1,p (Rd
+, wγ+(k+1)p ).

Proof. Note that by Lemma 5.3.5 it follows that

M : W ℓ,p
0 (Rd

+, wγ+(k+1)p ) →W ℓ,p
0 (Rd

+, wγ+kp )

is an isomorphism for all ℓ ∈ N0. Moreover, if ℓ = k, then M : W k,p (Rd+, wγ+(k+1)p ) →
W k,p (Rd+, wγ+kp ) is an isomorphism since in this case no traces exist. Hence, we have

∥ f ∥W k+1,p (Rd+,wγ+(k+1)p ) ≂
∑

|α|≤1
∥∂α f ∥W k,p (Rd+,wγ+(k+1)p ) ≂

∑
|α|≤1

∥M∂α f ∥W k,p (Rd+,wγ+kp ),

for f ∈W k+1,p (Rd+, wγ+(k+1)p ). The second estimate follows similarly.

Using that M : W ℓ,p (Rd+, wγ+(k+1)p ) →W ℓ,p (Rd+, wγ+kp ) is bounded for ℓ ∈N0 (Lemma
5.3.5), we obtain for k ≥ 2 and |α| ≤ 1 that

∥M∂α f ∥W k−2,p (Rd+,wγ+kp ) ≤C∥∂α f ∥W k−2,p (Rd+,wγ+(k+1)p ) ≤C∥ f ∥W k−1,p (Rd+,wγ+(k+1)p ),
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for f ∈ W k−1,p (Rd+, wγ+(k+1)p ). It remains to prove the above estimate for k ∈ {0,1}. By
duality, it suffices to prove

∥∂αM g∥
W

1−k,p′
0 (Rd+,wγ′−kp′−p′ )

≤C∥g∥
W

2−k,p′
0 (Rd+,wγ′−kp′ )

, g ∈W 2−k,p ′
0 (Rd

+, wγ′−kp ′ ),

where by integration by parts (−1)|α|∂αM is the adjoint operator to M∂α. Let α= (α1, α̃) ∈
N0 ×Nd−1

0 with |α| = 1. Then, ∂αM = M∂α+α1. Moreover, since

M : W ℓ,p ′
0 (Rd

+, wµ) →W ℓ,p ′
0 (Rd

+, wµ−p ′ )

is an isomorphism for all ℓ ∈N0 and µ ∈R\ { j p ′−1 : j ∈N1}, it follows that

∥∂αM g∥
W

1−k,p′
0 (Rd+,wγ′−kp′−p′ )

≤ ∥M∂αg∥
W

1−k,p′
0 (Rd+,wγ′−kp′−p′ )

+α1∥g∥
W

1−k,p′
0 (Rd+,wγ′−kp′−p′ )

≤C
(∥∂αg∥

W
1−k,p′
0 (Rd+,wγ′−kp′ )

+α1∥g∥
W

1−k,p′
0 (Rd+,wγ′−kp′−p′ )

)
≤C∥g∥

W
2−k,p′
0 (Rd+,wγ′−kp′ )

, g ∈W 2−k,p ′
0 (Rd

+, wγ′−kp ′ ),

where we have additionally applied Hardy’s inequality (Lemma 2.2.2).

Furthermore, in the proof of Theorem 8.4.8, we need an elliptic regularity result in the
case that the right-hand side of the equation is smooth.

Lemma 8.4.12. Let ρ > 0, σ ∈ (ϑ(ρ),π) and λ0 > λ̃ with λ̃ as in Theorem 8.4.7. Then,
for all f ∈ C∞

c (Rd+)×C∞
c (Rd+) and λ ∈ λ0 +Σπ−σ, there exists a unique u = (u1,u2)⊤ ∈

S (Rd+)×S (Rd+) such that

λu + Au = f , u1(0, ·) = (∂1u1)(0, ·) = 0. (8.4.10)

Proof. We fix λ> λ̃. Note that, in particular, we have f = ( f1, f2)⊤ ∈ L2(Rd+)×W −2,2(Rd+).
Then, by Theorem 8.4.7, we know that for every λ > λ̃, equation (8.4.10) has a unique
solution u = (u1,u2)⊤ ∈W 2,2

0 (Rd+)×L2(Rd+). By the definition of A, this shows that u1 is a
solution of the scalar equation

∆2u1 −λρ∆u1 +λ2u1 = f2 + (λ−ρ∆) f1, u1(0, ·) = (∂1u1)(0, ·) = 0. (8.4.11)

Let L(D) :=∆2 −λρ∆+λ2. We extend g := f2 + (λ−ρ∆) f1 ∈C∞
c (Rd+) by zero to g̃ ∈C∞

c (Rd )
and consider the equation

L(D)v = g̃

in Rd . The operator L(D) can be written as F−1mF with the symbol

m(ξ) := |ξ|4 +λρ|ξ|2 +λ2, ξ ∈Rd .

Using m(ξ) ̸= 0 for all ξ ∈Rd , we obtain v = P g̃ :=F−1 1
m F g̃ . As P is a pseudodifferential

operator of order −4 (see, e.g., [1, Definition 3.1]), we obtain v = P g̃ ∈ S (Rd ) by [1,
Theorem 3.6].
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We use the ansatz u1 = v |
Rd+

+w , which yields for w the boundary value problem

L(D)w = 0, (w,∂1w)|∂Rd+
=−(v,∂1v)|∂Rd+

∈S (Rd−1)×S (Rd−1). (8.4.12)

Such boundary value problems were studied in [123]. As the principal part of L(D) is given
by ∆2, it is easily seen that the ellipticity conditions (E) and (LS) in [123, Section 2.5.2] are
satisfied for any φ ∈ [0,π). By [123, Proposition 4.16], there exists a solution w ∈S (Rd+) of
(8.4.12), which is given by the application of a Poisson operator to the right-hand side.

By construction, ũ1 := v |
Rd+

+w ∈S (Rd+) solves (8.4.11). Setting ũ2 =λũ1 − f1 ∈S (Rd+)

yields a solution (ũ1, ũ2)⊤ of (8.4.10). By unique solvability of (8.4.10), we obtain u j = ũ j ∈
S (Rd+) for j ∈ {1,2}.

Remark 8.4.13. Alternatively, the result of Lemma 8.4.12 can be derived from proper-
ties of the Boutet de Monvel calculus for pseudodifferential boundary value problems.

The boundary value problem A := (L(D), (Tr,Tr◦∂1))⊤ belongs to the class B4,2
cl (Rd+) of

classical operators in Boutet de Monvel’s calculus of order 4 and type 2 in the sense of
[249, Definition 5.1]. Therefore, by [249, Theorem 5.11], there exists a parametrix of the

form B = (P̃++G̃ , K̃ ) ∈B−4,0
cl (Rd+), i.e., S :=BA − id is a regularizing Boutet de Monvel

operator. Using (8.4.11) we write

u1 =BA u1 −Su1 = (P̃++G̃)
(

f2 + (λ−ρ∆) f1
)−S1.

As g := f2 + (λ−ρ∆) f1 ∈C∞
c (Rd+), we get (P̃++G̃)g ∈S (Rd+) by [249, Corollary 5.5]. Since

A has constant coefficients it even belongs to the SG-calculus in the sense of [248, Defini-
tion 2.9], so we can even choose S to belong to the class of smoothing operators in the
SG-calculus, see [248, Definition 2.18]. By the mapping properties of such operators [248,
Theorem 4.5], we get Su1 ∈S (Rd+). Hence, u1 ∈S (Rd+) and u2 =λu1 − f1 ∈S (Rd+).

We now turn to the proof of R-sectoriality of the operator A as stated in Theorem 8.4.8.

Proof of Theorem 8.4.8. For notational convenience we writeXk,p
γ :=Xk,p

γ (Rd+) andDk,p
γ :=

D
k,p
γ (Rd+) for p ∈ (1,∞), γ ∈ (−1, p−1), and k ∈Z. Moreover, for vectors we write u = (u1,u2)

and for sequences of vectors we use the notation (u(n))N
n=1 for some N ∈N1.

Step 1: elliptic regularity. Let σ>ϑ(ρ) and let λ̃ be as in Theorem 8.4.7. Let λ0 > λ̃ and
N ∈N1. We first prove the following elliptic regularity result: for all sequences (λn)N

n=1 in

λ0 +Σπ−σ and ( f (n))N
n=1 ∈ ε2

N (Xk,p
γ ), there exists a unique (u(n))N

n=1 ∈ ε2
N (Dk,p

γ ) such that

λnu(n) + Au(n) = f (n), Tru(n)
1 = Tr∂1u(n)

1 = 0, (8.4.13)

holds for each n ∈ {1, . . . , N }. Moreover, this solution satisfies the estimates

∥∥ N∑
n=1

εnλnu(n)∥∥
L2(Ω;X

k,p
γ )

≲
∥∥ N∑

n=1
εn f (n)∥∥

L2(Ω;X
k,p
γ )

, (8.4.14a)

∥∥ N∑
n=1

εnu(n)∥∥
L2(Ω;D

k,p
γ )

≲
∥∥ N∑

n=1
εn f (n)∥∥

L2(Ω;X
k,p
γ )

. (8.4.14b)
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The case k = 0 follows from Theorem 8.4.7. For k ∈ N1, the uniqueness of (u(n))N
n=1 in

the above statement follows from the uniqueness in X0,p
γ and Lemma 8.4.10. The proof

of the existence and (8.4.14) goes by induction on k ≥ 0. Now assume that (8.4.13) and
(8.4.14) hold for some k ∈N0. It remains to show existence of a solution to (8.4.13) and
the estimates (8.4.14) for k +1.

Fix N ∈ N1 and let n ∈ {1, . . . , N }. Moreover, let ( f (n))N
n=1 ∈ ε2

N (C∞
c (Rd+)×C∞

c (Rd+)) and

consider the equations (8.4.13) with λn ∈ λ0 +Σπ−σ. For each f (n) ∈ C∞
c (Rd+)×C∞

c (Rd+),
the unique solution u(n) to (8.4.13) is in S (Rd+)×S (Rd+) and u(n)

1 (0, ·) = (∂1u(n)
1 )(0, ·) = 0.

This follows from Lemma 8.4.12.
For |α| ≤ 1 we define v (n) := M∂αu(n). We claim that for n ∈ {1, . . . , N } and |α| ≤ 1, v (n)

satisfies the equation

λn v (n) + Av (n) = M∂α f (n) +
(

0
4∂1∂

α∆u(n)
1 −2ρ∂1∂

αu(n)
2

)
(8.4.15)

and the boundary conditions Tr v (n)
1 = Tr∂1v (n)

1 = 0. Indeed, note that we have the com-
mutation relations

[∆, M∂α]g = 2∂1∂
αg ,

[∆2, M∂α]g = 4∂1∂
α∆g ,

for g ∈S (Rd+). Therefore, we obtain

λn M∂αu(n) + AM∂αu(n) =
(

M∂α(λnu(n)
1 −u(n)

2 )
M∂α(∆2u(n)

1 +λnu(n)
2 −ρ∆u(n)

2 )

)
+

(
0

4∂1∂
α∆u(n)

1 −2ρ∂1∂
αu(n)

2

)
and appealing to (8.4.13) yields (8.4.15). Moreover, note that Tr M∂αu(n)

1 = 0 and

Tr∂1M∂αu(n)
1 = Tr

(
M∂1∂

αu(n)
1 +∂αu(n)

1

)= Tr∂αu(n)
1 = 0,

where the last identity follows from Tru(n)
1 = Tr∂1u(n)

1 = 0 (if α= 0 or α= (1,0, . . . ,0)) and

Tr∂α̃u(n)
1 = ∂α̃Tru(n)

1 = 0 if α= (0, α̃) ∈N0 ×Nd−1
0 with |α̃| = 1. This proves the claim.

From the induction hypothesis (8.4.14b) applied to (8.4.15) and (8.4.13), we obtain for
|α| ≤ 1 that

∥∥ N∑
n=1

εn v (n)∥∥
L2(Ω;D

k,p
γ )

≲
∥∥ N∑

n=1
εn M∂α f (n)∥∥

L2(Ω;X
k,p
γ )

+∥∥ N∑
n=1

εnu(n)
1

∥∥
L2(Ω;W k+2,p (Rd+,wγ+kp ))

+∥∥ N∑
n=1

εnu(n)
2

∥∥
L2(Ω;W k,p (Rd+,wγ+kp ))

≲
∥∥ N∑

n=1
εn M∂α f (n)∥∥

L2(Ω;X
k,p
γ )

+∥∥ N∑
n=1

εn f (n)∥∥
L2(Ω;X

k,p
γ )

≲
∥∥ N∑

n=1
εn f (n)∥∥

L2(Ω;X
k+1,p
γ )

,
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where in the last estimate we have used Lemmas 8.4.10 and 8.4.11. Using Lemma 8.4.11
once more gives

∥∥ N∑
n=1

εnu(n)∥∥
L2(Ω;D

k+1,p
γ )

≲
∑

|α|≤1

∥∥ N∑
n=1

εn v (n)∥∥
L2(Ω;D

k,p
γ )

≲
∥∥ N∑

n=1
εn f (n)∥∥

L2(Ω;X
k+1,p
γ )

. (8.4.16)

The equation λnu(n) + Au(n) = f (n) and (8.4.16) yield

∥∥ N∑
n=1

εnλnu(n)∥∥
L2(Ω;X

k+1,p
γ )

≲
∥∥ N∑

n=1
εn Au(n)∥∥

L2(Ω;X
k+1,p
γ )

+∥∥ N∑
n=1

εn f (n)∥∥
L2(Ω;X

k+1,p
γ )

≲
∥∥ N∑

n=1
εnu(n)∥∥

L2(Ω;D
k+1,p
γ )

+∥∥ N∑
n=1

εn f (n)∥∥
L2(Ω;X

k+1,p
γ )

≲
∥∥ N∑

n=1
εn f (n)∥∥

L2(Ω;X
k+1,p
γ )

,

which proves the desired estimates for ( f (n))N
n=1 ∈ ε2

N (C∞
c (Rd+)×C∞

c (Rd+)).

The general case follows by a density argument. First, note that C∞
c (Rd+)×C∞

c (Rd+)

is dense in X
k+1,p
γ by Lemma 8.4.9 and (8.3.2) for negative and positive smoothness,

respectively. Let ( f (n))N
n=1 ∈ ε2

N (Xk+1,p
γ ), then for every n ∈ {1, . . . , N } there exists a se-

quence ( f (n,m))m≥1 ⊆ C∞
c (Rd+)×C∞

c (Rd+) such that f (n,m) → f (n) in X
k+1,p
γ as m → ∞.

Moreover, ( f (n,m))N
n=1 → ( f (n))N

n=1 in ε2
N (Xk+1,p

γ ) as m →∞. Every ( f (n,m))N
n=1 defines a

(u(n,m))N
n=1 ∈ ε2

N (Dk+1,p
γ ) such that λnu(n,m) + Au(n,m) = f (n,m) for all n ∈ {1, . . . , N } and

m ≥ 1. In addition, by (8.4.16) we have

∥∥ N∑
n=1

εn(u(n,m1) −u(n,m2))
∥∥

L2(Ω;D
k+1,p
γ )

≲
∥∥ N∑

n=1
εn( f (n,m1) − f (n,m2))

∥∥
L2(Ω;X

k+1,p
γ )

→ 0

as m1,m2 → ∞. Completeness of ε2
N (Dk+1,p

γ ) implies that there exists a (u(n))N
n=1 ∈ ε2

N

(Dk+1,p
γ ) such that (u(n,m))N

n=1 → (u(n))N
n=1 in ε2

N (Dk+1,p
γ ) as m →∞. Moreover, we have

∥∥ N∑
n=1

εn(λn + A)(u(n,m) −u(n))
∥∥

L2(Ω;X
k+1,p
γ )

≲
∥∥ N∑

n=1
εn(u(n,m) −u(n))

∥∥
L2(Ω;D

k+1,p
γ )

→ 0,

as m →∞. This implies that(
(λn + A)u(n))N

n=1 = lim
m→∞

(
(λn + A)u(n,m))N

n=1 = lim
m→∞( f (n,m))N

n=1 = ( f (n))N
n=1.

Thus, for any ( f (n))N
n=1 ∈ ε2

N (Xk+1,p
γ ) there exists a (u(n))N

n=1 ∈ ε2
N (Dk+1,p

γ ) such thatλnu(n)+
Au(n) = f (n) for every n ∈ {1, . . . , N } and the required estimates hold. This finishes the in-
duction.

Step 2: R-sectoriality. To show that λ0 + A is R-sectorial, we prove that for σ>ϑ(ρ) the
set

{(λ−λ0)(λ+ A)−1 :λ ∈λ0 +Σπ−σ}
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is R-bounded. Note that Step 1 implies that λ0 + A :Dk,p
γ →X

k,p
γ is a closed and surjective

operator. Hence, it has dense range, and [125, Propositions 10.1.7(3) and 10.1.9] imply
dense domain and injectivity.

Fix N ∈N1 and let n ∈ {1, . . . , N }. By the Kahane contraction principle [125, Theorem
6.1.13] and Step 1, we obtain for λn ∈λ0 +Σπ−σ

∥∥ N∑
n=1

εn(λn −λ0)(λn + A)−1 f (n)∥∥
L2(Ω;X

k,p
γ )

≲ max
1≤n≤N

∣∣λn−λ0
λn

∣∣∥∥ N∑
n=1

εnλn(λn + A)−1 f (n)∥∥
L2(Ω;X

k,p
γ )

≲
∥∥ N∑

n=1
εn f (n)∥∥

L2(Ω;X
k,p
γ )

,

where we have used that

|λn −λ0| ≤
{
|λn | if σ ∈ [π2 ,π)
|λn |

sin(σ) if σ ∈ (ϑ(ρ), π2 ]
, for λn ∈λ0 +Σπ−σ.

This shows that λ0 + A is R-sectorial with angle ωR (λ0 + A) ≤σ.

8.5. R-sectoriality for the elliptic operator on domains
In this section, we apply perturbation and localisation techniques to transfer R-sectoriality
of A on the half-space to bounded domains. Localisation techniques are quite standard in
the literature, see, e.g., [67, 89, 166]. In the weighted setting, one can use a more advanced
localisation procedure based on the diffeomorphism in Lemma 2.6.5. In this way, we can
deal with domains that have low regularity and cannot be treated by applying standard
localisation techniques.

We will use a similar strategy as in Chapter 6, where the H∞-calculus on weighted
Sobolev spaces for the Laplacian on bounded C 1-domains is derived. For the convenience
of the reader, we will include the details of the perturbation and localisation argument.
We proceed in three steps.

1. Use R-sectoriality for λ0 + A on Rd+ (Theorem 8.4.8) and known perturbation theory
for R-sectoriality to obtain R-sectoriality for λ0 + A on special domains with λ0

large enough.

2. Perform a localisation procedure to transfer R-sectoriality for λ0 + A on special
domains to bounded domains.

3. Use discreteness of the spectrum of A on bounded domains to obtain R-sectoriality
for the unshifted operator A.

These three steps are carried out in the subsequent Sections 8.5.1, 8.5.2 and 8.5.3.
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8.5.1. Perturbation of R-sectoriality to special domains
Let p ∈ (1,∞), k ∈N0, and γ ∈ (−1, p −1). We define the following spaces on domains

X
k,p
γ (O ) :=W k,p (O , w∂O

γ+kp )×W k−2,p (O , w∂O
γ+kp ),

D
k,p
γ (O ) :=W k+2,p

0 (O , w∂O
γ+kp )×W k,p (O , w∂O

γ+kp ),
(8.5.1)

where the space with zero boundary conditions is as in Section 8.3 if O is a special or
bounded domain. Note that this definition for O =Rd+ coincides with (8.4.9).

We start with the perturbation of the R-sectoriality of A to special domains.

Theorem 8.5.1. Let p ∈ (1,∞), κ ∈ (0,1), γ ∈ ((1−κ)p −1, p −1), k ≥ 2 an integer, ρ > 0,
σ ∈ (ϑ(ρ),π), and let O be a special C 1,κ

c -domain with [O ]C 1,κ ≤ 1. Let A be the realisation

of the operator in (8.4.2) on Xk,p
γ (O ) with domain D(A) :=Dk,p

γ (O ). Then there exist λ̃> 0

and δ ∈ (0,1) such that, if [O ]C 1,κ < δ, then for all λ0 > λ̃, the operator λ0 + A is R-sectorial
with angle ωR (λ0 + A) ≤σ.

Remark 8.5.2. The conditions that O is a special C 1,κ
c -domain and γ> (1−κ)p−1 are only

required to obtain the domain characterisation D(A) =Dk,p
γ (O ), see Proposition 8.3.4. In

fact, the rest of the proof as given in this section also works for special C 1
c -domains and

γ ∈ (−1, p −1). Therefore, Theorem 8.5.1 remains valid for special C 1
c -domains and A with

domain

D(A) := ◦
W k+2,p

0 (O , w∂O
γ+kp )×W k,p (O , w∂O

γ+kp ).

Indeed, using these spaces, Φ∗ is an isomorphism without any additional conditions on
the smoothness of the domain or weight exponent, see Proposition 8.3.2.

To relate the operator A in (8.4.2) on special domains and the half-space, let h1,h2

and Φ be as in Lemma 2.6.5 defining a diffeomorphism between a special C 1,κ
c -domain

and the half-space. Recall that Φ∗ f := f ◦Φ−1 for f ∈ L1
loc(O ) and define AΦ : W 4,1

loc (Rd+)×
W 2,1

loc (Rd+) →W 2,1
loc (Rd+)×L1

loc(Rd+) by

AΦ :=Φ∗ ◦ A ◦ (Φ−1)∗ = A+B , (8.5.2)

where A is the operator on Rd+ and B is a perturbation term. Since A consists of the
Laplacian and the bi-Laplacian, we introduce the coordinate changes ∆Φ : W 2,1

loc (Rd+) →
L1

loc(Rd+) and (∆2)Φ : W 4,1
loc (Rd+) → L1

loc(Rd+), which are given by

∆Φ :=Φ∗ ◦∆◦ (Φ−1)∗ and (∆2)Φ :=Φ∗ ◦∆2 ◦ (Φ−1)∗. (8.5.3)

More generally, if C is a linear differential operator of order N ∈ N1, we can define
the coordinate change CΦ := Φ∗ ◦C ◦ (Φ−1)∗. We will compute the perturbation terms
corresponding to this coordinate change if C has constant coefficients. To this end, we
introduce the following class of differential operators.



8.5. R-sectoriality for the elliptic operator on domains 251

Definition 8.5.3. For N ∈N1, we call a differential operator P in Rd+ an operator of special
form of order N if it is a linear combination of terms of the form p1(y) · . . . ·pℓ(y)∂µ with
µ ∈Nd

0 , where each pi (y) is of the form

pi (y) = ∂νi h1(Φ−1(y)) or pi (y) = ∂νi h2(y), i ∈ {1, . . . ,ℓ}, y ∈Rd
+,

with νi ∈ Nd
0 \ {0} for i ∈ {1, . . . ,ℓ}. Here, ℓ ∈ {1, . . . , N } and |µ| ∈ {1, . . . , N } are such that

|µ|+∑ℓ
i=1 |νi | = ℓ+N .

The following lemma provides the necessary properties of differential operators of
special form and the coordinate change CΦ.

Lemma 8.5.4. The following statements hold.

(i) If C is a linear differential operator of order N ∈N1 with constant coefficients, then
P :=CΦ−C is of special form of order N , where additionally all coefficients pi have
the form pi = (∂νi h1)◦Φ−1.

(ii) Let P̃ be a differential operator of special form of order N ∈N1. Then ∂δP̃ is a differ-
ential operator of special form of order N +|δ| for all δ ∈Nd

0 .

Proof. Proof of (i). By Lemma 2.6.5, the Jacobian of Φ is given by

(DΦ)(x) =


1−∂1h1(x) −∂2h1(x) . . . −∂d h1(x)

0 1 . . . 0
...

...
. . .

...
0 0 . . . 1

 .

From this and the chain rule, we see that

∂k (u ◦Φ) = (∂k u)◦Φ− (∂k h1)
(
(∂1u)◦Φ)

, k ∈ {1, . . . ,d}, (8.5.4)

for sufficiently smooth u : Rd+ →C. We show by induction on N that for every differential
operator C of order N with constant coefficients, the difference (C (u ◦Φ))(x)− (Cu)(Φ(x))
is a linear combination of terms of the form( ℓ∏

i=1
(∂νi h1)(x)

)
(∂µu)(Φ(x)), x ∈O , (8.5.5)

where ℓ,νi ,µ are as in Definition 8.5.3. From this, the statement in (i) follows by taking
x =Φ−1(y).

For N = 1, this follows immediately from (8.5.4). Now, let C be a differential operator
of order N +1. By linearity, we may assume that C = ∂α with α ∈Nd

0 , |α| = N +1. Writing

∂α = ∂k∂
α′

with k ∈ {1, . . . ,d} and α′ ∈Nd
0 , |α′| = N , we get by induction and (8.5.4) that

∂α(u ◦Φ)− (∂αu)◦Φ= ∂k∂
α′

(u ◦Φ)− (∂αu)◦Φ
= ∂k

(
(∂α

′
u)◦Φ+Bu

)− (∂αu)◦Φ
= (∂k∂

α′
u)◦Φ− (∂k h1)((∂1∂

α′
u)◦Φ)+∂k Bu − (∂αu)◦Φ

=−(∂k h1)((∂1∂
α′

u)◦Φ)+∂k Bu,

(8.5.6)
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where Bu is a linear combination of terms of the form (8.5.5). The first term in (8.5.6) is
obviously of special form (8.5.5) of order N +1. For the second term, we use the product
rule to see that ∂k Bu is a linear combination of terms of the form

∂k

( ℓ∏
i=1

∂νi h1

)(
(∂µu)◦Φ)= ℓ∑

j=1

( ∏
i ̸= j

∂νi h1

)
(∂k∂

νi h1)
(
(∂µu)◦Φ)

+
( ℓ∏

i=1
∂νi h1

)(
(∂k∂

µu)◦Φ)−∂k h1

( ℓ∏
i=1

∂νi h1

)(
(∂1∂

µu)◦Φ)
,

where we have again used (8.5.4). From this we see that all terms are of special form (8.5.5)
of order N +1, which finishes the proof of (i).

Proof of (ii). In the same way as above, we see that

∂k (h1 ◦Φ−1) = (∂k h1)◦Φ−1 + (∂k h2)
(
(∂1h1)◦Φ−1), k ∈ {1, . . . ,d}. (8.5.7)

To show (ii), it is sufficient to consider |δ| = 1, i.e., ∂δ = ∂k for some k ∈ {1, . . . ,d}. By the
product rule, we have

∂k

( ℓ∏
i=1

p̃i

)
∂µ =

( ℓ∏
i=1

p̃i

)
∂k∂

µ+
ℓ∑

i=1

( ∏
j ̸=i

p̃ j

)
(∂k p̃i )∂µ.

Here, each term on the right-hand side is an operator of special form of order N +1. This
is obvious if p̃i = ∂νi h2 and follows from (8.5.7) if p̃i = (∂νi h1)◦Φ−1.

As a special case of Lemma 8.5.4 we obtain the perturbation terms arising from the
change of coordinates corresponding to the (bi-)Laplacian and A in (8.5.2) and (8.5.3).

Corollary 8.5.5. Let ∆Φ and (∆2)Φ be as in (8.5.3). Then for j ∈ {1,2} it holds that

(∆ j )Φ =∆ j +B j ,

where B j is an operator of special form of order 2 j . Moreover, for AΦ as in (8.5.2), we have

AΦ = A+B , with B :=
(

0 0
B2 −ρB1

)
.

Proof. The statements on (∆ j )Φ follow immediately from Lemma 8.5.4(i). The perturba-
tion term B for AΦ simply follows from the structure of A in (8.4.2).

To apply perturbation theorems for R-sectoriality to B , we provide the necessary estim-
ates on these perturbations.

Lemma 8.5.6. Let p ∈ (1,∞), κ ∈ (0,1), γ ∈ ((1−κ)p −1, p −1), k ≥ 2 an integer, ρ > 0,
and let O be a special C 1,κ

c -domain with [O ]C 1,κ ≤ 1. Then the perturbation term B from
Corollary 8.5.5 satisfies the estimate

∥Bu∥
X

k,p
γ (Rd+)

≤C · [O ]C 1,κ · ∥u∥
D

k,p
γ (Rd+)

, u ∈Dk,p
γ (Rd

+),

where the constant C > 0 only depends on p,k,κ,γ,ρ and d.
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Proof. Let u = (u1,u2) ∈Dk,p
γ (Rd+) = W k+2,p

0 (Rd+, wγ+kp )×W k,p (Rd+, wγ+kp ). By Corollary
8.5.5, it suffices to prove the estimates

∥B2u1∥W k−2,p (Rd+,wγ+kp ) ≤C · [O ]C 1,κ · ∥u1∥W k+2,p (Rd+,wγ+kp ), u1 ∈W k+2,p
0 (Rd

+, wγ+kp ),

∥B1u2∥W k−2,p (Rd+,wγ+kp ) ≤C · [O ]C 1,κ · ∥u2∥W k,p (Rd+,wγ+kp ), u2 ∈W k,p (Rd
+, wγ+kp ).

Let j ∈ {1,2} and set v j := u3− j ∈W k−2+2 j ,p
0 (Rd+, wγ+kp ), where it should be noted that

for j = 1 we have v j = u2 ∈W k,p (Rd+, wγ+kp ) =W k,p
0 (Rd+, wγ+kp ) by (8.3.1). Thus, we have

to show that

∥B j v j ∥W k−2,p (Rd+,wγ+kp ) ≲ [O ]C 1,κ · ∥v j ∥W k−2+2 j ,p (Rd+,wγ+kp ), (8.5.8)

for v j ∈W k−2+2 j ,p
0 (Rd+, wγ+kp ).

Let α ∈Nd
0 with |α| ≤ k −2. By Corollary 8.5.5, we know that B j is an operator of special

form of order 2 j . Moreover, by Lemma 8.5.4(ii), the operator ∂αB j is of special form
of order 2 j + |α|. More precisely, ∂αB j v j is a linear combination of terms of the form∏ℓ

i=1 bi∂
µu, where bi = (∂νi h1) ◦Φ−1 or bi = ∂νi h2 with ℓ ∈ {1, . . . ,2 j + |α|}, νi ∈ Nd

0 \ {0},
|µ| ∈ {1, . . . ,2 j +|α|} satisfying

|µ|+
ℓ∑

i=1
|νi | = ℓ+2 j +|α|. (8.5.9)

To estimate a factor of the form bi = (∂νi h1)◦Φ−1, we apply Lemma 2.6.5(ii) and (iv) to
obtain the (non-optimal) estimate

|(∂νi h1)(Φ−1(y))|≲ [O ]C 1,κ

dist(Φ−1(y),∂O )|νi |−1
≲

[O ]C 1,κ

y |νi |−1
1

, y ∈Rd
+. (8.5.10)

For factors of the form bi = ∂νi h2, we use the same lemma to get

|(∂νi h2)(y)|≲ [O ]C 1,κ

y |νi |−1
1

, y ∈Rd
+. (8.5.11)

For a term of the form
∏ℓ

i=1 bi∂
µv j , we obtain, using (8.5.10), (8.5.11), the fact that

[O ]C 1,κ ≤ 1, and Hardy’s inequality (Lemma 2.2.2 applied
∑ℓ

i=1(|νi |−1) times),∥∥∥ ℓ∏
i=1

bi∂
µv j

∥∥∥
Lp (Rd+,wγ+kp )

≲ [O ]C 1,κ · ∥∂µv j ∥Lp (Rd+,w
γ+kp−∑ℓ

i=1
(|νi |−1)p

)

≲ [O ]C 1,κ · ∥v j ∥
W

|µ|+∑ℓ
i=1

(|νi |−1),p
(Rd+,wγ+kp )

≲ [O ]C 1,κ · ∥v j ∥W k−2+2 j ,p (Rd+,wγ+kp ),

where in the last estimate we have used (8.5.9) and |α| ≤ k −2 to obtain

|µ|+
ℓ∑

i=1
(|νi |−1) = |µ|−ℓ+

ℓ∑
i=1

|νi | ≤ k −2+2 j .

As ∂αB j v j is a linear combination of such terms, this proves the desired estimate (8.5.8)
and finishes the proof.
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With the estimates on the perturbation terms at hand, we can now prove Theorem 8.5.1.

Proof of Theorem 8.5.1. Let O be a special C 1,κ
c -domain and let h1,h2 and Φ be as in

Lemma 2.6.5. Recall that we introduced AΦ : W 4,1
loc (Rd+)×W 2,1

loc (Rd+) →W 2,1
loc (Rd+)×L1

loc(Rd+)
given by

AΦ :=Φ∗ ◦ A ◦ (Φ−1)∗ = A+B ,

with B as in Corollary 8.5.5. Consider the realisation of AΦ in X
k,p
γ (Rd+) with domain

D(AΦ) :=Dk,p
γ (Rd+). Due to the isomorphisms in Proposition 8.3.2, the trace characterisa-

tion in Proposition 8.3.4 and standard properties of R-sectoriality, the desired statements

in Theorem 8.5.1 for A on Xk,p
γ (O ) are equivalent to the corresponding statements for

AΦ on Xk,p
γ (Rd+). To prove that λ0 + AΦ on Xk,p

γ (Rd+) is R-sectorial for λ0 large enough and
[O ]C 1,κ small enough, we apply the perturbation result [126, Theorem 16.2.4]. Indeed, by

Lemma 8.5.6 and Theorem 8.4.8, we have for all u ∈Dk,p
γ (Rd+) that

∥Bu∥
X

k,p
γ (Rd+)

≲ [O ]C 1,κ · ∥u∥
D

k,p
γ (Rd+)

≂ [O ]C 1,κ · ∥(λ0 + A)u∥
X

k,p
γ (Rd+)

.

Therefore, applying [126, Theorem 16.2.4] gives the desired result.

8.5.2. Localisation of R-sectoriality to bounded domains
To obtain R-sectoriality on bounded domains, it remains to apply a localisation procedure
based on lower-order perturbations.

Theorem 8.5.7. Let p ∈ (1,∞), κ ∈ (0,1), γ ∈ ((1−κ)p −1, p −1), k ≥ 2 an integer, ρ > 0,
σ ∈ (ϑ(ρ),π) and let O be a bounded C 1,κ-domain. Let A be the realisation of the operator

in (8.4.2) on Xk,p
γ (O ) with domain D(A) :=Dk,p

γ (O ). Then there exists a λ̃> 0 such that for

all λ0 > λ̃, the operator λ0 + A is R-sectorial with angle ωR (λ0 + A) ≤σ.

To transfer R-sectoriality from special domains to bounded domains, we use the follow-
ing abstract lemma based on lower-order perturbations. A version of the lemma below for
the H∞-calculus can be found in [190, Lemma 6.11].

Lemma 8.5.8. Let A be a linear operator on a Banach space Y , and let Ã be an R-sectorial
operator on a Banach space Ỹ . Assume that there exist bounded linear mappings I : Y → Ỹ
and P : Ỹ → Y satisfying

(i) P I = id,

(ii) I D(A) ⊆ D(Ã) and P D(Ã) ⊆ D(A),

(iii) (I A − ÃI )P : D(Ã) → Ỹ and I (AP −P Ã) : D(Ã) → Ỹ extend to bounded linear
operators [Ỹ ,D(Ã)]θ → Ỹ for some θ ∈ (0,1).

Then A is a closed and densely defined operator and for every σ>ωR (Ã) there exists a λ> 0
such that λ+ A is R-sectorial with ωR (λ+ A) ≤σ.

Proof. The proof is similar to the proof of [190, Lemma 6.11] if one uses the perturbation
theorem [126, Corollary 16.2.5] for R-sectoriality.
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To apply the localisation procedure from Lemma 8.5.8, we use the decomposition
of weighted Sobolev spaces as in Lemma 8.3.5. This requires the R-sectoriality of A on
special domains (Theorem 8.5.1) and on the full space Rd . From Proposition 8.4.1 and a
lifting argument, we obtain higher-order regularity for A on Rd .

Proposition 8.5.9. Let p ∈ (1,∞), γ ∈ (−1, p −1), k ≥ 2 an integer, ρ > 0, σ ∈ (ϑ(ρ),π) and
let A be the realisation of the operator in (8.4.2) on W k,p (Rd , wγ)×W k−2,p (Rd , wγ) with

domain D(A) :=W k+2,p (Rd , wγ)×W k,p (Rd , wγ). Then there exists a λ̃> 0 such that for all

λ0 > λ̃, the operator λ0 + A is R-sectorial with angle ωR (λ0 + A) ≤σ.

Proof. Recall that the Bessel potential operator is defined by

Js f := (1−∆)
s
2 f =F−1((1+| · |2)

s
2 F f ), f ∈S ′(Rd ), s ∈R.

Then, Jℓ−ℓ0 is an isometry from W ℓ,p (Rd , wγ) to W ℓ0,p (Rd , wγ) for all p ∈ (1,∞) and
ℓ,ℓ0 ∈N0 with ℓ≥ ℓ0. Indeed, for the Bessel potential scale this follows from the definition
and by [214, Proposition 3.2] it also holds for Sobolev spaces.

Let f ∈S (Rd )×S (Rd ), λ0 > 0 and λ ∈ λ0 +Σπ−σ. Consider the equation (λ+ A)u = f
which has the solution representation

u(x) =F−1(ξ 7→ A−1(ξ,λ)(F f )(ξ)
)
(x)

where, following the notation of [74, Section 2], we have that

A(ξ,λ) :=
(
λ −1
|ξ|4 λ+ρ|ξ|2

)
is invertible and its inverse (see [74, Equation (2.3)]) is given by

A−1(ξ,λ) = 1

(α+λ+|ξ|2)(α−λ+|ξ|2)

(
λ+ρ|ξ|2 1
−|ξ|4 λ

)
.

Now, the solution to (λ+ A)ũ = Jk−2 f ∈S (Rd )×S (Rd ) is given by

ũ(x) =F−1(ξ 7→ A−1(ξ,λ)(F Jk−2 f )(ξ)
)
(x)

=F−1(ξ 7→ (1+|ξ|2)
k−2

2 A−1(ξ,λ)(F f )(ξ)
)
(x) = (Jk−2u)(x).

This proves that R(λ,−A)Jk−2 f = Jk−2R(λ,−A) f , which is equivalent to

R(z,λ0 + A)Jk−2 f = Jk−2R(z,λ0 + A) f , for z ∈C\Σσ. (8.5.12)

We can now lift the R-sectoriality to higher-order spaces. Fix N ∈N1, let (λn)N
n=1 be a

sequence in C\Σσ and let ( f (n))N
n=1 ∈ ε2

N (S (Rd )×S (Rd )). By Proposition 8.4.1 and the
definition of R-sectoriality, we have the estimate

∥∥ N∑
n=1

εnλnR(λn ,λ0 + A) f (n)∥∥
L2(Ω;W 2,p (Rd ,wγ)×Lp (Rd ,wγ))

≲
∥∥ N∑

n=1
εn f (n)∥∥

L2(Ω;W 2,p (Rd ,wγ)×Lp (Rd ,wγ)).

(8.5.13)
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From (8.5.12) and (8.5.13) it follows that

∥∥ N∑
n=1

εnλnR(λn ,λ0 + A) f (n)∥∥
L2(Ω;W k,p (Rd ,wγ)×W k−2,p (Rd ,wγ))

≂
∥∥ N∑

n=1
εnλnR(λn ,λ0 + A)Jk−2 f (n)∥∥

L2(Ω;W 2,p (Rd ,wγ)×Lp (Rd ,wγ))

≲
∥∥ N∑

n=1
εn Jk−2 f (n)∥∥

L2(Ω;W 2,p (Rd ,wγ)×Lp (Rd ,wγ))

≂
∥∥ N∑

n=1
εn f (n)∥∥

L2(Ω;W k,p (Rd ,wγ)×W k−2,p (Rd ,wγ)).

By a density argument, this proves the required R-sectoriality estimate.

We can turn to the proof of our main result concerning R-sectoriality on domains.

Proof of Theorem 8.5.7. The result will be proved using Lemma 8.5.8 together with The-
orem 8.5.1 and Proposition 8.5.9.

Let ε ∈ (0,κ) be such that γ > (1− (κ− ε))p − 1. Take (Vn)N
n=1, (On)N

n=1, (ηn)N
n=0 from

Lemma 8.3.5 such that for all n ∈ {1, . . . , N } we have [On]C 1,κ−ε < δ where δ ∈ (0,1) is small
enough such that Theorem 8.5.1 (applied with κ replaced by κ−ε) applies for every On .
Note that this is possible due to the discussion below Definition 2.6.1. We define the
following operators, where the spaces are as defined in (8.3.3) and (8.3.5).

(i) Ã :=⊕N
n=0 Ãn on W

k,p
γ+kp ×W

k−2,p
γ+kp with D(Ã) =W

k+2,p
0,γ+kp ×W

k,p
γ+kp , where

a) Ã0 on W k,p (Rd )×W k−2,p (Rd ) with D(Ã0) = W k+2,p (Rd )×W k,p (Rd ) is given
by Ã0ũ = Aũ,

b) Ãn on W k,p (On , w∂On
γ+kp )×W k−2,p (On , w∂On

γ+kp ) with D(Ãn) =W k+2,p
0 (On , w∂On

γ+kp )

×W k,p (On , w∂On
γ+kp ) is given by Ãn ũ = Aũ for all n ∈ {1, . . . , N }.

(ii) B : D(A) =Dk,p
γ (O ) →W

k,p
γ+kp ×W

k−2,p
γ+kp given by

Bu = B

(
u1

u2

)
=

(
0(

[∆2,ηn]u1 −ρ[∆,ηn]u2
))N

n=0
.

(iii) C : D(Ã) →X
k,p
γ (O ) given by

C ũ =C

(
ũ1

ũ2

)
=

(
0∑N

n=0

(
[∆2,ηn]ũ1,n −ρ[∆,ηn]ũ2,n

)) .

For λ0 > 0 large enough, λ0 + Ãn for all n ∈ {0, . . . , N } is R-sectorial with ωR (λ0 + Ãn) ≤σ
by Proposition 8.5.9 and Theorem 8.5.1. Hence, for λ0 > 0 large enough, also λ0 + Ã is
R-sectorial with ωR (λ0 + Ã) ≤σ.
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Let P and I be as in (8.3.4). It is straightforward to verify that the conditions (i) and
(ii) from Lemma 8.5.8 hold. It remains to check condition (iii) in Lemma 8.5.8. We first
characterise the complex interpolation space

[W k,p
γ+kp ×W

k−2,p
γ+kp ,D(Ã)] 1

2
= [W k,p

γ+kp ,W k+2,p
0,γ+kp ] 1

2
× [W k−2,p

γ+kp ,W k,p
γ+kp ] 1

2
.

Recall that (On)N
n=1 are special C 1,κ

c -domains. Hence, using Propositions 8.3.2 and 8.3.4 to
reduce to Rd+ and applying Proposition 3.6.2, it follows that

[W k,p (On , w∂On
γ+kp ),W k+2,p

0 (On , w∂On
γ+kp )] 1

2
=W k+1,p

0 (On , w∂On
γ+kp ). (8.5.14)

From (8.5.14) and interpolation on Rd (see, e.g., [124, Theorems 5.6.9 & 5.6.11]), we obtain

[W k,p
γ+kp ,W k+2,p

0,γ+kp ] 1
2

= [W k,p (Rd ),W k+2,p (Rd )] 1
2
⊕

N⊕
n=1

[W k,p (On , w∂On
γ+kp ),W k+2,p

0 (On , w∂On
γ+kp )] 1

2

=W k+1,p (Rd )⊕
N⊕

n=1
W k+1,p

0 (On , w∂On
γ+kp ) =W

k+1,p
0,γ+kp .

Similarly, since Φ∗ : W k0,p (On , w∂On
γ0

) →W k0,p (Rd+, wγ0 ) is an isomorphism for all k0 ∈N0

and all γ0 ∈ ((k0 − 1)p − 1,∞) \ { j p − 1 : j ∈ N1} (see Proposition 8.3.2), it follows from
Proposition 3.6.6 that

[W k−2,p (On , w∂On
γ+kp ),W k,p (On , w∂On

γ+kp )] 1
2
=W k−1,p (On , w∂On

γ+kp ).

Hence, we obtain [W k−2,p
γ+kp ,W k,p

γ+kp ] 1
2
=W

k−1,p
γ+kp and thus we have proved that

[W k,p
γ+kp ×W

k−2,p
γ+kp ,D(Ã)] 1

2
=W

k+1,p
0,γ+kp ×W

k−1,p
γ+kp . (8.5.15)

To continue, note that

I Au − ÃI u =−Bu, u ∈ D(A), and AP ũ −P Ãũ =C ũ, ũ ∈ D(Ã).

Furthermore, the commutators [∆,ηn] and [∆2,ηn] are first and third-order partial differ-
ential operators with smooth and compactly supported coefficients, respectively. This
and (8.5.15) yield that the operators

I A− ÃI : W k+1,p
0 (O , w∂O

γ+kp )×W k−1,p (O , w∂O
γ+kp ) →W

k,p
γ+kp ×W

k−2,p
γ+kp ,

P : [W k,p
γ+kp ×W

k−2,p
γ+kp ,D(Ã)] 1

2
→W k+1,p

0 (O , w∂O
γ+kp )×W k−1,p (O , w∂O

γ+kp )

are bounded. Similarly, it can be shown that the operators

AP −P Ã : [W k,p
γ+kp ×W

k−2,p
γ+kp ,D(Ã)] 1

2
→W k,p (O , w∂O

γ+kp )×W k−2,p (O , w∂O
γ+kp ),

I : W k,p (O , w∂O
γ+kp )×W k−2,p (O , w∂O

γ+kp ) →W
k,p
γ+kp ×W

k−2,p
γ+kp
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are bounded. This shows that (I A− ÃI )P and I (AP −P Ã) extend to bounded opera-

tors from [W k,p
γ+kp ×W

k−2,p
γ+kp ,D(Ã)] 1

2
to W

k,p
γ+kp ×W

k−2,p
γ+kp . Applying Lemma 8.5.8 gives that for

all σ ∈ (ϑ(ρ),π) there exists a λ̃> 0 such that for all λ0 > λ̃ the operator λ0 + A on Xk,p
γ (O )

is R-sectorial with ωR (λ0 + A) ≤σ.

8.5.3. R-sectoriality for the unshifted operator
In this section, we prove the following improved version of Theorem 8.5.7, which, in
particular, yields R-sectoriality for the operator A without a shift.

Theorem 8.5.10. Let p ∈ (1,∞), κ ∈ (0,1), γ ∈ ((1−κ)p −1, p −1), k ≥ 2 an integer, ρ > 0,
and let O be a bounded C 1,κ-domain. Let A be the realisation of the operator in (8.4.2) on

X
k,p
γ (O ) with domain D(A) :=Dk,p

γ (O ). Then the following assertions hold.

(i) The spectrumσ(A) is a discrete set of eigenvalues which is contained in the open right
half-plane. Furthermore, σ(A) is independent of p ∈ (1,∞), γ ∈ ((1−κ)p −1, p −1),
and k ≥ 2.

(ii) There exists a λ̃ > 0 and a σ < π
2 such that for all λ0 > −λ̃, the operator λ0 + A is

R-sectorial with ωR (λ0 + A) ≤σ.

Essentially, the R-sectoriality result in Theorem 8.5.10(ii) follows from Theorem 8.5.7
and Theorem 8.5.10(i). However, since we are dealing with weighted spaces and domains
with low regularity, we cannot argue immediately as in the proof of [74, Theorem 5.1]. To

prove Theorem 8.5.10(i), we consider the operator A on Xk,p
γ (O ) and on W 2,2

0 (O )×L2(O ).
Then it suffices to show that the spectra of these two operators are equal and that the
spectrum of A on W 2,2

0 (O )×L2(O ) has the desired properties.

We start with the analysis of the operator in the unweighted L2-setting. For sufficiently
smooth domains, the following result is an easy consequence of classical elliptic regularity.
As the domain O is of class C 1,κ only, we have to argue slightly differently.

Lemma 8.5.11. Let ρ > 0 and let O be a bounded C 1-domain. Let A be the realisation of
the operator in (8.4.2) on W 2,2

0 (O )×L2(O ) with domain

D(A ) := {
u ∈W 2,2

0 (O )×L2(O ) : A u ∈W 2,2
0 (O )×L2(O )

}
.

Then the following assertions hold.

(i) The operator A is densely defined and closed.

(ii) Let s ∈ (0, 1
2 ). Then we have the higher regularity u1 ∈W 4,2

loc (O ) for each u = (u1,u2)⊤ ∈
D(A ) as well as the continuous embedding

D(A ) ⊆ (
H 2+s,2(O )∩W 2,2

0 (O )
)×W 2,2

0 (O ), (8.5.16)

where H 2+s,2(O ) stands for the Bessel potential space.
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(iii) The spectrum σ(A ) is a discrete set of eigenvalues which is contained in the open
right half-plane.

Proof. Proof of (i). As C∞
c (O )×C∞

c (O ) ⊆ D(A ), the operator A is densely defined. To show

closedness, let (u(k))k∈N = ((u(k)
1 ,u(k)

2 )⊤)k∈N ⊆ D(A ) be a sequence with u(k) → u and

A u(k) → v as k →∞ in W 2,2
0 (O )×L2(O ). By the definition of A , this implies u(k)

2 →−v1

in W 2,2
0 (O ). As we also have u(k)

2 → u2 in L2(O ), the uniqueness of the limit in L2(O ) yields

u2 =−v1 ∈W 2,2
0 (O ).

Similarly, we have the convergence ∆2u(k)
1 −ρ∆u(k)

2 → v2 in L2(O ) which implies

∆2u(k)
1 → v2 +ρ∆u2 in L2(O ), (8.5.17)

using that u(k)
2 →−v1 = u2 in W 2,2

0 (O ). By the continuous embedding L2(O ) ⊆W −2,2(O ),

the convergence in (8.5.17) also holds in W −2,2(O ). On the other hand, from u(k)
1 → u1 in

W 2,2
0 (O ) and the continuity of ∆2 : W 2,2

0 (O ) →W −2,2(O ), we also get

∆2u(k)
1 →∆2u1 in W −2,2(O ).

Again by the uniqueness of the limit, we see that ∆2u1 = v2 + ρ∆u2. Therefore, u =
(u1,u2)⊤ ∈ D(A ) and A u = (−u2,∆2u1 −ρ∆u2)⊤ = (v1, v2)⊤, which shows that the opera-
tor A is closed.

Proof of (ii). Let u = (u1,u2)⊤ ∈ D(A ). Then we obtain u1 ∈W 4,2
loc (O ) by a similar argu-

ment as in the proof of [223, Lemma 11.36]. Setting f = ( f1, f2)⊤ :=A u, we get

∆2u1 = ρ∆u2 + f2 =−ρ∆ f1 + f2 ∈ L2(O ).

Let s ∈ (0, 1
2 ). By [244, Theorem 6], the function u1 belongs to H 2+s,2(O ), and we have the

estimate

∥u1∥H s+2,2(O ) ≤C
∥∥−ρ∆ f1 + f2

∥∥
H s−2,2(O ) ≤C

∥∥−ρ∆ f1 + f2
∥∥

L2(O ) ≤C∥ f ∥W 2,2(O )×L2(O ).

From this and ∥u2∥W 2,2(O ) = ∥ f1∥W 2,2(O ), we obtain the continuous embedding (8.5.16),
where we endow D(A ) with the graph norm.

Proof of (iii). By the Rellich–Kondrachov theorem, the space on the right-hand side
of (8.5.16) is compactly embedded into W 2,2

0 (O )×L2(O ). Therefore, the operator A has
compact resolvent and, consequently, its spectrum is discrete and consists of eigenvalues
of finite algebraic multiplicity. Therefore, to show the statement on the spectrum in (iii), it
is sufficient to show that for each λ with Reλ≥ 0, the operator A +λ is injective.

Let λ ∈Cwith Reλ≥ 0. On W 2,2
0 (O )×L2(O ), define the inner product

〈v, w〉 := (v1, w1)L2(O ) + (∆v1,∆w1)L2(O ) + (v2, w2)L2(O ), v, w ∈W 2,2
0 (O )×L2(O ).

For u = (u1,u2)⊤ ∈ D(A ) with (A +λ)u = 0, we obtain by integration by parts and using
the boundary conditions,

0 = Re〈(A +λ)u,u〉 = (Reλ)
(∥∆u1∥2

L2(O ) +∥u2∥2
L2(O )

)+ρ∥∇u2∥2
L2(O ;Cd )

.
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As Reλ≥ 0, this yields ∇u2 = 0. Hence, since u2 ∈W 2,2
0 (O ), we obtain u2 = 0. Furthermore,

the second component of the equation (A +λ)u = 0 implies that, ∆2u1 = ρ∆u2 −λu2 = 0.
Since u1 ∈W 2,2

0 (O ), this implies, using integration by parts again, that 0 = (∆2u1,u1)L2(O ) =
∥∆u1∥2

L2(O )
and therefore u1 = 0. So we see that u = 0, which shows that the operator A +λ

is injective.

In order to show that the spectrum of A on Xk,p
γ (O ) is independent of p, γ and k, we

need the following lemma about the consistency of resolvents.

Lemma 8.5.12. Let p ∈ (1,∞), κ ∈ (0,1), γ ∈ ((1−κ)p −1, p −1), k ≥ 2 an integer and let O

be a bounded C 1,κ-domain. Let

Ap,k,γ := A on Xk,p
γ (O ) with D(Ap,k,γ) :=Dk,p

γ (O )

be as in (8.4.2). Let A be the operator from Lemma 8.5.11, i.e., the realisation of the operator
in (8.4.2) on W 2,2

0 (O )×L2(O ) with domain

D(A ) := {
u ∈W 2,2

0 (O )×L2(O ) : A u ∈W 2,2
0 (O )×L2(O )

}
.

Then there exists a λ̃> 0 such that for all λ> λ̃ the resolvents R(λ,−Ap,k,γ) and R(λ,−A )
are consistent.

Proof. Let f ∈Xk,p
γ (O )∩ (

W 2,2
0 (O )×L2(O )

)
. We have to show that, for sufficiently large λ,

the resolvents R(λ,−Ap,k,γ) and R(λ,−A ) exist and are equal when applied to f . For this,
we first show an embedding result.

Take 1 < q < min{p,2} and µ ∈ (2q −1,3q −1) such that

µ> q(γ+2p +1)

p
−1 > (3−κ)q −1. (8.5.18)

Using that γ ∈ ((1−κ)p −1, p −1), we can always find a µ such that (8.5.18) holds. First,
we claim that

Lp (O , w∂O
γ+2p ) ,→ Lq (O , w∂O

µ ). (8.5.19)

Indeed, for u ∈ Lp (O , w∂O
γ+2p ) we have by Hölder’s inequality that∫

O
|u(x)|q w∂O

µ (x) dx ≤
(∫

O
|u(x)|p w∂O

γ+2p (x) dx
) q

p
(∫

O
w∂O

µp−q(γ+2p)
p−q

(x) dx
) p−q

q <∞.

The latter integral can be written as an integral over Rd+ (using the localisation from
Lemma 8.3.5 and the diffeomorphism from Lemma 2.6.5), hence the integral is finite
since (8.5.18) implies (µp −q(γ+2p))/(p −q) >−1. This proves the claim.

We introduce for r ∈ (1,∞) and ν>−1 the space

Zr,ν := {
u ∈W 2,r

0 (O , w∂O
ν )×Lr (O , w∂O

ν ) : A u ∈W 2,r
0 (O , w∂O

ν )×Lr (O , w∂O
ν )

}
.

Note that D(A ) = Z2,0. For λ large enough, consider the equation

λw̃ + Aw̃ = f , f ∈Xk,p
γ (O )∩ (

W 2,2
0 (O )×L2(O )

)
. (8.5.20)
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Then by Theorem 8.5.7, there exists a unique solution w̃0 ∈Dk,p
γ (O ). Hardy’s inequality

(for Lipschitz domains, see e.g., [169, Theorem 8.8]) and (8.5.19) yield

w̃0 ∈Dk,p
γ (O ) ,→D

2,p
γ (O ) =W 4,p

0 (O , w∂O
γ+2p )×W 2,p (O , w∂O

γ+2p )

,→W 4,q
0 (O , w∂O

µ )×W 2,q (O , w∂O
µ ).

Furthermore, for each λ ∈ C with Reλ≥ 0, we have λ ∈ ρ(−A ) by Lemma 8.5.11(iii). As
A is closed by Lemma 8.5.11(i), this is equivalent to the bijectivity of the operator λ+A .
Therefore, there also exists a unique solution w̃1 ∈ Z2,0 of (8.5.20). Using µ> 0, q < 2 and
the elliptic regularity (Theorem 8.5.7 using (8.5.18)), we find

w̃1 ∈ Z2,0 ,→ Zq,µ =W 4,q
0 (O , w∂O

µ )×W 2,q (O , w∂O
µ ).

Note that (8.5.20) with right-hand side f ∈ Lq (O , w∂O
µ ) has a unique solution w̃ by The-

orem 8.5.7 (again using (8.5.18)). It follows that w̃0 = w̃1, which proves that the resolvents
of −Ap,k,γ and −A are consistent.

Using the above lemmas about the spectrum of A and the consistency, we can now
prove Theorem 8.5.10.

Proof of Theorem 8.5.10. Proof of (i). Since the embedding W 1,p (O , w∂O
γ0

) ,→ Lp (O , w∂O
γ0

)
is compact for all p ∈ (1,∞) and γ0 > −1 (see [116, Theorem 8.8]), it follows that the

embedding Dk,p
γ (O ) ,→X

k,p
γ (O ) is compact as well. Hence, the resolvent operator R(λ, A)

with λ ∈ ρ(A) is compact. By the Riesz–Schauder theorem for compact operators, the
resolvent operator R(λ, A) has a discrete countable spectrum {σ j : j ∈N0}, where σ j ̸= 0
are eigenvalues. Furthermore, zero is contained in the spectrum of R(λ, A) and is the only
accumulation point of the spectrum. Therefore, the spectral mapping theorem implies
that σ(A) is a discrete set of eigenvalues.

To continue, we prove that the spectrum σ(A) is independent of p, k and γ. Let Ap,k,γ

and A be as in Lemma 8.5.12. It suffices to prove that σ(Ap,k,γ) =σ(A ). Note that σ(A )
is a discrete set of eigenvalues contained in the open right half-plane by Lemma 8.5.11.
By Lemma 8.5.12 and analytic continuation it holds that R(z, Ap,k,γ) and R(z,A ) are
consistent for all z ∈ ρ(Ap,k,γ)∩ρ(A ). If µ ∈ ρ(A ), then since σ(Ap,k,γ) is discrete and

countable, there exists an r > 0 such that B(µ,r ) \ {µ} ⊆ ρ(Ap,k,γ)∩ρ(A ). Therefore, by
consistency of the resolvents, we find∫

∂B(µ,r )
R(z, Ap,k,γ) dz =

∫
∂B(µ,r )

R(z,A ) dz = 0,

which implies that µ ∈ ρ(Ap,k,γ). The other inclusion follows similarly. This proves that
σ(Ap,k,γ) =σ(A ) and thus σ(Ap,k,γ) is independent of p, k and γ.

Using the properties of σ(A ) from Lemma 8.5.11 now yields that σ(Ap,k,γ) is a discrete
set of eigenvalues contained in the open right half-plane.

Proof of (ii). By Theorem 8.5.7, it holds for λ0 large enough that λ0 + A is R-sectorial
with ωR (λ0 + A) < π

2 . From this and the fact that the spectrum of A is discrete, we see
that for each r > 0 only finitely many eigenvalues λ with Reλ< r exist. As the imaginary
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axis belongs to ρ(A) by (i), this yields minλ∈σ(A) Reλ > 0. We set λ̃ := 1
2 minλ∈σ(A) Reλ.

Using the analyticity of the resolvent, it follows that there exists some σ< π
2 such that for

λ0 >−λ̃, the operator λ0 + A is R-sectorial with ωR (λ0 + A) ≤σ.

8.6. Maximal regularity for the damped plate equation
We prove our main results on maximal regularity for the damped plate equation on the
half-space and on bounded domains.

8.6.1. Damped plate equation with homogeneous boundary conditions
We first study the damped plate equation with homogeneous boundary conditions, i.e.,

∂2
t u +∆2u −ρ∆∂t u = f (t , x) ∈ (0,T )×O ,

u = ∂n u = 0 (t , x) ∈ (0,T )×∂O ,

u|t=0 = (∂t u)|t=0 = 0 x ∈O .

(8.6.1)

Throughout, ρ > 0 is fixed, we write I := (0,T ) for some T ∈ (0,∞] and n denotes the
inward pointing unit normal vector at ∂O . Furthermore, for q ∈ (1,∞) and µ ∈ (−1, q −1),
we denote by vµ(t ) := |t |µ a temporal weight.

We recall that the spacesXk,p
γ (O ) and Dk,p

γ (O ) are as defined in (8.5.1). Furthermore, we
introduce the following short-hand notation. Let p, q ∈ (1,∞), γ ∈ (−1, p−1),µ ∈ (−1, q−1),
k ≥ 2 an integer and T ∈ (0,∞]. We define the space for the data f as

Fk−2
q,p (I , vµ;O , w∂O

γ+kp ) := Lq (I , vµ;W k−2,p (O , w∂O
γ+kp )).

For the solution u we define the spaces

Uk−2
q,p (I , vµ;O , w∂O

γ+kp ) :=W 2,q (I , vµ;W k−2,p (O , w∂O
γ+kp ))∩Lq (I , vµ;W k+2,p (O , w∂O

γ+kp )),

0U
k−2
q,p (I , vµ;O , w∂O

γ+kp ) := {
u ∈Uk−2

q,p (I , vµ;O , w∂O
γ+kp ) : u|t=0 = (∂t u)|t=0 = 0

}
.

Similarly, we define the spaces with zero boundary conditions at ∂O as

Uk−2
q,p,0(I , vµ;O , w∂O

γ+kp ) :=W 2,q (I , vµ;W k−2,p (O , w∂O
γ+kp ))∩Lq (I , vµ;W k+2,p

0 (O , w∂O
γ+kp )),

0U
k−2
q,p,0(I , vµ;O , w∂O

γ+kp ) := {
u ∈Uk−2

q,p,0(I , vµ;O , w∂O
γ+kp ) : u|t=0 = (∂t u)|t=0 = 0

}
.

Using R-sectoriality of the operator matrix A obtained in Sections 8.4 and 8.5 for the
half-space and bounded domains, respectively, we can establish maximal regularity for
the damped plate equation.

Theorem 8.6.1. Let p, q ∈ (1,∞), γ ∈ (−1, p −1), µ ∈ (−1, q −1), k ≥ 2 an integer and ρ > 0.
Assume that either

(i) O =Rd+ and T ∈ (0,∞), or,

(ii) κ ∈ (0,1), γ> (1−κ)p −1, O is a bounded C 1,κ-domain and T ∈ (0,∞].
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Then the following assertions hold.

(i) The realisation of the operator A in (8.4.2) onXk,p
γ (O ) with domainDk,p

γ (O ) has max-
imal Lq (vµ)-regularity on I . Furthermore, −A generates an analytic C0-semigroup

on Xk,p
γ (O ). Moreover, if O is a bounded domain, then this semigroup is uniformly

exponentially stable.

(ii) For all f ∈ Fk−2
q,p (I , vµ;O , w∂O

γ+kp ) there exists a unique solution

u ∈ 0U
k−2
q,p,0(I , vµ;O , w∂O

γ+kp )

to (8.6.1). Moreover, this solution satisfies

∥u∥
Uk−2

q,p (I ,vµ;O ,w∂O
γ+kp ) ≤C∥ f ∥

Fk−2
q,p (I ,vµ;O ,w∂O

γ+kp ),

where the constant C > 0 only depends on p, q,γ,µ,k,ρ,d and T . If O is a bounded
domain, then the constant C is independent of T .

Proof. Theorem 8.4.8 (for O = Rd+) and Theorem 8.5.10(ii) (for O a bounded domain)
together with [126, Theorems 17.3.1(2), 17.2.26(1) & 17.2.39] (using that C is a UMD
Banach space and ϑ(ρ) < π

2 ) give maximal Lq (vµ)-regularity of A on I . Furthermore, [126,
Theorem 17.2.15] implies that −A generates an analytic C0-semigroup. If O is a bounded
domain, then 0 ∈ ρ(A) by Theorem 8.5.10(i), hence [126, Proposition 17.2.8 & Corollary
17.2.25] imply that this semigroup is uniformly exponentially stable. This proves (i). For
(ii) it follows from (i) and [126, Propositions 17.2.7 & 17.2.8] that there exists a unique

solution ũ = (ũ1, ũ2)⊤ ∈W 1,q (I , vµ;Xk,p
γ (O ))∩Lq (I , vµ;Dk,p

γ (O )) to the first-order Cauchy
problem

∂t ũ + Aũ =
(

0
f

)
, ũ|t=0 = 0. (8.6.2)

Furthermore, this solution satisfies

∥ũ∥
W 1,q (I ,vµ;X

k,p
γ (O ))

+∥ũ∥
Lq (I ,vµ;D

k,p
γ (O ))

≤C∥ f ∥Lq (I ,vµ;W k−2,p (O ,w∂O
γ+kp )). (8.6.3)

Next, by setting u := ũ1 we obtain that ∂t u = ũ2 by the first component in (8.6.2). Hence,
u solves (8.6.1). Moreover, it holds that u ∈ 0U

k−2
q,p,0(I , vµ;O , w∂O

γ+kp ) and

∥u∥
Uk−2

q,p (I ,vµ;O ,w∂O
γ+kp ) ≲

1∑
j=0

∥∂ j
t u∥W 1,q (I ,vµ;W k−2,p (O ,w∂O

γ+kp )) +∥u∥Lq (I ,vµ;W k+2,p (O ,w∂O
γ+kp ))

≲ ∥ f ∥
Fk−2

q,p (I ,vµ;O ,w∂O
γ+kp ),

where we have used that (ũ1, ũ2) = (u,∂t u) and (8.6.3).
Conversely, if u ∈ 0U

k−2
q,p,0(I , vµ;O , w∂O

γ+kp ) solves (8.6.1), then ũ := (u,∂t u)⊤ belongs to

W 1,q (I , vµ;Xk,p
γ (O ))∩Lq (I , vµ;Dk,p

γ (O )) and solves (8.6.2). Indeed, this follows from the
embedding

Uk−2
q,p,0(I , vµ;O , w∂O

γ+kp ) ,→W 1,q (I , vµ;W k,p (O , w∂O
γ+kp )). (8.6.4)
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To prove (8.6.4), note that by [189, Proposition 5.5], [190, Theorem 3.18] (which also holds
on I by a restriction argument) and Proposition 3.6.2 (using k ≥ 2 and a localisation
argument based on Proposition 8.3.2 and Lemma 8.3.5), we obtain

W 2,q (
I , vµ;W k−2,p (O , w∂O

γ+kp )
)∩Lq (

I , vµ;W k+2,p
0 (O , w∂O

γ+kp )
)

,→W 1,q (
I , vµ; [W k−2,p (O , w∂O

γ+kp ),W k+2,p
0 (O , w∂O

γ+kp )] 1
2

)
=W 1,q (

I , vµ;W k,p (O , w∂O
γ+kp )

)
.

Thus, the solution u to (8.6.1) is unique and this completes the proof of (ii).

8.6.2. Damped plate equation with inhomogeneous boundary conditions
We turn to maximal regularity for the damped plate equation with inhomogeneous bound-
ary conditions. Consider

∂2
t u +∆2u −ρ∆∂t u = f (t , x) ∈ (0,T )×O ,

u = g0 (t , x) ∈ (0,T )×∂O ,

∂n u = g1 (t , x) ∈ (0,T )×∂O ,

u|t=0 = (∂t u)|t=0 = 0 x ∈O .

(8.6.5)

Again, ρ > 0 is fixed, we write I := (0,T ) for some T ∈ (0,∞] and n denotes the inward
pointing unit normal vector at ∂O . The functions g0 and g1 denote the boundary data.
As is known from the standard unweighted theory for boundary value problems [68], the
optimal space for the boundary data is an intersection space of Triebel–Lizorkin spaces in
time and Besov spaces in space. In Chapter 4 the trace theory has been extended to the
weighted setting with rough domains. The theory for the temporal trace in the weighted
setting is more delicate than in the classical unweighted setting, see, e.g., [190, Section 7].
Therefore, we will not consider non-zero initial data.

For the definition of weighted Triebel–Lizorkin spaces, we refer to, e.g., [211, Section 3.1].
Similar to Chapter 4 (and, e.g., [262, Definition 3.6.1] in the case of smooth domains), we
define spaces on ∂O as follows. Let O be a bounded C 1-domain and fix (Vn)N

n=1, (On)N
n=1

and (ηn)N
n=0 from Lemma 8.3.5. For n ∈ {1, . . . , N }, letΦn : On →Rd+ be the Dahlberg–Kenig–

Stein pullback from Lemma 2.6.5. Recall that for any f defined on On , the change of
coordinates mapping is (Φn)∗ f := f ◦Φ−1

n . Furthermore, for any g defined on ∂On , we
write (Φn(0, ·))∗g = g (Φ−1

n (0, ·)) which defines a function on Rd−1.
Let p ∈ (1,∞) and s > 0. Let Lp (∂O ) be the Lebesgue space with respect to the surface

measure. We define

B s
p,q (∂O ) := {

g ∈ Lp (∂O ) : (Φn(0, ·))∗η2
n g ∈ B s

p,q (Rd−1) for all n ∈ {1, . . . , N }
}
,

equipped with the norm

∥g∥B s
p,q (∂O ) :=

N∑
n=1

∥(Φn(0, ·))∗η2
n g∥B s

p,q (Rd−1), g ∈ B s
p,q (∂O ).
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Note that this definition is independent of the partition of unity and the diffeomorphisms
up to equivalent norms.

In addition to the notation in Section 8.6.1, we introduce the following short-hand
notation for the spaces for the boundary data. Let j ∈ {0,1}, p, q ∈ (1,∞), γ ∈ (−1, p −1),
µ ∈ (−1, q −1), k ≥ 2 an integer and t ∈ (0,∞]. We define

G
j ,γ
q,p (I , vµ;∂O ) := F

1− j
2 −

γ+1
2p

q,p (I , vµ;Lp (∂O ))∩Lq (I , vµ;B
2− j− γ+1

p
p,p (∂O )),

0G
j ,γ
q,p (I , vµ;∂O ) :=

{
G

j ,γ
q,p (I , vµ;∂O ) if 1− j

2 − γ+1
2p < µ+1

q ,{
g ∈G j ,γ

q,p (I , vµ;∂O ) : g |t=0 = 0
}

if 1− j
2 − γ+1

2p > µ+1
q .

The temporal traces in the above spaces are well defined, see Theorem 3.1.2. Furthermore,

it should be noted that the first-order temporal trace in G j ,γ
q,p (I , vµ;∂O ) only exists if

1− j

2
− γ+1

2p
> 1+ µ+1

q
.

Using that j ∈ {0,1}, γ ∈ (−1, p −1) and µ ∈ (−1, q −1), we see that j
2 + γ+1

2p > 0 > −µ+1
q .

Hence, for the given parameter ranges the first-order temporal trace never exists and,
therefore, no compatibility conditions on ∂t g0 and ∂t g1 are needed. This is in contrast to
the unweighted setting, see [74, Theorem 4.6 & 5.2] and, in particular, [74, Equation (4.10)].

For O a bounded C 1-domain and u ∈C 1(O ), we define the spatial trace as

Tr
∂O
1 := (u|∂O ,n · (∇u)|∂O ),

where n denotes the inner unit normal vector at ∂O .
The following theorem gives the optimal space for the boundary data in the weighted

setting. It should be noted that, due to the spatial weights, the trace space is independent
of the smoothness parameter k. Also note that more smoothness of the domain is required:
C 1,κ, while for homogeneous boundary conditions we could allow for C 1-domains.

Theorem 8.6.2 (Spatial trace operator). Let p, q ∈ (1,∞), γ ∈ (−1, p −1), µ ∈ (−1, q −1),
k ≥ 2 an integer and T ∈ (0,∞]. Furthermore, assume that either

(i) O =Rd+, or,

(ii) κ ∈ (0,1), γ> (1−κ)p −1 and O is a bounded C 1,κ-domain.

Then the trace operator

Tr
∂O
1 : 0U

k−2
q,p (I , vµ;O , w∂O

γ+kp ) →
1∏

j=0
0G

j ,γ
q,p (I , vµ;∂O )

is continuous and surjective.
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Proof. If I =R, then the result follows from Theorems 4.4.1 and 4.5.2 applied with k,k1,ℓ
and γ replaced by k −2, 4, 2 and γ+2p, respectively. By using the zero extension operator
from R+ to R, we can argue similarly to Step 2 of the proof of Theorem 4.4.1 to obtain
the result for I = R+. The result for I = (0,T ) with T <∞ follows by using an extension
operator from I to R. Such an extension operator can be obtained as in [11, Proposition
2.5].

We can now prove the main theorem of this chapter concerning well-posedness and
regularity of the plate equation (8.6.5) with inhomogeneous boundary conditions.

Theorem 8.6.3. Let p, q ∈ (1,∞), γ ∈ (−1, p −1), µ ∈ (−1, q −1), k ≥ 2 an integer and ρ > 0.
Suppose that 1− γ+1

2p ̸= µ+1
q and 1

2 −
γ+1
2p ̸= µ+1

q . Moreover, assume that either

(i) O =Rd+ and T ∈ (0,∞), or,

(ii) κ ∈ (0,1), γ> (1−κ)p −1, O is a bounded C 1,κ-domain and T ∈ (0,∞].

Then for all

f ∈ Fk−2
q,p (I , vµ;O , w∂O

γ+kp ), g0 ∈ 0G
0,γ
q,p (I , vµ;∂O ) and g1 ∈ 0G

1,γ
q,p (I , vµ;∂O ),

there exists a unique solution u ∈ 0U
k−2
q,p (I , vµ;O , w∂O

γ+kp ) to (8.6.5). Moreover, this solution

satisfies

∥u∥
Uk−2

q,p (I ,vµ;O ,w∂O
γ+kp ) ≤C

(∥ f ∥
Fk−2

q,p (I ,vµ;O ,w∂O
γ+kp ) +∥g0∥G0,γ

q,p (I ,vµ;∂O )
+∥g1∥G1,γ

q,p (I ,vµ;∂O )

)
,

where the constant C > 0 only depends on p, q,γ,µ,k,ρ,d and T . If O is a bounded domain,
then the constant C is independent of T .

Proof. From Theorem 8.6.2 we obtain a continuous extension operator

ext
∂O
1 :

1∏
j=0

0G
j ,γ
q,p (I , vµ;∂O ) → 0U

k−2
q,p (I , vµ;O , w∂O

γ+kp ). (8.6.6)

First, consider the damped plate equation
∂2

t ũ +∆2ũ −ρ∆∂t ũ = f̃ (t , x) ∈ (0,T )×O ,

ũ = ∂n ũ = 0 (t , x) ∈ (0,T )×∂O ,

ũ|t=0 = (∂t ũ)|t=0 = 0 x ∈O .

(8.6.7)

where

f̃ := f − (
∂2

t +∆2 −ρ∆∂t
)
ext

∂O
1 (g0, g1).

By Theorem 8.6.1 there exists a solution

ũ ∈W 2,q (I , vµ;W k−2,p (O , w∂O
γ+kp ))∩Lq (I , vµ;W k+2,p

0 (O , w∂O
γ+kp )) ,→Uk−2

q,p (I , vµ;O , w∂O
γ+kp )



8.6. Maximal regularity for the damped plate equation 267

to (8.6.7) which satisfies the estimate

∥ũ∥
Uk−2

q,p (I ,vµ;O ,w∂O
γ+kp )

≲ ∥ f ∥
Fk−2

q,p (I ,vµ;O ,w∂O
γ+kp ) +

∥∥(
∂2

t +∆2 −ρ∆∂t
)
ext

∂O
1 (g0, g1)

∥∥
Fk−2

q,p (I ,vµ;O ,w∂O
γ+kp )

≲ ∥ f ∥
Fk−2

q,p (I ,vµ;O ,w∂O
γ+kp ) +∥ext

∂O
1 (g0, g1)∥

Uk−2
q,p (I ,vµ;O ,w∂O

γ+kp ),

(8.6.8)

where for the last estimate we have also used the embedding

Uk−2
q,p (I , vµ;O , w∂O

γ+kp ) ,→W 1,q (I , vµ;W k,p (O , w∂O
γ+kp ))

This embedding can be proved similarly to (8.6.4), using the localisation procedure in
Proposition 8.3.2 and Lemma 8.3.5. Note that we may apply Proposition 8.3.2 for spaces
without zero boundary conditions, since γ+kp > (k +1−κ)p −1.

We now set u := ũ +ext
∂O
1 (g0, g1). Then, u satisfies

Tr
∂O
1 u = Tr

∂O
1 ũ +Tr

∂O
1 ext

∂O
1 (g0, g1) = (g0, g1),

by (8.6.7) and properties of the extension operator. Furthermore, by (8.6.6) and (8.6.7), we
have

u|t=0 = ũ|t=0 +ext
∂O
1 (g0, g1)|t=0 = 0,

(∂t u)|t=0 = (∂t ũ)|t=0 + (∂t ext
∂O
1 (g0, g1))|t=0 = 0.

So, by construction of ũ, we have that u satisfies (8.6.5) and we have the estimate

∥u∥
Uk−2

q,p (I ,vµ;O ,w∂O
γ+kp ) ≲ ∥ũ∥

Uk−2
q,p (I ,vµ;O ,w∂O

γ+kp ) +∥ext
∂O
1 (g0, g1)∥

Uk−2
q,p (I ,vµ;O ,w∂O

γ+kp )

≲ ∥ f ∥
Fk−2

q,p (I ,vµ;O ,w∂O
γ+kp ) +∥ext

∂O
1 (g0, g1)∥

Uk−2
q,p (I ,vµ;O ,w∂O

γ+kp )

≲ ∥ f ∥
Fk−2

q,p (I ,vµ;O ,w∂O
γ+kp ) +∥g0∥G0,γ

q,p (I ,vµ;∂O )
+∥g1∥G1,γ

q,p (I ,vµ;∂O )
,

using (8.6.8) and (8.6.6). Finally, the uniqueness of the solution u to (8.6.5) follows from
Theorem 8.6.1.
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Summary

In this dissertation, we investigate well-posedness and maximal regularity of boundary
value problems on rough domains and with singular data. To this end, the problems
are formulated in the setting of weighted Sobolev spaces, where the weights are powers
of the distance to the boundary. We develop the necessary mathematical framework to
treat boundary value problems in this weighted setting, including the theoretical study of
weighted function spaces, the abstract operator-theoretic study of the Laplace operator,
and the application of these tools to prototype boundary value problems.

In Part I of this dissertation, we establish the required function space theory by charac-
terising the trace and complex interpolation spaces of weighted vector-valued function
spaces. Specifically, we develop a general higher-order trace theory for Besov, Triebel–
Lizorkin, Bessel potential and Sobolev spaces in the weighted setting, crucially allowing
for power weights that fall outside the class of Muckenhoupt Ap weights. From these trace
theorems, we subsequently derive characterisations of the complex interpolation spaces
for weighted Sobolev spaces subject to boundary conditions.

In addition, we develop a trace theory for intersections of weighted Sobolev spaces.
By analysing boundary traces within the setting of anisotropic Triebel–Lizorkin spaces,
we can identify the optimal trace space of an intersection of weighted Sobolev spaces.
This provides the machinery required to handle parabolic boundary value problems with
rough inhomogeneous boundary data.

With the underlying function space theory established, we continue with the operator-
theoretic analysis of the Laplace operator in Part II of this dissertation. We prove that
the Laplacian with Dirichlet or Neumann boundary conditions admits a bounded H∞-
functional calculus on the half-space in the setting of weighted Sobolev spaces. In addi-
tion, we study the corresponding Dirichlet and Neumann heat semigroup and it is shown
that these semigroups, in contrast to the unweighted Lp -case, have polynomial growth.

By a localisation procedure, the H∞-calculus results for the Laplacian are then gen-
eralised to bounded domains. For the localisation procedure, we employ a version of
the Dahlberg–Kenig–Stein pullback, which is a boundary-straightening diffeomorphism
specifically tailored to the weighted setting. In particular, we obtain that the Dirichlet
Laplacian has a bounded H∞-calculus on bounded C 1,κ-domains, where κ ∈ [0,1] de-
pends on the exponent of the spatial power weight, but is independent of the smoothness
of the underlying Banach space. The analysis reveals a crucial trade-off: lower boundary
regularity can be compensated for by enlarging the exponent of the spatial power weight.

In Part III of this dissertation, the trace theory and functional calculus developed in
Parts I & II are applied to prove maximal Lq -regularity for several evolution equations. We
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first examine the deterministic and stochastic heat equations on rough domains. A pro-
found consequence of the weighted setting is that we can avoid unnatural compatibility
conditions for the data, which are in general required in the unweighted case.

Finally, the weighted framework is applied to a linear structurally damped plate equa-
tion with inhomogeneous Dirichlet–Neumann boundary conditions. To this end, we study
maximal regularity properties of the related first-order system on weighted Sobolev spaces
of arbitrarily high smoothness. In this way, we obtain a fairly complete well-posedness
and higher-order regularity theory for the damped plate equation on rough domains,
while avoiding unnatural compatibility conditions for the data.



Samenvatting

In dit proefschrift onderzoeken we de goedgesteldheid en maximale regulariteit van
randwaardeproblemen op ruwe domeinen en met singuliere data. Daartoe worden de
problemen geformuleerd in de context van gewogen Sobolevruimten, waarbij de gewich-
ten machten zijn van de afstand tot de rand. We ontwikkelen de benodigde wiskundige
theorie om randwaardeproblemen in deze gewogen context te behandelen, waaronder
de theoretische studie van gewogen functieruimten, de abstracte operatortheoretische
studie van de Laplace-operator, en de toepassing van deze theorie op prototypische rand-
waardeproblemen.

In Deel I van dit proefschrift behandelen we functieruimtetheorie en karakteriseren we
de spoor- en complexe interpolatieruimten van gewogen vectorwaardige functieruimten.
We ontwikkelen een algemene hogere-orde spoortheorie voor Besov-, Triebel–Lizorkin-,
Bessel-potentiaal- en Sobolevruimten in de gewogen setting, waarbij het cruciaal is
dat machtsgewichten worden toegestaan die buiten de klasse van Muckenhoupt Ap -
gewichten vallen. Uit deze spoorstellingen leiden we vervolgens karakteriseringen af
van de complexe interpolatieruimten voor gewogen Sobolevruimten onderworpen aan
randvoorwaarden.

Daarnaast ontwikkelen we een spoortheorie voor doorsneden van gewogen Sobo-
levruimten. Door sporen op de rand te analyseren binnen de setting van anisotrope
Triebel–Lizorkinruimten, kunnen we de optimale spoorruimte identificeren van een door-
snede van gewogen Sobolevruimten. Dit geeft de benodigde theorie om parabolische
randwaardeproblemen met ruwe inhomogene randdata te behandelen.

Nadat de onderliggende functieruimtetheorie is behandeld, gaan we in Deel II van dit
proefschrift verder met de operatortheoretische analyse van de Laplace-operator. We
bewijzen dat de Laplaciaan met Dirichlet- of Neumann-randvoorwaarden een begrensde
H∞-calculus toelaat op de halfruimte in de context van gewogen Sobolevruimten. Daar-
naast bestuderen we de corresponderende Dirichlet- en Neumann-warmtehalfgroepen
en we laten zien dat deze halfgroepen, in tegenstelling tot het ongewogen Lp -geval,
polynomiale groei vertonen.

Middels een lokalisatieprocedure worden de resultaten voor de H∞-calculus van de
Laplaciaan vervolgens gegeneraliseerd naar begrensde domeinen. Voor de lokalisatie-
procedure gebruiken we een variant van de Dahlberg–Kenig–Stein-pullback; dit is een
diffeomorfisme waarmee de rand lokaal rechtgemaakt kan worden en dat specifiek is afge-
stemd op de gewogen setting. In het bijzonder verkrijgen we dat de Dirichlet-Laplaciaan
een begrensde H∞-calculus heeft op begrensde C 1,κ-domeinen, waarbij κ ∈ [0,1] afhangt
van de exponent van het ruimtelijke machtsgewicht, maar onafhankelijk is van de glad-
heid van de onderliggende Banachruimte. De analyse onthult een cruciale wisselwerking:
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lagere randregulariteit kan worden gecompenseerd door de exponent van het ruimtelijke
machtsgewicht te vergroten.

In Deel III van dit proefschrift worden de spoortheorie en functionaalcalculus, die
ontwikkeld zijn in Delen I en II, toegepast om maximale Lq -regulariteit te bewijzen
voor verscheidene evolutievergelijkingen. We onderzoeken eerst de deterministische en
stochastische warmtevergelijkingen op ruwe domeinen. Een diepgaand gevolg van de
gewogen setting is dat we onnatuurlijke compatibiliteitsvoorwaarden voor de data, die in
het algemeen vereist zijn in het ongewogen geval, kunnen vermijden.

Tot slot wordt deze gewogen methode toegepast op een lineaire structureel gedempte
plaatvergelijking met inhomogene Dirichlet–Neumann-randvoorwaarden. Hiertoe bestu-
deren we maximale regulariteitseigenschappen van het gerelateerde eerste-ordesysteem
op gewogen Sobolevruimten van willekeurig hoge gladheid. Op deze manier verkrijgen
we een relatief complete theorie voor de goedgesteldheid en hogere-orde regulariteit voor
de gedempte plaatvergelijking op ruwe domeinen, terwijl we de artificiële compatibili-
teitsvoorwaarden voor de data volledig omzeilen.
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